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ECOXOMETRTC MODELS OF DISCRETE/COXTINCOCS 

SCPPLY DECISIOKS CSDER CSCERTAISTY 

By G;. Michael  Uanemann and Yacov Tsur 

1.  I n t r o d u c t i o n  

T h i s  paper  is  concerned w i t h  t h e  t h e o r e t i c a l  s p e c i f i c a t i o n  and es t ima-  

t i o n  of econometr ic  models of d i s c r e t e / c o n t i n u o u s  supp ly  d e c i s i o n s  by 

economic a g e n t s  who f a c e  u n c e r t a i n t y  w i t h  r e s p e c t  t o  o u t p u t  p r i c e s  a n d / o r  

y i e l d s .  Un t i l  v e r y  r e c e n t l y ,  economic t h e o r i s t s  and e c o n o m e t r i c i a n s  have 

p a i d  v e r y  l i t t l e  a t t e n t i o n  t o  t h e  d i s c r e t e n e s s  of  t h e  c h o i c e s  made by i n d i -  

v i d u a l  a g e n t s ;  t h e y  have focused  a lmos t  e x c l u s i v e l y  on p u r e l y  c o n t i n u o u s  

c h o i c e s .  Yet i n  r e a l i t y  d i s c r e t e  c h o i c e s ,  and d i s c r e t e  c h o i c e s  i n t e r r e l a t e d  

w i t h  c o n t i n u o u s  c h o i c e s ,  are a  p e r v a s i v e  phenonomenon. For example,  a pro- 

d u c e r  may be a b l e  t o  produce many c r o p s ,  b u t  may choose  t o  s p e c i a l i z e  i n  

some of them; t h e  d e c i s i o n  t o  grow c e r t a i n  c r o p s  is t h e  d i s c r e t e  c h o i c e ,  

w h i l e  t h e  d e c i s i o n  how much of  t h e  s e l e c t e d  c r o p s  t o  p l a n t  i s  t h e  c o n t i n u o u s  

c h o i c e .  Another example i s  %here  a  p roducer  is growing a  c e r t a i n  c r o p  and 

f a c e s ,  s a y ,  a  b i n a r y  c h o i c e  between two m u t u a l l y  e x c l u s i v e  t e c h n i q u e s  f o r  

growing t h e  c r o p - e . g . ,  whether  t o  employ one type  of  i r r i g a t i o n  t echno logy  

o r  a n o t h e r ,  o r  whether  t o  grow t h e  c r o p  under  a f e d e r a l  government commodity 

program o r  n o t .  The d i s c r e t e  c h o i c e  i s  which t echno logy  t o  u s e  o r  whether  

t o  p a r t i c i p a t e  i n  t h e  program; t h e  c o n t i n u o u s  c h o i c e  i s  how much of  t h e  c r o p  

t o  p l a n t .  A t h i r d  example i s  where a n  i n p u t  t o  t h e  p r o d u c t i o n  of a  c r o p ,  

s a y  a  d r y i n g  o r  s t o r a g e  f a c i l i t y ,  i s  a v a i l a b l e  i n  o n l y  two o r  t h r e e  a l t e r n a -  

t i v e  s i z e s ;  t h e  d i s c r e t e  c h o i c e  is which s i z e  f a c i l i t y  t o  i n v e s t  i n ,  and t h e  

c o n t i n u o u s  c h o i c e  i s  how s u c h  of  t h e  c r o p  t o  p l a n t .  

I n  a l l  of t h e s e  c a s e s  t h e  d i s c r e t e  and t h e  c o n t i n u o u s  c h o i c e s  a r e  

i n t e r r e l a t e d :  t h e  o p t i m a l  c o n t i n u o u s  d e c i s i o n  depends  on t h e  outcome of 



the discrete choice, and vice versa. Therefore, both choices must be 

modeled simultaneously. We face two challenges in seeking to do this. The 

first is the problem of developing theoretical models to explain the discrete 

and continuous choices in a manner which is consistent with a single under- 

lying utility-of-profit maximization decision. The second is the problem of 

developing statistical techniques for estimating the resulting discrete and 

continuous supply functions. These issues are discussed, respectively, 

in sections 2 and 3. 

In section 2 we extend Hanemann's [5  , 6 ]  analysis of discrete and 

continuous consumer demand models to the context of producer supply under 

uncertainty. The key concept here is the notion of a "random supply" model, 

in which some components of the supplier's production or utility-of-profit 

functions are treated as being random from the viewpoint of the econometric 

investigator. It is this random component which generates the stochastic 

structure employed in the estimation of the discrete and continuous supply 

functions. The estimation is discussed in section 3 in a very general 

framework, which covers not only the specific supply models developed in 

section 2 but also other supply models and demand models such as those devel- 

oped by Duncan 131 and McFadden 1131. We show that these models can be regard- 

ed as special types of switching regression models which involve an N-fold 

switching instead of the binary switching that is commonly assumed. More- 

over, because the discrete and continuous supply functions both flow from 

the same underlying theoretical model of optimization by an economic agent, 

there are additional restrictions on the coefficients and disturbance terms 

appearing in these functions. We show how these restrictions can be exploit- 

ed in an efficient estimation procedure. Finally, in section 4 we summarize 

our conclusions and suggest some ways in which the analysis of this paper 

can be further extended. 



2. Theoretical 3odels 

The purpose of this section is to explain the general structure of 

discrete!continuous models of supply under uncertainty, and to motivate 

their estination by showing how they can be cast in the form of a statis- 

tical model of switching regression. In order to create a statistical 

framework for estimating these models it is necessary to postulate that 

some component of the supplier's production or utility function is random 

from the viewpoint of the econometric investigator. Before describing 

this random supply model, however, it is convenient to begin by summar- 

izing a "deterministic" model of supply under uncertainty, where this 

random component is absent-this is done in section 2A. The correspond- 

ing random supply model is presented in section 2B. 

A. Deterministic Models 

F;e shall first summarize the standard deterministic model of purely 

continuous supply under uncertainty and then generalize this to the case 

of discrete/continuous supply choices under uncertainty. We focus on the 

special case of a supplier of a single product, who faces no explicit 

constraints on his production decision (such as a limit on the availability 

of land or credit). His profit, n ,  is given by 

where p is the product price, q is the amount of product supplied, c(.) 

is a variable total cost function generated by some production function, 

and b is fixed costs. We assume that the producer faces uncertainty with 

respect to the product price. His subjective density will be denoted f 
P' 

with mean 1, and variance The producer has a utility-of-profit function, 

u(T), with u' > 0, and u" $ 0 depending whether he is risk-prone, risk- 



neutral, or risk-averse. To allow for the possibility that his risk 

preferences depend in a parametric manner on his individual characteristics, 

s, we shall write u = u(~; s) . 
The producer chooses an output level, q, so as to maximize his expected 

utility 

(2.2) max ~ ( q )  z max lu(r(q, p); s) f dp . 
9 4 P 

The solution to the producer's maximization problem will be denoted 

q(V, w, b; s). Substituting this into the maximand in (2.2) yields the 

indirect expected utility-of-profit function, 

By a standard application of the envelope theorem it can be shown that 

(2.5) 
av(~, W, b ;  S) = -EIu') -- 
ab 

where 

EIu') = ju'[pq(~, w, b; s) - c(w, q(u, w, b; sf) -b; sl fpdp. 

Hence, we have the equivalent of Hotelling's lemma for production decisions 

under uncertainty 

It follows that, as with the theory of supply under certainty, there 

are two methods for generating a particular parametric supply model. The 

direct (primal) approach is to specify a particular utility function and 

density, f and then solve the resulting maximization problem (2.2) for 
P '  



q( . )  and v ( ' ) .  The i n d i r e c t  ( d u a l )  approach  i s  t o  s t a r t  by s p e c i f y i n g  

a n  i n d i r e c t  expec ted  u t i l i t y - o f - p r o f i t  f u n c t i o n ,  v ( ' ) ,  which s a t i s f i e s  

t h e  a p p r o p r i a t e  r equ i rements  f o r  such a f u n c t i o n ,  and t h e n  t o  d e r i v e  t h e  

o u t p u t  supp ly  f u n c t i o n  from ( 2 . 6 ) .  hn a l t e r n a t i v e ,  r e l a t e d ,  approach  i s  

t o  s t a r t  by s p e c i f y i n g  a n  o u t p u t  supp ly  f u n c t i o n ,  q ( - ) ,  which s a t i s f i e s  

t h e  a p p r o p r i a t e  r equ i rements  f o r  such a f u n c t i o n ,  and t h e n  i n t e g r a t i n g  

(2 .4)  and ( 2 . 5 )  t o  o b t a i n  t h e  c o r r e s p o n d i n g  i n d i r e c t  expec ted  u t i l i t y -  

o f - p r o f i t  f u n c t i o n .  The f e a s i b i l i t y  of t h i s  l a s t  approach  remains  t o  be 

seen .  
2 

T h i s  comple tes  our  accoun t  of  t h e  s t a n d a r d ,  d e t e r m i n i s t i c ,  p u r e l y  

c o n t i n u o u s  model of supp ly  under u n c e r t a i n t y .  Before  p roceed ing  t o  t h e  

c o r r e s p o n d i n g  d i s c r e t e / c o n t i n u o u s  supp ly  model, we pause  t o  g i v e  a n  example 

based on t h e  p r i m a l  approach.  T h i s  p a r t i c u l a r  example w i l l  be c o n t i n u e d  

th roughout  t h i s  paper .  

Example . 
We assume c o n s t a n t  r e t u r n s  t o  s c a l e  w i t h  r e s p e c t  t o  t h e  v a r i a b l e  

i n p u t s ,  s o  t h a t  t h e  t o t a l  v a r i a b l e  c o s t  c u r v e  c a n  be w r i t t e n  

where  cfw) i s  a u n i t  v a r i a b l e  c o s t  f u n c t i o n .  We a l s o  assume c o n s t a n t  

a b s o l u t e  r i s k  a v e r s i o n :  

(2.8) 
- a ( s ) r  

u (n ;  s )  = 1 - e 

where a ( s ) ,  t h e  a b s o l u t e  r i s k  a v e r s i o n  c o e f f i c i e n t ,  i s  a l lowed t o  v a r y  w i t h  

t h e  c h a r a c t e r i s t i c s  of t h e  p roducer .  I n  p a r t i c u l a r ,  i f  t h e  p r o d u c e r ' s  

w e a l t h  i s  one of t h e s e  c h a r a c t e r i s t i c s ,  t h i s  f o r m u l a t i o n  a l l o w s  f o r  t h e  

p o s s i b i l i t y  o f ,  s a y ,  a b s o l u t e  r i s k  a v e r s i o n  d e c l i n i n g  w i t h  w e a l t h  a c r o s s  

individua* whi le  being c o n s t a n t  f o r  a  g i v e n  producer  making a  g i v e n  r i s k y  

d e c i s i o n .  It f o l l o w s  from (2.8)  t h a t  expec ted  u t i l i t y  i s  



where :? ( - 1  is the moment generating function associated with f . If 
P P 

f~ - , 2 )  then 

and espected utility becomes 

Alternatively, if f is the gamma distribution with parameters y, A,  where 
P 

U = y / h  and C; = y / X 2 ,  then 

and 

For the normal case, the maximization of (2.10) yields 

Thus supply increases with expected unit profit (u-c(w)), and decreases 

with the variance of prices, 0' and the supplier's risk aversion, a. 
P' 

Substituting (2.12) into (2.10) yields the indirect expected utility-of- 

profit function 

Alternatively, in the gamma case maximization of (2.11) yields 



We now i n t r o d u c e  t h e  p o s s i b i l i t y  of a  d i s c r c t e  c h o i c e  by t h e  p roducer  

i n  a d d i t i o n  t o  t h e  con t inuous  supp ly  d e c i s i o n  d i s c u s s e d  above.  S p e c i f i c a l l y ,  

we assume t h a t  t h e  p roducer  f a c e s  T m u t u a l l y  e x c l u s i v e  d i s c r e t e  c h o i c e s .  

Examples of  such  d i s c r e t e  c h o i c e s  might be:  which of  N m u t u a l l y  e x c l u s i v e  

p r o d u c t i o n  t e c h n o l o g i e s  t o  employ; i n  which o f  N m u t u a l l y  e x c l u s i v e  l o c a -  

t i o n s  t o  produce;  which of N m u t u a l l y  e x c l u s i v e  t y p e s  of f i x e d  equipment 

t o  u s e  a l o n g s i d e  of  t h e  v a r i a b l e  i n p u t s ;  o r  whether  o r  n o t  t o  p a r t i c i p a t e  

i n  a  f e d e r a l  government commodity program. I n  g e n e r a l ,  lie can  assume t h a t  

each  d i s c r e t e  a l t e r n a t i v e  j p r e s e n t s  t h e  p roducer  w i t h  a  p a r t i c u l a r  v e c t o r  

o f  v a r i a b l e  i n p u t  p r i c e s ,  w.; a  p a r t i c u l a r  v a r i a b l e  c o s t  f u n c t i o n ,  c . ( w . , q ) ;  
J  J J  

a  p a r t i c u l a r  f i x e d  c o s t ,  b . ;  and a  p a r t i c u l a r  d i s t r i b u t i o n  of  o u t p u t  p r i c e s ,  
J 

E ( p ) ,  w i t h  m e a n p j  and v a r i a n c e  c2 We a l s o  a l l o w  f o r  t h e  p o s s i b i l i t y  t h a t  
p j  JP '  

t h e  p r o d u c e r ' s  i n d i v i d u a l  c h a r a c t e r i s t i c s ,  s ,  may v a r y  w i t h  t h e  d i s c r e t e  

c h o i c e ,  and hence t h a t  h i s  u t i l i t y  f u n c t i o n  u ( . ) ,  may v a r y  w i t h  j 

Suppose,  f o r  t h e  moment, t h a t  t h e  p roducer  h a s  dec ided  t o  s e l e c t  t h e  

j t h  d i s c r e t e  a l t e r n a t i v e .  C o n d i t i o n a l  on t h i s  d e c i s i o n ,  h i s  p r o f i t  i s  

where q .  is h i s  o u t p u t  under t h e  j t h  d i s c r e t e  a l t e r n a t i v e ,  and h i s  expec ted  
3 

u t i l i t y  i s  

H i s  c o n t i n u o u s  supp ly  d e c i s i o n  c o n d i t i o n a l  on t h i s  d i s c r e t e  c h o i c e  i s  

- 
q ( , w . ;  s . )  which i s  o b t a i n e d  by maximizing (2 .16) .  H i s  expec ted  

3 3  J 3 

u t i l i t y  on making t h i s  supp ly  d e c i s i o n  i s  



I t  i s  e v i d e n t  from t h i s  d e r i v a t i o n  t h a t  t h c  c o n d i t i o n a l  o u t p u t  supply 

- 
f u n c t i o n ,  q j ( . ) ,  and t h e  c o n d i t i o n a l  i n d i r e c t  expec ted  u t i l i t y - o f - p r o f i t  

f u n c t i o n ,  ;. ( .) , have a l l  t h e  s t a n d a r d  p r o p e r t i e s  of a n  o u t p u t  supp ly  f u n c t i o n  
J 

and an i n d i r e c t  expec ted  u t i l i t y - o f - p r o f i t  f u n c t i o n  a s  o u t l i n e d  above.  I n  

p a r t i c u l a r ,  t h e  r e l a t i o n  (2 .6)  c a r r i e s  over 

- a .  w., h . ;  s . ) / a u .  
(2.18) q . ( u . ,  w , ,  b . ;  s . )  = - 

J J  J J 3 a; .(u. ,  w., b .  s . ) / a b .  
2 3  J j ' 3  3 

A l l  of  t h e  f o r e g o i n g  i s  c o n d i t i o n a l  on t h e  p r o d u c e r ' s  s e l e c t i n g  d i s c r e t e  

a l t e r n a t i v e  j .  H i s  d i s c r e t e  c h o i c e  can  be  r e p r e s e n t e d  by a set of b i n a r y  

va lued  i n d i c e s ,  d l ,  ..., dN,  where d .  = 1 i f  a l t e r n a t i v e  j is s e l e c t e d ,  and 
3 

d .  = 0 o t h e r w i s e .  H i s  o v e r a l l  c o n t i n u o u s  and d i s c r e t e  maximizat ion problem 
3 

i s  t o  s e l e c t  q l ,  .,., qN and d l ,  ..., d  s o  as t o  maximize N 

s u b j e c t  t o  

d .  = O o r  1, Edj = 1 .  
3 

The s o l u t i o n  f o r  t h e  d i s c r e t e  c h o i c e s ,  deno ted  d .  = d . ( p ,  ..., 
3  1 

!JN. W1' ... ' 
3 

wN9 b l ,  ..., hN; s l ,  . . . , s ) o r ,  more compact ly ,  d  = d .  ( u ,  w, b ;  s ) ,  j = 1, 
N j~ 

N a r e  f u n c t i o n s  of t h e  f u l l  s e t  of i n p u t  c o s t s  and o u t p u t  p r i c e s .  - 

S i n i l a r l y ,  t h e  s o l u t i o n  f o r  t h e  con t inuous  c h o i c e s - t h e  u n c o n d i t i o n a l  s u p p l y  

f u n c t i o n s - w i l l  be deno ted  q .  = q . ( ~ ,  w,  h ;  s ) .  F i n a l l y ,  t h e  u n c o n d i t i o n a l  
II J 

i n d i r e c t  expec ted  u t i l i t y - o f - p r o f i t  f u n c t i o n  i s  v ( y ,  w,  5; s ) ,  d e f i n e d  a s  

N 
(2.20) v ( p ,  w, b ;  s )  = Cd,(u, w,  b ;  s ) 8 .  ( q .  (u, w, b ;  s ) ) .  

1 J 3 3  



These u n c o n d i t i o n a l  f u n c t i o n s  a r e  r e l a t e d  t o  t h e  c o n d i t i o n a l  f u n c t i o n s  

d e r i v e d  above i n  t h e  f o l l o w i n g  manner: 

- 
1  i f  . . b .  s . . w k i  s i ) ,  a l l  i 

(2 .21)  d . ( ~ , k . ,  b; s )  = i 
J 

3 3  J  3  J  1 1  

0 o t h e r w i s e  

- 
(2.23) v ( v ,  w, b ;  s )  = mas { G I (  v , wl, b l ;  s l ) ,  . . . , v N (  u , w 

1  N N' "N; 
~ 1 1 .  

These r e l a t i o n s  a r e  of  c o n s i d e r a b l e  p r a c t i c a l  impor tance ,  because  t h e y  c a n  

b e  used t o  d e r i v e  t h e  p r o p e r t i e s  of t h e  u n c o n d i t i o n a l  f u n c t i o n s  from t h o s e  of 

t h e  c o n d i t i o n a l  ones .  However, t h i s  w i l l  no t  be e x p l o r e d  f u r t h e r  h e r e .  

I n s t e a d  we now t u r n  t o  t h e  random s u p p l y  models ,  a f t e r  f i r s t  c o n t i n u i n g  t h e  

example s t a r t e d  above.  

Example. 

For t h e  model ( 2 . 7 ) - ( 2 . 9 ) ,  under  t h e  assumpt ion t h a t  t h e  p . ' s  a r e  
3 

independen t ly  d i s t r i b u t e d  w i t h  f - N ( U . ,  02 ) ,  t h e  c o n d i t i o n a l  o u t p u t  supp ly  
P j  J I P  

and i n d i r e c t  expec ted  u t i l i t y - o f - p r o f i t  f u n c t i o n s  are 

The cor respond ing  u n c o n d i t i o n a l  f u n c t i o n s  c a n  be o b t a i n e d  by d i r e c t  a p p l i -  

c a t i o n  of ( 2 . 2 1 ) -  ( 2 . 2 3 ) .  

B.  - Random Supply S o d e l s  

A random supp ly  model a r i s e s  when one assumes t h a t ,  a l t h o u g h  a l l  t h e  

e lements  of  t h e  p r o d u c e r ' s  d e c i s i o n - h i s  c o s t  f u n c t i o n ,  h i s  s u b j e c t i v e  proba- 

b i l i t y  d e n s i t y  f o r  t h e  o u t p u t  p r i c e ,  and h i s  own u t i l i t y - o f - p r o f i t  f u n c t i o n -  



are known for sure to &, they contain some components which are unobservable 

to the econometric investigator, and are treated by the investigator as 

randoin variables. This formulation embodies two notions which, for practical 

purposes, are indistinguishable: the idea of a variation in technology, 

infomation or preferences among a population of individual economic agents, 

and the concept of unobserved variables in econometric models. These compo- 

C u nents will be denoted by E , E' and E , which may be scalars or vectors. 

In each case, they are fixed constants (or functions) for the individual 

producer, but for the investigator they are random variables. For example, 

because of unobservables or inter-agent variation in the production technol- 

ogy, the individual producer's cost function appears to the investigator 

C to be of the form c.(w., q . ;  E.); or, because of differences in perceptions 
J J  J  3  

among producers, the individual producer's subjective probability density 

P for output prices appears to the investigator to be of the form f ip.; E.); 
p j  J 3 

or, finally, because of variations in risk preferences or unobservable 

components in profits (including fixed costs), the individual producer's 

utility-of-profit function appears to the investigator to be of the form 

u 3 
u.(n.; s., E~). 

J J  J  

One can generate different random production models depending on which 

of these sources of randomness one chooses to emphasize and on how one 

incorporates them. In order to avoid committing ourselves at this point to 

a specific random production model, we will refer to these random components 

C P U  collectively as E.; E. could be E E., E . ,  or some combination of them. 
J J  j' J I 

Accordingly, we write the direct expected utility-of-profit function asso- 

ciated with the jth discrete alternative in general terms as 3; ( q . ;  E . ) .  
a 2  2 

A similar set of random terms exists for each discrete alternative. We 

denote the overall set of random terms by E = (c1, ..., cX). For the econo- 

metric investigator this is a multivariate random variable with some joint 



d e n s i t y  f u n c t i o n ,  deno ted  f , ( ~ ~ ,  . . . ,  E ~ ) ;  f o r  t h e  i n d i v i d u a l  p r o d u c e r ,  - 
however, i t  i s  a  s e t  of f i x e d  c o n s t a n t s .  

The i n d i v i d u a l  p r o d u c e r ' s  d e c i s i o n  p r o b l o z  i s  t o  s e l e c t  q 1' "" q x and 

d ,  . d  s o  a s  t o  maximize x 

s u b j e c t  t o  d .  = 0 o r  1 ,  Cd = 1 .  
J  i 

The s u p p l y  f u n c t i o n s  g e n e r a t e d  by t h i s  max imiza t ion  problem p a r a l l e l  t h o s e  

developed i n  t h e  p r e v i o u s  s e c t i o n ,  e x c e p t  t h a t  t h e y  now i n v o l v e  a random 

component from t h e  p o i n t  of  view of t h e  economet r i c  i n v e s t i g a t o r .  Suppose 

t h e  p roducer  h a s  d e c i d e d  t o  select t h e  j th  d i s c r e t e  a l t e r n a t i v e .  I f  h e  

- 
maximizes c.  ( q .  ; E . )  t h i s  y i e l d s  t h e  c o n d i t i o n a l  supp ly  f u n c t i o t i ,  q ,  (+I., w.,  

3 3  J  J J  J  

b . ;  s . ,  E . )  and t h e  c o n d i t i o n a l  i n d i r e c t  expec ted  u t i l i t y - o f - p r o f i t  f u n c t i o n ,  
J  J J  - 

v j  w b  s . ,  E . ] .  These s t i l l  have t h e  
3 3  

p r o p e r t i e s  mentioned i n  t h e  p r e v i o u s  s e c t i o n ;  i n  p a r t i c u l a r ,  

s . ,  ~ . ) / a u  
(2 .29)  q . ( U . , w . , b . ;  s . ,  E . )  = - J J J J  J J  

J J J J  J J  a ; . ( ~  W., b j  ; s . , ~ . ) l a h ~  
J j '  J J J  

- - 
The q u a n t i t i e s  q .  and v .  a r e  known numbers t o  t h e  p roducer  b u t ,  because  h i s  

3 J  

d e c i s i o n  i s  incomple te ly  obse rved ,  t h e y  a r e  random v a r i a b l e s  f o r  t h e  i n v e s t i -  

- - - 
g a t o r .  I n  p a r t i c u l a r ,  l e t  f;(Gl, .. . , v  ) be t h e  j o i n t  d e n s i t y  of  v l ,  .. ., v  

N K 

induced by f  ( ' ) .  4 
E  

S i m i l a r l y ,  t h e  u n c o n d i t i o n a l  d i s c r e t e  c h o i c e  i n d i c e s  g e n e r a t e d  by t h e  



solution of (2.26), d.(p, w, h; 5 ,  , j 1 S ,  are random variables. 
J  - - - 

Let z. = v. -v., i + j and let F;(zl, .... Z .  3-1' 'j+17 . . . , zT) be the 
1 1 3  

joint c.d.f. of the g. 's. Then the mean of the expected value of the 
1 

discrete choice indices,  id ; E Pi, is 
i 

(2.30) pJ (L, w, b ;  s) = Pr{;, ( i ~  w,, b, ; s. ,E , )  ? ,  ( L ~ ,  wi, bi; si, ci), all i} 
J j ' ~  J J J 1 

The unconditional supply functions generated by (2.26) denoted q . ( p ,  ig ,  h; 
J  

s, E ) ,  j = 1, ..., N, are also random variables, as is the unconditional 
indirect expected utility-of-profit function obtained by substituting 

these unconditional supply functions and the discrete choice functions 

into the maximand in (2.26); this will be denoted v(L, w, 3 ;  s, F). These 

unconditional functions are related to the conditional functions by 

formulas similar to those for the deterininistic production model: 

- 
(2.32) v(ii, w, b;  s, E) = maxi v~(!J~, wi, bl; sl, E~), ..., 

In order to construct the probability distributions of these random 
- - 

variables, we introduce the sets A. = F v . .  , wj, b. ; s., E.) vii~i, 
J  J  3 3 3 3  

w b .  s E a i j = 1, . . . , N Let f 1 LaA,  be the conditional 
1 J 

joint density of El, ..., F given that E E ~ ;  i.e., given that discrete 
N 

alternative j is selected. Then the probability density of q .  i.e., the 
3 '  

conditional probability = q lqj > Oj, denoted f (q), can be 
J  qj l q j  > 0 

obtained by a change of variable from fF1,,, using (2.29). The proba- , t- ..< . 
3 

bility density of q., i.e., the unconditional probability Priq. = q i ,  
J 3 

denoted f (q), therefore has the £ o m  
q j  



Thus, given a sample of T producers, where j* is the index of the discrete 

choice selected by the tth producer and q* is his observed supply, the like- 
t 

lihood function of the sample is, from (2.33), 

Finally, let f;; I E E A ,  (s) be the conditional density of ;. , i.e., the condi- 
j 3 J 

tional probability ~r{;.= s / G j ~ G i ,  all ij; this is obtained from conditional 
3 

joint density fEl Aj by a transformation of variables. The mean of this 

distribution is 

From (2.32) the mean of the distribution of v(~, w, b; s, E) is given by 

j (2.36) E!V? = C E{Gj I;j Gi, all i:.~ . 
3 

This completes our account of the general structure of random supply 

discrete/continuous choice models. The crucial ingredients in these models 

are the conditional indirect expected utility-of-profit functions, . . w 
3 J '  3' 

b.; s. E . ) ,  j = 1 ,  ..., N, and the joint density f ( - ) .  With these one can 
J 3'  3 E 

construct the densities f (.), (.), which are used to form the 
v 

discrete choice probabilities and the conditional and unconditional densities 

of the q.'s. As noted above, different random supply models can be generated 
3 

by allowing the E 's to enter the conditional indirect expected utility-of- 
3 

profit functions in different ways or by making different assumptions about 

their joint distribution, but these models will all conform to the general 

structure outlined above. 

The estimation oE these discrete/continuous supply models will be 



discussed i n  d e t a i l  i n  the  next  s ec t ion .  However, we w i l l  make one general  

cornKent here .  F i r s t  we must draw a t t e n t i o n  t o  an a l t e r n a t i v e  way of repre-  

sent ing  the uncondit ional  supply func t ions ,  bes ides  (2.31).  Purely f o r  

5 no ta t iona l  convenience we consider  the case where X =  2 .  The unconditional 

supply func t ions  may be ruri t ten 

(2.37) 4 = 

aG2(v2.  v2, b2;  a 2 ,  E ~ ) I ~ v ~  - o t h e r w i s e  
aV2(pZ. V2. b2;  B 2 .  C2) /abZ 

Since t h e  G . ' s  a r e  funct ions  of s eve ra l  v a r i a b l e s - i i . ,  w . ,  b . ,  s . ,  e t c . -  
3 J J J J  

i t  i s  convenient a t  t h i s  poin t  t o  r e f e r  e x p l i c i t l y  t o  the c o e f f i c i e n t s  of 

these  v a r i a b l e s ,  which we denote by the  vec to r  6. Therefore,  we now w r i t e  

the  cond i t iona l  i n d i r e c t  expected u t i l i t y - o f - p r o f i t  funct ions  a s  V.(u j ,  v j ,  

b . ;  s . ,  E . ,  B). Then (2.37) can be w r i t t e n  symbolical ly a s  
J J J  

g l ( U l '  b l i  e l .  El, B )  if h ( l i l .  i i Z .  W l ,  VZ. bl, b2;  s l .  s2,  e l ,  E ~ ,  8 )  2 0 
(2.38) 4 = 

g2("* V2. h 2 ;  S2 ,  E 2 ,  8) o t h e r w i s e  

where g  (.) and g 2 ( ' )  a r e  the  r a t i o s  of the  d e r i v a t i v e s  of ; (.) and ; (.), 
1 1 2  

and h(.) E ( )  ( 1 ;  these funct ions  w i l l  be l i n e a r  o r  nonl inear  i n  0 
1 2  

depending upon t h e  underlying s t r u c t u r e  of t h e  ;. (.) funct ions .  
3 

The purpose of  the  formulat ion (2.38) i s  t o  demonstrate how our theo- 

r e t i c a l  random supply model generates  a  s t a t i s t i c a l  switching regress ion  

model. The genera l  (binary)  s ingle-equat ion switching regress ion  model can 

be w r i t t e n  i n  the  form 

G ~ ( x ~ ;  e 2 ,  c2) otherwise 

where Y i s  the  dependent v a r i a b l e ,  X X and Z a r e  exogenous v a r i a b l e s ,  
1' 2  

B, ,  a,, and y a r e  the c o e f f i c i e n t s  t o  be esimated,  and c l ,  5 ? ,  and 0 a r e  - 



randow error terns. Our supply model (2.38) i.; rlearly a special case of 

(2.39) where, because the discrete and continuous choices both flow from 

the same underlying expected utility-of-profit maximization problem, the 

variables K and X are known transformations of the variables in 2, the 1 2 

coefficients 3 and " are the sane as the coefficients y, and the random 
1 

terms 5 and 5 are directly related to the random term n .  We can therefore 1 2 

estimate the randoin supply model (2.38) by any of the techniques developed 

for the switching regression model (2.39), while taking advantage of the 

special structure of our model. This is the subject of the following section. 

To illustrate the ideas discussed above in a more concrete form we now continue 

and terminate the example started in section 2 . A .  

Example. 

Our starting point is the deterministic discrete/continuous supply (2.24) 

and (2.25). To allow for the *inobservable elements which are treated by the 

econometric investigator as random variables, we might in general write 

where "&" signifies the nonstochastic variables or functions observed by the 

investigator. Substitution of (2.40) into (2.24) and (2.25) yields 

- c 2 u [F;. -e.(".) - E .  1 (2.42) v.(p.,w.,b.; s., E.) = 1 -  exp!a.(s)b.+~.b. - 
3 3 3  3 3  3  1 3 3  

P 
1 .  

2ajp + 2E. 
3  

C c P The model is closed by specifying a joint distribution for c l ,  ..., EN, El, ..., 



We w i l l  work through these  s t e p s  f o r  a  s impl i f i ed  vers ion  of t h i s  model 

C 
i n  which the random t e r n s  E .  and E~ a r e  omit ted,  leaving  only the random 

J J 
u  

term E . .  That i s ,  we assume t h a t  the random supply model a r i s e s  from unob- 
J 

se rvab le  v a r i a t i o n  i n  the  producer ' s  r i s k  preferences .  Dropping the  "u" 

s u p e r s c r i p t ,  we r ewr i t e  ( 2 . 4 0 ~ )  a s  

where S .  i s  a  row vec tor  of K observed exogenous v a r i a b l e s  represent ing  a t t r i -  
J 

bu te s  of the  ind iv idua l  producer o r  the  d i s c r e t e  a l t e r n a t i v e  which inf luence  

h i s  degree of r i s k  avers ion ,  and E .  i s  t h e  a s soc ia t ed  (Kxl) vec tor  of  coe f f i -  
J 

c i e n t s  t o  be es t imated-  f o r  the  sake of g e n e r a l i t y  we al low both S and 2 

t o  va ry  wi th  t h e  d i s c r e t e  choice ,  j. We assume t h a t  have a  b i v a r i a t e  

normal d i s t r i b u t i o n  wi th  mean zero and some covariance matr ix 1, 

Our formulat ion thus al lows f o r  the  p o s s i b i l i t y  t h a t  c o v ( ~  E ~ )  + 0. The 
1'  

c o r r e l a t i o n  of the  random terms a c r o s s  the  d i s c r e t e  choices could be generated 

by assuming t h a t  the  c o e f f i c i e n t s  B j l ,  ..., B j K  a r e  themselves random, i n  the 

manner of Hausman and Wise [ 7 1. More genera l ly ,  i t  could a r i s e  because the 

same extraneous unobserved f a c t o r s  in f luence  the  producer 's  r i s k  avers ion  i n  

a  s i m i l a r  way ac ross  d i f f e r e n t  d i s c r e t e  choices.  F ina l ly ,  t o  s impl i fy  the 

model f u r t h e r ,  we assume t h a t  the  i n v e s t i g a t o r  observes the u n i t  c o s t s ,  c . ,  
3 

and so does not  have t o  e s t ima te  the  c o s t  funct ions ,  c . ( w . ) .  Thus, f o r  each 
3 3 

given producer,  the  observed v a r i a b l e s  a r e  e l ,  c 2 ,  21, v 2 ,  u 2 o7 , b l '  b2'  
I P '  2p 

S1, and S a s  wel l  a s  the  producer 's  a c t u a l  supply dec i s ion -bo th  h i s  d is -  
2' 

c r e t e  choice and h i s  continuous choice.  The unknohms a r e  f3 3 and the 

elements of C .  

Accordingly, f o r  a  given producer the model can be w r i t t e n  a s :  



Define Y .  Z ( ~ . - c . ) / ~ . o ? ,  j = 1 , 2 .  An equivalent way of formulating the model is 
J J 3 J J  

(2 .45a)  Y1 = S 4 + if I L 0 
1 1  

(2.45b) Y2 = S2B2 + E~ i f I < O  

Alternatively, define 

Z,  = (blS1, 0)  Z2  = (0 ,  b2S2) 

x1 = (S1, 0 )  X2 = ( 0 ,  S2) 

Then, the model (2 .45)  can be written in its most general form as 

where Y 1 .  The estimation of switching regression models with the structure 

of (2 .46)  is discussed in the next section. 



3. E s t i m a t i o n  

I n  t h i s  s e c t i o n  we d i s c u s s  t h e  e s t i n a t i o n  of  t h e  f o l l o w i n g  s t a t i s t i c a l  

model:  

( 3 . 4 )  Y .  i s  observed i f  I > 0 f o r  a l l  1 # j ,  j = 1, ...,N, 
J t ( j  e) t 

where ,  f o r  e a c h  o b s e r v a t i o n  t = 1, ..., T ,  X .  and Z .  a r e  each  K-dimensional 
J  t J  t 

+ v e c t o r s  of  known c o n s t a n t s ,  X? i s  a  K -d imensional  v e c t o r  of knokx c o n s t a n t s ,  
J  t 

Zf i s  a K*-dimensional v e c t o r  of  known c o n s t a n t s ,  8 ,  8. and y. a r e ,  r e spec-  
J t 3 3  

t i v e l y ,  K-,  K+-, and K*-dimensional v e c t o r s  of unknown p a r a m e t e r s ,  and 

E = ( E ~ ~ ,  ..., E ) and n t  = (I? ..., I? ) a r e  N-dimensional m u l t i v a r i a t e  
t ?; t I t '  N t 

normal random v a r i a b l e s  w i t h  mean z e r o  and c o v a r i a n c e  m a t r i c e s  Z = (Oij) and 

- " - - - ( c i j ) ,  r e s p e c t i v e l y ,  which a r e  n o n s i n g u l a r  and independen t  of  t .6  For 

each  t we o b s e r v e  t h e  exogenous v a r i a b l e s  X .  X? , Z j t ,  and Z Y t ,  j = I ,  . .. , N. 
~ t '  3 t  

We do n o t  o b s e r v e  W .  o r  I - ( j ) t Y  
b u t  w e  do obse rve  t h e  i n d i c a t o r  v a r i a b l e s  

J t 

1 i f  I > 0  a l l  j # E  
(3.5) d .  = 

( j k ) t  j = 1, ..,,N 

J t  0  o t h e r w i s e  

and ,  i f  d .  = 1 we a l s o  o b s e r v e  Y .  . F i n a l l y ,  t h e  random v e c t o r s  E and n t  
J  t 3 t t 

a r e  r e l a t e d  t o  one a n o t h e r  i n  some known way. An example i s  where 

where t h e  a .  ' s  a r e  known c o n s t a n t s  and t h e  V .  ' s  a r e  i . i . d .  N(0, o ; ) ,  b u t  
J  t J t 

o t h e r  r e l a t i o n s  are p o s s i b l e .  T h i s  type  of s t a t i s t i c a l  model a r i s e s  whenever 

one h a s  a  t h e o r e t i c a l  microeconomic model of d i s c r e t e j c o n t i n u o u s  supp ly  o r  

demand d e c i s i o n s ,  where t h e  d i s c r e t e  and con t inuous  c h o i c e s  b o t h  f low from 

t h e  same u n d e r l y i n g  random p r o f i t  o r  random u t i l i t y  maximiza t ion  p r o c e s s .  



A producer supply example i s  given i n  the  previous s e c t i o n ;  a  consumer demand 

example i s  given i n  Hanemann [ 5  1 .  

I n  the  t emino logy  of Amemiya [ 2 ] and Lee e t  a l .  [ I l l ,  the model (3.1)- 

(3.5) i s  a  genera l ized  p r o b i t  regress ion  model. I t  r ep resen t s  a gene ra l i za t ion  

t o  S-dimensions of t h e  binary switching regress ion  models presented i n  Lee and 

/ 
Trost  1121, Lee [ l o ] ,  and Heckman [ 8 , 9 ] .  However, (3.1)-(3.5) i s  not  the most 

genera l  poss ib l e  formulat ion of an N-fold switching regress ion  model. It  has 

two d i s t i n c t i v e  f e a t u r e s :  ( i )  some of the  c o e f f i c i e n t s  which appear i n  the  

continuous choice equat ions  (3.1) a l s o  appear i n  the  d i s c r e t e  choices ,  (3.3)- 

(3 .4 ) ,  namely 6; and ( i i )  the  d is turbance  terms i n  the  d i s c r e t e  choice equa- 

t i o n s  a r e  a  known func t ion  of those i n  the  continuous equat ions .  Both of 

these  f e a t u r e s  r e s u l t  from the  underlying t h e o r e t i c a l  model of simultaneous 

opt imiza t ion  of d i s c r e t e  and continuous choices by an economic agent .  This 

s p e c i a l  s t r u c t u r e  is exp lo i t ed  i n  the  es t imat ion  procedure described below. 

I n  p a r t i c u l a r ,  i t  enables  us t o  i d e n t i f y  and e s t ima te  the off-diagonal  e le -  

ments i n  C ,  which is not  genera l ly  poss ib l e  when the d is turbance  terms i n  

(3.1) and (3.2) a r e  un re l a t ed -  see ,  f o r  example, [12 ,p .  3651. Duncan [3 ]  

p re sen t s  an N-fold d i sc re t e / con t inuous  supply model with a  s t r u c t u r e  s i m i l a r  

t o  t h a t  of (3.1)-(3.5) .  However, f o r  the purposes of es t imat ion  he assumes 

t h a t  t h e  d is turbances  i n  t h e  d i s c r e t e  choice equat ions  a r e  independent of those  

i n  the continuous choice equat ions .  A s  w i l l  be shown below, p r a c t i c a l  proce- 

dures  e x i s t  f o r  es t imat ing  the model c o n s i s t e n t l y  without invoking t h i s  

assumption. 

Before cont inuing ,  i t  i s  convenient t o  in t roduce  some new no ta t ion .  For 

each j ,  def ine  the  (3-1) dimensional vec tor  u - - 
( j )  t 

( u ( j l ) t ,  , . . , u  ( j ,  j -1 ) t '  

- u , where u ( j i ) t  = " k t  - n j t .  
I n  m a t r i s  no ta t ion  we can 

( j ,  j + l ) t y  (jN) t 

w r i t e  

(3.7) U = D r;.  
( j ) t  j ~t 



where D .  i s  an (K-1) by N matr ix with +1 and -1 i n  the  R t h  and j t h  c e l l s  of  
3 

each row, and zeros e l ~ e w h e r e . ~  t'nder the  above assumptions, 3 i s  an (X-1) 
( j )  

dimensional m u l t i v a r i a t e  normal random vec to r  with mean zero and covariance 

mat r ix  2 .  5 (L. ) = D . 5 D 1  The diagonal  elerrents of t h i s  matr ix a r e  
3 J ,  2k J j '  

9' = var(1-I ) ,  and the  off-diagonals  a r e  b. = cov(, 
j ,  a ( j k )  3 . i k  ( j L ) '  ~ ( j k ) ) '  

Note t h a t  t h e r e  a r e  some r e s t r i c t i o n s  on t h e  covariance mat r ices  PI, ..., 2 N 

because by d e f i n i t i o n ,  U = -U 
(jI.) 

I n  p a r t i c u l a r ,  f o r  a l l  Q. and j ,  
(Qj) ' 

(,,! = 2 
3. ui, j 

. Hence, although t h e r e  a r e  N covariance matr ices  2 j  and each 

has (K-1) diagonal  elements,  t h e r e  a r e  only ? J ( ~ - 1 ) / 2  d i s t i n c t  o2 terms. 
j , k  

From (3.2)-(3.5) t h e  condi t ion  f o r  Y t o  be observed i s  t h a t  
j t 

A l t e r n a t i v e l y ,  de f ine  the  (N-1) dimensional vec tor  of normalized d i f f e rences  

U K = (u* ( j  , , t)" u* ..., u* ) , where 
( j )  t ( j ,  j -1) t '  ( j ,  j+L) t '  ( jN) t  

- 
Then, U* i s  m u l t i v a r i a t e  normal wi th  mean zero and covariance mat r ix  R 4  = 

(3) 3 

(a+ ) , w h e r e  the  diagonal terms a r e  a l l  un i ty  and the off-diagonals  a r e  
J ,  .ek 

(3.10) o* E cov (v* Ut jk) )  = ". 1 w? w? 
( j i ) '  3 ,  Rk J ,  i k  3 , ~  J ,  k  . 

I n  terms of  these  normalized d i f f e r e n c e s ,  the  condi t ion  f o r  Y t o  be 
j t 

observed i s  t h a t  

a l l  i + j  . 
For fu tu re  r e fe rence ,  the dens i ty  o f  V"  w i l l  be denoted 3 ( *  . 0, C!?) 

( j )  s -1  ( j ) '  J 

For each j ,  the  j o i n t  dens i ty  of E .  and 9" 
(j) 

i s  >-dimensional n u l t i v a r i a t e  
J 

normal wi th  mean zero and covariance matr ix 



where T !  = ( T ( j l j ,  ..., T T . . . , T ) and T . = C O V ( Z . ,  .J* 
3 j ,  - 1 '  ( j ,  3 - 1 ) '  ( j x )  22 I ( j c i  

) 

= c o v ( ~  7 )  . It follows t h a t  t h e  cond i t iona l  dens i ty  of E .  given 
j '  1 , A, J 

2 * i s  u n i v a r i a t e  normal with mean ?: I\>!-'.>* and var iance  (0. - ? !  s?':.), 
( j )  J J ( j )  3 J J  I 

which we denote @ ( E .  ; ?!C!i-'u* o! - ' r!2+-'7.) .  
3  I J  ( j ) '  3 1 3 1 

Given a  sample of T observa t ions ,  l e t  j *  be the  index of the d i s c r e t e  

choice mode i n  the t th observat ion ( t h i s  w i l l  vary with t ) ,  s o  t h a t  d .  = 1 
J "t 

and d  = O  a l l  k j j 9 : ,  and l e t  the observed continuous choice he Y .  . The 
kt  kt 

l i ke l ihood  func t ion  f o r  t h i s  sample i s  

where 

(3.14) L~ = P I { E ~ * ~ = Y .  I*L - X ~ * ~ E - S ; * ~  e j . n u t i * e ) t  5 q j . P ) r  a n  9 . f j . i  

3 * t  
< A * .  - P T I E ~ * ~ - Y ~ * ~ -  X .  S - X ; * ~  F j l l ~ f j * ) t  ( Alj*)C). P x ( ~ 7 ~ * ~ ) ~ ~ -  (,tP)L, a l l  k f j * )  

rnW.,c~tj.,: o: n!*) d ~ f , * ~ ) .  . . ., d ~ *  ( J* ,  j*. l ) .dufj*,  I * + i ) -  .... d u b k N )  , 

I n  p r i n c i p l e ,  a l l  of the  unknowns i n  t h e  model-6, e l ,  ..., O N ,  yl ,  ..., yN, Z 
and E -could  be est imated by f u l l  information maximum l ike l ihood  based on 

( 3 . 1 3 - ( 3 . 1 4 )  Following the argument of Amemiya [ 1 1 ,  i t  can be shown t h a t  

the  4 a E  i s  c o n s i s t e n t  and asymptot ical lv normal and e f f i c i e n t .  I n  p r a c t i c e ,  

however, t h i s  w i l l  be com2>utationally burdensome unless  N i s  smal le r  than 5 

or  6. Moreover, the normal equat ions w i l l  genera l ly  have mul t ip l e  r o o t s  

because of the  n o n l i n e a r i t y  of (3.1L) and, unless  one s t a r t s  f r o n  an i n i t i a l  

c o n s i s t e n t  e s t i n a t o r ,  t h e r e  i s  no guarantee of convergence to  the g lobal  HLE. 

Accordingly, we w i l l  employ a  mul t l - s tage  es t imat ion  procedure o r ig in -  

a l l y  developed bv Amemiya [ 1 ] ,  Heckman / 9 1  and Lee [ l o ] ,  modified t o  



allow 'or the special stracture of (3.1)-(3.5). The first step involves a 

probit model applied to the purely discrete choice represented by (3.8) or 

(3.11). For each observation t, the probability that Yj,t is observed is 

The likelihood function for the probit model is 

Using maximum likelihood or, if there are grouped data, weighted least squares, 

one can obtain estimates of the parameters in (3.15) which are consistent but 

not efficient, since they ignore the information contained in the data on 

the continuous choices. 

It is important to note that, because the conditions (3.8) and (3.10) 

are observationally indistinguishable, we do not obtain estimates of B and 

yl, ..., y,, from the probit model. Rather we obtain estimates of the ~(N-1)/2 

terms B / v ~ ,  the N(N-1)/2 terms y1/-, the K(K-1)/2 terms y 2 / E ,  
J ,  fi J 7 R  J ,  fi 

. . . , the N(K-1) /2 terms -fN/-. Similarly, we obtain estimates of the 
J > R  

off-diagonal terms in a* ..., R* not R 1' N' 1' "" ON. However, as Duncan 

points out, if there is at least one non-homogeneous exact restriction on 

the elements of B or y. that is available exogenously, it can be employed to 
3 

identify the N(N-1)/2 terms #%?- and, hence, to identify and yl, . . . , yN. 
3  ,fi 

Failing this, we would have to impose the normalization 

in order to identify Q ,  the y.'s and Q1, . . . , C  from the probit analysis 
J  ."X 

of the purely discrete choice data. This would be unattractive because it 

entails S(N-1)/2 restrictions on K(X+1)/2 free elements of the covariance 

matrix Z .  Moreover, if E is a function of x, as is implied by most theoretical 

random supply models, it entails restrictions on C, which further reduce the 



g c n e r a l i t v  of t h e  r o d e l .  F o r t u n a t e l r ,  hovever ,  t h e  n o r m a l i z a t i o n  (3 .16)  can  

be  avo ided  because  we a l s o  have i n f o r m a t i o n  from t h e  c o n t i n u o u s  c h o i c e s ,  Y 1 ,  

7 ..., Y x ,  which s e r v e  t o  i d e n t i f y  t h e  %.  's. Th i s  o c c u r s  i n  t h e  second s t e p  
J  92 

of  t h e  e s t i m a t i o n  p r o c e d u r e .  

R e c a l l  t h a t  f o r  e a c h  t we obse rve  o n l y  one of  t h e  T . ' s ,  Y j , t ;  t h e  one 
J  

obse rved  i s  determined by t h e  c o n d i t i o n s  (3 .8)  o r  ( 3 . 1 0 ) .  T h e r e f o r e ,  fo l low- 

i n g  t h e  argument of  h e m i y a  [ 2 ]  and Heckman, t h e  f i r s t  two moments of  t h e  

o b s e r v e d  c o n t i n u o u s  c h o i c e  v a r i a b l e  a r e  

+ 
(3 .17)  E { Y ~ , ~ ~ Y ~ ~ ~  obse rved)  = Xj?< t2  + XjfCt8. + C { E ~ * ~ ~ " ' ~ ~ * ~ ) ~ -  <Ax- ( jkfi)  t *  

J  

a l l  R f  j*] 

(3 .18)  V{Y., / y jAt  obse rved]  = V ~ C ~ * ~ / U ~ ~ ~ ~ ~ )  5 h'tj,2) t ,  a l l  R # j*} 
3 . t  

where 

@ ('; 0 ,  Q*) be ing  t h e  c . d . f .  a s s o c i a t e d  w i t h  4 ( 0 Hence, t h e  
N- 1 3 N- 1 J 

a p p r o p r i a t e  r e g r e s s i o n  model f o r  t h e  obse rved  c o n t i n u o u s  c h o i c e s  i s  

where Ej,t = Y .  - E ~ Y ~ , ~  1 ~ .  observed: i s  a  normal d i s l u r b a n c e ,  indepen- 
j"t j "t 

d e n t  of t h e  r e g r e s s o r s  i n  ( 3 . 2 0 ) ,  w i t h  a z e r o  mean and a  v a r i a n c e  g iven  by 

t h e  r igh t -hand  s i d e  o f  ( 3 . 1 8 ) .  T h e r e f o r e ,  f o l l o w i n g  Heckman 1 9 1 ,  one cou ld  

use  t h e  f i t t e d  p r o b i t  model t o  form c o n s i s t e n t  e s t i m a t e s  of h i n s e r t  
( j * R ) t '  

t h e s e  a s  r e g r e s s o r s  i n  (3 .20)  and f i t  i t  bv l e a s t  s q u a r e s -  by OLS o r ,  t a k i n g  



account of the heteroscedasticity implied by (3 .18) ,  by GLS. This yields 

consistent estixates of :, el, ..., 6 and T (11)7 ..., T However, because 
N '  (US) ' 

the regression involves estimated regressors, the usual formulas for the 

covariance matrix of these coefficient estimates would need to be modified. 

The disadvantage of this approach in the present context is that, when 

one compares the estimates of 9 obtained from the estilation of (3.20) with 

the estimates of 3/&!--obtained from the probit model, there will be K 
J ? f i  

estimates of each of the N(N-1)/2 terms 02 An alternative procedure 
J ,e '  

which combines the information from the discrete choices with that from the 

continuous choices and yields unique estimates of 3 and the o! 's is the 
3 J  

following. For each observation t, write the regression model (3.20) as 

N(N-1)/2 equations (for simplicity, we illustrate this for the ease where 

N = 3): 

Use the probit estimates of 8/&!-- to form the regressors (X. f i 1 . W )  and 
J . R  ~ * t  J , i  

run the regression (3.22) with TN(N-1)/2 "observations," treating the V"%-- 
J 3 R  

terms as the coefficients to be estimated, together with 8 ..., 8 and 1' N 

T (11), * . . , T . One can then multiply the N(N-l)/2 coefficient estimates 
(NN) 

,- 
from the probit model by the consistent estimates from the regression 

j ,a 
model (3.21) to obtain unique and consistent estinates of and y .., 

1' ...' I '  N 

Sinilarly, one can r.ultiply the estimates of the off-diagonal terms in R?, 
,- 

J  

..., Q* obtained from the probit model by the estimates v r  
K 

to obtain 
3 ,% 

consistent estimates of the off-diagonal terms in 2 ..., 2 . Since 2 = 
1' N j 

D . Z D ! ,  where D ,  is a known matrix, one can then obtain consistent estimates 
J J  J  



of the covariance matrix E. Further, by applying the relations in (3.18) to 

the second moments of the estimated residuals from (3.21) one can obtain 

consistent esti~atcs of c;, . . . ,  5;. Consistent estimates of the off-diagonal 

terms in C can be obtained usin? thc estinates of f and T., 6s cell as the 
J 

relations (3.6). 

It is worth emphasizing why we care about the uniqueness of the esti- 

mates of 5 and R " The standard procedure for estimating switching 
1' """". 

regression models is to obtain a set of consistent estivates for all the 

unknowns and to employ these as initial values for an iterative maximization 

of the full likelihood function for the discrete and continuous choices 

combined. If one were following this procedure, it would be unimportant 

whether or not a unique set of coefficient estimates could be obtained from 

the probit and regression models. However, when N is at all large, the likeli- 

hood function (3.13)-(3.14) is computationally intractable. This arises not 

just because an (K-1) integral is involved-after all, the same is true of 

the likelihood function for the probit model (3.15)-but also because the 

integrand in (3.14) has a particularly complex structure, considerably more 

complex than that of the integrand in (3.15). Therefore, following Duncan, 

we assume that even a single Newton Raphson iteration of the normal equations 

for the full model is impractical and the only coefficient estimates availa- 

ble are those from the probit and regression models. 

If COV(E., U* ) : T . = 0, then all the terms in A 
3 (j) J (j*, k )  

drop out from 

(3.20) or (3.21), and the coefficient estimates obtained from these regres- 

sion models are ?cE's and, hence, fully efficient. If 7 .  jc 0, as seems more 
3 

plausible, the estimates are consistent but thev are not fully efficient. 

In this context it may he worth treating the estimates of 3 / 1 / r  and v c  
3 >2 ? ,J" 

obtained in the manner described above as stochastic prior information and 

applying the Theil-Goldberger [ ! 5 ]  mixed regression procedure, as an addi- 

tional step after the estir.:;ition of (3.21). For simplicity, re illustrate 



this for the case wirere X =  3 and, say K =  3; the additional regression sodel is 

+ n 
A 

1 + ' 
Y .  j."l = xji:lB + Xj."l"j* - 2#j;i T(jp)'(j") "L 'j*l 

where 8 is the kth element of 6. In the general case, the regression 
k 

N(K-1) 
model (3.22) involves T+[ + K - 1 ] "observations ." The disturbance 

terms associated with the last [ x(N-l) + K  - 11 observations have the form: 2 

Hence, plim (1; ) = 0.'' Application of DLS - or alternatively, GLS - to 
1 

(3.22) will yield consistent estimates of 3 which fully exploit the informa- 

tion contained in the constraint that these coefficients are comclon to both 

the discrete and the continuous choices. 11 



4. Conc lus ions  

I n  s e c t i o n  2 o f  th j . s  paper  we have shown how t o  c o n s t r u c t  t h e o r e t i c a l  

models of  d i s c r e t e  and con t inuous  supp ly  d e c i s i o n s ,  xihere bo th  s e t s  of d e c i -  

s i o n s  f l o w  from a  s i n g l e  u n d e r l y i n g  u t i l i t y - o f - p r o f i t  maximizat ion problen!. 

I n  a d d i t i o n  t o  d e s c r i b i n g  t h e  g e n e r a l  p rocedure  f o r  c r e a t i n g  such models ,  we 

have deve loped  a s p e c i f i c  model based on t h e  e x p o n e n t i a l  u t i l i t y - o f - p r o f i t  

f u n c t i o n  and t h e  normal d i s t r i b u t i o n  f o r  o u t p u t  p r i c e s  which i s  s u i t a b l e  f o r  

e m p i r i c a l  a p p l i c a t i o n .  One a r e a  f o r  f u t u r e  r e s e a r c h  i s  t h e  development of  

o t h e r  models based on a l t e r n a t i v e  u t i l i t y - o f - p r o f i t  f u n c t i o n s  a n d / o r  o u t p u t  

p r i c e  p r o b a b i l i t y  d i s t r i b u t i o n s .  The key i s s u e  h e r e ,  which i s  s t i l l  

u n r e s o l v e d ,  i s  whether  t h e  d u a l i t y  r e l a t i o n s h i p  between t h e  i n d i r e c t  

expec ted  u t i l i t y - o f - p r o f i t  f u n c t i o n  and t h e  o u t p u t  supp ly  f u n c t i o n ,  ( 2 . 4 ) ,  

can  be  e f f e c t i v e l y  e x p l o i t e d  t o  g e n e r a t e  a  v a r i e t y  of  p a r a m e t r i c  supp ly  

models.  

I n  o r d e r  t o  c r e a t e  a  s t a t i s t i c a l  framework f o r  e s t i m a t i n g  t h e  d i s c r e t e /  

c o n t i n u o u s  supp ly  models ,  i t  i s  n e c e s s a r y  t o  p o s t u l a t e  t h a t  some component 

of  t h e  s u p p l i e r ' s  u t i l i t y  o r  p r o d u c t i o n  f u n c t i o n  i s  random from t h e  v iewpoin t  

of  t h e  economet r i c  i n v e s t i g a t o r .  By i n t r o d u c i n g  t h i s  random t e r m  i n  d i f f e r -  

e n t  ways, o r  by making d i f f e r e n t  a s sumpt ions  abou t  i t s  p r o b a b i l i t y  d i s t r i b u -  

t i o n ,  one c a n  g e n e r a t e  d i f f e r e n t  d i s c r e t e / c o n t i n u o u s  supp ly  models .  I n  

t h i s  paper  we have assumed t h a t  t h e  random element  i s  normal ly  d i s t r i b u t e d ,  

which l e a d s  t o  a  p r o b i t  model of  t h e  d i s c r e t e  c h o i c e s .  W e  c o u l d  a l t e r n a t i v e l y  

have employed t h e  extreme v a l u e  d i s t r i b u t i o n ,  which  could have y i e l d e d  a  

l o g i t  model of t h e  d i s c r e t e  c h o i c e s .  Moreover, r a t h e r  t h a n  i n t r o d u c i n g  t h e  

random element  i n  a n  a r b i t r a r y  manner,  we have sought  t o  g i v e  i t  a n  economic 

i n t e r p r e t a t i o n  by i d e n t i f y i n g  i t  w i t h  a  s p e c i f i c  parameter  of t h e  n o d e l -  

t h e  p r o d u c e r ' s  c o e f f i c i e n t  of r i s k  a v e r s i o n ,  i n  our  s p e c i f i c  model,  Other  

ways of  d e f i n i n g  a n  economical ly  mean ingfu l  random element  d e s e r v e  t o  be  



e x p l o r e d ,  and t h e  same model-bui ld ing ph i losophy  can  be  a p p l i e d  t o  t h e  

p r o f i t - m a x i m i z a t i o n  models of Duncan [ 3 ]  and ?:cFadden [13] .  

A s  f o r  t h e  e s t i m a t i o n  of d i s c r e t e / c o n t i n u o u s  c h o i c e  models ,  we have 

developed a  v e r y  g e n e r a l  s t a t i s t i c a l  model which a p p l i e s  n o t  o n l y  t o  t h e  

s p e c i f i c  supp ly  node1.s developed i n  s e c t i o n  2 bu t  a l s o  t o  some of t h e  

demand and supp ly  models of  Hanemann [ G I ,  Duncan, and XcFadden. We have 

shown t h a t  t h e s e  d i s c r e t e / c o n t i n u o u s  c h o i c e  models c a n  be r e g a r d e d  a s  

i n s t a n c e s  of  a  m u l t i v a r i a t e  s w i t c h i n g  r e g r e s s i o n  model w i t h  a n  X-fold 

s w i t c h i n g ,  which g e n e r a l i z e s  t h e  b i n a r y  s w i t c h i n g  model t h a t  h a s  appeared  

i n  t h e  l i t e r a t u r e .  Noreover ,  because  t h e  d i s c r e t e  and c o n t i n u o u s  c h o i c e s  

b o t h  r e s u l t  from t h e  same u n d e r l y i n g  o p t i m i z a t i o n  d e c i s i o n  by a n  economic 

a g e n t ,  t h e r e  a r e  a d d i t i o n a l  r e s t r i c t i o n s  on t h e  c o e f f i c i e n t s  and d i s t u r b a n c e  

t e rms  of  t h e  e q u a t i o n s  f o r  t h e  d i s c r e t e  and t h e  c o n t i n u o u s  c h o i c e s .  The 

main f o c u s  o f  our  d i s c u s s i o n  i n  s e c t i o n  3  h a s  been how t o  e x p l o i t  t h e s e  

common r e s t r i c t i o n s  i n  a n  e f f i c i e n t  e s t i m a t i o n  p rocedure .  

Duncan, who d i s c u s s e s  t h i s  i s s u e ,  assumes t h a t  on13 t h e  c o e f f i c i e n t s  

a r e  common t o  t h e  d i s c r e t e  and c o n t i n u o u s  c h o i c e  e q u a t i o n s  w h i l e  t h e  d i s -  

t u r b a n c e  terms a r e  u n c o r r e l a t e d .  However, we f i n d  t h i s  a s sumpt ion  u n s a t i s -  

f a c t o r y -  g i v e n  t h a t  bo th  s e t s  of  c h o i c e s  r e s u l t  from a s i n g l e  o p t i m i z a t i o n  

d e c i s i o n ,  i t  seems more p l a u s i b l e  t o  assume t h a t  t h e  random terms which 

i n f l u e n c e  t h e  a g e n t ' s  d i s c r e t e  c h o i c e  a r e  r e l a t e d  t o  t h o s e  which i n f l u e n c e  

h i s  c o n t i n u o u s  c h o i c e .  A s  we have shown, p r a c t i c a l  p r o c e d u r e s  e x i s t  f o r  

c o n s i s t e n t l y  e s t i m a t i n g  t h e  d i s c r e t e  and c o n t i n u o u s  c h o i c e  e q u a t i o n s  wi th -  

o u t  invok ing  Duncan's a s sumpt ion .  I n  o r d e r  t o  o b t a i n  e f f i c i e n t  e s t i m a t e s ,  

i t  i s  i m p o r t a n t  t o  i n c o r p a r a t e  t h e  r e s u l t s  of  f i t t i n g  t h e  d i s c r e t e  c h o i c e  

e q u a t i o n  i n  t h e  e s t i m a t i o n  of  t h e  c o n t i n u o u s  c h o i c e  e q u a t i o n s .  Our innova- 

t i o n  h e r e  i s  t o  t r e a t  t h i s  a s  a  problem of  mixed e s t i m a t i o n  w i t h  endogenous 

s t o c h a s t i c  i n f o r m a t i o n .  Xost p r e v i o u s  d i s c u s s i o n s  of  t h e  v a l u e  of i n f o r m a t i o n  



i n  r e g r e s s i o n  a n a l y s i s ,  such a s  1151, have o n l y  c o n s i d e r e d  t h e  c a s e  of 

exogenous p r i o r  i n f o r m a t i o n .  However, i t  c a n  be  s h a m  t h a t  t h e r e  i s  s t i l l  

a n  e f f i c i e n c y  g a i n  w i t h  endogenous i n f o r m a t i o n .  The magnitude of t h i s  g a i n  

remains  t o  be  t e s t e d  i n  a n  e m p i r i c a l  a p p l i c a t i o n ,  which w i l l  be r e p o r t e d  

s e p a r a t e l y .  



1. Th i s  a s s u n p t i o n  of  o u t p u t  p r i c e  u n c e r t a i n t y  can  a l s o  be extended 

t o  i n c l u d e  t h e  n o t i o n  of  y i e l d  u n c e r t a i n t y :  i n t e r p r e t  q a s  t h e  ex-ante  

a n t i c i p a t e d  o u t p u t  and p  a s  t h e  " e f f e c t i v e  p r i c e n -  i . e . ,  a c t u a l  p r i c e  t i m e s  

t h e  r a t i o  of  a c t u a l  t o  a n t i c i p a t e ?  o u t p u t .  It i s  n e c e s s a r y  under t h i s  i n t e r -  

p r e t a t i o n  t o  assume t h a t  v a r i a b l e  p r o d u c t i o n  c o s t s ,  c ( . ) ,  depend on planned 

o u t p u t  r a t h e r  t h a n  a c t u a l  o u t p u t ,  which i s  n o t  u n r e a s o n a b l e .  It i s  n o t  

p o s s i b l e ,  however, t o  i n c l u d e  t h e  n o t i o n  of  i n p u t  p r i c e  u n c e r t a i n t y  i n  

t h i s  f o r m u l a t i o n .  

2. The d u a l  approach  t o  t h e  g e n e r a t i o n  of con t inuous  supp ly  models under  

u n c e r t a i n t y  i s  i n v e s t i g a t e d  by Hallam, J u s t  and Pope [ 4 ]  , who d e s c r i b e  

t h e  r e q u i r e m e n t s  f o r  t h e  f u n c t i o n s  v ( - )  and q ( - ) .  

3.  I n  a l l  t h e s e  examples we can  a c t u a l l y  assume i n t r a - a g e n t  a s  w e l l  a s  i n t e r -  

a g e n t  v a r i a b i l i t y - i . e . ,  a l t h o u g h  a n  i n d i v i d u a l ' s  t echno logy ,  i n f o r m a t i o n  

and p r e f e r e n c e s  a r e  f i x e d  a t  t h e  p o i n t  of each  d e c i s i o n ,  t h e y  may v a r y  

between d e c i s i o n s  i n  a  manner which i s  p a r t l y  unobse rvab le  t o  t h e  i n v e s t i -  

g a t o r  and is t a k e n  by t h e  i n v e s t i g a t o r  t o  be  random. 

4 .  We assume t h a t  f - ( - )  and t h e  o t h e r  d e r i v e d  p r o b a b i l i t y  d i s t r i b u t i o n s  
v  

d e s c r i b e d  below e x i s t  and a r e  w e l l  d e f i n e d .  Note t h a t ,  i f  t h e  random 

terms c .  e n t e r  t h e  c o n d i t i o n a l  i n d i r e c t  expec ted  u t i l i t y - o f - p r o f i t  func- 
J 

t i o n s  i n  a n  a p p r o p r i a t e  manner, they might  d i s a p p e a r  from t h e  r a t i o  on 

t h e  r i g h t - h a n d  s i d e  of (2 .29) .  I n  t h a t  c a s e  t h e  c o n d i t i o n a l  s u p p l y ,  q .  
3 '  

would - n o t  b e  a  random v a r i a b l e  f o r  t h e  i n v e s t i g a t o r ;  i n  e f f e c t ,  t h e  e x i s -  

t e n c e  of  a n  u n o b s r r v a b l e  component of  t h e  p r o d u c e r ' s  d e c i s i o n  a f f e c t s  

h i s  d i s c r e t e  c h o i c e  b u t  n o t  h i s  con t inuous  c h o i c e .  

5 .  The f o l l o w i n g  development i n v o l v i n g  (2 .37)-(2 .39)  can  r e a d i l y  be extended 

t o  t h e  c a s e  of N > 2 .  T h i s  w i l l  be  d i s c u s s e d  i n  s e c t i o n  3 .  

3  0 



6. Actually we could allow 2 to vary with t as long as we imposed soiiie further 

structure on ? 1' ... , Zx, for example by adopting the randon coefficient 

specification of Ilausman and iiise [ 7 1. Similarly, we could allot? 2 to 

vary with t. 

7. Amemiya 121, Lee [lo] and Heckman 181 each offer a version of a multivariate 

switching model, but their models have a different structure from ours: 

their models involve essentially a binary discrete choice, whereas our formu- 

lation involves an S-fold discrete choice. 

8. At this point we will suppress the observation index, t, unless this 

causes an ambiguity. 

9. Duncan, who assumes the presence of exogenous information which uniquely 

identifies !? and the w! 's from the probit estimates, faces a different 
3 

over-identification problem. When one fits the regression model (3.20), 

there are then two consistent estimates of e ,  one from the probit model and 
A 

the other from the regression. Denote these two estimates by 8 and B 2 ,  1 
A A 

and their respective estimated covariance matrices by V1 and V 2 .  Duncan 

proposes to resolve this over-identification by taking a weighted average 
- 

of the two estimators, which itself is consistent: B = {?-I +";')-I 
1 

10. The reason why we add [ N ( N - l )  + K- I] observations in (3.22) instead of 
2 

TK observations is to avoid a dependence relation among the disturbance 

terms associated with the additional observations, ;2, etc. Suppose, 

for example, that we added the follo\~ing row to (3.22): 



(1C. )  Then, since 

the disturbances would satisfy the identity E $ 2'6' 

11. Strictly speaking, the regression model (3.22) is not the same as Theil- 

Goldberger's mixed regression because it involves endogenous stochastic 

information, in the sense that cov(S., $Q)# 0. Xevertheless, using the 
J"t, 

results in Rothenberg 1 1 4 ,  p. 4 7 - 5 1 ,  it can be shoivn that the estimation of 

(3.22) must bring some gain in efficiency, at least in finite samples. The 

magnitude of this gain is currently being investigated. A further possibility 

is to estimate (3.22) iteratively: after fitting (3.221, compare the 
A 

estimate of 15 with the estimate of ( 1 )  from the probit model to 
j $1 

obtain a new estimate of i/o? and then refit (3.22), until the estimate 
J >L 

of f3 converges. 



hqemiya, Takesh i ,  "Regress ion  A n a l y s i s  When t h e  Dependent V a r i a b l e  i s  

Trunca ted  Komal ,"  Econometr ica ,  41 (1973) ,  997-1016. 

, "?lult ivaria:e Regress ion  and S inu l t a r l eous  Equacion ?!odeis \ h e n  

t h e  Dependent V a r i a b l e s  a r e  Truncated :Jorrr.al," Econometr ica ,  42 (1974) ,  

999-1012. 

Duncan, Gregory ?I. "Formulat ion and S t a t i s t i c a l  A n a l y s i s  of t h e  Mixed, 

C o n t i n u o u s / D i s c r e t e  Dependent V a r i a b l e  Hodel i n  C l a s s i c a l  P r o d u c t i o n  

Theory," Econometr ica ,  48 (1980) ,  839-852. 

Hallam, J .  Arne, Richard  E. J u s t ,  and Rulon D.  Pope, " P o s i t i v e  Economic 

A n a l y s i s  and Risk  C o n s i d e r a t i o n s  i n  A g r i c u l t u r a l  P r o d u c t i o n , "  i n  New 

D i r e c t i o n s  i n  Econometric Modeling and F o r e c a s t i n g  i n  U.S. A g r i c u l t u r e ,  

ed .  by Gordon C .  Rausse r .  New York: E l s e v i e r  North-Holland,  1982. 

Hanemann, W. X i c h a e l ,  "Disc re te /Cont inuous  l lode l s  of Consumer Choice ,"  

Berke ley :  U n i v e r s i t y  of C a l i f o r n i a  Depar tnent  of  A g r i c u l t u r a l  and Resource 

Economics, February  1982. 

, " Q u a l i t y  and Demand A n a l y s i s , "  i n  New D i r e c t i o n s  i n  Econometr ic  

Modeling and  F o r e c a s t i n g  i n  U . S .  A g r i c u l t u r e ,  ed .  by Gordon C .  Rausse r .  

Mew York: E l s e v i e r  North-Jiolland,  1982. 

Hausman, .Jerry A . ,  and David A .  Wise, "A C o n d i t i o n a l  P r o b i t  Model f o r  Qual i -  

t a t i v e  Choice:  D i s c r e t e  D e c i s i o n s  Recogniz ing In te rdependence  and Hetero-  

geneous P r e f e r e n c e s , ' '  Econometr ica ,  46 (1978) ,  403-426. 

Heckman, James J . ,  "Dummy Exogenous V a r i a b l e s  i n  a  Simul taneous  Equa t ion  

System," Zem2o,~etr-',e-, 46 (19781, 931-959. 

1 ,  , Sample s e l e c t i o n  B i a s  a s  a  S p e c i f i c a t i o n  E r r o r , "  Zcor,o*errics, 47 

(1979),  153-161. 

Lee,  Lung-Fei, " I d e n t i f i c a t i o n  and E s t i m a t i o n  i n  Binary  Choice Models w i t h  

Limited (Censored) Dependent V a r i a b l e s , "  Economet~ica, 47 (19791, 977-996. 



11. Lee, Lung-Fei, G.S.  Yaddala,  and R.P. T r o s t ,  "Asymptotic Covar iance  

Y a t r i c e s  of Two-Stage P r o b i t  and Two-Stage T o b i t  ?lethods f o r  Simul taneous  

Equa t ion  Yodels w i t h  S e l e c t i v i t y ,  Econometr lca ,  48  (1980) ,  491-503. 

1 2 .  Lee ,  Lung-Fei, and R.P. T r o s t ,  "Es t ima t ion  of Some Limited Dependent 

V a r i a b l e  Models With A p p l i c a t i o n  t o  Housing Demand," J o u r n a l  o f  EcOnO- 

metrics, 8 (1978) ,  357-382. 

13.  XcFadden, D .  "Econometric N e t  Supply Systems f o r  Firms w i t h  Continuous 

and Discrete Commodities," Cambridge: M a s s a c h u s e t t s  I n s t i t u t e  of  Tech- 

nology Department o f  Economics Is7orking Paper ,  1979.  

1 4 .  Rothenberg,  Thomas J. " E f f i c i e n t  E s t i m a t i o n  w i t h  A P r i o r i  I n f o r m a t i o n , "  

New Haven: Ya le  Univers i ty ,Cowles  Foundat ion Xonograph 23, Y a l e  U n i v e r s i t y  

P r e s s ,  1973. 

15.  T h e i l ,  H . ,  and A.S.  Go ldberger ,  "On Pure  and Mixed S t a t i s t i c a l  E s t i m a t i o n  

in  Economics," I n t e r n a t i o n a l  Economic Review, 2 (1961) ,  65-78. 




