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MORE SATURATED IDEALS

MATTHEW FOREMAN

81. In this paper we prove three theorems relating the consistency of huge
cardinals with the consistency of saturated ideals on regular cardinals and with
the consistency of model theoretic transfer properties.

We prove:

THEOREM. Con(ZFC+“there is a 2-huge cardinal”) implies Con(ZFC+“for
allm.n € w with m > n, (N1, X)) = (N,01,8,)7).

TaEOREM. Con(ZFC+“there is a huge cardinal”) implies Con(ZFC+“for all
n € w, there is a normal, 8,-complete, N, -saturated ideal on X, ”+“there is
a normal, X, -complete, R, ,-saturated ideal on R, 1”).

The theorem above contains all the new ideas necessary to prove the following
theorem:

THeOREM. Con(ZFCH-“there is a huge cardinal”) implies Con(ZFC+“every
regular cardinal & carries a k™ -saturated ideal”).

We now make some definitions: Let £ be a countable language with a unary
predicate U. An L-structure 2 is said to have type (s, 1) if and only if || = &
and U% = 1. If k > K/, 2 > )/ we say that (k, 1) — (k’, 2’) if and only if every
structure 2 of type (k. A) has an elementary substructure B < 2 of type (x’.
).

Anideal Z C P is set to be a-complete if and only if whenever {X, : y < f}
CZandf<a.U,.pX, €I. Aset A C p(k)is said to be positive if 4 ¢ 7.
The ideal Z is normal if and only if for every positive set 4 C k and every
regressive function f defined on A thereis a f € & such that {a : f(a) = S}
is positive. The ideal Z is said to be A-saturated if and only if it is normal and
g (x)/T has the A-chain condition. (We shall never consider “non-normal”
saturated ideals.) There is an extensive literature on saturated ideals. (Cf.
[KM78, Kun78].)

Let j: V' — M be an elementary embedding from J into a transitive class
M . Let kg be the critical point of j (i.e., the first ordinal moved by j), and
let k;41 = j(k;). We shall call j an n-huge embedding and k¢ an n-huge
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224 MATTHEW FOREMAN

cardinal if and only if M is closed under x,-sequences. (This means that if
(x4 : @< ky) C M then (x, : a < k,) € M.) An almost n-huge embedding
is an embedding j as above such that M is closed under < k,-sequences, i.e.,
if f<k,and {x, : a < f} C M then {x, : o < f} € M. We shall use the
notation “crit(j)” for the critical point of ;.

If kg < 4 < k1 and j is at least an almost huge embedding, then j induces a
supercompact measure on g, (4). In particular, j induces a normal measure
on k.

ProrosiTioN 1.1. Let j be an n-huge embedding. Let U be the measure on
k induced by j. Then there is a set A of measure one for U such that for all
a and § € A, there is an almost n-huge embedding j, s such that the critical
point of j, 5 is o and j, () = f.

ProoF. This is a routine reflection argument. = (Proposition 1.1)
We now precisely state the theorems we shall prove:

THEOREM 1.2. Con(ZFC+there is a sequence of huge embeddings (j, : n €
) with j, (critical point of j,) =critical point of j, ;) = Con(ZFC+for all
m,n € w, m > nimplies (R, 1,N,) = (N1, R,)).

THEOREM 1.3. Con(ZFC+-there is a sequence of almost huge embeddings
(jn : n € ) with j, (critical point of j,) = critical point of j, ;) =
Con(ZFC+for all n € w there is a normal, N,-complete, R, -saturated ideal
onX,).!

THEOREM 1.4. Con(ZFC+there is a huge cardinal) = Con(ZFC + R,
carries a normal N, ,,-saturated ideal and for all n € w, N, carries an N, |-
saturated ideal).

We shall assume that the reader is familiar with iterated forcing. (Cf.
[Bau83] for an excellent exposition.) All of our partial orderings P will
have a unique greatest element, 1p. Our notion of “support” will be the
standard one and if p is a condition in an iteration we shall write “supp p”
for its support. For the inverse limit of a system {P; : i € I} we shall
write hﬁ{IP’i : i € I'}. We shall also use the notion of support for products
of partial orderings. If {Q; : i € I} is a collection of partial orderings,
welet [[(Q; : i € I) = {f : f isa function with domain [ and for alli €
I f(i) € Q;}. The product [[(Q; : i € I) is ordered coordinatewise. If
pell(Q; :iel) thensuppp ={i : p(i) # 1@1‘}' If K C p(I) is an ideal
then [[ 0 ,ex(Qi i€ 1)={f €[[(Q : i €I) : supp f € K}

If (Q; : i € w) is a sequence of terms such that Q; | € VQ*Qe+Qi e
write EoQi for the finite iteration Qg * Qg * - - - * Q,,. If S is a partial ordering

IWe note that the model used to prove Theorem 1.2 also satisfies the conclusion of Theorem 1.3.
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with a uniform definition, we shall use S” to denote the partial ordering S
defined in ¥'F. To simplify notation, we shall write P * S to mean IP x ST.

If P is a partial ordering we shall use B(IP) to denote the canonical complete
boolean algebra obtained from P. If p(.....7,) is a formula in the forcing
language of IP, we shall use the notation p A g, and p V ¢ to be the meet and
join of p and ¢ in B(PP). Similarly —p will denote the complement of p € B(P).
If b € B(P). we shall say that p “decides” b (in symbols p || b) if and only if
p <borp<-b. Weshall write p I- b if p < b.

We define C(k.7) = {p : p: k = y.|p| < &}. D). C(x,y) is the partial
ordering appropriate for making y have cardinality . We shall call this the Levy
collapse. Similarly, we shall define the Silver collapse S(k, 1) by p € S(k, A) if
and only if

(@) p: Ax K — 2

(b) |pl <k

(c) thereisaé <k, domp CAx¢
(d) foralla < k,y < 4, p(y.a) <y

S (k. A) is ordered by reverse inclusion: Standard arguments show that for
inaccessible 4, S(k, 1) makes A into xT.

Ify <yand k < y’, C(k.y") is a subset of C(k.y). If p € C(k.y). we
define pN C(k,y’) to be ¢, where dom g = {a < k : p(a) < y’} and for each
a € domyg. g(a) = p(a). Itis easy to see that p N C(k.y’) € C(k,y’). If
p € C(k.y), we define sup p to be sup[{p(a) + 1 : o € dom p}].

We shall write & for a finite sequence of ordinals. If ag, ., ....a, are
mentioned in connection with & we shall assume that & = (ag, a1, ..., ay).

If k and A are cardinals, with sk < Aand x,y € p, (1) ={z C 1 : |z| < K}
then we write x < y if and only if x C y and the order type of x is less the the
order type of y N k. If x € (). let crit(x) = order type of x N &.

If B and C are complete Boolean algebras and n: B — C is an order
preserving function, 7 is called a projection map if whenever G C B is generic,
7" G C C is generic.

Let P and Q be partial orderings. If i: P — Q is one to one, order and
incompatibility preserving function with the property that whenever 4 C P
is a maximal antichain, ;"4 C Q is a maximal antichain, then we say that
i 1s a neat embedding from P into QQ, and write i: P < Q. Standard theory
says that if 7: Q — P is a neat embedding then there is a projection map
n: B(Q) — B(P) such that for all p € P, z(i(p)) = p.

Ife: P < Qand S € Vis a partial ordering we define P %, S to be the
iteration with amalgam e”Q: conditions consist of pairs (p, t) where p € P
and 7 is a Q-term for an element of S. Let (p,7) < (p’.7’) if and only if
p <p p' and n(p) I- t < t’. (Cf. [For82] for more on this definition.)

We shall say that a partial ordering IP has the x-chain condition (is x-c.c.)
if and only if there is no antichain in P of size x. The partial ordering P



226 MATTHEW FOREMAN

is k-closed if and only whenever (p, : a < f) is a decreasing sequence of
conditions with f < k, thereisa ¢ € P such that forall @ < f, ¢ < pa.
If P is a partial ordering and p € P, then P/p is defined to be {¢ : ¢ < p}.

§2. In this section we prove Theorems 1.2 & 1.3. We begin by mentioning
theorems of Magidor and Kunen that we shall use extensively in this paper.

TreoreM (Kunen; [Kun78]). Let j: ¥V — M be a huge embedding. Suppose
P x Q is a forcing notion such that
(a) Pis ko-c.C.,
(b) Qis ko-closed in VP,
(€) |P| = ko, [P +xQ| = &1,
(d) there is a projection map n: B(j(P) * j(Q)) — B(P*Q) anda g ¢

j(P) x j(Q) such that for all » € j(P) * j(Q). r < g implies j(n(r)) > r

then in VP*Q:

(i) ko carries a normal, ko-complete. j(ko)-saturated ideal, and

(ii) (j (ko). ko) — (ko. < ko).

Magidor proved that to get a normal xo-complete, j(kg)-saturated ideal on
K. it is enough to have j be almost huge and replace (d) by:
(d’) There is a neat embedding i : B(P' x Q) — B(j(P)).
We shall need the following preservation lemmas.

LemMma 2.1. Let 4 be a regular cardinal. Suppose P is A-c.c. and Q is A-closed.
(We do not rule out P = &.)

(a) If k < / and k carries a normal A-saturated ideal in V¥, then  carries a
normal A-saturated ideal in V'F*Q,

(b) If ¥V <A,y <k <Jland (4. V) — (k,y)in V, then (1, 1) — (k,y) in
Ve,

Prookr. SincePis A-c.c., Qis (1, co)-distributive in ¥'F. Thus, if 7 is a normal
J-saturated ideal on x in V¥, Z remains a normal ideal in (V'¥)2. Suppose T
is no longer A-saturated in V'¥*Q, Let (5, : a < A) be terms in ¥'F*© for an
antichain. We shall build a descending sequence (g, : @ < 4) C Qin V with
the property that there is a term 7, € VP such that ||ga IFg 00 = (1a)" |lp = 1.
We do this by induction on a. Let g_; = 1g.

Assume we have defined {gs : f < a}. Letq;' < {gs : f < a}. Thereis
such a ¢! because o < 4 and Q is A-closed. We shall simultaneously build
{¢4 : 7 < ya} C Q and a maximal antichain {p, : y < y,} € P. These
will have the property that for each y there is a term 7, € V¥ such that
(Py.qa) IFpxq 04 = (z2)"". Assume that we have built (¢} : y < &) and
(p, : y < &) with the above property. Note that & < A since P has the A-chain
condition. If (p, : y < &) is not a maximal antichain, pick pe, g¢ such that
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g < (q% : y < &) and for some 75 € VF. (pz. q3) Fexg ($)"" = 64 and p;
is incompatible with each p,. y < ¢.

Since P has the A-c.c., for some & < A, {p, : y < &} is a maximal antichain.
Let ¢, < {q4 : y < &} and 7, € V¥ be such that p, I+ 7, = 7,. Then
g0 IFg (z27) = oallp = 1.

In VP, (qo : a < y) identifies a sequence (1, : a < 4) C (p(k))"". If
a< f<ithenqplgaNtg € ZTand 1,.75 ¢ Z. But “t, N7p € Z” and
“to ¢ I” is absolute between V¥ and VF*Q, Hencein VF, (z, : a < A)isan
antichain of size 4 in g (x)/Z, a contradiction.

(b) Let A = (A; A, fi)icw be a fully skolemized structure of type (4, 4') in
V@ Using the A-closure of Q. in ¥ we can find a sequence (p, : a < 1) CQ
and a structure 2" = (1 ; A, f1);ce such that f7 are defined on all of 1 and for
each ff € 2<¢ and each i thereis an a < 4 po IF f;(f) = f1(f). Let B < A
be of type (k. 7). Since k < A and 4 is regular there is an « such that for all
B € B. po - fi(f) = f1(f). But then p, IF B is closed under all of the f’s.

Hence p, I+ B < 2. — (Lemma 2.1)

A partial ordering IP will be called x-centered if and only if there is a collection
{Cqs : a < &} of disjoint subsets of P such that

(a) P=U,<, Ca-
(b) If p1.....pn € Co then \_, p; #0.
In particular, if |P| < &, P is x-centered.

LeEmMA 2.2. Let Z be a k™t -saturated ideal on ™. Suppose Pis a x-centered
partial ordering. Then Z generates a normal x*-complete, x* " -saturated ideal
in V® (Laver proved stronger results unknown to the author at the time this
work was done. Cf. [Lav82A] and [Lav82B].)?

Proor. Fix a centering (C, : y < k) of P. Then P is manifestly x*-c.c.
Hence 7 remains k" -complete and normal. We need to see that 7 is -
saturated. Let (X, : a < x**) be a term of an antichain of size x**. Let
Yaﬁ =X, N Xﬁ. Then Yaﬁ € VPand || Ya,ﬂ € Z|| = 1. (Here we are using Z
to stand for the ideal generated by Z in V'¥.) Hence for each pair a.

I3Y e V(Y €Zand Y C V)| = L.

Since P is kT-c.c. and Z is k"-complete, there is a sequence in V', (Yo @ o <
p<ktt) CTand||X,NXp C Yyp| =1. Foreach X, and each y < &, let
Xoy ={¢ : thereisap € C,.p - & € Xo}. Since || Xo C U, Xayll =1
and 7 is k" -complete, there must be some y, with X, , ¢ Z. By the pigeon-
hole principle, there is a set S C x**, S € V with |S| = ™" such that for
allo, p € S, yo = yp. Fix such a set S and such a y = y,. We claim that if
a,fpeS. then X,, N Xp, C Yoy

2 Note (2018): This remark is in the original paper.
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Let ¢ € X,, N Xop. Since C, is a collection of compatible elements we can
findage C,.qlF &€ X,, N Xp,. Buttheng I ¢ € Y, 4. Hence & € Y,y
We now derive our contradiction: (X,, : a € §) is a set of positive elements
of (k™) with respect to Z and if .. f € S. @ # f. Xo, N X, C Yop € T.
Hence (X,, : a € S) are an antichain of size £ in the ground model, a
contradiction. 1 (Lemma 2.2)

The following lemma is standard (Cf. [KM78]).

LemMA 2.3. Suppose A’ < k' < 4 < k are regular cardinals.

(a) If P hasthe A/-c.c. and (k. 1) — (/. A') thenin VT, (k. 1) — (', 1)).
(b) If P has the /-c.c. and & carries a k" -saturated ideal Z, then in V'F, Zisa
kT -saturated ideal.

Let (j, : n € @) be a sequence of huge embeddings. Let x, = crit(j,) and
suppose j,(k,) = Kyi1. Suppose (R, : n € w) is a sequence of terms for

. . . ¥ R;
partial orderings with R, ;| € Vi such that
. .. . ¥ R; .
(a) .QOR,- has the k,-chain condition and in Vi R, is k,-closed
im

(b) In ViiORi, foralli <nk; =N, »

(c) In VI:UR", R, 1 has cardinality k.
(d) For each n, there is a projection map = : jn(‘ioR[) — ‘ioRi * R,ui
i= i=

and a condition g € j,,(yiORi) * jo(R,41) such that for all r < ¢, r €
i
jn(;ORi) ¥ ju(Ryy1), ju(m(r)) > r. (Thus, if P/ = ‘ioRi and Q = R,,, then
i= i=l
P’ and Q satisfy the hypothesis (d) in Kunen’s theorem.)

n

Let P = lim ( 'ZoRi : n € w). By Kunen’s Theorem, in Vi there is
=

kny1-saturated ideal on x, and (k,i1,k,) = (Kp, kn—1). (Let k_; = Ny.)

But P/ .%0 R; is k,11-closed. Hence by Lemma 2.1 in VP forallm,n € w,

m>n>0, (N,11.8,) — (8,11.8,) and N, carries a normal X,,,-complete
N,,.1-saturated ideal.

By Lemmas 2.2 & 2.3, in VE*C®oR0 forallm.n € o, m > n, (R0, R,,) —
(N,41.8,) and N, carries an R,,-complete X, |-saturated ideal.

We shall now concentrate our attention on building the R’s. The construction
given here is considerably simpler than our original one at the expense of
introducing somewhat more technicality.* The next few definitions and lemmas
explore these technicalities.

3 Editors’ note: This wording is from the original published manuscript.
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LeEMMA 2.4. Let P and Q be partial orderings. Suppose z: P — Q has the
properties:

(1) p1 < p> implies z(p1) < #(p2). and
(2) forall p € Pthereisa g < n(p) such that for all ¢’ < g thereisa p’ < p
such that z(p’) < ¢'.

P Q

p —— =n(p)

VI VI

Then 7 is a projection map.
Proor. This is standard. 1 (Lemma 2.4)

The following was discovered independently by Avraham:

DEFINITION 2.5 (Laver). Let P be a partial ordering and Q € V'F be a term
for partial ordering. We define the termspace partial ordering Q* to be the
following partial order:

domQ* ={r : 1€ V¥ |t €Q|=1andforallz’ € V7,
if rank(z’) < rank(z) then ||7' = t||p # 1}.
For 7,7/ € dom Q*,
7 <@g+t ifandonlyif |z <g7|p=1.

(Technically we want to take the universe of Q* to be equivalence classes of
terms modulo the relation 7; ~ 7, if and only if ||z} = 72]|p = 1. In practice we
ignore this distinction.)

The main use of the termspace partial ordering is summed up by:

LEMMA 2.6.

(a) Let Q € V¥ be a term for a partial ordering. There is a projection map
T:PxQ* = PxQ

(b) Let (Q; : i € w) C VT be terms for partial orderings. Then there is a
projection map

n: P x H(Q,-)* - Px (HQ,)VP

icw icw
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(c) If (Q; : i € w), (P; : i € w) are two sequences of partial orderings
and for each i € w ¢;: Q; — P; is a neat embedding, then there is a
¢ [lico Qi = Il;c,, Pi extending each ¢;.

Proor. (a)Define z asfollows: If (p.7) € PxQ*, letn(p.t) = (p. 1) € PxQ.
We want to apply Lemma 2.4. It is enough to see that if (p.7) € P x Q*
and (q.0) € Px Q with (¢.0) <p.g (p.7) there is a ¢’ € Q* such that
(¢.0") <pxq+ (p.7) and (¢.0") <p.g (¢.0). Let ¢’ be a term of minimal rank
such that |6’ = g|lp > ¢ and |6’ = t||p > —¢. Then ¢ I ¢’ < o, hence
(g.0") <pwg (¢.0). Also ~q < ||’ = 7|. hence ¢ V (=q) < ||¢’ < 7] so
lo’ <z||=1and (q.0") <pxg- (p.7) as desired.

The proof of (b) is similar and (c) is standard. - (Lemma 2.6)

If Qis in V'F we shall use the notation 4(P ; Q) for the termspace partial
ordering.

We now make a definition we shall use to get an easy hold on the chain
condition of the termspace partial ordering.

DEFINITION 2.7.

(a) LetPand Q be partial orderings. Q is said to be representable in P if and
only if there is an incompatibility preserving map i: Q — P. (In other
words: if g and ¢’ are incompatible in Q, i (¢) and i(¢’) are incompatible
inP.)

(b) Let P and S be partial orderings. Define (PP, S) as the partial ordering
with domain

{f : f:P— S andfis order preserving}

The ordering of F(P. S) is f < gifand onlyifforall p € P f(p) < g(p).

If Q is representable in IP then the chain condition of P gives an upper bound
on the chain condition for Q.

ExampLE2.8. (a) LetPand S be partial orderingsand ]| ;> S be the product
of |P| copies of S, one for each element of . Then F(IP, S) is representable in
[1,cpS. namely map f € F(P.S) tog € [[,p S where g has the value f'(p)
on the pth copy of S (so g is pointwise equal to ).

(b) Let P be a k-c.c. partial ordering. Let S¥ (k. 4) be the Silver collapse of
J to k* defined in V'P. Let S(k. ) be the Silver collapse of /4 to x* defined
in V. Then (S%(x.A))* is representable in F(P ; S(x.A)): define a map
i: (S¥(k,4)* — F(P:S(k.2) byi(r) = f, where

fe(p) ={(e. py) : plFe(a.p) =7}
Using the k-c.c. of P we see that | /- (p) < x|. Further, p I f.(p) € S¥(k, A).
so there is a ¢ < & such that dom f.(p) C 4 x &. Hence f.(p) € S(k.A).

If p <p p’ and p’ IF (. B) = y then p IF 7(a, B) = y. Thus f, is order
preserving and 1, € F(P, S).
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We must see that i preserves incompatibility. Let 7.7/ € (SF(k.1))*. T and

7/ incompatible. Then thereisa p € P,

p IFp 7 and 7’ are incompatible in S (k, A).
Pick p’ < p.y #9y". p'IFt(a. B) =y and p' I t'(a. B) = 7'. Then f.(p') is
incompatible with f..(p’), and hence f, is incompatible with f..

(In fact if |P| = & it is possible to see that (S¥(k,2))* = {f : f: P —
S(. ). fis order preserving and thereisa ¢ < & [J,cpdom f(p) C 4 x &}
We leave this to the reader.)

If Q € V¥ and ||Qis A-closed||p = 1 and (z, : a < B) (B < 4)isa
descending sequence in Q* then |thereisat € Q, 7 < 7, forall af|p = 1. Let
7 be a term for an element of Q such that for each « |7 < 74||p = 1. Then
7 <q~ infy<p 7o, Hence Q* is A-closed.

LemMA 2.9. Let R € VP*Q be a term for a partial ordering. Then A(P :
A(Q:R)) = AP*Q:R).

Proor. If 1 € A(P; A(Q: R))) let z(z) € A(P*Q : R) be a term t* such
that [|t* = ((z)"")"%|lpsg = 1. We verify that 7 is an isomorphism. 7 is
clearly order preserving. Suppose 7,6 € A(P ; S(Q : R)), ||t = allp # 1.
Let p € P, p IF“t # o in A(Q : R)”. Pick ¢ € V¥, |lg € Q|| > p. with
pIFqIF((0)")") # ((6))"".” Then (p.q) € PxQand (p.q) I- 7 # o".
Lett* € VPQ ||* € R|p.g = 1. In V'F, there is a term 7 for an element of
VEQsuch that |||z = t*||g = 1|| = 1. Then z(r) = *. Thus 7 is one-to-one.
onto and order preserving. - (Lemma 2.9)

The following lemma is standard:

LeEmMa 2.10. Let A be a measurable cardinal. Let « < Aand (P, : y < 4)
be a sequence of -c.c. partial orderings. Then [], q,ppons{Py © 7 < 4} has
the A-c.c. (The term “a-supports” refers to the ideal of subsets of A with
cardinality < o..)

We shall be interested in constructing partial orderings with nice embedding
properties. We make the following definition, which is similar to one that will
appear in [FL88].

Our partial orderings will be in the form R(x, A) for all regular x > w and
all measurable A > x. The partial orderings R(x, 4) are given by a uniform
definition in the next few paragraphs.

If A is greater than the first measurable above &, the partial ordering R(x, 4)
is the product [],.,, S” (k. A). where the partial orderings S” (k. A) are defined
by induction on 7.

Assume that we have defined R(f, «) for all regular f,w < f < a and all
inacessible oo < 4. We now define R(, 1).

Case 1. ) is the first measurable above . Let R(B, A) = S(f. 1) = the Silver
collapse of A to f+.
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Case 2. Otherwise.
By induction on 7, we define S"(a. 4) for all regular .. f < o < 4. We
shall have a uniform definition of S”(a, A) no matter which model we define it

in, hence we define it only in the ground model. Then (S”(a. 1)) Ve s the
partial ordering constructed in V®(#®) using this definition.

Ifn=0:

Let S%(a. 4) = S(a. 1) = the Silver collapse of 4 to a".
Assume that we have defined S” (o, A) for all regular «.
Forn + 1:

Let " (., 4) =
H {A(R ):S"(7.4)) : @ <y < andy is measurable}.

a-supports

Lemma 2.11. For all regular f > w and all measurable 4, R(f, 1) is A-c.c.
and has cardinality 1.4

ProOF. By Lemma 2.10, it is enough to see that each S"(f.1) has the
A-c.c. We show by induction on 4 and #, that for all measurable «;., ..., a,,
A( * R(a, ait1) : S"(oyy,. A)) has the cardinality 1 and the A-c.c.

Assume that this is true for all A < . We first consider the case n = 0. By
Example 2.8 we know that 4(" ifl R(a,-, a;ii1) 1 S%ayy,. A)) is representable in

F(" R(a,, a;ii1) : S%ay. 2)). This in turn is representable in the product of

i=1

a,, copies of S%(ay,. /1) By Lemma 2.10, this has the i-c.c.
Assume that A( * R(a, oir1) : S, L)) is A-c.c. for all af, ..., ap

m—1
measurable. We want for each «y, ..., o, measurable, A( '*1 R(o;, aiq1) ;
1=
S™ (@, ) is A-c.c.
. " Rlay.is1) ntl
Fix a sequence . ....q,,. In V = .S, ) =

H {A(R(ap, B): S"(B. 1) : am < B < Aand B is measurable}.
Q,-supports
Since " * R(a, a;,1) has the o, -c.c.. if T GA( ¥ R(al,alﬂ) S" (. 4))

there is a set D C 1 lying in ¥V such that |D\ = a, and |suppt C
D, = 1. For each f € D, we get a term 74 such that ||z(f) =

x Rlaiain)

4In fact we could have replaced the requirement that 4 be measurable by asking that A be Mahlo
throughout, but we leave this to the reader.
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m—1
TﬁHm?lR(ai,aH) =land1p € A(iilR(ai’QHI) : A(R(am. ) 1 S™(B.2))). Tt
i=1

is easy to verify that the map v — (14 : f € D) is an isomorphism be-
m—1 . —1
tween A( i1>—k1 R(ey. @is1) : S" ™ (qy. 4)) and Ham_supports{A(”;il R(a;, aiy1) :

A(R(oyu, B) : S*(B.A))) am < B < A and B is measurable}. By Lemma 2.9,

m—1

A( Gk R(ai»aﬂrl) ; A(R(amaﬁ) ; Sn(ﬁ»)“») =

i=1

—1

ACx R(ar i) * Rlom. B) 1 S"(8.2)).

By the induction hypothesis for 7, A(rf'QIIR(ai, aiy1) * Rloy,. B) ; S™(B, 4))

i=

(. iq1) : " ay,. 2)) has A-c.c.

= (Lemma 2.11)

We now establish the properties we need to satisfy the conditions of Kunen’s
Theorem:

m—1

has the /-c.c. and thus by 2.10 A( *

Lemma 2.12. For each k > w, « regular and each 4 measurable:
(a) Hn€>clu S"(k, A) is kT-closed.

(b) R(k.4) =I1,c0 S" (k. 2) is k-closed.
(¢) If « is measurable and id: R(x,«) <+ R(k.,A) then there is a map ¢
extending id such that

¢: Rk, a) x H AR(k.a) ; S"(a, A)) = R(k, A).
new
(d) If « is measurable and id: R(k,a) < R(x.4) then there is a map w
extending id,
v: BR(k,a) *R(a, 1)) < B(R(k.1)).

ProoF. (a) We show by induction on n > 0 that for all regular o, S" (. 1)
is a™-closed.

n=1 SYa72) =]
measurable}

By our remarks preceding Lemma 2.9, each 4(R(c.. ) : S°(B. 1)) is f-closed
and hence a*-closed. Thus [] {AR(c. B) : S°(B.A)) a < p < 4 and
B is measurable} is o -closed.

Assume that for all regular 8. S"(B.A) is fT-closed and n > 1. Then,
A(R(a, B) ; S"(B. 1)) is f*-closed and hence a*-closed. Again this implies
[To-supports {4 (R(ex. f) : S°(B. 2)) @ < ff < A and f is measurable} is o -closed.

(b) R(k., 4) = S°(k. 4) x [[,5; S" (k. 4) where S°(k, 1) is the Silver collapse
of 1 to k*. The Silver collapse is k-closed and by (a). [],~, S"(k.4) is
xT-closed. Hence the product is x-closed. -

{AR(a. ) : S°(B. ) a < f < Jand B is

a-supports

a-supports
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(c) Suppose id: R(k.a) < R(k.4). By the definition of S"*!(k. 1), if
o is measurable then A(R(k,a) ; S™(a. 1)) is a factor of S"*!(k,1). Let
@, be the map from A(R(k.a) ;: S"(a. 1)) to S"*!(k, ) that sends p €
AR(k. @) ; S"(a. 1)) to the element ¢ € S"*!(k. /) that is 1 on each factor of
S" (k. 1) except A(R(k,a) ; S"(a, )) where it is equal to p.°> The product,
[I,co AR(k. @) : S"(cv. 4)) can be embedded in [], ., S”(x. 1) by the map

(pn :m €)% (g, = n € o)

where go = 1. gui1 = @u(pn)-
By Lemma 2.6(c). ¢, is a neat embedding from [, ., 4(R(x. ) : $"(c. 2))

into I, c,, S"(k.4).

Each
" (K H {AR(k, B) ; S"(B.4)) : K < B < a and B is measurable.}
K-supports
X H {A(R(k, B) : S"(B.A)) : @ < B < Aand B is measurable }.
K-supports
Let
Set(k H {AR ):S"(B.4)) : k < B < aand f is measurable.},
K-supports
Spt (e ) = ] {AR(k.B) : S"(B.2) : & < < 4and f is measurable}.
K-supports

By rearranging our product we get

R(k.4) = 8%k, 2) x [] S¢ (5. 2) x T St (k.2
new new
n>1 n>1
Forn > 1,id"S" (k. o) C S{ (k. 4). Hence, if id: R(k, ) < R(x. 1) then
id: R(k, ) < S(k. HSO,%/I
1<n€w
By the definition of ¢,. ¢ A(R(k, @) ; S"(a. 1)) C SI'(k. ). So,
o H AR(k.a) ; S"(a, 1)) C H ST (k. A
new new

Thus we have a map ¢ = id x ¢,

[EUA ): 8" z))}q
(sO(R,x)x I Sits.2) x [ I1 S{’(n,i)D.
1<new 1<new

SIn essence gy, is the identity map of 4(R(k. ) : S” (. 1)) to its factor in §"+! (k. 1).
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Hence
0 R(k, @) x (H AR(k. @) : s"(a,m) < R(k, A).
new
(d) By Lemma 2.6(b), we have a neat embedding
w1: BR(k, a) *R(a, 1)) < B(R(n,a) X H ARk, o) ; S"(a,)»)))
new
By (c). we have
W B(R(n, ) x [ AR(k.a) : sn(mx))) < B(R(k. 1))

new

Composing we get:

y =10y BR(k. @) «R(a. 1)) < B(R(k. ).
This completes the definition and verification of the basic properties of the R’s.
= (Lemma 2.12)

Returning to the proofs of Theorems 1.2 & 1.3:
Let

P = lim (R(Ny, ko) * R0, k1) * R(k1, 62) * - * R(kp_1.ky) © 1 € ).

To see in V'F:

(a) forall m > 1, N, carries an ¥, -saturated ideal
(b) forallm >n > 1, (N,11.8,,) = (N,41.8,)
It is enough to see that P’ = R(Ry, ko) *- - - «R(kn_1. &) and Q = R¥ (k.. kps1)
together with the embedding j, satisfy the conditions for Kunen’s Theorem.
Conditions (a), (b) and (c) follow directly from Lemma 2.11 and the remarks
before Lemma 2.9.

Since P’ is Ky-c.c.. j,: P’ — j(IP’) is a neat embedding. Since P’ C V.
Jn | P =id and hence id: P’ < j(IP"). Unraveling this we get

id: R(Ry, ko) * R(ko. k1) % - %« R(Kp_1. kn)

— R(Ny, ko) * Rk, 1) * -+ % R(Kp_1. Kpy1).

By Lemma 2.12 there is a generic object G «x H C P/ « Q in V/»F) In V()
H= H() X H>0, where H() - SO(K}n, K}n+1) and H>() - Hk>0 Sk (H,n, K)n+1). Still
in VIV (H) = j"(Ho) % j" (Hso) € S®(kui1. kns2) X [Tiog S* (Rns, hnt2)
and j”H has cardinality x,.1. By Lemma 2.12. [[;o, S¥(kps1. kns2) is
¥, 1-closed and hence there is a g50 € [T S*(Kn41. £ns2) such that for
all p € j"Hso, g0 < p. Let qo = Upep, ()", We show that
qo € S%(Kps1. knia). Clearly qq is a function satisfying from &, X &, all but
the cardinality conditions for being an element of S°(k, 1. k,.2). To see that

K
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it satisfies these, we note that for each 7 € (S°(ky. kni1)) V" thereisa & < k,
such that |[domt C k,41 x &|pr = 1. Hence, dom ¢y C k.2 X k,. Further,

U dom j(x)"'®

T€H)

|d0mq0| = = Knt1 X Bptl = Kp4l-

Hence. go € (S%(Kps1. kni2))” ). Let

= (90-450) € S°(kns1. kns2) X [ [ S (kns1. 1),
k>0

It is easy to check that in V/®) if p € H, j(p) > ¢g. From this we conclude
that (1, ¢g) € j(P') * R(k,,1. Kn42) functions as a master condition and satisfies
(d) of Kunen’s Theorem.

Forcing with P x C (Rg. N1) we get a model as in Theorem 1.2. This completes
the proof of Theorem 1.2. For Theorem 1.3 we remark that if our original
sequence (j, : n € o) was a sequence of almost huge embeddings then the
R’s satisfy the Magidor conditions and our proof would go through to get the
saturated ideals.(Although apparently not the strong transfer principles.)

We end this section with some problems. First, not much is known about
transfer principles that go “infinite distances”. A problem along this line might
be:

OPEN PrROBLEM 2.13. Tt is consistent to have (R4 1, N,) = (R, Rg)?

Magidor has remarked that if the GCH holds then (R, 41, R,) %4 (N1, N,)
for m > 0. Along these lines, the author has shown:

Con(ZFC+“there is a 2-huge cardinal”) implies
Con(ZFC+“there is a supercompact cardinal k with (k. k) — (X1.R0)”).

This might be relevant to this problem.
In this paper we have “gap one” transfer principles. In [For82] it was shown
that Con(ZFC+“there is a 2-huge cardinal”) implies Con(ZFC+(R3, R;) —»

(N7, R)).

OPEN PROBLEM 2.14. TIs it consistent to have for all m > n (N,,42.8,,) —
(Nn+2= Nn)?

A general solution to this problem would probably solve many problems in
this area.
Another problem is:

OPEN PROBLEM 2.15. Does “for all m > n (N, 1. R,,) = (N,41.8,,)” imply
“N,, 1s Jonsson”?

Finally, since the method of proof for Theorems 1.2 & 1.3 was the same it
would be interesting to establish a direct relationship between saturated ideals
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and transfer properties. Shelah has shown that “there is an X,-complete ideal
T on N, such that g (X,)/Z has a dense w-closed subset” implies (Ny, Ny) —»
(N1, Ng). The proof however is tied very closely to the cardinals N,, 8; and Ry.
What is desired is some more general statement for cardinals bigger than N,.
For the sake of concreteness we mention a possibility.

OPEN PROBLEM 2.16. Does “N, carries an N3-saturated ideal and N3 carries
precipitous ideal” imply (N3, ¥y) — (N5, ()2

§3. We now turn our attention to proving Theorem 1.4. For this section
a “saturated ideal” on x will mean a normal, k-complete, s -saturated ideal
on k.

PrOOF OF THEOREM 1.4. Let k be a huge cardinal. Then thereisaset 4 C k
with measure one with respect to the measure on x induced by the huge
embedding, such that for all a, f € A4, f > a implies: There is an almost huge
embedding j, 4 with crit(j,3) = @ and j, 3 = f. Fixsuchaset 4. If a € 4,
let @’ be the successor of o € A.

We need to redefine our R(k, 4)’s. Assume by induction that we have defined
R(x, A’) for all regular k > w and all measurable A’ < A, and that R(x, A') is
closed, has cardinality A’ and is A'-c.c.

If X C Jis a set for measurable cardinals we define the standard iteration Iy
as follows:

(a) Iy is an iteration of length < A with Easton supports. We shall define the
notion of an ordinal in X being mentioned in (/y), by induction on .
To start with, no ordinals are mentioned in (Zy)o.
(b) At stage o + 1: If there are fewer than five elements of X not mentioned
in (Iy)a, then Iy = (Iy)q.
Otherwise, let 9 < y1 < --- < 74 be the first five elements of X not
mentioned in (Iy)q. If o > p let,

(Ix)as+1 = (Ix)a * [R(y0. 1) * R(p1.p2) * R(y2.73) * R(ps. pa)]-

The set of elements of X mentioned in (Iy ), is defined to be elements of
X mentioned in (Iy), together with yy. . ... y4.
If & < 7o then (Iy)as1 = (Iy)a * 1. and the elements of X mentioned
in (Iy)a41 are the same as the elements of X mentioned in (I ).
Informally, this iteration is the result of iterating, five at a time, the elements
of X strung together by the R’s.

ProposITION 3.1. For every X, Iy is A-c.c. and Iy /(Ix), is po-closed in
V) where y, is the least ordinal mentioned in (Ix)a, not mentioned in

(IX)a-

Proor. This uses standard facts about iterations with Easton support.
= (Proposition 3.1)
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We can now define our new version of R(k, 1) for all regular k > .
Again R(k. 1) = [],c,, S" (k. 1) where S"(a. 4) are defined by induction on 7.
simultaneously for all regular o, 0 < & < 4.

Let S°(a. 1) = the Silver collapse of / to a™

s"MNa2)= [ {4AR C(B.y) x [Ly = 5"(r. 1)) :

a-supports
a < ff<y< 2, p.yare measurable and
X C y\p is a set of measurable cardinals.}
Let R(a. 4) =[], e, 8" (. 4).
Using the techniques of §2 it is now easy to verify thatif o < a < y < 4,

a is regular, §, y and A are measurable and X C y\f is a set of measurable
cardinals then there is a map

wi [] AR B): C(B.y) x Ux % 8" (7. 1)]) = Re. ).

From this (as before) we conclude that if id: R(a. ) < R(c. A) then there
isa map ¢

o1 Rla.p) x [T AR ) : C(B.y) x [y + §" (7. A)]) = Rlew. ).
new
Again this implies that: if id: R(ca, ) < R(a, A) then there is a map ¢
B(R(a. )+ [C(B.7) x (Ix x R(y. 2))]) < B(R(x. 1))

Lemma 3.2. If & > o is regular and 4 > « is measurable

(a) ( /) has the J-c.c.

(b) R(k, 4) is k-closed.

(c) In VR’” A=xrT.

(d) [R(x, 2)] = 4.

(e) HnE(u S™(k, 1) is kT -closed.
(f) Hne(u (k. 1) is k-closed.

Proor. Essentially the same as in Section 2. — (Lemma 3.2)
To build our model of Theorem 1.3 we start by first doing the following
preparatory forcing. (Recall that x is our huge cardinal, j our huge embedding,
and the definition of 4.)
Let
Pey = Iy *R(k, k') * R(k'", ") x R(&", 6"") * R(k"", &),

where I is the standard iteration of 4 and &', k", k", k¥ are the first four
elements of j(A) above .

ProposITION 3.3. In P<,,, we have that
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(a) K =k, k" =Kkt K" = kT KV = kT

(b) k remains x*> supercompact by a measure us such that there is a set
of us-measure-one worth of x € P, (k™) such that if o = crit(x). then
a®.a™?, at? carry saturated ideals, and

(c) 28 = k.

PrOOF. (a) 14 is k-c.c. by earlier comments. In V4 R(k.x’) makes x’
into kT and is k-closed. In the VI REA) R(k! k")« R(k", ") « R(k", k)
is k/-closed. Hence, in VE<r k' = . In VIo*Rr) R(k/ k") makes K"
into (k/)T. Since R(x”, k") * R(k"., k") is < k"-closed in P Ta*R(sr)*R(x"A")
k" = (k)" in VPS¢ Hence k" = x*2 in VP=*_ Similarly we see that in
VIPgm, K" = K+3 and /{,iv — I€+4.

(b) This is a standard argument using the fact that P, is initial segment
of j(P<,) and j(P<,)/P<s is (35(k+5))" =" closed in V'P<. (Cf [Bau83]).
In fact we can require that the measure us induces on  extends the measure
j induces on k. Hence, {a : at some stage y in the iteration /4, « is the least
ordinal not mentioned in (Z4), } has measure one with respect to the measure
45 induces on k.

At some stage y, if « is the least ordinal not mentioned in (1), and y > .,

L= (Iy), * R(a, @) x R(a/, o) * R(@”, ™) « R(a", o) % (14/(14),41).

By Lemma 2.1, it is enough to see that in V)1 o o™+, ot carry saturated
ideals.

Since, o', @’ € A, there is an almost huge embedding in V', j, o such that
jor(a') = o' and crit(j,) = o’. By Magidor’s modification of the Kunen
theorem (with P’ = (I4)q * R(a. @’) and ¢ = R(a’. ") and j, o~ the almost
huge embedding). There is a saturated ideal on o' in V In)axRlaa’)«R(a".a")
Since (14)as1/((I)a*R(c, &’ )xR(a’, a’)) is ' -closed we can apply Lemma 2.1
to get that there is a saturated ideal on o™ in ¥ /4)=+1 | Entirely similar arguments
work for at? and a3,

(¢) is standard. - (Proposition 3.3)

In our final model, x will become X, using a technique of Magidor [Mag7§].
Let V' = Vs,

LEMMA 3.4. Let y < 8 be inaccessible elements of 4 in V. In (V/)C0™8),
y*+4 carries a (y™*)*-saturated ideal.

PrOOE. In (V/)CU™A (y*4)+ = (B¥)"". Let ay and a» be the stages
where y and f8 are the least elements of A not mentioned in (1), and (14)a,
respectively.

By Proposition 3.1, P<, /(Pa, *R(B. ') is f'-closed. Further C(y*4, §)¥" =

Pay+
C(y+4, ﬁ)V v and has cardinality . Thus we are in position to apply
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Lemma 2.1 in VB=*R(EE) Note (V') ™P) is an extension of VFx*FBE) of
the form
(p'-c.c.) x (B'-closed)
(ie.. C(7". B) % P<y/(Pa, x P(B. ')
Thus by Lemma 2.1, it is enough to see that y** carries a f’-saturated ideal
in VP RBLCO™S) et @ = P,, * R(y,7") * R(y’, ") * R(y",y"). Then
Py, =Q ]R( ", ‘V) Let j,v s be the almost huge embeddmg in V with
crit(j,iv p) = 9 and Jywvp (™) = . Then
oo (@ = RG™.™) = Q « R, B).
Since Q' * R(y”",y"¥) C Vyw and Q' «R(y™. pV) is yV-c.c., j[R(y". y") = id
and hence
id: Q/ *R(y///jyiv) N Q/ * R(V/N-,ﬁl).
Thus by our construction of R(y”, '), there is an embedding
it QxRO". YY) * [CGN.B) # {(Pay/Pay 1) x R(B. B} — Q' «R(”. B').

Since C(y"V. ) x {(Pa,/Pa,+1) * R(B. )} is yV-closed in ¥ *RG™7") Magi-
dor’s remarks about Kunen’s theorem (in Section 2) apply with P’ = Q'
R(y”.yV) and Q = C(y". ) x {( P,,/Pa,+1) * R(B. f’) and we conclude
that in the model P *R0" 7" )ACGY ) (Pay /Pay ) 4RIBAIN ¥ carries a (piv)*-
saturated ideal. Pictorially:

ﬂ/
B
X }Paz/Pa1+l X C(Vivsﬁ)
Viv °
} R(J}m, yiv)
y/// e

Q/

— (Lemma 3.4)

We are now ready to define our forcing conditions for the model in Theo-
rem 1.4.
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This forcing is a direct variant of the Magidor forcing [Mag78]. However, in
our forcing we collapse the points on the Prikry sequence. This necessitates a
slightly different argument which we show below.

For the moment, we shall regard 7’ as our ground model. Note that in V",
kT carries a saturated ideal. We shall define two forcings, P and P* with a
projection map

n: P — P
Our final model will be (V/)¥". We shall use P to show that P” has nice
Prikry-type properties.
Let u3 be the k*3-supercompact measure on g, (k3) in V' that is induced
by us. For x € p, (k73). let x Nk = K,. Let

N ={x : x € p,.(k™) and x N & is an inaccessible cardinal, x Nk € 4}.

Standard arguments show that N has u3-measure one and that w3 is closed
under the following kind of diagonal intersection:

Suppose p: g, (k73) x V. — (g, (k) is such that for all (x, y), p(x, y)
has the u3-measure one. Define Ap = {z : forallx < zandforally €
Vesit(z)- 2 € p(x.y)}. Then Ap has us-measure one.

A condition p € P will be of the form p = (x¢. po. X1. P1+-- . Xn. Pn. f- B)
where
(a) x; € N, x; < Xi11.

(b) pi € C(KY. Ky,y),
(¢) B C g, (k*3) NN and B has u3-measure one, and
(d) f:B— Vyandforall x € B, f(x) € C(k". k).

If g = (X090, X1. 1.+ -+ Xns Gu> V1. 715 Y272, -, Vs ' & C) then g <p p
if and only if
(a) y; € Bforalli < m,

(b) ¢; < p; foralli <n.

(c) ri < f(yi)foralli <m,
(d) C C B, and

(e) forallx € C. g(x) < f(x).

P has the Prikry property in the following sense:

LemMma 3.5. Let b € B(P).
(a) There is a condition (g, D) that decides b (by which we mean that either
(g.D) < b or (g. D) is incompatible with . In symbols: (g. D) || b).
(b) If p = (x0. po. . ... Xn. pn.g. D) € P there is a condition ¢ < p such that
q = (x0. po, ... Xu. pn. &', D’) || b and the length of ¢ is equal to the
length of p.

A proof of this appears in Magidor [Mag78]; also cf. [FW91]. The fact that
the conditions have a slightly different form does not change the proof.
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If G C P is generic and p = (x¢. po.....X. pn.g. D) € G, then G, is
defined to be {(x0. 40 ... qn—1.Xn.qn) : thereisa g € G,lh(g) = lh(p).q =
(X0:G0s -+ Gn1>Xn-qu- g’ D")}. If A < K then G | A is defined to be
{(x0.q0s--->Xn.qn) : thereisag € G,q = (x0.40--.,Xn,qn. g D), and
supgq, < A}

Using Lemma 3.5 we can easily establish the following corollary:

COROLLARY 3.6.
(a) Suppose p € Pand p IF ¢ C @ and @ < k, for some x € p, (k73)
occurring in p. Then p IF 7 € V[G,].
(b) Let p = (x0.p0---»Xn, pn.& D) and H C C(w. ky,) be generic. If
a<ky.t1€V'[HFand plrpi C . then p IF 7 € V'[G, x H]. (G, is
a canonical term for the generic object G C P restricted to p.)
We now make the following claim.

Cram3.7. If G x H C Px C(Ry. ky, ) isa genericover V', then V'[G x H] =
forall n € w, N, carries an N, carries N, |-saturated ideal.

PrOOE. Let (k; : i € w) be the sequence of ky, such that x; occurs in some
condition in G. By Magidor’s arguments, x becomes X,,. By the corollary, it is
enough to see that for each i,

V'[Glk; x H]IF foralln € w (N, < k; implies R, carries a saturated ideal).
Our sequence of X,,’s in V[G x H]is

N() =
Nl = KZ(/)
Nz = K:(/)/
N3 _ /i(/)//
N4 = Kiov
N5 = Ii;

Rapin = k,F 1<k <4
If p=(x1.p1.....Xn_1. pu_1.g. D). thenin V', G|k, x H is generic over
[C(EY.ky) X - x C(EY_ . ky)] X C(o. ko).

Hence, if N, = mff .1 < k < 3, we claim N, carries a saturated ideal in
V'[G |k, x H]since it does in V" and our forcing is of the form

(cardinality < R,,,) x (X,,11-closed).

Any forcing of cardinality< N,, preserves a saturated ideal on R, by Lemma 2.2.
Thus by Lemma 2.1 we can conclude that N, has a saturated ideal in V'[G [k, x
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H] IfR, = n}v for some 7 < n. by Lemma 3.4, X,, carries a saturated ideal in
(V)€ mit)  To pick up V'[G [k, x H] from (V')€" #i41) we need forcing
of the form

(cardinality < R,,) x ((NLVI_+1 , 00)-distributive)
(namely:

[Clw. ko) x C(KY. K1) x - x C(KY | Ki)] X
[C (K. Kiga) X - x C(Rp_ . k)]).

Thus by Lemma 2.2, N,, carries a saturated ideal in V'[G | k, x H]. This
establishes the claim. 1 (Claim 3.7)

Unfortunately, in V'[G x H]. (x7)"" has cardinality =. since | J{x;
x; occursinsome p € G} = (k*3)7". We now define a x*-c.c. partial or-
dering P*, a condition py € P and a projection map

n: P/ py — P~

If G x H C Px (w,ky,) then V'[G x H]and V'[z" G x H] will have the same
bounded subsets of .

Let U be the measure on « induced by u3. Let Q be the following partial
ordering: p € Qifand onlyif p: X — V,foraset X C k, X € U and if
acX.pla) e B(Cla™ k)).

If p and ¢ are elements of Q, p <g ¢ ifand only if {a : p(a) < g(a)} € U.

If B C p,. (k%) is a set of measure one (for u3) and g: B — V, is a function
such that for all x € B, g(x) € C(k{*, k). we can associate an element gz of
Q with domain n(B) = (@ : dx € B,k = a and o € 4) by

zpla) =\/ gx)

Ky=Q

XEB

Thusif g € C(a™. k) for some o € n(B) and g A gg(a) # 0. we can find
anx € B.k, =aand g A g(x) #0.
A function g as above naturally gives rise to a filter . namely

Fge={peQ: thereisaset B € us,g is defined on B and p > g5.}

Ifg: B— R,.h: C — R, are functions as above with u3(B) = u3(C) =1
and g < h almost everywhere with respect to us, then 7y, 2 F),. (If g < h
almost everywhere we shall say g <,, /.)

Cram 3.8. If (g : o< B) C{h : thereisa BC N, u3(B)=1, h: B —
R,. and forallx € B, h(x) € C(k;* k)} is a <,,-descending sequence of
length < k3 then there is a g4 and a set By, gg: By — R, and for all x € By,
g(x) € C(k{* k) and foralla < B. g5 <., Za-
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PrOOF. We view each g, as [g.] € V’p"(”+3)/u3 = M. Then g, €
C(k™, j(k)M. Ifa < a’ < pthen[ga] > [ga]. C(kT*, j(k)) is kT*-closed
in M . hence, using x*3-supercompactness, thereisa g € C (k™. j(k))™. such
that ¢ < [go] foralla < B. Let g5: p, (k") — R, be such that [gg] = ¢. Let
By = {x : g(x) € C(k{* k)}. Then it is easy to verify that g5 and By satisfy
the conclusions of the claim. 1 (Claim 3.8)

We now build a sequence (g, : a < £**) such thatif g <,, g, for all &
and h <, g. then F, = Fj,.

To do this: Atsuccessorstages a+1picka go11 <, gosuchthat 7y 2 Fg,
if possible. At limit stages f8. pick a gg <,, g, foralla < f. Let g <, g, for
all < k™. Since 2 = k™ in ¥/, we cannot have a strictly increasing chain
of filters of order type x**. Hence for a tail of k™", F,, is constant. From
this we conclude that if h < g, F, = Fj,. (In fact it is possible to show that F,
is an ultrafilter.) Fix such a g.

A condition in the projected forcing P* will be of the form

p = (a0, po. 1. p1..... . pn.b. B)
where

(a) <o <a<---<a, €A,
(b) pi € Clof* o).
(¢) BCk,Be€U,and
(d) b € F; and b is defined on B.

We let

(ag. po. 1. p1.....Cy. pu.b. B) >
(Olo,P(/)’Oél,Pi, O Py Prqr o B e €. C)

if and only if
(a) p! < p;foralli <n,
(b) forall j <m. p; € B.
() forall j. q; < b(8)).
(d) C C B, and
(e) e <bhbinQ.
If D € us. let (D) = {a : thereisan x € D,x, = a}. Then n(D) € U.
Let po = (g.domg). then py € P. If p € P. p < po. p = (X0. po. X1. 1. ... Xp.
Pn.h. B). let a(p) = (Kxy» Pos Kxys Pls - - -+ Kx,» Pn> hp. m(B)). Then 7 is clearly
order preserving. By Lemma 2.4, to see that 7 is a projection map we must
show that for all p € P/p, thereis a ¢ € P*, ¢ < n(p) such that for all ¢’ < ¢
thereisa p’ < p with n(p’) < ¢’. (It is here that this argument differs slightly
from earlier arguments of this type, hence we include it.)

Let p € P/po. p = (X0, po- - - Xu. pu- h. B), and w(p) = (K. po. . .. i,
pn-h.m(B)). We want to define ¢ < n(p). We assume that for all y € B,

€
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X, < y. We shall build a descending sequence (4; : i € ) C u3 with the
property that for all x € 4;,1 and for all @ < k. if for some p thereis y € 4;,
a = Ky,

peCla™ ky)
pAhg (@) #0 (inB(C(a™. k)

then thereisa y € 4;, @ = &, such that

(a) pAh(y)#0.
(b) y < x, and
(c) h(y) € Cla™ ky).

(It is reasonable to hope that h(y) € Col(a**. k,) because C(a™, k,) C
Cla** k).

Let A4 = BN {x : kx > sup p, and x, < x}. Assume that 4; has been
defined. For each o € n(4;) and each regular f > «. pick a set Y3 C A4, of
cardinality f such that

{hp)ncCla*.p) : ye i} ={h(y)NCa™.p) : y € Yy}.

Let Xy = {x € 4; : forally € Yp.y < xandk, > suph(y)}. Let

Zo = A Xpg={x :forall f < k., x € Xg}. Then Z, has u3-measure one
p<k

and if x € Z,, p € C(a**. k,) and p is compatible with the \/{i(y) : y €
A;and ky, = a}. thereisa y € 4;. kK, = a and p is compatible with A(y).
But /(y) N (™, k,) is bounded in &, hence there is a f < k.. f > sup p.
h(y)N(a** k) =h(y) N (a™, B). Pick y’ € Yy such that

h(y)n (@™ g) =h(y") N (a™. p).

Then y’ < x, suph(y’) < x and h(y’) is compatible with p.
Let A;y1 = AZ, ={x : foralla < Ky, x € Z,}. Then A;,| has the

a<k
desired properties (a)—(c). )

Let ¢ = (K. P0. Kxy- Pl - - -2 Fo,» Pu- iy, - (N A7) Let ¢” < g. and sup-
pose that ¢/ = (Kxy.q0- -+ -+ K, Gns Q. Guids - - - s Qs Guim. ¢, C). We must
define p’ € P with n(p’) < ¢'. Pick y,, € Am. h(Ym) A quem # 0 and
Ky, = Q. Pick pl, . < h(Ym) Agnim. Since y,, € A, thereisa yy,—1 € Ap_1.
Ky,_1 = Qm—1, SuPh(J/m—l) < Ky, and h(ymfl) A Gntm—1 # 0. Pick
such a y,,—1 and pyrm—1 < Guim—1 A h(yu—1). Continue in this way
for 0 < k < m to ple YVm—(k+1) € Am—(k+l) with YVm—(k+1) = Ym—k>
Kynq_(k+1) = am—(k+l)» suph(ym—(k+])) < ’fym,k and qn+m—(k—l) iS Compati'
ble with 1(y, (k1)) Pick p,, 1) < Guym—kesr) ANADm—(ei)). Let p' =
(X1, 41, X2, G2+« Xno Gus V1 Dpsy> Y22 Do -+ Yo Py & D) Where g < h,
D CnNA4;and gp < candn(D) C C.
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It is clear that p’ < p and n(p’) < ¢'. Thus n: P/py — P is a projection
map.

Let G x H CP x C(Rg. ko) be V’'-generic. Let G* be n'G. Then G™ x H
is V'-generic for P* x C(Ng. ko). If 1 C a < &, © € V'[G x H] then
7 € V'[G, x H] for some p € G and from this we conclude 7 € V'[G” x H].
Hence V'[G™ x H] E“for all n € w, N, carries a saturated ideal”.

To see that X, | carries a saturated ideal it suffices to show that P* x C (R, #q)
is k-centered.

To see this we define an equivalence relation on P* x C(Ny. ko) with &
equivalence classes and show that if py, ..., p, lic in the same equivalence class
then \7_, p; # 0.

If we are given p = (a1, p1.....qn. pp.c.C), p') € P™ x C(Ny, ko) and
g=(Br.q1..... P qn.b.B).q") € P* x C(Ng. ko) set p ~ ¢ if and only if

(a) n=mand forallk <n oy = Bi. px = qx. and
(b) p'=4q"

There are only |[k® = k| equivalence classes. If we have equivalent elements
Pi.....pa then to find a p < A'_, p; we merely take the intersection of the
boolean values in ¢ (this is non-zero since they all lie in the filter F,) and
the intersection of the sets of measure one. This establishes Theorem 1.4.

— (Theorem 1.4)

With a little more work, starting from a 2-huge cardinal we can also
get (N,41.8,) = (N,41.8,,) for all m > n to hold in the model satisfying
Theorem 1.4.

To prove Con(ZFC+“there is a huge cardinal”) implies Con(ZFC+“all reg-
ular cardinals & carry a saturated ideal”) we do the same preparatory forcing
P<,.. We then do the modified Radin forcing that appears in [FW91].

The auxiliary function again takes its values in the appropriate collapse
algebra. There are no essential new ideas needed to do this that do not appear
in this paper or in [FW91].
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