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ABSTRACT OF THE THESIS 

 

BDD-based Logic Synthesis of MEM Relay Circuits 

 

by 

Mingzhe Jiang 

Master of Science in Electrical Engineering 

University of California, Los Angeles, 2013 

Professor Dejan Marković, Chair 

 

As CMOS scaling begins to reach its fundamental limits, micro-electro-mechanical 

(MEM) relays provide an attractive option for improvements in energy efficiency due to 

their low leakage and near ideal I-V characteristics. However, mechanical actuation of 

MEM relays introduces significantly more delay than traditional CMOS electrical delay. 

In order to mitigate this effect, custom relay circuits are designed manually to make all 

mechanical actuations to happen simultaneously. A Karnaugh map-based synthesis tool 

was attempted to automate this design process. However, this synthesis tool has 

computational complexity growing exponentially in terms of the number of inputs, 

making it impractical for larger combinational circuit. Therefore, a synthesis algorithm 

based on binary decision diagram (BDD) has been investigated and developed in this 

work to conquer computational complexity issue. Optimizations are performed at BDD 

level to reduce the number of devices needed in the design. In addition, circuits with 
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multiple mechanical delays can also be generated by using BDD decomposition 

algorithm. The output is relay netlist which can easily be ported to commercial place and 

route tools creating a simple automated MEM relay circuit design flow. 
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Overview of MEM Relays 

Traditional CMOS technology scaling has significantly reduced the energy per 

operation and also enabled considerable gains in terms of power, area and performance. 

However, the scaling of voltage is unlikely to maintain the historical trends due to 

increasing leakage current. Threshold voltage used in today’s CMOS circuit already 

indicates limitation in energy per operation that can be achieved. Voltage scaling is 

effective up to a point of minimum energy, where the leakage and dynamic energy are 

balanced. Thus, further reducing the threshold voltage will increase the static energy 

despite of the performance improvement. Therefore, no matter how slowly a circuit is 

allowed to run, the energy per operation cannot be further reduced below a defined 

minimum level [1]. The only way to conquer this issue is to develop a new device with 

sharper sub-threshold characteristics [2]. 

Micro-electro-mechanical (MEM) relay devices have nearly ideal switching 

characteristics and much steeper sub-threshold slope than CMOS. These properties make 

MEM technology a very promising solution to the current challenges faced by CMOS 

technology.  It has been demonstrated that the on-to-off current of MEM relay device is 

ten orders of magnitude better than that of CMOS technology and the leakage current is 

immeasurable [3]. 

 CHAPTER I 

 Introduction 
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A relay device is a four terminal device and working in the way similar to 

traditional CMOS transistor. The device can form a conductive channel connecting its 

source and drain after a voltage difference is established between its gate and body. 

Despite of the fact that relay devices have nearly ideal I-V characteristics, they also 

have disadvantages compared to CMOS technology. The mechanical actuation time after 

establishing the voltage difference, called the mechanical delay, is substantially longer 

than the electrical actuation time of CMOS transistor, referred as electrical delay. More 

specifically, scaled relays fabricated with a 90nm lithography process are predicted to 

have mechanical delays in the 10’s of nanoseconds, whereas similarly scaled CMOS 

gates have electrical delays in the 10’s of picoseconds[4]. 

This drawback will significantly affect the performance when we cascade several 

gate level blocks in relay circuit. Each level of block will contribute one mechanical 

delay from the input to the output, which makes the critical-path delay exceeds its CMOS 

counterpart substantially. In order to solve this problem, we need to employ special 

design techniques to implement the entire logic as a large complex gate [5], and the 

optimum solution is one mechanical delay for all the paths from primary inputs to 

primary outputs. 
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Figure 1-1: A MEM relay implementation of a 4-input AND function in (a) a design optimized 

for CMOS and (b) a design optimized for relays.   

Figure 1-1 shows a comparison between traditional CMOS-style realization in (a) 

and special hand-design realization in (b). The critical-path delay in CMOS-style 

topology has four mechanical delays, whereas the hand design with the same function 

only consumes one mechanical delay. 

The advantages of MEM relays were well demonstrated in a test chip which 

showed the merits of this design technique. Several important building blocks of VLSI 

digital systems such as logic, latches, memory and I/O circuits were realized successfully. 

Analog and mixed signal devices were also demonstrated in highly energy efficient DAC 
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and ADC circuits [6].  The MEM relay technology for circuit design applications is still 

relatively young with devices demonstrated with sizes in the 10’s of microns [7].  

However, scalable relay models have predicted that at the 90nm technology node, MEM 

relays can achieve energy-delay characteristics that are nearly an order of magnitude 

better than CMOS over a wide range of frequencies with only three times the area [4, 5]. 

 

Motivation for Synthesis 

Initially, the relay-based circuit was completely hand-designed in order to 

maximize the energy efficiency without having too much delay and area penalties. 

Therefore, the design flow required tremendous effort and time. Also the designer has to 

be very familiar with each circuit block in order to reduce the number of mechanical 

delay. So far the custom strategy has been effective in generating optimized circuits for 

very small designs as discussed in [4-6]. However, hand design is only possible for small 

circuits or circuits with well-organized structure. It would be difficult or even impossible 

to design more complicated circuit blocks with reasonable amount of time and effort. In 

order to overcome this problem, a synthesis CAD tool [8] for relay-based circuit has been 

proposed in the literature, aiming to release some of the burdens from designer by 

automating the combinational logic design flow. The tool can read a combinational gate 

level netlist, analyze the function and synthesize it into a relay level netlist with only one 

mechanical delay by using Karnaugh map and node sharing algorithm. It served as our 

first attempt to make the entire design flow pure automatic, and synthesis of relatively 

larger circuit block possible. 
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However, this tool is also facing a serious shortage because the complexity of 

Karnaugh map method is inherently exponential in terms of the number of inputs in the 

circuit. Thus, the synthesis runtime will also increase exponentially, which would be a 

serious problem if the circuit has large number of inputs. This issue can be illustrated in 

Figure 1-2. 

 

Figure 1-2: Synthesis runtime vs. number of bits in adder [8] 

As illustrated, even for a simple logic such as adder, as the number of bits goes up, 

the runtime increases exponentially. This limitation makes this tool only applicable to a 

few scenarios and hopeless for larger circuit with many inputs, which finally motivates 

the development of a new synthesis tool for relay circuits which will be presented in this 

thesis. 
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 6 

 Thesis Outline 

The remainder of the thesis is organized as follows. In Chapter 2, the fundamental 

structure and circuit behavior of the MEM relay will be discussed as well as some 

previous works. Chapter 3 presents a general review of binary decision diagram (BDD), 

which serves as our main data structure for the synthesis. Chapter 4 presents an overview 

of the synthesis tool and the various optimization techniques used by it. Chapter 5 

discusses the results of various circuits that have been synthesized by the tool. Finally, 

Chapter 6 concludes the thesis. 
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 Structure of MEM Relays 

The four-terminal MEM relay device consists of a movable poly-SiGe gate 

structure that is suspended by spring-like folded flexures above the tungsten body, drain, 

and source terminals. When a sufficiently high voltage difference is applied to gate and 

body terminals, typically higher than a threshold voltage Vpi, the electrostatic force 

between these two terminals will then pull the gate towards the body and a conductive 

channel will be formed between source and drain. Similarly, when |Vgb| is lower than the 

threshold voltage, the electrostatic force cannot hold the gate. As a result, spring-like 

folded flexure structure will pull the gate back to its original position, making the source 

and drain completely electrically isolated. Figure 2-1 shows an example of these states as 

well as a diagram and a scanning electron microscope (SEM) image of this 4-terminal 

device [4]. 

Several variations on the original device were developed including a 6-terminal 

device and a seesaw device. The 6-terminal device has an extra pair of source and drain 

terminals. The two pairs of terminals are actuated or electrically isolated simultaneously. 

Figure 2-2 shows a diagram and an SEM image of this 6-terminal device. 

 CHAPTER II 

 Structure and Operation of MEM Relays 
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Figure 2-1: Diagram, operating states, and SEM image of standard 4-terminal relay device 

fabricated in a 1µm lithography process. 

 

Figure 2-2: Diagram and SEM image of a 6-terminal relay device fabricated in a 0.25µm 

lithography process.* 

A seesaw relay has two sets of drain, source, and body terminals and a single gate 

terminal. When no voltages are applied, the torsion beams on the poly-SiGe gate keep the 

gate suspended above both body terminals. For combinational logic, the body terminals 

are generally biased at opposite voltages, one at VDD and one at Gnd. As the gate 

terminal voltage changes, the electrostatic force will cause it to be pulled towards one of 

the two body terminals. The source and drain pair corresponding to this body terminal 
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will be shorted while the other pair will be open. Figure 2-3 shows an example of the 

seesaw relay device. 

 

Figure 2-3: Diagram and SEM image of a seesaw relay device fabricated in a 0.25µm 

lithography process.* 

*SEM images courtesy of Rhesa Nathanael and Jaeseok Jeon, UC Berkeley. 

 

 Circuit Behavior of MEM Relays 

From the discussion above, we can conclude that the MEM relay works similar to 

traditional CMOS. Take the 4-terminal relay as an example, the conductive channel 

appears between source and drain only when there is a sufficient high voltage difference 

applied to its gate and body terminals. Otherwise source and drain will just be electrically 

isolated. Specifically, if we tie the body to GND, the device will be actuated when the 

gate terminal has a high voltage, just like an NMOS device. Similarly, if we bias the body 

to VDD, a PMOS-like device can be obtained. In addition, unlike traditional CMOS 

transistor whose body terminal is only biased to a fixed reference voltage, both gate and 

body terminals in a single MEM relay can be connected to incoming signals, performing 

the XOR-like functionality. 
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The 6-terminal relay is fairly similar to the standard 4-terminal relay. As shown in 

Figure 2-4, the only difference is that there are two pairs of drain and source terminals 

that are shorted or opened simultaneously as the relay transitions between On and Off 

states. When the body terminal is tied to a reference voltage, the 6-terminal relay behaves 

similar to two same type MOSFET devices with their gates shorted. 

The seesaw relay, with its seven independent terminals and two independent body 

terminals allows varied functionality in circuit design. Custom designers have taken 

advantage of this flexibility and used clever biasing of the body terminals to create state 

elements. For combinational logic, the two body terminals are generally biased at 

opposite voltages, which means the gate will always be actuated towards one side causing 

two possible states. In this configuration this device behaves similarly to the 6-terminal 

relay except that the drain-source pairs are shorted alternately instead of simultaneously. 
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Figure 2-4: Summary of circuit behavior of the three MEM relay types. 
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 With three different devices to choose from, each with many possible circuit 

configurations, a MEM relay circuit designer is faced with the challenging task of 

effectively utilizing each device to implement optimal designs without unnecessary extra 

relays. This requires significant design effort and generally leads to elegant, but 

unconventional designs. Another concern is circuit delay. At the device level the largest 

delay occurs when the device must change states. The circuit designer must balance these 

considerations to achieve a design with low area and delay. 

Because of the nearly ideal short and open behavior, relay circuits can be used in 

pass-transistor style logic. In addition, large stacks of relay devices will not experience 

the Vth drop at each successive stage. Therefore, all the pass-transistor synthesis 

methodology in the literature can be potentially applied to relay circuit synthesis directly. 

For convenience, we will use a set of abbreviated symbols to represent relay devices, 

which is illustrated in Figure 2-5. Each circle represents a relay with its body terminal 

tied to VDD, and each square represents a relay with its body tied to Gnd. 
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Figure 2-5: Abbreviated symbols for common relay device configurations. 
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 Current State of MEM Relay Technology 

Basic circuits such as multiplier components, flip-flops, ADC/DAC, oscillators, 

RAM modules , adders and power gating circuits have been designed using MEM relay 

technology with 1µm lithography process [6]. It has been demonstrated that relay circuits 

can meet the functionality requirements and it also continues to scale down. According to 

predictions based on a relay operational model, further scaling down to the 90nm 

technology node is expected to give MEM relays an order of magnitude better energy-

delay characteristics over CMOS at the expense of only three times the area [4, 5]. 

Since relay devices has a relatively large mechanical delay compared to CMOS 

transistor, all of the previous circuit components are designed manually in order to have 

minimum number of mechanical delay in the critical path. The optimum solution is to 

have only one mechanical delay in all paths from primary input to primary output in a 

combinational circuit. 

In order to make the MEM relay device comparable to CMOS transistor in all 

aspects, relay technology must overcome its own limitations. The final goal is to have a 

systematic design methodology, like today’s CMOS technology which can handle very 

complicated circuit design such as microcontroller, to design, verify and fabricate relay 

integrated circuit. By automating circuit design, less engineering effort will be needed to 

design larger, more complex circuits with better performance and less area. 
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 Introduction to Relay Circuit Design Methodology 

Custom design has been demonstrated successfully in several cases as introduced in 

the previous section, in which highly compact and single mechanical delay topologies are 

achieved for those circuits. This requires circuit designers to become thoroughly familiar 

with every type of circuit and to invent unique design strategies to achieve low delays 

across various designs. This results in widely different styles of relay based circuits, 

which are often unable to share subcomponents and which require long development 

time. However, the logic block which potentially contains hundreds of or even thousands 

of relays is just beyond the design capability of relay architect. In addition, the lack of a 

systematic design methodology seriously worsens this situation. In order to solve this 

problem, a general design methodology for relay circuits with low mechanical delay has 

to be proposed. The very first synthesis tool designed specifically for relay, serving as a 

logical next step towards this eventual goal, is proposed in [8], which uses Karnaugh map 

and node sharing algorithm to generate a single mechanical delay structure for an 

arbitrary function. This tool can mitigate the slow actuation of relays by using a relay 

optimized circuit topology, and also address the issue of area by optimizing the number 

of devices. The basic idea is elaborated below. 

For any given logic function, a single mechanical delay circuit can be obtain by 

following one design constraint: all of the gate terminals in a relay array can only be 

connected to the primary input signals or a constant voltage. In other words, all the 

source and drains in a single mechanical delay circuit will never drive a gate terminal in 

the next stage. This is easy to understand with the help of Figure1-1. If a drain is driving 
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a gate in the next stage, then this gate will not be actuated until the previous stage 

completes its transition, which adds another transition time for the calculation of the final 

value of the output. In other words, the cascading of smaller gates is prohibited and we 

have to implement the entire circuit as a large complex box if a single mechanical delay 

circuit is needed. 

One simple example showing the synthesis methodology embedded in the previous 

CAD tool is discussed as follow. An arbitrary logic function can be implemented in a 

binary tree relay circuit that follows the design constraint as discussed above. Assuming a 

3-input arbitrary logic needs to be implemented in relay network whose truth table is 

shown in Figure 2-6. In this example, one line of relay devices corresponds to one row of 

the truth table. With any combination of input signals, only one of these eight VDD or Gnd 

signals will propagate to the output node. For example, if the input combination is ABC = 

110, then the seventh line will be actuated and VDD propagates to the final output, 

resulting out = 1. 
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Figure 2-6: A relay tree implementation of an arbitrary logic function.  

This topology needs 24 relay to implement the function. It is easy to notice that 

relay 1, 4, 7, 10 can be replaced by a single relay and 13, 16, 19, 22 can be replaced by 

another single relay. As this process proceeds, we can obtain a simpler topology which 

only has 14 relays which is shown in Figure 2-7. By applying the node sharing algorithm, 

this can be even further reduced to a circuit with only 10 relays, as shown in Figure 2-8. 
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Figure 2-7: Simplified version for this arbitrary function. 
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 Figure 2-8: Final topology after node sharing algorithms. 
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This tool seems like a promising solution to our synthesis problem. However, the 

inherently complexity of Karnauph map is so high that the synthesis of large circuit with 

tens of inputs would be just impractical. As mentioned before, even for simple logic such 

as a multi-bit adder, the tool could not give us a synthesis result in a reasonable amount 

of time. Currently, the largest demonstrated working circuit that could be handled by this 

tool was a 7:3 compressor which was implemented in 90 relays [9]. This time 

inefficiency limits its application to very small combinational circuits. Fortunately, an 

alternative way of synthesis relay circuit has been proposed to conquer this runtime issue. 

The new tool is based on binary decision diagram whose computational complexity is 

much lower than that of the Karnaugh map. The remaining chapters will first present the 

basic introduction for binary decision diagram data structure, and then discuss the 

realization of the tool and the basic synthesis flow. 
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Introduction of Binary Decision Diagram 

A variety of methods have been developed to represent and manipulate Boolean 

functions, such as truth table and Karnaugh maps. However, most of these methods have 

exponential computational complexity as the number of variables increases, and also 

none of these methods can give a canonical form for a certain Boolean function. Binary 

Decision Diagram (BDD) is a directed acyclic graph (DAG) which is based on Shannon 

expansion theory [10] and can be used to represent Boolean functions. It was first 

introduced by Lee [11] and popularized by Akers [12]. Bryant further proposed several 

manipulation algorithms for BDD by placing restrictions in the ordering of the decision 

diagram variables [13].  

Assuming the Boolean function to be represented has n arguments,        . The 

function derived when a certain argument    is replaced by a constant b is called a 

restriction of  . In other words, for any argument    from        , 

      (       )   (                     ) 

 According to Shannon expansion, any Boolean function can be expanded into a 

combination of its two restrictions with respect to an argument   . That is, 

 (       )             ̅       

Graphically, this procedure can be illustrated in a diagram as,  

 CHAPTER III 

 Operation and Decomposition of Binary Decision Diagram 



 20 

xi

f(x1,…,xn) 

xi=1xi=0

f1=f|xi=1 f0=f|xi=0  

Figure 3-1: A conceptual illustration of the Shannon expansion 

This expansion forms the foundation of the construction of BDD for a certain 

Boolean function. In this case, this “top-down” procedure can be used to derive the 

diagram by repeated applications of the classical Shannon expansion formula. 

Considering a simple example of Boolean expansion for       . We begin by 

setting A = 0 in   to obtain a restriction which can be realized under the A = 0 branch. 

Then we set A = 1 to obtain the other restriction under A =1 branch as shown in Figure 

3-2(a). The same procedure can be carried out with respect to variable B in the same 

fashion which gives us the resulting diagram in Figure 3-2(b). Note that both the A=0 

branch and B=0 branch terminate with the same resulting restriction    , thus as 

shown in Figure 3-2(c), we can combine those two branches to reduce the number of 

nodes in the final diagram. We continue to expand each of the diagrams with respect to 

one of the remaining variables until all the paths have terminated with a 0 or 1. The final 

diagram is shown in Figure 3-2(d). 
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A

f = AB + C

A=1A=0

f = C B
B=1B=0
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A

f = AB + C

A=1

A=0
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B=1

B=0

f = C 1
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f = AB + C

A=1

A=0
B

B=1

B=0

1
C

10

C=0 C=1

(c) (d)  

Figure 3-2: A binary decision diagram can be obtained by consecutive application of Shannon 

expansion to the corresponding Boolean function 

The reason why we are interested in this BDD representation of Boolean function is 

that, as can be seen in the above diagram, every node in the graph actually performs the 

function of 2-1 MUX, which selects one branch each time based on the control signal, 

and can be easily realized by a pass-transistor network. This idea is illustrated in Figure 

3-3. 
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f = A⊕B
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B

f = A·B 
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VSS VDD VSS VDD
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f = A⊕B

 

Figure 3-3: A pass-transistor network can be obtained from a BDD tree directly 

As discussed before, the generation of a 4-T relay-based network is related to a 

pass-transistor network synthesis problem. As long as we generate the pass-transistor 

network for a certain Boolean function, the 4-T relay-based network can be obtained by 

replacing each traditional CMOS transistor with NMOS-type or PMOS-type relay 

devices.  
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AA
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VSS VDD VSS VDD

BB

f = A⊕B

VSSVDD

VSSVDD VDDVSS

A A

B B B

VSS VDD VSS VDD

f = A⊕B

 

Figure 3-4: Relay circuit works similar to pass-transistor 

In addition, assuming all inputs arrive at each terminal at the same time, all of the 

relay devices will actuate simultaneously after one mechanical delay and it will form a 

path from the final output to terminal 0 or 1 based on the combination of the input signal, 

which gives the final value of the Boolean expression. In this case, only one mechanical 

delay is needed to determine the final value and this helps to mitigate the effect of the 

slow mechanical delay of MEM relay compared to CMOS-style implementation. 

VSSVDD

VSSVDD VDDVSS

A A

B B B

VSS VDD VSS VDD

f = A⊕B

Given 
input
A=0
B=1

Output
f=1

 

Figure 3-5: A path will be formed from output to either VDD or GND for an input combination 
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 Manipulation Algorithms for BDD 

The whole idea behind BDD method in our case is to construct a circuit network 

which computes the final outputs at the expense of only one mechanical delay. Once the 

global BDD describing the entire Boolean function is obtained, it is guaranteed that only 

one mechanical delay is required for terminal 0 or 1 to transmit after mapping the BDD 

structure to a relay-based network. Therefore, the key of this methodology lies in 

efficient algorithms for the calculation and the manipulation of BDD. Bryant proposed 

several operation algorithms on BDD which make the manipulation of BDDs more 

efficient. It has been proven mathematically in his research that, the time complexity of 

any single operation is bounded by the product of the graph sizes of the BDDs operated 

on. Table 3-1 shows operations proposed by Bryant, where G represents the graph size of 

each BDD and    represents of the satisfying set of   with 

    (       )  (       )    . 

Procedure Result Time Complexity 

Reduce G reduced to canonical form O(|G| 
. 
log|G|) 

Apply   <  𝑝 >  2 O(|G1| 
.
 |G2|) 

Restrict         O(|G| 
.
 log|G|) 

Compose        2 O(|G1|
2 .

 |G2|) 

Satisfy-one some element of    O(n) 

Satisfy-all    O(n 
.
 |Sf|) 

Satisfy-count      O(|G|) 

Table 3-1: Complexity of operation for each BDD manipulation  

In this work we introduce one important operation: Reduce, because it is the key 

operations used in our algorithm. 

Reduce 
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The reduction algorithm transforms an arbitrary function graph into a reduced 

graph denoting the same function. Generally, a BDD tree can be referred as a reduced 

BDD if the following operations are performed on the BDD: 

1. Sharing isomorphic sub-graphs. 

2. Deleting a node whose two edges direct to the same node. 

The first operation can be illustrated in Figure 3-6. 

D

f2 = D + E+ A⊕B⊕C 
f1 = D(A⊕B⊕C)

E

1

D

A

B B

f2 = D + E+ A⊕B⊕C f1 = D(A⊕B⊕C)

Isomorphic Subgragh 

Merge the isomorphic 
subgraghs

B B

0 10

A

B B

B B

0 1

D

A

B B

B B

0 1

D

E

 

Figure 3-6: Simple demonstration of shared BDD 
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This operation guarantees that the BDD for a certain Boolean expression has a 

canonical form once the variables order is fixed. It also automatically enables the node 

sharing algorithm used in traditional Karnaugh map method. 

With the help of this rule, sharing application becomes possible in a multi-output 

logic network. Actually, this operation proceeds from the lowest level BDD node up to 

the higher level recursively to check potential isomorphic characteristics. Once 

isomorphic sub-graphs are detected they will be merger together, saving the number of 

nodes in the entire BDD network, which is, in our case, saving the number of MEM 

relays needed to implement the circuit. Therefore, it performs the same function as the 

node sharing in our previous algorithm based on Karnaugh map. 

The second operation can be illustrated in Figure 3-7. 

A
A=1

A=0

B
B=1B=0

C
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C=0 C=1
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of f1
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if f1=f2

A
A=1A=0

B
B=1B=0

C
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C=0 C=1

Subgraph 
of f1

f = AC + A( B + B )f1

Since both 0 branch and 
1 branch of B point to 
the same subgraph,delete 
node B

A
A=1A=0

C

10

C=0
C=1

Subgraph 
of f1

f = AC + Af1

 

Figure 3-7: Simple demonstration of deleting isomorphic sub-graphs in BDD 
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The second rule actually performs a Boolean simplification using equation  ̅  

   , which usually happens after the merge of isomorphic sub-graphs.  

 

 Decomposition Techniques for BDD 

In the above sections, we have shown that arbitrary combinational circuit can be 

implemented in a single level BDD style and only one mechanical delay is needed for the 

switching of all the relay devices. However, the number of relays needed might be 

prohibitively large for a single level BDD. Also, there might exist a long chain of relays 

from the primary output to primary input, which is in worst case equal to the number of 

primary inputs, and the electrical delay might exceed one mechanical delay and becomes 

dominant [14]. 

To deal with this potential problem, various decomposition algorithms [15] have 

been proposed to perform certain decomposition on BDD topology resulting in multi-

level BDD, the idea of which is shown in Figure 3-8. 

G

f = GH + I

H

1
I

10

A

B B

C C

0 1

I=A⊕B⊕C

A

G = A + C 

C

1c

C

H = C·D 

D

01

 

Figure 3-8: Conceptual illustration of multi-level BDD. The final output f will not be determined 

until the calculations of intermediate variable G, H and I are completed firstly. 
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In a multi-level BDD, the gate inputs of sub-BDDs at each level are connected not 

only to the primary inputs, but also to the outputs of other sub-BDDs. Assuming the 

primary signals A, B, C, and D arrive at the same time in the above case, the values of the 

intermediate variables G, H and I, served as the inputs of the final BDD tree, will be 

determined after one mechanical delay simultaneously. Then another mechanical delay is 

needed for the switching of the final BDD in order to obtain the value of final output. 

Multi-level BDD needs multiple mechanical delays depending on the number of levels 

being cascaded. With the decomposition on the single level BDD, we can effectively 

break the long chain in the relay network, and reduce the logic complexity of each sub-

BDD. In addition, it is highly likely that the overall BDD size may be smaller than that of 

a single BDD size, saving more devices compared to the design with one mechanical 

delay. 

Maciej Ciesielsky [16] proposed a set of decomposition techniques which can be 

used to convert a single-level to a multi-level BDD. Table 3-2 lists all the decomposition 

techniques used in this synthesis CAD tool. 

Decomposition Result 
AND   𝑔  ℎ 

OR   𝑔  ℎ 

XOR   𝑔 ⊕ ℎ 

MUX   𝑠  ℎ  �̅�  𝑔 

Table 3-2: Types of decomposition techniques 

 

AND,OR, XOR Decompositions 

The AND decomposition partition the entire BDD   into two sub-BDDs 𝑔 and ℎ 

with  𝑔  ℎ , which is illustrated in Figure 3-9(a). 
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Figure 3-9:  AND, OR, XOR decompositions 

Similarly, the OR decomposition partitions the entire BDD   into two sub-BDDs 𝑔 

and ℎ  with  𝑔  ℎ  , which is illustrated in Figure 3-9(b). The XOR decomposition 

partitions the entire BDD   into two sub-BDDs 𝑔 and ℎ with  𝑔 ⊕ ℎ , shown in Figure 

3-9(c). 

MUX Decomposition 

The MUX decomposition partitions the entire BDD   into three sub-BDDs 𝑔, ℎ 

and 𝑠 with   𝑠  ℎ  �̅�  𝑔 , which is illustrated in Figure 3-10. 

0 1

ff

g

0 0

h

1 0 11

s

0 1

 

Figure 3-10: MUX Decomposition 
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The implementation of BDD decomposition contains a search process to decide 

which type of decomposition is used, aiming at the least number of nodes in the overall 

decomposed structure. It begins with the BDD structural scan in which the structural 

information of a BDD needed to guide the various decompositions is obtained. The result 

of BDD decomposition for each output is stored in a data structure called factoring tree 

which records the type of decomposition and remaining sub-BDDs. Generally, the 

decomposition iteration can be carried on until there is only one BDD node in the 

remaining sub-BDDs. As demonstrated in Figure 3-11(a), the original single level BDD 

is first decomposed based on MUX decomposition. Then this procedure is invoked 

recursively on the sub-BDDs, generating the circuit diagram in Figure 3-11(b). 

Ultimately, decomposition process terminates when there is only one node left in the 

BDD tree, as shown in Figure 3-11(c). The one-node BDD can be replaced by the 

primary input directly as implemented in Figure 3-11(d). Each AND, OR, XOR or MUX 

operator can be constructed in the traditional static CMOS gate fashion, resulting in one 

more mechanical delay for the 0 or 1 propagate to the primary output. Every iteration of 

decomposition will increase one level of BDD cascaded, and correspondingly increase 

one mechanical delay once we implement relay network. 
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Figure 3-11: Process of constructing multi-level BDD. Every level of gate can be treated as a 

level of BDD 

We believe that each sub-BDD is becoming less complex with less number of 

variables as we continue to decompose. Thus it`s easier to get a near optimal variable 

order for these sub-BDDs, in which case it`s highly likely to reduce the total number of 

BDD nodes for the entire logic. By decomposing the BDD into multiple levels, we can 

efficiently not only break the long chain of relay in the network, but also potentially 

reduce the final number of relays needed to implement the logic. 
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 Synthesis Overview 

This synthesis tool is proposed to decrease the development time of MEM relay 

circuits and systems and currently only supports combinational circuit synthesis. With the 

help of this automatic synthesis method, MEM relay designer can put more effort on the 

algorithm and overall optimization instead of very low level custom block design. As 

introduced in the Chapter 3, BDD synthesis method is superior to traditional Karnaugh 

map based algorithm in terms of synthesis runtime and multiple outputs, which uses 

binary tree method to construct the pass-transistor-style network. The Karnaugh map 

based method described above provides the basic framework for the synthesis. However, 

it is clear that computational complexity of Karnaugh map is increasing exponentially as 

O(2
N
) when the number of inputs increases. Another limitation is that each binary tree 

can only generate a single relay tree for each output. Most practical digital systems, such 

as adder or decoder, have multiple outputs and would require multiple binary trees to 

implement a function. Therefore, as the number of inputs and outputs scale up for more 

complex designs, the runtime for the synthesis could easily reach an unmanageable level, 

and the amount of MEM relay needed to implement the design becomes prohibitively 

large. 

 CHAPTER IV 

 The Synthesis Algorithm 
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The time complexity of BDD transformation has been proven to be bounded by the 

product of the sizes of each BDD [13]. In other words, most of operations on BDD do not 

result in exponential runtime increase except for multiplier. In addition, BDD is able to 

support multiple-output circuits and the isomorphic sub-graphs in each BDD can be 

detected and shared automatically, which is functionally equivalent to node sharing 

algorithm in [8]. All these characteristics make the BDD-based synthesis outstand among 

other methods and become our first choice of dealing with relay synthesis. 

The synthesis flow is outlined in Figure 4-1. Structural verilog is converted to a 

netlist in BLIF format which is fed into this synthesis tool as initial input file. According 

to the requirement of the number of mechanical delays needed, either single level BDD 

or multi-level BDD is constructed. At this time, logic implementation of combinational 

circuit will been translated into a BDD-based mathematical graph representation, and 

then been further converted to a relay netlist directly. 
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Netlist in .v

Research 

Synthesis Tool

 Netlist in 

BLIF format

This Work

Single Mechanical Delay Design

Multi-mechanical Delay Design
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BDD
Relay Netlist

Relay Netlist
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P&R Tool

Layout

 

Figure 4-1: General synthesis flow for relay circuit 
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The real BDD operation is implemented in a specific BDD package called CUDD, 

which is developed by Professor Fabio Somenzi [17]. 

 Single-Mechanical Delay Implementation 

As for single-mechanical delay implementation, a single-level BDD is constructed 

for the logic circuits and mapping to a relay netlist directly. The current input file 

supported is in BLIF format. Processing algorithm will be illustrated in an example in 

Figure 4-3. 

In a BLIF file, the typical way of defining combinational logic relation is through 

the use of “.names”. For example, if we define:  

.names n_1 n_2 n_3 control

01- 1
1-1 1

.names A B n_1
11 0

.names C D n_2

00 1
.names B D n_3

10 1

 

A, B, C and D are primary inputs and control is the primary output. The n_1 to n_3 

are intermediate variables to construct control signal. The four “.names” expressions can 

be interpreted as four Boolean functions: 

       ̅̅ ̅̅ ̅̅      ① 

     ̅   ̅     ② 

       ̅     ③ 

           ̅̅ ̅̅ ̅                  ④ 
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For equation ①, we first build the BDDs for A and B each with only one node as 

shown in Figure 4-2 

A

f1 = A 

10

B

f2 = B 

10
 

Figure 4-2: Function for f1 and f2 

Then we apply AND operation on these two BDDs to generate the BDD for 

     <    >  2. The XOR operation will be carried out between    and constant 1 

to give the expression of n_1, that is,       <    >  . 

A

f1 = A 

10

B

f2 = B 

10

A

f3 = A·B 

B

01

f3 = f1<AND>f2 n_1 = f3<XOR>1 

A

n_1 = A·B 

B

10
 

Figure 4-3: Construction of function for line n_1 

Outputs n_2 and n_3 can be obtained in the same fashion as shown in Figure 4-4 
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C

n_2 = C·D 

D

01

B

n_3 = B·D 

D

01
 

Figure 4-4: Construction of function for line n_2 and n_3 

The final process is to obtain the BDDs for control which includes one XOR 

operation (Inverse of n_1), two AND operation and one OR operation. The final BDD for 

the entire logic is shown in Figure 4-5. 

n_1

n_3 n_2

1 0

Control = n_1·n_2 + n_1·n_3

 

 Figure 4-5: BDD implementation for            ̅̅ ̅̅               

After we get the BDD representation of the circuit, mapping to a MEM relay netlist 

is relatively easier and only a parser is needed to translate a BDD to relay-level netlist. 

For multi-output circuit, the BDD for each output will be constructed separately in 

a reduced order fashion. Then the isomorphic sub-graphs detections are carried out 

between these individual BDDs and common part of BDD tree can be further shared 
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between BDDs to reduce more BDD nodes. One example of multiple outputs BDD is 

shown Figure 4-6. 

1 0

3GAT(2)

6GAT(3)

2GAT(1)

1GAT(0)

7GAT(4)

22GAT(10) 23GAT(9)

 

Figure 4-6: BDD representation for circuit C17.blif 

 

 Multi-Mechanical Delay Implementation 

The multiple-mechanical delay implementation is motivated by the concern that it 

is possible to reduce the number of relays needed for the overall logic at the expense of 

additional mechanical delays in a circuit. The argument is that, for a large and complex 

logic block, the single level BDD tree may be huge even if it can be constructed. 

Currently the size of BDD is only dependent on the efficiency of dynamic variable 

reordering techniques and there is no other way of reducing the size of BDD. Most likely, 

there are so many inputs in the circuit that existing dynamic variable reordering 

techniques cannot find a near optimal variable ordering which could give us a reasonable 

size of BDD. If the performance of the reordering techniques degrades as the number of 

inputs increases, we might end up with a variable order which leads to an unnecessary 

tremendous BDD. However, if the entire BDD can be decomposed to several smaller 
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parts and each part has less complicated logic description with fewer inputs, it is likely 

that the reordering techniques can find us an efficient variable order for each sub-block 

and total size of the sum of the sub-blocks can be smaller than that of the single level 

BDD representation. 

Figure 4-7 illustrates this idea. In this case, multi-level BDD gives us a smaller 

number of nodes compared to single-level representation. 
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Figure 4-7: BDD representation for function F=AD+BE+CF 
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Figure 4-8: Conceptual illustration for multi-level BDD 

The resulting multi-level BDD only consists of 9 nodes, whereas the single-level 

BDD contains 14 nodes. 

We admit that, in this particular case, there is a more efficient variable order for the 

above Boolean function, and the corresponding BDD is shown in Figure 4-10 with only 6 

nodes. However, we cannot always expect to have a variable order which yields a single-

level BDD much smaller than any other implementations. Because if a logic block 

contains large number of inputs, the efficiency of the dynamic variable reordering 

techniques degrades and finding a near optimal variable order for single-level BDD is 

time-consuming and sometimes even not possible. We only show this example to 

demonstrate the potential benefit of decomposition idea.  
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Figure 4-9: A more efficient implementation for F=AD+BE+CF 

Another concern comes from the physical possibility of constructing the single-

level BDD for a certain type of digital circuits, such as multiplier. As we described 

before, the computational complexity for construction of multiplier is always exponential 

in terms of the number of inputs, which means the number of nodes for multiplier will 

also increase exponentially. Table 4-1 shows the number of nodes and runtime 

information of the single-level BDD for multiplier with various numbers of inputs we 

tested. 

MULTIPLIER Number of Nodes Run Time (sec) 

4 × 4 335 0.001 

6 × 6 1687 0.01 

8 × 8 13460 0.7 

10 × 10 107578 28.25 

12 × 12 N/A 2261.87 

Table 4-1: Synthesis Results for Multiplier 
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Figure 4-10: Number of nodes vs. Size of multiplier 

 

Figure 4-11: Number of nodes vs. Runtime 

As demonstrated in the above figures, the approximate extrapolated runtime for a 

16 × 16 multiplier is more than 260 days and for 32 × 32 multiplier is more than billions 

of years, which is simply physically impossible. Therefore, a single level BDD for 

practical multiplier is either less efficient or impractical. 

Both of these concerns require us to find a way to create multi-level BDD instead 

of single-level BDD. One way of constructing multi-level BDD representation is to 
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manually divide the original combinational logic into sub-blocks, and synthesize each 

block separately using single-level BDD synthesis method described above. Generally, 

this work can only be done by the architect who designs the entire logic block and knows 

possible partition strategy to balance the complexity of each sub-block. Sometimes 

manual partition can lead to a very efficient implementation of sub-BDDs, yielding a 

significant reduction in the number of BDD nodes with only one more or two more 

mechanical delay. In addition, some datapath modules with well-organized structure can 

be manually partitioned efficiently such as adder and multiplier. [18] discussed manually 

creating an 8 × 8 array multiplier in multi-level BDD format. By allowing more 

mechanical delays, the number of nodes needed is reduced dramatically compared to the 

single level BDD implementation. 

The strategy described in this thesis is able to convert the single-level BDD into 

multi-level BDD without involving manually design sub-blocks. The idea is based on the 

decomposition techniques introduced in chapter 3. After the single-level BDD is 

constructed, it will be decomposed continuously until no decomposition can be made in 

the remaining BDDs. Actually, the original purpose of this technique is to transform a 

single level BDD into a traditional gate level netlist consisting of AND, OR, XOR and 

MUX operation. Then we label each gate with the depth distance which is defined as the 

distance from a certain gate to every primary output, as shown in Figure 4-11 
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Figure 4-12: This topology contains four mechanical delays from input to output 

The depth assignment is critical in our algorithm. If we specify the number of levels 

to three, every BDD of the gate whose depth distance is three will be constructed and the 

gates whose depth distance is less than three will be preserved. This process is illustrated 

in Figure 4-13. 
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Figure 4-13: A three mechanical delay implementation 
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By cascading BDD representation behind traditional CMOS-style gate 

representation, we can reduce the individual BDD complexity and hopefully reduce the 

overall number of nodes in the circuit. In addition, since the gates in the multi-level BDD 

only includes AND, OR, XOR and MUX, which can be implemented efficiently 

compared to traditional CMOS gate. Figure 4-14 shows the pass-transistor-style 

implementation for the above operation. 

VSSVDDA A
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VSSVDDA A

F=A+B

B VDD

VSSVDDA A

F=A⊕B

B

B
VSSVDD B
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B

B
VSSVDD B

VDD VSS  

Figure 4-14: Simple implementation of AND, OR, XOR and XNOR function using relays 

 

 The 6-Terminal and Seesaw Optimization  

As described in chapter 2, the 6-terminal variation has additional pair of source and 

drain terminals, which allows two 4-T relays with identical gate and body connections to 

be merged into a single 6-T relay. The seesaw variation of the relay can also be 

implemented in a similar way to replace two 4-T relays with gate and body connected to 

opposite biasing voltage, which is exactly the case in a single BDD node. The parser 

translating BLIF into relay netlist can be configured to generate 4-T, 6-T or seesaw style 

relay netlist.  
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Since there are many relays with their gates tied to a common input, the relay 

structures based on BDD algorithm are well suited for the optimization using 6-terminal 

and seesaw relays. Actually, for each input, there will only be a maximum of one 

standard relay that cannot be replaced by a 6-T relay, which occurs only when an odd 

number of standard relays are connected to that input. Standard synthesis refers to 

synthesis with only 4-T relays. It will be more efficient if seesaw relays are allowed in 

the circuit netlist, since the function of a BDD node is exactly identical to that of a 

seesaw relay and every node can be mapped to a seesaw relay, resulting 50% reduction of 

device counts. Since the 6-terminal relays have the exact same device footprint as the 

standard relays and the seesaws are very similar in area, this also translates into roughly a 

50% reduction in area.  
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 Synthesized and Custom Adder Circuits 

Currently the performance of the combinational MEM relay circuit is dominated by 

mechanical delays. Therefore, both custom designed and synthesized circuit targets at a 

minimum of one mechanical delay. One important metric of the performance of the 

synthesis tool is to compare the number of relays needed to implemente a particular logic 

to that obtained by hand design. 

Take the adder as the first example. 

A custom designed 32-bit adder has been proposed in [6] using the standard ripple 

carry style. Every single bit cell is implemented in 12 relays and one mechanical delay is 

needed for the overall carry chain regardless of the number of bits. The hand-designed 

adder cell is shown in Figure 5-1. By directly cascading single bit cell, we can build an 

arbitrary bits adder with only one mechanical delay. 

 CHAPTER V 

 Synthesized Circuit Results and Discussion 
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Figure 5-1: Custom design full adder  

Figure 5-2 shows the BDD implementation of one single bit cell requiring only one 

mechanical delay as well. It requires 18 standard relays and both      and      
̅̅ ̅̅ ̅̅  is 

generated in a single bit cell which can be used directly by the next stage.  
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Figure 5-2: BDD implementation for full adder. Since the complementary Cout is needed as a 

primary input, a separate BDD is synthesized to generate it. 
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Figure 5-3: Corresponding relay implementation after mapping 
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It should be noticed that this BDD implementation is less efficient than hand 

design, because in hand design we have the freedom to connect both gate and body to the 

primary inputs, forming a XOR gate using only one standard 4-T relay. However, we do 

not have this flexibility in BDD representation, which means every XOR operation 

requires four 4-T standard relays. In the hand design shown above, there are four XOR 

operations implemented in only one relay. In addition, the hand design also needs 

complementary inputs  ̅ which would add another two standard relays for every carry 

ripple stage. Although  ̅ is also needed, it will be generated by the first single bit cell and 

fed into next stage. Therefore, only the first stage needs an inverter to complement the 

primary carry input. Since the cascaded inverter and single bit cell are all connected to 

primary input and will be actuated simultaneously, no additional mechanical delay is 

added. Therefore, if we restrict the body terminal to be connected only to VDD or GND 

and generate the complimentary input in hand design, then four standard relays are 

needed for the XOR operation and two more relays for inverting the sum input signal, 

resulting in 18 relays in total which is identical to the BDD implementation. Previous 

Karnaugh-map method can provide us with a single adder cell which is approximately 

twice the number of relays as the custom approach when using 4-T relays. From this 

point of view, BDD method is able to provide us with a good enough design result. In 

addition, these adders do not require complementary sum inputs and are suitable for 

inclusion into a more generic architecture. 
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The following diagram shows the block implementation for arbitrary bit adder. This 

architecture will produce the output sums in one mechanical delay. Assuming the number 

of bits is N, then the number of standard relays can be calculated as:  
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Figure 5-4: N bits of adder can be built by cascading N full adder modules 

For each input in a single bit cell, there is an odd number of standard relays are 

connected to that input with the same body connection, thus the 6-T optimization can be 

carried out in the following manner. 
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Figure 5-5: 6-terminal relay implementation 
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 The final 6-T implementation requires six 6-T relays and six 4-T relays, 12 in total 

in a single bit cell. Alternatively, if seesaw relay is enabled, the optimization proceeds as 

follows. 
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Figure 5-6: Seesaw relay implementation 

The final seesaw relay implementation requires 9 seesaw relays in total in a single 

bit cell. After the optimization for seesaw relays is performed, a 50% reduction in device 

count is achieved. With this optimization the device count of the synthesized adders are 

very close to those of the custom adders. 

Table 5-1 shows a summary of the device count of the various adders for varying 

numbers of input bits. One thing to note is that the synthesized adders do not require 

complementary inputs whereas the custom adders do. The number of transistors required 

for a CMOS ripple carry adder based on the well-known mirror adder cell [19] is shown 

as well for comparison. 



 51 

Circuit 

Type 

Relay Synthesis Relay Bits 

Standard 6T SS Custom* Input Output 

2-Bit Adder 38 26 20 24 5 3 

3-Bit Adder 56 38 29 36 7 4 

4-Bit Adder 74 50 38 48 9 5 

5-Bit Adder 92 62 47 60 11 6 

6-Bit Adder 110 74 56 72 13 7 

Table 5-1: Device Count of Various Adder Circuits 

* Complementary inputs required for the custom adder. 

 

 Miscellaneous Synthesized Circuits 

Different types of circuits are synthesized to demonstrate the algorithm 

performance on random logic. As shown in Table 5-2, we can reduce the number of 

device counts over a large range of circuit if we apply decomposition algorithm on the 

corresponding single level BDD. From the testing results, almost 88% of testing circuits 

can obtain a device reduction after decomposing into a certain level. The roman number 

represents the number of levels being decomposed; “%” indicates the percentage of 

reduction compared to column “I” which is single level BDD implementation. Runtime 

column is measured in seconds. All the input circuit files are in BLIF format. 

Circuits I II % III % IV % V % VI % Time 

f51m 72 58 19.44% 70 2.78% 66 8.33% 73 -1.39% 60 16.67% < 5 

5xp1 90 86 4.44% 87 3.33% 86 4.44% 81 10.00% 66 26.67% < 5 

rd73 45 47 -4.44% 43 4.44% 33 26.67% 27 40.00% 27 40.00% < 5 

C17 12 13 -8.33% 10 16.67% 7 41.67% 7 41.67% 7 41.67% < 5 

t481 46 28 39.13% 30 34.78% 30 34.78% 20 56.52% 20 56.52% < 5 

parity 33 34 -3.03% 36 -9.09% 40 -21.2% 30 9.09% 30 9.09% < 5 

sao2 156 137 12.18% 134 14.10% 143 8.33% 144 7.69% 146 6.41% < 5 

misex1 49 62 -26.5% 57 -16.33% 56 -14.3% 53 -8.16% 50 -2.04% < 5 
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misex2 142 149 -4.93% 131 7.75% 104 26.76% 91 35.92% 87 38.73% < 5 

ex5p 310 2318 -647% 1664 -436% 1312 -323% 1024 -230% 839 -170% < 5 

cc 107 76 28.97% 54 49.53% 49 54.21% 49 54.21% 48 55.14% < 5 

cordic 82 67 18.29% 59 28.05% 70 14.63% 71 13.41% 61 25.61% < 5 

c8 147 137 6.80% 135 8.16% 127 13.61% 122 17.01% 109 25.85% < 5 

b1 10 11 -10% 7 30.00% 7 30.00% 5 50.00% 5 50.00% < 5 

alu2 259 410 -58.3% 460 -77.61% 420 -62.6% 462 -78.3% 431 -66.4% < 5 

b9 237 129 45.57% 101 57.38% 93 60.76% 98 58.65% 94 60.34% < 5 

cm42a 22 22 0.00% 20 9.09% 17 22.73% 17 22.73% 17 22.73% < 5 

cm82a 21 24 -14.3% 23 -9.52% 19 9.52% 18 14.29% 15 28.57% < 5 

cm85a 40 57 -42.5% 39 2.50% 34 15.00% 31 22.50% 31 22.50% < 5 

cm138a 19 19 0.00% 19 0.00% 19 0.00% 15 21.05% 15 21.05% < 5 

cm150a 34 34 0.00% 33 2.94% 31 8.82% 27 20.59% 27 20.59% < 5 

cm151a 1022 513 49.80% 96 90.61% 36 96.48% 66 93.54% 36 96.48% < 5 

cm162a 71 78 -9.86% 59 16.90% 58 18.31% 47 33.80% 43 39.44% < 5 

cm163a 60 55 8.33% 41 31.67% 36 40.00% 34 43.33% 29 51.67% < 5 

cmb 49 43 12.24% 35 28.57% 36 26.53% 39 20.41% 36 26.53% < 5 

comp 208 144 30.77% 130 37.50% 132 36.54% 132 36.54% 110 47.12% 9.16  

count 251 251 0.00% 218 13.15% 218 13.15% 203 19.12% 189 24.70% < 5 

cu 67 67 0.00% 51 23.88% 46 31.34% 38 43.28% 38 43.28% < 5 

decod 33 51 -54.5% 48 -45.45% 47 -42.4% 45 -36.3% 45 -36.3% < 5 

frg1 205 208 -1.46% 203 0.98% 198 3.41% 197 3.90% 155 24.39% < 5 

i1 60 56 6.67% 60 0.00% 42 30.00% 42 30.00% 34 43.33% < 5 

i2 225 228 -1.33% 210 6.67% 111 50.67% 110 51.11% 26 88.44% < 5 

i3 134 136 -1.49% 70 47.76% 70 47.76% 70 47.76% 70 47.76% < 5 

i4 422 253 40.05% 180 57.35% 224 46.92% 184 56.40% 176 58.29% < 5 

i5 313 208 33.55% 149 52.40% 150 52.08% 145 53.67% 144 53.99% < 5 

i6 520 519 0.19% 386 25.77% 348 33.08% 346 33.46% 346 33.46% < 5 

i7 612 578 5.56% 419 31.54% 505 17.48% 399 34.80% 405 33.82% < 5 

majority 10 10 0.00% 9 10.00% 8 20.00% 5 50.00% 5 50.00% < 5 

lal 184 169 8.15% 128 30.43% 111 39.67% 103 44.02% 86 53.26% < 5 

mux 34 34 0.00% 33 2.94% 31 8.82% 27 20.59% 16 52.94% < 5 

pcle 95 96 -1.05% 87 8.42% 78 17.89% 72 24.21% 67 29.47% < 5 

pcler8 147 104 29.25% 94 36.05% 86 41.50% 80 45.58% 75 48.98% < 5 

sct 171 136 20.47% 85 50.29% 75 56.14% 69 59.65% 66 61.40% < 5 

tcon 34 44 -29.4% 32 5.88% 32 5.88% 32 5.88% 32 5.88% < 5 

term1 194 182 6.19% 230 -18.56% 190 2.06% 176 9.28% 185 4.64% < 5 

ttt2 250 277 -10.8% 284 -13.60% 250 0.00% 235 6.00% 220 12.00% < 5 

unreg 148 116 21.62% 99 33.11% 85 42.57% 66 55.41% 66 55.41% < 5 

x1 558 402 27.96% 366 34.41% 327 41.40% 295 47.13% 266 52.33% < 5 

x2 75 50 33.33% 45 40.00% 38 49.33% 37 50.67% 40 46.67% < 5 
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Table 5-2: Miscellaneous Synthesized Circuits  

The synthesis tool is just a preliminary version based on BDD manipulation and is 

not as powerful as commercialized CMOS style tools. Currently it only supports 

combinational designs. We will discuss some of the constraints for this algorithm in 

Section 5.4. However, the testing results of these circuits show that the synthesis tool can 

be used to generate the basic functional blocks needed to build more complex digital 

systems using very few devices, while meeting mechanical delay constraints. 

 

Discussion of Synthesis Run Time 

Our first version of synthesis tool is based on the Karnaugh map optimization 

whose computational complexity increases exponentially in terms of the number of 

inputs. Therefore, even for a less complicated logic circuits but with a large amount of 

inputs, the runtime is still unmanageable. The BDD-based synthesis tool can overcome 

this critical shortcoming completely because of the much higher efficiency of BDD 

manipulation techniques. Except multiplier, the single level BDD generation for circuits 

we have tested so far can be finished in a couple of minutes even the number of BDD 

nodes is more than ten thousand. 

However, BDD has its own disadvantages when used as the synthesis algorithms. 

Since the synthesis performance is purely dependent on the efficiency of the BDD 

x4 918 1075 -17.1% 956 -4.14% 1489 -62.2% 1115 -21.4% 665 27.56% < 5 

z4ml 66 63 4.55% 48 27.27% 39 40.91% 33 50.00% 32 51.52% < 5 

e64 357 1070 -199% 652 -82.63% 417 -16.8% 358 -0.28% 298 16.53% < 5 

apex6 830 1137 -37% 763 8.07% 712 14.22% 673 18.92% 637 23.25% < 5 

apex7 342 440 -28.6% 371 -8.48% 315 7.89% 281 17.84% 282 17.54% < 5 
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algorithm, the synthesis result is relatively unpredictable for each individual circuit unless 

we actually run the program on the circuit. The logic with less number of inputs and 

output are not guaranteed to have less number of BDD nodes and less runtime. Also, 

circuit intuitively with less complicated logic might not provide us much device counts 

improvement as we expected. Currently, for single level BDD construction with a fair 

complexity, the existing dynamic variable reordering techniques are powerful enough to 

provide us a near optimal variable order to reduce the number of nodes in overall BDD 

tree. Meanwhile, runtime for the reordering is in the reasonable magnitude. However, the 

decomposition technique is not well-optimized and further research efforts are needed to 

improve its efficiency. There are still some logic circuits tested cannot be synthesized in a 

reasonable time for multi-level representation. This could be due to the reason that the 

decomposition algorithm may be slow for some BDDs without preferred structure style 

and needs further optimization. 

Another concern also comes from decomposition techniques. Originally, the 

decomposition algorithm is actually designed for the synthesis of the traditional CMOS 

style logic block. As discussed, the algorithm first reads in a BLIF netlist containing the 

Boolean function descriptions, then constructs the single level BDD as the starting point. 

After several iterations of decomposition on the BDD, a traditional gate level netlist is 

created in terms of AND, OR, XOR, MUX operation. Therefore, there is no mathematical 

theory behind the algorithm which could guarantee that the number of device counts will 

definitely decrease after decomposition. This can possibly explain why the device counts 

actually increases even more mechanical delays are allowed in the circuit. The reason 
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why we have confidence in this method is intuitively because, after decomposition, the 

complexity of each individual sub-BDD diminishes and variable reordering techniques 

are more efficient. As a result, the overall BDD size is optimized by optimizing each 

individual sub-BDDs more efficiently. As we introduce in Chapter 4, the most efficient 

multi-level BDD representation should come from the architect who designs the logic 

circuit and thus can possibly partition the circuit into sub-blocks with reasonable 

balanced complexity in each sub-block. This point is well illustrated in the work from 

Daesung Lee [18] for the construction of a multiplier and will be discussed in detail in the 

following section. 

 

Building Large Multiplier Circuits Using BDD 

BDD is inherently inefficient for multiplier construction and manipulation. [13] 

mathematically proved that the outputs of an integer multiplier have graphs that grow 

exponentially in the BDD size regardless of the variable ordering. As described 

previously, for a practical 16 × 16 multiplier, the synthesis runtime is more than 260 days 

and for 32 × 32 multiplier is more than billions of years. The dynamical variable 

reordering techniques are not failed but the runtime just becomes impractical. 

Daesung Lee proposed a systematic way of constructing multiplier in his work [18]. 

Basically, instead of synthesizing the multiplier by brute force using BDD, a cluster of 

well-organized decomposed sub-blocks of multiplier is obtained first. As shown in Figure 

5-7, it is a reduction tree for implementing an 8 × 8 multiplier using carry save adder tree. 

Boxes with three dots and two dots correspond to full-adder and half-adder, respectively. 
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The overall mechanical delay needed is 6, as 1 for the partial product generation, 4 for the 

reduction, and 1 for the final sum. The reduction step can be implemented using 352 

relays. 

 

Figure 5-7: Construction of multiplier [18]  

The reason why they ended up with a smaller number of relays for 8 × 8 multiplier 

(9852 versus 13,475) is that the logic is a datapath circuit and they can take advantage of 

that to produce circuits using the partitioning and merging sub-BDDs that require a 
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smaller number of relays compared to the synthesis tool. Table 5-3 shows the number of 

mechanical delays vs. the number of BDD nodes for an 8 × 8 multiplier. 

Number of Mechanical Delays 1 2 3 4 5 6 

Number of BDD nodes 9852 2491 1367 699 555 533 
Table 5-3: Number of relays vs. number of mechanical delays [18] 

 

Figure 5-8: Plot of relays vs. delays  

The datapath modules such as multiplier and adder are more suitable for the 

organized decomposition, and this also serves as one example of manual decomposition 

outperforming the systematical decomposition algorithm in some cases. Figure 5-9 

illustrates the decomposition concept. 
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Figure 5-9: Ideal partition needs to be found in order to minimize the overall number of relays. 
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The entire combinational circuit is divided into a connection of tree-style sub-

blocks which can be referred as a super-node. Compared to a single BDD node with a 

simply 2-1 MUX function, a super-node performs more complicated function with 

multiple outputs. Each super-node will be built into a BDD tree and the number of 

mechanical delays for the entire circuit can be calculated as the number of super-node in 

the critical path. The decomposition techniques implemented in our tool also fall into this 

concept. The only difference is that several levels of super-node locating next to the 

primary output are implemented as AND, OR, XOR or MUX operation in our case, 

which is just a simply Boolean operation, and other parts of logic are implemented in 

BDD directly.  
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Figure 5-10: Current non-ideal implementation for multi-mechanical delays 

We believe this decomposition is less intelligent and unbalanced because we put 

more logic calculation on the BDD, and if we can somehow merge more logic into these 

upper nodes in a smarter way, making the nodes become real “super”, more reduction on 

the device counts could possibly be achieved. This can be a further research topic and 

should obtain considerable publicity. 
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Decomposition of Combinational Block Using Retiming 

An alternative way of decomposition for combinational block is implemented by 

inserting pipeline registers into logic, which can be realized by calling retiming command 

during the synthesis process. The motivation for this is also based on the idea of reducing 

the complexity of each stage. The basic decomposition process is illustrated in Figure 5-

11. 

Pipeline Stage 1 Pipeline Stage 2

Combinational block

Pipeline Stage 1 Pipeline Stage 2 Pipeline Stage 3

 

Figure 5-11: Pipeline stages partition 

After the partition process, each stage will be synthesized to relay circuit separately. 

The final implementation can be obtained by cascading each synthesized stages, resulting 

a multi-mechanical delay implementation. This technique has been applied to several 

circuits that we synthesized before, and the results are shown in Table 5-4 and Table 5-5. 

The number of relays for single mechanical delay implementation is also included in the 

bracket for comparison. 
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Table 5-4: Number of relays for 2-stage pipeline implementation using retiming 

 

Table 5-5: Number of relays for 3-stage pipeline implementation using retiming 

According to the implementation results shown in the table, retiming partition is not 

necessarily a better solution for decomposition of combinational logic. The resulting 

design is likely to consume more devices compared to design implemented by BDD 

decomposition. The main reason is easy to understand and can be explained as follows. 

After partitioning the circuit into several pipeline stages, each stage will be considered as 

a single combinational logic block. Therefore, the effective number of primary inputs 

increases dramatically, because all inputs for the intermediate stages are considered to be 

primary inputs in the BDD construction process. For example, circuit misex1.v originally 

has 8 primary inputs, all of which serve as the inputs of the stage 1 after decomposing 

into 3 stages. Meanwhile, there are 16 inputs for the stage 2 and 23 inputs for stage 3, all 

of which will eventually be considered as primary inputs during the construction of BDD. 

Effectively, retiming decomposition introduces extra 39 primary inputs into the design. 

As we discussed before, the BDD optimization algorithms is less efficient when the 

number of inputs of BDD increases, which will result in more redundancy in the final 

# of Inputs # of Relays # of Inputs # of Relays Total(Single)

cm163a.v 16 102 22 58 160(116)

i1.v 25 118 8 10 128(118)

misex1.v 8 94 20 84 178(94)

misex2.v 25 196 34 136 332(280)

2-stage Pipeline

Stage 1 Stage 2
Stage

Circuit

# of Inputs # of Relays # of Inputs # of Relays # of Inputs # of Relays Total(Single)

cm163a.v 16 76 18 54 17 28 158(116)

i1.v 25 100 25 62 4 8 170(118)

misex1.v 8 82 16 56 23 66 204(94)

misex2.v 25 168 18 54 18 44 266(280)

3-stage Pipeline

Stage 3Stage 1 Stage 2
Stage

Circuit
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BDD implementation. Therefore, the benefit gained from reduced logic complexity in 

each stage may be compensated by the increased redundancy in the BDD, leading to a 

design with more devices compared to single mechanical delay implementation. In 

current commercial synthesis tool, the designer does not have the flexibility to control the 

retiming process, thus there is no way to control the number of inputs for each pipeline 

stage. The pipeline stage implementation result is also unpredictable under this 

circumstance. In a real design situation, it is suggested to run the retiming pipeline 

partition to combinational logic to check any possible improvement in the device count. 

This technique can serve as one option for multi-mechanical delay implementation. 

  



 62 

 

 Concluding Remarks  

As MEM relay technology matures and continues to move toward scaled VLSI 

designs, the design effort required by custom designers will become increasingly heavy, 

presenting an obstacle in future of relay device.  The synthesis algorithm presents a 

logical step for the development of this technology by automating the design process and 

integrating seamlessly with automated place and route. Our previous Karnaugh map-

based synthesis methodology is inherently slow because of the high computational 

complexity. Therefore, a synthesis methodology based on binary decision diagram is 

developed to conquer previous issues. Through an optimized and systematic approach, 

the synthesis tool has demonstrated circuits comparable to custom designs in terms of 

performance and area. The synthesis tool also provides a method for easily incorporating 

the less conventional 6-terminal and seesaw relay variations in order to achieve an 

additional 50% area reduction. 

 

 Summary of Research Contributions  

Below is a list of the major research contributions described in this thesis. 

 Developed a more efficient BDD-based method for implementing arbitrary logic 

functions with MEM relays. 

 CHAPTER VI 

 Conclusion 
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 Developed a systematic way of generating combinational circuit with multiple 

mechanical delays. 

 Developed a systematic approach to incorporating 6-terminal and seesaw relay 

variations into an existing 4-terminal relay circuit. 

 Created a synthesis tool using these optimizations to automate the design of low 

delay circuits with low device counts. 

 Demonstrated a variety of build block circuits necessary for large-scale 

integration. 

 Discussed factors influencing device count and synthesis time. 

 

 Future Work  

Potential future work in this field could involve efficiently searching a nearly 

optimal circuit partition strategy for multi-mechanical delay implementation, which can 

further reduce the overall relays. One possibility would be to divide the circuit into sub-

blocks manually by circuit designers who have a thorough understanding of the logic. 

Another possibility would be to develop a mathematical theory to find an efficient 

partition in a given logic block systematically with specified number of levels, which 

could be then realized in a computer-friendly algorithm to automate the partition process. 
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A working version of the synthesis tool has been implemented in C.  For the reader’s 

reference, instructions on downloading and setting up the synthesis tool can be found at 

the following website: 

http://icslwebs.ee.ucla.edu/dejan/researchwiki/images/c/c3/README_RelaySynthesis.txt 
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