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ABSTRACT OF THE DISSERTATION

On real Johnson-Wilson theories
by

Maia Christine Averett
Doctor of Philosophy in Mathematics

University of California San Diego, 2008

Professor Nitu Kitchloo, Chair
Professor Justin Roberts, Co-Chair

The central object of study in this thesis is a family of generalized cohomology
theories FR(n), known as real Johnson-Wilson theories. These theories arise as
the homotopy fixed points of the classical Johnson-Wilson theories E(n) under
the Z/2-action of complex conjugation. The classical Johnson-Wilson theories
E(n) are closely related to another family F, of cohomology theories, the so-
called Lubin-Tate or Morava F-theories. A purely obstruction-theoretic argument
given by Hopkins and Miller [Rez98] shows that the E, admit an action of the
Morava stabilizer group of automorphisms of the height n Honda formal group
law. We relate the real Johnson-Wilson theories FR(n) to homotopy fixed points
of the Morava E-theories E,, under an action by a certain subgroup of the Morava
stabilizer group. In doing so, we obtain a calculation of the coefficients of the
homotopy fixed points of E,, for this subgroup and as a corollary we see that after
completion the ER(n) are commutative S-algebras (i.e. E-ring theories). We

work entirely at the prime 2.

X



Chapter 1

Introduction

1.1 Background

Cohomology theories derived from complex cobordism are central objects of
study in modern homotopy theory. Due to its geometric nature as the Thom
spectrum associated to the unitary group, the spectrum MU representing complex
cobordism admits a natural involution by complex conjugation. This gives rise to
a theory of Z/2-equivariant or Real cobordism.

In 1966, Atiyah [Ati66] noticed that a complex vector bundle over a Z/2-space
might admit a complex antilinear Z/2-action compatible with the action on the
base. He called such a bundle a Real vector bundle and introduced Real K-theory
K R(X) as the Grothendieck group of such bundles over a Z/2-space X. Motivated
by this, in 1967 Landweber [Lan67]| defined cobordism of Real manifolds and later
[Lan68], using the involution of complex conjugation on the Thom spaces MU (n)
and equivariant suspension, he defined an associated spectrum MR indexed on a
complete Z/2-universe.! Later, Araki [AM78], [Ara79b], [Ara79a], observed that
one could carry out many of the classical constructions of complex cobordism for
this new Real cobordism. He defined the notion of a Real-oriented spectrum, Real
formal group laws, and used Quillen’s idempotent to construct a Real analogue

BPR of the Brown-Peterson spectrum BP. Much more recently, in work con-

!Note that the equivariant homotopy ring MR, does not calculate the Real cobordism groups
of compact Real manifolds, unlike the complex case (see [Hu99)]).



nected to constructing a Real version of the Adams-Novikov spectral sequence, Hu
and Kriz [HKO1] constructed Real versions of Johnson-Wilson theory E(n) and
Morava K-theory K(n). Of course, these constructions presuppose a fixed prime
p. Throughout this thesis, we work exclusively at p = 2.

Given a Real spectrum E, there is a naive Z/2-spectrum associated to the
trivial representation. In this way, we obtain naive Z/2-spectra associated to
Johnson-Wilson theories. Since forgetting the Z/2-action returns the Johnson-
Wilson spectra E(n), we write E(n) for the naive Z/2-spectra as well. Taking
homotopy fixed points yields spectra

ER(n) := E(n)"*/?

that go by the name of ‘real Johnson-Wilson’ theories.? The central object of study
in this thesis is this family ER(n) of real Johnson-Wilson theories. These were
first considered by Kitchloo and Wilson [KWO06], who made computations with
ER(n) feasible by constructing a fibration

SAER(M) Y™ ER(n) — E(n). (1.1.1)
Here z(n) is a distinguished 2-torsion element in FR(n), and A\(n) is the integer
22+l _9n+2 4 1 The Johnson-Wilson theories are higher K-theories in the sense
that F(1) is complex K-theory localized at 2. The ER(n) are similarly related
to real K-theory KO and the fibration above is a generalization of the classical
fibration
YKOp) — KO — KU

The fibration (1.1.1) gives rise to an exact couple and a Bockstein spectral sequence
measuring z(n)-torsion. Kitchloo and Wilson [KWO06] have used this spectral se-
quence to compute F R(2)-cohomology of real projective spaces and to prove new
bounds for nonimmersions of real projective spaces in Euclidean space. We will use

this spectral sequence to calculate the coefficients of FR(n) and related theories.

2The terminology is meant to mimic that of Atiyah’s: the analogous construction applied
to Atiyah’s Real K-theory KR returns real K-theory KO. The real Johnson-Wilson theories
ER(n) are honest spectra corresponding to Hu and Kriz’s Real Johnson-Wilson theories ER(n).
We indicate this by writing ‘real’ rather than ‘Real.’



In this thesis, we will relate the real Johnson-Wilson spectra FR(n) to a much-
studied but difficult to access family of spectra known as Morava E-theories. These

are a family of theories E,, with coefficients
(Bn)e = W(Fan)[[ur, . .., upa]][u™]

where |u;| = 0, |u| = 2, and W (Fs.) denotes the Witt vectors of Fan. They can
be constructed using Landweber’s exact functor theorem for BP. Let S, denote
the Morava stabilizer group of automorphisms of the height n Honda formal group
law I',, over Fon and write G(n) = Gal(Fan /Fa) x S, (see [Rez98]). The Lubin-
Tate theory of lifts gives an action of S, on (E,,). and Gal(Fan /Fy) acts on (E,).
by its action on the Witt vectors, so we have an action of G(n) on (E,). (see
[HM],[Rez98]). In the early 1990’s, Hopkins and Miller used obstruction theory
to rigidify this action to an action on the level of spectra. They showed that the
space of A, -self-maps of E,, is homotopy discrete with components equal to the set
G(n). They thus realized the action of G(n) on (E,). by an action of a homotopy
discrete monoid on E, in the category of A,-ring spectra (see [Rez98]). Later,
Goerss and Hopkins [GHO04] improved this by replacing A, by E.. These theorems
therefore give rise to a great supply of interesting F.-ring spectra obtained by
taking homotopy fixed points of E,, with respect to various subgroups of G(n).

For example, we might consider the action of Gal(Fy./Fy) x F3. and the re-
sulting homotopy fixed points

hGal(]FQn /]FQ) l><]F;<n

E,(Gal) := E,

The action of the Galois group Gal(Fsn/Fy) on the Witt vectors W (Fan) fixes
precisely Fy, so the fixed point set of this action is W (Fy) = 22, the 2-adic in-

tegers. Calculating the homotopy fixed points spectral sequence for the action of

Gal(Fqn /IFy) gives
(EgGal(an/Fz))* _ 22[[1“7 o ,Un—ﬂ][ui]-

Since F3, has odd order, the homotopy fixed point spectral sequence for the action

of it on EROF/F2) (llapses and gives

En(Gal), = Zs[[vy, . .., va_1]][v]

n



where |v;| = 2(2" — 1). Recall that

E(n). = Z[vr, ..., vp-1, vff]
S0
En(Gal). = Zo[[vs, ., vaa]][on] = (E(n).)7,
where [, is the maximal ideal (vy,...,v,—1) € E(n), and the notation denotes

I,-adic completion. The Morava stabilizer group S,, again acts on FE,(Gal) and

there is a subgroup Gy of order 2 in S,, generated by the formal inverse. The

purpose of this thesis is to relate ER(n) to the homotopy fixed points E,,(Gal)"“2,

Now, we may also consider K (n)-localization of E(n)

—_—

E(n) := LimE(n)

which also has

—

E(n), = (E(n).)p,.

The spectrum FE(n) inherits a Z/2-action from the action of complex conjugation

on F(n), and so the homotopy fixed points of E(n) with respect to this action may

be considered to be a completion of FR(n). We will prove that

—~hZ/2
E(n) =~ E,(Gal)h“:

and that the canonical map
ER(n) — E,(Gal)"¢?

induces an algebraic completion on the level of coefficients. This is the content of

hG2 - Computa-

Theorem 6.2.4. Along the way, we obtain a calculation of E,(Gal)
tions of this nature are in general extremely difficult and, unfortunately, ours arises
through a very special circumstance that does not generalize to other subgroups
of S,, or G(n).

Beginning in the next section, we use the modern terminology of Elmendorf,
Kriz, Mandell, and May’s S-algebras (see [EKMMO97] or Chapter 2 for a very brief
summary of the essential definitions and properties). An S-algebra is essentially

an A, -ring spectrum and a commutative S-algebra is essentially an E..-ring spec-

trum.



1.2 Methods

—_—

In order to relate the action of complex conjugation on E(n) to the action of
the subgroup generated by the formal inverse on E,(Gal), we would like to have a
map

—

E(n) — E,(Gal)

that is equivariant with respect to these actions. If this map were also an equiva-
lence, it would induce an equivalence on homotopy fixed points. Since L?(;) and
E,, are equivalent as S-algebras ([Laz03]) and the equivalence is homotopy equiv-
ariant, it is natural to attempt to rigidify this homotopy equivariant equivalence to

one that is honestly equivariant. A standard trick for this purpose is the following.

Trick 1.2.1. Suppose A and B are spaces or spectra or S-algebras with G-actions
and suppose that the space of maps F'(A, B) is homotopy discrete. Let ¢ € F(A, B)
be equivariant up to homotopy. Let F(A, B), denote the component of ¢ in
F(A,B). Then AN F(A,B) and A are equivalent, F'(A, B),, inherits a G-action

via conjugation, and the evaluation map
ANF(AB),— B
is honestly equivariant.

In order for this trick to work, one needs the space of maps between the two
objects to be homotopy discrete, or at least for the relevant component to be
contractible. In general, this is a quite stringent restriction, but if the objects
are endowed with extra structure, the space of maps preserving this structure can
sometimes be shown to be homotopy discrete. For example, A and B might be
S-algebras or commutative S-algebras and we might ask if the space of S-algebra
maps from A to B is homotopy discrete. As noted in the Introduction, Hopkins
and Miller showed that the space of S-algebra self-maps of F,, is homotopy discrete
and its components are the extended Morava stabilizer group G(n).?> This was later

extended by Hopkins and Goerss [GH04| to the space of commutative S-algebra

3See Rezk’s notes [Rez98] for an account of their work.



maps. More recently, Lazarev [Laz03] proved generalized Hopkins-Miller theorems
for a class of theories called strongly K(n)-complete. Namely, he showed that
the space of S-algebra maps from E(F) to a strongly K (n)-complete theory is
homotopy discrete with components equal to the set of multiplicative cohomology
operations.

We might hope to use this trick for A = ET(;) and B = E,(Gal), together with
the results of Hopkins, Miller, and Goerss, to rigidify our homotopy equivariant
map. Here we run into a problem: it is not known if the Z/2-action on L?(;)
arising from complex conjugation on MU is an action by S-algebra maps. That

—

is, the conjugation action on the space of maps from FE(n) to E,(Gal) does not

—

necessarily descend to an action on the subspace of S-algebra maps from E(n) to
E,.

To rectify this problem, we retreat to a situation where we know that the ac-
tion is via S-algebra maps. Because the commutative S-algebra MU representing
complex cobordism is constructed geometrically, the Z/2-action of complex conju-
gation is via S-algebra maps. Moreover, the natural map

MU — v-'MU — E(n) — E(n) — E,(Gal)
is homotopy equivariant, so we might try to rigidify this map. The space of S-
algebra maps from MU to E,(Gal) is not known to be homotopy discrete, but in
light of results of Lazarev [Laz03], one might guess that the space of S-algebra maps
from v, MU = Ly MU is. The standard way of computing the homotopy of
such a space of maps is to identify Fs-term of the Bousfield-Kan spectral sequence
with Hochschild cohomology and then show that the spectral sequence collapses.

This argument falls apart for the space
Fs_ag(v;" MU, E,(Gal))

because the Hochschild cohomology is not concentrated in a single vertical line.
However, we are able to get around this obstruction by means of another trick. We
construct an S-algebra T', a wedge of smashes of spheres, with the property that

——

Fr—ag(v; MU, E(n)) ~ Fs_ug(E(n), E(n)). (12.1)



—

We give E(n) the trivial T-algebra structure via a map 7" — S. The right hand side
of (1.2.1) is homotopy discrete by Hopkins-Miller theory. To prove the equivalence

of these mapping spaces, we calculate the Bousfield-Kan spectral sequence for

—

FTfalg(U;lma E(n))

and compare it to the Bousfield-Kan spectral sequence for

—_——

FT_alg(E(n) /\5' T, E(n))

We must also construct an S-algebra action on v, MU that extends the action
of complex conjugation on MU. We use Bousfield localization and the complex

conjugation action o on MU to construct a map
~ 13777 =177
0 € Fs_ag(v, MU, v, MU)

with 52 = idv;1 7o+ With this result in hand, we are finally able to rigidify our
homotopy equivariant map.

Write G, C Fs_alg(vglm,vglm) for the Z/2 generated by ¢ and Gy C
Fs_ag(En(Gal), E,(Gal)) for the homotopy discrete monoid corresponding to the
subgroup of S, generated by the formal inverse, so that G acts on v, LMU and

Go acts on E,(Gal). Define Z—V/2 by the following pullback diagram

i\/ﬂi}GleQ

|k

7)2 —2 7.)2 x 7/2

where A is the diagonal map. We give FE,(Gal) the trivial T-algebra structure, so
a T-algebra map
E,(Gal) — E,(Gal)

—

is just an S-algebra map. Then we obtain an action of Z/2 on

Fr_ag(v;'MU, E,(Gal))



by conjugation and hence a Z/2 action on
v;lm Ns FT,alg(v,Zl]V[\U, E,(Gal))
diagonally. Using Trick 1.2.1, we obtain an equivariant map
v " MU Ng Fr_ag(v; ' MU, E,(Gal)), — E,(Gal).

where v is the map v, MU — E,(Gal) that is the quotient map on coefficients
and the subscript denotes the component of v.

Next, we show that after taking homotopy fixed points, this map factors through
ER(n), resulting in a map

ER(n) — E,(Gal)"Z/2,

We prove that this map is a completion in the sense that it induces an algebraic

completion on the level of homotopy. In fact, we see that En(Gf:Ll)th/2 is equivalent

to the homotopy fixed points of ET’(;) under the action of complex conjugation.
This, together with a calculation of the homotopy ring of ER(n), allows us to
compute the coefficients of En(Gal)hiV/Q. Because En((}al)hiv/2 is a commutative
S-algebra by Hopkins-Goerss theory, we obtain the result that ER(n) becomes a

commutative S-algebra after completion.

1.3 Outline

Now we proceed to outline the basic structure of this thesis. We begin in
Chapter 2 by reviewing terminology and constructions that we will need. These
include the basics of Elmendorf, Kriz, Mandell, and May’s categories of S- and
R-algebras, various types of completion, and a quick review of Real spectra. We
also define the spectra ER(n) and related spectra that will be considered in this
thesis.

Next, in Chapter 3, we use calculations of Hu and Kriz [HK01] and Kitchloo
and Wilson [KW06] to calculate the homotopy groups of various spectra, including
Kitchloo and Wilson’s real Johnson-Wilson theory E'R(n) and the homotopy fixed

points of a completion of Johnson-Wilson theory.



In Chapter 4, we use Bousfield localization to construct an S-algebra v, ‘MU
and an S-algebra map
o:v, MU — v, MU
with 62 = id, -1 575 This map o is induced by the action

o: MU — MU

of complex conjugation.

In Chapter 5, we construct the S-algebra 7' and prove that the space of T-
algebra maps from v, MU to E(;) is homotopy discrete.

Finally, in Chapter 6, we tie all the results together to compare the actions. In

this chapter, we construct the map
v " MU As Fr_ag(v;"MU, E,(Gal)), — E,(Gal)

and prove that it factors through FR(n) after taking homotopy fixed points. This

gives rise to the main theorems and corollaries, which are also drawn here.



Chapter 2
Terminology and constructions

In this chapter, we describe the categories in which we work, define the main
objects of study, and give basic constructions that we will use throughout this
thesis. We begin with a very brief description of the “brave new” structured point-
set categories that we work with in place of the category of spectra. The reference
for all of this material is the text [EKMM97] of Elmendorf, Kriz, Mandell, and May.
They construct a topological closed model category Mg with a unital symmetric
monoidal smash product Ag such that the derived category Dg of Mg is equivalent
to the classical derived category of spectra. We only provide the basic terminology
here and we refer the reader to [EKMMO97] for details and proofs. Next, we recall
a few useful constructions. We briefly visit Bousfield localization and describe its
relationship to completion. We give examples that define and describe m and
v, LMU. After that, we recall the theory of Real spectra as studied by Hu and
Kriz [HKO1]. We describe the construction of the real Johnson-Wilson theories

and related theories that we will study in this thesis.

Terminology. We are strict about our terminology throughout this thesis. We use
the terms “R-module” and “R-algebra” to refer to the highly structured notions
of [EKMMO97] discussed below. The terms “spectrum” or “R-module spectrum”

or “R-ring spectrum” refer to the classical homotopical notions.

10
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2.1 L-spectra

All of the highly structured categories of spectra that we work with are built on
top of the category of L-spectra. Let SU denote the category of spectra indexed
on some fixed universe U. Let Z denote the category whose objects are universes
and whose morphisms are linear isometries. We write Z(U, U’) for morphisms in
this category. Give each universe a topology as the union of its finite dimensional
subspaces and give the set Z(U, U’) the function space topology. Then Z(U,U’) is
contractible.

Let U7 be the direct sum of j copies of U and write £(j) for the space Z(U’,U).
The space £(0) is a point and £(1) contains the identity map on U. The symmetric
group X; acts on the left on U7 by permutations and induces a free right action of

¥; on L(j). Define maps
L(k) x L(j1) x -+ x L(jr) = L(J1+ -+ Jk)

by (g, f1,---, fx) — go (fi® - D fr). The spaces L(j) together with these maps
form what is called the linear isometries operad, which we denote by L. Let L

denote the monad in S given by LE = £(1) x E.!

Definition 2.1.1 ([EKMM97], 1.4.2). An L-spectrum is an algebra over the monad
L. Denote the category of L-spectra by S[L].

This means that an L-spectrum is a spectrum FE together with an action LE —

E so that the following diagrams commute

LLE — LE E — LE
J J and \J
LE — E K

A morphism F — F of LL-spectra is a map of spectra commuting with the action
of L on F and F. The category of LL-spectra has a naturally associative and

commutative internal smash product £ Ay F' defined as the coequalizer

(L)x L) x L)X (EANF)ZLR2)X (EANF)— EN F

!The symbol x denotes the twisted half smash product of a space with a spectrum. See
Appendix A of [EKMM97].
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Unfortunately, this smash product is only unital on the homotopy category. How-
ever, there is a unital symmetric monoidal category whose derived category is
equivalent to that of classical spectra. The category is that of so-called S-modules,
which we will define in the next section. First, we note that for any L-spectrum
E there is a natural map A : S A, E — E which is always a weak equivalence of

L-spectra. See Section 1.8 of [EKMMO7] for its construction.

2.2 S-modules

Let S denote the sphere spectrum indexed on a fixed universe U.

Definition 2.2.1. An S-module is an L-spectrum F such that A\ : SA; E — F is
an isomorphism. Write Mg for the full subcategory of LL-spectra whose objects

are S-modules. Define F' Ag F':= E A F and Fs(E, F) := S A Fo(E, F).

Elmendorf, Kriz, Mandell, and May justify the name S-modules with the fol-

lowing commutative diagrams

SAsSAgE M gasE EXL SAGE
idAA‘ A and \ A
id
SNg E F E

The following theorem summarizes the basic properties of Mg.
Theorem 2.2.2 ([EKMM97], 11.1.3, I1.1.4, 11.1.6).
1. The functor S Ap — : S[L] — Mg is left adjoint to the functor
Fr(S,—): Mg — S[L]
and right adjoint to the inclusion Mg — SI[L].

2. The category of S-modules is complete and cocomplete, with colimits created in

S[L] and limits created by applying S Ap — to limits created in S[L].
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3. The category Mg is symmetric monoidal under Ng and
Mg(E Ns F,P) =2 Mg(E, Fs(F,P))

for S-modules E, F', and P.

2.3 S-algebras and their modules

Definition 2.3.1. An S-algebra is a monoid in Mg and a commutative S-algebra
is a commutative monoid in Mg and we denote the category of S-algebras by Ag.
If R is an S-algebra or commutative S-algebra, then a left (resp. right) R-module
is a left (resp. right) R-object in Mg. Write Mg for the category of R-modules.

Remark 2.3.2. These notions replace the older notions of A, and F, ring spec-
tra. In fact, an S algebra is just an A, ring spectra which is also an S-module.

Similarly in the commutative case. Of course, S is a commutative S-algebra.

Theorem 2.3.3 ([EKMM97], I11.1). Let R be an S-algebra.

1. The functors R Ng — and Fs(R,—) from Mg to Mg are the free and cofree
functors from S-modules to R-modules. They are left and right adjoint to the
forgetful functor.

2. The category of R-modules is complete and cocomplete. Limits and colimits are

created in Mg.

Definition 2.3.4. The free S-module generated by a spectrum X is
IFSX =S /\E LX

and the free R-module generated by a spectrum X is FrX := R AgFgX. The

m-sphere S-module is the free S-module generated by the m-sphere spectrum, i.e.
Sg' =8 N LS™

The m-sphere R-module is S% := R Ag Sg".
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Warning 2.3.5. The term “free” is somewhat inaccurate, since FF is not left ad-
joint to the forgetful functor. It is only left adjoint to a functor that is naturally
equivalent to the forgetful functor. In detail, the functor F : & — Mg is left
ajdoint to the functor that sends an R-module E to the spectrum F(S, F) and
there is a natural map of R-modules FE — E whose adjoint £ — F.(S,F) is a

weak equivalence of spectra. This is enough to ensure that
Tm(E) := hS(S", F) = hMs(Sg', E) = hMpg(SE, E).

Note that for X a wedge of sphere spectra, m.(FrX) is the free 7,(R)-module

with a generator of degree m for each m-sphere.

2.4 Model structures

All of the categories described above admit topological closed model structures.
In all cases, the weak equivalences are created in the category of spectra in the
sense that a map is a weak equivalence if it is a weak equivalence of the underlying

spectra.

Theorem 2.4.1 ([EKMM97], VIL.4.6). The category Mg is a topological model
category with weak equivalences created in S. Its q-fibrations are Serre fibrations

of S-modules, i.e. maps f: M — N such that
F(d, f): Fe(S,M) — Fz(S,N)
is a Serre fibration of spectra.

We write Dg and Dpg for the derived categories of S- and R-modules obtained
from Mg and My by inverting the weak equivalences. Ring objects in Dg are ring

spectra and ring objects in Dy are R-ring spectra.

2.5 Various constructions

In this section, we collect the basic definitions of some commonly occurring

constructions.
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Homotopy fixed points

Given a space X with a G-action, the fixed point set X can be identified with

the set of equivariant maps from a point into X, i.e.
X% = F%pt, X).

This construction, however, is badly behaved for use in homotopy theory: it need
not preserve homotopy equivalences. To rectify this, we replace pt by a free con-

tractible G-space EG and define
Xh¢ .= FY(EG, X),

the homotopy fixed points of X under G. This construction enjoys the following
very useful property: given a G-equivariant map X — Y which is a homotopy
equivalence, the induced map

XhG N YhG

is an equivalence. This construction generalizes to spectra, S-modules, etc. in the

obvious way.

Inverting a homotopy element

Let R be a commutative S-algebra and let M be an R-module. An element a

of the homotopy ring 7.(R) gives rise to a self-map of R via the composition
R=SAsR™S RAsR-S R
where g is multiplication of the S-algebra R. Let
R[1/a) := colim(R —*+ R - R %~ ...).
Then R[1/a] is an S-algebra with (R[1/a]). = R.[a™']. Let

MI1/a] := M Ag R[1/a]

so (M[1/a]). = M.[a™']. We often write a~'M for M[1/a).



16

Quotients of R-modules

For a commutative S-algebra R, an R-module M, and an element a € 7, (R),

define R/a by the cofiber sequence
R R— R/a

in Dg. Let that M/a := M Ar R/a. For a sequence a = (ay, as,...) of elements
T«(R), let

M/a := M Agr (/\ R/ai)

where the product is taken over R. If a is regular on m, (M), we call M/a a
regular quotient of M. If m;(R) = 0 for ¢ odd and a and a’ are regular sequences
generating the same ideal [ in 7, (R), then the regular quotients M /a and M/a’ are
equivalent R-modules (see [EKMMO97], Cor. V.2.10). This justifies the notation
M/I for M/a. See [Str99], [Wiit05], and [BLO1] for many details and properties

of such quotients.

2.5.1 Forms of completion

We will be working with various forms of completion of spectra at ideals in their
homotopy rings. In this section, we recall a few constructions and outline their
respective properties and relationships. First, we recall completions in algebra.
Then we recall various ways of mimicking these constructions in homotopy theory.

The material in this section is standard.

Algebraic completions

In algebra and algebraic geometry, it is common to study the completion of a

ring R at an ideal I. The completion of R at [ is the inverse limit

R} :=lim R/I°

S

over the inverse system

D R/I*D---DR/I? D R/I.
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Similarly, for an R-module M, one can define the completion of M at I as the

inverse limit

M} = lim M/I*M.

S

See Chapter 10 of [AM69] or Chapter 7 of [Eis95] for thorough treatments of

algebraic completion.
Examples 2.5.2.
1. If R=7Z and I = (p), then the completion is the ring of p-adic integers, Zp.

2. If R = S[xy,...,x,| is a polynomial ring and I = (z1,...,x,), then the

completion is the power series ring R} = S[[z1, ..., z,)].

Homotopy /-completion
Let R be a commutative S-algebra and let M be an R-module. Let a € m.(R).
As in [GM95], define the Koszul spectrum Kg(a) by the fiber sequence

Kgr(a) - R — R[1/al.

Since R[1/a] is an R-module and the map R — R[1/a] is an R-module map, Kg(a)

is an R-module. For a finite sequence of elements ay, ..., a; € 7.(R), define
Kr(ai,...,a;) == Kg(a1) Ar -+ Ar Kr(ag)

Up to equivalence, Kg(ay,...,a;) only depends on the radical of the ideal I gen-
erated by ay,...,ax, so we write Kg(I) for Kg(ay,...,a;). For an R-module M,

we define the completion
M7 = Fr(Kgr(I), M) (2.5.1)

where the right side is R-module maps from Kx(I) to M. Notice that M is again

an R-module and comes equipped with an R-module map M — M.
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Bousfield Localization

We recall the basic definitions necessary for Bousfield localization. We use the
modern formulations for S- and R-algebras, as in [EKMM97], though these are just
reformulations of the original ideas of Bousfield [Bou79|. Let R be a commutative
S-algebra and fix an S-module £. An R-module A is E-acyclic if EAr A ~ pt and
a map is an E-equivalence if its cofiber is E-acyclic. An R-module Y is E-local if
Fr(A,Y) ~ pt for all E-acyclics A. A map X — LEX is a Bousfield localization of
X with respect to F if it is an E-equivalence and LEX is E-local. The superscript
R may be omitted when clear from the context. Of course, these definitions make
sense when R = S.

By Theorem VIII.2.1 of [EKMMO97|, Bousfield localization preserves S- and R-
algebra structures. This will play an important role in Chapter 4 and the relevant
theorem is cited there as Theorem 4.1.1. The following lemma relates Bousfield

localization over different S-algebras.

Lemma 2.5.3 ([May96], XXIII.6.5; [BJ02], Lemma 4.3). Let R be a commutative
S-algebra and let A be an R-algebra. Let E be an R-module and let M be an
A-module. The (A Ag E)-localization map

M o L oM

in the category of A-modules is a E-localization in the category of R-modules; hence

there is a weak equivalence

Lin, M ~ LEM
of R-modules.

Properties

The following theorem relates homotopy I-completion and Bousfield localiza-

tion.

Theorem 2.5.4 (Greenlees-May, [GM95] Thm 4.2). Let R be a S-algebra and let
M be an R-module. Let I be a finitely generated ideal of m.(R). The map

M — M}
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1s Bousfield localization in the category of R-modules with respect to the R-module
K(I).

Example 2.5.5 (E/(;)) Consider the K(n)-localization E(\n) = Lf((n)E(n) of
Johnson-Wilson theory E(n), as in the Introduction. There are several equiv-
alent ways to describe m in terms of localization or completion. Let [, =
(voy -+, 0n—1) € E(n). be the standard ideal. In [BW89], E/(;) is constructed as
a spectrum representing an algebraic completion of Johnson-Wilson theory. It is
defined on finite spectra by

B(n) (X) = m(E(n)*/1;) @ B(n)"(X)

pam—
S

and since E(n) = (E(n)*)7, is linearly compact with respect to the I,-adic topol-

ogy, this determines the spectrum E(n). Later, Baker [Bak91] constructed E(n)

as the I,-adic completion of F(n) on the level of spectra. He constructed a tower

- — E(n)/I! — --- — E(n)/I* — E(n)/I, (2.5.2)

—

of E(n)-module spectra whose homotopy inverse limit gives the F(n) of [BW89].
Here E(n)/I? is the quotient E(n)-module spectrum obtained by killing all mono-
10, .01 in—1

mials vy'vi' -+ - v,'7 with Y7770 4; = s. The canonical map

E(n) — holimg E(n)/I;

is Bousfield localization with respect to K(n) by Cor. 6.13 of [Wiit05], so the

homotopy limit of this tower is equivalent to Lf((n)E (n) = E(n) as we considered

it in the introduction. Now, by Lemma 2.5.3, there is a weak equivalence
E(n) = Lf((n)E(”) = L%gASK(n)E(n)

of S-modules. In Prop. 4.2 of [BJ02|, Baker and Jeanneret show that the natural
map E(n) — holim, E(n)/I is a morphism of MU-algebras. In proving their
proposition, they show that MU Ag K (n) is Bousfield equivalent to v, 'MU /I, so

there is a weak equivalence

E(n) ~ L%({MU/InE(n) (2.5.3)
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of S-modules. Baker and Jeanneret go on to explain that Theorem 6.4 of [BLO1]
shows that (2.5.3) is in fact an equivalence of MU-modules (the tower (2.5.2) can

be constructed as one of MU-modules and its limit is shown to be LMY P E(n)).

—

Each of these various descriptions of F(n) has a slightly different set of obvious

properties, so it comes in handy to have them all at our disposal. Since

holim, E(n)/I; ~ Lf((n)E(n) ~ LQJE{[{MU/I E(n)

are (weakly) equivalent as MU-modules, we feel justified in using the notation of

E/(\n) for any of them.

Example 2.5.6 (v, MU ). Consider MU as a commutative MU-algebra. Since
Bousfield localization preserves M U-algebra structures, we obtain a commutative
MU-algebra

v, ' MU = 1M, MU
as the Bousfield localization with respect to v, 'MU/I, in the category of MU-

modules. By the discussion in the previous example, we have weak equivalences

of S-modules

1T MU ~ TMU ~ TS
Un MU = L5000, MU 2 Lygns kMU = Lig@mMU

As explained in [GM95], the homotopy ring of v, LMU is
m(vg ' MU) = m(MU)[v, ']},

(See also Section 1.1 of [HS99].) Note that applying Bousfield localization with
respect to MU Ag K (n) to the MU-algebra map MU — E(n) gives a M U-algebra
map v,, MU — E(?)

2.6 Real cobordism

In this section, we briefly review the definition of a Real spectrum and give

examples of Real spectra relevant to this thesis.
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A Real spectrum E is a 7 /2-equivariant spectrum indexed on the real represen-
tation ring RO(Z/2), i.e. it is a collection of Z/2-spaces Ey for each V' € RO(Z/2)
such that for every W € RO(Z/2) we have compatible maps SWVE(V) — E(VeW),
whose adjoints are homeomorphisms E(V) — QVE(V & W). Here % means
smashing with S", the one-point compactification of W, and Q" means maps
out of S". Homotopy classes of maps from a Real (i.e. Z/2-) space into a Real
spectrum defines a RO(Z/2)-graded cohomology theory.

Since RO(Z/2) = Z. & oZ, a Real spectrum is secretly a bigraded spectrum E,

such that each E,; has a Z/2-action and there are maps
QEa,b - ]Eafl,b

QaEa,b - Ea,b— 1

which are compatible with the Z/2 actions and whose adjoints are homeomor-
phisms
IEa,b - ZIEa—l,b

«a
IEa,b — X IEa,bfl

Note also that for a fixed value of b, the collection of spaces and maps {E, ez
forms a naive Z/2-spectrum. For b = 0, this is the underlying naive Z/2-spectrum
associated to the trivial representation that we referred to in the introduction; it

is often denoted Ey;.

Remark 2.6.1. We will use blackboard bold to indicate a Real spectrum E. We
will use the subscript * to denote the bigraded coefficients, so that E,(X) = E, .(X)
for a Real space X.

Example 2.6.2 (Real cobordism). Let MU (k) be the Thom space of the universal
k-plane bundle over BU (k). There is an action of Z/2 on MU (k) given by complex
conjugation, constructed as follows. Recall that BU (k) is the Grassmannian of k-

planes in C* and define a map

BU(k) — BU(k)
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by sending V +— V, where V = {w | w € V}. This map is covered by a map on
the total space level EU(k) — EU(k) by v — v on each fiber, so we obtain a
map on MU (k). Since conjugating twice gives back the original element, the map
c: MU(k) — MU(k) squares to the identity and hence defines an action of Z/2
on MU (k). In order to define a Real spectrum MR associated to this action on
the prespectrum { MU (k)}r>0, we need structure maps in the ‘trivial’ and the ‘o’

directions. Consider the diagram

(R®aR) & EU(k) — EU(k+1)

J J

BU(k) BU(k + 1)

where we identify C with R & aR, and f is the classifying map for the bundle on
the left. Taking Thom spaces gives a map

SN MU((K) = S MU (k) — MUk + 1)

which is compatible with the Z/2-action by construction. We can then define the
zeroth space of the Real spectrum MR by

MRy := colimy, Q¥ MU (k)
and the rest of the spaces by
MR, := Q™% colimy, Q"+ MU (k)
This definition makes sense because eventually k will be larger than both a and b.

Note that any naive Z/2-spectrum can be made into a Real spectrum in this way.

Example 2.6.3 (The Real Brown-Peterson spectrum). In [Ara79b], Araki used a
Quillen idempotent MIR — MR to construct a Real version BPR of the Brown-
Peterson spectrum BP. His construction is analogous to the construction of BP

from MU. As explained in [HKO01], this gives a splitting

MR = \/ ymi(l+o) BpR

m;
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of Real MIR-module spectra, where the m; range over the dimensions of additive
free generators of a free symmetric algebra on generators of dimension k # 2° — 1.

These m; are the same as those that give the classical splitting

MU = \/ Y2mi Bp

m;

of MU-module spectra.

Example 2.6.4 (Spectra derived from Real cobordism). Recall that m,(MU) =
MU, = Z[zy,xs, . ..], where |zx| = 2k, and that many interesting spectra may be
constructed by killing a regular sequence of elements MU, and (or) localizing at
elements of MU,. If E is such a spectrum, we may use the methods of Section
3 of [HKO01] to construct a Real spectrum (in fact an MR-module) ER with the
property that the spectrum {ER,}q.ez is E. In [HKO1], Prop. 2.7, it is shown
that the natural map MR, — MU, splits by a map of rings MU, — MR, that
sends the generator x;, of degree 2k to an element of bidegree (k, k).? Thus we may
construct ER by killing off and localizing the lifts of the elements of MU, used to
define E. In this way, we obtain Real versions KR(n), ER(n), etc., of the classical
spectra K (n), E(n), etc. This method also gives an alternate construction of BPR.

In the classical case, the regularity of the sequence of elements in MU, used
to construct a derived spectrum of MU allows one to easily calculate the coeffi-
cients of such a spectrum. In the Real world, the lifts of these elements do not
necessarily form a regular sequence in MR,, so the calculation of the coefficients
BPR,, KR(n),, and ER(n), is not immediate. However, Real spectra often satisfy
a completion theorem that facilitates the computation of their coefficients. The
Real spectra MR, BPR, KR(n), and ER(n) all satisfy completion theorems [HK01].
This fact is used in [Hu01] and [HKO01] to compute BPR,.

2.7 The main players

2In fact, this is a ring isomorphism from MU, onto the diagonal subring of MRR,, i.e. the
subring of all elements in bidigrees (k, k).
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We are now ready to define the objects of central study in this thesis. For a Real
spectrum E, we noted that for a fixed b, the collection of spaces and corresponding
maps {E,p}eez forms a naive Z/2-spectrum, that is, an ordinary spectrum in
which each of the spaces is equipped with a Z/2-action and the structure maps
are equivariant. Fixing b = 0 and applying this to the Real versions of derived
spectra of MU described in Example 2.6.4 gives naive Z/2-spectra MU, BP, E(n),
etc. which are the classical MU, BP, E(n) if we forget the Z/2-action. We can
now take homotopy fixed points to obtain spectra MU"/2 BPh2/2 E(n)"%/2 | etc.

The central object of study in this thesis is the spectrum
ER(n) := E(n)"/?,

Kitchloo and Wilson ([KWO06], [KW]) refer to this as real Johnson-Wilson theory.
Note that this is not a Real spectrum in the sense of the previous section; it is only
real in the sense that it is derived from a Real spectrum by taking homotopy fixed
points of an underlying naive Z/2-spectrum, just as real K-theory is derived from
Atiyah’s Real K-theory. We shall rely on our notation of bold for Real spectra to

make this distinction clear.



Chapter 3
Calculating coefficients

In this chapter, we use published calculations of the coefficients of various Real
spectra to compute the coefficients of various fixed points of underlying naive Z/2-

spectra.

3.1 BPR, and ER(n),

As described in Section 2.6, there is a Real spectrum MR associated with
complex cobordism and Real spectra BPR and ER(n) associated with Brown-
Peterson theory and Johnson-Wilson theory. In various papers, Hu and Kriz have
calculated the coefficients of BPR using the Borel spectral sequence. In [KW06],

this calculation is modified to give the coefficients of ER(n). We recall these here.

Theorem 3.1.1 (Hu-Kriz,[HKO01]).
BPR, = Zgy[vr(l),a| k> 0,1 € Z]/1
where I s the ideal generated by the relations
v(0) =2, ¥ (1) =0, and for k < m, vm(5)ve(2™ ) = v + Dvi(0)
The bidegrees of the elements are

lal = —a, o)) = (2° = DA +a) + 12" (a — 1)

25
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Here we use the notation (k,1) =k + la.
Remark 3.1.2. Note that BP, sits inside BPR, as the v(0).

Theorem 3.1.3 (Kitchloo-Wilson, [ KW06]).

ER(n), = Zg[ve(l),a,vF, 0% |0 <k <n,l € Z]/I

’» N

M ond I is the ideal generated by the relations

where vg(l) = vgo
ok+1_q . m—k .
Voo =2, a ve(l) =0, and for k <m, v,(J)ve(2™ ") = vy + Dvk(0).

The bidegrees of the elements are the same as above, with |o| = a — 1 and |v,| =
2" =11+ «).

3.2 ER(n),

Before we calculate the homotopy ring of FR(n), we recall a few key elements

of the homotopy rings of related spectra. The diagonal elements
v(0) € ER(1)gk 1,981

are invariant under the Z/2-action of complex conjugation and hence give rise to
hZ/2
2k—1,2k—1>

o2+l ¢ ER(n); gt o+ yields the element

elements in ER(n) which we also call v;(0). Multiplying each vg(0) by

_ 9ok
vp = v(0)o e ER(”)z@k—n,o = E(n)2(2k—1)-

Now, for vy € E(n)y2k_1y, put

A~ — k__ n__
Vi -— vkvn@ DE"-1)

for 0 < k < n. To facilitate the calculations to come, we reindex the homotopy of
E(n) using the vy, for k& < n, rather than vg. Of course, these generators are just

as good as the original generators, since v,, is a unit. From now on, we put

:I:l]

E(”)* = Z’(Q) [@17 @27 s 7@n—17 (%%
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Let A\(n) = 2201 2724 1. In [KWO6], Kitchloo and Wilson identify an invertible

element
y(n) = 7},2:71(77(271_171)271+1 € ER(”)I;(Zr{i—l
which then give rise to elements
. _ok hZ/2
0(0) == v (0) - y(n)' ™ € ER(n)(l—/)\(n))(Qk—l),O = ER(n)a-xmy@s-1)-

These map to v, under the natural map

induced by inclusion of fixed points.
The element 02" is a unit and the Z /2-action on it is trivial (since there are
an even number of 0’s), so it gives rise to an element in E]R(n)],fﬁ/ ? which we also

denote by 02", Hence

2T @ N2 < (4, 0”@ € BR(n) 2 5y o = ER(n)aura(2n 1y
(3.2.1)
is also a unit. This maps to v2"" € FE(n), and is the periodicity element for
ER(n).

In [KWO06], Kitchloo and Wilson use the element y(n) to construct a fibration
of spectra

SXOER(n)"?? 2 BR ()M s ER(n)y (3.2.2)

where z(n) = a - y(n) and the subscript V' indicates the spectrum obtained by
fixing a V' € RO(Z/2). Fixing V to be the trivial representation, we obtain a
fibration of spectra

YA ER(n) =5 ER(n) - E(n)

for x(n) € ER(n)xm). This fibration gives rise to an exact couple

(n)

ER(n)*(X ER(n)*(X)

I

)
E(n)"(X)

and hence a Bockstein spectral sequence measuring x(n)-torsion in FR(n) (see

[KW], Thm. 4.2). The degree of d, is rA(n) + 1, and FEgn+1_; = 0. Moreover, the
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spectral sequence measures z(n)-torsion in the following sense. Filter ER(n), by

Fj, the kernel of multiplication by z(n)’, so that
0=FyCF C-C Fyni_, = ER(n)..
Let M = ER(n)./z(n)ER(n), and filter M by the image of F;. Then
M/M, 1 — E, and M,/M, ; =im(d,).

Since vy = 2 is in the image of d;, we have that F, is entirely 2-torsion for r > 2.
Note that the image of ER(n). — E(n). is the set of elements that are targets of
differentials.

Now we will use this spectral sequence, together with the calculation of ER(n),,

to compute ER(n),.

Theorem 3.2.1. Let A\(n) = 2*"*1 — 2"%2 4+ 1 and set x := x(n). We have

ER(n). = Zlz, 0:(1),v:2" |0 <k <n,l € Z]/J

n

where J is the ideal generated by the relations
0(0) =2, =« oe(l) =0, and for k <m, 0,(D)0x(2™7"s) = 0, (1 + 5)01,(0).

The degrees of the generators are

2n+1
n

|| = A(n) = 22"+t —2n+2 11 2" | = 2nTE(2" — 1)2

[op ()| = 2(2% — 1) +12M2(2" — 1)2 — 2(2F — 1)(2" — 1)~

Remark 3.2.2. Though the degrees of these elements seem quite complicated,

they are more easily remembered using the fact that
@k<l) — UkU;(Qk_l)(zn—l)—o—mk-H(2n_1)

under the natural map FR(n), — E(n), (which of course preserves the grading).

Remark 3.2.3. Note that we recover the homotopy of KOs as

T (ER(1)) = Z[to(1),n,v1]/(2n = n* = nio(1) = 0).
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Proof of Theorem 3.2.1. We calculate the Bockstein spectral sequence for a point,

using the identifications E(n), = E(n) * and ER(n), = ER(n)~*. The E,y-page is
g pag
Ey = E(n). = Zg[tn, D2, . . ., On1, V).

Though there are potentially 2"™! differentials, we will see that in fact only n + 1
of them are nonzero, namely those of the form dyj+1_; for j =0,...,n.

First, we show that for degree reasons, differentials can only originate on powers
of v,. This can also be seen using Kitchloo and Wilson’s computation of ER(n),:
for £ < n, the vy must be permanent cycles because they correspond to a2 L
torsion elements in ER(n),. (They are therefore targets of differentials and hence
permanent cycles.) However, we choose to include a short degree argument to
demonstrate how much can be obtained from the Bockstein spectral sequence with

very little input.
Write A for A(n). We have

0] = (2 = 1)(1 = A) for0<i<mn

Consider differentials of the form d,(¢*) = 0%. Such differentials must satisfy the
degree equation

klo;| = 1051 = |do| + [07"] = 1d,| + mli]. (3.2.3)
If 0 <i<mnand0<j<n,the degree equation (3.2.3) becomes

E(27—1) (1= X)) =—=rA—14+m(2" = 1)(1 = \). (3.2.4)
Since 1 — A is divisible by 2", reducing modulo 2" gives
r=-—1 mod 2".

However, we know that Fsn+1 = 0, so the only possibilities are r = 2" — 1 or
r = 2" — 1, both of which are be ruled out by plugging in to equation (3.2.3).
An easy generalization of this argument shows that there are no differentials of the

form
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for 0 <i <nand 0<j<n, where a;,b; € Zg) if r =1 and a;,b; € Z/2 if r > 1.

m(2"—1))

Now consider differentials of the form d, (v, = @J’? fori,j#n. Ifi=n

and 0 < j < n, equation (3.2.3) becomes
B2 —1D)(1 =X =—rA—1+m\+1)
and reducing modulo A gives
k(22 —1)—m+1=0 mod \.

We also have

2m=r+1 mod (A —1).

Simple calculations and the fact that r < 2"*! show that
r=2m—1 and m=k(2 —1)+1.

Since 0 < r < 2", we have

2n —1
0<m<2" and 0< k< — .
27 —1

This is as much as we can say by looking at degrees alone. Notice that if k =1,

we see a possible differential of the form d2j+1_1(1}721j(2n_1)) = 0;. It turns out that

this differential does occur, though we need to invoke extra information to see it.

We now show that 9y, is 22" ~1-torsion so that the differential
dyjar_1 (0P @) = (3.2.5)
does indeed occur. Recall the definition
r=uz(n)=a-yn).
By Kitchloo and Wilson’s computation of ER(n),, we have that
> () =0 (3.2.6)
in ER(n),. Now, since

U = Uk(O)UPQk € ER(n)a2r—1),0 = E(n)ar—1)
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U = vkv‘@k‘l)(?"—l) = vk(0)01_2kv;(2k‘1)(2"—1)g(—2"+1)(1—2’“)(2”—1)

€E(n). €ER(n).
and so
$2k+1—1@k _ (ay(n))2k+1—1(Uk(0)0_1—2’“U;(Qk—l)(Q"—1)0_(—2"+1)(1—2k)(2"—1))

_ T 1 (0) ()2 Ly DD (222
=0 by (3.2.6)

A~ . k+1__ .
Hence 0y is 22 ~!-torsion.

So, we have proved that the only possible differentials originate on powers of

v, and that we have the differential (3.2.5), assuming that vz '

survives long
enough to support this differential (we’ll see that it does below.) Hence we see the
22" “Ltorsion elements in 0;(0) € ER(n), that map to the ¢, € E(n),. Now we
complete the description of the differentials.

In [KW] the first differential is realized as
di(z) =v, " (1= ¢)(2)

where ¢ denotes the action induced by complex conjugation. This agrees with our
computation with the usual convention that vy = 2 (recall that vy = vg). This also
implies that d; (U,T(zn_l)) = 0 for m even. Moreover, if m is odd, say m = 2s + 1,

then

dy (,U;Ln(anl)) = d (v(23+1)(2"71))

= )R @2V (02 = 2 Vg,

so odd powers of v2"~! do not survive past E;. Note that the same computation
shows that odd powers of v, also die on the F; page.
If m is a power of 2, say m = 2!, and r < 2! — 1, then the product formula

gives

dr(vm(Qn_l)) _ dr(v2j(2n_1))vgj(2n_1)—|—c(v2j(2n_1))dr(ij(Qn_l))

_ 2U121j(27l_1)dr(’Uijmn_l)),
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But since d; kills 9y = 2, each E, is a vector space over Z/2 when r > 1. Therefore
d.(vn (zn_1)) is zero and v,%j(Qn_l) does indeed survive long enough for the differential
(3.2.5) to hold.

Now suppose that m is even but not a power of 2. Let m = 2! + ... + 2% be
the binary expansion of m, with [y > I, > --- > [, > 0. For brevity, write v,, for

2

n
-1
v . We compute

L9l 4.4 9ls Lol c2la 4.4 9ls L2l “oloy ... 9ls
d2ls+1_1(Un oot ) = d2ls+1_1('Un )U,n oot ‘I—C('Un )d2l3+1_1('0n ot )
—_— N——
=0 since 11> :{}211

n

= 02 (dyerr (022) T2 e(02) dyary (020 HY)
—— S~~~

=0 since lo>1g 17212
n

= 2 (02 02 4 (02 ) dyen o (82°))
N——— N——

=0 since ls_1>ls _ols—1
7’Un

ol ..a9ls—1 A
G2y

n s

and so 9™ dies on the (27! — 1)"* page. This is of course assuming that all

the terms involved survive to the (27! — 1) page, which is easily checked by

induction. The key point is that do+1_;(02") will always vanish if ¢ < s, because

this implies that I, < [,. Since 2% is the maximal power of 2 dividing m, we have

proved: If m = 29m’ and 2 does not divide m/, then §™ dies on the (277! — 1)t

page.
Thus if j > 0, an arbitrary monomial a € Fyj+1_; is of the form

a=|]ank

i=j
where a; € Z/2 and where the maximal power of 2 dividing k,, is larger than 2771,
That is,

Eoier_q = Z)2[b;, . . ., Dp_y, vE¥ @ D],

Let 2! be the maximal power of 2 dividing k,, so [ > j. Writing the binary
expansion for k, as k’ + 2!, our previous calculation shows that

k. )

, Upn0; =

d2j+1_1(,ﬁfbn> _ d21+1_1(17’72"+2l) _ j J
0 else
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This and the product rule give

n n—1
~k; ~k ~ki
d2j+1_1(a) = dyj+1_4 H a;v;" | = doj+1_1 v, - H a;v;"

i=j i=j
n—1 n—1
k ~k; ~k A~k
= d2j+1_1(Unn> . H a;v;" + C(Un”) - doj+1_1 H a;v;"
=7 =7
NS g
Vv
=0
n—1
g K N
= dyi g () - [J ast¥
=7
A'vk%.anl ki s~ 00 il =i
_ 0;j0n, iy aity =00, %a  ifl =
0 else

In particular, for [ € Z, we have

d2k+1,1(177(12k71)+12k+1) _ d2k+1,1(®727,k71)’0£12k+1 + C(@Qk*l) d2k+1,1(v ) = 00
—_———

so we see the elements 0;(l) € ER(n). arising as the elements that map to

~ ]2k+1 _(9k _ n__ k+1/on_
Ukvf :,Ukvn(Z 1)(2"—1)+i2 (2 I)GE(n)

* .

This concludes the analysis of the possible differentials.
It remains to put these pieces together to determine the ring structure on

ER(n). To this end, recall that we have seen that

~ A L]Ok+1 _(9k_ n__ k+1/on _

under map ER(n). — E(n),. Since this is a ring homomorphism and

~  ]gm+l

~ J(Oom—k k+1
D 02" (2" )2

we obtain the relation
Oy (D)0 (27 7% 5) = 0, (0) 0 (1 + 5)

As explained above, the Bocksetein spectral sequence measures z-torsion in the
sense that the elements in the target of the k' differential are z*-torsion. Hence

we see the relation

221 (1) = 0.
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Since we identified the periodicity element vi"“ in equation (3.2.1), this completes

the proof. O

3.3 v 'BPR, and v,'MUR,

Let BPR denote Real Brown-Peterson theory, whose coefficients we recalled at
the beginning of this chapter. We will need to know the coefficients of the theory
v, ' BPR, where BPR is obtained from BPR in the same way as FR(n) is obtained
from ER(n), as explained in Section 2.7.

First consider the Real MIR-module v, (0) 'BPR obtained by inverting v, (0) in
BPR:

v(0)"BPR := colim(BPR % »("-D(+a)gpR ) y2e -@+a)gpg O .y

As is explained in [KW06], any Real spectrum derived from MR with v,,(0) inverted
has a fibration similar to the one for ER(n) given in (3.2.2). The proof is the same

as the one given in [KW06] for ER(n). In particular, for v,(0)"'BPR we have
SAWBPRIZ/? 2 gpRMZZ L, PR,

where z(n) is defined in exactly the same way as it was for ER(n). Hence we

obtain a fibration
YAy 1BPR 5 v, 'BPR — v, ' BP

where v, ! BPR is the homotopy fixed points of the naive Z/2-spectrum associated

to the trivial representation, i.e.
v\ BPR := {0,(0) ' BPR. ¢ *}oez
The goal of this section is to prove the following proposition.
Proposition 3.3.1.
(v;'BPR), = ER(n)[0ns1, Onyos - - -,

where |ox| = (28 — 1)(1 — \) for k > n.
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Proof. Just as in the calculation of ER(n),, we may set up the Bockstein spectral
sequence measuring z-torsion. Working with the hat generators again (except for

the periodicity element v,), the Ea-term is
0, ' BP, = Z)[01, 09, - . ., 01, Uy D1, - - [0, -

To prove the proposition, we will show that after inverting v,, the element x
+

becomes nilpotent with 2" " = 0. Hence there are only the n+ 1 differentials that
occurred in the spectral sequence for ER(n), proving the result.

Recall the definition

T = :U(n) _ ay(n> _ Cw2n7107(2n71,1)2n+1 c Un(o)lePRi(ZT{io _ v;lBPR)\(n)

n

By Theorem 3.1.1, we have the relation
a® " () =0

in the ring BPR,. Setting k£ = n and [ = 0 and using the fact that v,(0) is a unit
in (v,(0)"'BPR),, we see that

a2n+1_1 =0
and hence the same holds for z. O

In Example 2.6.3, we remarked that there is a splitting

MR = \/ =™ BPR
of Real MR-module spectra. Thus there is an analogous splitting of v, (0)*MR in
terms of v,,(0) "'BPR and hence there is an equivariant splitting of v, ' MU in terms
of v;!BP. We obtain a Bockstein spectral sequence converging to the homotopy
of

v IMUR = v, ' MU

in exactly the same way as we did for v;!BPR. The equivariant splitting of
v, MU in terms of v, ! BP gives a map of Bockstein spectral sequences from that
of v, 'MUR to that of

\/ =ity ' BPR

mi
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Since this map is an isomorphism on E,, we have proved the following proposition.

Proposition 3.3.2. v, !MUR, is a free v, ' BPR,-module on generators m; rang-
ing over the dimensions of additive free generators of a free symmetric algebra on

generators of dimension k # 2° — 1.

34 (B ).

Here we calculate the coefficients of the fixed points of a completion of Johnson-

Wilson theory. Consider the ideal
I, = (vo,...,un_1) € E(n).

and let
E(n) := Lf((n)E(n)

as in Example 2.5.5. It is well known that this K (n)-localization induces comple-
tion at I,, on the level of coefficients (see, for example, [BJ02],[BH94], or [HS99]).

Therefore, we have

E(n), = (BE(n).)}, = Zs|[vi, ..., vaa]][v2],

* n

where Zs denotes the 2-adics (the completion of Z,) at the its maximal ideal).
We'll see below (Remark 4.1.5) that Bousfield localization is functorial in the
sense that a map A — B gives rise to a map Ar — Bpg in a way that respects

composition. Applying this to the S-module map
E(n) — E(n)
given by complex conjugation gives rise to a map

that squares to the identity. This map makes E/(\n) into a naive Z/2-spectrum.
By the method explained in Example 2.6.2, we obtain a Real spectrum I@
with naive Z/2-spectrum m Because v,(0) is a unit, we also have a fibration
resulting in a Bockstein spectral sequence measuring z-torsion in (E(\n)hZﬂ)*.
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Theorem 3.4.1. Let I, = (04(1) |0 < k < n,l € Z) C ER(n),. Then

———hZ/2

(E(n) ). = (ER(n).)7,

Proof. This is another calculation with the Bockstein spectral sequence. The differ-
entials are the same as in previous calculations, since the natural map E(n) — E(n)
is equivariant. The Fs-term of the Bockstein spectral sequence is

By = E(n). = Lflor,. .., vaa ] [07]
and again, we replace the v, with the v for £ < n in order to facilitate computa-
tions. We then have
By = Zo|[bn, ..., 0na]l[v]
with the differentials as in the proof of Theorem 3.2.1. So again, if j > 0, an

arbitrary monomial a € Fyj+1_4 is of the form

where a; € Z/2 and where the maximal power of 2 dividing k, is larger than 2971
Hence,
Eyivi g = Z/2[[85, - Opa ][0 @]

and again we see the 22" ~1torsion elements Uk(1) mapping to

A L]Ok+1 _(9k_ n__ k+1/on_ —_
Ukvf :Ukvn(2 1)(2"—1)+i2 (2 1)€E(n)

EXs

but now these generate a power series ring, rather than a polynomial ring. Thus,

we have
——~hZ)2

(BE(n) " )w=Zal[in(1) |0 < k <l € Z]][w, 0] /]
where J is the ideal generated by the relations
50(0) =2, 279, (1) =0, and for k <m, 0,(1)05(27 ) = (1 + 5)03(0)

as in Theorem 3.2.1. To complete the proof, we need only show that this is the
same as the ring FR(n), completed at the ideal I,,. This is the result of the lemma
below. O
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Lemma 3.4.2. Let fn be as above. Then

(ER(n).)} = Zy[in(l) |0 < k < n,l € Z)|[z,v2*""]/J

n n

where J is the ideal generated by the relations in Theorem 3.2.1.

Proof. First, let
I, = (2%(0), ..., 9,-1(0)) € ER(n)..

Recall ([Eis95], Lemma 7.14) that two ideals A and B of a ring R generate the
same topology (i.e. R} = Rjp) if for every j there is an i such that A* C B’ and
for every k there is an [ such that B' C A*. Since I, C fn and 122 C fn, we have

(ER(n).); = (ER(n).)}

I In

so it suffices to prove that the latter ring is the one listed in the statement of the
lemma.

Now, let 0, := vkv;@k_l)m_l) for 0 < k < n and v, := vi"“(?"‘”. Consider
the subring

L= Z(g) [1}1, Ce ,@n_l,@n] Q E(n)*

of the coefficients of Johnson-Wilson theory. By the computations in the previous
sections, the vy are permanent cycles in the Bockstein spectral sequence converg-
ing to the coefficients of ER(n), so the Bockstein spectral sequence is a spectral
sequence of modules over L. Moreover, each page is a finitely generated L-module
since there are only finitely many differentials.

Recall that completion at an ideal in a Noetherian ring preserves short exact
sequences of finitely generated modules over that ring (see, for example, Prop.
10.12 of [AM69]). Moreover, the completion of such a module is simply the tensor
product of the module with the completion of the ring. Let

]n = (?}1,...,{%_1) Q L

and note that
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Thus each page of the Bockstein spectral sequence satisfies

(E'r)j/}n = Er QL L’IA“TL

Since the images of the 7y on the E.—page are exactly the 04(0) (i.e. the module
map L — FE., sends 0y — 0(0)), we see that the F.,-page is isomorphic to the
desired ring. Since any nontrivial extension would be detected in ER(n)., this

completes the proof. O

——~—hZ)2 ——— hZ)2

3.5 (v,'BP "), and (v,'MU ),

Let v 1BP = LgmBP and note that
v,:lgl\D* = (v,'BP,)} .
The proof of the following proposition is analogous to the v, !BP case.

Proposition 3.5.1.

. /\hZ/Q /\hZ/2 R R
(v, 'BP "), = (En)  )u[ns1, Onso, - -]

Now, let v;lm = Lgun MU, as in Example 2.5.6. Again the complex conju-
gation action on MU gives rise to one on v, MU and again there is a Bockstein
— hZ)2
spectral sequence converging to (v, ' MU / )«. As in Section 3.3, the equivariant

splitting of MR as a wedge of suspensions of BPR implies the following.

. e | Sshn)?
Proposition 3.5.2. (v,'MU ), is a free (v,,;'BP  ).-module on generators
m; ranging over the dimensions of additive free generators of a free symmetric

algebra on generators of dimension k # 2 — 1.



Chapter 4
Bousfield localization

In this chapter, we construct a commutative MU-algebra v, MU and an S-

algebra map 7 : v, MU — v, LMU which squares to the identity id, The

1370
S-algebra v, MU is constructed as a the Bousfield localization

13777 . TMU
vy, MU := nglMU/InMU'

As explained in Example 2.5.6, it has coefficients
m (v, " MU) = (m(MU)[v, '),

where I,, = (vo,v1,...,Vn_1).

4.1 Bousfield localization of R-algebras

We rely heavily on the following theorem from [EKMM97], which says that

Bousfield localization preserves R-algebra structures.

Theorem 4.1.1 ([EKMMO97], VIII.2.1). For a cell R-algebra A, the localization
A A — Ag can be constructed as the inclusion of a subcomplex in a cell R-algebra
Ag. Moreover, if f: A — B is a map of R-algebras into an E-local R-algebra B,
then f lifts to a map of R-algebras fv: Ag — B such that f)\ = f, and ]7 1S unique
up to homotopy through maps of R-algebras. If f is an E-equivalence, then ]? S a

weak equivalence.

40
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4.1.2 Functoriality

To construct o, we will need a few facts about the construction that are not
made explicit in [EKMMO97]. We show that the construction given in [EKMMO97]
is in fact functorial in the point-set category, though the universal property of the

localization only holds in the homotopy category.

The construction of Ag

The R-algebra Ap is constructed as the colimit of a sequence of R-algebras!
Ag— A — Ay — -+

where Ag = A and A,;; is constructed from A, as follows. Let 7 be the set of
E-acyclic inclusions X — Y of cell complexes of R-modules. For an R-algebra C,

let D¢ be the category of all diagrams of the form
Y & X %0

where ¢ € 7 and « is a map of R-modules. Morphisms in this category are triples
(fys fz, fe) of maps such that

«

Yy & x % ¢

A

/

v < x Se
commutes and composition is given by stacking the diagrams in the obvious way.

For any object of D¢, we obtain a diagram of R-algebras
TY <= TX -% C

where T is the free R-algebra functor and « is the R-algebra adjoint to the R-

module map «. Taking the sum over all elements of 7', we obtain a diagram
Ya
[[Ty — J]1x =5

Define A, 11 to be the pushout of this diagram for C' = A,

!The construction actually uses a transfinite sequence, though for simplicity we ignore this
technicality here. The construction and proof is easily modified to account for this.
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Induced maps

In this section, we describe the induced maps between localizations and prove
that their construction respects composition. For a map f : A — B of R-algebras,
we will construct maps f, : A, — B, inductively and then pass to colimits to
obtain a map fg: Agp — Bg.

Suppose f: A — B is a map of R-algebras. Given an object
Y XA
of D4, we obtain an object
vy & x-%A4-Lp
of Dp. Applying T and taking coproducts as before, we obtain a diagram

HTYHHTXEA

id id !
[[Tv — [[Tx 2=° B
" id (4.1.1)

where B = coim(][TY «— [[TX DA B) and the maps into B" are the natural

ones. The coproducts in the middle row range over the objects
vy x-24B
of D4 such that 3 = f o « for some « in a object

Y < X 4
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of D4. The coproducts in the bottom row range over all objects of Dg. Using the

universal property of the colimit of the top row, we obtain a map
£+ colim (H’]I‘Y — J[rx =2 A) — colim (H']I‘Y — J[rx = B)

This construction respects composition. To see this, suppose g : B — C. Consider

the analogous diagrams for g and for the composition gf : A — C

HTY%HTXAA

HTYHHT)(&B ; ¢ !
y y , [[Tv — J[1x £=% 5
HTYHHTX@C id id g

ﬂ id [Ty — J[Tx PG 0 (412)

where C" = colim(][TY «— [[TX 25 (). The diagram on the left gives rise to
the map

g : colim (HTY — J[rx =2 B) s colim <H’JI‘Y — J[rx =5 C)
induced by g. In the diagram on the right, the coproducts in the first two rows
range over the same sets as they did in (4.1.1). The coproducts in the third row
range over all objects

y & x-SC

of D¢ such that & = go f o« for some « in an object

Y X %54
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of D4 and the coproducts in the last row range over all objects of D¢. The resulting

map

(gf) : colim (H TY — [[Tx =2 ) — colim <]_[ TY — J[Tx =% C)
is the map induced by the composition gf. Now, the middle part of the diagram
on the right in (4.1.2) factors as

[[Tv — [[Tx Jexa g
id

HTY%HTX%B

id id g

HTY%HTXLZiC

where the coproducts in the middle row range over all objects of Dg. Therefore

(gf) factors as ¢’ f’. We have proved the following lemma.

Lemma 4.1.3. The assignment A A’, f — [’ defines a functor from R-algebras
to R-algebras.

Returning to Bousfield localization, we iterate this construction to obtain a

diagram

Ag — Ay — Ay — A3 — -+

7| [n | s

By — By — By — By — -+~
for each map f : A — B. Passing to colimits, we obtain a map fg : Agp — Bg. We
have Agf = frAa, where A\, : A — Ag and A\ : B — Bpg are the maps into the
colimits. The lemma ensures that (9f)r = g fE, so we have proved the following

proposition.

Proposition 4.1.4. Suppose f: A — B and g : B — C are maps of R-algebras
and let A\x : X — Xg be the localization maps for X = A, B, or C. Then there

are maps fr : Ap — Bg and gg : Bg — Cg such that

Agf = feAa, Acg=grrs, and (9f)e = gefe.
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Remark 4.1.5. It was not necessary to restrict ourselves to R-algebras in the proof
of the above proposition. The same argument applies to Bousfield localization of

S- or R-modules.

4.2 Specialization to v, MU

As a special case of the discussion above, we obtain the following proposition.

Proposition 4.2.1. There is an MU -algebra U;U\//[\U and an MU -algebra map
o v;lm — U,jl]\/f?]

such that 3% = id, -1 ;7 and Ao = G\, where X : v, " MU — v MU.

Proof. Let R= MU,A= MU and E = v, 'MU/I, in Theorem 4.1.1. Then

13777 . TMU
v, MU = LU;IMU/InMU

is an MU-algebra. Applying the construction described above to the map
o: MU — MU
yields @ := o1, I Since 02 = id, -1, functoriality ensures that

~2 . .
o = ldU.ZlMU .



Chapter 5
Additional structure

Complex conjugation gives rise to an S-algebra map o : MU — MU with
0? = id. In Chapter 4, we extended this S-algebra Z/2-action to an action & on
v, 'MU. In this chapter, we prove some technical results that will allow us to
compare this action with the Goerss-Hopkins-Miller action on E,(Gal). The key

result is Theorem 5.5.8.

5.1 Background and notation

We recall a few constructions we will need. Fix a commutative S-algebra R

and define the free S- and R-modules generated by a spectrum X as
FsX :=SA,LX and FgrX:=RAgFsX
where L is the linear isometries operad and L is the L-spectrum functor. Let
Sg =FpSs =RAsFsS™ = RAg S A LS™ = RA,LS™
denote the m-sphere R-module (see [EKMM97], 11.1.(1.7), V.1.(1.1)), so that
Tm (M) = hMs(S5', M) = hMr(Sg, M)

where Mg and My are the categories of S-modules and R-modules, respectively.

46
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Proposition 5.1.1 ([EKMMO97], I11.1.1.5). If X is a wedge of sphere spectra, then
T.(FrX) is the free m.(R)-module with one generator of degree m for each wedge

summand S™.

For an R-module X, define

TpX = \/ Xt = RVX V(X Ar X) V(X Ar X Ag X)V -+,

Jj=0
the free R-algebra on the R-module X (see [EKMM97], VII.1.1.4). When clear
from the context, we may drop the subscript R from the notation, writing TX for
TrX.

For S-modules K and L, there is a natural isomorphism
(KAs R)AR(RAs L) 2 RAs (K As L)
(see [EKMMO97], 111.4.3.6). Taking K = L = S¢, we have
SE AR SE = (58 As R) Ar (S& Ns R) = R Ag (ST Ns ST")
and so TrSE = R Ag TgST.

Proposition 5.1.2. 7, (TrSY) = m.(R)[z]|, where |x| = m.

Proof. Since TRX = RV XV (X Ar X)V (X AR X Ag X)V -+, we have

T (TrSE) = m(RVSEV (S§ A SE)V (S§ Ar S ArSE)V---)
— 7(R) ® m.(SE) © m (S Ar SE) © T (SE Ar SE ArSE)© -
= 1.(R) ®m.(FrS™) ® 1. (FrS™ Ap FrS™)
ST (FrS™ AR FrS™ AR FrS™) @ - - -

Since 7, (FrS™) is a free m,(R)-module on one generator of degree m and m,(R) is

a commutative ring, the Kiinneth theorem gives the result. O]

Corollary 5.1.3. Let M = (TrSE") Ar -+ Ar (TrSE*). Then
W*(M) = W*(R)[.I’l, . ,iL‘k],

where |x;| = m;.
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5.2 The S-algebra T

Now we will construct the S-algebra T, as promised so many pages ago in
the introduction. Specializing the discussion of the previous section to the case
R = E(n) (which has a unique structure as a commutative S-algebra [Bak91]), we

—_—

can construct a E(n)-module M with
7 (M) = m(B(n))[z: | i € A]
for some index set A. Define an index set of integers

A:={mecZ|m#2 —1 for some 0 <j<n}

Hence 2m is the degree of the polynomial generator z,, of m,MU, and the set A
encodes those which are not vy,...,v,. In detail, we define
M= J\ TSl = E(n) As \ TsSk"

1EA €A

—

where the first A-indexed smash product is over E(n) and the second is over S.

Let
T = \TsS5",

€A

so that M = E(n) Ag T. Notice that T is a commutative S-algebra. Moreover,
since 7' is equivalent to a wedge of suspensions of spheres with exactly one 0-sphere

S9, there is a natural S-algebra map
t: T — Sg. (5.2.1)

Using this map, we can make any S-algebra X into a trivial 7T-algebra.

5.3 v, 'MU is a T-algebra
In this section, we prove the following.

Proposition 5.3.1. v-'MU is a T-algebra.
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It is enough to show that MU is a T-algebra, since v, LMU is a Bousfield local-
ization of MU and Bousfield localization preserves such structures (see [EKMMO97],
VIIL.2.2.1).

Just as in ordinary algebra, if 7" is an S-algebra and N is an S-algebra, a central
map T — N of S-algebras makes N into a T-algebra. To show that MU is a T-
algebra, we must write down a map 7" — MU of S-algebras (it is automatically
central since MU is a commutative S-algebra).

Recall that m,(MU) = Z[x1, x9, . ..] where |xx| = 2k. Since
T (MU) = hMg(Sg', MU),

we may choose S-module maps & : S2¥ — MU representing the classes ry. Since

TsST is the free S-algebra on the S-module Sg', we obtain S-algebra maps
TsS2F — MU

for each &. Slightly abusing notation, we will also call these maps &. Define the

map 1" — MU by smashing together the & and then multiplying in MU. That is,
p:T = N\Tssi* 25 A\ MU % MU. (5.3.1)

keA keA

Proposition 5.3.2. The map ¢ is a map of S-algebras, hence MU 1is a T-algebra.

Proof. Each & : TgS ‘; !l MU is an S-algebra map by construction, hence their
product is also an S-algebra map. Since p is an S-algebra map, the composition

@ is an S-algebra map. m

5.4 Twisted maps and complex conjugation

We would like to say that the map ¢ : v, MU — v, LMU constructed in Chap-
ter 4 is a map of T-algebras, but unfortunately complex conjugation (and hence &)

does not preserve the maps used to give v, MU its T-algebra structure. To remedy
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this, we carry the conjugation action along by replacing S?* with S(C*) throughout

the construction of 7. Now complex conjugation defines an automorphism
c: T —T
with ¢ = idy. We can consider not only the space of T-algebra maps
Fr_a4(A, B)
between T-algebras A and B, but also the space of twisted T-algebra maps
Fer—ag(A, B),

which are defined to be S-algebra maps ¢ : A — B such that the following diagram

commutes

T/\5A — A
chJ ‘w
TNhgB — B

The following lemma says that our ¢ is a twisted T-algebra map.

Proposition 5.4.1. 6 € Far_u,(v; MU, v;'MU)

Proof. This follows directly from the 7T-module structure on v, 'MU. The S-
algebra representatives

& : TeSZ% — MU

of the generators zy € mo,(MU) are themselves twisted with respect to complex
conjugation because they are odd desuspensions of the invariant generators in the

homotopy of the Real spectrum MR. O

5.5 Homotopy discrete mapping spaces

In this section, we prove that the space of T-algebra maps from v, MU to
a certain class of S-algebras is homotopy discrete. We need the following results

of Lazarev [Laz03] and Elmendorf, Kriz, Mandell, and May [EKMM97|. The first
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result of Lazarev pertains to the class of strongly K (n)-complete S-algebras, which

we do not define here (see [Laz03] for the definition). We simply note that E(n)
(and hence FE,(Gal)) belongs to this class.

Theorem 5.5.1 (Lazarev, [Laz03]). For any strongly K (n)-complete S-algebra N,
the space of maps Fs_alg<.§®, N) is homotopy discrete.

Theorem 5.5.2 (Lazarev, [Laz03]). The S-algebra map v;li\//[TJ — E(;) splits by
a map of S-algebras.

Proposition 5.5.3 ([EKMM97], VII.1.4). Let R be a commutative S-algebra and
let ) be an S-algebra. Then Q) As R s the free R-algebra generated by (). That
18, the functor — AgR from S-algebras to R-algebras is left adjoint to the forgetful

functor.

— —

Corollary 5.5.4. E(n)AgT is the free T-algebra generated by the S-algebra E(n).

o~ o~

Corollary 5.5.5. For any T-algebra N, Fr_n(E(n)AsT,N) = Fs_ao(E(n), N).

Corollary 5.5.6. For any strongly K(n)-complete S-algebra N with the trivial

T-algebra structure, the space

—

FT_alg(E(n) /\S T, N)
1s homotopy discrete.
Remark 5.5.7. Note that by freeness, Lazarev’s splitting gives rise to a map

Vv:EMn)AsT — v;lj\//[\U (5.5.1)

of T-algebras which, by construction, induces an isomorphism on homotopy and

thus gives an isomorphism in the derived category.

Our goal for this section is to prove the following theorem.
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Theorem 5.5.8. FT_alg(vglm, B) is homotopy discrete for any strongly K(n)-

complete S-algebra B with the trivial T-algebra structure.

We will prove this by computing the Bousfield-Kan spectral sequence and using
the map (5.5.1) to compare the spectral sequence for maps out of ET’(;) Ag T with
that of maps out of vglm. The T-algebra map E/(;) Ng T — v;lm induces a
map of spectral sequences and we will see that it is an isomorphism on the Es-page

because this page is entirely cohomological.

Proposition 5.5.9. Let X = Uglm or E/(;) NsT. Let E be any strongly K(n)-
complete S-algebra with trivial T-algebra structure. In the Bousfield-Kan spectral

sequence computing the homotopy of Fr_,.(X, E), we have:
(a) EY° = Homp,7_ae(E. X, E,)

(b) Ey' = H*(Homp, 1y 5 (T (E.X), E.[z]/2?)) fort —s > —1,t > 0. Here
|z| = t, T denotes the free E,T-algebra functor, and the homomorphisms are

those of E,T-algebras augmented over F,.

Before proving the proposition, we describe the set up of the spectral sequence.
For this and to compute the Es-term, we follow Rezk [Rez98], though we work with
the language of modules and algebras in the sense of [EKMM97] rather than in the
operadic sense. Given a T-algebra X, we can construct an augmented simplicial
T-algebra

X—TX&=TTX - (5.5.2)

where T'X is the free T-algebra on the S-algebra underlying X (i.e. TX = X AgT)
and the iterated T"X are obtained considering 7" !X as an S-algebra (forget-
ting the T-algebra structure) and then applying 7' again.! Applying the functor

Fr_ag(—, F) yields a cosimplicial space
Y = Fr_o,(T*"' X, E)
which under certain conditions gives rise to a Bousfield-Kan spectral sequence

Eg’t =7m'm(Y* f) = m_s(TotY* f)

! This is the simplicial resolution over the forget-free comonad. We suppress the notation for
the forgetful functor here for simplicity. See below for the precise construction.
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for some basepoint f € Fr_,(T*™ X, E) arising from a T-algebra map X — E.
In order for this spectral sequence to compute the homotopy of Fr_,.(X, E), we
need that

Tot(Fr_ag(T*' X, E)) ~ Fr_.,(X, E).

For this to be true, we must ensure that our resolution 7°"1X is Reedy cofibrant
(see Chapter VII of [GJ99] and below). This requires a short detour and a few

lemmas.

A comonad and Reedy cofibrancy

The augmented simplicial resolution (5.5.2) arises as the simplicial resolution
over a forget-free comonad. The free T-algebra functor T" from S-algebras to T-
algebras is left adjoint to the forgetful functor U and hence defines a comonad

C :=TU on Ap with structure maps
p:C — C? n:C —ida,

defined as follows. For a T-algebra X, define ny : TUX — X to be the adjoint
to the identity idyx. Define ux : TUX — TUTUX to be the image under the
functor T' of the adjoint UX — UTUX to the identity idyyx. We obtain the
simplicial resolution T**'X by putting 71X := C**'X and

di = C'(ner-ix) : TFX — TF X
s; = Cuenix) : T"X — TFX

for 0 < 1,7 < n. The simplicial identities are implied by the standard commuting
diagrams for the structure maps n and p. (See e.g. [Sch94], p. 65.)

The condition of Reedy cofibrancy ensures that the natural map |T*™' X | — X
is a weak equivalence of T-algebras and that the resulting tower FT_alg(T‘“X VE)
is a tower of fibrations giving rise to the desired spectral sequence. A simplicial

object Y* in a model category is Reedy cofibrant if the natural map

Lip(Y*®) = Y*
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of the latching object is a cofibration. The latching object Ly (Y®) is defined as
Lk(Y.) = COlimw[k}H[m] ym™
where ¢ runs over nonidentity surjections in the ordinal number category.

Proposition 5.5.10. The resolution T**' X is Reedy cofibrant.

Proof. The latching object has an alternative description as the coequalizer

k—1
[ V=]V — L)
1=0

0<i<j<k

where for ¢ < j the restrictions of the two left-hand maps are

k—1
S; ik;
Vi =5 Vi =5 [[ Vi
=0

Sj—1

k-1
Yo — Y1 — HYk—l
i=0

The map Li(Y*) — Yj is induced by the degeneracies s; : Y1 — Yi. (See
Chapter VII of [GJ99].) In the case of a simplicial resolution over a comonad, the
degeneracies arise from the structure map p; Reedy cofibrancy will follow from the
fact that px is a cofibration.
The identity map
idryx : TUX — TUX

is a cofibration of T-algebras and its adjoint is
tNidy : SAg X =UX =T Ns X =UTUX

where ¢ : S — T is the unit of the S-algebra T'. Since T' is a cofibrant S-algebra,
the unit map ¢ is a cofibration ([EKMM97], Thm. VIL.6.2), so the adjoint to idryx

is a cofibraiton. Applying T preserves cofibrations, so the map
px :TUX —TUTUX
is a cofibration of T-algebras. Since

sj =¥ (puer—sx) : TFX — TFX
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and C* = (TU)* preserves cofibrations ([EKMM97], Thm. VII.4.14), we see that

the s; are cofibrations. Since the map

is induced by applying the universal property of coproducts to the s;, it is also a

cofibration, as desired. O

We need one additional lemma before we can prove Proposition 5.5.9. Let

Fr(—, —) denote T-module maps.

Lemma 5.5.11. For Z = E/(F)/\ST or vrjl]\//[T] and E any strongly K (n)-complete

S-algebra, the evaluation map
7T0FT(Z, E) — HOIDE*T<E*Z, E*>

18 an isomorphism.

—_—

Proof. First consider the case Z = E(n) Ag T. In the diagram

— —

7'['0FT(E n) /\S T, E) - HOHIE*T(E*(E(’H,) /\S T), E*>

| |

(
moFs(E(n), E)

—

Homp, (E.E(n), E.)

—

the vertical arrows are isomorphisms since E(n) Ag T is free. The bottom arrow
is an isomorphism by Lemma 5.10 of Lazarev [Laz03], and hence the top arrow is
also an isomorphism, as desired.

For Z = v;'MU, consider the diagram

moFr(v; ' MU, E) Homp, 7(E. (v, MU), E,)

| |

—

toFr(E(n) As T, B) — Homp.(E.(E(n) As T), E.)

where the vertical arrows are induced by the map ¢ of (5.5.1). Since 1 is an
isomorphism in the derived category of T-algebras, it induces an isomorphisms on
these vertical arrows. Above we proved that the bottom arrow is an isomorphism,

so the top arrow is as well. O
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Now we are ready to prove Proposition 5.5.9. Again, the argument here is the
same as that of [Rez98], with minor adjustments made to account for working over
T rather than S. The reader familiar with that paper may wish to skip these

proofs.

Proof of Proposition 5.5.9(a). First, notice that the natural map
ToFr_ag(Z, E) — Homg, (E,Z, E.)
obtained by sending f : Z — E to the composition
E.Z1 EE—E,

actually lands in E,T-algebra maps since the T-algebra structure Z Ap Z — Z

induces the desired F,T-algebra structure
E.Z@pr EZ — EZ N Z) — EZ

and a T-algebra map gives rise to a E,T-algebra map.

Now, to compute Eg 0 we must compute the equalizer of the pair of maps
ToFr_ag(TX, E) = moFr_ag(T?X, E).

We will reduce this to computing the equalizer of the pair of maps

Hompg, 7 _ag(T(E.X), E.) = Homp,r_a,(T?(E.X), E,) (5.5.3)

where T is the tensor algebra (over F,T') on the underlying F,T-module. Consider

the diagram
WQFT_alg(TZ, E) — HOH]E*T_alg(E*(TZ), E*)

| J

7TOFT(Z, E) HOHIE*T<E*Z, E*)

The left vertical map is an isomorphism since T'Z is the free T-algebra on Z. The
inclusion Z — T'Z induces a map E.Z — E,(TZ) that gives rise to the right hand
vertical arrow. It also gives a map T(E,Z) — E.(TZ). Since E,Z is flat over F,
in the cases of interest (i.e. Z =TX for X = % NsT or X = vglﬂ/f\U), this map
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is an isomorphism, so the right vertical map is an isomorpism. The bottom map
is an isomorphism by Lemma 5.5.11, and so the top map is also an isomorphism.
Taking Z = T'X, we have reduced the original coequalizer to that of (5.5.3). But

this is just the coequalizer of
Hompg, r(E. X, E,) = Homg, r(T(E,X), E,)
where the top arrow sends an E,T-module map f: £, X — E, to
T(E.X) — E.X -1 E,
and the bottom arrow sends it to
T(E.X) L B.X - E,

and so the coequalizer is Homp, 7., (E, X, E,), as desired. O

Proof of Proposition 5.5.9(b). Following Rezk [Rez98], we will construct a complex

whose cohomology gives the Fo-term. First, we identify
T(FPr-wg(Z,E), f) = m0Fr—ag(Z, Fr-ag(St, E))

and then we construct a map from the latter to

Hompg, g . (E.Z, E.x]/27).
Taking Z = T°X for s > 0 gives a complex

Homp, 7—alg 5, (T*(E.X), E,[z]/2?)
and we’ll see that
ToFr—alg(TZ, Fr_ae(S%, E)) = Hompg,7_g 5, (T(E.Z), E[z]/2?)

for Z = T*X. When Z = T°X, the left side is Ey", so this will prove the result.
Fix a basepoint f € Fr_,,(Z, E'). The adjunction between A and F/(—, —) gives

that the set m(Fr_a(Z, E), f) is the same as the set of homotopy classes of T-

algebra maps ¢ : Z — Fr_,,(Sh, E) such that eg = f, where e : Fr_,,(Sh, E) —
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E is evaluation at the basepoint. In diagrams,

t
pt L) FT—alg(Za E) FT—alg(STaE)
| -
St
4 z—L . E

Thus by applying F, to the diagram on the right and using the algebra structure
of E,, we obtain a diagram of E,T-algebras

E*(FT—alg(St%E)) - E*[:v]/xQ

£.7 ik E.E E,

where |z| = t and E,[z]/2* = 7. Fr_a4(Sh, E). By sending ¢ to the top compsition

in this diagram, we obtain a map
7Tt(F’Tfalg(Z7 E)7 f) - HomE*TfalglE* (E*Z7 E* [.TJ}/QZ2)

where the right hand side is maps of F,T-algebras augmented over E,.
By an argument similar to that in the proof of part (a) above, the top map in

the diagram

7TOITT—alg(Tyzy FT—alg(Sé“a E)) - HomE*TfalgiE* <T<E*Z>) E* [x]/xQ)

7T0FT(Z, FT—alg(S%a E))

HOIHE*T(E*Z, E* s> E*—l—t)
is an isomorphism. Thus we may calculate the Fs-term as the cohomology
Ey" = H*(Homp,r—ag 6, (T*T (E.X), E.[z]/2%))

completing the proof. O

Proof of Theorem 5.5.8. Recall that we have a T-algebra map (5.5.1)

—

Y E(n) /\ST—>U;1]\/4\U
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which is an isomorphism in the derived category. Since v is a T-algebra map, it

induces a map of augmented simplicial T-algebras
TN (E(n) As T) — T (v, " MU)
and thus a map of cosimplicial S-algebras
Fr_aig(T* (07 MU), E) — Fr_g(T*(E(n) As T), E)

Under the identification of the Fy-page as given in Proposition 5.5.9, ¢ yeilds a

map
H* (Homp,1—ag . (T*" (Eu(v," MU)), E.[x]/2%)) —

H* (Hom g, 7—aigy . (T (EL(E(n) As 7)), B[] /2%)).

Since the map v is an isomorphism in the derived category, it induces an isomor-
phism on F, homology, and hence on the FEs-terms of these spectral sequences.

Since the spectral sequence for E(n) Ag T collapses, so must that for v, MU, O
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Comparing the actions

6.1 Relating FR(n) and En(GaJl)hiv/2

We have constructed an S-algebra v, LMU and an S-algebra map o that extends
the complex conjugation action on MU. In this chapter, we compare this action
to the action of the Goerss-Hopkins-Miller monoid corresponding to the subgroup
generated by the formal inverse on E,(Gal). We will prove that E’H(Gral)hiv/2 is
a completion of ER(n), in an appropriate sense, and calculate the homotopy of
En(Gal)hiv/Q. This final chapter ties together the results of the previous chapters
to prove Theorem 6.2.4.

We will show that there is an equivariant map into FE,(Gal) from an MU-
module equivariantly equivalent to v, LMU. We will see that the induced map on

——hZ]2

/
homotopy fixed points factors through F(n) and that the resulting map

——hZ)2

E(n) ' — E,(Gal)'%?

———hZ)2

is an equivalence. Composing with the natural map FR(n) — E(n) will give

a map
ER(n) — E,(Gal)"Z/?
that induces the algebraic completion
ER(n). — (ER(n).)} = (E,(Gal)"?),

on the level of homotopy.

60
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6.1.1 An equivariant map

In this section, we construct an equivariant map into F, (Gal) from an S-algebra
equivalent to v, LMU. This construction uses the S-algebra T" from Chapter 5 and
the fact that the space of T-algebra maps from v, LMU to E,(Gal) is homotopy
discrete.

Write

G, C Fg,alg(vglm, v;lm)

for the Z/2 generated by & and
GQ g Fs_alg(En<Gal), En(Gal))

for the homotopy discrete monoid corresponding the subgroup of the Morava sta-
bilizer group generated by the formal inverse, so that G; acts on v, LMU and Go

acts on F,(Gal). Define iv/Q by the following pullback diagram

Z@LGlXGQ

|k

7)2 —2 7.)2 x 7)2
where A is the diagonal map. We obtain an action of i//2 on the space
Fs—ag(v;" MU, E,(Gal))
by conjugation. In detail, for ¢ € Fs,alg(vglm, E,(Gal)) and 1 € i\//Q, we have
= YY)
where 1 — (¢',4") under the map A.
Give E,(Gal) the trivial T-algebra structure and let

v v;lm — E,(Gal)

be a T-algebra representative for the map that induces the quotient map on coef-
ficients. Write
Fr_ag(v, ' MU, E,(Gal)),
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for the component of v. Notice that the composition
T 5 v ' MU -2 E,(Gal) (6.1.1)

factors through the unit map S — E,(Gal) via the projection ¢ : T — S described
in (5.2.1). Here ¢ is the T-algebra structure map of Prop. 5.3.2.

The map v is homotopy equivariant with respect to the G; action on v, MU

and the Go action on E,(Gal), so the action of Z/2 on Fg,alg(vrjlm, E,(Gal))

descends to an action on the component of v, which we denote by

Fs—ag(v;" MU, E,(Gal)),.

Lemma 6.1.2. The i\//Q action on Fg,alg(vgll\//[TJ,En(Gal)),, descends to an ac-

tion on the subspace
Fr_ag(v;' MU, E,(Gal)), C Fs_ue(v; MU, E,(Cal)),

of T-algebra maps.

Proof. Since v is homotopy equivariant, it suffices to show that v remains a T-

algebra map after the action of ZJ/Q Consider the diagram

v;lm 2 v;lm 2 E,(Gal) 4, E,(Gal)

I N

T T S

for f € G5. The left square commutes because ¢ is a twisted T-algebra map (Prop
5.4.1). The middle square commutes because of the factorization noted in (6.1.1).
The right triangle commutes because f is an S-algebra map. Since tc = t, the
commutativity of the outside of the diagram shows that the map across the top is

a T-algebra map. Since the image of v under the Z/2 action consists exactly of

such maps, this completes the proof. O
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Because Frr_a(v;, MU, E,(Gal)), is homotopy discrete, the space
v "MU Ns Fr_ag(v;"MU, E,(Gal)),

is homotopy equivalent to v, LMU. Moreover, this space admits a diagonal f/2—
action, where i\//Z acts on v;ll\//fT] via the map i\//Q 250G x Gy — G, which

sends the identity component to the identity and the nonidentity component to o.

Consider the evaluation map
€: U;IZ\/4\U Ng FT_alg(U;I.//W\U, E,(Gal)), — E,(Gal) (6.1.2)
and let iv/2 act on F,(Gal) via the map iV/Q 2, Gy x Gy — Gs. The map € is
equivariant by the following lemma.

Lemma 6.1.3. Let G be a group and let A and B be R-algebras with G-actions
through R-algebra maps. Suppose p : A — B is equivariant up to homotopy. Then

the evaluation map

€. A /\R FR—alg(Aa B)cp — B

is G-equivariant with respect to the conjugation action on Fr_,.(A, B).

Proof. The diagram
G /\R A /\R FR—alg<A7 B)Lp e A /\R FR—alg(A; B)‘p

id Ae €

GAr B B

commutes since

g-e(a,¥) = gy(a) = g¥((97 ' g)a) = g¥(g~ ' (9a)) = e(ga, g - ¥)
for every g € G,a € A, ¢ € Fp_n5(A, B),. H

Corollary 6.1.4. The map
€ 10" MU As Fr_ag(v; " MU, E,(Gal)), — E,(Gal)
described in (6.1.2) is equivariant and therefore induces a map

(W MU As Fr_ag(v; MU, Ea(Gal)),)"2/2 — E,(Gal)"%/2, (6.1.3)
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6.2 The spectral sequence for En((}ed)hiv/2

Now that we have constructed an equivariant map
v ' MU As Fr_ag(v; " MU, E,(Gal)), — E,(Gal)

we can calculate the coefficients of En(Gal)hiv/2 using the Bockstein spectral se-

quence and the calculations of Chapter 3.

Theorem 6.2.1.

(E,(Gal)"22), = Z,[[ix(1) | 0 < k < n,1 € Z))[z,v2""]/J

e n

where J is the ideal generated by the relations in Theorem 3.2.1.

Proof. The natural map
v;lm Ns FT_alg(vglm, E,(Gal)), — v;lm

given by projection onto the first component is equivariant and an equivalence, so

it induces a weak equivalence on homotopy fixed points. In particular,
v "MU Ns Fr_ag(v,"MU, E,(Gal)),

and v, LMU have isomorphic Bockstein spectral sequences. Moreover, the equiv-

ariant map

v ' MU Ns Fr_ag(v, " MU, E,(Gal)), — E,(Gal)

(6.1.2) induces a map of Bockstein spectral sequences. On the Es-page, the map
v 'MU, — E,(Gal),

is the natural one, sending x; — 0 for i # 2(28—1),0 < k < n, so it factors through
E(n),. This factorization is a map of spectral sequences since the differentials on

all three spectral sequences are the same. Therefore, the map

E(n), — E,(Gal),

*
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is in fact a map of Bockstein spectral sequences. Since it is an isomorphism on F»,
it is an isomorphism of spectral sequences and thus (FE,(Gal)"?/2), = (E(n) ).

Since the latter was computed to be

Zo|[0n(1) |0 < k < n,l € Z]) [z, v 2"/ J

r n

in Section 3.4, this completes the proof. n

6.2.2 The map ER(n) — En((}al)hiv/2

/2 /2

—hz ——hz
Recall that (v,'MU ), is a free (v, 'BP
Let A be the MU"/2-module spectrum constructed from v;'MU

).-module (see Section 3.5).
hZ]2

by tak-
ing successive cofibers in order to kill the free (v, 1§]\3)QZ/ *_module generators

—— hZ/2
of (v,'MU / )«. Let B be the MU"2/2-module spectrum constructed from B by
——hZ/2

taking successive cofibers to kill the polynomial generators of (v, ' BP / )« as a
(E(n)  ).module (again, see Section 3.5).

———hZ]2

Proposition 6.2.3. B is equivalent to E(n)

Proof. The map

2 ——hZ/2

v;lmhz/ — E(n)

arising from the natural map v, MU — E(n), factors through B. The result-
ing map B — E(n) induces an isomorphism on coefficients, and is thus an

equivalence. O
Since the equivariant map
v;lj\//fT] Ns FT,alg(vglj\//[T], E,(Gal)), — v;lm

is an equivalence of MU-modules, it induces an isomorphism

(W MU N Frag(v: " MU, E,(Gal)),)"*? = o~ 30"

n

in the derived category of MU"/2-modules. Composing this isomorphism with
the map (6.1.3) gives a map

—— hZ)2 5
o T 2 By (Gal) 2,

n
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Since this map induces the obvious quotient map on coefficients, it factors through

/
B and hence through E(n) , yielding a diagram

o MU —— B (Ga)

n

_——hZ)2

E(n)

The dotted arrow is a homotopy isomorphism and hence an equivalence. Precom-
posing with the natural map

——_hZ)2

ER(n) — E(n)

gives the map
ER(n) — E,(Gal)'%/2
claimed in the introduction. We have proved the following theorem.

_—~_hZJ2

Theorem 6.2.4. There is an equivalence E(n) / o~ E,,L(Ganl)hiv/2 and a map
ER(n) — E,(Gal)"Z/2
that induces an algebraic completion on the level of coefficients. Let
I, = (0x(1) |0 < k < n,l € Z) C ER(n),.

The coefficients of En(Grad)hZT//2 are

(En(Gal)"™?), = (ER(n).)} = Zo[[6x(1) |0 < k < n,1 € Z)fx,v*""]/J
where J is the ideal generated by the relations
b0y =2, 27, () =0, and for k < m, 0m()0,(2"*s) = tm(l + 5)0:(0).
The degrees of the generators are

2] = A(n), o2 = 222 — 12,

[0 (1)] = 2(2F — 1) + 12772(2" — 1)2 — 2(2F — 1)(2" — 1)

Corollary 6.2.5. After completion, the Z/2-action of complex conjugation on
Johnson-Wilson theory E(n) becomes Ey,, so E(n) is a commutative S-algebra.



Index

A(n), 2, 28
Ag, 13

Bousfield localization, 18
v-'BP, 39

BPR, 22, 25

BPR,, 25

v, 'BPR, 34

v,'BPR,, 34

v, (0)"'BPR, 34

E(n), 4, 19, 36
—~hZ/2

E(n) ,37
—hZ/2
E(n), ,37
(En)s, 3

E, 3

E,(Gal), 3

ER(n), 24, 26

67

FsX, 13

Gy, 7, 61
Ga, 4, 7, 61

homotopy fixed points, 15
I,,4, 36

Johnson-Wilson theory, 2
real, 24

A, 48

MR, 22
Mg, 13

Mg, 12

v A MU, 20, 40
v 'MUR, 35

v, 61

Real spectrum, 21
Reedy cofibrant, 53

S-algebra, 13
commutative, 13

S-module, 12

Sy 3

o, 45

Sy, 13



Sm.13
strongly K (n)-complete, 51

T, 48
T-algebra, 48
trivial, 48
T-algebra map
twisted, 50
TrX, 47

ir, 26
B, 32

x(n), 27
XhG 15

y(n), 27

/2,17, 61

68



Bibliography

[AM69]

[AMTS]

[Ara79al

[Ara79b]

[At166]

[Bak91]

[BHO4|

[BJ02]

[BLO1]

[BouT79]

[BWS9]

M. F. Atiyah and I. G. Macdonald. Introduction to commutative al-
gebra. Addison-Wesley Publishing Co., Reading, Mass.-London-Don
Mills, Ont., 1969.

Shoro Araki and Mitutaka Murayama. T-cohomology theories. Japan.

J. Math. (N.S.), 4(2):363-416, 1978.

Shoro Araki. Forgetful spectral sequences. Osaka J. Math., 16(1):173—
199, 1979.

Shoro Araki. Orientations in 7-cohomology theories. Japan. J. Math.
(N.S.), 5(2):403-430, 1979.

M. F. Atiyah. K-theory and reality. Quart. J. Math. Ozford Ser. (2),
17:367-386, 1966.

Andrew Baker. A, structures on some spectra related to Morava
K-theories. Quart. J. Math. Ozford Ser. (2), 42(168):403-419, 1991.

Andrew Baker and John Hunton. Continuous Morava K-theory and
the geometry of the I,-adic tower. Math. Scand., 75(1):67-81, 1994.

Andrew Baker and Alain Jeanneret. Brave new Hopf algebroids and
extensions of MU-algebras. Homology Homotopy Appl., 4(1):163-173
(electronic), 2002.

Andrew Baker and Andrej Lazarev. On the Adams spectral sequence
for R-modules. Algebr. Geom. Topol., 1:173-199 (electronic), 2001.

A. K. Bousfield. The localization of spectra with respect to homology.
Topology, 18(4):257-281, 1979.

Andrew Baker and Urs Wiirgler. Liftings of formal groups and the
Artinian completion of v;'BP. Math. Proc. Cambridge Philos. Soc.,
106(3):511-530, 1989.

69



[Eis95]

[EKMMO7]

(GHO4]

(GJ99)

[GMO5]

[HKO1]

[HS99]

[Hu99]

[HuO1]

[KW]

[KWO6]

70

David Eisenbud. Commutative algebra, volume 150 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 1995. With a view toward
algebraic geometry.

A. D. Elmendorf, 1. Kriz, M. A. Mandell, and J. P. May. Rings,
modules, and algebras in stable homotopy theory, volume 47 of Math-
ematical Surveys and Monographs. American Mathematical Society,
Providence, RI, 1997. With an appendix by M. Cole.

P. G. Goerss and M. J. Hopkins. Moduli spaces of commutative ring
spectra. In Structured ring spectra, volume 315 of London Math. Soc.
Lecture Note Ser., pages 151-200. Cambridge Univ. Press, Cambridge,
2004.

Paul G. Goerss and John F. Jardine. Simplicial homotopy theory,
volume 174 of Progress in Mathematics. Birkhauser Verlag, Basel,
1999.

J. P. C. Greenlees and J. P. May. Completions in algebra and topol-
ogy. In Handbook of algebraic topology, pages 255-276. North-Holland,
Amsterdam, 1995.

Po Hu and Igor Kriz. Real-oriented homotopy theory and an analogue
of the Adams-Novikov spectral sequence. Topology, 40(2):317-399,
2001.

Michael J. Hopkins and Haynes Miller. Lubin-Tate deformations in
algebraic topology. Preprint.

Mark Hovey and Neil P. Strickland. Morava K-theories and localisa-
tion. Mem. Amer. Math. Soc., 139(666):viii4+100, 1999.

Po Hu. The cobordism of Real manifolds. Fund. Math., 161(1-2):119—
136, 1999. Algebraic topology (Kazimierz Dolny, 1997).

Po Hu. The Ext%term of the Real-oriented Adams-Novikov spectral
sequence. In Homotopy methods in algebraic topology (Boulder, CO,
1999), volume 271 of Contemp. Math., pages 141-153. Amer. Math.
Soc., Providence, RI, 2001.

Nitu Kitchloo and Stephen W. Wilson. The second real Johnson-
Wilson theory and non-immersions of RP™. Preprint (2007), available
at http://www.math.ucsd.edu/ "nkitchlo/papers/partl.pdf.

Nitu Kitchloo and Stephen W. Wilson. On fibrations related to real
spectra. In Proceedings of the Nishida Fest (Kinosaki 2003), pages
231-238. Geometry and Topology Monographs, 2006.



[Lan67]

[Lan6s]

[Laz03]

[May96]

IMM02]

[Rez98]

[Sch94]

[Str99)

[Wiit05]

71

Peter S. Landweber. Fixed point free conjugations on complex mani-
folds. Ann. of Math. (2), 86:491-502, 1967.

Peter S. Landweber. Conjugations on complex manifolds and equiv-
ariant homotopy of MU. Bull. Amer. Math. Soc., 74:271-274, 1968.

A. Lazarev. Towers of MU-algebras and the generalized Hopkins-
Miller theorem. Proc. London Math. Soc. (3), 87(2):498-522, 2003.

J. P. May. FEquivariant homotopy and cohomology theory, volume 91
of CBMS Regional Conference Series in Mathematics. Published for
the Conference Board of the Mathematical Sciences, Washington, DC,
1996. With contributions by M. Cole, G. Comezana, S. Costenoble,
A. D. Elmendorf, J. P. C. Greenlees, L. G. Lewis, Jr., R. J. Piacenza,
G. Triantafillou, and S. Waner.

M. A. Mandell and J. P. May. Equivariant orthogonal spectra and
S-modules. Mem. Amer. Math. Soc., 159(755):x+108, 2002.

Charles Rezk. Notes on the Hopkins-Miller theorem. In Homotopy
theory via algebraic geometry and group representations (Evanston, IL,
1997), volume 220 of Contemp. Math., pages 313-366. Amer. Math.
Soc., Providence, RI, 1998.

Lionel Schwartz. Unstable modules over the Steenrod algebra and Sul-
livan’s fized point set conjecture. Chicago Lectures in Mathematics.
University of Chicago Press, Chicago, IL, 1994.

N. P. Strickland. Products on MU-modules. Trans. Amer. Math. Soc.,
351(7):2569-2606, 1999.

Samuel Wiithrich. [-adic towers in topology. Algebr. Geom. Topol.,
5:1589-1635 (electronic), 2005.





