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Abstract

Contraction and Reaction in Generalized
Schrodinger Bridges

Alexis Teter

A bridge is a diffusion process that connects two given points in a finite dimen-
sional vector space that are pinned at two given times. A Schrodinger bridge is a
diffusion process that lifts this concept to the infinite dimensional manifold of prob-
ability measures. This dissertation contributes to the rapidly growing research area
of Schrodinger bridge that is undergoing an explosion of mathematical and algo-
rithmic developments across several disciplines: stochastic control, non-equilibrium
statistical mechanics, and generative Al This burgeoning interest is partly due to
the fact that a Schrodinger bridge comes with a large deviation guarantee: it is the
most-likely measure-valued path connecting the given endpoint measures. In this
sense, the Schrodinger bridge is the most parsimonious model consistent with ob-
served snapshots at two times. Part of its modern popularity is also because both
the theory and algorithm for Schrédinger bridge are nonparametric, i.e., dispense
the form or even the existence of finite dimensional sufficient statistic for the under-
lying measures. The computation is done directly on samples, without gridding or
parameterizing the underlying state space. Starting from the classical Schrodinger
bridge-a diffusive version of the optimal mass transport-this work considers several
generalizations, and make progress in two fronts: contraction and reaction.

The issue of contraction concerns with the convergent numerical solution in the

generalized Schrodinger bridge problems. The standard approach for solving such

xiii



problems is to deploy dynamic Sinkhorn recursions that are contractive with respect
to Hilbert’s projective metric. We quantify the worst-case contraction coefficient for
the linear Schrodinger bridge in terms of the problem data. The issue of reaction
concerns with the presence of an additive state cost in the objective that regularizes
the controlled sample paths for all times, in addition to enforcing the exact steering
between the endpoint statistics. Solving such problems via dynamic Sinkhorn recur-
sions require Markov kernels associated with certain reaction-advection-diffusion
partial differential equations, where the state costs play the role of the reaction rates.
Such Markov kernels are not transition probability kernels since the reaction terms
contribute to the non-conservation of probability mass, making direct application
of dynamic Sinkhorn recursion challenging. For both classical and linear quadratic
Schrodinger bridge problems, we overcome this challenge by deriving the associ-
ated Markov kernels in closed form, and showing how the dynamic Sinkhorn recur-
sions with the derived kernels still apply. We show that the probabilistic Lambert
problem-a problem of current interest in astrodynamics—is an instance of the gen-
eralized Schrodinger bridge where the state cost, and thus the reaction rate arises
not from regularization, but from the nonlinear gravitational potential. This con-
nects two hitherto disparate research areas, and enables nonparametric solution of
the probabilistic Lambert problem. We conclude with several ongoing and future
directions of research, including new equivalence between the Schrédinger bridge
problems and the two point boundary value problems involving the quantum me-
chanical Schrédinger equation with generalized Bohm potential that we derive. Sur-
prisingly, we show that such generalized Bohm potentials are necessarily complex-
valued wherein the real part of the potential encodes elastic scattering (transmission

of wave function), and the imaginary part encodes inelastic scattering (absorption

Xiv



of wave function).
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1 | Introduction

1.1 Overview

In this introductory chapter, I define two problems key to this dissertation: the prob-
lem of optimal mass transport (OMT) and the Schrédinger Bridge Problem (SBP). I
begin with the classical formulation of each, before introducing a generalized for-
mulation. This dissertation will explore specific generalizations of the OMT and the
SBP, with a particular focus on the latter.

It turns out that the classical SBP itself is a generalization of the classical OMT.
While defining each problem’s formulation, I highlight this link between the two.
Identifying this connection between the classical formulations lays the groundwork
for developments presented in Chapter 5.

After establishing the formulation of the OMT and the SBP, I provide a high-
level description of the approach used to solve the SBP throughout this dissertation.
I initially define this approach for the special case of the classical SBP. To clarify any
restrictions on this approach as applied to generalizations of the Schrédinger Bridge
Problem, I present the results of applying the relevant transform to a generalized
SBP. In doing so, I lay the groundwork for the generalized cases pursued later in this
dissertation.

This introductory chapter concludes with an outline of the structure of the en-

suing chapters and an explanation of my publication history.
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1.2 Optimal Mass Transport

The first problem of interest is that of optimal mass transport, henceforth referred
to as OMT. In this section, I provide a brief overview of the history, formulation, and
interpretation of OMT. I begin with the classical case of OMT, before providing the

generalized form of OMT.

1.2.1 Static Formulation of OMT

Historically, the first formulation of the classical OMT was by Gaspard Monge in 1781
[1]. Monge’s formulation of the classical OMT sought a mass-preserving measurable
map 7T : R" » R” that pushforwards a given probability density function (PDF) p,
to another given PDF p;, while minimizing the transportation cost. In other words,

the Monge formulation of OMT is the static optimization problem:

) 1
arginf  E, =|zo - 1|3
measurable 7:R"—R™ 2

subject to Ty~ po, xT1~p1, T(x0) =221, (1.1)

where the random vector &y € R™ has the PDF p, and the random vector ; € R™ has

the PDF p;, and E,,; denotes the expectation with respect to the PDF p,. Throughout

this dissertation, | - ||2 represents the Euclidean norm. Problem (1.1) is an infinite
dimensional optimization problem that is nonlinear and nonconvex in the decision
variable 7, since the constraint can be equivalently written as p; = T400; where |
denotes the pushforward.

In 1942, Leonid Kantorovich reformulated [2] the static OMT by shifting focus

from finding the optimal transport map 7°P* to instead computing an optimal cou-

pling, 7°', between the given py and p;. This optimal coupling solves the following
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infinite-dimensional linear optimization problem:

1
arginf E,=|xo - x1]3, (1.2)
mell(po,p1) 2

where E.[-] := [[-]dm, and II(po, p1) denotes the set of all joint probability measures
7 supported over the product space R” x R” such that [, 7(xo,1)dx; = py and
Jan (2o, 21)dxy = p1. Under mild conditions, the optimal transport map 7°P! in
(1.1) corresponds exactly to the support of the optimal coupling 7°* in (1.2). From a
computational point of view, Kantorovich’s reformulation (1.2) of the classical OMT
as an infinite-dimensional linear program is more manageable than Monge’s original
formulation (1.1) of the classical OMT as an infinite-dimensional nonlinear noncon-
vex problem over measurable maps 7(+). See e.g., [3].

In contrast to the static formulations mentioned above, in this dissertation, we
will focus on equivalent dynamic formulations mentioned next. These formulations

are atypical stochastic optimal control problems.

1.2.2 Dynamic Formulation of OMT

Let P, (R™) denote the set of PDFs supported over R”, whose elements have finite

second raw moments, i.e.,

Po®) = {p R R | [ pdz=1, [ Jal pde<ool.

For pg,p1 € Po(R™), let Py denote the collection of all PDF-valued trajectories
p(t, x) that are continuous in ¢ € ¢, t1 ], and supported over R for each ¢ € [to, 1],
such that p(tg, ) = po(x) and p(t1,x) = p1(x). Let U be the set comprising of all

Markovian finite energy control policies, i.e.,

U= {u:R"x [tyg,t1] > R"| |ul3 < co}. (1.3)
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For a given time horizon [t, 1], the dynamic formulation of OMT, introduced by

Benamou and Brenier [4], is the variational problem:

t1 1
arg inf f f 2 w2 pt, ) de dt (1.4a)
(p,u)ePo1xUd Jto n 2
%, Ve (pu) =0 (1.4b)
at x p - Y .
p(to,x) = po, p(ti,x) = p1, (1.4¢)

where V- is the divergence operator with respect to vector . For details, refer
to [5, Thm. 8.1], [6, Ch. 8]. The existence-uniqueness of the solution for (1.4) is
guaranteed [7] for pg, p1 € P2 (R™).

In (1.4), the vector « € R™ can be seen as the state of a controlled dynamical sys-
tem, and the w € U as a feasible control policy. From a control perspective, (1.4)
amounts to designing a minimum effort stochastic optimal control policy that is
guaranteed to steer the controlled state statistics from the given py at ¢, to the given

P1 at tl.

1.2.3 Generalized OMT

A generalized version of OMT takes the form

t1
arginf / f (q(x) +7r(u)) p(t,x)dxdt (1.5a)
(p,u)ePo1xU Jto "
dp
E“‘Vw(Pf(t;w,u)) :Oa (15b)
p(t:t07$):p0a p(t:tlaw):pl' (15C)

Assume that r(u) is strictly convex and coercive, and that the cost-to-go ¢(x)+r(u)
is bounded.

The problem (1.5) generalizes the classical OMT (1.4) in two distinct ways. First,
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the cost-to-go in the objective function is now ¢(x) + r(u), the sum of a state-
dependent cost and a control-dependent cost. This contrasts with the classical case
(1.4), since there () =0, 7(-) = 1|| - |3. Second, the vector field in the PDE constraint
(1.5b) is allowed to be generic Lipschitz in time ¢, state «, and control w. In contrast,
(1.4) concerns with the special case f(t,x,u) = u.

In the subsequent chapters, we will consider specific choices for the state cost

q(x), the control cost r(u), and the drift vector field f(t, x,u).

1.3 Schrodinger Bridge Problem

The Schrodinger Bridge Problem, henceforth referred to as the SBP, is the primary
focus of this dissertation. As in the case of OMT above, I begin with the classi-
cal formulation of this problem. I then provide the generalized form of the SBP, in

preparation for the variants of the SBP considered in future chapters.

1.3.1 Static Formulation of SBP

The SBP originated from the works of Erwin Schrédinger in 1931-2, with the moti-
vation of finding a probabilistic interpretation of quantum mechanics [8-10]. For the
static SBP formulation, fix a (not necessarily small) regularization parameter € > 0.
Then consider the entropy-regularized version of the static OMT (1.2), which is an

infinite dimensional nonlinear optimization problem:

1
arg inf Eﬂ{—]\wo—w1\§+elog7r}. (1.6)
rell(popn) |2

The problem (1.6) is the static SBP. In contrast to (1.2), problem (1.6) is strictly convex

in the decision variable 7 € I1(pg, p1)-
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Schrodinger’s motivation behind (1.6) was not really to formulate a regulariza-
tion of (1.2). Instead, the intrinsic motivation behind problem (1.6) was that it can
be re-written as a relative entropy a.k.a. Kullback-Leibler divergence Dky,(- || -) mini-

mization problem:

ar(g inf) eDkr (m(xo, 1) || k(xo, 21) (mo(x0) @ T1(21))), (1.7)
mell(po,p1

where 7, 71 are the marginal measures associated with the PDFs py, p1, respectively,

mo(x) ® m1 (1) denotes the product measure, and

1
k(xo, x1) = exp (—2—5||a:0—a:1||§), (1.8)

is the Gibbs kernel. The Kullback-Leibler divergence Dky,(- || -) between two proba-

bility measures 7, 7 is given by

dr f log dr. ifr <«
Dy, (7 || 7) == ]E,r{logd—,ﬁ} = dm (1.9)
+00, otherwise,
where m << T denotes that the measure 7 is absolutely continuous with respect to 7,
and j—; denotes the Radon-Nikodym derivative.

Re-writing (1.6) in the form (1.7) has three merits. The first merit is that it
clarifies the maximum-likelihood interpretation for the minimizer 7°P* in the sense
the coupling 7°Pt is the most-likely joint consistent with the prescribed marginal
measures 7y, T (or equivalently the marginal PDFs pg, p1). The second merit is
that the existence-uniqueness of the minimizer 7°P* becomes clear since problem
(1.7) is a strictly convex program: the Kullback-Leibler projection of the Gibbs-
weighted product measure k(xg,x1) (mo(x¢) ® (1)) onto the convex polyhe-

dron I1(pg, p1). The third merit is that (1.7) can be numerically solved via the cel-

ebrated Sinkhorn algorithm [11-13], which is an recursive algorithm to solve the
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diagonal matrix scaling problem: given elementwise nonnegative square matrix M,
find positive diagonal matrices Dy, D5 such that the scaled matrix DM D, has
a prescribed row sum and a prescribed column sum. The Sinkhorn recursions are
contractive w.r.t. Hilbert’s projective metric, and hence enjoy existence-uniqueness

and worst-case linear rate of convergence guarantees.

1.3.2 Dynamic Formulation of SBP

While Schrédinger’s original formulation is most naturally described as a static vari-
ational desribed above, equivalent stochastic control formulation for the same has
been understood since the late 20th century, which is what is most relevant in this
dissertation. The problem is to compute the minimum effort control required to steer
a given PDF to another given PDF over a given time horizon, subject to a controlled

Brownian motion constraint. This leads to a stochastic optimal control problem:

¢ 1
arg inf f 1 f —|u|3 p(t,z) dx dt (1.10a)
(pu)ePorxtd Jto  JR™ 2
dp
i Ve (pu) =clgp, >0, (1.10b)
p(to,x) = po(x), p(ti,x) = pi(z), (1.10¢)

where A, is the Laplacian operator with respect to the vector x, and as before, Py;
is the collection of PDF-valued trajectories p(t,-) that are continuous in t € [t¢, 1]
and satisfy p(to,-) = po, p(t1,-) = p1.

Note that the macroscopic dynamics (1.10b) corresponds to the microscopic con-

trolled sample path dynamics given by the Ito stochastic differential equation
de = u(t,x) dt + V2e dw(t), (1.11)

where w € R"™ denotes the standard Wiener process. The Ito diffusion (1.11) is a
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controlled Brownian motion.

From inspection, the classical SBP (1.10) is a generalization of (1.4) in which the
first order advection PDE, a.k.a. the Liouville PDE (1.4b) (see e.g., [14]) is replaced
by the second order adevtion-diffusion PDE ak.a. the Fokker-Planck-Kolmogorov
(FPK) PDE (1.10b). When ¢ | 0, the SBP (1.10) reduces to the OMT problem (1.4), and
the solution of (1.10) converges to the solution of (1.4) [15-17]. Chapter 5 includes
discussion of the similar connection between a particular generalization of OMT and

a corresponding generalization of the SBP.

1.3.3 Generalized SBP

Since this dissertation will explore a variety of generalizations of (1.10), I now define

a generalized (dynamical) SBP as follows:

t1
arginf [ [ (q(x) +7r(u)) p(t,x) dxdt (1.12a)
(p,u)ePorxtd Jto "
0
a_f +Vg - (pf(tv CC,U)) = AZl(t,a:,u)p (llzb)
p(to, @) = po(x), p(t1, ) = pi(z), (1.12¢)

where the weighted Laplacian

n 82
Asteu)f = Y. W((E)mﬂ), (1.13)
1,j=1 Yx;~T;

and the diffusion tensor ¥ := oo is an n xn symmetric positive semi-definite matrix
field, where o = o (t,x,u) € R™? is the diffusion coefficient. Note that the diffusion
coefficient may be time-, state-, and control-dependent.

As in (1.5), this problem formulation generalizes both the cost-to-go function in

the objective and the controlled dynamics arising in the PDE constraint. The FPK
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PDE (1.12b) is induced by the controlled sample path dynamics
de = f(t, 2, u) dt + V20 (¢, 2, u) dw(t), (1.14)

a generalization of (1.11). Specifically, the Itd stochastic differential equation (1.14)

has controlled drift coefficient f, and controlled diffusion coefficient o. Note that

by choosing ¢(x) = 0, r(u) = 3|u|2 and f(¢,x,u) = u, as in the OMT case, and
additionally letting o (¢, 2, u) = \/cI,, the microscopic (i.e., sample path) dynamics
(1.14) reduces to (1.11), and the macroscopic (i.e., PDF) dynamics (1.12) reduces to
(1.10).

Generalizations of the SBP considered in future chapters can likewise be recov-

ered from (1.12) by choosing appropriate state cost g(x), control cost r(u), con-

trolled drift coefficient f(¢,x,u), and controlled diffusion coefficient o (¢, z, u).

1.4 Hopf-Cole Transform and Schrodinger Factors

I now outline the process of deriving the known solution to the classical SBP (1.10)

in Ch. 1.4.1, and the same for generic control-affine SBP in Ch. 1.4.2.

1.4.1 Hopf-Cole Transform for Classical SBP

We begin by deriving the first order conditions for optimality for the classical SBP.
By determining the Lagrangian of (1.10) and applying pointwise minimization, the
optimal solution pair (popt, Uept) for the classical SBP (1.10) is found to solve the
system of coupled, nonlinear PDEs:

S 1

5 + §||VmSH§ +eA,S =0, (1.15a)
dpo
gtpt + V;,; . (popthS) = 8Ampop’[7 (115b)



Introduction/Hopf-Cole Transform and Schrédinger Factors 14

with boundary conditions

Popt(to, @) = po(x),  popt(tr, @) = p1(x), (1.16)

where S € C12 (R"; [ty,t,]), and the optimal control u®" = V,S(t, ). Specifically,
(1.15a) is the Hamilton-Jacobi-Bellman (HJB) PDE, and (1.15b) is a controlled FPK
PDE with control V. S(t, x). See Appendix A.1 for a general derivation of first order
conditions; the derivation of (1.15) can be easily recovered.

The system of PDEs (1.15) in unknowns poy(t, ), S(t, ) are coupled and non-
linear. To transform this to a system of linear PDEs, the Hopf-Cole transform [18,

19] introduces the so-called Schridinger factors ¢. and P, as a change-of-variables

(poptv S) = (@Ev ‘108) given by

S

P 1= exp (—) , (1.17a)
2e

. S

Pe = Popt €XP (—2—8 . (1.17b)

In the case of the classical SBP, this transformation allows the reformulation of the

system (1.15)-(1.16) into a set of forward and backward heat equations

0B.
ai - A, 7., (1.18a)
dp.

= A0, 1.18b
BT AW ( )

with coupled boundary conditions

@5(1507 w)@s(th fB) = po,

@E(tluw)gpe(tlvw) = p1- (119)

Note that (1.18) can be trivially recovered from the derivation in Appendix A.2. Here,

the subscript highlights the dependence of (1.17) on the choice of the parameter ¢.

10
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J R

P.(to, ®) > Pc(t1, )
Po(m)/(Ps(th :B) pl(m)/(ﬁe(thm)
e (to, ) < Pe(t1, )

Figure 1.1: Fixed point recursion over the endpoint Schrodinger factor pair
(P=.0, 1) to solve the boundary-coupled system of PDEs (1.18)-(1.19). The arrows
with integrals denote marching the solutions for the respective initial value problem
(IVP) over time.

As is well-known [20, Sec. 8], [21, Sec. II], the SBP can thus be solved by comput-

ing the function pair (3. (to, ), ¢ (t1,x)) satisfying a system of nonlinear integral

equations, referred to as the Schrédinger system:

po(@) =2 (t0,@) [ klto. .t y)e. (b y)dy, (1.200)

pi(@) = poltr@) [ k(o y.,2)B(to, y)dy. (1.20)
where k is the appropriate uncontrolled (i.e., u = 0) Markov transition probability
kernel. In the case of the classical SBP (1.10), £ is the well-known heat kernel, hence-
forth referred to as kg, where the subscript B stands for the Brownian noise, a.k.a.
the standard Wiener process in (1.11).

The Schréodinger system (1.20) can in turn be solved via the fixed point recursion

over (p-(to, x), p-(t1,x)) shown in Figure 1.1. This recursion proceeds as follows:

1. Make an everywhere positive initial guess for @, (¢o, x).

2. Using $.(to, ), integrate (1.18a) from ¢ = t, to t = t; to determine J.(t1,x).

11
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3. Define

L1

)= —F
Soa( ' ) Soe(tlaa:)

4. Integrate from t = t; to ¢ = ¢ to determine ¢, (tg, ).

5. Define

Po

Bty x) = — 0
(o.®) = 2

6. Repeat (2)-(5) until convergence.

The function pair (. (to, € ), p-(t1, x)), thus computed, are used to find the Schrédinger

factors

@a(ta 33) = ,[R" k(t07y7t7 m)@E,O(y)dgL t2 th (1213)
pou(t, ) = fR Kt t,y) e (y)dy, <t (1.21b)

The optimally controlled state PDF and the optimal control for all ¢ € [¢y,¢;] are

then recovered from the Schrodinger factors as

pOPt(t7w) = @E(taw)gps(tam)a (1.228.)

Uopi(t, ) = 26V, log - (t, ). (1.22b)

Throughout this dissertation, an SBP will be referred to as exactly solvable if the
corresponding (uncontrolled) Markov kernel « is known in closed form, i.e., without
integrals or series sum. This is the case for classical SBP discussed above, as the heat

kernel kg can be expressed as

(1.23)

|2
ki (to, To, tr, 1) = (4me(ty — to)) " exp (—M) ‘

46(t1 - to)

A closed form of the Markov kernel  such as (1.23) allows for convenient numerical

12
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implementation of the forward and backward pass in dynamic Sinkhorn recursion
(Fig. 1.1) via simple matrix-vector multiplications. This obviates randomized com-
putation with Feynman-Kac path integrals or other nontrivial solvers [21,22] which
incur function approximation errors. A key focus of this dissertation will therefore
concern different approaches to determining a closed form Markov kernel for gen-

eralizations of the SBP.

1.4.2 Hopf-Cole Transform for Control-Affine SBP

In the case of the classical SBP, the Hopf-Cole transform, as discussed in Section
1.4.1, moves the coupling from the PDEs to the boundary conditions. In our pursuit
of a closed form « for generalizations of the SBP, we naturally wish to determine the
conditions under which the Hopf-Cole transform remains beneficial.

To determine when the Hopf-Cole transform may be beneficially applied, con-

sider a control-affine SBP:

t1
arg inf f f (q (t,x) + 1HuH%) da dt (1.24a)
(pu)ePorxtd Jto  JR™ 2
0
S Ve (p(A(L@) + B(La)w) = Asgaay p, (124D)
p(t =to,x) =po, p(t=ti,x)=p1 (1.24¢)

Note that (1.24) is an instance of the generalized SBP (1.12) for control cost r(u) =
1| w|3 and drift f(¢,x,u) = A(t,z) + B (t,z)u. This choice of f(¢,,u) implies
that the controlled sample path dynamics is governed by the It6 stochastic differen-

tial equation
de=(A(t,z)+B(t,x)u)dt + o(t,x,u)dw,, (1.25)
where the diffusion tensor in (1.24) is ¥ = oo .

13
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Our work [23] investigates solving (1.24) via the algorithm introduced in Section
1.4.1. We begin by making the following assumptions to ensure the strong solu-
tion [24, p. 66] for the uncontrolled (u = 0) version of (6.2), and to ensure that the

corresponding transition density is everywhere continuous and positive [25, p. 364].

A1l. (Non-explosion and Lipschitz coefficients) There exist constants c¢1,cy > 0

such that Y,y € R", Vt € [t, 1],

A 2)]2+ o (8 2) 2 < e (1+]2]2),

| A z) - At y) |2 < 2@~y

A2. (Uniformly lower bounded diffusion tensor) There exists a constant c3 > 0

such that Ya € R”, Vt € [to,t1],

(z,2(t,x)x) > c3|z|3.

As in the classical case, we start by deriving the first order conditions for opti-

mality for (1.24), arriving at the following theorem.

Theorem 1.1 (Coupled Nonlinear PDEs with linear boundary conditions). Let A1-
A2 hold. Consider two PDFs py, p1 having finite second moments, a given time horizon
[to,t1], and the state cost q suitably smooth. For S € C12 ([to,t1];R™), the necessary

conditions for optimality for problem (1.24) are

Primal PDE:
dpo
gtpt + Vg - (popt (A + BBvaS)) = AE Popts (1268_)
Dual PDE:
oS 1 ]
E + <Vw87 A) + §<Vw5, BB V$S) + (E,Hesst) =q, (126b)

Primal Boundary Conditions :

14
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Popt (t0, T) = po(x),  popt (t1, @) = p1(x) (1.26¢)
The optimal control is
Uopt = BTV 5. (1.27)

For a derivation of this Theorem, see Appendix A.1.

The derived necessary conditions (1.26) comprise of two coupled nonlinear PDEs
(1.26a)-(1.26b) in the primal-dual variable pair (popt,S) with two linear boundary
conditions (1.26¢). This system is atypical since both of these boundary conditions
are available for the single variable pp;.

Consider a generalized version of the Hopf-Cole transform 1.17 which introduces

Schrodinger factors ¢y and P (see [18,19]), as

S
P = exp (X) ) (1.28a)
_ S
P = Popt XD (_X) : (1.28b)

The constant A > 0 is a scaling parameter; the dependence of this generalized Hopf-
Cole transform on the choice of A is emphasized by the subscript.

The appeal of (1.28) is that, under certain conditions, it converts (1.26), a system
of coupled PDEs with linear boundary conditions, to a system of decoupled PDEs

with bilinear boundary conditions.

Theorem 1.2 (Boundary-coupled nonlinear PDEs). Consider the setting as in The-

orem 1.1. Let the pair (popt,S) solve (1.26). The pair (P, y) given by (1.28) solves

0P - _ _

S Ve (B(A T A) - Ay gpﬁ(%wp)%:o, (1.292)
0

% +(Vapr, A+ Ay) + (X, Hessp oy ) — (% + qw) ox =0, (1.29b)

15
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P (to, ) ox (to, ) = po(x), @i (t1, ) A (t1,2) = p1(x), (1.29¢)

where
A, = (ABB' -2X) V,log ¢, (1.30)
4o = 5 (Valogen) (ABBT ~25) V. log ox. (1.31)

The minimizing pair (popt, Wopt) for problem (1.24) is then recovered from

Popt (1, ®) = Pa(t, 2)pa(t, ), (1.32)

Uopt (t, @) = A B' Vi log pa(t, @), (1.33)

forallt e [ty t1].

The proof of Theorem 1.2 is given in Appendix A.2.

Notice that the PDEs (1.29a)-(1.29b) are still coupled and nonlinear. Similar to
(1.26a)-(1.26b), the equation-level coupling in (1.29a)-(1.29b) is one way in the sense
(1.29b) has no dependence on ) but (1.29a) depends on both ¢, ). Unlike (1.26c¢),
the boundary conditions (1.29c) are now bilinear. For these reasons, the utility of
applying this generalized Hopf-Cole transform (1.28) to (1.24) is not immediately
apparent.

However, a closer inspection of (1.29a)-(1.29b) reveals that the coupling and the
nonlinearities emanate precisely from the ¢-dependent vector field A, and the the
pr-dependent reaction term g, defined in (1.30) and (1.31), respectively. The A, and
q,» are both linear in the matrix ABBT - 2X. So, these PDEs become decoupled and
linear provided the control and noise channels coincide. This is summarized in the

following Corollary 1.3.

Corollary 1.3 (Boundary-coupled linear PDEs). Consider the same setting as in The-

16
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orem 1.2. If BB' o o0 or equivalently, \BB'" — 2% = 0 for some \ > 0, then
(1.29) reduces to the following system of linear advection-diffusion-reaction PDEs that

are only coupled through bilinear boundary conditions:

9P

ot +Va (PrA) - As Py + -~ Y (1.34a)
% +(Vap, A) + (X, Hesszpy) — % =0, (1.34b)
Px (o, ) ox (o, ) = po(+), P (t1, @) pa (L, ) = pr(). (1.34¢)
Proof. From (1.30)-(1.31), both A, g, vanish for ABBT -2 =0. O]

When ABB" - 2% # 0 for all )\ > 0, the difference
AMBB' -2%

quantifies the imbalance between the control and the noise fluctuation, causing an
excess additive drift (1.30) and an excess additive reaction rate (1.31), to ensure the
conservation of optimally controlled probability mass.

In a different context, Kappen [26, Sec. 3.1] provided a physical interpretation
of BB « oo: in the directions of low noise, optimal control (1.33) is expensive,
and vice versa. Existing works [20, 21] assume a priori that BB™ o oo. This
assumption is practically motivated, as identical input and noise channels indeed
occur for stochastic forcing and noisy actuators.

In this dissertation, the generalizations of the SBP under consideration will like-
wise concern cases in which BB' o< oo, and therefore the Hopf-Cole transform

(1.28) will prove beneficial.

17
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1.5 Existing Literature and Original Contributions

This dissertation explores generalizations of the SBP. Prior works have generalized
the classical SBP in multiple directions. One direction generalizes the SBP by consid-
ering more general drifts and diffusions [21,27-35]. Specific versions of generalized
OMTs have also appeared before; see e.g., [35,36]. Another direction considers ad-
ditional bounded domain constraints [37,38] where the controlled sample paths are
required to deterministically stay within the domain for all times.

However, works on the SBP with state cost-to-go, one of the main generalizations
explored in this dissertation, are limited [10,39], [40, Ch. 2.6, 2.7], [41]. On the other
hand, deriving the worst-case contraction coefficient for a generalized SBP in terms
of the problem data, as done in this dissertation, is novel.

In this dissertation, we deduce closed form kernels for the SBP with quadratic
state cost, a novel result. By finding the Markov kernel £ in closed form, our re-
sults enable the numerical solution of the SBP with quadratic state cost for generic
non-Gaussian endpoint distributions py, p1 with finite second moments. The existence
and uniqueness of this problem was discussed in [42], wherein the kernel was con-
structed by solving Lyapunov equations. However, the solution with quadratic state
cost presented in [42], while allowing for @ to be time-varying, only concerns with
the special case of Gaussian pg, p1. In contrast, the closed form Markov kernel we
derive makes no parametric assumptions on pg, p;.

We present two different approaches to analytically recovering the kernel for the
SBP problem with quadratic state cost. In the process, we make an additional peda-
gogical contribution by explaining the general steps to derive the Green’s functions

or kernels of certain linear PDE initial value problems (IVPs) using Weyl calculus

18
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tools in a systematic manner. The mathematical development of Weyl calculus origi-
nated in quantum mechanics, but its relevance in solving problems outside quantum
mechanics, especially in diffusion and control problems, are less known. Common
references [43], [44, Ch. 2-3], [45-47] on Weyl calculus appeal to quantum physics
and field-theoretic ideas to introduce the core mathematical concepts, albeit for good
reasons. However, this style of exposition, even when mathematically rigorous, can
become a barrier to the broader systems-control audience. To make Weyl calculus
tools more accessible to a broad audience across different disciplines, we take a pur-
posefully less rigorous recipe-style introduction of selective Weyl calculus tools with
illustrative calculations.

We consider two ways to further generalize the SBP with quadratic state cost.
First, we consider the case in which we steer a more general linear time-varying
diffusion. We still allow for non-Gaussian initial and final distributions. We demon-
strate that this linear quadratic SBP is still exactly solvable. Moreover, we present a
novel approach that relies on finding a state-time dependent distance-like functional
given by the solution of a deterministic optimal control problem. This technique
breaks away from existing methods, uncovering a new connection between Markov
kernels, distances, and optimal control. This connection is of interest beyond its
immediate application in solving the linear quadratic SBP.

Our second method of generalizing the SBP with quadratic state cost is to instead
consider the SBP with bounded, positive state cost that is not necessarily quadratic.
In the process, we draw connections to a problem of interest to the astrodynamics
community, the probabilistic Lambert Problem.

The deterministic Lambert problem has a substantial literature in the guidance-

control community — a non-exhaustive list of references includes [48-52], [53, Ch.
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13.4]. The Lambert problem with probabilistic uncertainty has been investigated be-
fore using Taylor expansion [54], using linearization followed by second order statis-
tics (i.e., covariance) mapping [55,56], using the pushforward mapping of probability
measures [57], using polynomial approximation [58], and using neural network and
Gaussian process regression [59]. While these works consider the endpoint proba-
bilistic uncertainties or some approximants thereof, they do not explicitly account
for the stochastic dynamics.

While the importance of OMT in dynamics-control problems with probabilistic
uncertainties is being recognized across different research communities at a very
rapid pace [3,6,60-67], we uncover a hitherto unknown link between OMT and the
probabilistic Lambert problem. Making a precise connection with OMT allows us
to theoretically guarantee existence-uniqueness for the solution of the probabilistic
Lambert problem.

By showing that the additive state cost in this generalized SBP corresponds to the
probabilistic Lambert problem with process noise, we numerically solve the prob-
abilistic Lambert problem using nonparametric computation. In the process, we
propose a novel algorithm to numerically solve such a generalized SBP. While [68]
also considers an SBP with killing or creation, [68] considers unbalanced endpoint
marginals, which is not the case for us. While it is possible to convert that unbal-
anced problem to an equivalent balanced problem, doing so changes the mathemati-
cal structure and meaning of the stochastic optimal control problem, see [68, eq. (4.3)
and Sec. 5].

In addition to exploring methods of exactly solving the generalizations discussed
above, we also provide substantial contributions to the understanding of the conver-

gence rate of the algorithm defined in Fig. 1.1. Thanks to the Banach contraction
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mapping theorem, this recursion has guaranteed linear convergence with a contrac-
tion coefficient € (0,1). The smaller the x, the faster the convergence. In practice,
the contraction coefficient x is numerically observed to be small (i.e., fast conver-
gence) even in more general settings [69, Fig. 4], [21, 34, 70] than classical or lin-
ear SBPs. The recent work [71] investigates classical SBP convergence from a sam-
ple complexity perspective. [72] provides a worst-case contraction coefficient v >
for the classical SBP. We provide novel control-theoretic as well as geometric inter-
pretations for this result. We additionally derive a new formula for the worst-case
contraction coefficient for the linear SBP in terms of the problem data, and provide
control-theoretic and geometric interpretations of the same. We also provide a prac-
tical application of these formula, by highlighting how pre-conditioning the supports
can help reduce the worst-case contraction coefficient, thereby improving the con-

vergence of the linear SBP.

1.6 Organization of Dissertation

The remaining of this dissertation is organized as follows.

In Chapter 2, I summarize existing results on the contraction coeflicient for the
classical SBP. I then define the first generalization of the SBP discussed in this dis-
sertation: the linear SBP. I identify the corresponding changes to the recursive algo-
rithm introduced above (see Figure 1.1) when solving the linear SBP rather than the
classical SBP. I then present a derivation of the contraction coefficient for this gen-
eralized case, as published in a joint work with Abhishek Halder and Yongxin Chen
(see [73]). Our resulting geometric and control-theoretic interpretations, for both

the classical and the linear SBP, are thoroughly explained. Chapter 2 concludes with
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a discussion of the potential applications we identified of the contraction coefficient,
and an example of one such application.

Chapter 3 concerns a different generalization of the SBP; one which includes a
fixed quadratic state cost. The primary focus of this chapter is the derivation of the
Markov kernel k for such a SBP. I present two different approaches for deriving such
a kernel; one which we employ Hermite polynomials (see [74]) and one which we
use Weyl calculus (see [75]). Our successful derivation of the Markov kernel via each
approach both demonstrates that this generalization of the SBP is exactly solvable,
and provides the solution of this SBP.

In Chapter 4, we combine the generalizations discussed in Chapters 2 and 3 to
consider a linear SBP with (not necessarily fixed) quadratic state cost. In pursuit
of the Markov kernel k corresponding to this new generalization, we introduce an
entirely new approach, which is designed from observations about the structure of
known Markov kernels (see [76]). We demonstrate the success of this approach for
known kernels, and for this new generalization.

In Chapter 5, we further generalize the SBP studied in Chapter 3, by consider-
ing an additive state cost of any structure, rather than restricting our developments
to a quadratic state cost. I present the existence-uniqueness and first-order condi-
tions of optimality of the solution for this SBP with state cost. I then present our
work on a particular case study of the SBP with additive state cost: the probabilistic
Lambert’s problem (see [22]). After a brief overview of the historical and modern
applications enabled by the solution of this problem to motivate the rest of the chap-
ter, we leverage properties of generalized OMT and the SBP to prove the existence
and uniqueness of the solution to the probabilistic Lambert’s problem. To enable

the solution of this problem via the typical Sinkhorn recursions, we then use the
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Fourier and Laplace transforms to determine an approach for the necessary forward
and backward integration. We then construct an algorithm to numerically solve the
probabilistic Lambert’s problem. The corresponding numerical simulation results
highlight the practical use of the proposed algorithm.

I conclude this dissertation with a summary of the key results, as well as a discus-
sion of our results from applying an alternative transform to the SBP, which suggests

intriguing routes for further study.

1.7 Publications

The following table, Table 1.1, gives a list of my published works and works currently

under review, as well as their correspondence with the chapters of this dissertation.

Table 1.1: Publications and related chapters in this dissertation.

Publication Chapter Ref.

"On the Hopf-Cole Transform for

Control-affine Schréodinger Bridge",

Ch.1 | [23]
under review in IEEE Trans. Automatic Control.
A.M.H. Teter and A. Halder.
"On the Contraction Coefficient of
the Schrodinger Bridge for
Stochastic Linear Systems", Ch.2 | [73]

IEEE Control Systems Letters, 7:3325-3330, 2023.

A.M.H. Teter, Y. Chen, and A. Halder
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"Schrodinger Bridge with Quadratic
State Cost is Exactly Solvable",
accepted in IEEE Trans. Automatic Control.

A.M.H. Teter, W. Wang and A. Halder

Ch. 3,5

[74]

"Weyl Calculus and Exactly Solvable
Schrédinger Bridges with
Quadratic State Cost",
60th Annual Allerton Conference , 1-8, 2024,
Invited paper in Session
‘Duality in Control, Inference, and Learning’.

A.M.H. Teter, W. Wang and A. Halder

Ch. 3

"Markov Kernels, Distances and Optimal Control:
A Parable of Linear Quadratic
Non-Gaussian Distribution Steering”,
under review in IEEE Trans. Automatic Control.
A.M.H. Teter, W. Wang, S. Shivakumar

and A. Halder

Ch. 4

"Probabilistic Lambert Problem: Connections with
Optimal Mass Transport, Schrodinger Bridge, and
Reaction-Diffusion PDEs",

SIAM Journal on Applied Dynamical Systems, 24(1):16-43, 2025.

A.M.H. Teter, I. Nodozi and A. Halder

Ch. 5
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"Solution of the Probabilistic Lambert’s
Problem: Optimal Transport Approach”,
Mathematical Theory of Networks and Systems, 2024,
Invited paper in Session ‘Optimal Transport’.

A.M.H. Teter, I. Nodozi and A. Halder

Ch. 5

"Control-affine Schrodinger Bridge and
Generalized Bohm Potential”,
under review in IEEE Control Systems Letters.
A.MH. Teter, A. Halder, M.D. Schneider, A.S. Perloff,

J. Pratt, C.M. Artman, and M. Demireva

Ch. 6

"Proximal Mean Field Learning in
Shallow Neural Networks",
Transactions on Machine Learning Research, 2024.

A.M.H. Teter, I. Nodozi, and A. Halder

N/A

"Set Invariance with Probability One for
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2 | The Contraction Coefficient in
Linear SBPs

2.1 Overview

As discussed in Chapter 1.4, the SBP is solved using fixed point recursions, repeated
to convergence. Thanks to the Banach contraction mapping theorem, the fixed point
recursion illustrated in Figure 1.1 of Chapter 1 is known to enjoy guaranteed linear
convergence with a contraction coefficient € (0, 1).

This contraction coefficient, x, is understood as follows. Let ® represent the

mapping of one full recursion in Figure 1.1, i.e.,
5D (tg, ) = P (ﬁk)(to, :L')) ., recursion index k € Ny,

where (0 (t(, ) represents our initial, everywhere positive guess of the true (¢, x),
and §)(ty, ) represents the updated approximation of $(t, ) after j full recur-
sions.

Then the contraction coeflicient s is defined as

K = min ¢
O<ce<1

such that dy(®(z),®(y)) < cdy(z,y),

where dy (-, ) is the Hilbert’s projective metric between any two elements of a pointed

convex cone in a real vector space, given by

(2.1)

inf{\ > 0|z < \y} )

du(.y) = lOg(sup{)\ > 0|\y < x}

The < in (2.1) is understood as the conic inequality. In particular, for ,y € R7,
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(positive orthant), we have

(2.2)

dp(x,y) = log (maxi‘l""’” x/y) .

ming_q .., ©;/Yi
Notice that the smaller (resp., larger) the contraction coefficient x, the faster (resp.,
slower) the convergence .

The contraction coefficient x depends on the specific choices of pg, p;. This
chapter thus concerns with the worst-case contraction coefficient -y satisfying « < ~,
where the "worst-case" refers to all possible pg, p; supported on given compact sets
Xp, X1 ¢ R™. An understanding of v is needed to evaluate the efficiency of the solu-
tion to the SBP.

The contributions detailed in this chapter are a joint work with Abhishek Halder
and Yongxin Chen, and presented in [73]. This chapter contains our derivation of
the worst-case contraction rate for a linear SBP in terms of the particular problem
data. To lay the groundwork for these results, I first provide existing results on the
contraction coeflicient for the classical SBP, before detailing the generalization to
a linear SBP. I then detail our geometric and optimal control-theoretic interpreta-
tions of the derived worst-case contraction rate for both the classical and linear SBP.
This chapter concludes with our numerical example illustrating how the worst-case

contraction coefficient can be employed in preconditioning the endpoint supports.

2.2 The Contraction Coefficient for the Classical SBP

To lay the groundwork for analyzing the contraction coeflicient for the linear SBP,
we must first collect corresponding ideas for the classical SBP.

Recall from Chapter 1 that, for a given ¢ > 0, the (scaled) standard Wiener process
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V/2¢ dw(t) in R™ has an associated Markov kernel

kZB (to, Iy, tl, a:l) = (47T€(t1 - to))_n/Q exp ( (23)

_||330—331||§)
Y

4€(t1 - to)
where the subscript B stands for the Brownian a.k.a. standard Wiener process. There-

fore, for the classical SBP, the Markov kernel £ = kg in the Schrédinger system

po(@) = Buto,@) [ kto, . t1,y)e-(,y)dy, (2.42)

pi(@) = pe(tr@) [ k(to,y.t,2)8-(to,y)dy, (2.4b)

Note that kg is continuous for all (g, ;) € R® x R". Furthermore, for Xj, X}

compact, there exist constants ag, S5 such that 0 < ag < 85 < o0, and
ag < kg (to, o, 1, 1) < BV (%0, 1) € Xy x AT (2.5)

In [72, equation (17)], the rate of convergence for the Schrédinger system (2.4)

associated with the classical SBP was related to the quantity

g := tanh? (% log (%)) € (0,1). (2.6)

B

Specifically, v was shown [72, Lemma 5] be to the worst-case contraction coefficient
for a single pass of the recursion shown in Figure 1.1.

Define

. _ 2
Gp:=  max o -, (2.72)

&
'|

i —xq|? 2.
ppe R |z — 1|3, (2.7b)

wherein the maximum and minimum are guaranteed to exist due to the compactness

of Xy, A1. From (2.3) and (2.5), it then follows that the oy, S in (2.6) can be expressed
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as

oy CDCE/() e (=Bs/(4)) (2.8)

V(@re)yr (4me)"

Consequently, (2.6) may be rewritten

) €(0,1). (2.9)

2.3 The Linear SBP

We now turn our attention to the SBP for a stochastic linear time-varying system.
This variant concerns with minimum effort steering of a controlled stochastic pro-

cess x(t) satisfying It6 diffusion
da(t) = (A x(t) + B(t)u(t,z)) dt + V2 B(t) dw(t), (2.10)

over a fixed time horizon [t, t1 ], from a given initial state PDF po(x) := p(t = to, x)
to another given terminal state PDF p;(x) := p(t = t1, ). In (2.10), the controlled
state € R, the control input w € R™ and the standard Wiener process noise w ¢
Rm™.

The constant £ > 0 denotes the strength of the process noise, and is not neces-
sarily small. In (2.10), the process noise enters through the same "channels" as the
input. This is true of many practical applications, such as in noisy actuators, in ex-
ternal disturbances including wind gust affecting the system state via forcing, and
in unmodeled dynamics.

The minimum effort objective translates to the following problem:

t1 1
arg inf [ [ —|z|3 p(t, ) d dt (2.11a)
(p,u)ePo1xU Jto R 2
% +Ve (p (A()x(t) + B(t)u(t,x))) = eAgp, >0, (2.11b)
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p(to, @) = po(x), p(t1, ) = pr(), (2.11¢)

where U of finite energy Markovian control policies, as defined in (1.3). For conve-
nience, problem (2.11) is referred to as the linear SBP.

Note that the classical SBP [8-10,16] is a special case of problem (2.11) in which
A(t)=0,B(t) =1,.

Recall that the generalized SBP defined in Chapter 1 took the form

arginf [totl fn (q(x) +7(u)) p(t,x)dxdt

(p,u)er xU

0
a—f + Ve (pf(t,x,w)) = As(tzm)p

p(to, ) = po(x), p(t1, ) = pi(x).

So (2.11) can be viewed as a specific case of this generalized SBP in which f(,x,u) =
A(t)z(t) + B(t)u(t,x) and o (t,z,u) = /2cB(t), with costs ¢(z) := %|z|3 and
r(u) =0, as in the classical SBP.

Throughout this chapter, we assume the following:
A1. The matricial trajectory pair (A(t), B(t)) is continuous and bounded for all
t € [to,t1],
A2. (A(t), B(t)) is a controllable pair in the sense that the finite horizon controlla-

bility Gramian
t
M, = / 1 @, B(7)B'(7)®, dr (2.13)
to

is symmetric positive definite, where ®;, := ®(¢,7) for ty < 7 < t < t; denotes the
state transition matrix associated with the state matrix A(¢),

A3. The given endpoint PDFs py, p; have compact supports &y, X3 ¢ R”, respec-

tively, satisfying [, po = [y, p1=1.
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Under the stated assumptions A1-A3, the existence-uniqueness for the solution
of this problem are guaranteed, and the solution can be computed by solving the
associated Schrodinger system (2.4), as introduced in Chapter 1, with Markov kernel

k = k. where
ki (to, o, b, 1) = det (M 10) ™2 ki (to, M ®, @0t M;g”azl) L (2.14)

The fixed point recursion introduced in Figure 1.1, for this definition of Markov
kernel, is provably contractive [72, Sec. III] in Hilbert’s projective metric [81,82]. See
also [83]. For recent works elaborating connections between the SBP and stochastic
optimal control, see [20,84].

Note that the optimally controlled state PDF p, (¢, ) and the optimal control

Uyt (t, ) for a linear SBP can be recovered from the Schroddinger factors as

popt(ta 33) = @6(757 m)(pé(t7 513)

uopt(tu 33) = 25B(t)Tvm IOg @g(t, 513)

for all ¢ € [tg,t1], where ¢, and ¢, are defined as in (1.17a). This determines the

solution for the linear SBP.

2.4 The Contraction Coeflicient for the Linear SBP

Formula (2.9) provides an explicit relation between the worst-case contraction co-
efficient y for the classical Schrodinger system and the problem data given by the
tuple (Xp, X1, ). Here, we report results from our investigation into how the worst-
case contraction coefficient -y, for the problem (2.11) depends on the problem data
given by the tuple (X, X1,¢, A(t), B(t)), involving both the endpoint PDFs (with

their compact supports) as well as the dynamical coefficients A(t), B(t), ¢ in (2.10).
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Intuition suggests that, keeping (X, X1, ¢) fixed, the rate of convergence will differ
for different choices of controllable pair (A(t), B(t)). Faster (resp. slower) conver-
gence is expected for linear systems which are "easier" (resp. "harder") to control
than others. Thus, the worst-case contraction coefficient 7, is expected to depend
on the controllability Gramian (2.13).

We have the following result.

Theorem 2.1. Consider the linear SBP (2.11) with assumptions A1-A3. The associated

Schridinger system (2.4) with q = k; has worst-case contraction coefficient y € (0, 1)

given by
7., = tanh? (M) , (2.15)
8e
where
aL = max (¢t1t0w0 - wl)T Miol (¢t1t0m0 - wl) ) (2.168.)
GDQEX(),:DlEXl
Br:= min (P4, 100 — 1) My (Pyyiyxo— 1) . (2.16b)

woeXo,wleAﬁ
For a proof of Theorem 2.1, see Appendix B.1.

2.5 Control-Theoretic Interpretation

The objective in (2.16) is precisely the minimum cost for the deterministic optimal

control problem:

t1 1
min f = |2 dt (2.17a)
v to 2

subjectto @ = A(t)x + B(t)u, (2.17b)
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w(t=t0) =Xy, m(t=t1) =xy, (217C)

i.e., the cost for minimum effort steering of a controllable linear time-varying system
from a fixed initial state x, to a fixed terminal state x; over the given time horizon
[to,t1]- See e.g., [85, p. 194].

For fixed (A(t), B(t)), and therefore for fixed ®,,;,, M 1, the optimal cost (2.17a)
varies with the variation in endpoints x( € Xy, 1 € X;. Thus, &, (resp. B’L) equals
the worst-case (resp. best-case) optimal state transfer cost for the source and target
supports Xy, X;. As tanh?(-) increases over positive real values, and @ — 3, > 0, 1.
in (2.15) is an increasing function of the range of optimal state transfer cost: &, — B

Likewise, note that v, is a decreasing function of process noise ¢ due to the pres-
ence of process noise ¢ in the denominator in (2.15). When other parameters are held
fixed, a stronger process noise reduces 7. A stronger process noise improving the

contraction coeflicient matches intuition.

2.6 Geometric Interpretation

In the following, I provide our geometric insights for (2.7) and (2.16) and discuss the
computation of 7.

In (2.7) and (2.16), the &g, ay (resp. Bs, B1) can be seen as the maximal (resp.
minimal) separation between the sets A, X; or their linear transforms. While (2.7a)
and (2.16a) are invariant under convexification of the supports, (2.7b) and (2.16b) can
decrease or stay the same under convexification. Therefore, the contraction rate (2.9)
(resp. (2.15)) under convexification is greater than or equal to (meaning slower or
same rate) the corresponding rate without convexification of the supports.

When the compact sets X)), X} are also convex, computing the minimum values in
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(2.7b) and (2.16b) reduces to solving the "best approximation pair" problem; e.g., [86].
Then, (2.7b) and (2.16b) can be numerically computed using the Gilbert-Johnson-
Keerthi (GJK) algorithm or its improved variants [87-89].

On the other hand, the maximum values in (2.7a) and (2.16a) correspond to the
squared diameters of the Cartesian products & x X} and MIé/QfI'tlto X x Miém)(l,
respectively. When Xj, &} are compact and convex, so are these Cartesian prod-
ucts. Therefore, the maximum values in (2.7a) and (2.16a) must be attained at the
boundaries of the sets Xy x X} and M Ié/ 2<I>t1t0 Xox M Ié/ 2X1, respectively. However,
numerical computation of these maximum values may be cumbersome depending
on what kind of descriptions for the convex sets &), X} are available.

To offer key geometric insights on (2.7) and (2.16) for the case of convex Aj, X,
we express ap and ajp in terms of support functions.

Definition The support function hi(-) for a closed convex set K, defined as

hK(y) = Su}g(ya .’L’), Yye Rna (218)

measures the distance from the origin to a supporting hyperplane of K with normal
along y. Note that, given convex set K and T' € R, T ¢ R", the support function of

the affine transformed set TK + T is

hrkr(y) = hic (TTy) + (T, y). (2.19)

Using this definition, (2.7) and (2.16) can be expressed in terms of the support func-

tions of A}, X7, as follows.

Theorem 2.2. Consider compact convex Xy, X1 with respective support functions

hx,(*),ha, (). Let S*! denote the Euclidean unit sphere in R™. Then (2.7) can be

34



The Contraction Coefficient in Linear SBPs/Geometric Interpretation 2.6

expressed as

2
a = {ﬁax (h,(y) + ha, (-y)) } , (2.202)
2
G- {mn (hao(9) + s (-9) } | (2.200)
Furthermore, (2.16) can be expressed as

2
ap = {;J?S%Xl (hXo (Q;toMlé/zy) + th (_Mléﬂy)) } ) (2218.)

2
BL= {yféinl <h?(o (‘I’;toMlé/Qy) hx ( MIé/Qy)) } : (2.21b)

Proof. Consider the set difference
XQ - Xl = XO + (—Xl) = {CUO — 1 | I € X(),ml € Xl}

Let B™ := conv (S*!), the convex hull of S*71, i.e., the n dimensional unit Euclidean
ball.

From (2.7a), we have

2
moe%i}f@v |330 — T “2}

max |a:||2}

:BEXQ

aB_{
i)
{Mo %(Hw\z w>}
|
|
gt

2
max max (y,x)
reXy-AX1 yeSn-1

2
max max (y,x)
yeSn—1 xeXp-Ay

2
max ha,- Xl(y)} (2.22)
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{ s G+ o) | @23)

where (2.22) follows from the definition (2.18), and (2.23) holds because the sup-
port function is distributive over Minkowski sum. Using (2.19), we get h_x, (y) =
hx, (-y), and therefore (2.23) equals (2.20a).

Likewise, from (2.7b), we have

2
min ”CBO—CEl”Q}
xoeXp,x1€X]

| 2
-{ - s, Clel >2}
{we% X1<|\w!2 ”>}
|

2
2.24
wenz'%?}f\’l yr-elélln1<y’m>} ( )

2
:{ max min(y,x )} , (2.25)

@eXo-X; yeBn

where the last line is due to the linear objective which allows lossless convexifi-
cation for the inner minimization in (2.24). This can be seen explicitly from the
Cauchy-Schwarz inequality: —|y|2 |z |2 < (y, ) where the equality is achieved
when v is an unit vector pointing opposite to x.

Since the sets Xy — X7, B™ are both compact convex, applying the Von Neumann

minimax theorem [90,91], we rewrite (2.25) as

2 2
7o) — i . , 2.2
N {%rg mgg};l(y,w)} {gﬁlﬁg ha, xl(y)} (2.26)
We next revert back the feasible set of the minimization in (2.26) to S*~!. To jus-
tify this, note that since the origin is within B", the minimum in (2.26) cannot

be positive. If this minimum value is zero, we can scale the argmin to lie on

the unit sphere. So it remains to consider the case when the minimum value
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hax,-x, (y°Pt) < 0, achieved by y°* with 0 < |y°!| = § < 1. In other words,
y°Pt is in the interior of B". Now consider a vector g := y°Pt/§ € S*~!, which is
feasible. Thanks to the positive homogeneity of the support function, we have

hxy-x, (¥) = %hxo,xl(y"pt), which yields

-~ 1 o) [0)
hay-x, (U) = = hag-x, (YP') < hay-x, (Y),

g oY
—
-0 <0

contradicting the supposition that y°P! is a minimizer. So the minimizer must lie on

the boundary of the feasible set B", i.e., on S*~!. Therefore, we can express (2.26)

as

2 2
Bo = { min hxo-xl(y)} = { min, (ha, (y) + h-xl(y))}
yES" 1 yeS" 1
which is indeed (2.20b) since h_x, (y) = ha, (-y).

To derive (2.21), we start by rewriting (2.16a) as

ap = ., max » |z — 13 (2.27)
:I:()EMIO/ Qtlto‘){O’mlEMIO/ Xl

= omax i,
:l!EMlO (I)tltOXO_Mlo Xl

and (2.16b) as

BL = min |z — 13 (2.28)

-1/2 -1/2
:1:()EM10 ‘I’tltoXo,wleMlo Xl

- 2
=, min ]
:I:EMlo QtltOXO_Mlo Xl
We then follow the same steps as before with the additional usage of the formula
(2.19) relating the support functions of affine transformed sets in terms of the sup-

port functions of their pre-images. This completes the proof. [

The equalities (2.27) and (2.28) highlight that &y, EL are respectively the maxi-
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mal and minimal separation between the linear transformed sets M Ié/ 2<I°t1t0 Xy and
MIS/QXL Specializing (2.27)-(2.28) for the classical SBP with A(t) =0, B(t) = I,,,
and thus with My = ®,,;, = I,,, recovers (2.7), which is the maximal and minimal

separation between the original supports &j, X, as expected.

2.7 Improved Computation via Preconditioning

Previous works such as [92] have explored the use of preconditioning to improve
the performance of optimal transport algorithms. The preconditioning procedure
described in [92] transforms the measures and corresponding support sets through a
deterministic map such that the preconditioned measures are moved closer together,
by creating new measures with the same (zero) mean and (diagonal) covariance ma-
trix. The relation between solutions to the optimal transport problem, before and
after preconditioning, can be determined according to the preconditioning. Such a
strategy can be extended to the SBP because the SBP is an entropy-regularized opti-
mal transport problem [15,93].

We explore the application of such a preconditioning procedure for improved
computation of 7. The following example illustrates the main idea.
Example 2.1: Consider an instance of the linear SBP (2.11) with time-invariant co-
efficients

01 0
A(t) = , B(t)=] |, =0.5,
0 0 1

i.e., (2.10) is noisy double integrator

dx =y dt, dy:udt+\/£dw.
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In this case,
11 o, |12 -6
(I)tlto = ) M (e :
01 -6 4
We consider ellipsoidal supports
X, =& (ci,S;) ={xeR?|(x-¢)'S;' (x-¢;) <1}
for i € {0, 1}, with respective center vectors
0 3
- 1/2 1/2
Co = (ﬁtlltoMl(/) ) Cy = Mlé )
3 0
and respective positive definite shape matrices
B - 1/3 1/2
Sp = ‘I’tltoMloq)lo, S1:=M = .
/2 1
Then
M@, % = {(2,y) € R?a? + (y - 3)2 < 1}, (2.292)
M PX = {(z,y) e R2(z - 3)% + 42 < 1} (2.29b)

Without the use of preconditioning, we determine ~;, from Theorem 2.1 by con-

. . . . -1/2
sidering the maximum and minimum separation between the sets M 10/ D, 1, X

and M Ié/ *X,, which in Example 2.1, are two disjoint circular disks such that @, =

2 +2v/3 and B’L = -2 + 2/3. Theorem 2.1 yields v = tanhQ(l) ~ 0.580.
If the pushforwards (MIS/ZcIJtItO)u por (Mo 2)u 1 ie.,

det(Mlo)

gt (@, (@M (), Vet (Mu)pr (M1 ()

have identical, diagonal covariance matrices, then applying the preconditioning pro-
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Figure 2.1: The elliptical support sets Xy, A7 and circular disks
M IS/ Q@tltOXo,M Ié/ X, in Example 2.1. The preconditioned supports coin-
cide with the origin-centered unit circular disk (in blue).

cedure asin [92, Sec. 5] amounts to translating the means of the supports M Ié / *®, X
and M Ié/ X, to the origin. In Example 2.1, the preconditioned supports (2.29) are
both origin-centered unit disks (Fig. 2.1). Consequently, a7 ™ = 2, gPreend — ,
and thus vfrecond = tanh®(0.5) = 0.214, which is an improvement on the original
" ~ 0.580.

Theorem 2.1 can be applied in two distinct fashions. First, as evidenced by Ex-
ample 2.1, Theorem 2.1 can allow for improved ease of calculation of 7Ere°°nd, via
preconditioning procedures to transform the supports into more geometrically con-
venient forms. More significantly, Theorem 2.1 can demonstrate the effectiveness of
proposed preconditioning procedures in reducing the upper bound of the contrac-

tion coefficient, 7. This suggests a potential application of Theorem 2.1 in which

we leverage the results of this chapter to optimally construct a preconditioning pro-
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cedure for a given SBP.
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State Cost

3.1 Overview

This chapter concerns a second generalization of the SBP, given by

t1 1 1
arg inf f f (—|uH§ + —wTQm) p(t,x) de dt (3.1a)
(pyu)ePor xU to Rn \ 2 2
2 Var(pu) = Aep (3.10)
x(t =to) ~ po (given), x(t=t1) ~ p1 (given). (3.1¢)

This variant (3.1) will henceforth be referred to as the classical SBP with quadratic
state cost.

We note that (3.1b) corresponds to the It6 diffusion process
de = u(t,z) dt + V2 dw. (3.2)
Comparing (3.1) to the classical SBP introduced in Chapter 1 as

t1 1
arg inf f f = |2 p(t, ®) da dt,
(pu)ePorxu Jto SR 2

0

p(to,x) = po(x), p(t1,x)=pi(z),

we note that (3.1) both includes an additional term in the objective function (hence,
we refer to (3.1) as classical SBP with quadratic state cost) and, for convenience, fixes

e=1.
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Recall that the generalized SBP first defined in Chapter 1 took the form

arginf [ " [ Gatw) + () plt,) dadi

(p,u)ePor1xU Yto

0
a_i +Vg- (pf(t, :c,u)) = AE(t,w,u)p

p(to, ) = po(x), p(t1,z) = pi(x).

In the above, setting ¢(x) = %wTQw, with fixed Q > 0, r(u) = %Hu

%, =1,and
f(t,z,u) = u, we recover (3.1).

The quadratic state cost regularization may be viewed as a mechanism to bias
the trajectory toward some desired or nominal constant (w.l.o.g. zero) vector for
all t € [to,t1] in addition to fulfilling the endpoint statistics constraints. Fig. 3.1
highlights this use of quadratic state cost; notice that the sample paths generated by
the classical SBP (blue) are much more prone to deviations from 0 than the sample
paths generated by the classical SBP with quadratic state cost (red). From a control-
theoretic viewpoint, therefore, the proposed quadratic regularization is natural since
penalizing state excursions away from nominal can be a soft way to promote safety.

This formulation is in similar spirit as classical linear quadratic optimal con-
trol [94] where the stage cost indeed comprises of two summands: a positive semi-
definite state cost-to-go (here %ZBTQCE) and a positive definite control cost-to-go (here
%|u|3). The relative modeling importance of one summand over another is deter-
mined by @ > 0.

Unlike the conventional Schrodinger bridge, the additive state-cost induces a
state-dependent rate of killing and creation of probability mass. Determining the so-
lution of the SBP with quadratic state cost therefore requires determining the Markov
kernel of a reaction-diffusion partial differential equation.

Specifically, solving SBP with quadratic state cost requires solving the following
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£

X
AV}

0.00 0.25 0.50
/

0.75 1.00

Figure 3.1: Sample paths for 1D SBP with quadratic state cost %Qx2 for fixed @) > 0, time
horizon [o,?1] = [0, 1], and endpoint PDFs pg = ¥, c1-1,1} TN (1o,0.052), p1 = N(0,0.5%).

PDEs:

a@_ _ 1 T )A
8t _(A:l: 233 QZB %0,
Oy 1 .

(3.5a)

(3.5b)

Fortunately, it suffices to derive the Markov kernel for the reaction-diffusion PDE

(3.5a), since the same result may be applied to determine a solution to the PDE (3.5b)

under the change-of-variable ¢ — t := t; — (t —to). Without loss of generality, the de-

velopments in the remainder of this chapter are therefore restricted to the derivation
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of the kernel to (3.5a).

Deriving this Markov kernel in closed form demonstrates that the SBP with
quadratic state cost is exactly solvable, even for non-Gaussian endpoints. In other
words, finding the Markov kernel £ in closed form enables the numerical solution
of the SBP with quadratic state cost for generic non-Gaussian endpoint distributions
Lo, (41 with finite second moments. The solution of SBP with quadratic state cost in
the special case of Gaussian fug, ;11 has appeared before in [42,95]. The closed-form
solution of the SBP without state cost reported in [96] was also for Gaussian p, 1.

Unlike these prior works, the closed form Markov kernel derived here makes no
parametric assumptions on /i, (41, and therefore represents an advancement in the
state-of-the-art. The idea of exactly solving the SBP by finding associated Green’s

function has been independently pursued in the recent work [97].

3.2 Deriving k, Via Hermite Polynomials

In [74], we derive the Markov kernel in closed form for the SBP with quadratic state
cost using Hermite polynomials. In this section, I present our results. I begin with
our deduction of this Markov kernel where Q > 0 (Theorem 3.1), denoted as k..
I then generalize our results for Q@ > 0 (Theorem 3.3) to derive the corresponding
kernel k..

This derivation uses the physicist’s Hermite polynomials [98, Ch. 22] of degree
n € Ny, given by

H,(z) = (—1)%962% (), (3.6)
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which are orthogonal in the sense that

oo ) 0 if m+#n,
[ H,(x)H,(x)e ™ dx = (3.7)
- Vm2mn!  otherwise.

The closing section of this chapter will explore an alternate derivation of k., and k,.

The following Lemma will be useful in our development.

Lemma 3.1 (A series sum for exponential of negative quadratic). Fora, 3,tg, x

fixed, and 0 <ty <t < oo,

Z(a(t 0)) (a2 _ ~(Barati-t0))? (3.8)
[V d:r;J ' '

For a proof of Lemma 3.1, see Appendix C.1.
We will use the following result, which is sometimes referred to as the “central

identity” of quantum field theory (QFT) [99, Appendix A].
Lemma 3.2 (Central identity of QFT). [100, p. 2] [99, p. 15] For a suitably smooth
function f : R" — R, and matrix A € Sym,_, (n),

[Rnexp(—%wTAw)f(m)dw = d(eZt7(T1):) exp (%V;A‘lvm) ()

, (39
=0

where the exponential of a differential operator is understood as a power series. In

particular, for f(x) = exp(b,x), b € R", we have fRnexp(—%wTAw+ (b,ac))da: =

\/ (1(2;8:) exp( b'A'D).
For diagonalizable X € R with X = VAV ™', and function g(-) well-defined

on the spectrum of X, the matrix function
9(X)=VgA)V, (3.10)

see e.g., [101, Ch. 5], [102, Ch. 1].
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3.2.1 Kernel for Q >0

For Q > 0, recall the eigen-decomposition %Q = VTAV where the positive diagonal
matrix A has the eigenvalues of 1@ along its main diagonal, and the columns of the
orthogonal matrix V are the eigenvectors of Q. For convenience, let ); > 0 be the

1th diagonal entry of A, let y := Vx, and
nty)=o(tz=V'y). (3.11)
The change-of-variable x — y gives A, P(¢, ) = A,7(t,y), and (3.5a) becomes

on _ _
a_? =AT-(y'Ay)7 (3.12)

n 82
(2 i)
i=1 (8.%‘2

We seek a separation-of-variables solution ansatz7(¢,y) = T'(t) [T, Yi(y;) for (3.12),

. . . 2y,
which requires us to satisfy %% =y (%‘éyg’ - )\iyf) = ¢ for some constant c € R.

Equivalently, we need to satisfy the n + 1 ODEs

dT

= T

a -

d?Y;

dy21 ~(Mgi+a) i =0,
1

d?y,

a2 - ()\ny,% + cn) Y, =0,

for constants ¢, ¢y, -+, ¢, € R subject to the constraintc; +... + ¢, =c.
The time ODE has solution T'(t) = ke¢(t-%) for some constant k € R. To deter-

mine each Y} (yx), we use the following Lemma, proved in Appendix C.2.

Lemma 3.3 (Solution of a parametric second order nonlinear ODE). For pa-
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rameters c € R and )\ > 0, the solutions to the parametric ODE

dzy 9
d_y2 - ()\y + C)Y = 0, (313)
are given by
2
Y =aexp (—@)Hn ()\1/4y) , (3.14)

foranyn:—Q\C/X—%eNo,aeR.

Applying (3.14) to the ODEs for Y3, Y5, -+, Y, we find that the general solution

to (3.12) is of the form

n(t, y)
) 0 n 2 \,
= Z . Z U, H exp {— (t—to) Vi (2m;+1) - yZT\/_Z}Hmi<A3/4yi) , (3.15)
mp=0 m1=0 i=1
where m := (mq,ms,...,m,) € N2, and the coefficients a,,, remain to be deter-

mined. Using (3.15) together with the orthogonality of Hermite polynomials, we
express the IVP solution to (3.12) with known initial condition 7y(y) := 7(to,y) =

o (VTy) as follows.

Proposition 3.1 (IVP solution for (3.12) with positive diagonal A as series
sum). For 0 < tg < t < oo and initial condition Tip(y) = 7(to,y), the unique solu-

tion to (3.12) with positive diagonal matrix A is given by

Aty)=3...3 /:...[:(*)ﬁo(z)dzl...dzn (3.16)

mnp=0 m1=0v"
where

n NG

(*) :=Hi—exp{—(t—t0) \/)\_i(Qmile) -

(y?”?)\/X}
i1 V/m2mi (my!)

2
x H,y, (Ai/‘{%) H,, ()3/4%) . (3.17)

)
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See Appendix C.3 for a proof of Proposition 3.1.

We then resolve the series sum in (3.16)-(3.17) to derive the closed form Markov
kernel k = k., for (3.12). The calculations of this derivation can be found in Appendix
C.4. Note that functions such as the hyperbolic sinusoidal function are understood

to be applied elementwise for matricial arguments.

Theorem 3.1 (Closed form kernel k,, for IVP solution of (3.12) with posi-
tive diagonal A). Consider the same setting as in Proposition 3.1. The solution (3.16)

simplifies to

At y) :[ [ kew (to,y,t, 2) T (2) dzs - .. dan (3.18)

where the kernel

k++(t07 y7t7 Z)

_ (det( My, )M 4 cexp _% (yT ZT)Mtto Y (3.19)
(2m)7/2\/det(sinh(2 (£ — ) VA)) 2

and the matrix

_ ﬂcoth(?(t—to)\/x) —\/Kcsch(Q(t—tO)\/K)
U VR esch (2(t - to) VA)  VAcoth (2(t - to) VA)

We note that unlike the heat kernel kg, defined in (1.23), k., is not radial in the

. (3.20)

sense that (3.19) is not a function of |y — 2|, alone.
The next Proposition (proof in Appendix C.5) states that the matrix M, in (3.20)
can be seen as positive diagonal scaling of a symplectic positive definite matrix, and

is therefore positive definite. This will be useful in establishing properties of (¢, x)
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in Proposition 3.4. Note that, for any n € N, the set of symplectic matrices
0o I
Sp(2n,R):={S eR™ | §TJS§ =] := (3.21)
-1 0

is a connected Lie group that is a subgroup of SL(2n,R), the set of volume and
orientation preserving linear maps in R?". We denote the set of n x n symmet-
ric positive definite matrices as Sym,, (n), i.e., A € Sym,,(n) means A > 0. Let
Sp,, (2n,R) :=Sp (2n,R) n Sym,, (2n).

Proposition 3.2 (Properties of matrix M, ). For( <1, <t < oo, and given positive

diagonal matrix A, the matrix M, in (3.20) satisfies

A1/4 O . ) A1/4 0
(i) My, = MPMY where
O A1/4 O A1/4
e cosh(2(t —to)VA) -I

tto )

-I cosh(2(t - t)VA)

) esch(2(t - to)VA) 0
0 csch(2(t - to)V/A) ’

(i) M) M) € Sp. (20, R),
(iii) My, € Sym,, (2n,R).

Since My, > 0, the exponential term in (3.19) is of the form exp (—%distft .y, z))
where disty, (y, z) is a distance metric. Our next result provides geometric insight
that dis’cft0 (y, z) is, in fact, the minimal value of the action integral induced by the

Lagrangian L : TR™ — R given by’

1
L(q,u) = §Hu||% +q"(2A) g, (q,u) e TR", (3.22)

'Recall that the diagonal matrix associated with the eigen-decomposition of @ is 2A.
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where 7 denotes the tangent bundle.

Proposition 3.3 (Induced distance in £.,). Given y,z € R", the minimum value
of the action integral associated with the Lagrangian (3.22):

dist, (y,z) = in } ft L) 4(r)) dr (3.23)

vOe{ e ([to.Dh ko) =y (D=2

)
equals to (yT ZT) My, , where My, is given by (3.20).
z

For the proof of Proposition 3.3, see Appendix C.6.
As a point of comparison, recall that the scaled heat kernel in R™ associated with

the diffusion process dx = V2dw is denoted as ko, i.e.,

_ 2
ko(to, y, 1, 2) = (47 (t — t9)) ™ exp (—%) , (3.24)

where 0 < s <t < oo, Va,y € R™. Note that this is a specialized version of kg in
which e = 1.
Additionally, note that the linear kernel associated with the diffusion process

da = A(t)x(t)dt + /2B(t)dw, denoted as ki, is given by

ki (to, y, 1, 2) = (47 (t — t0)) "> det (Tyy, )2

< oxp [ - (®uoy —2) Tiyy (Pury -~ 2)
P 4(t— to)

) (3.25)

where the controllability Gramian
t
Liiy = [ ®u-B(r)B'(1)®]dr > 0.
to

Remark 3.1. Unlike the Markov kernels (3.24) and (3.25), the kernel k., in (3.19) is
not a transition probability density because of the reaction term contributing to state-

dependent creation or killing of mass. This can be seen by applying the Central Identity
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of QFT (3.9) to evaluate

1/2
fg e (to, y. 1, 2)dydz = det (VAsinh (2(t - to)VA)) " #1
R n

3.2.2 Known Kernels as Special Cases of k.,

In the special case %Q, and hence A, equals I, direct substitution reduces (3.19) to
the multivariate Mehler kernel [103], [44, Thm. 1]

1
(2 sinh(2(t - o))"

coxp feseh(2(¢ - 1) (3, 2) - 5 coth (2(¢ - 10) (I3 + |218)).

kMehler(t07 Yy, ta Z) =

which is the propagator or Green’s function for the isotropic quantum harmonic os-
cillator. Well-known extensions of the Mehler kernel include the Kibble-Slepian for-
mula [104,105] and variants thereof [106-108].

Another special case of interest for k., is the limit A | O understood as A; |
0Vi=1,---,n. In this limit, the kernel (3.19) recovers the heat kernel (3.24), as stated

in the following theorem.

Theorem 3.2 (Heat kernel as limiting case of £.,). Consider the kernel k., in

(3.19)-(3.20) and the heat kernel kg in (3.24). Then,

(>\17”1'}}‘1n)i0 ++( 07y7 Jz) 0( 07y7 7Z)

Proof. Notice that the kernel (3.19) is a separable product in tuple (¢ —to, d;, y;, 2 ),
cf. (C.10). Letting 6; := \/d; Vi = 1,---,n, we then have

i t t. 2z
(dh”l"ri)wfiﬁ( 0¥t 2)
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1 2 1 by =3 ]|y
= W n \/ {1 exp ~3 (yi Zi) . , (3.26)
= —t3 L2 |\ &

where

Iy
= i :
5.10 sinh(2 (t —t9) ;)

51 :
62 = %115% (SZ COth(2(t - to)(sz),
63 = %115% 5ZCSCh(2(t - to)él)

We evaluate the limits ¢, 5, {5 by applying L’'Hopital’s rule: {1 = {5 = {3 = 1/(2(t -

to)). Substituting these back in (3.26) yields

_ 2
li byt 2) = (Ar(f— )2 ly-=7) byt
(dl,-Al-,%i)LOK*&( 0,Y, >Z) ( 7T( 0)) eXp( —4(t—t0) I{()( 0Y ,Z),

as claimed. O

That kg arises as a limiting case of k., is consistent with the principle of least
action in Proposition 3.3 since in the limit A | 0, the Lagrangian in (3.22) equals
1| w[3. Then, (3.23) yields the squared Euclidean distance |y — z||3, which is what

appears inside the exponential in (3.24) up to the usual scaling.

3.2.3 Kernel for Q >0

In Theorem 3.3 that follows, we generalize the closed form Markov kernel for the
case @ > 0. We denote this generalized kernel as k,. To account for the fact that
zero eigenvalues of 1@ can be interlaced with its positive eigenvalues, we re-index
the spatial variables. In the following theorem, the subscripted index vector no-

tation x[; ;] stands for the appropriate length r sub-vector of the vector x. Let
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N:={1,2,---}, Ny := Nu {0}, and the n-fold tensor product N? := Ny x N x ---Nj,.
[ S —
n times

Theorem 3.3 (Closed form kernel k, for IVP solution of (3.12) with nonneg-
ative diagonal A). Consider diagonal matrix A having p € Ny zero diagonal entries
where p < n, and n — p positive diagonal entries. Let iy, 1o, ... ,i,—, be the indices cor-
responding to positive diagonal entries of A. Likewise, let ip,_pi1,%n—p+2,- - -, iy be the
indices corresponding to zero diagonal entries of A.

For 0 < ty < t < oo and initial condition Ty(y) := 7j(to,y), the unique solution to

(3.12) with such diagonal A, is

ﬁ(t,y)z[ [ ko (to, .1, 2) To(2) dar ..z (3.27)

where the kernel

ki(to,y,t,z) =k.. (toa Y(irsin_p] b Z[ilzin,p])
x ko (to, Ylinpiriin]: b z[in_pﬂn-n]) , (3.28)
and k., ko are as in Theorem 3.1 and (3.24), respectively.
For a proof of 3.3, see Appendix C.7.

Remark 3.2. For a given Q > 0, the solution (3.18) or (3.27), can be brought back to

the original x coordinates to determine the Schrodinger factor

o(t,x) =71(t,y =Vx) :[W. . .fook+(t0, Va,t,2) 0o (V'z)dz...dz,, (3.29)

wherein k. specializes to k,, when Q > 0. As mentioned earlier, the PDE (3.5b) and its
solution can be mapped to that of (3.5a) via transformation t — tq + t; —t; therefore,

the other Schrédinger factor p(t,x) =7(to+t1 —t,y = V).

From (3.28) and (3.29), we determine the following properties of the kernel &,

and Schrodinger factor $(¢, ).
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Proposition 3.4 (Properties of the kernel and the solution). For( <t; <t < oo,
given Q > 0, §y(-) Lebesgue measurable and everywhere positive, the kernel k, and

the solution (3.29) satisfy:
(i) (spatial symmetry) k. (to,y,t,2) = k.(to, 2,t,y),
(ii) (positivity) p(t,x) >0 for all x € R",
(iti) (decay) lim|g|.o P(1, x) = limyo P(t, ) = 0.

For a proof of Proposition 3.4, see Appendix C.8.

3.3 Numerical Simulations

In Fig. 3.2, Fig. 3.3 and Fig. 3.4, we illustrate the solution $(¢,x) in (3.29) for n = 2
dimensions with g = 0, initial conditions $o(-) = 1, () = N(0,I), and Py(-) o<
exp (- f(x1,x2)/35) where

(a1, 2) = (1021 = 5)% + 1025 — 16)” + (102 — 12 + (1025 - 5)2)

and (71, 79) € [0,1]%

respectively. We point out that the last & is of non-Gaussian Gibbs-type [109, Sec-
tion V-C], and f there is a scaled Himmelblau function, often used as a benchmark
in nonconvex optimization [110].

In these figures, the columns correspond to different times and the rows corre-
spond to different problem data: @ > 0. These results agree with the properties in
Proposition 3.4, and were obtained by using the derived kernels in Theorem 3.1 and
Theorem 3.3. For the three cases of § reported here, we analytically performed the

integration in (3.29) using Lemma 3.2.
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Specifically, for to = 0, Zy(-) = 1, and @ > 0, (3.18)-(3.19) give
(det(A))/* exp(~LyT A% coth (2tv/A) y)
(27) 1/ det (sinh(2t/A))
fR nexp(—%zTAi coth (20V/A) 2 + y" A esch (20V/A) z)dz
exp(~3yT A% tanh (2tV/A) y)
) \/det (cosh (2tv/A))

where the last equality follows from invoking Lemma 3.2 for the integral in the

ﬁ(t7 y)‘(ﬁO:l =

(3.30)

preceding line. The corresponding

Pt =ty =VTa)|_
exp(- 32"V AZ tanh (2tv/A) V')
_ \/det (cosh (2t/A))
_ exp(-12"/2Q tanh (t/2Q) x)
\/det (cosh (tv/2Q)) ’

where the last equality used (3.10). For sanity check, we verify from (3.31) that $(¢ =

(3.31)

0, m)|¢0: , = L, as expected. Also, for A | O (heat kernel limit), (3.31) returns unity
which is intuitive since the heat kernel leaves constant function invariant. For the
results in Fig. 3.2, we used (3.31) to illustrate the effect of varying @Q > 0. In particular,
the last row of Fig. 3.2 used Theorem 3.3 to account for a zero eigenvalue. That row
shows the joint effect of one eigen-direction evolving toward uniform (diffusion due
to ko) and another eigen-direction evolving as per k...
Likewise, for o = 0, Pp(-) =N (0,T) and Q > 0, (3.18)-(3.19) give
(det(A))i exp(—%yTA% coth (2tV/A) y)
(27)%/det (sinh (2tV/A))
fRnexp(—%zT{A; coth(?t\/K)+I}z + yTA%csch (2t\/K)z)dz

ﬁ(ta y)|@0=/\/‘(071) =
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_ (detA)T
\/det (\/Kcosh (225\/K) + sinh (225\/K))

exp(—%yTA%{coth (2t\/K) —csch (215\/K) x

(\/Kcoth (2t\/K) + I)_l\/K csch (2t\/K)}y) (3.32)

where, once again, the last equality follows from invoking Lemma 3.2 for the integral

in the preceding line. The corresponding

20 pon =T (Y = V) [ oy
i 2/4(detQ) T
\/det (v2Q cosh (+/2Q) /2 + sinh (+/2Q) )

exp(—iaf\/ﬁ{coth (tv/2Q) ~esch (11/2Q) »
( \/i_Q coth (1/2Q) + I)_l\/@ csch (t\/ﬁ)}m) , (3.33)

where the last equality is due to (3.10). For the results in Fig. 3.3, we used (3.33) to

illustrate the effect of varying @ > 0. As before, the last row of Fig. 3.3 used Theorem
3.3 to account for a zero eigenvalue.

Likewise, the results in Fig. 3.4 show the transient action of the kernel on non-
Gaussian 9.

Our final simulation brings together the ideas to solve the SBP with state cost-to-
go. In Fig. 3.5, we show the closed loop optimally controlled sample paths together
with endpoint PDFs pg = ¥, (1.1 3NV (110,0.05%), p1 = N(0,0.5%) for an 1D SB
with state cost Q22 with ) = 2 and time horizon [¢o,¢;] = [0,1]. This result is
obtained by performing the dynamic Sinkhorn recursions shown in Fig. 1.1 wherein
we solved the forward-backward IVPs for the PDEs (3.5) as in Remark 3.2, which
was in turn made possible by the kernel k., deduced in Theorem 3.1.

This numerical simulation demonstrates that our results can indeed be leveraged
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to solve (3.1), including with non-Gaussian py. However, this approach does not
naturally lend itself to extending our results for time-varying weights in quadratic

state-cost-to-go or with prior dynamics
dz = A(t)x(t)dt + V2B(t)dw

as opposed to the case (A(t), B(t)) = (0, I) considered in this chapter. Thus moti-

vated, we next investigate an alternative route to deriving kernels £, , and k..

3.4 Deriving k., via Weyl Calculus

This section explores how ideas from Weyl calculus in quantum mechanics, specif-
ically the Weyl operator and the Weyl symbol, can help determine Markov kernels,
as demonstrated in [75]. We illustrate these ideas by explicitly finding the Markov
kernel for the case of convex quadratic state cost via Weyl calculus, recovering as
well as generalizing our earlier results but avoiding the tedious computation with
Hermite polynomials.

The mathematical development of Weyl calculus originated in quantum mechan-
ics, but its relevance in solving problems outside quantum mechanics, especially in
diffusion and control problems, is less well known. Common references [43], [44, Ch.
2-3], [45-47] on Weyl calculus appeal to quantum physics and field-theoretic ideas to
introduce the core mathematical concepts.In contrast, the reminder of this chapter
takes a different, expository approach: a purposefully less rigorous recipe-style in-
troduction of selective Weyl calculus tools with illustrative calculations. The recipe

for finding the kernel follows the path

PDE — Weyl operator — Weyl symbol — kernel.
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This section explores the two middle ingredients, the Weyl operator and the Weyl

symbol, and their connections with the familiar PDE and kernel.

3.4.1 Key Notations and Background for Weyl Calculus

Before presenting our results from [75], I fix key notations and background that find
use in the following developments.

Poisson bracket. Let Skew (2n,R) denote the set of 2n x 2n skew-symmetric
matrices with real entries. Given sufficiently smooth functions f, g : R?" — R, define
their Poisson bracket {-,-} as

{f,g} =(V[f,QVg), Q:= 0 I € Skew (2n,R), (3.34)
-1, O
where (-, -) denotes the standard Euclidean inner product. Note that Q™' = Q" = -Q,
and det(€2) = 1. As is well-known [111, Prop. 2.23], the Poisson bracket is bilinear,
skew symmetric, and satisfies the Jacobi identity.
For x, & € R”, we think of f, g as mappings which act on the tuple (x, ), i.e.,

fyg:(x,&) e R?" » R. Following [112, p. 128-9], let

(L0h(@.8) = 2(/.0}(@.8), 1=VAT

More generally, for any j € Ny :={0,1,2,---}, let

Jf n 0? 02 Y
Gah @8 =(3) (5 (5058 - 5z ) 1@ Qs e @39

k=1

In particular, for j = 0, definition (3.35) gives

{f’g}ﬂ (wug) :f(a:,ﬁ)g(m,f),

i.e., the product of the two functions.
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Standard symplectic form. For x,y, £, n € R", the standard symplectic form as-
sociated with the matrix 2 in (3.34) is a bilinear mapping? o : R?" x R?" — R, given

by

o ((2.€); (y.1)) :=§1<5kyk o). (336)

The symplectic form o is skew-symmetric (o(v;w) = v"Qw = —o(w;v) Yv,w €

R?"), and non-degenerate (for any v € R?", o(v;w) = 0 Yw € R?» = v =0).

3.4.2 Weyl Calculus

Armed with the initial Weyl calculus background above, I can now explain how we
apply Weyl calculus to determine the Markov kernel associated with a linear PDE
IVP of interest. While we are primarily motivated for the case when the PDE is
reaction-diffusion type, this section proceeds formally in terms of more generic oper-
ators. Additional necessary ideas and nomenclatures from Weyl calculus will appear
throughout this chapter.

For ty > 0 and X € R", we begin by considering a linear PDE IVP

0
a@z ‘5@ @(t(b $) = @0($) (given), (337)

where the unknown @ : [tg,00) x X — R, and the spatial operator £ is time-
independent. Formally, the solution of (3.37) can be expressed via the semigroup

exp (=(t—tg)L) as
@ =exp (- (t = to) L)Po. (3.38)

We seek a kernel representation of the solution 7, ie., for 0 <ty < s <t < oo,

2More generally, the mapping o : C2" x C?" v R remains well-defined as stated here but we will
not need this fact.
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we seek to explicitly determine k(s,x, ¢, y) with suitable domain of definition, such

that (3.38) is expressible as
Pt,x) = [ Kozt 9)Po (v) dy. (5.39)
The initial condition @ (tg, ) = Po() necessitates that
k(to,x,to,y) =0 (x —1y), the Dirac delta. (3.40)

For convenience, fix X = R” for ease of exposition; the development goes through
for general subsets of R™.

When the PDE in (3.37) is the forward Kolmogorov a.k.a. Fokker-Planck PDE,
then £ is an advection-diffusion operator and under mild regularity assumptions on
the underlying drift and diffusion coeflicients, the kernel % is a transition probabil-
ity density; see e.g., [113, Ch. 1]. However, if £ has an additional reaction term,
then (3.37) is non-conservative and k no longer has the interpretation of transition
probability density. In such more generic settings, an analytical handle on & can still
help to numerically compute the solution of (3.37) via (3.39). In the absence of an
analytic handle on k, numerically computing @ becomes particularly non-trivial in
the presence of (state dependent) reaction [22, Section 5.2, 5.3].

The relevant instance of (3.37) in this dissertation is the reaction-diffusion PDE
IVP with £ = -A, + ¢(x), wherein A, denotes the Euclidean Laplacian operator,
and ¢(x) is a given bounded continuous reaction rate. If g is constant, then a change
of variable @ — J:=ela © transforms the problem to the heat PDE IVP:

%{9\: Am@\v ’ﬁ(tZtQ,iL‘) :@O(m)a

for which k is well-known [114, p. 44-47]. However, for state-dependent ¢(x) new

ideas are needed. Using the Weyl calculus tools discussed in Section 3.4.3, we ulti-
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mately find k for quadratic ¢(x), as it appears in (3.1).

3.4.3 From PDE to Weyl Operator

In pursuit of getting an analytic handle on k in (3.39), we start by defining the fol-

lowing operators as per the quantum mechanics convention [43, p. 1]:

X, = VEk € [n], (3.41a)
10
D= ——— Y 41
k i 8xk ke [Tl], (3 b)

and let
T T
X = (X1 Xn) , D:= (D1 Dn) .
We then determine a representation of exp (—(¢ — tp) L) in terms of the operators X

and D. This representation is referred to as the Weyl Operator H( X, D).

Example 3.1. [Weyl operator for the heat PDE] Let (3.37) be the heat PDE IVP with
T
L=-A,. Letting V, := (% %) , note that
\2
| D] = (D, D) = (-1)" (Ve Va) = ~Aq,
ie, Ay = —|D|3. So the corresponding Weyl operator is

Hheat (X, D) = exp (_(t - to)”D”%)

3.4.4 From Weyl Operator to Weyl Symbol

After identifying the Weyl operator associated with our PDE of interest, we seek the
corresponding Weyl symbol denoted as h(x,&).
Note that while the Weyl operator depends on X and D, the Weyl symbol is

dependent on variables & and €. An approach for determining h(x, &) discussed
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in [43, p. 32-36] proceeds as follows:

1. Rewrite the Weyl operator H(X, D) such that all of the D, operators are
multiplied on the right of the X operators. As the operators in general are

non-commutative, this may require the use of the commutation relation

[Xk;Dk:] = Xka—DkaZi, k’E[?’L]

2. Define R(x, &) by replacing the operator X with  and the operator D with

£ in the version of the Weyl operator H (X, D) satisfying Step 1 above.

3. Calculate the Weyl symbol h(x, &) via one of the following formulas:

h(z,€) = % R%R(&:,é) exp (2i(& - x, & - €))dx dE, (3.42a)
> 1 (i\"( o™ o
:mo%(§) (am—ma&—m)R(.’B,E) (342b)

The differential operators in (3.42b) are understood as the m™ order mixed

partial derivatives. In particular, (3.42b) can be seen as the series expansion of

exp (—%% : %)R(w,&)

Example 3.2. [Weyl symbol for the heat PDE] The Weyl operator Hy,c.. (X, D) found
in Example 3.1, does not involve any multiplication of X with D, or indeed any depen-

dence on X. Therefore, Steps 1 and 2 mentioned above are reduced to a direct replace-

ment of D with §. Because the resulting

Rheat(w7 E) = Rheat(g) =exp (_(t - tO) HgHg)
is independent of x, (3.42b) immediately yields the Weyl symbol

hheat(wag) — e*(t*to)HﬁH%' (343)
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This example illustrates that finding the Weyl symbol associated with (3.37) is straight-

forward when the relevant Weyl operator depends on either X or D alone.

3.4.5 From Weyl Symbol to Kernel

We follow the development in Hormander [115, p. 161], to obtain the kernel & in

(3.39) from the associated Weyl symbol i (x, ) as

1 T+ .
k(to, x,t,y)= @) th( 5 y,s) eltevilde, (3.44)

The RHS of (3.44) can be seen as the non-unitary inverse Fourier transform of

£Hh((az;y)’g).

Thus, for (3.40) to hold, the Weyl symbol i evaluated at ¢, must be equal to unity (see
e.g., the heat symbol (3.43)). We will make use of this observation in our subsequent

computation.

Example 3.3. [Kernel for the heat PDE] Applying (3.44) to the Weyl symbol h = hyeat

derived in Example 3.2, we obtain

1 .
kheat(t07 Z, t? y) = (27T)n j};" exp (_(t - to) ”gH%) exXp (1<w - Y, £>)d£
1 £ o0 .
= nH(/ exp(—fi(t—tg) +1(l’k _yk)gk)dgk) . (3.45)
(2m)" 3\ J o0
To evaluate (3.45), we specialize the Gaussian-like integraP
) 1 1/2 2
f exp (——am2 + in)dx = (2—7T) exp (—J—) (3.46)
—00 2 a 2a

with a = 2(t — to), J = xp — yx. This yields

1 n T 1/2 T — 2
kheat(t()awvt;y) = H( ) exp (_M)

(27’(’)” k=1 t—to 4(t—t0)

3This integral is simply the Fourier transform of the Gaussian with appropriate scaling.

64



Classical SBP with Quadratic State Cost/Deriving k, via Weyl Calculus 3.4

! eXp(_M)
(4 (t —tg))"/? 4(t-to) )

which is indeed the well-known heat kernel [114, p. 44-47].

In summary, we may derive the solution of a PDE (3.37) in the kernel form (3.39)
by first identifying the associated Weyl operator H (X, D) = exp (-(t - to)L(X, D))
as in Section 3.4.3. This is then followed up with a computation of the corresponding
Weyl symbol h(x, &) as in Section 3.4.4. Using this Weyl symbol h, we then arrive
at an expression for the kernel £ via (3.44).

For pedagogical clarity, Examples 3.1-3.3 illustrate the aforementioned process
for the classical heat kernel. Now the question arises: Can these computations be
performed for reaction-diffusion PDEs with quadratic state-dependent reaction rate
that emerge from the SBP with quadratic state cost, (3.1)?

It turns out that for such problems, the Weyl symbol is most conveniently de-
termined via a PDE approach [112, p. 130-132]. To prepare ground for this PDE
approach, we need the product rule of Weyl calculus.

Product Rule of Weyl Calculus: Consider a Weyl operator C'(X, D) which

admits a decomposition
C(X,D)=A(X,D)B(X,D) (3.47)

in terms of two other Weyl operators A(X, D), B(X, D).

Consider the corresponding Weyl operator-Weyl symbol pairs (4, a) , (B, b) and
(C,¢). Given the operator decomposition (3.47), the product rule is a recipe to de-
termine the Weyl symbol c from the Weyl symbols a, b.

It is known that [115, p. 161] if either A or B is a polynomial, then the Weyl
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symbol c(x, &) can be exactly determined via Taylor expansion of*

exp (57 (Do Dei Dy D) )(a(a. £)b(y. m)

y=z,n=¢§
with finitely many terms, where o is the standard symplectic form (3.36). In this case,

we can express ¢(x, &) as [112, p. 128-129]
dA/\dB 1
c(z, &)= ), —{ab};(x,€), (3.48)
j=0 J-
where {a,b};(x,§) is defined as in (3.35), and d 4 A dp is the minimum of the degrees
d a,dp for the polynomials A, B.
When only one of A, B is a polynomial, the corresponding polynomial degree is

to be used as the upper limit of the summation index j in (3.48). When neither A

nor B is polynomial, the equality in (3.48) is replaced with asymptotic equivalence:

C(wag) ~ ZjeNo %{CL?b}j(wag)

3.4.6 Kernel for the SBP with Quadratic State Cost

As shown earlier in this chapter, solving the classical SBP with quadratic state cost
and generic endpoint distributions (with finite second moments) leads to finding the
Markov kernel of the reaction-diffusion PDE IVP
Zo(a-3502)7 B =g (349
for given Q > 0, wherein z € R™ and the unknown { is a Schrédinger factor. Here
and throughout, 0 < ¢y, <t < oo.
Problem (3.49) is indeed of the form (3.37). The associated kernel in (3.39) was

derived in Section 3.2 via tedious computation with Hermite polynomials. Since

that computation is difficult to generalize for other state costs (thus for other state-

‘Here D, := (Dxl o Dy )T, and likewise for D¢, Dy, D,
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dependent reaction rates), we explore applying the Weyl calculus ideas in Section
3.4.2 for finding such kernels. Here we show that the steps outlined in Section 3.4.2
indeed recovers the kernel for (3.49) in a systematic manner without invoking Her-
mite polynomials.

For Q > 0, consider again the eigen-decomposition 3@Q = V'AV, where A is an
n x n diagonal matrix with its main diagonal comprising the eigenvalues {\;}?_, €

RZ, of %Q Now consider a linear change-of-variable z — x as
x:=Vz. (3.50)
Then,
v(t,x)=p(t,z=V'x), (3.51)

and A,P(t,z) = AgT(t, ). Therefore, in the x coordinates, (3.49) takes the form

% =A7-(x'Ax)D
n 82 9\
= kz e \eth | 7. (3.52)
=1 k

For notational convenience, we define the Weyl operator
Qa(X, D)= |D[3+ kil X2, (353)
Following Section 3.4.3, the Weyl operator of (3.52) is
HA(X, D) = exp (=(t - t0)Qa(X, D)), (3.54)

i.e., the Weyl operator of (3.52), H5 (X, D), can be seen as a composite operator.
Note that for the Weyl operator ()4 in (3.53), we can readily find its Weyl symbol

ga using (3.42b) as
aa(x,€) = €[5+ X M. (3.55)
k=1
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However, for the composite Weyl operator H 5, determining the corresponding Weyl
symbol hp via (3.42b) becomes challenging since partial derivatives of Hp (X, D) of
any order are nonzero. To circumvent this issue, we adopt a PDE approach from [112,
p- 130-132] explained next. The main idea is to derive a PDE IVP for Weyl symbol
ha and to solve the same in closed form.

Since the Weyl operator H must satisty (3.52), we have

2 HA(X, D) = -Qa(X. D)H,(X, D).

Then, applying (3.48), we note that the Weyl symbol hp satisfies
0 201
Siha @ €) == —{an, ha};(®. ). (3.56)
j=0J"
Applying (3.35) and (3.55), we find that
{qa,ha}1 =0, (3.57)

and
{qa,ha}2 = (i (2A(t = to) = 2A(t — to)2x} — 24 (¢ - t0)2§,§))
k=1

conp(-(0-10 (el + vt
= (2(t - to) trace(A) - 2(t —to)* (2" A’z + £TAE))
x exp (=(t = to)qa (. £)). (3.58)

Since the second order derivative of ha(x, &) w.r.t. 2,V k € [n] is
0 2.2 2
3_11:,%h(x’ €) = (—2M\(t —to) + ANixi(t — to)?) exp (=(t — to)qa(z, £)),
and likewise
92

a—gghA(%f) = (=2(t — to) + A&t — t0)?) exp (—(t — to)qa (=, £)),
k
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(3.58) can be expressed as

0%ha

{C]A,hA}2———(Z/\k e (z,8) + 6 hA

X £>) (359)

Combining (3.56), (3.57) and (3.59), we then have

2 (0.€) = (0. V1 () - - an )28

0%ha 62hA)

:_thA+Z(Z )\k: 8€k 8—1‘12{/_ (360)

We next focus on solving for /5 from (3.60) subject to the initial condition /4 |-, = 1.
We note that the Weyl symbol ¢4 in (3.55) is time-invariant. Let gy := Az} + &7

Vk € [n], so that gp = Y11 k-

We seek to solve (3.60) in the form

ha(z, &) = g(t,q1, qn)- (3.61)

Substituting (3.61) into (3.60) yields

n 12 ( 0 (89 8qk) 0 (893%))
- S (== ]+ 3.62
(kzlq’“) 4,;(axk D 0xr,) " " 0, \ gy, 08 (3.62)
As
0 @5%)_ 9 (@ )
&Ek(@qk dzr) Oz \Ogs (2Awi)
d%g dg
= — 4\ +2
qi%( kxk) kan

and likewise
ae, (50 36,)~ o (7. 299)

4§ka 9,999

8%
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the PDE (3.62) simplifies to

(Zn: Qk) g+ i (Aqu + Apm— %9 ) : (3.63)
k=1

oqr

To solve (3.63), we consider the ansatz

g(t,qu, - qn) = at)exp( Zﬁk t)qk) (3.64)

for suitably smooth «(t), 51(t), -, 8,(t) that are not identically zero for any ¢, < t.
Recall from Section 3.4.5 that hp |;—¢, = 1, and hence from (3.61) and (3.64), the initial

conditions for a(+), 51(+), -, Bu(+) are

« (to) = 1, 614: (to) =0 Vke [TL] (365)
Next, notice that
8g U
i -« Z Brar |exp = Be(®)ar |, (3.66a)
dg
Do —afexp| - Z Brar |, (3.66b)
dk k=1
82 n
o =afiexp| =) Brar |, (3.66¢)
Jq =t
where & := ‘é—i‘, 3 = E' Substituting (3.64) into (3.63), using (3.66), and dividing

through by exp (- ¥7_; Br(t)qx) yields

da-a Buar = Y (~agq, + MeaBigr + M (—aBy)).
k=1 k=1
Rearranging the above to collect terms involving ¢ in the RHS, we obtain
a+ Y AaB =Y (b - o+ AaBE) g (3.67)
k=1

k=1

As the LHS of (3.67) is independent of ¢ Vk € [n], we note that the coefficients of

qx in the RHS must be zero Yk € [n]. This observation, together with the fact that
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a(t) # 0 (otherwise (3.64) gives trivial solution), results in the nonlinear ODE IVPs

Br=1-MB2, Br(ty)=0 Vkeln], (3.68)

where we have imposed the (5;(-) initial conditions from (3.65).
Separation-of-variables and u substitution with tanh(u) = \/ A3k, determine the

solution to (3.68) as

Bi(t) = ——tanh (VAk(t = 10)),  Vhe[n]. (3.69)

1
VA

Since all coefficients in the RHS of (3.67) are zero, combining (3.67) and (3.69) gives

gz—i\/)\_ktanh<\//\_k(t—to)), a(to) = 1, (3.70)
k=1

where we have imposed the «(-) initial condition from (3.65). Direct integration

yields the solution of the ODE IVP (3.70):

n

1
olt) = IQ cosh (\/)\_k(t ~t9))

Combining (3.61), (3.64), (3.69), (3.71), we have thus determined that the Weyl symbol

(3.71)

ha associated with the Weyl operator Hy, is

ha(z,§) (3.72)

n n é“k
:(gcosh(&(t_to))) exp( Z tanh(\/_(t to))) (3.73)

We now apply (3.44) to determine the kernel k5 corresponding to the Weyl sym-

bol ha given by (3.73).
Since (3.73) is a product of n terms, each with its unique subscript k € [n], so
(3.44) can be written as the product of n univariate integrals, each being

i 1
27 cosh (v Ax(t - to))
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s (_J/\_k(:ci +il‘kyk +y7) tanh (\/)\_k(t _ to)))

2

x [“gxp(_ ji_k tanh<\/)\_k(t—t0))+i(xk—yk)fk)dgk, (3.74)

(o]

I
where k € [n].
Invoking (3.46) with
2
N2

the integral [ in (3.74) evaluates to

7T\/)\_k mex _ \//\_k(Ik—yk)2
tanh (VAx(t - o)) 4tanh (VA(t ~ 1)) )

Thus, (3.74) is the product of a pre-factor and an exponential term, wherein the pre-

a =

tanh (\/)\—k(t - to)) T =2 -y,

factor is

27 cosh (VAe(t=1to)) \ tanh (Vi (¢ - to)
NE

_ k
V2msinh (v (E—-to))
and letting 0, := \/ A\ (f — o), the argument of the exponential term is

VR(TE + 221y, + y7) V(2 = yr)?
- tanh @), - ———— 22
4 4 tanh Hk

_ _\//\_k{ (wi . yz) (sinh 0.,  cosh Hk) 2 (Sinh 0,  cosh Hk) }

4 cosh 6y, " sinh 6, cosh 0, ~ sinh 0

1 1 ( ~r )1/2
)

(3.75)

\//\_k 2 2 COSh(Qek) \/)\_k:xk:yk
=3 W) G0, T sinh (20) (3.76)

Therefore, taking the product of the n integrals of the form (3.74) from k£ = 1 to k = n,

and substituting back 6y, = \/ A\ (t — to), we arrive at the kernel

x = - )\llf/él
ka(to, 2.t y) = (,Bl \/ 27 sinh (2v/ N (t - t0>))
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"V Ak, 5 gvcosh (20 (t-1))
xeXp(—kZlT(x’f+y’“)sinh(2\//\_k(t—t0)))

" 1
on(§ o mam)) e

The expression (3.77) for the kernel matches with that derived in Section 3.2.

Herein, by leveraging the Weyl calculus, we circumvent the use of Hermite polynomial-

based tedious computation in 3.2.

3.4.7 Further Generalization Via Weyl Calculus

Formula (3.77) serves as the kernel or Green’s function for (3.52), and helps write the

solution for the PDE IVP (3.49) as

@(u Z) = D\(ta IE) ‘a::Vz = A” kA(t(b VZ, tu y) Yo (VTy) dy (378)

We now extend this result for a modified version of (3.49) given by

8@_9; = (Az - (%ZTQZ + ’I"TZ + S)) @’ @(to’ ) = 9’507 (379)

where Q > 0, r € R", s € R. In other words, we generalize the reaction rate to have

additional affine terms, i.e., generic convex quadratic reaction rate: %zTQz +7rTz+s.

Theorem 3.4. Given Q > 0, 7 € R", s € R, consider the eigen-decomposition 1Q =
VAV, where the main diagonal entries of the diagonal matrix A are {\;}7_,. Let vy,
be the kth column of V' for all k € [n].

The solution for the PDE IVP (3.79) is

@(ta Z) = '/Rnk(A,r,s)(th VZ, t) y) QOO(VTy) dy7 (380)

where the kernel

k(A,'r,s) (t(),il}',t,y) (381)
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( A exp (et —t)) )
k=1 \/27 sinh (2v/A4(t - o))
SV ooy cosh (2 (E - o)) VAR KK
XeXp(,; 2 U)o e — 1)) s @/t — 1))
B (%’rwk (zr+yp) + ﬁ (rTvk)2)tanh(\/)\_k(t - to))) (352)

VE

and the constants

1
Cp = ——
AW

rTog)? - % Vk e [n]. (3.83)

For a proof of Theorem 3.4, see Appendix C.9

Our calculations via Weyl calculus recovered the result (3.28), initially deter-
mined via computations with Hermite polynomials that were not only more tedious
but also difficult to generalize for other variants of such PDEs. While Weyl calculus
tools were invented to address problems in quantum mechanics, our developments
highlight the potential of Weyl calculus in explicitly recovering the kernels of PDEs
arising from diffusion and control problems.

This chapter focused on a generalization of the classical SBP in which there is an
additional state-dependent quadratic cost. Throughout this chapter, we assume that

the quadratic state-cost has a fixed Q. The following chapter removes this assump-

tion, to consider a time-dependent Q(t), and linear time-varying dynamics.
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Figure 3.2: Solution to PDE (5.7a) in n = 2 dimensions with ¢, = 0 and initial condition
@o() = 1. All subfigures are over the spatial domain [-7,7]’.
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Figure 3.3: Solution to PDE (5.7a) in n = 2 dimensions with ¢, = 0 and initial condition
Po(-) = e zI” All subfigures are over the spatial domain [-5,5]°.
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Figure 3.4: Solution to PDE (5.7a) in n = 2 dimensions with ¢, = 0 and initial condition
%0(-) = poo. All subfigures are over the spatial domain [-0.25,1.25].
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Figure 3.5: Optimally controlled sample paths for 1D SB with state cost %QxQ, Q = 2,
shown with endpoint endpoint PDFs pg = ¥, ¢f-1,1} %N(MO, 0.05%), p1 = N'(0,0.5?) and
time horizon [¢o,¢1] = [0, 1].
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4 | Linear SBP with Quadratic State
Cost

4.1 Overview

The chapter investigates a further generalization of the SBP with quadratic state cost
explored in Chapter 3. I now replace (3.2) with the controlled linear time-varying

(LTV) dynamics:
dz = (A(t)x + B(t)u) dt + V2B(t) dw, (4.1)

wherein (A(t), B(t)) is controllable matrix-valued trajectory pair in
(R Rm*m) that is bounded and continuous in ¢ € [t, ¢ ].

The resulting generalized SBP is

t1
arg inf f f (1|u||§+1mTQ(t)m) da di (4.22)
(pu)ePorxtd Jto  JR™ 2 2
)
00 o Ga ( (AW 2+ B(YW) = Mgy (420)
p(t=to,x) = po, p(t="ti,)=p, (4.2¢)

henceforth referred to as the LQ SBP.
Comparing this problem formulation to that of the generalized SBP introduced

in Chapter 1,

arg inf /t )tl f (g(@) +r(w)) plt @) da dt

(pyu)ePo1xU

dp
57 TV (pF(tz.u)) = Anauyp
p(t07m) :pO(w)v p(t1,$)=p1(w),

note that the LQ SBP can be recovered from the generalized SBP by setting ¢(x) =
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1xQ(t)x, r(u) = Lul, f(t,z,u) = A(t)z + B (t)u, and ¥ = BB (or equiva-
lently, o = B).

A natural question is whether a closed-form formula for the kernel k£ can be
derived when (3.2) is replaced by (4.1). Finding such k£ would enable solving LQ SBPs

with generic non-Gaussian iy, /11 having finite second moments. From a probabilistic

point of view, this k is the Markov kernel of the It6 process
de = A(t)xz dt +v2 B(t)dw, weR™, (4.4)

with creation or killing of probability mass with rate ¢(x) := 2™ Q(¢)z, Q(t) = 0.
This Markov kernel is the Green’s function for the linear reaction-advection-
diffusion partial differential equation

% = —(Va, kA(t)x) + (B(t)B(t)",V2k) - %a:TQ(t):L' k. (4.5)

This chapter contains the results of joint work, [76], with Wenqing Wang, Sachin
Shivakumar, and Abhishek Halder. In our derivation for the (A(t), B(t), Q(t))-
parametrized kernel, we introduce a new approach relying on finding a state-time
dependent distance-like functional given by the solution of a deterministic optimal
control problem. In the process, we uncover a new connection between Markov
kernels, distances, and optimal control. This connection is of interest beyond its
immediate application in solving the LQ SBP.

Note that Markov kernels often can be interpreted as transition probability, which
are measurable maps sending Borel probability measures' supported on subsets of R"

to itself. The well-known (Euclidean) heat kernel [114, p. 44-47]

1 |z -yl
k ea (t ,$,t,y) = €xp (_ 9 (46)
Heat 0 (47 (t - to))™? 4(t - to)

'endowed with the topology of weak convergence
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is one such example, as the transition probability for the It6 process
dae(t) = V2 dw(t), w(t)eR" (4.7)
Likewise, the Markov kernel

kLinear (t07 Z, tu y)

(Pu, - y) Tiyy (B~ y)
4(t - to)

= (47 (t = to)) ™* det (Tyy, ) exp( ) . (4.8)

which is the transition probability for the It6 process (4.4), where (A(t), B(t))
is a uniformly controllable matrix-valued trajectory pair in (R™*" R™™) that is
bounded and continuous in ¢ € [#g, o), and the state transition matrix
Dy, = P(t, 7)Vig< T <UL,

Both (4.6) and (4.8) satisfy k > 0, [, kdy = 1. They solve Kolmogorov’s forward
PDE initial value problem with Dirac delta initial condition,

% =Lk, k(to,x,t0,y) =0(x-1y), (4.9)
where L is an advection-diffusion spatial operator induced by the drift and diffusion
coefficients of the underlying It6 process. For example, for the It6 process (4.7), Lk =
Agk (the standard Laplacian). For (4.4), Lk = —(V4, kA(t)x) + B(t)B(t)" A k.
However, the Markov kernel k is not always a transition probability. Consider
cases like (4.5), in which the underlying It6 process, in addition to drift and diffusion,
allows the creation or killing of probability mass at a rate ¢(x) for some bounded
measurable ¢q. In such cases, k£ is a measurable map that sends nonnegative Borel

measures® supported on subsets of R" to itself. Then, (4.9) gets replaced with

ok
ap = L=k, k(to,2,t0,9) = (2 ~y), (4.10)

2still endowed with the topology of weak convergence
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’ Ref. ‘ (A4, By) ‘ Q. >0 ‘ Distributions p, f41 ‘ Markov kernel ‘
[121,122] (0,1) 0 generic (4.6)
[123] generic 0 Gaussian (4.8)
[116,117] generic generic Gaussian n/a
[73], Ch. 2 generic 0 generic (4.8)
[74,75],Ch.3 | (0,I) | fixed@>0 generic (3.28)
This work generic generic generic (4.37)

Table 4.1: Comparison of related works on the LQ SBP.

where L is an advection-diffusion operator as before (¢ = 0 case) and L — g becomes
a reaction-advection-diffusion operator. We say that ¢ is the reaction rate.

Compared to (4.9), explicit formula for £ in (4.10) are less known. In Chapter 3,
presented the derivation of a closed-form formula for % in the special case of L = A,
and convex quadratic ¢(«), first by using Hermite polynomials and then again via
Weyl calculus. However, our methods derived the kernel only for (A(t), B(t)) =
(0,I) and constant @Q > 0.

Of particular relevance to the results presented in this chapter are the works
[74, 75, 116, 117], all of which consider the quadratic state cost in the cost-to-go.
The developments in [116, 117] focused on Gaussian pg, p1, and therefore did not
derive the kernel, since linear dynamics preserve Gaussianity. Recently, the idea
of using the Green’s functions to solve SBPs for the purpose of sampling generative
artificial intelligence models has appeared in [118,119]. Also related is the work [120]
that proposed a feasible bridge between non-Gaussian marginals with linear time-
invariant dynamics, but with no guarantee for optimality. For reference, Table 4.1
contrasts the technical contribution of this Chapter vis-a-vis the related works in the
literature.

Neither the Hermite polynomial approach nor the Weyl calculus computation
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discussed in Chapter 3 generalize in any obvious way to derive the kernel % in the
LQ setting of our interest in this Chapter. Therefore, we chart a new path motivated
by a basic observation on the structure of the Markov kernels, distances and certain
deterministic optimal control problems.

We propose a new technique that involves identifying a deterministic optimal
control problem from the It6 diffusion, solving the same to find a distance func-
tion, and then to identify the Markov kernel in a structure defined by the same. We
provide computational details to demonstrate that the proposed technique system-

atically recovers Markov kernels of interest.

4.2 Markov Kernels and Distances

Both (4.6) and (4.8) are of the form
1., 5
k=c(t, ty)exp (—§d18ttt0 (, y)) (4.11)
for some suitable distance function
disttto R" xR" RZO-

The subscript ¢, signifies the distance function’s parametric dependence on ¢, ¢.
Because (4.6) and (4.8) are both transition probabilities, the distance function
disty, uniquely determines k. Once disty, is identified, the pre-factor ¢ (t,t,), and

hence k is completely determined by the normalization condition
kdy = 1.
Rn
Interestingly, the k associated with problem (3.1) derived in Chapter 3 is also of the

form (4.11), even though that k is not a transition probability, and c(¢, ) thus does
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not follow from normalization.

These exemplars hint that for controlled dynamics over R”, the distance function
might be induced by some principle of least action.

That Markov kernels are related to distances is in itself not a new observation.
The most well-known result relating kernels and distances is Varadhan’s formula

[124-126] which says that the heat kernel £, on a complete Riemannian manifold

M satisfies

1
lim tlog kiity, (to, @, 1,y) = -5 dist” (,y) (4.12)
0

uniformly on every compact subsets of M x M, where dist is the minimal geodesic
distance connecting x, y € M. In other words, dist can be recovered as the short time
asymptotic of the heat kernel on M. In the context of Varadhan’s formula (4.12), the
L in (4.9) is the Laplace-Beltrami operator on M.

For specific manifolds, a few exact or asymptotic relations are also known [127,

Ch. V1], [128], [129, Ch. 5]:

3
kEHHeat (t(]? €T, t? y)

. ] 2
i 1 .dISt.(QU,y) % exp _t_M , (4.13a)
(4 (t -~ 10))* sinh dist (. ) At =to)
kil_lﬂzat (t07 T, t? y)
. (n-1)/2 )
i 1 2(.dlst.(w,y) ) Xexp(_M), (4.13b)
(4m(t ~ 1o))"* \sinh dist(z, ) At =to)

kIS-IZat (t(]? €T, t7 y)

1 dist(z,y) (n_lwxex _dist2(a:,y) (4.130
(4 (t - o))" \sindist(w. y) ae-w )

where H", S™ denote the n dimensional hyperbolic manifold and the sphere, respec-

tively. The symbol ~ in (4.13) denotes asymptotic equivalence.
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In contrast, the form (4.11) that we focus on is rather specific, and is for a flat
geometry. It is then natural to speculate that dist;;, may arise from the finite horizon
reachability constraint over [t,¢] imposed by the controlled dynamics, i.e., disty,
is of sub-Riemannian or Carnot-Carathéodory type [130-132]. This motivates us to
formulate disty;, as the minimal value of an action integral explained in the following

section.

4.3 Distances from Optimal Control

We postulate that for & of the form (4.11), the dist, is induced by a deterministic

optimal control problem (OCP) of particular structure. The objective for this OCP is

st () = in [ (Slu(l+ () ) dr. (419)

0

The constraint for this OCP is a controlled ODE obtained by replacing dw(7) in the
underlying It diffusion with a controlled drift u(7) d7, and boundary conditions
z(T =1ty) = @, z(7 = t) = y. Notice that in objective (4.14), the state cost ¢ is the
rate of creation or killing of probability mass. Let us verify this postulate for known

cases discussed before.

Heat kernel (4.6). Here ¢ = 0, and dw(7) ~ u(7) d7 in (4.7) gives the controlled
ODE 2(7) = v/2u(7) where dot denotes derivative w.r.t. 7 € [£o,¢]. This leads to the

deterministic OCP

st (y) =min [ Ju(r) [3ar (4.150)
(1) =V2u(r), (4.15b)
z(t=ty) =z, z(r=t)=uy. (4.15¢)
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For solving (4.15), we apply the Pontryagin’s minimum principle to get the optimal
control Uep(7) = —v/2Aopi (7) Where Aopi(7) is the optimal costate. The optimal
state 2°P°(7) = 0, or Zopt(T) = =2Aopt(7) = @, or equivalently z.,:(7) = at + 3 for
some constant a, 3 € R"™.

Using (4.15¢), we find

-1y
o= ,
to—t
and
a r-y
Agpt = —— = ——2_.
PET2 T 2(t—tp)

Hence the optimal value in (4.15a):

1. ., 1 |z - yl5

which indeed transcribes (4.6) into the form (4.11). The normalization condition for

k leads to evaluating a Gaussian integral, which determines the pre-factor
c(t,to) = (4 (t —to)) ™™

Linear kernel (4.8). Here ¢ = 0, and dw ~ w d7 in (4.4) yields the deterministic

ocCp
%distfto(a:,y) ~min ft t %|u(7)|§d7 (4.16a)
2(7) = A(T)z(7) + V2 B(7)u(r), (4.16b)
z(t=ty)=x, =z(r=t)=1y. (4.16¢)

Problem (4.16) is that of minimum effort state steering for a controllable linear sys-

tem, and its solution is commonplace in optimal control textbooks; see e.g., [85, p.
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194]. The optimal value in (4.16a):

(Pz-y)' Ft_tt (Pyox - y)
A(t—to) ’

1.
L dists () -

which indeed transcribes (4.8) into the form (4.11). As before, the normalization

condition for £ determines the pre-factor
c(t,to) = (47 (t —t5)) " det (Tyy)?

via Gaussian integral.

The kernel in Chapter 3. The kernel derived in Chapter 3, (3.28), corresponds to
the It6 diffusion (3.2) with reaction rate %zTQz, Q > 0. Without loss of generality
[74, Sec. 4.1], we consider state coordinates where a given @ > 0 is diagonalized to
yield the diagonal matrix 2A > 0. The factor 2 scaling is unimportant but kept for
consistency with Chapter 3. Importantly, the Laplacian operator is invariant under
this change of coordinates. For the case Q > 0, see Chapter 3, Section 3.2.

1

In the new state coordinates, ¢ = 52/2A 2, and dw, = w d7 in (3.2) gives the

following modified version of the OCP (4.15):

%disttzto(a:, Y) :mdn/t:(%ﬂu(r)@ + %zT(T)QAZ(T)) dr (4.17a)
2(1) = V2u(r), (4.17b)
z(t=ty)=x, =z(r=t)=y. (4.17¢)

Applying Pontryagin’s minimum principle, we get the optimal control
uopt(T) = _\/iAopt(T),
the optimal costate ODE

Xopt(,r) = _2Azopt (T) s
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and the optimal state ODE
Zopt(T) = =2Xopt (T) = 4A 2o (7). (4.18)
Letting w; := 2\/A; for all i = 1,---,n, we solve for the components of (4.18) as
(2opt (7)), = @i €”T + bje™7, (4.19)
and use (4.17¢) to determine the constants
—xze Wit 4 g ewito x;evit — g ewito

" 2sinh (w; (t - t0))’ = 2sinh (w; (t - t9)) " (4.20)

Hence the optimal value in (4.17a):
1., t1 , 18 2
Sdlisth, (@,) = [ (5 lon (D) + 5 2w (Gon(7),)’ | dr
to i=1
i1 , 1& 2
[ {1z (DB + 5 D2 (Gom(7)),)’ | a7
o\ 4 43

t,

1 Z”: w; (22 + y?) cosh (wi(t —to)) — 2wy
24 2sinh (w;(t - to)) ’

(4.21)

where we have used (4.19)-(4.20) followed by algebraic simplification using the iden-
tity sinh(2(+)) = 2sinh(-) cosh(-).

We note that the expression (4.21) indeed transcribes the Markov kernel in (3.28)
in Chapter 3 into the form (4.11). Since this Markov kernel is not a transition prob-

ability, the normalization condition no longer holds, and the pre-factor

N ‘ 1/2
c(t.to) = ] ( i ) (4.22)

does not follow from there. However, having determined (4.21), the pre-factor (4.22)
can be obtained by substituting (4.11) with (4.21) in (4.10). See Appendix D.1 for

details of this simple but non-trivial computation.
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4.4 Distance and Kernel for LQ SBP

Having seen three exemplars for the computational pipeline:
deterministic OCP — dist —> Markov kernel &,

we now apply the same approach to derive £ for the It6 diffusion (4.4) with reaction
rate ¢(z) = 327Q(7)z, T € [to,t]. For convenience, let B(7) =2 B(7).

Our standing assumptions are:

A1l. (A(7),B(7)), and thus (A(T), BT) is controllable matrix-valued trajectory
pair in (R™* R™*™) that is bounded and continuous in 7 € [tg, ¢].

A2. the matricial trajectory Q(7) > 0 is continuous and bounded w.r.t. T € [¢g,¢],
and Q(s) > O for some s € [tg,t].

Finding the Markov kernel % in this setting enables the solution of the LQ SBP
with generic non-Gaussian endpoint distributions having finite second moments,
i.e., the solution of the problem (4.2). For pg, p; with finite second moments, the
existence-uniqueness for the solution of (4.2) is guaranteed. This follows from tran-
scribing (4.2) to a stochastic calculus of variations problem involving the relative

entropy a.k.a. the Kullback-Leibler divergence Dk, (- || -) minimization:

xp (-1 bt
Dt (]P’ I e p( i), Q(t)wdt)W)

i 4.23
Inin (4.23)

Z

where

1_[01

= {M e M (C ([to,t1];R™)) | M has marginal 1, at time ¢;, Vk € {0,1}}, (4.24)

where M (C ([to,t1];R™)) is the set of probability measures on the path space
C ([to,t1];R™) generated by the Itd diffusion (4.4), the W € M (C ([to,t1];R™)) is
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the Wiener measure, and the Z is a normalizing constant. Problem (4.23) seeks to
find the most likely measure-valued path generated by (4.4) w.r.t. a weighted Wiener
(i.e., Gibbs) measure defined by the quadratic state cost, with endpoint marginal
constraints given by the problem data i, 1t1. For the equivalence of the formulations
(4.2) and (4.23), see e.g., [10, 39, 133], [77, Sec. 4.1]. The existence-uniqueness of
solution for (4.23) is a consequence of strict convexity of Dk, (- || -) w.r.t. the first
argument.

Unlike the three exemplar kernels discussed above, the k for problem (4.2) is not
known. Moreover, previously mentioned approaches (Hermite polynomials, Weyl
calculus) to compute £ that works for simpler cases no longer generalize in any
obvious way. We postulate that the form (4.11) for the Markov kernel holds here as

well.

4.5 Getting dist

Inspired by the instances examined above, we define dist through the following de-

terministic OCP:

Sdistt, (y) i [ ()B4 50 QM=M)dr @z
2(1) = A(7)2(7) +V2 B(1)u(7), (4.25b)
z(t=ty)=x, =z(r=t)=1y. (4.25¢)

This is an atypical linear quadratic OCP in that when @, y are not too close to the
origin, the optimal state trajectory trades off the soft penalty (state cost-to-go) in
deviating away from origin with that of meeting the hard endpoint constraints (4.25c)

within the given deadline.
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We need the following result from [134, p. 140-141] paraphrased below to suit

our notations.

Proposition 4.1. [134, p. 140-141] Suppose there exists symmetric matrix K such

that the solution map® I1(7, K 1,t) of the Riccati matrix ODE initial value problem

K(1)=-AT(r)K(r) - K(r)A() + K(1)B(1)B (1)K (7) - Q(7), (4.26a)

K(r=t)=K,, (4.26b)
exists for all T € [tg,t]. Let
A1) = A(7) - B(T)BT(T)H(T, K, t) V7el(to,t]. (4.27)
Then the differentiable trajectory z(7) minimizes
ti1 , 1.
1= [ (GleMB+ 327 (DR ) dar

subjectto  2(7) = A(7)z(7) + B(T)U(T)7

z(t=ty)=x, =z(r=t)=y,
if and only if it also minimizes
. t1 2
i= [ 5le(l3ar
to

subjectto  2(7) = A(T)Z(T) + B(T)’U(T)v

z(t=ty)=x, =z(r=t)=uy.
Additionally, along any trajectory satisfying the boundary conditions, we have
o1 1 .
n=n+ ST II(to, K1, t)x - oY K1y (4.28)

Remark 4.1 (Existence, uniqueness and positive semi-definiteness of II). Proposi-

3The mapping TI(7, K1,t) is understood as the solution of (4.26a) at any 7 € [tg,t] solved back-
ward in time with initial condition (4.26D).
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tion 4.1 does not assume the controllability of (4.25b). However, under our standing
controllability assumption A1 and the positive semi-definiteness assumption for Q(7)
VT € [to,t] in A2, the existence-uniqueness of the mapping I1 is guaranteed for all
T € [to,t]. Furthermore, the unique solution II(7, K1,t) > O for any K; > 0. See
e.g., [135, Thm. 8-10].
Remark 4.2 (Strict positive definiteness of IT). The assumption Q(s) > O for some
s € [to, t], stated in the latter part of A2, further ensures that I1(7, K1,t) > O for any
K, > 0. This is a consequence of the matrix variation of constants formula [134, p. 59,
exercise 1 in p. 162], [136, Sec. 1I].

Since the optimal 7} in Proposition 4.1 is the cost for minimum energy state trans-
fer from @ at ¢, to y at t over the LTV system matrix pair (A(7), B(7)), we have

T ~—1 A

((i)lhfoag B y) Ly, (‘I)ttoil3 - y) 5 (4.29)

N | —

Topt =

where @tto is the state transition matrix from ¢ to ¢ for the state matrix 121(7') in
(4.27). Likewise, I'y;, in (4.29) is the controllability Gramian for the pair (A(7), B(7)).
To see why (4.29) is well-defined, recall that for linear systems, controllability
remains invariant under state feedback. Specifically, the following Proposition 4.2
holds. For its proofin the LTV setting, see [137]; the proofin the linear time-invariant
setting appeared earlier in [138, Thm. 3] .
Proposition 4.2. [137] Let A(7) be given by (4.27). If the LTV system defined by
the pair (A(7), B(7)) is controllable, then so is the LTV system defined by the pair
(A(7), B(r)).
From Proposition 4.2, it follows that I';;, > 0 implies f‘tto > 0. In particular, f‘tto
is non-singular, and (4.29) is well-defined.

Since the optimal 7 in (4.28), and thus the optimal value in (4.25a) must be in-
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dependent of K i, we can set K; = 0 without loss of generality. Combining this

observation with (4.29), we find the optimal value in (4.25a) as

T

T T
M, , (4.30)

Yy Yy

N —

1.
édISt?to (w7 y) =

where
ST oAl s ST oAl
D, Ly Pty + I1(to,0,t) -®, T,
Mtto = . (43 1)
1 4 . -1
_Ftto (I)tto Ftto
Using the Schur complement lemma, we can check that M, > 0, as expected.

Specifically, from (4.31), note that

. 1
'y, >0,

AT a1 g ST a1 o A

3,y Bty + 11,0, ) = (~B7,, T ) Ty (-Tpy @ity ) = Th(t,0,8) > 0, (4.32)
thanks to Remark 4.2.

The formulae (4.30)-(4.31) generalize the previously known results in Chapter 3

for zero prior dynamics. In particular, the previously known result can be recovered

from (4.30)-(4.31) as follows (proof in Appendix D.2).

Proposition 4.3. When Q(7) = 2A > 0 (constant positive diagonal matrix) and

(A(7), B(7)) = (0,/2I) V7 € [to, t], the formulas (4.30)<(4.31) reduce to (4.21).
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4.6 Getting k

Now that we have determined the distance functional in the generic LQ setting given

by (4.30)-(4.31), to find k in the postulated form (4.11), i.e., in the form

T
xr

k(to, x,t,y) = c(t, to) exp —% K My, : (4.33)
Yy Y
we must compute the pre-factor ¢(¢,ty). Unique identification of ¢(t,ty) serves the
dual purpose of uniquely determining the kernel as well as verifying the postulated
form (4.11).
As was the case in the last example in Sec. 4.3, here k is not a transition prob-
ability kernel and [ k # 1. Thus, the pre-factor ¢(¢,ty) cannot be determined from
normalization.

Instead, we find ¢(¢,ty) by substituting (4.11) with (4.30) in (4.10) and invoking

the initial condition. In this case,
Lk = (Vg kEA(t)x) + B(t)B(t) ALk,

so L is an advection-diffusion operator. Recall that the reactionrate ¢(z) = ;2'Q(7)x
with Q(7) satisfying Assumption A2. Therefore, (4.10) becomes an reaction-advection-

diffusion PDE initial value problem

g_’; = (e, kA()) + (B B(), V2k) - 527 Q(1)h, (4.34a)
k(t()a IB,to,y) = 5("'B - y)7 (434b)

where V2 denotes the Hessian w.r.t. .

The main result presented in this chapter is the following theorem.

Theorem 4.1 (Kernel for LQ non-Gaussian steering). For 7 € [t,t], consider as-
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sumptions A1-A2. Let

0(7) :=trace A(7) + (B(7)B(7), éitof‘;tloi)ﬁo +TI(tp,0,7)), (4.35a)
=trace (A(7) + B(7)B(1) "M 11(7,10)), (4.35b)

a:= (27r)_”/2 ltlﬁn det (M}{z(t, to)
X X /t "(A(r)+ B(r)B(r) My (1.1)) dT) (4.36)

where exp denotes the matrix exponential, @Tto is the state transition matrix for A(T)
given by (4.27), T'1,, is the controllability Gramian for the pair (A(T), B(T)), and
I1(to,0,7) is as in Sec. 4.5. The matrix M 1,(7,to) appearing in (4.35b) and (4.36) is
the (1,1) block of M ,,, given by (4.31). Then the Markov kernel k solving the reaction-

advection-diffusion PDE initial value problem (4.34) is

T

t 1|z T
k (to,x,t,y) =aexp (— / G(S)ds) xexp|-= My, , (4.37)
0 “\y y

where M ,;, > 0 is given by (4.31).

See Appendix D.3 for a proof of Theorem 4.1.

The kernel (4.37) significantly extends the results presented in Chapter 3 to the
generic LQ case. The following corollary recovers that special case from Chapter 3.
Corollary 4.2. [(3.28) as special case of (4.37)] When Q(7) = 2D > 0 (constant
positive diagonal matrix) and (A(7), B(7)) = (0,\/2I) V7 € [to,t], the kernel (4.37)
reduces to that in [75, Eq. (43)] or that in [74, Eq. (A.22)].

See Appendix D.4 for the proof of Corollary 4.2.

Remark 4.3. Using assumptions A1-A2 and the standard (¢, ) definition of limit, it

is not too difficult to show that the upper limit in (4.36) exists. In special cases such
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as Corollary 4.2 above, the limit in (4.36) can be evaluated in closed form, as shown in
Appendix D.4. Importantly, the limit in (4.36) cannot be distributed to the determinant

and the exponential factors; see the computation in (D.43).

The following properties are immediate from the expression of the kernel (4.37):
« (spatial symmetry) k (to, @, t,y) = k (to,y,t,x) Vo, y € R",
« (positivity) k (to, x,t,y) > 0 since from (4.36), a > 0.

We next discuss how the derived kernel helps in solving the LQ SBP (4.2).

4.7 Using k to Solve LQ SBP with Non-Gaussian i, 14
Using the derived kernel (4.37), we define the integral transforms

Po = To1Po = /Rn k(to, z,t1,y) Po(y)dy, (4.38a)
o1 7 Tiopr = /Rn k(ti,x,to,y) 01(y)dy, (4.38b)

for measurable Py(+), p1(:). These integral transforms help solve the LQ SBP (4.2)
as follows.

Suppose that the endpoint measures are absolutely continuous with respective
probability density functions (PDFs) pg, p1. Standard computation shows that the
necessary conditions for optimality for (4.2) yield a pair of second-order coupled

nonlinear PDEs:

8g;pt + Vg (popt (A(t):z: + B(t)BT(t)sz)) _ (B(t)BT(t), ViPOpt>, (4.39a)
%—f + (VmS, A(t):c) + % (VmS, B(t)BT(t)va> + (B(t)B(t)T, ViS>
= %wTQ(t)a:, (4.39b)
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Popt (to, &) = po(x),  Popt (1, @) = p1(x), (4.39¢)

in unknown primal-dual pair (popt (£, ), S(t,)), i.e., the optimally controlled joint
state PDF and the value function.
Following our usual approach, we apply the Hopf-Cole transform [18,19]. In the

absence of ¢, we can apply the following, more simplified version of this transform:

(Popt> ) = (B,¢) = (Popt exp (=5) ,exp 5) . (4.40)

We thus recast (4.39) to a pair of boundary-coupled linear PDEs:

o =~V PAM) + (BOB(). V29) - 52" Q) (4412)
%—f = ~(Vap, A(t)z) ~(B(t)B(t)", Vap) + %wTQ(t)a:go, (4.41b)
B(to, x)p(to, @) = po(x), P(tr,x)p(t1, ) = pr(x). (4.41¢)

We note that the PDE (4.41a) is precisely the forward reaction-advection-diffusion
PDE (4.34a), and the PDE (4.41b) is the associated backward reaction-advection-
diffusion PDE.

The solution of (4.41) recovers the solution of (4.2). Specifically, V¢ € [to, 1],
the optimally controlled joint state PDF p°P'(¢, x) = P(t, )¢ (t, x), and the optimal
control wyp (t, ) = B(t)"V,S(t,x) = B(t) Vg logo(t, x).

For k € {0, 1}, letting &r(+) := @(tx, "), ¢x(-) = ©(tk,), the system (4.41) can be
solved by the usual dynamic Sinkhorn recursion (first described in Chapter 1 and
illustrated in Figure 1.1):

 Tor . pilE T polwo
Po —> P11 —— o1 —> 90 — (B0)pext » (4.42)

involving the integral transforms (4.38).

From the computational point of view, having a handle for the kernel (4.37) helps
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us to apply 7o1, 710 in (4.38) during each pass of the recursion (4.42). This in turn
helps to solve the LQ SBP (4.2) with arbitrary non-Gaussian pg, p;. The solution for
(4.2) when both py, p; are Gaussians, appeared in [117], but did not need require the
kernel. However, the techniques and results in [117] are difficult to generalize for
non-Gaussian pg, p1.

If the kernel % in (4.38) were not available, an alternative way to implement
To1, Tio in (4.42) is to apply the Feynman-Kac path integral [24, Ch. 8.2], [139, Ch.
3.3] resulting in randomized numerical approximations for 7, . For instance, the

Feynman-Kac path integral representation for (4.38b) is

Topr(@) = E[ o1 @)esp (- [ 321Qaedr) [o =], @)

and the conditional expectation above can be approximated by Monte Carlo simula-
tion with (4.4). Chapter 5, which considers a case study in which we lack an explicit
handle on k, will make use of such methods. Having an explicit handle on k£ removes
the need for such randomized approximations of the deterministic functions o1, .

To further understand the action of the derived kernel, notice that combining

(4.37) and (4.38a) yields
t 1
To1Bo = aexp (— f Q(S)ds) exp (—§:cTM11 (t,to) :c)
to
1 _
Anexp(_inM22 (t> tO) y+ <_M12 (ta tO) €Z, y)) @O(y)dyv (444)

and likewise for Tipp1, where My, M5, My, refer to the respective blocks of
(4.31). For suitably smooth $, the integral in (4.44) can be evaluated using Lemma

D.1 in Appendix D.1. We close with an example of such computation.

Example 4.1 (Mixture-of-Gaussian @). For fixed n. € N, let y be an n. component

98



Linear SBP with Quadratic State Cost/Using k to Solve LQ SBP with Non-Gaussian
Mo, 1 4.7

conic mixture-of-Gaussians, ie.,
—~ < 1 -
Po(y) = Y wiexp (—5 (y-m;) =7 (y - mi)) :
i=1
where w; >0, m; e R", ¥, > 0 Vi € [n.]. Then (4.44) gives
t 1
To1Bo = aexp (— / H(S)ds) X exp (—§a:TM11 (t,to) a:)
to
Ne 1
X ) w; exp (—ﬁmiTE;lmi)
i=1

2
¢
=a (2m)"? exp (— f Q(S)ds) X exp (—%azTMH (t,t0) az)
to

e

1 _ _
‘[Rnexp(__yT (M22 (t7 tU) + EZ 1) Y+ (_MIQ (ta tO) T+ Ez lmia y>) dy

w;

X
i=1 \/det (M22 (t,to) + Ez‘_l)

1 1
Xexp {— §m12;1mz + 5 (_MIZ (t,to) T + Z;lmi)T
x (M22 (t>t0) + Ez_l) (_M11—2 (tvtO) T+ 2;1777/1)}, (445)

where the last equality uses Lemma D.1.

This chapter consists of results generalizing those in Chapter 3, in which the
Markov kernel was derived for the special case (A(t), B(t)) = (0, I) using both
generalized Hermite polynomials and Weyl calculus. As those techniques become
unwieldy for generic (A(t), B(t)) and Q(t) > 0, we pursued a new line of attack
by postulating the structure of the Markov kernel in terms of a distance function
induced by an underlying deterministic optimal control problem. We demonstrated
that both new and existing results can be recovered in a conceptually transparent
manner even when the underlying Markov kernel is not a transition probability.

The new kernel derived using this approach is the Green’s function for a reaction-

advection-diffusion PDE. This kernel allows us to solve the generic LQ SBP. While a
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solution to this problem has appeared in prior literature for the case where the end-
point distributions are Gaussians, for non-Gaussian endpoints, we have seen that the
SBP can be solved via dynamic Sinkhorn recursions, which requires solving initial
value problems involving this same reaction-advection-diffusion PDE within each
epoch of the recursion, with updated initial conditions. By deriving the correspond-

ing Green’s function, our results facilitate this computation.
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5.1 Overview

This chapter concerns a generalization of the SBP considered in Chapter 3. In Chap-
ter 3, I set ¢ = 1 for convenience; here, I consider any (not necessarily small) £ > 0.
More significantly, in Chapter 3, a quadratic state cost is added to the objective func-
tion; in this chapter, I consider a generic positive state cost g(x).

Over the given time horizon [ty, 1], the optimization problem of interest in this

chapter is:
. b1 Ty
arg inf f / (—||u|2 + q(ac)) p(t,x) d dt (5.1a)
(p,u)ePor1xU to R \2
@ + v:l: . (pu) = 5A$p7 (51b)
ot
2(t) ~ po (given), @ (t1) ~ py (given), (5.10)

hence referred to as the SBP with additive state cost.

Recall as in prior chapters, Py; denotes the collection of all PDF-valued trajec-
tories p(t,x) continuous in ¢ € [tg, 1], and supported over R for each ¢ € [to, ],
such that p(to, ) = po, p(t1,x) = p1.

Note that (5.1) can be recovered from the generalized SBP (1.12) by setting r(u) =

1|ul3, f(t,z,u) = u, o(t,x,u) = I,,, and considering any nonnegative, bounded,
and measurable ¢(x).

The second half of this chapter concerns a case study in which the SBP with ad-
ditive state cost is connected to Lambert’s Problem, a key problem in astrodynamics.

I conclude the chapter with our numerical simulation solving Lambert’s Problem

using our developments for the generalized SBP with additive state cost.
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5.2 Conditions for Optimality of SBP with Additive
State Cost

For arbitrary ¢ > 0, denote the minimizing pair for problem (5.1) as ( Popt uopt). The

existence-uniqueness of the solution to (5.1) is then established as follows.
Theorem 5.1. Let py,p1 € P2 (R"), ¢ > 0, and the state cost q(x) be positive and
upper bounded. Then the minimizing tuple (popt, uopt) for problem (5.1) exists and is
unique.

See Appendix E.1 for a proof of Theorem 5.1.

As part of the proof of Theorem 5.1, we determine that the stochastic optimal
control problem (5.1) is equivalent to the stochastic calculus of variations problem:

t1
exp(—%f q(a:)dt)W
arginf Dy | P | £ Lto

Y
]PEH01 Z

(5.2)

where W represents the Wiener measure and Z is a normalizing constant. Recall that
Dyt (P || Q) represents the Kullback-Leibler divergence between probability mea-
sures P and Q.
Thanks to the conditional Sanov’s theorem [10, Sec. 4], [140], (5.2) also shows
that the problem (5.1) enjoys a large deviations principle with rate function
exp (_2_15 ftf)l q(w)dt) W
Z

Do |- |

This can be understood intuitively as follows. For n i.i.d. random paths in an infinite-
dimensional sample space () with distribution W, when n is large, the more likely

paths in Ily; correspond to those P which make the objective in (5.2) small. In par-
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ticular, for n — oo, the path likelihood is asymptotically equivalent to

L " o@ya\w
— t
2€ft0 Q(w))
7

: Xp(

The most likely path in Ily; corresponds to the minimizer of (5.2).

The SBP with additive state cost (5.1) can be reduced to solving a system of
boundary-coupled reaction-diffusion PDEs with state-dependent nonlinear reaction
rates.

To see this, let us first derive the first-order conditions for optimality for (5.1),

stated next.
Theorem 5.2. The pair (popt, uopt) solving the SBP with additive state cost (5.1), sat-
isfies the system of coupled PDEs

05 1

E+§||Vm5|\%+€AxS=Q($); (5.32)
L (popVaS) = A (5.3b)
8t x popt x - wpopta .

with boundary conditions
Popt(to, ) = po(x),  pop(ti, ) = pr(x), (5.4)
where S € C12 (R"™; [to,t1]), and the optimal control
Uopr = V. S(t, ). (5.5)

For a proof of Theorem 5.2, see Appendix E.2.
We next show that the coupled nonlinear PDEs (5.3) with unconventional bound-
ary conditions (5.4), can be exactly converted to a system of linear reaction-diffusion

PDE:s at the expense of moving the coupling to the boundary conditions.

Theorem 5.3. Consider the SBP with additive state cost (5.1) with given [to,t1], q,
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g, po, p1 as in Theorem 5.1. Let (popt, S) be the solution of (5.3)-(5.4). Consider the

Hopf-Cole transform (popt, S) = (Pe, - ) defined as

S

e = €XP (—) , (5.6a)
2¢e

. S

D= = Popt €XP (—%) . (5.6b)

Note that this is (1.28) with \ = 2¢; the same transform used in the classical SBP (1.10).
Then, the pair of Schrodinger factors (P., . ) solve the system of forward and backward

linear reaction-diffusion PDEs:

0p. 1 R

ot (5Am 2€Q(w)) Pe, (5.7a)
dpe 1

% ( eNA, + 28q(w)) Des (5.7b)

with coupled boundary conditions

P=(to, ) p:(to, ) = po, P:(t1,@)p(t1,x) = pr. (5.8)

For all't € [ty,t], the minimizing pair for (5.1) can be recovered from the Schrodinger

factors (P., pe) as

popt(tvm) = P(t, z)p:(t, ), (5.9a)

Wop(t, ) = 2V log . (T, ). (5.9b)

For a proof of Theorem 5.3, see Appendix E.3.

Specifically, (5.7a) (resp. (5.7b)) is a forward-in-time (resp. backward-in-time)
reaction-diffusion PDE with state-dependent reaction rate ¢(«). Once this PDE sys-
tem for the Schrodinger factors is solved, the optimally controlled joint PDF and

the optimal control can then be computed using (5.9). Notice that the special case
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¢(x) := 0 corresponding to the classical SBP reduces (5.7) to a system of forward-
backward heat PDEs, as described in Chapter 1.

The derived system (5.7)-(5.8) is a system of forward-backward diffusions where
individual points in the state space R™ move forward and reverse in time according
to Brownian motion with variance 2¢, together with killing or creation of probability
mass at rate g(x). Thus, ¢(x) in (5.7a) is state-dependent killing rate. Likewise, g(x)
in (5.7b) is state-dependent creation rate. The boundary conditions (5.8) ensure that

the total probability mass remains balanced.

5.3 Lambert’s Problem

We now examine a case study in which the generalized SBP with state cost is used
to solve a well-known problem in astrodynamics: Lambert’s Problem. I first provide
the relevant historical context and the formulation of Lambert’s Problem, to motivate
the development that follows.

Lambert’s Problem in astrodynamics was originally concerned with the determi-
nation of a comet’s orbit. In his 1761 book, Johann Heinrich Lambert gave deriva-
tions relating a given flight time ¢; — ¢, to initial and final position vectors
xo, 1 € R3, for the cases of parabolic, elliptic, and hyperbolic Keplerian arcs [141].
Other early pioneers contributing to the solution of the Lambert’s problem include
Euler, who obtained solutions for parabolic and elliptic Keplerian arcs in 1743 [142],
and Lagrange, who derived several alternative proofs for such results in 1780 [143].
For a detailed chronology of related results, see [144, Sec. 9].

Lambert’s Problem remains highly relevant today due to its application in solving

interplanetary transfer, missile interception and rendezvous problems.
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5.3.1 Deterministic Lambert’s Problem

The classical Lambert’s Problem in orbital mechanics is a finite dimensional two point
boundary value problem over a fixed time horizon [#, ], subject to a two-body
gravitational potential V() and endpoint constraints on the position vector. For a
mathematical formulation of the problem, let « = (x,y, 2)" € R? denote the position,
and u := & € R? denote the velocity of a spacecraft with respect to the Earth Centered
Inertial (ECI) frame.

The classical Lambert’s Problem seeks to determine a velocity field u = u (¢, x)
subject to the Keplerian equation of motion, endpoint positions, and hard flight time

constraints, i.e.,
&=-V.,V(x), x(ty) == (given), x(t1)=x; (given), (5.10)

where the nonlinear gravitational potential V() is measurable and bounded. We

consider specifically the case in which

H ILLJQR]%Zarth 32°
V = 1- REeartn, , 5.11
(CL’) |CC| 2|CU|3 |CC|2 ) T € [ Earth +OO) ( )

where the parameter ;1 = 398600.4415 km?3/s? denotes the product of the Earth’s
gravitational constant and mass and the parameter .J, = 1.08263 x 10~3 denotes the
(unitless) second zonal harmonic coefficient, a measure of the Earth oblateness. The
radius of Earth Rg,.q = 6378.1363 km.

The theoretical and algorithmic results presented in this chapter apply to more
general geopotential models [145], i.e., when higher order harmonics (zonal and
tesseral terms) are included in V(). Indeed, the only constraint we must place
on V' (x) for our results to remain valid is that V' (x) must be negative, bounded and

continuously differentiable, which is indeed the case in (5.11) for all « € [ Rgap, +00).
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The deterministic Lambert’s problem has a substantial literature in the guidance-
control community — a non-exhaustive list of references includes [48-52], [53, Ch.
13.4]. A deterministic optimal control reformulation that inspires our development

is due to [146].

5.3.2 Probabilistic Lambert’s Problem

A probabilistic version of Lambert’s problem softens the endpoint constraints in

(5.10) to

z(ty) ~ po (given), a(t) ~ p1 (given). (5.12)

Thus, (5.12) allows for stochastic uncertainties in the endpoint relative positions.
Instead of steering between two given position vectors, as in the deterministic case,
the probabilistic case seeks to steer between the statistics given by the respective
joint PDFs pg, p1. Therefore, the probabilistic Lambert’s problem can be expressed

as:

find wu (5.13a)
z=u(t,z)
&=-V,V(x), (5.13b)
x(to) ~ po (given), x(t1) ~ p1 (given). (5.13¢)

From an engineering perspective, the PDF p, captures initial condition uncertainty,
which may arise from statistical estimation errors. The PDF p; on the other hand, en-
codes desired statistical performance specification, i.e., the allowable terminal con-
dition uncertainty. A small terminal condition uncertainty would imply that p; is
“tall and skinny,” i.e., approximating Dirac delta with its Lebesgue mass supported

on a small subset of R3. A less stringent terminal uncertainty specification would
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allow p; to have its mass spread over a subset of R? with larger Lebesgue volume.
If problem (5.13) is feasible, then intuition suggests that a more (resp. less) stringent
p1 specification would result in a more (resp. less) “expensive” control u but it is
unclear in what sense. As such, (5.13) is posed as a feasibility problem and even if
it admits a unique solution u (also unclear why), it is not obvious what optimality

guarantee, if any, does that solution usher.

5.4 Lambertian OMT

In this section, we establish that the Lambert’s problem with endpoint joint PDF con-
straints, (5.13), is a generalized variant of the OMT problem introduced in Chapter

1. Recall that generalized OMT was formulated as follows:

t1 1
arg inf f f = |2 p(t, ) dae dt (5.14a)
(pw)ePorxtd Jto SR 2
dp
ZF . =0, 5.14b
5t Ve (o) (5.14b)
p(t07w) = Po, p(tlvw) = pP1- (514C)

Thanks to the connection between OMT and SBPs, we can specialize results from
Section 5.2 to provide guarantees about this variant of the OMT.

The connection between (5.13) and (5.14) allows for the rigorous establishment
of the uniqueness of the solution of (5.13). This proof of uniqueness reveals that the

unique velocity field w is indeed optimal in certain minimum effort sense.

5.4.1 Formulation of Lambertian OMT

We start with a known result [146, 147] that exactly transforms Lambert’s Problem

(5.10) to a standard deterministic optimal control problem with state variable « and
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control variable wu, given by

arg inf ft“ (%mng _ V(:c)) dt (5.15a)
T =u, (5.15b)
x(tog) = xo (given), x(t1) = @1 (given). (5.15¢)

Letting (q,q) = (x,u), this reformulation can be interpreted as the celebrated
Hamilton’s principle of least action where the objective in (5.15a) is an action in-
tegral ftzl L(q, q) dt with Lagrangian L(q,q) = T(q) — V(q), the kinetic energy
T(q) = 3(q.q), and the potential energy V' (g) given by (5.11). The associated
Hamiltonian H(q, q) defined as the Legendre-Fenchel conjugate of the Lagrangian
L,equals H(q,q) = (g—z, q)-L(q,q) =T(q)+V(q), the total energy. Consequently,

. . . . s . . n oL\ _ .
the equations of motion in Hamilton’s canonical variables (g, p) = (¢, 5z) = (¢, q)

becomes

q_ap7 p_ 8q7

which is identical to the dynamics & = —V,V (g) in (5.10), as expected.

Replacing the endpoint constraints in (5.10) with (5.12) is, therefore, equivalent
to modifying the optimal control problem (5.15) by replacing (5.15c) with (5.12). Fur-
thermore, the probabilistic uncertainty in the initial condition x(ty) ~ po is ad-
vected by the controlled sample path dynamics (5.15b) resulting in the joint PDF
evolution of the state x(t) governed via the Liouville PDE initial value problem (see

e.g., [14,148,149])

o
a—? + Ve (pu) =0, p(t=0,-) = po(given), (5.16)

where p(t, x) denotes the controlled transient joint state PDF for a given control pol-
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icy u(t, ). The Liouville PDE % +Vz-(pu) = 0is the continuity equation signifying
the conservation of probability mass over the state space, i.e., [ps p(t, )da = 1 forall
t € [to,t1]. The solution of the Liouville PDE is to be understood in weak sense, i.e.,
for all compactly supported smooth test functions ¢(t,x) € C> (R3 x [to,t1]), the
function p(¢, x) satisfies ftzl Jrs (p’g—‘f + p{u, Vo)) daedt + [5s po(x) (2, to)da = 0.

Different feasible control policies w in (5.16) induce different PDF-valued trajec-
tories p(t,-) connecting the prescribed endpoint joints pg, p1 € P2 (R3). Hence, the
objective in (5.15a) should be averaged w.r.t. the controlled transient joint probabil-
ity measure p(t,x) de, and the resulting functional should be minimized over the

pair (p, ). We thus arrive at a generalized OMT formulation as follows:

t 1

agint [ [ (-|u|§ - V(a:)) o(t ) da dt (5.17a)
(p,u)ePo1xV to JR3\2

% + Ve - (pu) =0, (5.17b)

x(to) ~ po (given), @(t1) ~ pi (given), (5.17¢)

henceforth referred to as the Lambertian optimal mass transport (L-OMT).

Notice that in the special case when the endpoint joint PDFs are Dirac deltas at
some given positions g, €1 € R3, ie, po(x) = 0(x — xg), p1(x) = 0(x — x1), then
problem (5.17) reduces back to (5.15), or equivalently to (5.10).

Note that if potential V' = 0, (5.17) would reduce to the classical dynamic OMT

(5.14).

5.4.2 Existance/Uniqueness of L-OMT

We next establish the existence-uniqueness of the solution to (5.17) as follows:

Theorem 5.4. (Existence-uniqueness of solution for L-OMT) Let py, p1 € P> (R3),
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and the gravitational potential V () € (=00, 0) as in (5.11). Then the minimizing tuple
(popt, uopt) for problem (5.17) exists and is unique.

Proof. The “cost-to-go” in (5.17a) is the average of the Lagrangian
R T
L(t,x,7) = §Hr|\2 -V(x). (5.18)

Since | - |3 is a strictly convex function, so L is strictly convex in 7. We now show
that L is also superlinear in 7. Recall that a function is superlinear, or 1-coercive,
in x if

f(z)

lefa—oo |]2

Thus, to establish that L is superlinear, we notice:

Lipl12-v -
lim 2 = lim (M):( lim 1|fi~|2)+( lim V,(m)).
[#a=o0 |72 li#l2—oo |72 200 [ia>oo |72

(5.19)

The first term lim .|, o0 5 |7]2 = +00. For the second term in (5.19), V() € (=o0,0)

implies -V () € (0, +00) and thus lim V(=)

lilz—oo |72

= +o00o. Therefore,

L

Iim —— =
[#2=o0 |72

Being strictly convex and superlinear in 7, the L in (5.18) is a weak Tonelli La-
grangian [150, p. 118], [151, Ch. 6.2], which in turn guarantees [151, Thm. 1.4.2]
that the pair (popt,uopt) for the generalized OMT problem (5.17) exists and is

unique. [

The above proof of Theorem 5.4 above only required that V" has codomain (-o0, 0).
Thus, the existence-uniqueness result above applies for all generic bounded and con-

tinuously differentiable gravitational potentials having codomains in the subsets of
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(=00,0).

To explicitly demonstrate that the V' in (5.11) satisfies this requirement, we rewrite

(5.11) as:
1% J2R]%,arth ( 322 ))
Vix)=- (1 + 1- . (5.20)
|z 23 =3
Since 0 < 22 < |@|?, we have -2 < 1 - “3;“22 < 1. On the other hand, || > Rgam,
which yields
JQR]?:arth < J2R123arth < é < 00006
2“‘,1:”% 2REarth 2
Hence,
J2R2 322
(-2)(0.0006) = —0.0012 < —_Farth (1 - ) ,
2|3 =3
which gives
JoR2 2
0<1—0.0012<(1+ 2 _Earth (1— 322)). (5.21)
2] |3 |2

Combining (5.20) and (5.21) yields V' (x) < 0.

5.5 Lambertian SBP

Recognizing (5.13) as a generalized version of OMT naturally leads to a further gen-
eralization to the case when the velocity has additive process noise, i.e., when the

controlled ODE

x =u(t,x)
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is replaced with the It6 stochastic differential equation (SDE) (E.1), repeated for the

reader’s convenience as:
de = u(t,x) dt + V2e dw(t),

where the strength of the process noise € > 0 is not necessarily small. The process
noise in (E.1) may result from noisy actuation in velocity command or from stochastic
disturbance in atmospheric drag, solar radiation pressure etc, and hence of practical

interest. Accounting for this process noise generalizes the L-OMT (5.17) as

t1
argint [ [ (1 ]2 - V(az)) o(t, ) da dt (5.22a)
(p,u)ePorxV to JR3\2
O +Va - (pu) = elgp, (5.22b)
ot
x(to) ~ po (given), @(t1) ~ py (given), (5.22¢)

which is the special case of the SBP with additive state cost, (5.1), explored in Chapter
3, in which ¢(x) := -V (x). This problem is henceforth referred to as Lambertian
SBP, or L-SBP. The existence and uniqueness of the solution to (5.22) follows directly
from Theorem 5.1 presented above.

Crucially, reformulating the Lambert’s problem as L-SBP also allows the Lam-
bert’s problem to be solved using the fixed point recursion algorithm typically em-

ployed for SBPs.
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5.6 Integral Representation for the Schrodinger
Factors

In this section, we next express (5.7a) (and, by change of variables, (5.7b)) in Fredholm
integral form. In the absence of a known Markov kernel £, these integral represen-

tations can be used to solve SBPs with additive state cost.

Theorem 5.5. Fort € [tg, o), the reaction-diffusion PDE IVP

% =alAgu+q(x)u, xeR" u(ty,x)=ug(x) given, (5.23)

where the constant a > 0 and the function q(x) is sufficiently smooth a.e., has solution

u(t,@) = —ynz) uo(y)dy

an (

term 1

yHQ

fmfn (4<t ")

term 2

) q(u(r,y)dydr. (5.24)

The right-hand-side of (5.24) is a sum of two terms: term 1 is the solution of the
heat PDE IVP accounting for the initial condition u(+); term 2 captures the effect of
the reaction rate ¢(-).

Before giving the proof of Theorem 5.5, we summarize a few key results regarding
Fourier transforms. To do so, let i := \/~1. We use the non-unitary angular frequency
version of Fourier transform

—_

(w) := /ﬂ‘v f(x)exp (-i{w, x)) dex, (5.25)

and the corresponding inverse Fourier transform

f(a:)—( )/ f(w)exp(+1(w x)) dw. (5.26)
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Symbolically write f(w) = F[f(x)], f(x) = F [f(w)] For a suitably smooth

function f(x) on R, the following holds (derivations of in the appendix).
+ The Fourier transform of Laplacian on R":
FAef]=~|wl[3 Flw). (5.27)
+ Convolution:

FI(f *9) (@)] = [w)g(w), F[f(2)9(z)] = (F+9)(w). (5:28)

(2 )

+ Inverse Fourier transform of exp-neg-square:

x 2
oo (-15)

F [exp (~aw|3t)] = (Arat)"

(5.29)

With these results, we proceed with the proof of Theorem 5.5.
Proof. We denote the Fourier transform of u(x,t) w.rt. @ as U(t,w) for all ¢ €
[to, 00), and the Laplace transform of (¢, w) w.r.t. t as U (s, w). Taking the Fourier

transform to both sides of (5.23), we obtain

o Flu(x,t)] = aF [Au] +]—"[q(:13)u]

@)+t w)), (530

d
= aa(tw) = _a’”w”g’d(taw) Mz IRY

(2 )"
where we use the above definitions of the Fourier transform of the Laplacian and

convolution. Taking the Laplace transform to both sides of (5.30), yields

3[7(3,(.0) - Tp(w) = —a|w|3 U(s,w) +

Gy o, T =T (s.m)

L aw) O
= Tlow)= 0E ey 7@ M i 0 (-31)
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Inverse Laplace transform of (5.31) yields

U(t,w) =Tp(w) exp (—anH%t) + # /Rn (w-n) L lM] dn

s +alw|3
= To(w) exp (~alw[3)
+ (271r)n _/Rn Q(w-n) (fotiz(T,n) exp (—a|w|§(t_7))d7) dn,

where the last line used the convolution property for the Laplace transform, namely

LA[F(s)G(s)] = (f = g) (D).

We next change the order of integration (using Fubini-Tonelli Theorem) for the

space-time integral above, then apply the inverse Fourier transform to both sides,

and use (5.28) to arrive at

u(x,t) = (uo*}" [ (a”w”%t)])(a:)
g L (7 e (el -n)]

T [( [ aw _n)a(f,n)dn)]) (z)dr.  (5.32)

Using the definition of convolution again, @ we notice that
F-t [(fRn q(w —mn)u(r, n)dn)] = (2m)"q(x)u(r,z), which together with
(5.29), simplifies (5.32) to (5.24). O

The solution for a generalized SBP with additive (positive, bounded above) state

cost can thus be determined via a numerical approach employing (5.24).
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5.7 Solving Lambertian SBP with Generic Gravita-
tional Potential

Generalizing the algorithm presented in Chapter 1, note that a SBP with additive

state cost may be solved as follows:

Step 1. Make an initial guess for @, ¢ that is everywhere positive.

Step 2. Use the $. o from Step 1 to integrate (5.7a) from ¢, to ¢;, to determine
P(t1, ).

Step 3. Set . 1 = p1(x)/P-(t1, x) by enforcing (5.8) at ¢;.

Step 4. Use the ¢, ; from Step 3 to integrate (5.7b) from ¢; to ¢, to determine
@ (to, ).

Step 5. Redefine . o = po/¢:(to, ) by enforcing (5.8) at t.

Step 6. Repeat Steps 2-5 until the pair (P, o(x), v-1(x)) has converged up to a

desired numerical tolerance.

Step 7. With the converged endpoint factors . o(x), .1 (x) from Step 6, com-
pute the transient factors P. (¢, ), . (t, x) at desired ¢ € [¢, ¢ ] using the IVP solver

for (5.7a) and (5.7b).

Step 8. Use (5.9) to return the optimal solution (pgpt,uopt) for the SBP with

additive state cost.

To specialize this algorithm for the L-SBP requires only the substitution ¢(x) :=
-V(«) in (5.7a) and (5.7b).
In the case of linear SBPs, the relevant Markov kernel £, (4.8) in the Schrodinger

system (1.20) is explicitly defined, and we thus presume the availability of an IVP
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solver throughout Chapter 2. In contrast, here, we present an integral formulation
(5.24) to allow for forward and backward integration needed for Steps 2 and 4.

We can leverage this reformulation (5.22) to specialize (5.24) for the test case of
Lambert’s Problem, with n = 3, resulting in an IVP involving (5.7a). Specifically, we

find the following integral representation formula

\/W[RR, ( M)% (z)dz (5.33)

t l2 =312 120 (- 2y
). 2 (47T5(t—7))3 Je e"p(_m)v(”%hw)dm dr,

which can be employed in Step 2 of the proposed algorithm.

Additionally, consider a change of time variable ¢ — ¢ := t5 + t; — t. When the
physical time ¢ € [t1,ty] flows backward, then the transformed time ¢ € [t¢, ;] flows

forward. This allows the IVP involving (5.7b) to be rewritten for L-SBP as

P TP o
85 (tvw) - (gAm 2€V(w)) @E(tvw)a Pe (t - thw) - ()08,1- (534)

From the solution of (5.34), we recover . (¢, ) = ¢.(to+t; —t,x). Since this change
of variable produced a PDE (5.34) identical in form to the one that resulted in (5.24),

Step 4 is also calculated via (5.24).

5.7.1 Left Riemann Sum Approximation

For the numerical implementation of (5.24), we approximate the second summand
the right-hand-side of (5.33) via left Riemann sum. Recall that the first summand in
the right-hand-side of (5.33) is the well-known solution of the heat equation, denoted
as Pheat(t, ), which can be implemented by direct matrix-vector multiplication over
a computational domain.

In particular, we uniformly discretize a hyper-rectangular computational domain
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[ min, Tmax ) X [Ymins Ymasx ] ¥ [ Zmin, Zmax ] % [to, t1] € R3 x [tg,t1]. Along the space-time
dimensions, we use constant step sizes Az, Ay, Az, At for N,, Ny, N., N, steps,
respectively.

L assign @.(t,x) « P.o for t € [ty,to + At), and approximate the second term of

(5.33), Dien(to + At, x), as

N

: NZ (% (Z exp (— |2~ Femnp | ) V(% (m.n.5)) P (T ‘))))
26/ (4me(At))? m=0 \n=0 \j=0 deAt TR

x ArAyAzAt, (5.35)

where (... j) = [Tmin + MAL, Ymin + NAY, Zmin + jAz]T and the tuple (m,n,j) €
{0,1,--, N} x{0,1,---, N, } x{0,1,---, N, }. I thus get
(,/D\E(to + At, CB) N Cp\e,approx(to + At, 33)
= @heat(to + At, Zl’:) + Q/D\]eft(to + At7 :B)
For k € {1,---, N, }, we construct a recursive formula for @, ,pprox(to + KAt, ) using
De approx (to + qAt, ) V{q e Nu{0} | ¢ < k}. We approximate 3. (¢, ) ~ Py approx(to +
qAt,x) for t € [to + qAt,to + (¢ + 1)At). To evaluate the second term of (5.33), we

integrate over each interval [ty + ¢At, 1o + (¢ + 1)At) using triple summation, as in

the calculation of Pq(to + At, ). This yields a recursive formula

aleft(to + kAt, .’13)

s 1 B (& (Y ox _!w—’ﬂ?(m,n,j)\?)
_;(25\/(4%(16—61)&)3;0(7;(; p( de(k - q)At

V(2 (1m,n.5) ) Peapprox (o + ¢ AL, i(m7n7j))))) AxzAyAzAt.  (5.36)

Notice that specializing (5.36) for k = 1 recovers (5.35), as expected.
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As earlier, we set
as,approx(t() + kAt, CE) = @heat(t = to + kZAt, CB) + QID\]eft(to + k‘At, il?)
Applying this result, we complete Step 2 of our algorithm using

@s(tlu 33) N @E,approx(th 33) = @heat(tlu 33) + @left(th w)

Likewise, Step 4 of our algorithm is completed via this left Riemann sum approxi-

mation in conjunction with the change of variable ¢ = ¢y + t; —t.

Remark 5.1. An alternative way to numerically solve the IVPs associated with (5.7)
is to use the Feynman-Kac path integral [24, Ch. 8.2], [152], [153, Ch. 3.3], which
was recently used to solve a class of SBPs [154]. Note that this also requires a function

approximation oracle.

I note that a convergent solution for the Schrodinger factor recursion determines
these factors in a projectivized unique sense, i.e., the recursion finds
(C(p\g,o(m), %gpal(w)), and thus (c@(t, x), 2p.(t, :1:)) for t € [to,t1], up to an arbi-
trary constant ¢ > 0. The product of these factors is the optimally controlled joint

PDF popi(t, ), which is unique in the usual sense.

5.8 Numerical Simulation

I illustrate our proposed algorithm for solving the L-SBP in a low Earth orbit (LEO)
transfer case study as in [147] and [155]. Specifically, we consider stochastic transfer
of a spacecraft from initial mean position [5000, 10000,2100]™ km to a final mean
position [-14600, 2500, 7000]™ km in ECI coordinates for a fixed flight time horizon

[to,t1] = [0, 1 hour].
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For numerical conditioning, we re-scale the variables as @’ := /R, t’ := t/T,
where the normalization constants R = 6600 km and 7" = 5399 s. In these re-scaled

coordinates, the potential (5.11) becomes

T7( ! MnewR Hnew JQ R%arth 3R? (ZI)2
Viz') = - - 1- 5.37
&)= "Tal,  2rTlwly ' R 3 (537)
,UnewR ( J2R]%:arth ) ( 3(2,)2)
=- L+ 1- : (5.38)
Tlz'la\"  2R[x|3 l'3
T
linew = % km/s. (5.39)

To ensure that all controlled state sample paths stay above the surface of Earth,
we add an regularizer to the potential 1/, and write the regularized version of (5.39)

as

E94 / Hnew I JQRI%arth 3(2’)2 ( 2 (REarth + 0)2)
Viee(2') = - 1 - O,
(%) Tuxfuz( "o )\ Tez) Tl

(5.40)

where the constant buffer ¢ is chosen in our simulation such that Rg, + ¢ = 6560
Km, and 7 > 0 is the regularization weight.

Using the pushforward of probability measures, the initial and final PDFs in the

new coordinates become

ph(@') = R¥po(Ra'), pi(a') = R*pi(Ra). (5.41)

Letting ¢(#',&') := §.(¢,x), and noting that 85’25 (t,x) = %g—f(t',m’), AP (t,x) =
S ALt '), T rewrite (5.7a) as

)

eT T— ~
at,(tlawl) = (ﬁAw’ + 2_€Vreg(w/)) ¢(t y L )7 (5-42)

and apply the left Riemann sum approach to solve the corresponding PDE IVP. Like-

wise, we apply a change of variable ¢(t', ') := ¢.(t, ) to (5.7b).
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Ichoose pg = N (g, Xo) and p; = N (py, 1) with g = [5000, 10000, 2100]7, g =
[-14600, 2500, 7000]T as in [147, 155], Xy = diag (p2) /100,32, = diag (p?) /100,
where the vector exponentiation is element-wise. Using (5.41), we implement the
proposed algorithm in the re-scaled coordinates (#',x’). Note that while we use
Po, p1 as Gaussians for this specific simulation, our method applies for any non-
Gaussian PDFs with finite second moments.

I consider the spatial grid [—&ROO, &ROO] X [—%, %] X [—%, %] and set
Ny =N, =N, =12, N, =50, ¢ = 15000, v = 7.5. We perform the Schrédinger factor
recursion (Step 6 in our algorithm) for 7 iterations which we found sufficient for

convergence. The optimally controlled joint p, (¢, '), computed from Step 8, is

then transformed back to
]' 7 ! 14 1 !
popt(tam) = ﬁp (t » L ) = ﬁp (t/Tv ZL‘/R) :
Likewise, we obtain the optimal control
2¢e ;.
Uopt(t, ) = 26V logp(t,x) = va, logo(t',x").

We evaluate (popt, uopt) on a grid of size 100 x 100 x 100 x N; which is denser than
the original grid of size N, x Ny, x N, x V.

To evaluate the effectiveness of our proposed solution, we perform a closed loop
simulation using the computed optimal policy (¢, ). We draw 50 samples from
the known p, and use the Euler-Maruyama scheme to propagate these samples for-
ward in time from ¢y = 0 s to ¢; = 3600 s, using the closed loop It6 SDE (E.1). As the
values of uopt(t, x) are known only on the 100x100x100x NV, grid, we use the nearest
neighbor approximation to query w, at a out-of-grid sample during SDE integra-

tion. The 50 optimally controlled closed-loop state sample paths thus computed, are
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10000
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—33000
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—13000
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Figure 5.1: Optimally controlled closed loop state sample paths for the numerical
simulation.

shown in Figure 5.1, demonstrating the transfer of the controlled stochastic state
from py to p;.

Figure 5.2 shows the corresponding sample paths of the optimal controls.

In Figure 5.3, the filled circles depict the evolution (red initial and blue final) of
the means of the aforesaid 50 optimally controlled sample path ensemble in R3. The
translucent ellipsoids therein display one standard deviations around the means. We
include the ECI coordinate in Figure 5.3 for reference, and to emphasize that our
regularizer in (5.40) successfully keeps the optimally controlled sample paths above

the Earth’s surface.
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55
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—40
35
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Figure 5.2: Sample paths for the components u,, u,, u, of the optimal control for the
numerical simulation.

Figure 5.4 plots five snapshots for the univariate x, y, z position marginals com-
puted from the optimally controlled joint PDF poy (¢, ). This again highlights suc-
cessful transfer of the stochastic state from given p, to given p; over the given flight
time horizon [to,¢;]. From Figure 5.4, we also note that the optimally controlled
marginals (and thus the joint PDFs) at the intermediate times are non-Gaussians
even though the endpoints py, p; are Gaussians in this simulation case study.

Our numerical simulation demonstrates that the SBP with additive state cost, not
necessarily quadratic, can be solved using the updated algorithm introduced in this

chapter. Moreover, as the case study is adapted from a practical problem of interest
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in the aerospace community, we simultaneously demonstrate the widespread appeal

of solutions to generalizations of the SBP.
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Figure 5.3: The filled circles show the mean position snapshots for the 50 optimally
controlled sample paths in R3. The translucent ellipsoids denote one standard devi-
ation around each mean position.
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opt
Pz

0.00 —29600

0.25
t [hr] 0.00 —4700

0.5

0.4

PP 0.3

0.25
t [hr] 0.00 —4700

Figure 5.4: Univariate x,y, z marginals for the optimally controlled joint py (¢, )
att=0,0.25,0.50,0.75, 1 hours.
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6 | Future Directions and Summary

6.1 Overview

In this concluding chapter, I start by pointing out a new connection between the
control-affine SBP and a two point boundary value problem for the quantum-mechanical
Schrodinger PDE. These developments reveal new vistas to explore in future work
following the original motivation behind Schrédinger’s 1931-32 papers, namely new
points of contacts between quantum mechanics and non-equilibrium statistical physics.
Our original results in Chapter 6.2 give credence to the fact that much remains to be
done along this direction.

In Chapter 6.3, I conclude by summarizing the technical contributions made in

this dissertation.

6.2 Connection to the Schrodinger PDE

In 1931-32, Erwin Schrodinger posed [121,122] the question: What is the most likely
probability density-valued continuous curve connecting two given probability den-
sity functions when the prior dynamics is Brownian motion? The diffusion pro-
cess generating this curve is now known as the Schrodinger bridge, and has found
widespread applications in stochastic control [17,20,21,30,34,77], generative Al [29,
70,156—158], and throughout this dissertation. In its original incarnation, the SBP is
a stochastic calculus of variations problem most naturally described through theory
of large deviations [159], specifically by conditional Sanov’s theorem [39, 140, 160].
That the Schrodinger bridge admits stochastic optimal control reformulation, was

understood only in the late 20th century [161-164].
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This section is similar in spirit to Schrédinger’s original motivation: to find points
of contact between quantum mechanics and non-equilibrium statistical mechanics.
In particular, we focus again on the control-affine SBP discussed in Section of Chap-

ter 1. Recall that the formulation of the control-affine SBP is as follows:

t1
argint [ [ (q(t,az) s 1|yu||§) da dt (6.12)
(pu)ePorxt Jto  JR" 2
)
5 Ve (0(A() + B (t.2)w)) = Axga . (6.1b)
p(t=to,x)=po, p(t=t1,x)=p:. (6.1c)

Recall that p is the probability density function for the stochastic state x(t) € R»

that follows the control-affine It6 stochastic differential equation:
de}' = (A(t,z) + B(t,z)u)dt + o(t,z)dw, (6.2)

and the diffusion tensor ¥ := oo™ > 0. In (6.2), the w € RP? is standard Brownian
motion, and the control u € U := {v : [{g,t;] x R" = R™ | |v|3 < oo}, the collection
of Markovian finite energy inputs. Note also that the composition V, o V, = Hess,,
the Hessian and the inner product (V, V) = A,, the standard Laplacian.

The given data for problem (6.1) are: the time horizon [ty, t1 ], the endpoint state
PDFs py, p1 having finite second moments, the bounded measurable state cost ¢(-),

and the A, B, o in (6.2) satisfying the standard assumptions:
A1l. Jcq,¢o > 0 such that Va, y € R?, Vi € [to, 1],

|AG @) ]2+ o (@) 2 < e (1+]z]2),

| At z) - A(t,y) |2 < 2@ -yl
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A2. Jcg > 0 such that Va € R™, Vit € [to, 1],

(x,2(t,x)x) > c3|z|3.

From a control-theoretic perspective, the control-affine SBP is of more interest
than the classical SBP. This is because for control systems of practical interest, the
unforced dynamics often have nontrivial prior drift A and diffusion coefficient o, as
opposed to standard Brownian motion. Also, practical control systems have limited
control authority encoded by the input coefficient B. Therefore, a better under-
standing of (6.1) is needed.

Again let S € C%2 ([to,t1];R") be the dual variable (value function) associated
with the variational problem (6.1). Standard computation, as discussed throughout
this dissertation, shows that the primal-dual pair (popt, S) for problem (6.1) solves

the following system of coupled nonlinear PDEs:

(primal PDE) Otpopt + Ve * (popt (A + BBV S))
1
= §AZ} Popt (6'33')
oS 1 .
+ %(E,HeSSxS) =q, (6.3b)

(boundary conditions)  pops (o, ) = po(x), popt (t1,2) = p1(x).  (6.3¢c)
The optimal control is
Uopt = BV S. (6.4)

Notice that (6.3a) is a controlled Fokker-Planck-Kolmogorov PDE in primal variable
Popt, While (6.3b) is a Hamilton-Jacobi-Bellman (HJB) PDE in dual variable S.

Earlier chapters followed the standard approach of applying the Hopf-Cole trans-
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form to transform the system (6.3) into a form that is amenable for the contractive
fixed point recursions, thus facilitating a numerical solution for (6.3).

Applying a different transform on (6.3) instead transcribes it to a quantum me-
chanical Schrédinger PDE boundary value problem (BVP) in unknown wave func-

tion. Let i := \/—1, the superscript T denote the complex conjugate, and

1
R:= 3 log popt.- (6.5)

For fixed A > 0, apply the Madelung transform (popt, S) ~ (¢, 97), or equivalently
(R,S) ~ (v,9T) [165, Sec. 7], given by

) = exp (R + %S) , (6.6a)
YT = exp (R - %S) . (6.6b)

We refer to 1) as the wave function, and 1T as the conjugate wave function. Note that

(6.5)-(6.6) imply Born’s relation [166]:

popt(taw) = ¢(ta$)¢T(taw) Vte [t07t1]7 (6-7)

giving a factorization of p.p. Because of complex conjugacy, it suffices to derive a
single PDE BVP for the transformed variable (¢, ), unlike the case for the Hopf-
Cole transform.

At the level of generality of the control-affine SBP (6.1), it is not immediately
clear whether the transformed PDE BVP can be related to the quantum mechani-
cal Schrodinger PDE. Even if this is possible, it is unclear what the corresponding
quantum potential’s structure would be.

In the remainder of this chapter, I present our results, as in [78], on transcribing
the optimality conditions for the control-affine SBP (6.1), namely (6.3)-(6.4), into a

system of equations involving 1. We specialize these results for the classical SBP,
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resulting in a Schrodinger PDE. Connections to Bohm’s interpretation of quantum
mechanics emerge as a consequence of these calculations.

The connections between the Schréodinger bridge and the Schrédinger PDE in
quantum mechanics were explored by Nagasawa [165, Sec. 7], where a Schrodinger
process was derived from the Schrédinger PDE. Similar connections were pursued
by Guerra and Morato [41].

Also starting from the Schrédinger PDE, Ohsumi derived [167] a stochastic con-
trol problem in the spirit of inverse optimal control. However, the resulting formu-
lation is not a Schrodinger bridge.

More broadly, several works [75,168-170] have discussed connections between
non-quantum stochastic control and quantum mechanics.

In contrast to the existing works, our developments start from the control-affine
SBP-a concrete stochastic optimal control problem—-and from there, derive suitable
versions of the Schrédinger PDE.

As apoint of clarity: Our results concern transforming the non-quantum Schrédinger
bridge (as in classical Markov diffusion process) to the Schrédinger PDE. We do not

study the quantum Schrédinger bridge [171,172].

6.2.1 Dynamics of the Wave Function for the Control Affine

SBP

We start with the following Lemma.

Lemma 6.1 (Weighted Laplacian of R). For R defined as in (6.5), we have

1
4P opt

1 1 1
Aspopt = §A2R +(VoR) XVLR + (Z_l - §R) (Hessg, X2). (6.8)
See Appendix F.1 for a proof of Lemma 6.8.
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Using Lemma 6.1, we prove that the transformed PDE BVP is in the form

L0 A2
1)\8_15 = _?Aiﬂb + %he control-affine SBP¢7 (693)
2/}(t(h w)l/)T(th 33) = po, w(th m)l/ﬂ-(th w) = P1, (69b)

where the quantum potential Vi control-affine ssp 1S complex.

Theorem 6.1. Let 1) be as in (6.6a). Then (6.3) is equivalent to (6.9) with complex

potential Ve control-afine ssp having real (R) and imaginary (J) parts

2 2
m (‘/the control-affine SBP) :%<Hesswa 2) + %(237 Hessz> + <vwsa A)

A2 1
+ 5 1Valtls = 5IVeS|s + A(Ve - 2, Vo)

+%(V$S,BBTV$S>+%(E,HessxS)—q, (6.10)

1
J (‘/thecontrol—aﬂineSBP) Z)\{§<E,H€SSwS> + (va)T by (vws) + (vw ' E; va>
1
-(VzR,A+ BB'V,S) - §vw -(A+ BB'V,5)

+ %AZR +(VoR) SVLR + (}L - %R) (Hessy, E)}, (6.11)

where the squared weighted norm | - |4 := (:)" ().

For a proof of Theorem 6.1, see Appendix F.2.
Note that as a first step of deriving a PDE for ¢ in Appendix F.2, we combine
Lemma 6.1 with the primal-dual PDEs (6.3a)-(6.3b), to obtain
1oy OR 105
Yot ot \Not
o (Vo (A + BBTV.5)) 4 5 B

2popt

#3725, 4) - 119,58, BB19,5) - £(5, Hessa$) +4)

1
=—(VgxR,A+ BB'V,S) - §vw -(A+ BB'V,S)
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+ %AgR +(VeR) XVLR + (%1 - %R) (Hessg, X2)

#3(~(925,4) - 5(925. BBTV.8) - (5 Hessa8) +4). (612

This first step is worthy of note outside of the proof in Appendix F.2, because it

follows from (6.12) that the dynamics of R is given by

1
%_Jf ~~ (VoR, A+ BB'V,5) - 1 Vo (A+ BB'V,5)
1 1 1
+ éAgR +|VeR|% + (Z - §R) (Hessg, X3). (6.13)

Using the solution of the BVP (6.9), one can use (6.7) to compute the optimally

controlled joint PDF at any ¢ € [t, ¢ ]. Combining (6.4) and (6.6), the optimal control
i\ Y
uopt = _EBTVm log %(t, w)

, which is a real function of (¢, ) since VS is real.

6.2.2 The Case > = \BBT

A special case that arises in practice is when the control and the noise coefficients
are proportional, i.e., ¥ o« BB'. This case occurs when the process noise mod-
els imperfect actuation, or when the noise enters through input (e.g., force, torque,
current) channels.

Notice that in Sec. 6.2.1, the A > 0 was an arbitrary constant. By interpreting A as
the proportionality constant in 3 = AB B, the expressions (6.10)-(6.11) specialize

to
A2 A2
SR (V;})l\e control-affine SBP) :7<HeSSfB7 2) + ?(27 Hessz)

)\2
+ ?HVSCR”%] + )‘2<vw : Za VacR> + (viBSa A)
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11 , 1
. (5 _ 5) |VaSI% + 5 (5, HessyS) — g, (6.14)

~ A-1
J (‘/tli\e control-affine SBP) :T(EﬂHeSSmS> + (>\ - 1) <v93R7 Evfcs)

1
+ ()\ - 5) (Ve 2, VzS) - MNV.R,A) - %vm -A

+ %AER + |V R|% + (2 - %R) (Hessg, ),  (6.15)

where the superscript \ in V}

‘e controlaffine spp idicates the proportionality constant.

A further special case of interest is A = 1, i.e., when the input and noise channels

are the same [20,21]. Then, three terms drop from (6.14)-(6.15), giving

1 1 1
R (V;}lle control-affine SBP) :§<Hessm7 E> + 5(27 HCSSmR) + 5 H VmRHZZ

1
+ (Vg 2,V R) +(VS, A) + E(E,HessmS) -q, (6.16)

~ 1 1
J (V;}lle control—afﬁneSBP) :§<Vw ’ 27 va) - <va7 A> - §Vm -A

1 1 1
+ §A2R +|VeR|% + (Z - §R) (Hessg, X, (6.17)

wherein the superscript 1 in V! indicates A = 1.

the control-affine SBP

We further specialize (6.16)-(6.17) for the classical SBP, and derive a PDE in the

form of the more familiar Schrédinger PDE:

.0 1
18_’(7? = _§Aww + V;he classical SB¢7 (618)

(6.18). We then explain how the resulting Vipe classical sp generalizes the Bohm poten-

tial.
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6.2.3 Reduction to Standard Schrodinger PDE

Recall that the classical SBP corresponds to the following special case of (6.1): ¢ = 0,

A =0, B =0 = I. These choices specialize (6.16)-(6.17) to

1 1 1

R (‘/the classical SB) = iAa:R + 5”va”3 + §A:cS, (619)
1

J (‘/the classical SB) = §Aa:R + ”va”% (620)

Since Ay = A, (the standard Laplacian), for the potential Vije classicalsp given by
(6.19)-(6.20), the PDE (6.9a) reduces to (6.18), which is the more familiar form of
the quantum mechanical Schrédinger PDE. The boundary conditions (6.9b) remain
unchanged.

In the case of the classical SBP, the PDEs for R, S, given by (6.13) and (6.3b)

respectively, specialize to

OR 1

W = _(va; V:CS) - §Aws +7J (‘/the classical SB) ; (6213)
05 1 , 1

E = _évaSHQ - §Am8 (6.21b)

6.2.4 Connections with Bohm

We now discuss the connections between (6.21) and the Bohm’s interpretation of
quantum mechanics. For a particle of mass m > 0, Bohm’s interpretation [173, 174]
of the Schrédinger PDE

Loy n?
lha = _%Aaﬂb + V¢, (622)

where i > 0 is the reduced Planck’s constant and V is a suitable potential, is “analo-

gous to (but not identical with) classical equations of motion" [173]. Similar to (6.6),
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Bohm considers

Y = Rgexp(iSp/h), (6.23)

where the subscript B indicates Bohm, and writes the PDEs [173, eq. (3)-(4)]

ORgp 1 1
—— = 5 —HRBA:Sg -~ —(VaRB, VzSB), 6.24
at QmRB SB m(V RB \Y SB) ( a)
0SB IV2SBl3 h? A, Rp
= - Ve ——=5 24
ot om Y om Ry (6.24b)
Comparing (6.23) with (6.6), R = log Rp, and we can rewrite (6.24) as
1 1
OR =——A,S8 - —(V&R,VzSg), (6.25a)
ot 2m m
2 2
0% _ _IVaSsle v, P° \ p (6.25b)
ot 2m 2m

Bohm interprets the term %AmR in the HJB PDE (6.25b) as the negative of a “quan-
tum potential"! that acts in addition to the “classical potential" V. This allows us to
view (6.25b) as the deterministic HJB PDE for a particle whose motion is governed by
the sum of these two potentials, akin to classical mechanics. Bohm’s parenthetical
remark that the potential is not identical to the classical case refers to the nonlocal
nature of this interpretation, i.e., the potential itself depends on R, and thus on the
joint state PDF.

To seek connections among our (6.21) and Bohm’s (6.25), we identify the value
function Sp with S, the potential V' with Vsg, and consider normalizations & = 1,
m= 1.

We notice that if J (Vipe classica s ) = 0, then (6.21a) matches with (6.25a).

To relate (6.21b) with (6.25b), notice that the aforementioned identifications allow

'which later came to be known as the Bohm potential [175].
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us to rewrite (6.25b) as

08 1 1 1 o~
E = —§HVmS”% - iAmS - §”VmR”% -1J (‘/the classicalSB) .

In particular, if T (Vipe classicat s ) = 0, then (6.25b) becomes

% _ _%”vms”Q _ %Ams ' iAmR, (6.26)
which is indeed (6.21b) except for the extra term }lAmR, that is a scaled “quantum
mechanical" or Bohm potential.

We have thus shown that if the potential Viye classical s8 Were real (i.e., elastic scat-
tering), then the “complexified"? Schréodinger bridge admits a Bohmian interpreta-
tion. This is expected because Bohm’s interpretation in [173] tacitly considers the V'
in (6.25b) to be real.

Our results show that transforming the conditions of optimality for the clas-
sical SBP to the Schrédinger PDE (6.18) is possible only if we allow the potential
Vihe classical sp t0 be complex, i.e., both the real and the imaginary parts (6.19)-(6.20)
are nonzero. In this sense, Viye classical 58 €an be seen as a generalized Bohm potential.
To the best of our knowledge, the fact that a one-to-one correspondence exists be-

tween the classical SBP and the Schrodinger PDE with a complex potential has not
been described before.

Remark 6.1. The use of a complex potential in Schrodinger PDE is common in nuclear
physics [176,177], where it is called the optical potential [178—180]. Here “optical” refers
to an analogous situation of having complex refractive index, whose real and imaginary

parts describe the transmission and absorption of light in an optical medium, respec-

’Here “complexified" simply means that the transformed variable v in (6.6) is a complex function
of (t,x). This juxtaposes with the Hopf-Cole transform [23, Sec. IV-C], where the transformed
variables, called the Schrodinger factors, are real functions of (¢, x).
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tively. Likewise, the real part of the Schrodinger potential encodes elastic scattering
(transmission of wave function), and the imaginary part encodes inelastic scattering
(absorption of wave function).

Remark 6.2. To explicitly see why J(Vsg) # 0, notice from (6.20) that otherwise
AR+ |VoR|% = 0, which by (6.5), is equivalent to Aypoy, = 0. Then, (6.3a) re-
duces to

apopt

ot

+ Vg (poptuopt) = 0. (627)

On the other hand, from (6.3a), the optimal control uf, for the control-affine SBP with
q=0,A=0,B=0=/cl,c >0, satisfies

Pt €
a—tp + Vg (pgpt’u’ipt) = §Ampgpt7 (6'28)

where it is known [15, 16] that

c el0

e=0 e=1 _.
uopt uopt # uopt - qut7

thereby contradicting (6.27).

6.2.5 Remarks

Through the above calculations, we clarify the connections between the control
affine Schrodinger bridge and the Schrédinger PDE. The former is a problem in (non-
quantum) stochastic control about optimal steering of probability distribution that
has become a topic of significant interest in control theory and generative Al In
contrast, the Schrédinger PDE is the foundational equation in quantum mechanics.

The necessary conditions of optimality for the control affine Schrédinger bridge

problem can be transformed to suitable versions of the Schrodinger PDE boundary
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value problems. Our calculations reveal that the corresponding Schrodinger PDE
must have a certain structured complex potential that is a non-trivial generalization
of the Bohm potential in quantum mechanics. Like the original Bohm potential, the
derived generalization is nonlocal. Our work demonstrates that the non-equilibrium
statistical mechanics of the control affine Schrodinger bridge problem induces an
absorbing medium for the wave function that manifests as a nonzero imaginary part
of the potential.

A promising direction of future work would be to explore the possibility of in-
verse scattering-like computation to solve the two point boundary value problem for
the Schrodinger equation derived here. This would open up the possibility to steer

distributions by steering waves.

6.3 Summary of Results

This dissertation addresses two key types generalizations of the SBP. One general-
ization concerns the prior drift and diffusion coefficients in the dynamical constraint,
and the other concerns the presence of additive state cost in the objective. We ad-
dress various aspects of the Sinkhorn recursions used to solve the classical SBP under
these generalizations.

We discuss guarantees on the rate of convergence of these Sinkhorn recursions in
the case of classical SBP, and derive similar guarantees for the first generalization on
the dynamical constraint. As a result, we uncover novel control-theoretic and geo-
metric interpretations of the worst-case contraction coefficients quantifying the rate
of convergence in solving such generalized SBPs via certain fixed point recursions.

Several variants of the second generalization are addressed. For a fixed quadratic
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state cost, we derive the necessary kernel k to show that this generalized SBP is ex-
actly solveable. We provide numerical simulations of this solution. In the process, we
present two pathways to this kernel £, one involving the use of Hermite polynomials
and a second involving a detailed discussion of Weyl calculus.

We also investigate the linear SBP with quadratic state cost, which combines the
two types of generalizations of the SBP considered in this dissertation. To solve this
generalization, we present a third, most general, pathway to deriving k.

Finally, we drop the restriction that the state cost must be quadratic, and discuss
existence-uniqueness results for the SBP with additive state cost, under mild assump-
tions using the large deviation principle over the path space with respect to suitable
Gibbs path measure. Subsequently, we show that the additive state cost manifests as
reaction rate in coupled reaction-diffusion PDEs, and provide a numerical algorithm
for finding the solution to these PDEs. We establish that the probabilistic Lambert’s
problem, of interest in the astrodynamics community, precisely leads to such a for-
mulation, and we solve the same using the tools developed as part of analyzing such
SBPs.

We conclude with a recent discovery connecting the control-affine SBP with the

Schrédinger PDE. This connection is very new, and worthy of future investigation.
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A | Proofs for Chapter 1

A.1 Proof of Theorem 1.1

Proof. Consider the Lagrangian L for the constrained variational problem (1.24):

t1 1
Lpus)= [ [ (a+3luli)pdear
t1
+f f(vm~(A+Bu))Sda:dt
tO R

t1 ap t1
+f popdi dmdt—f f (Asgp®)Sdzdi, (A1)
to Rn 8t to R™

where the Lagrange multiplier S € C12 ([to,?1];R"). The idea now is to perform
integration-by-parts for the second, third and fourth integrands in (A.1) such that
the differential operators acting on p gets transferred to those of S. This will then
allow us to re-write (A.1) as a linear functional in p only.

Specifically, for the second integral in (A.1), we perform integration-by-parts w.r.t.

@. Assuming the limits at |||, - oo are zero, we find

t1 t1
f f (Vw-(A+Bu))dedt:—f f(VwS,A+Bu)pd:L'dt. (A2)
to R™ to n

For the third integral in (A.1), we apply the Fubini-Torreli theorem to switch the

order of integration and perform integration-by-parts w.r.t. ¢, to obtain

t1 ap
L [ sZdwar
horo9s
_An(S(tl,m)pl(m)—S(to,w)po(w))dw—/;o Anapdwdt. (A3)

constant over Pg1 xU

For the fourth integral in (A.1), two-fold integration by parts w.r.t.  yields

f (Agp)Sdmdt:/ (3, Hess, S)p da. (A.4)
R™ Rn
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Substituting (A.3), (A.2), (A.4) in (A.1), we obtain
L(p,u,S) =constant + / / (q+—||u||2———(VmS A + Bu)
—(X,Hess;S)) pdxdt.  (A.5)
To minimize (A.5) w.r.t. u, we set
Pt - B'V.S5 =0
which yields
Uopt = B'v,S,

the optimal control given in (1.27).
Substituting (1.27) in the primal feasibility constraint (1.24b), we arrive directly at
(1.26a).

Substituting (1.27) into

t1 1
/ / (q+—||u0pt|§—a—S—(VwS,A+Buopt)—(E,HessmS))pdm dt,
to R7 2 at

and requiring the integral to be zero, yields the dynamic programming equation:

t 1 08
—|B"v,S|% - —
f fRn(q+2| VaS[3-

—(V2S, A+ BB'V,S) - (X, Hess,S)) pdx dt

:/:1/1;g (q—%—f—(vaA)

—%(VxS, BB'v,S) - (E,HessxS)) pda dt = 0. (A.6)

Since (A.6) should be satisfied for arbitrary p, we must have

q- Z_f —(Va2S, A) - ! (VmS BB'v,S) - (X,Hess;S) =0,

which yields (1.26b).
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Finally, the restriction of p to Py; in (1.24a) immediately yields (1.26c¢). 0

A.2 Proof of Theorem 1.2

Proof. This proof will make use of the following lemma.

Lemma A.1 (Weighted Laplacian of a product). Given scalar fields o, 3 : R" » R

and symmetric matrix field 3 : R™ — S" such that o, 3, % € C? (R™), we have

As (af) = a(X, Hessz ) + (2, Hesspr) + 20(Vy - X, Vo 3)

+20(Vge - X, Vea) + af (Hessg, ) +2 (Voo XV 4 5), (A7)

=1731 :<VE672VECY)

wherein the divergence of a matrix field is understood as a vector with elements

(Vo 5), =3 % Vie{l,n}.

j=1 0%

The following special cases of (A.7) are also of interest:
(the case =1)
As o = a(Hessg, X) + (X, Hesspa) + 2(Vy - 3, V), (A.8)
(the case X =1)

Ay (af) = alg B + Az + 2V, Vi 3). (A.9)
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Proof of Lemma A.1. From the definition of the Ay, given in (1.13), we find

n

As(af)= 3 o (S eimy)

3,7=1
n GZEZ a% 82
afiz- Iysa2t w52
ij=1 €T J ox 8 J 0%8%
_@ y, 08 azw
; Oz, 8@ Oz

Oé (9EZ] (904 3ZU
ax] o0x; 61’2- 0z

da 08  da 9P
" EZ] (8@ 8xj " 8!Ej 8%) }’ (A.lo)

which yields (A.7). The identities (A.8)-(A.9) follow by substituting 5 = 1 and
¥ =TIin (A7). 0

We first note that since S € C12 ([to,t1];R?), S is bounded over its domain, and
the mapping (1.28) is bijective. In particular, (¢, x), (¢, x) are positive for all
t € [to, t1].

Multiplying @) (t,x) and ¢,(t,x) from (1.28) yields (1.32). Substituting S =
Alog v, in (1.27) yields (1.33). Specializing the same for ¢ = ¢y, ¢, and using (1.26c),
we obtain (1.29c).

What remains is to deduce (1.29a)-(1.29b). Substituting
S = Alogpa
in (1.26b), using the Hessian identity

Hess, (Alog py) = AV 0 Vi log @)

A A
=T 3 (wa) (vacSDA)T + —Hessypy, (A.11)
2 ©x
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followed by algebraic simplification, gives

A dpy A A2
YR - T 7A a x aBBT wl
o) Ot +%(V 25 )+2%(V 25 Va log o)

A A
+(2, -5 (Var) (Var)') + (X, —Hessz o) = ¢
25 2

0 A
% +(Vapr, A) + S{Vapr, BBV, log 1)
—(Vapr, XV logpy) + (3, Hesszpy) = %
0
% +(Vazpr, A) + (X, Hessppy) — %
1
+ =(Vzpr, ABB" - 2%) V; log ¢, ) = 0. (A.12)

2

We next add and subtract (another)
1 T
§<Vm30>\,(/\BB —QE)VmIOgQOA)

to the LHS of (A.12), then group the resulting +(Vz¢x, (ABB' —2X) V, log¢,)

with the drift term in (A.12), and the
1
~5{Vapr, ABB' -2%) Vlogpy) = —%(leog px, (ABB' - 2%) Vg log ¢,)

with the reaction term in (A.12). This gives (1.29b).
To derive (1.29a), we substitute (1.32) and (1.33) in the primal PDE (1.26a). These

substitutions allow us to write the LHS of (1.26a) as:

0 oox _ ——
SR+ Vo (aBTA) + Vo (FRABB Vo))

- @{ —(Vapr, A) = (Voor, ABBT = 2X) Vlog p)) — (2, Hessz 0, )

LHS = 75

1

(2 bsabasy (55" 231
opx . . N

+§0)\W+§0)\(vm90>\;A)+g0)\<vm(,0)\,A>+g0gp)\vm.A (A.13)

+ <Vw¢;7 ABBTVm@A) + @Vw : ()\BBTngO)\)

146



Proofs for Chapter 1/Proof of Theorem 1.2 A2

0o _ .
= %% + Ve (PrA) — Ox(X, Hessz )

—_—

- 2, logier, ABBT = 25) Vais) + (VaPn, ABB Va2

+ Bx(Va - ABBV,, 02) + Br(\BB", Hess, ) + gp%, (A.14)

where the expression inside the curly braces is due to (1.29b). Using (A.7) in Lemma

A1, the same substitutions unpack the RHS of (1.26a) as:

RHS = As (02%x)
= oAPx(Hessg, X) + 02 (3, Hessz Px) + Pa( X, Hessz o))

+200(Va - 2, Vae?r) + 20x(Vae - 2, Vaa) + 2(Vaepn, 2V2Pr).  (A.15)

For convenience, we refer to the six summands appearing in (A.15), from left to

right, as term 1 to term 6. Comparing (A.14) with (A.15), we make few observations:

« term 3 in (A.15) can be combined with the terms - (X, Hesszp,) and

Px(ABB' Hesszy)) in (A.14),

« term 6 in (A.15) can be combined with the term (V,Px, ABB'V4p,) in

(A.14),

« the sum of the terms 1, 2 and 4 in (A.15) equals ¢ \Asx Py, thanks to (A.8) in

Lemma A.1.

Consequently, equating (A.14) with (A.15), we obtain

opx _ 723y _
@A{% + Vo (PrA) + % -elAsx %}

= %(W log oy, (ABB' - 2X) V)

- Px(ABB'" - 2X Hesszp)) — (VaPx, (ABBT - 23) V,0))
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~x(Va- (ABB™ -2X%) , V,0,). (A.16)

Dviding both sides of (A.16) by ¢ (recall that ¢ is positive everywhere by defini-

tion), we find

=%(Vac log o5, (ABB' - 2X) V, log ¢y)

1
- Px(ABB'" - 2%, —Hessz ) — (Vapr, (ABBT = 2X) V log )
P
~?x(Va - (ABBT - 2%,V log ¢)) (A.17)
Since

1 1
Hessz log o) = —— (Va9r) (Vapr)' + —Hessgpy,
£ ')

we replace the second term in the RHS of (A.17) with

1
~-5x(ABB" -2X, = (Vaer) (Van)') = B(ABB™ - 2%, Hess, log ) ).
A

The RHS of (A.17) then simplifies to

—_—

RHS = - 24(V, log o, ABB' - 2%) V, log 1)
- Bx(ABB’ - 25, Hess, log ¢,
— (VP ABB™ - 2%) v, log ¢,)
~Ba(Va (ABB™ -2%),V, logp,)
= Vo (@ (ABB" -2%) v, log ¢,)

—_—

- (Ve logor, (ABB' - 25) Vy log o)
(1.30),(1.31

9 ) — —
27 Ve (PrAL) — 4P,

which is exactly (1.29a). This completes the proof. O]
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A2
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B.1 Proof of Theorem 2.1
Proof. For a given ¢ > 0, consider the uncontrolled Ornstein-Uhlenbeck (OU) pro-

cess with time-varying coefficients:
da(t) = A(t)z(t)dt + V2 B(t)dw(t),

with the associated Markov kernel (4.8) as

exp (— (Pryro®o — 1) My (P10 — 1) )

4e

ki (tg, g, t1, 1) =
L (fo, @0, 11, 1) J(me)" det(M o)

(B.1)

As M |, is symmetric positive definite, its inverse M, and principal square root
M Ié/ ? are both symmetric positive definite, and thus (B.1) is well-defined.

As was the case for the kernel ky in (2.3), the kernel ki too is continuous and
positive for all (xg, ;) € Xy x X;. Compactness of Xy, X} implies that there exist

constants ay,, 5, given by (2.16) such that 0 < oy, < f, < o0, and
ar < ki (to, o, t1, 1) < Pu Y (%o, 1) € Xp x AL (B.2)

From (2.16), (B.1) and (B.2), we then obtain the following analogue of (2.8):

oxp (—a./(4¢)) ~exp(-fu/(4e))

L= , PL= . (B.3)
\/(47r5)"det(M10) \/(47r5)"det(M10)
Consequently, the worst-case contraction coefficient
. _ =
A1, = tanh? (— log (ﬁ)) - tanh? [ 2 at . (B.4)
2 Qq, 8¢
]
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C.1 Proof of Lemma 3.1

Proof. The result follows from Taylor expansion of e~(8+a(t=%0)) in variable ¢ about

to, and then identifying the coeflicients as derivatives w.r.t. x of suitable order. [

C.2 Proof for Lemma 3.3
Proof. Let

Y(y) :=exp (—%E)f(y)

be the solution of the parametric ODE (3.13) for some unknown f(y). Substituting

this expression for Y (y) into (3.13) yields:

deXP( 2f)fﬂl eXp(—QQH)f—y\/Eexp(—wfl)%

2 42 2 2
—y\/dexp (_y ;/E)% +exp( ;/_)j 5 = (dy? + ) exp (_y ;/E)fZO.

Simplifying the above, we obtain

‘f{ 2f (c+\/3)f:0.

Introducing a change of variable y ¢ := d'/*y and letting F'(£) = f(d-1/4), we

rewrite the above ODE as

d?F 1/4¢ g1/4
e 2 /gd/f ~(c+Vd) F -
Dividing through by \/d gives
2r c
——|—=+1|F= C.1
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which is the Hermite’s ODE [181, p. 328-329].
Assuming f, and thus F', must be polynomially bounded, the solutions to (C.1) is

F(¢) = H,(§), the Hermite polynomials of order n = — 3 € Ny. Therefore,

the solutions to (3.13) can be written as Y (y) = aexp ( )H (d'/*y) for some

constantaeRandn:—2\C/a—%GNO. N

C.3 Proof of Proposition 3.1

Proof. Substituting ¢ = £ in (3.15) gives

o(y)= i . i amﬁexp (—to\/d_i(Zmi +1) - yf\/_) ml(dll/A‘yi) . (C.2)

mnp=0 m1=0 i=1

For a fixed j; € N, multiplying both sides of (C.2) by H, (d}”yl) exp (—y%—;/d_l), and

integrating over y;, we get

o0 2./
/:OOHjl (d}/43/1) exp (_y1 5 - )ﬁo(y)dzn

5 i)

x Hp, (d}/4y1) Hj (d}/zlyl)

X exp( to\/_(2m1 +1) \/d_>dy1

Using (3.7), we simplify the above as follows:

0 2/dy \
[ z’?fjl(di/élyl)exp(—y1 1)77o(y)01y1

2

Z Z (j1,ma,..., mn)HeXP( tO\/_(Qmﬁl)—M) m; (d3/4yi)

my=0 mo=0

'[Oonl(d}/Zlyl) (d1 (7 eXP( to/dy (251 +1) - \/_)dyl

152



Proofs for Chapter 3/Proof of Theorem 3.1 C4

Hmi(d:/4y)\/_zjl/ (1) exp( ton/d1(2j; + 1)) :

Repeating this process n — 1 more times, yields

1/4 y%\/d_l
Jl dy y1 exp T o

.. H; (d1/4yn)exp( \/_) o(y) dy; ... dy,
= A(jr,j2se.0s ]n)H( V27 (i ')exp( tO\/_(2]z + 1)))

Therefore, for any index vector j = (j1,J2, ..., Jn) € Ni, we have

o )] (f% Gy ()
X eXP(to\/Ei(sz‘ +1) - ?J?T\/d_l)) Mo (y)dy: ... dyn.
(C3)

Substituting (C.3) for the coefficients in the general solution (3.15), and using z as

the dummy integration variable, we arrive at (3.16)-(3.17). O

C.4 Proof of Theorem 3.1
Proof. We start by re-writing (3.16)-(3.17) as

7t y) :f:f:q

{ﬂp( W+ D)V,

NG 9 —(t-to) \/E) (@)}ﬁg(z) dz;...dz,,

(C.4)

@)= 3 g gy 02 = ) VD o (00) o (25)) - (€9
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For fixed ¢ > 0, we use the Hermite polynomial identity:

1 of AN\ ey
H,(cx) = Ee(“) (—a) (e7(e)™)

1 had 2
- (=20) — fo e (0-e)?grdn  peN,,

T
where the first equality is due to definition (3.6), and the second equality is due to

the Fourier representation

e = / 02209/ /. (C.6)

Therefore,
(@):miowlqn)eXp( 2m; (t - to)\/_) 1/4 Z) (d_dyz)mze ( i 1)

Ay L ® _(o-to-d! Z'l) m;
) m_/ (6-to-a"=1)" (g _ 4 ym a0
X( 1) ﬁ to c ( 0)

d:/4y¢2 oo 00 3 _ m; mg 1/4 14 2
] L A
\/E to m;=0 (mzl) (dll/4) dyz

where g; := exp (-2 (t - t9) \/d;). Invoking Lemma 3.1, we note that

= (Qii(ﬁ—to))mf (i)m( ~(d*y,; )2) —e ~(dyivioi (0~ to))
m;=0 (mz') (dll/4)ml dyl ’

and so, (V) simplifies to

d1/2 2

e % e

-(1- 2 0-t 2+2d1/46—t i i — Y; 04 deé. C.7
N exp( (1) (0~ 10)” + 24} (0 - 10)i (21 - wier)) (C7)
Noting that 0 < g; < 1, we evaluate (C.7) by substituting o := /1 - 07 (0 — t;) as

d1/2 2 oo d1/4 210
(V) = exp( o +210M)da

\/ﬁf[ -

1 (2gz-dil/2yizZ dl/ (y? +22))

= - exp = Ql (C_g)

1-o;
where the last equality follows from (C.6).
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Combining (C.8) with (C.4), we obtain

ﬁ(t,y)z[ f kos (to, 4, £, 2)T0(2)dz1 . .. Az,

where the kernel

n (q1/4 2 4 2 ,
Kt (to,y,t,2) = H{%exp(—w — (t - to) \/d_i)

1 (zgidz/Qyizi—g%di/Z <y3+z3>)}
exp .

1-0? 1-of

Next, we rearrange the above expression for x,, as

Kos(to, Y, t, 2) = # (ﬁ d;/4) (ﬁ \/11——92) x (ﬁexp (— (t o) \/E))

(Few((-5- 125 ) o))

1-9¢7
x (H exp (1—92%21\/21)) : (C.9)
i=1 -9
Recalling the definitions of hyperbolic functions in terms of exponential, and that

0; = exp (-2 (t - ty) V/d;), we find:
LVT= g8 = VE [\ 25inh (2 (1~ 10) /).
20i/(1 - 07) = 1/sinh(2 (t ~t0) \/d),
~1/2- 02/(1- ?) = - coth(2 (t - to) V/di) /2.

Hence, (C.9) can be expressed as
n o l/4
(Hi:l di/ ) ( n 1 )

(2m)n/2 E V/sinh(2 (t - to) Vd;)
n Vd; 4 (Y2 + 22
(H exp( ) \/d_z) (yz i (yz 2)

i=1 Slnh(2 (t - to

x (—%cosh(? (t—1to) \/d_z))))) (C.10)

Letting M, as in (3.20) and noting that det( M, ) = [1i-, d; > 0, (C.10) simplifies

5++(t07 y,t, z) =
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to (3.19). O

C.5 Proof of Proposition 3.2
Proof. (i) Follows from direct computation.
(ii) Thanks to the hyperbolic function identity coth?(-) — csch®(-) = 1, defini-
tion (3.21) is satisfied, i.e., (M) M) J (MWME)) = 7. Thus M) M) €
Sp (2n,R).
To see positive definiteness, first note that M gtlo) > 0 for D > 0 since

o <P’
Yy =z tto

z

:( )—COSh(Q (t—to) \/5) -1 y
vz -1 cosh(2 (t—tp) \/ﬁ) z

=y cosh (2 (t—to) \/5) y-2(y,z)+ 2" cosh (2 (t—to) \/ﬁ) z

>I >TI

> Hy_ZH§ZO7

where the second equality follows because cosh(-) > 1 for nonzero argument.

(2)
t

Also, D > 0 implies the positive diagonal matrix M’ > 0, and therefore,

i ( MO Mgtzo))  cig ( MY ( M,ffo))l/z ( M§30)>1/2)

- cig (M§30>)1/2M§30>(M§30>)1/2 > 0.

1
congruence transform of Mﬁto)

Additionally, M Etlo) M gfo) being symmetric, we have that M ;}0) M §fo) > 0.
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(iii) That
D'* 0 o oD 0
eig (My,) = eig M Lgt()) M gto) >0,
0 D1/4 0 D1/4
\ congruence transform of Mgo) Mgg
and M, is symmetric, together imply M, > 0. ]

C.6 Proof of Proposition 3.3

Proof. That the minimum in (3.23) is attained for the L in (3.22), follows from the
strict convexity and coercivity of u — L (-, u).

For notational convenience, let w; = 2v/d; ¥i = 1,---,n. The optimal solution
Qopi(T), T € [to,t], solves the Euler-Lagrange equation f—;qoi’t = 4Dg°?t, or in
component form: %qiom = w2q"™" subject to the endpoint constraints ¢°*" (o) = ¥,

¢ (t) = 2. The general solution is ¢**(7) = ;€™ +b;e~i7, and the endpoint con-

straints determine the constants (a;, b;) as

_yiefwit + Ziefwito yiewit _ Zie‘”ito
inbi) =\ 5= T : C.11
(@, 5:) (251nh (w; (t=to)) 2sinh (w; (t —1g)) (€1

Then, (3.23) gives
. = o o 2
it 9= ['3 ( L) + et (47) )dT
to =1
[ 2 2w2 T 612672%7—) dr

ﬁ{az (62wit _ 2w1t0) b2 ( —2wit e—2wit0) }
2 KA
w; (y? + 22) cosh (w; (t = o)) — 2y:2;
2 sinh (wi (t - to)) ’

3= LM3

.
Il
—_

(C.12)

M=

~.
Il
—_
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where in the last line, we substituted for (a;,b;) from (C.11), and simplified the
resulting expression using the identity sinh (2 (-)) = 2sinh (-) cosh (-).
Since w; = 2v/d; Vi = 1,---,n, we see that (C.12) is indeed the desired expression,

c.f. the expression inside the exponential in (C.10). This completes the proof. [

C.7 Proof of Theorem 3.3

Proof. We write

ki (to,y,t,2) = lim kiy (to,y,t,2)
din—p#—l ’".’din )lo

= k++ (t07 y[il;z‘n_p] y t, Z[il:in_p])

X lim k++ (t07 y[in,pﬂzin]u t7 z[in_p+1iin]) )
(din_p+1 sy )lO

where the last equality is due to the separable (in spatial coordinates) product struc-

ture in k... Invoking Theorem 3.2 for the remaining limit, the result follows. [J

C.8 Proof of Proposition 3.4
Proof. (i) Follows from the spatial symmetries of the kernels (3.24) and (3.19).
(ii) Since (3.24) and (3.19) are both positive, so is k, in (3.28). Then, P, being ev-
erywhere positive, (3.29) is positive too.
(iii) From Proposition 3.2(iii), M > 0. So the exponential term in (3.19) has
negative definite argument. The same is true for the heat kernel (3.24). Thus

the product of the exponential terms in (3.28) is bounded in [0,1]. Therefore,
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ki(to, Ve, t,2) 5o (V'z) <((t,t0)Po (V' z) where

e

(4m(t = 1)) $(2m) (det(Dyii, )"

\/det (sinh (Q(t —t0)\/ D[z‘lzz‘n_p]))

Because @y is Lebesgue measurable (given), applying the dominated convergence

C(t7 tO) =

theorem separately for |x|, — oo with finite ¢, and for ¢ — oo, concludes the

proof. [

C.9 Proof of Theorem 3.4
Proof. We proceed as before by letting « := V2, 7(t,x) = p(t,z = V'x), to get

L 1
g—/];\ = (Am - kz::l (Akxi + ’I"T’Ukl’k + ES))D\

The formulae (3.53), (3.54) and (3.55) now become

Qars)(X, D) =5+ D[5+ > (MX; +7 0 Xs),
k=1

H(A,r,s)(X7 D) = exXp (_(t - tO)Q(A,’r,s)(Xa D))7

Q(A,r,s)(waf) =S5+ Hf”% + Z ()\kifi + TT’UkSCk) .
k=1

The associated Weyl symbol /14 . 5) solves an analogue of (3.56), given by

0

2

1

ah(A,r,s) (CC, 5) == Z 7{Q(A,r,s)a h(A,'r,s) }j(ma 5)7
j=0J"

from which, direct calculation of the Poisson brackets again yields (3.60) with the
initial condition Aa p ¢ [e=t, = 1.

Now let

1
Qi = & + A + T o + —s, Yk e [n], (C.13)
n
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so that )}, qx = (A r,s)- Following (3.61), we define the function g via

h(A,”HS)(w’s) :g(tﬂh"',%)a (C14)

and using (3.60), arrive at the PDE (3.62).

Using the definition (C.13), we next simplify (3.62) as

dg
gy

k=1

dg  0?
gy, 8qk

The PDE (C.15) generalizes (3.63).
To solve (C.15), we use the anstaz (3.64) with initial conditions (3.65). Following
the same steps as before, we again find that 3, (¢) are given by (3.69). However,

a(t) now solves a modified version of (3.70), given by

o - _g;{\/)\_ktanh(\/rk(t —to)) + ¢ tanh? (\/)\_k(t —to)) }

«

Oé(to) =1. (C'lé)

By direct integration, the solution for (C.16) is

n 1
alt) = (g cosh (\/)\_k(t - to)))

X exp (kz1 (—ck(t—t0)+\/—)\_ktanh\//\_k(t—to))), (C.17)

which generalizes the earlier formula (3.71).
Combining these «/(t), 5x(t) together with (3.64) and (C.14), we obtain the Weyl

symbol

h(A,r,s) (CB, E)
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n /\kx2 + 52 + ’I‘T’Ukl‘k + (’I"T’Uk)Q/ (4)\k)
xexp(—; bk v Xtaﬂh(@(t—to)))a

(C.18)
which generalizes the earlier derived (3.73).
To derive the kernel k(4 . ;) from the Weyl symbol /4 . 5), We next apply (3.44) to
(C.18). Following the computation similar the derivation of (3.77) in Chapter 3, we
arrive at (3.82). Notice that for = 0, s = 0, the kernel (3.82) reduces to (3.77), as

expected. ]
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D | Proofs for Chapter 4

D.1 Derivation of (4.22)

Consider k as in (4.11) with %dist?to given by (4.21). For finding the pre-factor ¢(¢, ),

we substitute (4.11) with (4.21) in the reaction-diffusion PDE in (4.10), i.e., in

% = (Am - %a:TZD:n) k
(e W_ZQ 2
i=1

since w? = 4D;; for all i = 1,---, n. This substitution in (D.1), after algebraic simplifi-

cation, results in the ODE

ézc(—%iwicoth(wi(t—to))), (D.2)

-1
where ¢ denotes the derivative of ¢(¢,%y) w.r.t. t.

Integrating (D.2) yields

1 n
loge=loga - 5 > logsinh(w; (¢ - ty)),
i1

where log a is the numerical constant of integration. Thus,

= 1

c(t,tg) =a : (D.3)
) =all (sinh(w;(t - to))) 2
Combining (D.3) with (4.11) and (4.21), we obtain
k(to,z,t,y) =a ﬁ !
me i=1 \/sinh(w; (t - to))
< exp Llwi(2f +y7) C.OSh (wit —to)) — 2wiwsy; . (D4)
2 2sinh (w;(t - o))

for all 0 < tg < t < oo. All that remains is to find the constant a.
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Letting 7 := ¢ — t¢, and invoking the initial condition in (4.10) for (D.4), we have

n 1 1w; (22 +y?) cosh (w;T) — 2w;x;y;
(5(33_y) :CLI;%IH\/W X exp (_5 ( - yZQ)Sinh ((WZT)) : )
(D.5)
Integrating both sides of (D.5) w.r.t.  over R" gives
l=a (lim In—[ ;)
™0 5.1 \/sinh(w;T)
n (2 4 a2 Y — Do

« [ lim gexp(_lwz (a7 + 3/2-2);181?(%2:)) QWZnyZ)dzc, (D.6)

wherein the LHS used the shift property of the Dirac delta: [, 6(x -y)-1-dz =1.

Since

T

wi (@7 +y?) cosh (w;T) = 2wimsy; Vi, coth(w;7)  —esch(w;7) | [ Vw2

2sinh (wiT) Vwyi | \=esch(w;T)  coth(w7) |\ vVw,y:

is a positive definite quadratic form, we have

lw; (22 +y? h (wiT) = 2w;x;y;
0 < exp L (a7 yl)c‘os (wiT) = 2w;y <1
2 2sinh (w;T)
Hence, using the dominated convergence theorem [182, Thm. 1.13], we exchange

the limit and integral in (D.6) to yield

1 w;y? cosh(w;T)
exp | —=
P72 sinh(w;T)

1=ali
Rt g \/sinh(w; )

o 1 wiwy cosh(wiT) = 2wimy;
. (f exp(—ﬁwxz CO; (wiT) = 2wy )dxi). (D.7)
oo sinh(w;7)

We need the following auxiliary lemma.

Lemma D.1 (Central identity of quantum field theory). [100, p. 2], [99, p. 15] For

163



Proofs for Chapter 4/Proof of Proposition 4.3 D.2

fixed n x n matrix A > 0 and suitably smooth f : R" » R,

An exp (—%a}TAac) f(x)dx = ()" exp(%ViA‘lvw)f(w) . (D.3)

det(A)

x=0

where the exponential of differential operator is understood as a power series. As a spe-
cial case, forb € R”, we have [, exp (1T Az + (b, z)) dx =/ (5672: exp (3b"A7'b).

In particular, for fixed scalars a > 0,b € R, we have

o0 1 2 1 b2
[oo exp (—iaxz +b:1:) de =1/ fexp(é%).

Using Lemma D.1, the integral in (D.7) evaluates to

47 sinh (w;T) o wiy?
w; cosh(w;T) P 4sinh(w;7) cosh(w;7) |

Substituting back this value in (D.7), followed by simplification via identity: 1 —

cosh?(-) = —sinh®(+), gives

1-ali n s w;y? sinh(w;T)
= alim ——exp|————=
710 ;1\ w;cosh(w;T) P 4

a1 (D.9)

Therefore, a =[], \/ 7=, which upon substitution in (D.3), yields (4.22).

D.2 Proof of Proposition 4.3

As is well-known [134, p. 156], [183], for any T € [to,t], the solution of the Riccati

ODE initial value problem (4.26) admits linear fractional representation

H(T, Kl,t) = (\1121 (t, T) + ‘1]22 (t, 7') Kl) (‘1]11 (t, T) + ‘Illg (t, T) Kl)_l , (DlO)

164



Proofs for Chapter 4/Proof of Proposition 4.3 D.2

where

\IIH (t, T) \1’12 (t, T)
U, = e R#2n (D.11)
‘1’21 (t, 7') ‘1’22 (t, ’7')
is the state transition matrix of the linear Hamiltonian matrix ODE

X A. -B.B.|[x.
e . X, A, RV (D.12)
Al - —ar [\ A,

T

For the special case in hand, the coefficient matrix in (D.12) equals
0 -21
-2D 0

and its (backward in time) state transition matrix becomes

0 2I
W, = exp (t-7)
2D 0

| cosh(2vD(t-7)) (VD) sinh(2v/D(t 7))
VDsinh (2VD(t-7))  cosh(2vVD(t-7)) |

where all hyperbolic functions act element-wise. To see the last equality, it suffices

(D.13)

0
to note that for 2 x 2 matrix with b, ¢ > 0, we have
c 0
0 (Voe(t-0)" | 0 bfe|e (Voe(t-)"
exp (t T) —IZ 20! + 2k 1)
c k=0 c/b 0 [k=0 '

cosh(Vbe(t — 7)) \/% sinh(Vbe(t - 7))
\/% sinh(Vbe(t - 7)) cosh(Vbe(t - 7))

From (D.10) and (D.13), we then get

TI(7,0,t) = Wy (t,7) (¥, (7))

165



Proofs for Chapter 4/Proof of Proposition 4.3 D.2

- VDtanh (2v/D(t - 7)), (D.14)
Following (4.27), in this case, we also have
A_=-2II(7,0,t) = -2/ D tanh (2\/5(15 - 7')) (D.15)

for all 7 € [to, t]. From (D.15), A_and ftg A, do commute. Hence the state transition

matrix for the coefficient matrix A, equals
&, = exp (—2\/5 [Tttanh (2\/5(15 - 0)) dJ)
= exp (—2\/5 fotT tanh (2\/53) ds)
= exp (— log cosh (2\/5(15 - T)))

= sech (2\/5(75—7)). (D.16)
Thus
P = [ ®,B,B8d0
=2 thsechZ(Q\/B(t -0))do
= D 2 tanh(2VD(t - 7)),
S0,

I = VD coth(2VD(t - 7). (D.17)

Therefore, (4.31) simplifies to

~ VD coth (2v/D(t-ty)) —vDesch(2v/D(t -t))
—V/Desch (2v/D(t - ty)) VD coth (2vD(t - ty))

which is exactly formula (4.10) in [74] derived via completely different computation.

(D.18)

tto

Substituting (D.18) in (4.30), and recalling that w; := 2\/D;; foralli =1, n, we
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recover (4.21). ]
D.3 Proof of Theorem 4.1
The proof is divided into three steps.
Step 1: Determining c(t,t;) up to a constant a.
Combining (4.11) with (4.30), we get
.
1|z x
logk =logc(t,ty) — 3 My, (D.19)
Yy Yy
Applying 0; to both sides of (D.19) and rearranging, gives
T
¢ 1|z . T
3tk = k - = 5 Mttg 5 (DZO)
“ “\y y
where dot denotes derivative w.r.t. £.
Applying V,, to both sides of (D.19), and using (4.31), we find
AT ~-1 ~
Veloghk =@, Ty, (y - <I>ttoaz) - II(%y,0,t)x, (D.21)
and since V2 = V 0 Vg,
~ A=l ~
V2logk = ~®,,, Ly ®rry — IL(f0, 0, 1). (D.22)
We next use the identity
2k
v2logk = v; ~ (Vzlogk) (Vglogk)'
= V2k = k:{ (Ve logk) (Vzlogk)' + V2 log k:} (D.23)
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Substituting (D.21) and (D.22) in (D.23), we obtain

vk :k’{ (‘i’;of‘;st (y- éttom) - I1(to,0, t)a:) x (‘i’;:of‘;) (y- @ttoaz) - TI(to, O,t)a:)T

(D.24)
— &, T By, - TL(1, 0, t)}, (D.25)
and thus, the diffusion term in the RHS of (4.34a) is
(B(t)B(t)", V3k)
~H(B(O)B(1), &, T, (y - Bu,@)(y - B, ) Ty, B,
-Tx(y - @ttow)Tf‘;;@tto - iztof,;t(y - @ttoa})xTH
+Tza T - &, T, &y, - I(to,0,1)). (D.26)
We note that the advection term in the RHS of (4.34a) is
~(Va, k A(t)x) = —k(V,logk, A(t)x) - k trace A(t). (D.27)

Substituting (D.20), (D.21), (D.26) and (D.27) in (4.34a), we arrive at
T
x| . T
Mtto
Y Y

I o

= _<(i);—t0f‘t_tt(y - (i)ttow), A(t)x) - trace A(t)

o
DN | —

AT -1 N N PR TR

+ (B(t)B(t)T, (I)ttortto (y - (I)ttow)(y - ‘I)ttom)TFtto‘I)tto
“ A1 4 AT a1 A

- H:c(y - (I)ttom)TI‘tto(I)tto - (I)ttortto(y - ‘I)ttom)wTH

N - 1
+ HCUCUTH - @ttortto@tto - H(t(]? 07 t)) - EwTQ(t)w

T

, (D.28)

where the last equality grouped the spatially independent terms and spatially de-

pendent (quadratic in @, y) terms, then used the definition of §(¢) from (4.35a). In
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particular, the matrix

St to) Sia(t,to)

Stto — € RanQn

ST1a(t,to) Sa2a(t,to)

comprises of n x n blocks

AT ~-1 2 A AT ~-1 2 A ATAT ~-1 2
Su(t,to) =-2®, 'y ®4,A - Py Ty PuyB,B, @, Ty Py

_H(t0707t)BtBZH(tU7OJt) +Q(t)7 (nga)
-1 2 - AAT AT a1 2
S12(t,t0) =Ty, Purg (At + BB, ®,,I';, ‘I)tto) ; (D.29b)
Aol A AT AT a-l
Saa(t o) :=— Ly ®uy BB, @4y 'y, - (D.29¢c)

Since (D.28) holds for arbitrary x,y € R”, equating the «, y independent terms

from both sides of (D.28), we conclude that ¢ solves the linear ODE
¢=-0(t)c. (D.30)
The solution of (D.30) is

c(t,tg) = aexp (— ft: Q(S)ds) , (D.31)

for to-be-determined constant a. In Step 2 detailed next, we determine a.
As a by-product of the above calculation, we get M tto = S, but this will not be
used hereafter.
Step 2: Determining the constant a.
Substituting (D.31) and (4.30)-(4.31) in (4.11), letting ¢ | t;, and invoking the initial

condition (4.34b), we get

T

t 1|z x
d(x-y)=alimexp| - f O(r)dr - = M, : (D.32)
tito to 2 y y
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Integrating both sides of (D.32) w.r.t. x, and using the shift property of the Dirac

delta: [p, 0(x —y)-1-dx =1, we obtain

T

1|z T
=a lim exp ( [ 9(7’)(17’) exp| = M, de. (D.33)
R tito to 2 y y

As noted in Sec. 4.5, M, > 0, so for any x, y € R", the second exponential term in
(D.33) takes values in [0, 1].

Also, under assumption A1, (7) in (4.35a) is bounded for 0 < ¢ < t < oo, and
so is exp(— ftz O(7)dr). Thus, the product of the two exponential terms in (D.33) is
bounded w.r.t. . Therefore, by dominated convergence theorem, we exchange the

order of integral and limit in (D.33), to find

T

t 1|z x
= ahmexp( f Q(T)dT) f exp|-= My, da
tito to R 2 y y

t
= alimexp ( f O(T)dT) exp (—%yTMgg(t, to)y)
to

tito
1
x / exp (—§$TM11(t> to)x + (-M12(t,t0)y, 93)) da
n t 1
= a(2m)* limexp (- i e(T)dT) (det My, (£,1)) "
0 to
1 _
exp (—in{Mm(t, to) = M(t,t0) M3y (¢, to) M 1a(t, to)}y) : (D.34)
wherein M1, M 15, M 5, are the respective n x n blocks of (4.31), and the last step
follows from Lemma D.1. Invoking Lemma D.1 here is in turn made possible by the
fact that M1; being a sum of two positive definite matrices (see (4.31)), is positive
definite.

Now the idea is to evaluate the limits in (D.34). For the exponential of negative

quadratic term, using (4.31), we find

Ms(t,to) = Mo (t,to) M1 (t,to) Mia(t, to) (D.35)
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A1 -1 2 AT -1 2 1.1 -1
=Ty, = Ty P (‘I)tto Ly Pt + I1(to,0, t)) ®,. I

Il
=

-1 a1l N lpaT A1 2 -l L-7y\-1

to ~ (q)ttortto) (‘I’ttortto P11, + IL(to, O,t)) (Fttoq)tto)

. LT TN

=Ty, - (Ftto + Ly @4y, TL (0, 0, t)‘I’ttOFtto) ) (D.36)

thanks to the invertibility of @tto, f‘tto. Using the Woodbury identity [184], [185, p.

19],

~ ~ AT A=1 A -1
<Ftto + Ly (I)ttOH(t07 0, t)q)ttortto>

A1 AT 1 a1 a-T\ L o1
=Ty, = Pu, (H (t0,0,t) + D, L'ty q)tto) tto> (D.37)

A

which upon substituting in (D.36), gives
Mo (t,tg) = Mjy(t, to) M1 (t,t0) M1s(t, to)
L P
=&, (117 (10,0,1) + B Ty By, ) By, (D.38)
Since @, = I, T4, = 0, TI(t,,0, %) = 0, we then have

. 1 -
ltllrtnexp (—§yT{M22(t,t0) — M, (t,to) M (t, to)Mlg(t,to)}y)
0

1ot B
= exp _§yT£1ﬁIOl{(I)tto (H (t070>t)+¢’ttortto‘1’tto) (I)tto}y

=0

=1. (D.39)

Therefore, (D.34) simplifies to

=

1=a(2n)?lim exp(— [t t@(T)dT)(detMll(t,to)) (D.40)

Notice that for the limit in (D.40) to be defined, the limit cannot be further distributed
to the exponential and determinant factors.
Since the limit of reciprocal equals to the reciprocal of the limit, and by Jacobi

identity: exp trace(-) = det exp(-), we re-write (D.40) as (4.36).
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Step 3: Putting everything together.
Substituting (4.36) in (D.31), and then substituting the resulting expression for ¢(t, o)

in (4.33), the statement follows. [

D.4 Proof of Corollary 4.2

Under the stated conditions, we proved in Proposition 4.3 that the term

T

xr xr
My,

Yy )

N | —

in (4.37) reduces to (4.21). What remains is to show that the term exp (— ftz Q(S)ds)

L 1
in (4.37) reduces to
113 (sinh(w;(t - £o)))"*

as found in (D.3), and to compute the
pre-factor a.

To this end, notice that (4.35a) in this case specializes to

0(s) = trace (<I>8t0Fst0<I>sto +T1(19,0,5))
= trace (\/Bcoth (2\/5(8 - to)))
= i D;; coth (\/D_u(s - to)) , (D.41)
i=1

where the second equality follows from (D.14), (D.16) and (D.17). Then
t n
exp (— f Q(S)ds) = hf(l)l exp (— > VD /
to € ;
1
=exp (— > —logsinh (2\/ Dyi(t - to)))

=1 2

t—to

coth (2v/D;i7) dT)

1
i=1 (sinh(w;(t - 150)))1/2 '

(D.42)

In above, the first equality used (D.41) and a change-of-variable s—t; + 7. The second

equality follows from integration and the limit. The last equality used w; := 2v/D;;.
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To compute the pre-factor a for this case, we note from (D.18) that det M 1{2 (t,t9) =

D'/ (Coth (2\/5(75 - to)))l/Q. Then using the Jacobi identity det exp(-) = exp trace(+),

we have
@= (2m) %E?{detM 2 (eto) (oo [ 0(r)ar) }
= (2m) D! %131{ (coth (2vD(t - to)))l/2 x (sinh (2v/D(1 - to)))1/2}
= (27T)_”/2D1/4 %glﬁtn (cosh (2\/5(15 _ 250)>>1/2
= (2D, (D.43)

where the second equality is due to (D.42).
With the a given by (D.43), exp(— ftf) 0(s)ds) given by (D.42), and the specializa-

tion of M, as in Proposition 4.3, the kernel (4.37) specializes to (3.77).
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E.1 Proof of Theorem 5.1

Proof. The main idea behind this proof is to recast (5.1) as a relative entropy mini-
mization problem w.r.t. a reference Gibbs measure arising from the state cost ¢().
Here, the role of the reference measure will be played by the Wiener measure on
the path space Q := C' ([to,t1]; R™), i.e., the space of continuous curves in R” pa-
rameterized by ¢ € [to,t;]. To this end, we follow the developments as in [10]
and [39]; see also [133].

Let M (€2) be the collection of all probability measures on the path space (2. Recall

that (5.1b) corresponds to the Ité diffusion process
de = u(t, ) dt + /2 dw(t), (E.1)

(E.1) where v is non-anticipating, i.e., adapted to the filtration generated up until
time ¢ for all ¢ € [to,t1]. Let W € M () be a Wiener measure, and consider a
measure [P € M (2) generated by the It diffusion (E.1). Using Girsanov’s theorem

[24, Thm. 8.6.6], [186, Ch. 3.5], we find

P P t t1 ] 2
c(liTW = (?W;)o exp (/ 1 \/L_dw(t) + f ' —Mdt), P as., (E.2a)

P P
Aad IOg(;iTW EW;JO \/_[ udw(t)+—f |w|3dt, P as.,

(E.2b)

where Py, Wy are the distributions of (¢ = to) under P and W, respectively.

Since u € U as defined in (1.3),

t1
EP[ /[ Hu\gdt] < oo, (E3)
to
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So for any ¢ > %, the stochastic process

a(t) = /t "udw(r)

is a martingale, and consequently has constant expected value Ep[u(t)] =
Ep [u(to)] = 0. Therefore, applying the expectation operator w.r.t. P to both sides
of (E.2) obtains

dP
Ep [log m] =[Ep [log

d]P)O 1 t1
+— E 3| dt. E.4
S| [ B ] (£.4)
Since we assume the state cost g(x) is positive and upper bounded, it follows that
—q(x) is negative and lower bounded. We next consider the Gibbs measure

1 rn
exp (—2—5 ft q(ar:)dt)W
A

e M(Q),

where the normalization constant

1 b
Z::[exp(——f q(:c)dt)dW.
Q 2e Jtg

Recall that the relative entropy a.k.a. Kullback-Leibler divergence is defined as fol-
lows: Given two probability measures P, (Q on some measure space (2, the relative

entropy or Kullback-Leibler divergence

dP )
Do (P Q) = Bz [log g | - Joe(g) e B )

+00 otherwise,

dP
where — denotes the Radon-Nikodym derivative, and P << Q means “P is abso-

dQ

lutely continuous w.r.t. Q”.
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Applying this definition yields:

1 [
exp(—2—€[t q(az)dt)W

D[P g E6)
1 t dP
=log Z + Ep [2—8[0 q(w)dt] +Ep [log m]
dP 1 t1 1
=log Z + Ep [log dVVOO] o /to Ep [§||uH§ + q(zc)] dt, (E.7)

where the last equality uses (E.4).

Let
Iy = {M € M (Q) | M has marginal p;
dx at time ¢; Vi € {0,1}, po, p1 € P2 (R") } (E.8)

Since log Z + Ep [log ;&?

] is constant over Ily;, we conclude from (E.7) that the
0

stochastic optimal control problem (5.1) is equivalent to the stochastic calculus of

t1
exp(—Zif q(m)dt)W
arginf Dy | P || £ Jto

PEHOl Z

variations problem:

(E.9)

From (E.8), the set I, is closed and convex with non-empty interior. Furthermore,
the mapping P — Dy (P || Q) is strictly convex over Iy for a fixed measure Q.

Hence there exists unique solution for (E.9), or equivalently for (5.1). O
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E.2 Proof of Theorem 5.2
Proof. The Lagrangian for the SBP with additive state cost (5.1) is the functional

L (Gt o)) 2 + v 0.2)

% (% + Vg (pgu) - sAw,oq)) de dt, (E.10)

where the Lagrange multiplier ¢, € C12(R";[t,1]). The functional (E.10) de-
pends on the primal-dual variable trio (p, u,),). The idea now is to perform un-
constrained minimization of (E.10) over the feasible space Py x U.

For the term ftfjl Jan tg(t, m)% da dt in (E.10), we apply Fubini-Tonelli Theorem
to switch the order of the integrals, and perform integration by parts w.r.t. ¢, to

obtain

t1 8p
[to [ vu(t2) S dat

t1 0
=fRn (¢q(t1,w)pl(:1:)—I/Jg(to,az)po(a:))d:c—fto fRn p(t,w)% dex dt. (E.11)

constant over Pg1 xV

Next, for the term ftzl Jan 0q(t,2) (Va - (pu) —Agp) da dt in (E.10), integration

by parts w.r.t.  while assuming the limits at |x| - oo are zero, gives

ftotl fRn Ve(t, ) (Vo (pu) —elgp(t,z))dz dt
:_[totl An(vqu,mp(t,w)dwdt_S/t‘otl /Rn(va,vqu)dwdt. (E.12)

For the second integral above, performing integration by parts w.r.t.  once more,

(E.12) becomes

ftotl fRn ?/)q(t, ZB) (vm : (pu) - €Amp(t, ZE)) da dt
- [tl /Rn<Vqu, w)p(t, x)dxdt + ¢ [tl p(t, ) Aztp,de dt. (E.13)

0
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Substituting (E.11) and (E.13) back in (E.10), and dropping the constant term, we

arrive at the expression

t1 1 9
/ fw(zwung

Pointwise minimization of (E.14) with respect to u for a fixed p € Py, yields the

lis — (Vg u) - &?Aqu) p(t,z)dxdt. (E.14)

optimal control

°pt = Vathy(t, ),

which is precisely (5.5). Evaluating (E.14) at this optimal solution, and equating the

resulting expression to zero yields the dynamic programming equation

= " 1 2 ¢q opt
o_fto fRn(—Qvawqbw(w o 5Am¢q) (t,x)decdt.  (E.15)

For (E.15) to hold for arbitrary p € Py;, we must have

g

5 +eAgth, = q(z), (E.16)

qu I3+

which is the PDE (5.3a).
Substituting (5.5) into the primal feasibility constraint (5.1b) yields (5.3b). Finally,

the boundary conditions (5.4) follow from (5.1c). [

E.3 Proof of Theorem 5.3

Proof. By definition, 1, € C*2 ([to,t1],R"). Being continuous over its entire do-
main, 1), is bounded. So the mapping (5.6) is bijective. In particular, both &, ¢, are
positive over the support of pi*" for all ¢ € [to,1,].

From (5.6a),

g = 2elog Yo (E.17)
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From (5.6b), 7. = pi™ exp(—log(ya.)), which immediately gives (5.9a). Substitut-
ing (E.17) in (5.5) gives (5.9b). Since (5.9a) holds for all ¢ € [to,t;], so combining
(5.4) and (5.9a) yields (5.8). All that remains is to derive (5.7).

Substituting (E.17) in (5.3a), we get

2
a(lp
2 2e

2 P2e at

1
VaP2e +eAg(2elog . ) = q(). (E.18)

P2e

2e2

Since

Ay (2elog pa.)

=26V Ve log s,

1

vm 9026)
P2e

1 1
=2 (—T(Vmwza, Vapae) + Amwze) :
©oe P2e
(E.18) simplifies to
2

+ 2¢

2e?
2 P2e at

1
vm@%
P2e

1 1
+ 252 (_(p_2<vw90257 vm@Zs) + SD_Aw@Zs) = Q(w),

2 2e

1 0 1
2 P2e | 9¢2 (
P2e at P2e

Ams) ) (E.19)

Rearranging (E.19), we obtain (5.7b).

Next, substituting (5.9a) and (E.17) in (5.3b), we find

0 , . -
& (9059022) + Vg - (@a‘ﬁQan(Qg log 9025)) = EAm (SOESOZE) s

% + — 8(1026
Yo TP

. 1
+ va: : (25@59025_vsc§02a)
P2e
=€ (SDQEAQB@E + 2<vw$€7 vw902€> + @EAQ}SOQE) 3 (E.ZO)

where the right-hand-side of (E.20) used the identity A(fg) = fAg+2(Vf,Vg) +

179



Proofs for Chapter 5/Proof of Theorem 5.3 E.3

gAf for twice differentiable f, g.

We expand the term V, - (28{0}g025ivm305) appearing in the left-hand-side of

(E.20) as

_ 1 . _
Ve (259059025S0_V:c9025) = 2€<va:(1057 vw@Qs) + 25906Aa:¢2€7
2¢e

and therefore, (E.20) simplifies to

8@8 a‘pZE
e, T Aa + AsAa: e = EA A&a
902 at 90 at 690 902 €¢2 :l:(io
0o, __ (0 —~
9025% + Qe ( g;g + 5Aw¢25) = 59025Aw905a
0o, __ (1 -
@25% + Qe (2_8(](1')9025) = 59025Am9057 (E-21)

where the last line’s left-hand-side used the already derived PDE (5.7b). Rearrang-

ing (E.21), we arrive at (5.7a). This completes the proof. O
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F.1 Proof of Lemma 6.1
Proof. Using [23, Lemma 1, eq. (16)], we have®
AxR = R(Hess,, 2) + (X, Hessz R) + 2(V, - 3, V. R)
1
= E(E,Hessz) + (Vg -2,V R)

1 1
= §A2R—§R(Hessw,§]). (F.1)

By the same [23, Lemma 1, eq. (16)], we also have

1 1
Aspopt = L—l(Hessw, )+

3, Hesszpo
Lo Lot ( 2Popt)

+ (va: : 27 vaopt)' (FZ)

2p0pt
To express the RHS of (F.2) in terms of R, notice that the first summand in this
RHS is independent of R, and thanks to (6.5), the last summand is (V. - 3, V. R).

For the middle summand in the RHS of (F.2), we find

1
Hess,, IR = Hess,, (5 log popt)

1 . oot || 1
__: (Vzﬂ pt) (Vmp pt) n HeSSm,OOpt

2 Popt Popt 2Popt
- —% (2VLR) (2VLR)" + - Hessz Popt s
which yields
p tHessm,oopt = (VoR) (VaR)" + %Hesst. (E.3)
op

Hence, we can rewrite (F.2) as

1
4popt

1
As:popt = Z(Hessm, )+ (VoR) 2 (VLR)
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F.2
+ %(E,Hesst) +(Vg X,V R)
_ %(Hessm, ) + (VaR) 2 (Vo R)
+ §A2R— %R(Hessm, 3) (F.4)

using (F.1). Grouping the first and the last summand in the RHS of (F.4), we obtain
(6.8).

O

“The divergence of a matrix field ¥, denoted as V- X, is understood as a vector with elements
O
Vg X). = Y vie{l,---,n}.
( )i ; oz, { }

F.2 Proof of Theorem 6.1

Proof. To derive a PDE for 1), we combine Lemma 6.1 with the primal-dual PDEs
(1.26a)-(1.26b), to obtain

1 .
aa{(ﬁ = atR + i@tS

1
“Vgx© o T a:S _Aa: o )
o (T (e (£ +.997928)) + 5 00pin

1
+ —

1
2\ (_<v:c57 f) - §(vmsa ggTva>
—%(Z,HessxS) + q)

1
:_<vaaf+ggTv:cS)_ivw'(f'f'ggTva)

+ %AER +(VeR) VLR + (}1 - %R) (Hessg, X)
1 1
5 (251~ 5(va8.9977.5)

—%(E, Hess;S) + q) ) (F.5)
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We re-write (F.5) as
iINO =AY ((VaR, f +99"VaS) + (Vo R) TV.R
—%Vm (f+99'Va5) + %AzR
{3 o)
+ i (—(VxS, f)- %(%S, 99'VaS)
—%(E,HessmS) + q) : (F.6)
We will come back to (F.6) in a bit.
From [23, Lemma 1, eq. (16)],
Ast) = p(Hessg, X) + (X, Hessg 1)) + 2(Vy - 3, Vo b). (F.7)
Taking the gradient of
logy = R+ %S, (F.8)
we get Va1 =1 (V;CR + %VES), and re-write (F.7) as
Axt) = 1(Hessg, 2) + (X, Hessz 1))
+2¢<Vm-Z,VmR+iva>. (F.9)

A

Likewise, we use (F.8) to express (3, Hess, 1)) in terms of R, S by first writing

V:jb (v;;w)T + lHessgclp.

Hess, log ) = — ”
Substituting (F.8) in above and rearranging yields

Hess, 1) = @Z){Hessz + iHessmS +(VeR) (VoR)'

1 o1 T
- 33 (VaS) (Va5) + 5 (VaR) (VaS)
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+ ) @R |
and so

(X, Hessz1)) = ¢{<E,Hessz + iHesst> +||VaR|%

1 2i
- 17513 3 () 2(%.5) |
Substituting this result back into (F.9) and simplifying algebraically, we obtain

2

2 2
A As1) + w{%(Hessm, )+ %(E,Hesst)

0=-%

1 A2
- J1TLSIE G IaRIE X5 2,70
+ i)\@b{%(E, Hess,.S) + (VoR) 2 (V49)
+(Vg - X, va)}. (F.10)

Summing (F.10) and (F.6), we arrive at (6.9a), where R (Vcasg) and J (Veasg) are
as in (6.10) and (6.11), respectively. By specializing (6.7) at the initial and terminal

times t¢, t1, we obtain the boundary conditions (6.9b). [

184



Bibliography

[1]

(2]

[3]

G. Monge, “Mémoire sur la théorie des déblais et des remblais,” Mem. Math.
Phys. Acad. Royale Sci., pp. 666-704, 1781.

L. V. Kantorovich, “On the translocation of masses,” in Dokl. Akad. Nauk. USSR
(NS), vol. 37, pp. 199-201, 1942.

G. Peyré, M. Cuturi, et al., “Computational optimal transport: with applica-
tions to data science,” Foundations and Trends® in Machine Learning, vol. 11,
no. 5-6, pp. 355-607, 2019.

[4] J.-D. Benamou and Y. Brenier, “A computational fluid mechanics solution

[5]

(6]

to the Monge-Kantorovich mass transfer problem,” Numerische Mathematik,
vol. 84, no. 3, pp. 375-393, 2000.

C. Villani, Topics in optimal transportation. No. 58, American Mathematical
Soc., 2003.

L. Ambrosio, N. Gigli, and G. Savaré, Gradient flows: in metric spaces and in
the space of probability measures. Springer Science & Business Media, 2005.

Y. Brenier, “Polar factorization and monotone rearrangement of vector-valued
functions,” Communications on pure and applied mathematics, vol. 44, no. 4,
pp. 375-417, 1991.

E. Schrédinger, Uber die umkehrung der naturgesetze. Verlag der Akademie der
Wissenschaften in Kommission bei Walter De Gruyter u. Company., 1931.

E. Schrodinger, “Sur la théorie relativiste de 1’électron et I'interprétation de la
mécanique quantique,” in Annales de Uinstitut Henri Poincaré, vol. 2, pp. 269-
310, 1932.

A. Wakolbinger, “Schrodinger bridges from 1931 to 1991, in Proc. of the 4th
Latin American Congress in Probability and Mathematical Statistics, Mexico
City, pp. 61-79, 1990.

185



Bibliography

[11]

[12]

R. Sinkhorn, “A relationship between arbitrary positive matrices and dou-
bly stochastic matrices,” The annals of mathematical statistics, vol. 35, no. 2,
pp. 876-879, 1964.

R. Sinkhorn, “Diagonal equivalence to matrices with prescribed row and col-
umn sums, The American Mathematical Monthly, vol. 74, no. 4, pp. 402-405,
1967.

M. Cuturi, “Sinkhorn distances: Lightspeed computation of optimal transport,”
Advances in neural information processing systems, vol. 26, 2013.

A. Halder and R. Bhattacharya, “Dispersion analysis in hypersonic flight dur-
ing planetary entry using stochastic liouville equation,” Journal of Guidance,
Control, and Dynamics, vol. 34, no. 2, pp. 459-474, 2011.

T. Mikami, “Monge’s problem with a quadratic cost by the zero-noise limit of
h-path processes,” Probability theory and related fields, vol. 129, no. 2, pp. 245-
260, 2004.

C. Léonard, “From the Schrodinger problem to the Monge—Kantorovich prob-
lem,” Journal of Functional Analysis, vol. 262, no. 4, pp. 1879-1920, 2012.

C. Léonard, “A survey of the Schrédinger problem and some of its connections
with optimal transport,” Discrete and Continuous Dynamical Systems-Series A,
vol. 34, no. 4, pp. 1533-1574, 2014.

E. Hopf, “The partial differential equation u; + uu, = .., Communications on
Pure and Applied mathematics, vol. 3, no. 3, pp. 201-230, 1950.

[19] J. D. Cole, “On a quasi-linear parabolic equation occurring in aerodynamics,”

[20]

[21]

[22]

Quarterly of applied mathematics, vol. 9, no. 3, pp. 225-236, 1951.

Y. Chen, T. T. Georgiou, and M. Pavon, “Stochastic control liaisons: Richard
sinkhorn meets gaspard monge on a Schrédinger bridge,” Siam Review, vol. 63,
no. 2, pp. 249-313, 2021.

K. F. Caluya and A. Halder, “Wasserstein proximal algorithms for the
Schrodinger bridge problem: density control with nonlinear drift,” IEEE Trans-
actions on Automatic Control, vol. 67, no. 3, pp. 1163-1178, 2021.

A. M. Teter, 1. Nodozi, and A. Halder, “Solution of the probabilistic Lambert
problem: Connections with optimal mass transport, Schrédinger bridge and
reaction-diffusion PDEs,” arXiv preprint arXiv:2401.07961, 2024.

186



Bibliography

[23] A. Teter and A. Halder, “On the Hopf-Cole transform for control-affine
Schrodinger bridge,” arXiv preprint arXiv:2503.17640, 2025.

[24] B. Oksendal, Stochastic differential equations: an introduction with applications.
Springer Science & Business Media, 2013.

[25] I. Karatzas and S. Shreve, Brownian motion and stochastic calculus, vol. 113.
springer, 2014.

[26] H.]. Kappen, “Path integrals and symmetry breaking for optimal control the-
ory, Journal of Statistical Mechanics: Theory and Experiment, vol. 2005, no. 11,
p. P11011, 2005.

[27] K.F. Caluya and A. Halder, “Finite horizon density control for static state feed-
back linearizable systems,” arXiv preprint arXiv:1904.02272, 2019.

[28] I Nodozi and A. Halder, “Schrédinger meets Kuramoto via Feynman-Kac:
Minimum effort distribution steering for noisy nonuniform Kuramoto oscil-
lators,” in 2022 IEEE 61st Conference on Decision and Control (CDC), pp. 2953-
2960, IEEE, 2022.

[29] G.-H. Liu, A. Vahdat, D.-A. Huang, E. A. Theodorou, W. Nie, and A. Anand-
kumar, “I2SB: Image-to-Image Schrodinger Bridge,” in Proceedings of the 40th
International Conference on Machine Learning, pp. 22042-22062, 2023.

[30] L Nodozi, C. Yan, M. Khare, A. Halder, and A. Mesbah, “Neural Schrodinger
bridge with Sinkhorn losses: Application to data-driven minimum effort con-
trol of colloidal self-assembly,” IEEE Transactions on Control Systems Technol-
gy, vol. 32, no. 3, pp. 960-973, 2023.

[31] L Nodozi, J. O’Leary, A. Mesbah, and A. Halder, “A physics-informed deep
learning approach for minimum effort stochastic control of colloidal self-
assembly,” in 2023 American Control Conference (ACC), pp. 609-615, IEEE, 2023.

[32] F. Vargas, S. Padhy, D. Blessing, and N. Nisken, “Transport meets variational
inference: Controlled Monte Carlo diffusions,” in The Twelfth International
Conference on Learning Representations, 2024.

[33] K. F. Caluya and A. Halder, “Finite horizon density steering for multi-input
state feedback linearizable systems,” in 2020 American Control Conference
(ACC), pp. 3577-3582, IEEE, 2020.

[34] S.Haddad, K. F. Caluya, A. Halder, and B. Singh, “Prediction and optimal feed-
back steering of probability density functions for safe automated driving,” IEEE
Control Systems Letters, vol. 5, no. 6, pp. 2168-2173, 2020.

187



Bibliography

(35]

(36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

C. Yan, I. Nodozi, and A. Halder, “Optimal mass transport over the Euler equa-
tion,” in 2023 62nd IEEE Conference on Decision and Control (CDC), pp. 6819—
6826, IEEE, 2023.

K. Elamvazhuthi and A. Halder, “The ground cost for optimal transport of
angular velocity,” arXiv preprint arXiv:2504.03190, 2025.

K.F. Caluya and A. Halder, “Reflected Schrodinger bridge: density control with
path constraints,” in 2021 American Control Conference (ACC), pp. 1137-1142,
IEEE, 2021.

W. Deng, Y. Chen, N. T. Yang, H. Du, Q. Feng, and R. T. Chen, “Reflected
Schrodinger bridge for constrained generative modeling,” arXiv preprint
arXiv:2401.03228, 2024.

D. Dawson, L. Gorostiza, and A. Wakolbinger, “Schrédinger processes and
large deviations,” Journal of mathematical physics, vol. 31, no. 10, pp. 2385-
2388, 1990.

M. Nagasawa, Schrodinger equations and diffusion theory, vol. 86. Birkhauser,
2012.

F. Guerra and L. M. Morato, “Quantization of dynamical systems and stochas-
tic control theory,” Physical review D, vol. 27, no. 8, p. 1774, 1983.

Y. Chen, T. Georgiou, and M. Pavon, “Optimal steering of inertial particles dif-
fusing anisotropically with losses,” in 2015 American Control Conference (ACC),
pp. 12521257, IEEE, 2015.

L. Cohen, The Weyl operator and its generalization. Springer Science & Business
Media, 2012.

D. Robert and M. Combescure, Coherent states and applications in mathemati-
cal physics. Springer, 2021.

[45] J. Derezinski, “Some remarks on Weyl pseudodifferential operators,” Journées

Equations aux dérivées partielles, pp. 1-14, 1993.

[46] J. Derezinski, “Introduction to quantization” https://www. fuw.edu.

[47]

(48]

pl/~derezins/quantize.pdf, 2021. Accessed: 2024-06-09.

B. V. Fedosov, “Deformation quantization and index theory,” Mathematical top-
ics, vol. 9, 1996.

R. H. Battin, “Lambert’s problem revisited,” AIAA Journal, vol. 15, no. 5,
pp. 707-713, 1977.

188


https://www.fuw.edu.pl/~derezins/quantize.pdf
https://www.fuw.edu.pl/~derezins/quantize.pdf

Bibliography

[49]

[50]

[51]

R. H. Battin and R. M. Vaughan, “An elegant Lambert algorithm,” Journal of
Guidance, Control, and Dynamics, vol. 7, no. 6, pp. 662-670, 1984.

R. Engels and J. Junkins, “The gravity-perturbed Lambert problem: a ks vari-
ation of parameters approach,” Celestial mechanics, vol. 24, no. 1, pp. 3-21,
1981.

H. Shen and P. Tsiotras, “Optimal two-impulse rendezvous using multiple-
revolution Lambert solutions,” Journal of Guidance, Control, and Dynamics,
vol. 26, no. 1, pp. 50-61, 2003.

[52] J. W. McMahon and D. J. Scheeres, “Linearized Lambert’s problem solution,”

Journal of Guidance, Control, and Dynamics, vol. 39, no. 10, pp. 2205-2218,
2016.

[53] J. L. Junkins and H. Schaub, Analytical mechanics of space systems. American

[54]

[55]

[56]

[60]

Institute of Aeronautics and Astronautics, 2009.

R. Armellin, P. Di Lizia, and M. Lavagna, “High-order expansion of the so-
lution of preliminary orbit determination problem,” Celestial Mechanics and
Dynamical Astronomy, vol. 112, pp. 331-352, 2012.

P. W. Schumacher Jr, C. Sabol, C. C. Higginson, and K. T. Alfriend, “Uncertain
Lambert problem,” Journal of Guidance, Control, and Dynamics, vol. 38, no. 9,
pp. 15731584, 2015.

G. Zhang, D. Zhou, D. Mortari, and M. R. Akella, “Covariance analysis of Lam-
bert’s problem via Lagrange’s transfer-time formulation,” Aerospace Science
and Technology, vol. 77, pp. 765-773, 2018.

N. Adurthi and M. Majji, “Uncertain Lambert problem: a probabilistic ap-
proach,” The Journal of the Astronautical Sciences, vol. 67, pp. 361-386, 2020.

Z.Hall and P. Singla, “Higher order polynomial series expansion for uncertain
Lambert problem,” in AAS Astrodynamics Specialist Conference, 2018.

D. Guého, P. Singla, R. G. Melton, and D. Schwab, “A comparison of parametric
and non-parametric machine learning approaches for the uncertain Lambert
problem,” in AIAA Scitech 2020 Forum, p. 1911, 2020.

Y. Chen, T. T. Georgiou, and M. Pavon, “Optimal transport in systems and
control,” Annual Review of Control, Robotics, and Autonomous Systems, vol. 4,
no. 1, 2021.

189



Bibliography

[61]

[62]

[63]

[68]

[69]

[70]

[71]

[72]

F. Santambrogio, “Optimal transport for applied mathematicians,” Birkduser,
NY, vol. 55, no. 58-63, p. 94, 2015.

A. Tong, ]J. Huang, G. Wolf, D. Van Dijk, and S. Krishnaswamy, “Trajectorynet:
a dynamic optimal transport network for modeling cellular dynamics,” in In-
ternational conference on machine learning, pp. 9526-9536, PMLR, 2020.

G. Buttazzo, L. De Pascale, and P. Gori-Giorgi, “Optimal-transport formula-
tion of electronic density-functional theory,” Physical Review A, vol. 85, no. 6,
p. 062502, 2012.

S. Mei, A. Montanari, and P.-M. Nguyen, “A mean field view of the landscape
of two-layer neural networks,” Proceedings of the National Academy of Sciences,
vol. 115, no. 33, pp. E7665-E7671, 2018.

A. Halder and R. Bhattacharya, “Probabilistic model validation for uncertain
nonlinear systems,” Automatica, vol. 50, no. 8, pp. 2038-2050, 2014.

K. Lee, A. Halder, and R. Bhattacharya, “Performance and robustness analy-
sis of stochastic jump linear systems using Wasserstein metric,” Automatica,
vol. 51, pp. 341-347, 2015.

K. F. Caluya and A. Halder, “Gradient flow algorithms for density propagation
in stochastic systems,” IEEE Transactions on Automatic Control, vol. 65, no. 10,
pp. 3991-4004, 2019.

Y. Chen, T. T. Georgiou, and M. Pavon, “The most likely evolution of diffus-
ing and vanishing particles: Schrodinger bridges with unbalanced marginals,”
SIAM Journal on Control and Optimization, vol. 60, no. 4, pp. 2016—-2039, 2022.

K. F. Caluya and A. Halder, “Reflected Schrodinger bridge: Density control
with path constraints,” arXiv preprint arXiv:2003.13895, 2020.

V. De Bortoli, J. Thornton, J. Heng, and A. Doucet, “Diffusion Schrodinger
bridge with applications to score-based generative modeling,” Advances in
Neural Information Processing Systems, vol. 34, pp. 17695-17709, 2021.

A. Stromme, “Sampling from a Schrodinger bridge,” in International Conference
on Artificial Intelligence and Statistics, pp. 4058-4067, PMLR, 2023.

Y. Chen, T. Georgiou, and M. Pavon, “Entropic and displacement interpolation:
a computational approach using the Hilbert metric,” SIAM Journal on Applied
Mathematics, vol. 76, no. 6, pp. 2375-2396, 2016.

190



Bibliography

(73]

A. M. Teter, Y. Chen, and A. Halder, “On the contraction coefficient of the
Schrodinger bridge for stochastic linear systems,” IEEE Control Systems Letters,
vol. 7, pp. 3325-3330, 2023.

A. M. Teter, W. Wang, and A. Halder, “Schrédinger bridge with quadratic state
cost is exactly solvable,” arXiv preprint arXiv:2406.00503, 2024.

A. M. Teter, W. Wang, and A. Halder, “Weyl calculus and exactly solvable
Schréodinger bridges with quadratic state cost,” in 2024 60th Annual Allerton
Conference on Communication, Control, and Computing, pp. 1-8, IEEE, 2024.

A. M. Teter, W. Wang, S. Shivakumar, and A. Halder, “Markov kernels, dis-
tances and optimal control: A parable of linear quadratic non-Gaussian distri-
bution steering,” arXiv preprint arXiv:2504.15753, 2025.

A. M. Teter, I. Nodozi, and A. Halder, “Probabilistic Lambert problem: Connec-
tions with optimal mass transport, Schrédinger bridge, and reaction-diffusion
PDEs,” SIAM Journal on Applied Dynamical Systems, vol. 24, no. 1, pp. 16—43,
2025.

A. M. Teter, A. Halder, M. D. Schneider, A. S. Perloff, J. Pratt, C. M. Artman,
and M. Demireva, “Control-affine Schrodinger bridge and generalized Bohm
potential,” arXiv preprint arXiv:2508.08511, 2025.

A. Teter, I. Nodozi, and A. Halder, “Proximal mean field learning in shallow
neural networks,” arXiv preprint arXiv:2210.13879, 2022.

W. Wang, A. M. Teter, M. Arcak, and A. Halder, “Set invariance with prob-
ability one for controlled diffusion: Score-based approach,” arXiv preprint
arXiv:2507.22385, 2025.

D. Hilbert, “iiber die gerade linie als kiirzeste verbindung zweier punkte: Aus
einem an herrn f. klein gerichteten briefe,” Mathematische Annalen, vol. 46,
no. 1, pp. 91-96, 1895.

P.J. Bushell, “Hilbert’s metric and positive contraction mappings in a Banach
space,” Archive for Rational Mechanics and Analysis, vol. 52, pp. 330-338, 1973.

[83] J. Franklin and J. Lorenz, “On the scaling of multidimensional matrices,” Linear

[84]

Algebra and its applications, vol. 114, pp. 717-735, 1989.

Y. Chen, T. T. Georgiou, and M. Pavon, “On the relation between optimal trans-
port and Schrédinger bridges: a stochastic control viewpoint,” Journal of Op-
timization Theory and Applications, vol. 169, pp. 671-691, 2016.

191



Bibliography

[85]

[86]

[87]

[88]

[89]

E. B. Lee and L. Markus, Foundations of optimal control theory, vol. 87. Wiley
New York, 1967.

H. H. Bauschke, P. L. Combettes, and D. R. Luke, “Finding best approximation
pairs relative to two closed convex sets in Hilbert spaces,” Journal of Approxi-
mation theory, vol. 127, no. 2, pp. 178-192, 2004.

E. G. Gilbert, D. W. Johnson, and S. S. Keerthi, “A fast procedure for comput-
ing the distance between complex objects in three-dimensional space,” IEEE
Journal on Robotics and Automation, vol. 4, no. 2, pp. 193-203, 1988.

S. Cameron, “Enhancing GJK: Computing minimum and penetration dis-
tances between convex polyhedra,” in Proceedings of International Conference
on Robotics and Automation, vol. 4, pp. 3112-3117, IEEE, 1997.

M. Montanari, N. Petrinic, and E. Barbieri, “Improving the GJK algorithm for
faster and more reliable distance queries between convex objects,” ACM Trans-
actions on Graphics (TOG), vol. 36, no. 3, pp. 1-17, 2017.

[90] J. V. Neumann, “Zur theorie der gesellschaftsspiele,” Mathematische annalen,

[91]

[92]

[93]

[94]

[95]

[96]

vol. 100, no. 1, pp. 295-320, 1928.

D.-Z. Du and P. M. Pardalos, eds., Minimax and Applications, vol. 4 of Non-
convex Optimization and Its Applications. Springer Science & Business Media,
1995.

M. Kuang and E. G. Tabak, “Preconditioning of optimal transport,” SIAM Jour-
nal on Scientific Computing, vol. 39, no. 4, pp. A1793-A1810, 2017.

S. D. Marino and A. Gerolin, “An optimal transport approach for the
Schrodinger bridge problem and convergence of Sinkhorn algorithm,” Jour-
nal of Scientific Computing, vol. 85, no. 2, p. 27, 2020.

B. D. Anderson and ]J. B. Moore, Optimal control: linear quadratic methods.
Courier Corporation, 2007.

Y. Chen, T. T. Georgiou, and M. Pavon, “Optimal steering of a linear stochastic
system to a final probability distribution—part III,” IEEE Transactions on Auto-
matic Control, vol. 63, no. 9, pp. 3112-3118, 2018.

C. Bunne, Y.-P. Hsieh, M. Cuturi, and A. Krause, “The Schrédinger bridge be-
tween Gaussian measures has a closed form,” in International Conference on
Artificial Intelligence and Statistics, pp. 5802-5833, PMLR, 2023.

192



Bibliography

[97] H.Behjoo and M. Chertkov, “Harmonic path integral diffusion,” arXiv preprint
arXiv:2409.15166, 2024.

[98] M. Abramowitz and I. A. Stegun, eds., Handbook of Mathematical Functions
with Formulas, Graphs, and Mathematical Tables. Washington, DC, USA: U.S.
Government Printing Office, tenth printing ed., 1972.

[99] A. Zee, Quantum field theory in a nutshell, vol. 7. Princeton university press,
2010.

[100] J. Zinn-Justin, Quantum field theory and critical phenomena, vol. 171. Oxford
university press, 2021.

[101] F.R. Gantmakher, The theory of matrices, Vol. 1. American Mathematical Soc.,
2000.

[102] N.]J. Higham, Functions of matrices: theory and computation. SIAM, 2008.

[103] F. G. Mehler, “Ueber die entwicklung einer function von beliebig vielen vari-
ablen nach laplaceschen functionen hoherer ordnung.,” 1866.

[104] W. Kibble, “An extension of a theorem of Mehler’s on Hermite polynomials,”
in Mathematical Proceedings of the Cambridge Philosophical Society, vol. 41,
pp. 12-15, Cambridge University Press, 1945.

[105] D. Slepian, “On the symmetrized kronecker power of a matrix and extensions
of Mehler’s formula for hermite polynomials,” SIAM Journal on Mathematical
Analysis, vol. 3, no. 4, pp. 606-616, 1972.

[106] J. Louck, “Extension of the Kibble-Slepian formula for Hermite polynomials
using boson operator methods,” Advances in Applied Mathematics, vol. 2, no. 3,
pp. 239-249, 1981.

[107] L. Hormander, “Symplectic classification of quadratic forms, and general
Mehler formulas,” Mathematische Zeitschrift, vol. 219, pp. 413-449, 1995.

[108] K. Pravda-Starov, “Generalized Mehler formula for time-dependent non-
selfadjoint quadratic operators and propagation of singularities,” Mathema-
tische Annalen, vol. 372, no. 3, pp. 1335-1382, 2018.

[109] A. Halder, K. F. Caluya, B. Travacca, and S. J. Moura, “Hopfield neural net-
work flow: A geometric viewpoint,” IEEE Transactions on Neural Networks and
Learning Systems, vol. 31, no. 11, pp. 4869-4880, 2020.

[110] D. M. Himmelblau et al., Applied nonlinear programming. McGraw-Hill, 2018.

193



Bibliography

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

B. C. Hall, Quantum theory for mathematicians. Springer, 2013.

M. E. Taylor, Noncommutative microlocal analysis. No. 313, American Mathe-
matical Soc., 1984.

D. W. Stroock, Partial differential equations for probabalists. No. 112, Cam-
bridge University Press, 2008.

L. C. Evans, Partial differential equations, vol. 19. American Mathematical So-
ciety, 2022.

L. Hormander, General Mehler Formulas and the Weyl Calculus, in Unpublished
Manuscripts: from 1951 to 2007, pp. 160—171. Springer International Publishing,
2018.

Y. Chen, T. Georgiou, and M. Pavon, “Optimal steering of inertial particles dif-
fusing anisotropically with losses,” in 2015 American Control Conference (ACC),
pp. 1252-1257, IEEE, 2015.

Y. Chen, T. T. Georgiou, and M. Pavon, “Optimal steering of a linear stochastic
system to a final probability distribution—part iii,” IEEE Transactions on Auto-
matic Control, vol. 63, no. 9, pp. 3112-3118, 2018.

H. Behjoo and M. Chertkov, “Harmonic path integral diffusion,” IEEE Access,
2025.

M. Chertkov, S. Ahn, and H. Behjoo, “Sampling decisions,” arXiv preprint
arXiv:2503.14549, 2025.

Y. Mei, M. Al-Jarrah, A. Taghvaei, and Y. Chen, “Flow matching for stochastic
linear control systems,” arXiv preprint arXiv:2412.00617, 2024.

E. Schrodinger, “Uber die Umkehrung der Naturgesetze,” Sitzungsberichte der
Preuss Akad. Wissen. Phys. Math. Klasse, Sonderausgabe, vol. IX, pp. 144-153,
1931.

E. Schrédinger, “Sur la théorie relativiste de I’électron et 'interprétation de la
mécanique quantique,” in Annales de L’Institut Henri Poincaré, vol. 2, pp. 269—
310, Presses universitaires de France, 1932.

Y. Chen, T. T. Georgiou, and M. Pavon, “Optimal steering of a linear stochastic
system to a final probability distribution, part i,” IEEE Transactions on Auto-
matic Control, vol. 61, no. 5, pp. 1158-1169, 2015.

194



Bibliography

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

S. R. S. Varadhan, “On the behavior of the fundamental solution of the heat
equation with variable coefficients,” Communications on Pure and Applied
Mathematics, vol. 20, no. 2, pp. 431-455, 1967.

S. A. Molchanov, “Diffusion processes and Riemannian geometry,” Russian
Mathematical Surveys, vol. 30, no. 1, p. 1, 1975.

K. Crane, C. Weischedel, and M. Wardetzky, “The heat method for distance
computation,” Communications of the ACM, vol. 60, no. 11, pp. 90-99, 2017.

I. Chavel, Eigenvalues in Riemannian geometry. Academic press, 1984.

A. Grigor’yan and M. Noguchi, “The heat kernel on hyperbolic space,” Bulletin
of the London Mathematical Society, vol. 30, no. 6, pp. 643-650, 1998.

E. P. Hsu, Stochastic analysis on manifolds. No. 38, American Mathematical
Soc., 2002.

R. W. Brockett, “Control theory and singular Riemannian geometry,” in New
Directions in Applied Mathematics: Papers Presented April 25/26, 1980, on the
Occasion of the Case Centennial Celebration, pp. 11-27, Springer, 1982.

R. S. Strichartz, “Sub-Riemannian geometry,” Journal of Differential Geometry,
vol. 24, no. 2, pp. 221-263, 1986.

M. Gromov, “Carnot-Carathéodory spaces seen from within,’ in Sub-
Riemannian geometry, pp. 79-323, Springer, 1996.

C. Léonard, “Stochastic derivatives and generalized h-transforms of Markov
processes,” arXiv preprint arXiv:1102.3172, 2011.

R. W. Brockett, Finite dimensional linear systems. John Wiley & Sons Inc., 2015.

V. Kucera, “A review of the matrix Riccati equation,” Kybernetika, vol. 9, no. 1,
pp. 42-61, 1973.

W. Porter, “On the matrix Riccati equation,” IEEE Transactions on Automatic
Control, vol. 12, no. 6, pp. 746-749, 1967.

N. Viswanadham and D. Atherton, “On invariance of degree of controllability
under state feedback,” IEEE Transactions on Automatic Control, vol. 20, no. 2,
pp. 271-273, 1975.

R. Brockett, “Poles, zeros, and feedback: State space interpretation,” IEEE
Transactions on Automatic Control, vol. 10, no. 2, pp. 129-135, 1965.

195



Bibliography

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

J. Yong and X. Y. Zhou, Stochastic controls: Hamiltonian systems and HJB equa-
tions, vol. 43. Springer Science & Business Media, 2012.

L. Csiszar, “Sanov property, generalized I-projection and a conditional limit
theorem,” The Annals of Probability, pp. 768-793, 1984.

J.H. Lambert, “IH Lambert Academiae Scientiarvm Electoralis Boicae Membri Et
Professoris Honorarii...” Insigniores Orbitae Cometarvm Proprietates. Svmtibvs
Eberhardi Klett Vidvae, 1761.

L. Euler, “Determinatio orbitae cometae qui mense martio huius anni 1742
potissimum fuit observatus,” Miscellanea Berolinensia, pp. 1-90, 1743.

J. L. Lagrange, Sur une maniere particuliere d’exprimer le tems dans les sections
coniques: décrites par des forces tendantes au foyer et réciproquement propor-
tionnelles aux carrés des distances. imprimé chez George Jacques Decker, 1780.

A. Albouy, “Lambert’s theorem: geometry or dynamics?,” Celestial Mechanics
and Dynamical Astronomy, vol. 131, no. 9, p. 40, 2019.

“Earth gravitational model 2008 (EGM2008) data and apps” https:
//earth-info.nga.mil/index.php?dir=wgs84&action=
wgs84#egm2008, 2008 (accessed May 24, 2023).

M. Bando and H. Yamakawa, “New Lambert algorithm using the Hamilton-
Jacobi-Bellman equation,” Journal of Guidance, Control, and Dynamics, vol. 33,
no. 3, pp. 1000-1008, 2010.

M. Kim and S. Park, “Optimal control approach to Lambert’s problem and
Gibbs’ method,” Applied Sciences, vol. 10, no. 7, p. 2419, 2020.

A.Halder and R. Bhattacharya, “Beyond Monte Carlo: a computational frame-
work for uncertainty propagation in planetary entry, descent and landing,” in
AIAA Guidance, Navigation, and Control Conference, p. 8029, 2010.

S. Haddad, A. Halder, and B. Singh, “Density-based stochastic reachability
computation for occupancy prediction in automated driving,” IEEE Transac-
tions on Control Systems Technology, 2022.

C. Villani, Optimal transport: old and new, vol. 338. Springer, 2009.

A. Figalli, Optimal transportation and action-minimizing measures. PhD thesis,
Lyon, Ecole normale supérieure (sciences), 2007.

196


https://earth-info.nga.mil/index.php?dir=wgs84&action=wgs84#egm2008
https://earth-info.nga.mil/index.php?dir=wgs84&action=wgs84#egm2008
https://earth-info.nga.mil/index.php?dir=wgs84&action=wgs84#egm2008

Bibliography

[152]

[153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

[161]

[162]

[163]

J. Yong, “Relations among ODEs, PDEs, FSDEs, BSDEs, and FBSDEs,” in Pro-
ceedings of the 36th IEEE Conference on Decision and Control, vol. 3, pp. 2779-
2784, IEEE, 1997.

J. Yong and X. Y. Zhou, Stochastic controls: Hamiltonian systems and HJB equa-
tions, vol. 43. Springer Science & Business Media, 1999.

I. Nodozi and A. Halder, “Schrédinger meets Kuramoto via Feynman-Kac:
minimum effort distribution steering for noisy nonuniform Kuramoto oscil-
lators,” in 2022 IEEE 61st Conference on Decision and Control (CDC), pp. 2953~
2960, IEEE, 2022.

H. D. Curtis, Orbital mechanics for engineering students. — Butterworth-
Heinemann, 2013.

Y. Shi, V. De Bortoli, G. Deligiannidis, and A. Doucet, “Conditional simulation
using diffusion Schrodinger bridges,” in Uncertainty in Artificial Intelligence,
pp. 1792-1802, PMLR, 2022.

G.-H. Liu, T. Chen, O. So, and E. Theodorou, “Deep generalized Schrédinger
bridge,” Advances in Neural Information Processing Systems, vol. 35, pp. 9374-
9388, 2022.

W. Xie, R. Zhou, H. Wang, T. Shen, and E. Chen, “Bridging user dynamics:
Transforming sequential recommendations with Schrédinger bridge and dif-
fusion models,” in Proceedings of the 33rd ACM International Conference on In-
formation and Knowledge Management, pp. 2618-2628, 2024.

A.Dembo and O. Zeitouni, Large deviations techniques and applications, vol. 38.
Springer Science & Business Media, 2009.

R. Aebi and M. Nagasawa, “Large deviations and the propagation of chaos for
schrodinger processes,” Probability Theory and Related Fields, vol. 94, no. 1,
pp. 53-68, 1992

H. Follmer, “Random fields and diffusion processes,” Lect. Notes Math, vol. 1362,
pp. 101-204, 1988.

P. Dai Pra, “A stochastic control approach to reciprocal diffusion processes,”
Applied Mathematics and Optimization, vol. 23, no. 1, pp. 313-329, 1991.

M. Pavon and A. Wakolbinger, “On free energy, stochastic control, and
Schrédinger processes,” in Modeling, Estimation and Control of Systems with
Uncertainty: Proceedings of a Conference held in Sopron, Hungary, September
1990, pp. 334-348, Springer, 1991.

197



Bibliography

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

[172]

[173]

[174]

[175]

[176]

[177]

A. Blaquiere, “Controllability of a Fokker-Planck equation, the Schrodinger
system, and a related stochastic optimal control (revised version),” Dynamics
and Control, vol. 2, no. 3, pp. 235-253, 1992.

M. Nagasawa, “Transformations of diffusion and Schrédinger processes,” Prob-
ability Theory and Related Fields, vol. 82, no. 1, pp. 109-136, 1989.

M. Born, “Quantenmechanik der stolvorgénge,” Zeitschrift fiir physik, vol. 38,
no. 11, pp. 803-827, 1926.

A. Ohsumi, “An interpretation of the Schrédinger equation in quantum me-
chanics from the control-theoretic point of view,” Automatica, vol. 99, pp. 181-
187, 2019.

E. Nelson, “Derivation of the Schrédinger equation from Newtonian mechan-
ics,” Physical review, vol. 150, no. 4, p. 1079, 1966.

K. Yasue, “Quantum mechanics and stochastic control theory,” Journal of
Mathematical Physics, vol. 22, no. 5, pp. 1010-1020, 1981.

H. H. Rosenbrock, “Doing quantum mechanics with control theory,” IEEE
Transactions on Automatic Control, vol. 45, no. 1, pp. 73-77, 2002.

M. Pavon, “Quantum Schrodinger bridges,” in Directions in mathematical sys-
tems theory and optimization, pp. 227-238, Springer, 2002.

M. Pavon and F. Ticozzi, “Schrédinger bridges for discrete-time, classical and
quantum Markovian evolutions,” in Proceedings of the 19th International Sym-
posium on Mathematical Theory of Networks and Systems—MTNS, vol. 5, 2010.

D. Bohm, “A suggested interpretation of the quantum theory in terms of "hid-
den" variables. I, Physical review, vol. 85, no. 2, p. 166, 1952.

D. Bohm and J.-P. Vigier, “Model of the causal interpretation of quantum the-
ory in terms of a fluid with irregular fluctuations,” Physical Review, vol. 96,
no. 1, p. 208, 1954.

F. Guerra, “Structural aspects of stochastic mechanics and stochastic field the-
ory, Physics Reports, vol. 77, no. 3, pp. 263-312, 1981.

H. A. Bethe, “Theory of disintegration of nuclei by neutrons,” Physical Review,
vol. 47, no. 10, p. 747, 1935.

H. Feshbach, “Unified theory of nuclear reactions,” Annals of Physics, vol. 5,
no. 4, pp. 357-390, 1958.

198



Bibliography

[178] R. C. Arnold, “Optical potential for high-energy physics: theory and applica-
tions,” Physical Review, vol. 153, no. 5, p. 1523, 1967.

[179] L. Foldy and J. D. Walecka, “On the theory of the optical potential,” Annals of
Physics, vol. 54, no. 3, pp. 447-504, 1969.

[180] B. Sinha, “The optical potential and nuclear structure,” Physics Reports, vol. 20,
no. 1, pp. 1-57, 1975.

[181] R. Courant and D. Hilbert, Methods of Mathematical Physics, Volume 1, vol. 1.
John Wiley & Sons, 2008.

[182] E. M. Stein and R. Shakarchi, Real analysis: measure theory, integration, and
Hilbert spaces. Princeton University Press, 2009.

[183] M. A. Shayman, “Phase portrait of the matrix Riccati equation,” SIAM Journal
on Control and Optimization, vol. 24, no. 1, pp. 1-65, 1986.

184] W. W. Hager, “Updating the inverse of a matrix,” SIAM review, vol. 31, no. 2,
g p g
pp. 221-239, 1989.

[185] R. A. Horn and C. R. Johnson, Matrix analysis. Cambridge university press,
2nd ed., 2012.

[186] I. Karatzas and S. Shreve, Brownian motion and stochastic calculus, vol. 113.
Springer Science & Business Media, 2012.

199



	List of Figures
	List of Tables
	List of Notations
	List of Acronyms
	Abstract
	Acknowledgements
	Introduction
	Overview
	Optimal Mass Transport
	Static Formulation of OMT
	Dynamic Formulation of OMT
	Generalized OMT

	Schrödinger Bridge Problem
	Static Formulation of SBP
	Dynamic Formulation of SBP
	Generalized SBP

	Hopf-Cole Transform and Schrödinger Factors
	Hopf-Cole Transform for Classical SBP
	Hopf-Cole Transform for Control-Affine SBP

	Existing Literature and Original Contributions
	Organization of Dissertation
	Publications

	The Contraction Coefficient in Linear SBPs
	Overview
	The Contraction Coefficient for the Classical SBP
	The Linear SBP
	The Contraction Coefficient for the Linear SBP
	Control-Theoretic Interpretation
	Geometric Interpretation
	Improved Computation via Preconditioning

	Classical SBP with Quadratic State Cost
	Overview
	Deriving k+ Via Hermite Polynomials
	Kernel for Q
	Known Kernels as Special Cases of k++
	Kernel for Q

	Numerical Simulations
	Deriving k+ via Weyl Calculus
	Key Notations and Background for Weyl Calculus
	Weyl Calculus
	From PDE to Weyl Operator
	From Weyl Operator to Weyl Symbol
	From Weyl Symbol to Kernel
	Kernel for the SBP with Quadratic State Cost
	Further Generalization Via Weyl Calculus


	Linear SBP with Quadratic State Cost
	Overview
	Markov Kernels and Distances
	Distances from Optimal Control
	Distance and Kernel for LQ SBP
	Getting dist
	Getting k
	Using k to Solve LQ SBP with Non-Gaussian 0,1

	Generalized SBP with State Cost
	Overview
	Conditions for Optimality of SBP with Additive State Cost
	Lambert's Problem
	Deterministic Lambert's Problem
	Probabilistic Lambert's Problem

	Lambertian OMT
	Formulation of Lambertian OMT
	Existance/Uniqueness of L-OMT

	Lambertian SBP
	Integral Representation for the Schrödinger Factors
	Solving Lambertian SBP with Generic Gravitational Potential
	Left Riemann Sum Approximation

	Numerical Simulation

	Future Directions and Summary
	Overview
	Connection to the Schrödinger PDE
	Dynamics of the Wave Function for the Control Affine SBP
	The Case =BB
	Reduction to Standard Schrödinger PDE
	Connections with Bohm
	Remarks

	Summary of Results

	Proofs for Chapter 1
	Proof of Theorem 1.1
	Proof of Theorem 1.2 

	Proofs for Chapter 2
	Proof of Theorem 2.1

	Proofs for Chapter 3
	Proof of Lemma 3.1
	Proof for Lemma 3.3
	Proof of Proposition 3.1
	Proof of Theorem 3.1
	Proof of Proposition 3.2
	Proof of Proposition 3.3
	Proof of Theorem 3.3
	Proof of Proposition 3.4
	Proof of Theorem 3.4

	Proofs for Chapter 4
	Derivation of (4.22)
	Proof of Proposition 4.3
	Proof of Theorem 4.1
	Proof of Corollary 4.2

	Proofs for Chapter 5
	Proof of Theorem 5.1
	Proof of Theorem 5.2
	Proof of Theorem 5.3

	Proofs for Chapter 6
	Proof of Lemma 6.1
	Proof of Theorem 6.1

	Bibliography



