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Abstract
Contraction and Reaction in Generalized

Schrödinger Bridges

Alexis Teter

A bridge is a diffusion process that connects two given points in a finite dimen-

sional vector space that are pinned at two given times. A Schrödinger bridge is a

diffusion process that lifts this concept to the infinite dimensional manifold of prob-

ability measures. This dissertation contributes to the rapidly growing research area

of Schrödinger bridge that is undergoing an explosion of mathematical and algo-

rithmic developments across several disciplines: stochastic control, non-equilibrium

statistical mechanics, and generative AI. This burgeoning interest is partly due to

the fact that a Schrödinger bridge comes with a large deviation guarantee: it is the

most-likely measure-valued path connecting the given endpoint measures. In this

sense, the Schrödinger bridge is the most parsimonious model consistent with ob-

served snapshots at two times. Part of its modern popularity is also because both

the theory and algorithm for Schrödinger bridge are nonparametric, i.e., dispense

the form or even the existence of finite dimensional sufficient statistic for the under-

lying measures. The computation is done directly on samples, without gridding or

parameterizing the underlying state space. Starting from the classical Schrödinger

bridge–a diffusive version of the optimal mass transport–this work considers several

generalizations, and make progress in two fronts: contraction and reaction.

The issue of contraction concerns with the convergent numerical solution in the

generalized Schrödinger bridge problems. The standard approach for solving such

xiii



problems is to deploy dynamic Sinkhorn recursions that are contractive with respect

to Hilbert’s projective metric. We quantify the worst-case contraction coefficient for

the linear Schrödinger bridge in terms of the problem data. The issue of reaction

concerns with the presence of an additive state cost in the objective that regularizes

the controlled sample paths for all times, in addition to enforcing the exact steering

between the endpoint statistics. Solving such problems via dynamic Sinkhorn recur-

sions require Markov kernels associated with certain reaction-advection-diffusion

partial differential equations, where the state costs play the role of the reaction rates.

Such Markov kernels are not transition probability kernels since the reaction terms

contribute to the non-conservation of probability mass, making direct application

of dynamic Sinkhorn recursion challenging. For both classical and linear quadratic

Schrödinger bridge problems, we overcome this challenge by deriving the associ-

ated Markov kernels in closed form, and showing how the dynamic Sinkhorn recur-

sions with the derived kernels still apply. We show that the probabilistic Lambert

problem–a problem of current interest in astrodynamics–is an instance of the gen-

eralized Schrödinger bridge where the state cost, and thus the reaction rate arises

not from regularization, but from the nonlinear gravitational potential. This con-

nects two hitherto disparate research areas, and enables nonparametric solution of

the probabilistic Lambert problem. We conclude with several ongoing and future

directions of research, including new equivalence between the Schrödinger bridge

problems and the two point boundary value problems involving the quantum me-

chanical Schrödinger equation with generalized Bohm potential that we derive. Sur-

prisingly, we show that such generalized Bohm potentials are necessarily complex-

valued wherein the real part of the potential encodes elastic scattering (transmission

of wave function), and the imaginary part encodes inelastic scattering (absorption

xiv



of wave function).
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1 | Introduction

1.1 Overview

In this introductory chapter, I define two problems key to this dissertation: the prob-

lem of optimal mass transport (OMT) and the Schrödinger Bridge Problem (SBP). I

begin with the classical formulation of each, before introducing a generalized for-

mulation. This dissertation will explore specific generalizations of the OMT and the

SBP, with a particular focus on the latter.

It turns out that the classical SBP itself is a generalization of the classical OMT.

While defining each problem’s formulation, I highlight this link between the two.

Identifying this connection between the classical formulations lays the groundwork

for developments presented in Chapter 5.

After establishing the formulation of the OMT and the SBP, I provide a high-

level description of the approach used to solve the SBP throughout this dissertation.

I initially define this approach for the special case of the classical SBP. To clarify any

restrictions on this approach as applied to generalizations of the Schrödinger Bridge

Problem, I present the results of applying the relevant transform to a generalized

SBP. In doing so, I lay the groundwork for the generalized cases pursued later in this

dissertation.

This introductory chapter concludes with an outline of the structure of the en-

suing chapters and an explanation of my publication history.

1



Introduction/Optimal Mass Transport 1.2

1.2 Optimal Mass Transport

The first problem of interest is that of optimal mass transport, henceforth referred

to as OMT. In this section, I provide a brief overview of the history, formulation, and

interpretation of OMT. I begin with the classical case of OMT, before providing the

generalized form of OMT.

1.2.1 Static Formulation of OMT

Historically, the first formulation of the classical OMT was by Gaspard Monge in 1781

[1]. Monge’s formulation of the classical OMT sought a mass-preserving measurable

map τ ∶ Rn ↦ Rn that pushforwards a given probability density function (PDF) ρ0

to another given PDF ρ1, while minimizing the transportation cost. In other words,

the Monge formulation of OMT is the static optimization problem:

arg inf
measurable τ ∶Rn↦Rn

Eρ0

1

2
∥x0 −x1∥22

subject to x0 ∼ ρ0, x1 ∼ ρ1, τ (x0) = x1, (1.1)

where the random vector x0 ∈ Rn has the PDF ρ0, and the random vector x1 ∈ Rn has

the PDF ρ1, and Eρ0 denotes the expectation with respect to the PDF ρ0. Throughout

this dissertation, ∥ ⋅ ∥2 represents the Euclidean norm. Problem (1.1) is an infinite

dimensional optimization problem that is nonlinear and nonconvex in the decision

variable τ , since the constraint can be equivalently written as ρ1 = τ ♯ρ0, where ♯

denotes the pushforward.

In 1942, Leonid Kantorovich reformulated [2] the static OMT by shifting focus

from finding the optimal transport map τ opt to instead computing an optimal cou-

pling, πopt, between the given ρ0 and ρ1. This optimal coupling solves the following

2



Introduction/Optimal Mass Transport 1.2

infinite-dimensional linear optimization problem:

arg inf
π∈Π(ρ0,ρ1)

Eπ
1

2
∥x0 −x1∥22, (1.2)

where Eπ[⋅] ∶= ∫ [⋅]dπ, and Π(ρ0, ρ1) denotes the set of all joint probability measures

π supported over the product space Rn × Rn such that ∫Rn π(x0,x1)dx1 = ρ0 and

∫Rn π(x0,x1)dx0 = ρ1. Under mild conditions, the optimal transport map τ opt in

(1.1) corresponds exactly to the support of the optimal coupling πopt in (1.2). From a

computational point of view, Kantorovich’s reformulation (1.2) of the classical OMT

as an infinite-dimensional linear program is more manageable than Monge’s original

formulation (1.1) of the classical OMT as an infinite-dimensional nonlinear noncon-

vex problem over measurable maps τ (⋅). See e.g., [3].

In contrast to the static formulations mentioned above, in this dissertation, we

will focus on equivalent dynamic formulations mentioned next. These formulations

are atypical stochastic optimal control problems.

1.2.2 Dynamic Formulation of OMT

Let P2 (Rn) denote the set of PDFs supported over Rn, whose elements have finite

second raw moments, i.e.,

P2 (Rn) = {ρ ∶ Rn ↦ R≥0 ∣ ∫
Rn
ρ dx = 1, ∫

Rn
∥x∥22 ρ dx < ∞} .

For ρ0, ρ1 ∈ P2 (Rn), let P01 denote the collection of all PDF-valued trajectories

ρ(t,x) that are continuous in t ∈ [t0, t1], and supported over Rn for each t ∈ [t0, t1],

such that ρ(t0,x) = ρ0(x) and ρ(t1,x) = ρ1(x). Let U be the set comprising of all

Markovian finite energy control policies, i.e.,

U ∶= {u ∶ Rn × [t0, t1] ↦ Rn ∣ ∥u∥22 < ∞}. (1.3)
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For a given time horizon [t0, t1], the dynamic formulation of OMT, introduced by

Benamou and Brenier [4], is the variational problem:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn

1

2
∥u∥22 ρ(t,x) dx dt (1.4a)

∂ρ

∂t
+∇x ⋅ (ρu) = 0, (1.4b)

ρ(t0,x) = ρ0, ρ(t1,x) = ρ1, (1.4c)

where ∇x⋅ is the divergence operator with respect to vector x. For details, refer

to [5, Thm. 8.1], [6, Ch. 8]. The existence-uniqueness of the solution for (1.4) is

guaranteed [7] for ρ0, ρ1 ∈ P2 (Rn).

In (1.4), the vector x ∈ Rn can be seen as the state of a controlled dynamical sys-

tem, and the u ∈ U as a feasible control policy. From a control perspective, (1.4)

amounts to designing a minimum effort stochastic optimal control policy that is

guaranteed to steer the controlled state statistics from the given ρ0 at t0 to the given

ρ1 at t1.

1.2.3 Generalized OMT

A generalized version of OMT takes the form

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(q(x) + r(u)) ρ(t,x) dx dt (1.5a)

∂ρ

∂t
+∇x ⋅ (ρf(t,x,u)) = 0, (1.5b)

ρ(t = t0,x) = ρ0, ρ(t = t1,x) = ρ1. (1.5c)

Assume that r(u) is strictly convex and coercive, and that the cost-to-go q(x)+r(u)

is bounded.

The problem (1.5) generalizes the classical OMT (1.4) in two distinct ways. First,

4



Introduction/Schrödinger Bridge Problem 1.3

the cost-to-go in the objective function is now q(x) + r(u), the sum of a state-

dependent cost and a control-dependent cost. This contrasts with the classical case

(1.4), since there q(⋅) ≡ 0, r(⋅) ≡ 1
2∥ ⋅ ∥22. Second, the vector field in the PDE constraint

(1.5b) is allowed to be generic Lipschitz in time t, state x, and control u. In contrast,

(1.4) concerns with the special case f(t,x,u) ≡ u.

In the subsequent chapters, we will consider specific choices for the state cost

q(x), the control cost r(u), and the drift vector field f(t,x,u).

1.3 Schrödinger Bridge Problem

The Schrödinger Bridge Problem, henceforth referred to as the SBP, is the primary

focus of this dissertation. As in the case of OMT above, I begin with the classi-

cal formulation of this problem. I then provide the generalized form of the SBP, in

preparation for the variants of the SBP considered in future chapters.

1.3.1 Static Formulation of SBP

The SBP originated from the works of Erwin Schrödinger in 1931-2, with the moti-

vation of finding a probabilistic interpretation of quantum mechanics [8–10]. For the

static SBP formulation, fix a (not necessarily small) regularization parameter ε > 0.

Then consider the entropy-regularized version of the static OMT (1.2), which is an

infinite dimensional nonlinear optimization problem:

arg inf
π∈Π(ρ0,ρ1)

Eπ{
1

2
∥x0 −x1∥22 + ε logπ}. (1.6)

The problem (1.6) is the static SBP. In contrast to (1.2), problem (1.6) is strictly convex

in the decision variable π ∈ Π(ρ0, ρ1).

5
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Schrödinger’s motivation behind (1.6) was not really to formulate a regulariza-

tion of (1.2). Instead, the intrinsic motivation behind problem (1.6) was that it can

be re-written as a relative entropy a.k.a. Kullback-Leibler divergence DKL(⋅ ∥ ⋅) mini-

mization problem:

arg inf
π∈Π(ρ0,ρ1)

εDKL (π(x0,x1) ∥ k(x0,x1) (π0(x0) ⊗ π1(x1))) , (1.7)

where π0, π1 are the marginal measures associated with the PDFs ρ0, ρ1, respectively,

π0(x0) ⊗ π1(x1) denotes the product measure, and

k(x0,x1) ∶= exp(−
1

2ε
∥x0 −x1∥22) , (1.8)

is the Gibbs kernel. The Kullback-Leibler divergence DKL(⋅ ∥ ⋅) between two proba-

bility measures π, π̃ is given by

DKL (π ∥ π̃) ∶= Eπ{ log
dπ

dπ̃
} =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∫ log
dπ

dπ̃
dπ, if π ≪ π̃,

+∞, otherwise,
(1.9)

where π ≪ π̃ denotes that the measure π is absolutely continuous with respect to π̃,

and
dπ

dπ̃
denotes the Radon-Nikodym derivative.

Re-writing (1.6) in the form (1.7) has three merits. The first merit is that it

clarifies the maximum-likelihood interpretation for the minimizer πopt in the sense

the coupling πopt is the most-likely joint consistent with the prescribed marginal

measures π0, π1 (or equivalently the marginal PDFs ρ0, ρ1). The second merit is

that the existence-uniqueness of the minimizer πopt becomes clear since problem

(1.7) is a strictly convex program: the Kullback-Leibler projection of the Gibbs-

weighted product measure k(x0,x1) (π0(x0) ⊗ π1(x1)) onto the convex polyhe-

dron Π(ρ0, ρ1). The third merit is that (1.7) can be numerically solved via the cel-

ebrated Sinkhorn algorithm [11–13], which is an recursive algorithm to solve the

6
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diagonal matrix scaling problem: given elementwise nonnegative square matrix M ,

find positive diagonal matrices D1,D2 such that the scaled matrix D1MD2 has

a prescribed row sum and a prescribed column sum. The Sinkhorn recursions are

contractive w.r.t. Hilbert’s projective metric, and hence enjoy existence-uniqueness

and worst-case linear rate of convergence guarantees.

1.3.2 Dynamic Formulation of SBP

While Schrödinger’s original formulation is most naturally described as a static vari-

ational desribed above, equivalent stochastic control formulation for the same has

been understood since the late 20th century, which is what is most relevant in this

dissertation. The problem is to compute the minimum effort control required to steer

a given PDF to another given PDF over a given time horizon, subject to a controlled

Brownian motion constraint. This leads to a stochastic optimal control problem:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn

1

2
∥u∥22 ρ(t,x) dx dt (1.10a)

∂ρ

∂t
+∇x ⋅ (ρu) = ε∆xρ, ε > 0, (1.10b)

ρ(t0,x) = ρ0(x), ρ(t1,x) = ρ1(x), (1.10c)

where ∆x is the Laplacian operator with respect to the vector x, and as before, P01

is the collection of PDF-valued trajectories ρ(t, ⋅) that are continuous in t ∈ [t0, t1]

and satisfy ρ(t0, ⋅) = ρ0, ρ(t1, ⋅) = ρ1.

Note that the macroscopic dynamics (1.10b) corresponds to the microscopic con-

trolled sample path dynamics given by the Itô stochastic differential equation

dx = u(t,x) dt +
√
2ε dw(t), (1.11)

where w ∈ Rn denotes the standard Wiener process. The Itô diffusion (1.11) is a

7
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controlled Brownian motion.

From inspection, the classical SBP (1.10) is a generalization of (1.4) in which the

first order advection PDE, a.k.a. the Liouville PDE (1.4b) (see e.g., [14]) is replaced

by the second order adevtion-diffusion PDE a.k.a. the Fokker-Planck-Kolmogorov

(FPK) PDE (1.10b). When ε ↓ 0, the SBP (1.10) reduces to the OMT problem (1.4), and

the solution of (1.10) converges to the solution of (1.4) [15–17]. Chapter 5 includes

discussion of the similar connection between a particular generalization of OMT and

a corresponding generalization of the SBP.

1.3.3 Generalized SBP

Since this dissertation will explore a variety of generalizations of (1.10), I now define

a generalized (dynamical) SBP as follows:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(q(x) + r(u)) ρ(t,x) dx dt (1.12a)

∂ρ

∂t
+∇x ⋅ (ρf(t,x,u)) =∆Σ(((t,x,u)))ρ (1.12b)

ρ(t0,x) = ρ0(x), ρ(t1,x) = ρ1(x), (1.12c)

where the weighted Laplacian

∆Σ(((t,x,u)))ρ ∶=
n

∑
i,j=1

∂2

∂xi
∂xj

((((Σ)ijρ) , (1.13)

and the diffusion tensor Σ ∶= σσ⊺ is an n×n symmetric positive semi-definite matrix

field, where σ = σ(t,x,u) ∈ Rn×p is the diffusion coefficient. Note that the diffusion

coefficient may be time-, state-, and control-dependent.

As in (1.5), this problem formulation generalizes both the cost-to-go function in

the objective and the controlled dynamics arising in the PDE constraint. The FPK

8
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PDE (1.12b) is induced by the controlled sample path dynamics

dx = f(t,x,u) dt +
√
2σ(t,x,u) dw(t), (1.14)

a generalization of (1.11). Specifically, the Itô stochastic differential equation (1.14)

has controlled drift coefficient f , and controlled diffusion coefficient σ. Note that

by choosing q(x) ≡ 0, r(u) ≡ 1
2∥u∥22, and f(t,x,u) ≡ u, as in the OMT case, and

additionally letting σ(t,x,u) ≡ √εIn, the microscopic (i.e., sample path) dynamics

(1.14) reduces to (1.11), and the macroscopic (i.e., PDF) dynamics (1.12) reduces to

(1.10).

Generalizations of the SBP considered in future chapters can likewise be recov-

ered from (1.12) by choosing appropriate state cost q(x), control cost r(u), con-

trolled drift coefficient f(t,x,u), and controlled diffusion coefficient σ(t,x,u).

1.4 Hopf-Cole Transform and Schrödinger Factors

I now outline the process of deriving the known solution to the classical SBP (1.10)

in Ch. 1.4.1, and the same for generic control-affine SBP in Ch. 1.4.2.

1.4.1 Hopf-Cole Transform for Classical SBP

We begin by deriving the first order conditions for optimality for the classical SBP.

By determining the Lagrangian of (1.10) and applying pointwise minimization, the

optimal solution pair (ρopt,uopt) for the classical SBP (1.10) is found to solve the

system of coupled, nonlinear PDEs:

∂S

∂t
+ 1

2
∥∇xS∥22 + ε∆xS = 0, (1.15a)

∂ρopt

∂t
+∇x ⋅ (ρopt∇xS) = ε∆xρopt, (1.15b)

9
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with boundary conditions

ρopt(t0,x) = ρ0(x), ρopt(t1,x) = ρ1(x), (1.16)

where S ∈ C1,2 (Rn; [t0, t1]), and the optimal control uopt
ε = ∇xS(t,x). Specifically,

(1.15a) is the Hamilton-Jacobi-Bellman (HJB) PDE, and (1.15b) is a controlled FPK

PDE with control∇xS(t,x). See Appendix A.1 for a general derivation of first order

conditions; the derivation of (1.15) can be easily recovered.

The system of PDEs (1.15) in unknowns ρopt(t,x), S(t,x) are coupled and non-

linear. To transform this to a system of linear PDEs, the Hopf-Cole transform [18,

19] introduces the so-called Schrödinger factors φε and φ̂ε, as a change-of-variables

(ρopt, S) ↦ (φ̂ε, φε) given by

φε ∶= exp(
S

2ε
) , (1.17a)

φ̂ε ∶= ρopt exp(−
S

2ε
) . (1.17b)

In the case of the classical SBP, this transformation allows the reformulation of the

system (1.15)-(1.16) into a set of forward and backward heat equations

∂φ̂ε

∂t
= ε∆xφ̂ε, (1.18a)

∂φε

∂t
= −ε∆xφε, (1.18b)

with coupled boundary conditions

φ̂ε(t0,x)φε(t0,x) = ρ0,

φ̂ε(t1,x)φε(t1,x) = ρ1. (1.19)

Note that (1.18) can be trivially recovered from the derivation in Appendix A.2. Here,

the subscript highlights the dependence of (1.17) on the choice of the parameter ε.

10
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Figure 1.1: Fixed point recursion over the endpoint Schrödinger factor pair
(φ̂ε,0, φε,1) to solve the boundary-coupled system of PDEs (1.18)-(1.19). The arrows
with integrals denote marching the solutions for the respective initial value problem
(IVP) over time.

As is well-known [20, Sec. 8], [21, Sec. II], the SBP can thus be solved by comput-

ing the function pair (φ̂ε(t0,x), φε(t1,x)) satisfying a system of nonlinear integral

equations, referred to as the Schrödinger system:

ρ0(x) = φ̂ε(t0,x)∫
Rn
k(t0,x, t1,y)φε(t1,y)dy, (1.20a)

ρ1(x) = φε(t1,x)∫
Rn
k(t0,y, t1,x)φ̂ε(t0,y)dy, (1.20b)

where k is the appropriate uncontrolled (i.e., u ≡ 0) Markov transition probability

kernel. In the case of the classical SBP (1.10), k is the well-known heat kernel, hence-

forth referred to as kB, where the subscript B stands for the Brownian noise, a.k.a.

the standard Wiener process in (1.11).

The Schrödinger system (1.20) can in turn be solved via the fixed point recursion

over (φ̂ε(t0,x), φε(t1,x)) shown in Figure 1.1. This recursion proceeds as follows:

1. Make an everywhere positive initial guess for φ̂ε(t0,x).

2. Using φ̂ε(t0,x), integrate (1.18a) from t = t0 to t = t1 to determine φ̂ε(t1,x).

11
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3. Define

φε(t1,x) =
ρ1

φ̂ε(t1,x)
.

4. Integrate from t = t1 to t = t0 to determine φε(t0,x).

5. Define

φ̂ε(t0,x) =
ρ0

φε(t0,x)
.

6. Repeat (2)-(5) until convergence.

The function pair (φ̂ε(t0,x), φε(t1,x)), thus computed, are used to find the Schrödinger

factors

φ̂ε(t,x) ∶= ∫
Rn
k(t0,y, t,x)φ̂ε,0(y)dy, t ≥ t0, (1.21a)

φε(t,x) ∶= ∫
Rn
k(t,x, t1,y)φε,1(y)dy, t ≤ t1. (1.21b)

The optimally controlled state PDF and the optimal control for all t ∈ [t0, t1] are

then recovered from the Schrödinger factors as

ρopt(t,x) = φ̂ε(t,x)φε(t,x), (1.22a)

uopt(t,x) = 2ε∇x logφε(t,x). (1.22b)

Throughout this dissertation, an SBP will be referred to as exactly solvable if the

corresponding (uncontrolled) Markov kernel κ is known in closed form, i.e., without

integrals or series sum. This is the case for classical SBP discussed above, as the heat

kernel kB can be expressed as

kB (t0,x0, t1,x1) = (4πε(t1 − t0))−n/2 exp(−
∥x0 −x1∥22
4ε(t1 − t0)

) . (1.23)

A closed form of the Markov kernel κ such as (1.23) allows for convenient numerical
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implementation of the forward and backward pass in dynamic Sinkhorn recursion

(Fig. 1.1) via simple matrix-vector multiplications. This obviates randomized com-

putation with Feynman-Kac path integrals or other nontrivial solvers [21,22] which

incur function approximation errors. A key focus of this dissertation will therefore

concern different approaches to determining a closed form Markov kernel for gen-

eralizations of the SBP.

1.4.2 Hopf-Cole Transform for Control-Affine SBP

In the case of the classical SBP, the Hopf-Cole transform, as discussed in Section

1.4.1, moves the coupling from the PDEs to the boundary conditions. In our pursuit

of a closed form κ for generalizations of the SBP, we naturally wish to determine the

conditions under which the Hopf-Cole transform remains beneficial.

To determine when the Hopf-Cole transform may be beneficially applied, con-

sider a control-affine SBP:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(q (t,x) + 1

2
∥u∥22) dx dt (1.24a)

∂ρ

∂t
+∇x ⋅ (ρ (A (t,x) +B (t,x)u)) =∆Σ(t,x,u) ρ, (1.24b)

ρ(t = t0,x) = ρ0, ρ(t = t1,x) = ρ1. (1.24c)

Note that (1.24) is an instance of the generalized SBP (1.12) for control cost r(u) ≡
1
2∥u∥22 and drift f(t,x,u) ≡ A (t,x) +B (t,x)u. This choice of f(t,x,u) implies

that the controlled sample path dynamics is governed by the Itô stochastic differen-

tial equation

dx = (A (t,x) +B (t,x)u)dt +σ(t,x,u)dwt, (1.25)

where the diffusion tensor in (1.24) is Σ = σσ⊺.
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Our work [23] investigates solving (1.24) via the algorithm introduced in Section

1.4.1. We begin by making the following assumptions to ensure the strong solu-

tion [24, p. 66] for the uncontrolled (u ≡ 0) version of (6.2), and to ensure that the

corresponding transition density is everywhere continuous and positive [25, p. 364].

A1. (Non-explosion and Lipschitz coefficients) There exist constants c1, c2 > 0

such that ∀x,y ∈ Rn, ∀t ∈ [t0, t1],

∥A(t,x)∥2 + ∥σ (t,x) ∥2 ≤ c1 (1 + ∥x∥2) ,

∥A(t,x) −A(t,y)∥2 ≤ c2∥x − y∥2.

A2. (Uniformly lower bounded diffusion tensor) There exists a constant c3 > 0

such that ∀x ∈ Rn, ∀t ∈ [t0, t1],

⟨x,Σ(t,x)x⟩ ≥ c3∥x∥22.

As in the classical case, we start by deriving the first order conditions for opti-

mality for (1.24), arriving at the following theorem.

Theorem 1.1 (Coupled Nonlinear PDEs with linear boundary conditions). Let A1-

A2 hold. Consider two PDFs ρ0, ρ1 having finite second moments, a given time horizon

[t0, t1], and the state cost q suitably smooth. For S ∈ C1,2 ([t0, t1];Rn), the necessary

conditions for optimality for problem (1.24) are

Primal PDE:

∂ρopt
∂t
+∇x ⋅ (ρopt (A +BB⊺∇xS)) =∆Σ ρopt, (1.26a)

Dual PDE:

∂S

∂t
+ ⟨∇xS,A⟩ +

1

2
⟨∇xS,BB⊺∇xS⟩ + ⟨Σ,HessxS⟩ = q, (1.26b)

Primal Boundary Conditions ∶

14
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ρopt (t0,x) = ρ0(x), ρopt (t1,x) = ρ1(x) (1.26c)

The optimal control is

uopt =B⊺∇xS. (1.27)

For a derivation of this Theorem, see Appendix A.1.

The derived necessary conditions (1.26) comprise of two coupled nonlinear PDEs

(1.26a)-(1.26b) in the primal-dual variable pair (ρopt, S) with two linear boundary

conditions (1.26c). This system is atypical since both of these boundary conditions

are available for the single variable ρopt.

Consider a generalized version of the Hopf-Cole transform 1.17 which introduces

Schrödinger factors φλ and φ̂λ (see [18, 19]), as

φλ ∶= exp(
S

λ
) , (1.28a)

φ̂λ ∶= ρopt exp(−
S

λ
) . (1.28b)

The constant λ > 0 is a scaling parameter; the dependence of this generalized Hopf-

Cole transform on the choice of λ is emphasized by the subscript.

The appeal of (1.28) is that, under certain conditions, it converts (1.26), a system

of coupled PDEs with linear boundary conditions, to a system of decoupled PDEs

with bilinear boundary conditions.

Theorem 1.2 (Boundary-coupled nonlinear PDEs). Consider the setting as in The-

orem 1.1. Let the pair (ρopt, S) solve (1.26). The pair (φ̂λ, φλ) given by (1.28) solves

∂φ̂λ

∂t
+∇x ⋅ (φ̂ (A +Aφ)) −∆Σ φ̂λ + (

q

λ
+ qφ) φ̂λ = 0, (1.29a)

∂φλ

∂t
+ ⟨∇xφλ,A +Aφ⟩ + ⟨Σ,Hessxφλ⟩ − (

q

λ
+ qφ)φλ = 0, (1.29b)
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φ̂λ (t0,x)φλ (t0,x) = ρ0(x), φ̂λ (t1,x)φλ (t1,x) = ρ1(x), (1.29c)

where

Aφ ∶= (λBB⊺ − 2Σ)∇x logφλ, (1.30)

qφ ∶=
1

2
(∇x logφλ)⊺ (λBB⊺ − 2Σ)∇x logφλ. (1.31)

The minimizing pair (ρopt,uopt) for problem (1.24) is then recovered from

ρopt(t,x) = φ̂λ(t,x)φλ(t,x), (1.32)

uopt(t,x) = λB⊺∇x logφλ(t,x), (1.33)

for all t ∈ [t0, t1].

The proof of Theorem 1.2 is given in Appendix A.2.

Notice that the PDEs (1.29a)-(1.29b) are still coupled and nonlinear. Similar to

(1.26a)-(1.26b), the equation-level coupling in (1.29a)-(1.29b) is one way in the sense

(1.29b) has no dependence on φ̂λ but (1.29a) depends on both φλ, φ̂λ. Unlike (1.26c),

the boundary conditions (1.29c) are now bilinear. For these reasons, the utility of

applying this generalized Hopf-Cole transform (1.28) to (1.24) is not immediately

apparent.

However, a closer inspection of (1.29a)-(1.29b) reveals that the coupling and the

nonlinearities emanate precisely from the φλ-dependent vector field Aφ and the the

φλ-dependent reaction term qφ defined in (1.30) and (1.31), respectively. The Aφ and

qφ, are both linear in the matrix λBB⊺ − 2Σ. So, these PDEs become decoupled and

linear provided the control and noise channels coincide. This is summarized in the

following Corollary 1.3.

Corollary 1.3 (Boundary-coupled linear PDEs). Consider the same setting as in The-
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orem 1.2. If BB⊺ ∝ σσ⊺ or equivalently, λBB⊺ − 2Σ = 0 for some λ > 0, then

(1.29) reduces to the following system of linear advection-diffusion-reaction PDEs that

are only coupled through bilinear boundary conditions:

∂φ̂λ

∂t
+∇x ⋅ (φ̂λA) −∆Σ φ̂λ +

qφ̂λ

λ
= 0, (1.34a)

∂φλ

∂t
+ ⟨∇xφ,A⟩ + ⟨Σ,Hessxφλ⟩ −

qφλ

λ
= 0, (1.34b)

φ̂λ (t0,x)φλ (t0,x) = ρ0(⋅), φ̂λ (t1,x)φλ (t1,x) = ρ1(x). (1.34c)

Proof. From (1.30)-(1.31), both Aφ, qφ vanish for λBB⊺ − 2Σ = 0.

When λBB⊺ − 2Σ ≠ 0 for all λ > 0, the difference

λBB⊺ − 2Σ

quantifies the imbalance between the control and the noise fluctuation, causing an

excess additive drift (1.30) and an excess additive reaction rate (1.31), to ensure the

conservation of optimally controlled probability mass.

In a different context, Kappen [26, Sec. 3.1] provided a physical interpretation

of BB⊺ ∝ σσ⊺: in the directions of low noise, optimal control (1.33) is expensive,

and vice versa. Existing works [20, 21] assume a priori that BB⊺ ∝ σσ⊺. This

assumption is practically motivated, as identical input and noise channels indeed

occur for stochastic forcing and noisy actuators.

In this dissertation, the generalizations of the SBP under consideration will like-

wise concern cases in which BB⊺ ∝ σσ⊺, and therefore the Hopf-Cole transform

(1.28) will prove beneficial.
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1.5 Existing Literature and Original Contributions

This dissertation explores generalizations of the SBP. Prior works have generalized

the classical SBP in multiple directions. One direction generalizes the SBP by consid-

ering more general drifts and diffusions [21,27–35]. Specific versions of generalized

OMTs have also appeared before; see e.g., [35, 36]. Another direction considers ad-

ditional bounded domain constraints [37, 38] where the controlled sample paths are

required to deterministically stay within the domain for all times.

However, works on the SBP with state cost-to-go, one of the main generalizations

explored in this dissertation, are limited [10,39], [40, Ch. 2.6, 2.7], [41]. On the other

hand, deriving the worst-case contraction coefficient for a generalized SBP in terms

of the problem data, as done in this dissertation, is novel.

In this dissertation, we deduce closed form kernels for the SBP with quadratic

state cost, a novel result. By finding the Markov kernel k in closed form, our re-

sults enable the numerical solution of the SBP with quadratic state cost for generic

non-Gaussian endpoint distributions ρ0, ρ1 with finite second moments. The existence

and uniqueness of this problem was discussed in [42], wherein the kernel was con-

structed by solving Lyapunov equations. However, the solution with quadratic state

cost presented in [42], while allowing for Q to be time-varying, only concerns with

the special case of Gaussian ρ0, ρ1. In contrast, the closed form Markov kernel we

derive makes no parametric assumptions on ρ0, ρ1.

We present two different approaches to analytically recovering the kernel for the

SBP problem with quadratic state cost. In the process, we make an additional peda-

gogical contribution by explaining the general steps to derive the Green’s functions

or kernels of certain linear PDE initial value problems (IVPs) using Weyl calculus

18
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tools in a systematic manner. The mathematical development of Weyl calculus origi-

nated in quantum mechanics, but its relevance in solving problems outside quantum

mechanics, especially in diffusion and control problems, are less known. Common

references [43], [44, Ch. 2-3], [45–47] on Weyl calculus appeal to quantum physics

and field-theoretic ideas to introduce the core mathematical concepts, albeit for good

reasons. However, this style of exposition, even when mathematically rigorous, can

become a barrier to the broader systems-control audience. To make Weyl calculus

tools more accessible to a broad audience across different disciplines, we take a pur-

posefully less rigorous recipe-style introduction of selective Weyl calculus tools with

illustrative calculations.

We consider two ways to further generalize the SBP with quadratic state cost.

First, we consider the case in which we steer a more general linear time-varying

diffusion. We still allow for non-Gaussian initial and final distributions. We demon-

strate that this linear quadratic SBP is still exactly solvable. Moreover, we present a

novel approach that relies on finding a state-time dependent distance-like functional

given by the solution of a deterministic optimal control problem. This technique

breaks away from existing methods, uncovering a new connection between Markov

kernels, distances, and optimal control. This connection is of interest beyond its

immediate application in solving the linear quadratic SBP.

Our second method of generalizing the SBP with quadratic state cost is to instead

consider the SBP with bounded, positive state cost that is not necessarily quadratic.

In the process, we draw connections to a problem of interest to the astrodynamics

community, the probabilistic Lambert Problem.

The deterministic Lambert problem has a substantial literature in the guidance-

control community – a non-exhaustive list of references includes [48–52], [53, Ch.
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13.4]. The Lambert problem with probabilistic uncertainty has been investigated be-

fore using Taylor expansion [54], using linearization followed by second order statis-

tics (i.e., covariance) mapping [55,56], using the pushforward mapping of probability

measures [57], using polynomial approximation [58], and using neural network and

Gaussian process regression [59]. While these works consider the endpoint proba-

bilistic uncertainties or some approximants thereof, they do not explicitly account

for the stochastic dynamics.

While the importance of OMT in dynamics-control problems with probabilistic

uncertainties is being recognized across different research communities at a very

rapid pace [3, 6, 60–67], we uncover a hitherto unknown link between OMT and the

probabilistic Lambert problem. Making a precise connection with OMT allows us

to theoretically guarantee existence-uniqueness for the solution of the probabilistic

Lambert problem.

By showing that the additive state cost in this generalized SBP corresponds to the

probabilistic Lambert problem with process noise, we numerically solve the prob-

abilistic Lambert problem using nonparametric computation. In the process, we

propose a novel algorithm to numerically solve such a generalized SBP. While [68]

also considers an SBP with killing or creation, [68] considers unbalanced endpoint

marginals, which is not the case for us. While it is possible to convert that unbal-

anced problem to an equivalent balanced problem, doing so changes the mathemati-

cal structure and meaning of the stochastic optimal control problem, see [68, eq. (4.3)

and Sec. 5].

In addition to exploring methods of exactly solving the generalizations discussed

above, we also provide substantial contributions to the understanding of the conver-

gence rate of the algorithm defined in Fig. 1.1. Thanks to the Banach contraction
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mapping theorem, this recursion has guaranteed linear convergence with a contrac-

tion coefficient κ ∈ (0,1). The smaller the κ, the faster the convergence. In practice,

the contraction coefficient κ is numerically observed to be small (i.e., fast conver-

gence) even in more general settings [69, Fig. 4], [21, 34, 70] than classical or lin-

ear SBPs. The recent work [71] investigates classical SBP convergence from a sam-

ple complexity perspective. [72] provides a worst-case contraction coefficient γ ≥ κ

for the classical SBP. We provide novel control-theoretic as well as geometric inter-

pretations for this result. We additionally derive a new formula for the worst-case

contraction coefficient for the linear SBP in terms of the problem data, and provide

control-theoretic and geometric interpretations of the same. We also provide a prac-

tical application of these formula, by highlighting how pre-conditioning the supports

can help reduce the worst-case contraction coefficient, thereby improving the con-

vergence of the linear SBP.

1.6 Organization of Dissertation

The remaining of this dissertation is organized as follows.

In Chapter 2, I summarize existing results on the contraction coefficient for the

classical SBP. I then define the first generalization of the SBP discussed in this dis-

sertation: the linear SBP. I identify the corresponding changes to the recursive algo-

rithm introduced above (see Figure 1.1) when solving the linear SBP rather than the

classical SBP. I then present a derivation of the contraction coefficient for this gen-

eralized case, as published in a joint work with Abhishek Halder and Yongxin Chen

(see [73]). Our resulting geometric and control-theoretic interpretations, for both

the classical and the linear SBP, are thoroughly explained. Chapter 2 concludes with
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a discussion of the potential applications we identified of the contraction coefficient,

and an example of one such application.

Chapter 3 concerns a different generalization of the SBP; one which includes a

fixed quadratic state cost. The primary focus of this chapter is the derivation of the

Markov kernel k for such a SBP. I present two different approaches for deriving such

a kernel; one which we employ Hermite polynomials (see [74]) and one which we

use Weyl calculus (see [75]). Our successful derivation of the Markov kernel via each

approach both demonstrates that this generalization of the SBP is exactly solvable,

and provides the solution of this SBP.

In Chapter 4, we combine the generalizations discussed in Chapters 2 and 3 to

consider a linear SBP with (not necessarily fixed) quadratic state cost. In pursuit

of the Markov kernel k corresponding to this new generalization, we introduce an

entirely new approach, which is designed from observations about the structure of

known Markov kernels (see [76]). We demonstrate the success of this approach for

known kernels, and for this new generalization.

In Chapter 5, we further generalize the SBP studied in Chapter 3, by consider-

ing an additive state cost of any structure, rather than restricting our developments

to a quadratic state cost. I present the existence-uniqueness and first-order condi-

tions of optimality of the solution for this SBP with state cost. I then present our

work on a particular case study of the SBP with additive state cost: the probabilistic

Lambert’s problem (see [22]). After a brief overview of the historical and modern

applications enabled by the solution of this problem to motivate the rest of the chap-

ter, we leverage properties of generalized OMT and the SBP to prove the existence

and uniqueness of the solution to the probabilistic Lambert’s problem. To enable

the solution of this problem via the typical Sinkhorn recursions, we then use the
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Fourier and Laplace transforms to determine an approach for the necessary forward

and backward integration. We then construct an algorithm to numerically solve the

probabilistic Lambert’s problem. The corresponding numerical simulation results

highlight the practical use of the proposed algorithm.

I conclude this dissertation with a summary of the key results, as well as a discus-

sion of our results from applying an alternative transform to the SBP, which suggests

intriguing routes for further study.

1.7 Publications

The following table, Table 1.1, gives a list of my published works and works currently

under review, as well as their correspondence with the chapters of this dissertation.

Table 1.1: Publications and related chapters in this dissertation.

Publication Chapter Ref.

"On the Hopf-Cole Transform for

Control-affine Schrödinger Bridge",

under review in IEEE Trans. Automatic Control.

A.M.H. Teter and A. Halder.

Ch. 1 [23]

"On the Contraction Coefficient of

the Schrödinger Bridge for

Stochastic Linear Systems",

IEEE Control Systems Letters, 7:3325–3330, 2023.

A.M.H. Teter, Y. Chen, and A. Halder

Ch. 2 [73]
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"Schrödinger Bridge with Quadratic

State Cost is Exactly Solvable",

accepted in IEEE Trans. Automatic Control.

A.M.H. Teter, W. Wang and A. Halder

Ch. 3, 5 [74]

"Weyl Calculus and Exactly Solvable

Schrödinger Bridges with

Quadratic State Cost",

60th Annual Allerton Conference , 1–8, 2024,

Invited paper in Session

‘Duality in Control, Inference, and Learning’.

A.M.H. Teter, W. Wang and A. Halder

Ch. 3 [75]

"Markov Kernels, Distances and Optimal Control:

A Parable of Linear Quadratic

Non-Gaussian Distribution Steering",

under review in IEEE Trans. Automatic Control.

A.M.H. Teter, W. Wang, S. Shivakumar

and A. Halder

Ch. 4 [76]

"Probabilistic Lambert Problem: Connections with

Optimal Mass Transport, Schrödinger Bridge, and

Reaction-Diffusion PDEs",

SIAM Journal on Applied Dynamical Systems, 24(1):16-43, 2025.

A.M.H. Teter, I. Nodozi and A. Halder

Ch. 5 [77]
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"Solution of the Probabilistic Lambert’s

Problem: Optimal Transport Approach",

Mathematical Theory of Networks and Systems, 2024,

Invited paper in Session ‘Optimal Transport’.

A.M.H. Teter, I. Nodozi and A. Halder

Ch. 5 [22]

"Control-affine Schrödinger Bridge and

Generalized Bohm Potential",

under review in IEEE Control Systems Letters.

A.M.H. Teter, A. Halder, M.D. Schneider, A.S. Perloff,

J. Pratt, C.M. Artman, and M. Demireva

Ch. 6 [78]

"Proximal Mean Field Learning in

Shallow Neural Networks",

Transactions on Machine Learning Research, 2024.

A.M.H. Teter, I. Nodozi, and A. Halder

N/A [79]

"Set Invariance with Probability One for

Controlled Diffusion: Score-based Approach",

under review in IEEE Trans. Automatic Control.

W. Wang, A.M.H. Teter, M. Arcak and A. Halder

N/A [80]
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2 | The Contraction Coefficient in
Linear SBPs

2.1 Overview

As discussed in Chapter 1.4, the SBP is solved using fixed point recursions, repeated

to convergence. Thanks to the Banach contraction mapping theorem, the fixed point

recursion illustrated in Figure 1.1 of Chapter 1 is known to enjoy guaranteed linear

convergence with a contraction coefficient κ ∈ (0,1).

This contraction coefficient, κ, is understood as follows. Let Φ represent the

mapping of one full recursion in Figure 1.1, i.e.,

φ̂(k+1)(t0,x) = Φ (φ̂(k)(t0,x)) , recursion index k ∈ N0,

where φ̂(0)(t0,x) represents our initial, everywhere positive guess of the true φ̂(t0,x),

and φ̂(j)(t0,x) represents the updated approximation of φ̂(t0,x) after j full recur-

sions.

Then the contraction coefficient κ is defined as

κ = min
0<c<1

c

such that dH(Φ(x),Φ(y)) ≤ c dH(x, y),

where dH(⋅, ⋅) is the Hilbert’s projective metric between any two elements of a pointed

convex cone in a real vector space, given by

dH(x, y) ∶= log(
inf{λ ≥ 0∣x ⪯ λy}
sup{λ ≥ 0∣λy ⪯ x}) . (2.1)

The ⪯ in (2.1) is understood as the conic inequality. In particular, for x,y ∈ Rn
>0
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(positive orthant), we have

dH(x,y) = log(
maxi=1,⋯,n xi/yi
mini=1,⋯,n xi/yi

) . (2.2)

Notice that the smaller (resp., larger) the contraction coefficient κ, the faster (resp.,

slower) the convergence .

The contraction coefficient κ depends on the specific choices of ρ0, ρ1. This

chapter thus concerns with the worst-case contraction coefficient γ satisfying κ ≤ γ,

where the "worst-case" refers to all possible ρ0, ρ1 supported on given compact sets

X0,X1 ⊂ Rn. An understanding of γ is needed to evaluate the efficiency of the solu-

tion to the SBP.

The contributions detailed in this chapter are a joint work with Abhishek Halder

and Yongxin Chen, and presented in [73]. This chapter contains our derivation of

the worst-case contraction rate for a linear SBP in terms of the particular problem

data. To lay the groundwork for these results, I first provide existing results on the

contraction coefficient for the classical SBP, before detailing the generalization to

a linear SBP. I then detail our geometric and optimal control-theoretic interpreta-

tions of the derived worst-case contraction rate for both the classical and linear SBP.

This chapter concludes with our numerical example illustrating how the worst-case

contraction coefficient can be employed in preconditioning the endpoint supports.

2.2 The Contraction Coefficient for the Classical SBP

To lay the groundwork for analyzing the contraction coefficient for the linear SBP,

we must first collect corresponding ideas for the classical SBP.

Recall from Chapter 1 that, for a given ε > 0, the (scaled) standard Wiener process
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√
2ε dw(t) in Rn has an associated Markov kernel

kB (t0,x0, t1,x1) ∶= (4πε(t1 − t0))−n/2 exp(−
∥x0 −x1∥22
4ε(t1 − t0)

) , (2.3)

where the subscript B stands for the Brownian a.k.a. standard Wiener process. There-

fore, for the classical SBP, the Markov kernel k ≡ kB in the Schrödinger system

ρ0(x) = φ̂ε(t0,x)∫
Rn
k(t0,x, t1,y)φε(t1,y)dy, (2.4a)

ρ1(x) = φε(t1,x)∫
Rn
k(t0,y, t1,x)φ̂ε(t0,y)dy. (2.4b)

Note that kB is continuous for all (x0,x1) ∈ Rn × Rn. Furthermore, for X0,X1

compact, there exist constants αB, βB such that 0 < αB ≤ βB < ∞, and

αB ≤ kB (t0,x0, t1,x1) ≤ βB ∀ (x0,x1) ∈ X0 × X1. (2.5)

In [72, equation (17)], the rate of convergence for the Schrödinger system (2.4)

associated with the classical SBP was related to the quantity

γB ∶= tanh2 (1
2
log (βB

αB
)) ∈ (0,1). (2.6)

Specifically, γB was shown [72, Lemma 5] be to the worst-case contraction coefficient

for a single pass of the recursion shown in Figure 1.1.

Define

α̃B ∶= max
x0∈X0,x1∈X1

∥x0 −x1∥22, (2.7a)

β̃B ∶= min
x0∈X0,x1∈X1

∥x0 −x1∥22, (2.7b)

wherein the maximum and minimum are guaranteed to exist due to the compactness

ofX0,X1. From (2.3) and (2.5), it then follows that the αB, βB in (2.6) can be expressed
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as

αB =
exp (−α̃B/(4ε))√

(4πε)n
, βB =

exp (−β̃B/(4ε))√
(4πε)n

. (2.8)

Consequently, (2.6) may be rewritten

γB = tanh2 ( α̃B − β̃B

8ε
) ∈ (0,1). (2.9)

2.3 The Linear SBP

We now turn our attention to the SBP for a stochastic linear time-varying system.

This variant concerns with minimum effort steering of a controlled stochastic pro-

cess x(t) satisfying Itô diffusion

dx(t) = (A(t)x(t) +B(t)u(t,x))dt +
√
2εB(t) dw(t), (2.10)

over a fixed time horizon [t0, t1], from a given initial state PDF ρ0(x) ∶= ρ(t = t0,x)

to another given terminal state PDF ρ1(x) ∶= ρ(t = t1,x). In (2.10), the controlled

state x ∈ Rn, the control input u ∈ Rm and the standard Wiener process noise w ∈

Rm.

The constant ε > 0 denotes the strength of the process noise, and is not neces-

sarily small. In (2.10), the process noise enters through the same "channels" as the

input. This is true of many practical applications, such as in noisy actuators, in ex-

ternal disturbances including wind gust affecting the system state via forcing, and

in unmodeled dynamics.

The minimum effort objective translates to the following problem:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn

1

2
∥x∥22 ρ(t,x) dx dt (2.11a)

∂ρ

∂t
+∇x ⋅ (ρ (A(t)x(t) +B(t)u(t,x))) = ε∆xρ, ε > 0, (2.11b)
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ρ(t0,x) = ρ0(x), ρ(t1,x) = ρ1(x), (2.11c)

where U of finite energy Markovian control policies, as defined in (1.3). For conve-

nience, problem (2.11) is referred to as the linear SBP.

Note that the classical SBP [8–10,16] is a special case of problem (2.11) in which

A(t) ≡ 0,B(t) ≡ In.

Recall that the generalized SBP defined in Chapter 1 took the form

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(q(x) + r(u)) ρ(t,x) dx dt

∂ρ

∂t
+∇x ⋅ (ρf(t,x,u)) =∆Σ(((t,x,u)))ρ

ρ(t0,x) = ρ0(x), ρ(t1,x) = ρ1(x).

So (2.11) can be viewed as a specific case of this generalized SBP in which f(t,x,u) ≡

A(t)x(t) +B(t)u(t,x) and σ(t,x,u) ≡
√
2εB(t), with costs q(x) ∶= 1

2∥x∥22 and

r(u) ≡ 0, as in the classical SBP.

Throughout this chapter, we assume the following:

A1. The matricial trajectory pair (A(t),B(t)) is continuous and bounded for all

t ∈ [t0, t1],

A2. (A(t),B(t)) is a controllable pair in the sense that the finite horizon controlla-

bility Gramian

M 10 ∶= ∫
t1

t0
ΦtτB(τ)B⊺(τ)Φ⊺tτdτ (2.13)

is symmetric positive definite, where Φtτ ∶= Φ(t, τ) for t0 ≤ τ ≤ t ≤ t1 denotes the

state transition matrix associated with the state matrix A(t),

A3. The given endpoint PDFs ρ0, ρ1 have compact supports X0,X1 ⊂ Rn, respec-

tively, satisfying ∫X0
ρ0 = ∫X1

ρ1 = 1.
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Under the stated assumptions A1-A3, the existence-uniqueness for the solution

of this problem are guaranteed, and the solution can be computed by solving the

associated Schrödinger system (2.4), as introduced in Chapter 1, with Markov kernel

k ∶= kL where

kL (t0,x0, t1,x1) ∶= det (M 10)−1/2 kB (t0,M−1/2
10 Φt1t0x0, t1,M

−1/2
10 x1) . (2.14)

The fixed point recursion introduced in Figure 1.1, for this definition of Markov

kernel, is provably contractive [72, Sec. III] in Hilbert’s projective metric [81,82]. See

also [83]. For recent works elaborating connections between the SBP and stochastic

optimal control, see [20, 84].

Note that the optimally controlled state PDF ρopt(t,x) and the optimal control

uopt(t,x) for a linear SBP can be recovered from the Schroödinger factors as

ρopt(t,x) = φ̂ε(t,x)φε(t,x)

uopt(t,x) = 2εB(t)⊺∇x logφε(t,x)

for all t ∈ [t0, t1], where φϵ and φ̂ε are defined as in (1.17a). This determines the

solution for the linear SBP.

2.4 The Contraction Coefficient for the Linear SBP

Formula (2.9) provides an explicit relation between the worst-case contraction co-

efficient γB for the classical Schrödinger system and the problem data given by the

tuple (X0,X1, ε). Here, we report results from our investigation into how the worst-

case contraction coefficient γL for the problem (2.11) depends on the problem data

given by the tuple (X0,X1, ε,A(t),B(t)), involving both the endpoint PDFs (with

their compact supports) as well as the dynamical coefficients A(t),B(t), ε in (2.10).
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Intuition suggests that, keeping (X0,X1, ε) fixed, the rate of convergence will differ

for different choices of controllable pair (A(t),B(t)). Faster (resp. slower) conver-

gence is expected for linear systems which are "easier" (resp. "harder") to control

than others. Thus, the worst-case contraction coefficient γL is expected to depend

on the controllability Gramian (2.13).

We have the following result.

Theorem 2.1. Consider the linear SBP (2.11) with assumptionsA1-A3. The associated

Schrödinger system (2.4) with q ≡ kL has worst-case contraction coefficient γL ∈ (0,1)

given by

γL = tanh2 ( α̃L − β̃L

8ε
) , (2.15)

where

α̃L ∶= max
x0∈X0,x1∈X1

(Φt1t0x0 −x1)⊺M−1
10 (Φt1t0x0 −x1) , (2.16a)

β̃L ∶= min
x0∈X0,x1∈X1

(Φt1t0x0 −x1)⊺M−1
10 (Φt1t0x0 −x1) . (2.16b)

For a proof of Theorem 2.1, see Appendix B.1.

2.5 Control-Theoretic Interpretation

The objective in (2.16) is precisely the minimum cost for the deterministic optimal

control problem:

min
v

∫
t1

t0

1

2
∥u∥22 dt (2.17a)

subject to ẋ =A(t)x +B(t)u, (2.17b)
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x(t = t0) = x0, x(t = t1) = x1, (2.17c)

i.e., the cost for minimum effort steering of a controllable linear time-varying system

from a fixed initial state x0 to a fixed terminal state x1 over the given time horizon

[t0, t1]. See e.g., [85, p. 194].

For fixed (A(t),B(t)), and therefore for fixedΦt1t0 ,M 10, the optimal cost (2.17a)

varies with the variation in endpoints x0 ∈ X0,x1 ∈ X1. Thus, α̃L (resp. β̃L) equals

the worst-case (resp. best-case) optimal state transfer cost for the source and target

supports X0,X1. As tanh2(⋅) increases over positive real values, and α̃L − β̃L ≥ 0, γL

in (2.15) is an increasing function of the range of optimal state transfer cost: α̃L − β̃L.

Likewise, note that γL is a decreasing function of process noise ε due to the pres-

ence of process noise ε in the denominator in (2.15). When other parameters are held

fixed, a stronger process noise reduces γL. A stronger process noise improving the

contraction coefficient matches intuition.

2.6 Geometric Interpretation

In the following, I provide our geometric insights for (2.7) and (2.16) and discuss the

computation of γL.

In (2.7) and (2.16), the α̃B, α̃L (resp. β̃B, β̃L) can be seen as the maximal (resp.

minimal) separation between the sets X0,X1 or their linear transforms. While (2.7a)

and (2.16a) are invariant under convexification of the supports, (2.7b) and (2.16b) can

decrease or stay the same under convexification. Therefore, the contraction rate (2.9)

(resp. (2.15)) under convexification is greater than or equal to (meaning slower or

same rate) the corresponding rate without convexification of the supports.

When the compact setsX0,X1 are also convex, computing the minimum values in
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(2.7b) and (2.16b) reduces to solving the "best approximation pair" problem; e.g., [86].

Then, (2.7b) and (2.16b) can be numerically computed using the Gilbert-Johnson-

Keerthi (GJK) algorithm or its improved variants [87–89].

On the other hand, the maximum values in (2.7a) and (2.16a) correspond to the

squared diameters of the Cartesian products X0 ×X1 and M
−1/2
10 Φt1t0X0 ×M−1/2

10 X1,

respectively. When X0,X1 are compact and convex, so are these Cartesian prod-

ucts. Therefore, the maximum values in (2.7a) and (2.16a) must be attained at the

boundaries of the sets X0×X1 and M
−1/2
10 Φt1t0X0×M−1/2

10 X1, respectively. However,

numerical computation of these maximum values may be cumbersome depending

on what kind of descriptions for the convex sets X0,X1 are available.

To offer key geometric insights on (2.7) and (2.16) for the case of convex X0,X1,

we express α̃B and α̃B in terms of support functions.

Definition The support function hK(⋅) for a closed convex set K, defined as

hK(y) ∶= sup
x∈K
⟨y,x⟩, y ∈ Rn, (2.18)

measures the distance from the origin to a supporting hyperplane of K with normal

along y. Note that, given convex set K and T ∈ Rn×n, τ ∈ Rn, the support function of

the affine transformed set TK + τ is

hTK+τ (y) = hK (T ⊺y) + ⟨τ ,y⟩. (2.19)

Using this definition, (2.7) and (2.16) can be expressed in terms of the support func-

tions of X0,X1, as follows.

Theorem 2.2. Consider compact convex X0,X1 with respective support functions

hX0(⋅), hX1(⋅). Let Sn−1 denote the Euclidean unit sphere in Rn. Then (2.7) can be
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expressed as

α̃B = {max
y∈Sn−1

(hX0(y) + hX1(−y))}
2

, (2.20a)

β̃B = { min
y∈Sn−1

(hX0(y) + hX1(−y))}
2

. (2.20b)

Furthermore, (2.16) can be expressed as

α̃L = {max
y∈Sn−1

(hX0 (Φ⊺t1t0M
−1/2
10 y) + hX1 (−M

−1/2
10 y))}

2

, (2.21a)

β̃L = { min
y∈Sn−1

(hX0 (Φ⊺t1t0M
−1/2
10 y) + hX1 (−M

−1/2
10 y))}

2

. (2.21b)

Proof. Consider the set difference

X0 − X1 ∶= X0 + (−X1) = {x0 −x1 ∣ x0 ∈ X0,x1 ∈ X1}.

LetBn ∶= conv (Sn−1), the convex hull of Sn−1, i.e., the n dimensional unit Euclidean

ball.

From (2.7a), we have

α̃B = { max
x0∈X0,x1∈X1

∥x0 −x1∥2}
2

= { max
x∈X0−X1

∥x∥2}
2

= { max
x∈X0−X1

⟨ x

∥x∥2
,x⟩}

2

= { max
x∈X0−X1

max
y∈Sn−1

⟨y,x⟩}
2

= {max
y∈Sn−1

max
x∈X0−X1

⟨y,x⟩}
2

= {max
y∈Sn−1

hX0−X1(y)}
2

(2.22)
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= {max
y∈Sn−1

(hX0(y) + h−X1(y))}
2

, (2.23)

where (2.22) follows from the definition (2.18), and (2.23) holds because the sup-

port function is distributive over Minkowski sum. Using (2.19), we get h−X1(y) =

hX1(−y), and therefore (2.23) equals (2.20a).

Likewise, from (2.7b), we have

β̃B = { min
x0∈X0,x1∈X1

∥x0 −x1∥2}
2

= { − max
x∈X0−X1

(−∥x∥2)}
2

= { max
x∈X0−X1

⟨ −x∥x∥2
,x⟩}

2

= { max
x∈X0−X1

min
y∈Sn−1

⟨y,x⟩}
2

(2.24)

= { max
x∈X0−X1

min
y∈Bn
⟨y,x⟩}

2

, (2.25)

where the last line is due to the linear objective which allows lossless convexifi-

cation for the inner minimization in (2.24). This can be seen explicitly from the

Cauchy-Schwarz inequality: −∥y∥2 ∥x∥2 ≤ ⟨y,x⟩ where the equality is achieved

when y is an unit vector pointing opposite to x.

Since the sets X0 − X1,Bn are both compact convex, applying the Von Neumann

minimax theorem [90, 91], we rewrite (2.25) as

β̃B = {min
y∈Bn

max
x∈X0−X1

⟨y,x⟩}
2

= {min
y∈Bn

hX0−X1(y)}
2

. (2.26)

We next revert back the feasible set of the minimization in (2.26) to Sn−1. To jus-

tify this, note that since the origin is within Bn, the minimum in (2.26) cannot

be positive. If this minimum value is zero, we can scale the argmin to lie on

the unit sphere. So it remains to consider the case when the minimum value
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hX0−X1(yopt) < 0, achieved by yopt with 0 < ∥yopt∥ = δ < 1. In other words,

yopt is in the interior of Bn. Now consider a vector ỹ ∶= yopt/δ ∈ Sn−1, which is

feasible. Thanks to the positive homogeneity of the support function, we have

hX0−X1 (ỹ) = 1
δhX0−X1(yopt), which yields

hX0−X1 (ỹ) =
1

δ®
>0

hX0−X1(yopt)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

<0

< hX0−X1(yopt),

contradicting the supposition that yopt is a minimizer. So the minimizer must lie on

the boundary of the feasible set Bn, i.e., on Sn−1. Therefore, we can express (2.26)

as

β̃B = { min
y∈Sn−1

hX0−X1(y)}
2

= { min
y∈Sn−1

(hX0(y) + h−X1(y))}
2

which is indeed (2.20b) since h−X1(y) = hX1(−y).

To derive (2.21), we start by rewriting (2.16a) as

α̃L = max
x0∈M

−1/2
10 Φt1t0X0,x1∈M

−1/2
10 X1

∥x0 −x1∥22 (2.27)

= max
x∈M

−1/2
10 Φt1t0X0−M

−1/2
10 X1

∥x∥22,

and (2.16b) as

β̃L = min
x0∈M

−1/2
10 Φt1t0X0,x1∈M

−1/2
10 X1

∥x0 −x1∥22 (2.28)

= min
x∈M

−1/2
10 Φt1t0X0−M

−1/2
10 X1

∥x∥22.

We then follow the same steps as before with the additional usage of the formula

(2.19) relating the support functions of affine transformed sets in terms of the sup-

port functions of their pre-images. This completes the proof.

The equalities (2.27) and (2.28) highlight that α̃L, β̃L are respectively the maxi-
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mal and minimal separation between the linear transformed sets M−1/2
10 Φt1t0X0 and

M
−1/2
10 X1. Specializing (2.27)-(2.28) for the classical SBP with A(t) ≡ 0, B(t) ≡ In,

and thus with M 10 = Φt1t0 = In, recovers (2.7), which is the maximal and minimal

separation between the original supports X0,X1, as expected.

2.7 Improved Computation via Preconditioning

Previous works such as [92] have explored the use of preconditioning to improve

the performance of optimal transport algorithms. The preconditioning procedure

described in [92] transforms the measures and corresponding support sets through a

deterministic map such that the preconditioned measures are moved closer together,

by creating new measures with the same (zero) mean and (diagonal) covariance ma-

trix. The relation between solutions to the optimal transport problem, before and

after preconditioning, can be determined according to the preconditioning. Such a

strategy can be extended to the SBP because the SBP is an entropy-regularized opti-

mal transport problem [15, 93].

We explore the application of such a preconditioning procedure for improved

computation of γL. The following example illustrates the main idea.

Example 2.1: Consider an instance of the linear SBP (2.11) with time-invariant co-

efficients

A(t) =
⎡⎢⎢⎢⎢⎢⎢⎣

0 1

0 0

⎤⎥⎥⎥⎥⎥⎥⎦
, B(t) =

⎡⎢⎢⎢⎢⎢⎢⎣

0

1

⎤⎥⎥⎥⎥⎥⎥⎦
, ε = 0.5,

i.e., (2.10) is noisy double integrator

dx = y dt, dy = u dt +
√
2ε dw.
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In this case,

Φt1t0 =
⎡⎢⎢⎢⎢⎢⎢⎣

1 1

0 1

⎤⎥⎥⎥⎥⎥⎥⎦
, M−1

10 =
⎡⎢⎢⎢⎢⎢⎢⎣

12 −6

−6 4

⎤⎥⎥⎥⎥⎥⎥⎦
.

We consider ellipsoidal supports

Xi = Ei (ci,Si) ∶= {x ∈ R2 ∣ (x − ci)⊺S−1i (x − ci) ≤ 1}

for i ∈ {0,1}, with respective center vectors

c0 ∶=Φ−1t1t0M
1/2
10

⎛
⎜⎜
⎝

0

3

⎞
⎟⎟
⎠
, c1 ∶=M 1/2

10

⎛
⎜⎜
⎝

3

0

⎞
⎟⎟
⎠
,

and respective positive definite shape matrices

S0 ∶=Φ−1t1t0M 10Φ
−⊺
10 , S1 ∶=M 10 =

⎡⎢⎢⎢⎢⎢⎢⎣

1/3 1/2

1/2 1

⎤⎥⎥⎥⎥⎥⎥⎦
.

Then

M
−1/2
10 Φt1t0X0 = {(x, y) ∈ R2∣x2 + (y − 3)2 ≤ 1}, (2.29a)

M
−1/2
10 X1 = {(x, y) ∈ R2∣(x − 3)2 + y2 ≤ 1}. (2.29b)

Without the use of preconditioning, we determine γL from Theorem 2.1 by con-

sidering the maximum and minimum separation between the sets M
−1/2
10 Φt1t0X0

and M
−1/2
10 X1, which in Example 2.1, are two disjoint circular disks such that α̃L =

2 + 2
√
3 and β̃L = −2 + 2

√
3. Theorem 2.1 yields γL = tanh2(1) ≈ 0.580.

If the pushforwards (M−1/2
10 Φt1t0)

♯
ρ0, (M−1/2

10 )
♯
ρ1, i.e.,

√
det(M 10)

det (Φt1t0)
ρ0(Φ−1t1t0M

1/2
10 (⋅)),

√
det(M 10)ρ1(M 1/2

10 (⋅))

have identical, diagonal covariance matrices, then applying the preconditioning pro-
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Figure 2.1: The elliptical support sets X0,X1 and circular disks
M
−1/2
10 Φt1t0X0,M

−1/2
10 X1 in Example 2.1. The preconditioned supports coin-

cide with the origin-centered unit circular disk (in blue).

cedure as in [92, Sec. 5] amounts to translating the means of the supportsM−1/2
10 Φt1t0X0

and M
−1/2
10 X1 to the origin. In Example 2.1, the preconditioned supports (2.29) are

both origin-centered unit disks (Fig. 2.1). Consequently, α̃precond
L = 2, β̃precond

L = 0,

and thus γprecond
L = tanh2(0.5) = 0.214, which is an improvement on the original

γL ≈ 0.580.

Theorem 2.1 can be applied in two distinct fashions. First, as evidenced by Ex-

ample 2.1, Theorem 2.1 can allow for improved ease of calculation of γprecond
L , via

preconditioning procedures to transform the supports into more geometrically con-

venient forms. More significantly, Theorem 2.1 can demonstrate the effectiveness of

proposed preconditioning procedures in reducing the upper bound of the contrac-

tion coefficient, γL. This suggests a potential application of Theorem 2.1 in which

we leverage the results of this chapter to optimally construct a preconditioning pro-
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cedure for a given SBP.
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3 | Classical SBP with Quadratic
State Cost

3.1 Overview

This chapter concerns a second generalization of the SBP, given by

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(1
2
∥u∥22 +

1

2
x⊺Qx)ρ(t,x) dx dt (3.1a)

∂ρ

∂t
+∇x ⋅ (ρu) =∆xρ, (3.1b)

x(t = t0) ∼ ρ0 (given), x(t = t1) ∼ ρ1 (given). (3.1c)

This variant (3.1) will henceforth be referred to as the classical SBP with quadratic

state cost.

We note that (3.1b) corresponds to the Itô diffusion process

dx = u (t,x) dt +
√
2 dw. (3.2)

Comparing (3.1) to the classical SBP introduced in Chapter 1 as

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn

1

2
∥u∥22 ρ(t,x) dx dt,

∂ρ

∂t
+∇x ⋅ (ρu) = ε∆xρ, ε > 0,

ρ(t0,x) = ρ0(x), ρ(t1,x) = ρ1(x),

we note that (3.1) both includes an additional term in the objective function (hence,

we refer to (3.1) as classical SBP with quadratic state cost) and, for convenience, fixes

ε = 1.
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Recall that the generalized SBP first defined in Chapter 1 took the form

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(q(x) + r(u)) ρ(t,x) dx dt

∂ρ

∂t
+∇x ⋅ (ρf(t,x,u)) =∆Σ(((t,x,u)))ρ

ρ(t0,x) = ρ0(x), ρ(t1,x) = ρ1(x).

In the above, setting q(x) ≡ 1
2x
⊺Qx, with fixed Q ⪰ 0, r(u) ≡ 1

2∥u∥22, Σ ≡ I , and

f(t,x,u) = u, we recover (3.1).

The quadratic state cost regularization may be viewed as a mechanism to bias

the trajectory toward some desired or nominal constant (w.l.o.g. zero) vector for

all t ∈ [t0, t1] in addition to fulfilling the endpoint statistics constraints. Fig. 3.1

highlights this use of quadratic state cost; notice that the sample paths generated by

the classical SBP (blue) are much more prone to deviations from 0 than the sample

paths generated by the classical SBP with quadratic state cost (red). From a control-

theoretic viewpoint, therefore, the proposed quadratic regularization is natural since

penalizing state excursions away from nominal can be a soft way to promote safety.

This formulation is in similar spirit as classical linear quadratic optimal con-

trol [94] where the stage cost indeed comprises of two summands: a positive semi-

definite state cost-to-go (here 1
2x
⊺Qx) and a positive definite control cost-to-go (here

1
2∥u∥22). The relative modeling importance of one summand over another is deter-

mined by Q ⪰ 0.

Unlike the conventional Schrödinger bridge, the additive state-cost induces a

state-dependent rate of killing and creation of probability mass. Determining the so-

lution of the SBP with quadratic state cost therefore requires determining the Markov

kernel of a reaction-diffusion partial differential equation.

Specifically, solving SBP with quadratic state cost requires solving the following
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Figure 3.1: Sample paths for 1D SBP with quadratic state cost 1
2Qx

2 for fixed Q ≥ 0, time
horizon [t0, t1] = [0,1], and endpoint PDFs ρ0 = ∑µ0∈{−1,1}

1
2N(µ0,0.05

2), ρ1 = N(0,0.52).

PDEs:

∂φ̂

∂t
= (∆x −

1

2
x⊺Qx) φ̂, (3.5a)

∂φ

∂t
= (−∆x +

1

2
x⊺Qx)φ. (3.5b)

Fortunately, it suffices to derive the Markov kernel for the reaction-diffusion PDE

(3.5a), since the same result may be applied to determine a solution to the PDE (3.5b)

under the change-of-variable t↦ t ∶= t1 −(t− t0). Without loss of generality, the de-

velopments in the remainder of this chapter are therefore restricted to the derivation
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of the kernel to (3.5a).

Deriving this Markov kernel in closed form demonstrates that the SBP with

quadratic state cost is exactly solvable, even for non-Gaussian endpoints. In other

words, finding the Markov kernel k in closed form enables the numerical solution

of the SBP with quadratic state cost for generic non-Gaussian endpoint distributions

µ0, µ1 with finite second moments. The solution of SBP with quadratic state cost in

the special case of Gaussian µ0, µ1 has appeared before in [42, 95]. The closed-form

solution of the SBP without state cost reported in [96] was also for Gaussian µ0, µ1.

Unlike these prior works, the closed form Markov kernel derived here makes no

parametric assumptions on µ0, µ1, and therefore represents an advancement in the

state-of-the-art. The idea of exactly solving the SBP by finding associated Green’s

function has been independently pursued in the recent work [97].

3.2 Deriving k+ Via Hermite Polynomials

In [74], we derive the Markov kernel in closed form for the SBP with quadratic state

cost using Hermite polynomials. In this section, I present our results. I begin with

our deduction of this Markov kernel where Q ≻ 0 (Theorem 3.1), denoted as k++.

I then generalize our results for Q ⪰ 0 (Theorem 3.3) to derive the corresponding

kernel k+.

This derivation uses the physicist’s Hermite polynomials [98, Ch. 22] of degree

n ∈ N0, given by

Hn(x) ∶= (−1)nex
2 dn

dxn
(e−x2) , (3.6)
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which are orthogonal in the sense that

∫
∞

−∞
Hm(x)Hn(x)e−x

2

dx =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 if m ≠ n,
√
π2nn! otherwise.

(3.7)

The closing section of this chapter will explore an alternate derivation of k++ and k+.

The following Lemma will be useful in our development.

Lemma 3.1 (A series sum for exponential of negative quadratic). For α,β, t0, x

fixed, and 0 ≤ t0 < t < ∞,

∞

∑
j=0

(α (t − t0))j
j!βj

dj

dxj
e−(βx)

2 = e−(βx+α(t−t0))2 . (3.8)

For a proof of Lemma 3.1, see Appendix C.1.

We will use the following result, which is sometimes referred to as the “central

identity” of quantum field theory (QFT) [99, Appendix A].

Lemma 3.2 (Central identity of QFT). [100, p. 2] [99, p. 15] For a suitably smooth

function f ∶ Rn ↦ R, and matrix A ∈ Sym++(n),

∫
Rn
exp(−1

2
x⊺Ax)f(x)dx =

¿
ÁÁÀ (2π)n

det(A) exp(
1

2
∇⊺xA−1∇x) f(x)∣

x=0

, (3.9)

where the exponential of a differential operator is understood as a power series. In

particular, for f(x) = exp⟨b,x⟩, b ∈ Rn, we have ∫Rnexp(−1
2x
⊺Ax + ⟨b,x⟩)dx =

√
(2π)n

det(A) exp (12b
⊺A−1b).

For diagonalizable X ∈ Rn×n with X = V ΛV −1, and function g(⋅) well-defined

on the spectrum of X , the matrix function

g (X) = V g(Λ)V −1, (3.10)

see e.g., [101, Ch. 5], [102, Ch. 1].
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3.2.1 Kernel for Q ≻ 0

For Q ≻ 0, recall the eigen-decomposition 1
2Q = V

⊺ΛV where the positive diagonal

matrix Λ has the eigenvalues of 1
2Q along its main diagonal, and the columns of the

orthogonal matrix V are the eigenvectors of 1
2Q. For convenience, let λi > 0 be the

ith diagonal entry of Λ, let y ∶= V x, and

η̂(t,y) ∶= φ̂ (t,x = V ⊺y) . (3.11)

The change-of-variable x↦ y gives ∆xφ̂(t,x) =∆yη̂(t,y), and (3.5a) becomes

∂η̂

∂t
=∆yη̂ − (y⊺Λy) η̂ (3.12)

=
n

∑
i=1

( ∂
2

∂y2i
− λiy2i ) η̂.

We seek a separation-of-variables solution ansatz η̂(t,y) = T (t)∏n
i=1 Yi(yi) for (3.12),

which requires us to satisfy 1
T

dT
dt = ∑

n
i=1 ( 1

Yi

d2Yi

dy2i
− λiy2i ) = c for some constant c ∈ R.

Equivalently, we need to satisfy the n + 1 ODEs

dT

dt
= cT,

d2Y1
dy21
− (λ1y21 + c1)Y1 = 0,

⋮
d2Yn
dy2n

− (λny2n + cn)Yn = 0,

for constants c, c1,⋯, cn ∈ R subject to the constraint c1 + . . . + cn = c.

The time ODE has solution T (t) = kec(t−t0) for some constant k ∈ R. To deter-

mine each Yk(yk), we use the following Lemma, proved in Appendix C.2.

Lemma 3.3 (Solution of a parametric second order nonlinear ODE). For pa-
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rameters c ∈ R and λ > 0, the solutions to the parametric ODE

d2Y

dy2
− (λy2 + c)Y = 0, (3.13)

are given by

Y = a exp(−
√
λy2

2
)Hn (λ1/4y) , (3.14)

for any n = − c

2
√
λ
− 1

2 ∈ N0, a ∈ R.

Applying (3.14) to the ODEs for Y1, Y2,⋯, Yn, we find that the general solution

to (3.12) is of the form

η̂(t,y)

=
∞

∑
mn=0

. . .
∞

∑
m1=0

am
n

∏
i=1

exp{− (t − t0)
√
λi (2mi + 1) −

y2i
√
λi

2
}Hmi

(λ1/4i yi) , (3.15)

where m ∶= (m1,m2, . . . ,mn) ∈ Nn
0 , and the coefficients am remain to be deter-

mined. Using (3.15) together with the orthogonality of Hermite polynomials, we

express the IVP solution to (3.12) with known initial condition η̂0(y) ∶= η̂(t0,y) =

φ̂0 (V ⊺y) as follows.

Proposition 3.1 (IVP solution for (3.12) with positive diagonal Λ as series

sum). For 0 ≤ t0 < t < ∞ and initial condition η̂0(y) ∶= η̂(t0,y), the unique solu-

tion to (3.12) with positive diagonal matrix Λ is given by

η̂(t,y)=
∞

∑
mn=0

. . .
∞

∑
m1=0
∫
∞

−∞
. . .∫

∞

−∞
(∗) η̂0(z) dz1 . . .dzn (3.16)

where

(∗) ∶=
n

∏
i=1

λ
1/4
i√

π2mi (mi!)
exp{ − (t − t0)

√
λi(2mi + 1) −

(y2i + z2i )
√
λi

2
}

×Hmi
(λ1/4i yi)Hmi

(λ1/4i zi) . (3.17)
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See Appendix C.3 for a proof of Proposition 3.1.

We then resolve the series sum in (3.16)-(3.17) to derive the closed form Markov

kernel k ≡ k++ for (3.12). The calculations of this derivation can be found in Appendix

C.4. Note that functions such as the hyperbolic sinusoidal function are understood

to be applied elementwise for matricial arguments.

Theorem 3.1 (Closed form kernel k++ for IVP solution of (3.12) with posi-

tive diagonal Λ). Consider the same setting as in Proposition 3.1. The solution (3.16)

simplifies to

η̂(t,y) =∫
∞

−∞
. . .∫

∞

−∞
k++(t0,y, t,z) η̂0(z) dz1 . . .dzn (3.18)

where the kernel

k++(t0,y, t,z)

= (det(M tt0))1/4

(2π)n/2
√
det(sinh(2 (t − t0)

√
Λ))
× exp

⎛
⎜⎜
⎝
−1
2
(y⊺ z⊺)M tt0

⎛
⎜⎜
⎝

y

z

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
, (3.19)

and the matrix

M tt0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

√
Λ coth (2 (t − t0)

√
Λ) −

√
Λ csch (2 (t − t0)

√
Λ)

−
√
Λ csch (2 (t − t0)

√
Λ)

√
Λ coth (2 (t − t0)

√
Λ)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (3.20)

We note that unlike the heat kernel kB, defined in (1.23), k++ is not radial in the

sense that (3.19) is not a function of ∥y − z∥2 alone.

The next Proposition (proof in Appendix C.5) states that the matrixM tt0 in (3.20)

can be seen as positive diagonal scaling of a symplectic positive definite matrix, and

is therefore positive definite. This will be useful in establishing properties of φ̂(t,x)
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in Proposition 3.4. Note that, for any n ∈ N, the set of symplectic matrices

Sp (2n,R) ∶= {S ∈ R2n×2n ∣ S⊺JS = J ∶=
⎛
⎜⎜
⎝

0 I

−I 0

⎞
⎟⎟
⎠
} (3.21)

is a connected Lie group that is a subgroup of SL(2n,R), the set of volume and

orientation preserving linear maps in R2n. We denote the set of n × n symmet-

ric positive definite matrices as Sym++(n), i.e., A ∈ Sym++(n) means A ≻ 0. Let

Sp++ (2n,R) ∶= Sp (2n,R) ∩ Sym++(2n).

Proposition 3.2 (Properties of matrixM tt0). For 0 ≤ t0 < t < ∞, and given positive

diagonal matrix Λ, the matrix M tt0 in (3.20) satisfies

(i) M tt0 =
⎡⎢⎢⎢⎢⎢⎢⎣

Λ1/4 0

0 Λ1/4

⎤⎥⎥⎥⎥⎥⎥⎦
M
(1)
tt0

M
(2)
tt0

⎡⎢⎢⎢⎢⎢⎢⎣

Λ1/4 0

0 Λ1/4

⎤⎥⎥⎥⎥⎥⎥⎦
where

M
(1)
tt0
=
⎡⎢⎢⎢⎢⎢⎢⎣

cosh(2(t − t0)
√
Λ) −I

−I cosh(2(t − t0)
√
Λ)

⎤⎥⎥⎥⎥⎥⎥⎦
,

M
(2)
tt0
=
⎡⎢⎢⎢⎢⎢⎢⎣

csch(2(t − t0)
√
Λ) 0

0 csch(2(t − t0)
√
Λ)

⎤⎥⎥⎥⎥⎥⎥⎦
,

(ii) M (1)
tt0

M
(2)
tt0
∈ Sp++ (2n,R),

(iii) M tt0 ∈ Sym++ (2n,R).

SinceM tt0 ≻ 0, the exponential term in (3.19) is of the form exp (−1
2dist

2
tt0(y,z))

where disttt0(y,z) is a distance metric. Our next result provides geometric insight

that dist2tt0(y,z) is, in fact, the minimal value of the action integral induced by the

Lagrangian L ∶ T Rn ↦ R given by1

L(q,u) ∶= 1

2
∥u∥22 + q⊺ (2Λ)q, (q,u) ∈ T Rn, (3.22)

1Recall that the diagonal matrix associated with the eigen-decomposition of Q is 2Λ.
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where T denotes the tangent bundle.

Proposition 3.3 (Induced distance in k++). Given y,z ∈ Rn, the minimum value

of the action integral associated with the Lagrangian (3.22):

dist2tt0(y,z) ∶= inf
γ(⋅)∈{C2([t0,t])∣γ(t0)=y,γ(t)=z}

∫
t

t0
L (γ(τ), γ̇(τ))dτ (3.23)

equals to (y⊺ z⊺)M tt0

⎛
⎜⎜
⎝

y

z

⎞
⎟⎟
⎠

, where M tt0 is given by (3.20).

For the proof of Proposition 3.3, see Appendix C.6.

As a point of comparison, recall that the scaled heat kernel in Rn associated with

the diffusion process dx =
√
2dw is denoted as k0, i.e.,

k0(t0,y, t,z) = (4π(t − t0))−n/2 exp(−
∥y − z∥22
4(t − t0)

) , (3.24)

where 0 ≤ s < t < ∞,∀x,y ∈ Rn. Note that this is a specialized version of kB in

which ε = 1.

Additionally, note that the linear kernel associated with the diffusion process

dx =A(t)x(t)dt +
√
2B(t)dw, denoted as kL, is given by

kL (t0,y, t,z) = (4π(t − t0))−n/2 det (Γtt0)
−1/2

× exp(−
(Φtt0y − z)

⊺
Γ−1tt0 (Φtt0y − z)

4(t − t0)
) (3.25)

where the controllability Gramian

Γt1t0 ∶=∫
t1

t0
Φt1τB(τ)B⊺(τ)Φ⊺t1τdτ ≻ 0.

Remark 3.1. Unlike the Markov kernels (3.24) and (3.25), the kernel k++ in (3.19) is

not a transition probability density because of the reaction term contributing to state-

dependent creation or killing of mass. This can be seen by applying the Central Identity
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of QFT (3.9) to evaluate

∫
R2n

k++(t0,y, t,z)dydz = det (
√
Λ sinh (2(t − t0)

√
Λ))

−1/2
≠ 1

.

3.2.2 Known Kernels as Special Cases of k++

In the special case 1
2Q, and hence Λ, equals I , direct substitution reduces (3.19) to

the multivariate Mehler kernel [103], [44, Thm. 1]

kMehler(t0,y, t,z) =
1

(2π sinh(2(t − t0)))n/2

× exp(csch(2(t − t0))⟨y,z⟩ −
1

2
coth (2(t − t0))(∥y∥22 + ∥z∥22)) ,

which is the propagator or Green’s function for the isotropic quantum harmonic os-

cillator. Well-known extensions of the Mehler kernel include the Kibble-Slepian for-

mula [104, 105] and variants thereof [106–108].

Another special case of interest for k++ is the limit Λ ↓ 0 understood as λi ↓

0∀i = 1,⋯, n. In this limit, the kernel (3.19) recovers the heat kernel (3.24), as stated

in the following theorem.

Theorem 3.2 (Heat kernel as limiting case of k++). Consider the kernel k++ in

(3.19)-(3.20) and the heat kernel k0 in (3.24). Then,

lim
(λ1,⋯,λn)↓0

k++(t0,y, t,z) = k0(t0,y, t,z).

Proof. Notice that the kernel (3.19) is a separable product in tuple (t− t0, di, yi, zi),

cf. (C.10). Letting δi ∶=
√
di ∀i = 1,⋯, n, we then have

lim
(d1,⋯,dn)↓0

κ++(t0,y, t,z)
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= 1

(2π)n/2
n

∏
i=1

√
ℓ1 exp

⎛
⎜⎜
⎝
−1
2
(yi zi)

⎡⎢⎢⎢⎢⎢⎢⎣

ℓ2 −ℓ3

−ℓ3 ℓ2

⎤⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜
⎝

yi

zi

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
, (3.26)

where

ℓ1 ∶= lim
δi↓0

δi
sinh(2 (t − t0) δi)

,

ℓ2 ∶= lim
δi↓0

δi coth(2(t − t0)δi),

ℓ3 ∶= lim
δi↓0

δicsch(2(t − t0)δi).

We evaluate the limits ℓ1, ℓ2, ℓ3 by applying L’Hôpital’s rule: ℓ1 = ℓ2 = ℓ3 = 1/(2(t−

t0)). Substituting these back in (3.26) yields

lim
(d1,⋯,dn)↓0

κ++(t0,y, t,z) = (4π(t − t0))−n/2 exp(−
∥y − z∥2
4(t − t0)

) = κ0(t0,y, t,z),

as claimed.

That k0 arises as a limiting case of k++ is consistent with the principle of least

action in Proposition 3.3 since in the limit Λ ↓ 0, the Lagrangian in (3.22) equals

1
2∥u∥22. Then, (3.23) yields the squared Euclidean distance ∥y − z∥22, which is what

appears inside the exponential in (3.24) up to the usual scaling.

3.2.3 Kernel for Q ⪰ 0

In Theorem 3.3 that follows, we generalize the closed form Markov kernel for the

case Q ⪰ 0. We denote this generalized kernel as k+. To account for the fact that

zero eigenvalues of 1
2Q can be interlaced with its positive eigenvalues, we re-index

the spatial variables. In the following theorem, the subscripted index vector no-

tation x[i1∶ir] stands for the appropriate length r sub-vector of the vector x. Let
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N ∶= {1,2,⋯}, N0 ∶= N ∪ {0}, and the n-fold tensor product Nn
0 ∶= N0 ×N0 ×⋯N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n times

.

Theorem 3.3 (Closed form kernel k+ for IVP solution of (3.12) with nonneg-

ative diagonal Λ). Consider diagonal matrix Λ having p ∈ N0 zero diagonal entries

where p < n, and n − p positive diagonal entries. Let i1, i2, . . . , in−p be the indices cor-

responding to positive diagonal entries of Λ. Likewise, let in−p+1, in−p+2, . . . , in be the

indices corresponding to zero diagonal entries of Λ.

For 0 ≤ t0 < t < ∞ and initial condition η̂0(y) ∶= η̂(t0,y), the unique solution to

(3.12) with such diagonal Λ, is

η̂(t,y) =∫
∞

−∞
. . .∫

∞

−∞
k+(t0,y, t,z) η̂0(z) dz1 . . .dzn (3.27)

where the kernel

k+(t0,y, t,z) =k++ (t0,y[i1∶in−p], t,z[i1∶in−p])

× k0 (t0,y[in−p+1∶in], t,z[in−p+1∶in]) , (3.28)

and k++, k0 are as in Theorem 3.1 and (3.24), respectively.

For a proof of 3.3, see Appendix C.7.

Remark 3.2. For a given Q ⪰ 0, the solution (3.18) or (3.27), can be brought back to

the original x coordinates to determine the Schrödinger factor

φ̂(t,x) = η̂(t,y = V x) =∫
∞

−∞
. . .∫

∞

−∞
k+(t0,V x, t,z) φ̂0 (V ⊺z)dz1 . . .dzn, (3.29)

wherein k+ specializes to k++ when Q ≻ 0. As mentioned earlier, the PDE (3.5b) and its

solution can be mapped to that of (3.5a) via transformation t ↦ t0 + t1 − t; therefore,

the other Schrödinger factor φ(t,x) = η̂(t0 + t1 − t,y = V x).

From (3.28) and (3.29), we determine the following properties of the kernel k+

and Schrödinger factor φ̂(t,x).
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Proposition 3.4 (Properties of the kernel and the solution). For 0 ≤ t0 < t < ∞,

given Q ⪰ 0, φ̂0(⋅) Lebesgue measurable and everywhere positive, the kernel k+ and

the solution (3.29) satisfy:

(i) (spatial symmetry) k+(t0,y, t,z) = k+(t0,z, t,y),

(ii) (positivity) φ̂(t,x) > 0 for all x ∈ Rn,

(iii) (decay) lim∣x∣→∞ φ̂(t,x) = limt→∞ φ̂(t,x) = 0.

For a proof of Proposition 3.4, see Appendix C.8.

3.3 Numerical Simulations

In Fig. 3.2, Fig. 3.3 and Fig. 3.4, we illustrate the solution φ̂(t,x) in (3.29) for n = 2

dimensions with t0 = 0, initial conditions φ̂0(⋅) = 1, φ̂0(⋅) = N(0,I), and φ̂0(⋅) ∝

exp (−f(x1, x2)/35) where

f(x1, x2) ∶= ((10x1 − 5)2 + 10x2 − 16)
2 + (10x1 − 12 + (10x2 − 5)2)

2
,

and (x1, x2) ∈ [0,1]2,

respectively. We point out that the last φ̂0 is of non-Gaussian Gibbs-type [109, Sec-

tion V-C], and f there is a scaled Himmelblau function, often used as a benchmark

in nonconvex optimization [110].

In these figures, the columns correspond to different times and the rows corre-

spond to different problem data: Q ⪰ 0. These results agree with the properties in

Proposition 3.4, and were obtained by using the derived kernels in Theorem 3.1 and

Theorem 3.3. For the three cases of φ̂0 reported here, we analytically performed the

integration in (3.29) using Lemma 3.2.
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Specifically, for t0 = 0, φ̂0(⋅) = 1, and Q ≻ 0, (3.18)-(3.19) give

η̂(t,y)∣
φ̂0=1
=
(det(Λ))1/4 exp(−1

2y
⊺Λ

1
2 coth (2t

√
Λ)y)

(2π)
n
2

√

det(sinh(2t
√
Λ))

∫
Rn
exp(−

1

2
z⊺Λ

1
2 coth (2t

√
Λ)z + y⊺Λ

1
2 csch (2t

√
Λ)z)dz

=
exp(−1

2y
⊺Λ

1
2 tanh (2t

√
Λ)y)

√

det (cosh (2t
√
Λ))

, (3.30)

where the last equality follows from invoking Lemma 3.2 for the integral in the

preceding line. The corresponding

φ̂(t,x)∣
φ̂0=1
= η̂ (t,y = V ⊺x) ∥

φ̂0=1

=
exp(−1

2x
⊺V Λ

1
2 tanh (2t

√
Λ)V −1x)

√

det (cosh (2t
√
Λ))

=
exp(−1

4x
⊺
√
2Q tanh (t

√
2Q)x)

√

det (cosh (t
√
2Q))

, (3.31)

where the last equality used (3.10). For sanity check, we verify from (3.31) that φ̂(t =

0,x)∣
φ̂0=1
= 1, as expected. Also, for Λ ↓ 0 (heat kernel limit), (3.31) returns unity

which is intuitive since the heat kernel leaves constant function invariant. For the

results in Fig. 3.2, we used (3.31) to illustrate the effect of varyingQ ⪰ 0. In particular,

the last row of Fig. 3.2 used Theorem 3.3 to account for a zero eigenvalue. That row

shows the joint effect of one eigen-direction evolving toward uniform (diffusion due

to k0) and another eigen-direction evolving as per k++.

Likewise, for t0 = 0, φ̂0(⋅) = N (0,I) and Q ≻ 0, (3.18)-(3.19) give

η̂(t,y)∣
φ̂0=N(0,I)

=
(det(Λ))

1
4 exp(−1

2y
⊺Λ

1
2 coth (2t

√
Λ)y)

(2π)
n
2

√

det(sinh(2t
√
Λ))

∫
Rn
exp(−

1

2
z⊺{Λ

1
2 coth(2t

√
Λ)+I}z + y⊺Λ

1
2 csch (2t

√
Λ)z)dz
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=
(detΛ)

1
4

√

det (
√
Λ cosh (2t

√
Λ) + sinh (2t

√
Λ))

exp(−
1

2
y⊺Λ

1
2{coth (2t

√
Λ) − csch (2t

√
Λ)×

(
√
Λ coth (2t

√
Λ) + I)

−1√
Λ csch (2t

√
Λ)}y) (3.32)

where, once again, the last equality follows from invoking Lemma 3.2 for the integral

in the preceding line. The corresponding

φ̂(t,x)∣
φ̂0=N(0,I)

= η̂ (t,y = V ⊺x) ∥
φ̂0=N(0,I)

=
2−n/4(detQ)

1
4

√

det (
√
2Q cosh (t

√
2Q) /2 + sinh (t

√
2Q))

exp(−
1

4
x⊺
√
2Q{coth (t

√
2Q) −csch (t

√
2Q)×

(

√
2Q

4
coth (t

√
2Q) + I)

−1√
2Q csch (t

√
2Q)}x

⎞

⎠
, (3.33)

where the last equality is due to (3.10). For the results in Fig. 3.3, we used (3.33) to

illustrate the effect of varying Q ⪰ 0. As before, the last row of Fig. 3.3 used Theorem

3.3 to account for a zero eigenvalue.

Likewise, the results in Fig. 3.4 show the transient action of the kernel on non-

Gaussian φ̂0.

Our final simulation brings together the ideas to solve the SBP with state cost-to-

go. In Fig. 3.5, we show the closed loop optimally controlled sample paths together

with endpoint PDFs ρ0 = ∑µ0∈{−1,1}
1
2N(µ0,0.052), ρ1 = N(0,0.52) for an 1D SB

with state cost 1
2Qx

2 with Q = 2 and time horizon [t0, t1] = [0,1]. This result is

obtained by performing the dynamic Sinkhorn recursions shown in Fig. 1.1 wherein

we solved the forward-backward IVPs for the PDEs (3.5) as in Remark 3.2, which

was in turn made possible by the kernel k++ deduced in Theorem 3.1.

This numerical simulation demonstrates that our results can indeed be leveraged
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to solve (3.1), including with non-Gaussian ρ0. However, this approach does not

naturally lend itself to extending our results for time-varying weights in quadratic

state-cost-to-go or with prior dynamics

dx =A(t)x(t)dt +
√
2B(t)dw

as opposed to the case (A(t),B(t)) = (0,I) considered in this chapter. Thus moti-

vated, we next investigate an alternative route to deriving kernels k++ and k+.

3.4 Deriving k+ via Weyl Calculus

This section explores how ideas from Weyl calculus in quantum mechanics, specif-

ically the Weyl operator and the Weyl symbol, can help determine Markov kernels,

as demonstrated in [75]. We illustrate these ideas by explicitly finding the Markov

kernel for the case of convex quadratic state cost via Weyl calculus, recovering as

well as generalizing our earlier results but avoiding the tedious computation with

Hermite polynomials.

The mathematical development of Weyl calculus originated in quantum mechan-

ics, but its relevance in solving problems outside quantum mechanics, especially in

diffusion and control problems, is less well known. Common references [43], [44, Ch.

2-3], [45–47] on Weyl calculus appeal to quantum physics and field-theoretic ideas to

introduce the core mathematical concepts.In contrast, the reminder of this chapter

takes a different, expository approach: a purposefully less rigorous recipe-style in-

troduction of selective Weyl calculus tools with illustrative calculations. The recipe

for finding the kernel follows the path

PDE Ð→ Weyl operator Ð→ Weyl symbol Ð→ kernel.
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This section explores the two middle ingredients, the Weyl operator and the Weyl

symbol, and their connections with the familiar PDE and kernel.

3.4.1 Key Notations and Background for Weyl Calculus

Before presenting our results from [75], I fix key notations and background that find

use in the following developments.

Poisson bracket. Let Skew (2n,R) denote the set of 2n × 2n skew-symmetric

matrices with real entries. Given sufficiently smooth functions f, g ∶ R2n ↦ R, define

their Poisson bracket {⋅, ⋅} as

{f, g} ∶= ⟨∇f,Ω∇g⟩, Ω ∶=
⎛
⎜⎜
⎝

0 In

−In 0

⎞
⎟⎟
⎠
∈ Skew (2n,R) , (3.34)

where ⟨⋅, ⋅⟩ denotes the standard Euclidean inner product. Note that Ω−1 =Ω⊺ = −Ω,

and det(Ω) = 1. As is well-known [111, Prop. 2.23], the Poisson bracket is bilinear,

skew symmetric, and satisfies the Jacobi identity.

For x,ξ ∈ Rn, we think of f, g as mappings which act on the tuple (x,ξ), i.e.,

f, g ∶ (x,ξ) ∈ R2n ↦ R. Following [112, p. 128-9], let

{f, g}1(x,ξ) ∶=
1

2i
{f, g}(x,ξ), i ∶=

√
−1.

More generally, for any j ∈ N0 ∶= {0,1,2,⋯}, let

{f, g}j (x,ξ) ∶= (
1

2i
)
j

(
n

∑
k=1

( ∂2

∂yk∂ξk
− ∂2

∂xk∂νk
))

j

f(x,ξ)g(y,η)∣
y=x,η=ξ

. (3.35)

In particular, for j = 0, definition (3.35) gives

{f, g}0 (x,ξ) = f (x,ξ) g (x,ξ) ,

i.e., the product of the two functions.
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Standard symplectic form. For x,y,ξ,η ∈ Rn, the standard symplectic form as-

sociated with the matrix Ω in (3.34) is a bilinear mapping2 σ ∶ R2n ×R2n ↦ R, given

by

σ ((x,ξ) ; (y,η)) ∶=
n

∑
k=1

(ξkyk − xkηk) . (3.36)

The symplectic form σ is skew-symmetric (σ(v;w) = v⊺Ωw = −σ(w;v) ∀v,w ∈

R2n), and non-degenerate (for any v ∈ R2n, σ(v;w) = 0 ∀w ∈ R2n ⇒ v = 0).

3.4.2 Weyl Calculus

Armed with the initial Weyl calculus background above, I can now explain how we

apply Weyl calculus to determine the Markov kernel associated with a linear PDE

IVP of interest. While we are primarily motivated for the case when the PDE is

reaction-diffusion type, this section proceeds formally in terms of more generic oper-

ators. Additional necessary ideas and nomenclatures from Weyl calculus will appear

throughout this chapter.

For t0 ≥ 0 and X ⊆ Rn, we begin by considering a linear PDE IVP

∂

∂t
φ̂ = −Lφ̂, φ̂ (t0,x) = φ̂0(x) (given), (3.37)

where the unknown φ̂ ∶ [t0,∞) × X ↦ R, and the spatial operator L is time-

independent. Formally, the solution of (3.37) can be expressed via the semigroup

exp (−(t − t0)L) as

φ̂ = exp (− (t − t0)L)φ̂0. (3.38)

We seek a kernel representation of the solution φ̂, i.e., for 0 ≤ t0 ≤ s ≤ t < ∞,

2More generally, the mapping σ ∶ C2n ×C2n ↦ R remains well-defined as stated here but we will
not need this fact.
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we seek to explicitly determine k(s,x, t,y) with suitable domain of definition, such

that (3.38) is expressible as

φ̂(t,x) = ∫
X
k(t0,x, t,y)φ̂0 (y)dy. (3.39)

The initial condition φ̂ (t0,x) = φ̂0(x) necessitates that

k(t0,x, t0,y) = δ (x − y) , the Dirac delta. (3.40)

For convenience, fix X ≡ Rn for ease of exposition; the development goes through

for general subsets of Rn.

When the PDE in (3.37) is the forward Kolmogorov a.k.a. Fokker-Planck PDE,

then L is an advection-diffusion operator and under mild regularity assumptions on

the underlying drift and diffusion coefficients, the kernel k is a transition probabil-

ity density; see e.g., [113, Ch. 1]. However, if L has an additional reaction term,

then (3.37) is non-conservative and k no longer has the interpretation of transition

probability density. In such more generic settings, an analytical handle on k can still

help to numerically compute the solution of (3.37) via (3.39). In the absence of an

analytic handle on k, numerically computing φ̂ becomes particularly non-trivial in

the presence of (state dependent) reaction [22, Section 5.2, 5.3].

The relevant instance of (3.37) in this dissertation is the reaction-diffusion PDE

IVP with L ≡ −∆x + q(x), wherein ∆x denotes the Euclidean Laplacian operator,

and q(x) is a given bounded continuous reaction rate. If q is constant, then a change

of variable φ̂↦ ϑ̂ ∶= etqφ̂ transforms the problem to the heat PDE IVP:

∂

∂t
ϑ̂ =∆xϑ̂, ϑ̂ (t = t0,x) = φ̂0(x),

for which k is well-known [114, p. 44-47]. However, for state-dependent q(x) new

ideas are needed. Using the Weyl calculus tools discussed in Section 3.4.3, we ulti-
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mately find k for quadratic q(x), as it appears in (3.1).

3.4.3 From PDE to Weyl Operator

In pursuit of getting an analytic handle on k in (3.39), we start by defining the fol-

lowing operators as per the quantum mechanics convention [43, p. 1]:

Xk ∶= xk ∀k ∈ [n], (3.41a)

Dk ∶=
1

i
∂

∂xk
∀k ∈ [n], (3.41b)

and let

X ∶= (X1 ⋯ Xn)
⊺

, D ∶= (D1 ⋯ Dn)
⊺

.

We then determine a representation of exp (−(t − t0)L) in terms of the operators X

and D. This representation is referred to as the Weyl Operator H(X,D).

Example 3.1. [Weyl operator for the heat PDE] Let (3.37) be the heat PDE IVP with

L ≡ −∆x. Letting ∇x ∶= ( ∂
∂x1

⋯ ∂
∂xn
)
⊺

, note that

∥D∥22 ∶= ⟨D,D⟩ = (−i)2 (∇x ⋅ ∇x) = −∆x,

i.e., ∆x = −∥D∥22. So the corresponding Weyl operator is

Hheat (X,D) = exp (−(t − t0)∥D∥22).

3.4.4 From Weyl Operator to Weyl Symbol

After identifying the Weyl operator associated with our PDE of interest, we seek the

corresponding Weyl symbol denoted as h(x,ξ).

Note that while the Weyl operator depends on X and D, the Weyl symbol is

dependent on variables x and ξ. An approach for determining h(x,ξ) discussed
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in [43, p. 32-36] proceeds as follows:

1. Rewrite the Weyl operator H(X,D) such that all of the Dk operators are

multiplied on the right of the Xk operators. As the operators in general are

non-commutative, this may require the use of the commutation relation

[Xk,Dk] ∶=XkDk −DkXk = i, k ∈ [n].

2. Define R(x,ξ) by replacing the operator X with x and the operator D with

ξ in the version of the Weyl operator H(X,D) satisfying Step 1 above.

3. Calculate the Weyl symbol h(x,ξ) via one of the following formulas:

h(x,ξ) = 1

πn∫R2n
R(x̃, ξ̃) exp (2i⟨x̃ −x, ξ̃ − ξ⟩)dx̃ dξ̃, (3.42a)

=
∞

∑
m=0

1

m!
( i
2
)
m

( ∂
m

∂xm
⋅ ∂

m

∂ξm
)R(x,ξ). (3.42b)

The differential operators in (3.42b) are understood as the mth order mixed

partial derivatives. In particular, (3.42b) can be seen as the series expansion of

exp(− 1
2i

∂

∂x
⋅ ∂
∂ξ
)R(x,ξ).

Example 3.2. [Weyl symbol for the heat PDE] The Weyl operatorHheat(X,D) found

in Example 3.1, does not involve any multiplication of X with D, or indeed any depen-

dence on X . Therefore, Steps 1 and 2 mentioned above are reduced to a direct replace-

ment of D with ξ. Because the resulting

Rheat(x,ξ) = Rheat(ξ) = exp (−(t − t0)∥ξ∥22)

is independent of x, (3.42b) immediately yields the Weyl symbol

hheat(x,ξ) = e−(t−t0)∥ξ∥
2
2 . (3.43)
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This example illustrates that finding the Weyl symbol associated with (3.37) is straight-

forward when the relevant Weyl operator depends on either X or D alone.

3.4.5 From Weyl Symbol to Kernel

We follow the development in Hörmander [115, p. 161], to obtain the kernel k in

(3.39) from the associated Weyl symbol h (x,ξ) as

k(t0,x, t,y)=
1

(2π)n∫Rn
h(x + y

2
,ξ) ei⟨x−y,ξ⟩dξ. (3.44)

The RHS of (3.44) can be seen as the non-unitary inverse Fourier transform of

ξ ↦ h((x + y)
2

,ξ) .

Thus, for (3.40) to hold, the Weyl symbol h evaluated at t0 must be equal to unity (see

e.g., the heat symbol (3.43)). We will make use of this observation in our subsequent

computation.

Example 3.3. [Kernel for the heat PDE] Applying (3.44) to the Weyl symbol h ≡ hheat

derived in Example 3.2, we obtain

kheat(t0,x, t,y) =
1

(2π)n ∫Rn
exp (−(t − t0)∥ξ∥22) exp (i⟨x − y,ξ⟩)dξ

= 1

(2π)n
n

∏
k=1

(∫
∞

−∞
exp (−ξ2k(t − t0) + i(xk − yk)ξk)dξk) . (3.45)

To evaluate (3.45), we specialize the Gaussian-like integral3

∫
∞

−∞
exp(−1

2
ax2 + iJx)dx = (2π

a
)
1/2

exp(−J
2

2a
) (3.46)

with a = 2(t − t0), J = xk − yk. This yields

kheat(t0,x, t,y) =
1

(2π)n
n

∏
k=1

( π

t − t0
)
1/2

exp(−(xk − yk)
2

4(t − t0)
)

3This integral is simply the Fourier transform of the Gaussian with appropriate scaling.
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= 1

(4π(t − t0))n/2
exp(−∥x − y∥

2
2

4(t − t0)
),

which is indeed the well-known heat kernel [114, p. 44-47].

In summary, we may derive the solution of a PDE (3.37) in the kernel form (3.39)

by first identifying the associated Weyl operatorH(X,D) = exp (−(t − t0)L(X,D))

as in Section 3.4.3. This is then followed up with a computation of the corresponding

Weyl symbol h(x,ξ) as in Section 3.4.4. Using this Weyl symbol h, we then arrive

at an expression for the kernel k via (3.44).

For pedagogical clarity, Examples 3.1-3.3 illustrate the aforementioned process

for the classical heat kernel. Now the question arises: Can these computations be

performed for reaction-diffusion PDEs with quadratic state-dependent reaction rate

that emerge from the SBP with quadratic state cost, (3.1)?

It turns out that for such problems, the Weyl symbol is most conveniently de-

termined via a PDE approach [112, p. 130-132]. To prepare ground for this PDE

approach, we need the product rule of Weyl calculus.

Product Rule of Weyl Calculus: Consider a Weyl operator C(X,D) which

admits a decomposition

C(X,D) = A(X,D)B(X,D) (3.47)

in terms of two other Weyl operators A(X,D),B(X,D).

Consider the corresponding Weyl operator-Weyl symbol pairs (A,a) , (B, b) and

(C, c). Given the operator decomposition (3.47), the product rule is a recipe to de-

termine the Weyl symbol c from the Weyl symbols a, b.

It is known that [115, p. 161] if either A or B is a polynomial, then the Weyl
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symbol c(x,ξ) can be exactly determined via Taylor expansion of4

exp( i
2
σ (Dx,Dξ;Dy,Dη))(a(x,ξ)b(y,η))∣y=x,η=ξ

with finitely many terms, where σ is the standard symplectic form (3.36). In this case,

we can express c(x,ξ) as [112, p. 128-129]

c(x,ξ) =
dA∧dB

∑
j=0

1

j!
{a, b}j(x,ξ), (3.48)

where {a, b}j(x,ξ) is defined as in (3.35), and dA∧dB is the minimum of the degrees

dA, dB for the polynomials A,B.

When only one of A,B is a polynomial, the corresponding polynomial degree is

to be used as the upper limit of the summation index j in (3.48). When neither A

nor B is polynomial, the equality in (3.48) is replaced with asymptotic equivalence:

c(x,ξ) ∼ ∑j∈N0

1
j!{a, b}j(x,ξ).

3.4.6 Kernel for the SBP with Quadratic State Cost

As shown earlier in this chapter, solving the classical SBP with quadratic state cost

and generic endpoint distributions (with finite second moments) leads to finding the

Markov kernel of the reaction-diffusion PDE IVP

∂φ̂

∂t
= (∆z −

1

2
z⊺Qz) φ̂, φ̂(t0, ⋅) = φ̂0, (3.49)

for given Q ⪰ 0, wherein z ∈ Rn and the unknown φ̂ is a Schrödinger factor. Here

and throughout, 0 ≤ t0 ≤ t < ∞.

Problem (3.49) is indeed of the form (3.37). The associated kernel in (3.39) was

derived in Section 3.2 via tedious computation with Hermite polynomials. Since

that computation is difficult to generalize for other state costs (thus for other state-

4Here Dx ∶= (Dx1 ⋯ Dxn)
⊺

, and likewise for Dξ,Dy,Dη .
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dependent reaction rates), we explore applying the Weyl calculus ideas in Section

3.4.2 for finding such kernels. Here we show that the steps outlined in Section 3.4.2

indeed recovers the kernel for (3.49) in a systematic manner without invoking Her-

mite polynomials.

For Q ⪰ 0, consider again the eigen-decomposition 1
2Q = V

⊺ΛV , where Λ is an

n × n diagonal matrix with its main diagonal comprising the eigenvalues {λk}nk=1 ∈

Rn
≥0 of 1

2Q. Now consider a linear change-of-variable z ↦ x as

x ∶= V z. (3.50)

Then,

ν̂(t,x) ∶= φ̂ (t,z = V ⊺x) , (3.51)

and ∆zφ̂(t,z) =∆xν̂(t,x). Therefore, in the x coordinates, (3.49) takes the form

∂ν̂

∂t
=∆xν̂ − (x⊺Λx) ν̂

=
n

∑
k=1

( ∂
2

∂x2k
− λkx2k) ν̂. (3.52)

For notational convenience, we define the Weyl operator

QΛ(X,D) ∶= ∥D∥22 +
n

∑
k=1

λkX
2
k . (3.53)

Following Section 3.4.3, the Weyl operator of (3.52) is

HΛ(X,D) = exp (−(t − t0)QΛ(X,D)), (3.54)

i.e., the Weyl operator of (3.52), HΛ(X,D), can be seen as a composite operator.

Note that for the Weyl operatorQΛ in (3.53), we can readily find its Weyl symbol

qΛ using (3.42b) as

qΛ(x,ξ) = ∥ξ∥22 +
n

∑
k=1

λkx
2
k. (3.55)
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However, for the composite Weyl operatorHΛ, determining the corresponding Weyl

symbol hΛ via (3.42b) becomes challenging since partial derivatives ofHΛ(X,D) of

any order are nonzero. To circumvent this issue, we adopt a PDE approach from [112,

p. 130-132] explained next. The main idea is to derive a PDE IVP for Weyl symbol

hΛ and to solve the same in closed form.

Since the Weyl operator HΛ must satisfy (3.52), we have

∂

∂t
HΛ(X,D) = −QΛ(X,D)HΛ(X,D).

Then, applying (3.48), we note that the Weyl symbol hΛ satisfies

∂

∂t
hΛ(x,ξ) = −

2

∑
j=0

1

j!
{qΛ, hΛ}j(x,ξ). (3.56)

Applying (3.35) and (3.55), we find that

{qΛ, hΛ}1 = 0, (3.57)

and

{qΛ, hΛ}2 = (
n

∑
k=1

(2λk(t − t0) − 2λ2k(t − t0)2x2k − 2λk(t − t0)2ξ2k))

× exp(−(t − t0)(∥ξ∥22 +
n

∑
k=1

λkx
2
k))

= (2(t − t0) trace(Λ) − 2(t − t0)2 (x⊺Λ2x + ξ⊺Λξ))

× exp (−(t − t0)qΛ(x,ξ)). (3.58)

Since the second order derivative of hΛ(x,ξ) w.r.t. xk∀ k ∈ [n] is

∂2

∂x2k
h(x, ξ) = (−2λk(t − t0) + 4λ2kx2k(t − t0)2) exp (−(t − t0)qΛ(x,ξ)),

and likewise

∂2

∂ξ2k
hΛ(x,ξ) = (−2(t − t0) + 4ξ2k(t − t0)2) exp (−(t − t0)qΛ(x,ξ)),
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(3.58) can be expressed as

{qΛ, hΛ}2 = −
1

2
(

n

∑
k=1

λk
∂2hΛ
∂ξ2k
(x,ξ) + ∂

2hΛ
∂x2k
(x,ξ)) . (3.59)

Combining (3.56), (3.57) and (3.59), we then have

∂

∂t
hΛ(x,ξ) = −qΛ(x,ξ)hΛ(x,ξ) −

1

2
{qΛ, hΛ}2(x,ξ)

= −qΛhΛ +
1

4
(

n

∑
k=1

λk
∂2hΛ
∂ξ2k

+ ∂
2hΛ
∂x2k
) . (3.60)

We next focus on solving for hΛ from (3.60) subject to the initial condition hΛ∣t=t0 = 1.

We note that the Weyl symbol qΛ in (3.55) is time-invariant. Let qk ∶= λkx2k + ξ2k
∀k ∈ [n], so that qΛ = ∑n

k=1 qk.

We seek to solve (3.60) in the form

hΛ(x,ξ) = g(t, q1,⋯, qn). (3.61)

Substituting (3.61) into (3.60) yields

∂g

∂t
= −(

n

∑
k=1

qk) g +
1

4

n

∑
k=1

( ∂

∂xk
( ∂g
∂qk

∂qk
∂xk
) + λk

∂

∂ξk
( ∂g
∂qk

∂qk
∂ξk
)) . (3.62)

As

∂

∂xk
( ∂g
∂qk

∂qk
∂xk
) = ∂

∂xk
( ∂g
∂qk
(2λkxk))

= ∂
2g

∂q2k
(4λ2kx2k) + 2λk

∂g

∂qk
,

and likewise

∂

∂ξk
( ∂g
∂qk

∂qk
∂ξk
) = ∂

∂ξk
( ∂g
∂qk
(2ξk))

= 4ξ2k
∂2g

∂q2k
+ 2 ∂g

∂qk
,
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the PDE (3.62) simplifies to

∂g

∂t
= −(

n

∑
k=1

qk) g +
n

∑
k=1

(λkqk
∂2g

∂q2k
+ λk

∂g

∂qk
) . (3.63)

To solve (3.63), we consider the ansatz

g(t, q1,⋯, qn) = α(t) exp(−
n

∑
k=1

βk(t)qk) (3.64)

for suitably smooth α(t), β1(t),⋯, βn(t) that are not identically zero for any t0 < t.

Recall from Section 3.4.5 that hΛ∣t=t0 = 1, and hence from (3.61) and (3.64), the initial

conditions for α(⋅), β1(⋅),⋯, βn(⋅) are

α (t0) = 1, βk (t0) = 0 ∀ k ∈ [n]. (3.65)

Next, notice that

∂g

∂t
= (α̇ − α

n

∑
k=1

β̇kqk) exp(−
n

∑
k=1

βk(t)qk), (3.66a)

∂g

∂qk
= −αβk exp(−

n

∑
k=1

βkqk), (3.66b)

∂2g

∂q2k
= αβ2

k exp(−
n

∑
k=1

βkqk), (3.66c)

where α̇ ∶= dα
dt , β̇ ∶=

dβ
dt . Substituting (3.64) into (3.63), using (3.66), and dividing

through by exp (−∑n
k=1 βk(t)qk) yields

α̇ − α
n

∑
k=1

β̇kqk =
n

∑
k=1

(−αqk + λkαβ2
kqk + λk (−αβk)) .

Rearranging the above to collect terms involving qk in the RHS, we obtain

α̇ +
n

∑
k=1

λkαβk =
n

∑
k=1

(αβ̇k − α + λkαβ2
k) qk. (3.67)

As the LHS of (3.67) is independent of qk ∀k ∈ [n], we note that the coefficients of

qk in the RHS must be zero ∀k ∈ [n]. This observation, together with the fact that
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α(t) ≠ 0 (otherwise (3.64) gives trivial solution), results in the nonlinear ODE IVPs

β̇k = 1 − λkβ2
k , βk (t0) = 0 ∀k ∈ [n], (3.68)

where we have imposed the βk(⋅) initial conditions from (3.65).

Separation-of-variables and u substitution with tanh(u) =
√
λkβk, determine the

solution to (3.68) as

βk(t) =
1√
λk

tanh (
√
λk(t − t0)) , ∀k ∈ [n]. (3.69)

Since all coefficients in the RHS of (3.67) are zero, combining (3.67) and (3.69) gives

α̇

α
= −

n

∑
k=1

√
λk tanh (

√
λk(t − t0)) , α (t0) = 1, (3.70)

where we have imposed the α(⋅) initial condition from (3.65). Direct integration

yields the solution of the ODE IVP (3.70):

α(t) =
n

∏
k=1

1

cosh (
√
λk(t − t0))

. (3.71)

Combining (3.61), (3.64), (3.69), (3.71), we have thus determined that the Weyl symbol

hΛ associated with the Weyl operator HΛ, is

hΛ(x,ξ) (3.72)

=
⎛
⎝

n

∏
k=1

1

cosh (
√
λk(t − t0))

⎞
⎠
× exp(−

n

∑
k=1

λkx2k + ξ2k√
λk

tanh (
√
λk(t − t0))). (3.73)

We now apply (3.44) to determine the kernel kΛ corresponding to the Weyl sym-

bol hΛ given by (3.73).

Since (3.73) is a product of n terms, each with its unique subscript k ∈ [n], so

(3.44) can be written as the product of n univariate integrals, each being

1

2π

1

cosh (
√
λk(t − t0))
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× exp
⎛
⎝
−
√
λk (x2k + 2xkyk + y2k)

4
tanh (

√
λk(t − t0))

⎞
⎠

×∫
+∞

−∞
exp(− ξ2k√

λk
tanh(

√
λk(t − t0))+i(xk − yk)ξk)dξk

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Ik

, (3.74)

where k ∈ [n].

Invoking (3.46) with

a = 2√
λk

tanh (
√
λk(t − t0)) , J = xk − yk,

the integral Ik in (3.74) evaluates to

⎛
⎝

π
√
λk

tanh (
√
λk(t − t0))

⎞
⎠

1/2

exp
⎛
⎝
−
√
λk(xk − yk)2

4 tanh (
√
λk(t − t0))

⎞
⎠
.

Thus, (3.74) is the product of a pre-factor and an exponential term, wherein the pre-

factor is

1

2π

1

cosh (
√
λk(t − t0))

⎛
⎝

π
√
λk

tanh (
√
λk(t − t0))

⎞
⎠

1/2

= λ
1/4
k√

2π sinh (2
√
λk(t − t0))

, (3.75)

and letting θk ∶=
√
λk(t − t0), the argument of the exponential term is

−
√
λk(x2k + 2xkyk + y2k)

4
tanh θk −

√
λk(xk − yk)2
4 tanh θk

= −
√
λk
4
{(x2k + y2k)(

sinh θk
cosh θk

+ cosh θk
sinh θk

) + 2xkyk (
sinh θk
cosh θk

− cosh θk
sinh θk

)}

= −
√
λk
2
(x2k + y2k)

cosh (2θk)
sinh (2θk)

+
√
λkxkyk

sinh (2θk)
. (3.76)

Therefore, taking the product of the n integrals of the form (3.74) from k = 1 to k = n,

and substituting back θk =
√
λk(t − t0), we arrive at the kernel

kΛ(t0,x, t,y) =
⎛
⎝

n

∏
k=1

λ
1/4
k√

2π sinh (2
√
λk(t − t0))

⎞
⎠
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× exp(−
n

∑
k=1

√
λk
2
(x2k + y2k)

cosh (2
√
λk(t − t0))

sinh (2
√
λk(t − t0))

)

× exp(
n

∑
k=1

√
λkxkyk (

1

sinh (2
√
λk(t − t0))

)). (3.77)

The expression (3.77) for the kernel matches with that derived in Section 3.2.

Herein, by leveraging the Weyl calculus, we circumvent the use of Hermite polynomial-

based tedious computation in 3.2.

3.4.7 Further Generalization Via Weyl Calculus

Formula (3.77) serves as the kernel or Green’s function for (3.52), and helps write the

solution for the PDE IVP (3.49) as

φ̂(t,z) = ν̂ (t,x) ∣
x=V z

= ∫
Rn
kΛ(t0,V z, t,y)φ0 (V ⊺y)dy. (3.78)

We now extend this result for a modified version of (3.49) given by

∂φ̂

∂t
= (∆z − (

1

2
z⊺Qz + r⊺z + s)) φ̂, φ̂(t0, ⋅) = φ̂0, (3.79)

where Q ⪰ 0, r ∈ Rn, s ∈ R. In other words, we generalize the reaction rate to have

additional affine terms, i.e., generic convex quadratic reaction rate: 1
2z
⊺Qz + r⊺z + s.

Theorem 3.4. Given Q ⪰ 0, r ∈ Rn, s ∈ R, consider the eigen-decomposition 1
2Q =

V ⊺ΛV , where the main diagonal entries of the diagonal matrix Λ are {λk}nk=1. Let vk

be the kth column of V ⊺ for all k ∈ [n].

The solution for the PDE IVP (3.79) is

φ̂(t,z) = ∫
Rn
k(Λ,r,s)(t0,V z, t,y)φ0(V ⊺y)dy, (3.80)

where the kernel

k(Λ,r,s)(t0,x, t,y) (3.81)
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=
⎛
⎝

n

∏
k=1

λ
1/4
k exp (−ck(t − t0))√
2π sinh (2

√
λk(t − t0))

⎞
⎠

× exp(
n

∑
k=1

−
√
λk
2
(x2k + y2k)

cosh (2
√
λk(t − t0))

sinh (2
√
λk(t − t0))

+
√
λkxkyk

sinh (2
√
λk(t − t0))

−
(1
2r
⊺vk (xk + yk) + 1

4λk
(r⊺vk)2)tanh(

√
λk(t − t0))√

λk

⎞
⎠
, (3.82)

and the constants

ck ∶=
1

4λk
(r⊺vk)2 −

s

n
, ∀k ∈ [n]. (3.83)

For a proof of Theorem 3.4, see Appendix C.9

Our calculations via Weyl calculus recovered the result (3.28), initially deter-

mined via computations with Hermite polynomials that were not only more tedious

but also difficult to generalize for other variants of such PDEs. While Weyl calculus

tools were invented to address problems in quantum mechanics, our developments

highlight the potential of Weyl calculus in explicitly recovering the kernels of PDEs

arising from diffusion and control problems.

This chapter focused on a generalization of the classical SBP in which there is an

additional state-dependent quadratic cost. Throughout this chapter, we assume that

the quadratic state-cost has a fixed Q. The following chapter removes this assump-

tion, to consider a time-dependent Q(t), and linear time-varying dynamics.
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Figure 3.2: Solution to PDE (5.7a) inn = 2 dimensions with t0 = 0 and initial condition
φ̂0(⋅) = 1. All subfigures are over the spatial domain [−7,7]2.
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Figure 3.3: Solution to PDE (5.7a) inn = 2 dimensions with t0 = 0 and initial condition
φ̂0(⋅) = 1

2πe
− 1

2
∥⋅∥2 . All subfigures are over the spatial domain [−5,5]2.
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Figure 3.4: Solution to PDE (5.7a) inn = 2 dimensions with t0 = 0 and initial condition
φ̂0(⋅) = ρ∞. All subfigures are over the spatial domain [−0.25,1.25]2.
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Figure 3.5: Optimally controlled sample paths for 1D SB with state cost 1
2Qx

2, Q = 2,
shown with endpoint endpoint PDFs ρ0 = ∑µ0∈{−1,1}

1
2N(µ0,0.05

2), ρ1 = N(0,0.52) and
time horizon [t0, t1] = [0,1].
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4 | Linear SBP with Quadratic State
Cost

4.1 Overview

The chapter investigates a further generalization of the SBP with quadratic state cost

explored in Chapter 3. I now replace (3.2) with the controlled linear time-varying

(LTV) dynamics:

dx = (A(t)x +B(t)u) dt +
√
2B(t) dw, (4.1)

wherein (A(t),B(t)) is controllable matrix-valued trajectory pair in

(Rn×n,Rn×m) that is bounded and continuous in t ∈ [t0, t1].

The resulting generalized SBP is

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(1
2
∥u∥22 +

1

2
x⊺Q(t)x) dx dt (4.2a)

∂ρ

∂t
+∇x ⋅ (ρ (A (t)x +B (t)u)) =∆BB⊺ ρ, (4.2b)

ρ(t = t0,x) = ρ0, ρ(t = t1,x) = ρ1, (4.2c)

henceforth referred to as the LQ SBP.

Comparing this problem formulation to that of the generalized SBP introduced

in Chapter 1,

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(q(x) + r(u)) ρ(t,x) dx dt

∂ρ

∂t
+∇x ⋅ (ρf(t,x,u)) =∆Σ(((t,x,u)))ρ

ρ(t0,x) = ρ0(x), ρ(t1,x) = ρ1(x),

note that the LQ SBP can be recovered from the generalized SBP by setting q(x) ≡
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1
2xQ(t)x, r(u) ≡ 1

2∥u∥22, f(t,x,u) ≡ A (t)x +B (t)u, and Σ ≡ BB⊺ (or equiva-

lently, σ ≡B).

A natural question is whether a closed-form formula for the kernel k can be

derived when (3.2) is replaced by (4.1). Finding such k would enable solving LQ SBPs

with generic non-Gaussian µ0, µ1 having finite second moments. From a probabilistic

point of view, this k is the Markov kernel of the Itô process

dx =A(t)x dt +
√
2B(t)dw, w ∈ Rm, (4.4)

with creation or killing of probability mass with rate q(x) ∶= 1
2x
⊺Q(t)x, Q(t) ⪰ 0.

This Markov kernel is the Green’s function for the linear reaction-advection-

diffusion partial differential equation

∂k

∂t
= −⟨∇x, kA(t)x⟩ + ⟨B(t)B(t)⊺,∇2

xk⟩ −
1

2
x⊺Q(t)x k. (4.5)

This chapter contains the results of joint work, [76], with Wenqing Wang, Sachin

Shivakumar, and Abhishek Halder. In our derivation for the (A(t),B(t),Q(t))-

parametrized kernel, we introduce a new approach relying on finding a state-time

dependent distance-like functional given by the solution of a deterministic optimal

control problem. In the process, we uncover a new connection between Markov

kernels, distances, and optimal control. This connection is of interest beyond its

immediate application in solving the LQ SBP.

Note that Markov kernels often can be interpreted as transition probability, which

are measurable maps sending Borel probability measures1 supported on subsets of Rn

to itself. The well-known (Euclidean) heat kernel [114, p. 44-47]

kHeat(t0,x, t,y) ∶=
1

(4π (t − t0))n/2
exp(−∥x − y∥

2
2

4 (t − t0)
) , (4.6)

1endowed with the topology of weak convergence
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is one such example, as the transition probability for the Itô process

dx(t) =
√
2 dw(t), w(t) ∈ Rn. (4.7)

Likewise, the Markov kernel

kLinear (t0,x, t,y)

= (4π (t − t0))−n/2 det (Γtt0)
−1/2

exp(−
(Φtt0x − y)

⊺
Γ−1tt0 (Φtt0x − y)

4 (t − t0)
) , (4.8)

which is the transition probability for the Itô process (4.4), where (A(t),B(t))

is a uniformly controllable matrix-valued trajectory pair in (Rn×n,Rn×m) that is

bounded and continuous in t ∈ [t0,∞), and the state transition matrix

Φtτ ∶=Φ(t, τ)∀t0 ≤ τ ≤ t.

Both (4.6) and (4.8) satisfy k ≥ 0, ∫Rn kdy = 1. They solve Kolmogorov’s forward

PDE initial value problem with Dirac delta initial condition,

∂k

∂t
= Lk, k(t0,x, t0,y) = δ(x − y), (4.9)

where L is an advection-diffusion spatial operator induced by the drift and diffusion

coefficients of the underlying Itô process. For example, for the Itô process (4.7), Lk ≡

∆xk (the standard Laplacian). For (4.4), Lk ≡ −⟨∇x, kA(t)x⟩ +B(t)B(t)⊺∆xk.

However, the Markov kernel k is not always a transition probability. Consider

cases like (4.5), in which the underlying Itô process, in addition to drift and diffusion,

allows the creation or killing of probability mass at a rate q(x) for some bounded

measurable q. In such cases, k is a measurable map that sends nonnegative Borel

measures2 supported on subsets of Rn to itself. Then, (4.9) gets replaced with

∂k

∂t
= (L − q)k, k(t0,x, t0,y) = δ(x − y), (4.10)

2still endowed with the topology of weak convergence
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Ref. (At,Bt) Qt ⪰ 0 Distributions µ0, µ1 Markov kernel κ

[121, 122] (0,I) 0 generic (4.6)
[123] generic 0 Gaussian (4.8)

[116, 117] generic generic Gaussian n/a
[73], Ch. 2 generic 0 generic (4.8)

[74, 75], Ch. 3 (0,I) fixed Q ⪰ 0 generic (3.28)
This work generic generic generic (4.37)

Table 4.1: Comparison of related works on the LQ SBP.

where L is an advection-diffusion operator as before (q = 0 case) and L − q becomes

a reaction-advection-diffusion operator. We say that q is the reaction rate.

Compared to (4.9), explicit formula for k in (4.10) are less known. In Chapter 3, I

presented the derivation of a closed-form formula for k in the special case of L ≡∆x

and convex quadratic q(x), first by using Hermite polynomials and then again via

Weyl calculus. However, our methods derived the kernel only for (A(t),B(t)) =

(0,I) and constant Q ⪰ 0.

Of particular relevance to the results presented in this chapter are the works

[74, 75, 116, 117], all of which consider the quadratic state cost in the cost-to-go.

The developments in [116, 117] focused on Gaussian ρ0, ρ1, and therefore did not

derive the kernel, since linear dynamics preserve Gaussianity. Recently, the idea

of using the Green’s functions to solve SBPs for the purpose of sampling generative

artificial intelligence models has appeared in [118,119]. Also related is the work [120]

that proposed a feasible bridge between non-Gaussian marginals with linear time-

invariant dynamics, but with no guarantee for optimality. For reference, Table 4.1

contrasts the technical contribution of this Chapter vis-à-vis the related works in the

literature.

Neither the Hermite polynomial approach nor the Weyl calculus computation
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discussed in Chapter 3 generalize in any obvious way to derive the kernel k in the

LQ setting of our interest in this Chapter. Therefore, we chart a new path motivated

by a basic observation on the structure of the Markov kernels, distances and certain

deterministic optimal control problems.

We propose a new technique that involves identifying a deterministic optimal

control problem from the Itô diffusion, solving the same to find a distance func-

tion, and then to identify the Markov kernel in a structure defined by the same. We

provide computational details to demonstrate that the proposed technique system-

atically recovers Markov kernels of interest.

4.2 Markov Kernels and Distances

Both (4.6) and (4.8) are of the form

k = c (t, t0) exp(−
1

2
dist2tt0 (x,y)) (4.11)

for some suitable distance function

disttt0 ∶ Rn ×Rn ↦ R≥0.

The subscript tt0 signifies the distance function’s parametric dependence on t, t0.

Because (4.6) and (4.8) are both transition probabilities, the distance function

disttt0 uniquely determines k. Once disttt0 is identified, the pre-factor c (t, t0), and

hence k is completely determined by the normalization condition

∫
Rn
kdy = 1.

Interestingly, the k associated with problem (3.1) derived in Chapter 3 is also of the

form (4.11), even though that k is not a transition probability, and c(t, t0) thus does
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not follow from normalization.

These exemplars hint that for controlled dynamics over Rn, the distance function

might be induced by some principle of least action.

That Markov kernels are related to distances is in itself not a new observation.

The most well-known result relating kernels and distances is Varadhan’s formula

[124–126] which says that the heat kernel kMHeat on a complete Riemannian manifold

M satisfies

lim
t↓t0

t log kMHeat (t0,x, t,y) = −
1

2
dist2 (x,y) (4.12)

uniformly on every compact subsets ofM×M, where dist is the minimal geodesic

distance connectingx,y ∈ M. In other words, dist can be recovered as the short time

asymptotic of the heat kernel onM. In the context of Varadhan’s formula (4.12), the

L in (4.9) is the Laplace-Beltrami operator onM.

For specific manifolds, a few exact or asymptotic relations are also known [127,

Ch. VI], [128], [129, Ch. 5]:

kH
3

Heat (t0,x, t,y)

= 1

(4π(t − t0))3/2
dist(x,y)

sinhdist(x,y) × exp(−t −
dist2(x,y)
4(t − t0)

) , (4.13a)

kH
n

Heat (t0,x, t,y)

∼ 1

(4π(t − t0))n/2
( dist(x,y)
sinhdist(x,y))

(n−1)/2

× exp(−dist
2(x,y)

4(t − t0)
) , (4.13b)

kS
n

Heat (t0,x, t,y)

∼ 1

(4π(t − t0))n/2
( dist(x,y)
sindist(x,y))

(n−1)/2

× exp(−dist
2(x,y)

4(t − t0)
) , (4.13c)

where Hn,Sn denote the n dimensional hyperbolic manifold and the sphere, respec-

tively. The symbol ∼ in (4.13) denotes asymptotic equivalence.
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In contrast, the form (4.11) that we focus on is rather specific, and is for a flat

geometry. It is then natural to speculate that disttt0 may arise from the finite horizon

reachability constraint over [t0, t] imposed by the controlled dynamics, i.e., disttt0

is of sub-Riemannian or Carnot-Carathéodory type [130–132]. This motivates us to

formulate disttt0 as the minimal value of an action integral explained in the following

section.

4.3 Distances from Optimal Control

We postulate that for k of the form (4.11), the disttt0 is induced by a deterministic

optimal control problem (OCP) of particular structure. The objective for this OCP is

1

2
dist2tt0(x,y) =min

uτ
∫

t

t0
(1
2
∥u(τ)∥22 + q(z(τ)))dτ. (4.14)

The constraint for this OCP is a controlled ODE obtained by replacing dw(τ) in the

underlying Itô diffusion with a controlled drift u(τ) dτ , and boundary conditions

z(τ = t0) = x, z(τ = t) = y. Notice that in objective (4.14), the state cost q is the

rate of creation or killing of probability mass. Let us verify this postulate for known

cases discussed before.

Heat kernel (4.6). Here q ≡ 0, and dw(τ) ↦ u(τ) dτ in (4.7) gives the controlled

ODE ż(τ) =
√
2u(τ)where dot denotes derivative w.r.t. τ ∈ [t0, t]. This leads to the

deterministic OCP

1

2
dist2tt0(x,y) =min

uτ
∫

t

t0

1

2
∥u(τ)∥22dτ (4.15a)

ż(τ) =
√
2u(τ), (4.15b)

z(τ = t0) = x, z(τ = t) = y. (4.15c)
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For solving (4.15), we apply the Pontryagin’s minimum principle to get the optimal

control uopt(τ) = −
√
2λopt(τ) where λopt(τ) is the optimal costate. The optimal

state z̈opt(τ) = 0, or żopt(τ) = −2λopt(τ) = α, or equivalently zopt(τ) = ατ + β for

some constant α,β ∈ Rn.

Using (4.15c), we find

α = x − y
t0 − t

,

and

λopt = −
α

2
= x − y
2(t − t0)

.

Hence the optimal value in (4.15a):

1

2
dist2tt0(x,y) =

1

2
⋅ 2∥λopt∥22 ⋅ (t − t0) =

∥x − y∥22
4(t − t0)

,

which indeed transcribes (4.6) into the form (4.11). The normalization condition for

k leads to evaluating a Gaussian integral, which determines the pre-factor

c(t, t0) = (4π(t − t0))−n/2.

Linear kernel (4.8). Here q ≡ 0, and dw ↦ u dτ in (4.4) yields the deterministic

OCP

1

2
dist2tt0(x,y) =min

u
∫

t

t0

1

2
∥u(τ)∥22dτ (4.16a)

ż(τ) =A(τ)z(τ) +
√
2B(τ)u(τ), (4.16b)

z(τ = t0) = x, z(τ = t) = y. (4.16c)

Problem (4.16) is that of minimum effort state steering for a controllable linear sys-

tem, and its solution is commonplace in optimal control textbooks; see e.g., [85, p.
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194]. The optimal value in (4.16a):

1

2
dist2tt0(x,y) =

(Φtt0x − y)
⊺
Γ−1tt0 (Φtt0x − y)

4 (t − t0)
,

which indeed transcribes (4.8) into the form (4.11). As before, the normalization

condition for k determines the pre-factor

c(t, t0) = (4π (t − t0))−n/2 det (Γtt0)
−1/2

via Gaussian integral.

The kernel in Chapter 3. The kernel derived in Chapter 3, (3.28), corresponds to

the Itô diffusion (3.2) with reaction rate 1
2z
⊺Qz, Q ⪰ 0. Without loss of generality

[74, Sec. 4.1], we consider state coordinates where a given Q ≻ 0 is diagonalized to

yield the diagonal matrix 2Λ ≻ 0. The factor 2 scaling is unimportant but kept for

consistency with Chapter 3. Importantly, the Laplacian operator is invariant under

this change of coordinates. For the case Q ⪰ 0, see Chapter 3, Section 3.2.

In the new state coordinates, q ≡ 1
2z
⊺
τ2Λzτ , and dwτ ↦ u dτ in (3.2) gives the

following modified version of the OCP (4.15):

1

2
dist2tt0(x,y) =min

u
∫

t

t0
(1
2
∥u(τ)∥22 +

1

2
z⊺(τ)2Λz(τ))dτ (4.17a)

ż(τ) =
√
2u(τ), (4.17b)

z(τ = t0) = x, z(τ = t) = y. (4.17c)

Applying Pontryagin’s minimum principle, we get the optimal control

uopt(τ) = −
√
2λopt(τ),

the optimal costate ODE

λ̇opt(τ) = −2Λzopt(τ),
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and the optimal state ODE

z̈opt(τ) = −2λ̇opt(τ) = 4Λzopt(τ). (4.18)

Letting ωi ∶= 2
√
λii for all i = 1,⋯, n, we solve for the components of (4.18) as

(zopt(τ))i = aieωiτ + bie−ωiτ , (4.19)

and use (4.17c) to determine the constants

ai =
−xie−ωit + yie−ωit0

2 sinh (ωi (t − t0))
, bi =

xieωit − yieωit0

2 sinh (ωi (t − t0))
. (4.20)

Hence the optimal value in (4.17a):

1

2
dist2tt0(x,y) =∫

t

t0
(1
2
∥uopt(τ)∥22 +

1

4

n

∑
i=1

ω2
i ((zopt(τ))i)

2)dτ

=∫
t

t0
(1
4
∥zopt(τ)∥22 +

1

4

n

∑
i=1

ω2
i ((zopt(τ))i)

2)dτ

=1
2

n

∑
i=1

ωi (x2i + y2i ) cosh (ωi(t − t0)) − 2ωixiyi
2 sinh (ωi(t − t0))

, (4.21)

where we have used (4.19)-(4.20) followed by algebraic simplification using the iden-

tity sinh(2(⋅)) = 2 sinh(⋅) cosh(⋅).

We note that the expression (4.21) indeed transcribes the Markov kernel in (3.28)

in Chapter 3 into the form (4.11). Since this Markov kernel is not a transition prob-

ability, the normalization condition no longer holds, and the pre-factor

c(t, t0) =
n

∏
i=1

( ωi

4π sinh (ωi(t − t0))
)
1/2

(4.22)

does not follow from there. However, having determined (4.21), the pre-factor (4.22)

can be obtained by substituting (4.11) with (4.21) in (4.10). See Appendix D.1 for

details of this simple but non-trivial computation.
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4.4 Distance and Kernel for LQ SBP

Having seen three exemplars for the computational pipeline:

deterministic OCPÐ→ distÐ→Markov kernel k,

we now apply the same approach to derive k for the Itô diffusion (4.4) with reaction

rate q(z) ≡ 1
2z
⊺Q(τ)z, τ ∈ [t0, t]. For convenience, let B̂(τ) ∶=

√
2B(τ).

Our standing assumptions are:

A1. (A(τ),B(τ)), and thus (A(τ), B̂τ), is controllable matrix-valued trajectory

pair in (Rn×n,Rn×m) that is bounded and continuous in τ ∈ [t0, t].

A2. the matricial trajectory Q(τ) ⪰ 0 is continuous and bounded w.r.t. τ ∈ [t0, t],

and Q(s) ≻ 0 for some s ∈ [t0, t].

Finding the Markov kernel k in this setting enables the solution of the LQ SBP

with generic non-Gaussian endpoint distributions having finite second moments,

i.e., the solution of the problem (4.2). For ρ0, ρ1 with finite second moments, the

existence-uniqueness for the solution of (4.2) is guaranteed. This follows from tran-

scribing (4.2) to a stochastic calculus of variations problem involving the relative

entropy a.k.a. the Kullback-Leibler divergence DKL (⋅ ∥ ⋅) minimization:

min
P∈Π01

DKL

⎛
⎝
P ∥

exp (−1
4 ∫

t1
t0

x⊺Q(t)x dt)W
Z

⎞
⎠

(4.23)

where

Π01

∶= {M ∈ M(C ([t0, t1] ;Rn)) ∣M has marginal µk at time tk ∀k ∈ {0,1}}, (4.24)

whereM(C ([t0, t1] ;Rn)) is the set of probability measures on the path space

C ([t0, t1] ;Rn) generated by the Itô diffusion (4.4), the W ∈ M(C ([t0, t1] ;Rn)) is

89



Linear SBP with Quadratic State Cost/Getting dist 4.5

the Wiener measure, and the Z is a normalizing constant. Problem (4.23) seeks to

find the most likely measure-valued path generated by (4.4) w.r.t. a weighted Wiener

(i.e., Gibbs) measure defined by the quadratic state cost, with endpoint marginal

constraints given by the problem data µ0, µ1. For the equivalence of the formulations

(4.2) and (4.23), see e.g., [10, 39, 133], [77, Sec. 4.1]. The existence-uniqueness of

solution for (4.23) is a consequence of strict convexity of DKL (⋅ ∥ ⋅) w.r.t. the first

argument.

Unlike the three exemplar kernels discussed above, the k for problem (4.2) is not

known. Moreover, previously mentioned approaches (Hermite polynomials, Weyl

calculus) to compute k that works for simpler cases no longer generalize in any

obvious way. We postulate that the form (4.11) for the Markov kernel holds here as

well.

4.5 Getting dist

Inspired by the instances examined above, we define dist through the following de-

terministic OCP:

1

2
dist2tt0(x,y) =min

uτ
∫

t

t0
(1
2
∥u(τ)∥22 +

1

2
(z(τ))⊺Q(τ)z(τ))dτ (4.25a)

ż(τ) =A(τ)z(τ) +
√
2B(τ)u(τ), (4.25b)

z(τ = t0) = x, z(τ = t) = y. (4.25c)

This is an atypical linear quadratic OCP in that when x,y are not too close to the

origin, the optimal state trajectory trades off the soft penalty (state cost-to-go) in

deviating away from origin with that of meeting the hard endpoint constraints (4.25c)

within the given deadline.
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We need the following result from [134, p. 140-141] paraphrased below to suit

our notations.

Proposition 4.1. [134, p. 140-141] Suppose there exists symmetric matrix K1 such

that the solution map3 Π(τ,K1, t) of the Riccati matrix ODE initial value problem

K̇(τ) = −A⊺(τ)K(τ) −K(τ)A(τ) +K(τ)B̂(τ)B̂⊺(τ)K(τ) −Q(τ), (4.26a)

K(τ = t) =K1, (4.26b)

exists for all τ ∈ [t0, t]. Let

Â(τ) ∶=A(τ) − B̂(τ)B̂⊺(τ)Π(τ,K1, t) ∀τ ∈ [t0, t]. (4.27)

Then the differentiable trajectory z(τ) minimizes

η =∫
t

t0
(1
2
∥u(τ)∥22 +

1

2
z⊺(τ)Q(τ)z(τ))dτ

subject to ż(τ) =A(τ)z(τ) + B̂(τ)u(τ),

z(τ = t0) = x, z(τ = t) = y,

if and only if it also minimizes

η̂ =∫
t

t0

1

2
∥v(τ)∥22dτ

subject to ż(τ) = Â(τ)z(τ) + B̂(τ)v(τ),

z(τ = t0) = x, z(τ = t) = y.

Additionally, along any trajectory satisfying the boundary conditions, we have

η = η̂ + 1

2
x⊺Π(t0,K1, t)x −

1

2
y⊺K1y. (4.28)

Remark 4.1 (Existence, uniqueness and positive semi-definiteness of Π). Proposi-
3The mapping Π(τ,K1, t) is understood as the solution of (4.26a) at any τ ∈ [t0, t] solved back-

ward in time with initial condition (4.26b).
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tion 4.1 does not assume the controllability of (4.25b). However, under our standing

controllability assumption A1 and the positive semi-definiteness assumption for Q(τ)

∀τ ∈ [t0, t] in A2, the existence-uniqueness of the mapping Π is guaranteed for all

τ ∈ [t0, t]. Furthermore, the unique solution Π(τ,K1, t) ⪰ 0 for any K1 ⪰ 0. See

e.g., [135, Thm. 8-10].

Remark 4.2 (Strict positive definiteness of Π). The assumption Q(s) ≻ 0 for some

s ∈ [t0, t], stated in the latter part of A2, further ensures that Π(τ,K1, t) ≻ 0 for any

K1 ⪰ 0. This is a consequence of the matrix variation of constants formula [134, p. 59,

exercise 1 in p. 162], [136, Sec. II].

Since the optimal η̂ in Proposition 4.1 is the cost for minimum energy state trans-

fer from x at t0 to y at t over the LTV system matrix pair (Â(τ), B̂(τ)), we have

η̂opt =
1

2
(Φ̂tt0x − y)

⊺
Γ̂
−1

tt0
(Φ̂tt0x − y) , (4.29)

where Φ̂tt0 is the state transition matrix from t0 to t for the state matrix Â(τ) in

(4.27). Likewise, Γ̂tt0 in (4.29) is the controllability Gramian for the pair (Â(τ), B̂(τ)).

To see why (4.29) is well-defined, recall that for linear systems, controllability

remains invariant under state feedback. Specifically, the following Proposition 4.2

holds. For its proof in the LTV setting, see [137]; the proof in the linear time-invariant

setting appeared earlier in [138, Thm. 3] .

Proposition 4.2. [137] Let Â(τ) be given by (4.27). If the LTV system defined by

the pair (A(τ), B̂(τ)) is controllable, then so is the LTV system defined by the pair

(Â(τ), B̂(τ)).

From Proposition 4.2, it follows that Γtt0 ≻ 0 implies Γ̂tt0 ≻ 0. In particular, Γ̂tt0

is non-singular, and (4.29) is well-defined.

Since the optimal η in (4.28), and thus the optimal value in (4.25a) must be in-
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dependent of K1, we can set K1 ≡ 0 without loss of generality. Combining this

observation with (4.29), we find the optimal value in (4.25a) as

1

2
dist2tt0(x,y) =

1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠
, (4.30)

where

M tt0 ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0 +Π(t0,0, t) −Φ̂
⊺

tt0Γ̂
−1

tt0

−Γ̂−1tt0Φ̂tt0 Γ̂
−1

tt0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.31)

Using the Schur complement lemma, we can check that M tt0 ≻ 0, as expected.

Specifically, from (4.31), note that

Γ̂
−1

tt0 ≻ 0,

Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0 +Π(t0,0, t) − (−Φ̂
⊺

tt0Γ̂
−1

tt0) Γ̂tt0 (−Γ̂
−1

tt0Φ̂tt0) =Π(t0,0, t) ≻ 0, (4.32a)

thanks to Remark 4.2.

The formulae (4.30)-(4.31) generalize the previously known results in Chapter 3

for zero prior dynamics. In particular, the previously known result can be recovered

from (4.30)-(4.31) as follows (proof in Appendix D.2).

Proposition 4.3. When Q(τ) = 2Λ ≻ 0 (constant positive diagonal matrix) and

(A(τ), B̂(τ)) ≡ (0,
√
2I) ∀τ ∈ [t0, t], the formulas (4.30)-(4.31) reduce to (4.21).
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4.6 Getting k

Now that we have determined the distance functional in the generic LQ setting given

by (4.30)-(4.31), to find k in the postulated form (4.11), i.e., in the form

k (t0,x, t,y) = c(t, t0) exp
⎛
⎜⎜
⎝
−1
2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
, (4.33)

we must compute the pre-factor c(t, t0). Unique identification of c(t, t0) serves the

dual purpose of uniquely determining the kernel as well as verifying the postulated

form (4.11).

As was the case in the last example in Sec. 4.3, here k is not a transition prob-

ability kernel and ∫ k ≠ 1. Thus, the pre-factor c(t, t0) cannot be determined from

normalization.

Instead, we find c(t, t0) by substituting (4.11) with (4.30) in (4.10) and invoking

the initial condition. In this case,

Lk ≡ −⟨∇x, kA(t)x⟩ +B(t)B(t)⊺∆xk,

soL is an advection-diffusion operator. Recall that the reaction rate q(x) ≡ 1
2x
⊺Q(τ)x

withQ(τ) satisfying Assumption A2. Therefore, (4.10) becomes an reaction-advection-

diffusion PDE initial value problem

∂k

∂t
= −⟨∇x, kA(t)x⟩ + ⟨B(t)B(t)⊺,∇2

xk⟩ −
1

2
x⊺Q(t)xk, (4.34a)

k(t0,x, t0,y) = δ(x − y), (4.34b)

where ∇2
x denotes the Hessian w.r.t. x.

The main result presented in this chapter is the following theorem.

Theorem 4.1 (Kernel for LQ non-Gaussian steering). For τ ∈ [t0, t], consider as-
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sumptions A1-A2. Let

θ(τ) ∶= traceA(τ) + ⟨B(τ)B(τ)⊺, Φ̂⊺τt0Γ̂
−1

τt0Φ̂τt0 +Π(t0,0, τ)⟩, (4.35a)

= trace (A(τ) +B(τ)B(τ)⊺M 11(τ, t0)) , (4.35b)

a ∶= (2π)−n/2 lim
t↓t0

det (M 1/2
11 (t, t0)

× exp∫
t

t0
(A(τ) +B(τ)B(τ)⊺M 11(τ, t0))dτ) , (4.36)

where exp denotes the matrix exponential, Φ̂τt0 is the state transition matrix for Â(τ)

given by (4.27), Γ̂τt0 is the controllability Gramian for the pair (Â(τ), B̂(τ)), and

Π(t0,0, τ) is as in Sec. 4.5. The matrix M 11(τ, t0) appearing in (4.35b) and (4.36) is

the (1,1) block of M τt0 given by (4.31). Then the Markov kernel k solving the reaction-

advection-diffusion PDE initial value problem (4.34) is

k (t0,x, t,y) =a exp(−∫
t

t0
θ(s)ds) × exp

⎛
⎜⎜
⎝
−1
2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
, (4.37)

where M tt0 ≻ 0 is given by (4.31).

See Appendix D.3 for a proof of Theorem 4.1.

The kernel (4.37) significantly extends the results presented in Chapter 3 to the

generic LQ case. The following corollary recovers that special case from Chapter 3.

Corollary 4.2. [ (3.28) as special case of (4.37)] When Q(τ) = 2D ≻ 0 (constant

positive diagonal matrix) and (A(τ), B̂(τ)) ≡ (0,
√
2I) ∀τ ∈ [t0, t], the kernel (4.37)

reduces to that in [75, Eq. (43)] or that in [74, Eq. (A.22)].

See Appendix D.4 for the proof of Corollary 4.2.

Remark 4.3. Using assumptions A1-A2 and the standard (ε, δ) definition of limit, it

is not too difficult to show that the upper limit in (4.36) exists. In special cases such
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as Corollary 4.2 above, the limit in (4.36) can be evaluated in closed form, as shown in

Appendix D.4. Importantly, the limit in (4.36) cannot be distributed to the determinant

and the exponential factors; see the computation in (D.43).

The following properties are immediate from the expression of the kernel (4.37):

• (spatial symmetry) k (t0,x, t,y) = k (t0,y, t,x) ∀x,y ∈ Rn,

• (positivity) k (t0,x, t,y) > 0 since from (4.36), a > 0.

We next discuss how the derived kernel helps in solving the LQ SBP (4.2).

4.7 Using k to Solve LQ SBP with Non-Gaussianµ0, µ1

Using the derived kernel (4.37), we define the integral transforms

φ̂0 ↦ T01φ̂0 ∶= ∫
Rn
k (t0,x, t1,y) φ̂0(y)dy, (4.38a)

φ1 ↦ T10φ1 ∶= ∫
Rn
k (t1,x, t0,y)φ1(y)dy, (4.38b)

for measurable φ̂0(⋅), φ1(⋅). These integral transforms help solve the LQ SBP (4.2)

as follows.

Suppose that the endpoint measures are absolutely continuous with respective

probability density functions (PDFs) ρ0, ρ1. Standard computation shows that the

necessary conditions for optimality for (4.2) yield a pair of second-order coupled

nonlinear PDEs:

∂ρopt
∂t
+∇x ⋅ (ρopt (A(t)x +B(t)B⊺(t)∇xS)) = ⟨B(t)B⊺(t),∇2

xρ
opt⟩, (4.39a)

∂S

∂t
+ ⟨∇xS,A(t)x⟩ +

1

2
⟨∇xS,B(t)B⊺(t)∇xS⟩ + ⟨B(t)B(t)⊺,∇2

xS⟩

= 1

2
x⊺Q(t)x, (4.39b)
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ρopt (t0,x) = ρ0(x), ρopt (t1,x) = ρ1(x), (4.39c)

in unknown primal-dual pair (ρopt(t,x), S(t,x)), i.e., the optimally controlled joint

state PDF and the value function.

Following our usual approach, we apply the Hopf-Cole transform [18,19]. In the

absence of ε, we can apply the following, more simplified version of this transform:

(ρopt, S) ↦ (φ̂, φ) ∶= (ρopt exp (−S) , expS) . (4.40)

We thus recast (4.39) to a pair of boundary-coupled linear PDEs:

∂φ̂

∂t
= −⟨∇x, φ̂A(t)x⟩ + ⟨B(t)B(t)⊺,∇2

xφ̂⟩ −
1

2
x⊺Q(t)xφ̂, (4.41a)

∂φ

∂t
= −⟨∇xφ,A(t)x⟩ − ⟨B(t)B(t)⊺,∇2

xφ⟩ +
1

2
x⊺Q(t)xφ, (4.41b)

φ̂(t0,x)φ(t0,x) = ρ0(x), φ̂(t1,x)φ(t1,x) = ρ1(x). (4.41c)

We note that the PDE (4.41a) is precisely the forward reaction-advection-diffusion

PDE (4.34a), and the PDE (4.41b) is the associated backward reaction-advection-

diffusion PDE.

The solution of (4.41) recovers the solution of (4.2). Specifically, ∀t ∈ [t0, t1],

the optimally controlled joint state PDF ρopt(t,x) = φ̂(t,x)φ(t,x), and the optimal

control uopt(t,x) =B(t)⊺∇xS(t,x) =B(t)⊺∇x logφ(t,x).

For k ∈ {0,1}, letting φ̂k(⋅) ∶= φ̂(tk, ⋅), φk(⋅) ∶= φ(tk, ⋅), the system (4.41) can be

solved by the usual dynamic Sinkhorn recursion (first described in Chapter 1 and

illustrated in Figure 1.1):

φ̂0
T01Ð→ φ̂1

ρ1/φ̂1ÐÐÐ→ φ1
T10Ð→ φ0

ρ0/φ0ÐÐÐ→ (φ̂0)next , (4.42)

involving the integral transforms (4.38).

From the computational point of view, having a handle for the kernel (4.37) helps
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us to apply T01,T10 in (4.38) during each pass of the recursion (4.42). This in turn

helps to solve the LQ SBP (4.2) with arbitrary non-Gaussian ρ0, ρ1. The solution for

(4.2) when both ρ0, ρ1 are Gaussians, appeared in [117], but did not need require the

kernel. However, the techniques and results in [117] are difficult to generalize for

non-Gaussian ρ0, ρ1.

If the kernel k in (4.38) were not available, an alternative way to implement

T01,T10 in (4.42) is to apply the Feynman-Kac path integral [24, Ch. 8.2], [139, Ch.

3.3] resulting in randomized numerical approximations for φ̂1, φ0. For instance, the

Feynman-Kac path integral representation for (4.38b) is

T10φ1(x) = E [φ1 (xt1) exp(−∫
t1

t

1

2
x⊺τQ(τ)xτdτ) ∣ x = x] , (4.43)

and the conditional expectation above can be approximated by Monte Carlo simula-

tion with (4.4). Chapter 5, which considers a case study in which we lack an explicit

handle on k, will make use of such methods. Having an explicit handle on k removes

the need for such randomized approximations of the deterministic functions φ̂1, φ0.

To further understand the action of the derived kernel, notice that combining

(4.37) and (4.38a) yields

T01φ̂0 = a exp(−∫
t

t0
θ(s)ds) exp(−1

2
x⊺M 11 (t, t0)x)

∫
Rn
exp(−1

2
y⊺M 22 (t, t0)y + ⟨−M⊺

12 (t, t0)x,y⟩) φ̂0(y)dy, (4.44)

and likewise for T10φ1, where M 11,M 12,M 22 refer to the respective blocks of

(4.31). For suitably smooth φ̂0, the integral in (4.44) can be evaluated using Lemma

D.1 in Appendix D.1. We close with an example of such computation.

Example 4.1 (Mixture-of-Gaussian φ̂0). For fixed nc ∈ N, let φ̂0 be an nc component
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conic mixture-of-Gaussians, i.e.,

φ̂0(y) =
nc

∑
i=1

wi exp(−
1

2
(y −mi)⊺Σ−1i (y −mi)) ,

where wi > 0, mi ∈ Rn, Σi ≻ 0 ∀i ∈ [nc]. Then (4.44) gives

T01φ̂0 = a exp(−∫
t

t0
θ(s)ds) × exp(−1

2
x⊺M 11 (t, t0)x)

×
nc

∑
i=1

wi exp(−
1

2
m⊺

iΣ
−1
i mi)

∫
Rn
exp(−1

2
y⊺ (M 22 (t, t0) +Σ−1i )y + ⟨−M⊺

12 (t, t0)x +Σ−1i mi,y⟩)dy

= a (2π)n/2 exp(−∫
t

t0
θ(s)ds) × exp(−1

2
x⊺M 11 (t, t0)x)

×
nc

∑
i=1

wi√
det (M 22 (t, t0) +Σ−1i )

×exp{− 1

2
m⊺

iΣ
−1
i mi +

1

2
(−M⊺

12 (t, t0)x +Σ−1i mi)
⊺

× (M 22 (t, t0) +Σ−1i ) (−M⊺
12 (t, t0)x +Σ−1i mi)}, (4.45)

where the last equality uses Lemma D.1.

This chapter consists of results generalizing those in Chapter 3, in which the

Markov kernel was derived for the special case (A(t),B(t)) = (0,I) using both

generalized Hermite polynomials and Weyl calculus. As those techniques become

unwieldy for generic (A(t),B(t)) and Q(t) ⪰ 0, we pursued a new line of attack

by postulating the structure of the Markov kernel in terms of a distance function

induced by an underlying deterministic optimal control problem. We demonstrated

that both new and existing results can be recovered in a conceptually transparent

manner even when the underlying Markov kernel is not a transition probability.

The new kernel derived using this approach is the Green’s function for a reaction-

advection-diffusion PDE. This kernel allows us to solve the generic LQ SBP. While a
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solution to this problem has appeared in prior literature for the case where the end-

point distributions are Gaussians, for non-Gaussian endpoints, we have seen that the

SBP can be solved via dynamic Sinkhorn recursions, which requires solving initial

value problems involving this same reaction-advection-diffusion PDE within each

epoch of the recursion, with updated initial conditions. By deriving the correspond-

ing Green’s function, our results facilitate this computation.
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5.1 Overview

This chapter concerns a generalization of the SBP considered in Chapter 3. In Chap-

ter 3, I set ε = 1 for convenience; here, I consider any (not necessarily small) ε > 0.

More significantly, in Chapter 3, a quadratic state cost is added to the objective func-

tion; in this chapter, I consider a generic positive state cost q(x).

Over the given time horizon [t0, t1], the optimization problem of interest in this

chapter is:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(1
2
∥u∥22 + q(x))ρ(t,x) dx dt (5.1a)

∂ρ

∂t
+∇x ⋅ (ρu) = ε∆xρ, (5.1b)

x(t0) ∼ ρ0 (given), x(t1) ∼ ρ1 (given), (5.1c)

hence referred to as the SBP with additive state cost.

Recall as in prior chapters, P01 denotes the collection of all PDF-valued trajec-

tories ρ(t,x) continuous in t ∈ [t0, t1], and supported over Rn for each t ∈ [t0, t1],

such that ρ(t0,x) = ρ0, ρ(t1,x) = ρ1.

Note that (5.1) can be recovered from the generalized SBP (1.12) by setting r(u) ≡
1
2∥u∥22, f(t,x,u) ≡ u, σ(t,x,u) ≡ In, and considering any nonnegative, bounded,

and measurable q(x).

The second half of this chapter concerns a case study in which the SBP with ad-

ditive state cost is connected to Lambert’s Problem, a key problem in astrodynamics.

I conclude the chapter with our numerical simulation solving Lambert’s Problem

using our developments for the generalized SBP with additive state cost.
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5.2 Conditions for Optimality of SBP with Additive

State Cost

For arbitrary ε > 0, denote the minimizing pair for problem (5.1) as (ρopt,uopt). The

existence-uniqueness of the solution to (5.1) is then established as follows.

Theorem 5.1. Let ρ0, ρ1 ∈ P2 (Rn), ε > 0, and the state cost q(x) be positive and

upper bounded. Then the minimizing tuple (ρopt,uopt) for problem (5.1) exists and is

unique.

See Appendix E.1 for a proof of Theorem 5.1.

As part of the proof of Theorem 5.1, we determine that the stochastic optimal

control problem (5.1) is equivalent to the stochastic calculus of variations problem:

arg inf
P∈Π01

DKL

⎛
⎜⎜⎜
⎝
P ∥

exp(− 1

2ε ∫
t1

t0
q(x)dt)W

Z

⎞
⎟⎟⎟
⎠
, (5.2)

whereW represents the Wiener measure andZ is a normalizing constant. Recall that

DKL (P ∥ Q) represents the Kullback-Leibler divergence between probability mea-

sures P and Q.

Thanks to the conditional Sanov’s theorem [10, Sec. 4], [140], (5.2) also shows

that the problem (5.1) enjoys a large deviations principle with rate function

DKL

⎛
⎜⎜⎜
⎝
⋅ ∥

exp(− 1

2ε ∫
t1
t0
q(x)dt)W

Z

⎞
⎟⎟⎟
⎠
.

This can be understood intuitively as follows. For n i.i.d. random paths in an infinite-

dimensional sample space Ω with distribution W, when n is large, the more likely

paths in Π01 correspond to those P which make the objective in (5.2) small. In par-
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ticular, for n→∞, the path likelihood is asymptotically equivalent to

exp

⎛
⎜⎜⎜
⎝
−n inf

P∈Π01

DKL

⎛
⎜⎜⎜
⎝
P ∥

exp(− 1

2ε ∫
t1

t0
q(x)dt)W

Z

⎞
⎟⎟⎟
⎠

⎞
⎟⎟⎟
⎠
.

The most likely path in Π01 corresponds to the minimizer of (5.2).

The SBP with additive state cost (5.1) can be reduced to solving a system of

boundary-coupled reaction-diffusion PDEs with state-dependent nonlinear reaction

rates.

To see this, let us first derive the first-order conditions for optimality for (5.1),

stated next.

Theorem 5.2. The pair (ρopt,uopt) solving the SBP with additive state cost (5.1), sat-

isfies the system of coupled PDEs

∂S

∂t
+ 1

2
∥∇xS∥22 + ε∆xS = q(x), (5.3a)

∂ρopt

∂t
+∇x ⋅ (ρopt∇xS) = ε∆xρopt, (5.3b)

with boundary conditions

ρopt(t0,x) = ρ0(x), ρopt(t1,x) = ρ1(x), (5.4)

where S ∈ C1,2 (Rn; [t0, t1]), and the optimal control

uopt = ∇xS(t,x). (5.5)

For a proof of Theorem 5.2, see Appendix E.2.

We next show that the coupled nonlinear PDEs (5.3) with unconventional bound-

ary conditions (5.4), can be exactly converted to a system of linear reaction-diffusion

PDEs at the expense of moving the coupling to the boundary conditions.

Theorem 5.3. Consider the SBP with additive state cost (5.1) with given [t0, t1], q,
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ε, ρ0, ρ1 as in Theorem 5.1. Let (ρopt, S) be the solution of (5.3)-(5.4). Consider the

Hopf-Cole transform (ρopt, S) ↦ (φ̂ε, φε) defined as

φε = exp(
S

2ε
) , (5.6a)

φ̂ε = ρopt exp(−
S

2ε
) . (5.6b)

Note that this is (1.28) with λ = 2ε; the same transform used in the classical SBP (1.10).

Then, the pair of Schrödinger factors (φ̂ε, φε) solve the system of forward and backward

linear reaction-diffusion PDEs:

∂φ̂ε

∂t
= (ε∆x −

1

2ε
q(x)) φ̂ε, (5.7a)

∂φε

∂t
= (−ε∆x +

1

2ε
q(x))φε, (5.7b)

with coupled boundary conditions

φ̂ε(t0,x)φε(t0,x) = ρ0, φ̂ε(t1,x)φε(t1,x) = ρ1. (5.8)

For all t ∈ [t0, t1], the minimizing pair for (5.1) can be recovered from the Schrödinger

factors (φ̂ε, φε) as

ρopt(t,x) = φ̂ε(t,x)φε(t,x), (5.9a)

uopt(t,x) = 2ε∇x logφε(t,x). (5.9b)

For a proof of Theorem 5.3, see Appendix E.3.

Specifically, (5.7a) (resp. (5.7b)) is a forward-in-time (resp. backward-in-time)

reaction-diffusion PDE with state-dependent reaction rate q(x). Once this PDE sys-

tem for the Schrödinger factors is solved, the optimally controlled joint PDF and

the optimal control can then be computed using (5.9). Notice that the special case
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q(x) ∶= 0 corresponding to the classical SBP reduces (5.7) to a system of forward-

backward heat PDEs, as described in Chapter 1.

The derived system (5.7)-(5.8) is a system of forward-backward diffusions where

individual points in the state space Rn move forward and reverse in time according

to Brownian motion with variance 2ε, together with killing or creation of probability

mass at rate q(x). Thus, q(x) in (5.7a) is state-dependent killing rate. Likewise, q(x)

in (5.7b) is state-dependent creation rate. The boundary conditions (5.8) ensure that

the total probability mass remains balanced.

5.3 Lambert’s Problem

We now examine a case study in which the generalized SBP with state cost is used

to solve a well-known problem in astrodynamics: Lambert’s Problem. I first provide

the relevant historical context and the formulation of Lambert’s Problem, to motivate

the development that follows.

Lambert’s Problem in astrodynamics was originally concerned with the determi-

nation of a comet’s orbit. In his 1761 book, Johann Heinrich Lambert gave deriva-

tions relating a given flight time t1 − t0 to initial and final position vectors

x0, x1 ∈ R3, for the cases of parabolic, elliptic, and hyperbolic Keplerian arcs [141].

Other early pioneers contributing to the solution of the Lambert’s problem include

Euler, who obtained solutions for parabolic and elliptic Keplerian arcs in 1743 [142],

and Lagrange, who derived several alternative proofs for such results in 1780 [143].

For a detailed chronology of related results, see [144, Sec. 9].

Lambert’s Problem remains highly relevant today due to its application in solving

interplanetary transfer, missile interception and rendezvous problems.

105



Generalized SBP with State Cost/Lambert’s Problem 5.3

5.3.1 Deterministic Lambert’s Problem

The classical Lambert’s Problem in orbital mechanics is a finite dimensional two point

boundary value problem over a fixed time horizon [t0, t1], subject to a two-body

gravitational potential V (x) and endpoint constraints on the position vector. For a

mathematical formulation of the problem, let x = (x, y, z)⊺ ∈ R3 denote the position,

andu ∶= ẋ ∈ R3 denote the velocity of a spacecraft with respect to the Earth Centered

Inertial (ECI) frame.

The classical Lambert’s Problem seeks to determine a velocity field u = u(t,x)

subject to the Keplerian equation of motion, endpoint positions, and hard flight time

constraints, i.e.,

ẍ = −∇xV (x) , x(t0) = x0 (given), x(t1) = x1 (given), (5.10)

where the nonlinear gravitational potential V (⋅) is measurable and bounded. We

consider specifically the case in which

V (x) ∶= − µ∣x∣ −
µJ2R2

Earth

2∣x∣3 (1 − 3z2

∣x∣2) , x ∈ [REarth,+∞), (5.11)

where the parameter µ = 398600.4415 km3/s2 denotes the product of the Earth’s

gravitational constant and mass and the parameter J2 = 1.08263 × 10−3 denotes the

(unitless) second zonal harmonic coefficient, a measure of the Earth oblateness. The

radius of Earth REarth = 6378.1363 km.

The theoretical and algorithmic results presented in this chapter apply to more

general geopotential models [145], i.e., when higher order harmonics (zonal and

tesseral terms) are included in V (x). Indeed, the only constraint we must place

on V (x) for our results to remain valid is that V (x)must be negative, bounded and

continuously differentiable, which is indeed the case in (5.11) for all x ∈ [REarth,+∞).
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The deterministic Lambert’s problem has a substantial literature in the guidance-

control community – a non-exhaustive list of references includes [48–52], [53, Ch.

13.4]. A deterministic optimal control reformulation that inspires our development

is due to [146].

5.3.2 Probabilistic Lambert’s Problem

A probabilistic version of Lambert’s problem softens the endpoint constraints in

(5.10) to

x(t0) ∼ ρ0 (given), x(t1) ∼ ρ1 (given). (5.12)

Thus, (5.12) allows for stochastic uncertainties in the endpoint relative positions.

Instead of steering between two given position vectors, as in the deterministic case,

the probabilistic case seeks to steer between the statistics given by the respective

joint PDFs ρ0, ρ1. Therefore, the probabilistic Lambert’s problem can be expressed

as:

find
ẋ=u(t,x)

u (5.13a)

ẍ = −∇xV (x) , (5.13b)

x(t0) ∼ ρ0 (given), x(t1) ∼ ρ1 (given). (5.13c)

From an engineering perspective, the PDF ρ0 captures initial condition uncertainty,

which may arise from statistical estimation errors. The PDF ρ1 on the other hand, en-

codes desired statistical performance specification, i.e., the allowable terminal con-

dition uncertainty. A small terminal condition uncertainty would imply that ρ1 is

“tall and skinny,” i.e., approximating Dirac delta with its Lebesgue mass supported

on a small subset of R3. A less stringent terminal uncertainty specification would
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allow ρ1 to have its mass spread over a subset of R3 with larger Lebesgue volume.

If problem (5.13) is feasible, then intuition suggests that a more (resp. less) stringent

ρ1 specification would result in a more (resp. less) “expensive” control u but it is

unclear in what sense. As such, (5.13) is posed as a feasibility problem and even if

it admits a unique solution u (also unclear why), it is not obvious what optimality

guarantee, if any, does that solution usher.

5.4 Lambertian OMT

In this section, we establish that the Lambert’s problem with endpoint joint PDF con-

straints, (5.13), is a generalized variant of the OMT problem introduced in Chapter

1. Recall that generalized OMT was formulated as follows:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn

1

2
∥u∥22 ρ(t,x) dx dt (5.14a)

∂ρ

∂t
+∇x ⋅ (ρu) = 0, (5.14b)

ρ(t0,x) = ρ0, ρ(t1,x) = ρ1. (5.14c)

Thanks to the connection between OMT and SBPs, we can specialize results from

Section 5.2 to provide guarantees about this variant of the OMT.

The connection between (5.13) and (5.14) allows for the rigorous establishment

of the uniqueness of the solution of (5.13). This proof of uniqueness reveals that the

unique velocity field u is indeed optimal in certain minimum effort sense.

5.4.1 Formulation of Lambertian OMT

We start with a known result [146, 147] that exactly transforms Lambert’s Problem

(5.10) to a standard deterministic optimal control problem with state variable x and
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control variable u, given by

arg inf
u

∫
t1

t0
(1
2
∥u∥22 − V (x))dt (5.15a)

ẋ = u, (5.15b)

x(t0) = x0 (given), x(t1) = x1 (given). (5.15c)

Letting (q, q̇) ≡ (x,u), this reformulation can be interpreted as the celebrated

Hamilton’s principle of least action where the objective in (5.15a) is an action in-

tegral ∫
t1
t0
L(q, q̇) dt with Lagrangian L(q, q̇) ∶= T (q̇) − V (q), the kinetic energy

T (q̇) ∶= 1
2⟨q̇, q̇⟩, and the potential energy V (q) given by (5.11). The associated

Hamiltonian H(q, q̇) defined as the Legendre-Fenchel conjugate of the Lagrangian

L, equalsH(q, q̇) = ⟨∂L∂q̇ , q̇⟩−L(q, q̇) = T (q̇)+V (q), the total energy. Consequently,

the equations of motion in Hamilton’s canonical variables (q,p) ∶= (q, ∂L∂q̇ ) = (q, q̇)

becomes

q̇ = ∂H
∂p

, ṗ = −∂H
∂q

,

which is identical to the dynamics ẍ = −∇qV (q) in (5.10), as expected.

Replacing the endpoint constraints in (5.10) with (5.12) is, therefore, equivalent

to modifying the optimal control problem (5.15) by replacing (5.15c) with (5.12). Fur-

thermore, the probabilistic uncertainty in the initial condition x(t0) ∼ ρ0 is ad-

vected by the controlled sample path dynamics (5.15b) resulting in the joint PDF

evolution of the state x(t) governed via the Liouville PDE initial value problem (see

e.g., [14, 148, 149])

∂ρ

∂t
+∇x ⋅ (ρu) = 0, ρ(t = 0, ⋅) = ρ0 (given), (5.16)

where ρ(t,x) denotes the controlled transient joint state PDF for a given control pol-
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icyu(t,x). The Liouville PDE
∂ρ

∂t
+∇x⋅(ρu) = 0 is the continuity equation signifying

the conservation of probability mass over the state space, i.e., ∫R3 ρ(t,x)dx = 1 for all

t ∈ [t0, t1]. The solution of the Liouville PDE is to be understood in weak sense, i.e.,

for all compactly supported smooth test functions ϕ(t,x) ∈ C∞c (R3 × [t0, t1]), the

function ρ(t,x) satisfies ∫
t1
t0 ∫R3 (ρ∂ϕ

∂t + ρ⟨u,∇xϕ⟩)dxdt+ ∫R3 ρ0(x)ϕ(x, t0)dx = 0.

Different feasible control policies u in (5.16) induce different PDF-valued trajec-

tories ρ(t, ⋅) connecting the prescribed endpoint joints ρ0, ρ1 ∈ P2 (R3). Hence, the

objective in (5.15a) should be averaged w.r.t. the controlled transient joint probabil-

ity measure ρ(t,x) dx, and the resulting functional should be minimized over the

pair (ρ,u). We thus arrive at a generalized OMT formulation as follows:

arg inf
(ρ,u)∈P01×V

∫
t1

t0
∫
R3
(1
2
∥u∥22 − V (x))ρ(t,x) dx dt (5.17a)

∂ρ

∂t
+∇x ⋅ (ρu) = 0, (5.17b)

x(t0) ∼ ρ0 (given), x(t1) ∼ ρ1 (given), (5.17c)

henceforth referred to as the Lambertian optimal mass transport (L-OMT).

Notice that in the special case when the endpoint joint PDFs are Dirac deltas at

some given positions x0,x1 ∈ R3, i.e., ρ0(x) = δ(x − x0), ρ1(x) = δ(x − x1), then

problem (5.17) reduces back to (5.15), or equivalently to (5.10).

Note that if potential V ≡ 0, (5.17) would reduce to the classical dynamic OMT

(5.14).

5.4.2 Existance/Uniqueness of L-OMT

We next establish the existence-uniqueness of the solution to (5.17) as follows:

Theorem 5.4. (Existence-uniqueness of solution for L-OMT) Let ρ0, ρ1 ∈ P2 (R3),
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and the gravitational potential V (⋅) ∈ (−∞,0) as in (5.11). Then the minimizing tuple

(ρopt,uopt) for problem (5.17) exists and is unique.

Proof. The “cost-to-go” in (5.17a) is the average of the Lagrangian

L(t,x, ṙ) = 1

2
∥ṙ∥22 − V (x). (5.18)

Since 1
2∥ ⋅∥22 is a strictly convex function, so L is strictly convex in ṙ. We now show

that L is also superlinear in ṙ. Recall that a function is superlinear, or 1-coercive,

in x if

lim
∥x∥2→∞

f(x)
∥x∥2

= +∞.

Thus, to establish that L is superlinear, we notice:

lim
∥ṙ∥2→∞

L

∥ṙ∥2
= lim
∥ṙ∥2→∞

(
1
2∥ṙ∥22 − V (x)
∥ṙ∥2

) = ( lim
∥ṙ∥2→∞

1

2
∥ṙ∥2) + ( lim

∥ṙ∥2→∞

−V (x)
∥ṙ∥2

) .

(5.19)

The first term lim∥ṙ∥2→∞
1
2∥ṙ∥2 = +∞. For the second term in (5.19), V (⋅) ∈ (−∞,0)

implies −V (x) ∈ (0,+∞) and thus lim
∥ṙ∥2→∞

−V (x)
∥ṙ∥2

= +∞. Therefore,

lim
∥ṙ∥2→∞

L

∥ṙ∥2
= +∞.

Being strictly convex and superlinear in ṙ, the L in (5.18) is a weak Tonelli La-

grangian [150, p. 118], [151, Ch. 6.2], which in turn guarantees [151, Thm. 1.4.2]

that the pair (ρopt,uopt) for the generalized OMT problem (5.17) exists and is

unique.

The above proof of Theorem 5.4 above only required thatV has codomain (−∞,0).

Thus, the existence-uniqueness result above applies for all generic bounded and con-

tinuously differentiable gravitational potentials having codomains in the subsets of
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(−∞,0).

To explicitly demonstrate that theV in (5.11) satisfies this requirement, we rewrite

(5.11) as:

V (x) = − µ

∥x∥2
(1 +

J2R2
Earth

2∥x∥22
(1 − 3z2

∥x∥22
)) . (5.20)

Since 0 ≤ z2 ≤ ∥x∥2, we have −2 ≤ 1 − 3z2

∥x∥22
≤ 1. On the other hand, ∥x∥ ≥ REarth,

which yields

J2R2
Earth

2∥x∥22
≤
J2R2

Earth

2R2
Earth

≤ J2
2
< 0.0006.

Hence,

(−2)(0.0006) = −0.0012 <
J2R2

Earth

2∥x∥22
(1 − 3z2

∥x∥22
) ,

which gives

0 < 1 − 0.0012 < (1 +
J2R2

Earth

2∥x∥22
(1 − 3z2

∥x∥22
)) . (5.21)

Combining (5.20) and (5.21) yields V (x) < 0.

5.5 Lambertian SBP

Recognizing (5.13) as a generalized version of OMT naturally leads to a further gen-

eralization to the case when the velocity has additive process noise, i.e., when the

controlled ODE

ẋ = u(t,x)
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is replaced with the Itô stochastic differential equation (SDE) (E.1), repeated for the

reader’s convenience as:

dx = u(t,x) dt +
√
2ε dw(t),

where the strength of the process noise ε > 0 is not necessarily small. The process

noise in (E.1) may result from noisy actuation in velocity command or from stochastic

disturbance in atmospheric drag, solar radiation pressure etc, and hence of practical

interest. Accounting for this process noise generalizes the L-OMT (5.17) as

arg inf
(ρ,u)∈P01×V

∫
t1

t0
∫
R3
(1
2
∥u∥22 − V (x))ρ(t,x) dx dt (5.22a)

∂ρ

∂t
+∇x ⋅ (ρu) = ε∆xρ, (5.22b)

x(t0) ∼ ρ0 (given), x(t1) ∼ ρ1 (given), (5.22c)

which is the special case of the SBP with additive state cost, (5.1), explored in Chapter

3, in which q(x) ∶= −V (x). This problem is henceforth referred to as Lambertian

SBP, or L-SBP. The existence and uniqueness of the solution to (5.22) follows directly

from Theorem 5.1 presented above.

Crucially, reformulating the Lambert’s problem as L-SBP also allows the Lam-

bert’s problem to be solved using the fixed point recursion algorithm typically em-

ployed for SBPs.
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5.6 Integral Representation for the Schrödinger

Factors

In this section, we next express (5.7a) (and, by change of variables, (5.7b)) in Fredholm

integral form. In the absence of a known Markov kernel k, these integral represen-

tations can be used to solve SBPs with additive state cost.

Theorem 5.5. For t ∈ [t0,∞), the reaction-diffusion PDE IVP

∂u

∂t
= a∆xu + q(x)u, x ∈ Rn, u(t0,x) = u0(x) given, (5.23)

where the constant a > 0 and the function q(x) is sufficiently smooth a.e., has solution

u(t,x) = 1√
(4πat)n ∫Rn

exp(−∥x − y∥
2
2

4at
)u0(y)dy

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
term 1

+ ∫
t

t0

1√
(4πa(t − τ))n ∫Rn

exp(− ∥x − y∥
2
2

4a(t − τ)) q(y)u(τ,y) dy dτ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
term 2

. (5.24)

The right-hand-side of (5.24) is a sum of two terms: term 1 is the solution of the

heat PDE IVP accounting for the initial condition u0(⋅); term 2 captures the effect of

the reaction rate q(⋅).

Before giving the proof of Theorem 5.5, we summarize a few key results regarding

Fourier transforms. To do so, let i ∶=
√
−1. We use the non-unitary angular frequency

version of Fourier transform

f̂(ω) ∶= ∫
Rn
f(x) exp (−i⟨ω,x⟩)dx, (5.25)

and the corresponding inverse Fourier transform

f(x) ∶= 1

(2π)n ∫Rn
f̂(ω) exp (+i⟨ω,x⟩)dω. (5.26)
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Symbolically write f̂(ω) = F [f(x)], f(x) = F−1 [f̂(ω)]. For a suitably smooth

function f(x) on Rn, the following holds (derivations of in the appendix).

• The Fourier transform of Laplacian on Rn:

F [∆xf] = −∥ω∥22 f̂(ω). (5.27)

• Convolution:

F [(f ∗ g) (x)] = f̂(ω)ĝ(ω),F [f(x)g(x)] = 1

(2π)n (f̂ ∗ ĝ) (ω). (5.28)

• Inverse Fourier transform of exp-neg-square:

F−1 [exp (−a∥ω∥22t)] =
exp (− ∥x∥

2
2

4at )√
(4πat)n

. (5.29)

With these results, we proceed with the proof of Theorem 5.5.

Proof. We denote the Fourier transform of u(x, t) w.r.t. x as û(t,ω) for all t ∈

[t0,∞), and the Laplace transform of û(t,ω)w.r.t. t as Û(s,ω). Taking the Fourier

transform to both sides of (5.23), we obtain

d

dt
F [u(x, t)] = aF [∆u] + F [q(x)u]

⇒ d

dt
û(t,ω) = −a∥ω∥22 û(t,ω) +

1

(2π)n (q̂(ω) ∗ û(t,ω)) , (5.30)

where we use the above definitions of the Fourier transform of the Laplacian and

convolution. Taking the Laplace transform to both sides of (5.30), yields

sÛ(s,ω) − û0(ω) = −a∥ω∥22 Û(s,ω) +
1

(2π)n ∫Rn
q̂(ω − η)Û(s,η) dη

⇒ Û(s,ω) = û0(ω)
s + a∥ω∥22

+ 1

(2π)n ∫Rn
q̂(ω − η) Û(s,η)

s + a∥ω∥22
dη. (5.31)
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Inverse Laplace transform of (5.31) yields

û(t,ω) = û0(ω) exp (−a∥ω∥22t) +
1

(2π)n ∫Rn
q̂(ω − η) L−1 [ Û(s,η)

s + a∥ω∥22
] dη

= û0(ω) exp (−a∥ω∥22t)

+ 1

(2π)n ∫Rn
q̂(ω − η) (∫

t

0
û(τ,η) exp (−a∥ω∥22(t − τ))dτ)dη,

where the last line used the convolution property for the Laplace transform, namely

L−1 [F (s)G(s)] = (f ∗ g) (t).

We next change the order of integration (using Fubini-Tonelli Theorem) for the

space-time integral above, then apply the inverse Fourier transform to both sides,

and use (5.28) to arrive at

u(x, t) = (u0 ∗ F−1 [exp (−a∥ω∥22t)]) (x)

+ 1

(2π)n ∫
t

t0
(F−1 [exp (−a∥ω∥22(t − τ))]

∗F−1 [(∫
Rn
q̂(ω − η)û(τ,η)dη)]) (x) dτ. (5.32)

Using the definition of convolution again, we notice that

F−1 [(∫Rn q̂(ω − η)û(τ,η)dη)] = (2π)n q(x)u(τ,x), which together with

(5.29), simplifies (5.32) to (5.24).

The solution for a generalized SBP with additive (positive, bounded above) state

cost can thus be determined via a numerical approach employing (5.24).

116



Generalized SBP with State Cost/Solving Lambertian SBP with Generic
Gravitational Potential 5.7

5.7 Solving Lambertian SBP with Generic Gravita-

tional Potential

Generalizing the algorithm presented in Chapter 1, note that a SBP with additive

state cost may be solved as follows:

Step 1. Make an initial guess for φ̂ε,0 that is everywhere positive.

Step 2. Use the φ̂ε,0 from Step 1 to integrate (5.7a) from t0 to t1, to determine

φ̂ε(t1,x).

Step 3. Set φε,1 = ρ1(x)/φ̂ε(t1,x) by enforcing (5.8) at t1.

Step 4. Use the φε,1 from Step 3 to integrate (5.7b) from t1 to t0 to determine

φε(t0,x).

Step 5. Redefine φ̂ε,0 = ρ0/φε(t0,x) by enforcing (5.8) at t0.

Step 6. Repeat Steps 2-5 until the pair (φ̂ε,0(x), φε,1(x)) has converged up to a

desired numerical tolerance.

Step 7. With the converged endpoint factors φ̂ε,0(x), φε,1(x) from Step 6, com-

pute the transient factors φ̂ε(t,x), φε(t,x) at desired t ∈ [t0, t1] using the IVP solver

for (5.7a) and (5.7b).

Step 8. Use (5.9) to return the optimal solution (ρopt
ε ,uopt) for the SBP with

additive state cost.

To specialize this algorithm for the L-SBP requires only the substitution q(x) ∶=

−V (x) in (5.7a) and (5.7b).

In the case of linear SBPs, the relevant Markov kernel kL (4.8) in the Schrödinger

system (1.20) is explicitly defined, and we thus presume the availability of an IVP
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solver throughout Chapter 2. In contrast, here, we present an integral formulation

(5.24) to allow for forward and backward integration needed for Steps 2 and 4.

We can leverage this reformulation (5.22) to specialize (5.24) for the test case of

Lambert’s Problem, with n = 3, resulting in an IVP involving (5.7a). Specifically, we

find the following integral representation formula

φ̂ε(t,x) =
1√
(4πεt)3 ∫R3

exp(−∥x − x̃∥
2
2

4εt
) φ̂ε,0(x̃) dx̃ (5.33)

− ∫
t

t0

1

2ε
√
(4πε(t − τ))3 ∫R3

exp(− ∥x − x̃∥
2
2

4ε(t − τ))V (x̃)φ̂ε(τ, x̃) dx̃ dτ,

which can be employed in Step 2 of the proposed algorithm.

Additionally, consider a change of time variable t ↦ t̄ ∶= t0 + t1 − t. When the

physical time t ∈ [t1, t0] flows backward, then the transformed time t̄ ∈ [t0, t1] flows

forward. This allows the IVP involving (5.7b) to be rewritten for L-SBP as

∂φ̄ε

∂t̄
(t̄,x) = (ε∆x −

1

2ε
V (x)) φ̄ε(t̄,x), φ̄ε (t̄ = t0,x) = φε,1. (5.34)

From the solution of (5.34), we recover φε(t,x) = φ̄ε(t0+t1−t,x). Since this change

of variable produced a PDE (5.34) identical in form to the one that resulted in (5.24),

Step 4 is also calculated via (5.24).

5.7.1 Left Riemann Sum Approximation

For the numerical implementation of (5.24), we approximate the second summand

the right-hand-side of (5.33) via left Riemann sum. Recall that the first summand in

the right-hand-side of (5.33) is the well-known solution of the heat equation, denoted

as φ̂heat(t,x), which can be implemented by direct matrix-vector multiplication over

a computational domain.

In particular, we uniformly discretize a hyper-rectangular computational domain
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[xmin, xmax]×[ymin, ymax]×[zmin, zmax]×[t0, t1] ⊂ R3×[t0, t1]. Along the space-time

dimensions, we use constant step sizes ∆x,∆y,∆z, ∆t for Nx, Ny, Nz , Nt steps,

respectively.

I assign φ̂ε(t,x) ← φ̂ε,0 for t ∈ [t0, t0 +∆t), and approximate the second term of

(5.33), φ̂left(t0 +∆t,x), as

1

2ε
√
(4πε(∆t))3

Nx

∑
m=0

(
Ny

∑
n=0

(
Nz

∑
j=0

exp(−
∥x − x̃(m,n,j)∥2

4ε∆t
)V (x̃(m,n,j))φ̂ε,0(x̃(m,n,j))))

×∆x∆y∆z∆t, (5.35)

where x̃(m,n,j) ∶= [xmin +m∆x, ymin + n∆y, zmin + j∆z]⊺ and the tuple (m,n, j) ∈

{0,1,⋯,Nx} × {0,1,⋯,Ny} × {0,1,⋯,Nz}. I thus get

φ̂ε(t0 +∆t,x) ≈ φ̂ε,approx(t0 +∆t,x)

= φ̂heat(t0 +∆t,x) + φ̂left(t0 +∆t,x).

For k ∈ {1,⋯,Nt}, we construct a recursive formula for φ̂ε,approx(t0 + k∆t,x) using

φ̂ε,approx(t0 + q∆t,x) ∀{q ∈ N∪{0} ∣ q < k}. We approximate φ̂ε(t,x) ≈ φ̂ε,approx(t0 +

q∆t,x) for t ∈ [t0 + q∆t, t0 + (q + 1)∆t). To evaluate the second term of (5.33), we

integrate over each interval [t0 + q∆t, t0 + (q + 1)∆t) using triple summation, as in

the calculation of φ̂left(t0 +∆t,x). This yields a recursive formula

φ̂left(t0 + k∆t,x)

=
k−1

∑
q=0

⎛
⎝

1

2ε
√
(4πε(k − q)∆t)3

Nx

∑
m=0

(
Ny

∑
n=0

(
Nz

∑
j=0

exp(−
∥x − x̃(m,n,j)∥2
4ε(k − q)∆t )

V (x̃(m,n,j))φ̂ε,approx(t0 + q∆t, x̃(m,n,j)))))∆x∆y∆z∆t. (5.36)

Notice that specializing (5.36) for k = 1 recovers (5.35), as expected.
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As earlier, we set

φ̂ε,approx(t0 + k∆t,x) = φ̂heat(t = t0 + k∆t,x) + φ̂left(t0 + k∆t,x).

Applying this result, we complete Step 2 of our algorithm using

φ̂ε(t1,x) ≈ φ̂ε,approx(t1,x) = φ̂heat(t1,x) + φ̂left(t1,x).

Likewise, Step 4 of our algorithm is completed via this left Riemann sum approxi-

mation in conjunction with the change of variable t̄ = t0 + t1 − t.

Remark 5.1. An alternative way to numerically solve the IVPs associated with (5.7)

is to use the Feynman-Kac path integral [24, Ch. 8.2], [152], [153, Ch. 3.3], which

was recently used to solve a class of SBPs [154]. Note that this also requires a function

approximation oracle.

I note that a convergent solution for the Schrödinger factor recursion determines

these factors in a projectivized unique sense, i.e., the recursion finds

(cφ̂ε,0(x), 1cφε,1(x)), and thus (cφ̂ε(t,x), 1cφε(t,x)) for t ∈ [t0, t1], up to an arbi-

trary constant c > 0. The product of these factors is the optimally controlled joint

PDF ρopt(t,x), which is unique in the usual sense.

5.8 Numerical Simulation

I illustrate our proposed algorithm for solving the L-SBP in a low Earth orbit (LEO)

transfer case study as in [147] and [155]. Specifically, we consider stochastic transfer

of a spacecraft from initial mean position [5000,10000,2100]⊺ km to a final mean

position [−14600,2500,7000]⊺ km in ECI coordinates for a fixed flight time horizon

[t0, t1] = [0,1 hour].
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For numerical conditioning, we re-scale the variables as x′ ∶= x/R, t′ ∶= t/T ,

where the normalization constants R = 6600 km and T = 5399 s. In these re-scaled

coordinates, the potential (5.11) becomes

V (x′) = − µnewR

T ∥x′∥2
−
µnewJ2R2

Earth

2RT ∥x′∥32
(1 − 3R2(z′)2

R2∥x′∥22
) (5.37)

= − µnewR

T ∥x′∥2
(1 +

J2R2
Earth

2R∥x′∥22
)(1 − 3(z′)2

∥x′∥22
) , (5.38)

µnew ∶=
µT

R2
km/s. (5.39)

To ensure that all controlled state sample paths stay above the surface of Earth,

we add an regularizer to the potential V , and write the regularized version of (5.39)

as

V reg(x′) = −
µnewR

T ∥x′∥2
(1 +

J2R2
Earth

2R∥x′∥22
)(1 − 3(z′)2

∥x′∥22
) + γ (∥x′∥22 −

(REarth + c)2
R2

) ,

(5.40)

where the constant buffer c is chosen in our simulation such that REarth + c = 6560

Km, and γ > 0 is the regularization weight.

Using the pushforward of probability measures, the initial and final PDFs in the

new coordinates become

ρ′0(x′) = R3ρ0(Rx′), ρ′1(x′) = R3ρ1(Rx′). (5.41)

Letting ϕ̂(t′,x′) ∶= φ̂ε(t,x), and noting that ∂φ̂ε

∂t (t,x) = 1
T

∂ϕ̂
∂t′ (t′,x′), ∆xφ̂ε(t,x) =

1
R2∆x′ϕ̂(t′,x′), I rewrite (5.7a) as

∂ϕ̂

∂t′
(t′,x′) = (εT

R2
∆x′ +

T

2ε
V reg(x′)) ϕ̂(t′,x′), (5.42)

and apply the left Riemann sum approach to solve the corresponding PDE IVP. Like-

wise, we apply a change of variable ϕ(t′,x′) ∶= φε(t,x) to (5.7b).
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I choose ρ0 = N(µ0,Σ0) and ρ1 = N(µ1,Σ1)withµ0 = [5000,10000,2100]⊺,µ1 =

[−14600,2500,7000]⊺ as in [147, 155], Σ0 = diag (µ2
0) /100,Σ1 = diag (µ2

1) /100,

where the vector exponentiation is element-wise. Using (5.41), we implement the

proposed algorithm in the re-scaled coordinates (t′,x′). Note that while we use

ρ0, ρ1 as Gaussians for this specific simulation, our method applies for any non-

Gaussian PDFs with finite second moments.

I consider the spatial grid [−30000
R , 10000R

] × [−5000
R , 25000R

] × [−5000
R , 25000R

] and set

Nx = Ny = Nz = 12, Nt = 50, ε = 15000, γ = 7.5. We perform the Schrödinger factor

recursion (Step 6 in our algorithm) for 7 iterations which we found sufficient for

convergence. The optimally controlled joint ρ′opt(t′,x′), computed from Step 8, is

then transformed back to

ρopt(t,x) =
1

R3
ρ′ (t′,x′) = 1

R3
ρ′ (t/T,x/R) .

Likewise, we obtain the optimal control

uopt(t,x) = 2ε∇x logφ(t,x) =
2ε

R
∇x′ logϕ(t′,x′).

We evaluate (ρopt,uopt) on a grid of size 100 × 100 × 100 ×Nt which is denser than

the original grid of size Nx ×Ny ×Nz ×Nt.

To evaluate the effectiveness of our proposed solution, we perform a closed loop

simulation using the computed optimal policy uopt(t,x). We draw 50 samples from

the known ρ0, and use the Euler-Maruyama scheme to propagate these samples for-

ward in time from t0 = 0 s to t1 = 3600 s, using the closed loop Itô SDE (E.1). As the

values ofuopt(t,x) are known only on the 100×100×100×Nt grid, we use the nearest

neighbor approximation to query uopt at a out-of-grid sample during SDE integra-

tion. The 50 optimally controlled closed-loop state sample paths thus computed, are
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Figure 5.1: Optimally controlled closed loop state sample paths for the numerical
simulation.

shown in Figure 5.1, demonstrating the transfer of the controlled stochastic state

from ρ0 to ρ1.

Figure 5.2 shows the corresponding sample paths of the optimal controls.

In Figure 5.3, the filled circles depict the evolution (red initial and blue final) of

the means of the aforesaid 50 optimally controlled sample path ensemble in R3. The

translucent ellipsoids therein display one standard deviations around the means. We

include the ECI coordinate in Figure 5.3 for reference, and to emphasize that our

regularizer in (5.40) successfully keeps the optimally controlled sample paths above

the Earth’s surface.
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Figure 5.2: Sample paths for the components ux, uy, uz of the optimal control for the
numerical simulation.

Figure 5.4 plots five snapshots for the univariate x, y, z position marginals com-

puted from the optimally controlled joint PDF ρopt(t,x). This again highlights suc-

cessful transfer of the stochastic state from given ρ0 to given ρ1 over the given flight

time horizon [t0, t1]. From Figure 5.4, we also note that the optimally controlled

marginals (and thus the joint PDFs) at the intermediate times are non-Gaussians

even though the endpoints ρ0, ρ1 are Gaussians in this simulation case study.

Our numerical simulation demonstrates that the SBP with additive state cost, not

necessarily quadratic, can be solved using the updated algorithm introduced in this

chapter. Moreover, as the case study is adapted from a practical problem of interest
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in the aerospace community, we simultaneously demonstrate the widespread appeal

of solutions to generalizations of the SBP.
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Figure 5.3: The filled circles show the mean position snapshots for the 50 optimally
controlled sample paths in R3. The translucent ellipsoids denote one standard devi-
ation around each mean position.
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Figure 5.4: Univariate x, y, z marginals for the optimally controlled joint ρopt(t,x)
at t = 0,0.25,0.50,0.75,1 hours.

127



6 | Future Directions and Summary

6.1 Overview

In this concluding chapter, I start by pointing out a new connection between the

control-affine SBP and a two point boundary value problem for the quantum-mechanical

Schrödinger PDE. These developments reveal new vistas to explore in future work

following the original motivation behind Schrödinger’s 1931-32 papers, namely new

points of contacts between quantum mechanics and non-equilibrium statistical physics.

Our original results in Chapter 6.2 give credence to the fact that much remains to be

done along this direction.

In Chapter 6.3, I conclude by summarizing the technical contributions made in

this dissertation.

6.2 Connection to the Schrödinger PDE

In 1931-32, Erwin Schrödinger posed [121,122] the question: What is the most likely

probability density-valued continuous curve connecting two given probability den-

sity functions when the prior dynamics is Brownian motion? The diffusion pro-

cess generating this curve is now known as the Schrödinger bridge, and has found

widespread applications in stochastic control [17,20,21,30,34,77], generative AI [29,

70,156–158], and throughout this dissertation. In its original incarnation, the SBP is

a stochastic calculus of variations problem most naturally described through theory

of large deviations [159], specifically by conditional Sanov’s theorem [39, 140, 160].

That the Schrödinger bridge admits stochastic optimal control reformulation, was

understood only in the late 20th century [161–164].
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This section is similar in spirit to Schrödinger’s original motivation: to find points

of contact between quantum mechanics and non-equilibrium statistical mechanics.

In particular, we focus again on the control-affine SBP discussed in Section of Chap-

ter 1. Recall that the formulation of the control-affine SBP is as follows:

arg inf
(ρ,u)∈P01×U

∫
t1

t0
∫
Rn
(q (t,x) + 1

2
∥u∥22) dx dt (6.1a)

∂ρ

∂t
+∇x ⋅ (ρ (A (t,x) +B (t,x)u)) =∆Σ(t,x,u) ρ, (6.1b)

ρ(t = t0,x) = ρ0, ρ(t = t1,x) = ρ1. (6.1c)

Recall that ρ is the probability density function for the stochastic state x(t) ∈ Rn

that follows the control-affine Itô stochastic differential equation:

dxu
t = (A (t,x) +B (t,x)u)dt +σ(t,x)dw, (6.2)

and the diffusion tensor Σ ∶= σσ⊺ ⪰ 0. In (6.2), the w ∈ Rp is standard Brownian

motion, and the control u ∈ U ∶= {v ∶ [t0, t1] ×Rn ↦ Rm ∣ ∥v∥22 < ∞}, the collection

of Markovian finite energy inputs. Note also that the composition ∇x ○∇x = Hessx,

the Hessian and the inner product ⟨∇x,∇x⟩ =∆x, the standard Laplacian.

The given data for problem (6.1) are: the time horizon [t0, t1], the endpoint state

PDFs ρ0, ρ1 having finite second moments, the bounded measurable state cost q(⋅),

and the A,B,σ in (6.2) satisfying the standard assumptions:

A1. ∃c1, c2 > 0 such that ∀x,y ∈ Rn, ∀t ∈ [t0, t1],

∥A(t,x)∥2 + ∥σ (t,x) ∥2 ≤ c1 (1 + ∥x∥2) ,

∥A(t,x) −A(t,y)∥2 ≤ c2∥x − y∥2.
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A2. ∃c3 > 0 such that ∀x ∈ Rn, ∀t ∈ [t0, t1],

⟨x,Σ(t,x)x⟩ ≥ c3∥x∥22.

From a control-theoretic perspective, the control-affine SBP is of more interest

than the classical SBP. This is because for control systems of practical interest, the

unforced dynamics often have nontrivial prior drift A and diffusion coefficient σ, as

opposed to standard Brownian motion. Also, practical control systems have limited

control authority encoded by the input coefficient B. Therefore, a better under-

standing of (6.1) is needed.

Again let S ∈ C1,2 ([t0, t1];Rn) be the dual variable (value function) associated

with the variational problem (6.1). Standard computation, as discussed throughout

this dissertation, shows that the primal-dual pair (ρopt, S) for problem (6.1) solves

the following system of coupled nonlinear PDEs:

(primal PDE) ∂tρopt +∇x ⋅ (ρopt (A +BB⊺∇xS))

= 1

2
∆Σ ρopt, (6.3a)

(dual PDE)
∂S

∂t
+ ⟨∇xS,A⟩ +

1

2
⟨∇xS,BB⊺∇xS⟩

+ 1

2
⟨Σ,HessxS⟩ = q, (6.3b)

(boundary conditions) ρopt (t0,x) = ρ0(x), ρopt (t1,x) = ρ1(x). (6.3c)

The optimal control is

uopt =B⊺∇xS. (6.4)

Notice that (6.3a) is a controlled Fokker-Planck-Kolmogorov PDE in primal variable

ρopt while (6.3b) is a Hamilton-Jacobi-Bellman (HJB) PDE in dual variable S.

Earlier chapters followed the standard approach of applying the Hopf-Cole trans-
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form to transform the system (6.3) into a form that is amenable for the contractive

fixed point recursions, thus facilitating a numerical solution for (6.3).

Applying a different transform on (6.3) instead transcribes it to a quantum me-

chanical Schrödinger PDE boundary value problem (BVP) in unknown wave func-

tion. Let i ∶=
√
−1, the superscript † denote the complex conjugate, and

R ∶= 1

2
log ρopt. (6.5)

For fixed λ > 0, apply the Madelung transform (ρopt, S) ↦ (ψ,ψ†), or equivalently

(R,S) ↦ (ψ,ψ†) [165, Sec. 7], given by

ψ ∶= exp(R + i

λ
S) , (6.6a)

ψ† ∶= exp(R − i

λ
S) . (6.6b)

We refer to ψ as the wave function, and ψ† as the conjugate wave function. Note that

(6.5)-(6.6) imply Born’s relation [166]:

ρopt(t,x) = ψ(t,x)ψ†(t,x) ∀t ∈ [t0, t1], (6.7)

giving a factorization of ρopt. Because of complex conjugacy, it suffices to derive a

single PDE BVP for the transformed variable ψ(t,x), unlike the case for the Hopf-

Cole transform.

At the level of generality of the control-affine SBP (6.1), it is not immediately

clear whether the transformed PDE BVP can be related to the quantum mechani-

cal Schrödinger PDE. Even if this is possible, it is unclear what the corresponding

quantum potential’s structure would be.

In the remainder of this chapter, I present our results, as in [78], on transcribing

the optimality conditions for the control-affine SBP (6.1), namely (6.3)-(6.4), into a

system of equations involving ψ. We specialize these results for the classical SBP,
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resulting in a Schrödinger PDE. Connections to Bohm’s interpretation of quantum

mechanics emerge as a consequence of these calculations.

The connections between the Schrödinger bridge and the Schrödinger PDE in

quantum mechanics were explored by Nagasawa [165, Sec. 7], where a Schrödinger

process was derived from the Schrödinger PDE. Similar connections were pursued

by Guerra and Morato [41].

Also starting from the Schrödinger PDE, Ohsumi derived [167] a stochastic con-

trol problem in the spirit of inverse optimal control. However, the resulting formu-

lation is not a Schrödinger bridge.

More broadly, several works [75, 168–170] have discussed connections between

non-quantum stochastic control and quantum mechanics.

In contrast to the existing works, our developments start from the control-affine

SBP–a concrete stochastic optimal control problem–and from there, derive suitable

versions of the Schrödinger PDE.

As a point of clarity: Our results concern transforming the non-quantum Schrödinger

bridge (as in classical Markov diffusion process) to the Schrödinger PDE. We do not

study the quantum Schrödinger bridge [171, 172].

6.2.1 Dynamics of the Wave Function for the Control Affine

SBP

We start with the following Lemma.

Lemma 6.1 (Weighted Laplacian of R). For R defined as in (6.5), we have

1

4ρopt
∆Σρopt =

1

2
∆ΣR + (∇xR)⊺Σ∇xR + (

1

4
− 1

2
R) ⟨Hessx,Σ⟩. (6.8)

See Appendix F.1 for a proof of Lemma 6.8.

132



Future Directions and Summary/Connection to the Schrödinger PDE 6.2

Using Lemma 6.1, we prove that the transformed PDE BVP is in the form

iλ
∂ψ

∂t
= −λ

2

2
∆Σψ + Vthe control-affine SBPψ, (6.9a)

ψ(t0,x)ψ†(t0,x) = ρ0, ψ(t1,x)ψ†(t1,x) = ρ1, (6.9b)

where the quantum potential Vthe control-affine SBP is complex.

Theorem 6.1. Let ψ be as in (6.6a). Then (6.3) is equivalent to (6.9) with complex

potential Vthe control-affine SBP having real (R) and imaginary (I) parts

R (Vthe control-affine SBP) =
λ2

2
⟨Hessx,Σ⟩ +

λ2

2
⟨Σ,HessxR⟩ + ⟨∇xS,A⟩

+ λ
2

2
∥∇xR∥2Σ −

1

2
∥∇xS∥2Σ + λ2⟨∇x ⋅Σ,∇xR⟩

+ 1
2
⟨∇xS,BB⊺∇xS⟩+

1

2
⟨Σ,HessxS⟩− q, (6.10)

I (Vthe control-affine SBP) =λ{
1

2
⟨Σ,HessxS⟩ + (∇xR)⊺Σ (∇xS) + ⟨∇x ⋅Σ,∇xS⟩

− ⟨∇xR,A +BB⊺∇xS⟩ −
1

2
∇x ⋅ (A +BB⊺∇xS)

+ 1

2
∆ΣR + (∇xR)⊺Σ∇xR + (

1

4
− 1

2
R) ⟨Hessx,Σ⟩}, (6.11)

where the squared weighted norm ∥ ⋅ ∥2Σ ∶= (⋅)
⊺
Σ(⋅).

For a proof of Theorem 6.1, see Appendix F.2.

Note that as a first step of deriving a PDE for ψ in Appendix F.2, we combine

Lemma 6.1 with the primal-dual PDEs (6.3a)-(6.3b), to obtain

1

ψ

∂ψ

∂t
=∂R
∂t
+ i

λ

∂S

∂t

= 1

2ρopt
(−∇x ⋅ (ρopt (A +BB⊺∇xS)) +

1

2
∆xρopt)

+ i

λ
(−⟨∇xS,A⟩ −

1

2
⟨∇xS,BB⊺∇xS⟩ −

1

2
⟨Σ,HessxS⟩ + q)

= − ⟨∇xR,A +BB⊺∇xS⟩ −
1

2
∇x ⋅ (A +BB⊺∇xS)
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+ 1

2
∆ΣR + (∇xR)⊺Σ∇xR + (

1

4
− 1

2
R) ⟨Hessx,Σ⟩

+ i

λ
(−⟨∇xS,A⟩ −

1

2
⟨∇xS,BB⊺∇xS⟩ −

1

2
⟨Σ,HessxS⟩ + q) . (6.12)

This first step is worthy of note outside of the proof in Appendix F.2, because it

follows from (6.12) that the dynamics of R is given by

∂R

∂t
= − ⟨∇xR,A +BB⊺∇xS⟩ −

1

2
∇x ⋅ (A +BB⊺∇xS)

+ 1

2
∆ΣR + ∥∇xR∥2Σ + (

1

4
− 1

2
R) ⟨Hessx,Σ⟩. (6.13)

Using the solution of the BVP (6.9), one can use (6.7) to compute the optimally

controlled joint PDF at any t ∈ [t0, t1]. Combining (6.4) and (6.6), the optimal control

uopt = −
iλ

2
B⊺∇x log

ψ

ψ†
(t,x)

, which is a real function of (t,x) since ∇xS is real.

6.2.2 The Case Σ = λBB⊺

A special case that arises in practice is when the control and the noise coefficients

are proportional, i.e., Σ ∝ BB⊺. This case occurs when the process noise mod-

els imperfect actuation, or when the noise enters through input (e.g., force, torque,

current) channels.

Notice that in Sec. 6.2.1, the λ > 0 was an arbitrary constant. By interpreting λ as

the proportionality constant in Σ = λBB⊺, the expressions (6.10)-(6.11) specialize

to

R (V λ
the control-affine SBP) =

λ2

2
⟨Hessx,Σ⟩ +

λ2

2
⟨Σ,HessxR⟩

+ λ
2

2
∥∇xR∥2Σ + λ2⟨∇x ⋅Σ,∇xR⟩ + ⟨∇xS,A⟩
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+ ( 1

2λ
− 1

2
) ∥∇xS∥2Σ +

1

2
⟨Σ,HessxS⟩ − q, (6.14)

I (V λ
the control-affine SBP) =

λ − 1
2
⟨Σ,HessxS⟩ + (λ − 1) ⟨∇xR,Σ∇xS⟩

+ (λ − 1

2
) ⟨∇x ⋅Σ,∇xS⟩ − λ⟨∇xR,A⟩ −

λ

2
∇x ⋅A

+ λ
2
∆ΣR + λ∥∇xR∥2Σ + (

λ

4
− λ
2
R) ⟨Hessx,Σ⟩, (6.15)

where the superscript λ in V λ
the control-affine SBP indicates the proportionality constant.

A further special case of interest is λ = 1, i.e., when the input and noise channels

are the same [20, 21]. Then, three terms drop from (6.14)-(6.15), giving

R (V 1
the control-affine SBP) =

1

2
⟨Hessx,Σ⟩ +

1

2
⟨Σ,HessxR⟩ +

1

2
∥∇xR∥2Σ

+ ⟨∇x ⋅Σ,∇xR⟩ + ⟨∇xS,A⟩ +
1

2
⟨Σ,HessxS⟩ − q, (6.16)

I (V 1
the control-affine SBP) =

1

2
⟨∇x ⋅Σ,∇xS⟩ − ⟨∇xR,A⟩ −

1

2
∇x ⋅A

+ 1

2
∆ΣR + ∥∇xR∥2Σ + (

1

4
− 1

2
R) ⟨Hessx,Σ⟩, (6.17)

wherein the superscript 1 in V 1
the control-affine SBP indicates λ = 1.

We further specialize (6.16)-(6.17) for the classical SBP, and derive a PDE in the

form of the more familiar Schrödinger PDE:

i
∂ψ

∂t
= −1

2
∆xψ + Vthe classical SBψ, (6.18)

(6.18). We then explain how the resulting Vthe classical SB generalizes the Bohm poten-

tial.
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6.2.3 Reduction to Standard Schrödinger PDE

Recall that the classical SBP corresponds to the following special case of (6.1): q ≡ 0,

A ≡ 0, B ≡ σ ≡ I . These choices specialize (6.16)-(6.17) to

R (Vthe classical SB) =
1

2
∆xR +

1

2
∥∇xR∥22 +

1

2
∆xS, (6.19)

I (Vthe classical SB) =
1

2
∆xR + ∥∇xR∥22. (6.20)

Since ∆I ≡ ∆x (the standard Laplacian), for the potential Vthe classical SB given by

(6.19)-(6.20), the PDE (6.9a) reduces to (6.18), which is the more familiar form of

the quantum mechanical Schrödinger PDE. The boundary conditions (6.9b) remain

unchanged.

In the case of the classical SBP, the PDEs for R,S, given by (6.13) and (6.3b)

respectively, specialize to

∂R

∂t
= −⟨∇xR,∇xS⟩ −

1

2
∆xS + I (Vthe classical SB) , (6.21a)

∂S

∂t
= −1

2
∥∇xS∥22 −

1

2
∆xS. (6.21b)

6.2.4 Connections with Bohm

We now discuss the connections between (6.21) and the Bohm’s interpretation of

quantum mechanics. For a particle of mass m > 0, Bohm’s interpretation [173, 174]

of the Schrödinger PDE

ih̷
∂ψ

∂t
= − h̷

2

2m
∆xψ + V ψ, (6.22)

where h̷ > 0 is the reduced Planck’s constant and V is a suitable potential, is “analo-

gous to (but not identical with) classical equations of motion" [173]. Similar to (6.6),
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Bohm considers

ψ = RB exp(iSB/h̷), (6.23)

where the subscript B indicates Bohm, and writes the PDEs [173, eq. (3)-(4)]

∂RB

∂t
= − 1

2m
RB∆xSB −

1

m
⟨∇xRB,∇xSB⟩, (6.24a)

∂SB

∂t
= −∥∇xSB∥22

2m
− V + h̵2

2m

∆xRB

RB

. (6.24b)

Comparing (6.23) with (6.6), R = logRB, and we can rewrite (6.24) as

∂R

∂t
= − 1

2m
∆xSB −

1

m
⟨∇xR,∇xSB⟩, (6.25a)

∂SB

∂t
= −∥∇xSB∥22

2m
− V + h̵2

2m
∆xR. (6.25b)

Bohm interprets the term h̵2

2m∆xR in the HJB PDE (6.25b) as the negative of a “quan-

tum potential"1 that acts in addition to the “classical potential" V . This allows us to

view (6.25b) as the deterministic HJB PDE for a particle whose motion is governed by

the sum of these two potentials, akin to classical mechanics. Bohm’s parenthetical

remark that the potential is not identical to the classical case refers to the nonlocal

nature of this interpretation, i.e., the potential itself depends on R, and thus on the

joint state PDF.

To seek connections among our (6.21) and Bohm’s (6.25), we identify the value

function SB with S, the potential V with VSB, and consider normalizations h̷ = 1,

m = 1.

We notice that if I (Vthe classical SB) = 0, then (6.21a) matches with (6.25a).

To relate (6.21b) with (6.25b), notice that the aforementioned identifications allow

1which later came to be known as the Bohm potential [175].
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us to rewrite (6.25b) as

∂S

∂t
= −1

2
∥∇xS∥22 −

1

2
∆xS −

1

2
∥∇xR∥22 − iI (Vthe classical SB) .

In particular, if I (Vthe classical SB) = 0, then (6.25b) becomes

∂S

∂t
= −1

2
∥∇xS∥2 −

1

2
∆xS +

1

4
∆xR, (6.26)

which is indeed (6.21b) except for the extra term 1
4∆xR, that is a scaled “quantum

mechanical" or Bohm potential.

We have thus shown that if the potential Vthe classical SB were real (i.e., elastic scat-

tering), then the “complexified"2 Schrödinger bridge admits a Bohmian interpreta-

tion. This is expected because Bohm’s interpretation in [173] tacitly considers the V

in (6.25b) to be real.

Our results show that transforming the conditions of optimality for the clas-

sical SBP to the Schrödinger PDE (6.18) is possible only if we allow the potential

Vthe classical SB to be complex, i.e., both the real and the imaginary parts (6.19)-(6.20)

are nonzero. In this sense, Vthe classical SB can be seen as a generalized Bohm potential.

To the best of our knowledge, the fact that a one-to-one correspondence exists be-

tween the classical SBP and the Schrödinger PDE with a complex potential has not

been described before.

Remark 6.1. The use of a complex potential in Schrödinger PDE is common in nuclear

physics [176,177], where it is called the optical potential [178–180]. Here “optical" refers

to an analogous situation of having complex refractive index, whose real and imaginary

parts describe the transmission and absorption of light in an optical medium, respec-
2Here “complexified" simply means that the transformed variable ψ in (6.6) is a complex function

of (t,x). This juxtaposes with the Hopf-Cole transform [23, Sec. IV-C], where the transformed
variables, called the Schrödinger factors, are real functions of (t,x).
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tively. Likewise, the real part of the Schrödinger potential encodes elastic scattering

(transmission of wave function), and the imaginary part encodes inelastic scattering

(absorption of wave function).

Remark 6.2. To explicitly see why I(VSB) ≠ 0, notice from (6.20) that otherwise

1
2∆xR + ∥∇xR∥22 = 0, which by (6.5), is equivalent to ∆xρopt = 0. Then, (6.3a) re-

duces to

∂ρopt
∂t
+∇x ⋅ (ρoptuopt) = 0. (6.27)

On the other hand, from (6.3a), the optimal control uε
opt for the control-affine SBP with

q ≡ 0, A ≡ 0, B = σ = √εI , ε > 0, satisfies

∂ρεopt
∂t
+∇x ⋅ (ρεoptuε

opt) =
ε

2
∆xρ

ε
opt, (6.28)

where it is known [15, 16] that

uε
opt

ε↓0Ð→ uε=0
opt ≠ uε=1

opt =∶ uopt,

thereby contradicting (6.27).

6.2.5 Remarks

Through the above calculations, we clarify the connections between the control

affine Schrödinger bridge and the Schrödinger PDE. The former is a problem in (non-

quantum) stochastic control about optimal steering of probability distribution that

has become a topic of significant interest in control theory and generative AI. In

contrast, the Schrödinger PDE is the foundational equation in quantum mechanics.

The necessary conditions of optimality for the control affine Schrödinger bridge

problem can be transformed to suitable versions of the Schrödinger PDE boundary
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value problems. Our calculations reveal that the corresponding Schrödinger PDE

must have a certain structured complex potential that is a non-trivial generalization

of the Bohm potential in quantum mechanics. Like the original Bohm potential, the

derived generalization is nonlocal. Our work demonstrates that the non-equilibrium

statistical mechanics of the control affine Schrödinger bridge problem induces an

absorbing medium for the wave function that manifests as a nonzero imaginary part

of the potential.

A promising direction of future work would be to explore the possibility of in-

verse scattering-like computation to solve the two point boundary value problem for

the Schrödinger equation derived here. This would open up the possibility to steer

distributions by steering waves.

6.3 Summary of Results

This dissertation addresses two key types generalizations of the SBP. One general-

ization concerns the prior drift and diffusion coefficients in the dynamical constraint,

and the other concerns the presence of additive state cost in the objective. We ad-

dress various aspects of the Sinkhorn recursions used to solve the classical SBP under

these generalizations.

We discuss guarantees on the rate of convergence of these Sinkhorn recursions in

the case of classical SBP, and derive similar guarantees for the first generalization on

the dynamical constraint. As a result, we uncover novel control-theoretic and geo-

metric interpretations of the worst-case contraction coefficients quantifying the rate

of convergence in solving such generalized SBPs via certain fixed point recursions.

Several variants of the second generalization are addressed. For a fixed quadratic
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state cost, we derive the necessary kernel k to show that this generalized SBP is ex-

actly solveable. We provide numerical simulations of this solution. In the process, we

present two pathways to this kernel k, one involving the use of Hermite polynomials

and a second involving a detailed discussion of Weyl calculus.

We also investigate the linear SBP with quadratic state cost, which combines the

two types of generalizations of the SBP considered in this dissertation. To solve this

generalization, we present a third, most general, pathway to deriving k.

Finally, we drop the restriction that the state cost must be quadratic, and discuss

existence-uniqueness results for the SBP with additive state cost, under mild assump-

tions using the large deviation principle over the path space with respect to suitable

Gibbs path measure. Subsequently, we show that the additive state cost manifests as

reaction rate in coupled reaction-diffusion PDEs, and provide a numerical algorithm

for finding the solution to these PDEs. We establish that the probabilistic Lambert’s

problem, of interest in the astrodynamics community, precisely leads to such a for-

mulation, and we solve the same using the tools developed as part of analyzing such

SBPs.

We conclude with a recent discovery connecting the control-affine SBP with the

Schrödinger PDE. This connection is very new, and worthy of future investigation.
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A | Proofs for Chapter 1

A.1 Proof of Theorem 1.1
Proof. Consider the Lagrangian L for the constrained variational problem (1.24):

L (ρ,u, S) ∶=∫
t1

t0
∫
Rn
(q + 1

2
∥u∥22)ρ dx dt

+ ∫
t1

t0
∫
Rn
(∇x ⋅ (A +Bu))S dx dt

+ ∫
t1

t0
∫
Rn
S
∂ρ

∂t
dx dt − ∫

t1

t0
∫
Rn
(∆Σρ

u)S dx dt, (A.1)

where the Lagrange multiplier S ∈ C1,2 ([t0, t1];Rn). The idea now is to perform

integration-by-parts for the second, third and fourth integrands in (A.1) such that

the differential operators acting on ρ gets transferred to those of S. This will then

allow us to re-write (A.1) as a linear functional in ρ only.

Specifically, for the second integral in (A.1), we perform integration-by-parts w.r.t.

x. Assuming the limits at ∥x∥2 →∞ are zero, we find

∫
t1

t0
∫
Rn
(∇x ⋅ (A +Bu))S dx dt = −∫

t1

t0
∫
Rn
⟨∇xS,A +Bu⟩ρ dx dt. (A.2)

For the third integral in (A.1), we apply the Fubini-Torreli theorem to switch the

order of integration and perform integration-by-parts w.r.t. t, to obtain

∫
t1

t0
∫
Rn
S
∂ρ

∂t
dx dt

= ∫
Rn
(S(t1,x)ρ1(x) − S(t0,x)ρ0(x))dx

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
constant overP01×U

−∫
t1

t0
∫
Rn

∂S

∂t
ρ dx dt. (A.3)

For the fourth integral in (A.1), two-fold integration by parts w.r.t. x yields

∫
Rn
(∆Σρ)S dx dt = ∫

Rn
⟨Σ,HessxS⟩ρ dx. (A.4)
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Substituting (A.3), (A.2), (A.4) in (A.1), we obtain

L (ρ,u, S) =constant + ∫
t1

t0
∫
Rn
(q + 1

2
∥u∥22 −

∂S

∂t
− ⟨∇xS,A +Bu⟩

−⟨Σ,HessxS⟩)ρ dx dt. (A.5)

To minimize (A.5) w.r.t. u, we set

uopt −B⊺∇xS = 0

which yields

uopt =B⊺∇xS,

the optimal control given in (1.27).

Substituting (1.27) in the primal feasibility constraint (1.24b), we arrive directly at

(1.26a).

Substituting (1.27) into

∫
t1

t0
∫
Rn
(q + 1

2
∥uopt∥22 −

∂S

∂t
− ⟨∇xS,A +Buopt⟩ − ⟨Σ,HessxS⟩)ρ dx dt,

and requiring the integral to be zero, yields the dynamic programming equation:

∫
t1

t0
∫
Rn
(q + 1

2
∥B⊺∇xS∥22 −

∂S

∂t

−⟨∇xS,A +BB⊺∇xS⟩ − ⟨Σ,HessxS⟩)ρ dx dt

= ∫
t1

t0
∫
Rn
(q − ∂S

∂t
− ⟨∇xS,A⟩

−1
2
⟨∇xS,BB⊺∇xS⟩ − ⟨Σ,HessxS⟩)ρdx dt = 0. (A.6)

Since (A.6) should be satisfied for arbitrary ρ, we must have

q − ∂S
∂t
− ⟨∇xS,A⟩ −

1

2
⟨∇xS,BB⊺∇xS⟩ − ⟨Σ,HessxS⟩ = 0,

which yields (1.26b).
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Finally, the restriction of ρ to P01 in (1.24a) immediately yields (1.26c).

A.2 Proof of Theorem 1.2
Proof. This proof will make use of the following lemma.

Lemma A.1 (Weighted Laplacian of a product). Given scalar fields α,β ∶ Rn ↦ R

and symmetric matrix field Σ ∶ Rn ↦ Sn such that α,β,Σ ∈ C2 (Rn), we have

∆Σ (αβ) = α⟨Σ,Hessxβ⟩ + β⟨Σ,Hessxα⟩ + 2α⟨∇x ⋅Σ,∇xβ⟩

+ 2β⟨∇x ⋅Σ,∇xα⟩ + αβ ⟨Hessx,Σ⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=1⊺Σ1

+2 ⟨∇xα,Σ∇xβ⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=⟨∇xβ,Σ∇xα⟩

, (A.7)

wherein the divergence of a matrix field is understood as a vector with elements

(∇x ⋅Σ)i ∶=
n

∑
j=1

∂Σij

∂xj
∀i ∈ {1,⋯, n}.

The following special cases of (A.7) are also of interest:

(the case β ≡ 1)

∆Σ α = α⟨Hessx,Σ⟩ + ⟨Σ,Hessxα⟩ + 2⟨∇x ⋅Σ,∇xα⟩, (A.8)

(the case Σ ≡ I)

∆x (αβ) = α∆xβ + β∆xα + 2⟨∇xα,∇xβ⟩. (A.9)
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Proof of Lemma A.1. From the definition of the ∆Σ, given in (1.13), we find

∆Σ (αβ) =
n

∑
i,j=1

∂

∂xj
( ∂
∂xi
(αβΣij))

=
n

∑
i,j=1

{αβ ∂2Σij

∂xi∂xj
+Σijα

∂2β

∂xi∂xj
+Σijβ

∂2α

∂xi∂xj

+ α( ∂β
∂xj

∂Σij

∂xi
+ ∂β
∂xi

∂Σij

∂xj
)

+ β ( ∂α
∂xj

∂Σij

∂xi
+ ∂α
∂xi

∂Σij

∂xj
)

+Σij (
∂α

∂xi

∂β

∂xj
+ ∂α
∂xj

∂β

∂xi
)}, (A.10)

which yields (A.7). The identities (A.8)-(A.9) follow by substituting β ≡ 1 and

Σ ≡ I in (A.7).

We first note that since S ∈ C1,2 ([t0, t1];Rn), S is bounded over its domain, and

the mapping (1.28) is bijective. In particular, φ̂(t,x), φ(t,x) are positive for all

t ∈ [t0, t1].

Multiplying φ̂λ(t,x) and φλ(t,x) from (1.28) yields (1.32). Substituting S =

λ logφλ in (1.27) yields (1.33). Specializing the same for t = t0, t1, and using (1.26c),

we obtain (1.29c).

What remains is to deduce (1.29a)-(1.29b). Substituting

S = λ logφλ

in (1.26b), using the Hessian identity

Hessx (λ logφλ) = λ∇x ○ ∇x logφλ

= − λ
φ2
λ

(∇xφλ) (∇xφλ)⊺ +
λ

φλ

Hessxφλ, (A.11)

145



Proofs for Chapter 1/Proof of Theorem 1.2 A.2

followed by algebraic simplification, gives

λ

φλ

∂φλ

∂t
+ λ

φλ

⟨∇xφλ,A⟩ +
λ2

2φλ

⟨∇xφλ,BB⊺∇x logφλ⟩

+ ⟨Σ,− λ
φ2
λ

(∇xφλ) (∇xφλ)⊺⟩ + ⟨Σ,
λ

φλ

Hessxφλ⟩ = q

∂φλ

∂t
+ ⟨∇xφλ,A⟩ +

λ

2
⟨∇xφλ,BB⊺∇x logφλ⟩

− ⟨∇xφλ,Σ∇x logφλ⟩ + ⟨Σ,Hessxφλ⟩ =
qφλ

λ
∂φλ

∂t
+ ⟨∇xφλ,A⟩ + ⟨Σ,Hessxφλ⟩ −

qφλ

λ

+ 1

2
⟨∇xφλ, (λBB⊺ − 2Σ)∇x logφλ⟩ = 0. (A.12)

We next add and subtract (another)

1

2
⟨∇xφλ, (λBB⊺ − 2Σ)∇x logφλ⟩

to the LHS of (A.12), then group the resulting +⟨∇xφλ, (λBB⊺ − 2Σ)∇x logφλ⟩

with the drift term in (A.12), and the

− 1

2
⟨∇xφλ, (λBB⊺ − 2Σ)∇x logφλ⟩ = −

φλ

2
⟨∇x logφλ, (λBB⊺ − 2Σ)∇x logφφ⟩

with the reaction term in (A.12). This gives (1.29b).

To derive (1.29a), we substitute (1.32) and (1.33) in the primal PDE (1.26a). These

substitutions allow us to write the LHS of (1.26a) as:

LHS = φ̂λ
∂φλ

∂t
+ φλ

∂φ̂λ

∂t
+∇x ⋅ (φλφ̂λA) + ∇x ⋅ (φ̂λ λBB⊺∇xφλ)

= φ̂λ{ − ⟨∇xφλ,A⟩ − ⟨∇xφλ, (λBB⊺ − 2Σ)∇x logφλ⟩ − ε⟨Σ,Hessxφλ⟩

+ ( q
λ
+ 1

2
(∇x logφλ)⊺ (λBB⊺ − 2Σ)∇x logφλ)φλ}

+ φλ
∂φ̂λ

∂t
+ φλ⟨∇xφ̂λ,A⟩ + φ̂λ⟨∇xφλ,A⟩ + φφ̂λ∇x ⋅A (A.13)

+ ⟨∇xφ̂λ, λBB⊺∇xφλ⟩ + φ̂λ∇x ⋅ (λBB⊺∇xφλ)
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= φλ
∂φ̂λ

∂t
+ φλ∇x ⋅ (φ̂λA) − φ̂λ⟨Σ,Hessxφλ⟩

− φ̂λ

2
⟨∇x logφλ, (λBB⊺ − 2Σ)∇xφλ⟩ + ⟨∇xφ̂λ, λBB⊺∇xφλ⟩

+ φ̂λ⟨∇x ⋅ λBB⊺∇x, φλ⟩ + φ̂λ⟨λBB⊺,Hessxφλ⟩ + φ
qφ̂λ

λ
, (A.14)

where the expression inside the curly braces is due to (1.29b). Using (A.7) in Lemma

A.1, the same substitutions unpack the RHS of (1.26a) as:

RHS =∆Σ (φλφ̂λ)

= φλφ̂λ⟨Hessx,Σ⟩ + φλ⟨Σ,Hessxφ̂λ⟩ + φ̂λ⟨Σ,Hessxφλ⟩

+ 2φλ⟨∇x ⋅Σ,∇xφ̂λ⟩ + 2φ̂λ⟨∇x ⋅Σ,∇xφλ⟩ + 2⟨∇xφλ,Σ∇xφ̂λ⟩. (A.15)

For convenience, we refer to the six summands appearing in (A.15), from left to

right, as term 1 to term 6. Comparing (A.14) with (A.15), we make few observations:

• term 3 in (A.15) can be combined with the terms −φ̂λ⟨Σ,Hessxφλ⟩ and

φ̂λ⟨λBB⊺,Hessxφλ⟩ in (A.14),

• term 6 in (A.15) can be combined with the term ⟨∇xφ̂λ, λBB⊺∇xφλ⟩ in

(A.14),

• the sum of the terms 1, 2 and 4 in (A.15) equals φλ∆Σ φ̂λ, thanks to (A.8) in

Lemma A.1.

Consequently, equating (A.14) with (A.15), we obtain

φλ{
∂φ̂λ

∂t
+∇x ⋅ (φ̂λA) +

qφ̂λ

λ
− ε∆Σ φ̂λ}

= φ̂λ

2
⟨∇x logφλ, (λBB⊺ − 2Σ)∇xφλ⟩

− φ̂λ⟨λBB⊺ − 2Σ,Hessxφλ⟩ − ⟨∇xφ̂λ, (λBB⊺ − 2Σ)∇xφλ⟩
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− φ̂λ⟨∇x ⋅ (λBB⊺ − 2Σ) ,∇xφλ⟩. (A.16)

Dviding both sides of (A.16) by φ (recall that φ is positive everywhere by defini-

tion), we find

∂φ̂λ

∂t
+∇x ⋅ (φ̂λA) +

qφ̂λ

λ
−∆Σ φ̂λ

= φ̂λ

2
⟨∇x logφλ, (λBB⊺ − 2Σ)∇x logφλ⟩

− φ̂λ⟨λBB⊺ − 2Σ, 1

φλ

Hessxφλ⟩ − ⟨∇xφ̂λ, (λBB⊺ − 2Σ)∇x logφλ⟩

− φ̂λ⟨∇x ⋅ (λBB⊺ − 2Σ) ,∇x logφλ⟩ (A.17)

Since

Hessx logφλ = −
1

φ2
λ

(∇xφλ) (∇xφλ)⊺ +
1

φλ

Hessφλ,

we replace the second term in the RHS of (A.17) with

−φ̂λ⟨λBB⊺ − 2Σ, 1

φ2
λ

(∇xφλ) (∇xφλ)⊺⟩ − φ̂λ⟨λBB⊺ − 2Σ,Hessx logφλ⟩.

The RHS of (A.17) then simplifies to

RHS = − φ̂λ

2
⟨∇x logφλ, (λBB⊺ − 2Σ)∇x logφλ⟩

− φ̂λ⟨λBB⊺ − 2Σ,Hessx logφλ⟩

− ⟨∇xφ̂λ, (λBB⊺ − 2Σ)∇x logφλ⟩

− φ̂λ⟨∇x ⋅ (λBB⊺ − 2Σ) ,∇x logφλ⟩

= −∇x ⋅ (φ̂λ (λBB⊺ − 2Σ)∇x logφλ)

− φ̂λ

2
⟨∇x logφλ, (λBB⊺ − 2Σ)∇x logφλ⟩

(1.30),(1.31)= −∇x ⋅ (φ̂λAφ) − qφφ̂λ,

which is exactly (1.29a). This completes the proof.
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B | Proofs for Chapter 2

B.1 Proof of Theorem 2.1
Proof. For a given ε > 0, consider the uncontrolled Ornstein-Uhlenbeck (OU) pro-

cess with time-varying coefficients:

dx(t) =A(t)x(t)dt +
√
2εB(t)dw(t),

with the associated Markov kernel (4.8) as

kL (t0,x0, t1,x1) =
exp(−(Φt1t0x0 −x1)⊺M−1

10 (Φt1t0x0 −x1)
4ε

)
√
(4πε)n det(M 10)

. (B.1)

As M 10 is symmetric positive definite, its inverse M−1
10 and principal square root

M
−1/2
10 are both symmetric positive definite, and thus (B.1) is well-defined.

As was the case for the kernel kB in (2.3), the kernel kL too is continuous and

positive for all (x0,x1) ∈ X0 × X1. Compactness of X0,X1 implies that there exist

constants αL, βL given by (2.16) such that 0 < αL ≤ βL < ∞, and

αL ≤ kL (t0,x0, t1,x1) ≤ βL ∀ (x0,x1) ∈ X0 × X1. (B.2)

From (2.16), (B.1) and (B.2), we then obtain the following analogue of (2.8):

αL=
exp (−α̃L/(4ε))√
(4πε)ndet(M 10)

, βL=
exp (−β̃L/(4ε))√
(4πε)ndet(M 10)

. (B.3)

Consequently, the worst-case contraction coefficient

γL = tanh2 (1
2
log (βL

αL
)) = tanh2 ( α̃L − β̃L

8ε
) . (B.4)
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C.1 Proof of Lemma 3.1
Proof. The result follows from Taylor expansion of e−(βx+α(t−t0))

2
in variable t about

t0, and then identifying the coefficients as derivatives w.r.t. x of suitable order.

C.2 Proof for Lemma 3.3
Proof. Let

Y (y) ∶= exp(−y
2
√
d

2
)f(y)

be the solution of the parametric ODE (3.13) for some unknown f(y). Substituting

this expression for Y (y) into (3.13) yields:

−
√
d exp(−y

2
√
d

2
)f + dy2 exp(−y

2
√
d

2
)f − y

√
d exp(−y

2
√
d

2
)df
dy

− y
√
d exp(−y

2
√
d

2
)df
dy
+ exp(−y

2
√
d

2
)d

2f

dy2
− (dy2 + c) exp(−y

2
√
d

2
)f = 0.

Simplifying the above, we obtain

d2f

dy2
− 2y
√
d
df

dy
− (c +

√
d) f = 0.

Introducing a change of variable y ↦ ξ ∶= d1/4y and letting F (ξ) ∶= f(d−1/4ξ), we

rewrite the above ODE as

√
d
d2F

dξ2
− 2d−1/4ξd1/4

√
d
dF

dξ
− (c +

√
d)F = 0.

Dividing through by
√
d gives

d2F

dξ2
− 2ξdF

dξ
− ( c√

d
+ 1)F = 0, (C.1)
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which is the Hermite’s ODE [181, p. 328-329].

Assuming f , and thus F , must be polynomially bounded, the solutions to (C.1) is

F (ξ) = Hn(ξ), the Hermite polynomials of order n = − c

2
√
d
− 1

2 ∈ N0. Therefore,

the solutions to (3.13) can be written as Y (y) = a exp (−y2
√
d

2 )Hn (d1/4y) for some

constant a ∈ R and n = − c

2
√
d
− 1

2 ∈ N0.

C.3 Proof of Proposition 3.1
Proof. Substituting t = t0 in (3.15) gives

η̂0(y)=
∞

∑
mn=0

. . .
∞

∑
m1=0

am
n

∏
i=1

exp(−t0
√
di (2mi + 1) −

y2i
√
di

2
)Hmi

(d1/4i yi) . (C.2)

For a fixed j1 ∈ N, multiplying both sides of (C.2) byHj1 (d
1/4
1 y1) exp (−y21

√
d1

2 ), and

integrating over y1, we get

∫
∞

−∞
Hj1 (d

1/4
1 y1) exp(−

y21
√
d1

2
)η̂0(y)dy1

= ∫
∞

−∞

∞

∑
mn=0

. . .
∞

∑
m1=0

am
n

∏
i=2

exp(−t0
√
di (2mi + 1) −

y2i
√
di

2
)(d1/4i yi)

×Hm1 (d
1/4
1 y1)Hj1 (d

1/4
1 y1)

× exp (−t0
√
d1 (2m1 + 1) − y21

√
d1)dy1.

Using (3.7), we simplify the above as follows:

∫
∞

−∞
Hj1(d

1/4
1 y1) exp(−

y21
√
d1

2
) η̂0(y)dy1

=
∞

∑
mn=0

. . .
∞

∑
m2=0

a(j1,m2,...,mn)

n

∏
i=2

exp(−t0
√
di (2mi + 1) −

y2i
√
di

2
)Hmi

(d1/4i yi)

∫
∞

−∞
Hj1(d

1/4
1 y1)Hj1(d

1/4
1 y1) exp (−t0

√
d1 (2j1 + 1) − y21

√
d1)dy1

=
∞

∑
mn=0

. . .
∞

∑
m2=0

a(j1,m2,...,mn)

n

∏
i=2

exp(−t0
√
di (2mi + 1) −

y2i
√
di

2
)
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Hmi
(d1/4i yi)

√
π 2j1 (j1!)
d
1/4
1

exp (−t0
√
d1(2j1 + 1)) .

Repeating this process n − 1 more times, yields

∫
∞

−∞
. . .∫

∞

−∞
Hj1 (d

1/4
1 y1) exp(−

y21
√
d1

2
)

. . .Hjn (d
1/4
n yn) exp(−

y2n
√
dn

2
) η̂0(y) dy1 . . .dyn

= a(j1,j2,...,jn)
n

∏
i=1

(d−1/4i

√
π2ji(ji!)exp(−t0

√
di(2ji + 1))) .

Therefore, for any index vector j = (j1, j2, . . . , jn) ∈ Nn
0 , we have

aj = ∫
∞

−∞
. . .∫

∞

−∞

n

∏
i=1

⎛
⎝

d
1/4
i√

π2ji (ji!)
Hji (d

1/4
i yi)

× exp(t0
√
di (2ji + 1) −

y2i
√
di

2
)) η̂0 (y)dy1 . . .dyn.

(C.3)

Substituting (C.3) for the coefficients in the general solution (3.15), and using z as

the dummy integration variable, we arrive at (3.16)-(3.17).

C.4 Proof of Theorem 3.1
Proof. We start by re-writing (3.16)-(3.17) as

η̂(t,y) =∫
∞

−∞
⋯∫

∞

−∞

n

∏
i=1

{d
1/4
i√
π
exp(−(y

2
i + z2i )

√
di

2
− (t − t0)

√
di)(♡)} η̂0(z) dz1 . . .dzn,

(C.4)

where

(♡) ∶=
∞

∑
mi=0

( 1

2mi (mi!)
exp(−2mi (t − t0)

√
di)Hmi

(d1/4i yi)Hmi
(d1/4i zi)) . (C.5)
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For fixed c > 0, we use the Hermite polynomial identity:

Hr(cx) =
1

cr
e(cx)

2 (− d

dx
)
r

(e−(cx)2)

= (−2i)r 1√
π
∫
∞

0
e−(θ−cxi)

2

θrdθ, r ∈ N0,

where the first equality is due to definition (3.6), and the second equality is due to

the Fourier representation

e−x
2 = ∫ e−θ

2+2ixθdθ/
√
π. (C.6)

Therefore,

(♡) =
∞

∑
mi=0

1

2mi (mi!)
exp (−2mi (t − t0)

√
di) ×

1

d
mi/4
i

e(d
1/4
i yi)

2

(− d
dyi
)
mi

e−(d
1/4
i yi)

2

× (−2i)mi
1√
π
∫
∞

t0
e−(θ−t0−d

1/4
i zii)

2

(θ − t0)mi dθ

= e
(d

1/4
i yi)

2

√
π
∫
∞

t0

∞

∑
mi=0

⎛
⎜
⎝
(ϱii (θ − t0))mi

(mi!) (d1/4i )
mi
( d

dyi
)
mi

e−(d
1/4
i yi)

2⎞
⎟
⎠
e−(θ−t0−d

1/4
i zii)

2

dθ,

where ϱi ∶= exp (−2 (t − t0)
√
di). Invoking Lemma 3.1, we note that

∞

∑
mi=0

⎛
⎜
⎝
(ϱii (θ − t0))mi

(mi!) (d1/4i )
mi
( d

dyi
)
mi

(e−(d
1/4
i yi)

2)
⎞
⎟
⎠
= e−(d

1/4
i yi+iϱi(θ−t0))

2

,

and so, (♡) simplifies to

ed
1/2
i z2i
√
π
∫
∞

t0
exp(−(1 − ϱ2i )(θ − t0)2 + 2d

1/4
i (θ − t0)i (zi − yiϱi))dθ. (C.7)

Noting that 0 < ϱi < 1, we evaluate (C.7) by substituting σ ∶=
√
1 − ϱ2i (θ − t0) as

(♡) = ed
1/2
i z2i

√
1 − ϱ2i

√
π
∫
∞

0
exp
⎛
⎝
−σ2 + 2iσd

1/4
i (zi − yiϱi)√

1 − ϱ2i

⎞
⎠
dσ

= 1√
1 − ϱ2i

exp
⎛
⎝
2ϱid

1/2
i yizi − ϱ2i d

1/2
i (y2i + z2i )

1 − ϱ2i
⎞
⎠
, (C.8)

where the last equality follows from (C.6).
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Combining (C.8) with (C.4), we obtain

η̂(t,y) = ∫
∞

−∞
. . .∫

∞

−∞
κ++(t0,y, t,z)η̂0(z)dz1 . . .dzn,

where the kernel

κ++(t0,y, t,z) ∶=
n

∏
i=1

{d
1/4
i√
π
exp(−(y

2
i + z2i )

√
di

2
− (t − t0)

√
di)

1√
1 − ϱ2i

exp
⎛
⎝
2ϱid

1/2
i yizi − ϱ2i d

1/2
i (y2i + z2i )

1 − ϱ2i
⎞
⎠
}.

Next, we rearrange the above expression for κ++ as

κ++(t0,y, t,z) =
1

πn/2
(

n

∏
i=1

d
1/4
i )
⎛
⎝

n

∏
i=1

1√
1 − ϱ2i

⎞
⎠
× (

n

∏
i=1

exp (−(t − t0)
√
di))

× (
n

∏
i=1

exp((−1
2
− ϱ2i
1 − ϱ2i

)(y2i + z2i )
√
di))

× (
n

∏
i=1

exp( 2ϱi
1 − ϱ2i

yizi
√
di)) . (C.9)

Recalling the definitions of hyperbolic functions in terms of exponential, and that

ϱi ∶= exp (−2 (t − t0)
√
di), we find:

1/
√
1 − ϱ2i = e(t−t0)

√
di/
√
2 sinh(2 (t − t0)

√
di),

2ϱi/(1 − ϱ2i ) = 1/ sinh(2 (t − t0)
√
di),

− 1/2 − ϱ2i /(1 − ϱ2i ) = − coth(2 (t − t0)
√
di)/2.

Hence, (C.9) can be expressed as

κ++(t0,y, t,z) =
(∏n

i=1 d
1/4
i )

(2π)n/2
⎛
⎝

n

∏
i=1

1√
sinh(2 (t − t0)

√
di)
⎞
⎠

× (
n

∏
i=1

exp(
√
di

sinh(2 (t − t0)
√
di)
(yizi + (y2i + z2i )

× (−1
2
cosh(2 (t − t0)

√
di))))) . (C.10)

Letting M tt0 as in (3.20) and noting that det(M tt0) = ∏n
i=1 di > 0, (C.10) simplifies
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to (3.19).

C.5 Proof of Proposition 3.2
Proof. (i) Follows from direct computation.

(ii) Thanks to the hyperbolic function identity coth2(⋅) − csch2(⋅) = 1, defini-

tion (3.21) is satisfied, i.e., (M (1)
tt0

M
(2)
tt0
)
⊺

J (M (1)
tt0

M
(2)
tt0
) = J . Thus M (1)

tt0
M
(2)
tt0
∈

Sp (2n,R).

To see positive definiteness, first note that M (1)
tt0
≻ 0 for D ≻ 0 since

(y z)M (1)
tt0

⎛
⎜⎜
⎝

y

z

⎞
⎟⎟
⎠

=(y z)
⎡⎢⎢⎢⎢⎢⎢⎣

cosh (2 (t − t0)
√
D) −I

−I cosh (2 (t − t0)
√
D)

⎤⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜
⎝

y

z

⎞
⎟⎟
⎠

= y⊺ cosh (2 (t − t0)
√
D)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≻I

y − 2⟨y,z⟩ + z⊺ cosh (2 (t − t0)
√
D)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
≻I

z

> ∥y − z∥22 ≥ 0,

where the second equality follows because cosh(⋅) > 1 for nonzero argument.

Also, D ≻ 0 implies the positive diagonal matrix M
(2)
tt0
≻ 0, and therefore,

eig (M (1)
tt0

M
(2)
tt0
) = eig (M (1)

tt0
(M (2)

tt0
)
1/2
(M (2)

tt0
)
1/2
)

= eig

⎛
⎜⎜⎜⎜⎜
⎝

(M (2)
tt0
)
1/2

M
(1)
tt0
(M (2)

tt0
)
1/2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
congruence transform of M(1)

tt0

⎞
⎟⎟⎟⎟⎟
⎠

> 0.

Additionally, M (1)
tt0

M
(2)
tt0

being symmetric, we have that M (1)
tt0

M
(2)
tt0
≻ 0.
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(iii) That

eig (M tt0) = eig

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

D1/4 0

0 D1/4

⎤⎥⎥⎥⎥⎥⎥⎦
M
(1)
tt0

M
(2)
tt0

⎡⎢⎢⎢⎢⎢⎢⎣

D1/4 0

0 D1/4

⎤⎥⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
congruence transform of M(1)

tt0
M
(2)
tt0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

> 0,

and M tt0 is symmetric, together imply M tt0 ≻ 0.

C.6 Proof of Proposition 3.3
Proof. That the minimum in (3.23) is attained for the L in (3.22), follows from the

strict convexity and coercivity of u↦ L (⋅,u).

For notational convenience, let ωi ∶= 2
√
di ∀i = 1,⋯, n. The optimal solution

qopt(τ), τ ∈ [t0, t], solves the Euler-Lagrange equation d2

dτ2q
opt = 4Dqopt, or in

component form: d2

dτ2 qi
opt = ω2

i q
opt
i subject to the endpoint constraints qopti (t0) = yi,

qopti (t) = zi. The general solution is qopti (τ) = aieωiτ+bie−ωiτ , and the endpoint con-

straints determine the constants (ai, bi) as

(ai, bi) = (
−yie−ωit + zie−ωit0

2 sinh (ωi (t − t0))
,

yieωit − zieωit0

2 sinh (ωi (t − t0))
) . (C.11)

Then, (3.23) gives

dist2tt0(y,z) = ∫
t

t0

n

∑
i=1

(1
2
( d

dτ
qopti (τ))

2

+ 1

2
ω2
i (qopti (τ))

2)dτ

=
n

∑
i=1

ω2
i ∫

t

t0
(a2i e2ωiτ + b2i e−2ωiτ)dτ

=
n

∑
i=1

ωi

2
{a2i (e2ωit − e2ωit0) − b2i (e−2ωit − e−2ωit0) }

=
n

∑
i=1

ωi

2

(y2i + z2i ) cosh (ωi (t − t0)) − 2yizi
sinh (ωi (t − t0))

, (C.12)
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where in the last line, we substituted for (ai, bi) from (C.11), and simplified the

resulting expression using the identity sinh (2 (⋅)) = 2 sinh (⋅) cosh (⋅).

Since ωi = 2
√
di ∀i = 1,⋯, n, we see that (C.12) is indeed the desired expression,

c.f. the expression inside the exponential in (C.10). This completes the proof.

C.7 Proof of Theorem 3.3
Proof. We write

k+ (t0,y, t,z) = lim
(din−p+1 ,⋯,din)↓0

k++ (t0,y, t,z)

= k++ (t0,y[i1∶in−p], t,z[i1∶in−p])

× lim
(din−p+1 ,⋯,din)↓0

k++ (t0,y[in−p+1∶in], t,z[in−p+1∶in]) ,

where the last equality is due to the separable (in spatial coordinates) product struc-

ture in k++. Invoking Theorem 3.2 for the remaining limit, the result follows.

C.8 Proof of Proposition 3.4
Proof. (i) Follows from the spatial symmetries of the kernels (3.24) and (3.19).

(ii) Since (3.24) and (3.19) are both positive, so is k+ in (3.28). Then, φ̂0 being ev-

erywhere positive, (3.29) is positive too.

(iii) From Proposition 3.2(iii), M ≻ 0. So the exponential term in (3.19) has

negative definite argument. The same is true for the heat kernel (3.24). Thus

the product of the exponential terms in (3.28) is bounded in [0,1]. Therefore,
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k+(t0,V x, t,z) φ̂0 (V ⊺z) ≤ ζ(t, t0)φ̂0 (V ⊺z) where

ζ(t, t0) ∶=
(4π(t − t0))−

p
2 (2π)−n−p

2 (det(D[i1∶in−p]))
1
4

√
det (sinh (2(t − t0)

√
D[i1∶in−p]))

.

Because φ̂0 is Lebesgue measurable (given), applying the dominated convergence

theorem separately for ∥x∥2 → ∞ with finite t, and for t → ∞, concludes the

proof.

C.9 Proof of Theorem 3.4
Proof. We proceed as before by letting x ∶= V z, ν̂(t,x) ∶= φ̂(t,z = V ⊺x), to get

∂ν̂

∂t
= (∆x −

n

∑
k=1

(λkx2k + r⊺vkxk +
1

n
s)) ν̂.

The formulae (3.53), (3.54) and (3.55) now become

Q(Λ,r,s)(X,D) = s + ∥D∥22 +
n

∑
k=1

(λkX2
k + r⊺vkXk) ,

H(Λ,r,s)(X,D) = exp (−(t − t0)Q(Λ,r,s)(X,D)),

q(Λ,r,s)(x,ξ) = s + ∥ξ∥22 +
n

∑
k=1

(λkx2k + r⊺vkxk) .

The associated Weyl symbol h(Λ,r,s) solves an analogue of (3.56), given by

∂

∂t
h(Λ,r,s)(x,ξ) = −

2

∑
j=0

1

j!
{q(Λ,r,s), h(Λ,r,s)}j(x,ξ),

from which, direct calculation of the Poisson brackets again yields (3.60) with the

initial condition h(Λ,r,s)∣t=t0 = 1.

Now let

qk ∶= ξ2k + λkx2k + r⊺vkxk +
1

n
s, ∀k ∈ [n], (C.13)
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so that ∑n
k=1 qk = q(Λ,r,s). Following (3.61), we define the function g via

h(Λ,r,s)(x,ξ) = g(t, q1,⋯, qn), (C.14)

and using (3.60), arrive at the PDE (3.62).

Using the definition (C.13), we next simplify (3.62) as

∂g

∂t
=

n

∑
k=1

(−qkg + λk
∂g

∂qk
+ ∂

2g

∂q2k
(λk (qk + ck))) . (C.15)

The PDE (C.15) generalizes (3.63).

To solve (C.15), we use the anstaz (3.64) with initial conditions (3.65). Following

the same steps as before, we again find that βk(t) are given by (3.69). However,

α(t) now solves a modified version of (3.70), given by

α̇

α
= −

n

∑
k=1

{
√
λk tanh (

√
λk(t − t0)) + ck tanh2 (

√
λk(t − t0))}

α (t0) = 1. (C.16)

By direct integration, the solution for (C.16) is

α(t) =
⎛
⎝

n

∏
k=1

1

cosh (
√
λk(t − t0))

⎞
⎠

× exp(
n

∑
k=1

(−ck(t − t0) +
ck√
λk

tanh
√
λk(t − t0))), (C.17)

which generalizes the earlier formula (3.71).

Combining these α(t), βk(t) together with (3.64) and (C.14), we obtain the Weyl

symbol

h(Λ,r,s)(x,ξ)

=
⎛
⎝

n

∏
k=1

1

cosh (
√
λk(t − t0))

⎞
⎠
× exp(−

n

∑
k=1

ck(t − t0))
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× exp(−
n

∑
k=1

λkx2k + ξ2k + r⊺vkxk + (r⊺vk)2/ (4λk)√
λk

× tanh (
√
λk(t − t0))) ,

(C.18)

which generalizes the earlier derived (3.73).

To derive the kernel k(Λ,r,s) from the Weyl symbol h(Λ,r,s), we next apply (3.44) to

(C.18). Following the computation similar the derivation of (3.77) in Chapter 3, we

arrive at (3.82). Notice that for r = 0, s = 0, the kernel (3.82) reduces to (3.77), as

expected.
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D | Proofs for Chapter 4

D.1 Derivation of (4.22)

Consider k as in (4.11) with 1
2dist

2
tt0 given by (4.21). For finding the pre-factor c(t, t0),

we substitute (4.11) with (4.21) in the reaction-diffusion PDE in (4.10), i.e., in

∂k

∂t
= (∆x −

1

2
x⊺2Dx)k

= (
n

∑
i=1

∂2xii
− ω

2
i

4
x2ii)k, (D.1)

since ω2
i = 4Dii for all i = 1,⋯, n. This substitution in (D.1), after algebraic simplifi-

cation, results in the ODE

ċ = c(−1
2

n

∑
i=1

ωi coth (ωi(t − t0))) , (D.2)

where ċ denotes the derivative of c(t, t0) w.r.t. t.

Integrating (D.2) yields

log c = log a − 1

2

n

∑
i=1

log sinh(ωi(t − t0)),

where log a is the numerical constant of integration. Thus,

c(t, t0) = a
n

∏
i=1

1

(sinh(ωi(t − t0)))1/2
. (D.3)

Combining (D.3) with (4.11) and (4.21), we obtain

k(t0,x, t,y) =a
n

∏
i=1

1√
sinh(ωi(t − t0))

× exp(−1
2

ωi (x2i + y2i ) cosh (ωi(t − t0)) − 2ωixiyi
2 sinh (ωi(t − t0))

) , (D.4)

for all 0 ≤ t0 ≤ t < ∞. All that remains is to find the constant a.
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Letting τ ∶= t − t0, and invoking the initial condition in (4.10) for (D.4), we have

δ(x − y) = a lim
τ↓0

n

∏
i=1

1√
sinh(ωiτ)

× exp(−1
2

ωi (x2i + y2i ) cosh (ωiτ) − 2ωixiyi
2 sinh (ωiτ)

) .

(D.5)

Integrating both sides of (D.5) w.r.t. x over Rn gives

1 = a
⎛
⎝
lim
τ↓0

n

∏
i=1

1√
sinh(ωiτ)

⎞
⎠

× ∫
Rn
lim
τ↓0

n

∏
i=1

exp(−1
2

ωi (x2i + y2i ) cosh (ωiτ) − 2ωixiyi
2 sinh (ωiτ)

)dx, (D.6)

wherein the LHS used the shift property of the Dirac delta: ∫Rn δ(x − y) ⋅ 1 ⋅ dx = 1.

Since

ωi (x2i + y2i ) cosh (ωiτ) − 2ωixiyi
2 sinh (ωiτ)

=
⎛
⎜⎜
⎝

√
ωixi
√
ωiyi

⎞
⎟⎟
⎠

⊺

⎛
⎜⎜
⎝

coth(ωiτ) −csch(ωiτ)

−csch(ωiτ) coth(ωiτ)

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

√
ωixi
√
ωiyi

⎞
⎟⎟
⎠

is a positive definite quadratic form, we have

0 ≤ exp(−1
2

ωi (x2i + y2i ) cosh (ωiτ) − 2ωixiyi
2 sinh (ωiτ)

) ≤ 1.

Hence, using the dominated convergence theorem [182, Thm. 1.13], we exchange

the limit and integral in (D.6) to yield

1 = a lim
τ↓0

n

∏
i=1

exp(−1
2

ωiy2i cosh(ωiτ)
2 sinh(ωiτ)

)
√
sinh(ωiτ)

× (∫
∞

−∞
exp(−1

2

ωix2i cosh(ωiτ) − 2ωixiyi
2 sinh(ωiτ)

)dxi) . (D.7)

We need the following auxiliary lemma.

Lemma D.1 (Central identity of quantum field theory). [100, p. 2], [99, p. 15] For
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fixed n × n matrix A ≻ 0 and suitably smooth f ∶ Rn ↦ R,

∫
Rn

exp(−1
2
x⊺Ax) f(x)dx =

¿
ÁÁÀ (2π)n

det(A) exp(
1

2
∇⊺xA−1∇x) f(x)

RRRRRRRRRRRRRx=0
, (D.8)

where the exponential of differential operator is understood as a power series. As a spe-

cial case, for b ∈ Rn, we have ∫Rn exp (−1
2x
⊺Ax + ⟨b,x⟩)dx =

√
(2π)n

detA exp (12b
⊺A−1b).

In particular, for fixed scalars a > 0, b ∈ R, we have

∫
∞

−∞
exp(−1

2
ax2 + bx)dx =

√
2π

a
exp(1

2

b2

a
) .

Using Lemma D.1, the integral in (D.7) evaluates to
¿
ÁÁÀ4π sinh(ωiτ)

ωi cosh(ωiτ)
exp( ωiy2i

4 sinh(ωiτ) cosh(ωiτ)
) .

Substituting back this value in (D.7), followed by simplification via identity: 1 −

cosh2(⋅) = − sinh2(⋅), gives

1 = a lim
τ↓0

n

∏
i=1

√
4π

ωi cosh(ωiτ)
exp(−ωiy2i sinh(ωiτ)

4
)

= a
n

∏
i=1

√
4π

ωi

. (D.9)

Therefore, a = ∏n
i=1

√
ωi

4π , which upon substitution in (D.3), yields (4.22).

D.2 Proof of Proposition 4.3

As is well-known [134, p. 156], [183], for any τ ∈ [t0, t], the solution of the Riccati

ODE initial value problem (4.26) admits linear fractional representation

Π(τ,K1, t) = (Ψ21 (t, τ) +Ψ22 (t, τ)K1) (Ψ11 (t, τ) +Ψ12 (t, τ)K1)−1 , (D.10)
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where

Ψtτ ∶=
⎡⎢⎢⎢⎢⎢⎢⎣

Ψ11 (t, τ) Ψ12 (t, τ)

Ψ21 (t, τ) Ψ22 (t, τ)

⎤⎥⎥⎥⎥⎥⎥⎦
∈ R2n×2n (D.11)

is the state transition matrix of the linear Hamiltonian matrix ODE

⎛
⎜⎜
⎝

Ẋτ

Λ̇τ

⎞
⎟⎟
⎠
=
⎡⎢⎢⎢⎢⎢⎢⎣

Aτ −B̂τB̂
⊺

τ

−Qτ −A⊺τ

⎤⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜
⎝

Xτ

Λτ

⎞
⎟⎟
⎠
, Xτ ,Λτ ∈ Rn×n. (D.12)

For the special case in hand, the coefficient matrix in (D.12) equals

⎡⎢⎢⎢⎢⎢⎢⎣

0 −2I

−2D 0

⎤⎥⎥⎥⎥⎥⎥⎦
,

and its (backward in time) state transition matrix becomes

Ψtτ = exp
⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

0 2I

2D 0

⎤⎥⎥⎥⎥⎥⎥⎦
(t − τ)

⎞
⎟⎟
⎠

=
⎡⎢⎢⎢⎢⎢⎣

cosh (2
√
D(t − τ)) (

√
D)
−1
sinh (2

√
D(t − τ))

√
D sinh (2

√
D(t − τ)) cosh (2

√
D(t − τ))

⎤⎥⎥⎥⎥⎥⎦
, (D.13)

where all hyperbolic functions act element-wise. To see the last equality, it suffices

to note that for 2 × 2 matrix

⎡⎢⎢⎢⎢⎢⎢⎣

0 b

c 0

⎤⎥⎥⎥⎥⎥⎥⎦
with b, c > 0, we have

exp

⎛
⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎣

0 b

c 0

⎤⎥⎥⎥⎥⎥⎥⎦
(t − τ)

⎞
⎟⎟
⎠
= I

∞

∑
k=0

(
√
bc(t − τ))2k

(2k)! +
⎡⎢⎢⎢⎢⎢⎢⎣

0
√
b/c

√
c/b 0

⎤⎥⎥⎥⎥⎥⎥⎦

∞

∑
k=0

(
√
bc(t − τ))2k+1

(2k + 1)!

=
⎡⎢⎢⎢⎢⎢⎢⎣

cosh(
√
bc(t − τ))

√
b/c sinh(

√
bc(t − τ))

√
c/b sinh(

√
bc(t − τ)) cosh(

√
bc(t − τ))

⎤⎥⎥⎥⎥⎥⎥⎦
.

From (D.10) and (D.13), we then get

Π(τ,0, t) =Ψ21 (t, τ) (Ψ11 (t, τ))−1
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=
√
D tanh (2

√
D(t − τ)) . (D.14)

Following (4.27), in this case, we also have

Âτ = −2Π(τ,0, t) = −2
√
D tanh (2

√
D(t − τ)) (D.15)

for all τ ∈ [t0, t]. From (D.15), Âτ and ∫
τ

t0
Âσdσ commute. Hence the state transition

matrix for the coefficient matrix Âτ equals

Φ̂tτ = exp(−2
√
D∫

t

τ
tanh (2

√
D(t − σ))dσ)

= exp(−2
√
D∫

t−τ

0
tanh (2

√
Ds)ds)

= exp (− log cosh(2
√
D(t − τ)))

= sech (2
√
D(t − τ)) . (D.16)

Thus

Γ̂tτ = ∫
t

τ
Φ̂tσB̂σB̂

⊺

σΦ̂
⊺

tσdσ

= 2∫
t

τ
sech2(2

√
D(t − σ))dσ

=D− 1
2 tanh(2

√
D(t − τ)),

so,

Γ̂
−1

tτ =
√
D coth(2

√
D(t − τ)). (D.17)

Therefore, (4.31) simplifies to

M tt0=
⎡⎢⎢⎢⎢⎢⎣

√
D coth (2

√
D(t − t0)) −

√
Dcsch (2

√
D(t − t0))

−
√
Dcsch (2

√
D(t − t0))

√
D coth (2

√
D(t − t0))

⎤⎥⎥⎥⎥⎥⎦
(D.18)

which is exactly formula (4.10) in [74] derived via completely different computation.

Substituting (D.18) in (4.30), and recalling that ωi ∶= 2
√
Dii for all i = 1,⋯, n, we
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recover (4.21).

D.3 Proof of Theorem 4.1

The proof is divided into three steps.

Step 1: Determining c(t, t0) up to a constant a.

Combining (4.11) with (4.30), we get

log k = log c(t, t0) −
1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠
. (D.19)

Applying ∂t to both sides of (D.19) and rearranging, gives

∂tk = k
⎛
⎜⎜
⎝

ċ

c
− 1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

Ṁ tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
, (D.20)

where dot denotes derivative w.r.t. t.

Applying ∇x to both sides of (D.19), and using (4.31), we find

∇x log k = Φ̂
⊺

tt0Γ̂
−1

tt0
(y − Φ̂tt0x) −Π(t0,0, t)x, (D.21)

and since ∇2
x = ∇x ○ ∇x,

∇2
x log k = −Φ̂

⊺

tt0Γ̂
−1

tt0Φ̂tt0 −Π(t0,0, t). (D.22)

We next use the identity

∇2
x log k =

∇2
xk

k
− (∇x log k) (∇x log k)⊺

⇒∇2
xk = k{(∇x log k) (∇x log k)⊺ +∇2

x log k}. (D.23)
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Substituting (D.21) and (D.22) in (D.23), we obtain

∇2
xk =k{(Φ̂

⊺

tt0Γ̂
−1

tt0
(y − Φ̂tt0x) −Π(t0,0, t)x) ×(Φ̂

⊺

tt0Γ̂
−1

tt0
(y − Φ̂tt0x) −Π(t0,0, t)x)

⊺

(D.24)

− Φ̂⊺tt0Γ̂
−1

tt0Φ̂tt0 −Π(t0,0, t)}, (D.25)

and thus, the diffusion term in the RHS of (4.34a) is

⟨B(t)B(t)⊺,∇2
xk⟩

=k⟨B(t)B(t)⊺, Φ̂⊺tt0Γ̂
−1

tt0(y − Φ̂tt0x)(y − Φ̂tt0x)⊺Γ̂
−1

tt0Φ̂tt0

−Πx(y − Φ̂tt0x)⊺Γ̂
−1

tt0Φ̂tt0 − Φ̂
⊺

tt0Γ̂
−1

tt0(y − Φ̂tt0x)x⊺Π

+Πxx⊺Π − Φ̂⊺tt0Γ̂
−1

tt0Φ̂tt0 −Π(t0,0, t)⟩. (D.26)

We note that the advection term in the RHS of (4.34a) is

−⟨∇x, kA(t)x⟩ = −k⟨∇x log k,A(t)x⟩ − k traceA(t). (D.27)

Substituting (D.20), (D.21), (D.26) and (D.27) in (4.34a), we arrive at

ċ

c
− 1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

Ṁ tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠
= −⟨Φ̂⊺tt0Γ̂

−1

tt0(y − Φ̂tt0x),A(t)x⟩ − traceA(t)

+ ⟨B(t)B(t)⊺, Φ̂⊺tt0Γ̂
−1

tt0(y − Φ̂tt0x)(y − Φ̂tt0x)⊺Γ̂
−1

tt0Φ̂tt0

−Πx(y − Φ̂tt0x)⊺Γ̂
−1

tt0Φ̂tt0 − Φ̂
⊺

tt0Γ̂
−1

tt0(y − Φ̂tt0x)x⊺Π

+Πxx⊺Π − Φ̂⊺tt0Γ̂
−1

tt0Φ̂tt0 −Π(t0,0, t)⟩ −
1

2
x⊺Q(t)x

= −θ(t) − 1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

Stt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠
, (D.28)

where the last equality grouped the spatially independent terms and spatially de-

pendent (quadratic in x,y) terms, then used the definition of θ(t) from (4.35a). In
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particular, the matrix

Stt0 =
⎡⎢⎢⎢⎢⎢⎢⎣

S11(t, t0) S12(t, t0)

S⊺12(t, t0) S22(t, t0)

⎤⎥⎥⎥⎥⎥⎥⎦
∈ R2n×2n

comprises of n × n blocks

S11(t, t0) ∶= − 2Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0Ât − Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0B̂tB̂
⊺

t Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0

−Π(t0,0, t)B̂tB̂
⊺

tΠ(t0,0, t) +Q(t), (D.29a)

S12(t, t0) ∶=Γ̂
−1

tt0Φ̂tt0 (Ât + B̂tB̂
⊺

t Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0) , (D.29b)

S22(t, t0) ∶= − Γ̂
−1

tt0Φ̂tt0B̂tB̂
⊺

t Φ̂
⊺

tt0Γ̂
−1

tt0 . (D.29c)

Since (D.28) holds for arbitrary x,y ∈ Rn, equating the x,y independent terms

from both sides of (D.28), we conclude that c solves the linear ODE

ċ = −θ(t)c. (D.30)

The solution of (D.30) is

c(t, t0) = a exp(−∫
t

t0
θ(s)ds) , (D.31)

for to-be-determined constant a. In Step 2 detailed next, we determine a.

As a by-product of the above calculation, we get Ṁ tt0 = Stt0 , but this will not be

used hereafter.

Step 2: Determining the constant a.

Substituting (D.31) and (4.30)-(4.31) in (4.11), letting t ↓ t0, and invoking the initial

condition (4.34b), we get

δ(x − y) = a lim
t↓t0

exp

⎛
⎜⎜
⎝
−∫

t

t0
θ(τ)dτ − 1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
. (D.32)

169



Proofs for Chapter 4/Proof of Theorem 4.1 D.3

Integrating both sides of (D.32) w.r.t. x, and using the shift property of the Dirac

delta: ∫Rn δ(x − y) ⋅ 1 ⋅ dx = 1, we obtain

1 = a∫
Rn

lim
t↓t0

exp(−∫
t

t0
θ(τ)dτ) exp

⎛
⎜⎜
⎝

1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
dx. (D.33)

As noted in Sec. 4.5, M tt0 ≻ 0, so for any x,y ∈ Rn, the second exponential term in

(D.33) takes values in [0,1].

Also, under assumption A1, θ(τ) in (4.35a) is bounded for 0 ≤ t0 < t < ∞, and

so is exp(− ∫
t

t0
θ(τ)dτ). Thus, the product of the two exponential terms in (D.33) is

bounded w.r.t. x. Therefore, by dominated convergence theorem, we exchange the

order of integral and limit in (D.33), to find

1 = a lim
t↓t0

exp(−∫
t

t0
θ(τ)dτ)∫

Rn
exp

⎛
⎜⎜
⎝
−1
2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⎞
⎟⎟
⎠
dx

= a lim
t↓t0

exp(−∫
t

t0
θ(τ)dτ) exp(−1

2
y⊺M 22(t, t0)y)

× ∫
Rn

exp(−1
2
x⊺M 11(t, t0)x + ⟨−M 12(t, t0)y,x⟩)dx

= a (2π)
n
2 lim

t↓t0
exp(−∫

t

t0
θ(τ)dτ) (detM 11(t, t0))−

1
2

exp(−1
2
y⊺{M 22(t, t0) −M⊺

12(t, t0)M−1
11(t, t0)M 12(t, t0)}y) , (D.34)

wherein M 11,M 12,M 22 are the respective n × n blocks of (4.31), and the last step

follows from Lemma D.1. Invoking Lemma D.1 here is in turn made possible by the

fact that M 11 being a sum of two positive definite matrices (see (4.31)), is positive

definite.

Now the idea is to evaluate the limits in (D.34). For the exponential of negative

quadratic term, using (4.31), we find

M22(t, t0) −M
⊺
12(t, t0)M

−1
11(t, t0)M12(t, t0) (D.35)
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= Γ̂
−1

tt0 − Γ̂
−1

tt0Φ̂tt0(Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0 +Π(t0,0, t))
−1

Φ̂
⊺

tt0Γ̂
−1

= Γ̂
−1

tt0 − (Φ̂
−1

tt0Γ̂tt0)
−1
(Φ̂
⊺

tt0Γ̂
−1

tt0Φ̂tt0 +Π(t0,0, t))
−1
(Γ̂tt0Φ̂

−⊺

tt0)
−1

= Γ̂
−1

tt0 − (Γ̂tt0 + Γ̂tt0Φ̂
−⊺

tt0Π(t0,0, t)Φ̂
−1

tt0Γ̂tt0)
−1
, (D.36)

thanks to the invertibility of Φ̂tt0 , Γ̂tt0 . Using the Woodbury identity [184], [185, p.

19],

(Γ̂tt0 + Γ̂tt0Φ̂
−⊺

tt0Π(t0,0, t)Φ̂
−1

tt0Γ̂tt0)
−1

= Γ̂−1tt0 − Φ̂
−⊺

tt0 (Π
−1(t0,0, t) + Φ̂

−1

tt0Γ̂tt0Φ̂
−⊺

tt0)
−1

Φ̂
−1

tt0 , (D.37)

which upon substituting in (D.36), gives

M 22(t, t0) −M⊺
12(t, t0)M−1

11(t, t0)M 12(t, t0)

= Φ̂−⊺tt0 (Π
−1(t0,0, t) + Φ̂

−1

tt0Γ̂tt0Φ̂
−⊺

tt0)
−1

Φ̂
−1

tt0 . (D.38)

Since Φ̂t0t0 = I , Γ̂t0t0 = 0, Π(t0,0, t0) = 0, we then have

lim
t↓t0

exp(−
1

2
y⊺{M22(t, t0) −M

⊺
12(t, t0)M

−1
11(t, t0)M12(t, t0)}y)

= exp

⎛
⎜
⎜
⎜
⎜
⎝

−
1

2
y⊺ lim

t↓t0
{Φ̂
−⊺

tt0 (Π
−1
(t0,0, t) + Φ̂

−1

tt0Γ̂tt0Φ̂
−⊺

tt0)
−1

Φ̂
−1

tt0}

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0

y

⎞
⎟
⎟
⎟
⎟
⎠

= 1. (D.39)

Therefore, (D.34) simplifies to

1 = a (2π)
n
2 lim

t↓t0
exp(−∫

t

t0
θ(τ)dτ)(detM 11(t, t0))−

1
2 . (D.40)

Notice that for the limit in (D.40) to be defined, the limit cannot be further distributed

to the exponential and determinant factors.

Since the limit of reciprocal equals to the reciprocal of the limit, and by Jacobi

identity: exp trace(⋅) = det exp(⋅), we re-write (D.40) as (4.36).
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Step 3: Putting everything together.

Substituting (4.36) in (D.31), and then substituting the resulting expression for c(t, t0)

in (4.33), the statement follows.

D.4 Proof of Corollary 4.2

Under the stated conditions, we proved in Proposition 4.3 that the term

1

2

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

⊺

M tt0

⎛
⎜⎜
⎝

x

y

⎞
⎟⎟
⎠

in (4.37) reduces to (4.21). What remains is to show that the term exp (−∫
t

t0
θ(s)ds)

in (4.37) reduces to
n

∏
i=1

1

(sinh(ωi(t − t0)))1/2
as found in (D.3), and to compute the

pre-factor a.

To this end, notice that (4.35a) in this case specializes to

θ(s) = trace (Φ̂⊺st0Γ̂
−1

st0Φ̂st0 +Π(t0,0, s))

= trace (
√
D coth (2

√
D(s − t0)))

=
n

∑
i=1

√
Dii coth (

√
Dii(s − t0)) , (D.41)

where the second equality follows from (D.14), (D.16) and (D.17). Then

exp(−∫
t

t0
θ(s)ds) = lim

ε↓0
exp(−

n

∑
i=1

√
Dii∫

t−t0

ε
coth (2

√
Diiτ)dτ)

= exp(−
n

∑
i=1

1

2
log sinh(2

√
Dii(t − t0)))

=
n

∏
i=1

1

(sinh(ωi(t − t0)))1/2
. (D.42)

In above, the first equality used (D.41) and a change-of-variable s−t0 ↦ τ . The second

equality follows from integration and the limit. The last equality used ωi ∶= 2
√
Dii.
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To compute the pre-factor a for this case, we note from (D.18) that detM 1/2
11 (t, t0) =

D1/4 (coth (2
√
D(t − t0)))

1/2
. Then using the Jacobi identity det exp(⋅) = exp trace(⋅),

we have

a = (2π)−n/2 lim
t↓t0
{detM 1/2

11 (t, t0) (exp∫
t

t0
θ(τ)dτ)}

= (2π)−n/2D1/4 lim
t↓t0
{(coth (2

√
D(t − t0)))

1/2
× (sinh (2

√
D(t − t0)))

1/2
}

= (2π)−n/2D1/4 lim
t↓t0
(cosh (2

√
D(t − t0)))

1/2

= (2π)−n/2D1/4, (D.43)

where the second equality is due to (D.42).

With the a given by (D.43), exp(− ∫
t

t0
θ(s)ds) given by (D.42), and the specializa-

tion of M tt0 as in Proposition 4.3, the kernel (4.37) specializes to (3.77).
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E.1 Proof of Theorem 5.1
Proof. The main idea behind this proof is to recast (5.1) as a relative entropy mini-

mization problem w.r.t. a reference Gibbs measure arising from the state cost q(x).

Here, the role of the reference measure will be played by the Wiener measure on

the path space Ω ∶= C ([t0, t1];Rn), i.e., the space of continuous curves in Rn pa-

rameterized by t ∈ [t0, t1]. To this end, we follow the developments as in [10]

and [39]; see also [133].

LetM(Ω) be the collection of all probability measures on the path space Ω. Recall

that (5.1b) corresponds to the Itô diffusion process

dx = u(t,x) dt +
√
2ε dw(t), (E.1)

(E.1) where v is non-anticipating, i.e., adapted to the filtration generated up until

time t for all t ∈ [t0, t1]. Let W ∈ M(Ω) be a Wiener measure, and consider a

measure P ∈ M(Ω) generated by the Itô diffusion (E.1). Using Girsanov’s theorem

[24, Thm. 8.6.6], [186, Ch. 3.5], we find

dP
dW
= dP0

dW0

exp(∫
t1

t0

u√
2ε

dw(t) + ∫
t1

t0

1

2

∥u∥22
2ε

dt) , P a.s., (E.2a)

⇔ log
dP
dW
= log dP0

dW0

+ 1√
2ε
∫

t1

t0
udw(t) + 1

4ε ∫
t1

t0
∥u∥22dt, P a.s.,

(E.2b)

where P0,W0 are the distributions of x(t = t0) under P and W, respectively.

Since u ∈ U as defined in (1.3),

EP [∫
t1

t0
∥u∥22dt] < ∞. (E.3)
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So for any t ≥ t0, the stochastic process

u(t) ∶= ∫
t

t0
udw(τ)

is a martingale, and consequently has constant expected value EP [u(t)] =

EP [u(t0)] = 0. Therefore, applying the expectation operator w.r.t. P to both sides

of (E.2) obtains

EP [log
dP
dW
] = EP [log

dP0

dW0

] + 1

4ε ∫
t1

t0
EP [∥u∥22]dt. (E.4)

Since we assume the state cost q(x) is positive and upper bounded, it follows that

−q(x) is negative and lower bounded. We next consider the Gibbs measure

exp(− 1

2ε ∫
t1

t0
q(x)dt)W

Z
∈ M(Ω) ,

where the normalization constant

Z ∶= ∫
Ω
exp(− 1

2ε ∫
t1

t0
q(x)dt)dW.

Recall that the relative entropy a.k.a. Kullback-Leibler divergence is defined as fol-

lows: Given two probability measures P,Q on some measure space Ω, the relative

entropy or Kullback-Leibler divergence

DKL (P ∥ Q) ∶= EP [log
dP
dQ
] =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∫
Ω
log ( dP

dQ
)dP if P≪ Q,

+∞ otherwise,

(E.5)

where
dP
dQ

denotes the Radon-Nikodym derivative, and P ≪ Q means “P is abso-

lutely continuous w.r.t. Q”.
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Applying this definition yields:

DKL

⎛
⎜⎜⎜
⎝
P ∥

exp(− 1

2ε ∫
t1

t0
q(x)dt)W

Z

⎞
⎟⎟⎟
⎠

(E.6)

= logZ +EP [
1

2ε ∫
t1

t0
q(x)dt] +EP [log

dP
dW
]

= logZ +EP [log
dP0

dW0

] + 1

2ε ∫
t1

t0
EP [

1

2
∥u∥22 + q(x)]dt, (E.7)

where the last equality uses (E.4).

Let

Π01 ∶= {M ∈ M(Ω) ∣M has marginal ρi

dx at time ti ∀i ∈ {0,1}, ρ0, ρ1 ∈ P2 (Rn)}. (E.8)

Since logZ + EP [log
dP0

dW0

] is constant over Π01, we conclude from (E.7) that the

stochastic optimal control problem (5.1) is equivalent to the stochastic calculus of

variations problem:

arg inf
P∈Π01

DKL

⎛
⎜⎜⎜
⎝
P ∥

exp(− 1

2ε ∫
t1

t0
q(x)dt)W

Z

⎞
⎟⎟⎟
⎠
. (E.9)

From (E.8), the set Π01 is closed and convex with non-empty interior. Furthermore,

the mapping P ↦ DKL (P ∥ Q) is strictly convex over Π01 for a fixed measure Q.

Hence there exists unique solution for (E.9), or equivalently for (5.1).
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E.2 Proof of Theorem 5.2
Proof. The Lagrangian for the SBP with additive state cost (5.1) is the functional

∫
t1

t0
∫
Rn
((1

2
∥u∥22 + q(x))ρq(t,x) + ψq(t,x)

×(∂ρq
∂t
+∇x ⋅ (ρqu) − ε∆xρq)) dx dt, (E.10)

where the Lagrange multiplier ψq ∈ C1,2 (Rn; [t0, t1]). The functional (E.10) de-

pends on the primal-dual variable trio (ρ,u, ψq). The idea now is to perform un-

constrained minimization of (E.10) over the feasible space P01 × U .

For the term ∫
t1
t0 ∫Rn ψq(t,x)∂ρ∂t dx dt in (E.10), we apply Fubini-Tonelli Theorem

to switch the order of the integrals, and perform integration by parts w.r.t. t, to

obtain

∫
t1

t0
∫
Rn
ψq(t,x)

∂ρ

∂t
dx dt

= ∫
Rn
(ψq(t1,x)ρ1(x) − ψε(t0,x)ρ0(x))dx

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
constant over P01×V

−∫
t1

t0
∫
Rn
ρ(t,x)∂ψq

∂t
dx dt. (E.11)

Next, for the term ∫
t1
t0 ∫Rn ψq(t,x) (∇x ⋅ (ρu) − ε∆xρ)dx dt in (E.10), integration

by parts w.r.t. x while assuming the limits at ∣x∣ → ∞ are zero, gives

∫
t1

t0
∫
Rn
ψε(t,x) (∇x ⋅ (ρu) − ε∆xρ(t,x))dx dt

= −∫
t1

t0
∫
Rn
⟨∇xψq,u⟩ρ(t,x)dxdt − ε∫

t1

t0
∫
Rn
⟨∇xρ,∇xψq⟩dxdt. (E.12)

For the second integral above, performing integration by parts w.r.t. x once more,

(E.12) becomes

∫
t1

t0
∫
Rn
ψq(t,x) (∇x ⋅ (ρu) − ε∆xρ(t,x))dx dt

= −∫
t1

t0
∫
Rn
⟨∇xψq,u⟩ρ(t,x)dxdt + ε∫

t1

t0
ρ(t,x)∆xψqdx dt. (E.13)
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Substituting (E.11) and (E.13) back in (E.10), and dropping the constant term, we

arrive at the expression

∫
t1

t0
∫
Rn
(1
2
∥u∥22 + q(x) −

∂ψε

∂t
− ⟨∇xψq,u⟩ − ε∆xψq)ρ(t,x) dx dt. (E.14)

Pointwise minimization of (E.14) with respect to u for a fixed ρ ∈ P01, yields the

optimal control

uopt
q = ∇xψq(t,x),

which is precisely (5.5). Evaluating (E.14) at this optimal solution, and equating the

resulting expression to zero yields the dynamic programming equation

0 = ∫
t1

t0
∫
Rn
(−1

2
∥∇xψq∥22 + q(x) −

∂ψq

∂t
− ε∆xψq)ρopt

q (t,x) dx dt. (E.15)

For (E.15) to hold for arbitrary ρ ∈ P01, we must have

1

2
∥∇xψq∥22 +

∂ψq

∂t
+ ε∆xψq = q(x), (E.16)

which is the PDE (5.3a).

Substituting (5.5) into the primal feasibility constraint (5.1b) yields (5.3b). Finally,

the boundary conditions (5.4) follow from (5.1c).

E.3 Proof of Theorem 5.3
Proof. By definition, ψq ∈ C1,2 ([t0, t1],Rn). Being continuous over its entire do-

main, ψq is bounded. So the mapping (5.6) is bijective. In particular, both φ̂q, φq are

positive over the support of ρopt
q for all t ∈ [t0, t1].

From (5.6a),

ψq = 2ε logφ2ε. (E.17)
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From (5.6b), φ̂ε = ρoptq exp(− log(φ2ε)), which immediately gives (5.9a). Substitut-

ing (E.17) in (5.5) gives (5.9b). Since (5.9a) holds for all t ∈ [t0, t1], so combining

(5.4) and (5.9a) yields (5.8). All that remains is to derive (5.7).

Substituting (E.17) in (5.3a), we get

2ε2∥ 1

φ2ε

∇xφ2ε∥
2

2

+ 2ε 1

φ2ε

∂φ2ε

∂t
+ ε∆x(2ε logφ2ε) = q(x). (E.18)

Since

∆x(2ε logφ2ε)

= 2ε∇x∇x logφ2ε

= 2ε∇x (
1

φ2ε

∇xφ2ε)

= 2ε(− 1

φ2
2ε

⟨∇xφ2ε,∇xφ2ε⟩ +
1

φ2ε

∆xφ2ε) ,

(E.18) simplifies to

2ε2∥ 1

φ2ε

∇xφ2ε∥
2

2

+ 2ε 1

φ2ε

∂φ2ε

∂t

+ 2ε2 (− 1

φ2
2ε

⟨∇xφ2ε,∇xφ2ε⟩ +
1

φ2ε

∆xφ2ε) = q(x),

⇔ 2ε
1

φ2ε

∂φ2ε

∂t
+ 2ε2 ( 1

φ2ε

∆xφ2ε) = q(x). (E.19)

Rearranging (E.19), we obtain (5.7b).

Next, substituting (5.9a) and (E.17) in (5.3b), we find

∂

∂t
(φ̂εφ2ε) + ∇x ⋅ (φ̂εφ2ε∇x(2ε logφ2ε)) = ε∆x (φ̂εφ2ε) ,

⇔ φ2ε
∂φ̂ε

∂t
+ φ̂ε

∂φ2ε

∂t
+∇x ⋅ (2εφ̂εφ2ε

1

φ2ε

∇xφ2ε)

= ε (φ2ε∆xφ̂ε + 2⟨∇xφ̂ε,∇xφ2ε⟩ + φ̂ε∆xφ2ε) , (E.20)

where the right-hand-side of (E.20) used the identity ∆(fg) = f∆g + 2⟨∇f,∇g⟩ +
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g∆f for twice differentiable f, g.

We expand the term ∇x ⋅ (2εφ̂εφ2ε
1

φ2ε
∇xφε) appearing in the left-hand-side of

(E.20) as

∇x ⋅ (2εφ̂εφ2ε
1

φ2ε

∇xφ2ε) = 2ε⟨∇xφ̂ε,∇xφ2ε⟩ + 2εφ̂ε∆xφ2ε,

and therefore, (E.20) simplifies to

φ2ε
∂φ̂ε

∂t
+ φ̂ε

∂φ2ε

∂t
+ εφ̂ε∆xφ2ε = εφ2ε∆xφ̂ε,

⇔ φ2ε
∂φ̂ε

∂t
+ φ̂ε (

∂φ2ε

∂t
+ ε∆xφ2ε) = εφ2ε∆xφ̂ε,

⇔ φ2ε
∂φ̂ε

∂t
+ φ̂ε (

1

2ε
q(x)φ2ε) = εφ2ε∆xφ̂ε, (E.21)

where the last line’s left-hand-side used the already derived PDE (5.7b). Rearrang-

ing (E.21), we arrive at (5.7a). This completes the proof.
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F.1 Proof of Lemma 6.1
Proof. Using [23, Lemma 1, eq. (16)], we havea

∆ΣR = R⟨Hessx,Σ⟩ + ⟨Σ,HessxR⟩ + 2⟨∇x ⋅Σ,∇xR⟩

⇒ 1

2
⟨Σ,HessxR⟩ + ⟨∇x ⋅Σ,∇xR⟩

= 1

2
∆ΣR −

1

2
R⟨Hessx,Σ⟩. (F.1)

By the same [23, Lemma 1, eq. (16)], we also have

1

4ρopt
∆Σρopt =

1

4
⟨Hessx,Σ⟩ +

1

4ρopt
⟨Σ,Hessxρopt⟩

+ 1

2ρopt
⟨∇x ⋅Σ,∇xρopt⟩. (F.2)

To express the RHS of (F.2) in terms of R, notice that the first summand in this

RHS is independent of R, and thanks to (6.5), the last summand is ⟨∇x ⋅Σ,∇xR⟩.

For the middle summand in the RHS of (F.2), we find

HessxR = Hessx (
1

2
log ρopt)

= −1
2
(∇xρopt
ρopt

)(∇xρopt
ρopt

)
⊺

+ 1

2ρopt
Hessxρopt

= −1
2
(2∇xR) (2∇xR)⊺ +

1

2ρopt
Hessxρopt,

which yields

1

4ρopt
Hessxρopt = (∇xR) (∇xR)⊺ +

1

2
HessxR. (F.3)

Hence, we can rewrite (F.2) as

1

4ρopt
∆Σρopt =

1

4
⟨Hessx,Σ⟩ + (∇xR)⊺Σ (∇xR)
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+ 1

2
⟨Σ,HessxR⟩ + ⟨∇x ⋅Σ,∇xR⟩

= 1

4
⟨Hessx,Σ⟩ + (∇xR)⊺Σ (∇xR)

+ 1

2
∆ΣR −

1

2
R⟨Hessx,Σ⟩, (F.4)

using (F.1). Grouping the first and the last summand in the RHS of (F.4), we obtain

(6.8).

aThe divergence of a matrix field Σ, denoted as ∇x ⋅Σ, is understood as a vector with elements

(∇x ⋅Σ)i ∶=
n

∑
j=1

∂Σij

∂xj
∀i ∈ {1,⋯, n}.

F.2 Proof of Theorem 6.1
Proof. To derive a PDE for ψ, we combine Lemma 6.1 with the primal-dual PDEs

(1.26a)-(1.26b), to obtain

1

ψ
∂tψ = ∂tR +

i

λ
∂tS

= 1

2ρopt
(−∇x ⋅ (ρopt (f + gg⊺∇xS)) +

1

2
∆xρopt)

+ i

λ
(−⟨∇xS,f⟩ −

1

2
⟨∇xS,gg

⊺∇xS⟩

−1
2
⟨Σ,HessxS⟩ + q)

= −⟨∇xR,f + gg⊺∇xS⟩ −
1

2
∇x ⋅ (f + gg⊺∇xS)

+ 1

2
∆ΣR + (∇xR)⊺Σ∇xR + (

1

4
− 1

2
R) ⟨Hessx,Σ⟩

+ i

λ
(−⟨∇xS,f⟩ −

1

2
⟨∇xS,gg

⊺∇xS⟩

−1
2
⟨Σ,HessxS⟩ + q) . (F.5)
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We re-write (F.5) as

iλ∂tψ =iλψ (⟨∇xR,f + gg⊺∇xS⟩ + (∇xR)⊺Σ∇xR

−1
2
∇x ⋅ (f + gg⊺∇xS) +

1

2
∆ΣR

+(1
4
− 1

2
R) ⟨Hessx,Σ⟩)

+ i

λ
(−⟨∇xS,f⟩ −

1

2
⟨∇xS,gg

⊺∇xS⟩

−1
2
⟨Σ,HessxS⟩ + q) . (F.6)

We will come back to (F.6) in a bit.

From [23, Lemma 1, eq. (16)],

∆Σψ = ψ⟨Hessx,Σ⟩ + ⟨Σ,Hessxψ⟩ + 2⟨∇x ⋅Σ,∇xψ⟩. (F.7)

Taking the gradient of

logψ = R + i

λ
S, (F.8)

we get ∇xψ = ψ (∇xR +
i

λ
∇xS), and re-write (F.7) as

∆Σψ = ψ⟨Hessx,Σ⟩ + ⟨Σ,Hessxψ⟩

+ 2ψ⟨∇x ⋅Σ,∇xR +
i

λ
∇xS⟩. (F.9)

Likewise, we use (F.8) to express ⟨Σ,Hessxψ⟩ in terms of R,S by first writing

Hessx logψ = −
∇xψ

ψ
(∇xψ

ψ
)
⊺

+ 1

ψ
Hessxψ.

Substituting (F.8) in above and rearranging yields

Hessxψ = ψ{HessxR +
i

λ
HessxS + (∇xR) (∇xR)⊺

− 1

λ2
(∇xS) (∇xS)⊺ +

i

λ
(∇xR) (∇xS)⊺
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+ i

λ
(∇xS) (∇xR)⊺ },

and so

⟨Σ,Hessxψ⟩ = ψ{⟨Σ,HessxR +
i

λ
HessxS⟩ + ∥∇xR∥2Σ

− 1

λ2
∥∇xS∥2Σ +

2i

λ
(∇xR)⊺Σ (∇xS)}.

Substituting this result back into (F.9) and simplifying algebraically, we obtain

0 = − λ
2

2
∆Σψ + ψ{

λ2

2
⟨Hessx,Σ⟩ +

λ2

2
⟨Σ,HessxR⟩

− 1

2
∥∇xS∥2Σ +

λ2

2
∥∇xR∥2Σ + λ2⟨∇x ⋅Σ,∇xR⟩}

+ iλψ{1
2
⟨Σ,HessxS⟩ + (∇xR)⊺Σ (∇xS)

+ ⟨∇x ⋅Σ,∇xS⟩}. (F.10)

Summing (F.10) and (F.6), we arrive at (6.9a), where R (VcaSB) and I (VcaSB) are

as in (6.10) and (6.11), respectively. By specializing (6.7) at the initial and terminal

times t0, t1, we obtain the boundary conditions (6.9b).
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