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Non-Orthogonal Configuration Interaction for the Calculation of
Multielectron Excited States

Eric J. Sundstrom1, a) and Martin Head-Gordon1

Department of Chemistry University of California, Berkeley Berkeley, CA 94720 and
Chemical Sciences Division Lawrence Berkeley National Laboratory Berkeley, CA,
94720 Phone: 510-642-5957 Fax: 510-643-1255

(Dated: 9 February 2014)

We apply Non-orthogonal Configuration Interaction (NOCI) to molecular systems where multielectron ex-
citations, in this case double excitations, play a substantial role: the linear polyenes and β-carotene. We
demonstrate that NOCI when applied to systems with extended conjugation, provides a qualitatively correct
wavefunction at a fraction of the cost of many other multireference treatments. We also present a new exten-
sion to this method allowing for purification of higher-order spin states by utilizing Generalized Hartree-Fock
(GHF) Slater determinants and the details for computing

⟨
S2
⟩
for the ground and excited states.

I. INTRODUCTION

With vital applications in the photophysics of vision,
photosynthesis, and solar energy conversion, proper mod-
eling of molecular excited states is an important chal-
lenge for quantum chemistry. Multielectron excitations
are particularly interesting, as they play a significant role
in molecules with extended conjugation, such as those in
biology1 and those used in organic photovoltaics2, and
are a necessary component for understanding multiex-
citon formation3,4, which could potentially lead to the
enhancement of solar cell efficiencies. Modeling of mul-
tielectron excitations is difficult because the most com-
monly used and computationally efficient ground-state
methods, when applied to excited states, fail to capture
excitations of this character.
The most commonly used electronic structure method

to compute excited states is the time dependent variety of
density functional theory (TDDFT)5,6, but because the
most computationally tractable solution to the TDDFT
equations utilize a linear response formalism they are un-
able to treat multielectron excitations.7,8 Although there
have been a number of developments toward a DFT-
based theory to treat double excitations9–11 these meth-
ods are not in common use and still suffer from many of
the same issues which plague ground-state DFT: choice
of functional, approximate functionals may yield non-
variational energies, etc.
The coupled-cluster formalism is a successful ground

state theory which when expanded to treat excited states
is able to capture double excitations. These methods
include equation-of-motion coupled-cluster12 and linear
response theories based upon approximations of this the-
ory, CIS(D)13, CC2, and CC314. While coupled cluster
is formally exact, in practice, the excitation level must
be truncated at a given number of excited electrons, typ-
ically single and double excitations (EOM-CCSD). In or-
der to provide a satisfactory level of correlation for an ex-
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cited state with an M electron excitation, an M +1 level
of truncation is required15. Using a high-level trunca-
tion is problematic because the scaling of these methods
are N5 (CIS(D) and CC2), N6 (EOM-CCSD), N7 (CC3
and perturbative triples varieties of EOM-CC), and N8

(EOM-CCSDT) where N is the size of the atomic orbital
(AO) basis. Thus even a double excitation requires a 7th
or 8th order scaling method.

Spin-flip (SF) methods, which have been utilized
in configuration interaction (CI)16, DFT17, and CC18

frameworks are another set of tools for treating mutli-
electron excitations which do not suffer from the high
scaling of the CC formalism. These methods begin with a
high spin reference and then employ linear combinations
of spin-flipping excitations (α→ β) to access states with
the desired Ms value, such as the ground state. The first
of these methods was SF-CIS (spin-flip configuration in-
teraction singles); this method did not provide spin eigen-
states and thus SC-SF-CIS19 (spin-complete SF-CIS) was
developed to ameliorate this problem. SF-XCIS20, which
we shall apply to systems in this paper, is an extension
to SC-SF-CIS which includes single excitations from the
doubly-occupied space to the virtual space for all occupa-
tions of two electrons in the singly-occupied space. Re-
stricted active space spin-flip configuration interaction
variants (RAS-SF)21–23 are the natural extension of SF-
XCIS, which include larger numbers of spin-flips and use
RAS techniques to include larger active spaces. Despite
their success, the RAS-SF family of methods still suffers
from some deficiencies: the excitation energies can be
sensitive to the quality of the high-spin reference, these
methods lack a full treatment of dynamic correlation, and
these methods have exponential scaling with respect to
active space size.

In order to properly treat multielectron excitations,
quantum chemists typically resort to using a multicon-
figurational wavefunction; of these, the most popular is
the complete active space self-consistent-field (CASSCF)
method24, and its second-order perturbation-corrected
variant (CASPT2)25. CASSCF involves optimizing the
orbitals over all the configurations within an active space
and thus scales exponentially with the active space size.
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This poor scaling limits this method to small basis sets
and since appropriate active spaces generally grow with
molecular size, to fairly small molecules. Substantial ef-
fort has been dedicated to reducing the exponential scal-
ing of of CASSCF; one particularly promising direction is
the Density Matrix Renormalization Group (DMRG)26.
DMRG when paired with the CASSCF problem, effec-
tively replaces the CI solver of CASSCF with the DMRG
algorithm which is then able to solve the the CASSCF
problem exactly in an active space with non-exponential
cost for pseudo-linear systems. For 3-dimensional sys-
tems DMRG-CASSCF scales exponentially but still fa-
vorably with respect to traditional CASSCF solvers.

In this work we present an alternative multiconfigu-
rational wavefunction for treating excited states, non-
orthogonal configuration interaction (NOCI)27,28. NOCI
scales as O(M2max(n3e, N

2)), where M is the number of
determinants included, ne is the number of electrons, and
N is the size of atomic orbital basis. As we will show, the
minimal size of M required to obtain qualitative results
can be remarkably small for interesting molecules and
thus this method is tractable for even large systems. In
traditional CI approaches, one uses excitations out of the
reference as the basis for interaction, typically truncating
at some number of excitations; singles, doubles, triples,
etc. This basis is orthogonal because each state is formed
from a combination of the canonical occupied and virtual
orbitals which are mutually orthogonal spaces. Orthogo-
nality is not a necessary requirement to perform CI, but
chosen because of the ease with which one can compute
the Hamiltonian matrix and thus diagonalize it to com-
pute the energies and wavefunctions of the states.

When using different Hartree-Fock solutions as the ba-
sis for CI, as is done throughout this paper, the config-
urations are non-orthogonal. Non-orthogonality makes
computation of the Hamiltonian in this basis slightly
more complicated, but also potentially allows the basis
to span more of the relevant configuration space than a
truncated orthogonal one of the same size would. The
NOCI wavefunction is a linear combination of multiple
Slater determinants and thus applicable to both ground-
state and excited-state multireference problems. NOCI
may also be used to treat ground-state strong correlation
problems, but that will not be our focus here. In order
to provide more spin-pure excited states, we will be uti-
lizing generalized Hartree Fock (GHF)29,30 solutions. In
GHF, the single particle functions are a linear combi-
nation of both up (α) and down (β) spin |χi(r, ξ)⟩ =

|ψα
i (r)⟩ |α(ξ)⟩ + |ψβ

i (r)⟩ |β(ξ)⟩29. Despite considerable
discourse on symmetry breaking in HF31–35, many of
the broken-symmetry methods (other than simple un-
restriction) never gained popularity within the quantum
chemistry community, likely due to complications with
interpretation (i.e. bad quantum numbers) and compu-
tational concerns.

Specifically we would like to point to the recent work of
Scuseria and collaborators on the projected Hartree-Fock
method (PHF)36–39 (which is related to both NOCI and

the older EHF)40. After being relatively ignored by the
electronic structure community, GHF wavefunctions have
been used by Scuseria and collaborators in their work on
the projected Hartree-Fock method (PHF)36–39. In PHF,
one applies projection operators to a broken-symmetry
determinant to form an effective Hamiltonian which is
then diagonalized until self-consistency. This scheme
is a variation after projection (VAP) scheme which al-
lows one to obtain the variationally minimum energy
with respect to these broken-symmetry determinants.
However, the variationally minimized wavefunction ob-
tained only describes the ground state and thus PHF in
the current form is not used to compute excited states
for molecular systems (although research in this area is
ongoing)41. Despite the recent success of this method it
suffers from two flaws: it is neither size-consistent nor
size-extensive36. By size-consistency we mean that the
energy evaluated on two non-interacting fragments, A
and B, is equal to the sum of their individually evaluated
energies: EAB = EA +EB . Size-extensivity implies that
when treating an infinite system, a method calculates a
correlation energy per particle which does not vanish. A
final important property of an excited state method is
size-intensivity, which denotes the ability of a method to
produce excited state energies which do not change with
the addition of non-interacting fragments.

It is well known that orthogonal varieties of CI trun-
cated at a particular level of excitation beyond singles,
e.g. configuration interaction single and doubles excita-
tions (CISD), are variational but not size-consistent nor
size-intensive. On the other hand NOCI or an orthogonal
version of the same method may be made size-consistent
and the excitation energies made size-intensive. This is
because a non-interacting fragment which by its very na-
ture must not participate in the excitation will not affect
the calculation of the excitation energy i.e. the Hamilto-
nian will be block diagonal in the fragments. Of course
this has the caveat that the number of excited determi-
nants required to obtain the same accuracy for the two
fragment calculation, assuming the fragments are identi-
cal, would be the square of that required for the indepen-
dent systems. We should also state that for an interacting
system the number of determinants necessary would also
increase, likely in a non-linear way. NOCI does not pro-
vide size-extensive correlation energies for infinite com-
pletely interacting systems, but this limitation does not
prevent us from studying the bulk of chemistry.

The remainder of this article is organized as follows:
1) we shall recapitulate the basic theory of NOCI, 2)
describe our new spin-purification scheme and discuss
our choice of CI basis, 3) we shall explore NOCI’s ef-
fectiveness in calculating excited states by applying the
method to the first four all-trans linear polyenes and
the β-carotene molecule, 4) finally we shall draw some
conclusions about how this theory fits into the current
quantum chemistry toolbelt and discuss some future ex-
tensions for the theory.
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II. THEORY

The notation utilized in this work is as follows: NOCI
wavefunctions: Φ; Slater determinants: Ψ with indices
w, x to distinguish between different solutions; Spatial
Molecular Orbitals (MO): ψ; Spatial Atomic Orbitals
(AO): ω; AO Indices: lower case Greek µ, ν...; Virtual
MO indices: a, b; Occupied MO indices: i, j; Generic MO
indices: l, k. Bold case is employed for matrices. We em-
ploy the Einstein summation convention and the tensor
notation with both covariant (subscript) and contravari-
ant (superscript) indices of Head-Gordon et al.42

A. Basics

The general idea of NOCI is to build and diagonalize
the Hamiltonian in a basis of Slater determinants, hence-
forth basis states, which are in general non-orthogonal.
The non-orthogonality of the basis states introduces an
overlap metric, S, into the standard CI eigenvalue prob-
lem:

HD = SDE (1)

where H is the Hamiltonian matrix, D are the expansion
coefficients and E is a diagonal matrix of the energies.
Thus NOCI requires one to compute the overlap and
Hamiltonian between two generally non-orthogonal ba-
sis states; our method for this is outlined below for more
details see Reference 28. Let us consider two solutions
(Slater determinants):

|wΨ⟩ and |xΨ⟩ (2)

each formed from n orthogonal occupied molecular or-
bitals:

|wϕi⟩ =
∑
µ

|ωµ⟩wCµ·
· i (3)

|xϕi⟩ =
∑
µ

|ωµ⟩ xCµ·
· i (4)

These orbitals are orthogonal within a given set but non-
orthogonal between the sets. We would like to form two
sets of orbitals such that the occupied overlap matrix
between the determinants is diagonal:

⟨wϕi| xϕj⟩ = siδij and 0 ≤ |si| ≤ 1 (5)

To obtain these sets we use the corresponding orbitals
of Amos and Hall43,44, also known as Löwdin-Paired
orbitals45. The classic equations (see the appendix of
Amos and Hall43) suggest diagonalizing the product
wxS†wxS, where wxS = wC∗ ·µ

i · Sµν
xCν·

· i and Sµν is the
atomic orbital overlap matrix. We found it more nu-
merically stable to use the singular value decomposition

(SVD):

wxS = wC∗ ·µ
i · Sµν

xCν ·
· j (6)

wxS = UσVt (SVD) (7)

xC̃ = xCVt (8)

wC̃ = wCUt (9)

where σ is a diagonal matrix of the singular values. It
must be noted that in the formulation presented above
there is a loss of phase information in the eigenvalues of
wxS. Early proponents of these orbitals computed the
determinants of both transformation matrices in order
to preserve the phase. In our implementation, we com-
pute the eigenvalues of the non-Hermitian matrix, wxS,
and compare the product of its diagonal to that of the
transformed set, changing the sign as necessary. After
each pair of basis states are made biorthogonal, a set
of generalized Slater-Condon rules28,43 may be used to
compute the Hamiltonian matrix elements and then the
general eigenvalue problem can be solved.

B. Extended Spin-Purification Scheme

Here we present a new spin-purification scheme for
NOCI utilizing GHF-type determinants. In prior im-
plementations of NOCI, in an attempt to purify spin-
contaminated UHF solutions, two degenerate configura-
tions, per one original UHF determinant, were included
in the expansion: the excess α configuration and the
excess β configuration28. When applied to only one
UHF determinant this concept is known as the Half-
Projected Hartree-Fock Method, an approximation to
PHF in which one applies a spin projection operator that
selects for either the even or odd quantum number S.
Consider a given UHF solution which is exactly a linear
combination of two spin-pure components such as a sin-
glet and a triplet, by interacting the excess α and excess
β determinants one is able to obtain the two spin-pure
configurations by adding and subtracting the determi-
nants appropriately. Within NOCI, the diagonalization
of the Hamiltonian provides the proper signs to accom-
plish this.

In order to extend this spin-purification to determi-
nants which are linear combinations of more than two
spin components, we interact non-collinear (GHF) deter-
minants. Applying the same corresponding orbital treat-
ment as above, one obtains a similar set of Slater-Condon
rules for matrix elements of the Hamiltonian operator in
a basis of GHF solutions. In order to use these wave-
functions for spin-purification, we apply an AO based
unitary rotation parameterized by an angle θ to the coef-
ficient matrix which changes the direction of the Sz axis
without changing the energy. Choosing a rotation angle
of π

2 transforms the α component of each orbital into the
β component of each orbital and is exactly equivalent to
the UHF spin-purification scheme discussed above. Al-
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though these basis states are degenerate with their unro-
tated counterparts, they provide a new set of overlap and
Hamiltonian matrix elements with the other basis states
in the expansion and provide more variational flexibil-
ity in the CI. In this work we shall use a quadrature
of nq points equidistant between 0 and π

2 to allow spin-
contaminated states to purify. That is if one originally
began with 5 UHF determinants and nq = 5, the NOCI
Hamiltonian and overlap would be square matrices of di-
mension 25. This idea is very similar to the discretization

of the gauge integration used for spin-projection in the
PHF method36 and thus we suspect that a small num-
ber of quadrature points will remove much of the spin-
contamination.

In order to compute
⟨
S2
⟩
for a given state we evaluate

the
⟨
S2
⟩
matrix elements for each pair of GHF determi-

nants and then use the eigenvectors of the CI diagonal-
ization to calculate the value of a given state. The matrix
element for a pair of determinants (|wΨ⟩ and |xΨ⟩) is:

⟨
wΨ

∣∣S2
∣∣ xΨ⟩ = ⟨wΨ ∣∣S2

x

∣∣ xΨ⟩+ ⟨wΨ ∣∣S2
y

∣∣ xΨ⟩
+
⟨
wΨ

∣∣S2
z

∣∣ xΨ⟩⟨
wΨ

∣∣S2
σ

∣∣ xΨ⟩ = ⟨wΨ |Sσ|wΨ⟩ ⟨wΨ| xΨ⟩ ⟨xΨ |Sσ| xΨ⟩

+
∑
ia

⟨wΨ |Sσ|wΨa
i ⟩ ⟨wΨa

i | xΨ⟩ ⟨xΨ |Sσ| xΨ⟩

+
∑
jb

⟨wΨ |Sσ|wΨ⟩ ⟨wΨ| xΨb
j

⟩ ⟨
xΨb

j |Sσ| xΨ
⟩

+
∑
ia,jb

⟨wΨ |Sσ|wΨa
i ⟩ ⟨wΨa

i | xΨb
j

⟩ ⟨
xΨb

j |Sσ| xΨ
⟩

where σ = x, y, z. Here we inserted the resolution of
the identity for each determinant (|wΨ⟩) noting that the
occupied and virtual spaces of each determinant are or-
thogonal, the occupied spaces between the determinants
have been made biorthogonal (corresponding orbitals),
and the virtual spaces remain non-orthogonal between
the two determinants. In order to simplify these resolu-
tions, we have used the property that the spin component
operators are one-electron operators and therefore only
the ground-state and single-excitations couple through
them. In Appendix A, we present a derivation for each
matrix element in the above equation, resulting in a com-
putation of

⟨
S2
⟩
for each determinantal pair which scales

as N3 where N is the size of the atomic orbital basis.

C. Basis States

Below, we present the algorithm used to obtain the set
of non-orthogonal Slater determinants which form the
basis for NOCI. We begin by converging a symmetry-
preserving RHF solution. From this “ground-state”, we
form some subset of singly- and doubly-excited orthogo-
nal determinants which are of chemical relevance. These
explicitly unrestricted determinants are then allowed to
optimize using the Maximum Overlap Method (MOM)47

combined with the Direct Inversion of the Iterative Sub-
space (DIIS) extrapolation method48,49 until the DIIS
error vector is less than 1.0×10−8. It has been discussed
at length28,47,50–53 that these states provide approxima-

tions to excited states despite not being orthogonal to
the ground state.

The orbital optimization allows for both valence and
core relaxation in the presence of the constrained occu-
pancy of what would be virtual orbitals. This relaxation
is an important component of the non-orthogonal expan-
sion of the wavefunction and results in a more compact
representation than its orthogonal counterpart. As we
shall show, an orthogonal set of the same determinants
performs poorly in the case of wavefunctions with mul-
tireference character. Admittedly, this relaxation is only
occurring at the mean field level and thus cannot fully
account for these correlations. The relaxation in NOCI
is not like that of a CASSCF type wavefunction where
all the orbitals are optimized in the presence of all the
configurations included in the active space, but rather is
a basis state specific optimization.

A development version of QCHEM 3.254 utilizing the
Armadillo linear algebra library55 and 6-31G*56 atomic
orbital basis was used for all calculations. All geome-
tries were obtained from optimizations performed with
the same basis set using the B3LYP functional57.

III. RESULTS

A. Polyenes

The linear polyenes have long been used for testing new
excited state methods in electronic structure theory. This
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is primarily due to the fact that two of the low singlet ex-
cited states are of significantly different character. The
11B+

u state is experimentally “bright” (dipole allowed)
and primarily of single excitation character, while the
21A−

g state is “dark” (dipole forbidden) and has consid-
erable double excitation character. These two excitations
will be the main focus of this study because they are low
in the energy spectrum for the whole range of systems
investigated here. For the longer polyenes, it has been
shown that the 11B−

u state becomes lower in energy than
the 11B+

u state for n = 7, and by n = 11 (where n is
defined by C2nH2n+2), the 31A−

g state is also below the

11B+
u state58.

Due to the chemical similarities of the systems studied
in this work (all-trans polyenes and β-carotene), the ba-
sis states chosen to represent the final wavefunction were
the same. We limited the number of basis states to 10
for two reasons: this allowed us to use a higher num-
ber of quadrature points for the new spin-purification
scheme and showed that even in this greatly reduced
space, NOCI performs quite admirably. The set of basis
states consisted of:

1. The symmetric RHF determinant.
2. bg → a∗u (HOMO → LUMO).
3. au → a∗u (HOMO-1 → LUMO).
4. bg → b∗g (HOMO → LUMO+1).
5. au → b∗g (HOMO-1 → LUMO+1).

6. (bg)
2 → (a∗u)

2 (HOMO2 → LUMO2).
7. (bg)

2 → (b∗g)
2 (HOMO2 → LUMO+12).

8. (au)
2 → (a∗u)

2 (HOMO-12 → LUMO2).
9. bgau → (a∗u)

2 (HOMO, HOMO-1 → LUMO2).
10. (bg)

2 → a∗ub
∗
g (HOMO2 → LUMO, LUMO+1).

Specifically determinant 6 was included in order to target
the known double-excitation character of the 21A−

g state
in the polyenes. For all systems, the excited determinants
were optimized within the UHF framework but despite
this some of the double excitation 6-8 were found to be
solutions of hte RHF equations; the determinants had
equal α and β coefficients.

1. Butadiene

For theoreticians, even the simplest of the linear
polyenes, butadiene, has long been a challenge. Many
theoretical techniques have been applied to butadi-
ene, including configuration interaction singles (CIS),
TDDFT59, second-order algebraic diagrammatic con-
struction (ADC(2))60, equation of motion coupled-
cluster (EOM-CC)61,62, CC2 and CC363, symmetry
adapted cluster configuration interaction (SAC-CI)64,65,
CASSCF66,67, CASPT266,68, restricted active space SCF
(RASSCF)69, RASCI-SF23, and multireference Møller-
Plesset (MRMP)67. The relative ordering of the 11B+

u

and 21A−
g states in butadiene has a long record of con-

troversy in theoretical work, due to the sheer number
of methods applied. Recently, this controversy has been

laid to rest by the work of Watson and Chan62. They
applied high-level EOM-CC theory, including extrapola-
tion to the complete basis set limit and estimates for core
excitations. They found that the vertical excitation en-
ergy of the 11B+

u state (6.21 ± 0.02 eV) lies below the
21A−

g state (6.41 ± 0.07 eV) in contrast to some previous
results. In their work, they conclude that the most cited
experimental value for the 11B+

u excitation, 5.92 eV from
electron impact energy loss spectroscopy70, is likely not
a truly vertical excitation and that the experimental re-
sults for the notoriously difficult dipole forbidden 21A−

g

state are not precise enough for comparison.
In order to assess the value of utilizing the non-

collinear (GHF) quadrature for spin-purification, we ap-
plied the method with various values of nq to butadiene.
In Table I, we present both the vertical excitation en-
ergies and the

⟨
S2
⟩
values. The character of all of the

NOCI states were assigned by inspecting the components
of the CI eigenvector for large weights on determinants
of the approximately the correct symmetry and charac-
ter. When only applying the two state spin-purification
scheme (nq = 2), despite having a reasonable excitation

energy, the 21A−
g state is fairly spin contaminated; this is

likely due to the fact that this state contains a linear com-
bination of two open shell singlets i.e. au → a∗u (HOMO-
1 → LUMO) and bg → b∗g (HOMO → LUMO+1), with⟨
S2
⟩
values of 1.07 and 1.14 respectively. It looks as

though increasing the non-collinear basis can only reduce
spin contamination to a finite value without inclusion of
more states. Small eigenvalues of the overlap matrix in
the NOCI generalized eigenvalue problem are represen-
tative of linear dependencies in our basis states. If one
investigates these values as nq is increased from 10 to
30, the number of these below a threshhold increases by
almost the same number as the number of new determi-
nants. This indicates that for this system, the Hilbert
space has been saturated and increasing the quadrature
beyond as nq = 10 will not change the answer greatly.
The fact that this saturation occurs before

⟨
S2
⟩
= 0 is

interesting and will be investigated in the future.
For butadiene it should be noted that the ordering of

the two singlet excited states is incorrect with respect to
the results of Watson and Chan62. This can be explained
by the fact that we are primarily targeting static corre-
lation in our basis states, the primary type of correlation
for the 21A−

g state; a proper treatment of the 11B+
u state

requires more dynamic correlation.

2. C2nH2n+2 with 2 ≤ n ≤ 11

We shall now test NOCI on the longer polyenes com-
paring to both reference methods and methods with sim-
ilar scaling. In Table II, the vertical excitation energies
of the linear polyenes with NOCI nq = 2 and nq = 10 are
shown in comparison with other obtained theoretical val-
ues. We have included CASPT2 because of this method’s
popularity in treating multireference excited states and
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TABLE I. Absolute ground state energies (a.u.) and vertical
excitation energies (eV) and

⟨
S2

⟩
for butadiene with various

levels of GHF quadrature (nq).

11A−
g 11B+

u 21A−
g

State a.u.
⟨
S2

⟩
eV

⟨
S2

⟩
eV

⟨
S2

⟩
nq = 2 -154.93643 0.001 7.63 0.007 6.72 0.353

nq = 5 -154.93647 0.000 7.61 0.002 6.63 0.096

nq = 10 -154.93647 0.000 7.61 0.002 6.63 0.095

nq = 30 -154.93647 0.000 7.61 0.002 6.63 0.094

FIG. 1.
⟨
S2

⟩
values for the linear polyenes for NOCI with a

non-collinear (GHF) quadrature (nq) of 2 and 10. Increasing
the quadrature decreases the spin-contamination by a factor
of 3 for all states. The ground states are not shown here
as they are very close to zero and remain so with increasing
quadrature.

the more recent CASCI-MRMP results58 in order to pro-
vide a benchmark. It should be noted that when com-
paring these results, the excitation energies will be de-
pendent on many computational parameters such as ge-
ometry and basis set and thus the CASPT2 and CASCI-
MRMP results cannot be directly compared with those
calculated in this work. In order to provide a comparison
with methods which have similar scaling and expected
accuracy, we have also included results from CI Singles
(CIS) and SF-XCIS20, calculated using the same geome-
try and basis set. We have chosen not to include TDDFT
results despite previous work59 because, as stated early,
TDDFT would not accurately reproduce double excita-
tions and will suffer from the same failings as CIS. Table
II also includes data for “OCI”, by which we mean an
orthogonal version of CI including the same 10 states as
NOCI albeit their unrelaxed counterparts.
First, we will consider the NOCI spin-purification

scheme, comparing the results of nq = 2 with that of
nq = 10 shows that the change in excitation energies
increases as n increases, reaching a final value of ∼ 0.3
eV for the 21A−

g state of 11-ene. These changes in en-
ergy are directly correlated with the amount of origi-
nal spin-contamination in these states at the nq = 2

FIG. 2. Polyene singlet vertical excitation energies (eV), com-
paring the NOCI (nq = 10) and OCI results. OCI is a mul-
tireference CI where the only included configurations are the
same configurations as those included in the NOCI, albeit
their orthogonal unrelaxed counterparts.

level. Figure 1 shows the change in
⟨
S2
⟩
for both ex-

cited states as a function of chain length for both levels of
quadrature. Again the quadrature is able to reduce spin-
contamination by about a factor of three for all states. It
seems it may be beneficial to increase nq as the amount
of spin-contamination increases in the basis states but in
order to maintain a consistent comparison we have re-
mained at nq = 10.

Let us begin now compare the energies of OCI to
those of NOCI; Table II contains a column for both OCI
and energy change with respect to NOCI (nq = 10)
(∆(OCI-NOCI)) and Figure 2 contains the OCI and
NOCI (nq = 10) results plotted with respect to chain
length. Clearly, OCI does not provide an accurate de-
scription of the doubly excited 21A−

g state and the re-
laxation of the orbitals by NOCI decreases the energy
of this state by greater than 1 eV for the whole set of
molecules. NOCI is able to account for substantial addi-
tional correlation energy when compared to an orthogo-
nal CI with the same number of determinants; i.e. NOCI
contains a more compact representation of the true wave-
function and encompasses more of the relevant configu-
ration space. The difference between OCI and NOCI is
not as pronounced for the 11B+

u state, where the state
is primarily a single configuration and thus treated com-
parably by both OCI and NOCI. As the chain length
increases (approximately at n = 8), the single configu-
ration picture of the 11B+

u breaks down and OCI and
NOCI begin to diverge. This is an indication that the
relaxation in the determinants which make up the 11B+

u

state in NOCI are beginning to take on character of more
than one orthogonal state.

A subset of the results in Table II are included in Fig-
ure 3 in order to highlight the trends of these methods as
the chain length increases. Moving on to the results for
CIS when compared to the reference CASCI-MRMP, we
see that CIS cannot qualitatively reproduce the excita-
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TABLE II. Absolute ground state energies (a.u.), vertical excitation energies (eV), and
⟨
S2

⟩
shown in () for the all-trans polyenes

C2nH2n+2 with 2 ≤ n ≤ 11 from different theories. Here, OCI is a multireference CI where the only included configurations
are the same configurations as those included in the NOCI, albeit their orthogonal unrelaxed counterparts.

NOCI NOCI CASCI-

n State CIS SF-XCIS (nq = 2) (nq = 10) OCI ∆(OCI-NOCI) MRMP CASPT2

2 11A−
g -154.98077 -154.93643 (0.00) -154.93647 (0.00) -154.93537 0.00110

11B+
u 6.79 7.23 7.63 (0.01) 7.61 (0.00) 7.85 0.24 6.21a 6.27c

21A−
g 9.24 7.23 6.72 (0.35) 6.63 (0.10) 8.61 1.98 6.31 6.23

3 11A−
g -231.86320 -231.81963 (0.00) -231.81965 (0.00) -231.81768 0.00196

11B+
u 5.69 6.22 6.57 (0.04) 6.51 (0.01) 6.38 -0.13 5.25b 5.19

21A−
g 8.12 6.53 6.32 (0.29) 6.23 (0.08) 7.37 1.14 5.10 5.01

4 11A−
g -308.75426 -308.70398 (0.00) -308.70398 (0.00) -308.70264 0.00134

11B+
u 4.97 5.65 5.59 (0.07) 5.52 (0.02) 5.67 0.16 4.57 4.38d

21A−
g 7.23 5.36 5.22 (0.48) 5.09 (0.14) 6.69 1.60 4.26 4.42

5 11A−
g -385.63800 -385.58980 (0.00) -385.58982 (0.00) -385.58825 0.00157

11B+
u 4.47 5.11 4.94 (0.09) 4.86 (0.03) 5.10 0.24 4.17

21A−
g 6.54 4.90 4.73 (0.53) 4.59 (0.16) 6.27 1.68 3.68

6 11A−
g -462.52693 -462.47573 (0.00) -462.47575 (0.00) -462.47427 0.00149

11B+
u 4.11 4.83 4.45 (0.12) 4.35 (0.03) 4.70 0.34 3.87

21A−
g 6.00 4.58 4.25 (0.67) 4.10 (0.21) 6.00 1.90 3.19

7 11A−
g -539.41218 -539.36198 (0.00) -539.36201 (0.00) -539.36047 0.00154

11B+
u 3.83 4.52 4.09 (0.14) 3.98 (0.04) 4.25 0.28 3.60

21A−
g 5.55 4.25 3.93 (0.78) 3.77 (0.25) 5.37 1.60 2.80

8 11A−
g -616.29917 -616.24832 (0.00) -616.24837 (0.00) -616.24692 0.00145

11B+
u 3.61 4.34 3.80 (0.17) 3.67 (0.05) 4.05 0.37 3.38

21A−
g 5.19 4.07 3.63 (0.92) 3.46 (0.33) 5.16 1.69 2.50

9 11A−
g -693.18618 -693.13482 (0.00) -693.13488 (0.00) -693.13348 0.00140

11B+
u 3.43 4.17 3.57 (0.21) 3.43 (0.06) 4.02 0.59 3.18

21A−
g 4.88 3.91 3.39 (1.07) 3.19 (0.37) 5.63 2.44 2.25

10 11A−
g -770.07316 -770.02148 (0.00) -770.02157 (0.00) -770.02012 0.00145

11B+
u 3.29 4.06 3.39 (0.24) 3.24 (0.07) 3.89 0.66 3.00

21A−
g 4.62 3.80 3.17 (1.25) 2.94 (0.48) 5.52 2.58 2.04

11 11A−
g -846.96019 -846.90829 (0.01) -846.90844 (0.00) -846.90683 0.00160

11B+
u 3.17 3.96 3.23 (0.29) 3.07 (0.09) 3.80 0.74 2.84

21A−
g 4.40 3.71 3.11 (1.23) 2.83 (0.47) 5.31 2.49 1.86

a Reference 67. Basis set:Dunning “QZ3p” (Carbon:5s4p3d,Hydrogen:3s2p), Active Space: (4,8), Geometry: Experimental
b Reference 58. Basis set: cc-pvDZ, Active Space: (10,10) Geometry: Møller-Plesset 2nd Order Perturbation Theory
c Reference 71. Basis set: ANO (Carbon:4s3p2d,Hydrogen:3s2p)+diffuse functions, Active Space: Full π-space, Geometry: Experimental
d Reference 66. Basis set: ANO (Carbon:4s3p1d,Hydrogen:2s1p)+diffuse functions, Active Space: Full π-space, Geometry: CASSCF

tion energy of the 21A−
g state. It places the 21A−

g state

well above the 11B+
u state for all systems studied. This

is not just an error in the excitation energy; CIS cannot
correctly describe the character of the 21A−

g state, due to
a lack of double excitations. This deficiency also appears
in the wavefunction where the two largest CIS amplitudes
for the 21A−

g state are HOMO-1 → LUMO and HOMO
→ LUMO+1; this same type of behavior would occur in
TDDFT as well. On the other hand CIS treats the 11B+

u

state quite well, paralleling the CASCI-MRMP results.

Unlike CIS, SF-XCIS, by the inclusion of a (2,2) active
space treats the doubly excited character of the 21A−

g

excited state appropriately. For all systems, the largest
component of the SF-XCIS wavefunction of the 21A−

g

state is the HOMO → LUMO doubly excited state, with
smaller components on other states of the correct sym-
metry. Although SF-XCIS shows the two states revers-
ing order twice between 2 ≤ n ≤ 4 (when the correct
result is one crossing around n = 3 (hexatriene)), the
method does recover the correct ordering of these two
states for the longer chains. Comparing NOCI with SF-
XCIS, it is amazing that NOCI using only 10 determi-
nants can compete with SF-XCIS, a method which in-
cludes more doubles excitations than NOCI, some triple



8

FIG. 3. Polyene singlet vertical excitation energies (eV), comparing the NOCI (nq = 10) results with CIS and SF-XCIS. Solid
lines: 11B+

u . Dashed lines: 21A−
g . Using CIS is insufficient to treat the 21A−

g excited state. NOCI and SF-XCIS do comparably
well for the shorter chains but NOCI outperforms SF-XCIS in the long chain limit.

excitations, and an increasing configuration space with
molecular size. This again shows the power of using re-
laxed non-orthogonal configurations when compared to
their orthogonal counter parts. For longer polyenes, the
relative energy of these two states becomes constant in
both NOCI and SF-XCIS, which is in contrast to the be-
havior of the reference method CASCI-MRMP, which for
longer chains shows an increase in the separation of these
two states. For SF-XCIS, this degradation indicates that
one may need to increase the active space and potentially
the number of spin-flips. For NOCI, one should use more
than 10 determinants to treat a polyene chain of length
n = 11 but for the purposes of illustrating the applica-
bility of this method and for a fair comparison across
these systems we thought this number of basis states to
be sufficient.

B. β-Carotene

Carotenoids are an important class of biological
molecules because they, along with chlorophylls, com-
prise a substantial fraction of the chromophores in-
volved in light-harvesting in plants and cyanobacteria.
Carotenoids provide two functions in photosynthetic or-
ganisms: they directly absorb light energy for use in
photosynthesis and also participate in a photoprotection
mechanism. For a thorough discussion of experimen-
tal and theoretical results for these systems, including
the difficulty in peak assignment, we recommend the re-
view of Poĺıvka and Sundström.72 Having been featured
in two prior electronic structure studies, we chose β-
carotene (a carotenoid with 11 double bonds) as a sam-
ple carotenoid to examine the performance of NOCI on
these biologically-relevant molecules. This is an inter-
esting test case for NOCI, because the lower symmetry
of this molecule lends itself naturally to the breaking
of spatial symmetry within the excited state determi-
nants. Historically the excited states of the carotenoids



9

TABLE III. Vertical excitation energies (eV) and
⟨
S2

⟩
shown

in () for of the β-carotene with a variety of methods.

State 21A−
g 11B+

u ∆E
(
11B+

u − 21A−
g

)
nq = 10 2.94 (0.53) 3.20 (0.08) 0.26

SF-XCIS 3.87 3.97 0.10

DMRG-CASSCF 2.99 > 4.31 > 1.32

DFT/MRCI 1.96 2.42 0.42

a Reference 73.
b Reference 75.

have been labeled S1, S2, etc; here we shall opt to
reuse the polyene excited state nomenclature despite β-
carotene having a lower point group symmetry. Table III
shows the vertical excitation energies and

⟨
S2
⟩
values for

β-carotene with NOCI, SF-XCIS and two other meth-
ods: Density Matrix Renormalization Group CASSCF
(DMRG-CASSCF)73, which was discussed in the Intro-
duction, and DFT/MRCI74,75, which we shall describe
briefly now.
DFT/MRCI is a semi-empirical procedure combining

DFT for dynamic correlation and MRCI for strong cor-
relations and excited states. This method involves a
number of features including an efficient parallelization
scheme, an extensive configuration selection, and use of
the resolution of the identity (RI) approximation for four-
index integrals. Despite these advantages, DFT/MRCI
still possesses drawbacks such as choice of functional,
empirical parameters for forming the effective Hamilto-
nian and use of an empirical recipe to avoiding double
counting of correlation effects. Even with the consid-
erable configuration selection, the method requires mil-
lions of configuration state functions for a molecule of
the size of β-carotene. Because this method does include
dynamic correlation, we will consider it a possible bench-
mark, keeping in mind that it is difficult to estimate the
errors for a method which is non-variational.
To our knowledge, these are the only two studies of β-

carotene applying modern electronic structure methods
which can qualitatively treat double excitations. TDDFT
has been applied to study the S0 → S2 transition76, but
as stated previously, standard linear-response TDDFT
cannot accurately treat double excitations7,8 and thus
should not be trusted for any transitions involving the
21A−

g state, including investigations of potential energy
surfaces.
In the DMRG-CASSCF work, the authors averaged

over the four lowest eigenstates and thus within their
calculation were unable to obtain the 1B+

u state. They
found a state ordering of 11A−

g < 21A−
g < 11B−

u < 31A−
g

with excitation to the 31A−
g at 4.31 eV, which gives a

lower bound to the 1B+
u state. This ordering is correct

within the active space but CASSCF does not include
any dynamic correlation outside of this space (e.g. σ-π)
, which is known to be important for the 1B+

u state. In
fact, DFT-MRCI, a method which includes these σ-π cor-

relations, orders the states as 11A−
g < 21A−

g < 11B+
u <

11B−
u < 31A−

g . If we consider DFT/MRCI to include
all correlation effects and DMRG-CASSCF to include
all static correlation effects, then the difference between
these two methods gives us an estimate for the total
amount of dynamic correlation in each state: the 21A−

g

and 11B+
u states have dynamic correlation of ∼ 1 eV and

> 2 eV, respectively. From this estimate, we can see that
neither NOCI nor SF-XCIS (methods designed primarily
to treat static correlation) are truly able to determine the
state ordering as neither value is separated by the > 1
eV difference that would be added by a more complete
treatment of dynamic correlation. In comparison to SF-
XCIS, NOCI does provide a better estimate of the gap
between these two states. Considering the difference in
the complexity of the wavefunctions of these methods, it
is striking that NOCI is able to achieve the results that
it does. Comparing the results of both NOCI and SF-
XCIS on β-carotene to that of the polyenes, we see that
these methods treat this systems as a polyene of approx-
imately length n = 10, which is consistent with the fact
that the conjugation of β-carotene is broken by the slight
twist in the polyene backbone of the molecule. Again the
differences between NOCI and the reference could likely
be reduced by the inclusion of more states; specifically
one would like to include more double excitations, which
are of known importance to molecules with this length of
conjugation. We want to stress that in this current form
of “hand”-picking excited determinants, NOCI cannot be
expected to stand up against DFT/MRCI.

IV. CONCLUSIONS

We have shown that NOCI may be used to calculate
excitation energies for double excitations in conjugated
systems. Although the excitation energies presented in
this work were not quantitative, we believe this method
shows promise for future use in this direction. NOCI
scales favorably compared to many other multireference
methods and could be applied to systems even larger than
those presented here. We applied a new spin-purification
scheme resulting in better

⟨
S2
⟩
values and excitation en-

ergies for both the ground and excited states. NOCI
also shows promise where orbital relaxation may be im-
portant such as singlet-triplet gaps in transition metal
systems. We also feel this method could be applied to
excited states with charge transfer character as the relax-
ation of the orbitals would allow for charge redistribution
after “excitation”.

Further developments and generalizations of NOCI are
possible in many directions. Currently, the most unsat-
isfactory portion of NOCI, as it was used in this study,
is the selection of basis states by human input and can
lead to biasing of the results. This is only exacerbated by
the reliance of this procedure on the Maximum Overlap
Method (MOM) which, because it involves a non-linear
optimization can be difficult to converge to the correct
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determinants. A black-box method for selection of basis
states and a reduced dependence on MOM is our next
target of research and progress is already underway in
this direction. In this work, we used GHF determinants
for spin-purification, but one could also search for non-
collinear GHF determinants to provide more basis states.
As a wavefunction based CI theory, NOCI would also
benefit from many of the known routes to target an im-
proved treatment of dynamic correlation, such as that
used in CASPT2. Finally, we plan on implementing nu-
clear gradients in order to follow the potential energy
surfaces of the excited states calculated above as well as
orbital gradients, which would allow for an orbital op-
timized NOCI;, very related to the resonating Hartree-

Fock approach of Fukutome77.
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Appendix A: Calculation of
⟨
S2

⟩
As discussed above the equation for computing

⟨
S2
⟩

between to non-orthogonal determinants may be written
as:

⟨
wΨ

∣∣S2
∣∣ xΨ⟩ = ⟨wΨ ∣∣S2

x

∣∣ xΨ⟩+ ⟨wΨ ∣∣S2
y

∣∣ xΨ⟩
+
⟨
wΨ

∣∣S2
z

∣∣ xΨ⟩⟨
wΨ

∣∣S2
σ

∣∣ xΨ⟩ = ⟨wΨ |Sσ|wΨ⟩ ⟨wΨ| xΨ⟩ ⟨xΨ |Sσ| xΨ⟩

+
∑
ia

⟨wΨ |Sσ|wΨa
i ⟩ ⟨wΨa

i | xΨ⟩ ⟨xΨ |Sσ| xΨ⟩

+
∑
jb

⟨wΨ |Sσ|wΨ⟩ ⟨wΨ| xΨb
j

⟩ ⟨
xΨb

j |Sσ| xΨ
⟩

+
∑
ia,jb

⟨wΨ |Sσ|wΨa
i ⟩ ⟨wΨa

i | xΨb
j

⟩ ⟨
xΨb

j |Sσ| xΨ
⟩

where σ = x, y, z. We shall now show how to compute
each matrix element in the above equation. The equa-
tions for the spin components for a given ground state
determinant with itself are given by:

⟨Ψ |Sz|Ψ⟩ = 1

2
(tr (SAOPαα)− tr (SAOPββ))

⟨Ψ |Sx|Ψ⟩ = 1

2
(tr (SAOPαβ) + tr (SAOPβα))

⟨Ψ |Sy|Ψ⟩ = 1

2
(tr (SAOPαβ)− tr (SAOPβα))

where Pαβ etc. are the blocks of the GHF density ma-
trix and SAO is the atomic orbital overlap. These are ob-

tained by applying the the Pauli spin matrices to our non-
collinear (GHF) wavefunction.29,78 To compute ⟨wΨ| xΨ⟩
we use the fact that in the corresponding orbital basis
the inter-determinantal overlap matrix wxS is diagonal,
which gives us:

⟨wΨ| xΨ⟩ = det (wxS) =
∏
i

si

where si are the elements of that diagonal. To compute
⟨wΨ |Sσ|wΨa

i ⟩ we recall that each individual Slater deter-
minant maintains orthogonality between their respective
occupied and virtual subspaces, therefore:

⟨Ψ |Sz|Ψa
i ⟩ =

∑
µν

αC ·µ
i · ⟨ωµ| ων⟩ αCν ·

·a − βC ·µ
i · ⟨ωµ| ων⟩ βCν ·

·a

⟨Ψ |Sx|Ψa
i ⟩ =

∑
µν

βC ·µ
i · ⟨ωµ| ων⟩ αCν ·

·a + αC ·µ
i · ⟨ωµ| ων⟩ βCν ·

·a

⟨Ψ |Sy|Ψa
i ⟩ =

∑
µν

βC ·µ
i · ⟨ωµ| ων⟩ αCν ·

·a − αC ·µ
i · ⟨ωµ| ων⟩ βCν ·

·a (A1)
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To compute ⟨wΨa
i | xΨ⟩ and ⟨wΨ| xΨb

j

⟩
we recognize that

in the corresponding orbital basis a single substitution
in the coefficient matrix replaces either a row or column
of wxS, changing the determinant of that matrix by one
value:

⟨wΨa
i | xΨ⟩ = det (wxS) ⟨wϕa| xϕi⟩

wxSii

⟨wΨ| xΨb
j

⟩
=

det (wxS) ⟨wϕj | xϕb⟩
wxSjj

In order to compute the final element, ⟨wΨa
i | xΨb

j

⟩
, we

will utilize the matrix determinant lemma which states:

det
(
A+UV†

)
= det

(
I+V†A−1U

)
det (A) (A2)

where A is an n-by-n invertible matrix and U and V
are n-by-m matrices and are not related to the U and V
of the SVD. The lemma becomes useful when we notice

that, akin to the element ⟨wΨa
i | xΨ⟩ computed above,

the element ⟨wΨa
i | xΨb

j

⟩
involves replacing a row and a

column of wxS. In our case the matrix A will be the cor-
responding orbitals overlap matrix wxS, the determinant
of which is ⟨wΨ| xΨ⟩ which we have already computed
above. Recalling this matrix is diagonal the inverse may
also be computed easily. The U and V must be con-
structed so that they replace the elements of the wxS
appropriately; in our case because we are replacing a
row and a column of this matrix U and V will be n-
by-2 matrices making the so far unknown determinant
on the right hand side the determinant of 2-by-2 matrix.
The construction of U and V involves recognizing that
the substitutions in |wΨ⟩ make for rows consisting of ele-
ments ⟨wϕa| xϕi⟩, substitutions in |xΨ⟩ make for columns
consisting of elements ⟨wϕj | xϕb⟩ and both substitutions
make a point of intersection ⟨wϕa| xϕb⟩. Utilizing Kro-
necker deltas to take into account when to add and sub-
tract the values, we can write down U and V:

U1,k = δki

U2,k = (1− δki)(⟨wϕk| xϕb⟩ − δkjsj)

Vl,1 = (1− δlj)(⟨wϕa| xϕl⟩ − δlisi) + δlj(⟨wϕa| xϕb⟩ − δlisi)

Vl,2 = δlj

where i represents the occupied orbital substituted by a,
the virtual orbital, of |wΨ⟩ and j and b likewise for |xΨ⟩,

and the indices k and l represent dummy occupied orbital
indices (the n rows of these skinny matrices). After some
algebra we arrive at:
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det
(
I+V†wxS−1U

)
=

= det

(
♣ ♡
♢ ♠

)

♣ =
⟨xϕi| wϕa⟩

si
+ δji

(
⟨xϕb| wϕa⟩

si
− ⟨xϕi| wϕa⟩

si

)
♡ =

∑
l

⟨wϕa| xϕl⟩ ⟨wϕl| xϕb⟩
sl

− ⟨wϕa| xϕi⟩ ⟨wϕi| xϕb⟩
si

+
⟨wϕa| xϕb⟩ ⟨wϕj | xϕb⟩

sj
− ⟨wϕa| xϕj⟩ ⟨wϕj | xϕb⟩

sj
− ⟨wϕa| xϕb⟩

+ δij

(
⟨wϕa| xϕi⟩ ⟨wϕi| xϕb⟩

si
− ⟨wϕa| xϕb⟩ ⟨wϕj | xϕb⟩

sj
+ ⟨wϕa| xϕb⟩

)
♢ = δijs

−1
i

♠ =
⟨wϕj | xϕb⟩

sj
− δji

(
⟨wϕi| xϕb⟩

si
+ 1

)
det
(
I+V†wxS−1U

)
=

⟨wϕa| xϕi⟩ ⟨wϕj | xϕb⟩
sisj

+ δji

(
⟨xϕb| wϕa⟩

si
− s−1

i

∑
l

⟨wϕa| xϕl⟩ ⟨wϕl| xϕb⟩
sl

)

This expression can then be split up into the on and off
diagonal terms, combined with the equations of A1, and
contracted appropriately to form an evaluation of

⟨
S2
⟩

which scales as N3 per determinantal pair where N is
the size of atomic orbital basis.
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29P. Löwdin and I. Mayer, Adv. Quantum Chem. 24, 79 (1992).
30C. A. Jimenez-Hoyos, T. M. Henderson, and G. E. Scuseria, J.
Chem. Theory Comput. 7, 2667 (2011).

31A. Overhauser, Phys. Rev. 128, 1437 (1962).
32J. Cizek and J. Paldus, J. Chem. Phys. 407, 3976 (1967).
33J. Paldus and J. Cizek, J. Chem. Phys. 52, 2919 (1970).
34H. Fukutome, Int. J. Quantum Chem. 20, 955 (1981).
35J. Calais, Adv. Quantum Chem. 17, 225 (1985).
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