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Abstract

String Theory, Strongly Correlated Systems, and Duality Twists
by
Nesty Ray Torres Chicon
Doctor of Philosophy in Physics
University of California, Berkeley
Professor Ori J. Ganor, Chair

In the first part of this dissertation (Chapter 1), I present a construction of a six di-
mensional (2,0)-theory model that describes the dynamics of the Fractional Quantum Hall
Effect (FQHE). The FQHE appears as part of the low energy description of the Coulomb
branch of the A; (2,0)-theory formulated on a geometry (S* x R?)/Zj. At low-energy, the
configuration is described in terms of a 4 + 1D supersymmetric Yang-Mills (SYM) theory on
a cone (R?/Z;) with additional 2+ 1D degrees of freedom at the tip of the cone that include
fractionally charged particles. These fractionally charged “quasi-particles” are BPS strings
of the (2,0)-theory wrapped on short cycles. In this framework, a W-boson can be modeled
as a bound state of k£ quasi-particles, which can be used to understand the dynamics of the
FQHE.

In the second part of this dissertation (Chapters 2-3), T investigate the NV = 4 SYM
theory compactified on a circle, with a varying coupling constant (Janus configuration) and
an S-duality twist. I relate this setup to a three dimensional topological theory and to a
dual string theory. The equality of these descriptions is exhibited by matching the operator
algebra, and the dimensions of the Hilbert space. Additionally, this dissertation addresses
a classic result in number theory, called quadratic reciprocity, using string theory language.
I present a proof that quadratic reciprocity is a direct consequence of T-duality of Type-II
string theory. This is demonstrated by analyzing a partition function of abelian N' = 4 SYM
theory on a certain supersymmetry-preserving four-manifold with variable coupling constant
and a SL(2,Z)-duality twist.
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Chapter 1

Q-balls of Quasi-particles

A toy model of the fractional quantum Hall effect appears as part of the low-energy descrip-
tion of the Coulomb branch of the A; (2,0)-theory formulated on (S* x R?)/Zj, where the
generator of Zj acts as a combination of translation on S and rotation by 27 /k on R%. At
low energy the configuration is described in terms of a 441D Super-Yang-Mills theory on a
cone (R?/Z;) with additional 2+1D degrees of freedom at the tip of the cone that include
fractionally charged particles. These fractionally charged “quasi-particles” are BPS strings
of the (2,0)-theory wrapped on short cycles. We analyze the large k limit, where a smooth
cigar-geometry provides an alternative description. In this framework a W-boson can be
modeled as a bound state of k quasi-particles. The W-boson becomes a Q-ball, and it can
be described as a soliton solution of Bogomolnyi monopole equations on a certain auxiliary
curved space. We show that axisymmetric solutions of these equations correspond to sin-
gular maps from AdS3 to AdS,, and we present some numerical results and an asymptotic
expansion.

1.1 Introduction

The fractional quantum Hall effect (FQHE) with filling-factor 1/k (k € Z) appears in 241D
condensed matter systems whose low-energy effective degrees of freedom can be described
by the Chern-Simons action

k 1
_[: E/AintAdAint‘f'%/AAdAint- (11)

Here, A is the electromagnetic gauge field, and A;, is a 24+1D U(1) gauge field that describes
the low-energy internal degrees of freedom of the system. It is related to the electromagnetic
current by 7 = *dA;,;. Excited states of the system may include quasi-particle excitations
that are charged under the gauge symmetry associated with A;,. Such quasi-particles with
one unit of Aj,-charge will have 1/k electromagnetic charge.

The goal of this chapter is to construct an integrally charged particle as a bound state of
quasi-particles using a particularly intuitive string-theoretic toy model of the FQHE. Over
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the past two decades several realizations of the integer and fractional quantum Hall effects in
string theory have been constructed [1]-[10]. Generally speaking, these constructions engineer
the Chern-Simons action (1.1) as a low-energy effective description of a (d + 2)-dimensional
brane compactified on a d-dimensional space, possibly in the presence of suitable fluxes, to
yield the requisite 2 + 1D effective description. In the present chapter, we will begin by
constructing an FQHE model by compactifying the 5+1D (2,0)-theory. Our system is a
special case of a general class of 2 + 1D theories obtained from the (2,0)-theory by taking
three of the dimensions to be a nontrivial manifold. (We note that a beautiful framework
for understanding such compactifications has been developed in [11]-[14].) We will focus on
a particular aspect of the system which is the dynamics of the quasi-particles that in the
condensed-matter system can arise from impurities. As we will see, the quasi-particles and
their relationship to the integrally charged particles have a simple geometrical interpretation
in terms of the (2,0) theory, as follows. In our construction, the geometry of the extra
dimensions will have long 1-cycles and short 1-cycles, the short ones being 1/k the size of
the long ones. The quasi-particles will be realized as BPS strings of the (2,0) theory wound
around short 1-cycles, while the integrally charged particles will be realized as strings wound
around long 1-cycles.

We are especially interested in the limit k > 1, where the filling fraction becomes ex-
tremely small. This is the strong-coupling limit of the condensed-matter system, and as
we will see, our model has a dual description where quasi-particles are elementary and the
integrally charged particles can be described as classical solitons, or rather Q-balls, in terms
of the fundamental quasi-particle fields. We will show that solutions to the equations of
motion describing these solitons correspond to certain singular harmonic maps from AdSs
to AdSs.

The chapter is organized as follows. In §1.2 we describe the (2,0) theory setting for
our model. In §1.3 we study the quasi-particles, which are BPS strings, and we calculate
their quantum numbers. In §1.4 we study the large k limit and write down the semiclassical
action of the system. In §1.5 we develop the differential equations that describe the integrally
charged particles as solitons of the fundamental quasi-particle fields in the large k limit. We
show that they can be mapped to the equations describing a magnetic monopole on a 3D
space with metric ds?> = x3(dz? + dzd + dx3). In §1.6 we analyze the soliton equations in
more detail and show the connection to harmonic maps from AdSs; to AdS;. The equations
are not integrable in the standard sense, and we were unable to solve them in closed form,
but we were able to make several additional observations: (i) we present an expansion up to
second order in the inverse of the distance from the “center” of the solution to the origin; (ii)
using a rather complicated transformation we can recast the equations in terms of a single
“potential” function; and (iii) we plot an example of a numerical solution. Points (ii)-(iii)
are explored in Appendices A.1-A.2.
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1.2 The (2,0) theory on (R? x S')/7Z)

Our starting point is the 5+1D A; (2,0)-theory on R*! x M3, where R*! is 241D Minkowski
space and M3 ~ (R? x S1)/Zy is the flat, noncompact, smooth three-dimensional manifold
defined as the quotient of R? x S! by the isometry that acts as a simultaneous rotation of
R? by an angle 27/k, and a translation of S' by 1/k of its circumference. The A; (2,0)-
theory is the low-energy limit of either type-1IB on R*/Z, [15] or of 2 M5-branes [16] (after
decoupling of the center of mass variables). We are interested in the low-energy description
of the Coulomb branch of the theory, and in particular in the low-energy degrees of freedom
that are localized near the origin of R%. The fractional quantum Hall effect, as we shall see,
naturally appears in this context. We will now expand on the details. (See [17] for a related
study of M-theory and type-1I string theory in this geometry and [18]-[26] for the study of
effects on other kinds of branes in a similar geometry.)

1.2.1 The geometry

The space M3 can be constructed as a quotient of R?® as follows. We parameterize R? by
T3, T4, x5 and set z = x4 + ix5. Then, M3 is defined by the equivalence relation

(23, 2) ~ (x5 + 2R, ze 2™/¥) [defining relation of Mj] (1.2)

where R is a constant parameter that sets the scale, and k > 1 is an integer. The Euclidean
metric on M3 is given by

ds® = dx3 + da3 + dxi = da3 + |dz]* .

For future reference we define the (2k)* root of unity:

w = e™/k (1.3)
We also set .
z = re?
so that (1.2) can be written as
(z3,7,0) ~ (x5 + 2R, 7,0 — 2T). (1.4)

The z = 0 locus [i.e., the set of points (z3,0) with arbitrary z3] forms an S' of radius R
that we will call the minicircle and denote by S} . The space M3 \ S}, (which is M3 with
the minicircle excluded) is a circle-bundle over a cone (with the origin {0} excluded):

St — M3 \ Srln
} (1.5)
C/Zx \ {0}
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Figure 1.1: (a) The geometry of M3 ~ (C x S')/Zy: in the coordinate system (x4 + ixs, z3),
the point (7,0) is identified with (re=2"/k 27R) and (r,27kR); The large dots indicate
equivalent points; (b) The fibration M3 — C/Zy with the generic fiber that is of radius kR.

The cone C/Zy is parameterized by z, subject to the equivalence relation z ~ w?z. In polar
coordinates the cone is parameterized by (r,6) with 0 < r < co and 0 < 6 < 27/k. (6 is
understood to have period 27 /k when describing the cone.) The projection M3 — C/Zy is
given by (z3,2z) — z. For a given z # 0, the fiber S! of the fibration (1.5) over z ~ w?z
is given by all points (z3,z) with 0 < z3 < 27rkR. The equivalence (1.2) then implies

(3 + 27kR, z) ~ (23,2), and so this S' has radius kR.

In order to preserve half of the 16 supersymmetries we augment (1.2) by an appropriate
R-symmetry twist as follows. Let Spin(5) ~ Sp(2) be the R-symmetry of the (2, 0)-theory. In
the M5-brane realization of the (2, 0)-theory [16], Spin(5) is the group of rotations (acting on
spinors) in the five directions transverse to the M5-branes, which we take to be 6,...,10. We
now split them into the subsets 6,7 and 8,9,10. This corresponds to the rotation subgroup
[Spin(3) x Spin(2)]/Z, C Spin(5). Let v € Spin(5) correspond to a 27/k rotation in the 6,7
plane. We then augment the RHS of the geometrical identification (1.2) by an R-symmetry
transformation . The setting now preserves 8 supersymmetries.

We now go to the Coulomb branch of the (2,0)-theory by separating the two M5-branes
of §1.2.1 in the M-theory direction xjy. This breaks Spin(3) to an SO(2) subgroup (cor-
responding to rotations in directions 8,9) which we denote by SO(2),. On the Coulomb
branch of the (2,0)-theory there is a BPS string whose tension we denote by V.

At energies £ < 1/kR, sufficiently far away from S! | the dynamics of the (2, 0)-theory on
R*! x M3 reduces to SU(2) 4+1D Super-Yang-Mills theory on R?! x (C/Z). The coupling
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constant is given by
47 1
92 kR’
All fields are functions of the coordinates (xg, z1, x2,r,6), but the periodicity 6 ~ 6 + 27 /k
is modified in two ways:

(1.6)

e The shift by 27 R in x3, expressed in (1.4), implies that as we cross the § = 27 /k ray a
translation by 27 R in x3 is needed in order to patch smoothly with the # = 0 ray. Since
xr3-momentum corresponds to conserved instanton charge in the low-energy SYM, we
find that we have to add to the standard SYM action an additional term

1
e / tr(F A F), (1.7)
0=0

where the integral is performed on the ray at 8 = 0.

e the R-symmetry twist v introduces phases in the relation between values of fields
at # = 0 and at § = 27/k. Of the five (gauge group adjoint-valued) scalar fields
P, ..., ®Y (corresponding to M5-brane fluctuations in directions 6,...,10) the last

three ®8, ®°, ®1° are neutral under v and hence periodic in #, while the combination
Z = ®% + {7 satisfies

Z (0, 1, T2, 7,0 + 2F) = WO Z (20, 21, 22,7, 0)92. (1.8)

where we have included an arbitrary gauge transformation Q(xg,z1,x9,7) € SU(2).
The gluinos have similar boundary conditions with appropriate exp(+m/k) phases.

At the origin, z = 0, which is the tip of the cone C/Z;, boundary conditions need to be
specified and additional 2+1D degrees of freedom need to be added. These degrees of freedom
and their interactions with the bulk SYM fields are the main focus of this chapter and will be
discussed in §1.2.4. But at this point we can make a quick observation. When a BPS string
of the (2,0)-theory wraps the S' of (1.5) we get the W-boson of the effective 4+1D SYM.
The circle has radius kR and so the mass of the W-boson is 2rkRV. On the other hand,
the BPS string can also wrap the minicircle S}, whose radius is only R. (A similar effect has
been pointed out in [17] in the context of type-IIA string theory on this same geometry.)
The resulting particle in 24+1D has mass 2RV which is 1/k of the mass of the W-boson.
Its charge is also 1/k of the charge of the W-boson. This is our first hint that we are dealing
with a system that exhibits a fractional quantum Hall effect (FQHE). We will soon see that
indeed a BPS string that wraps S}, can be identified with a quasiparticle of FQHE.

1.2.2 Symmetries

Now, let us discuss the symmetries of the theory at a generic point on the Coulomb branch.
The continuous isometries of M3 are generated by translations of x3 and rotations of the
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z-plane. We denote the latter by SO(2), and normalize the respective charge so that the
differential dz has charge +1. The isometry group of M3 also contains a discrete Z, factor
generated by the orientation-preserving isometry

(x3,2) — (—x3,2).

This by itself does not preserve our setting because it converts the R-symmetry twist v to
~~1. To cure this problem, we introduce an extra reflection 27 — —x7 in the plane on which
~ acts, and finally, in order to preserve parity we also introduce one more reflection in a
transverse direction, say, 19 — —x10. Altogether, we define the discrete symmetry Z; to be
generated by

(xo0, T1, o, T3, 2, T, T7, Ts, Tg, T10) > (To, L1, T2, —T3,Z, Tg, —T7, Ts, Tg, —T10) - [(Z'Q])
1.9
The SO(2) subgroup of the R-symmetry that corresponds to rotations in the 6 — 7 plane
will be referred to as SO(2),, and normalized so that ®° +i®7 has charge +1. The SU(2) =
Spin(3) subgroup of the R-symmetry that corresponds to rotations in the 8,9, 10 directions
will be referred to as SU(2)g. For future reference we also denote the SO(2) subgroup of
rotations in the 8,9 plane by SO(2),.

The parity symmetry of M-theory [27], which acts as reflection on an odd number of
dimensions combined with a reversal of the 3-form gauge field (C5 — —Cj) can also be
used to construct a symmetry of our background. We define Z) as the discrete symmetry
generated by the reflection that acts as

190 — —T10, 03 — —03. [Zg]

This symmetry preserves the Mb-brane configuration and the twist. We have summarized
the symmetries in the table below.

SO(2), | rotations of the z (x4 — z5) plane
SO(2), | rotations of the x4 — 27 plane
SU(2)
SO(2)

2)r | rotations of the xg, x9, x19 plane
2), | rotations of the xg, xg9 plane
Z reflection in directions x3, Ts, x7, T19
/4 reflection in direction z1o (and C5 — —Cj)

Table 1.1: Symmetries of the theory.

We denote the conserved charges associated with SO(2),, SO(2),, and SO(2), by g,
¢y, and g, respectively. These are the spins in the 4 — 5, 6 — 7, and 8 — 9 planes. The
supersymmetry generators are also charged under these groups, and the background preserves
those supercharges for which ¢, + ¢, = 0. These observations will become useful in §1.3,
where we will study the quantum numbers of the quasi-particles.
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1.2.3 Relation to D3-(p, g)5-brane systems

As we have seen in §1.2.1, following dimensional reduction on the S! fiber of (1.5), we
get a low-energy description in terms of 4+1D SYM on the cone C/Zy, interacting with
additional (as yet unknown, but to be described below) degrees of freedom at the tip of the
cone (at x4 = x5 = 0). These additional degrees of freedom are three-dimensional and can
be expressed in terms of SU(2) Chern-Simons theory coupled to the IR limit of a U(1) gauge
theory with two charged hypermultiplets (with A/ = 4 supersymmetry in 2+ 1D). The latter
is the self-mirror theory introduced in [28], and named 7'(SU(2)) by Gaiotto and Witten [7].
The arguments leading to the identification of the degrees of freedom at the tip of the cone
were presented, in a somewhat different but related context, in [29]. The idea is to relate the
local degrees of freedom of M-theory on the geometry of §1.2.1 to those of a (p,q) 5-brane
of type-11B, as originally done in [17], and then map our two M5-branes to two D3-branes,
to obtain the problem of two D3-branes ending on a (p, ) 5-brane. This problem was solved
in [7] in terms of T'(SU(2)) (and see also [30] for previous work on this subject, and [31] for
generalizations with less supersymmetry). The Gaiotto-Witten solution thus also furnishes
the solution to our problem. On the Coulomb branch, the gauge part of the system reduces
to U(1) Chern-Simons theory interacting with 7°(U(1)), which reproduces (1.1). Although
the details of the argument will not be needed for the rest of this chapter, we will review
them below for completeness. More details can be found in [29].

Our geometry in directions 3,...,7 is of the form (S' x C?)/Zy, and leads to a (1,k)
5-brane according to [17]. This was demonstrated in [17] by replacing C? with a Taub-NUT
space, whose metric can be written as

~ -1 ~ ~
ds? = R? <1 + 2—]“3) (dy + sinZ(g) do)? + (1 + ;) [di? 4+ 72(d6? + sin® 0 dp?)], (1.10)
where y is a periodic coordinate with range 0 < y < 27. We then introduce the S, pa-
rameterized by x3 as in (1.2). The plane C that appears in (1.2) is now embedded in the
C? tangent space of the Taub-NUT space at the origin # = 0, and is recovered in the limit
R — oo. In that limit, and with a change of variables 7 = = r?/ R, we can identify the C
plane of (1.2) as a plane at constant (0, ) (say 0 = 7/2 and ¢ = 0), and the z = 4 + x5
coordinate of (1.2) is identified with

z=re¥ =V Rre".

In this limit (]% — 00), the xg, z7 plane is identified with a plane transverse to the z-plane,
which we can take to be given by 6 = /2 and gb = 7. We now return to the finite R
geometry, and impose the Zy equivalence of (1.2) by setting

(flfg,y,f,é, QNS) (32'3 +27TR Yy — Qﬂ r 9 ¢)

We then wrap two M5-branes on the (6 = 5 ¢ = 0) subspace of this 5-dimensional geometry.
In the limit R — oo this reproduces the setting of §1.2.1.
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The technique that Witten employed in [17] is to convert the Taub-NUT geometry to a
D6-brane by reduction on the y-circle from M-theory to type-IIA, and then apply T-duality
on the z3-circle to get type-IIB with a complex string coupling constant of the form

2m 1
B = —  — 7 -
gus  k
This turns out to be strongly coupled (g — 00) in the limit R — oo, but it can, in turn,
be converted to weak coupling with an SL(2,7Z) transformation

1g1B
2mk?

TIIB
kTIIB —|— 1

THB—>TI/IB: :i—i‘ —>i+ZOO

As explained in [17], the combined transformations convert the Taub-NUT geometry to a
5-brane of (p,q)-type (1,k) (where k is the NS5-charge and 1 is the D5-charge). It also
converts the M5-branes to D3-branes. The boundary degrees of freedom where the two D3-
branes end on the (1,k) 5-brane were found in [7] as follows. Let A denote the boundary

241D value of the SU(2) gauge field of the D3-branes (with the superpartners left implicit).

Using the identity
()=o) 6 ) 0)

we see that we can obtain a (1,k) 5-brane from an NS5-brane by applying an SL(2,Z)
transformation that acts as 7 — 7 — k, followed by another transformation that acts as
T — —1/7. Each transformation can be implemented on the boundary conditions. The
7 — 7 — k transformation introduces a level-k Chern-Simons theory expressed in terms
of an ancillary SU(2) gauge field that we denote by A’, and the 7 — —1/7 (S-duality)
transformation introduces 2 4+ 1D degrees of freedom, named T'(SU(2)) by Gaoitto and
Witten, that couple to both the A and A’ gauge fields. T'(SU(2)) was identified with the
Intriligator-Seiberg theory [28] that is defined as the low-energy limit of N'=4 U(1) gauge
theory coupled to two hypermultiplets. The theory has a classical SU(2) flavor symmetry
(which will ultimately couple to, say, the gauge field A), and it also has a U(1) global
symmetry under which only magnetic operators are charged, and this symmetry is enhanced
to SU(2) in the (strongly coupled) low-energy limit. This SU(2) is then coupled to A’. It
is also not hard to check that A is the r — 0 limit of the 4 4 1D gauge field on the cone.
To see this, consider the T? formed by varying (z3,y) for fixed 7,6, and ¢. The SL(2,7)

k 1
(0,0) to (27kR,0), and this is precisely the 1-cycle used in the reduction from the (2,0)-
theory to 44+1D SYM.

transformation (1 O> converts 1-cycle from (0,0) to (2rR, —27/k) into the 1-cycle from

1.2.4 Appearance of the fractional quantum Hall effect

On the Coulomb branch the SU(2) gauge group of 441D SYM is broken to U(1). At energies
below the breaking scale, the SU(2) gauge fields A and A’ reduce to U(1) gauge fields which
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we denote by A and Ajy. The theory T(SU(2)) reduces to T(U(1)) which is described
by the action [7] (1/27) [ A A dAiy. The total gauge part of the action at the tip of the
cone is therefore given by (1.1). As we have already seen, the BPS strings that wrap the
minicircle S}, have fractional charge 1/k under the bulk A, which we have now identified
as the unbroken U(1) gauge field of the bulk 4+1D SYM. If we slowly move such a string
away from the tip, we get a string that, in the (x3,y) coordinates of §1.2.3, wraps the 1-cycle
from (0,0) to (2rR, —27/k). This implies that it has one unit of charge under A;,, which
lends credence to the proposal of identifying such a string with a quasi-particle of FQHE.
The quasi-particle is confined to R?*!, because everywhere else a wound string is longer than
the BPS bound 27 R.

Following the breaking of SU(2) to U(1), the bulk 4+1D W-boson gets a mass. The -
boson corresponds to a (2,0)-string wound around the S* fiber of (1.5), and the homotopy
class of the bulk S fiber is k times the homotopy class of the minicircle S} . Tt is therefore
clear that, in principle, we should be able to design a process in which a bulk W-boson
reaches the tip of the cone and breaks-up into k strings that wrap the minicircle:

W — k quasi-particles. (1.11)

Alternatively, it should be possible to describe the WW-boson as a bound state of k quasi-
particles. In §1.4-§1.6, we will show how this works in the limit of large k. Before we proceed
to the analysis, which is the main focus of our chapter, let us compute the spin quantum
numbers of the quasi-particles.

1.3 Quasi-particles

The quasi-particle is obtained by wrapping the (2,0) BPS string on the minicircle S},. Tts
quantum numbers can be deduced by quantizing the zero-modes of the low-energy fermions
that live on the BPS string. Let us begin by reviewing the low-energy fermionic degrees of
freedom on a BPS string. We assume that the M5-branes are in directions 0, ..., 5, separated
in direction 10, and the BPS string is in direction x3. We first ignore the equivalence (1.2)
and the R-symmetry twist. For simplicity we will now refer to rotation groups as SO(m)
instead of Spin(m). Thus, the VEV breaks the R-symmetry to SO(4)gr C SO(5)g, and the
presence of the string breaks the Lorentz group down to SO(1,1) x SO(4). We will denote the
last factor by SO(4)r, and we will describe representations of SO(1,1) x SO(4)r x SO(4)r
as (rq,rs,rs,rq)s, where (ry,r2) is a representation of SO(4)r ~ SU(2) x SU(2), (rs,rs)
is a representation of SO(4)g ~ SU(2) x SU(2), and s is an SO(1,1) charge (spin). The
representation of the unbroken supersymmetry charges is the same as the supersymmetry
that is preserved by an M2-brane ending on an Mb5-brane. If the M2-brane is in directions
0,3,10 and the Mb5-brane is in directions 0,1, 2,3,4,5 then a preserved SUSY parameter €
satisfies

¢ = [0 — T012345 (1.12)
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where we denote § = 10, to avoid ambiguity. The SUSY parameter therefore transforms as
(2,1,2, 1)+% @ (1,2, 1,2)_% .

On the worldsheet of the BPS string there are 4 scalars X4 (A = 1,2, 4,5) that correspond to
translations of the string in transverse directions. These are in the representation (2,2,1,1)o.
In addition, there are fermions in

(2,1,1,2),1 @ (1,2,2,1) (1.13)

_1.
2

Now, consider this theory on R*»! x M and let the BPS string be at rest at z; = 25 = 0.
It thus breaks the Lorentz group SO(2, 1) to the rotation group SO(2) in the z; — 5 plane,
which we denote by SO(2);. The representations appearing in the brackets of (1.13) refer
to SO(4)r x SO(4)g, but in our setting, according to the discussion above, we have to
reduce SO(4)r — SO(2); x SO(2), and SO(4)r — SO(2), x SO(2),. Thus, denoting

representations as
(ananqWQT)s: (114)
we decompose the left-moving spinors of (1.13) as

<+%7 +%7 _%7 +%)+% D (+%7 +%7 +%7 _%)+% D (_%7 _%7 _%7 +%>+l D (_%7 _%7 +%7 _%)+
(

and the right-movers as

_ @(_%7—{_%)—1—%74—%)_ _

1.16)
These modes can be described by fermionic fields on the string worldsheet, which are func-
tions of (zg, x3). To get the quantum numbers of the lowest-energy multiplet we need to find
the zero-modes of these fermionic fields. For that, we need to know the boundary conditions
of these fields in the x5 direction. Due to the rotation by 27 /k in the x4 — z5 and x¢ — z7
planes that were introduced in §1.2.1, there are nontrivial phases in the boundary condi-
tions of some of the fields that appear in (1.15)-(1.16). The boundary conditions on a field
Y(xo, x3) with charges ¢, and g, are

w<£€0, T3 + 27TR) = w2(qz+qw)w<.’ﬁ0, l’g). (117)

(43 =343 +3) 1 @ (43, -5 -5, 73)

N[
N[ =

D (_%7 +%7 _%7 _%) 1
(

The only zero modes are therefore of those modes with ¢, + ¢, = 0. These have quantum
numbers

(+3: 43 =3 F2), 1 @ (5513 73) 1 O (Fg 3 b t3) 1@ (C5F —3 7)1
(1.18)
Quantizing these modes gives a multiplet with quantum numbers
(CIJ(O) - %7 qz(0)> . q’y(o)a . QT(O) - %)7 (QJ(O)a qz(o) + %a Q'y(o) - %7 QT(O))>
(qJ(O)’ qz(o) -3 Q’y(O) + 5 QT(O))7 (qJ(O) _|_ %7 qz(o)7 q’y(o)’ qr(o) + =
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where the charges ¢;©, ¢,, qv(o), ¢, still need to be determined. To determine them,

consider the discrete symmetry Zj, defined in §1.2.2. It preserves the setting and the BPS
particle but does not commute with all the charges ¢, q,, ¢y, ¢- . It acts on the charges as
follows:

9 =95 Gz —Qz, Gy = —Qy, ¢ —Gr. [generator of Zj]

The constants ¢;©, ¢,(%, ¢,(9, ¢,%) must therefore be chosen so that the charges (1.19) will
be invariant, as a set, under Z,. In other words, Z) is allowed to permute the states in (1.19),
but must convert an allowed state to an allowed state. This is only possible if both ¢,(?) and
qv(o) vanish. The BPS states are therefore in a multiplet with quantum numbers given by:

(QJ(O) _%7 07 07 qT(O) _%>€B(QJ(O)7 +%7 _%7 QT(O))EB(QJ(O)7 _%7 +%7 qr(O))EB(QJ(O)+%7 07 07 QT(O)—i_%) .

Note that the setting of (1.4) can be defined for any value of k, not necessarily an integer (as
suggested in [17]). We can then easily determine ¢;(*) and ¢,(”) in the limit k — oo at which
the multiplet must become part of the multiplet of the wrapped string of the (2,0)-theory.
This determines the charges up to an overall sign (which can be determined arbitrarily and
flipped with a parity transformation). So we pick ¢;¥ = —¢,(® = 1 and find the following
multiplet structure:

(0,0,0,—1)EB(+%,+%,—%,—%)@(+%,—%,+%,—%)@(1,0,0,0), (k—)OO) (1'20)

This is as far as we can go with an analysis of the quantum mechanics of the zero modes. We
can do better by considering the full 141D low-energy effective action on a string wrapped on
the minicircle whose worldsheet is in directions (xg, z3). Thisis a 141D CFT of 4 free bosons
together with 4 free left-moving and 4 free right-moving fermions in the representations given
by (1.15)-(1.16). Half of the fermionic fields have twisted boundary conditions with nontrivial
phases, according to (1.17), and the other half have periodic boundary conditions, whose zero
modes we quantized above. The CFT of the 4 fermionic fields (2 left-moving and 2 right-
moving) whose boundary conditions include nontrivial phases has a unique ground state, but
quantum corrections lead to corrections to the ¢; and ¢, quantum numbers of this ground
state. That, in turn, leads to % corrections to the ¢; and ¢, charges, as we will now explain.!
We recall from basic 1+1D conformal field theory that a free complex left-moving fermion
satisfying the boundary condition v (zg + x5 + 27R) = e*™9)(xy + x3) with 0 < v < 1,
and charged under a global U(1) symmetry such that ¢ has charge ¢ and 1) has charge —q,
has a unique ground state with charge (% — v)q. For a right-moving fermion with boundary
condition ¢ (zg — x5 — 2 R) = €*™1)(x¢ — x3) the ground state charge is (v — 1)g. For v =0
(periodic Ramond-Ramond boundary conditions) there are two ground states with charge
+1¢. The charge assignments of the fermions were calculated in (1.15)-(1.16). We set ¢ = g,
or ¢ = ¢y and according to (1.17), we need to set v = ﬁ(qz + ¢,). The bosonic fields with

L The 1/k correction to the spin discussed below was missed in an earlier version of this chapter. We
corrected this part of §1.3 following a related observation in [32].
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twisted boundary conditions have neither ¢, nor ¢; charge, and so do not contribute to the
ground state charge. Combining the modes in (1.15)-(1.16), we find that the left-moving
sector of the CF'T has ground states of ¢; charge ii + %(% — %) and the right-moving sector
has ground states of ¢; charge £ — 3(i — 3). For ¢, we find that the left-moving sector of

I 1711

the CFT has ground states of charge =7 — 5(5 — i) and the right-moving sector has ground
states of charge ﬂ:}L + %(% — %) Altogether, we find the quantum-corrected quasi-particle
quantum numbers:

(1.
As a corollary, we can immediately restrict the types of processes described in (1.11).
Let us write down the ¢, ¢,, ¢y, and ¢, quantum numbers of the W-boson supermultiplet.

The bosons (vectors and scalars) are in

ol
DO &+

),
1

(£1,0,0,0) & (0,£1,0,0) & (0,0,£1,0) & (0,0,0,£1) . (1.22)
and the gluinos are in
(+3,+5,+3,+2).  [even number of (—1)’s] (1.23)
Starting with, say, a W-boson with charges (—1,0,0,0), consider a process such as
W-boson — k quasi-particles. (1.24)

By examining ¢, charge conservation, we see that out of the k quasi-particles either (i) (k—1)
quasi-particles are of charge (1 — i, 0,0, i), and one is of charge (—%, 0,0,—1+ %), or (ii)
(k —2) are of charge (1— ,0,0, ﬁ), one is of charge (—i—% — i, —i—%, —%, —3+ 1), and one is of
charge (+3 — &, —3,+5,—3 + ). Therefore, examining the ¢; charge, we see that (k — 1)
units of orbital angular momentum need to convert into spin. We therefore expect that if
the typical product quasi-particle’s velocity u in the z; — x5 plane is small, the amplitude
will be suppressed by a factor of uX~1!.

The process (1.24) also suggests that the W boson can be viewed as a bound state of
k quasi-particles. This is similar to the well-known result in FQHE theory that in some
contexts the electron can be regarded as a bound state of k fractionally charged edge-states.
The edge-states are the low-energy excitations of the Chern-Simons theory that reside on
the boundary, or on impurities in the bulk. In this analogy, our quasi-particles correspond
to external impurities that couple to the Chern-Simons theory gauge field. The fractional
corrections of ﬁ that we found for the spin of the quasi-particles are consistent with the
well-known anyonic properties of quasi-particles of the FQHE.

Our goal is to develop a concrete description of the WW-boson as a composite of k quasi-
particles. For this purpose we will first need to switch to a dual formulation of the low-energy

theory whereby the quasi-particles are fundamental.
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1.4 The large k limit

A weakly-coupled dual formulation of our system can be constructed in the limit k — oo.
In FQHE terminology, this is the small filling fraction regime which in ordinary systems
corresponds to very strong interactions. More insight can be gained in this limit by choosing
a different fibration structure for Mj than the one represented in (1.5). While (1.5) is
convenient to work with, because the fibers are of constant size and are geodesics, the
fibration is singular at the origin z = 0 — indeed the tip of the cone is singular, and the
fiber over z = 0 is smaller by a factor of k from the generic one.

Instead, in this section we will represent M3 as a smooth fibration in another way. The
base is the well-known cigar geometry and the fiber corresponds to a loop at constant |z|.
(See also [33, 34] for other uses of this technique.) We will then reduce the (2, 0)-theory to
4+ 1D SYM along this fiber. The fiber’s size varies and the base’s geometry is curved, but
nevertheless this representation is very useful, as we shall see momentarily. (See for example
[35, 36] for recent discussions of dimensional reductions of this type.)

1.4.1 Cigar geometry

To arrive at the alternative fibration we change variables on M3 from (x3,z) to x3 and

Z = exp (:j_];) z=re? . (1.25)
We then write the metric as
ds® = da? + |dz|? = d(dzs — - d6)? + dr? + 3~ 'r2dd” @G=1+ - ) (1.26)
kRa ’ k?R?
This metric describes a circle fibration over a cigar-like base with metric
ds%, = dr? + & r2df° = dr® + (%)0@2 . (1.27)

We denote the cigar space by T. Note that the cigar-metric is smooth everywhere and for
r > kR it behaves like a cylinder R x S!, where S* has radius kR. The “global angular
form” of the circle fibration is

2

T —
= — ——=df = — 1.
X = dxs kRE}ZdQ dxs — Ra, (1.28)

where we have defined the 1-form

— k7?2 —
=——df = (—————)db.

kR2a (k2R2 + r2)

In this context, a is a U(1) gauge field on the cigar with associated field-strength
1 2k3 R%r —
—dx = —————=dr ANdf.
RXT Rz + 22"

a (1.29)

da = —
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curvature scale gym becomes large
r ~kR r~kR

Gym ~ R )
|

|

)

Figure 1.2: The cigar geometry with the typical scales indicated. The curvature of the cigar
sets the length scale kR, and the 4 + 1D SYM coupling constant sets the length scale gﬁm.

The total magnetic flux of the gauge field a is fB da = 27k.
An anti-self-dual field H = —*H on M3 x R?! can be reduced along the fibers of the
circle fibration (1.26) to obtain a 4 4+ 1D gauge field strength f on T x R%! as follows:

2

H:(dlﬂg—m

dO) A f—a 2 (" f). (1.30)

Here * f is the 441D Hodge dual of the 2-form f on T x R?!. The coupling constant of the
effective 4 4+ 1D super Yang-Mills theory for f is

2 2
0 = (27)%@2R = (272 (1 + k;" R2> R. (1.31)

The coupling constant ggm has dimensions of length and can be compared to the length
scale set by the order of magnitude of the curvature of the cigar metric at the origin —
this length-scale is kR. For r ~ kR we find g7, < kR (in the large k limit), and so the
Yang-Mills theory is weakly coupled on length scales of the order of the curvature. The
Yang-Mills theory becomes strongly coupled only when the two scales become comparable,
which happens for r ~ k?R, and therefore for large k our low-energy semi-classical 4 + 1D
SYM approximation is valid, because the strongly coupled region r > k?R is pushed to
r — 0o. The various length scales are depicted in Figure 1.2.
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1.4.2 Equations of motion

The bosonic fields of our maximally supersymmetric 4+1D SYM are the SU(2) gauge field
and 5 adjoint-valued scalars. The scalars correspond to the relative motion in directions
Zg, ..., 10 of the Mb-branes (which become D4-branes after dimensional reduction on di-
rection x3). We will be interested in supersymmetric solutions where only the scalar corre-
sponding to direction x1y can be nonzero. We will therefore ignore the remaining 4 scalars,
as well as the fermions, and we will denote the scalar associated with direction ¢ by ®.
The boundary conditions at infinity are

1
d — <201J _2@) (up to a gauge transformation),

2

where v = 2RV, and V is the tension of the BPS string defined in §1.2.1.
We convert to polar coordinates in the x; — x5 plane by

p=Jri+al, x iz = pe'?. (1.32)

The 4+1D SYM theory is therefore formulated on a space with 4+1D metric
ds? = —dt® + dr® + &~ r2dd” + dp? + p*dy® .
The action contains three terms,
Tyosonic = Io + Iym + 1o, (1.33)

where I is the action of the scalar field, Iy is the standard Yang-Mills action with variable
coupling constant, and Iy is the 441D 6-term that arises due to the nonzero connection a [see
(1.29)]. We will only consider f-independent field configurations. For such configurations
the explicit expressions for the terms in the action are

Iy = ghptr / [(Dy®)* — (D,®)* — piz(DS;p)2 — (D, ®@)?|rpdrdpdedt , (1.34)

Iyy = o= tr/ S(Fo + Fo, + 2 Fg, — F, — 5 F2, — 5 F yrpdrdpdedt, (1.35)

e

Iy = ptr / = (ForFpp — FopFrp + Fou F, ) drdpdpdt (1.36)

where D,® = 0, + i[A,, ®] is the covariant derivative of an adjoint-valued field. The
equations of motion are

= D°Fps+ D, Fop — LFp — i@[Da®, @] — () Fop — 2 (=) €ap, FP, (1.37)
= DPF.5—ia[D,®,®], (1.38)

0 = D*Dy®+D,D,®+1D,®, (1.39)
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where a, 8 = 0, 1,2 are lowered and raised with the Minkowski metric ds* = —dt* + dz? +
dr3 = —dt* + dp* + p*dyp?, the notation (---) denotes a derivative with respect to r, and
€apy is the Levi-Civita tensor.

We note that the term —ia[D,®,®] in (1.37) leads to a quadratic potential in the r
direction for A,, when ® gets a nonzero VEV. The ground states of this “harmonic-oscillator”
are the (£1, 0,0, 0)-charged states in (1.22), which have spin 1 in the 21—z plane. The next
term in (1.22), with charges (0, £1,0,0), describes states with x4 — x5 spin and corresponds
to the ground states of the (A,, Ay) field components. Note that A, gets an r-dependent
potential by a similar mechanism through (1.38). The Ay component was set to zero in our
analysis, so its equation of motion does not appear in (1.37)-(1.39). The remaining terms in
(1.22) correspond to excitations of scalar field components that we also set to zero.

1.5 Integrally charged particles as bound states of
quasi-particles

We now have two alternative descriptions of the low-energy limit in terms of 441D SYM. In
the first description, studied in §1.2, the 4+1D SYM theory is formulated on a cone, with
extra degrees of freedom at the tip. In the second description, studied in §1.4, the 4+1D
SYM theory is formulated on a cigar geometry. The latter description is most suitable in
the large k limit, as we have seen at the end of §1.4.1. The quasi-particles that we studied
in §1.3 are the fundamental fields of 4+1D SYM in the cigar-setting. We have seen that k
quasi-particles can form a bound state that is free to move into the bulk of the cone. Let us
now identify this state in the cigar-setting.

From the perspective of the (2, 0)-theory, the bound state is a string wrapped on the fiber
of (1.5). Let us consider such a wrapped string at the cone base point given by coordinates
r =a and § = x; = x9 = 0, with variable 3. In the cigar variables, this reduces to a
string at fixed » = a and z; = x5 = 0 but variable 0. Recall that on the Coulomb branch
of SU(2) 4+1D SYM, the monopole is a 1+1D object — a monopole-string. The bound
state of k quasi-particles is therefore associated with a monopole-string wrapped around the
f-circle of the cigar at r = a, as depicted in Figure 1.3. Thanks to the f-term (1.36), the
monopole-string gains k units of charge, as required.

In flat space, a monopole-string is described by the Prasad-Sommerfield solution [37]. In
our case, the Prasad-Sommerfield solution is a good approximation if the thickness of the
monopole is small compared to the typical scale k R over which the coupling constant varies,

and also small compared to a. In this case, setting w = \/(r — a)? + p?, we find the gauge
invariant magnitude of the scalar field near the core r = a to be given by [37]:
1
|®| = \/2tr(P2) = ¥ coth(vw) — —, (1.40)
w

where & = (14 25)"/?v is the effective VEV of the normalized scalar field &"/2® at the core

(r = a) of the monopole. The “thickness” of the Prasad-Sommerfield solution is of the order
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0
thin rnonopole\A
l r
a

Figure 1.3: In the limit va? > 1 the soliton is approximately described by the Prasad-
Sommerfield solution (of width 1/va) near r = a and z; = 25 = 0. Note that directions
x1, o are not drawn since they are perpendicular to the r, 6 directions.

of 1/9, and the condition that the monopole should be “thin” becomes a > 1/v. If this
condition is not met, the Prasad-Sommerfield solution does not provide a good approximation
for the particle that corresponds to a (2, 0)-string wrapped on the generic fiber (of size kR)
of (1.5). Nevertheless, this is a BPS state with charge k, which can be described in the large
k limit by a soliton solution to the equations of motion (1.37)-(1.39). The solution describes
a Q-ball, and we expect the position a to be a free parameter. In the next subsection we
present the BPS equations that this soliton satisfies.

1.5.1 BPS equations

As we will derive in §1.5.3, the BPS equations that describe stationary solutions that preserve
the same amount of supersymmetry as a (2,0)-string wrapped on a fiber of (1.5) are

Do =XF,=F,, D®=X¥F =F, Dyo=-XF, =F;. (1.41)

Assuming that A,, A, Ay are time independent, we find D,® = Fy, = —D, A, (for p =
1,2,r), which is solved by ® = —Ay. So the equations are reduced to

qu): %Fu, qu): %Fﬁ"a DQ(I): _%Flra ¢ = _AO' (142>

These equations imply the equations of motion (1.37)-(1.39). In fact, for a stationary config-
uration (all fields are t-independent), using the Bianchi identity for the gauge field, we can
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rewrite the action (1.33) as:

Io + Iym + Ip =
e [{40,0F = [H(82F,, - DO + (SF,, + D,0)" + (SF,, - D2

+ é [p%(k_fBFrp - FO@)Z + (%an + F0p>2 + (%%Fpgo - FOT‘)Q} }rpdrdpdg@

+ 7 / {0p tr[Fro(® + Ag)] + O tr [ Fpp(® + Ag)] + 0, tr [Fpp (P + Ao)| }drdpdip .
(1.43)

The expressions of the form (---)? on the 2" and 37 lines of (1.43) are squares of combi-
nations that vanish if (1.42) holds, while the 4" line is a total derivative, so a configuration
that satisfies (1.42) is therefore a saddle point of the action.

The nonzero Ay in the solution (1.42) is consistent with the configuration being a Q-ball
[38]. Ay can be gauged away at the expense of creating time-varying phases for the other
fields, but we will not do so.

We can rewrite the first three equations of (1.42) as the Prasad-Sommerfield [37] equations

D;® = B;, (1.44)

where

=L, B; = KB (1.45)

1 1
kR 2,/591i€

are defined on a 3D auxiliary space W parameterized by x1, xe,r, with metric g;; given by

ds® = gijdx'da? = r*(dr® + da} + dad) = r*(dr* + dp* + p*dp?). (1.46)

In §1.6.3 we will show that the problem of finding an axisymmetric (p-independent) BPS
soliton can be converted to the problem of finding a harmonic map from the AdS3 space
with metric

1
ds* = 5 (dr* + dp* + p*dg”)

to AdS,, with a certain singular behavior along a Dirac-like string at p =0 and 0 < r < a.

1.5.2 Energy

The energy of a general solution of the equations of motion [not necessarily stationary and
not necessarily obeying (1.42)] is given by

& = ﬁ tr/[<D0(I))2 +(D,®)? + (D,®)* + p%(Dw@)Q}Tpdrdpdgp

1 ~ 12 2 1 72 2 1 2 1 2
+ 5 tr/a [Fm + I, + p—gFOSD + F,+ ,?Fw + ,?Fﬂso} rpdrdpde .  (1.47)
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Using the equations of motion (1.37)-(1.39), it is not hard to check that if g, IL4,, IL4,,
and II,, are the canonical momenta dual to the fields ®, A,, A,, A,, then the Hamiltonian
is related to £ by a total derivative:

H = tl"/ (H@@Oq) -+ HATaoAr + HApaoAp + HA@({?(]ALP) d?”dpdg@ — Icp — IYM — Ig
= &+ ﬁ tr/{ap[%AO(FOp - pkLRF"“P)} + O, [%A()(FOT + i_Rpr)]
10, [ Ao (o + 25 Fr,)] fdrdpdsp. (1.48)

For a stationary configuration that satisfies the equations of motion and also satisfies Ag =
—®, the energy can be written as a sum of squares of the BPS equations plus total derivatives:

vt = g lr / 2By = i Do®)? + 5 (Frp + §5D,@)° + 5 (Fpp — 5D, ®)?rpdrdpdy
+ ogtr / {0,(2PFy,) + 0, (2PFy,) + 0, (35 PFo,) ydrdpdy
+ mtr/{ap(%q)}?’w) + 0, (2DBF,,) + 9,(2®F,,) }drdpdp (1.49)
Equation (1.49) assumes (1.37)-(1.39), but not (1.42) (other than Ay = —®). The term on

the RHS of the first line vanishes when the BPS equations (1.42) are satisfied. Substituting
(1.42) into (1.49), we find

Epps = ﬁtr/{ap(q)Fw) + 0,(PF,,) + 0,(PF,,) }drdpdy (1.50)

which depends only on the behavior of the fields at infinity and reduces to the VEV v times
the magnetic charge of the soliton [regarded as a monopole in the metric (1.46)].
We note that (1.42) also lead to another set of 2" order differential equations:

0 = DyFpp+ D, Fm,, —1F, — gD, ®, 9], (1.51)
= D,Fy, — i [D,®, D], (1.52)
= D,D,®+ D,D,® + 1D, &, (1.53)

where m,n = 1,2. Equations (1.51)-(1.53) are the stationary equations for a Yang-Mills field
A, minimally coupled to an adjoint scalar ®, on a space with metric (1.46). These equations
presumably have additional solutions that do not solve (1.37)-(1.39).

1.5.3 Derivation of the BPS equations

In this subsection we explain how (1.41) was derived. (The rest of the chapter does not
rely on this subsection, and it may be skipped safely.) We wish to find the equations that
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describe the “W-boson” that appeared in (1.24) in terms of the low-energy fields of 4+1D
SYM on T x R%!, where R?! corresponds to directions 0,1,2, and T is the “cigar” defined
in §1.4.1. That “W-boson” is not the W-boson of the 4+1D SYM on T, but rather the
W-boson of a dual 4+1D SYM on the R*! x (C/Zy) background that appeared in (1.5).
But, anyway, to derive the BPS equations it is convenient to start in six dimensions.

Let us first discuss the equations on the Coulomb branch of the (2, 0)-theory. The contents
of the low-energy theory is a free tensor multiplet with 2-form field B (and anti-self-dual
field strength H = dB = —*H), five scalar fields ®%, ..., ®!° and chiral fermions % in the
spinor representation 4 ® 4 of SO(5,1) x SO(5). We assume

=" =0*=9"=0

and only allow ®° = ¢ to be nonzero. The BPS equations are derived from the SUSY
transformation of the fermions. Let € be a constant SUSY parameter, which we represent as
a 32-component spinor on which the 10+1D Dirac matrices I'! (I =0,...,10) can act. The
BPS conditions on € are:

e Invariance of ¢ under simultaneous rotations by 27 /k in the planes 4 — 5 and 6 — 7;

e Invariance of an M5-brane along directions 0,...,5 under a SUSY transformation of
10+1D SUGRA with parameter ¢; and

e Invariance of an M2-brane along directions 0, 3,10 under a SUSY transformation of
10+1D SUGRA with parameter e.

Therefore, the equations are (we set 10 = f in Dirac matrices):
€ = P012315¢ — 038 — 1967 (1.54)

To get the BPS equations we require that the fermions v of the tensor multiplet of the
(2,0)-theory be invariant under any SUSY transformation with a parameter € that satisfies
(1.54):

0=6¢ = (Huol"™ — 9,0 )e. (1.55)

There are four linearly independent solutions to (1.54), and substituting these into (1.55) we
find the equations:

HOB,u: ,u(ba HOijzoa (iaj:17274757 /jl:0775) (156>

The other components of H are determined by anti-self-duality H = —*H.

We now convert the 5+1D BPS equations (1.56) to 4+1D equations on T x R*! using
(1.30) and the change of variables (1.25). To avoid ambiguity, we momentarily denote by %
and 6’ the coordinates before the change of variables, so that the change of variables is given
by
3

T3 =y, 520'—kR.
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We then find:
0= Hyyr —0r¢0 = Hogor — Opp = O30 = 09, 0= Hoz; — 09, (i=1,2), (1.57)

and
0 = Hoi2 = Hoir = Hoip = Hyg = Horg = Hy, 5, (i=1,2).

The dual relations are

0= Hyro = Hyigp = Hyip = Hyno, (t=1,2),

which become in (x3,0) coordinates:

0= Hy5= Hyg = Hair — 15

Gir

ﬁ% - H312 - ﬁ-‘{HélQ? (Z - 1,2) . (158)

Next we use the anti-self-duality conditions

_ 1 _ 1 _ 1 _ 1 _ 1 _ 1
Hozr = < Hpna = - Hpy, Hoyy = s Hrp2 = 1 H, 5y, Hoyo = =7 Hppn = — 1 H,5

r

and the relations (1.58) to write

Hoyp = +Hgyy = kTRH312, Hogn = 1H gy = *EHzsy, . Hyyo = —1H g = _%Hiﬂr-
(1.59)
Combining with (1.57), we end up with the BPS equations

Or¢ = Hogr = “EHyy, 016 = Hozn = X2 Hy, 0r¢ = Hogy = —*EHz,,  (1.60)
and further combining with (1.30) we have

87“925 - ¥f12 5 61(;5 - %f%‘ y aQ(b = _¥f1r . (161)

Altogether, we have

¢ =XE fi5 = fo,, 0o =KL fo, = for, Orp = =51, = fos. (1.62)

The equations (1.41) are the nonabelian extension of (1.62), and the fact that they imply
the equations of motion (1.37)-(1.39) shows that no additional terms are needed.

1.5.4 The moduli space

We are interested in solutions to (1.44) that correspond to a monopole on the space with
metric (1.46) with m units of monopole charge. We focus on m = 1, but the comments we
make in this section apply to any number m of monopole charge. Recall that the moduli
space of m BPS SU(2) monopoles on R? is hyper-Kéhler and can be described as the space of
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solutions to Nahm’s equations [39], written in terms of three m x m anti-hermitian matrices
T* which depend on a parmeters s:

dT* —_ :
i %eijk[Tl,Tj] , -1<s<1, i,5,k=1,2,3, T'(s) € u(m), (1.63)
with prescribed boundary conditions (Nahm poles) at s = +1, and a reality condition

T(s)* = T(—s). It was given a nice string-theoretic interpretation in [40] (using previous
results on the moduli space of instantons [41, 42]), was related to the moduli space of 2-+1D
gauge theories with 8 supercharges in [43], and was further generalized to singular monopoles
in [44]-[46].

Our setting has only 4 supercharges — 16 are preserved by the (2,0)-theory, half are
broken by the geometry, and another half is broken by the Q-ball. Our moduli space of
solutions is therefore only Kahler and not hyper-Kahler. We can show this explicitly using
an adaptation of the Hamiltonian (Marsden-Weinsten) reduction technique of [47].

We start with the space of all possible SU(2) gauge field and scalar field configurations
(A1, As, A, CT)) on the r > 0 portion of space, subject to the boundary conditions

D] — v at o] + 13 + 12 — oo. (1.64)

At r = 0 we note that (1.44) implies Fi5 = 0 [see the left-most equation of (1.42)], and so
Aidxy+ Aadxs reduces to a flat connection on the » = 0 plane. We can therefore pick a gauge
so that Ay = Ay = 0 at »r = 0. We still have the freedom to perform a gauge transformation
with a gauge parameter \ that approaches a constant (independent of xy,z5) at r = 0 but
with a possibly nonconstant 9,A. We use this gauge freedom to set A, =0 at r = 0 as well.
We therefore require:

Al = AQ = Ar =0 at r=0. (165)

We denote the space of (Aj, Ay, A, (T)) configurations with the boundary conditions (1.64)-
(1.65) by N. The infinite dimensional space N is Kéhler with a complex structure defined
so that A; +745 and A, + ir® (evaluated at any point xy, 9, 7) are holomorphic, and with
a symplectic Kahler form given by

1 ~
W= tr/(;(SAl NO0As + 6P A GA,)dzdzodr. (1.66)
The associated Kahler metric is

tr/ [l(&ﬁ + 6A2+ 6A2) + 16D | daydxsdr. (1.67)
r

The combination A, +ir® was chosen so that the two middle equations of (1.42) will be the
real and imaginary parts of a holomorphic equation (D; + iD)® = —%(Fh + iFy,).
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We are interested in the moduli space M,,, of solutions to (1.44) with the boundary con-
ditions (1.64)-(1.65), modulo gauge transformations with gauge parameter A that approaches
a constant at r = 0 and at 2% + 23 + r* — 0o, and such that

vm = tr / V797 BiD;®d*x = tr / [FHD@ + Fy,D,® — F1, Dy®| drdadz, .

We note that the metric (1.67) does not lead to the physical metric on the moduli space M,,
(that is, the metric determined from the energy of a slowly time-varying configuration that
corresponds to motion on M,,), but rather to the metric that would result from the action of
minimally coupled scalar and gauge fields, leading to the equations of motion (1.51)-(1.53).
This metric is more directly related to the derived problem of 3D monopoles on the space
with metric (1.46).

For any Lie-algebra valued gauge parameter A (that is a constant at » = 0) we define the
“moment-map”:

~ 1
[y = tr/)\ (DTCI) — —F12> dxidxodr . (1.68)
r

When gy is set to the Hamiltonian on the (infinite dimensional) symplectic manifold with
symplectic form w, the generated flow (“time evolution”) corresponds to gauge transforma-
tions with gauge parameter A. The moduli space M,, is then equivalent to the Hamiltonian
reduction of A by these moment-maps (for all allowed \’s). It is the subset of N for which
puy = 0 for all admissible A, modulo the equivalence relations corresponding to the gauge
transformations generated by all the A’s. Since the gauge transformations preserve the com-
plex structure (acting in an affine-linear way on the complex variables A; +iA, and A, +ir®)
and the symplectic form, the arguments of [47] show that the resulting (finite dimensional)
moduli space M,, is Kahler.

One can shed more light on the form of the metric (1.67) as follows.? One can derive (1.44)
by reducing to W the instanton equations on R x W that are invariant under translations in
R [where W was defined as the 3D space with metric (1.46)]. The metric on R x W is taken
to be ds? = dz?+r?(dz?+dx3+dr?), but since instanton equations are conformally invariant,
we can replace this metric with the conformally equivalent metric % |d(zs + 2r?)> + |d(z1 +
ize)|[%. The latter is clearly a Kéhler manifold, as it describes the product of a 2D surface,
parameterized by complex coordinate x4 + %7‘2 and a copy of C, parameterized by x1 + ixs,
and so the instanton moduli space is Kahler. Requiring invariance under translations in R
is a holomorphic constraint, and so the space of R-invariant solutions is also Kahler._

The metric on M,, is induced from the metric (1.67) on A as follows. Let (A, ®) be a
solution of (1.44), and let (JA,d®) be a deformation to a nearby solution. We need to fix
the right gauge so that (1.67) will be minimal among gauge equivalent deformations. This
is equivalent to the gauge condition

~ o~ 1
0 =r%[®,89] + D15A; + Dy6Ay + D,SA, — ;5AT : (1.69)

2The reasoning presented in this paragraph was pointed out to us by Sergey Cherkis.
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Now take a constant ry > 1/4/v and consider a portion of the moduli space comprising of
solutions whose bulk of the energy is concentrated in the vicinity of 7y, allowing a spread of
O(1/vrg) away from ro. Then (A, ro®) is an approximate solution of the flat space monopole
equations, and if we approximate the explicit » and 1/r factors in (1.66)-(1.68) by r and
1/rg, we get the corresponding Kéhler form, metric, and moment map of [47], in one of
the complex structures of the corresponding hyper-Kahler moduli space. Set CTDO = 7’0&).
Then (Ay, Ag, A3, @) approximately solve the BPS problem on R?, which we will refer to as
the “hyper-Kihler problem”. In this context the R? coordinates are taken to be z, 25 and
Ty =T —1).

Now consider the case m = 1. There are three moduli corresponding to the “position” of
the monopole (aq, as, az), with a3 = a — ro. (Note that this “position” is not necessarily the
maximum of energy density for finite a, but it is so in the limit « — 00.) The combination
a1 + tap is holomorphic in the complex structure of M;, and the “missing” modulus 6
that combines with a3 to form a holomorphic as + 6 can be recovered as follows. First
recall that for the hyper-Kéhler problem, if we perform a large gauge transformation with
gauge parameter A = exp(i0Pq/rov), where 0 < § < 7, we obtain a different solution that
still satisfies the correct boundary conditions at infinity of R3. The infinitesimal version
A = (00)®q/rov solves the hyper-Kéhler gauge condition, which we can recover from (1.69)
by dropping the last term on the RHS, as rp — oco. Plugging the corresponding deformations
dA; = D\, §A, = D, X\ and 0® = 0 into (1.67), we find that the metric on the 6 direction
behaves as (00)%/rv. In our case, we also expect a modulus that corresponds to a large
gauge transformation, but setting A to be proportional to Cf, say A = G(T), would not work,
because: (i) ® does not vanish at » = 0, and (ii) the gauge condition (1.69) requires

0= —r2[®, [®, \]] + DX\ + D2\ + D2\ — 1D\, (1.70)

but A = e® does not satisfy (1.70). The sign of the rightmost term of (1.70) is in conflict
with what the equation of motion (1.39) requires it to be. Instead, we need to look for a
solution to (1.70) with A = e¥ such that ¥ approaches a constant, say o3, at r = 0 and
approaches P /v at infinity. In addition, ¥ should map the boundary of the r > 0 space (the
T1 — T plane at r = 0 together with a hemisphere at infinity) to S? in such a way as to
have winding number m = 1. Gauge transformations by A = exp(ifW¥) then correspond to a

circular direction 0 < # < 7 in moduli space. The corresponding deformations are
§A; = 60D, Ay =080DyU,  SA, =00D,V, 6B = —idf[d, U],

The metric on this direction is given by

1
(660)? tr/ {— [(D1¥)? + (DoV)? + (D, )] — r[®, \11]2} dxidxedr ,
r
which can be integrated by parts, using (1.70) (for A = €V), to give a surface integral on the
boundary of the » > 0 space:

(562 / L6y tr (U)daadr + 0y tr (¥)daydr + 0, tr (0)daydas)] .
T
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This integral depends on the subleading terms in the behavior of ¥? near the boundary,
which, unfortunately, we do not know.

Now, consider the mode associated with translations. In the hyper-Kahler limit the
associated deformation that satisfies the gauge condition (1.69) is

0Ay = (0a)Fy 0Ay = (6a)F3, 0A3 =0, 5By = (6a) D3 dy ,

where we have augmented the translation by da in the x5 direction by a gauge transformation
with gauge parameter (da)As. Plugging into (1.67) we get a metric (da)?v. Rescaling by v,
so far we have the approximate metric
db?

ds® ~ da* + 53 (1.71)
In general, the modulus a is defined from the boundary conditions of the solution (A, :13)
Like the hyper-Kéhler counterpart, for r — oo the solution to (1.44) reduces, up to a gauge
transformation, to the field of an abelian monopole centered at, say, (0,0, a). We will discuss
the abelian solution and present its exact form in §1.6.2, but for now suffice it to say that
the modulus a can be read off from the asymptotic form. The metric that we found above in
(1.71) would be consistent with a Kéhler manifold if 1va® + 46 is a holomorphic coordinate.
From the discussion above, we find the asymptotic form of the metric on moduli space as

db?
ds® ~ da® + da? + da® + —— | a — 00.
1 2 'U2Cl2
and the asymptotic Kahler form is
d
kwdal/\dag—l——a/\dQ, a — 00.
va

Beyond these observations, we do not have a simple description of the moduli space My,
and as we have seen, unlike the moduli space of R* BPS monopoles, in our case the w3
coordinate of the “center” (corresponding to tr 7% in Nahm'’s equations) does not decouple.
Moreover, the Bogomolnyi equations that describe monopoles on R? can be obtained as a
limit of (1.44) (see §1.6.5 for more details) when r — oco. Thus, we expect to recover the
moduli space of BPS monopoles with fixed center of mass at the boundary r — oo of the
moduli space of (1.44).

1.6 Analysis of the BPS equations

In this section we will present several observations regarding the solution of the BPS equa-
tions (1.42). It is convenient to regard the BPS equations as Bogomolnyi monopole equations
(1.44) on a curved space with metric (1.46). We are looking for a solution of unit monopole
charge. We also require axial symmetry (i.e., independence of ), since we can assume that
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the string of the (2,0)-theory, which the solution describes, sits at the origin of the x; —
plane. The fields are therefore functions of two variables, r and p, only. The Bogomol-
nyi monopole equations on R? have the renowned Prasad-Sommerfield solution [37] for one
SU(2) monopole, and the general solution was given by Nahm [39]. It was given a string-
theoretic interpretation in [40]. The extension to hyperbolic space is also known [48], but we
are unaware of an extension of Nahm’s technique to the space given by the metric (1.46), and
standard techniques that exploit the integrability of the R3 problem do not work in our case.
We were unable to find an exact solution, but we can make a few observations. In §1.6.1
we will reduce the number of independent fields from twelve to two by adapting a method
developed in [49, 50] for finding axially symmetric (generally multi-monopole) solutions of
the Bogomolnyi equations on R3. We will then present the asymptotic form of the solution
far away from the origin. In this region the solution reduces to a U(1) monopole whose fields
we write down explicitly. We then show that the solution can be encoded in a harmonic map
from AdS3 to AdS,. We conclude in §1.6.5 with an expansion up to second order in inverse

VEV.

1.6.1 Manton gauge

We adopt an ansatz proposed in [50] for axially symmetric solutions. Adapted from R? to
our metric (1.46) we look for a solution in the form:

(I) = %(@10’1 —+ (1)20'2) > A = —[(7]10’1 + 7720'2>d§0 + WQO’gdp + W10'3d7“], (172)

where o1, 09, 03 are Pauli matrices, and ®1, ®9, 1y, 10, Wi, Wy are scalar fields. The BPS
equations then reduce to

0,01 — Wydy = —#(8,«771 — Wina), (1.73)
0p®o + Wod1 = — (02 + Wim) (1.74)

NP —mPy = f(apwl - 87~W2) ) (1~75)
0, @1 = Wiy = =(0pm — Wamp), (1.76)
0,Py + WP, = %(8,)772 + Wam), (1.77)

Next, we adapt to our metric the technique developed in [49], solving (1.73)-(1.75) by setting

1, 1, _ _
or=——f Yx, By = ~f O, f m=pfT0x, m=—pf0pf, (1.78)

and
Wl = _filarX7 W2 = _filapX7 (179)
where f and x are as yet undetermined real functions of r and p. We plug the ansatz
(1.78)-(1.79) into (1.76)-(1.77) and get:
0 = fXer + FXop = 2 = 20X + X0 — X0 (1.80)
0 = fFHf—x;=Xp— ffor—Flop+ i ffe =5 ffp, (1.81)
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where subscripts (--- ), and (---), denote derivatives with respect to r and p, respectively.

1.6.2 The abelian solution

We can trivially solve (1.80) by setting xy = 0. The remaining equation (1.81) then states that
log f is a harmonic function on AdSs. Alternatively, the solution describes a U(1) monopole
on the (x1,x9,7) space with metric (1.46). It is easiest to construct the solution starting
from 5+1D. Let us take the center of the monopole to be (0,0, a), which will then have to be
a singular point for f. In the abelian limit, the fields of the (2,0) theory that are relevant to
our problem reduce to a free anti-self-dual 3-form field H = —*H and a free scalar field ¢.
We start by solving (1.56) on R>!, which in particular implies that ¢ is harmonic. Consider
a solution that describes the H and ¢ fields that emanate from a (2,0)-string centered at
(21, T2, 4, x5) = (0,0,acosd,asinf). The scalar field is given by

1
22+ 22 + (14 — acos0)? + (x5 — asinh)?

¢ =v+ (1.82)

But the solution that we need must be indepedent of 6, so we “smear” (1.82) to obtain the
requisite field:

2 de 1

v+ .
\/(p2 + 72+ a?)? — 4a®r?
(1.83)

T1,T2,T) =0+ — - =
Olwr, 22,7 2 Jo  p?+ (rcosf — a)? + r2sin® 0

The U(1) gauge field is now easy to calculate from (1.42) and we find

p*+a? —r? ) Todry — x1dTy

A=
(2\/(p2 + 12 + a?)? — da?r? p?

: (1.84)

where we picked a gauge for which A, = 0. It is easy to find the associated (f,x) fields. We
have y = 0 and

f=exp / o(r, p)rdr = e 2V (p2 +r2—a® +/(p2+ 72 +a2)? — 4a2r2> : (1.85)

Equation (1.84) exhibits a Dirac string singularity that extends from r = a to r = oo at
x1 = x9 = 0. The abelian solution must describe the asymptotic behavior of the nonabelian
solution when either  — oo or p — oo (or both).

1.6.3 Relation to harmonic maps from AdS; to AdS,
The equations (1.80)-(1.81) can be derived from the action

IZ/TL}Q(ferf,?er?eri)drdp- (1.86)
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We can therefore give a simple geometrical meaning to the equations of motion (1.80)-(1.81)
by considering an auxiliary AdSs space parameterized by (r, p, ) with metric

1
ds? = ﬁ(dr2 + dp? + p*dp?)

and interpreting the functions f(r,p) and x(r, p) as describing an axisymmetric map from
AdS3 to the two-dimensional (f,x) “target-space.” If we further endow this target-space

with the AdS5 metric .

R

it is easy to see that the equations of motion derived from (1.86) describe harmonic maps

ds® (df? + dx?), (1.87)

(f,x) + AdSs — AdS, . (1.88)

The connection between AdS; (the “pseudosphere”) and axisymmetric solutions to monopole
equations on R3 was first noted in [49]. The harmonic map (1.88) is required to have a
singularity along a Dirac-like string, as we saw in §1.6.2.

To reproduce the abelian solution of §1.6.2, we set x = 0 and find that log f is a harmonic
function on AdSs, as stated at the beginning of §1.6.2. To present its Dirac string more
clearly, it is convenient to use instead of the Poincaré coordinates on AdSs, a coordinate
system with the point » = a at the origin. The change from (r, p, ¢) to the new coordinate
system (u, a, ¢) is given by:

2,2 2
p_ sinh p sin phroa

= sinh y cos «,
r 2ar

and the coordinates are defined in the range
0<pu<oo, 0<a<m, 0 << 2.
The metric in terms of (u, a, ) is
ds* = dp® + sinh? p(da® + sin? a dp?),

and the inverse coordinate transformations are:

cosh p + sinh p cos cosh p + sinh 1 cosav )
r=a —5 , p=a — sinh p sin «v.
1 4 sinh” p sin“ « 1 + sinh” i sin” «

In (p, a, ) coordinates we have, up to an unimportant constant,

ogf = —lva? cosh 1 —|— s;nh,u‘ c205 )’ ©log cosh + s;nh,tf czos a
1 4 sinh® i sin” « 1 4 sinh” p sin” «
+ log sinh p + log(1 + cos ) . (1.89)

The singularity in the last term at o = 7 represents the Dirac string.
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1.6.4 Comments on (lack of) integrability

The classic Bogomolnyi equations for monopoles on R? admit the well-known Nahm solutions
[39], which also have a nice string-theoretic interpretation [40]. The rich properties of these
solutions essentially stem from an underlying integrable structure. One way to describe the
structure is to map a solution of the Bogomolnyi equations to a holomorphic vector bundle
over minitwistor space [51, 52]. (Minitwistor space is the space of oriented straight lines on
R3, and it has a complex structure.) The Bogomolnyi equations arise as the integrability
condition for an auxiliary set of differential equations for an auxiliary 2-component field v,
that require ¢’s gauge-covariant derivative along a line in R3 to be related to multiplication
by the scalar field ®, and also require ¥ to be holomorphic in the directions transverse to the
line. This technique can be extended to other metrics, such as AdS; (whose corresponding
minitwistor space also possesses a complex structure and is equivalent to CP* x CP'). But
this technique fails for the metric (1.46), whose space of geodesics is not complex, and the
monopole equations (1.44) cannot be expressed as the integrability condition for an auxiliary
system of linear differential equations, at least not in an obvious way.

Another way to see where integrability fails is to focus on axially-symmetric solutions as
in [49]. Defining the symmetric SL(2, R) matrix

=7 (0 o)
FA=—x (*+x%)°
the equations of motion (1.80)-(1.81) can then be recast as

0=V*(VaGG "), (1.90)

where the covariant derivatives are with respect to another auxiliary metric,
ds® = dr* + dp* + (p—Q)d 2 (1.91)
- p T2 gp ) .

and G(r, p) is, of course, assumed to be independent of ¢. It is possible [49] to recast axially
symmetric solutions of the Bogomolnyi equations on R? in the form (1.90) — the metric in
that case would be the Euclidean metric

ds* = dr® +dp* + p*dy”
and the connection with the o-model (1.90) leads to an integrable structure. To describe the
integrable structure we switch to complex coordinates,
fET‘FiP» EET—iP>
and write (1.90) as the integrability condition for a system of first order linear differential
equations for a two-component field U(¢, §):

1

1
U= — GG, U= — GGV
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where (- -+ )¢ and (- )g are derivatives with respect to { and &, and the function (¢, €) has
to be suitably chosen (so that the integrability condition (V¢)g = (V¢ )g will be automatically
satisfied). There are, in fact, infinitely many choices for the function «, but it has to be a
solution of 14 ]
= 2= = =)

§-¢1—ny
which are compatible (see [53] for review). This construction is easy to extend to any metric
of the form

e

ds* = dr* + dp* + A(r, p)*dy?

as long as A(r, p) is harmonic (in the metric dr?+dp?). In our case A = p/r is not harmonic,
so the standard integrability structure is not present.

One can also attempt to extend the technique of [40], to “probe” the solution with a
string that extends in an extra dimension, say zg. It is not hard to construct BPS string
solutions that preserve some supersymmetry, compatible with that of the M5-branes and the
twist. For example, in the M-theory variables we can take an M2-brane along a holomorphic
curve given by x4 + izy = Coekr(@+®8) where C} is a constant. This would translate
in type-ITA to a string whose xg coordinate varies logarithmically with r. However, this
string does not preserve any common SUSY with the soliton. We were unable to find an
exact solution to (1.44), and in fact, the appearance of polylogarithms in the expansion at
large VEV (see §1.6.5) suggests that even if a closed form exists, it is very complicated.
We therefore resorted to an asymptotic expansion for large VEV, described below, and to
numerical analysis, which we describe in Appendix A.2.

1.6.5 Large VEV expansion

In this section we will discuss the asymptotic expansion of the solution to the BPS equations
(1.42) for large VEV v. Since the only dimensionless combination that governs the behavior
of the solution is va?, we can just as well discuss fixed v and large a, which means that
the core of the monopole solution is far from the tip. Let us set® 3 = r — a and rescale
¢ = a®/kR, so that equations (1.42) can be rewritten as

(1+2)Dip = jeijnFy (1.92)
where in this section 7, j, k = 1, 2, 3 refer to x1, xo, x3 with Euclidean metric
ds* = da} + dxj + daj .

In the limit a — oo, the equations (1.92) reduce to Bogomolnyi’s equations, and the one-
monopole solution is [37]:

Af © = EiajmjK(u) ) ¢a 0 = xaH(u) ) (1'93)

)

3We hope that no confusion will arise with the coordinate x3 that was used in §1.2.1. That coordinate
plays no role here, and the only coordinates relevant for this section are x1,x2 and r = a + 3.
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where

H = Icothu— %, K=—-2— -4 (1.94)

wsinh u u? ’

and here v = /3% | 2. We set

i=1"%"

. (=(0,0,b),

(wpl
Il
ISEII

so that & = (-7, and (1.92) can be written as:
(1+0-F)Dip = LejnFyp . (1.95)
We can now expand around the Prasad-Sommerfield solution:
A=A 1AV 1 02 AP 1 = 9O 4 b 4 52e® 4

where we set the 0™ order terms to the Prasad-Sommerfield solution (1.93).
At order O(b) we write all possible terms that are allowed by spherical symmetry and we
keep only the terms that are also invariant under the parity symmetry

— — —

d)a(f’ E) — —Qﬁa(—f, _g) ) Ag(fa E) - _A;l<_:f= —E) : (196)
The general expression is then

b = l.f 1 (u) + o (Lo frLa(u) (1.97)
DAY = paeinw iy 5(u) + Tieajer; Cefya(u) + s lfr5(u) (1.98)

and we note the identity
x[iea}jkxjfk = %eaijﬁjuz - %(Ekxk)Eaijxj y (199)

which is the reason why we did not include a term of the form (¢,x)eq;7;f16 in (1.98). The
coefficients f; 1, ..., fi 5 are unknown functions of w.

We also have the freedom to apply an infinitesimal O(b) gauge transformation which
takes the form

6" = eqpeN’d°,  SAL = 0N — e ALNC
with
A" = 6abcxbgcgl,l(u> .

This gives

60 = —zlpzrgi H + (ulgiiH, (1.100)
0A] = —€aplegr1 + %mieabcxbgcgll,l + ZTa€ipeplegr K . (1.101)
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Using this gauge transformation we can set one of the parameters in (1.97)-(1.98) to zero.
We choose to set
f175 - 0 (1102)

We end up with the general form of the O(b) correction:

bop™™M = l,f 1 (u) 4 o (Cey) 1o (u) (1.103)
bA,La(l) = .%'aEZ'ij'jgkag(U) + l’ieajkaj’jfkfl,ll(u) . (1104)

Plugging (1.93) and (1.103)-(1.104) into (1.95) and comparing terms of order O(b) we get:

HE - H' = L1(f,+1f],) — Kfio— Kfig+ (K — H)fia, (1.105)

0 = 2, + (A +*K)fi3+u’Hfyy, (1.106)

0 = ufjqg+ Kfi; —fio+3f5+ (1 +u’K)fi4 ( )
~H1+v’K) = Kfi;+ (1 +u*K)fio+1fi4, ( )

These are ordinary inhomogeneous linear differential equations in f;;,...,f; 4. Note that
f; 4 can be eliminated from (1.108), so the general solution is given be an arbitrary solution
of the full equations (1.105)-(1.108) plus a linear combination of three linearly independent
solutions of the homogeneous equations:

= (o + 1) — Kfip— Kfig+ (K — H)fiq, (

Lf L+ (L + W K)f s+ u”HE 4, (1.110
= uf] g+ Kfiy —fi,+3f 3+ (1+u°K)fi, (
= Kfi;+(1+ U2K)f1,2 +fi4, (

o O O O

The general solution to (1.105)-(1.108) that is nonsingular at u = 0 is

fl,l = _2si11:hu + cl(us(iﬁi%zu o Scl(l)l?lhgq':) + C2<si§1ﬁu o 3'2;‘;?252“ + “Zliﬁlséli“) ’ <1113)
fo = g+ T el — S Fi) e R T ).

(1.114)
f173 - # B % cothu +- Cl(_# u(:s?rslkli;u) + 02(:;1:10}15;117 + ;(S)lsl?huu o sin2hu> ’ (1115)
fla = al—mogm — 22—+ 1;;31};25) + c2(u(1;;§§§1f w S Jconu) (1.116)

where ¢;, ¢y are undetermined constants. Note that the functions (1.113)-(1.116) have a
regular power series expansion at u = 0 with nonnegative even powers of u only. We note
that there is another homogeneous solution that we discarded because it is singular at u = 0:

_ cosh? u _ cothu 1 cosh? u
fl’l o C3(sinh3u) ’ f1’2 o CS( ut + u3 sinh2§¢ + u? Sinh3u) ’ (1 117)
f = c (coth u + 1 =+ cosh u ) f =c ( cosh u + 14cosh u) .
1,3 3\ u3 sinh? v w2 sinh®w/ 1,4 3\ 43 sinhZ u w2sinh®w/ °
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We are now left with two unknown parameters ¢y, ¢, but one can be a adjusted to zero by
a shift of the center of the zeroth order solution, ¥ — ¥ + C()Z followed by a suitable gauge
transformation to fix back the f; ¢ = 0 gauge. This allows us to set ¢; = 0. The parameter c,
is undetermined at this point, since it depends on the proper boundary conditions at u = co
and at z3 = —1/b.

Now we move on to order O(b?). The general ansatz at this order is:

V"D = Pr,fy(u)

+[la(bar) — 30z 3(u) + zo[(Crzn) (Unxm) — 50U ]E4(w), (1.118)
bA?(z) = Ceiaparfao(u) + 20610 (bnm) o5 (0) + Ticajn i lx (L) 2.6 (1)

+€aij [0 (Ui Tm) — %Kij]fgj(u) + (li€qnr il — %€2€ajia:j>f278(u> . (1.119)

where we have separated the different terms according to whether they can be expressed
in terms of the spin-0 combination ¢? = ¢,¢; or the spin-2 combination ¢3¢, — %E%km. We
again used the identity (1.99) to eliminate the term eaijxj(f - )2, and we also note the
identity ljeqnrily = %eaijéj(kak) — %6266”5%-, which we used to eliminate a term of the
form Cy€;;520kfa9. At order O(b?) the possible gauge parameters are of the form

A= Eabcxbfc(gkxk)gll(u) )

and we use the corresponding gauge transformation to gauge fix f 5 = 0.
Our parameters f5 1, f5 o correspond to spin-0 terms, while f5 5, ..., f5 7 correspond to spin-
2 terms. The spin-2 equations are:

0 = 2, —L1f) . — Kfoy + Kfos+ (H — K)fs

+%f{72 — Kfljg — Hf174 — f172f174 — f1’3f174 , (1120)
0 = %féj + Hf2,7 + Kf273 + (1 + UQK)ng — 2f2,6
+Kf 1+t + U2Kf1,2 —fiifis, (1.121)

0 = ), — (1 +v"K)fhs+ (1 —u’H)fog+ (K — H)fy7
+%f{,1 +uwHE g+ £ 1F1 5 + Fiafig + 0 of g + wPfsf (1.122)
0 = ufyy;— 16, — Kby + 264+ 465 + (24 v’ K)fy 5 + Kby 7
—Kfi + 1o+ fiafi s+ u?fafi g, (1.123)
0 = fo3—u’fhe—for —u?f fi g —u'fisfiy. (1.124)

The spin-0 equations are:

= fé,l -+ %ng —+ %(1 + U2K)f272 + %f{,l + %U2f{72 + %quQ - %Uf1’1f174 s (1125)
= fi? + (% + UH)fZQ + %(1 + U2K)f271
+%UKf1,1 + %U(l + UZK)fLQ + %uf171f173 — %u3f1,3f1,4 . (1126)
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We first solve the spin-0 equations. The general solution is given by:

£, = —SGSth + gucothu + ¢4 (== —  cothu)+c; (usmth -), (1.127)
_ h h 1 h
for = ;65??1?121’2 — Somnu T 64(501?1121; - usinhu)+c5(u(;?flhgu) . (1.128)

Since ¢; multiplies an u-odd and singular solution, we set ¢5 = 0. The unknown ¢4 needs to
be determined by the boundary conditions at u = oo and x3 = —a.
Now, we move on to the spin-2 equations. First we look for a solution of the homogeneous
spin-2 part:
= ), — 1) — Kfp,+ Kfy5+ (H— K)fyg, ( )
L.+ Hyr + Kb+ (1 + u?K)fyy — 2656, ( )
1 — (L+uw’K)fys 4+ (1 — v’ H)fy 6 4+ (K — H)fy 7, (1.131)
ufy 5 — 185 . — Kfy 3+ 2654 + 4fs5 + (2 + W’ K)fy 6 + Kfo 7, (1.132)
(1.133)

2
= f2,3 —u f2,6 - f2,7-

o O O O O

The general solution that is well behaved as u — oo is:

f2(i§omog) _ Cﬁ{siﬁﬁu} + Cﬁm} : (1.134)
B = alEiT - mim) ol R~ mme ) (1.15)
B = -k - IRt o NER - R (1.136)
f(homog) — Cﬁ{_usiihu + 251(;0}??”} 4 C7{u6 S + u%(;?rj;l;u ) (1137)
f(homog) = G sirﬁlﬁu B 22125?;2”} + 07{_u4 sinhu u%’(s:(l)rfﬁgtu (1138)

Additionally, there are two more linearly independent solutions that grow exponentially as
u — oo. They are given by:

fz(,};omog) - ¢ { ingﬁhz GCZSShu . Gsiurzhu}

oo -0 — 2 + sE) (1.139)
B = a{tpe - MR SR+ )

+Cg{ 6(1+§25h u) 3(0051;32;121}?(:}12 u) + 2 czihu - = Siih2 - } ’ (1140)
H) = co{ihs — St | ey gy

teo{te k-G S G o aE). (L4
f2(h60m09) = ¢ { 12 smhu 9CO%h’Lt _ 2§0§h2 coshzé }

, u u sinhu u3 sinh

I T (1.142)

f2(7h70mog) _ CS{ 6 sinh u _ 3 czsgh u ucs?il;lgu

6coshu _ 3cosh?u  3coshu
+¢o u3 sinh u w2sinh?uJ -~ (1143)
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Once we have a complete linearly independent set of solutions to the homogeneous problem,
we can find the solution to the inhomogeneous problem by integration. When we perform the
integrals we obtain complicated expressions that contain polylogarithms Li,(2) = > .~ & -
For example, if we set ¢o = 0 in (1.113)-(1.116), we get:

ginhomog) 9 Lis(e7) + [Z(sinhu — =2=) — (2 + L) coshu| Lis(e ")

2,3 2u# sinh u sinh u u4

— 2= + (5 + 2) coshu — &2 Liy(e ")

u? sinh u u3

+[(% + 2) coshu — Qsinhu} log(l B 2u> - sinlhu(% + 2253 + + 120 )

+(8si1r§12u + 2%4 + 2u2 + +2+ U) coshu — (% + ; +2+ gu) sinh u ,
(1.144)

féighomog) _

2 u + COthu + 4u5 smh2 >L14( _2“)
3

5+ %)coshu—l— > cothu +
S+ (5 + 3 )Coshu+ S cothu +

+ 35— — - sinhu| Liz(e™*")

ut smh2
S sinhu] Lis(E~")

h
( ud smh u

9
+
+

2u3 s1nh2 u® ut smh u

1nhu — Zcothu — (& + 5 Coshu — —} log(1 —
+ + )smhu + (4%4 _'_ 5T 4 4u _70) inh? v 8‘;?3}}1;‘”

6
+ S
55+u%+ﬁ+%) — 4 (45 + & — 55 + &) cothu
+

—2u

|'J; §|E gwlcb go‘l@ g@lw S

+ o+ + o+

smh u

3+ 5+ 5+ Z)coshu — 55 — 5 + o, (1.145)

no
5%

(
[
[
[
(a5
(
(

N

16

f(inhomog)

— 9 9 9coshu : —2u
2,5 = (gwemnu T 25 cothu + b sinhZ u ) Lig(e™™)
3coshu : —2u
2u5 smh u + w4 sinh? u) L13 (6 )

+(i+u_14+icoshu 25s1nhu+ 5 cothu +
+(% + 5 + " COShU - 4 sinhu + 4 cothu + ut smhu + 2’5’;;1};1';“) Li2(672u)
- [% + lz + 1% coshu — Slnhu + u3 slnhu} 1Og( - 2")
_%_%_%_é_%_(;ﬂ-# + )coshu
(—5+%+ )s1nhu+(45 + 5 +2u2+ )COthu
( 2

45 1 27y 1 45 37\ coshu 1
5 + 2u2 40u) sinh u + (4u4 + + 4u + 120) sinh? u 8sinh? u ’ (1146)

9 + 9 coshu )Ll ( —2u)

445 sinh? u

+ SCoshuu} Lig(e—Qu)

2u5 smh U u4 sinh?

+ SCoshuu] Li2(€72u)

u smh u 2u3 sinh?

coshu — 5 2 sinhwu +

)
) coshu — % sinh u +
)

(@)

oshu — % sinhu + 2] log(l — 6_2“)
o T 5) S 4 (08 + g + o T2 + 5) coshu

sinh?

4 2)sinhu— (B2 4 4 - ) (1.147)

f2(inhomog) = féf;zhomog) — u2f2(7ighomog) — U2f1’1f1,3 — U4f173f1,4 . (1148)
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We note that the combinations of polylogarithms that appear here are the results of the
integrals

/u3 cothudu = —3 Lis(e7*) — 2uLiz(e ) — 2u° Lis(e ™) + u’log(1 — ™) + 1u*,

and
/u2 cothudu = —§ Lig(e™") — uLiz(e™") + u?log(1 — ™) + ju®.

When we turn on ¢, # 0 we get additional terms, but they can be expressed as rational
functions of e and v and do not cancel the polylogarithms. In any case, this demonstrates
that a simple solution to the BPS equations (1.42), involving only basic functions, does not
exist.

1.7 Discussion

We have studied a 241D system constructed from the compactification of the (2, 0)-theory
on (R? x S1)/Zy. In the large k limit, we have reduced it to 4+1D SYM on the “cigar”
geometry, and we have developed the BPS equations that describe Q-ball solitons. In terms
of the effective FQHE low-energy action, these solitons are bound states of k quasi-particles
(each of 1/k charge). We mapped the BPS equations to the Bogomolnyi equations D® = % F
on a manifold with metric

ds® = 23(da? + dxj + da3), (1.149)

and we described a relation between axisymmetric solutions (in particular, the 1-monopole
solution) and harmonic maps ¢ : AdS; — AdSs. It would be interesting to explore this
system further. We note that other interesting extensions of the classic Bogomolnyi equations
were discovered in [23], in the context of D3-brane probes of a Melvin space (which is in fact
T-dual to the orbifold background in our work), where the D3-branes are oriented in such a
way that noncommutative geometry with a variable parameter is generated.

Our problem is reminiscent of the problem of monopoles on AdSs [if 2 is replaced with
1/23 in (1.149)]. The latter is integrable, with known solutions, and in particular the one-
monopole solution is not difficult to construct [54]. Like the case of monopoles on AdSs, the
monopole solutions on the space (1.149) contain as a limit the classic Prasad-Sommerfield
solutions (by going to the outskirts 3 — 00). Indeed, in §1.6.5 we outlined an expansion
around the Prasad-Sommerfield solution, up to second order in 1/x3, albeit with a few
undetermined coefficients.

Monopole equations on a three-dimensional space can be recast as the dimensional re-
duction of instanton equations on a four-dimensional space, which can provide new insights.
For example, instanton equations on Taub-NUT spaces can be reduced to Bogomolnyi’s
equations on R? (with singularities) [55], which recently led to the discovery of new explicit
solutions [56, 57|, using the techniques developed in [58, 59| for solving instanton equations
on Taub-NUT spaces. It might therefore be interesting to explore instanton equations on
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circle fibrations over (1.149) and look for their applications in string theory. More recently,
a set of partial differential equations on Ge-manifolds was discovered [60], which can be re-
duced in special cases to Bogomolnyi’s equations on R3. It would be interesting to explore
whether the system studied in this chapter and the related Bogomolnyi equations on (1.149)
have an interesting 7-dimensional origin.

In this chapter we focused on the case of a single monopole, corresponding to a (2,0)-
string wound once. It would be interesting to generalize the discussion to the case of multiple
(2,0)-strings, which corresponds to monopole charge higher than 1 in the effective metric
(1.149). Techniques for analyzing the low-energy description of multiple (2, 0)-strings have
recently been developed in [61]-[62].
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Chapter 2

Janus configurations with
SL(2,Z)-duality twists

We develop an equivalence between two Hilbert spaces: (i) the space of states of U(1)"
Chern-Simons theory with a certain class of tridiagonal matrices of coupling constants (with
corners) on T%; and (ii) the space of ground states of strings on an associated mapping torus
with T fiber. The equivalence is deduced by studying the space of ground states of SL(2, Z)-
twisted circle compactifications of U(1) gauge theory, connected with a Janus configuration,
and further compactified on T2. The equality of dimensions of the two Hilbert spaces (i) and
(ii) is equivalent to a known identity on determinants of tridiagonal matrices with corners.
The equivalence of operator algebras acting on the two Hilbert spaces follows from a relation
between the Smith normal form of the Chern-Simons coupling constant matrix and the
isometry group of the mapping torus, as well as the torsion part of its first homology group.

2.1 Introduction and summary of results

Our goal is to develop tools for studying circle compactifications of N' = 4 Super-Yang-Mills
theory on S with a general SL(2, Z)-duality twist (also known as a “duality wall”) inserted
at a point on S'. The low-energy limit of such compactifications encodes information about
the operator that realizes the SL(2, Z)-duality, and can potentially teach us new facts about
S-duality itself. Some previous works on duality walls and related compactifications include
[7, 11, 29, 64, 65, 66, 67, 68, 69, 70].

In this chapter we consider only the abelian gauge group G = U(1), leaving the extension
to nonabelian groups for a separate publication [71]. We focus on the Hilbert space of ground
states of the system and study it in two equivalent ways: (i) directly in field theory; and (ii)
via a dual type-ITA string theory system (extending the techniques developed in [29]). As
we will show, the equivalence of these two descriptions implies the equivalence of:
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(i) the Hilbert space of ground states of U(1)" Chern-Simons theory with action

n n—1
L=2Y kA AdA— £ A ndA — 2 A AdA,

i=1 1=1
on T2, and

(ii) the Hilbert space of ground states of strings of winding number w = 1 on a certain
target space that contains the mapping torus with T? fiber:

I xT?
(0,v) ~ (1, f(v))’

where I = [0, 1] is the unit interval, and f is a large diffeomorphism of T2 corresponding
to the SL(2,Z) matrix

_(k, -1 ko -1\ (k; -1
w:(l 0)...(1 0)<1 0). (2.1)
We will explain the construction of these Hilbert spaces in detail below.

An immediate consequence of the proposed equivalence of Hilbert spaces (i) and (ii) is
the identity

M3 (U € T2) s

k, -1 0 1
e k1 k, 1\ [k —1
. . . _ n - V. 2 - 1 - _
T N B R TL I [
o
1 0 -1 k,

which follows from the equality of dimensions of the Hilbert spaces above. This is a known
identity (see for instance [76]), and we will present a proof in Appendix B.1, for complete-
ness. !

Moreover, equivalence of the operator algebras of the systems associated with (i) and
(i) allows us to make a stronger statement. The operator algebra of (i) is generated by
Wilson loops along two fundamental cycles of T2, and keeping only one of these cycles
gives a maximal finite abelian subgroup. Let A C Z" be the sublattice of Z" generated by
the columns of the Chern-Simons coupling constant matrix, which appears on the LHS of
(2.2). Then, the abelian group generated by the maximal commuting set of Wilson loops

i
n

leads to a variant of the Gelfand-Yaglom theorem [82] with a periodic potential: det[—d?/dz? + V(z)] =

! The continuum limit of (2.2) with n — oo and k; — 2 + -5 V(%) might be more familiar. It

VV + X ¥ . L
tr | Pexp f 2V 2V__ ) dx| — 2 (up to a renormalization-dependent multiplicative constant).

T
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is isomorphic to Z"/A. The operator algebra of (ii), on the other hand, is constructed by
combining the isometry group of M3 with the group of operators that measure the various
components of string winding number in Mj3. The latter is captured algebraically by the
Pontryagin dual ¥ (- - ) of the torsion part Tor of the homology group H;(Ms, Z). (The terms
will be explained in more detail in §2.4.3.) Thus, ¥ Tor H;(Mj3,Z) as well as the isometry
group are both equivalent to Z"/A. Together, ¥ Tor H;(Mjs,Z) and Isom(Mj3) generate a
noncommutative (but reducible) group that is equivalent to the operator algebra of the
Wilson loops of the Chern-Simons system in (i). The subgroup ¥ Tor H;(Mj3, Z) corresponds
to the group generated by the Wilson loops along one fixed cycle of T2 (let us call it “the a-
cycle”) and Isom(M3) corresponds to the group generated by the Wilson loops along another
cycle (call it “the S-cycle”), where o and 3 generate H,(T?, Z). The situation is summarized
in the diagram below.

Chern-Simons String ground states

Hilbert space on T2 on Mapping Torus M

N /

Wilson loops ™ | Tsometry group of Ms
on j-cycle o
dim di
. im
Wilson loops ~J YTor H1(M3, Z)
on a-cycle -
ki, —1 0 -1
-1 . e T k 1 k 1
SO PO T
1 0 -1 k,

Figure 2.1: Equivalence between our two Hilbert spaces. The operator algebra and the
dimension of both Hilbert spaces and their relationship is presented in this figure.

We will now present a detailed account of the statements made above. In §2.2 we con-
struct the SL(2, Z)-twist from the QFT perspective, and in §2.3 we take its low-energy limit
and make connection with U(1)™ Chern-Simons theory, leading to Hilbert space (i). In §2.4
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we describe the dual construction of type-IIA strings on Mj3. In §2.5 we develop the “dictio-
nary” that translates between the states and operators of (i) and (ii). We conclude in §2.6
with a brief summary of what we have found so far and a preview of the nonabelian case.

2.2 The SL(2,Z)-twist

Our starting point is a free 3+1D U(1) gauge theory with action

1 6
I= /F/\*FJr—/F/\F,
492, 27

where F' = dA is the field strength. As usual, we define the complex coupling constant

The SL(2,7Z) group of dualities is generated by S and T that act as 7 — —1/7 and 7 — 7+1,
respectively.

Let the space-time coordinates be xg,...,z3. We wish to compactify direction x3 on a
circle (so that 0 < z3 < 27 is a periodic coordinate), but allow 7 to vary as a function of z3
in such a way that

2 b
(0) = ar(2m) + |
cr(2m) +d
where W = (3 3 € SL(2,Z) defines an electric/magnetic duality transformation. Such a

compactification contains two ingredients:
e The variable coupling constant 7; and
e The “duality-twist” at x3 =0 ~ 27.

We will discuss the ingredients separately, starting from the duality-twist.

The duality-twist can be described concretely in terms of an abelian Chern-Simons theory
as follows. Represent the SL(2,Z) matrix in terms of the generators S and 7' (nonuniquely)
as

a b\ _ ok ok kn
(c d) =T"ST™S ... TS, (2.3)
where kq,...,k, are integers, some of which may be zero. To understand how each of

the operators T and S act separately, we pretend that x5 is a time-direction and impose
the temporal gauge condition A3 = 0. At any given z3 the wave-function is formally WU (.A),
where A is the gauge field 1-form on the three-dimensional space parameterized by xg, x1, 3.
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The action of the generators S and T on the wave-functions is then given by (see for instance

83, 84]):
S:U(A) = / ez [ANMAGANYDA | T W(A) — esn / AMAT(A) .

It is now clear how to incorporate the duality twist by combining these two elements to
realize the SL(2,Z) transformation (2.3). We have to add to the action a Chern-Simons
term at x5 = 0 with additional auxiliary fields Ay,..., A1 and with action

Ios = 2 Y kiAi NdA; — £ A NdAi (24)

i=1 =1

and then set
Al = A’azg:O y An+1 = A|x3:2ﬂ' .

The second ingredient is the varying coupling constant 7(z3). Systems with such a varying
T are known as Janus configurations [85]. They have supersymmetric extensions [5, 86, 87]
where the Lagrangian of N = 4 Super-Yang-Mills with variable 7 is modified so as to preserve
8 supercharges. In such configurations the function 7(x3) traces a geodesic in the hyperbolic
upper-half 7-plane, namely, a half-circle centered on the real axis [5]. In this model, the
surviving supersymmetry is described by parameters that vary as a function of x3, so that
in general the supercharges at x3 = 0 are not equal to those at 3 = 27. This might have
been a problem for us, since we need to continuously connect x3 = 0 to x3 = 27 to form a
consistent supersymmetric theory, but luckily, we also have the SL(2, Z)-twist, and as shown
in [88], in N = 4 Super-Yang-Mills (with a fixed coupling constant 7), the SL(2,Z) duality
transformations do not commute with the supercharges. Following the action of duality, the
SUSY generators pick up a known phase. But as it turns out, this phase exactly matches
the phase difference from 0 to 27 in the Janus configuration. Therefore, we can combine the
two separate ingredients and close the supersymmetric Janus configuration on the segment
0, 27] with an SL(2,Z) duality twist that connects 0 to 2. We describe this construction
in more detail in Appendix B.2.

The details of the supersymmetric action, however, will not play an important role in
what follows, so we will just assume supersymmetry and proceed. Thanks to mass terms
that appear in the Janus configuration (which are needed to close the SUSY algebra [5]), at
low-energy the superpartners of the gauge fields are all massive (see Appendix B.2), with
masses of the order of the Kaluza-Klein scale, and we can ignore them. We will therefore
proceed with a discussion of only the free U(1) gauge fields.

2.3 The Low-energy limit and Chern-Simons theory

At low-energy we have to set A7 = A,;; in (2.4), since the dependence of A on x3 is
suppressed. Then, the low-energy system is described by a 241D Chern-Simons action with
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gauge group U(1)" and action

ij=1

with coupling-constant matrix that is given by

k, -1 0 -1
—1
K=| o o |- (2.5)
. .. o —1
-1 0 -1 k,

We now make directions z;, x5 periodic, so that the theory is compactified on T2, leaving
only time uncompactified. The dimension of the resulting Hilbert space of states of this
compactified Chern-Simons theory is | det K.

Next, we pick two fundamental cycles whose equivalence classes generate H,(T?,Z). Let
a be the cycle along a straight line from (0,0) to (1,0), and let 5 be a similar cycle from
(0,0) to (0,1), in (21, x2) coordinates. We define 2n Wilson loop operators:

szexp<z‘j{Aj>, ijexp(i%A]), j=1...,n.
a B

They are unitary operators with commutation relations given by
e -1 ij
UU; = U0, ViV =ViVi, UiV =m0V,

(K1), is the i, element of the matrix K~1.] In particular, for any j = 1,...,n the
operator [[7_, UiK” commutes with all 2n operators, and hence is a central element. In an
irreducible representation, it can be set to the identity. The U;’s therefore generate a finite
abelian group, which we denote by G,. Similarly, we denote by Gz the finite abelian group
generated by the V;’s. Both groups are isomorphic and can be described as follows. Let
A C Z" be the sublattice of Z™ generated by the columns of the matrix K. Then, Z"/A is a
finite abelian group and G, = Gz = Z"/A, since an element of Z™ represents the powers of
a monomial in the U;’s (or V;’s), and an element in A corresponds to a monomial that is a
central element. We therefore map

Go 3 [JUN = (N1, Ns,... . N,) €Z"  (mod A), (2.6)
i=1

and similarly

Gs > [[Vi™ = (M1, My, ... M,) €Z" (mod A). (2.7)

=1
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We denote the operator in G, that corresponds to v € Z"/A by O,(v), and similarly we
define Og(v) € Gg to be the operator in G that corresponds to v. For u,v € Z" /A we define

x(u, 0) = 2™ B K DuNMs g e 77 /A, (2.8)

The definition is independent of the particular representatives (Ny, ..., N,) or (M, ..., M,)
in Z"/A. The commutation relations can then be written as

Oa(1)Op(v) = x(u,0)Op(0)On(u) . (2.9)

We recall that for any nonsingular matrix of integers K € GL(n,Z), one can find matrices

P,Q € SL(n,Z) such that

PKQ = diag(dy,ds, ..., d,) (2.10)
is a diagonal matrix, dy, ..., d, are positive integers, and d; divides d;;; fori=1,...,n— 1.
The integers dy, . .., d, are unique, and we have

Zn/AgZdIEB“'EBZdna

where Z,4 is the cyclic group of d elements. The matrix on the RHS of (2.10) is known as the
Smith normal form of K. The integer d; is the greatest common divisor of all j X j minors
of K. For K of the form (2.5), the minor that is made of rows 2,...,n — 1 and columns
1,...,n—2is (=1)""2, so it follows that d,,_» = 1 and therefore also d; = ---d,,_» = 1. We
conclude that

Ga =203 =2y, , DLy, .

2.4 Strings on a mapping torus

The system we studied in §2.2 has a dual description as the Hilbert space of ground states of
strings of winding number w = 1 (around a 1-cycle to be defined below) on a certain type-
ITA background. We will begin by describing the background geometry and then explain
in §2.5 why its space of ground states is isomorphic to the space of ground states of the
SL(2, Z)-twisted compactification of §2.2.

Set

- kn —1 k2 -1 k1 —1 _ mkn g, ke k1o ab
e (5 ) (5 ) (5 ) s = (2 ) esten

(2.11)

We will assume that | tr W| > 2 so that W is a hyperbolic element of SL(2,Z). (The case of

elliptic elements with | tr W| < 2 was covered in [29], and parabolic elements with | tr W| = 2

are conjugate to £7 for some k # 0, and since they do not involve S, they are elementary.)

Let 0 < n < 27 denote the coordinate on the interval I = [0,27] and let (&;,&;) denote

the coordinates of a point on T2. The coordinates £; and &, take values in R/Z (so they are
periodic with period 1). We impose the identification

(51,52,7]) ~ (dfl + bfz, Cfl + a£2, n+ 271') (212)
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The metric is
471_2p2

T2

ds* = R*dn* + ( )|dé + T(U)d§2|2

where R and p are constants, and 7 = 71 + i7y is a function of 7 (with real and imaginary
parts denoted by 71 and 73) such that

ar(n) +b

iy —om) = S

thus allowing for a continuous metric.

2.4.1 The number of fixed points

We will need the number of fixed points of the SL(2,7Z) action on T?, i.e., the number of
solutions to:

(&1,&) = (d&1 + b&, & +ak)  (mod Z7).
Let f : T? — T? be the map given by
(&, &) = (A& + by, c& + as) . (2.13)

The Lefschetz fixed-point formula states that

2

Y ilp) =) (1Y te(f|H(T?Z) =2 - trW =2—a—d.

fixed point p 7=0
The index i(p) of a fixed point is given by [89]:
i(p) = sgndet(J(p) —I) = sgndet(W — 1),

where J(p) is the Jacobian matrix of the map f at p. In our case, i(p) is either +1 or —1
for all p, and therefore the number of fixed points is

12— teW| = |det(W —T)] = |2 —a—d|.

2.4.2 Isometries

Let v1,v2 € R/Z be constants and consider the map

(Slaf?vn) = (§1+U17£2+U2777)' (214)

It defines an isometry of My if

(&) ()

U1

(”2) (mod Z). (2.15)
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Set
HEWT—I_<agl di1>’ Vz(z?) (2.16)

U]

n ) for some nq,ny € Z. The set of vectors v
1

Then, the isometries are given by v = H ! (

that give rise to isometries therefore live on a lattice A generated by the columns of H~1.
Since H € GL(2,7Z) we have Z2 C A, and since the isometries that correspond to v € Z2
are trivial, the group of isometries of type (2.14) is isomorphic to /~\/ Z?. Changing basis to
u = Hv, we can replace v € A/Z? with u € Z2/A’, where A’ C Z2 is the sublattice generated
by the columns of H, and the group G, of isometries of type (2.14) is therefore

Giso = N/72 272/ (2.17)

Its order is
|Giso| = |det H| = |2 —a —d|. (2.18)

2.4.3 Homology quantum numbers

To proceed we also need the homology group H;(Ms,Z). Let v be the cycle defined by a
straight line from (0,0,0) to (0,0, 27), in terms of (&, &, n) coordinates. Let o/ be the cycle
from (0, 0,0) to (1,0,0) and let 5" be the cycle from (0, 0,0) to (0,1,0). The homology group
H{(M3,Z) is generated by the equivalence classes [o'], [#'] and [v], subject to the relations

@] =dla]+c[g],  [F]=Dbla]+alf]. (2.19)

Now suppose that (¢; ¢2) is a linear combination of the columns of H [defined in (2.16)] with
integer coefficients. Then the relations (2.19) imply that ¢;[o/] + c2[8'] is zero in H; (M3, Z).
With A’ C 72 being the sublattice generated by the columns of H, as defined in §2.4.2, it
follows that

H,(M3,Z) 2 Z @& (Z*/N), (2.20)

where the Z factor is generated by [y] and (Z?/A’) is generated by [/] and [3’]. In particular,
the torsion part is
Tor Hy (M3, Z) = 72 /A’ (2.21)

d/

Denote the Smith normal form [see (2.10)] of the matrix H by [ ' ). We prove in

dy
Appendix B.1 that d,,_; = d} and d,, = dj,, where d,,_; and d,, were defined in (2.10). Thus,
combining (2.17) and (2.20) we have

7N = Gy, = Tor H(M3,Z) £ Zyg, | ® Zq, .

The physical meaning of these results will become clear soon.
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2.4.4 The Hilbert space of states

As we have seen in §2.4.2, the Hilbert space of string ground states has a basis of states of
the form |v') with v/ € A/Z%. In this state, the string is at (£, &) coordinates given by v'.
According to (2.17), an element v € A/Z? defines an isometry, which we denote by Y(v),
that acts as B
YWV =|v+v), v,v € \J7*.

Given the string state |v'), we can ask what is the element in H;(Mj, Z) that represents the
corresponding 1-cycle. The answer is [y] + Nj[a/] + Nj[5'], where the torsion part Ni[a/] +
Nj[B'] is mapped under (2.21) to v'. To see this, note that for 0 < ¢ < 1, the loops C; in
M; that are given by

(47s, tvy, tv)) for 0 <s
(27, tv] + (25 — 1)t[(d — 1)v] + buj], tvh + (2s — 1)t[cv] + (a — 1)vh]) for I < s

[which go along direction 7 at a constant (£,&) given by ¢v’, and then connect tv' to its
SL(2,Z) image tWv’'] are homotopic to the loop corresponding to string state |0). Setting
t = 1 we find that C; breaks into two closed loops, one corresponding to string state |v’), and
the other is a closed loop in the T? fiber above 7 = 0, which corresponds to the homology
element
((d = 1)vy + boy)[a/] + (cvf + (a—1)vy)[57],

and this is precisely the element corresponding to Hv' € Z*/\ = Tor H; (M3, Z), as defined
in §2.4.3.

We now wish to use the torsion part of the homology to define a unitary operator R ()
for every u € Z?/A’. This operator will measure a component of the charge associated with
the homology class of the string. For this purpose we need to construct the Pontryagin dual
group Y Tor Hy(Mj3,7Z), which is defined as the group of characters of Tor H;(Mj3,Z) (i.e.,
homomorphisms from Tor H;(Mj3,Z) to R/Z). The dual group is isomorphic to Z?/A’, but
not canonically. In our construction u is naturally an element of the dual group and not the
group itself. We define R(q) as follows. For

u= (M, M) € Z?/N\, v=(N|,Ny) € Z*/N\,
we define the phase
o, v) = 2™ H DGNM; g e 72N v eZ?/N. (2.22)
This definition is independent of the representatives (N, N3) and (M;, M}) of v and u, and
it corresponds to the character of Tor H;(Mjs,Z) associated with . We then define the
operator R(u1) to be diagonal in the basis |v) and act as:

R(a)|v) = ¢(a,v)|v), ucZ?/N, veZ?/N.

From the discussion above about the homology of the string state, and from the linearity of
the phase of p(1,v) in @ and v, it follows that

R()Y(v) = p(a,v)Y(v)R(1). (2.23)
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2.5 Duality between strings on M3 and compactified
SL(2,Z)-twisted U(1) gauge theory

We can now connect the string theory model of §2.4 with the field theory model of §2.3. We
claim that the Hilbert space of ground states of a compactification of a U(1) gauge theory
on S with an SL(2,Z) twist and string ground states on M3 are dual. This is demonstrated
along the same lines as in [29]. We realize the (supersymmetric extension of the) U(1) gauge
theory on a D3-brane along directions x1, x2, x3. We compactify direction x5 on a circle with
a Janus-like configuration and SL(2,Z)-twisted boundary conditions. We assume that the
Janus configuration can be lifted to type-1IB, perhaps with additional fluxes, but we will not
worry about the details of the lift. We then compactify (21, z2) on T? and perform T-duality
on direction 1, followed by a lift from type-ITA to M-theory (producing a new circle along
direction 10), followed by reduction to type-IIA along direction 2. This combined U-duality
transformation transforms the SL(2,Z)-twist to the geometrical transformation (2.12). It
also transforms some of the charges of the type-IIB system to the following charges of the
type-ITA system:

D3123—)F13, Fvll—>f)17 F12—>F110, D11—>F11, D12—>P10. (224)

where P; is Kaluza-Klein momentum along direction j, Dp;, ;. is a Dp-brane wrapped along
directions ji, ..., jr, and F1; is a fundamental string along direction j. A summary of the
U-duality transformation is provided in the table below.

Brane | 1 2 Y 10 | Next step
D3 v v Y N/A | Ti-duality
D2 v o N/A | lift to M-theory
M2 v v red. to ITA on x5
F1 N/A Vv

1 Y r9 | <= New coords.

Table 2.1: U-Duality transformation summary.

Now suppose we take the limit that all directions of M3 are large. The dual geometry
has a Hilbert space of ground states which corresponds to classical configurations of strings
of minimal length that wind once around the x3 circle. This means that the projection of
their Hy(Ms,Z) homology class on the Z factor of (2.20) is required to be the generator
[v]. The torsion part of their homology is unrestricted. The string configurations of minimal
length must have constant (x1, ze) which in particular means that (z;, ) is invariant under

the SL(2,Z) twist, i.e.,
a C ) To
(b &) ()= ()
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But this is precisely the same equation as (2.15), and indeed when the isometry that cor-
responds to a vector v € A/Z2 acts on the solution with (z1,23) = (0,0) it converts it to
the solution with (z1,x2) = (v1,v2). The dimension of the Hilbert space of ground states of
the type-IIA system is therefore the order of Gi,, which is given by (2.18). This is also the
number of fixed points of the W action on 72, as we have seen in §2.4.1. Since the number
of ground states of the Chern-Simons theory is | det K|, we conclude from the duality of the
Chern-Simons theory and string theory that

|det K| = |Giso| = |2 —a —Db|.

This is the physical explanation we are giving to (2.2).

2.5.1 Isomorphism of operator algebras

Going one step beyond the equality of dimensions of the Hilbert spaces, we would like to
match the operator algebras of the string and field theory systems. Starting with the field
theory side, realized on a D3-brane in type-IIB, consider a process whereby a fundamental
string that winds once around the 3-cycle of T? is absorbed by the D3-brane at some time ¢.
This process is described in the field theory by inserting a Wilson loop operator V; at time
t into the matrix element that calculates the amplitude. On the type-IIA string side, the
charge F'15 that was absorbed is mapped by (2.24) to winding number along the o’ cycle
(denoted by F'1yg). The operator that correpsonds to V; on the string side must therefore
increase the homology class of the string state by [o/]. Since the state |v), for v = (N, N}),
has homology class [y] + Nj[a/] + Nj[5], it follows that the isometry operator Y(v’) with
v = (1,0) does what we want. We therefore propose to identify

Vi = V(') for v/ = (1,0).

By extension, we propose to map the abelian subgroup Gs generated by the Wilson loops
Vi,...,V, with the isometry group generated by Y(v') for v/ € Z*/\’.

Next, on the type-IIB side, consider a process whereby a fundamental string that winds
once around the a-cycle of T? is absorbed by the D3-brane. This process is described in the
field theory by inserting a Wilson loop operator U; into the matrix element that calculates
the amplitude. On the type-IIA string side, the charge F'1; that was absorbed is mapped by
(2.24) to momentum along the /3’ cycle (denoted by P1;). The operator that correpsonds to
U; on the string side must therefore increase the momentum along the [o/] cycle by one unit.
We claim that this operator is R(a) for = (1,0). To see this we note that, by definition of
“momentum”, an operator X that increases the momentum by M/ units along the [o/] cycle
and M} units along the ['] cycle must have the following commutation relations with the
translational isometries Y (v'):

YV)TXYE) =p(@ V)X,  a= (M, M) e Z?/N.
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But given (2.23), this means that up to an unimportant central element, we can identify
X = R(u), as claimed. So, we have

Uy — Y(u), for u = (1,0),

and by extension, we propose to map the abelian subgroup G, generated by the Wilson loops
Ui, ...,U, with the subgroup generated by R(u) for u € Z*/A’.

In particular, G, = Gz = Z"/A implies that (Z?/A') = (Z"/A). This is equivalent to
requiring that the Smith normal form of H is

P'HQ' = diag(d,_1,d,)

where d,,_; and d,, are the same last two entries in the Smith normal form of K. We provide
an elementary proof of this fact in Appendix B.1.

Since the Smith normal forms of H and K are equal, the abelian groups Z"/A and Z?*/A\’
are equivalent, and it is also not hard to see that under this equivalence x that was defined
in (2.8) is mapped to ¢ defined in (2.22). We have the mapping

Ou(0) = Y (V') veZ"/A\, v e 72 /N

and
Os(u) — R(1), uezZ"/A, uacZ?/N.

The commutation relations (2.9) are then mapped to (2.23).

2.6 Discussion

We have argued that a duality between U(1)" Chern-Simons theory on T2 with coupling
constant matrix (2.5) and string configurations on a mapping torus provide a geometrical
realization to the algebra of Wilson loop operators in the Chern-Simons theory. Wilson loop
operators along one cycle of T? correspond to isometries that act as translations along the
fiber of the mapping torus, while Wilson loop operators along the other cycle correspond to
discrete charges that can be constructed from the homology class of the string.

These ideas have an obvious extension to the case of U(N) gauge group with N > 1,
where SL(2, Z)-duality is poorly understood. The techniques presented in this chapter can be
extended to construct the algebra of Wilson loop operators. The Hilbert space on the string
theory side is constructed from string configurations on a mapping torus whose H;(Ms, Z)
class maps to N under the projection map Mz — S*. In other words, the homology class
projects to N[y] when the torsion part is ignored. Such configurations could be either a
single-particle string state wound N times, or a multi-particle string state. A string state
with r strings with winding numbers Ny, ..., N, is described by a partition N = Ny +--- N,,
and the j single-particle string state is described by an unordered set of N; points on 7%
that is invariant, as a set, under the action of f in (2.13). The counterparts of the Wilson



CHAPTER 2. JANUS CONFIGURATIONS WITH SL(2,Z)-DUALITY TWISTS o1

loops on the string theory side can then be constructed from operations on these sets. A
more complete account of the nonabelian case will be reported elsewhere [71].

It is interesting to note that some similar ingredients to the ones that appear in this work
also appeared in [13] in the study of vacua of compactifications of the free (2,0) theory on
Lens spaces. More specifically, a Chern-Simons theory with a tridiagonal coupling constant
matrix and the torsion part of the first homology group played a role there as well. It would
be interesting to further explore the connection between these two problems.
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Chapter 3

Quadratic Reciprocity, Janus
Configurations, and String Duality
Twists

Quadratic reciprocity is a classic result in Number Theory that relates the question “does
the equation 22 = ¢ modulo p, for given odd prime numbers p and ¢, have an integer
solution z7?” to a similar question with the roles of p and ¢ interchanged. The number of
solutions z is encoded in the quadratic-residue, which is related to a quadratic Gauss sum.
In this chapter, quadratic reciprocity is shown to be a direct consequence of T-duality of
type-1II string theory. This is demonstrated by recasting the quadratic Gauss sum as the
partition function of abelian N' = 4 Super-Yang-Mills theory on a certain supersymmetry-
preserving four-manifold with variable coupling constant and f-angle. The manifold is a
(three-dimensional) mapping-torus times a circle, with an Olive-Montonen SL(2,Z) duality
twist along the circle (creating a discontinuity in the Yang-Mills coupling constant and 6-
angle). The recently discovered supersymmetric Janus configuration plays a crucial role in
the construction. The geometry of the mapping-torus depends on p and the SL(2,Z) duality
twist depends on ¢. String theory dualities act by exchanging p and ¢, leading to a relation
between quadratic Gauss-like sums known as the Landsberg-Schaar relation, from which
quadratic reciprocity follows.

3.1 Quadratic reciprocity and the Landsberg-Schaar
relation

This section is a review of basic facts from Number Theory, and more details can be found
in the references [72, 73]. The identity [73, 74, 75]

20 2p—1 q—1
67”/4 1

. 9 2
Z e~ min q/2p _ _~ Z 627”” p/q , (31)
V2p — Vi

n=0
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where p and ¢ are positive integers, is known as the Landsberg-Schaar relation. It can be
proved using the modular transformation properties of the Jacobi theta-function 0(0;7) =
S exp(2miTn?) and its asymptotic behavior as the argument 7 approaches the real axis.
However, (3.1) is an identity of finite sums, and a proof (for general p and ¢) that doesn’t
involve taking a limit is not known at the moment. We are interested in constructing a
physical system with a finite number of quantum states that reproduces (3.1) directly.

We note that the identity (3.1) is related to an elementary duality in Number Theory
known as Quadratic Reciprocity. If p is an odd prime number and a is an integer, then a is
called a quadratic residue mod p if 22 = a (mod p) has integer solutions x. The Legendre
symbol \(a,p) is defined to have the value 1 if a is a quadratic residue mod p, to have the
value 0 if p divides a, and to have the value —1 otherwise. [In the math literature, it is often
denoted by the rather confusing symbol (a/p).] The Law of Quadratic Reciprocity states
that if p and ¢ are odd primes then

Ap,q) = (=1)E=DRE@DRIN (g, p). (32)

It is a nontrivial statement that relates the existence or nonexistence of solutions to a
quadratic equation modulo p to the existence or nonexistence of solutions to a completely
different quadratic equation modulo q.

A Quadratic Gauss Sum is, by definition, the discrete Fourier transform of the Legendre
symbol:

p—1 p—1
Xp(a) _ Z e27rmb/p)\(b7p) _ Z e27rzan2/p7 (33)
b=0 n=0

where the last equality follows from the identity Zf;é e?miab/v — () for a0 (mod p). It is not
hard to prove that x,(a) = A(a,p)x,(1), so the quadratic Gauss sum is proportional to the
quadratic residue. It can also be shown that x,(1) = /p if p=1 mod 4 and x,,(1) = i,/p if
p =3 mod 4 (see [72]). Quadratic reciprocity is then a statement about the relation between
quadratic Gauss sums. For example, if both p and ¢ are 1 mod 4 then x,(q)//? = xq(P)/\/4-
Variants of quadratic Gauss sums are provided in Appendix C.1

For prime and odd p and ¢, the Landsberg-Schaar identity is a slightly modified version
of quadratic reciprocity. To see this, define

2p—1

opla) =Y emiem/, (3.4)

n=0

which is periodic in a with period 2p. It is elementary to check (by splitting the sum over n
into odd and even numbers) that

op(a) = (1+")xp(a). (3.5)
It follows by simple algebra that if p # ¢ are odd primes then
1 1 1

= —e1=imy (p). (3.6)
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Taking the complex conjugate and noting the elementary result that A\(—1,¢) = (—1)@~1/2,
the Landsberg-Schaar identity (3.1) follows in the form

1 1

1
— e 1

\/_2—p9p(_Q) = Va

We will now construct a (p, ¢)-dependent type-II string theory setting whose partition func-
tion can be calculated in two T-dual ways. One gives an expression proportional to x,(p)
while the other gives an expression proportional to o,(—¢). While the argument can be made
directly in type-II string theory, it is more instructive to proceed through an intermediate
step that is U(1) Chern-Simons theory.

i

Xq(D) - (3.7)

3.2 Chern-Simons partition function

Consider Chern-Simons theory at level k (which we assume is a positive integer) with U(1)
gauge group, formulated on T2 x R where R is the (Euclidean) time direction and T2 is a
torus parameterized by periodic coordinates 0 < xq, x5 < 1. The action is [ = % JANdA,
where A is the gauge field. It is well known [77] that the Hilbert space of the theory has
exactly k states, which we will denote by |a) (with @ = 0,...,k —1). Let a and /5 be two
fundamental 1-cycles of T2, where a corresponds to a loop at constant z,, with z; varying
from 0 to 1, and S corresponds to a similar loop at constant x; with x, varying from 0 to 1.
Consider the Wilson loop operators Wy = exp(i §, A) and W, = exp(i 555 A). Their action
on the states is given by the clock and shift matrices:

Wila) = e*™/%|q) Wala) = |la+1). (3.8)

We now assume that k is an even integer and set k = 2p. We will need the action of large
coordinate transformations on the Hilbert space. This action only depends on the topological
nature of the transformation, i.e., on the representative of the coordinate transformation in
the mapping class group SL(2,7Z). The action of a general transformation can be calculated

from the action of the two generators T = ( (1) } ) and S = ( (1) _(1] ) They act on the

Hilbert space as

k—
Z mab/k’b T’a> _ e—iﬂ/126i7ra2/k|a> _ (39)

b=0

Up to the phase, this can be checked by making sure that the commutation relations S—1w, S
and T—*W,;T are as they should be (for i = 1,2), given the geometrical interpretation of T
and S. The phase e~"/12 is restricted by requiring (ST) = 52, Tt can be derived more
systematically by writing explicit wavefunctions (as a function of holonomies of the gauge
fields) or by recalling the connection between U(1) Chern-Simons theory and the 2D CFT
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of a free chiral boson. The states can be associated with characters of primary states and
S and T act by modular transformations [78]. The factor e~""/12 is related to the shift in
energy by —c/24 where ¢ = 1 is the central charge. Note also that the equation for T is
ill-defined for odd k. In that case only even powers of T are well-defined. The quadratic
sum appearing on the LHS of the Landsberg-Schaar relation (3.1) can now be written as

2p—1

Qp(—CI)/ /_2]9 _ 6-m‘(Q+2)/12Z <n|,§'T_q_2|n>
n=0
= e miar)/12 ¢y (GTa2), (3.10)

The trace tr(ST ~272) in turn, can be recast as a partition function of Chern-Simons theory
on a 3-manifold obtained by including time (parameterized by xy) and identifying zo = 0
with zp = 1 up to a diffeomorphism of 7% that corresponds to the SL(2,Z) transformation
ST—7-2_ In other words, the 3-manifold is given by T? x [0,1] with the identification

(w0, 21, T2) ~ (ko + 1,22, (2 4+ q)z2 — 21).

This is a special case of what is known as a mapping torus — a manifold formed by fibering
a T? (directions xy, x5) over S' (direction z).

3.3 Type-1I string on a mapping torus

The next step is to realize the Hilbert space of U(1) Chern-Simons on T2 at level k as the
Hilbert space of ground states of a type-IIA string configuration on a different mapping
torus, as was done in [77]. The series of steps that take us from Chern-Simons to type-ITIA
string theory will be briefly recalled for completeness below, but let us start by describing
the resulting type-IIA background. We take as coordinates (yo,...,%s) and take (yi,ys)
to describe a T2, where y; and y, are periodic with period 1. We let the shape (complex
structure) of the torus vary as a function of y3 so that the metric at yy = ys = -+ =49 =0
is

ds \dyy + 7(y3)dys=|* + R*dy;

 Im7(ys)
where 7 = 7, +i7y is the complex structure parameter, A is the area of T2 that (for the time
being) is kept constant, and R is a constant as well. Directions yy,...,yy are irrelevant to
our story (except for their role in preserving supersymmetry), and so we will ignore them.
We then connect the T2 at y3 = 0 with the 7% at y3 = 1 via a linear SL(2,Z) transformation

as follows. Let M = < 3 b ) be a fixed matrix in SL(2,Z). We require that 7(1) = 2:58312

d
and impose the extra identification

(Y1, y2,y3) ~ (dy1 + bya, cys + ays, ys + 1). (3.11)
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We add a fundamental string to this background and require it to wind once around the
direction of y3. Ground states of this string will be configurations of minimal length. Such
configurations have constant (y,ys2) for which both (d — 1)y; + by and cy; + (a — 1)y, are
integers. It is not hard to check that the number of ground states is |a+d —2|. (See [77] for
details.) We will now restrict to the case M = T¥~2S. We can then identify the ground states
with the states of Chern-Simons theory of the previous section. Note that the operator W; of
(3.8) increases the momentum in the y; direction by one unit and decreases the momentum
in the yo direction by one unit, but due to the identification (3.11), momentum is only
defined modulo k. On the other hand, the operator W5 increases the string winding number
in direction gy; by one unit. To see this, note that the loops associated with the string states
la) are topologically different for different a’s. The first Homology group of the target space
is Z & Zy and the label a corresponds to the element in Zy that describes the homology class
of the string. It is not hard to check that attaching a loop of a string wound around the y;
direction to the state |a) results in a loop that is equivalent in homology to the state |a + 1).
In other words, the string states |a + 1) and |a) differ by one unit of winding number along
y1. Similarly, it is not hard to check that W5 decreases the winding number in direction ys
by one unit. (See [77] for more details.) These winding numbers are again defined up to the
identifications implied by (3.11).

Next, we ask what is the interpretation in the string theory setting of the operators
T and S defined in (3.9). To describe them, we first need to define the complex Kihler
modulus p = %B + ia/ A, where B is the integral of the NS-NS 2-form field on 72 and

o is the string tension. In Chern-Simons theory S and T act as diffeomorphisms. For
example, S™'W,S = W,. In the string-on-mapping-torus setting, the operator that converts
Wi to W must exchange momentum with winding number. It therefore must be identified
with T-duality on the torus, which acts as p — —1/p. Similarly, T" acts as p — p+ 1. Set
R R N !/ /

R = ST%2 Then, R corresponds to an SL(2,Z) transformation R = ( 2/ 2, > that

apth’  poL e — 2p, the operator R acts on the ground

c/pt+d’

preserves 7 and acts on p as p —
states according to (3.9) as

2p—1

R a) = _efﬂi(q+2)/12 ewi[Qab+(fq72)b2}/2p b
|a) NeT; ; )

The formal argument for why S is to be identified with T-duality on 72 can be made more
precise by following the chain of dualities described in [77] that leads from Chern-Simons
theory to the string-on-mapping-torus setting. The first step is to realize Chern-Simons
theory as the low-energy limit of a compactification of N = 4 supersymmetric U(1) Yang-
Mills theory on S! with boundary conditions that include an S-duality twist. At this point
7 is identified with the complex Yang-Mills coupling constant % + %, which is allowed to

vary along direction 3 in a supersymmetric way known as a Janus configuration [5, 79, 80].
The coupling constants at x3 = 0 and x3 = 1 are not equal, and to close the configuration
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smoothly we have to insert an unconventional boundary condition that connects a Yang-
Mills configuration at x3 = 1 with an Olive-Montonen S-dual configuration at z3 = 0,
with the particular duality transformation taken to be M € SL(2,Z). An R-symmetry
twist is also usually necessary to preserve supersymmetry. The proof that the low energy
limit of this configuration is indeed Chern-Simons theory at level k = 2p, as well as other
details, can be found in [77]. Next, we realize the Super-Yang-Mills theory as the low-energy
limit of a D3-brane in type-IIB, and we compactify directions z;, x5 on T?. We proceed
by performing T-duality on direction x; to get a D2-brane in type-IIA, and we refer to the
T-dual direction 1 as “y;”. We follow by a lift to M-theory to get an M2-brane wrapping the
M-theory direction, which we refer to as “y,”, and we finish with a reduction to type-ITA
by eliminating direction x5. The result is type-IIA with the background geometry of the
mapping torus, and a fundamental string wrapping direction x3 = y3. Following the known
action of these dualities, which combined amount to a U-duality transformation, it is not
hard to see that M is realized as T-duality, as stated.

3.4 Quadratic Reciprocity is T-duality

We can now see how to realize the quadratic Gauss sum (3.10) in terms of the string-on-
mapping-torus setting. Start with a compactification of type-ITA on T2 (directions y; and
yo) and a string with worldsheet in directions (yo, y3). It has an SL(2,Z), x SL(2,7Z), duality
group, with SL(2,Z), acting on the complex structure modulus 7, and SL(2,Z), acting on
the Kahler modulus p. If we now compactify direction y3 on S with an M € SL(2,7Z),
twist and direction gy, on another S with an R € SL(2,7Z) , twist, the partition function
of the string is, up to a phase, going to be 0,(—¢)/v/2p, according to (3.10). (The phase is
important and will be discussed separately below.) But type-IIA string theory has another
T-duality symmetry that exchanges SL(2,7Z), <+ SL(2,Z),. In this T-dual perspective the
role of M and R is interchanged. We now have type-IIB strings on a mapping torus defined
by R € SL(2,7Z) which has ¢ ground states. Following the same kind of arguments that
led to (3.10), we see that with the role of M and R reversed, the partition function will be,
up to a phase, given by x4(p)/\/q. We therefore see that, if we can explain the phase, the
Landsberg-Schaar relation is a direct consequence of p <+ 7 duality.

3.5 The phase

We have seen that T-duality p <> 7 is the natural framework for understanding the Landsberg-
Schaar equality (3.1), which in essence expresses the phenomenon of quadratic reciprocity.
But to complete the argument it is necessary to understand the emergence of the phase e™/*
on the LHS of (3.1). For this purpose we have to describe in more detail the supersymmet-
ric construction. We will see that the phase emerges as a difference in Berry phases when
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either p or 7 are allowed to vary as a function of time (a role played by either yy or y3) in a
Janus-like configuration.

We begin by reviewing in more detail the supersymmetric Janus configuration. As shown
in [5], to preserve half the supersymmetry the function 7(ys3) has to trace a semicircle centered
at the origin. For 7(0) and 7(1) to be connected via M, we find [77]:

— 2 _ )
o a—d N (a+d)2—4 Qi
2c 2|c|
where 1(ys) is an arbitrary real function. One can also check that if 7(0) = (ar(1) +
b)/(c7(1) +d) then

ler@) +dl _ iwo-va)

cr(l)+d
If 7 is understood as the complex structure of T2, then the j* (j = 0,...,¢—1) wavefunction

of level-g Chern-Simons theory can be expressed as a wavefunction of the holonomies 0 <
1,8 < 2 as

1 [e'e]
(QQTQ)Z 198162 i(qn+j)&1+migr(52 +n+)?
Vg = or ¢ Z gllametmiar Gy tnty) (3.12)

This is, in fact, a wavefunction of the lowest Landau level of a nonrelativistic charged particle

on a torus labeled by &, & with ¢ units of magnetic flux and gauge field (& d&; — &2d&y) /2.
Now let 7 vary adiabatically. The corresponding Berry connection is

. 1 x
Ar = iUl Vig) = =0, Ar= A7,
T2
and the Berry phase acquired from 7(0) to 7(1) is

A ‘ . d 1/2
e — ezfA — eg(w(o)_d’(l)) — (%) . (313)

For M = T?-US we set ¢ = 1 and d = 0. Next we apply the M operator to convert 7(1)
to 7(0). The modular properties of ¥; , are as follows

_mi g—1

=0

and
27ij2

Ujg(61 — 26,8057 +2) =e g W&, &5 7)
Thus, M = T?2-1S acts as

s’

—1
e~ 4 2mi(p—1)j2 d 2mi )
J
e d E e’ W,
V4

S
.
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Including the Berry phase (3.13), we calculate the partition function as

_ T
4

e

7 Xq(P) -

Z = e tr(M) =

Note that the precise semicircle graph of 7(y3) found by Gaiotto-Witten is crucial to have a
7(0)-independent partition function. Switching the role of k = 2p and —¢q we similarly get

s

e 4
7' = —=0p(—1q) -

2D

So, to connect with (3.7) we only need to show that Z = e% Z’. We note that the above
calculation of the phase is most natural when M is the SL(2,7Z), twist, because the system
reduces to geometric quantization of a torus with wavefunctions naturally mapped to the
lowest Landau level [66, 81]. So, in that case both Z and Z' would be type-I1IB partition
functions but the p <» 7 duality converts type-IIA to type-IIB. Because the only difference is
in the fermion sector, and the fermions are massive, this shouldn’t make much of a difference.
Even if there was a phase difference ¢ coming from the fermion sector, it couldn’t be the
explanation, because we could convert either Z or Z’ to type-IIA in which case the phase
would be either ¢ or e=®. The explanation of the e phase mismatch must be elsewhere!).

3.6 Review of U(1)

In this section, let us review the abelian U(1) case of our theory. We want to understand this
example throughly in order to attempt to extend the partition function to nonabelian gauge
theories, specifically, the U(2) case. We define the theory as a Gaiotto-Witten configuration
compactified with an SL(2, Z)-twist and then twisted in 3D. Consider the U(1) case with an
M € SL(2,Z) twist. Set

M = ST ... ST* .

There are two equivalent ways of thinking about the Hilbert space of ground states [77]:
1. as a space of minimal-length string states in a three dimensional mapping torus;
2. as a space of ground states of Chern-Simons theory on T? with gauge group U(1)".

In the following two subsections, let us study both of these equivalent ways.

3.6.1 Mapping Torus Description

First, let us start by studying the string states of our three dimensional mapping torus. The
mapping torus is described by a T? fibered over S'. Let # € R be a periodic coordinate on
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the ST base, and let x € R? be a periodic set of coordinates on the T2 fiber. The mapping
torus is defined as the set of points (6, x) with identification

0,x) ~ (O, x+N)~O+1,M'x), VN e€Z. (3.14)

A minimal-length winding-number 1 string configuration corresponds to a point on the fiber
(described by coordinates v € R? modulo the lattice Z?) that is invariant modulo Z? under
the M-twist, that is v — Mv € Z2.

This has rational solutions v € Q?, and we define a Hilbert space of states with basis
{|v)} comprising of states |v) such that

(M —T)w e Z? (3.15)
with |v) = |u) if v —u € Z2.
Now define the lattice:
S (M—1) (22 = fve @ (M —Tjw € 22} 5 22 (3.16)

Then a solution to (3.15) with the identification “v ~ u whenever v — u € Z?” defines an
element of the coset Z/Z?. This coset is a finite abelian group which can be identified with
isometries on a mapping torus defined by the SL(2, Z)-twist given by M. (See [77] for more
details.) It is easy to check that the number of states is

2/Z2| = |det(M —T)| = | tr M — 2|.

e:(g’ —01).

Then M € SL(2,Z) satisfies the identity

Define the antisymmetric matrix

M'e =M™, eM = (M "e. (3.17)
We need to know the action of the T-duality group of the T’ 2 fiber. This is an SL(2,Z) group
generated by T and S that act as:

fk|v> _ ekm‘vteMv|U>7 §|U> Z —2miute(M—T)v |U> (3.18)

\ /ZQ u€=/Z?

Technically, Tx might be ill-defined for odd k (unless M satisfies additional restrictions to
be discussed later), so for now we will assume that k € 2Z. Note that these definitions are

independent of the representatives v and u, because N € Z? we have N''e(M —T)v € Z when
(M —T)v € Z?, and also

ule(M — TN = u' (M N eN —u'eN = [(I — M)u]' (M 1)'eN € Z.
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Note also that since € is antisymmetric we have
vieMuv = v'e(M —T)v

The phase exp(kmivteMv) has a nice geometrical interpretation. The expression %vteM v is
the area of a triangle in R? with sides given by the vectors v and Mv. To see how this is
related to T' consider a string worldsheet that interpolates between the states |0) (a string at
v =10) and |v) (for v # 0). We can do that constructing a section of the mapping torus with
x = (v and let ¢ € [0,1] and # € (0,1) be the coordinates of the worldsheet. If we attach
to this surface the triangle with vertices {0, v, Mv} we obtain a surface whose boundary is
the union of three loops: the loop corresponding to string state |0), the loop corresponding
to string state |v), and the loop from (0,v) to (0, Mv) ~ (1,v) at constant § = 0, which is
a closed loop thanks to (3.14) and (3.15). If we now consider the scattering amplitude of an
inelastic scattering process with two strings states going into two string states:

0) ©[0) = [v) @ |-v)

then it is calculated in string theory by a path integral over worldsheets > with bound-
aries corresponding to the four string states |v), |—v) and |0) (wrapped twice with op-
posite orientation). Then the duality operation T* acts on the Kalb-Ramond field B as
B — B+ 7kdx"' Aedx and multiplies the scattering amplitude by the phase exp(i fz B). The
construction above shows that this phase is 47k times the area of the triangle with vertices
{0,v, Mv}, which corresponds to a wavefunction normalization of each of the |+v) states by
exp(kmivte M), as required by (3.18). (See [29] for a similar argument.)
Now let us check that S? acts as —I. To see this, we first calculate

u'e(M —T)v = —v' (I — M"eu = —v'eu + v'M'eu = —v'eu + v'eMu = vie(M — T)u
So

§’U> —27r7,u e(M—-I)v ’U) —2mv e(M-I) u‘u>
V /Z2 UEZ/ZQ \/ /Z2 uGZ/ZZ
S2’U | /Z2 Z Z emeu e(M—T)(v+o") |'U >

u€Z/Z2 v €E/72

and

Now, it is not hard to check that

1
|=/22]

Z e—27riute(M—]I)(v+v’) _ 5(,0 +U/)
u€e= /72
where §(v + v') is the d-function in the abelian group Z/Z? (that is, v + v’ needs to be zero

not in = but in Z/Z?%). To see this, note that we can change the summation variable u to
u + v’ for any constant u' € Z/Z2, so

‘ /1 2’ Z 6—27riute(M—]I)(v+v’): 1 Z e—27ri(u’+u)te(M—]I)(v+v')
2/7 =

u€E/2? u€s/72
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and the latter expression can be written as

6—27riu't5(M —I)(v+v") —2miute(M—T)(v+v’)

ue =/72
So the sum can only be nonzero if
We(M—T)v+v)eZ  Vu €E/72
But this can be written as
W'e(M —T)(v+0") = (v+v)e(M—T)

and (M —1T)u’ can be taken to be an arbitrary vector in Z?. So, v+v" € Z%. So, we conclude
that B
§?lv) = |-v).

We also need the relation

oy = 8]-v) = SO ey, (3.19)

VIEZ /Z2 Wy

3.6.2 Chern-Simons Theory Description

Now, let us analyze the other side of the equivalence established in [77], that is, the space
of ground states of Chern-Simons theory on 7% with gauge group U(1)*. The U(1)* Chern-
Simons theory description of our system has a coupling constant matrix

k, -1 0 ~1

-1 :
K=o . . .0
.. .. R— |
—1 0 -1 k;

The Hilbert space of U(1)" Chern-Simons theory on 72 with coupling constant matrix K
has a basis of states |[v) parameterized by ¥ € Z* such that |v) = |u) if v —u = KN for some
N € ZF. Define the lattice

AN KZ)={Kw:-weZ}CZ".

So A is the sublattice of Z* that is generated by the columns of the matrix K. The coset
Z* /A is a finite abelian group. The Hilbert space of U(1)* Chern-Simons theory on T2 with
coupling constant matrix K has a basis of states which can be identified with elements of
Z* /A. Pick a nontrivial generator of m(7?), and consider the corresponding r Wilson loops
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acting on the Hilbert space. They form a commuting abelian group which can be identified
with Z* /A.

Next, we define the action of another SL(2,Z) on the Hilbert space. From the Chern-
Simons perspective, this is the mapping class group of T2?. The generators act on states

as
Z —2miut K~ >’ Tk|fﬁ> _ ekm%'tK—l'6|f6>

v |Zr/A uezZr /A

Note that 7% could be ill-defined if k is odd.

S[o) =

3.7 Generalized Landsberg-Schaar relation for U(1)

Now that we have reviewed the details of our theory in the latter section, let us generalize
our calculations. We will study a basic version of U(1) below, and then we will explore a
generalization extension.

3.7.1 Basic version M = ST?*2 and M = ST4*+?
We obtain the original Landsberg-Schaar relation by taking

_ p+2 _ (P+2) -1 A7 a2 _ (Q‘|’2) -1
M =_8T —( 1 0 ) M =58T = 1 0 )

Solutions to (3.15) can then be represented by

so that
(M —T) = (p+1) —1 p)=(")ez:, n=0,...p-1
1 —1 > 0

So, instead of writing |v) we can write |n) (n = 0,...,p — 1). Then, using (3.18) we can
calculate

- ‘ - 1 ‘

T92|n) = @™ /o) - Sln) = > " e 2 (3.20)

m=0

where we used the relations

vieMuv = (”

3 |
3
SN—
R
)
o |
[—
~__
7N
)
=
-+
[\
S~—
=
—_
~__
7N
SEEACER]
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and for

we calculate

Define
trfol) = trace in U(1) Hilbert space for strings on mapping torus with twist M.
Then,
~ o~ p_l 7riqn2
trl)(STT2) =) e » (3.21)
n=0

It is well-defined if at least one of p and ¢ is even. (Otherwise, replacing n by n + p in the
expression gives an opposite sign.) The Landsberg-Schaar relation states that

) Qpat+2y — Z (1) op+2y-1
trz(,)(STq )=e€ trg)((STp )7), pq € 27.

3.7.2 Generalization I: M = STP+25TP+2 and M = ST4+2

For our first generalization we take

M = STPH25TP+2 — ([(Pl + %;ipi‘gf) —1] —2(1111+ 2)>

We have
det(I — M) = pips + 2(p1 + p2).

Let us first assume that both p; and p, are even and set
p1 = 281, P2 = 28s.

The Smith normal form of I — M is then given by

oAM= (1 i S9 ?) (g 2(s152 +031 + 82)) (_01 - Ir 81)) (_2(11+ 52) (1)) |

Solutions to (3.15) can then be represented by

' <—2<11+32> (1)> <_01 oy )> (n/P(Sl f/’i“m”)’
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with
CLZO,]., n:O,...,2(3152+31+52)—1.
> (1+5) /
(1 0\ (-1 —(+s a/2
v= (2(1+32) 1) (o 1 ) (n/[2(81 +52+3132)]) : (3.22)

and it is easy to check that

(I1- My = (n calls sz>>

(1 + 81)n2 i (1 + SQ)CL2
2(81 + So + 8182) 2

and

vieMuvy = —

and if we set

= (antor DG G Vo)

then
ate(M — Ty = — (14 s1)mn ma —nb+ (1 + s2)ab
2(81 + 89 + 8182) 2
Define
tra’m) = trace in U(1) Hilbert space with twist M.
Then,
1 2 81+82+8182 —1 . 2 . 2

) mig(1l + s1)n mig(1 + s2)a

t ST ) = _
r(pl p2) ( ) 2(81 + 89 + 8152 1/2 Z Z eXP < 2(81 + S9 + 8182) + 2

This can be written as

7”‘1(1'5‘52) 2(s1+s2+s152)—1 .
tr(l) (§Tq+2> _ 1+exp ( > ' 22:1 ’ exp (_ migq(1l + 51)n2 )
(P1.p2) 21/51 + S + 5152 g 2(s1 + 89 + 5182)
or as
co(1+s 2(81+82+8182)—1 . 2
Y (STq+2) 1 4 9(1+s2) Z exp [ — mig(1+ s1)n (3.23)
(P1,p2) 2+/S1 + S9 + 5152 2(31 +32+3182)

n=0

On the other side of the generalized Landsberg-Schaar relation we should have

1)/ Q728142 Qr2sa+2\—1\ __ 1) —2(s24+2) o—17—2(s1+1) a—1
trlD (ST 29722 +2) ) = grl)(T 22t g2t g =T
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Using (3.19) and (3.20) we calculate (replacing p — ¢, of course):

q—1

Z 627r7lmn/q’Tn> )

m=0

T 2(s+1) ’n> — ¢ 27ri(s+1)n2/q|n>’ §—1|n> _

Sl

So,
£ (f—2(52+2)§—1f—2(51+1)§—1)
q

qg—1
— <n|T—2(52+2)S—1T (51+1 1|TL>

n

Il
=)

q—1 g—1

_ _ZZ 27rzmn/q n|T sz+2 1T—2(51+1)|m>

n=0 m=0
1 & 1 g-1 N _
_ 7 Z Z e?ﬂ'imn/qe—Qﬂi(sl—i-l)m?/q<n‘T—2(52+2)S—1|m>
qn 0 m=0

qlqlql

_ _ZZZ 2mmn/q —2mi(s1+1)m?/q 27rzlm/q<n|T 2(s2+2) |l>

nOmOlO
qlqlql

— § E E 2mmn/q —2mi(s1+1)m 2/q627rzlm/q —2mi(s2+1 l2/q5

nOmOlO

Altogether, we get
tr((]l)(f*2(82+2)§71T72(81+1)§71) _

1 qg—1 g—1
- Z Z 627rimn/qe—2m'(sl+1)m2/q€2m'mn/q€—27ri(32+1)n2/q
q

n=0 m=0

So,
1 & o
e (P22t G121 -1y - © Z o5 @mn—(s1+1)m?—(s2+1)n?) (3.24)
! q m,n=0

It can be checked that for even ¢ we indeed have:
(p1 22) (STq+2) — —itrél)(T_2(82+2)S_IT_2(81+1)S_1)*
Note that we need the phase e ™/? the complex conjugate on the right. The phase of e /2
makes perfect sense — it is (e7™/4)?, where each e~™/* comes from one S.
Setting a = 1+ s; and b = 1 4 so, we can write the identity as:

q—1

i Z — 27 (2mp—am?—bn?) < L4 > 2%33 ( —Wiqarﬂ > (3 25)
—_— e 4 = | —F/— ex - 5 .
p wab—1) = P\ 2@ 1)

m,n=0
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for
q €22, a,bel, ab > 1.

We prove this identity in Appendix C.2.

3.8 The states for U(2)

The Hilbert space of strings with winding number n on the mapping torus decomposes
into a direct sum of Hilbert spaces — each subspace corresponding to a partition of n. For
n = 2 we have only two subspaces which we denote by H 2y and H141). The Hilbert space
H(2) corresponds to a single string with winding number 2, and # ;41 corresponds to two
(identical bosons) strings, each with winding number 1.

Define the lattices

B = M-I (72 ={veQ®: Mv—veZ?}D7Z?, (3.26)
E o= (MP-D)HZ)={veQ: Mv—vEZ}DE,. (3.27)

Note that if v € Z5 then also Mv € =5. In =5 we define an equivalence relation R by
v ~ Mwv. Then,

Hawy = (S(E1/2%)),  He = (Z/Z°)/R),
where ((---)) denotes the vector space generated by a basis set (---), and S?(---) denotes

the symmetric product. In other words, H41) is the space of two-particle states with a
basis:

- 1 -
lv,v), v€E/Z?, and — (v, v2) + Vo, 1)), vi,v2 € Z1/ZF, vy # vy,

V2

Basis elements of H ) can be taken as

1
lv), ve€Z/Z?, and —(Jv) + |Mv)), vezy/7?, v # M.
V2
The U(1) Hilbert space defined in §3.6.1 is simply (=,/Zy) and we define the action of
SL(2,Z) on H141) by extending the formulas (3.18) to act on the symmetric product:

Tk"l}b U2> _ ekm‘(v{ele+v§6Mv2) ’Ub U2>

~ 1 . )
S‘Ul, 'U2> _ |:1/Z2‘ Z 6727rzut16(M7]I)v172mu§e(M7]I)v2 ’ul’ U2> )

u1,u2 €1 /22

(Note again that T* could be ill-defined if k is odd.)
We define the action of SL(2,Z) on H ) by replacing M — M? in (3.18):

— 7r7,u5 2
\/W D ey (3.28)
=2 ue= Q/Z2

j?k|v> _ ekmUtEM%|U>, §|U>
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Note that this definition is consistent with the equivalence relation |v) = |Mv). To see this,
we use (3.17) to calculate

u'M'e(M? —T)Mv = u'e M (M? —T)Mv = u'e(M? —T)v.
We can easily calculate the dimensions of H sy and H141) as follows.
dim Horny = 3E/Z2N(E1/Z7) +1) = 3] (M) —2|(1 + | (M) 2],

dimH = L (15/22] — B2/ Z2)) + [21/22] = 3] tx(M) — 2(1 + | tx(M) +2])

M— <(p+2) —1>

For

1 0
with p > 0, we have |=;/Z? = p and

dimH41) = %p(l) +1), dim H ) = %p(p +3)

We can now explore extensions of the Landsberg-Schaar relation. Set

- (<q+2> —1) _ 372

1 0
Define
trz()Hl) = trace in H41) for strings on mapping torus with twist M.
and
trf) = trace in H(y) for strings on mapping torus with twist M.

We now define
Xi(p,q) = e TVST™), X(p,q) = P (ST,
The generalized relation we are looking for is a relation involving

Xl(pa Q>7 XQ(p7 q)a Xl(Qap)a XQ(qvp)

We would then like to compare to the Landsberg-Schaar relation for U(1) and M and the
generalized Lansdberg-Schaar relation for U(1) and M?.

3.8.1 The calculation

It is not hard to check that for O, a product of single-particle operators which we denote by

O we have )

aO) =2 D @O | +5 > wO*).

vEEL /72 vEEL /72
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For O = ST+2 we use the results of §3.7.1, and in particular (3.21), to write

-1

Sq+2v L ’”q"
> (0]ST™v) \/—Z

vEE /72

From (3.24) (or its complex conjugate) we get

p—1
Z <v|(§'f<1+2)2|v> = 1 Z o5 (@+2)m?+(q+2)n® —4mn)

vEE /72 p m,n=0

So,
p—1 2 p—1
tr(1+1)(§f2t+2) _ i Ze’”%ﬁ + i Z 6%[(q+2)(m2+n2)—Amm]
g 2p n=0 2p m,n=0
It is also not hard to check that for @ that commutes with M we have
wP(0) =3 Y (v|O) + (v]O|Mw)).
1}652/22
We now assume that p is even and set
p = 2s.
For O = ST we calculate using (3.23) (with s; = sy = s):
o 1 q(1+s) 23(3‘1‘2)71 . 1 2
S (u[3T) = <+Z_) > e (L)
vezy72 24/s(s+2) — 2s(s +2)

Before we proceed, we note that

Tq+2 ”U> _ 6(q+2)7rivt6M2v ‘U)

and

T‘HQ\M@ _ e(q+2)m‘vtMteM3v’M,U> _ €(q+2)mvteM—1M3v|MU> _ e(q+2)7rivteM2v|MU>

and
[E2/2°| = det(M* —1T) = p(p + 4)
Now we calculate (using (3.18))
> @IST 2 My) = Y ety G| pw)

vEEY /72 VEEY /72
— 2 2 €q+2 TV €M2U6—2ﬂ'lu€M2 ]IMU( ’U)
\% p + UE Eo/Z2 ue=s /72

_ § e (g+2)mivt eMQUe—va e(M?-T)Mwv

\ p+4 VED 2/22
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Now we use (3.22) to write

v (2(11+3) (1)) <_01 —(11+ S)> (n/[Qs({SQ—I— 2)]) !

We calculate:
(1+ s)(n? — s(s +2)a?)

t M2 —
v'eM*v 2551 2) 7
and
Se(M? — DMy = LA 20" — (s +2)a”)
B 2s(s +2)
(n? —s(s+2)a?) )
- - 2 3.29
25(s+2) +n” = s(s+2)a (3.29)
So,
6727T’L"Ut6(M27H)M'U — exp _7TZ(7Z — S(S 4+ 2)@ )
s(s+2)
So,

> (| ST"?| M)

'UGEQ/ZQ

L 2s(s£2)-1 j 2 s(s a’ mi(n? — s(s a®
B L gy eXp(Wz(q+2)(1+s)(n (s +2)a%)  2mi(n® — s(s +2) >>

2s(s + 2) 2s(s + 2)

Ti[s(q +2) + ¢](n® — s(s + 2)a?)
eXP ( 25(s +2) )

2s(s+2)—1 . 9
_ 1 [1 + (—i)?@2tq) Z exp (m[s(q +2)+4q|n )

24/s(s+2) —~ 25(s +2)
14 (—g)aiHs)+2s 25(552:)1 (m’[q(l +8) + 2s]n2)
ex
24/s(s+2) —~ P 25(s+2)

This is how you do the calculation for the U(2) case. For other nonabelian groups, the
calculation is much harder given the fact that there is a difficulty writing the operator
expression for S, 7. Work related to this extension is left for future research.

3.9 Discussion

In this chapter, we have successfully shown how quadratic reciprocity is a direct consequence
of T-duality of type-II string theory. The entire analysis was done for gauge group U(1), and
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sketched for the non-abelian gauge group U(2). It would be very interesting to extend this
analysis to other more complex non-abelian groups in order to see what number theoretic
identities we find. The extension to gauge group U(n), for n > 2 is left for future research.
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Appendix A

Q-balls of Quasi-particles

A.1 Recasting the BPS equations in terms of a single
potential

The action (1.86) is invariant under dilatations that act as

flrip) = f(Ar, Ap), x(r,p) = x(Ar, Ap) .

The components of the associated Noether current are given by

) 13 P ) o o TR\
2f2 " rfr 22 22 e 2p2)

o= Do pldy PR PN paeXe PG
2r f? f? 2rf2 = 2rf? f? 2r f?

The equations of motion (1.80)-(1.81) imply the conservation equation’

(J)r +(J7), =0,
which implies that there exists a potential function ® such that
JP =, J' =-d,. (A.1)

To proceed, we think of the functions f and x as defining a change of coordinates from (f, x)
to (r, p) [similar to (1.88), except with the ¢ coordinate absent]. In (r,p) coordinates, the
AdS5 metric (1.87) becomes:

ds* = &,,.dr* + 28, ,drdp + & ,,dp* (A.2)

'But note that (J7,J?) are not directly related to the stress-energy tensor derived from the original
(“physical”) action in the original fields A; and ®. The “physical” conserved currents associated with
dilatations generally vanishes on BPS configurations [63].
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where the metric & can be expressed, using (A.1), as:

Q5r7’ _%(q)pp + (I)rr + %(I)r + %(I)p) )
r2

Q5pp _m@)pp + @, — %q)fr - ,l)q)p) )

&, = m(ﬂbr —p®,).

® then satisfies a nonlinear differential equation that states that the Ricci scalar of (A.2) is

R = —2. In order to incorporate the Dirac string for < a, the function ® must diverge like
logp as p — 0 and r < a. Define Z and R by:
=L(pP+r2—d®), R=VpP+Z2=L(?+r2—a?)?+4ap?. (A.3)

For large a, the solution to f and Yy is given by adapting the Prasad-Sommerfield solution
as given by [49]:

f psinh R _ ZcoshZsinhR — RsinhZ cosh R
" R+RcoshRcoshZ — ZsinhZsinhR’ X = R+RcosthoshZ—Zsinth(iKhl)%’
A4

where we have set the VEV to v = 1, and we have used R as a substitute for the distance
from the core of the monopole. From this we find, in the large a limit,

®— —1p°+ Llogp —logR + logsinh R. (A.5)

We also note that the abelian solution

R-Z 12
o (BB, s
2a

can be derived from the potential

2aR
(R-=Z)(a+R+Z)

® = 10°r?p* + Ju(2aR + 1* — p?) + log [

Finally, we note that a change of variables,

¢ r—ip:aeg,

r+ip = ae°,
converts the metric (A.2) to the more compact form:
ds® = —4 cosh®(55° )q)ggdfdﬁ—i—coth( £)(Dede? — g edE ) (A.6)

where ®¢ = 09/0¢, P = O® /¢, and b = 0*®/0¢0E. The equation to solve is again
R = —2, where R is the Ricci scalar calculated from the metric (A.6), and the result is a
rather length nonlinear partial differential equation for the single field ®, which we will not
present here.



APPENDIX A. Q-BALLS OF QUASI-PARTICLES 80

R N W b~ 01O

20 30 40 50
Figure A.1: Results of a numerical analysis with parameters b = 2.60 and N = 22. The
graphs show the energy density © = U /V (solid line) and the gauge invariant absolute value
of the scalar field |®| = (92®*)!/2 (dashed line) for VEV v = 1 and soliton center at a = 1.
The graphs are on the axis U = 0 and the horizontal axis is V. The vertical axis refers to
O, and the asymptotic value of ﬁ)\ is 1. At V = 0 the value of © is 1.5 x 1072 and the value
of @\ is 0.76. The value of the excess energy £ for this configuration is less than 2 x 107 of
Epps.

A.2 Numerical results

As a first step towards a numerical analysis of the solution to the BPS equations (1.44) we
find it convenient to recast the equations in a different gauge from the one we used in the
main text. We begin by parameterizing the scalar field components as:

¢a = xa(lp + T) ) ¢3 =8, (A7)
and the gauge field components as:
AG = 2(geay, @' M+ 3eapk, AT = —reayaz(P—T), A} =W, A=0. (AS8)

with a, 8,7 = 1,2, €45 the anti-symmetric Levi-Civita symbol, and P, S, T, M, K, and W
functions of (7, p) only. Next, we fix the gauge by setting M = 0. Defining

UEpQ, V =2,

the BPS equations (1.44) reduce (after rescaling ¢ by kR) to:

0 = TW-25L, (A.9)
0 = 2UZE +UWP+2P + 55 + 15K, (A.10)
0 = V(T=P)S+3KW+2VE +2val — ok (A.11)
0 = - +1TK, (A.12)
0 = UV(PP-T*)+ i +2w+2ovE 4202, (A.13)
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Let us also set

E%(p2+r2—a2)7 RE\/pQ—}-ZQ:%\/(p2+r2—a2)2+4a2p2, (A.14)

as in (A.3). The advantage of the ansatz (A.7)-(A.8) is that the abelian solution (1.83)-(1.84)
can be written in the form:

v 1 Y4 Z v a?+U-V 1 Z
P 2R aR2?’ R aR?’ T 2R’ aR? W R? oR?
(A.15)

which has no singularities except at » = a (and in particular no Dirac string).

We now require that at either limit » — oo or p — oo the full solution should reduce to
the abelian solution. At the tip » = 0 the solution is required to be regular. This allows us
to determine /C, T, and W at the tip as follows. Setting V = 01in (A.9), (A.11), and (A.13),

we get the ordinary differential equations
TW=22L =1Kkw - & =12 oW +2U2% =0,  (V=0) (A.16)

which we can solve uniquely, given the known boundary conditions at U — oo. This is
easily done by expressing K and 7 in terms of the function (1 + UW) and its derivatives,
and changing variables to log U. The result is that unique solution to (A.16) that satisfies
the boundary conditions at U — oo is

B 4a L 2 T va
C U+a2’ U+a?’ C U+a2’

(V =0), (A.17)

which is none other than the abelian solution (A.15) at V = 0.

We cannot determine P and § at V = 0 so easily, and our strategy will be to find an
approximate solution to (A.9)-(A.13) by the variational method, minimizing the energy of the
field configuration within a certain class of trial functions of (U, V). For the energy we take
the expression for the excess energy above the BPS bound for a stationary configuration of
gauge field and minimally coupled adjoint scalar on a manifold given by the three dimensional
metric (1.46), that is,

&

1 L -
5 tI'/ \/Eng(qu) — Bz)(D](I) — Bj)dgl’

1 ~ ~ ~
= 3 tr/ [(TDTCD — Fi2)* + (rD1® — Fy,)? + (rDa® — F1)?| pdp(%£),  (A.18)

where B; and ® were defined in (1.45), and the “tr” is in the fundamental representation.
Note that £ is different from the physical energy (1.49). The integrand in (A.18) is &/r?
bigger than the integrand in the first term on the RHS of (1.49), but they are both minimized
on the BPS configurations, and (A.18) gives more weight to the vicinity of » = 0. We can
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rewrite &€ in terms of the right-hand-sides of (A.9)-(A.13) as follows. Setting

X, = Tw-24, (A.19)
Xy = 2USE+UWP 4 2P + &5 + 15K, (A.20)
Xy = V(T-P)S+ikw+2ve +2vIal — 2% (A.21)
Xy = -8 +1ITK, (A.22)
Xs = UV(PP-T*)+ i +2w+2vE 12Uy (A.23)
we get (A.18) in the form
1 212 1 2 ‘)(32 1 2 XE?
= [ (GUPx2+ A2+ 2 4+ -UX dUdV . A.24
¢ /<8U 1+82+16V+4U4+16V)U (A.24)
We also note that the BPS bound on energy is given by
Epps = ftr / V99" (B;D;®)d*x
E—— / [FmD,?IS + By Dy + F,,IDQEIS] pdpdr = / dX, (A.25)
where the 1-form A is defined by
ow oK
A = {%UICW(P +T) + L K2S + WS + %USW —UP+ T)%] dU
1 1 2 1 aK: 1 aW
+ |§USK(T = P)+ 1U(T? = P*)(1+ UW) — {U(P + T)a—v +3USS5 | 4V

Requiring the asymptotic behavior for large U and V to be as in (A.15), we find
(c:BpS = 2.

We construct our trial functions by modifying the abelian solution (A.15). But first we
need to smooth out the singularity of that solution at V = a? while preserving the asymptotic
behavior at large U and V| as well as the behavior (A.17) at V = 0. For this purpose we

define:

R=VU+V +a?2=/r?+p>+a? (A.26)
and then define smoothed versions of P, S, T, K, W:
@ 2a(va® —2)  2a*U

hel

R2 R RE
< 2 20a*U
S = v TR
- a 2d* 24U 2d°(a* 4+ U)
TEviete T T )
~ 4a  8aV
L= % wm
W o= 2 8a® 8a*(a*+U)

RORETT R
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so that for V. — oo at fixed U we have
e eo(d)
S = %—%jLO(\%),
T:=§%+O(%Q,
K = MJFO(L),

~ 1 Z 1
W= —@—@W(W) :
and P, S, T, W, K are smooth everywhere. We also define
Re=VU+V +02=/r2+p>+ 12,

where b is a parameter to be determined dynamically by the variational principle. We now
pick a sufficiently large integer N (we chose N = 20 below), and construct trial functions in
the form:

1 n+m<N
P = Pt —rmw O, PnaU"V",
Rb n,m>0
1 n+m<N
S = 8+ —mx Y SwaU"V",
Rb n,m>0
V n+m<N-—1
V n+m<N-—-1
K = K+—=maw Y. KnU"V",
Rb n,m>0
\Va n+m<N-—1

where Ppy oy, Smny Tins Ky, Winn are constant coefficients to be determined. These ex-
pressions are designed to preserve the boundary condition (A.17), as well as the asymptotic
behavior for large U and V. We then find the coefficients Py, ., Spmn, Tmns Ky Winn that
minimize &£, using the Newton-Raphson method for given b, and finally we optimize b. For
example, we find for the dimensionless coefficient va? = 1 and N = 22 that the optimal b is
2.6a. We define the energy density

1 - - ~1 1
= St |(D,®) + (D1®)” + (Dch)Q} 5t [Fh+ PR+ FR] (A.27)
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for the exact solution we have
U= MBPS =rtr |:F12DT&) + FQTDl(’IV) + FrlDQ(/i] . (A28)

The total energy is then
1 1
8BPS == Z_l / VqustdU

We present in Figure A.1 our? numerical results for © = U/V as well as for the gauge

invariant absolute value of the scalar field

@] = (0°9°)"? = JUP +T)* + &2

The results are for va®? = 1, and it is interesting to note that for such a relatively small
value of va?, the core of the soliton (where |®| = 0) is at r ~ 2.9 (V = 8.46 in the graph of
Figure A.1), which is far from a = 1.

2The graph was drawn by Mathematica, Version 9.0, (Wolfram Research, Inc.).
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Appendix B

Janus Configurations with
SL(2,Z)-duality twists

B.1 A proof of the determinant identity and the
Smith normal form of the coupling constant
matrix

Molinari gave an elegant proof [76] to a generalization of (2.2) using only polynomial analysis.
Here we present an alternative basic linear-algebra proof for (2.2). At the same time we also
demonstrate that the Smith normal form of the coupling constant matrix K defined in (2.5),

k, -1 0 . -1
I .
K=o . - - o]l

—1
1 . 0 -1 k,

is identical to the Smith normal form of

a—1 b
H—W—I—( c d—1)’

where W was defined in (2.11).
We begin by moving the first row of K to the end, to get K]. We have

det K = (—1)" det K]



APPENDIX B. JANUS CONFIGURATIONS WITH SL(2,Z)-DUALITY TWISTS 86

but both K and K7 have the same Smith normal form. For clarity, we will present explicit
matrices for the n =5 case. We get:

1 ko -1 0 0
0 -1 k; —1 0
Ki=|l0 0 -1 k, -1
1 0 0 -1 ks

ki -1 0 0 -1

)

We will now show how to successively define a series of matrices

—1

Ké7"‘7K'I/’L71: _1

related to each other by row and column operations that preserve the Smith normal form.
At each step, we need to keep track of a 2 x 2 block of K], formed from the elements on the
(n — 1) and n' rows and the m'* and (m + 1)* columns.

o= ([K{n](nnm [Kh](nl)(mﬂ))
" [Kr/n]nm [Kvln]n(mﬂ)

At the outset we have

w= (i ) -G 5)-

As will soon be clear from the construction, the matrix K/ has the following block form:

_Im—l
-1 ki1 -1 * * *
—1 k * * *
K = mt2 (B.1)
m Xn—m—4 * * ’
[Hy )i [H )i -1 k,
[Hy 21 [Hyl2e —1

where I,,,_; is the (m — 1) x (m — 1) identity matrix, * represents a block of possibly nonzero
elements, X,,_,, 4 represents a nonzero (n —m—4) X (n —m —4) matrix and empty positions

are zero. To get K, ., from K] we perform the following row and column operations on
K] :

e Add [H! 1 times the m™ row to the (n — 1) row;
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e Add [H! ] times the m* row to the n'* row;
e For j=m+1,...,n, add [K] ],,; times the m™ column to the j column.

It is not hard to see that these operations produce a matrix that fits the general form (B.1)
with m — m+ 1. Tracking how the bottom two rows transform, we find that for m < n — 2,

o (Haln [Hpalie _ (Hphe ke Hylo =[Hpln\ _ g (Kmgn 1
A\ Hipalr [Higa]2 [H} )22 + k1 [Hylor = [Hj ]2 m\-1 0/
. (1 0\ .
Since, by definition, H] = K E it follows that
-

, (-1 0 k, 1 k, , 1
H"2_(k1 —1> (-1 0)"'(—1 0)‘

It can then be easily checked that the last two steps yield:

! 1 kn—l ]- kn 1 1 0
H, = H, , ( -1 0) (—1 0) B (0 1) '

B.2 Compatibility of the supersymmetric Janus
configuration and the duality twist

In this section we describe the details of the supersymmetric Lagrangian. As explained in
§2.2, the system is composed of two ingredients: (i) the supersymmetric Janus configuration;
and (i) an SL(2,Z) duality twist. We will now review the details of both ingredients and
demonstrate that their combination preserves supersymmetry.

B.2.1 Supersymmetric Janus

Extending the work of [85]-[87], Gaiotto and Witten [5] have constructed a supersymmetric
deformation of N' = 4 Super-Yang-Mills theory with a complex coupling constant 7 that
varies along one direction, which we denote by x3. We will now review this construction,
using the same notation as in [5]. First, the real and imaginary parts of the coupling constant

are defined as
0 271

or e?’

It is taken to vary along a semi-circle on the upper half 7-plane, centered on the real axis:

(B.2)

T

T = a+ 4nDe* (B.3)

where 1(x3) is an arbitrary function.
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The action is defined as
[ — IN:4 ‘I’ I/ _|_ Il/ ‘I’ I///

where In—4 is the standard N' = 4 action, modified only by making 7 a function of x3, and
I’ I", and I" are correction terms listed below. We will list the actions for a general gauge
group, as derived by Gaiotto and Witten, although the application in this chapter is for a
U(1) gauge group, and so several terms drop out. The bosonic fields are: a gauge field A,
(n = 0,1,2,3), 3 adjoint-valued scalar fields X* (a = 1,2,3) and 3 adjoint-valued scalar
fields Y? (p = 1,2,3). In the U(1) case, X and Y? are real scalar fields. In the type-IIB re-
alization on D3-branes, the D3-brane is in directions 0, 1,2, 3, X* corresponds to fluctuations
in directions 4, 5, 6, and Y? corresponds to directions 7,8,9. The fermionic fields are encoded
in a 16-dimensional Majorana-Weyl spinor W on which even products of the 941D Dirac
matrices Iy, ..., 'y act. Products of pairs from the list I'y, ..., I's correspond to generators
of the Lorentz group SO(1,3), while products of pairs from the list I'y,I'5, s correspond
to generators of the R-symmetry subgroup SO(3)x acting on X!, X2 X3 and products of
pairs from the list I'7, I's, I'g correspond to generators of the R-symmetry subgroup SO(3)y
acting on Y1, Y2 Y3, We have the identity [oioz4567s0 = 1.
The additional terms are

1 —
I = = /d4:1: Tr W(aloi2 + Blas6 +1T'789) ¥

1 vV Vv _aoc W T
I’ = ~ d*z Tr (ue" (A, 0,Ax + 2A, A4, A)) + Y X [ Xy, Xo] + XY, [Y,, Y,])
1 -
I,” = ﬁ d4fL' TI' (I‘XaXa + I'}/;)Yp) s
e
where
/ /
1 1,/ 1 ¢ 1 1/}
— = — = — = —_= g = — — = = - X B4
u=a 2V 4 8 2cost’ A 2sin’ (B-4)
r=2(¢ tanv)) +2(¢)?, T = -2t cotep) +2(x)>. (B.5)

As we are working with a U(1) gauge group, we will not need the cubic terms in I”. They
are nevertheless listed here for reference, and they will become relevant for extensions to a
nonabelian gauge group.

To describe the preserved supersymmetry we follow Gaiotto-Witten and work in a spinor
representation where

0 —I 0 I I 0
F0123 = _F456789 = (I O) s F3456 = (I O> 5 F3789 = <O _I> )

where I is an 8 X 8 identity matrix. The surviving supersymmetries are those parameterized
by a 16-component €14 which takes the form

= (o2 (5.6)

)€s

[CIRSECTRCR
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T2
r<2w%/*/z}7<o>
. T — ct+d .
a—4rD  a a4+ 4rD I

Figure B.1: In the Janus configuration the coupling constant 7 traces a portion of a semi-
circle of radius 47D in the upper-half plane, whose center a is on the real axis. We augment
it with an SL(2,Z) duality twist that glues 5 = 27 to x3 = 0.

where eg is an arbitrary constant 8-component spinor.

B.2.2 Introducing an SL(2,Z)-twist

Here 1) is a function of z3 such that 7(x3) traces a geodesic on 7-plane with metric |d7|?/73.
We pick the parameters a and D so that the semi-circle (B.3) will be invariant under

ar+b

— .
T ct+d

This amounts to solving the two equations

a(a—4rD) +b a(a+4rD)+b
—4rD) = At D) = .
(a=4rD) c(a—4nrD)+d’ (a+4rD) cla+4nD)+d
The solution is:
_ dzZ_4
a = a—d , 4D = (a+d) ,
2c 2|c|

and is real for a hyperbolic element of SL(2,Z) (with |a+d| > 2). Note that it is important
to have both (a+47D) as fixed-points of the SL(2,Z) transformation, so as not to reverse the
orientation of the 7(x3) curve, and not create a discontinuity in 7/'(z3). So, given a, b, c, d,
our configuration is constructed by first calculating @ and D, and then picking an arbitrary
¥(27) with a corresponding 7(27) = a + 4w De?¥2™ Next, we calculate the SL(2,7) dual
7(0) = (ar(27) + b)/(c7(27) + d) and match it to a point on the semicircle according to
7(0) = a + 47De*¥ (0. The function t(x3) can then be chosen arbitrarily, as long as it
connects 1(0) to ¥ (27). It can then be checked that r and T are continuous at x3 = 2.

At low-energy, the mass parameters r and T in [’ make the scalar fields (X* and Y?)
massive. Note that in principle, the parameters can be locally negative [although this can
be averted by choosing 1 (z3) so that ¢” = 0], but the effective 2+1D masses, [obtained by
solving for the spectrum of the operators —d?/dz3 + r(z3), and —d?/dx3 + ¥(x3)] have to
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be positive, since the configuration is supersymmetric and the BPS bound prevents us from
having a profile of X*(z3) or Y?(z3) with negative energy. Similar statements hold for the
fermionic masses in I’

B.2.3 The supersymmetry parameter

As explained in [88], the SL(2,Z) duality transformation acts nontrivially on the SUSY
generators. Define the phase ¢ by

v lcT +d| .
ct +d
Then, the SUSY transformations act on the supersymmetry parameter as
£ — ezelonsg

(See equation (2.25) of [88].)
We can now check that

bl R’ B.7
cr+d ¢ ’ (B.7)
where ¢ is defined by
b 7
T = ar + = a + 4rDe*¥ .
ct+d

It follows from (B.7) that the Gaiotto-Witten phase that is picked up by the supersymmetry
parameter as it traverses the Janus configuration from n = 0 (corresponding to angular
variable 1) to n = 27 (corresponding to z[f) is precisely canceled by the Kapustin-Witten
phase of the SL(2,7Z)-duality twist. The entire “Janus plus twist” configuration is therefore
supersymmetric.

B.2.4 Extending to a type-IIA supersymmetric background

In section §2.4 we assumed that there is a lift of the gauge theory construction to type-11B
string theory and, following a series of dualities, we obtained a type-IIA background with
NSNS fields turned on. Here we would like to outline how such a lift might be constructed.
We start with the well-known AdSs x S% x T* type-IIB background, and perform S-duality (if
necessary) to get the 3-form flux to be NSNS. Then, take AdS; to be of Euclidean signature
and replace T* with R*, which we then Wick rotate to R%3. We take the AdSs; metric in the

form .
2
r ™ Ty
ds® = —(=di® + da2) + = da} + —5>dr® + rir5d]
1"17“5( ) s ’ r? 1omes

2 2
HED = oo yeey o= 901
g Ts
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where €3 is the volume form on the unit sphere, and § is the Hodge dual in the six dimensions
Tg,. .., x5 (of AdS3 x S?), and where rq,75 are constants. (We follow the notation of [90].)
We need to change variables » — x3, t — iz and x9 — ixg, and perform S-duality
(where the RHS of arrows are the variables of §2.5). We then compactify directions z; and
x9 so that 0 < z; < 2wL; (i = 1,2). As a function of x3, we define the Kéhler modulus of
the z; — x5 torus to be
. 47T2T%L1L2
p=i— 5 —
23
Finally, we perform T-duality on direction x5 to replace p with the complex structure 7 of
the resulting 7. In an appropriate limit, this gives a solution where 7 goes along a straight
perpendicular line in the upper half plane. We can convert it to a semi-circle with an SL(2, R)
transformation.
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Appendix C

Quadratic Reciprocity, Janus
Configurations, and String Duality
Twists

C.1 Variants of Quadratic Gauss Sums

Let p # 2 be a prime and a an integer. Define

p—1 2p—1
Xp(a) _ Z 627rian2/p7 Qp(a) _ Z eman2/2p.
n=0 n=0

What is the relation between the two? We calculate

2p—1 p—1 p—1
Qp(a) _ Z e7r7,’ang/210 _ Z 67r7la(2m)2/2p + Z eﬂia(2m+1)2/2p
n=0 m=0 m=0
p—1 p—1 p—1
_ Z e27riam2/2p + em’a/2p Z e27riam(m+1)/p _ Xp(a> + erria/Qp Z eQﬂ'iam(erl)/p .
m=0 m=0 m=0

To evaluate the second sum we define

; :{ (1—-p)/4 ifp=1 (mod 4)
P (1+p)/4 if p=3 (mod 4)

so that in all cases 4¢, = 1 (mod 4). We can then evaluate

p—1 p—1
E : 627riam(m+1)/p _ e?wi(éltp)um(m—l-l)/p

p—1 p—1
_ e27ritpa/p E eQﬂ'itpa[(Qerl)Qfl]/p _ efQﬂitpa/p 2 e27ritpa(2m+1)2/p
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We now note that as m = 0,...,p — 1 runs over all p values (mod p), the set of numbers
(2m + 1) also runs over all p values (mod p). So

p—1 2!
. 2 i 2
62mtpa(2m+1) /p — § e27rltpan /v — Xp(a) .
m=0 n=0

So

Qp(a) - ( )_|_ ma/?pz 27riam(m+1)/p:Xp(a)+eﬂia/2pe—2ﬂitpa/pxp(a)

m=0

— ( ——2tp a/p
pla) (1+ ez )a/P = xp(a) (1 + e”“/2) if p=1 (mod 4)
(@) (1+ emG="2)a/2) =y (a) (1+e™/2) if p=3 (mod 4)

So, we can write
op(a) = xp(a)(1 +7%).
If a is odd, we can further write this as

-pa —1)(pa—=1)/2;
op(a) = xp(a)(1 + ) = V2e7V7 xp(a).

wlo = (%))

if p=1 (mod 4)
Xp(1) = { ;{/]3]_9 ifi = 3 (mod 4)

We also have
and

Quadratic reciprocity states that

()= )
ifp=1andq=1
()()-

( )
if p=1and ¢ =3 (mod 4)
( )
( )
In terms of quadratic Gauss sums we get,

or more explicitly,

—_ = =

—1 ifp=3andg¢g=3

1 ifp=landg=1( )
VOola) ) —i ifp=1and ¢=3 (mod 4)
VPXo(p) ) ¢ ifp=3andg=1 (mod 4)
—1 ifp=3and ¢g=3 ( )
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We also have '
e™* ifp=landg=1( )

2,(q) o eim/4 ifp=1land ¢g=3( )
V2x(q) | €™* ifp=3andg=1 (mod4)
( )

e/t if p=3and ¢ =3 (mod 4

So, altogether we have

e™*  ifp=1and ¢ =1 (mod 4)
Vaop(q) ) —e™* if p=1and ¢ =3 (mod 4)
V20x,(p) | €™* ifp=3and ¢=1 (mod 4)
—e™* if p=3 and ¢ = 3 (mod 4)

So,
\/_Qp / Xq z71'/4 (q—l)/?

The identity

—mnqp 67”“10(17
\/anO

is known as the Landsberg—Schaar relatlon, and holds for all positive odd P and ¢q. We can

write it as .
Vao,(—q) = \/2pe” ™ x4 (p)

or, taking the complex conjugate,

Vg (0) = V2 ) = Ve () o) = Ve 1) e )
which is the same as the identity above:

Vaoy(q) = /2pe®m y (p).

C.2 Proof of Identity in Equation 3.25

Setting a = 1+ s; and b = 1 + s9, the identity to be proved is:

. . 2ab—3 . 2
i 22 ) 1+ 440 ) ( miqan )

—— e = | —— exp| ———— ), C.1
g (wab—l 2 = 3 D

m,n=0

for
q €27, a,be’, ab > 1.

we will prove this by discussing two situations, in which ¢ = 4r and ¢ = 4r + 2, respectively,
where 7 is an odd integer.
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C.2.1 Situation where ¢ = 4r

To prove this identity we start with Poisson resummation in two variables:

Y. fmn)= )Y flay)

m,neZ RNV

where the Fourier transform is defined as:

e

Take ‘
f(u,v) = e2miT(au? +bv? —2uv) Im 7 >0, a,b>1.
We calculate )
a -1y 1 b 1
-1 b S ab—1\1 a)’
Now, set
bu + v av +u
Tpg= ———— =
"o -1 P T 2w - 17
Then,

bu? + av? + 2uv
4(ab— 1)1

ara b7y~ 2ray—ur—vy = ar(e—a0)+br(y—yo)? ~2r(a— o)y —yo) -

So

f(l’, y) _ // e27ri(a7—m2+b7—y2—QTxy—um—vy)dIdy
bu? + av® + 2uv

= // exp [27i (aT(x — x9)* + b7y — y0)® — 27(x — x0)(y — Yo) — ab—1r )] dxdy

1 mi(bu® + av? + 2uv)
= exp [~ ]

2\/% __i(ab—1)T 2(ab— 1)7‘

1 mi(bu? + av?® + 2uv)

2ivab — 1 exp[— 2(ab— )T }

So, we have

1 mi(bm? + an® + 2mn) i (am?-+bn?—2mn)
- ex _ — e mTT(am n=—immn . 0.2
2ivab— 1 mznez bl b =Ty )= 2 (C2)

m,ne’

by changing variables v and v into m and n, respectively.



APPENDIX C. QUADRATIC RECIPROCITY, JANUS CONFIGURATIONS, AND
STRING DUALITY TWISTS 96

Now, set

and take the limit ¢ — 0, so that
—% = —q +ig*e + O(é%).
The expression on the RHS of (C.2) can be expanded by setting
m = myq + mo, n = niq -+ no, , mo,no =0,...,g—1, my,ny € 74,

so that

o
exp [2miT(am® + bn® — 2mn)] ~ exp {%(amg + bng — 2m0n0)] g~ 2ma elamitbni—2min1)

where we ignore terms 2amgmiq, bm3, 2bngniq, bnd, —2mingg, —2moniq, and —2mgno,
which are proportional to ¢ and 1, in the exponent of the second factor, because both my
and ng are of order ¢ at most.

Then
q—1 A
E : eQﬂiT(am2+bn272mn) _ § : 6%(am2+bn2—2mn) § : 672ﬂq25(am2+bn272mn)
m,ne” m,n=0 m,ne”

In the limit € — 0, the leftmost sum can be evaluated by converting into an integral with
u = m/e and v = n\/e:

1 2 2 2 1
lim 6—27rq26(am2+bn2—2mn) ~ // 6—27rq (am?+bn —an)dudv _
=0 Z € 2¢q%\/ab — 1

m,nEZ

So, we have
q—1 ,
E e27riT(am2+bn2—2mn) ~ 1 § : 6%(am2+bn2—2mn)
2./ _
m,neZ 26(] ab 1 m,n=0

To approximate the LHS of (C.2), we need to perform a similar manipulation to the double-

sum
mi(bm? + an® + 2mn)
S e |- |
2(ab—1)T

mne’

It would help to know the Smith Normal Form of the matrix (_al _bl) This matrix is

related to the inverse of the quadratic form in the exponent by

(4 )@ (t )
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The Smith Normal Form is:

(-6 )E )

We want to convert the sum over (m,n) € Z? into a sum over the finite points in the

fundamental cell generated by the columns of ), times a sum over the lattice

a
-1 b
points generated by these columns. So, we want to write (m,n) as

mY\ _ [mg n a -1 my\ _ [(mo+amg —nyg
n - No —1 b nq - no+bn1—m1 ’

where (mqg, ng) have (ab — 1) possible values. Replacing

() (a) ()
()= ()= o )t ) ()

we can write

Setting

we find
(=06 )66 ) )G =)
n 0 1 0 0 1 0 1 ny ny
So, we set n = ny and
m=j+ (ab— 1)k —na, j=0,...,ab—2
Then,
bm? + an® + 2mn = bj* + (ab — 1)[a(bk — n)? — b(k — 5)* +2(k — j)n + bj?].

Also,

3
™
Z

_ mi(bm? + an® + 2mn)
P 2(ab—1)T

ey A rila(bk — n)? — b(k — )% + 2(k — §)n + bj?
:Z(](eg(wzexp{_[( )2 — bk — )+ 2(k — J) J]D

27
n,k€Z
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In the limit 7 = % + 1€ with € — 0, we can approximate

e ) ) .
—Z[a(bk’ —n)? = b(k — 5)* +2(k — j)n + bj?]
~ _%’q[a(bk )2 — bk — §) 4+ 20k — f)n + bj? — gcfe[a(bk — n)? — bk + 2kn]

(C.3)

Because 4|q, the first term on the last line is an integer multiple of 27i and can be dropped.
And so, we are left with

Z o {_ m(bm;(;rbajﬂl; 2mn)]

m,nEL

ab—2 b2
- Z e ab-1) lim e 5 a%ela(bk—n)?—bk?+2kn]
e—0

§=0 n,kE€Z

The limit € — 0 can be evaluated by converting to an integral with u = ky/e and v = n\/e
we get

. _T g2 )2 pk2
lim e 24 ela(bk—n)*—bk=+2kn]

e—0
n,k€Z

= 1// e—gq2[a(bu—v)2—bu2+2uv}dudv _ 2
€ q*(ab — 1)e

Finally, we need to show that

ab—2 9 2ab—3 9
_ _migbj _ _miqbj
E e 2(ab-1) — g e 2(ab-1)
j=0 j=ab—1

We consider the pairings between exponents with forms

qbj? wi qb(ab—1+7)*mi ,
19 and — (ab—l )?, J=0,...,ab—2

then the difference between j2 and (ab— 1+ j)? is a?b* — 2ab+ 1 +2j(ab—1) = (ab—1)* +
2j(ab — 1), so the difference between two exponents is (ab — 1+ 2j)%’7ri, which is an integer
multiple of 27i because 4|q. So the summands can be paired by the 1-to-1 correspondence
between j and ab — 1 + j. At this point we have:

mi(bm? + an® + an)} _ Z i (am?+bn?—2mn)

1
_— e —_
“oivab —1 m;ez | 2(ab — 1)7

mneZ
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and

. ]_ 27r1
E 27iT(am?4+bn?—2mn) § : (am2+bn2—2mn)
€ — e q
2eq? \/ab ( )

mne” m,n=0
and
mi(bm? + an® + 2mn) 2 T2 s 1 T s?
—_ — 2(ab—-1) — — 2(ab—1)
m;ZeXp [ 2(ab— 1)1 ?(ab—1)e ZO ‘ 2(ab— 1)e 2= ©

By inspection, we can see that (C.1) holds if 4]q.

C.2.2 Situation where ¢ = 4r + 2 = 2s
C.2.2.1 Ifbis odd

In this case, the RHS of (C.1) is obviously 0. Hence we need to show that the LHS of (C.1)
also vanishes. After trying two cases: (q,a,b) = (6,2,3) and (6,2,5), we hypothesize that
for fixed ¢ and m,

q—1

Ze 2T”(an am?—bn?) —0.

n=0
We need to show that with m fixed, for every n, there is an n’ = n+t such that am? +bn?* —
2mn and am? +b(n+1t)% — 2m(n +t) differ by an odd multiple of s, hence ¢’ (#m*+tn*~2mn) 4
6%(am2+bn’2—2mn’) =0.

Calculate am? +b(n+1)? — 2m(n+t) — (am? 4+ bn? — 2mn) = bt* + 2bnt — 2mt, and set it

to be +4ds. Then we have a quadratic equation bt? + (20n — 2m) 4 ds = 0, and its solutions

ma+/(bn—m)2+ds
re —n+ ( 5 )

admits

. Let the discriminant A be equal to 22, then one particular solution

(bn —m)? — dbs = (bn — m + z)(bn —m — 1) = dbs . (C4)
We also denote mi‘ﬁ =y, leading to m = by + z. Then (C.4) becomes
(n—y)(bn — by — 2x) = ds

or

(n—y)(bn — by + 2x) = 0s

In order to make the pairing between n and n’ stable for all n, we need to impose n — v, a

solution to the above mentioned quadratic equation, to be s = ¢/2 (diagonally, with respect
_M(

to the polygon whose vertices are e~ « 2m”‘“m2_b"2)). S

O

bn —by —2x =bs—2xr =9
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or
bn —by+2x =bs+2x =9

Since 9, b and s are all odd, b has to be odd. Hence, for ¢ = 4r + 2 and odd b, both sides of
(C.1) are zero.

C.2.2.2 1Ifbis even and a is odd

In this case, the first term in (C.3) expands as

smilab’k® — 2abnk + an® — bk* + 2bjk + 2(k — j)n]

2

Since all terms in the square brackets, except for an®, are even, the overall contributing

exponent provided by (C.3) is

—quE[a(bk —n)? — bk? + 2kn] — asn’ri

So the sum concerning n and k following (C.3) becomes

: —Zq%¢[a(bk—n)?—bk24-2kn]  —asn’mi

iy 3 :
n,k€Z

Notice that the second factor is just (—1)". We evaluate the first factor by converting into

an integral by change of variable u = k+/e and v = n/e:

2

1 T2 2_p,,2 1 2 rg?en?
- —Zq%[a(bu—v)*—bu +2uv}d dv = = - .5
e//e ’ uew q b(ab—l)eze B (C-5)

ne”L

Then we consider the sum: ) s

(-1

nez
This should be zero because this is an alternating Riemann sum, and the decrease of the
exponential is ~ ¢, while the denominator of the prefactor in (C.5) goes as ~ % Notice that
this result agrees with the symmetry between a and b which is manifest on the LHS of (C.1),
since both sides are zero if b is odd as shown above.

C.2.2.3 If both a and b are even

Then again the first term in (C.3) is an integer multiple of 27i, and the remaining argument
coincide with that in the previous section.





