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Abstract

Emergent Quantum Order in the Strongly Coupled Moiré-Hofstadter Regime

by

Stefan Divic

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Michael P. Zaletel, Chair

A collection of many coordinated degrees of freedom can exhibit macroscopic behaviour
bearing little resemblance to that of its constituent parts, a phenomenon known as emer-
gence. In quantum materials, intricate correlations between electrons and ions produce a
zoo of emergent behaviours that physicists seek to characterize and control. The past decade
has seen rapid development in the synthesis and manipulation of moiré heterostructures, a
new family of highly-tunable materials consisting of layered 2D sheets of atoms. Under the
application of a perpendicular magnetic field, these devices provide unprecedented access to
the Hofstadter flux regime, in which the movement of electrons is sensitive to both cyclotron
motion and the effective moiré lattice, leading to quantized response and topological ob-
structions to wavefunction localization. In some moiré systems with no applied field, pairs
of low-energy electronic degrees of freedom behave as though subjected to opposite internal
magnetic fields, permitting an effective Hofstadter description of these systems as well.

This dissertation investigates the correlated behaviour of moiré-Hofstadter electrons under
the influence of strong repulsive interactions. In Chapter 2, we study a lattice model in-
spired by magic-angle twisted bilayer graphene where the tension between these localizing
forces and the intrinsic delocalization of low-energy electronic states stabilizes a correlated
topological insulator, with evidence that hole doping leads to unconventional superconduc-
tivity. In Chapter 3, we reveal and characterize a quantum phase transition between integer
quantum Hall and chiral spin liquid phases in a Hofstadter-Hubbard model of moiré tran-
sition metal dichalcogenides, exposing a hidden particle-hole symmetry and the structure
of critical current fluctuations. Finally, Chapter 4 argues that the energetic properties of
fractionalized excitations in the spin liquid phase near this quantum critical point are ideal
for the microscopic realization of Laughlin’s anyon superconductivity proposal.
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ii

Contents

Contents ii

1 Introduction 1
1.1 Integer Quantum Hall Effect and its Flavorful Variants . . . . . . . . . . . . 2
1.2 Fractionalization in the Quantum Hall, Mott, and Moiré Regimes . . . . . . 5
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Chapter 1

Introduction

The advent of moiré materials, particularly magic-angle twisted bilayer graphene (MATBG)
and moiré transition metal dichalcogenides (TMDs), has opened an unprecedented frontier in
the study of correlated quantummatter [1–3]. These systems offer uniquely tunable platforms
in which interacting electrons can be studied and manipulated under conditions not accessible
in traditional solids [4]. In the past several years, there has been rapid expansion of both
experimental capability and theoretical understanding in this burgeoning field [5–7], leading
to the discovery of both unexpected and long-sought quantum phases of matter [8, 9].

A key advantage of moiré materials, and 2D van der Waals heterostructures more broadly,
is their exceptional in situ tunability [10]. Through electrostatic gating, experimentalists
can precisely control carrier density and displacement fields, thereby tuning not only the
strength of electron-electron interactions, but also the topology and quantum geometry of
electronic Bloch wavefunctions [11, 12]. In addition, the large effective lattice constants
of these systems—arising from long-wavelength variations in local atomic registry—enable
access to the Hofstadter flux regime at laboratory-accessible magnetic field strengths [13].
The defining characteristic of this regime is that the lattice constant is an appreciable fraction
of the magnetic length, so the unit cell encloses a substantial fraction of the magnetic flux
quantum [14]. In contrast to continuum Landau levels, where relative kinetic energy is
completely quenched by cyclotron motion [15], the lattice structure of Hofstadter systems
produces a richer, strongly field-dependent spectrum of energies and electronic states [16].

In certain heterostructures, the moiré-scale patterns of strain, corrugation, and inter-layer
tunneling generate topological bands at low energies, even at zero magnetic field [17–19]. The
topology of isolated bands is often captured by a nonzero Chern number, detectable through
quantized linear response [20–22]. In MATBG, the low-energy bands may carry a different
“fragile” multi-band topological invariant [23–27]. In both cases, the underlying topological
obstruction forbids a description of the low-energy subspace in terms of localized atomic
orbitals [28], complicating the direct application of traditional strong coupling methods [29].
Nonetheless, it can be fruitful to view these degrees of freedom (considering all valleys and
flavors collectively) as arising in an auxiliary system subject to a time reversal-symmetric
combination of magnetic fields [30–32], e.g., a generalized Hofstadter lattice system.
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This dissertation explores the rich landscape of quantum phenomena in the strong cou-
pling regime of these moiré-Hofstadter systems, where repulsive interactions contend directly
with both kinetic energy and orbital magnetic effects [13, 33]. We investigate two distinct
frontiers: one in which internal magnetic fields arise as an emergent description of a moiré
system (Chapter 2), and another where an applied field strongly breaks time reversal symme-
try, drastically restructuring the phase diagram and Mott transition of the familiar Hubbard
model (Chapters 3 and 4). Working at the interface of the quantum Hall and Mott regimes,
we uncover quantum phenomena ranging from superconductivity coexisting with uncon-
ventional magnetism, to quantum criticality associated with the dissolution of spin liquid
order in a regime with prominent charge fluctuations. In particular, through the modern
lens of moiré materials and with the aid of powerful tensor network methods [34–36], this
dissertation sheds new light on Laughlin’s paradigmatic chiral spin liquid and anyon super-
conductivity proposals [37–40], and grounds them in explicit Hofstadter lattice realizations.

The remainder of this chapter presents concepts, motivations, and themes relevant to
subsequent chapters in this dissertation, followed by a detailed overview.

1.1 Integer Quantum Hall Effect and its Flavorful

Variants

The integer quantum Hall effect (IQHE) is a remarkable collective behavior of electrons
arising when a continuum two-dimensional electron gas (or 2DEG) is placed in a strong per-
pendicular magnetic field. In its non-interacting idealization, electrons enter into quantized
“Landau” energy levels as a consequence of quantum cyclotron motion, in which their rela-
tive kinetic energy is completely quantized [15]. The crucial observable associated with the
quantum Hall effects is the Hall resistivity ρH , a response quantity relating current flow to a
transverse electric field. From the idealized Landau level wavefunctions, it can be calculated
that ρH = ν−1h/e2 (where ν = ne/nϕ is the ratio of electron density to flux density) when
an integer number of Landa levels ν is fully occupied [41].

It is an astonishing experimental fact, first discovered in 1980 by Klaus von Klitzing et al.,
that ρH is not only perfectly quantized at integer values of ν, but remains quantized across
a broad plateau of magnetic field strengths [42]. The presence of these plateaus immediately
signals the presence of some amount of disorder, for otherwise Galilean invariance demands
that ρH be linear in the magnetic field [43]. Nonetheless, the remarkably-quantized values of
the Hall resistance within these plateaus hints at a deeper, topological organizing principle
which identifies the idealized filled Landau level with a broader class of quantum states.

This view of the IQH phase is clarified by the following thought experiment due to
Laughlin [44], adapted by Halperin in Ref. [45]. Consider a 2D annular sample delimited by
an inner and outer edge, whose bulk is penetrated by a uniform magnetic field and bears
a gap to all mobile electronic excitations. Now imagine that an additional magnetic flux
is threaded adiabatically slowly through the region enclosed by the inner edge. If the final
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enclosed flux is the elementary flux quantum, then the initial and final Hamiltonians within
the annulus differ only by a gauge transformation, meaning their full energy eigenspectra
are equivalent. An analysis of the idealized Landau level orbitals reveals that the net result
of this adiabatic cycle is for exactly one electron to be funneled from the inner edge to the
outer edge. This process is robust to both disorder and weak interactions that preserve the
integrity of the mobility gap [44, 46]. It has therefore been said that “the quantum Hall
effect is an emergent phenomenon characterized by the ability of the matter in question to
pump an integral number of electrons across the sample in a flux-winding experiment” [41].

Since this pivotal discovery, many materials and model systems of very different nature
have been found to exhibit the same phenomenon of quantized integral Hall response [20].
When translation invariance is broken by an underlying lattice, this phase is known as a
“Chern insulator”, observed for instance in graphene subjected to an hBN moiré poten-
tial [47–49]. The quantum anomalous Hall effect (QAHE) is the even more exotic realization
of quantized Hall conductance at zero magnetic field [50, 51], first observed in a magnetic
topological insulator [52, 53]. Moiré realizations are now numerous and include TBG with
an aligned hBN subtrate [17, 18] and heterobilayer MoTe2/WSe2 tuned by an out-of-plane
displacement field [19]. For the first time, a higher-Chern insulator has also been observed at
zero field [54], associated with wavefunction topology and Hall response not realized in the
Landau levels of any 2DEG. These experiments demonstrate the utility of moiré materials
for realizing novel, often long-theorized phases of matter in a highly-configurable setting.

Spin and Layer Quantum Hall Magnets

We now discuss the minimal setting in which interactions play a crucial role in the quantum
Hall effect. When the electronic system carries multiple internal “flavor” degrees of freedom
(such as spin, valley, or layer pseudospin), the IQHE admits a natural extension known as
generalized quantum Hall ferromagnetism (QHFM).

In gallium arsenide (GaAs) quantum wells, spin-orbit coupling substantially reduces the
effective g factor compared to its free electron value, making the spin splitting much smaller
than the cyclotron gap [43]. Nonetheless, at a total electron filling of ν = ν↑ + ν↓ = 1, the
lowest Landau level (LLL) can spontaneously polarize in spin due to exchange interactions.
Indeed, the system lowers its energy by spin alignment like in a conventional ferromagnet,
yet retains a net quantized Hall conductance arising from the underlying orbital structure
of the LLL. As a result, the experimentally observed spin gap, of order e2/ϵℓB, exceeds the
bare Zeeman gap by orders of magnitude [43]. This spontaneous breaking of spin-rotational
symmetry supports spin wave excitations and “skyrmion” textures, hedgehogs of spin whose
topological charge density and electric charge density are tied together [55–57].

Closely related phenomena occur in bilayer quantum Hall systems, such as GaAs double
wells [58]. Here, the layer pseudospin remains soft even if the true spin is polarized by Zeeman
or exchange effects. These bilayer systems exhibit strong interlayer coherence, even when
the microscopic interlayer tunneling is weak or vanishes entirely, which can be detected
by counterflow experiments [59]. Finally, similar behavior is exhibited by graphene in a
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magnetic field, where the valley index acts as yet another flavor degree of freedom [60, 61],
leading to spontaneous breaking of an approximate SU(4) symmetry [62].

Twisted Bilayer Graphene as a Flavor Ferromagnet

Moiré systems extend these ideas in various striking ways. The QAHE discussed above
exemplifies that moiré bands can inherit nontrivial topology from the underlying superlattice
geometry rather than a magnetic field. In this section, we provide a brief review of theoretical
proposals that generalized QHFM emerges in MATBG at zero field, owing to the structure
of its nearly degenerate low-energy bands [30, 31, 63].

We begin by recalling that the single-particle spectrum of monolayer graphene at charge
neutrality is concentrated in two regions in momentum space, called valleys and denoted
by τ = K,K ′ [64]. At generic small twist angle, the moiré-modulated pattern of hopping
(both in layer and between layers) causes a folding of the Brillouin zone and of the graphene
bands, which hybridize and form mini-bands [1]. At the so-called “magic angle” of θ ∼ 1◦,
numerical modeling consistent with experimental observations indicate that two intertwined
bands (per spin and valley) split off from the rest at charge neutrality, exhibiting a large
degree of isolation from the surrounding valence and conduction bands [65–67]. We will refer
to this as the narrow band subspace.

Because these two bands necessarily exhibit energetic degeneracies [24, 68–73], there is
ambiguity in how to label them, and it is a priori unclear what choice leads to the simplest
description in the presence of interactions at some chosen filling. Refs. [30, 31, 63] advocated
for the following choice: at each momentum, label the two states by the honeycomb sublattice
of graphene σ = A,B on which their weight is larger. The motivation for this choice is a
putative proximity to the “chiral limit” of MATBG, defined by the approximation that the
inter-layer hopping is solely between opposite graphene sublattices as a consequence of lattice
relaxation [74–78]; this extends the chiral symmetry of each graphene monolayer [64]. In this
limit, the states are maximally sublattice polarized [31, 79].

A surprising property of these sublattice-polarized states is that they carry nonzero Chern
number [70, 73]. In particular, letting σα, τα, sα (with α = 0, x, y, z) denote Pauli matrices
for sublattice, valley, and spin, respectively, then the Chern number is C = σzτ z [30]. This
motivates reorganizing the narrow band states by their Chern sector σzτ z, valley τ z, and
spin sz. A complete set of mutually-commuting Pauli matrices can then be defined [31]:

η = (σxτx, σxτ y, τ z) η̃ = (sx, sy, sz) γ = (σx, σyτ z, σzτ z), (1.1)

prescribing how to independently rotate each of these degrees of freedom. They behave as a
modified valley pseudospin, electronic spin, and a Chern pseudospin, respectively.

This basis is convenient for several reasons [31, 32]: (i) In the chiral limit, the corre-
sponding narrow band projected Hamiltonian is Chern-diagonal and independent of spin
and valley pseudospin. The projected interactions therefore have a U(4)+×U(4)− symmetry
corresponding to independent rotations of η and η̃ in each Chern sector. (ii) Since the
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dispersion vanishes entirely in the magic-angle chiral limit [74], this enlarged symmetry is a
property of the full projected Hamiltonian. (iii) Departing from the magic angle but retain-
ing the chiral approximation, this basis makes manifest the residual continuous symmetry;
since the dispersion is purely off-diagonal in the Chern basis, the symmetry simply reduces
to U(4).

Within this framework, Refs. [30, 31, 63] analytically demonstrated the existence of gen-
eralized QHFM ground states at integer fillings of the narrow bands. However, unlike the
bona fide quantum Hall examples presented above, the topology is generated solely from
moiré interference, and any time-reversal symmetry breaking is entirely spontaneous. We
further note experimental evidence for spin polarization in the vicinity of half-filling of the
flat bands, occurring at temperature scales larger than those associated with correlated
insulating and superconducting behavior [79–81]. This motivates further simplifying the
problem by projecting to the spin polarized bands, in which the symmetry is reduced to
U(2)+ × U(2)− in the chiral magic-angle limit, with a further reduction to U(2) from dis-
persion. In Chapter 2, we engineer a minimal lattice model inspired by these properties of
MATBG in which a generalized QHFM topological insulator appears and serves as a parent
state for superconductivity of purely-electronic strong coupling origin.

1.2 Fractionalization in the Quantum Hall, Mott, and

Moiré Regimes

In a partly filled Landau level, interactions can give rise to an entirely new type of incompress-
ible, “topologically ordered” fluid [82]. Shortly after the discovery of the integer quantum
Hall effect, Störmer and Tsui in 1982 observed an additional Hall plateau in gallium arsenide
samples at high field [83], this time at the fractional filling ν = ne/nϕ = 1/3. As before, ne
denotes the electron density while nϕ denotes the flux density. This plateau is associated
with a Hall conductance of σxy =

1
3
e2/h, and a vanishing longitudinal conductance σxx → 0

indicating a lack of dissipation. This was the first experimentally observed instance of the
fractional quantum Hall effect (FQHE), a broad family of quantum behaviors occurring at
different magnetic filling fractions in a 2DEG, arising intrinsically from interactions [84].

Within a year, Laughlin had conceived of a theoretical explanation [85], with continued
implications for high-field physics, moiré materials, quantum computing, and beyond [86]. He
proposed that this plateau was the fingerprint of a gapped quantum fluid with fractionalized
quasi-particle excitations. The simplest way to see this is to modify the flux-threading exper-
iment described in Sec. 1.1 above, now considering an incompressible fluid with σxy = νe2/h
but ν fractional [85]. Let us imagine that the inner ring is taken to almost zero, and the outer
to infinity, resulting in a punctured plane geometry. Adiabatically threading one flux quan-
tum through the puncture yields an excitation (energy eigenstate) with additional charge
∆q = σxy∆Φ = νe. This charge is localized at the origin but has flowed in from infinity. This
charge fractionalization is fundamentally associated with exotic anyonic exchange statistics
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of these particles as argued first by Halperin [87]. It is also tied to fractionalized gapless
edge excitations and ground state degeneracies dependent on the topology of the underlying
spatial manifold [88].

Recent experiments in moiré materials have revealed various generalizations of continuum
FQH states [9]. The first class, known as fractional Chern insulators [89], are seen at finite
magnetic field in a lattice. These have been observed in bilayer graphene rotated relative
to two encapsulating hBN crystals [13], as well as in MATBG [33]. The second class is
even more surprising and occurs at zero magnetic field, where they are known as fractional
quantum anomalous Hall (FQAH) states [50]. These were first observed in twisted MoTe2
homobilayers [90–92], and subsequently in pentalayer graphene on twisted hBN [93]. Beyond
these direct generalizations of the FQHE of electrons, can the tunability and engineerability
of moiré materials facilitate the realization of other fractionalized quantum matter?

Kalmeyer-Laughlin Chiral Spin Liquid

We now pivot to a remarkable idea originating in the study of cuprates, namely the chi-
ral spin liquid, a topologically-ordered phase of matter proposed by Kalmeyer and Laugh-
lin [37, 38], with deep connections to the FQHE. They considered a triangular lattice of
anti-ferromagnetically interacting spin-1/2 moments governed by the Heisenberg model

H = J
∑

⟨ij⟩

Si · Sj, J > 0. (1.2)

Here,
∑
⟨ij⟩ denotes the sum over nearest-neighbour bonds in the triangular lattice. Unlike

the “frustration-free” ferromagnetic scenario J < 0 in which all summands may be simulta-
neously satisfied by spin polarizing along some direction [94, 95], the ground state of H is
not solved exactly [94]. Kalmeyer and Laughlin made conceptual progress toward a plausible
ground state by recasting H in terms of interacting bosons.

The mapping itself consists of treating the spin raising (lowering) operator as the creation
(annihilation) operator of a “hardcore” boson b†, i.e., one for which double occupancy is
forbidden [94]: (b†j)

2 = b2j = 0. Associating |↓⟩ with the boson vacuum |0⟩ and |↑⟩ with the
single-boson occupancy state |1⟩ at each site, and omitting ℏ, the operator mapping is

S+
j ↔ b†j, S−j ↔ bj, Szj ↔ b†jbj −

1

2
. (1.3)

The Hamiltonian then decomposes as H = T + V where the boson hopping term originates
from the XY spin interaction:

T =
J

2

∑

⟨ij⟩

b†ibj + h.c. (1.4)

The SzSz interaction instead gives rise to a nearest-neighbour repulsive density-density inter-
action and chemical potential. The hardcore bosons can be promoted to bona fide canonical
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bosons by imposing the hardcore constraint energetically, namely via an additional term
Hhardcore = u

∑
j b
†
jb
†
jbjbj, with u taken to be the largest energy scale in the problem.

Due to the positive sign of the hopping T , the bosons behave as though subject to a
magnetic field whose flux through each triangle is Φ0/2 = hc/2q, where q denotes the U(1)
charge of the boson. This is because the Peierl’s substitution dictates that bosons hopping
in a magnetic field B = ∇×A should be governed by the kinetic Hamiltonian [16, 96]:

T = −
∑

i,j

tijb
†
ibj, tij = |t|e

2πi
Φ0

∫ j
i A·dℓ

. (1.5)

The product of tij around each closed loop therefore yields the flux through that loop, modulo
Φ0. For the hardcore bosons of interest, (−J)3 < 0, which confirms their experiencing Φ0/2
flux per plaquette. If the original spins are unpolarized in the ground state, then the mapping
Eq. (1.3) implies that ⟨b†jbj⟩ = 1/2. A corresponding density of bosons free to move in the
continuum would be at magnetic filling ν = 1/2 and, due to their strong hardcore interaction,
would therefore enter a m = 2 Laughlin FQH phase [37].

The quantized Hall coefficient σxy =
1
2
q2/h of the boson fluid maps to a spin quantum Hall

conductance (spin current in response to a transverse Zeeman gradient) of σsxy = 1
2
ℏ2/h =

2 · (ℏ/2)2/h. Semion excitations carrying fractional charge q/2 instead carry Sz = ℏ/2,
which is fractional since all local excitations carry integer spin. Finally, the putative spin
ground state inherits a two-fold topological ground state degeneracy—in addition to that
from spontaneously breaking time reversal symmetry—when realized on a torus or infinite
cylinder [88, 97–99]. These are the defining properties of the Kalmeyer-Laughlin CSL [82].

Toward the (Electronic) Realization of the Chiral Spin Liquid

There is a good reason to venture beyond the original Kalmeyer-Laughlin proposal: the
CSL fails to be the true ground state of the pure Heisenberg interaction Eq. (1.2). Instead,
large-scale numerical calculations identify a long range-ordered 120◦ anti-ferromagnet as
the ground state [100]. While the lattice and continuum bosons differ principally by the
application of a deep periodic potential [37], which may plausibly have been introduced
adiabatically without driving a transition between these phases, this scenario is not realized.

We are therefore left wondering whether there is a related lattice spin Hamiltonian,
extending Eq. (1.2), which does realize the CSL as its ground state. This has been answered
in the affirmative via the construction of exact parent Hamiltonians for the CSL [101–103].
A related, much simpler modification is to introduce a chiral three-spin interaction

Hχ = Jχ
∑

(ijk)

Si · Sj × Sk (1.6)

of sufficient strength [104–106], where the sum runs over all triangular plaquettes in the
lattice with vertices traversed counter-clockwise as i→ j → k.



CHAPTER 1. INTRODUCTION 8

Another path forward is to ask, perhaps more ambitiously, whether we can directly realize
the chiral spin liquid in a lattice model of electrons [107–109], i.e., without taking the Mott
limit of frozen charge fluctuations. As explored in Chapters 3 and 4, this is conceptually
interesting because it allows for the exploration of several inter-dependent properties: the
charged (both conventional and fractionalized) excitations of the CSL rather than just its
spin excitations [110], the structure of Mott transitions from the CSL into weak-coupling
phases, and the consequences of doping charge carriers [111]. The latter is the basis for
Laughlin’s so-called anyon superconductivity proposal, whereby a “conventional” topolog-
ical superconductor arises as the finite-density collective behavior of a system of charged
anyons [39, 40, 112, 113]. Chapter 4 of this dissertation clarifies the energetic conditions
satisfied by anyons that enable this intriguing possibility, and shows (via Chapter 3) how
these requirements can be implemented, counter-intuitively in the presence of a strong orbital
magnetic field in tandem with strong repulsive interactions.

To this end, we choose to view the hardcore bosonic degrees of freedom b as pairs of
tightly-bound, spin-singlet molecules of fermions carrying half their charge, e = q/2:

b†j = f †j,↑f
†
j,↓. (1.7)

The tendency to form local pairs can be imposed energetically by introducing an attractive
Hubbard interaction

HHub = −U
∑

i

(nfi↑ − 1/2)(nfi↓ − 1/2), (1.8)

with U > 0 sufficiently large. The flux per plaquette Φ0/2 seen by the bosons is time
reversal symmetric since it is only well-defined modulo Φ0. Thus, there are two possibilities
for the flux seen by the underlying fermions; we choose hc/4e (as opposed to −hc/4e), which
explicitly breaks time reversal symmetry. The simplest fermion hopping Hamiltonian on the
triangular lattice consistent with this choice is the Hofstadter model

h = −
∑

σ

∑

i,j

hijf
†
i,σfj,σ, (1.9)

where hij vanishes except when i, j are nearest neighbours, and where the counter-clockwise
product of hij around each triangle carries a phase eiπ/2.

To engineer a model for a CSL and not a bosonic FQH phase, we need b† to resemble
a charge-neutral spin raising operator. This can be achieved by a unitary change of basis
f †↓ → c↓ that leaves the up-fermions unaffected, f †↑ → c†↑. Remarkably, the choice of flux
means the form of Eq. (1.9) is identical in the c basis, up to a gauge transformation of the
spin-down electrons; all plaquettes still carry hc/4e flux [114, 115]. On the other hand, this
particle-hole transformation flips the sign of the Hubbard interaction since nf↓ → 1− nc↓.

At a density of one c fermion per site, and taking the Mott limit of large U , this bespoke
Hofstadter model with repulsive Hubbard interactions not only perturbatively realizes the AF
Heisenberg interaction Eq. (1.2) at order O(h2/U), but also the chiral interaction Eq. (1.6) at



CHAPTER 1. INTRODUCTION 9

order O(h3/U2) [116, 117]. Moreover, there is direct evidence from DMRG calculations that
the CSL phase is realized in the fermionic model itself [114, 118], while Refs. [118, 119] offer a
compelling roadmap for its realization in moiré TMD heterostructures with an effective layer
pseudospin degree of freedom and Zeeman-polarized spin/valley. All of this provides ample
motivation for the detailed study of this Hofstadter-Hubbard model, which we undertake at
both integer density (Chapter 3) and finite doping (Chapter 4), as summarized next.

1.3 Overview

The remainder of this dissertation is organized as follows:

• In Chapter 2, we investigate how basic microscopic ingredients (time reversal symme-
try, band topology, and strong repulsive interactions) conspire to give rise to correlated
phases of matter in moiré quantum materials. Motivated by experimental indications
that combining aspects of the Fermi-Hubbard model with quantum Hall physics may
foster correlated insulators and superconductivity in MATBG, we construct a minimal
Hofstadter lattice model unifying these features. Using infinite-cylinder density ma-
trix renormalization group simulations, we map out its ground state phase diagram
and identify an interaction-induced topological insulator and, upon weak hole dop-
ing, present evidence for superconductivity emerging from this parent quantum spin
Hall phase. To characterize this superconducting state, we develop a method to probe
the gap function directly within the infinite matrix product state framework, reveal-
ing a weakly paired p-wave superconductor of holes, reminiscent of superconductivity
reported in experiments on MATBG. We explicitly elucidate the structural similari-
ties and differences between our model and those of MATBG in its chiral limit. This
chapter is adapted from Ref. [120]:

Rahul Sahay∗, Stefan Divic∗, Daniel E. Parker, Tomohiro Soejima, Sajant Anand,
Johannes Hauschild, Monika Aidelsburger, Ashvin Vishwanath, Shubhayu Chatterjee,
Norman Y. Yao, and Michael P. Zaletel, Superconductivity in a topological lattice model
with strong repulsion [Editor’s Suggestion], Phys. Rev. B 110, 195126, (2024).

• In Chapter 3, we explore the collision of quantum Hall and Mott phenomena in the
presence of a large applied field. Motivated by recent proposals for simulating the
Hofstadter-Hubbard model in moiré TMD multi-layers, we focus on the regime of one-
quarter flux quantum per plaquette at a density of one electron per site. Our numerical
results confirm that a Kalmeyer-Laughlin chiral spin liquid emerges in the intermedi-
ate coupling regime, directly adjacent to a weak-coupling integer quantum Hall (IQH)
phase. Notably, we provide the strongest evidence to date that the IQH-CSL transition
is a continuous quantum phase transition featuring critical fluctuations of the electronic
current. We uncover a hidden glide particle-hole symmetry operation which, we argue,
is spontaneously broken at the IQH-CSL transition on odd-circumference cylinders,

https://link.aps.org/doi/10.1103/PhysRevB.110.195126
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shedding light on the true topological transition in 2D. More broadly, our results high-
light the crucial role and structure of charge fluctuations at the phase boundary of the
quantum Hall and Mott regimes. This chapter is adapted from Ref. [114]:

Stefan Divic, Tomohiro Soejima, Valentin Crépel, Michael P. Zaletel, and Andrew
J. Millis, Chiral spin liquid and quantum phase transition in the triangular lattice
Hofstadter-Hubbard model, arXiv:2406.15348.

• In Chapter 4, we argue that topological superconductivity emerges naturally upon
doping in the vicinity of the IQH to CSL transition. Unlike other mechanisms driven
by quantum criticality, our approach enables the numerically controlled demonstration
of electron pairing, a precursor to superconductivity in this setting. We employ exact
diagonalization and density matrix renormalization group methods to examine this
theoretical scenario and find that electronic pairing indeed occurs on both sides of crit-
icality over a remarkably broad range of interaction strengths. On the chiral spin liquid
side, our results provide the first model realization of the long-hypothesized mechanism
of anyon superconductivity. Our study thus establishes a beyond-BCS mechanism for
electron pairing in a well-controlled limit, relying crucially on the interplay between
electron correlations and band topology in a strongly coupled moiré-inspired lattice
model. We also provide a microscopic origin for a conjectured emergent, continuous
symmetry of the quantum critical point, for which we derive a low-energy parton field
theory description. This chapter is adapted from Ref. [115]:

Stefan Divic, Valentin Crépel, Tomohiro Soejima, Xue-Yang Song, Andrew J. Millis,
Michael P. Zaletel, and Ashvin Vishwanath, Anyon superconductivity from topological
criticality in a Hofstadter-Hubbard model, PNAS, vol. 122, no. 33, e2426680122, 2025.

https://arxiv.org/abs/2406.15348
https://www.pnas.org/doi/abs/10.1073/pnas.2426680122
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Chapter 2

Superconductivity in a Topological
Lattice Model with Strong Repulsion

Superconductors are remarkable phases of matter wherein charge-e fermions—which micro-
scopically repel one another—instead bind into charge-2e Cooper pairs that then condense.
Traditionally, these phases are best understood in the context of weak interactions [121–
123]. For example, in the paradigm put forth by Bardeen, Cooper, and Schrieffer (BCS),
phonons mediate pairing between electrons near the Fermi surface of a weakly-correlated
Fermi liquid [122]. Despite its widespread applicability, the limitations of the phonon-based
theory are suggested by the experimental discovery of “unconventional” superconductors,
which display a plethora of exotic phenomena ranging from high transition temperatures,
to non-standard pairing symmetries, and parent states with anomalously low carrier densi-
ties [121, 124]. Such superconductors arise in surprisingly distinct settings, e.g., the cuprate
compounds [125–129], iron pnictides [130–132], and possibly even in twisted bilayer graphene
(TBG) [2, 133–137] and other graphene multilayers [138–144]. This diversity motivates a
fundamental question that is especially relevant in the present era of highly-tunable solid-
state and cold atom synthetic quantum materials. Namely, what microscopic ingredients aid
the realization of unconventional superconducting ground states?

For the past several decades, investigations into unconventional superconductivity have
brought to the forefront the ingredient of strong interactions. This is encapsulated in the
celebrated Fermi-Hubbard model [94, 145–147], which consists of spinful fermions occupying
tightly-localized orbitals coupled by strong repulsion. These minimal ingredients underlie
several proposed mechanisms for unconventional superconductivity [126–129] and give rise
to numerous other exotic phenomena (see e.g. [107, 148–152]). As a consequence, the Fermi-
Hubbard paradigm has been the subject of decades of sustained interest in condensed matter
physics, pushing the forefront of theory and motivating new experimental paradigms such
as cold atom quantum simulation [153–160].

Despite their success, the simple ingredients in the Fermi-Hubbard model are insufficient
to describe strongly-interacting phenomena reliant on band topology, such as the celebrated
quantum hall effects [43, 84]. This setting of topological bands induced by strong magnetic



CHAPTER 2. SC IN A TOPOLOGICAL MODEL WITH STRONG REPULSION 12

fields, with accompanying time-reversal breaking, is naively unfavorable for superconductiv-
ity in the presence of repulsive interactions. However, a number of works have suggested
regimes where superconductivity may emerge in topological Hofstadter-type models, such
as [161–165]. Recently, experiments on TBG and other graphene moiré multilayers—in
which topology is widely believed to play a crucial role—present a related time-reversal-
invariant context [68, 70] in which superconductivity can and does appear [2]. As such,
various studies have sought to demonstrate the presence of an all-electronic route to su-
perconductivity in models of TBG and, more broadly, in electronic Hamiltonians with the
ingredients of time-reversal symmetry, strong repulsive interactions, and topological bands.
However, owing to the complexity of the many-body problem, theoretical evidence for such
a route has so far only derived from approximate or perturbative methods, e.g., mean-field
theory [166, 167], large-N expansions [79], and effective continuum descriptions [79, 168,
169]. Elucidating the existence and character of superconductivity in a fully-microscopic
model with these ingredients, therefore, remains an important and outstanding challenge.

In this chapter, we introduce a minimal model—the “double Hofstadter” model— that in-
corporates precisely these ingredients and employ unbiased matrix product state techniques
to study its phase diagram on finite-circumference cylinders. Our study reveals that their
interplay leads to a plethora of exotic phenomena and culminates in the numerical demon-
stration of an unconventional superconducting ground state at a finite circumference, with
further evidence that this behavior may persist on larger cylinders.

2.1 Summary of Key Results

This chapter studies the double Hofstadter model, a simple lattice model with the following
properties:

1. Short-range repulsive interactions (akin to the Hubbard model),

2. Narrow or “flat” topological bands (akin to quantum Hall and some moiré systems),

3. Time-reversal symmetry (facilitating superconducting phase coherence).

To bake all of these ingredients into a single Hamiltonian, we start with the familiar Harper-
Hofstadter model of spinful fermions on a square lattice with a magnetic flux Φ = Φ0/q per
plaquette [14, 16]. This is a lattice model whose lowest band carries a Chern number and
limits to the lowest Landau level as q →∞, but is not time-reversal symmetric. We therefore
consider a bilayer Hofstadter model (Fig. 2.1) with opposite magnetic fields in opposite layers,
whereupon the model becomes time-reversal symmetric. Finally, we allow tunneling between
the layers and add strong local repulsive interactions, as in the Hubbard model. We analyze
the resulting double Hofstadter model and argue that it contains an unconventional p-wave
superconductor of purely repulsive origin. After defining the model precisely in Section 2.2,
our key results are five-fold and culminate in connections to contemporary experiments.
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Figure 2.1: The Double Hofstadter Model. This chapter considers a simple lattice
model with three essential ingredients: (1) narrow topological bands with (2) strong repulsive
interactions and (3) time-reversal symmetry. These properties are realized in a bilayer lattice
model of spinful fermions made by joining together two copies of the Harper-Hofstadter
model with opposite magnetic fields in opposite layers. Bonds represent electron hoppings
with in-layer magnitude t and inter-layer magnitude g. Peierls phases of einπ/2, graphically
depicted via n arrows along the direction of hopping, yield a magnetic flux of ±Φ = ±π/2
per plaquette in the top and bottom layers, respectively. Finally, there are repulsive density-
density interactions (wavy lines) with magnitude U1 onsite and U2 between the layers.

Flat Bands & Fragile Topology: First, in Section 2.2, we present the bandstructure
of our model (See Fig. 2.2). Crucially, the lowest four bands are narrow and possess “fragile
topology” [23–27]. Even though their total Chern number vanishes, fragile topology implies
that no symmetric, exponentially-localized Wannier basis for these bands exists (without the
addition of trivial filled bands to the model). This precludes any tight-binding description
for the flat band subspace consisting of symmetric and exponentially-localized orbitals.

Correlated Insulator at Half-Filling: Next, in Section 2.3, we investigate the ground
state phase diagram of the double Hofstadter model at half-filling of the flat band subspace.
We first demonstrate analytically that the ground state at strong in-layer coupling is a
generalized quantum Hall ferromagnet, which is a spontaneously-generated quantum spin
Hall insulator. We refer to this state as a layer antiferromagnet (“LAF”) as it is characterized
by ferromagnetism within each layer but antiferromagnetism between layers [See Fig. 2.3(a)].
We confirm this analytical understanding numerically using infinite cylinder density matrix
renormalization group (cylinder iDMRG) methods. Our simulation of the model is enabled
by recent advances in the compression of matrix product operators [170].

Unconventional Superconductivity: Third, in Section 2.4, we provide numerical ev-
idence that hole-doping the LAF produces an unconventional superconducting ground state.
In this purely-repulsive setting, our evidence is based on state-of-the-art parallelized iDMRG
numerics and is strongest at circumference Ly = 5. There, we conclusively demonstrate both
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(algebraically) long-ranged superconducting correlations and a finite charge gap. Despite the
exponential scaling of simulation complexity in Ly, we attempt a similar analysis on larger
cylinders where we find preliminary—but ultimately inconclusive due to bond dimension
limitations—evidence for a superconducting ground state. We conclude by verifying that
the superconducting phase at Ly = 5 is robust, with stability to several perturbations in-
cluding additional repulsive interactions, and always coexists with LAF order.

In Section 2.5, we devise a novel and widely applicable method to probe the supercon-
ducting gap function in charge-conserving cylinder iDMRG, which we use to systematically
characterize the putative superconductor. We find that it is well-described by the weak pair-
ing of quasi-holes above the strongly-correlated LAF insulator (i.e., it is “BCS” like) with
a p-wave pairing symmetry. We emphasize that this weak-pairing phenomenology emerges
in a setting where electronic repulsion dominates the kinetic energy and is, moreover, un-
earthed using non-perturbative numerics that do not presuppose a mean-field description.
This observation then enables us to estimate the superconducting transition temperature.

Connection to Solid-State Experiments: We conclude by presenting a link between
the double Hofstadter model and models of moiré materials. Explicitly, we define a mapping
between the symmetries, Hamiltonian, and even some ground states of our model and those
of chiral twisted bilayer graphene [31, 63, 74, 75, 171].

2.2 The Double Hofstadter Model

We now introduce the double Hofstadter model and its basic properties, showing how it
incorporates repulsive interactions, narrow topological bands, and time-reversal symmetry.
We define the model precisely in Sec. 2.2 and summarize its key symmetries in Sec. 2.2,
focusing on time-reversal and magnetic translations. Going to momentum space in Sec. 2.2,
we show that the lowest four bands of the model are energetically narrow, well-isolated, and
topologically non-trivial. Finally, Sec. 2.2 describes the projected model within the flat band
subspace. We identify a “layer-polarized” basis for this space, which will be the most natural
basis to describe the many-body states, both numerically and analytically.

The Model

The double Hofstadter model consists of spinful fermions in a bilayer square lattice (See
Fig. 2.1). At each lattice site r = (x, y) ∈ Z2, define a row vector of many-body creation
operators,

ψ̂†r =
(
ψ̂†rT↑ ψ̂†rT↓ ψ̂†rB↑ ψ̂†rB↓

)
. (2.1)

We use notation ℓ ∈ {T,B} for layer and s ∈ {↑, ↓} for spin, with associated Pauli matrices
ℓ0,x,y,z and s0,x,y,z.

The Hamiltonian has a few simple components. First, it contains nearest-neighbor hop-
ping within each layer. Second, fermions in the top (bottom) layer experience an upwards
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(downwards)-pointing magnetic field that induces a 2π/q flux per plaquette, where q is a
fixed positive integer. This is implemented in a tight-binding model via the Peierls sub-
stitution with a choice of electromagnetic gauge field whose value in each layer is AT/B =
(0,±(2π/q)x, 0). Concretely, the in-layer hopping Hamiltonian consists of two time-reversal-
related copies of the Harper-Hofstadter model with a 1/q flux fraction:

ĥt = −t
∑

r∈Z2

ψ̂†r+ŷ e
2πix
q
ℓz ψ̂r + ψ̂†r+x̂ψ̂r + h.c., (2.2)

where we use the convention that the top and bottom layers correspond to ℓz = +1 and −1,
respectively. Next, electrons may tunnel vertically between the two layers:

ĥg = −g
∑

r∈Z2

ψ̂†r ℓ
x ψ̂r. (2.3)

Finally, the Hamiltonian contains both an in-layer and inter-layer Hubbard interaction, given
by

V̂1 =
U1

2

∑

r∈Z2

: n̂2
rT + n̂2

rB : V̂2 = U2

∑

r∈Z2

: n̂rTn̂rB :, (2.4)

where n̂rℓ =
∑

s n̂rℓs and where the colons indicate normal-ordering of the fermion operators.
With these three ingredients, the full Hamiltonian is (see Fig. 2.1):

Ĥ = ĥt + ĥg + V̂1 + V̂2 = ĥ+ V̂ , (2.5)

where ĥ is the non-interacting portion of the model and V̂ consists of interaction terms.
In what follows, we set the magnitude of the in-layer hopping strength to t = 1 and scale
the other couplings to be in these units. Furthermore, throughout the rest of this chapter,
we will fix the flux fraction to 1/q = 1/4 (the case depicted in Fig. 2.1). We remark that
spinless variants of this model have been explored in previous works for both bosons and
fermions [164, 165, 172–175]. However, we emphasize that most of the physics revealed in
this chapter crucially depends on the presence of both the layer and spin degrees of freedom.

Symmetries

We now discuss the symmetries of the model beyond charge U(1)Q and spin SU(2)S, which
are manifest. We will find that the coupling of two opposite Hofstadter layers makes both
the magnetic point group and the translation symmetries of the model slightly non-trivial.

We first note that the model, while not directly invariant under time-reversal (which
would flip the magnetic field penetrating either layer), is invariant under a modified symmetry
MzT . This operator consists of the usual time-reversal operator T , that flips time and
electronic spin, followed by an in-plane mirror flip Mz that flips the layer. Furthermore, the
point group of Ĥ can be determined by considering the model’s embedding into 3D space (see
Fig. 2.1). In particular, the model is invariant under the dihedral group of two-fold rotations



CHAPTER 2. SC IN A TOPOLOGICAL MODEL WITH STRONG REPULSION 16

around all three cartesian axes (though not four-fold, see below). This group is generated
by π-rotations around the ẑ and x̂ axes, which we denote by C2z and C2x, respectively. The
latter naturally exchanges the two layers and is chosen to also flip spin. The combination
of the modified time-reversal symmetry with the point group defines the “magnetic point
group.” As its generators, we take:

Ĉ2zψ̂
†
rĈ
−1
2z = ψ̂†−r (2.6a)

Ĉ2xψ̂
†
rĈ
−1
2x = ψ̂†C2xr

ℓxsx (2.6b)

Îψ̂†rÎ−1 = ψ̂†−rℓ
xsx (2.6c)

where we have defined a spacetime inversion symmetry Î = Ĉ2z · M̂zT̂ , which has the
convenient property that it preserves the electronic crystal momentum, and where C2xr =
(x,−y). We remark that the spacetime inversion symmetry is anti-linear (ÎiÎ−1 = −i) while
the ordinary point group symmetries are linear.

Next, the translation symmetries of Ĥ are also governed by the magnetic field. Define
the operators

t̂xψ̂
†
r t̂
−1
x = ψ̂†r+x̂e

2πiy
q
ℓz , t̂yψ̂

†
r t̂
−1
y = ψ̂†r+ŷ. (2.7)

These are not symmetries (unless g = 0), but will be used to define the magnetic transla-

tion group. Their non-trivial commutator t̂−1y t̂−1x t̂y t̂x = e
2πi
q
ℓz encodes the layer-dependent

Aharonov–Bohm phase accrued by an electron hopping counter-clockwise around a plaque-
tte.

The translation symmetry of the Hamiltonian is substantially reduced by the inter-layer
tunneling, Eq. (2.3). While the magnetic flux through each layer remains spatially uniform,
the tunneling induces a flux pattern in the region between the layers that is non-uniform;1

see the shaded vertical plaquettes shown in Fig. 2.1. For even q, this pattern repeats every
q/2 sites,2 and thus the magnetic translation symmetries of Ĥ are generated by m̂x = (t̂x)

q/2

and m̂y = t̂y, which anti-commute:

[Ĥ, m̂x] = [Ĥ, m̂y] = 0, m̂xm̂y = −m̂ym̂x. (2.8)

To define the Bravais lattice and Bloch states, we consider the largest abelian subgroup of
translations. Its generators

T̂x = m̂2
x, T̂y = m̂y, [T̂x, T̂y] = 0 (2.9)

specify a Bravais lattice L with primitive lattice vectors ax = qx̂ and ay = ŷ. The cor-
responding reciprocal lattice is then spanned by Gx = 2πx̂/q and Gy = 2πŷ. Each unit

1We remark that this non-uniform flux pattern is precisely why our model does not have a C4z symmetry
in spite of the square lattice geometry.

2When q is instead odd, the pattern of fluxes through the vertical plaquettes repeats every q sites, and
the generators are simply (t̂x)

q and t̂y, which commute.
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Figure 2.2: Band Structure of the Double Hofstadter Model. Panel (a) depicts
the single-particle energy bands of the model at a flux fraction 1/q = 1/4 and inter-layer
tunneling amplitude g = 0.1. Including spin, there are 16 total bands. In this chapter,
we focus on the lowest four (highlighted in blue), which have narrow bandwidth and are
well-isolated from the remaining bands. (b) These narrow bands, shown here for g = 0.3 in
a smaller energy window, have w2 = +1 fragile topology and possess two Dirac cones that
wind in the same direction. In (c), we show a schematic of the layer-polarized basis states,
which span the flat band subspace and carry opposite Chern number C = ±1 in opposite
layers. When interactions are large, the energy difference between flat bands is irrelevant;
in Section 2.2 we show that a maximally-layer polarized basis is more natural for studying
ground state physics in the low-energy subspace.

cell contains q evenly-spaced sites. We describe positions in the underlying square grid by
specifying a unit cell and sublattice:

r = u+ σx̂ (u ∈ L, σ ∈ {0, . . . , q − 1}), (2.10)

and relabel the fermion operators as ψ̂†σℓs(u).

Band Structure and Topology

Combining magnetic translations Eq. (2.9) with Eqs. (2.2) and (2.3), we obtain the non-
interacting band structure of the double Hofstadter model. The band structure is shown in
Fig. 2.2(a) and, accounting for two-fold spin degeneracy, features 2× 2× q = 16 total bands.
The lowest four are narrow (“flat”) and energetically isolated by a large band gap. Partially
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filling these narrow bands in the presence of interactions will be the primary interest of this
study. In what follows, it will be convenient to denote their occupation by a continuous
value 0 ≤ ν ≤ 4.

In the absence of inter-layer tunneling, these narrow bands are those of the decoupled
Hofstadter layers. It is known that they are topological with Chern number C = +1(−1)
for the top (bottom) layers [20]. In fact, in the limit of small flux 1/q → 0, these flat
bands become time-reversal related copies of the lowest Landau level [176, 177]. Introducing
non-zero tunneling g hybridizes the lowest two bands in each spin sector. Although their
total Chern number is zero, the bands are nonetheless topologically non-trivial. They have
a fragile topological invariant w2 = 1 ∈ Z2, protected by spacetime inversion symmetry I
and U(1)Q [23–27]. A key implication of fragile topology is that the two SU(2)S-symmetric
bands possess two Dirac cones, as shown in Fig. 2.2(b), that wind in the same direction. At
even q, the Dirac cones are pinned to k± = Gx/2 ± Gy/4 by C2z, C2x and mx (details in
Appendix A).

Flat Band Hamiltonian

Let P̂ denote the many-body projection operator into the low-lying Hilbert space of the
narrow bands of ĥ. Provided that the interaction scale U is smaller than the gap above the
narrow Hofstadter bands, we expect the physics at ν ≤ 4 to be accurately captured by the
projected Hamiltonian P̂ĤP̂ . This simplification is ubiquitous in studies of the quantum
Hall effect at partial filling of the lowest Landau level [178]. There, one finds that interactions
enhance the gap to higher bands, thereby justifying the projection assumption beyond the
naive regime of applicability.

Layer-Polarized Basis for Flat Bands

When the interaction strength U greatly exceeds the bandwidth W of the low-lying bands,
the single-particle energy eigenbasis is no longer a physically useful way to organize the
narrow-band subspace. Drawing inspiration from the g = 0 limit in which layer is a good
quantum number, we instead work in a basis of states that are maximally-polarized into
either the top or bottom layer. Crucially, these states will carry a layer-dependent Chern
number, a fact that will underpin our analytical and numerical understanding of the many-
body phenomena. Concretely, we define a “layer-polarized” basis for the flat-band subspace
as an eigenbasis of the projected layer operator:

P̂ ℓ̂z(k)P̂ |vls(k)⟩ = λl(k) |vls(k)⟩ , (2.11)

and demand that the (real) eigenvalues carry a consistent sign across the Brillouin zone.
Here, ℓ̂z(k) = ψ̂†(k)ℓzψ̂(k) is defined in terms of the Fourier transformed microscopic fermion
operators,

ψ̂†σℓs(k) =
∑

u∈L

ψ̂†σℓs(u)e
ik·(u+σx̂). (2.12)



CHAPTER 2. SC IN A TOPOLOGICAL MODEL WITH STRONG REPULSION 19

In this basis, the creation operators for the layer-polarized orbitals take the form of Block-like
states:

φ̂†ls(k) =
∑

σ,ℓ

ψ̂†σℓs(k)vσℓ,l(k), (2.13)

For numerical convenience, we fix the residual gauge freedom by requiring that these layer-
polarized orbitals be maximally localized in x when Fourier transformed, resulting in hybrid
Wannier states [179–182].

We further remark that the two eigenvalues in Eq. (2.11) are opposite in sign and equal in
magnitude. For all parameters of interest, their magnitude is bounded below as |λT/B(k)| >
0.95, very near the maximum possible value of unity. Like the Harper-Hofstadter bands of
the layer-decoupled Hamiltonian ĥt, the layer-polarized basis states carry a Chern number
C = ±1 for l = T/B respectively. We emphasize that this holds in spite of the fact that layer
is not a good quantum number in the presence of inter-layer tunneling. We therefore refer
to the label l as the “dressed layer” index and remark that it is indistinguishable from the
true layer index ℓ, within the low-energy subspace, in the layer-decoupled limit.

Flat Band Projected Hamiltonian

We now write the projected Hamiltonian in terms of the layer-polarized basis for the flat-
band Hilbert space:

Ĥ = P̂ĤP̂ =
∑

k

φ̂†kδh(k)φ̂k + V̂ . (2.14)

This decomposition of the Hamiltonian is chosen so that the interaction part is positive
semi-definite:

V̂ =
1

2

∑

q∈EBZ

Vℓℓ′(q)δρ̂qℓδρ̂−qℓ′ , (2.15)

and δh(k) consists of the remaining single-particle terms. The latter can be further decom-
posed as δh0(k) + δhg(k), where δhg(k) ∼ O(g) is purely off-diagonal in dressed layer and
δh0(k) ∝ l0 is controlled by the bandwidth of the bare Hofstadter bands, up to a constant
offset and O(g2) corrections.

We refer to V̂ as the “strong-coupling” form of the interaction. Explicitly, δρ̂qℓ = ρ̂qℓ −
ρ̄qℓÎ denotes the layer-resolved charge density relative to a translationally-invariant reference
charge background that evenly fills the two layers, where (c.f. [31, 63])

ρ̂qℓ =
1√
qN

∑

k

φ̂†kΛqℓ(k)φ̂k+q, (2.16)

[Λqℓ(k)]ll′ =
∑

σ

v∗σℓ,l(k)vσℓ,l′(k+ q), (2.17)
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and ρ̄qℓ =
1√
qN

∑
k,G δq,Gtr [ΛGℓ(k)]. For purely on-site interactions, Eq. (2.4), the interac-

tion kernel V (q) is a matrix in the layer indices that can be expressed as:

V (q) = U1ℓ
0 + U2ℓ

x, (2.18)

which is crucially independent of q. Moreover, we note that the momentum q lives in an
extended Brillouin zone, or “EBZ,” which is defined relative to the microscopic square lattice
as opposed to the Bravais lattice (see Appendix A for more detail).

The symmetries of the double Hofstadter model strongly constrain its form factors.
Namely, spacetime inversion symmetry gives Λq(k) =

∑
ℓ Λqℓ(k) the following functional

form:3

Λq(k) = F S
q (k)e

iΦS
q(k)l

z

+ FA
q (k)l

xeiΦ
A
q (k)lz , (2.19)

with real-valued functions F S/A and ΦS/A. In the ‘decoupled’ limit g → 0, the U(2) symmetry
of the double Hofstadter model is enlarged to U(2) × U(2), corresponding to independent
spin rotations and charge conservation in each layer. This implies FA vanishes when g = 0,
and in fact FA = O(g) is always perturbatively small. The decoupled limit, therefore, serves
as the starting point for the strong coupling theory of the double Hofstadter model that we
develop in the next section.

2.3 The Layer Anti-Ferromagnet

We now investigate the phase diagram of the double Hofstadter model at electronic densities
consistent with filling two of the four flat bands, i.e., ν = 2. Our key finding in this sec-
tion is a correlated insulating ground state, the layer anti-ferromagnetic (LAF) state, that
will later be shown to be the parent state for superconductivity. The LAF is characterized
by ferromagnetic order within each layer and anti-ferromagnetic order between layers [see
Fig. 2.3(a)], thereby spontaneously breaking the SU(2)S symmetry down to U(1)S. Topo-
logically, the LAF is an interaction-induced quantum spin Hall insulator protected by a
U(1)Q × U(1)S symmetry.

Analytic Arguments for LAF at Large U1

Let us begin by analytically arguing that the LAF state depicted in Fig. 2.3(a) is the expected
ground state when the inter-layer interaction U1 is the dominant term in the Hamiltonian. We
do so by showing that interactions favor in-layer ferromagnetic order, while additional inter-
layer hopping selects for inter-layer antiferromagnetic order. We later confirm this picture
numerically in Subsection 2.3, where we use extensive iDMRG computations to demonstrate
the stability of the LAF and discuss a rich array of competing phases.

3This form is obtained by passing to the layer-polarized basis in which spacetime inversion acts as
Îφ̂†(k)Î−1 = φ̂†(k)sxlx.



CHAPTER 2. SC IN A TOPOLOGICAL MODEL WITH STRONG REPULSION 21

In-Layer Ferromagnetism

We start by working in the limit with vanishing inter-layer tunneling and inter-layer inter-
actions, g = U2 = 0, in which the two layers are completely decoupled. We further take the
limit where the remaining in-layer dispersion δh0(k) [Eq. (2.14)] vanishes (up to an inconse-
quential momentum independent shift). At the filling fraction ν = 2, the in-layer interaction
Hamiltonian favors states that occupy the two layers equally. All that remains, therefore,
is to determine the behavior of spin in each layer. For generic narrow, half-filled Chern
bands, strong repulsive interactions will generally favor ferromagnetic spin alignment in a
phenomenon known as quantum Hall ferromagnetism [43, 183]. Intuitively, this behavior
arises from the interplay between strong interactions and the spread of Wannier functions.
In a topological band, Wannier functions cannot all be atomically localized. It is therefore
advantageous for the electrons to spin polarize, which forces the many-body wavefunction
to vanish when two electrons are brought together and results in a favorable direct exchange
energy. We remark that this is different from the paradigm of the Fermi-Hubbard model.
There, electrons can be perfectly localized to atomic lattice sites, resulting in a vanishing
direct exchange energy and a dominant anti-ferromagnetic “super-exchange” interaction.

Consequently, the layer-decoupled double Hofstadter model should have bilayer quantum
Hall ferromagnets as favorable ground states, namely

|nT,nB⟩ =
∏

k

φ̂†T,nT
(k)φ̂†B,nB

(k) |0⟩ . (2.20)

Here, each layer is associated with an order parameter characterizing its spontaneous mag-
netization:

nℓ ∈ S2 ≃ SU(2)/U(1), (2.21)

and electronic states whose spins are aligned to this axis:

φ̂†ℓ,nℓ
= cos(θℓ/2)φ̂

†
ℓ,↑ + eiϕℓ sin(θℓ/2)φ̂

†
ℓ,↓, (2.22)

where ϕℓ and θℓ are the azimuthal and polar angles of nℓ, respectively. We can place this
intuition on rigorous analytical footing by recognizing that the term δρ̂qℓδρ̂−qℓ appearing

in the strong-coupling interaction V̂ [Eq. (2.15)] is positive semi-definite for each q. This
implies that any state annihilated by every δρ̂qℓ is an exact ground state of this interaction.
In particular, this is true of the ferromagnetic trial states in Eq. (2.20):

δρ̂qℓ |nT,nB⟩ = 0, ∀nT/B ∈ S2. (2.23)

Analytically, this follows from the Pauli exclusion principle and the form factors Λqℓ(k)
being layer-diagonal in the g = 0 limit, Eq. (2.19), that is itself a consequence of layer
U(1) symmetry. This shows that the trial states (2.20) are exact ground states of the
strong-coupling Hamiltonian (2.15) and are therefore approximate ground states of the full
Hamiltonian.
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Figure 2.3: The Layer Anti-Ferromagnet and Competing Phases. (a) Schematic de-
piction of the LAF at ν = 2, a quantum spin Hall insulator with opposite spin polarization in
opposite layers. We will later argue that hole-doping this state gives rise to an unconventional
superconductor. (b) We numerically evidence the LAF using cylinder iDMRG in a basis of
hybrid Wannier orbitals indexed by unit cell x, momentum ky, spin s, and (dressed) layer l.
Threading flux Φy through the cylinder shifts the discrete ky momenta by Φy/Ly, enabling
continuous access of all momenta in the BZ. (c) In particular, working at Ly = 5, we evaluate
the LAF polarization (2.29) as a function of g and U1 (at fixed ν = 2 and U2 = 0), finding the
LAF phase in the majority of the strong coupling regime. The approximate phase boundary
to a weak-coupling metal and Dirac semi-metal (DSM) is marked with a dotted line (See
Sec. 2.3 for details). (d) The metal is identified by examining the fermion occupations n(k)
across the BZ, where we find pockets of excess electrons or holes. We find near-quantitative
agreement between the flux-threaded iDMRG data (left) and the occupations according to
the non-interacting band structure (right). (e) In contrast, the DSM is characterized both
by phase winding of PTB(k) [defined in Eq. (2.31)] and a peak in the 1e correlation length
at ky = ±π/2 that grows with χ. From light to dark: χ = 128, 512, 1536, 3096. (f)
The presence of inter-layer repulsion modifies the phase diagram by introducing a quantum
anomalous Hall insulator that competes with the LAF.
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Between-Layer Anti-Ferromagnetism

Upon including the inter-layer tunneling g, the above trial ground states, Eq. (2.20), are ex-
pressed in the layer-polarized basis. We then treat the residual single-particle terms pertur-
batively. Similar to the original microscopic basis, the O(g) terms shuttle electrons between
the dressed layer orbitals, or quantitatively:

δĥg =
∑

k

φ̂†k

[
hxg(k)l

x + hyg(k)l
y
]
φ̂k ≈ P̂ĥgP̂ . (2.24)

Since the bilayer quantum Hall ferromagnets are insulators, these virtual tunneling processes
hybridize them with gapped excitations, generically lowering their energy due to level re-
pulsion. Since such tunneling processes are forbidden by Pauli exclusion when nT/B are
aligned—as opposed to anti-aligned—the effect of g is to introduce an anti-ferromagnetic
“super-exchange” interaction between the top and bottom layers. As a consequence of
second-order perturbation theory in g, any trial state with nT = −nB is reduced in en-
ergy by

J = ⟨LAF| δĥgV̂−1δĥg |LAF⟩ ∼
g2

U1

. (2.25)

This energetic advantage selects out LAF states, i.e., bilayer quantum Hall ferromagnets
that spontaneously break the SU(2)S spin rotation symmetry down to U(1) by condensing
the vector order parameter

nLAF = nT − nB. (2.26)

This establishes the LAF as a ground state of the full Hamiltonian in the limit of vanishingly-
flat in-layer dispersion δh0(k) [Eq. (2.14)] and perturbatively small g. In the next section,
we go beyond these limits via a large-scale numerical investigation.

Numerical Phase Diagram at ν = 2

We now present the phase diagram of our model at the filling fraction ν = 2, which we obtain
using cylinder iDMRG methods that we describe below. Consistent with our analytical
expectations, we find a robust LAF phase at large values of the in-layer interaction U1.
Furthermore, we numerically characterize competing quantum orders, finding evidence for
weakly-interacting metallic phases inherited from the band structure and a layer-polarized
quantum anomalous Hall insulating state at large U2.

Cylinder iDMRG Numerical Method

Let us now describe the cylinder iDMRG numerical method that we will use to obtain the
phase diagram at ν = 2 and, upon doping, superconductivity. Since we are interested in
the physics at partial filling of the isolated flat bands, we restrict to matrix product state
(MPS) wave functions that live entirely within these bands, thereby reducing the number of
degrees of freedom from all 4q bands to just 4, for layer and spin. Moreover, since the fragile
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topology of the flat band subspace forbids an exponentially-localized basis that respects all
the symmetries [23–27], we choose a computational basis of mixed position-momentum space
states. Such states, commonly referred to as “hybrid” Wannier states [28, 179–182, 184],
are exponentially-localized along the cylinder and are delocalized around the cylinder. A
similar topological restriction arises in TBG [69, 76], where a line of work by some of us has
established the use of such states in cylinder iDMRG [185–187].

This basis, which we encode into the MPS tensors, takes the following form:

φ̂ls(j, ky) =
1√
Nx

2π/q∑

kx=0

eikxqjφ̂ls(k), (2.27)

and is depicted graphically in Fig. 2.3(b). Here, j labels “rings” along the cylinder length,
ky = (2πn + Φy)/Ly labels discrete momentum cuts through the BZ that can be shifted by
tuning the flux through the cylinder, Φy ∈ [0, 2π). The basis is chosen such that its Fourier
transform φ̂ls(k) is a layer-polarized basis (as described in Sec. 2.2), permitting φ̂ls(j, ky) to
be labeled by dressed-layer and spin. Moreover, the phase of each φ̂ls(k) is chosen such that
φ̂ls(j, ky) are maximally localized in the x̂ direction [28, 188], giving hybrid Wannier states
(see Appendix A for more details). Each ring of this computational cylinder, therefore, has
a total of 2 × 2 × Ly tensors whose physical legs encode the occupations of fermions at a
given dressed-layer, spin, and momentum. Our numerics explicitly conserve electric charge
U(1)Q, spin U(1)S ⊂ SU(2)S, and Z/LyZ momentum around the cylinder.

Carrying out iDMRG on this model requires “MPO compression” [170]. When the Hamil-
tonian is resolved in the basis (2.27), both the dispersion and interaction become long-ranged.
A naive matrix product operator (MPO) representation of this Hamiltonian has bond di-
mension D ≈ 106, far beyond what is computationally feasible. We therefore apply an MPO
compression technique [170, 185] to create a faithful MPO representation of our Hamilto-
nian with bond dimension D ≈ 300 and operator norm errors of δ < 10−3t or better. We
consider cylinder circumferences Ly = 5, 6, 7. Since the the MPS bond dimension required
to accurately describe ground states increases exponentially with Ly, we employ parallelized
iDMRG simulations to reach MPS bond dimensions as large as χ = 12288 using the open
source tenpy library [189].

The LAF at Strong In-Layer Interactions

We now numerically verify the presence of LAF order at ν = 2 in the regime of large in-
layer repulsive interactions U1 ≫ t. First, however, we must address a subtlety associated
with the cylinder geometry used for iDMRG. Since the underlying infinite cylinder is quasi-
1D and the candidate LAF state spontaneously breaks continuous spin rotational symmetry,
Hohenberg-Mermin-Wagner (HMW) considerations imply that it must disorder due to quan-
tum fluctuations [190–192]. The resulting quasi-1D state is symmetric with a spin gap that
decays exponentially in the cylinder circumference [193]. Moreover, its LAF polarization,
though finite at finite bond dimension, decays to zero as χ→∞. To estimate the extent of
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the LAF phase in the 2D limit, we take an approach analogous to a susceptibility experiment.
In particular, we add a weak Zeeman field to the Hamiltonian:

Ĥ → Ĥ +Bz

∑

r∈Z2

ψ̂†rℓ
zszψ̂r, (2.28)

and take Bz = 10−2, which is much smaller than all other microscopic scales in the problem.
Such a Zeeman field explicitly breaks SU(2)S spin symmetry down to U(1)S but leaves all
other symmetries unbroken.4 We then approximately identify the phase extent of the LAF
in the 2D limit by evaluating

nzLAF(r) = ⟨ψ̂†rℓzszψ̂r⟩ (2.29)

in iDMRG, which effectively measures the susceptibility to LAF ordering. Fig. 2.3(c) shows
nzLAF as a function of g and U1 at fixed U2 = 0, with a heuristic phase boundary identified
where ∂nzLAF/∂U1 has the largest slope. In Appendix A, we numerically verify that the LAF
region of the phase diagram is insulating by computing the charge-1e correlation length, ξ1e,
and demonstrating that it converges to a finite value as χ → ∞. In summary, we have
numerically identified the presence of a LAF insulating state at ν = 2 that inhabits a broad
portion of the strong-coupling regime, confirming our analytical expectations.

Competing Phases at Weak Interactions

Next, we explore the weakly-interacting regime. We first remark that the non-interacting
band structure at ν = 2 exhibits two distinct phases as a function of g. The first occurs at
g ≪ 1, where the nearly-degenerate, weakly-hybridized Hofstadter bands give rise to a metal
with a one-dimensional Fermi surface. In contrast, sufficiently large g gaps out these bands
except at the two Dirac cones protected by I and SU(2)S (see Sec. 2.2), yielding a Dirac
semimetal (DSM).

Using iDMRG, we confirm that these phases persist in the presence of weak interactions.
We diagnose the metallic phase by plotting the fermionic occupations

n(k) =
∑

l,s

⟨φ̂†ls(k)φ̂ls(k)⟩ . (2.30)

Since we work at finite cylinder circumference, we access only a finite number of cuts through
the BZ. Nonetheless, we can gain continuous momentum resolution by threading flux through
our cylinder [194], as depicted in Fig. 2.3(b). The results of this are shown in Fig. 2.3(d) for
g = 0.15 and U1 = 0.05. We find that the occupancies obtained using iDMRG quantitatively
match the band structure occupancies of the non-interacting limit.

4In the presence of such a field, the LAF is no longer a symmetry-breaking phase but remains a topo-
logically non-trivial quantum spin Hall insulator.
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Next, we confirm the DSM by two independent means.5 A defining characteristic of
this state is that it possesses two Dirac cones that wind in the same direction within each
spin sector. This can be detected via the winding of argPTB(k), where P is the correlation
matrix [185]:

Pll′(k) =
∑

s

⟨φ̂†l′s(k)φ̂ls(k)⟩ . (2.31)

Fig. 2.3(c) plots argPTB(k) over the flux-threaded BZ at g = 0.05 with finite interactions
U1 = 0.05. We find that it indeed has the same winding around the points k± = (π/4,±π/2).
That these points are Dirac cones—even at finite interaction strength—can be confirmed by
computing the maximum charge-1e correlation length ξ1e(ky) as a function of the momentum
ky around the cylinder, made continuous by threading flux. In a weakly-interacting system,

this quantity parameterizes the decay of correlations of the form ⟨φ̂†x,ky φ̂0,ky⟩ ∼ e−x/ξ1e(ky).
As such, when charge-1e excitations are gapless, ξ1e should diverge. Indeed, we find that it
strongly peaks and grows rapidly with bond dimension precisely when ky passes through the
isolated values ±π/2, indicative of a semi-metallic gap closure [see Fig. 2.3(e)].

Robustness of LAF to Interlayer Interactions

We further confirm the robustness of the LAF phase by re-introducing the inter-layer re-
pulsion U2. Even at U ≡ U2 = U1 (a regime more relevant to the experimental realizations
in Sec. 2.6 below), we find that the LAF continues to occupy a sizable phase space, but is
accompanied by a layer-polarized correlated insulator at smaller values of g [See Fig. 2.3(f)].
In this phase, ψ̂†rℓ

zψ̂r acquires a non-zero expectation value, thereby breaking both C2x and
C2zI spontaneously. Since the dressed-layer index is locked to Chern (Sec. 2.2), then it also
has a quantized Hall conductance of σxy = 2 × e2/h, making it a quantum anomalous Hall
(QAH) phase. We detect the presence of both the LAF and QAH phase simultaneously by
plotting

|nLAF(r)| − |nQAH(r)| = |⟨ψ̂†rℓzszψ̂r⟩| − |⟨ψ̂†rℓzψ̂r⟩| (2.32)

as a function of g and U , which is positive in the LAF phase and negative in the QAH phase.
In Fig. 2.3(f), we observe a first-order phase transition between the LAF and the QAH phase
at large U .

2.4 Numerical Evidence for Superconductivity

In this section, we use large-scale cylinder iDMRG to argue that hole-doping the LAF gives
rise to a robust finite-circumference superconducting phase, which pairs holes with opposite

5Note that in the presence of Bz, the Dirac cones are generically gapped out, as explicitly breaking
SU(2)S removes their topological protection. Nevertheless, since Bz is weak compared to the single-particle
energy scales, the DSM can still be identified using the present diagnostics.
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spin and between opposite layers. In particular, in Subsection 2.4, we undertake a care-
ful double scaling analysis of the superconducting correlations in both bond dimension and
cylinder circumference at a particular point in parameter space. We find strong evidence
for a superconducting state at Ly = 5 as well as indications, though ultimately inconclusive,
that this behavior persists at larger circumference. Subsequently, in Sec. 2.4, we work at
fixed circumference Ly = 5 and demonstrate that this superconducting ground state belongs
to a robust and stable superconducting phase. In particular, we find that superconductivity
is present across various parameter regimes and always coexists with LAF order, suggesting
that the broad LAF phase at ν = 2 is the “parent state” of the putative superconductor. Fi-
nally, we find that this Ly = 5 superconducting order is stable to sizable inter-layer repulsive
interactions and a finite spatial interaction range, both of which add additional repulsive
interactions to the channels in which we find superconductivity.

Existence of Superconducting Order

In 2D systems, superconductivity typically manifests as a charge-2e operator ∆̂(r) having
long-range order:

lim
r→∞
|⟨∆̂†(r)∆̂(0)⟩| → constant, (2D) (2.33)

thereby spontaneously breaking U(1)Q symmetry down to Z2. However, to diagnose a super-
conducting state with iDMRG, two important subtleties arise due to the finite circumference
and bond dimension of the simulations. This subsection gives a brief technical discussion
of some of these subtleties and presents numerical evidence for the existence of a supercon-
ductor in the double Hofstadter model. Readers more interested in the phenomenological
properties of the purported superconducting phase may skip to the next section.

Superconductivity in Cylinder iDMRG

Let us discuss how superconductivity manifests in general in cylinder iDMRG (see also [168,
195]). First, since iDMRG uses a quasi-1D cylinder geometry with finite circumference
Ly, we must understand how to diagnose the quasi-1D analog of the superconductor—the
Luther-Emery liquid—and characterize its approach to a superconductor as Ly → ∞. The
Luther-Emery liquid is characterized by the presence of fractionalized excitations—namely
gapless “chargeons” and gapped “spinons”— that independently carry the electron’s charge
and spin (see e.g. [196]). As a consequence, charge-2e excitations (with vanishing total Ŝz)
have correlations that exhibit algebraic long-range order:

|⟨∆̂†(r)∆̂(0)⟩| ∼ |r|−η(Ly) (Ly-cylinder). (2.34)

As the cylinder circumference is increased, the realization of true long-range superconducting
order in 2D is tied to the behavior η(Ly) → 0 as Ly → ∞. In the Luther-Emery liquid,
furthermore, correlation functions of electrons (gapped states comprised of both the chargeon
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Figure 2.4: Evidence for Superconductivity. Working at fixed parameters (g, U1, U2) =
(0.15, 1.5, 0) and doping ν = 2− 1/Ly, we provide our numerical evidence for the existence
of a superconducting state at Ly = 5 and algebraically-decaying pair correlations at all three
circumferences. In (a), we examine the superconducting correlation function [Eq. (2.38)] as
a function of bond dimension χ for each circumference, finding that they each approach a
power law as χ→∞. The power law obtained via a scaling collapse [see panel (b)] is shown
with an orange dashed line. For ease of viewing, the correlations for Ly = 6, 7 are offset
vertically by an arbitrary amount. (b) Power law behavior is quantitatively demonstrated
by performing a scaling collapse [Eq. (2.39)], shown here for Ly = 5. To differentiate this
power law behavior from that of a gapless metallic state, in the inset we show that the
ratio ξ2e/ξ1e increases as a function of bond dimension, a hallmark of a superconducting
state [See Sec. 2.4]. (c) Power-law exponents of the superconducting correlations for all
three channels as a function of cylinder circumference Ly. The powers η(Ly) decrease as Ly
increases, consistent with the survival of superconductivity in the 2D limit. At the bottom
of the panel, we summarize our confidence in the requisite gaplessness of 2e excitations and
gap to 1e excitations at each circumference (See Sec. 2.4 for more details).

and spinon) exhibit exponential decay:

⟨φ̂†(r)φ̂(0)⟩LE ∼ e−|r|/ξ1e . (2.35)

At finite circumference, this behavior crucially distinguishes the Luther-Emery liquid from
the Luttinger liquid, where such correlations are algebraic.

A second important subtlety concerns the finite bond dimension of the MPS, which only
permits the expression of exponentially-decaying (connected) correlations, and introduces a
length scale ξχ associated to the largest non-trivial eigenvalue of the MPS transfer matrix.
As a consequence, power law correlations of any charge-Q operator are cut off at a distance
ξQ,χ ≤ ξχ that scales with bond dimension according to [197–199]:

log(ξQ,χ) ∝ log(χ). (2.36)

However, in practice, this scaling behavior can also be found in gapped systems when the
true correlation length ξ, which dictates the exponential decay and is inversely related to
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the energy gap, greatly exceeds ξχ. This makes it difficult to distinguish the Luttinger and
Luther-Emery liquids discussed above, especially in scenarios where the latter has a very
small spinon gap, as both may appear to show algebraic scaling of ξ1e,χ. Nevertheless, even
in such cases, the two could be distinguished by making use of standard arguments in the
finite entanglement scaling theory of matrix product states [197–199]. In particular, when
the MPS is attempting to capture a fully gapless state like the Luttinger liquid, ξχ is the
only length scale present in the correlations of the state. As such, we expect correlation
functions of charge Q operators will decay with a correlation length ξQ,χ = aQξχ, where
aQ (at asymptotically large χ) is a constant of proportionality that does not depend on
bond dimension. For the Luttinger liquid, this leads to the sharp prediction that ξ2e/ξ1e
approaches a constant as χ → ∞. This contrasts with the Luther-Emery liquid, in which
ξ2e/ξ1e is expected to diverge.

In summary, to demonstrate the existence of superconductivity in cylinder iDMRG, one
must in principle perform a double scaling analysis. At each fixed circumference, the state
must approach a Luther-Emery liquid, characterized by algebraic correlations of charge-2e
operators and the divergence of ξ2e/ξ1e with bond dimension. In addition, in principle, one
must show that the exponent of algebraic decay for charge-2e operators goes as η(Ly) → 0
as Ly → ∞. However, since increasing the cylinder circumference results in exponential
scaling of the simulation complexity, cylinder iDMRG studies can typically only demonstrate
convergence to a Luther-Emery liquid for a few, relatively small circumferences [200–204].

Bond Dimension Scaling

We begin by providing strong numerical evidence for Luther-Emery liquid physics at Ly = 5
by performing a careful scaling in the bond dimension. We work at fixed hole doping ν =
2−1/5 and at parameters (g, U1) = (0.15, 1.5), choosing for the moment to set U2 = 0, though
we emphasize that our results are robust to the inclusion of further repulsive interactions (as
we illustrate in Subsection 2.4). As discussed above, we must demonstrate that the ground
state exhibits algebraically-decaying correlation functions of charge-2e operators. To this
end, we work in the computational basis of fermions defined in Eq. (2.27) and introduce the
following set of zero y-momentum charge-2e operators:

∆̂†αβ(x; δx, ky) = φ̂T
(
x+

δx

2
, ky

)
sαlβφ̂

(
x− δx

2
,−ky

)
, (2.37)

where x is the center of mass position of the holes, δx is their relative position,6 and α, β ∈
{0, x, y, z}. We then consider correlation functions of such operators:

Cαβ(x, ky) = N−12h ⟨∆̂†αβ(x; 0, ky)∆̂αβ(0; 0, ky)⟩, (2.38)

which we choose to normalize by the average number of available hole pairs N2h = |2− ν| /2.
This correlation function is shown in Fig. 2.4(a) for k

Ly=5
y = 4π/5 and αβ = xx. As the

6Here, δx is implicitly assumed to be even. For odd δx, we instead take the holes to be at x+(δx+1)/2
and x− (δx− 1)/2 (see Appendix A).
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bond dimension increases, the correlation length increases and Cxx approaches a power law
(the dashed straight line on the log-log scale), signaling the onset of algebraic order. To gain
further quantitative confirmation, we perform a scaling collapse of the form

C(χ)
xx (x, ky) = ξ−η2e,χ gxx(x/ξ2e,χ, ky), (2.39)

where C
(χ)
xx is the correlation function Eq. (2.38) at bond dimension χ and ξ2e,χ is its cor-

relation length. This scaling collapse, shown in Fig. 2.4(b), is achieved with a power law
exponent η(Ly = 5) = 1.3 ± 0.2. This data confirms the existence of algebraic long-range
order in 2e pair correlations at fixed Ly.

In addition, we demonstrate that the behavior of the 1e correlations is consistent with a
Luther-Emery liquid and not a Luttinger liquid (see Sec. 2.4 for the distinction). To do so,
we investigate the ratio ξ2e,χ/ξ1e,χ as a function of bond dimension, which we plot in the inset
of Fig. 2.4(b). We find that the ratio increases rapidly with bond dimension which, per the
discussion of Sec. 2.4, is inconsistent with the behavior of a Luttinger liquid and suggests a
gap in the 1e sector. In fact, employing the recently developed methods of Refs. [199, 205],
we obtain an extrapolated, and clearly finite, value ξ−11e,∞ = 0.11 in units of inverse 4a, the

length of the unit cell. In contrast, |ξ−12e,∞| < 0.003 is nearly zero, consistent with our above
evidence for algebraic order in this charge sector. This demonstrates that the ground state
at Ly = 5 is a Luther-Emery liquid, the quasi-1D analog of the superconducting phase.

We conclude with some important phenomenological observations about the supercon-
ducting correlations. In particular, algebraic long-range order is most dominantly seen in
the following pairing channels:

sxlx, syly, (2.40)

appearing with nearly equal strength, as well as the sxl0 channel, which is notably of much
weaker strength. As such, the pairing is between opposite spins and predominantly between
opposite layers. The approximately equal strength of the sxlx and syly correlations are
a consequence of an approximate U(1) symmetry generated by szlz. This symmetry also
explains the dominance of inter-layer pairing over sxl0, which we henceforth ignore. In
summary, the dominant condensing pairing channels imply that the superconducting order
is due to the condensation of inter-spin, inter-layer hole pairs. We return to this point in
Sec. 2.5 in our analysis of the superconducting pairing symmetry.

Circumference Scaling

Having established the presence of a Luther-Emery liquid state at finite circumference Ly = 5,
we now investigate whether such a state tends to a bona fide superconductor in the 2D limit
by investigating it at larger circumferences. This investigation is challenging for three dis-
tinct reasons. First, as with all DMRG studies, the computational resources required increase
exponentially with the 2× 2× Ly tensors that wrap around the cylinder. To partially com-
pensate for this scaling, we use parallelized iDMRG for circumferences Ly = 6, 7 with bond
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dimensions up to χ = 12288. As a remark, compared to the Fermi-Hubbard model at the
same Ly, our projected four-flavor model has twice as many degrees of freedom, making it
vastly more expensive to simulate. Second, since the electronic filling must be commensu-
rate with the periodicity of the MPS, we are limited to the circumference-dependent densities
ν = 2−1/Ly.

7 This makes it difficult to directly compare the physics at each circumference.
Finally, we will later show in Sec. 2.5 that the superconductor pairs holes at an emergent
Fermi surface (or more accurately Fermi points at finite circumference). Crucially, the num-
ber and location of Fermi points vary significantly for small and accessible Ly and, unlike
in the Hubbard model, are non-monotonic in cylinder circumference (see Appendix A). This
makes studying the approach to the 2D limit particularly challenging in our model. Nev-
ertheless, in what follows we analyze the superconducting correlations for each accessible
circumference, ensuring that the MPS truncation error is 3 × 10−5 or better at each bond
dimension. Ultimately, we find signatures of large pair correlations at Ly = 6, 7 but are
unable to rule out the possibility of a Luttinger liquid at these circumferences.

We first determine whether the states we find are gapless in the charge-2e sector by
examining correlation functions of the form Eq. (2.38). These are plotted in Fig. 2.4(a) at
all three circumferences in the αβ = xx channel, with the larger two Ly vertically offset for

display, and taken at k
Ly=6
y = −2π/3 and k

Ly=7
y = −2π/7. Evidently, at each circumference,

these correlations become algebraically long-ranged with increasing bond dimension. The
exponents of algebraic decay are then extracted by collapsing under a scaling hypothesis
analogous to Eq. (2.39) and are shown in Fig. 2.4(c) for each circumference and for each
of the dominant superconducting channels. We find a quantitative decrease in η(Ly) as Ly
increases for the xx and yy channels, consistent with the superconducting expectation that
η(Ly)→ 0 as Ly →∞. For the x0 channels, the superconducting correlations at Ly = 6 are
found to have a quantitatively different exponent and behavior as compare with the other;
we comment in Appendix A that this coincides with it having a different pairing symmetry
in the x0 channel at Ly = 6.

Next, we investigate the behavior of the 1e-correlations, which we find to be more sub-
tle and ultimately inconclusive. We provide the core results here and give further details
in Appendix A. Recall that our previous analysis of Ly = 5 found that these charge-1e
correlations remained exponentially decaying even as χ → ∞. This was evidenced by the
growth of ξ2e/ξ1e and by performing a systematic extrapolation [199, 205] to infinite bond
dimension that revealed a non-zero inverse correlation length ξ−11e,∞(Ly = 5) ≈ 0.11. The
charge-2e and 1e correlations therefore both matched the expectations for a Luther-Emery
liquid, Eqs. (2.34, 2.35), at Ly = 5. This conclusively identified the Ly = 5 ground state as
a quasi-1D superconductor.

At larger circumferences, however, the situation is less clear. At Ly = 6, we find that
the behavior of the 1e-correlations does not conclusively point to either a Luttinger liquid
or a Luther-Emery liquid. On the one hand, we find that the magnitude of ξ2e is nearly

7Since Ly = 5, 6, 7 are coprime, prohibitively large unit cells would be required to have equal fillings at
each circumference.
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2.5 times larger than ξ1e at χ = 12288, indicating large superconducting pair correlations
in the state. This is suggestive of a Luther-Emery liquid. On the other hand, we find that
ξ2e/ξ1e is roughly constant with bond dimension, which fails to exclude a Luttinger liquid.
Generally, at this circumference, we conclude that the finite-bond dimension state is too far
from a ‘scaling limit’ to properly differentiate the two possibilities. This is evidenced by
extrapolating ξ−11e/2e,∞(Ly = 6) using the method detailed in Ref. [205] and finding that we

are too far from convergence to obtain sensible (e.g. non-negative) values of these quantities.
We conclude by discussing the case of Ly = 7. Here, unlike the previous two cases, we find

that ξ2e is only slightly larger than ξ1e with a ratio ξ2e/ξ1e that remains relatively constant
across the largest bond dimensions we can access. As such, at this circumference, both
correlation lengths appear to diverge as a function of bond dimension, though much larger
bond dimension would be required for a more definitive determination. Hence, there is little
evidence in direct support of a Luther-Emery liquid over a Luttinger liquid. Indeed, the two
may exhibit similar behavior when the finite-χ correlation length is too small to resolve the
charge gap (see Sec. 2.4). Altogether, this highly circumference-dependent behavior prevents
us from drawing firm conclusions about the 2D phase.

Robustness of the Superconducting Phase

Restricting to Ly = 5, where our detailed bond-dimension-scaling analysis conclusively
demonstrated the existence of a superconductor, we now evaluate the extent and robust-
ness of the finite-circumference superconducting phase. To do so, we use a heuristic, but
nonetheless principled, diagnostic of superconductivity that enables detailed investigation of
the double Hofstadter phase diagram with the available computation resources. We find that
the superconductor appears exclusively upon doping the LAF insulating state at ν = 2 and
that it is nearly maximally LAF polarized, leading us to posit that the LAF insulator is the
parent state of the superconductor. Moreover, the superconducting phase is found to exist
across a broad range of hole densities ν < 2 and is, rather surprisingly, substantially resilient
to additional repulsive interactions, namely those between the layers and at a longer range.

Our diagnostic consists of examining the scaling of ξ2e/ξ1e as a function of bond dimen-
sion. In particular, following the discussion of Section 2.4, the bond dimension scaling of
this quantity can be used to distinguish a Luther-Emery liquid from a Luttinger liquid or
any fully gapped quasi-1D phase. In our numerics, we label portions of the phase diagrams
“superconducting” if the ratio ξ2e/ξ1e is both increasing as a function of bond dimension
and, in particular, if it has exceeded unity at the largest bond dimension available.

The Superconducting Phase: LAF Coexistence

We now chart the portions of parameter space that host superconductivity at Ly = 5. We
begin by studying the (g, U1) plane at a fixed electronic density ν = 1.8 and in the absence of
inter-layer interactions. Using the diagnostic described above, superconductivity is found to
occupy a broad portion of the strong-coupling regime that hosts the LAF insulator at integer
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Figure 2.5: Robustness of the Ly = 5 Superconductor. We investigate the extent of the
Ly = 5 superconducting phase by examining the ratio ξ2e/ξ1e (see Sec. 2.4 for more details).
In panel (a), we depict the phase diagram at ν = 1.8 in the absence of inter-layer repulsion.
A robust LAF-polarized superconducting region appears where the LAF order was found
at integer filling, suggesting the LAF may be the parent state for the superconductor. We
mark, with a star, the point at which the scaling analysis of Sec. 2.4 was performed and
remark that the phase competes with a band metal and LAF-polarized metal, the latter of
which retreats with increasing bond dimension (see Section 2.4). In panel (b), we fix g = 0.1
and U1 = 1.8 and depict our heuristic diagnostic, the growth of the ratio ξ2e/ξ1e vs. χ,
as a function of the electronic density ν ∈ [1.4, 2]. Superconductivity is found across the
span 1.7 ≲ ν < 2, with metallic LAF behavior beginning at ν = 1.6. In Appendix A, we
show that the system remains LAF-polarized throughout this range, further cementing the
LAF as the superconducting parent state. In panel (c), we examine the robustness of our
superconductor to additional repulsive interactions. In particular, fixing (g, U1) = (0.1, 1.4),
we chart the phase diagram as a function of inter-layer repulsion U2 and interaction range
d [See Eq. (2.41)]. We find the superconductor is remarkably robust, giving way initially to
a LAF metallic phase when U2 is sufficiently large, and then to a layer-polarized metallic
phase when U2 exceeds U1. In Appendix A, we performed a scaling analysis similar to that
detailed in Sec 2.4 for the point marked with a red star.
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filling [see Fig. 2.5(a)]. Intriguingly, the superconductor itself is always found to have sizable
coexistent LAF polarization. Moreover, its correlations are most long-ranged in the channels
Eq. (2.40), suggesting a consistent pairing symmetry throughout the superconducting phase.
On the other hand, in the weak-coupling regime with small U1, we identify a metallic state
with nearly-vanishing LAF polarization, i.e. a band metal. In between these two phases, we
observe a metallic state with significant LAF polarization.

Similar to our identification of the LAF phase boundary at ν = 2, we demarcate the
transition between the weak-coupling and LAF metallic phases by a dotted boundary cor-
responding to the largest slope ∂nzLAF/∂U1. In contrast, the boundary between the LAF
metallic and superconducting phases is more sensitive to bond dimension, even at the siz-
able value χ = 5793. This exemplifies a pattern that is pervasive in our numerical data:
LAF metallic states commonly undergo a finite-χ transition into the LAF superconducting
phase at a bond dimension that depends sensitively on parameters, whereas the reverse is
exceedingly rare. As a result, we expect that the set of points that meet the criteria for
superconductivity will continue to grow with bond dimension, and that the LAF metallic
phase may purely be an artifact of the finite accuracy of our simulations.

The intrinsic coexistence between superconductivity and LAF polarization is further
elucidated by tuning the electronic density in the range ν ∈ [1.4, 2]. To access density
increments of 1/10 of a band, we quadruple the MPS unit cell. In Fig. 2.5(b), we plot our
diagnostic for the superconducting order—the ratio ξ2e/ξ1e as a function of bond dimension—
and find it that indicates the persistence of superconductivity in the range 1.7 ≲ ν < 2.
Moreover, in Appendix A, we demonstrate that the system remains substantially LAF-
polarized across this parameter regime, with nzLAF decreasing only linearly in the hole doping.
At the remaining parameter points 1.4 ≤ ν ≤ 1.6, we find evidence of metallic correlations
and possible translation symmetry-breaking along the x direction, though we caution that a
careful circumference scaling analysis would be required to identify the precise nature of this
nearby phase. Across the entire range of fillings, and in particular across the superconducting
region, we find a persistent LAF polarization that nearly saturates the maximal value ν,
i.e., the total density of electrons. This ubiquitous coexistence with LAF order leads us
to hypothesize that the LAF insulator is the “parent state” of the superconducting state.
We further corroborate this claim in Sec. 2.5 where we identify the superconductor as a
weak-pairing instability of holes at the LAF’s mean-field Fermi surface.

Stability to Further Repulsive Perturbations

We now show that the superconductor is robust to both large inter-layer repulsion and a
finite interaction range. To this end, we replace the microscopic on-site interactions with a
longer-range Gaussian, parameterized as:

V̂ =
∑

r

e−
|r−r′|2

2d2 :

[
U1

2
(n̂2

rT + n̂2
rB) + U2n̂rTn̂rB

]
: (2.41)
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where d specifies the interaction range. In Fig. 2.5(c), we show the extent of the supercon-
ducting phase in the (d, U2) plane at the fixed parameters (g, U1) = (0.1, 1.4). Remarkably,
in spite of the pairing being predominantly inter-layer (see Subsection 2.4), we find the su-
perconductor survives in the presence of substantial inter-layer repulsion U2 ∼ O(U1) and is
further resilient to simultaneously increasing the range of the interactions. While the super-
conducting phase is globally identified by using the heuristic diagnostic introduced at the
beginning of Sec. 2.4, we cement its existence at Ly = 5 in the presence of additional inter-
layer repulsion by performing a detailed scaling analysis of the superconducting correlations,
analogous to the one performed in Sec. 2.4. We also see indications, via a slow but monotic
increase in the ratio ξ2e/ξ1e, that this behavior may persist at Ly = 6. These analyses are
detailed fully in Appendix A and are performed at the parameter point (d, U2) = (0.358, 0.2)
[marked with a star on Fig. 2.5(c)].

Despite the resilience of the superconducting phase, we find that when d is increased
sufficiently, the superconductor gives way to a translation-invariant, LAF-polarized metallic
state. Moreover, we remark that increasing U2 in excess of U1 induces a transition out of the
LAF phase into a layer-polarized, translation-invariant metal that originates from the ν = 2
QAH insulator.

Stability to Changing the Zeeman Field

We conclude by remarking briefly on the influence of the Zeeman field Bz [Eq. (2.28)].
Recall that this weak pinning field is necessary in order to stabilize LAF polarization, which
otherwise disorders due to the quasi-1D cylinder geometry (see Section 2.3). Though the bulk
of our calculations are performed at the fixed value Bz = 10−2, a scan of the Zeeman field
reveals superconductivity at values as small as Bz = 10−3. For comparison, the bandwidth,
the inter-layer tunneling and average interaction energy per electron are of order 10−1. At
some larger values of Bz, we encounter numerical errors in the limit of only in-layer Hubbard
interactions, i.e., U2 = d = 0, though we find that enlarging the MPS unit cell greatly
improves convergence and favors a translation-invariant LAF metallic state. On the other
hand, no convergence issues are encountered at the finite values (U2, d) = (0.2, 0.466), at
which superconductivity appears to persist up to Bz = 0.1. Additional details and numerical
data are provided in Appendix A.

2.5 Emergent Weak-Pairing Description of the

Superconductor

We now turn to characterizing the superconducting order reported in the previous section.
We do so by examining the so-called pair wavefunction [121]:

∆αβ(k) = ⟨φ̂T (k)sαlβφ̂(−k)⟩ ≡ ⟨∆̂†αβ(k)⟩, (2.42)
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where we refer to the two-hole operator, colloquially, as the Cooper pair operator. In Sec. 2.5,
we introduce a novel technique to probe this quantity in iDMRG numerics, which may
be applied to a variety of 2D systems. By examining ∆(k) across the Brillouin zone in
Sec. 2.5, we find that it peaks at specific locations that coincide with the Fermi surface
of non-interacting holes above the LAF insulator predicted within self-consistent Hartree-
Fock. This phenomenology is characteristic of a (BCS-like) superconducting state formed
from the pairing of holes near this LAF Fermi surface. We emphasize that this weak-pairing
phenomenology emerges in a context where the interaction scale is the largest energy scale
present and is found via non-perturbative iDMRG numerics that do not presuppose a mean-
field description of the state.

Moreover, the emergent mean-field description enables us to characterize other phe-
nomenological features of the superconductor. In particular, in Sec. 2.5, we use the pair
wave function (2.42) to uniquely characterize the pairing symmetry of the superconductor
and find that, among other symmetry indices, it is p-wave. Finally, in Sec. 2.5 we leverage
results from BCS theory to heuristically estimate the transition temperature of the super-
conducting state.

Numerically Probing the Superconducting Pair Wavefunction

The definition of the pair wavefunction (2.42) implicitly assumes that the ground state
wavefunction is a superconducting condensate in which the number of Cooper pairs in the
ground state wavefunction is uncertain. This presents an obstacle to extracting this quantity
in our iDMRG calculations, as U(1) particle number conservation causes ∆(k) to vanish
uniformly. Here, we provide an account of how to circumvent this difficulty. Broadly, we do
so by introducing a proxy pair wavefunction ∆̃αβ(k) that can be extracted within iDMRG
and is proportional to ∆αβ(k). Readers more interested in our physical results may skip to
the next subsection where this quantity is used to probe the structure and pairing symmetry
of the superconductor.

In the Ly →∞ limit, the definite U(1)Q charge of the iDMRG ground state implies that
it will fail to satisfy cluster decomposition, defined as [206]:

lim
|r|→∞

(
⟨∆̂†(r)∆̂(0)⟩ − ⟨∆̂†(r)⟩⟨∆̂(0)⟩

)
= 0 (2.43)

As a result, long-range superconducting order [defined in Eq. (2.33)], does not imply a finite
expectation value of the Cooper pair operator. Nevertheless, let us assume that there exist
cluster decomposition-satisfying ground states |φ⟩ of the 2D superconducting manifold for
which

lim
|r|→∞

lim
Ly→∞

(
⟨∆̂†(r)∆̂(0)⟩ψ(Ly) − ⟨∆̂†(r)⟩φ⟨∆̂(0)⟩φ

)
= 0, (2.44)

where ⟨· · · ⟩a = ⟨a| · · · |a⟩ and |ψ(Ly)⟩ is the iDMRG ground state at circumference Ly.
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The pair wavefunction can then be extracted numerically as follows. First, we define the
proxy pair wavefunction by the following correlation function:

∆̃αβ,x,py(k) = ⟨∆̂†αβ(0;k)∆̂αβ(x; 0, py)⟩ψ(Ly). (2.45)

Here ∆̂αβ(x; 0, py) is as defined in Eq. (2.37), while the ∆̂† term is defined by a Fourier
transform in the relative position coordinate:

∆̂†αβ(x;k) =
∑

δx

∆̂†αβ(x; δx, ky)e
ikxδx, (2.46)

which, when averaged over the center of mass x, is equal to the Cooper pair operator defined
in Eq. (2.42).

The proxy pair wavefunction—which need not vanish in U(1)-conserving iDMRG since
it involves the expectation value of a charge-neutral operator—should be thought of as a
function of k (with fixed parameters x and py). Provided that we consider translationally-
invariant states and take x to be larger than both the characteristic size of the Cooper pair
(the “coherence length”) ξSC and the connected correlation length ξ, then for sufficiently
large Ly we expect that:

∆̃αβ,x,py(k) = Cαβ
x,py⟨∆̂

†
αβ(k)⟩φ +O

(
e−|x−ξSC|/ξ

)
, (2.47)

where the prefactor is a k-independent constant and |φ⟩ is a cluster decomposition-satisfying
superconducting ground state of the 2D system. As such, by examining the proxy pair
wavefunction ∆̃(k) as a function of momentum, we gain direct insight into the structure of
the true pair wavefunction ∆(k).

Emergent Weak Pairing at the LAF Fermi Surface

In this section, we demonstrate that our superconductor arises from the momentum space
“BCS” pairing of holes above the LAF insulator. To be explicit, we will provide evidence that
this emergent weak-pairing picture occurs as a two-step process. First, strong interactions
select LAF-polarized ground states, even in the presence of hole doping. Such “normal”
states are well-described by a LAF bandstructure that strongly renormalizes the four non-
interacting bands into two valence bands and two conduction bands. Second, holes—initially
occupying a normal LAF metallic state—pair at the renormalized Fermi surface, triggering
a superconducting instability. Before continuing, we emphasize once again that this weak-
pairing picture emerges in a setting where repulsive interactions are the dominant energy
scale.

As preliminary evidence for this picture, we plot the density of electrons in the supercon-
ducting state as a function of momentum [see Fig. 2.6(a)], finding that the density is depleted
in localized “pockets” of momentum space but is otherwise uniform. To understand the ori-
gin of these disconnected Fermi surfaces, we examine the mean-field band structure of the
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Figure 2.6: Evidence for Weak Pairing at the LAF Fermi Surface. (a) The electronic
density of the putative superconducting iDMRG groundstate for the Ly = 6 cylinder, shown
here at χ = 12288 and (g, U1, ν) = (0.15, 1.5, 2 − 1/6), is uniform in the majority of the
Brillouin zone but sharply depleted in isolated regions. The locations of these drops in the
density match the mean-field Fermi surface of non-interacting holes above the LAF insulating
state, marked in orange (in all subplots) and obtained using self-consistent Hartree-Fock
(SCHF). In (b), we plot the SCHF band structure computed at ν = 2 on 48× 48 unit cells.
The energy ∆EHF of the two-fold degenerate valence band is shaded in blue and defined
relative to the valence band edge. For small hole-doping away from ν = 2, the Fermi surface
(shown in orange) consists of four disconnected pockets. As SCHF enforces electronic U(1)
(disallowing pairing), this strongly-interacting effective bandstructure is a metallic “parent
state” for superconductivity. In (c), we zoom into one particular pocket—specified by blue
and magenta boxes in (a) and (d), respectively—and plot both the electronic density (left
axis) and the proxy pair wavefunction Eq. (2.45) (right axis) obtained from iDMRG. The
former drops off rapidly, while the latter sharply peaks, precisely at the location of the
SCHF Fermi surface, strongly suggesting that the superconductor arises from a weak-pairing
instability upon hole-doping the ν = 2 insulating LAF state. Panel (d) gives a global
view of the proxy pair wavefunction, whose real part is orders of magnitude larger than its
imaginary part. From its sign structure, we deduce the unconventional pairing symmetry of
the superconductor, namely that it is p-wave and is phenomenologically consistent with a
Bogoliubov gap function δ(k) ∼ sin(ky)(s

+l+ + s−l−).
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LAF insulator computed using standard (see e.g. [31]) self-consistent Hartree-Fock (SCHF).
We show these bands in Fig. 2.6(b), with the lower two degenerate bands corresponding to
the occupied electronic states of the LAF insulator and the upper two degenerate bands cor-
responding to the spectrum of gapped single-electron excitations above the LAF. At lowest
order in g, these two sets of bands are merely the bare Hofstadter bands, but massively split
by the interaction scale. In Fig. 2.6(a,b), we mark the Hartree-Fock Fermi energy at filling
ν = 1.8 with orange lines, finding that their locations coincide closely with drops in the
iDMRG electronic density.

To further corroborate the BCS picture described above, we examine the structure of
the pair wavefunction, Eq. (2.42). We first lay out our expectations. If BCS theory was
applicable, we would expect the pair wavefunction to be related to the Bogoliubov gap
δαβ(k) by

∆αβ(k) =
δαβ(k)

2
√
(EHF(k)− EF )2 + δ2αβ(k)

, (2.48)

where EHF(k) is the dispersion of holes above the normal LAF state—corresponding to the
Koopman spectrum of hole excitations in self-consistent Hartree-Fock—and EF is the Fermi
level. Generally, we expect the superconducting gap δαβ to be smaller than the characteristic
scale of the dispersion, namely the bandwidth. Within the validity of BCS mean field theory,
we would therefore expect Eq. (2.48) to vanish sufficiently far from the Fermi surface. On
the other hand, the pair wavefunction would peak at the Fermi surface, at which it would
be proportional to the phase of the gap function: ∆αβ(k) = δαβ(k)/2|δαβ(k)|.

These expectations are borne out in our iDMRG numerics. In particular, in Fig. 2.6(c,d)
we plot the proxy pair wavefunction (2.45) and find that it peaks precisely at the Fermi
surface and decays quickly away from it. In Fig. 2.6(c), we zoom into one Fermi pocket
and observe excellent agreement between the Fermi surface predicted from Hartree-Fock,
the location at which the charge density drops off in iDMRG, and the peak in the proxy
pair wavefunction. In Fig. 2.6(d), we plot the latter over the Brillouin zone and find that
its magnitude is maximal at each of the four disconnected Hartree-Fock Fermi surfaces,
providing further evidence that the superconductor arises as an instability of the LAF Fermi
surface. We leave the analysis and interpretation of the relative complex phase of ∆αβ(k) to
the next subsection.

Pairing Symmetry

In what follows, we characterize the pairing symmetry of the superconducting state by us-
ing the proxy pair wavefunction ∆̃(k). To be precise, the pairing symmetry corresponds
to the irreducible co-representation—the generalization of a representation to incorporate
anti-unitary symmetries—of the magnetic space group under which the pair wavefunction
transforms [121, 124, 207]. In our case, since the Cooper pairs that condense to form the
superconductor carry zero total momentum, we need only specify the transformation prop-
erties under the discrete rotations C2z and C2x, the non-trivial magnetic translation mx,
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and the anti-unitary spacetime inversion symmetry I (see Appendix A). Since these opera-
tors each square to the identity and mutually commute in the zero-momentum sector, these
generators act on Cooper pairs as the group (Z2)

3 × ZK
2 with anti-unitary ZK

2 . Given that
the co-representations of ZK

2 are trivial, specifying the irreducible representation amounts to
identifying three Z2 characters for each condensed superconducting channel sαlβ.

Let ĝ be the unitary operator corresponding to a symmetry g ∈ {C2x, C2z,mx}. We
define the corresponding characters ναβg by [121, 124]:

⟨ĝ†∆̂†αβ(k)ĝ⟩ = ναβg ∆αβ(k), (2.49)

where ναβg = ±1 and αβ (no implicit summation) correspond specifically to the dominant
condensed channels specified in Eq. (2.40). Intuitively, the characters capture how the pair
wavefunction transforms under the application of symmetries on the ground state. More
generally, the role of these characters is played by matrices νg that form a co-representation
of the magnetic space group (see Appendix A for a more formal and general treatment).

As an illustrative example, we compute the index for g = C2z. Its action on our Cooper
pairs is given by:

Ĉ2z∆̂
†
αβ(k)Ĉ

−1
2z = ∆̂†αβ(−k). (2.50)

In the case αβ = xx, whose proxy pair wavefunction we have plotted in Fig. 2.6(d), we

readily observe that ∆̃xx(−k) = −∆̃xx(k). From this and Eq. (2.49), we immediately find
that:

νxxC2z
= −1 (p-wave symmetry). (2.51)

We also find that that νyyg = νx0g = −1, indicating that all condensed channels are p-wave in
nature.

A similar analysis can be performed for the other symmetries. In particular, inspection
of the proxy pair wavefunction likewise leads to the conclusion

ναβC2x
= ναβmx

= −1, (2.52)

for both dominant pairing channels αβ = xx, yy. Finally, for the anti-unitary symmetry I,
our choice of layer-polarized basis guarantees that Î∆̂†αβ(k)Î−1 = ∆̂†αβ(k). This implies that
the pair wavefunction has a constant phase, assuming that I remains unbroken in the ground
state. Indeed, our numerically-obtained proxy pair wavefunction is found to be purely real.

We conclude by remarking that our numerical observations are consistent with a su-
perconductor whose Bogoliubov gap function δαβ(k) has the same symmetry properties as
sin(ky) for αβ = xx, yy. Moreover, in Appendix A, we provide numerical evidence that the
pair wavefunction in the αβ = xx channel appears with a relative minus sign compared to
the αβ = yy channel. As such, the symmetry properties of a putative gap function can be
summarized as:

δ(k) ∼ sin(ky)(s
+l+ + s−l−). (2.53)

Consistent with a parent LAF state, the gap function corresponds to non-unitary pairing
with δ†(k)δ(k) ∝ (1 + szlz)/2 = PLAF, the LAF projector. Furthermore, while this form
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of the gap function typically implies the presence of symmetry-enforced nodes along the
lines ky = 0,±π, our superconductor instead remains gapped. This is because the Fermi
surface at which pairing occurs is disconnected and does not intersect either of these lines
in momentum space (see Fig. 2.6).

Estimate of Transition Temperature

The weak-pairing picture for the superconducting state, advocated for above, provides a
heuristic framework for estimating the superconducting transition temperature. To this
end, we recall that the finite temperature transition out of a (2 + 1)d superconductor oc-
curs either due to: (i) the loss of phase coherence and algebraically-long-ranged phase cor-
relations, or (ii) the unbinding of Cooper pairs. The former is described by a Berezin-
skii–Kosterlitz–Thouless (BKT) transition corresponding to the proliferation of vortices in
the superconductor and has a transition temperature that is typically upper bounded by the
ground state superfluid stiffness ρs as [121, 124]:

TBKT
c ≲ πρs/2. (2.54)

In contrast, the Cooper pair unbinding transition occurs at a temperature scale set by the
maximum Bogoliubov gap δSC at the Fermi surface [121, 124]:

T pc ∼ δSC. (2.55)

With input from self-consistent Hartree-Fock, we can estimate both scales.
In a BCS-like superconductor, the superfluid stiffness at T = 0 is set by the density of

paired dopants divided by their effective mass, which in two dimensions scales as the Fermi
energy [208]. As such,

TBKT
c ≲ πρs/2 ∼ πEF/2 ≈ 0.03 t. (2.56)

On the other hand, the approximate magnitude of the Bogoliubov gap δSC can be extracted
from the pair wavefunction ∆αβ(k). In particular, for momenta around the Fermi surface
k ≈ kF , Eq. (2.48) implies that

4∆2
αβ(k) ≈

δ2αβ(kF )

δ2αβ(kF ) + v2F (k− kF )2
. (2.57)

Here, we made the linear approximation EHF(k)−EF ≈ vF (k−kF ), with vF being the Fermi
velocity, and took δαβ(k) ≈ δαβ(kF ). As such, around the Fermi surface, 4∆2

αβ(k) is pre-
dicted to have a Lorentzian profile whose half-width-half-maximum is equal to δαβ(kF )/vF .
Maximizing over the dominant channels αβ = xx, yy and taking vF = 0.17 obtained from
self-consistent Hartree-Fock at Ly = 5, we obtain the following estimate for the Bogoliubov
gap:

T pc ∼ δSC ≈ 0.01 t. (2.58)
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In particular, we find that the pair-breaking temperature T pc is comparable to or less than
the BKT temperature. Though we expect the superconducting transition temperature to
therefore be set by the energy scale δSC, we carefully note the possibility of a BKT-type
thermal transition out of the superconducting phase. This is because of a reduction in
the condensate fraction (equivalently, the Cooper pair density) at finite temperature due
to thermal fluctuations, which can significantly decrease the superfluid stiffness ρs as we
approach the pair-breaking scale. Consequently, as T → T pc , the small value of ρs can
decrease the cost of vortices and cause them to proliferate, triggering a BKT transition that
preempts T pc .

2.6 Relation to Chiral Twisted Bilayer Graphene

Thus far, this chapter has focused on theoretically and numerically analyzing the double
Hofstadter model: explicating its symmetries and topology, detailing its undoped phase
diagram, and arguing for the emergence of a p-wave superconducting state at non-integer
filling. Here we elucidate a relationship to moiré materials via a “dictionary” between the
degrees of freedom and symmetries of the double Hofstadter model and models of magic-angle
TBG.

Recall that we formulated the double Hofstadter model in an effort to explore, in a min-
imal setting, the interplay between a set of ingredients commonly found in moiré materials.
Nevertheless, the presence of both correlated insulating states and unconventional super-
conductivity in this model, both appearing independently in experimental and theoretical
studies of moiré graphene platforms, invites us to make precise the connection to such sys-
tems. In this section, we reveal a close structural correspondence with the chiral model of
magic-angle twisted bilayer graphene8 [31, 74, 75, 209].

At the level of their band structures, the similarities between the two models are already
striking. In chiral TBG, the low-energy single-particle subspace also consists of energetically
narrow bands with w2 = 1 fragile topology in each flavor sector (i.e., valley and spin) and,
consequently, hosts two Dirac cones of the same chirality per flavor [24, 68–73]. Furthermore,
just as the low-energy bands of the double Hofstadter model are naturally expressed in a
Chern basis (2.11) of layer-polarized orbitals, the flat bands of chiral TBG are conveniently
described by a basis of graphene sublattice-polarized Chern bands [31].

Going beyond single-particle physics, we will construct an explicit dictionary between
the interacting models. To do so, let us first recall some details of the strong-coupling theory
of TBG. The narrow bands of TBG are modeled by electrons carrying electronic spin s and
valley pseudospin τ , with each electron occupying one of two narrow sublattice-polarized
bands labeled by σ, for a total of eight flavors. At the magic angle, these sublattice-polarized
bands are exactly flat and the chiral model has a large U(4)×U(4) symmetry generated by
independent spin and valley rotations in each Chern sector [31, 75]. In Fig. 2.7 (Top), we
depict the division of the eight flat bands into two U(4)-symmetric subspaces with opposite

8For a pedagogical review of chiral TBG, we refer the reader to Ref. [32].



CHAPTER 2. SC IN A TOPOLOGICAL MODEL WITH STRONG REPULSION 43

Figure 2.7: Connection to Chiral Models of TBG. (Top) Chiral TBG at its magic
angle is typically described by a U(4)×U(4)-symmetric model with eight internal states per
momentum. These states can be partitioned into two U(4)-symmetric four-dimensional sub-
spaces whose wavefunctions carry Chern number γ = ±1. (Middle) Upon flavor-polarizing,
this model reduces to a four-band U(2) × U(2) symmetric model; the U(2)’s correspond
to independent pseudo-spin rotations in opposite Chern sectors. (Middle, Left) When the
flavor that is polarized is the electronic spin, this pseudo-spin roughly corresponds to the
valley [See Eq. (2.59)]. (Middle, Right) In contrast, when the electrons polarize into par-
ticular intervalley-coherent orbitals, this pseudospin corresponds to the electronic spin [See
Eq. (2.60)]. (Bottom) Both U(2) × U(2) symmetric models can be mapped to the strong-
coupling double Hofstadter model [see Eq. (2.15)].
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Chern numbers. Since experiments on TBG suggest some degree of flavor polarization in
the vicinity of the superconductor (see e.g. [80, 81, 210]), many theoretical works reduce the
eight degrees of freedom of the U(4) × U(4) model to four active flavors. The result is a
model with a U(2)× U(2) continuous symmetry (corresponding to charge conservation and
independent rotations of a pseudospin) within each Chern sector γz = σzτ z [31, 211]. These
flavor-polarized models can be mapped explicitly to the double Hofstadter model.

Here, we consider two particular routes to flavor polarization studied in the literature [See
Fig. 2.7 (Middle)]. In the first route, the electronic spin is assumed to be fully polarized, and
the resulting pseudospin η is related to the valley. Each U(2) symmetry is then generated
by the electric charge, along with a pseudospin [32]

η = (σxτx, σxτ y, τ z). (2.59)

In the second route, recently posited in Ref. [211], electron-phonon coupling causes the elec-
trons to polarize into particular intervalley-coherent orbitals [See Fig. 2.7 (Middle, Right)].
The resulting pseudospin is then just the electronic spin

η̃ = (sx, sy, sz), (2.60)

whose components, along with electric charge, similarly serve as generators for each U(2)
symmetry.

To map these two flavor-polarized models to the double Hofstadter model, we recall from
Sec. 2.2 that the latter has an enhanced U(2)×U(2) continuous symmetry in the decoupled
(g = 0) limit. We may then identify the Chern index and pseudospin of the chiral models
with the layer and electronic spin of the decoupled double Hofstadter model, respectively:

lz ←→ γz, s←→
{
η (Map 1)

η̃ (Map 2)
. (2.61)

Map 1 and Map 2, summarized in Fig. 2.7 (Bottom), are bijections of both the degrees
of freedom and continuous symmetries between the double Hofstadter model and flavor-
polarized models of chiral TBG.

This identification extends to the Hamiltonian level. Since the dispersion vanishes at the
magic angle in the chiral limit, the projected Hamiltonian ĤTBG =

∑
q Vq : ρ̂qρ̂−q : with

ρ̂q =
∑

k ĉ
†
kΛ

TBG
q (k)ĉk+q is entirely specified by the form factors ΛTBG [c.f. Eq. (2.16)]. Sym-

metries constrain their matrix structure to be ΛTBG
q (k) = Fq(k)e

iΦq(k)γz [32]. For the double

Hofstader model, the form factors (2.19) in the decoupled limit are Λq(k) = F S
q (k)e

iΦS
q(k)l

z
,

which therefore have exactly the same structure. Moreover, departure from the magic angle
in chiral TBG introduces a non-zero dispersion hγx/y that hybridizes the two Chern sec-
tors (see Fig. 2.7) [31, 32, 79]. Such a term maps directly onto the inter-layer tunneling
glx/y of the double Hofstadter model.9 Maps 1 & 2 therefore give an almost term-by-term
correspondence in matrix structure between the Hamiltonians.

9In the double Hofstadter model, finite inter-layer tunneling g also introduces an O(g) interaction term
from FA in Eq. (2.19).
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The similarities between the Hamiltonians suggest that their ground states may also be
analogous. To check this, we apply the above mappings to the LAF ground state at ν = 2.
Recall that the LAF state occupies the layer-polarized bands in the pattern:

|LAF⟩ =
C = +1 C = −1

|↑⟩
|↓⟩

(2.62)

Under Map 1, the LAF becomes either the Valley Hall (VH) state or the Kramer’s Intervalley
Coherent State (KIVC) (which are symmetry-equivalent in chiral TBG). Strikingly, these are
the ground states of the strong coupling model of chiral TBG at |ν| = 2 [31, 75]. Under Map
2, the LAF instead corresponds to the “TIVC-QSH” state, which has intervalley coherence
and forms a spontaneous quantum spin Hall insulator in the microscopic electronic spin.
Studies of TBG where electron-phonon terms favor the relevant flavor polarization of Route
2 indeed find a TIVC-QSH ground state [211]. The LAF therefore maps to ground states of
flavor polarized models of TBG. This is remarkable. Indeed, this suggests that the double
Hofstadter model—which minimally incorporates the ingredients introduced in Sec. 2.1—
may yield valuable conceptual insight into the interacting phenomena present in chiral TBG.

We conclude this section by highlighting notable differences between chiral TBG and the
double Hofstadter model. Manifestly, the unit cells are quite different: hexagonal with C6z

symmetry for unstrained TBG, versus rectangular in the double Hofstadter model.Chiral
TBG also has an exact particle-hole symmetry [32], whereas particle-hole is only approxi-
mately satisfied in the lowest-band-projected double Hofstadter model, becoming exact only
in the q →∞ limit. Another obvious difference lies in the interactions, which are local in the
double Hofstadter model but longer ranged (screened Coulomb) in models of TBG. While
the range of interactions is expected to affect the energetics of excitations above the afore-
mentioned insulating ground state [57], the relevance of the different discrete symmetries is
less obvious and requires further investigation.

However, the key difference between the two models lies in the gauge-invariant properties
of the Bloch wavefunctions [212]. These include the Berry curvature, or more generally the
“quantum geometry” (reviewed in [32, 89]), and determine numerous physical quantities
like the interaction-generated (Hartree-Fock) dispersion [31]. A key feature of TBG is that
all these quantities are sharply concentrated near the Γ point, which is known to strongly
affect the ground state phenomenology (see e.g. [213–216]). In the double Hofstader model,
by contrast, these quantities are distributed almost uniformly across the Brillouin zone,
and the quantum geometry is much closer to an ideal “vortexable” limit [217] (comparable
to TBG at a chiral ratio w0/w1 ∼ 0.3; details in Appendix A). Incorporating such an
inhomogeneity into the double Hofstadter model could help gain a “bottom-up” view of the
phenomenology of TBG and is an interesting direction for future research. Nevertheless,
given that experiments in magic-angle TBG [218] and its multi-layer generalizations [141]
point towards nodal pairing [219], the emergence of p-wave unconventional superconductivity
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in the related double Hofstadter model makes it a valuable departure point to explore pairing
in more realistic moiré models.

2.7 Discussion

In this chapter, we introduced the double Hofstadter model, a simple lattice model featuring
strong repulsive interactions, narrow topological bands, and time-reversal symmetry. By
using state-of-the-art cylinder iDMRG, we investigated the ground state phase diagram
of this model. We found strong numerical evidence for the existence of a robust p-wave
superconductor at circumference Ly = 5 upon hole-doping a quantum spin Hall (QSH)
insulator appearing at half-filling of the flat band subspace. This correlated insulator, which
we termed the Layer Anti-Ferromagnet (LAF), has opposite spin polarization in opposite,
time-reversal-related Hofstadter layers. Using a novel technique for probing the gap function
of the superconducting condensate, we deduced both its pairing symmetry and characterized
it as a “BCS”-like superconductor comprised of Cooper pairs near the mean-field LAF Fermi
surface. We also presented an experimental blueprint for implementing the double Hofstadter
model in near-term optical lattice setups and elucidated a close correspondence to chiral
models of twisted bilayer graphene (TBG).

Before discussing our work in a broader context, we comment on the extent of our evi-
dence for superconductivity and routes toward a more definitive verification. Recall that our
results were enabled by exploiting recent developments in the compression of matrix product
operators [170], extensive parallelization, and working at the largest accessible bond dimen-
sions. Although this enabled us to find definitive superconducting signatures at Ly = 5,
the story at the larger circumferences, though promising, remains unclear. Indeed, this is
a consequence of a fundamental limitation of the cylinder iDMRG method, namely the ex-
ponential complexity of scaling the circumference. An important and interesting direction
for future work is to more conclusively demonstrate superconductivity in the 2D limit, ei-
ther by developing new numerical methods to enable larger scale exploration within cylinder
iDMRG, or by developing and utilizing intrinsically 2D numerical methods [220].

Caveats aside, one of the most intriguing features of this superconducting state is the
persistence of superconductivity down to a very small LAF Zeeman pinning field, Eq. (2.28).
While we introduced this as a numerical convenience—namely for stabilizing the LAF phase—
its numerical value in this study is smaller than all other microscopic energy scales. It is
therefore likely that superconductivity is stabilized in the absence of any Zeeman field. In
this limit, the LAF is a spontaneous symmetry-breaking state whose various low-energy
fluctuations may play an essential role in the pairing mechanism.

This phenomenological feature of the model suggests intriguing connections to previous
literature on superconductivity in doped, spontaneous QSH systems [221, 222] and important
qualitative difference from prior numerical studies of superconductivity in models where the
spin rotational symmetry is broken explicitly by strong spin-orbit coupling, e.g., interacting
Kane-Mele systems [223–226]. In the former case, superconductivity arises from the conden-
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sation of low-lying charge-2e skyrmions of the QSH order parameter. A recent microscopic
treatment of this mechanism demonstrated pairing within a purely repulsive model, which
was proposed as a theory for superconductivity in TBG [79, 168, 227]. The skyrmion mecha-
nism was studied numerically both in coupled opposite-field Landau levels using iDMRG [168]
and in models with effective local interactions amenable to QMC simulation [228, 229], as
well as within effective field theory approaches [169].

An interesting future direction would be to study the relationship between a skyrmion
superconductor and that which we have presented here. In particular, while we have argued
that our superconductor is “BCS”-like and is phenomenologically consistent with the weak
pairing of holes at a Fermi surface, a skyrmion superconductor is, in its simplest manifes-
tation, formed from tightly-bound, bosonic skyrmion “molecules.” Interpolating between
these limits, for instance through spin polarons or baby skyrmions, is an active area of
research [230, 231]. In the case where both superconductors have p-wave pairing symme-
try, such a transition could constitute a novel realization of the p-wave BCS-BEC phase
transition [232, 233].

Given that topology plays an essential role in a skyrmion superconductor by imbuing
individual skyrmion textures with electric charge, it is important to understand the extent
to which the weak-pairing superconductor presented here depends on the topology of its
parent state. For instance, one can imagine modifying the single-particle problem so that
the low-energy bands are exponentially Wannierizable but the spread of these Wannier func-
tions is sufficiently broad to favor a spontaneous—but topologically trivial—LAF insulating
state [183]. One could determine whether superconductivity still manifests in this context
and whether it is similarly robust.

Finally, we further remark on routes to experimentally realizing the double Hofstadter
model, both in solid-state and cold-atom settings. In the main text, we highlighted a pre-
cise mapping to the degrees of freedom of chiral TBG, but also commented on how these
systems may differ energetically. Given these differences, an interesting direction of future
research would be to identify solid-state materials that realize double Hofstadter systems
more faithfully, for instance in the family of moiré TMDs. While our study primarily sought
to understand zero-temperature behaviors, directly accessing ground state physics in cold
atom quantum simulators remains an outstanding challenge. Namely, experiments typically
either remove entropy by coupling to finite-temperature thermodynamic reservoirs [154,
234] or indirectly probe the ground state through quasi-adiabatic state preparation [157].
These obstacles motivate a systematic exploration of both the finite-temperature equilib-
rium phenomenology of the double Hofstadter model (e.g., applying the insights developed
in Ref. [235]), as well as non-equilibrium dynamical state preparation in this system, which
has the potential to drastically influence the observed order [236].
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Chapter 3

Chiral Spin Liquid and Quantum
Phase Transition in the Triangular
Lattice Hofstadter-Hubbard Model

The Kalmeyer-Laughlin chiral spin liquid (CSL) is one of the earliest and most important
examples of a topologically-ordered quantum state [37, 38, 111] and has been extensively
studied in the context of spin models [82, 117, 237, 238]. Recently, considerable effort
has been devoted to identifying electronic settings in which the CSL may emerge [107,
108, 110, 118, 119, 239–245]. These studies set the stage for the investigation of charge
fluctuation-driven transitions out of the CSL phase into other phases such as metals [107],
superconductors [246], exotic charge-density waves [247], and quantum Hall states [118, 248].

The triangular Hofstadter-Hubbard model is thought to host both conventional and CSL
electronic phases in the regime of strong orbital magnetic flux [104–106, 109, 116, 117,
249, 250]. It is parameterized by an on-site interaction U and single-particle hoppings of
magnitude t and phases consistent with a magnetic flux of Φ△ per triangular plaquette
(see Fig. 3.1a). When Φ△ = π/2, this system realizes a spin-singlet integer quantum Hall
(IQH) insulator at small U and density of one electron per site, with σxy = 2e2/h. At
very large U , the state is a non-topological Mott insulator with a large charge gap, 120◦

antiferromagnetic (AF) order, and gapless spin excitations described by a nearest-neighbor
Heisenberg exchange coupling of magnitude ∼ t2/U .

A qualitative argument for the existence of an intermediate CSL phase is that the leading
correction to the large-U Heisenberg spin Hamiltonian is a chiral term S ·S×S with coefficient
J△ ∼ t3 sinΦ△/U

2, which explicitly breaks both time-reversal and parity symmetry and
favors a CSL state [104–106, 116, 117, 250, 251]. Very recently, Kuhlenkamp et al. presented
cylinder iDMRG evidence of this intermediate CSL phase starting from U ≳ 8.5t at flux
Φ△ = π/3 and U ≳ 10.5t at Φ△ = π/2 [118].

The nature of the IQH-CSL transition, however, is not well understood. Parton mean field
theories have been proposed for square lattice and honeycomb systems [248, 252]. Beyond
this, there has been very little direct investigation into the nature of the putative critical
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Figure 3.1: (a) Upper panel: The triangular Hofstadter-Hubbard model, with magnetic
translations Tx,y, Hubbard interactions U , and flux per triangle Φ△ indicated. Lower left
panel: “butterfly” representation of non-interacting spectrum in the plane of Φ△ and energy
E. The band structure at Φ△ = π/2 enjoys a doubled “magnetic” unit cell and particle-hole
symmetry P relating opposite C = ±1 bands [lower right panel]. (b) A finite segment of
the circumference-Ly cylinder, threaded by Φext external flux. With the chosen “YC-Ly”
cylindrical geometry, Ty is orthogonal to the cylinder axis and x ∈ Z indexes rings. (c)
Expected 2+1D phase diagram at a density of n = 1 electron per site as a function of U/t
showing the integer quantum Hall (IQH) and chiral spin liquid (CSL) phases, with their
transition marked by a star.

point from either theory or numerics. In particular, the iDMRG investigation of Ref. [118]
unearthed the IQH-CSL transition only as a crossover indicated by a weak maximum in a
correlation length.

In this chapter, we use a compactification to infinite-length, finite-circumference cylin-
ders (see Fig. 3.1b) in combination with a symmetry analysis and large-scale iDMRG sim-
ulations [34–36] to characterize the IQH and CSL states, as well as the transition between
them. We show that a combination of particle-hole interchange and translation is sponta-
neously broken on odd-circumference cylinders in the CSL phase and present evidence that
the IQH-CSL transition is in fact continuous in these geometries, with no intervening phase.
We argue that the critical fluctuations are spin-singlet, with both spin and electron corre-
lation functions decaying exponentially with distance. Considering also even-circumference
cylinders, we argue that in 2+1D, the IQH and CSL phases are separated by a continuous
quantum phase transition that hosts critical current fluctuations.
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3.1 Model, Particle-Hole Symmetry and

Compactification

We study the Hofstadter-Hubbard model on the triangular lattice, defined pictorially in
Fig. 3.1(a). In this model, electrons hop between nearest-neighboring sites and experience
an Aharonov-Bohm phase of Φ△ upon orbiting a triangular plaquette (see App. A1 for
details). We focus on the consequences of the orbital motion, setting the Zeeman coupling
to zero [118, 119]. We fix Φ△ = π/2, which endows the Hamiltonian with a unitary particle-
hole (PH) symmetry P chosen to act as

Pc†x,yP−1 = (−1)x+y(iσy)cx,y, PiP−1 = +i, (3.1)

(the spin rotation iσy is included in P so it leaves the spin operator S = 1
2
c†σc invariant;

see App. C). Denoting translation along the two non-parallel directions shown in Fig. 3.1 as
Tx,y, which we represent in a gauge where

Txc
†
x,yT

−1
x = (−1)yc†x+1,y, Tyc

†
x,yT

−1
y = c†x,y+1, (3.2)

we obtain the required magnetic translation algebra TxTy = −TyTx. The commuting trans-
lations (Tx)

2, Ty define a larger “magnetic” unit cell with two sub-bands with Chern numbers
C = ±1 related to each other by P (Fig. 3.1a). We fix the filling to n = 1 electron per lattice
site, corresponding to full filling of the lowest spin-degenerate magnetic sub-band.

Dimensional reduction can break the Tx symmetry. Consider the closed “tin can” shaped
surface specified by a pair of adjacent lattice rings at x and x + 1. Applying Gauss’s law
on this surface [120, 253], with Φx denoting the external flux through the cylinder ring at x,
we have Φx+1 + 2LyΦ∆ ≡ Φx modulo 2π. The ring fluxes are therefore uniform when Ly is
even, but staggered when Ly is odd. In the latter case, Tx is explicitly broken.

Consider the odd circumference case and fix the ring fluxes to alternate between 0 and π.
Though Tx is broken, the combined translation-like operation PTx (“glide-PH”) commutes
with the Hamiltonian. The IQH state, being adiabatically connected to the unique ground
state of the non-interacting Hamiltonian, respects PTx. However, the odd-Ly CSL phase
breaks PTx spontaneously. To see this, note that in the CSL phase the charge fluctuations
are gapped; when U is large, the low energy degrees of freedom are described by an effective
spin model [117]. Since PSP−1 = S, this spin model has a pure translation symmetry
tx. Since each ring contains an odd number of spin-1/2 moments, the Lieb-Schulz-Mattis
theorem requires that any gapped ground state be at least twofold degenerate [254], e.g., by
breaking tx spontaneously. The same conclusion can be drawn from the anyon content of
the CSL: the presence of one semion per unit cell [253, 255–257] causes tx to permute the
two minimally-entangled ground states [258–260].

We can also interpret the CSL symmetry breaking in terms of the parton decomposition
of the electron into a bosonic chargon b carrying the charge and a fermionic spinon f carrying
the spin, cσ = bfσ [149, 261, 262]. This requires introducing an internal gauge field a. In
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<latexit sha1_base64="ocWCCwN6yW8AAgrc+r5tnY0vYRc=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KiF6EoBePEdwkkCxhdjKbDJl9MNMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPd5SdSaLTtb6uwtr6xuVXcLu3s7u0flA+PWjpOFeMui2WsOj7VXIqIuyhQ8k6iOA19ydv++G7mt5+40iKOHnGScC+kw0gEglE0Utu9QHJD6v1yxa7ac5BV4uSkAjma/fJXbxCzNOQRMkm17jp2gl5GFQom+bTUSzVPKBvTIe8aGtGQay+bnzslZ0YZkCBWpiIkc/X3REZDrSehbzpDiiO97M3E/7xuisG1l4koSZFHbLEoSCXBmMx+JwOhOEM5MYQyJcythI2oogxNQiUTgrP88ippXVaderX2UKs0bvM4inACp3AODlxBA+6hCS4wGMMzvMKblVgv1rv1sWgtWPnMMfyB9fkDncmOdA==</latexit>

U/t = 6
<latexit sha1_base64="VtTtTSRQCgmATPbrUht5DT1ksH8="></latexit>

20

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0
<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0 <latexit sha1_base64="rCCI4DRh7z/4+S6cwkLqWEe4znA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Et4v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBSq43W</latexit>⇡

<latexit sha1_base64="KOYEV0quPI1kqD65vyIoeODR9sw="></latexit>PTx 3

<latexit sha1_base64="7d6m+GylzyxLQ6H5SAb6ro4ybbA="></latexit>P<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

� <latexit sha1_base64="ktefFiumaTB5B/ctpaInhMY3Y5E=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvVY9OKxgv3A7lKyabYNzWZDkhXK0n/hxYMiXv033vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh+Hbmd56o0iwRD2YiaRDjoWARI9hY6dGXDF0gX45Yv1xxq+4caJV4OalAjma//OUPEpLGVBjCsdY9z5UmyLAyjHA6LfmpphKTMR7SnqUCx1QH2fziKTqzygBFibIlDJqrvycyHGs9iUPbGWMz0sveTPzP66Umug4yJmRqqCCLRVHKkUnQ7H00YIoSwyeWYKKYvRWREVaYGBtSyYbgLb+8StqXVa9erd3XKo2bPI4inMApnIMHV9CAO2hCCwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP3mBkCY=</latexit>

⇡
� �

<latexit sha1_base64="LyvhE4UoTjKJlBe0am7AW3YAeJo=">AAAB63icbVBNSwMxEJ31s9avqkcvoUXwYt2tRT0WvHisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aytb2xubRd2irt7+weHpaPjto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5C7zO09UaRbJRzONqS/wSLKQEWwy6eLqsjYoVdyqOwdaJV5OKpCjOSh99YcRSQSVhnCsdc9zY+OnWBlGOJ0V+4mmMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJbP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8RRtCN7yy6ukXat619X6Q73SKOdxFOAUynAOHtxAA+6hCS0gMIZneIU3RzgvzrvzsWhdc/KZE/gD5/MHvgiNTA==</latexit>

�3/2
<latexit sha1_base64="nPZX6Uj3RRQ17e15lukA7Dalvu4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2CF+tuKeqx4MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpEvvqj4sV92auwBaJ15OqpCjNSx/DUYRSQSVhnCsdd9zY+OnWBlGOJ2XBommMSZTPKZ9SyUWVPvp4tY5OrfKCIWRsiUNWqi/J1IstJ6JwHYKbCZ61cvE/7x+YsJbP2UyTgyVZLkoTDgyEcoeRyOmKDF8ZgkmitlbEZlghYmx8ZRsCN7qy+ukU69517XGQ6ParORxFOEMKnABHtxAE+6hBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDuvyNSg==</latexit>

�1/2
<latexit sha1_base64="EnEPjzixgWcqZljczxcPT4zpx8w=">AAAB63icbVBNSwMxEJ2tX7V+VT16CS2CINTdUtRjwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hY3Nre6e4W9rbPzg8Kh+fdHSUKELbJOKR6gVYU84kbRtmOO3FimIRcNoNpneZ332iSrNIPppZTH2Bx5KFjGCTSZfeVX1Yrro1dwG0TrycVCFHa1j+GowikggqDeFY677nxsZPsTKMcDovDRJNY0ymeEz7lkosqPbTxa1zdG6VEQojZUsatFB/T6RYaD0Tge0U2Ez0qpeJ/3n9xIS3fspknBgqyXJRmHBkIpQ9jkZMUWL4zBJMFLO3IjLBChNj4ynZELzVl9dJp17zrmuNh0a1WcnjKMIZVOACPLiBJtxDC9pAYALP8ApvjnBenHfnY9lacPKZU/gD5/MHt+6NSA==</latexit>

+1/2
<latexit sha1_base64="ZCZVfIhk0MGYxocbeZMiyHa22qU=">AAAB63icbVBNSwMxEJ31s9avqkcvoUUQhLpbi3osePFYwX5Au5Rsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz321lb39jc2i7sFHf39g8OS0fHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hk0sXVZW1QqrhVdw60SrycVCBHc1D66g8jkggqDeFY657nxsZPsTKMcDor9hNNY0wmeER7lkosqPbT+a0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xIS3fspknBgqyWJRmHBkIpQ9joZMUWL41BJMFLO3IjLGChNj4ynaELzll1dJu1b1rqv1h3qlUc7jKMAplOEcPLiBBtxDE1pAYAzP8ApvjnBenHfnY9G65uQzJ/AHzucPuvqNSg==</latexit>

+3/2 <latexit sha1_base64="1OFCTBpUULYollYmJXt0E0+lFjM=">AAAB6XicbVDLSgNBEOyNrxhfUY9ehgRBEMJuCOox4MVjFPOAZAmzk9lkyOzsMtMrhJA/8OJBEa/+kTf/xkmyB00saCiquunuChIpDLrut5Pb2Nza3snvFvb2Dw6PiscnLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbut5+4NiJWjzhJuB/RoRKhYBSt9HBZ7RfLbsVdgKwTLyNlyNDoF796g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOeddSRSNu/Oni0hk5t8qAhLG2pZAs1N8TUxoZM4kC2xlRHJlVby7+53VTDG/8qVBJilyx5aIwlQRjMn+bDITmDOXEEsq0sLcSNqKaMrThFGwI3urL66RVrXhXldp9rVwvZXHk4QxKcAEeXEMd7qABTWAQwjO8wpszdl6cd+dj2ZpzsplT+APn8wfbqozU</latexit>

+2

<latexit sha1_base64="TkmLW3XPk/7WdQogIC1bvkKelJ4=">AAAB6XicbVBNS8NAEJ34WetX1aOXpUUQhJJIUY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi68fqniVt05yCrxclKBHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpHVZ9a6qtftapV7O4yjAKZThHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH9omjNM=</latexit>

+1

<latexit sha1_base64="bwwMzvqmxJ1ijpgA6HzWQaZeY3Q=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LC2Cp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KVbfmLkDWiZeTKuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IuVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86par+RxFOEMKnABHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDcmeMnQ==</latexit>

0

<latexit sha1_base64="IJKFA6QU4BwDgnBs//ceamcl/J4=">AAAB6XicbVBNS8NAEJ34WetX1aOXpUXwYkmkqMeCF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKDxdev1Rxq+4cZJV4OalAjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nCKNgRv+eVV0rqselfV2n2tUi/ncRTgFMpwDh5cQx3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD90wjNU=</latexit>�1

<latexit sha1_base64="3hNYK/JO7tyvzC3PBcVvZd5Mh3s=">AAAB6XicbVDLSgNBEOyNrxhfUY9ehgTBi2E3BPUY8OIxinlAsoTZyWwyZHZ2mekVQsgfePGgiFf/yJt/4yTZgyYWNBRV3XR3BYkUBl3328ltbG5t7+R3C3v7B4dHxeOTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDv3209cGxGrR5wk3I/oUIlQMIpWeris9otlt+IuQNaJl5EyZGj0i1+9QczSiCtkkhrT9dwE/SnVKJjks0IvNTyhbEyHvGupohE3/nRx6YycW2VAwljbUkgW6u+JKY2MmUSB7YwojsyqNxf/87ophjf+VKgkRa7YclGYSoIxmb9NBkJzhnJiCWVa2FsJG1FNGdpwCjYEb/XlddKqVryrSu2+Vq6XsjjycAYluAAPrqEOd9CAJjAI4Rle4c0ZOy/Ou/OxbM052cwp/IHz+QPetIzW</latexit>�2

<latexit sha1_base64="oRJuGwxhA8BOODzAkAio1NZ7Qo8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRIp6rIogsuK9gFtKJPppB06mYSZG7GG4q+4caGIW//DnX/jtM1CWw9cOJxzL/feEySCa3Ddb2thcWl5ZbWwVlzf2Nzatnd26zpOFWU1GotYNQOimeCS1YCDYM1EMRIFgjWCweXYb9wzpXks72CYMD8iPclDTgkYqWPvt4E9QHYlwcG3CaOg0mjUsUuu406A54mXkxLKUe3YX+1uTNOISaCCaN3y3AT8jCjgVLBRsZ1qlhA6ID3WMlSSiGk/m1w/wkdG6eIwVqYk4In6eyIjkdbDKDCdEYG+nvXG4n9eK4Xw3M+4TFJgkk4XhanAEONxFLjLlXlYDA0hVHFzK6Z9oggFE1jRhODNvjxP6ieOd+qUb8qlykUeRwEdoEN0jDx0hiroGlVRDVH0iJ7RK3qznqwX6936mLYuWPnMHvoD6/MHpXiVXQ==</latexit> E
n
t.

S
p
ec

tr
u
m

Figure 3.2: CSL symmetry breaking at odd circumference. (a) The particle-hole operation P
transforms the internal gauge flux through an odd-Ly cylinder ring from ϕ to π−ϕ. (b) Upper
panel: In an odd-Ly CSL ground state, the alternating pattern of these internal fluxes at
strong coupling (π/2,−π/2, . . . ) spontaneously breaks PTx symmetry, whose action is then
equivalent to threading π internal flux. Lower panel: the low-lying entanglement eigenvalues
at cuts between adjacent pairs of rings, which not only exhibit the approximate degeneracy
expected for the CSL at each Sz [circled numerals], but also signal spontaneous breaking of
PTx. (c) The internal flux configuration [upper panel] and entanglement spectrum [lower
panel] of the IQH.

both the CSL and IQH phases, the saddle point configuration of the internal gauge field
yields an internal flux through the triangular surface plaquettes that matches the external
flux, ϕ△ = π/2 [82, 117, 246]. Moreover, assuming T 2

x is unbroken and Ly is odd, the
internal flux through adjacent cylinder rings may be written as (ϕ, ϕ+π), again differing by
π due to Gauss’s law. Since the CSL ground states are adiabatically connected to the Mott
limit where P acts as the identity operator, at strong coupling their internal ring fluxes will
energetically lock to (π/2,−π/2) or (−π/2, π/2), which are both insensitive to the action
of P , namely ϕ → π − ϕ (Fig. 3.2a). These two configurations are related by PTx ≃ tx,
indicating spontaneous symmetry breaking (SSB) in these odd-Ly geometries (Fig. 3.2b). In
the IQH phase where the chargon is condensed, the Higgs mechanism instead pins together
the internal and external gauge fields [263–265]. The resulting internal ring flux pattern
(0, π) respects PTx, consistent with a unique, gapped ground state (Fig. 3.2c, top).

3.2 Numerical Observation of Phase Transition

We have used the iDMRG algorithm to determine the ground state on cylinders of circum-
ference Ly = 3, 4, 5, 6. For the numerically studied range U ≤ 14, we find no sign of the
strong-coupling 120◦ AF, so we focus on the IQH and CSL phases. We study the entangle-
ment spectrum (ES) [266, 267] at a bipartition of the system into left and right semi-infinite
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<latexit sha1_base64="xDD+UNKDWMcDMAuFO1ByfmIaQeo="></latexit>

(a)
<latexit sha1_base64="I1QdpN3sDfgXtAZMmQcheRJ0vR4="></latexit>

(c)
<latexit sha1_base64="ZHBbValjXLbYm4Ctpzpif3Y98UQ="></latexit>

(d)
<latexit sha1_base64="iGmd5Ge//jpexVhInOJjEGxG8Fg="></latexit>

(b)

<latexit sha1_base64="c4nWXsZ5n2RpQF6Y7KbCC9W+H0k=">AAACA3icbZBNS8NAEIYnftb6VfXoJVgETyUpRT0WvXisYD+gCWWz3bRLdzdxdyOUkKO/wauevYlXf4hH/4mbNgfb+sLAyzszzPAEMaNKO863tba+sbm1Xdop7+7tHxxWjo47KkokJm0csUj2AqQIo4K0NdWM9GJJEA8Y6QaT27zffSJS0Ug86GlMfI5GgoYUI20i3wslwqkX0yytZ4NK1ak5M9mrxi1MFQq1BpUfbxjhhBOhMUNK9V0n1n6KpKaYkazsJYrECE/QiPSNFYgT5aezpzP73CRDO4ykKaHtWfp3I0VcqSkPzCRHeqyWe3n4X6+f6PDaT6mIE00Enh8KE2bryM4J2EMqCdZsagzCkppfbTxGhoM2nBauBDxn4i4TWDWdes29rDXuG9XmTUGnBKdwBhfgwhU04Q5a0AYMj/ACr/BmPVvv1of1OR9ds4qdE1iQ9fULCMmY6g==</latexit>⇡

2

<latexit sha1_base64="c4nWXsZ5n2RpQF6Y7KbCC9W+H0k=">AAACA3icbZBNS8NAEIYnftb6VfXoJVgETyUpRT0WvXisYD+gCWWz3bRLdzdxdyOUkKO/wauevYlXf4hH/4mbNgfb+sLAyzszzPAEMaNKO863tba+sbm1Xdop7+7tHxxWjo47KkokJm0csUj2AqQIo4K0NdWM9GJJEA8Y6QaT27zffSJS0Ug86GlMfI5GgoYUI20i3wslwqkX0yytZ4NK1ak5M9mrxi1MFQq1BpUfbxjhhBOhMUNK9V0n1n6KpKaYkazsJYrECE/QiPSNFYgT5aezpzP73CRDO4ykKaHtWfp3I0VcqSkPzCRHeqyWe3n4X6+f6PDaT6mIE00Enh8KE2bryM4J2EMqCdZsagzCkppfbTxGhoM2nBauBDxn4i4TWDWdes29rDXuG9XmTUGnBKdwBhfgwhU04Q5a0AYMj/ACr/BmPVvv1of1OR9ds4qdE1iQ9fULCMmY6g==</latexit>⇡

2

<latexit sha1_base64="c4nWXsZ5n2RpQF6Y7KbCC9W+H0k=">AAACA3icbZBNS8NAEIYnftb6VfXoJVgETyUpRT0WvXisYD+gCWWz3bRLdzdxdyOUkKO/wauevYlXf4hH/4mbNgfb+sLAyzszzPAEMaNKO863tba+sbm1Xdop7+7tHxxWjo47KkokJm0csUj2AqQIo4K0NdWM9GJJEA8Y6QaT27zffSJS0Ug86GlMfI5GgoYUI20i3wslwqkX0yytZ4NK1ak5M9mrxi1MFQq1BpUfbxjhhBOhMUNK9V0n1n6KpKaYkazsJYrECE/QiPSNFYgT5aezpzP73CRDO4ykKaHtWfp3I0VcqSkPzCRHeqyWe3n4X6+f6PDaT6mIE00Enh8KE2bryM4J2EMqCdZsagzCkppfbTxGhoM2nBauBDxn4i4TWDWdes29rDXuG9XmTUGnBKdwBhfgwhU04Q5a0AYMj/ACr/BmPVvv1of1OR9ds4qdE1iQ9fULCMmY6g==</latexit>⇡

2
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Figure 3.3: Evidence for the IQH-CSL continuous phase transition. (a) Upper panel: Sketch
of two cylinder rings, illustrating the Z2 order parameter O0 defined as the total circum-
ferential current operator [orange arrows]. Lower panel: ⟨O0⟩ versus U/t for the two odd-
circumference cylinders, with ⟨O0⟩ ≠ 0 implying PTx is spontaneously broken. (b-d) Cor-
relation length in the (Q,Sz, ky) = 0 charge sector for a range of MPS bond dimensions
[increasing light to dark] and extrapolated to infinite bond dimension for Ly = 4, 5 [gray
points]; the insets specify the external magnetic flux through the cylinder rings.

cylinders [107, 118]. According to the Li-Haldane proposal [267], the low-energy part of
the ES corresponds to the conformal field theory (CFT) of the physical edge and exhibits
degeneracies characteristic of the CFT [268–275]. We see (Fig. 3.2b,c) that the CSL phase
has degeneracy (1, 1, 2, 3, 5, . . . ), corresponding to the free boson CFT [276], while the IQH
phase has (1, 2, 5, 10, 20 . . . ), corresponding to two copies of the free boson CFT. Consis-
tent with the above expectations, the CSL phase spontaneously breaks PTx symmetry on
odd-Ly cylinders as seen from the different entanglement spectra observed on adjacent cuts
(Fig. 3.2b, bottom), whereas the ES of the IQH is fully invariant under PTx (Fig. 3.2c,
bottom).

We also construct a Z2 order parameter for PTx, O =
∑

x∈Z J
⊥
x where J⊥x is the average

current along the circumferential bonds on ring x. In the chosen gauge:

J⊥x = (−1)xL−1y
∑

y

i(c†x,ycx,y+1 − h.c.) (3.3)

It can be verified that (PTx)J⊥x (PTx)† = −J⊥x+1, so that O is charged under PTx. Since
all the ground states are invariant under (PTx)2 so that ⟨J⊥x ⟩ = ⟨J⊥x+2⟩, then it suffices to
examine the condensation of O0 = J⊥0 + J⊥1 . In the CSL phase, ⟨O0⟩ ≠ 0 (see Fig. 3.3a),
signaling SSB. Near the transition at odd Ly, the transfer matrix spectrum [277] contains a
diverging correlation length in the (Q,Sz, ky) = 0 charge sector (see Fig. 3.3(b) for Ly = 5
and Appendix B for Ly = 3) consistent with the order parameter O. Threading Φext = π/2
external flux through each odd-Ly cylinder reduces the transition to a crossover since glide-
PH symmetry is explicitly broken unless Φext ∈ πZ.
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Figure 3.4: Connected correlations for the odd-circumference cylinders at their critical point,
Uc(Ly = 3) = 11.1 [yellow] and Uc(Ly = 5) = 11.6 [blue]. The Ly = 5 correlation func-
tions are scaled down by 10 for ease of viewing. (a-b) Current-current and density-density
correlations, approaching quasi-long range order as a function of MPS bond dimension χ
[increasing light to dark]. (c-d) Spin-spin and electron-hole correlations decay exponentially,
demonstrating a spin gap and gap to charge-1e excitations.

On the even-circumference geometries Ly = 4, 6 we reproduce the weak crossover, with
a correlation length of ≲ 1.5 lattice sites, found by Kuhlenkamp et al. for Ly = 6 and
Φext = 0 [118] (App. E1). Remarkably, upon threading Φext = π/2, the correlation length
in the range 10 < U < 12 increases dramatically, notably in the same charge-neutral sector
in which our odd-circumference correlation lengths diverge [see Fig. 3.3(c,d)]. At Ly = 4,
extrapolation to infinite bond dimension following Ref. [205] predicts a maximal extrapolated
value of ξχ→∞Ly=4 = 6.6 in units of cylinder rings (see App. E2). While at Ly = 6, we obtain ξ =
5.8 at the largest bond dimension χ = 32768, the correlation length is still growing rapidly
with χ. This hampers the precise extrapolation of ξχ→∞Ly=6 but also indicates it substantially

exceeds ξχ→∞Ly=4 . This suggests that the larger even-Ly geometries will exhibit a sequence of
increasingly-sharp crossovers toward 2+1D criticality.

We now discuss the behavior of correlation functions. The connected current correlator
CJJ(x) = ⟨J⊥0 J⊥x ⟩c exhibits power-law decay at the approximate transition points Uc(Ly =
3) = 11.1 and Uc(Ly = 5) = 11.6 (Fig. 3.4a), i.e., U at which the correlation length is largest
at the largest available χ. The critical fluctuations also manifest in the charge density: the
connected correlations Cnn(x) = ⟨n0nx⟩c (with nx averaged over ring x) decay algebraically
(Fig. 3.4b), but fall off much more rapidly than the current correlations. While there is no
SSB for Ly = 4, 6 we still observe an enhanced correlation length and slow decay of the
current and density correlations (App. H).
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On the other hand, the connected spin correlations CSzSz(x) = |⟨Sz0Szx⟩c| (with Szx av-
eraged over ring x) exhibit clear exponential decay at the odd-Ly critical points, with
no apparent enhancement from Ly = 3 to Ly = 5 (Fig. 3.4c). The electron correlators
Cc†c(x) = L−2y

∑
ky
|⟨c†(0, ky)c(x, ky)⟩| likewise decay exponentially (Fig. 3.4d), so that both

spin and electronic excitations remain gapped at the transition. Should these behaviors per-
sist in the thermodynamic limit, they imply that the 2+1D critical point is continuous and
hosts gapless, charge-neutral spin-singlet excitations, particularly of the charge current.

We comment briefly on the nature of the odd-Ly quasi-(1+1)D critical points. As the 1e
and 2e correlators remain gapped (App. F1), the data are incompatible with Luttinger and
Luther-Emery liquid criticality. The spontaneous breaking of a Z2 symmetry suggests the
transition is in the 2D Ising universality class. In fact, we note that a 1+1D Mott transition
of the Ising type has been proposed in the “ionic” Hubbard chain [278–280], which shares
symmetries and behavior with our odd-Ly model [281–284] (App. F2). Further investigation
into this transition, particularly how it evolves to the 2+1D transition and which operators
remain critical and with what exponents, is needed. The prominence of the current-current
correlations, namely their slow fall-off at both short and long distances, strongly suggests
they will remain prominent at the 2+1D critical point.

3.3 Discussion

Our numerical data on both even and odd-circumference cylinder geometries provides con-
firming evidence of a CSL phase and indicates that the CSL-IQH transition is in fact con-
tinuous in the Hofstadter-Hubbard model at π/2 flux per triangle. The single-electron and
spin gaps remain nonzero across the transition, but the current-current correlation function
exhibits prominent power-law behavior at the critical point, implying a neutral excitation
becomes gapless at criticality. This raises the possibility of further experimental and numer-
ical investigation of this transition. In particular, methods such as quantum Monte Carlo
or fermionic PEPS may be able to access wider systems, yielding confirming evidence of a
quantum critical point, estimates of critical exponents and conformal invariance, and spectral
signatures of spin-charge separation within the CSL phase [285–287].

A broader message of this chapter is that the ability to extrapolate 2+1D physics from
dimensionally-reduced data is greatly enhanced by analyzing how symmetries, candidate
ground states and their phase transitions respond to spatial compactification and flux thread-
ing. In particular, the properties of transitions into topologically-ordered phases may gener-
ally be illuminated by studying compactifications in which topological ground state degen-
eracy is encoded as symmetry breaking at finite cylinder width. Leveraging such techniques
systematically, it would be valuable to characterize the contexts in which UV features of Mott
phases, namely spin liquids, offer improved understanding of their charge fluctuation-driven
quantum phase transitions.
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Chapter 4

Anyon Superconductivity from
Topological Criticality

The search for electron pairing mechanisms that go beyond the well-established BCS/“pairing
glue” paradigm, exemplified by the electron-phonon mechanism [122, 288, 289], has a long
history. A popular theoretical route has been to consider situations where charge is asso-
ciated with topological excitations [55, 79, 85, 221, 222, 227, 290–295]. The best known
of these proposals are the resonating valence bond (RVB) [294, 296–298] and anyon super-
conductivity scenarios [39, 40, 111–113, 299–303], where doping a quantum spin liquid with
fractionalized charge excitations leads to superconductivity. In the anyon superconductiv-
ity approach proposed soon after the discovery of high-Tc superconductivity in the layered
cuprates, the starting point is the chiral spin liquid (CSL) phase introduced by Kalmeyer and
Laughlin [37]. Although interest in the anyon superconductivity mechanism in the context
of high-Tc cuprates has waned, it remains a remarkable theoretical example of superconduc-
tivity emerging from a chiral insulator.

Spin liquids have proven elusive, and even where they are proposed to appear, supercon-
ductivity need not arise upon doping. The triangular lattice Hubbard model with time rever-
sal symmetry has been reported to host a CSL ground state at intermediate coupling [107,
108, 285, 304]. However, various magnetic orders and other spin liquid phases are so close
in energy to the CSL [104–106, 109] that its existence in this model, and in related time
reversal-symmetric extended Heisenberg models [100, 106, 109, 305, 306], is not definitively
established [307, 308]. Further, the existence of superconductivity at small hole doping
in the intermediate-coupling regime [309, 310] relevant to the putative CSL has not been
clearly demonstrated. Indeed, a density matrix renormalization group (DMRG) analysis
reports a metal rather than a superconductor [204]. In addition, there is no spin liquid in
the weak-coupling regime where superconductivity has also been proposed [146, 311, 312].

In this chapter, we show that superconductivity emerges naturally in the vicinity of
topological criticality arising from a continuous transition between two topologically-distinct
insulators, with time reversal symmetry explicitly broken by a magnetic field. The crucial
point is that a change in topology requires closing and reopening a gap at the transition,
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in this case a charge gap associated with a bosonic charge-2e mode. Near the topological
critical point, these bosonic modes are the lowest-energy local charge excitations, while
unpaired electronic states appear only at higher energies. Modest doping then introduces
paired carriers, which can superconduct.

We illustrate the potential of this idea through explicit calculations in a microscopic
Hofstadter-Hubbard model argued to host an integer quantum Hall (IQH) phase at weak
coupling with charge and spin edge modes, and a CSL phase with only a spin edge mode,
arising upon increasing electron correlations via repulsive Hubbard interactions [114, 118].
These insulators appear at a density of one electron per lattice site, henceforth referred to as
“half filling,” with superconductivity emerging upon doping electrons or holes. In Fig. 4.1(a),
we present a schematic phase diagram in the plane of chemical potential µ and Hubbard U .

Our study goes beyond previous proposals for superconductivity in the Hofstadter flux
regime, which considered only attractive [313–319] and perturbatively weak repulsive inter-
actions [161]. The investigation of the present strongly-repulsive model is motivated by its
potential realization in transition metal dichalcogenide (TMD) moiré materials [118, 119],
whose advent has opened new avenues for realizing exotic quantum phases and enabled the
controlled variation of their doping [6, 8, 11]. The large unit cells of these materials make
the Hofstadter flux regime experimentally accessible, while the Zeeman coupling can be
quenched [118].

We present general arguments supported by a parton treatment and effective field theory
that reveal low-energy Cooper pairs near the putative IQH-CSL critical point. Furthermore,
we contend that doping in its vicinity leads to superconductivity. On the CSL side, the
superconductor is shown to arise via the anyon superconductivity mechanism. Pairing is
then examined numerically with exact diagonalization (ED) and DMRG, which reveal that
charge-2e excitations are indeed the lowest-energy local charge excitations, per unit charge,
over a broad range of parameters, a compelling precursor to superconductivity upon doping.
Strikingly, the pairing extends beyond the CSL, well into the IQH side of the phase diagram
where anyons cannot be invoked, consistent with the softening of the 2e gap by topological
criticality.

Importantly, this mechanism does not rely on strict quantum criticality. Superconduc-
tivity emerges in a non-infinitesimal neighborhood of the topological critical point and will
therefore persist even if the transition is weakly-first-order or one of the phases is proximal
but avoided. Its precursor, electron pairing, appears even in the finite systems accessible in
our numerics. Altogether, our results suggest that superconductivity can arise in a regime
with both strong repulsive interactions and broken time reversal symmetry, a combination
that normally disfavors superconductivity.

The remainder of this chapter is organized as follows. In Sec. 4.1, we introduce the
Hofstadter-Hubbard model as well as its continuous and magnetic space group symmetries.
In Sec. 4.2, we provide a parton description of the putative topological critical point and
the mechanism for obtaining superconductivity upon doping each side of the transition. In
Sec. 4.3, we provide numerical evidence for electron pairing using both ED and DMRG.
Sec. 4.4 is a summary and conclusion suggesting avenues for future research. Appendix C
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Figure 4.1: (a) Schematic depiction of the predicted energy gap to 2e excitations (red) and
twice the energy of 1e excitations (green) at half filling of the Hofstadter-Hubbard model
with Φ△ = π/2 flux per triangle as a function of interaction strength U in the 2D limit.
Proposed phase diagram in the plane of U and chemical potential µ. The star indicates a
topological quantum phase transition from an integer quantum Hall (IQH) insulator to chiral
spin liquid (CSL) at half filling. The dashed lines show the chemical potential required to
add carriers and produce a chiral superconductor (SC) with topologically-protected edge
modes. (b) Finite region of the two-dimensional model with Φ△ = π/2 flux per triangle,
repulsive on-site interactions U , and Bravais vectors a1,2 indicated. The hoppings may be
chosen to be C6-invariant and imaginary (each arrow indicates an amplitude −it), with a
four-site unit cell (sublattices A-D in red). (c) Left: band structure at Φ△ = π/2 consisting
of two bands related by particle-hole symmetry P . Right: two-dimensional color map of
energy as a function of momentum for the upper energy band over the Brillouin zone of the
2× 2 unit cell (note the bands are two-fold degenerate at every momentum).

gives details of calculations described in the main text and supporting data.

4.1 Model and Symmetries

The Hofstadter-Hubbard model (see Fig. 4.1b), with hoppings tij from site j to i and on-

site interaction HI , is given by HHH = −∑ij tijc
†
icj + HI . The hopping amplitudes tij are

complex numbers with phases encoding the orbital magnetic flux [96]. In this chapter, we
specialize to the triangular lattice with Φ△ = π/2 flux per triangle [114, 118] for which the
hopping amplitudes can be chosen to be purely imaginary, so that the single-particle term
in the Hamiltonian may be written as:

H0 = i
∑

⟨ij⟩

τij

(
c†iσcjσ − c†jσciσ

)
. (4.1)

The arrows on bonds in Fig. 4.1(b) indicate our sign convention that the hopping from site
j to i along an arrow has τij = −t < 0, while hopping opposite an arrow has the opposite
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sign. We report energies in units of t.
The symmetries of H0 are most clearly exposed by mapping to Majorana fermions, cj↑ =

1
2
(χj1 + iχj2) and cj↓ =

1
2
(χj3 + iχj4), where {χia, χjb} = 2δabδij so that H0 takes the form [320]:

H0 =
i

2

∑

1≤a≤4

∑

⟨ij⟩

τijχ
i
aχ

j
a, (4.2)

which is seen to have an O(4) symmetry, corresponding to proper/improper rotations of the
Majorana four-component vector. The Hubbard interaction

HI = U
∑

i

(ni,↑ − 1/2)(ni,↓ − 1/2) (4.3)

can be written in the Majorana representation as HI = −(U/4)
∑

i χ
i
1χ

i
2χ

i
3χ

i
4. Note that the

interaction breaks the O(4) symmetry of the hopping model down to SO(4). The operators
in the determinant −1 sector, corresponding to improper rotations, are related to particle-
hole transformations that flip the sign of U (e.g., conjugating only the spin-up electrons) and
are therefore not symmetries of the interacting theory. The particle-hole operation which
preserves the sign of U is a symmetry, identified in Ref. [114].

Contained in SO(4) are the spin SU(2)s and pseudospin SU(2)c symmetry subgroups
identified by Yang and Zhang [321–323], and by Affleck [320]. While the pseudospin sym-
metry is typically associated with bipartite lattice Hubbard models [324], we highlight that
it is more generally present whenever there exists a gauge in which the hoppings are purely
imaginary [82], and that SU(2)c reduces to the usual charge U(1)c for generic long-range
interactions. The SU(2)c pseudospin symmetry will play an important role in our study of
the topological phase transition in Sec. 4.2.

The model is additionally symmetric under operations in the magnetic space group gen-
erated by the rotation C6 and translation T1 along the nearest-neighbor direction a1 (see
Fig. 4.1b). Their explicit form, which we provide in Appendix Sec. 1B, depends on the
choice of gauge for the electron operators. However, they satisfy certain gauge-invariant
generating relations which will prove important for interpreting the pairing symmetry in
Sec. 4.3. Because the magnetic space group is a U(1)c extension [325], the overall U(1)c
phase of each spatial symmetry is ambiguous. We make the following convenient choices:
we fix (C6)

6 = 1, choose T1 to satisfy C2T1C
†
2 = T †1 which constrains it modulo a sign, and

define rotated nearest-neighbor translations by Tj+1 = Cj
6T1C

−j
6 . Moreover, due to the π/2

flux per triangle, one may verify the following gauge-invariant relations:

T2T1 = (−1)NFT1T2, T5T3T1 = (±i)NF , (4.4)

where NF is the fermion number. The sign ambiguity in the second relation arises because
our conventions do not fix the sign of T1; we remedy this by choosing +i. When acting on
charge-2e pairs, with NF = 2, the first relation is trivial but the second is not. This is the
origin of the unorthodox pairing symmetry we uncover in Sec. 4.3.
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4.2 Parton Theory

Topological Criticality at Half Filling

We introduce a parton construction that captures the effects of on-site U , in effect perform-
ing a Gutzwiller projection on the IQH wavefunction to obtain the CSL [248, 252]. This
formalism reproduces the phase diagram of the half-filled model obtained numerically in
Refs. [114, 118] and allows us to study the effects of doping. While it is possible to proceed
by retaining the SU(2)c pseudospin symmetry [324], we relegate this treatment to Appendix
Sec. 6 and, for ease of presentation, derive here a slave-rotor theory retaining only U(1)c
along with SU(2)s. We begin by introducing a U(1) rotor variable eiθ and its conjugate
integer-valued “angular momentum” L at each site [326]. We write the electron operator as
c†i,σ = f †i,σ e

iθi where f is a fermionic “spinon” carrying the electronic spin. The redundancy
introduced by the rotors is alleviated by imposing the following constraint at each site:

Li = f †i,↑fi,↑ + f †i,↓fi,↓ − 1. (4.5)

Note that a singly-filled site is represented by Li = 0, while the doublon/empty sites corre-
spond to Li = ±1. The Hubbard model can then be rewritten as [326]:

H = −
∑

⟨ij⟩,σ

tije
i(θi−θj)f †i,σfj,σ + h.c. +

U

2

∑

i

L2
i . (4.6)

To make progress, we adopt a mean field approach, replacing operator bilinears by their
mean field values:

HMF = Hf +Hθ

Hf = −
∑

⟨ij⟩,σ

t̃ijf
†
i,σfj,σ + h.c.

Hθ = −
∑

⟨ij⟩,σ

Qije
i(θi−θj) + h.c. +

U

2

∑

i

L2
i ,

(4.7)

where Qij = tij⟨f †i,σfj,σ⟩ and t̃ij = tij⟨ei(θi−θj)⟩. Let us summarize the main results, leaving
the detailed analysis of this mean field theory to Appendix Sec. 2. Consistency with the
numerical results of Ref. [114], namely a spin gap throughout the transition, requires that
the spinons f be gapped. The most natural possibility, consistent with the projective con-
struction of the CSL in the Mott limit [82], is that the spinons see Φ△ = π/2 net flux per
plaquette, like the microscopic electrons, and enter a spin-singlet Chern insulator with total
Chern number C = 2. Since the rotor bosons then see no net flux,1 Hθ displays a superfluid-
Mott transition on increasing U , corresponding to the electronic IQH-CSL transition. A
mean field treatment of Hθ locates this critical point (see Appendix Sec. 2) at U∗/t ≈ 9.6,
close to the transition point U∗/t ≈ 12 estimated by iDMRG [114, 118].

1This contrasts with the scenario of electrons at zero magnetic field [246, 247], where the two parton
species experience opposite, non-zero net flux.
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Using (4.7), we show that the universal response properties of the spinon-rotor mean field
solutions are consistent with that of the IQH and CSL. We introduce a gauge field on bonds
to account for gauge fluctuations about the mean field solution [327], giving Qij → Qe−iaij

and t̃ij → t̃ije
+iaij . Further, we introduce a gauge field A (As) coupled minimally to the

rotors (spinons) to probe the charge (spin) response. Restricting to energies below the spin
gap, we may integrate out the spinons; the unit Chern number for each spin species yields
the following Chern-Simons terms [328–330]:

LCSL =
2

4π
(a ∧ da+ As ∧ dAs). (4.8)

We employ the notation a∧da = ϵµνλa
µ∂νaλ, where summation over Greek spacetime indices

is implicit and ϵ is the three-dimensional antisymmetric tensor.
We now turn to the rotor charge excitations. Since we are interested here in long

wavelength properties, it is convenient to pass to the continuum limit and utilize a coarse-
grained “soft-spin” description [331], replacing ψ ∼ eiθ and introducing a potential V (ψ) =
m2|ψ|2 + λ|ψ|4. Note that there is only a single bosonic field ψ, corresponding to a single
minimum in the rotor dispersion, a consequence of the vanishing average flux experienced
by the rotors. Tuning the sign of m2 from positive to negative induces condensation of ψ, as
we describe below. The resulting effective field theory is:2

L = |DA−aψ|2 − V (ψ) +
2

4π
a ∧ d a+ 2

4π
As ∧ dAs, (4.9)

where Dµb = ∂µ − ibµ, and we have performed field rescaling to bring it into this form.
The time component a0 is introduced to enforce the on-site constraint, Eq. (4.5). We now
consider the two phases and their transition.

Phase I: m2 < 0, ⟨ψ⟩ ≠ 0

In the small-U limit we expect the rotor variables to “condense,” which introduces a Higgs
mass term for a− A. Integrating over a yields the response theory LI[A,As] =

2
4π
A ∧ dA+

2
4π
As∧dAs. Thus we have an insulator without intrinsic topological order, with precisely the

charge and spin quantum Hall conductance of the spin-singlet integer quantum Hall state,
namely σxy = 2 · e2/h and σsxy = 2 · ℏ/8π. The latter describes the quantized response of
spin to a Zeeman gradient, termed the spin quantum Hall effect [334], and is distinct from
the quantum spin Hall effect [335, 336].

Phase II: m2 > 0, ⟨ψ⟩ = 0

In the larger-U regime, the rotor condensate disappears and the ψ field is gapped. The low-
energy effective action in this phase is then LII[a,A,As] =

2
4π
a ∧ da + 2

4π
As ∧ dAs = LCSL.

2While resembling the Zhang-Hansson-Kivelson composite boson description of the FQHE [332, 333],
Eq. (4.9) differs in its Lorentz-invariance, particle-hole symmetry (ψ, a)→ (ψ∗,−a) absent the probe gauge
fields, and integer-level dynamical Chern-Simons term.
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While the quantized spin response is the same as in Phase I (guaranteed by the spin gap
being maintained throughout), the charge Hall conductivity vanishes. Semion topological
order now arises from the dynamical U(1)2 Chern-Simons term. These are the characteristic
properties of the CSL phase [82]. Moreover, the change of σxy across the IQH-CSL transition
implies that the charge gap must close if the transition is continuous.

Critical Point

In the mean field approximation, the critical point corresponds to setting m2 = 0 in (4.9),
so that the ψ field becomes gapless. Intuition for this field is gained by recognizing that
the fractionalized spin-1/2 semion excitation in the CSL phase combines with the electron
to give a semionic charge-e spin-0 excitation, represented by the non-local ψ field. At mean
field level, the microscopic particle-hole symmetry ensures that the IQH-CSL transition is
continuous and belongs to the 3D XY universality class [331].

To characterize the critical point beyond the mean field approximation, and assess whether
the transition remains continuous, we consider gauge field fluctuations and the dynamical
Chern-Simons term in (4.9). This full theory cannot be solved exactly, and the Chern-Simons
term introduces a sign problem that would hamper large-scale quantum Monte Carlo sim-
ulations [337]. Alternatively, one can study the microscopic Hamiltonian of Sec. 4.1 using
tensor network methods. Indeed, the cylinder DMRG studies of Refs. [114, 118] provide
direct evidence that the transition is continuous and that electron excitations are gapped
across the transition. This points to spin-singlet Cooper pairs being the cheapest local charge
excitations near the critical point, which we demonstrate numerically in Sec. 4.3.

In addition, we can study deformations of the parton critical theory that can be charac-
terized analytically and are known to exhibit a continuous transition. Specifically, consider
(4.9) but with Chern-Simons term N

4π
a∧ da, while retaining the single bosonic scalar field ψ.

While we are interested in the case N = 2, observe that N = 1 and N = 0 both correspond
to continuous transitions: under fermion-boson duality [338], the former describes the free-
fermion Dirac critical point separating two insulators with Chern numbers C = 0→ 1, while
the latter describes the 2+1D superconductor-insulator transition [339, 340]. Furthermore,
in the N = ∞ limit, the theory reduces to the 3D XY transition since gauge field fluctua-
tions are suppressed. The existence of a continuous transition in the N = 0, 1,∞ deformed
theories suggests that the N = 2 transition can also be continuous.

We shed further light on the IQH-CSL transition by mapping it to an equivalent, better-
studied bosonic transition between a trivial insulator and ν = −1/2 Laughlin state of charge-
2e Cooper pairs [341–344]. The equivalence can be seen by “stacking” an invertible ν = −2
IQH phase above Phases I and II [247]. This trivializes both the spin and charge response

of the IQH and maps the CSL to a phase with Hall conductance σxy = −1
2
(2e)2

h
but no spin

response, namely a Laughlin liquid of Cooper pairs. The transition can thus be viewed as
a plateau transition of Cooper pairs, rationalizing there being gapless Cooper pairs at the
critical point.
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This bosonic transition is argued to be continuous, with critical exponents and universal
conductivity computed perturbatively, in several works [341, 342, 345]. In contrast, Ref. [346]
proposes a first-order transition scenario, while acknowledging that a continuous transition
remains possible elsewhere on the phase boundary. More recently, DMRG studies of models
of hardcore bosons support a continuous transition [347, 348], though they do not estimate
critical exponents or check for signatures of conformal invariance.

In Ref. [344], the bosonic trivial-to-Laughlin transition theory is expressed both in a
form equivalent to (4.9) and as its fermionic dual, a QED3-Chern-Simons theory [343]. Due
to a conjectured “level-rank” duality [349], the theory is believed to possess an emergent
SO(3) symmetry [344, 350], rotating between the boson density, creation, and annihilation
operators, which go gapless at criticality. Should this critical point be described by a con-
formal field theory, the putative SO(3) symmetry imposes an important constraint: since
the conserved density has protected scaling dimension 2, the Cooper pair insertion operator
should have the same scaling dimension [344]. Remarkably, our lattice model provides a mi-
croscopic realization of this transition in which the pseudospin SU(2)c symmetry introduced
in Sec. 4.1 explicitly implements this conjectured SO(3) symmetry. In fact, we exploit the
pseudospin symmetry within the non-abelian slave-rotor formalism [324] to derive a bosonic
SU(2)1 Chern-Simons theory dual to (4.9) (see Appendix Sec. 6 for details). The conserved
current of this theory manifestly transforms as an SO(3) vector under pseudospin rotations,
in striking agreement with the predictions presented above [344].

Non-zero Doping

In this section, we turn to non-zero doping and discuss the different regions of the phase
diagram of Fig. 4.1(a). In particular, we describe how both insulating phases considered
above naturally give rise to superconductivity upon doping, with proximity to topological
criticality playing the crucial role of relegating electron excitations to high energies.3 On
the IQH side, we argue this occurs via the condensation of low-lying charge-2e modes, while
on the CSL side we show how superconductivity arises within a parton description of the
low-lying fractionalized charge carriers.

Starting from the IQH (or Phase I), the persistence of the spin gap and reduction of
the charge-2e gap by topological criticality implies that doped charges enter as spin-singlet
Cooper pair excitations, i.e., bound states of electrons. This can be seen from the effective
theory (Eq. 4.9) in the phase where ψ is condensed. Shifting variables a→ a+A yields the
coupling 2A0

2π
∇×a, where ∇×a = ∂xay− ∂yax, which implies that charges enter as vortices

of the ψ condensate. In particular, by flux quantization
∫
∇× a ∈ 2πZ, they are forced to

enter as charge-2e objects, or Cooper pairs.
Per unit cell of the triangular lattice, these pairs experience 2π external flux, twice that of

their constituent electrons. Thus, magnetic translations do not enforce degenerate minima

3This distinguishes our mechanism from those invoking proximity to a critical point in a metal [351],
where a fluctuating order parameter is commonly proposed to induce electron pairing [352].
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in the energy landscape of Cooper pair excitations, unlike at generic flux fractions where
the Cooper pair effective mass would also be suppressed by a narrower bosonic Hofstadter
bandwidth.4 In fact, in Sec. 4.3 we provide numerical evidence that there is a dispersive, non-
degenerate 2e bound state. At U/t = 6 on the 4× 4 torus, in subsection 4.3 we estimate its
effective mass to bemCooper ≈ 1.3 ℏ2/ta2. While this provides an order-of-magnitude estimate
of the Cooper pair effective mass deep in the IQH phase, the parton theory dictates that the
effective mass vanishes on approaching the critical point, with the dispersion approaching
ω ∝ |k|. Moreover, we expect the low-lying Cooper pairs to have a characteristic size ℓc
controlled by the spin gap.

We now consider doping the IQH insulator. At sufficiently low dopant density com-
pared to ℓ−2c and ξ−2, where ξ is the charge-2e correlation length (see Appendix Sec. 4), we
have a dilute gas of Cooper pairs with short-range repulsive interactions and small effective
mass. These are expected to enter a superfluid phase, where the superfluid density increases
continuously from zero as µ is tuned across the IQH-superconductor transition, as in the
Bose-Hubbard model away from integer filling [331, 356]. At higher densities, it would be
valuable to explore in detail whether longer-range bosonic interactions mediated by critical
fluctuations can lead to crystallization [357] or phase separation [358].

The charge and spin response of the spin-singlet IQH insulator are σxy = 2 · e2/h and
σsxy = 2 · ℏ/8π, respectively, with edge chiral central charge c− = 2. On condensing spin-
singlet Cooper pairs, the spin quantum Hall response is unaffected since the spin sector
remains gapped. However, including their superfluid response removes the quantization of
charge Hall conductance, while the chiral central charge is unchanged [86]. This predicts
edge states usually associated with the weak-pairing “d + id” superconductors [334, 359].
However, as later shown in Sec. 4.3, we are far from the weak-pairing limit, so that the
symmetry of the Cooper pair wavefunction is unrelated to the topological properties and edge
states of the superconductor [360]. Moreover, as we later discuss in Sec. 4.3, the terminology
regarding pairing symmetry must be adapted to the present scenario of magnetic space group
symmetries [161, 207].

Starting from the CSL (or Phase II), we now have fractionalized elementary excitations
and must appeal to the parton description. Our analysis elucidates a remarkable connection
to the mechanism of anyon superconductivity, and also the possible microscopic realization
of higher-charge superconductivity in related models. We consider doping a finite charge
density of 0 < y ≪ 1 holes per site, which requires that the rotor density be ⟨Li⟩ = −y. The
constraint (4.5) correspondingly demands a depletion of spinons relative to integer filling:
⟨nfi↑ + nfi↓⟩ = 1 − y, which seemingly poses a problem since we expect the spin gap, and
hence the spinon gap, to remain open upon light doping. Fortunately, since the spinons
occupy bands with Chern number C↑ = C↓ = 1, their density can be tuned by introducing
additional gauge flux nϕ ≡ (∇× a)/2π = −y/2.

To evaluate the resulting physical behavior and elucidate the possibility of supercon-

4The condensation of interacting Hofstadter bosons has been established even at smaller flux frac-
tions [353–355].
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ductivity, let us concentrate on hole doping and replace our rotor with a hardcore bosonic
“holon” b on each site, with nb = b†b ∈ {0, 1}, and write c†σ = bf †σ. The Hilbert space on
each site is restricted to empty and single-electron states, which both satisfy the slave-boson
constraint nb = 1 − nf [246]. Following our previous analysis but with the canonical boson
b rather than the rotor, integrating out f leaves:

Ldoped = b∗ (i∂t + a0 − A0) b− |D⃗a−Ab|2 − V (b)

+
2

4π
a ∧ da+ 2

4π
As ∧ dAs.

(4.10)

This theory incorporates the feature that the density of holons is constrained to be nb =
−2nϕ, seen from the equation of motion for a0. While there are a variety of possible phases
of bosons at the filling νholon = −2, a very natural one is the bosonic integer quantum
Hall (bIQH) state with even integer Hall conductivity [361, 362], a symmetry protected
topological (SPT) phase [363] (where the protecting U(1) symmetry is taken to be the
gauge “symmetry”). The bIQH phase hosts symmetry-protected counter-propagating edge
states and has no intrinsic topological order. Thus it is entirely captured by its effective
response [361], probed here by the gauge field combination a−A, namely ∆Lholon = − 2

4π
(a−

A) ∧ d(a − A). Adding this to the effective theory for Phase II we obtain the finite-doping
theory in which, importantly, the dynamical Chern-Simons term cancels out:

Ldoped =
2

2π
A ∧ da− 2

4π
A ∧ dA+

2

4π
As ∧ dAs. (4.11)

Regarding A as a classical field, this phase therefore lacks intrinsic topological order. When
A = 0, it has a single bulk gapless mode due to the Maxwell dynamics of a, representing
the Goldstone mode of the broken U(1)c symmetry. From the Ioffe-Larkin rule for adding
spinon and holon resistivity tensors, ρ = ρspinon + ρholon [127, 364–366], we also conclude
that the fluid has vanishing resistivity [246]. This is because the partons have opposite Hall
responses with respect to a:

ρspinon = −ρholon =
1

2

(
0 −1
1 0

)
. (4.12)

Furthermore, we see from the first term in (4.11) that a fundamental flux
∫
∇ × a = 2π

couples minimally to A and binds 2e charge. This is therefore a superconductor of Cooper
pairs, and the monopole operator that inserts unit flux of a is their creation operator. In fact,
(4.11) (with Maxwell terms for a and A) can be mapped to a Ginzburg–Landau Lagrangian
for a 2D superconductor [303, 367].

The Chern-Simons term for As in (4.11) indicates a spin quantum Hall response of σsxy =
2 · ℏ/8π. Moreover, the edge chiral central charge is c− = 2 (see Appendix Sec. 3). We
conclude that this superconductor has precisely the same topological and response properties
as the one originating from the IQH. This motivates the minimal phase diagram shown in
Fig. 4.1(a), where a single superconducting phase emanates from the IQH and CSL phases
upon doping.
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Relation to Anyon Superconductivity

The discussion above has a close correspondence to anyon (or more precisely semion) super-
conductivity, proposed in Refs. [39, 40, 111–113, 299–302]. These works argued that a gas
of charge-e semions, obtained for instance by doping a CSL, can realize a superconducting
state. This problem can be mapped to that of bosons b′ attached to π statistical flux, which
transmutes their statistics to those of the original semions [368]. In this description, the
boson and flux densities are therefore related by nb′ = −2nϕ, exactly the relation satisfied
by the slave bosons in (4.10). The analysis following that equation provides a direct link
between our long-wavelength theory of the doped CSL, derived for the Hubbard-Hofstadter
model, and the effective theory of semion superconductivity, most transparently its bosonic
formulation developed in Ref. [368]. Our analysis provides an alternative characterization of
the semion superconductor, namely as a bIQH phase of the b′ bosons [246].

We emphasize that a key advantage of our setup is that proximity to topological criti-
cality in the CSL phase renders doped semions (carrying charge e and no spin) energetically
favorable compared to electrons. It also provides renewed motivation for studying the CSL-
superconductor transition, which, to our knowledge, has not been characterized in detail in
the anyon superconductivity literature. We hope that the bosonic SPT perspective presented
above will offer new tools and insights for advancing its understanding [369, 370].

The bIQH characterization presented above also offers insight into the possible micro-
scopic realization of charge-Ne superconductivity with N ∈ 2Z. Consider electrons in the
fundamental representation of a flavor SU(N) symmetry and apply a background flux of
2π/N per unit cell. At a density of one electron per site, the non-interacting phase is an
IQH insulator with σxy = Ne2/h where the lowest Hofstadter band is filled by all N flavors.
On increasing U , we expect to realize a CSL with SU(N)1 (or equivalently U(1)N) topolog-
ical order and chiral central charge c− = N − 1 [252]. A possible critical theory is then the
SU(N) analogue of (4.9) above, represented as a complex scalar field χ coupled to a U(1)
gauge field with a level-N Chern-Simons term:

L = |DA−aχ|2 − V (χ) +
N

4π
a ∧ d a. (4.13)

The IQH and CSL again correspond to the condensed and gapped phases for χ, respectively.
Upon doping, superconductivity can arise if the excess bosons enter a bIQH phase, yielding
a Hall contribution M

4π
a∧da whereM is necessarily even [361]. Therefore, the Chern-Simons

term in (4.13) may be canceled out, and a conventional superconductor can arise [303],
for even integer N . Furthermore, these correspond to a condensate of charge-Ne electron
composites which are singlets under the SU(N) and clearly can only condense for even N .
Note that the charge-e anyons in this scenario have statistical angle θ = π/N , distinct from
π(1 − 1/N) in the classic anyon superconductivity scenario [113]. They only agree for the
special case of N = 2, i.e., semion superconductivity, considered in this chapter.

At N = 2, it is tempting to view anyon superconductivity as arising from the binding
of pairs of charge-e semions into bosons, that then condense. We remark however that
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(U = 6t)

Figure 4.2: (a) Exact diagonalization (ED) energies of the lowest-lying states in three charge
sectors (indicated in legend) for both the 4×4 site (triangular markers) and 6×2 site systems
(circles). (b) Plot of E2e/2−E1e vs. U , whose negative value indicates electron pairing. (c)
ED energy spectrum on the 6× 2 site torus at U/t = 5. The energies are arranged by total
spin Sz and electric charge Q (indicated in legend); they organize into multiplets of the spin
and pseudospin SU(2) symmetries. (d) Overlap of the spin-singlet pairing operator cTr (isy)cO
between the half-filled ground state and two-electron excitation for all sites r on a 4× 4 site
torus at U/t = 6, with origin indicated by O. Its magnitude and phase are specified by
marker area and color, respectively.

this route would leave the remaining semionic excitations deconfined, resulting in a very
different fractionalized superconductor “SC∗” [371] that retains semionic excitations. Due
to the absence of a Chern-Simons term for a in (4.11), the anyon superconductor mechanism
evidently yields a superconductor of the more conventional variety [113, 368].

4.3 Numerical Evidence for Cooper Pairing

In the preceding section, we presented field-theoretic arguments for the nature of the pu-
tative critical theory and its excitations, as well as the intriguing possibility of topological
superconductivity upon doping near this critical point. Here, we provide explicit numer-
ical evidence for an important precursor to superconductivity, electron pairing above the
half-filled ground states.

Exact Diagonalization

We first investigate the system using exact diagonalization (ED). We focus on 6×2 and 4×4-
site systems, the latter being the largest we can access. We diagonalize the Hamiltonian at
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the particle-hole-symmetric point µ = 0, and organize the spectrum by the charge Q and
spin Sz quantum numbers, taking the convention where the half-filled ground state has
Q = Sz = 0 and zero energy. To construct the 6× 2 torus, we identify points separated by
the vectors 6a1 and by 2a2 − 4a1. On the 4 × 4 system, we identify points related by 4a1

and 4a2 (see Fig. 4.1(b) for the definition of the lattice vectors a1,2).
In Fig. 4.2(a), we plot the energies of the lowest-lying excited states in the charge sectors

(Q,Sz) specified by {(0e, ℏ), (1e, ℏ/2), (2e, 0)}, for both the 6× 2 and 4× 4 systems. While
we focus on the electron-doped side, adding holes is energetically equivalent under particle-
hole symmetry. The lowest 0e excitation energy decreases monotonically as a function of U .
On the other hand, both 1e and 2e exhibit minima at intermediate coupling: for the 6 × 2
system, these occur at Umin

1e /t ≃ 6.0 and Umin
2e /t ≃ 5.5, whereas on the 4 × 4 torus these

values increase to Umin
1e /t ≃ 8 and Umin

2e /t ≃ 7.
The ED calculation convincingly demonstrates that the lowest-lying charge excitations

are paired over a remarkably broad range of interaction strengths U . Specifically, the energy
E2e of the lowest-lying charge-2e state is less than that of two individual electronic excita-
tions, i.e., E2e−2E1e < 0. We plot this quantity in Fig. 4.2(b), which we find to be negative
in the range 0 < U/t ≤ 7.5 for the 6×2 system and over an even broader range 0 < U/t ≤ 10
for the larger 4 × 4 system. The maximum magnitude of the pairing energy increases from
0.06t to 0.13t between the two systems, constituting 4% and 7% of the corresponding 1e
energies, respectively. The location of this maximum is Umax/t ≃ 5 for the 6 × 2 system,
increasing to Umax/t ≃ 6 on the larger 4 × 4 torus. Though these features occur at smaller
interaction strength than the expected IQH-CSL transition point U/t ≈ 12 reported by pre-
vious cylinder iDMRG studies [114, 118], we anticipate that Umax will continue to increase
with increasing system size.

The numerical observation of pairing is important confirming evidence for topological
criticality and the associated softening of charge-2e modes. Moreover, as argued in Sec. 4.2,
the existence of pairing in the IQH phase is a direct precursor to superconductivity and is
likewise expected in the CSL near criticality. To estimate the Cooper pair effective mass,
crucial to phase stiffness, we thread small external flux φ through the torus and compute the
change in the charge-2e energy E2e. For concreteness, we fix U/t = 6 on the 4×4 torus, where
pairing is maximal, though on larger systems we expect this point to reside deep in the IQH
phase (see Refs. [114, 118]). At small φ, we obtain a quadratic fit E2e(φ)/t ≈ 5.01(φ/2π)2.
Threading 2π flux shifts the total two-electron momentum q by 2/L times a primitive re-
ciprocal vector of magnitude 4π/a

√
3, where L = 4 is the length of the torus. Matching the

dispersion to ℏ2q2/2mCooper with φ/2π = qa
√
3/2π, we estimate mCooper ≈ 1.3 ℏ2/ta2 at the

chosen system size and interaction strength, providing an order-of-magnitude estimate for
the pair effective mass in the IQH phase.

We note that the pairing energy E2e/2 − E1e cannot be positive in the thermodynamic
limit because it is always possible to create a well-separated pair of 1e excitations with energy
equal to that of independent electrons. Its taking positive values for U/t > 7.5 and U/t > 10
on the 6 × 2 and 4 × 4 systems, respectively, is therefore a finite size effect. Given that
the interactions are repulsive, the observed (negative) electron pairing energy at smaller U
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has no similarly-compelling finite-size explanation, thus pointing to topological criticality as
its origin. Furthermore, the fact that pairing extends down to seemingly arbitrarily-small
values (probed down to U/t = 10−3) suggests a weak-coupling origin complementary to
pairing induced strictly by proximity to criticality.

Each of the systems under consideration possesses the SO(4) symmetry explicated in
Sec. 4.1. Accordingly, we observe that the ED spectrum organizes into multiplets of the
spin and pseudospin SU(2) symmetries. This is displayed in Fig. 4.2(c) for the 6 × 2 torus
at U/t = 5, in which eigenstates with fixed spin Sz but different total charge Q populate
multiplets of the pseudospin SU(2)c. For both system sizes, the (Q,Sz) = (0e, ℏ) state in
Fig. 4.2(a) belongs to a pseudospin-singlet spin-triplet irreducible representation, while the
(Q,Sz) = (2e, 0) branch is a pseudospin-triplet spin-singlet.

We remark that pairing was not observed on the smaller 4 × 2 torus, nor on the 6 × 2
system with the identification r ∼ r + 2a2 ∼ r + 6a1, though we recall that pairing was
observed at 6 × 2 under the boundary identification specified earlier. Nonetheless, it is
suggestive that pairing is present on the largest accessible system, the 4 × 4 torus studied
above. Verifying pairing at larger system sizes, employing approximate methods beyond
ED, is an important task for future work. In the next section, we take one step forward
by establishing electron pairing in a cylindrical geometry of finite width but infinite length
using tensor network methods.

Segment DMRG

Here we employ the “infinite boundary condition” technique [277, 372–374], referred to
henceforth as the “segment” DMRG method [168, 189, 373], to obtain excited states and
their energies. Starting from an infinite MPS approximation to the ground state at half-
filling, we allow the tensors of the excited state MPS to differ on a segment spanning Nr

cylinder rings. DMRG is then used within this variational class to minimize the excitation
energy for fixed quantum numbers Q,Sz, and circumferential momentum ky relative to the
ground state.

For the XC4 cylinder considered here and shown schematically in Fig. 4.3(a), we identify
points separated by 4a2− 2a1 ∝ ŷ around the circumferential direction (with circumference
2
√
3a), but take the cylinder to have infinite length, with a1 parallel to the cylinder axis.

Each cylinder ring consists of two spinful lattice sites. As in Ref. [114], we employ a gauge
in which the magnetic unit cell consists of two sites, with magnetic Bravais vectors given by
a1 and 2a2 − a1. This results in two distinct momenta ky, corresponding to the eigenvalues

of the circumferential translation (T2)
2T †1 . To obtain the parent half-filled states, we use the

iDMRG algorithm [34–36], and conserve the charges (Q,Sz, ky) for both the ground state
and the segment excitation calculations.

Accurate results require converging in three separate parameters: the bond dimension
χundoped of the half-filled ground state, the bond dimension of tensors within the variational
segment—which we parameterize by the maximum magnitude Λ of the discarded singular
values—and the number of cylinder rings Nr in the segment. In Fig. 4.3(b), we plot the
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(U/t = 10, Nr = 120)

Figure 4.3: (a) Illustration of the infinite-length XC4 cylinder with circumference Ly =
2
√
3a, where a is the lattice spacing. The “segment” DMRG method consists of optimizing

a finite number of tensors (describing Nr cylinder rings) sandwiched between two semi-
infinite MPS environments derived from a reference (half-filled) ground state with bond
dimension χundoped. (b) Electron pairing energy E2e/2− E1e vs. maximum magnitude Λ of
discarded singular values in the finite segment, with legend indicating χundoped. (c) Upper
panel: energies of excitations with charges (Q,Sz) (indicated in legend) vs. Hubbard U ,
with fixed χundoped = 1024 and Λ = 10−5. The legend indicates Nr (increasing light to dark).
Lower panel: electron pairing energy vs. U . (d) Magnitude of the pair wavefunction at both
U/t = 4 and U/t = 10, computed from respective iDMRG ground states with χundoped = 1024
and segment excitations with Nr = 120. The two dotted lines are related under the cylinder
identification; outside points are periodic images. (e) Correlation lengths of the half-filled
YC6 ground state in the 1e (left panel) and 2e (right) sectors, in units of cylinder rings, as
a function of bond dimension (increasing light to dark) and U .

pairing energy (for U/t = 10 and Nr = 120 rings) as a function of Λ and parent state bond
dimension. The energy is found to depend more strongly on the latter, but shows little
quantitative difference between χundoped = 1024 and 2048, permitting us to choose the less
expensive option at other interactions U . We focus on the XC4 cylinder because it is the
largest system on which we can obtain ≲ 0.01t error in the energy using available resources,
and because the smaller YC3 cylinder does not exhibit pairing, presumably due to insufficient
cylinder width.

In Fig. 4.3(c), we plot the excitation energies in the charge sectors (Q,Sz) given by
{(0e, ℏ), (1e, ℏ/2), (2e, 0)} as a function of Hubbard interaction U and the segment length
Nr (increasing with shading, light to dark), fixing χundoped = 1024. For each (Q,Sz), we
initialize in each momentum sector ky and take the minimum energy. We remark that the
energy curves bear strong resemblance to those obtained from ED in Fig. 4.2(a). For the
DMRG, we observe that the smaller-U simulations exhibit more rapid energetic convergence
in Nr. Both the 1e and 2e energies monotonically decrease from U/t = 0 to a minimum at
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U/t ≈ 9 and increase rapidly thereafter. Consistent with ED, their energies indicate electron
pairing E2e/2− E1e < 0 over a broad range of interaction strengths, from U = 0 to at least
U/t = 15. The maximum pairing strength of 0.12t occurs at U/t = 9, near the putative
critical point discussed in Sec. 4.2, constituting 8.3% of the corresponding 1e energy, though
the data in fact exhibits a plateau in the pairing energy beginning at this U .

The behavior of the charge-neutral Sz = ℏ excitation branch (see Fig. 4.3c) strongly
resembles the corresponding energy curve in ED, where we identified it as belonging to a
spin-triplet, pseudospin-singlet representation. In the segment DMRG data, this excitation
energy decreases gradually from its expected value of 2

√
3t at U = 0 to zero at U/t > 15. This

agrees with the results from ED for both the 6×2 and 4×4-site systems, shown in Fig. 4.2(a),
where this gap similarly closes at U/t > 15. Agreement between these three geometries
suggests this feature persists in the thermodynamic limit, where it may be associated with a
transition to the 120◦ antiferromagnetic phase, setting an upper-bound on the extent of the
putative CSL phase.

Though our explicit DMRG pairing calculations are limited to the XC4 cylinder, indi-
rect evidence for the persistence and possible enhancement of pairing on wider cylinders is
provided by the behavior of the transfer matrix spectrum associated with the translation-
invariant half-filled parent state [114, 118]. The dominant transfer matrix eigenvalues, re-
solved by charge sector (Q,Sz, ky), relate to ground state connected correlation lengths of
operators carrying those charges [375, 376]. In the YC-Ly cylinder sequence [107], the cor-
relation length associated with spin-singlet 2e excitations becomes more pronounced as Ly
increases from Ly = 3 to 6 (see Appendix Sec. 4). In Fig. 4.3(e), we showcase the 2e and 1e
correlation lengths on the YC6 cylinder, where the pronounced peak of ξ2e and its promi-
nence over ξ1e suggests the persistence of electron pairing on this wider cylinder. The same
pattern holds when comparing the XC4 and XC6 cylinders. In all cases, by threading flux
if necessary, we ensure that the fluxes penetrating the cylinder rings are consistent with the
particle-hole SO(4) symmetry of Sec. 4.1.

Pairing Symmetry

In this section, we discuss the symmetry of the charge-2e paired states obtained in ED and
DMRG. We argue that these low-energy excitations are spin-singlet and energetically non-
degenerate, carrying odd angular momentum under site-centered rotations and even angular
momentum under bond-centered rotations.

On the 4×4 system studied in ED, the uniqueness of the lowest-energy charge-2e excited
state for all U implies that it is spin-singlet and transforms in a one-dimensional irreducible
representation of the magnetic space group generated by T1, C6. We find the pair carries
momentum Tj|Ψ2e⟩ = −|Ψ2e⟩ for all nearest-neighbour translations Tj. Counterintuitively,
this is in fact the unique momentum which is rotation-symmetric: invariance under C6

requires each Tj to have the same eigenvalue, while (4.4) requires T5T3T1 = −1 when acting
on a pair, which together imply Tj = −1. Moreover, we find that C2|Ψ2e⟩ = −|Ψ2e⟩, so that
the state has odd angular momentum with respect to site-centered rotations. However, for
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each bond -centered rotation Cbond
2 = TjC2, we therefore have Cbond

2 |Ψ2e⟩ = +|Ψ2e⟩, which
has invariant meaning since (Cbond

2 )2 = 1 in every fermion number sector. Thus, the pair
has even angular momentum with respect to all bond-centered rotations.5

By anti-symmetry of the wavefunction, spin-singlet pairing should therefore be allowed
between sites related by Cbond

2 but disallowed when they are related by a site-centered ro-
tation Csite

2 . This is exactly borne out in the 4 × 4 ED numerical data. In Fig. 4.2(d), we
plot the spin-singlet “pair wavefunction” ⟨Ψ0|cTr (isy)cO|Ψ2e⟩ at U/t = 6, where Ψ0 is the
ground state, O is the origin, and cT denotes the transpose of the column vector of electron
annihilation operators. We observe that the wavefunction vanishes when r is related to O
by some Csite

2 , in agreement with the above arguments. Moreover, the pair is well-localized,
with nearest-neighbour pairing having much larger magnitude than next-nearest-neighbour
pairing. Though the phase winding in Fig. 4.2(d) suggests the pairing symmetry is “p+ ip”,
we caution that the C3 eigenvalue of the charge-2e excited state does not have obvious invari-
ant meaning as it can be modified by the redefinition C3 → (e2πi/3)NFC3. Nonetheless, on
the 4× 4 torus, we have unambiguously confirmed spin-singlet pairing, carrying odd (even)
angular momentum under site-centered (bond-centered) rotations.

On the XC4 cylinder, three-fold rotation symmetry is explicitly broken. Nonetheless, the
segment DMRG pair excitations exhibit the same pairing symmetry as above. We verify this
explicitly by computing the pair wavefunction, choosing O at the center of the segment.6 We
find it is odd under r → C2r and that the spin-triplet overlap is several orders of magnitude
smaller than spin-singlet. Moreover, as shown in Fig. 4.3(d) for U/t = 4 and 10, we find that
the pair wavefunction vanishes approximately (error is induced by finite Nr) when r and O
are related by some Csite

2 , which indicates Csite
2 |Ψ2e⟩ = −|Ψ2e⟩. Similarly, we conclude that

Cbond
2 |Ψ2e⟩ = +|Ψ2e⟩. These plots also show that the size of the excitation decreases with

U . Finally, since we conserve momentum around the cylinder, our excited states are labeled
by their eigenvalue under the circumferential translation T = (T2)

2T †1 . For all U , the paired
eigenstate satisfies T |Ψ2e⟩ = −|Ψ2e⟩, consistent with our expectation T1 = T2 = −1.

We anticipate that our pairing symmetry results will help guide future numerical investi-
gations of pairing and superconductivity in this model, especially those employing techniques
that operate within a fixed charge sector, such as the ED and DMRG performed in this chap-
ter.

4.4 Discussion

A central message of this chapter is that topological superconductivity can emerge in a
regime with both strong repulsive interactions and broken time reversal symmetry. Electron
pairing was investigated and was clearly observed in our numerical calculations in the present
Hofstadter-Hubbard model. It is strongest in the regime of intermediate interaction strength

5All other bond-centered two-fold rotations are related by the square of some translation operator and
thus have the same eigenvalue.

6The inversion center O is approximate since the segment contains a finite, even number of rings.
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close to the putative IQH-CSL critical point [114, 118] and remarkably remains non-zero
down to perturbatively-weak interactions. The pairs are spin-singlet, with odd (even) angular
momentum under site-centered (bond-centered) rotations.

These numerical observations support the principal idea that proximity to topological
quantum criticality can offer a robust route to superconductivity, even in remarkably simple
settings. The crucial ingredient here is that the topological transition is associated with the
closing of the charge gap, while the spin gap remains open. From the IQH-CSL critical theory
formulated for the present Hofstadter-Hubbard model, we argued that doping naturally
leads to a topological superconductor. On the CSL side of the phase diagram, this relates
to the storied mechanism of semion superconductivity. However, given the broad extent
around criticality where superconductivity is anticipated, it is not strictly necessary for this
mechanism that the topological critical point or the CSL be accessed in a given model. For
instance, superconductivity could emerge upon doping the IQH well away from criticality,
even in a scenario where the CSL is entirely subsumed by a conventional magnetically-ordered
phase, or if the transition exists but is weakly first-order. Likewise, we do not expect C2

breaking or deviation from particle-hole symmetry to play a significant role away from the
weak-coupling regime.

We now list key areas for future exploration. A more complete characterization of the
quantum critical point and its associated conformal field theory would further elucidate the
likely-universal nature of superconducting onset upon doping the IQH, CSL, and the critical
point itself. It may also shed light on potential competition with conventional [357] and
fractionalized [377, 378] crystalline phases at non-zero doping. Another immediate next step
is numerically verifying the existence of the superconducting ground state in this model, for
instance with cylinder DMRG [120, 184, 379] or other suitable methods. Furthermore, to
distinguish features unique to our model from those of the general theoretical scenario near
criticality, it will be necessary to compare with a broader class of models that relax various
symmetries. Such results should also be compared to existing numerical observations of
superconductivity in related models on the triangular lattice [380], most notably chiral t-J
models with real hoppings [201, 380–382], where charge fluctuations integral to topological
criticality are absent at half filling.

Next, we highlight promising experimental realizations in moiré materials. Triangular lat-
tices formed by TMD sheets with a moiré potential offer both valley and layer “pseudospin”
degrees of freedom [233, 383–387]. As proposed in Refs. [118, 119], the Hofstadter-Hubbard
model considered here could be realized by applying a perpendicular magnetic field to such
a system with a tens-of-nanometer moiré lattice constant. The field would conveniently po-
larize the valley (i.e., true spin) degree of freedom due to the Zeeman effect, yielding the
effective model of Sec. 4.1, with layer pseudospin playing the role of spin. Further numerical
studies of this model and its deformations would help guide the experimental exploration of
criticality and superconductivity in these moiré platforms.

Finally, the recent observation of the fractional quantum anomalous Hall effect in twisted
bilayer MoTe2 [90–92, 388] and rhombohedral multilayer graphene [93], as well as fractional
Chern insulators in both magic-angle graphene at weak magnetic field [33] and in the field-
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induced Chern bands of Bernal bilayer graphene aligned with hexagonal boron nitride [13],
motivate exploring the behavior of charged anyons subject to substantial lattice effects, as
we have in this chapter. Further, a recent experiment on quadrilayer rhombohedral graphene
demonstrates that chiral superconductivity is possible even at strong magnetic fields [389],
a hopeful sign for the class of mechanisms proposed here, motivating the study of routes to
pairing and superconductivity in the strong time-reversal-breaking regime.
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tion metal dichalcogenide heterotrilayer superlattices,” Light: Science & Applications,
vol. 12, no. 1, 117, p. 117, Dec. 2023. doi: 10.1038/s41377-023-01171-w.

[386] S. Zhang, B. Zhou, and Y.-H. Zhang, “Approximate SU(4) spin models on triangular
and honeycomb lattices in twisted AB-Stacked WSe2 homo-bilayer,” arXiv e-prints,
arXiv:2302.07750, arXiv:2302.07750, Feb. 2023. doi: 10.48550/arXiv.2302.07750.

[387] V. Crépel and N. Regnault, “Attractive Haldane bilayers for trapping non-Abelian
anyons,”, vol. 110, no. 11, 115109, p. 115 109, Sep. 2024. doi: 10.1103/PhysRevB.
110.115109.

[388] F. Xu, Z. Sun, T. Jia, et al., “Observation of integer and fractional quantum anoma-
lous hall effects in twisted bilayer MoTe2,” Phys. Rev. X, vol. 13, p. 031 037, 3 Sep.
2023. doi: 10.1103/PhysRevX.13.031037.

[389] T. Han, Z. Lu, Z. Hadjri, et al., “Signatures of chiral superconductivity in rhombo-
hedral graphene,” Nature, May 2025, issn: 1476-4687. doi: 10.1038/s41586-025-
09169-7.

https://doi.org/10.1103/PhysRevB.109.085121
https://doi.org/10.1103/PhysRevX.10.031016
https://doi.org/10.1103/PhysRevB.107.L220502
https://doi.org/10.1103/PhysRevX.12.031009
https://doi.org/10.1103/PhysRevLett.130.136003
https://doi.org/10.1103/PhysRevLett.130.136003
https://doi.org/10.1103/PhysRevLett.122.086402
https://doi.org/10.1103/PhysRevB.103.155142
https://doi.org/10.1038/s41377-023-01171-w
https://doi.org/10.48550/arXiv.2302.07750
https://doi.org/10.1103/PhysRevB.110.115109
https://doi.org/10.1103/PhysRevB.110.115109
https://doi.org/10.1103/PhysRevX.13.031037
https://doi.org/10.1038/s41586-025-09169-7
https://doi.org/10.1038/s41586-025-09169-7


BIBLIOGRAPHY 105

[390] A. Abouelkomsan, K. Yang, and E. J. Bergholtz, “Quantum metric induced phases
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Appendix A

Appendix to Chapter 2

Organization

Below, we provide a detailed report of the numerical evidence and analytics underlying the
claims and methods used in the main text. The appendices are organized in a similar order to
the main text. In particular, Appendix A.1 expounds upon details of the double Hofstadter
model, which was introduced in Sec. II of the main text. Subsequently, Appendix A.2 and A.3
provides additional details regarding the results of Sec. III. The former details the strong
coupling theory of the double Hofstadter model, which we used to analytically argue for
the presence of the LAF, and the latter provides numerical data supplementing that in the
main text. Following this, we provide additional numerical data for how we characterize
the superconductor (Appendix A.4), as well as further theoretical details on the pairing
symmetry (Appendix A.5). Finally, we provide a detailed exposition of the mapping to
models of chiral twisted bilayer graphene (Appendix A.6).

A.1 Additional Details on the Double Hofstadter

Model

In the main text, we extensively studied the double Hofstadter model, namely its symmetries,
non-interacting band structure, and ground states. Here, we provide some additional details
regarding the model’s single-particle physics. To set notation, let us recall the definition of
the double Hofstadter model and then discuss the symmetries, band structure, and layer-
polarized basis of the projected model.

Recall that the flux through the top/bottom layer is ±Φ = ±Φ0/q per square plaquette,
where we fix q = 4. Our model has direct lattice vectors ax = (qa, 0) and ay = (0, a), a basis

for a rectangular lattice L. Consider a square grid of sites L̃ with separation a so that each
unit cell u = m1ax +m2ay contains q sites at sublattice positions

r = u+ σ = u+ (σa, 0) (A.1)
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for 0 ≤ σ < q. At each site, we consider a row-vector of microscopic fermion creation
operators

ψ̂†σ,ℓs(u) =
(
ψ̂†σ,T↑(u), ψ̂

†
σ,B↑(u), ψ̂

†
σ,T↓(u), ψ̂

†
σ,B↓(u)

)
ℓs
, (A.2)

where layer ℓ ∈ {T,B} = {+1,−1} and spin s ∈ {↑, ↓} = {+1,−1} are on-site degrees of
freedom, for a total of four flavors per site. We often also use ψ̂†rℓs as a short-hand for the

operator ψ̂†σ,ℓs(u) at the square lattice site r = u + σ. Crucially, the layers are vertically
separated, with a magnetic flux of +Φ0 per unit cell for the top layer and −Φ0 per unit cell in
the bottom layer. Adopting a Landau gauge and setting a = 1 henceforth, the Hamiltonian
for the double Hofstadter model is

Ĥ = ĥ+ V̂ (A.3)

ĥ = −t
∑

r∈L̃

(
ψ̂†r+ŷe

2πix
qa

ℓz ψ̂r + ψ̂†r+x̂ψ̂r + h.c.
)
− gψ̂†rℓxψ̂r (A.4)

V̂ =
U1

2

∑

r∈L̃

: n̂2
rT + n̂2

rB : + U2

∑

r∈L̃

: n̂rTn̂rB : (A.5)

where n̂rℓ :=
∑

s ψ̂
†
rℓsψ̂rℓs and colons denotes normal ordering relative to the electronic vac-

uum. Each layer consists of a Harper-Hofstadter model with kinetic energy t, coupled by
inter-layer tunneling g. Moreover, the model is manifestly charge conserving and independent
of spin and hence has continuous U(1)Q charge and SU(2) spin symmetries. We consider
separate in-layer repulsion U1 > 0 and between-layer repulsion U2 > 0. We underscore that
Ĥ is a purely repulsive model.

We remark that, in the main text, we find it convenient numerically to add a small field
Bz to the Hamiltonian:

Ĥ → Ĥ −Bz

∑

r∈L̃

ψ̂†rs
zℓzψ̂r. (A.6)

Such a term breaks the SU(2) symmetry down to U(1)S and is called a Zeeman term as it
Zeeman shifts the electronic spin of the top (bottom) layer with ±Bz consistent with the
physical picture of the double Hofstadter model (with opposite magnetic fields in opposite
layers).

Space Group Representation in Momentum Space

The following characterization of the symmetries of the double Hofstadter model holds for
any even integer q, where Φ = ℓΦ0/q is the flux per plaquette in layer ℓ. In particular, this
analysis applies to the case q = 4 considered in the main text. The full space group is
generated by the operations

m̂x, m̂y, Ĉ2x, Ĉ2z, Î (A.7)
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defined in the main text. In particular, T̂1 = m̂2
x and T̂2 = m̂y, that correspond to translations

by qax̂ and aŷ, generate an abelian translation group. On the other hand, the full group of
magnetic translations is non-abelian since m̂y anti-commutes with m̂y We therefore take T̂1
and T̂2 to define the minimal unit cell. The corresponding primitive reciprocal lattice vectors
are:

G1 =
2π

qa
x̂, G2 =

2π

a
ŷ. (A.8)

Placing the system on a torus of size qNx×Ny lattice sites, we define Fourier-transformed
fermion operators by:

ψ̂†σ,ℓs(k) =
1√
N

∑

u∈L

eik·(u+σx̂)ψ̂†σ,ℓs(u), (A.9)

where σ = σx̂. Here, N = N1N2 is the total number of unit cells on the torus and k takes
values in the magnetic Brillouin zone. The actions of the symmetries Eq. (A.7) on the
Fourier-transformed fermion operators are as follows:

AdIψ̂
†(k) = Îψ̂†(k)Î−1 = ψ̂†(k)Rℓxsx (anti-unitary) (A.10)

AdC2z ψ̂
†(k) = Ĉ2zψ̂

†(k)Ĉ−12z = ψ̂†(−k)R (unitary) (A.11)

AdC2xψ̂
†(k) = Ĉ2xψ̂

†(k)Ĉ−12x = ψ̂†(C2xk)ℓ
xsx (unitary) (A.12)

Admxψ̂
†(k) = m̂xψ̂

†(k)m̂−1x = ψ̂†(k+ πŷ)Se−ikxq/2 (unitary) (A.13)

Admy ψ̂
†(k) = m̂yψ̂

†(k)m̂−1y = ψ̂†(k)e−iky (unitary), (A.14)

where for each symmetry g, we have defined an adjoint superoperator AdgÔ = ĝÔĝ−1 that
performs the action of conjugation. Moreover, R is a q×q permutation matrix that describes
how the sublattice degree of freedom transforms under a rotation about an atom at sublattice
σ = 0 :

[R]σ′σ = δ(−σ′ mod q),σ. (A.15)

Note that R leaves the σ = 0 sublattice equivalence class invariant and satisfies R = R−1.
Similarly, S is a q × q permutation matrix that shifts the sublattices by q/2 sites in the x̂
direction, i.e. by half the unit cell:

[S]σ′σ = δ(σ′+q/2mod q),σ, (A.16)

and likewise satisfies S = S−1. These sublattice matrices commute: [S,R] = 0.
Let us now comment on the algebraic relationships between the symmetry generators. Of

relevance are the commutators of the adjoint superoperators, which we show in Table A.1.
In particular, the entry of row g and column h is the action of the commutator [Adg,Adh] =
Ad−1g ◦Ad−1h ◦Adg ◦Adh on the vector space of one fermion operators, which is spanned by
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h
I C2z C2x mx my

g

I 1 1 1 e−ikxq e−2iky

C2z 1 1 1 e−ikxq e−2iky

C2x 1 1 1 1 e−2iky

mx eikxq eikxq 1 1 eiπ

my e2iky e2iky e2iky e−iπ 1

Table A.1: The action of the commutator [Adg,Adh] = Ad−1g ◦Ad−1h ◦Adg ◦Adh on the vector
space of one fermion (i.e. charge-e) operators spanned by the microscopic operators ψ†(k).
Here, g and h run over the generators of the magnetic symmetry group. We remark that
the adjoint superoperators corresponding to these generators commute up to a momentum-
dependent phase.

the microscopic operators ψ†(k). Note that the diagonal of the table is the identity and that
entries above the diagonal are related to those below via the identity

[Adh,Adg] = Ad−1h ◦ Ad−1g ◦ Adh ◦ Adg =
(
Ad−1g ◦ Ad−1h ◦ Adg ◦ Adh

)−1
= [Adg,Adh]

−1,

(A.17)

which holds whether g and h are linear or anti-linear. Also note that each commutator
[Adg,Adh] is always a linear superoperator. Computing the commutators explicitly, we find
that all the adjoint superoperators commute up to a momentum-dependent phase. In par-
ticular, these phases are such that they instead exactly commute when acting on the vector
space of charge-2e operators, which is constructed in the usual way from the generators ψ†(k)
of the charge-e fermionic Hilbert space space. Moreover, all the symmetry superoperators
square to the identity on this same vector space of charge-2e operators.

Band Structure of the Double Hofstadter Model

At a flux fraction of Φ = Φ0/q per square plaquette, the band structure of the double
Hofstadter model features 2q bands per spin species. Moreover, since the model is spin
rotationally-symmetric (in the Bz = 0 limit), each of these bands is additionally two-fold
degenerate in spin. In this work, we focus on the lowest four bands, i.e. two bands times two
spins. For small values of the inter-layer tunneling g, these bands are narrow and energetically
well-isolated from the rest of the spectrum, as shown in Fig. A.1(b). In this same figure,
we observe that these low-energy bands host two Dirac cones of the same chirality in each
spin sector. To clarify the situation, Fig. A.1(e) shows the detailed view of the vicinity
of the Dirac cones with Fermi levels at half occupancy marked by a dashed red line. At
large g = 0.35, this exactly intersects the Dirac cones, so bandstruture describes a Dirac
semimetal. At smaller values of the inter-layer tunneling [Fig. A.1(d)], the Dirac cones are
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Figure A.1: Band Structure of the Double Hofstadter Model. (a) The Brillouin
zone of the double Hofstadter model for q = 4. Dashed lines show a high-symmetry path.
(b) The spectrum of the double Hofstadter model for t = 1, g = 0.35, q = 4 along the
high-symmetry path. Each band is doubly-degenerate due to spin. We project down to the
lower bands (blue). Note the presence of two Dirac cones between the two lowest bands at
k = (π/4,±π/2). (c) The “double Hofstadter butterfly” spectrum for t = 1, g = 0.1 for
0 ≤ Φ = p/q ≤ 1. (Although we have taken p = 1 in the discussion in the main text, one can
use the standard generalization to rational fractions p/q without changing the shape of the
Brillouin zone.) Notice that the two lowest bands at Φ = 1/4 (blue circle) are continuously
connected to the two lowest Landau levels in the limit q →∞. (d) Constant kx cuts of the
bandstructure at g = 0.15. Note that the Fermi level at half-filling (dashed red line) is above
the Dirac point, yielding both electron and hole pockets. (e) Constant kx cuts at g = 0.35.
The Fermi level now intersects the Dirac point, giving a Dirac semimetal. (f) Plot of the
“isolation ratio” (defined as the ratio of the bandwidth of the low-energy manifold to the
gap above it) vs. the interlayer tunneling g, for the range 0 ≤ g ≤ 0.15 considered in the
superconducting analysis presented in the main text.

buried below the Fermi level, indicating a band metal with both electron and hole-like Fermi
pockets. This is consistent with the behavior at g = 0, where the bands are degenerate at
each momentum and not entirely flat.

We now further comment on the structure and protection of the Dirac cones, assuming
g is large enough that the half-filled state is semi-metallic. Whenever two Dirac cones are
present in the spectrum, then symmetries are responsible for their topological protection
and locations. Specifically, C2z introduces an energetic degeneracy between k and −k,
whereas C2x relates k to C2xk, and the magnetic translation mx likewise makes k and k+πŷ
degenerate (assuming q is even so that these momenta are both allowed). This constrains
the two Dirac cones to sit at only a finite number of isolated points in the Brillouin zone,
namely (kx, ky) ∈ {0,±π/4,±π/2} × {0,±π}. For energetic reasons, the Dirac cones of the
double Hofstadter model incidentally reside at the particular locations k = (−π/4,±π/2).
Provided that these Dirac cones exist, their topological protection can be guaranteed by
the spacetime inversion symmetry I and spin SU(2). To see this, it is convenient to think
in the layer-polarized basis that was introduced in the main text and will be expounded
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upon in more detail in Section A.1 of the supplemental material. First, note that the spin
SU(2) of our model constrains the single particle Hamiltonian of the two lowest bands to
be h(k) =

∑
α∈{0,x,y,z} hα(k)l

α. Moreover, in an appropriate gauge, spacetime inversion acts

by h(k) = lxh∗(k)lx, which precludes lz from the single-particle Hamiltonian. Note that the
gap between the two bands is only set by the lx,y components of h. Since the Hamiltonian
looks like h(k) = h0(k)l

0+kxl
x+kyl

y+O(k2) in the vicinity of each Dirac cone, we conclude
that symmetric single-particle perturbations may be able to move the Dirac cones below the
Fermi energy but cannot get rid of these gap closings. We conclude by noting that since our
model is symmetric under spacetime inversion I and consists of two low-energy bands, the
winding of polarization (as shown in Fig. A.2d) implies w2 = +1 fragile topology [24].

We now brief comment on the energetic isolation of the lowest pair of bands. In this
work, we focus on the case q = 4 since it is the smallest q for which the low-energy bands
are well-isolated from the rest of the single-particle spectrum. In particular, as we show in
Fig. A.1(f), the ratio of bandwidth to bandgap ratio (or “isolation ratio”) at q = 4 and
g = 0.0 is 0.22/1.53 ≈ 0.15 ≪ 1. Moreover, it remains relatively small for the values
g ≤ 0.15 considered in our superconducting analysis. In contrast, in the case of q = 3 and
g = 0.0, this ratio is 0.73/1.27 ≈ 0.57, which is a factor of four larger. Since our projection
to the lowest-two bands (per spin sector) is best justified when the isolation ratio is small,
we restrict to q = 4 to ensure our DMRG numerics are representative of the ground state of
the full microscopic model.

Layer-Polarized Hybrid Wannier Computational Basis

In the single-particle subspace of the low-lying, narrow bands, it is desirable to construct a
basis in which the Chern number is manifest. Inspired by the g = 0 limit, in which the Chern
number is equivalent to the layer index C = ±ℓ, we achieve this by constructing a “layer-
polarized” basis whose single-particle states are maximally-polarized to one of the layers.
Crucially, we use the gauge freedom within the low-energy bands to construct a “hybrid
Wannier” basis of orbitals that are maximally exponentially-localized in the x direction
but delocalized (namely, plane waves with momentum ky) around the circumference of the
cylinder.

To achieve a basis with the aforementioned properties, we perform 1D Wannier localiza-
tion on each set of Bloch states on each wire ky.

1 In doing so, we obtain the polarizations
Px(ky) ∈ [0, 1) of the 1D exponentially-localized orbitals. Within the Modern Theory of
Polarization, these polarizations are related to the eigenvalues of the Wilson loop along each
wire ky. In addition, we demand that the basis transforms in a prescribed way under the
anti-unitary symmetry I, namely the following purely off-diagonal form:

OI(k) = ⟨v(k)|Î|v(k)⟩ = e−2πi(P
+(ky)+P−(ky))kx/Nxsxσx, (A.18)

1Due to the finite circumference Ly of the cylinder, ky takes Ly-many quantized values. We therefore
refer to each constant-ky slice as a “wire,” along which kx is effectively continuous.



APPENDIX A. APPENDIX TO CHAPTER 2 113

where sx and σx are the usual Pauli matrix (in the spin and Wannier label), and the 1D
Hybrid Wannier states are given by

|vls(k)⟩ = φ̂†ls(k)|0⟩ =
∑

σ,ℓ

ψ̂†σℓs(k)|0⟩ vσℓ,l(k). (A.19)

Since I anti-commutes with the position operator Î r̂ = −r̂Î, then the two polarizations are
opposite (modulo unity), which implies that P+(ky)+P

−(ky) takes an integer value on each
wire.

Having chosen the above off-diagonal action of I, we guarantee that our basis has several
important and convenient properties. Most crucially, the basis is a layer-polarized basis. As
defined in the main text, such a basis (i) diagonalizes the action of the (projected) layer
operator

Oℓz(k) = ⟨v(k)|ℓ̂z|v(k)⟩ = v†(k)ℓzv(k), (A.20)

with (ii) eigenvalues λl(k) that take a constant sign across the Brillouin zone. To see this,
we recall that Îψ̂†(k)Î = ψ̂†(k)ℓxsx, and remark that Eq. (A.18) is then equivalent to the
constraint

v†(k)ℓxv∗(k) = eiγ(k)σx, (A.21)

where the coefficient is the complex phase:

eiγ(k) = e−2πi(P
+(ky)+P−(ky))kx/Nx . (A.22)

Invoking the constraint Eq. (A.21), it is then straightforward to show that

σxO∗ℓz(k)σ
x = −Oℓz(k). (A.23)

Since Oℓz(k) is a 2 × 2 Hermitian matrix, this expression implies that it is traceless and
diagonal. Numerically, it takes the form Oℓz(k) = λ(k)σz with 0.9 < λ(k) < 1, for all
parameters g ∈ [0, 0.3] considered, so that the matrix is never singular. This concludes
the proof that the states |vls(k)⟩ constitute a layer-polarized basis, justifying the use of the
symbol l (referred to in the main text as the “dressed layer” index) to label these states.
Henceforth, we use la rather than σa to denote the Pauli matrices acting in the space of
layer-polarized states.

Next, we derive the constraints imposed on the projected inter-layer tunneling in the
layer-polarized basis. The matrix structure of P̂ĥgP̂ is related to the overlap Oℓx(k), whose
form is likewise constrained by Eq. (A.21) as follows:

lxO∗ℓx(k)l
x = Oℓx(k). (A.24)

Since Oℓx(k) is a 2× 2 Hermitian matrix, this expression guarantees that it has no lz matrix
component. Though it may generally possess an identity component (i.e. a finite trace), we
remark that this contribution is generally very small, namely of order O(g2). In contrast,
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Figure A.2: Layer Polarized Basis of the Double Hofstadter Model. (a) The positive
eigenvalue λ(k) of the projected layer operator in the layer-polarized basis at g = 0.3. (b)
The mean and minimum of this quantity, evaluated over the BZ, for a broad range of values
0 < g ≤ 0.3 of the inter-layer tunneling. Across this interval, λ is bounded below by 0.96 ∼ 1,
indicating near-maximal layer polarization. (c) The BZ-average of the components of the
projected inter-layer tunneling operator P̂ĥgP̂ expressed in the layer-polarized basis. The
dominant components µ = x, y scale linearly in g, whereas the µ = 0 component is quadratic
and the µ = z component is made to vanish identically. (d) Polarizations PT/B(ky) on cuts
of constant ky at g = 0.3. The Chern number of a band obeys C =

∫
P (ky)dky. Here

the two bands wind oppositely, with crossings at ky = −π, 0. This demonstrates the Chern
number of the layer-polarized bands are C = ±1 for the top/bottom bands, and that these
low-energy bands have a non-trivial fragile topological invariant [24], w2 = +1.

the off-diagonal lx,y components go as O(g) (see Fig. A.2(c)). Altogether, the projected
tunneling operator takes the following form:

P̂ĥgP̂ ≈
∑

k

φ̂†k

[
hxg(k)l

x + hyg(k)l
y
]
φ̂k. (A.25)

Applying similar arguments, it can be shown that the hybrid Wannier orbitals transform
as:

AdIφ̂
†(k) = Îφ̂†(k)Î−1 = φ̂†(k)sxlxeiγ(k) (anti-unitary) (A.26)

AdC2z φ̂
†(k) = Ĉ2zφ̂

†(k)Ĉ−12z = φ̂†(−k)eiγ(k)s(ky) (unitary) (A.27)

AdC2xφ̂
†(k) = Ĉ2xφ̂

†(k)Ĉ−12x = φ̂†(C2xk)s
xlxs(ky) (unitary) (A.28)

Admxφ̂
†(k) = m̂xφ̂

†(k)m̂−1x = φ̂†l (kx, ky + π)e−ikxq/2eiµl(k) (unitary) (A.29)

Admy φ̂
†(k) = m̂yφ̂

†(k)m̂−1y = φ̂†(k)e−iky (unitary), (A.30)

where s(ky) = ±1 is some wire-dependent sign factor and eiµl(k) is some complex phase. For
our particular numerical implementation, we additionally have that

eiγ(−k) = e−iγ(k), s(−ky) = s(ky), (A.31)
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for all wires ky. Moreover,

eiµl(−k) = eiµl(k) and eiµ+1(k)eiµ−1(k) = 1, (A.32)

so long as ky ̸∈ {0, π}. These identities are indispensable for our analysis of the super-
conducting pairing symmetry in Appendix A.5. Finally, we remark that we assume our
layer-polarized basis is periodic in the Brillouin zone:

φ̂†ls(k+G) = φ̂†ls(k), (A.33)

or equivalently that
vσℓ,l(k+G) = e−iG·σvσℓ,l(k). (A.34)

Quantum Geometry

To conclude our discussion of the single-particle aspects of the double Hofstadter model, we
comment briefly on its quantum geometry. Quantum geometry studies the position operator
projected into a few (often flat) bands. A key motivation for its study was determining
when lattice systems were “close enough” to the lowest Landau level that one should expect
fractional quantum Hall physics to appear, but also appears in numerous other contexts
including optics and studies of flat band superconductivity. Here we use it to be able to
make basis-independent comparisons to other systems, notably the lowest Landau level and
to the Bistritzer-MacDonald model.

Consider a well-isolated band or set of bands whose Bloch periodic wavefunctions are
ukn(r) = e−ik·rψkn(r) with associated projector Pk =

∑
n |ukn⟩ ⟨ukn|. Momentum space

band geometry focuses on the Berry curvature F(k) and the Fubini-Study metric gFS(k).
These are defined by

gµνFS(k) = Re[ηµν(k)], Fµν(k) = −1

2
Im[ηµν(k)], (A.35)

where
ηµν(k) = Tr[Pkr̂

µQkr̂
νPk] =

∑

n

⟨∂kµukn|Qk|∂kνukn⟩ (A.36)

is the quantum geometry tensor and Qk = I−Pk. The non-zero component of the curvature
Ω = Fxy integrates to the Chern number: C = 1

2π

∫
dkΩ. These are plotted for the double

Hofstadter model for the top layer polarized band in Fig. A.3. Both quantities are rather
uniform, and both have the same peaks and troughs whose four-fold structure is due to the
(weakly broken) magnetic translation symmetry in each layer. Since the metric is related
to the interaction-induced Fock dispersion [390], the resemblance of these quantities to the
LAF bandstructure (shown in the main text) is not accidental.
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This data allows us to compare the double Hofstadter model to the lowest Landau level.
To this end, we recall the trace inequality2

T =

∫
T (k) d2k =

∫
TrgFS(k)− Ω(k) d2k ≥ 0. (A.37)

The lowest Landau level is entirely specified by its band geometry, in the sense that any
|C| = 1 Chern band where: (I) T = 0, and (II) Ω(k) is constant is equivalent to the lowest
Landau level [391]. Fig. A.3(c) plots the k-resolved trace inequality, showing that the top
layer-polarized band of the double Hofstader model is extremely close to the lowest Landau
level. Indeed, in the limit q → ∞, both T → 0 and the standard deviation of the Berry
curvature σ[F ]→ 0 [Fig. A.3(d)]. The layer-polarized bands of the double Hofstadter model
are therefore closely adiabatically connected to the lowest Landau levels. This can be seen
visually in Fig. A.1 (c), where one can trace the adiabatic connection from q = 4 (blue circle)
to q →∞. Notably, this closeness of the top layer polarized band to the LLL (and the bottom
layer polarized band to the LLL in opposite magnetic field) evolves only weakly with g [see
Fig. A.1 (e)]. Conceptually, one can therefore think of the physics of the double Hofstadter
model as descending from that of pairs Landau levels in opposite magnetic fields. However,
as we saw in the main text, the small deviations from uniformity across the Brillouin zone
determine the locations of the Fermi surface and the character of any superconductivity.

Another system that can be thought of as two approximate Landau levels in opposite
magnetic fields is twisted bilayer graphene [74, 392]. There, however, the deviations from
the ideal [393] or vortexable limit [217] are concentrated near the Γ point — a time-reversal
invariant momentum point — whereas in the double Hofstadter model the trace inequality
T (k) is largest at non-high-symmetry points. The double Hofstadter model at q = 4, g =
0.1 has comparable trace inequality violation to the sublattice-polarized flat band of the
Bistritzer-MacDonald model at chiral ratio w0/w1 ≈ 0.3 [392]. Given these quantitative
comparisons to both Landau levels and twisted bilayer graphene, it is reasonable to expect
phenomena from those systems to manifest in the double Hofstadter model.

A.2 Additional Details on the Strong-Coupling

Theory of the LAF

This section provides a complete treatment of the strong-coupling theory presented in the
main text, which gave analytical predictions for the ground state at ν = 2 electrons per
unit cell. This filling is equal to that of a band insulator occupying two of the four narrow
bands. Our treatment hews closely to related calculations in magic angle graphene, whose
notation and conventions we largely follow [31, 32, 79]. Provided that the interaction scale
U is smaller than the gap to the “remote” bands, (which is about ∼ 2t for q = 4 at g = 0.1),

2Comparing to the formula for the Chern number, the characteristic size of this quantity is 2π. Hence
we plot T/2π.
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Figure A.3: Quantum Geometry of the Double Hofstadter Model. We work in the
the top layer-polarized band at q = 4, g = 0.1 (unless otherwise noted). (a) Berry curvature
Ω(k), normalized by the Brillouin zone area so that a uniform C = 1 band would have value
2π. (b) The trace of the Fubini-Study metric gFS(k), defined in the text. (c) The violation
of the trace inequality T (k) = TrgFS(k) − Ω(k) that vanishes for the lowest Landau level,
or more generally for ‘ideal’ Chern bands. (d) The integrated trace violation T/2π and
standard deviation of the Berry curvature σ[F ] as a function of flux q. These vanish as the
band approaches the lowest Landau level limit at large q. (e) The same quantities evolve
only weakly with g.

we expect the ground state at any filling ν ≤ 4 to be accurately captured by the flat-
band projected Hamiltonian P̂ĤP̂ . Below we carefully define the projected interaction and
dispersion and show, in the symmetric g = 0 limit, that the interaction selects out a manifold
of Slater determinant ground states. We consider both the case U2 = 0 where this manifold
is comprised of bilayer quantum Hall ferromagnets (QHFMs) and the case U2 = U1 where
these states compete with layer-polarized QAH states. Adding back g > 0 perturbatively, we
will see that both the LAF — a particular family of anti-aligned bilayer QHFMs — and QAH
insulators are selected as ground states. Our strong-coupling analysis is heavily inspired a
formalism developed for twisted bilayer graphene, introduced in [31, 63, 75].

Flat Band-Projected Interaction

To make analytic progress on this Hamiltonian with strong-coupling theory, we must express
the interaction in the appropriate form. We start from real space, transform to momentum
space, then finally form an effective model for the flat band subspace. Consider a generic
density-density interaction

V̂ =
∑

ℓ,ℓ′

∑

r,r′

Vℓℓ′(r− r′) : ρ̂rℓρ̂r′ℓ′ : , ρ̂rℓ =
∑

s

ψ̂†rℓsψ̂rℓs, (A.38)

where VTB = VBT > 0 is the inter-layer interaction and VTT = VBB > 0 is in-layer. Next,
writing the lattice site as r = u + σ [see Eq. (A.1)], we consider the Fourier transformed



APPENDIX A. APPENDIX TO CHAPTER 2 118

fermion operators

ψ̂σ,ℓs(u) =
1√
N

∑

b

∑

k∈BZ

eik·(u+σ)vσℓ,b(k)φ̂bs(k), (A.39)

where BZ is the first Brillouin zone and b is a “generalized” band index. One can think of
the v’s as Bloch wavefunctions of the kinetic Hamiltonian defining a band basis. However,
we use no specific properties of that basis; in fact, we will later specialize to the case where
the v’s define the layer-polarized basis. In any case, we additionally require a periodic gauge:

vσℓ,b(k+G) = e−iG·σvσℓ,b(k). (A.40)

This means the v’s are specified entirely by their values on momenta within the first Brillouin
zone. The Fourier transformed density is naturally written in terms of layer-resolved form
factors, which are independent of spin:

[Λqℓ(k)]bb′ =
[
v†(k)Pℓv(k+ q)

]
bb′

=
∑

σ

vσℓ,b(k)
∗vσℓ,b′(k+ q). (A.41)

Here Pℓ = (ℓ0 + ℓℓz)/2 is the projector onto the microscopic layer ℓ. We emphasize that the
form factors are matrices that do not depend on spin; we therefore consider them as 2 × 2
matrices in the generalized band index b. Our choice of periodic gauge implies the following
useful identities:

Λ−qℓ(k+ q) = Λqℓ(k)
†, Λ−Gℓ(k) = ΛGℓ(k)

†, Λqℓ(k+G) = Λqℓ(k). (A.42)

The Fourier transformed density operator may then be written as

ρ̂qℓ =
1√
qN

∑

r

e−iq·rρ̂rℓ =
1√
qN

∑

b,b′,s

∑

k

φ̂†bs(k)[Λqℓ(k)]bb′φ̂b′s(k+ q), (A.43)

where the second step follows from the Poisson summation formula and periodic gauge.
Using the Fourier transformed potential Vℓℓ′(r) = 1

qN

∑
q∈EBZ e

−iq·rVℓℓ′(q), the interaction
then takes the form

V̂ =
∑

ℓℓ′

∑

q∈EBZ

Vℓℓ′(q) : ρ̂qℓρ̂−qℓ′ : (A.44)

where colons denote normal ordering with respect to the vacuum. Here, EBZ denotes the
“extended” Brillouin zone associated with the microscopic square lattice, to be distinguished
from the BZ derived from the q × 1 site unit cell.

Finally we make an effective model for the active bands. Since the active bands are
energetically the lowest ones then, just as with the lowest Landau level, projecting into
them amounts to restricting to a certain set of operators. Let A ∪ R be a partition of the
generalized bands into “active” bands of the flat band subspace and all other “remote” bands.
The associated many-body projector is P̂ =

∏
k∈BZ

∏
s

∏
b∈R(1 − φ̂†bs(k)φ̂bs(k)). Crucially,

since the interaction is normal-ordered with respect to the vacuum, and since the image of
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P̂ contains no states that occupy the inactive bands R, then P̂V̂ P̂ takes the same form
as Eq. (A.44), except that the band indices in the expression for the density operator are
truncated to A. Therefore we have arrived at the flat band-projected interaction:

P̂V̂ P̂ =
∑

ℓℓ′

∑

q∈EBZ

Vℓℓ′(q) : P̂ ρ̂qℓP̂ ρ̂−qℓP̂ : . (A.45)

Strong-Coupling Form of the Hamiltonian

To apply strong-coupling theory, we must partition the full projected Hamiltonian into a
positive-definite interaction V̂ plus residual terms that are perturbatively small or act trivially
within the ground state manifold of V̂ . In what follows, we discuss how this is performed
in two distinct physical limits, namely U2 = 0 and U2 = U1. In each case, strong-coupling
theory requires that the interaction Hamiltonian be comprised of densities measured relative
to a reference background charge density at ν = 2, rather than the ν = 0 vacuum. We first
focus on the limit g = 0 where layer is a good quantum number, postponing a perturbative
treatment of the inter-layer tunneling to the next section.

Case 1: Vanishing Inter-Layer Interactions

In the limit U2 = 0 where the inter-layer interactions vanish, it is natural to posit that
this background charge density evenly occupies each layer and is translationally-invariant.
A family of states whose charge densities satisfy these properties is the manifold of bilayer
QHFMs, defined as

|nT,nB⟩ =
∏

k

φ̂†T,nT
(k)φ̂†B,nB

(k) |0⟩ , (A.46)

where the Fermion operators, whose spins are aligned to the axes

nl = (cos θl sinϕl, sin θl sinϕl, cosϕl) ∈ S2, (A.47)

are defined in terms of the dressed layer orbitals (see Sec. A.1) by

φ̂†l,nl
= cos(θl/2)φ̂

†
l,↑ + eiϕl sin(θl/2)φ̂

†
l,↓. (A.48)

We now argue that the bilayer QHFMs Eq. (A.46) are exact eigenstates of the projected
density operator Eq. (A.43) in the g = 0 limit, and use this fact to engineer a corresponding
positive-definite “strong-coupling” interaction V̂ that exactly annihilates these states. This
is pertinent to the original ground state problem because V̂ will be found to differ from
the original projected interaction Eq. (A.45) by a single-particle term that approximates a
chemical potential, up to perturbatively small momentum-dependent variations.

To show that the states |nT,nB⟩ are exact zero modes of the projected density, we use
the enhanced symmetry at g = 0. Note that the layer-projected form factors are greatly
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restricted by U(1) layer conservation. Namely, since layer is a good quantum number, the
dressed layer index l is indistinguishable from the microscopic layer ℓ, and correspondingly:

[Λqℓ(k)]ll′ ∝ δlℓδl′ℓ. (A.49)

The projected interactions therefore take the form

P̂ ρ̂qℓP̂ |nT,nB⟩ =
1√
qN

∑

k∈BZ

[Λqℓ(k)]ℓℓ

∑

s

φ̂†ℓs(k)φ̂ℓs(k+ q) |nT,nB⟩ . (A.50)

This expression vanishes due to Pauli exclusion unless q = G is a reciprocal lattice vector, in
which case φ̂(k+G) = φ̂(k) due to the periodic gauge convention Eq. (A.40). The Fermion
bilinear then becomes a number density, and thus

P̂ ρ̂qℓP̂ |nT,nB⟩ = ρ̄qℓ |nT,nB⟩ , (A.51)

where

ρ̄qℓ =
1√
qN

∑

k∈BZ

∑

G

δq,G tr [ΛGℓ(k)] . (A.52)

Here tr denotes a trace over l, which is trivial in the g = 0 limit, but provides a definition for
ρ̄ that will later prove useful in the case where g is perturbatively small. We have therefore
demonstrated that the bilayer QHFM states are exact eigenstates of the density operator.

As forecasted above, this enables us to isolate a positive-definite portion of the projected
interaction. As a preliminary step, define the relative density operator by

δρ̂qℓ = P̂ ρ̂qℓP̂ − ρ̄qℓÎ . (A.53)

By construction, this operator automatically annihilates each bilayer QHFM, defined above
in Eq. (A.46). Applying standard identities (e.g., see Ref. [214]), one can then re-write the
projected interaction in terms of these relative densities (without normal ordering) as

P̂V̂ P̂ =
∑

ℓℓ′

∑

q∈EBZ

Vℓℓ′(q)δρ̂qℓδρ̂−qℓ′ + ĥHF[I/2] + constant. (A.54)

We remark that this identity holds even when U2 ≥ 0, in which case the off-diagonal layer
components of V (q) are non-zero. In the above, ĥHF is the Hartree-Fock Hamiltonian and I
is the identity matrix in the spin and dressed layer indices. The Hartree-Fock Hamiltonian
is a quadratic operator, defined relative to a correlation matrix P (k)αβ = ⟨φ̂†kβφ̂kα⟩, given
by ĥHF[P ] =

∑
k,αβ φ̂

†
kα (hH[P ](k)αβ + hF[P ](k)αβ) φ̂kβ with

hH[P ](k) =
2s0

qN

∑

ℓℓ′

∑

G

Vℓℓ′(G)ΛGℓ(k) Tr

(∑

k′∈BZ

P (k′)Λ†Gℓ′(k
′)

)
, (A.55a)

hF[P ](k) = −
2

qN

∑

ℓℓ′

∑

q∈EBZ

Vℓℓ′(q)Λqℓ(k)P (k+ q)Λqℓ′(k)
†. (A.55b)
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Here, matrix multiplication is implicit, G is restricted to reciprocal lattice vectors that lie in
the first extended Brillouin zone (EBZ), s0 is the identity matrix in spin, and Tr denotes a
trace over both bands and spin. The projection of the full Hamiltonian Eq. (A.3) may then
be written in the “strong-coupling” form

P̂ĤP̂ = δĥ+ V̂ =
(
P̂ĥP̂ + ĥHF[I/2]

)
+
∑

ℓℓ′

∑

q∈EBZ

Vℓℓ′(q)δρ̂qℓδρ̂−qℓ′ , (A.56)

up to an overall constant shift. Note that the last term is no longer normal ordered. Spe-
cializing again to the relevant case U2 = 0, note that since δρ̂−qℓ = δρ̂†qℓ and V (q) ≥ 0, then

the strong-coupling interaction V̂ is positive semi-definite, which implies that any states it
annihilates are necessarily also its ground states. We therefore conclude that the bilayer
QHFMs [Eq. (A.46)] are all exact ground states of V̂ .

In order to see that these states also constitute approximate ground states of the original
projected Hamiltonian P̂ĤP̂ , it suffices to note that δĥ, the quadratic term in the strong-
coupling Hamiltonian, can be approximated by a chemical potential, which is constant at
the fixed filling ν = 2. Indeed, not only do we find that δh is proportional to the identity
matrix s0l0, but also that the momentum-dependent variations about its average are small.
In particular, they are dominated by the bare Hofstadter bandwidth, which is ∼ 0.1 t (at
our standard value q = 4), as opposed to the contributions from hHF[I/2]. These bandwidth
fluctuations, in turn, are much smaller than the energy scale U1 responsible for the ferro-
magnetic alignment in each layer, and in fact vanish identically in the Landau level limit
Φ0/q → 0 (see Fig. A.1c).

Case 2: Equal In-Layer and Inter-Layer Interactions

We now formulate the strong-coupling Hamiltonian for the limit U2 = U1, which is relevant to
the mapping to chiral TBG, and more closely approximates the parameter regimes accessible
in near-term optical lattice implementations. Though the procedure will be almost identical
to that above, we will discover that the family of approximate ground states is expanded,
relative to the U2 = 0 case, to include additional layer-polarized QAH insulating states.

As a first step, note that the interaction matrix takes a simple form in this limit:

Vℓℓ′(q) = V (q)

(
1 1
1 1

)

ℓℓ′
. (A.57)

In other words, all its components are equal. As a result, in the interaction Hamiltonian
itself, it is no longer necessary to resolve the fermionic density operator by its layer-projected
components. Define the all-layer density by

ρ̂q =
∑

ℓ

ρ̂qℓ =
1√
qN

∑

l,l′,s

∑

k

φ̂†ls(k)[Λq(k)]ll′φ̂l′s(k+ q), (A.58)
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where Λq(k) =
∑

ℓ Λqℓ(k) is the usual (layer-unresolved) form factor. This enables the
projected interaction of Eq. (A.45) to be written in a simple form:

P̂V̂ P̂ =
∑

q∈EBZ

V (q) : P̂ ρ̂qP̂ ρ̂−qP̂ : . (A.59)

Moreover, since the bilayer QHFM states Eq. (A.46) are eigenstates of the layer-resolved
density operator [see Eq. (A.51)], then they are likewise eigenstates of the all-layer density
operator:

P̂ ρ̂qP̂ |nT,nB⟩ = ρ̄q |nT,nB⟩ , ρ̄q =
∑

ℓ

ρ̄qℓ =
1√
qN

∑

k∈BZ

∑

G

δq,G tr [ΛG(k)] . (A.60)

Setting U2 = U1 and summing over ℓ and ℓ′, Eq. (A.56) assumes precisely the same form,
with the strong-coupling interaction term given explicitly by:

V̂ =
∑

q∈EBZ

V (q)δρ̂qδρ̂−q. (A.61)

The crucial difference compared to the U2 = 0 case, however, is that this interaction admits
a broader family of ground states beyond the bilayer QHFMs. In particular, V̂ is readily
found to annihilate the layer-polarized QAH states, defined as

|QAH, l⟩ =
∏

k

φ̂†l,↑(k)φ̂
†
l,↓(k) |0⟩ , (A.62)

where l = T/B. Passing to the microscopic layer index ℓ, which is indistinguishable from l
in the g = 0 limit, explicitly acting the density operator on this state gives

ρ̂q|QAH, ℓ⟩ = 1√
qN

∑

l,l′,s

∑

k∈BZ

φ̂†ls(k)
∑

ℓ′

[Λqℓ′(k)]ll′φ̂l′s(k+ q)|QAH, ℓ⟩ (A.63)

=
1√
qN

∑

k∈BZ

[Λqℓ(k)]ℓℓ
∑

s

φ̂†ℓs(k)φ̂ℓs(k+ q)|QAH, ℓ⟩ (A.64)

=
2√
qN

∑

k∈BZ

∑

G

δq,G[ΛGℓ(k)]ℓℓ|QAH, ℓ⟩. (A.65)

To see that this eigenvalue is precisely ρ̄q, we remark that the constraint of spacetime-
inversion symmetry in our chosen periodic, layer-polarized gauge [see Eq. (A.21)] implies
that the form factors must satisfy

ΛG(k) = lxΛ∗G(k)l
x. (A.66)

Since the form factors are layer-diagonal in the g = 0 limit, as clarified in Eq. (A.49), and the
form factors at opposite reciprocal lattice vectors (which are both summed over) are related
by ΛG(k)

† = Λ−G(k) as per Eq. (A.42), we then indeed have that

δρ̂q|QAH, ℓ⟩ = 0. (A.67)
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The QAH states and bilayer QHFMs are therefore both annihilated by the strong-coupling
interaction Eq. (A.61) in the U2 = U1 limit. By arguments analogous to those presented in
the U2 = 0 subsection above, we reason that both of these families of states are approximate
ground states of the full projected Hamiltonian.

Effects of Inter-Layer Tunneling

We now restore a small amount of inter-layer tunneling g and, working perturbatively within
the ground state manifold of the strong-coupling interaction, find that both the LAF and
QAH states are strong-coupling ground states in the U2 = U1 limit. The choice of a layer-
polarized basis, discussed and constructed in Sec. A.1, is crucial to this analyis in the presence
of finite g. In particular, before embarking on our perturbative analysis, we establish how the
action of symmetries in a layer-polarized basis constrains the structure of the form factors.

The most significant constraint comes from the anti-unitary spacetime inversion symme-
try I. For the following analysis, it will be sufficient to work in the particular layer-polarized
basis in which its action is as simple as possible. This is achieved by mapping the hybrid
Wannier layer-polarized basis of Sec. A.1 to φ†(k) → φ†(k)eiγ(k)/2, so that Eq. (A.26) be-
comes

Îφ̂†(k)Î−1 = φ̂†(k)sxlx. (A.68)

Correspondingly, Eq. (A.21) becomes v†(k)ℓxv∗(k) = σx, which forgoes the exponential
localization of the associated Wannier functions (or equivalently, smoothness of the gauge)
while preserving the essential property of maximal layer polarization. This forces the form
factor to obey the following simple constraint:

Λq(k) = lxΛ∗q(k)l
x. (A.69)

Expanding the form factor as a linear combination of Pauli matrices,

Λq(k) =
∑

µ=0,x,y,z

Λµq(k)l
µ (A.70)

then the above equation is equivalent to

Λ0
q(k) = Λ0

q(k)
∗, Λxq(k) = Λxq(k)

∗, Λyq(k) = Λyq(k)
∗, Λzq(k) = −Λzq(k)∗. (A.71)

The form factor may therefore be written as the following sum of diagonal and off-diagonal
terms, with F

S/A
q (k),Φ

S/A
q (k) ∈ R :

Λq(k) = F S
q (k)e

iΦS
q(k)l

z

+ FA
q (k)l

xeiΦ
A
q (k)lz = ΛSq(k) + ΛAq (k), (A.72)

which commute and anti-commute with lz, respectively. This expression for the form factor
may be verified, by explicit calculation, to satisfy the constraint Eq. (A.69) above:

lxΛ∗q(k)l
x = F S

q (k)l
xe−iΦ

S
q(k)l

z

lx + FA
q (k)l

xlxe−iΦ
A
q (k)lz lx = Λq(k). (A.73)
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Taking the limit g = 0 further constrains the form factors by restoring layer U(1) symmetry,
making them diagonal (FA = 0). Otherwise, FA = O(g) is of the same order as the inter-
layer tunneling and must be treated with some care. We further remark the unitary discrete
symmetries relate the form factors at symmetry-related momenta, which will not be relevant
to our analysis.

These modifications to the form factors by the inter-layer tunneling — namely the acqui-
sition of off-diagonal components — imprint themselves on both the strong-coupling Hamil-
tonian and its approximate ground states. This is fundamentally due to the fact finite g
breaks layer U(1) symmetry, thereby distinguishing the microscopic layer index ℓ from the
dressed layer index l of our layer-polarized basis. The decomposition of the form factor in
Eq. (A.72) yields a similar partitioning of both the projected density and the associated
reference charge densities:

ρ̂S/Aq =
1√
qN

∑

l,l′,s

∑

k

φ̂†ls(k)[Λ
S/A
q (k)]ll′φ̂l′s(k+ q), (A.74)

ρ̄S/Aq =
1√
qN

∑

k∈BZ

∑

G

δq,G tr
[
Λ
S/A
G (k)

]
. (A.75)

In particular, since ΛA is purely off-diagonal, then ρ̄A vanishes identically. In terms of the
relative densities δρ̂

S/A
q = ρ̂

S/A
q − ρ̄S/Aq , the strong-coupling interaction Eq. (A.61) therefore

reads

V̂ = V̂S + V̂A =
∑

q∈EBZ

V (q)δρ̂Sqδρ̂
S
−q +

∑

q∈EBZ

V (q)
(
δρ̂Aq δρ̂

S
−q + δρ̂Sqδρ̂

A
−q
)
, (A.76)

where V̂A = O(g) since it contains one factor ΛA, and we dropped the AA term since it is
O(g2).

The bilayer QHFMs Eq. (A.46) and QAH states Eq. (A.62) are annihilated by δρ̂Sq but
not by δρ̂Aq . This motivates performing degenerate perturbation theory in the ground state

manifold of V̂S, which consists of precisely these states. The perturbations include not
only the anti-symmetric term V̂A, but also certain terms in the single-particle Hamiltonian
δĥ, which includes corrections from the re-organization of the interaction, analogous to
Eq. (A.56). As in that case, the l0 component of δh is small relative to the interaction scale
and moreover acts diagonally in (and does not energetically distinguish) the states in the
degenerate manifold. This leaves the off-diagonal components of the total single-particle
Hamiltonian, which we collect altogether:

δĥg =
∑

k

φ̂†k

[
hxg(k)l

x + hyg(k)l
y
]
φ̂k = O(g). (A.77)

Since both this term and δρ̂Aq change the relative dressed-layer occupation of the degenerate
ground states, they therefore do not modify their energies at first order. Nonetheless, they
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do facilitate second-order virtual processes in which fermions hop between the two dressed
layers and hop back. Since an O(U) energetic penalty is incurred in the virtual state,
assuming it is not Pauli blocked, then some of the degenerate states will enjoy an O(g2/U)
energetic benefit and therefore be singled out as the preferred ground states in the presence of
finite g. This intuition can be made more quantitatively precise by computing second-order
perturbative energetic corrections using the Schrieffer-Wolff formalism [208], analogous to
that detailed in Refs. [31, 32] in the context of twisted bilayer graphene. In particular, both
“layer-antiferromagnetic” (LAF) and QAH states are energetically favorable over bilayer
ferromagnetic states. As in the main text, LAF states are defined as |n,−n⟩, the subset of
the states in Eq. (A.46) that have opposite spin polarization in opposite Chern sectors.

A.3 Additional Data for Phase Diagram at ν = 2

In this Appendix we give additional details of the DMRG phase identification at the “un-
doped” filling of ν = 2, which corresponds to filling two of the four low-lying narrow bands
of the double Hofstadter model. Fig. A.5(a) recapitulates the phase diagram shown in the
main text. At weak interactions, the half-filled narrow bands form Dirac semimetal (DSM)
at large g and a metal at lower g, characterized by small electron/hole pockets. Meanwhile
at high U1, the LAF polarization

nzLAF =
∑

k

⟨φ̂†kℓzszφ̂k⟩ (A.78)

increase steadily towards 2, its maximal possible value, suggesting the state is the LAF
insulator predicted by strong-coupling theory. To verify this, Fig. A.5(b) examines the
phase diagram as a function of U1 at fixed g. Since the LAF is strongly gapped, one expects
electron-electron correlations to behave as

⟨φ̂†x,ky φ̂0,ky⟩LAF ∼ e−x/ξ1e(ky), (A.79)

where the correlation length ξ1e(ky) should be finite. By contrast, in the gapless metallic

phase, one expects power-law correlations of ⟨φ̂†x,ky φ̂0,ky⟩, leading to diverging ξ1e → ∞ as
χ→∞. However, even in a gapped phase, ξ1e may increase slowly with χ before converging
to a finite value. Therefore, further analysis is needed to determine if its extrapolated value
at infinite bond dimension is finite or likely infinite.

To this end, we employ a recently-developed method for extrapolating correlation lengths
in DMRG [199, 205]. Namely, we compute several of the largest eigenvalues of the transfer
matrix TXi = λiXi in the electric charge QE = 1 sector for each ky, and select those
from the same “excitation branch” [205]. These are related to the correlation lengths as
ϵi = 1/ξi = − log |λi| with ϵi ≤ ϵi+1, where we report ξ in units of the unit cell length u = 4a
(i.e., q = 4 square lattice sites). Correspondingly, ϵ is reported in units of u−1. For a gapless
system with a power-law correlation in charge sector Q, both ϵQ1 , ϵ

Q
2 → 0 as χ → ∞. As a
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Figure A.4: Strong Coupling Ground States. (a) One possible LAF state that fills the
(T, ↑) and (B, ↓) orbitals for each k. (b) One possible quantized anomalous Hall state filling
both T orbitals, with a total Chern number of C = 2. (c) The bandstructure of the LAF
state within self-consistent Hartree Fock at filling ν = 1.8 and (g, U1, U2) = (0.15, 1.5, 0.0),
matching the large-bond dimension superconductivity data. The horizontal plane at E = 0
is the chemical potential, and the top gray band is entirely unoccupied. Each band is doubly
degenerate. Computed on 36 × 36 k-points and linearly interpolated for display. (d) The
lower band of the LAF band structure (c) without interpolation and only showing data above
the Fermi level. (e,f,g) Same as (d) except with Ly = 5, 6, 7 and ν = 2−1/Ly, yielding Fermi

wavevectors k
Ly=5
F = 0.59/a, k

Ly=6
F = 0.68/a, k

Ly=7
F = 0.59/a.
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Figure A.5: Additional Details for the Undoped Phase Diagram at ν = 2. (a) LAF
polarization as a function of g and U1 at U2 = 0, Bz = 10−2. (b) DSM-to-LAF phase
transition at g = 0.25 [dotted red line in (a)]. The electron-electron correlation length ξ1e is
extrapolated to χ =∞ as described in the text. The LAF polarization (right axis) becomes
significant near U1 = 1, matching the divergence in ξ1e. Here we take a smaller value of the
Zeeman pinning field, namely Bz = 10−4, to sharpen the transition. (c) Phase diagram as a
function of g and U = U1 = U2 with Bz = 10−2. (d) QAH-to-LAF transition as a function
of g at fixed U1 = U2 = 2.5 with Bz = 10−2 [dotted green line in (c)].

result, the quantity
δQ = ϵQ2 − ϵQ1 (A.80)

also vanishes at χ → ∞, serving as a good “scaling variable” that measures the deviation
from the gapless state [199, 205]. To estimate ξ(χ → ∞), we therefore compute ϵ(δ) at
each available ϵ(χ), δ(χ) and extrapolate to δ = 0 with a linear fit. This extrapolation is
shown in Fig. A.5(b) for ξ1e using numerical data at bond dimensions χ = 512, 1024, 2048.
At U1 ≲ 1, the extrapolated correlation length ξ1e(χ→∞) apparently diverges—in concord
with a metallic phase—while at larger U1 the extrapolated value is finite and on the scale of
a few unit cells. As a technical point, we note that taking a finite Bz broadens the transition
region. To sharpen the transition (while still avoiding Hohenberg-Mermin-Wagner issues),
we take Bz = 10−4 in panel (b).

Fig. A.5(c,d) show the competition between the LAF and QAH phases when U1 = U2. At
these parameters, the two phases are degenerate within strong coupling theory. Surprisingly,
they are also exactly degenerate within self-consistent Hartree-Fock. DMRG, however, shows
a clear transition near g = 0.13 at U = 2.5, with simultaneous and opposite jumps in nzLAF

and the QAH polarization, namely

nQAH =
∑

k

⟨φ̂†kℓzs0φ̂k⟩. (A.81)

The transition therefore appears to be first order.
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A.4 Additional Data for the Existence and

Robustness of Superconductor

In the main text, we provided conclusive numerical evidence for the existence of supercon-
ductivity at Ly = 5 by performing a large bond dimension scaling analysis, and summarized
the extent of evidence for this phase at higher circumferences Ly = 6, 7. We subsequently
demonstrated that the superconductivity at Ly = 5 belongs to a robust superconducting
phase that persists even upon including additional repulsive interactions. In this appendix,
we provide additional numerical data and details supporting both of these claims.

In Subsection A.4, we provide a detailed account of our scaling analysis of the charge-
2e and charge-1e correlations as a function of bond dimension and cylinder circumference.
This includes a depiction of the superconducting correlation functions for each channel, a
description of our procedure for obtaining a scaling collapse and the exponents of algebraic
decay, a depiction of the 1e and 2e correlation lengths as a function of bond dimension, and
our procedure for extrapolating the correlation lengths to infinite bond dimension. Crucially,
we provide data for both the case of zero and non-zero interlayer repulsion U2. Subsequently,
in Subsection A.4, we provide the raw numerical data supporting the Ly = 5 superconducting
phase diagrams shown in Fig. 5 of the main text.

Scaling Analysis of Correlations

In the main text, we claimed that we saw algebraic decay of the superconducting correlation
function

Cαβ(x, ky) = N−12h ⟨∆̂†αβ(x; 0, ky)∆̂αβ(0; 0, ky)⟩ (A.82)

in the channels αβ = xx, yy, and x0. There, in Fig. 4(a), we showed the superconducting
correlation functions in the xx channel. In Fig. A.6(a, b), we show that the yy and x0 likewise
exhibit clear signatures of algebraic decay, as claimed in the main text. In Fig. A.6(c),
we compare the magnitudes of the correlation functions for the three different channels at
Ly = 5. Since Cαβ is normalized by the density of total hole pairs N2h, then its value at x = 0
roughly corresponds to the average fraction of Cooper pairs occupying the αβ channel. With
this in mind, at x = 0 we find that the xx and yy channels have nearly equal magnitude,
while x0 is roughly three times smaller, signaling a lower number density of Cooper pairs in
the latter channel. This justifies our treatment of the x0 channel as subdominant.

Collapse to Algebraic Scaling Hypothesis

In the main text, we performed a finite-entanglement scaling collapse to quantitatively
demonstrate the approach to algebraic decay. To this end, we adopted the scaling ansatz:

C
(χ)
αβ (x, ky) = ξ−ηgαβ(x/ξ2e,χ, ky). (A.83)
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Figure A.6: Additional Superconducting Correlations Functions. In panels (a) and
(b), we depict the superconducting correlation function for the yy and x0 channels, respec-
tively, at circumferences Ly = 5, 6, 7. Similar to the the xx channel shown in the main text,
clear signatures of algebraic decay are observed in these two channels. Likewise, an arbi-
trary vertical offset is added to Ly = 6, 7 for ease of viewing. In panel (c), the correlation
functions at Ly = 5 for all three channels are shown without any vertical offset, allowing for
the direct comparison of their magnitudes. While xx and yy are relatively close, especially
at short distances, the x0 correlation function is notably smaller, a pattern that holds at all
circumferences.

We now detail our precise quantitative procedure for performing this collapse and provide
additional numerical data in support of our claims. In our numerics, the data for the su-
perconducting correlation function is organized in the form of tuples {(xi, Cχ(xi, ky)} for
each simulated bond dimension χ and each position xi. To perform the finite entanglement
scaling collapse, the x-axis is first rescaled by the correlation length, yielding a data set
{(xi/ξχ, C(χ)(xi/χ, ky)}. Linearly interpolating this data, we obtain a continuous function

C̃(χ)(x/ξχ, ky), which we can then scale and sample from. Namely, given this interpolation
and Eq. (A.83), we posit the following cost function:

Q(η) = 1

Nχ(Nχ − 1)

∑

χ ̸=χ′

∫ y1

y0

dy
1

ξηχξ
η
χ′

∣∣∣C̃(χ)(y, ky)ξ
η
χ − C̃(χ′)(y, ky)ξ

η
χ′

∣∣∣
2

. (A.84)

It is chosen based on the following principles: (i) it is positive semi-definite, (ii) it vanishes
if and only if Eq. (A.83) holds, and (iii) its prefactor (ξηχξ

η
χ′)−1 makes the integrand dimen-

sionless. More heuristically, it is more stable (compared to several considered alternatives)
to the removal of some data from the fit, which suggests that it is more robust. A finite
entanglement scaling collapse is achieved for the value of η that minimizes the cost function
shown above, while the error in the optimal value η = η∗ is estimated from the inverse
Hessian as

δη =

√
Q(η∗)

∣∣∣∣
∂2Q

∂η2

∣∣∣∣
−1

η=η∗
. (A.85)
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Ly\αβ xx yy x0

5 1.3± 0.2 1.4± 0.3 1.1± 0.2
6 1.02± 0.04 1.00± 0.07 0.74± 0.07
7 0.9± 0.3 0.9± 0.3 0.7± 0.4

Table A.2: Extracted Power Law Exponents from Scaling Collapse. The table
shows the exponents η(Ly) extracted for each channel αβ by collapsing under the finite
entanglement scaling hypothesis of Eq. (A.83). The exponents here were obtained using the
data at ν = 2− 1/Ly and (g, U1, U2, d) = (0.15, 1.8, 0, 0).

We remark that y = x/ξχ, y0 and y1 are chosen to isolate the algebraic “shelf” of the correla-
tion function — clearly visible in Fig. A.6 as the region over which multiple curves coincide
with the algebraic fit — and to ensure that the function Q(η) is convex at the obtained
minimum. We remark that, when performing the optimization procedure for Ly = 6, 7, we
discarded certain low bond dimension correlation functions, as including them inhibited the
discovery of a convex solution. This suggests that these bond dimensions were not yet in
the ‘scaling regime’ at χ ≳ eO(Ly) and could therefore not be collapsed appropriately under
the scaling hypothesis. In particular, for Ly = 6, the bond dimensions taken were χ ≥ 8192
and for Ly = 7, only the last two bond dimensions could be used χ ≥ 10033. With these
choices of χ, we have ensured that this optimization problem is convex, and we have further
ensured that our method is robust to changing the values of y0, y1. Fig. A.7 shows the scaling
collapses for all channels. The collapses have generally high quality, both in terms of Q(η)
and to the eye. This constitutes strong evidence that superconducting correlations are gap-
less in all three channels xx, yy, x0 at all systems sizes Ly = 5, 6, 7 studied. The extracted
exponents are also tabulated in Table A.2.

Correlation Lengths and Extrapolation

We now study the correlation lengths as a function of bond dimension at each cylinder
circumference. By performing a quantitative extrapolation in bond dimension, we attempt
to ascertain if the system is gapped or gapless in each sector. It is worthwhile to review the
possible options. If the system is a Luttinger liquid, then one expects gapless excitations
in both the one-electron (1e) and two-electron (2e) sectors, whose corresponding correlation
lengths ξ would diverge as χ→∞. Equivalently, 1/ξ1e and 1/ξ2e would vanish. By contrast,
for a Luther-Emery (i.e. a 1D superconductor), there should be a gap to single-electron
excitations, so 1/ξ1e would remain positive as χ→∞.

Clearly it is impossible to actually take this limit, so we are obliged to extrapolate in χ.
Such a procedure is always fraught, due to the presence of finite χ phase transitions where the
properties of the state change dramatically as a function of bond dimension. And indeed we
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Figure A.7: Additional Scaling Collapses for Superconducting Correlation Func-
tions. Here, we depict the results of the finite entanglement scaling collapse for each circum-
ference (Ly = 5, 6, 7 for the top, middle, and bottom row) and condensed channel (x, x, y, y,
and x, 0; labeling the columns). We find an excellent scaling collapse for each correlation
function shown and the exponents η are shown in Fig. 4(c) of the main text. Data is shown
for χ = 5461, 6689, 8192, 10033, 12288.

often observe such a transition at Ly = 5 from a LAF-metal state at low χ to a Luther-Emery
liquid at high χ. If one assumes that no such transition will occur beyond available bond
dimensions, and further assumes that the available bond dimension is “close” to χ → ∞,
then one may apply the scaling techniques pioneered in [199, 205], and described in App.
A.3 above. We recall that describing a gapped state generically requires bond dimension
χ ∼ eO(Ly), so describing a gapless state likely requires bond dimensions growing at least
this fast. This suggests that studying extrapolation at fixed maximal bond dimension —
a constraint imposed upon us by limited numerical resources — grows less reliable as Ly
increases.

Nevertheless, we extrapolate using all available data in Fig. A.9, where we report ξ in
units of the size of the unit cell, namely u = 4a, with δ accordingly being reported in units
of u−1. The data is clearest at Ly = 5. There, both ξ1e and ξ2e are increasing with χ.
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Figure A.8: Bond Dimension Scaling of Correlation Lengths. In panels (a, b, c), we
depict the 2e and 1e correlation lengths as a function of bond dimension at a hole doping
ν = 2 − 1/Ly for the parameter point (g, U1, U2, d) = (0.15, 1.8, 0, 0) and circumferences
Ly = 5, 6, 7. We find that for all circumferences, both correlation lengths grow linearly
with χ. For Ly = 5, 6 [panels (a, b)], the 2e correlation lengths are substantially larger
in magnitude suggesting non-trivial pair correlations in these states, while for Ly = 7, the
difference in magnitude is not substantial. In panels (d, e, f), we check the ratio of these
correlation lengths, which distinguishes a Luttinger Liquid from a Luther-Emery liquid based
on the theory of finite entanglement scaling (See Section V.A of the main text). We find
that for Ly = 5 [panel (d)], the ratio of the correlation lengths increases as a function of
bond dimension strongly suggesting a Luther-Emery liquid. For Ly = 6, 7, this ratio does
not increase suggesting that we cannot rule out the possibility of a Luttinger liquid at these
circumferences.
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Figure A.9: Extrapolation of Inverse Correlation Lengths. Attempted extrapolation of
the inverse correlation lengths 1/ξQ in theQ = 1e and 2e charge sectors. (a) At circumference
Ly = 5, we find that ξ1e extrapolates to a finite value while ξ2e → ∞, the hallmark of a
Luther-Emery liquid. (b) Though we find that ξ2e substantially exceeds ξ1e at Ly = 6, the
former extrapolates to a negative value (therefore marked in gray), signaling the state is too
far from convergence to confidently identify it as a Luther-Emery liquid or Luttinger liquid.
(c) At Ly = 7, we find that the 1e and 2e excitations extrapolate close to zero with the
former slightly negative and the latter appearing gapped. While these observations could
arise from a Luttinger liquid, the changing behavior of the correlation functions (Fig. A.6
and Fig. 4(a) in the main text) as a function of bond dimension (e.g., short-distance behavior
changing non-monotonically in χ) suggest that this state is also too far from convergence to
derive any sharp conclusions.

Extrapolating the inverse correlation lengths versus δ [see Eq. (A.80)] by a linear fit implies
that 1/ξ2e is consistent with zero in the δ → 0 limit, whereas 1/ξ1e is strictly positive.
Taken in conjunction with the clear power law behavior for superconducting correlations
discussed above, we thus identify the Ly = 5 state as a Luther-Emery liquid. For Ly = 6,
the extrapolated 1/ξ2e inverse is negative — a non-physical result since ξ2e > 0. This fitting
difficulty suggests the correlations are still changing non-linearly and may not be in the
“almost infinite χ” regime required by scaling theory. So although the extrapolated value
of 1/ξ1e is slightly positive, consistent with an electronic gap for a Luther-Emery liquid, we
cannot confidently rule out a Luttinger liquid at Ly = 6. Finally at Ly = 7 the extrapolated
values of both inverse correlation lengths are close to zero (with 1e slightly negative). This
behavior is consistent with a Luttinger liquid.

Let us make a few observations on the distance to the “scaling regime” at asymptotically
large χ. It is instructive to consider how changing Ly changes the ‘normal state’ — the
non-superconducting metal obtained by doping the LAF bandstructure. This is shown in
Fig. A.4(d-g). There one can see that at asymptotically large Ly there are four Fermi pockets
(wrapping around the right to left edges of the Brillouin zone). At Ly = 5, 6, 7 the wires
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intersect only some of these cuts, resulting in 2, 4 and 2 Fermi pockets, respectively. It is
striking that the minimal δ at fixed bond dimension is roughly proportional to the number
of Fermi pockets, in accord with the idea that it measures the “distance to infinite bond
dimension”. Moreover, these Fermi pockets have slightly different Fermi momenta, namely
k
Ly=5
F = 0.15u−1, k

Ly=6
F = 0.17u−1, k

Ly=7
F = 0.15u−1 (see Fig. A.4), which provide a natural

inverse length scale against which to evaluate the smallness of δ. In particular, we find
that δ greatly exceeds k

Ly

F for each of the larger circumferences. Taken with the arguments
above, this suggests that Ly = 6, 7 remain far from convergence and that vastly larger bond
dimensions may be required to resolve the nature of their ground states definitively.

Scaling Analysis of Correlations With Additional Repulsion

In the main text and above, we detailed our scaling analysis of the charge-2e and charge-
1e correlations as a function of bond dimension and cylinder circumference at the fixed
parameters (g, U1) = (0.15, 1.5). In particular, this quantitative analysis was performed in
the absence of additional repulsion d, U2. To demonstrate that the superconductor that
appears is not a consequence of a vanishingly small attractive interaction generated between
the layers, we now examine the effect of adding additional long-range interactions in inter-
layer channels:

V̂ =
∑

r

e−
|r−r′|2

2d2 :

[
U1

2
(n̂2

rT + n̂2
rB) + U2n̂rTn̂rB

]
: (A.86)

where U2 controls the strength of interlayer repulsion and d controls their range. We perform
the same scaling analysis as before at parameters (g, U1, U2, d) = (0.1, 1.4, 0.2, 0.358). This
point is marked with a star in Fig. 5(c) of the main text and crucially has inter-layer repulsion.

Similar to the analysis in the main text, let us start by examining the structure of the
superconducting (charge-2e) correlation functions with increasing bond dimension and cylin-
der circumference. In particular, in Fig. A.10(a), we show the superconducting correlation
function for Ly = 5, 6, finding that they both show a clear tendency to algebraic decay,
similar to the case at d = U2 = 0. We demonstrate this quantitatively once more via a finite
entanglement scaling collapse in Fig. A.10(b) and show the extracted exponents for the two
Ly’s in Fig. A.10(c). Our results indicate that at finite repulsion (U2, d) = (0.2, 0.358), our
system has algebraically decaying 2e correlations at Ly = 5, 6 but, unlike the case without
repulsion, its exponents of algebraic decay do not clearly decrease with cylinder circumfer-
ence. We largely suspect that this is due to the fact that the fillings and locations of Fermi
pockets are qualitatively different at the two circumferences, preventing a direct comparison
of the two circumferences.

We next turn to the analysis of the correlation lengths. The raw correlation lengths are
given in Fig. A.11(a,b). At Ly = 5, both ξ1e and ξ2e are increasing with χ, but their ratio
grows rapidly as a function of bond dimension, apparently without bound [see Fig. A.11(d)].
In particular, it greatly exceeds the value 1/2 expected from Wick’s theorem in the limit of
a weakly-interacting metallic state. This is suggestive, but does not conclusively show on
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Figure A.10: Superconducting Correlations at Finite Repulsion. We perform a
scaling analysis on the superconducting correlations in the ground state at (g, U1, U2, d) =
(0.1, 1.4, 0.2, 0.358) and doping ν = 2−1/Ly. In panel (a), we show the correlation functions
for the xx channel at circumferences Ly = 5, 6, finding a clear tendency to algebraic decay.
We remark that an arbitrary vertical offset has been added to circumference Ly = 6 for
ease of viewing. In panel (b), we verify the tendency to algebraic decay quantitatively by
performing a finite entanglement collapse to the form Eq. (A.83). Finally, in panel (c), we
report the exponent of algebraic decay extracted for Ly = 5, 6 for each condensed channel
αβ = xx, yy, and x0. At the bottom of the panel, we summarize our data indicating if the
2e correlations are gapless and 1e correlations are gapped at each circumference with a ✓.
These panels demonstrate that our results from the main text are qualitatively unchanged
as we introduce finite inter-layer repulsion U2 and finite interaction range.

its own, that there is a gap to electronic excitations. The situation is similar at Ly = 6 but
here the ratio, although above two, is not as large at the bond dimensions we can access.

To gain greater clarity about the nature of the state, e.g. the existence of a charge
gap, we again attempt to extrapolate both the 2e and 1e correlation lengths. Fig. A.11(c,f)
shows linear extrapolations of 1/ξ versus δ for Ly = 5, 6. At Ly = 5, 1/ξ2e extrapolates
to zero, in accord with the power law superconducting correlations above, where as 1/ξ1e
is positive. This is consistent with a charge gap, and we may again confidently identify
the Ly = 5 at finite (d, U2) as a Luther-Emery liquid, i.e. a superconductor. In fact, the
indications of superconductivity here, such as 1/ξ1e, appear to be larger or more clear than the
(d, U2) = (0, 0) case studied above. Unfortunately this clarity does not extent to the Ly = 6
case, where both extrapolations are consistent with zero. Given the ratio ξ2e/ξ1e ≫ 1/2,
ordinarily a good heuristic indication of pairing, and that the smallest attainable δ remains
much larger than the Fermi wavevector (see Sec. A.4), this evidence does not yet yield a firm
conclusion for Ly = 6. As usual, higher bond dimensions could resolve this issue. Due to
computational expense, Ly = 7 was not studied in detail here.

In summary, adding finite (d, U2) does not have a clear effect at Ly = 6, but appears to
further stabilize superconductivity at Ly = 5. This success at Ly = 5 invites us to determine
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Figure A.11: Bond Dimension Scaling of Correlation Lengths at finite (d, U2). In
panels (a) and (d), we show the one-electron and two-electron correlation lengths as a func-
tion of bond dimension for Ly = 5, 6 at a parameter point (g, U1, U2, d) = (0.1, 1.4, 0.2, 0.358)
with finite inter-layer repulsion. We find that both appear to be growing linearly but the
one-electron correlation lengths generally grow much slower. This is easiest to see from pan-
els (b) and (e) where the ratio of ξ2e/ξ1e is found to be growing with bond dimensions for
both Ly = 5, 6. From the discussion of Section V.A of the main text, this suggests that both
parameter points are a Luther-Emery liquid. For Ly = 5, this is corroborated in panel (c) by
performing an extrapolation to infinite bond dimension as we find a gapped 1e correlations
and gapless 2e correlations. However, for Ly = 6, panel (e) yields negative correlation lengths
for ξ−12e,∞ and ξ−11e,∞ close to zero suggesting that we are too far from a “scaling regime” for
Ly = 6 to distinguish a Luther-Emery liquid from a Luttinger Liquid.

the boundaries of the superconducting phase at this circumference. This is the topic of the
next section.

Robustness of Superconductivity at Ly = 5

We now focus on circumference Ly = 5 cylinders and study the extent of the superconducting
phase in terms of several parameters: (i) interlayer tunneling g, (ii) in-layer interactions U1,
(iii) interlayer interactions U2, (iv) interaction range d, (v) electron filling ν, and (vi) spin-
layer Zeeman field Bz. We will show that the superconducting phase is at least perturbatively
stable to each of these parameters, and has a large phase extent in most parameters. This
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Figure A.12: LAF Polarization of the Superconductor and Robustness to Addi-
tional Repulsion. (a) LAF polarization of the doped state, which exhibits a widespread
LAF phase in the strong coupling regime at fixed d = U2 = 0. To diagnose superconducting
order, we take a cut at fixed g (orange line) and, in (b), plot the ratio ξ2e/ξ1e. Its growth with
bond dimension and substantial magnitude (i.e., in excess of unity at the largest available
bond dimension) suggests the presence of superconductivity at U1 ≳ 0.6. (c) Plot of the
LAF and QAH (i.e. layer) polarization as a function of U2 at fixed (g, U1) = (0.1, 1.4). For
each value of the interaction range d, the doped state remains substantially LAF-polarized
until U2 exceeds U1, at which the phase abruptly transitions to QAH. Fixing d = 0.358,
in (d) we plot the superconducting diagnostic ξ2e/ξ1e, finding evidence for superconducting
correlations at U2 ≲ 1.2. All plots at Ly = 5 and ν = 2− 1/5.

justifies our referring to the superconductor as “robust” in the main text.
To start, we examine the effect of g and U1. Fig. A.12(a) shows the LAF polarization

in the (g, U1) plane from DMRG at filling ν = 1.8. Comparing to Fig. A.5(a) above, the
LAF polarization appears in essentially the same region of parameter space; doping the LAF
does not destroy the order. Fig. 5(a) of the main text showed that the superconducting
phase persists over almost the whole region. To corroborate this claim, Fig A.12(b) plots
the ratio ξ2e/ξ1e at fixed g = 0.1 as a function of U1. We adopt the heuristic that the
state is superconducting if ξ2e/ξ1e is growing and exceeds unity at the largest available
bond dimension. In the line cut, one can see this clearly holds at large U1, but there is
a small region near U1 = 0.2 that is most LAF polarized but does not have significant
superconducting correlations. At these bond dimensions, these states appear to be metallic
and we refer to them as a LAF metal. However, larger bond dimensions tend to increase the
superconducting correlations in a finite χ transition, albeit at larger χ at parameters close
to the edge of the LAF-polarized region. We therefore cannot determine if the LAF metal
is a finite bond dimension artifact or a genuine phase. Either way, the vast majority of the
LAF polarized region is clearly adiabatically connected to the state at (g, U1) = (0.15, 1.5)
that we previously determined to be a Luther-Emery liquid.

Next, we examine the effect of additional repulsive interactions (d, U2), corresponding to
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Fig. 5(c) of the main text. Fig. A.12(c) shows the LAF and quantum anomalous Hall (QAH)
polarizations as a function of U2 for each d at ν = 2 − 1/5. As before, the polarizations
hew closely to their respective values at ν = 2 (not shown), with a transition from the LAF
insulator to a Chern-polarized QAH insulator when U2 exceeds U1. Fig. A.12(d) shows the
ratio ξ2e/ξ1e on the same axes, which exceeds unity and grows with bond dimension for
U2 ≲ 1.2. By our heuristic, this suggests all these points lie in the superconducting phase,
and in fact the largest superconducting correlations are at U2 ∼ 0.4 at the largest available
bond dimension. However, the ratio drops off precipitously around U1 ≈ 0.6. This might
signal a drop in the superconducting gap (perhaps even to zero) that would only be apparent
at much larger bond dimensions, or might simply be a regime where more entanglement is
required to adequately describe the state. Altogether, this demonstrates both that the
superconductor is stable to significant additional repulsion, and that such interactions may
accelerate the convergence of the superconducting state in bond dimension.

The superconductivity is also stable across a range of electronic densities below ν = 2.
Fig. A.4(a) shows that the LAF polarization is stable to significant hole doping, decreas-
ingly almost linearly with filling down to ν = 1.5, whereupon the behavior becomes more
irregular. We remark that the states at ν ≤ 1.5 may be translation-breaking, though careful
consideration of different circumferences would be necessary to draw any firm conclusions.
Comparing to Fig. 5(b) of the main text, we see that superconductivity appears to persist
down to ν = 1.6. In particular, these data suggest that the superconductor is resilient to sig-
nificant changes in the Fermi velocity of the underlying LAF band structure, which increases
with decreasing density — recall from Fig. A.4 the structure of the LAF Fermi surface.

Finally we discuss the subtle role of Bz. Recall from Appendix A.1 that we have added
a small field −Bz

∑
r ψ̂
†
rs
zℓzψ̂r, with a typical value of Bz = 10−2 in our numerics. Briefly,

the reason for this is that Hohenberg-Mermin-Wagner considerations forbid spontaneous
symmetry breaking of a continuous symmetry in quasi-1D, a prerequisite for the formation
of the LAF. Without this pinning field, one would expect a quantum disordered phase with
extremely long but ultimately decaying LAF fluctuations, just as in the Haldane model [193].
To be able to realize a truly polarized ground state without a huge entanglement cost, we
add this Bz field at an energy scale significantly below the other microscopic scales in the
problem. Another choice would have been to add the square of the LAF order parameter,
which has the advantage that it does not pick out a particular quantization axis.

To confirm that Bz is innocuous to the superconducting physics, we examine the effect of
tuning it. Fig. A.4(b) shows the ratio ξ2e/ξ1e as a function of Bz. This quantity appears to
increase without bound, all the way from 2 · 10−2 (on the order of the value Bz = 10−2 fixed
in the main text), down to 10−3, with a decrease in Bz appearing to accelerate convergence
at fixed bond dimension. This strongly suggests that the value of Bz we used here only
serves to stabilize the LAF order, but does not play a critical role in pairing on top of
it. Working at non-zero (d, U2) to circumvent convergence issues, in Fig. A.4(c) we show
that superconductivity apparently persists to at least moderately larger Bz ≈ 0.1, though a
suppression in ξ2e/ξ1e at fixed bond dimension suggests that the larger-Bz states are more
difficult to converge. In fact, the longer-range interactions appear necessary to avoid norm
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Figure A.13: Additional data for the ν and Bz scans. (a) The LAF polarization vs.
the total electronic density at fixed (g, U1) = (0.1, 1.8) and d = U2 = 0. Over a significant
range of densities that subsumes the putative superconducting region 1.7 ≲ ν < 2, the
LAF polarization is near-maximal, decreasing approximately linearly with the density of
hole dopants (i.e. 2 − ν). (b) Plot of ξ2e/ξ1e as a function of the Zeeman pinning field at
d = U2 = 0 and (g, U1) = (0.1, 1.4). Its large magnitude and continued growth with bond
dimension signals the prevalence of superconducting correlations down to very small values,
namely Bz = 10−3 (an order of magnitude smaller than 10−2, the value taken in the main
text). (c) Plot of the same quantity at a finite amount of additional repulsion, enabling the
numerical stabilization of DMRG simulations up to Bz = 10−1, at which the state may still
be superconducting. All plots are at Ly = 5.

errors at these larger Bz values. We conclude that the particular value of Bz is incidental
to the superconducting phase at Ly = 5, and are therefore justified in treating it as a small
perturbation used for numerical convenience.

In summary, we have found that the Luther-Emery liquid at Ly = 5 is resilient to six
independent perturbations. This underscores the theme that doping the LAF insulator leads
to a robust superconducting phase at this circumference.

A.5 Additional Details of Pairing Symmetry Analysis

In this appendix, we provide the theoretical details underlying our characterization of the
pairing symmetry. To do so, we provide a brief reminder regarding how one formally char-
acterizes pairing symmetry in a superconducting state. In particular, we describe how the
pairing symmetry, in systems with both unitary and anti-unitary symmetries, is characterized
by the induced co-representation of the symmetry group on the pair wavefunction. Subse-
quently, we use this formalism to determine the pairing symmetry of the double Hofstadter
model.
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Characterizing Pairing Symmetry: Induced Co-Representations
on the Pair Wavefunction

In this subsection, we detail systematically how to characterize the pairing symmetry of a
superconducting ground state. In particular, the pairing symmetry refers to the representa-
tion of the magnetic space group G under which the pair wavefunction ∆αβ(k) transforms.
To be a bit more precise, let us start by noting that the pair wavefunction ∆αβ(k) lives
in the vector space C4×4 ⊗ FBZ where the 4 × 4 comes from the different channels αβ and
FBZ is the space of functions over the Brillouin zone. Our goal will be to first determine an
action of the magnetic space group on the pair wavefunction such that it transforms under
a co-representation of the group— the generalization of the notion of a representation to
include both unitary and anti-unitary symmetries.3 We recall the definition for convenience.
Let G be a group with group elements g ∈ G that are either linear or anti-linear. Following
Ref. [363], define a function s such that s(g) = ±1 for linear (anti-linear) group elements. We
write F s(g)=+1 = F and F s(g)=−1 = F ∗ for complex numbers F . Then, a co-representation of
G is a homomorphism from the group to the space of operators on a vector space V defined
over the complex numbers:

g →
{
νg s(g) = +1

νgK s(g) = −1, (A.87)

where νg ∈ GL(V,C) (i.e. the group of automorphisms of V ), K indicates complex conjuga-
tion, and where νg matrices must satisfy a characteristic composition property:

νgh = νgν
s(g)
h (A.88)

Below we will show the action of our symmetry group on the pair wavefunction and demon-
strate that it forms a co-representation. We will then organize the vector space C4×4 ⊗FBZ

into a direct sum of irreducible co-representations. The subspaces the pair wavefunction we
find lives in determines its pairing symmetry. The irrep that the pair wavefunction belongs
to determines its pairing symmetry.

To define the action of the symmetry group G on the pair wavefunction, let us take ĝ
to be the (anti-)unitary operator corresponding to group element g ∈ G. Let us make the
assumption (which will be relevant to the case at hand; see Subsection A.5) that generators
of our magnetic space group ĝ act on our Cooper pair operators ∆αβ(k) by acting on the
momentum label only:

ĝ†∆̂†(k)ĝ = ∆̂†(g−1k), (A.89)

where we have suppressed the αβ indices, and g−1k is the action of the symmetry on the mo-
mentum label. Define the action of the element on the pair wavefunction ∆(k) ≡ ⟨ψ, ∆̂†(k)ψ⟩
as:

(g ·∆)(k) = ⟨ĝψ, ∆̂†(k)ĝψ⟩ = ⟨ψ, ĝ†∆̂†(k)ĝψ⟩s(g) = ∆s(g)(g−1k), (A.90)

3For a short but lucid review see Appendix B of Ref. [363], or Ref. [394] for a more comprehensive
treatment.
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where we have used the notation ⟨a, b⟩ = ⟨a|b⟩ to denote the inner product as it will be more
convenient for working with anti-unitary operators. While this action is derived from the
quantum mechanical data, we can now think of ∆(k) as an element of the space of functions
on the Brillouin zone FBz, on which the action of the group is (g · F )(k) = F s(g)(g−1k).
On the vector space of such functions, this map is manifestly a group homomorphism and
is anti-linear. To demonstrate that this action indeed does form a co-representation, it is
helpful to decompose functions F (k) into “irreducible” functions that are real and transform
definitely under the action of k→ g−1k. Explicitly, we have that:

F (k) =
∑

Γ∈Irrep(G)

dim(Γ)∑

µ=1

ηΓ,µF YΓ,µ(k), (A.91)

where YΓ,µ(k) ∈ R and YΓ,µ(g
−1k) = VΓ,g

µν YΓ,ν(k). In this basis, the action of our group can
be expressed as:

(g · F )(k) = F s(g)(g−1k) = νgK
s(g)F (k), (A.92)

where νg is a block diagonal matrix whose rows and columns are labeled by Γ and µ that ro-
tates the coefficients ηΓ,µ and Ks(g)=+1 = 1 and Ks(g)=−1 = K. Its blocks are precisely the ma-
trices VΓ,g

µν labeled above. We now demonstrate that the νg’s above form a co-representation.

In particular, note that (gh ·∆)(k) = νghK
s(gh)∆(k), by definition. However,

(gh · F )(k) = (g · (h · F ))(k) = νgK
s(g)(h · F )(k) = νgK

s(g)νhK
s(h)F (k) = νgν

s(g)
h Ks(gh)F (k).

(A.93)

As such, the ν matrices satisfy the characteristic algebra of a co-representation νgh = νgν
s(h)
h .

As a remark, a change of basis Y (k)→W†Y (k), generates similarity transformations on the
ν’s:

νg →W†νgWs(g). (A.94)

Two co-representations are said to be equivalent if they are related by such a similarity
transformation.

Pairing Symmetry

Generalities out of the way, we now focus on the specific case at hand. Recall that the
magnetic space group of our model is generated by:

mx my C2z C2x I (A.95)

as discussed in Appendix A.1. Note that, because our Cooper pairs carry zero momentum
and charge-2e, the action of my on such objects is trival and the remaining generators
mutually commute (c.f. Table A.1) and square to the identity. As such, the group acts on
the pair wavefunction as (Z2)

3×ZK
2 , where ZK

2 is anti-unitary. This fact greatly simplifies the
possible representations that the pair wavefunction can live in. Since the group is abelian,
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the νg’s are constrained to be numbers and since they square to the identity, this implies
that the index νg defined in Eq. (A.87) satisfies:

1 =

{
ν2g = 1 s(g) = +1

|νg|2 = 1 s(g) = −1, (A.96)

which follows from the algebra of the co-representation Eq. (A.88). This constrains:

νg =

{
νg = ±1 s(g) = +1

νg = eiθ s(g) = −1. (A.97)

Finally, note that under basis transformations W = eiϕ/2,

νg →
{
νg s(g) = +1

e−iϕνg s(g) = −1 (A.98)

This implies that there is only one possible regular co-representation of the pair wave-
function under the ZK2 as they are all related by a similarity transformation. Therefore,
the pairing symmetry is characterized by three “symmetry indices” (or characters) νg for
g ∈ {C2z, C2x,mx}. To determine νg for these generators, let us tabulate the action of

the symmetry operators on the Cooper pair operators ∆†αβ(k) for the dominant condensed
channels αβ = xx and yy, which follows from Eqs. (A.26)-(A.29):

Ĉ2z∆̂
†
αβ(k)Ĉ

−1
2z = ∆̂†αβ(C2zk) (A.99)

Ĉ2x∆̂
†
αβ(k)Ĉ

−1
2x = ∆̂†αβ(C2xk) (A.100)

m̂x∆̂
†
αβ(k)m̂

−1
x = ∆̂†αβ(k+G2/2) (A.101)

Î∆̂†αβ(k)Î−1 = ∆̂†αβ(k). (A.102)

Symmetry actions in hand, we can extract the νg’s directly from the pair wavefunction. From
the data shown in Fig. A.14 below, we can extract the symmetry indices directly, as shown
Table A.3. Note that x0 has a different symmetry index under the magnetic translation m̂x,
which is consistent with it having a different algebraic exponent ηLy (see Fig. A.10c).

Ly\αβ xx yy x0

5 (−1,−1,✗) (−1,−1,✗) (−1,−1,✗)
6 (−1,−1,−1) (−1,−1,−1) (−1,−1,+1)
7 (−1,−1,✗) (−1,−1,✗) (−1,−1,✗)

Table A.3: Pairing Symmetry of the Superconductor. Symmetry Indices
(νC2z , νC2x , νmx) for the different condensed channels and circumferences. An ✗ indicates
that mx is not a symmetry for odd circumferences, so that νmx is not well defined.
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Figure A.14: Momentum Space Structure of the Pair Wavefunction. Plot of the
proxy pair wavefunction for the two dominant superconducting channels αβ = xx, yy at
all three circumferences Ly = 5, 6, 7, extracted from charge-conserving iDMRG using the
methods described in the text. Each function is manifestly odd under C2x and C2z, with
the latter indicating p-wave pairing symmetry. At Ly = 6, where the magnetic translation
mx is a symmetry of the finite-circumference system, the pair wavefunction in the xx and
yy channels is odd under shifts ky → π, where it is even in the sub-dominant x0 channel.
We remark that the overall normalization of the pair wavefunction—which we have argued
is proportional to the true pair wavefunction—is set arbitrarily. In each case, its imaginary
part is smaller by orders of magnitude and is therefore omitted. Each plot is computed at
χ = 12288.
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A.6 Additional Details on Relationship to Chiral

TBG

In the main text, we described the similarities between the double Hofstadter model and
chiral models of twisted bilayer graphene (TBG). In this section, we provide additional
details regarding these similiarities. To do so, let us briefly review the form of the interacting
Hamiltonian in chiral models of TBG. For a more complete and pedagogical review, we refer
the reader to Ref. [32].

Brief Review of Chiral TBG

Recall that electrons in TBG carry a conserved electronic spin (s =⇑,⇓) and valley (τ =
K,K ′) and can occupy one of two energetically close but distinct bands. The narrow band-
width of the flat band subspace suggests that other linear combinations of these bands,
distinct from the single-particle energy eigenbasis, may be more relevant for studying the
interacting physics of TBG. One natural choice recognized in Refs. [31, 63] is the sublattice
polarized basis which distinguishes bands in the subspace based on their weight on the two
sites σ = A,B of the honeycomb lattice of graphene. This sublattice polarization becomes
maximal in the non-physical limit where intervalley hopping can only occur between opposite
sublattices (i.e. only between A sites on the top layer to B sites on the bottom, or B on top
to A on the bottom). This is called the “chiral limit of TBG” [32, 74, 75].

A crucial property of these sublattice polarized bands is that they carry a definite Chern
number. In particular, let σα, τα, sα for α = 0, x, y, z correspond to the Pauli matrices of the
sublattice, valley, and spin respectively. Then, the Chern number is labeled by C = σzτ z.
This motivates organizing the bands by their Chern sector στ , their valley τ , and their
electronic spin s. A complete set of commuting Pauli matrices, that define how to measure
and flip each such degree of freedom independently, can then be defined as:

η = (σxτx, σxτ y, τ z) η̃ = (sx, sy, sz) γ = (σx, σyτ z, σzτ z), (A.103)

corresponding to a valley pseudospin, the electronic spin, and the Chern label. In this “strong
coupling basis” of the flat bands, the band-projected Hamiltonian of chiral-limit TBG takes
a particularly simple form:

ĤTBG = ĥTBG + V̂TBG, (A.104)

ĥTBG =
∑

k∈BZ

φ̂†k
[
γxhTBG

x (k) + γyhTBG
y (k)

]
φ̂k, (A.105)

V̂TBG =
1

2A

∑

q∈R2

Vqδρ̂qδρ̂−q, (A.106)

where φ† is a fermionic creation operators organized into a spinor in the Chern, spin, and
valley pseudospin, evidently the dispersion is purely off-diagonal in the Chern sector, A is
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the area of unit cell of TBG, and the interactions are written in terms of relative densities
δρ̂q = ρq − ρ̄q. Here, the relative densities are defined from:

ρ̂q =
∑

k

φ̂†kΛq(k)φ̂k+q, ρ̄q =
1

2

∑

k,G

δq,GTr [ΛG(k)] , Λq(k) = F S
q (k)e

iΦS
q(k)γ

z

,

(A.107)
where the form of the density operator arises from projecting the microscopic number density
operator into the flat bands. Note that, manifestly, the interacting portion of the Hamiltonian
is diagonal in the Chern number and is independent of spin or valley pseudospin. As a
consequence, this term in the Hamiltonian has a U(4)+ × U(4)− symmetry corresponding
to independent rotations of both the spin and valley pseudospin in either Chern sector. At
the magic angle, when the dispersion ĥTBG identically vanishes, this enlarged symmetry is
precisely the symmetry of the chiral TBG Hamiltonian. However, a departure from the
magic angle re-introduces the dispersion which, while independent of both spin or valley
pseudospin, mixes the two Chern sectors. As such, its inclusion breaks the U(4)+ × U(4)−
symmetry down to a single U(4).

As stated in the text, a number of experiments in TBG suggest some degree of flavor
polarization. As such, in literature, this U(4)× U(4) symmetric model is typically reduced
to a U(2) × U(2) symmetric model with half the number of degrees of freedom. Here U(2)
describes rotations of the unpolarized degree of freedom, which are generated by either η for
“Route 1” or η̃ for “Route 2”. The form of this U(2) × U(2) symmetric model is identical
to Eq. (A.104) but where the electrons φ̂†kγηη̃ are replaced with φ̂†kγη or φ̂†kγη̃.

Comparison Between the Double Hofstadter Model and Chiral
TBG

In this section, we establish a correspondence between the chiral TBG Hamiltonian and that
of the band-projected double Hofstadter model. Recall from Sec. A.2 that the latter can be
expressed in the “strong-coupling” form

Ĥ = δĥ+ V̂ , (A.108)

δĥ =
∑

k∈BZ

φ̂†k




[lxhx(k) + lyhy(k)]︸ ︷︷ ︸

δhg(k)

+ l0h0(k)︸ ︷︷ ︸
δh0(k)




φ̂k, (A.109)

V̂ =
∑

q∈EBZ

Vℓℓ′(q)δρ̂q,ℓδρ̂−q,ℓ′ , (A.110)

where the interactions are written in terms relative densities δρ̂qℓ = ρ̂qℓ − ρ̄qℓ defined from:

ρ̂qℓ =
∑

k

φ̂†kΛqℓ(k)φ̂k+q, ρ̄qℓ =
1√
qN

∑

k,G

δq,GTr [ΛGℓ(k)] . (A.111)
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When U1 = U2 and g = 0, the Hamiltonian is greatly simplified. In particular, it can be
re-expressed as

Ĥ =
∑

k∈BZ

φ̂†kl
0h0(k)φ̂k +

∑

q∈EBZ

V (q)δρ̂qδρ̂−q, (A.112)

where δρ̂q =
∑

ℓ δρ̂qℓ and the corresponding layer-summed form factor is constrained to have
the following structure:

Λq(k) =
∑

ℓ

Λqℓ(k) = F S
q (k)e

iΦq(k)lz . (A.113)

If we neglect the small bare Hofstadter dispersion h0(k), the resulting Hamiltonian has
precisely the same form as the chiral TBG Hamiltonian at the magic angle under the mapping

l←→ γ, s←→
{
η Map 1

η̃ Map 2.
(A.114)

Both models have a U(2) × U(2) symmetry corresponding to (pseudo)-spin rotations in
distinct Chern sectors. As an added remark, in both models, those Chern sectors are related
by a spacetime inversion symmetry I, which in TBG is written in the literature as C2zT .
The effect of introducing g into the double Hofstadter model restores the terms δhg(k) in
the dispersion and modifies the form factors to Λq(k) = F S

q (k)e
iΦq(k)lz + FA

q (k)l
xeiΦq(k)lz .

The analog of δhg is already present in chiral TBG (not necessarily at the magic angle) as
a dispersion. However, the additional term FA

q (k)l
xeiΦq(k)lz in the form factor has no direct

analog in chiral TBG and scales linearly with g. Nonetheless, provided that g is small, the
double Hofstadter model at U1 = U2 can be thought of as being “perturbatively related” to
chiral TBG, even away from the magic angle.
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Appendix B

Appendix to Chapter 3

B.1 Hamiltonian construction at all rational fluxes

YC Lattice Parameterization

We first describe two coordinate parameterizations of the underlying triangular lattice,
beginning in the 2D limit. In the “YC” parameterization of the 2D plane, the ŷ site-to-site
distance is the nearest-neighbour distance a. This corresponds to the Bravais vectors

a1 = a

(√
3

2
x̂+

1

2
ŷ

)
, a2 = aŷ (YC), (B.1)

and the corresponding reciprocal lattice vectors

b1 =
4π√
3a
x̂, b2 =

2π

a

(
− x̂√

3
+ ŷ

)
(YC). (B.2)

This leads to a natural cylinder compactification: one may identify each point

r = xa1 + ya2 (B.3)

with points r′ for which y ≡ y′ (mod Ly) and also x = x′. We refer to Ly as the “circum-
ference” of the cylinder. Doing so for the YC lattice, one obtains the canonical “YC-Ly”
cylinder geometry [107], whose circumference is Lya.

Choosing the magnetic unit cell

The following applies to the YC lattice geometry. Let the flux per parallelogram be

Φ =
p

q
Φ0, (B.4)
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where Φ0 = 2πℏ
e
∼ 2π in units where ℏ/e = 1. The above definition of flux is convenient

for defining the geometry, but we briefly remark that the flux Φ/2 per triangle — which is
the smallest traversable plaquette — is the quantity with respect to which physical behavior
(e.g., the Hofstadter spectrum) must be Φ0-periodic. In any case, the corresponding magnetic
field strength is

B =
Φ

Apar

=
pΦ0/q
√
3
2
a2

=
2pΦ0√
3q
a−2. (B.5)

Regardless of the parity of q, there will be q magnetic sublattice sites in the magnetic unit
cell. When q is even, the magnetic Bravais vectors are

R1 = qa1 −
q

2
a2 ∝ x̂, R2 = a2 ∝ ŷ, (q even), (B.6)

whose total area Amuc is precisely that of 2q triangles of area
√
3
4
a2. The associated reciprocal

lattice vectors are

G1 =
1

q
b1 ∝ x̂, G2 =

1

2
b1 + b2 ∝ ŷ, (q even). (B.7)

As a sanity check, the total of the magnetic Brillouin zone (mBZ) is then

AmBZ = |G1 ×G2| = (2π)2
2

q
√
3a2

=
(2π)2

Amuc

. (B.8)

When q is odd, the enclosing magnetic unit cell again contains exactly 2q triangles, but we
take

R1 = qa1 −
q − 1

2
a2, R2 = a2 ∝ ŷ, (q odd), (B.9)

whose total area is once again

|R1 ×R2| = q|a1 × a2| =
q
√
3

2
a2 = Amuc. (B.10)

The reciprocal lattice vectors are now

G1 =
1

q
b1, G2 =

q − 1

2q
b1 + b2, (q odd), (B.11)

which also satisfy the inverse area relationship, Eq. (B.8). For both even and odd denomina-
tor q, note that the enclosing magnetic unit cell contains exactly 2q triangles, so 2πp ∈ 2πZ
total flux.
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Hamiltonian and choice of vector potential

In all cases, we adopt the standard convention for the on-site Hubbard repulsion:

Hint = U
∑

r

nr↑nr↓, U ≥ 0. (B.12)

Now we discuss the hoppings. Placing the underlying triangular lattice on the cylinder
as described in Sec. B.1, let the resulting system have circumference Ly, i.e., the points
r ∼ r + Lya2 are geometrically identified. Let the lattice sites be indexed as in Eq. (B.3),
which defines a set of coordinate coefficients (x, y) ∈ Z2. Since a2 is purely vertical in both
the YC and XC geometries, then x indexes the cylinder “rings”, and y is an integer-valued
spatial index within each ring. To generate complex hoppings and modify the translation
algebra into a magnetic translation algebra, we introduce an external U(1) vector potential.
We assume that it is linear and that its curl is the magnetic field:

A(r) =Mr, ∇×A(r) = Bẑ, (B.13)

where B is as in Eq. (B.5). The hoppings are obtained from the vector potential via the
Peierl’s substitution, for which we adopt the following sign convention:

tr′←r = t exp

(
i

∫ r′

r

A(ℓ) · dℓ
)

= t exp

(
iA

(
r′ + r

2

)
· (r′ − r)

)
, (B.14)

where the second equality is due to linearity of A(r). Our convention is that the single-
particle Hamiltonian is (note the minus sign):

ĥ = −
∑

r′,r

c†(r′)tr′←rc(r), (B.15)

where we only include nearest-neighbour hopping on the triangular lattice, for which

tr′←r = te
iA

(
r′+r

2

)
·(r′−r)

. (B.16)

To constrain the form of the vector potential, we remark that the terms xx̂ and yŷ are
curl-free, whereas Bxŷ and −Byx̂ (the standard Landau gauge potentials on the rectangular
lattice) have the correct curl. We therefore reason that the most general permissible M in
Eq. (B.13) is given by

M = B

(
α γ − 1
γ β

)
, (B.17)

where α, β, γ ∈ R. We will now demand that the choice of vector potential is compatible
with our chosen geometry of magnetic Bravais vectors. Specifically, we ask that the Peierl’s
hoppings generated by A are periodic in the chosen magnetic Bravais vectors. This allows
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us to place the system easily on a torus or cylinder, provided the system is an integer tiling
of magnetic unit cells. Quantitatively, we demand that the RHS of Eq. (B.14) is invariant
under shifts of the argument of A by the magnetic Bravais vectors R1 and R2, for all bond
vectors r′ − r. By linearity of the vector potential, and since the bond vectors are linear
combinations of a1 and a2, it suffices to require that

ai ·A(Rj) ∈ 2πZ, (B.18)

for all i, j. Following Ref. [395], an elegant solution can be found in terms of the reciprocal
vectors of the underlying triangular lattice. We take the following since b1 ∝ x̂ for both YC
and XC geometries, and we want the vector potential to be independent of y:

A(r) =
Φ

(2π)2
(r · b1)b2, (B.19)

where Φ is the flux per parallelogram. Noting the vector identity

[∇× ((r ·Q)P )]i = ϵijk∂j (rℓQℓPk) = ϵijkQjPk = (Q× P )i, (B.20)

then

B(r) = ∇×A(r) =
Φ

(2π)2
b1 × b2 =

Φ

(2π)2
(2π)2

Apar

ẑ =
Φ

Apar

ẑ. (B.21)

Moreover, it can be shown to have the required periodicity property. Note that

ai ·A(Rj) =
Φ

(2π)2
(Rj · b1)b2 · ai = δi,2

2πp/q

2π
(Rj · b1) = δi,2

p

q
Rj · b1, (B.22)

which clearly vanishes when j = 2. Otherwise,

ai ·A(R1) = δi,2
p

q

({(
qa1 − q

2
a2

)
· b1 q even(

qa1 − q−1
2
a2

)
· b1 q odd

)
= 2πpδi,2, (B.23)

so that, indeed, in either case:

ai ·A(Rj) ∈ 2πZ. (B.24)

Specializing to the case (p, q) = (1, 2) relevant to the main text, we plot the resulting
hopping amplitudes Eq. (B.16) in Fig. B.1(a) for the YC parameterization of the 2D lattice.
The hoppings only take values in {±1,±i} and are evidently periodic in both R1 and R2.
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Figure B.1: (a) Graphical depiction of the complex phases of the nearest-neighbor hopping
amplitudes of Eq. (B.16) for the (p, q) = (1, 2) two-band Hamiltonian in the 2D plane,
where the orientation of the plane is consistent with the YC coordinate system specified
by Eqs. (B.1,B.6). The two orange dots indicate the two sites in the magnetic unit cell.
Note that the top/bottom and right/left edges are not implicitly identified. (b) Graphical
depiction of the fluxes through adjacent loops of the YC-Ly cylinder defined in Sec. B.1. The
outside surface of each cylindrical segment has a total area of 2Ly triangles, each of which
has π/2 flux [pictured]. When Ly is odd [upper scenario], this leads to a π-staggering of the
flux through each ring due to Gauss’ law. When Ly is even [lower scenario], the flux through
each ring is the same.

B.2 Threading flux

Affine-linear vector potential implementation

When dimensionally-reducing the lattice system to the cylinder, the charge and spin flux
through the cross sections of the cylinder distinguish gauge-inequivalent systems. This ad-
ditional flux can be implemented by adding a constant offset to the vector potential:

A(r) −→ Aϕ(r) = A(r) + ϕ
b2

2πLy
, (B.25)

where

ϕ = ϕq +
σz
2
ϕs. (B.26)

This modifies the hopping elements by

tr+δ←r −→ tϕr+δ←r = tr+δ←r exp

(
i
ϕ

2π

b2 · δ
Ly

)
. (B.27)
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Since we made the choice A ∝ b2 for the original vector potential (in the absence of flux
threading), then this is equivalent to a shift in the origin:

Aϕ(r) = A(r +Xϕ) = A(r) +
Φ

(2π)2
(Xϕ · b1)b2, (B.28)

where

Xϕ =
ϕa1

ΦLy
. (B.29)

Twisted boundary condition implementation

For the purposes of numerical implementation, particularly in hybrid space where we trade
y for ky, it is convenient to instead implement flux threading via a twist in the boundary
conditions. Starting with periodic boundary conditions for the fermion operators at ϕ = 0,
namely c†(r + Lya2) = c†(r), we define a new set of operators

c†ϕ(r) = c†(r) exp(iyϕ/Ly) = c†(r) exp

(
iϕ

b2 · r
2πLy

)
. (B.30)

Then instead of implementing Eq. (B.25), we can instead replace every instance of c in the
second-quantized interacting Hamiltonian with cϕ. This does not affect terms that depend
solely on charge and spin densities, e.g., the Hubbard interaction. However, it modifies the
hoppings in a way that is equivalent to Eq. (B.25). Under the operator replacement, the
hoppings are replaced by

c†(r + δ)tr+δ←rc(r) −→ c†ϕ(r + δ)tr+δ←rcϕ(r) (B.31)

= c†(r + δ) exp

(
iϕ

b2 · (r + δ)

2πLy

)
tr+δ←r exp

(
−iϕb2 · r

2πLy

)
c(r) (B.32)

= c†(r + δ) exp

(
i
ϕ

2π

b2 · δ
Ly

)
tr+δ←rc(r), (B.33)

which is exactly equivalent to Eq. (B.27). To see that Eq. (B.30) corresponds to a twisting
of the boundary condition on the fermion operators, we note that

c†ϕ(r + Lya2) = c†(r + Lya2) exp

(
iϕ

b2 · (r + Lya2)

2πLy

)
= c†ϕ(r) exp(iϕ). (B.34)

The utility of this alternative formulation is that it leads to a clean numerical implemen-
tation upon fourier transforming y → ky. In particular, note that (x, y) = (r·b1/2π, r·b2/2π)
and define

c†ϕ(x, ky) =
1√
Ly

∑

y

e−ikyyc†ϕ(x, y) ⇐⇒ c†ϕ(x, y) =
1√
Ly

∑

ky

eikyyc†ϕ(x, ky). (B.35)
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Note that this is the Fourier convention of TeNPy. When we express the Hamiltonian in the
hybrid xky representation, we find that all that is required is to shift the allowed values of ky.
To see this, we impose the twisted boundary condition Eq. (B.34) on the Fourier-expanded
operators:

1√
Ly

∑

ky

eiky(y+Ly)c†θ(x, ky) =
1√
Ly

∑

ky

eikyyc†θ(x, ky)e
iϕ, (B.36)

so that

eikyLy = eiϕ. (B.37)

The allowed values of momenta are therefore quantized to

ky =
2π

Ly

(
n+

ϕq
2π

+
σzϕs
4π

)
, n ∈ Z, (B.38)

which are shifted relative to the ϕ = 0 case. When the original Hamiltonian Ĥϕ=0 is written
in hybrid space, some coefficients will depend on k. The only effect of the replacement
Eq. (B.30) is then for those coefficients to instead be evaluated on these shifted set of allowed
values [107].

B.3 Two-band hopping Hamiltonian

Hamiltonian at (p, q) = (1, 2)

Now let us specialize to the YC lattice geometry and to the case (p, q) = (1, 2), which
corresponds to Φ△ = π/2. To specify the unit cells (which each contain two sites), we
write x = τ + 2u, where u ∈ Z, while τ ∈ {0, 1} specifies the even/odd rings. With
periodic boundary conditions and absent any flux insertion, the hoppings Eq. (B.16) take
the particular form

t(x,y+1)←(x,y) = t exp
(
iA
(
xa1 + ya2 +

a2

2

)
· a2

)

= t exp

(
i

4π

(
xa1 + ya2 +

a2

2

)
· b1b2 · a2

)

= t exp (iπx) , (B.39)

t(x+1,y)←(x,y) = t exp
(
iA
(a1

2
+ xa1 + ya2

)
· a1

)

= t, (B.40)
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Figure B.2: (a) Plot of the lower and upper energy bands of the Hofstadter system with
(p, q) = (1, 2), corresponding to the case with Φ△ = π/2 considered throughout the main
text. Momenta are given within the first “magnetic” Brillouin zone, defined with respect
to the magnetic reciprocal vectors of Eq. (B.7) in the 2D planar YC coordinate system
of Eq. (B.2). (b) Plot of the Berry curvature of the aforementioned bands which, like their
energy, is equal and opposite at every momentum. The bands carry opposite Chern numbers
±1.

t(x+1,y−1)←(x,y) = t exp

(
iA

(
a1 − a2

2
+ xa1 + ya2

)
· (a1 − a2)

)

= t exp

(
−iA

(
a1 − a2

2
+ xa1 + ya2

)
· a2

)

= t exp (−iπ(x+ 1/2)) , (B.41)

as shown graphically in Fig. B.1(a). We depict the resulting energy bands Elower/upper(k) in
Fig. B.2, as well as their corresponding Berry curvature Ωlower/upper(k), in the YC coordinate
system consistent with Eqs. (B.2) and (B.7). The energies are equal and opposite at every
momentum and are gapped everywhere in the Brillouin zone. The Berry curvature is also
everywhere equal and opposite, with the Chern numbers evaluating to +1 for the lower band
and −1 for the upper band.

Symmetries in the 2D plane

Magnetic translations

Recall that we designed the vector potential so that the Hamiltonian would be invariant
under Ty translations, i.e., in the circumferential direction a2, defined as

Tyc
†
rT
−1
y = c†r+a2

. (B.42)
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To see this, note that

tr+a2+δ←r+a2 = t exp (iA (r + a2 + δ/2) · δ) (B.43)

= t exp (iA (r + δ/2) · δ) (B.44)

= tr+δ←r, (B.45)

since A(a2) = 0 by design. On the other hand, translation along a1 introduces an additional
term:

tr+a1+δ←r+a1 = t exp (iA (a1 + r + δ/2) · δ) (B.46)

= exp (iA (a1) · δ) tr+δ←r (B.47)

= exp

(
i

2
b2 · δ

)
tr+δ←r. (B.48)

This affects the hoppings in directions with some weight along δ = a2 and, by comparison
to Eq. (B.29) above, corresponds to threading ϕ = πLy through the cylinder. In the 2D
plane geometry—and on cylinder geometries of even circumference as we’ll later show—the
Hamiltonian can be restored by composing the bare Tx with a large gauge transformation.
In particular, define the magnetic translation operation by

Txc
†
r(Tx)

−1 = c†r+a1
exp

(
i

2
b2 · r

)
= c†r+a1

(−1)y, (B.49)

so that

Txĥ(Tx)
−1 = Tx

(∑
c†r+δtr+δ←rcr

)
(Tx)

−1 (B.50)

=
∑

exp

(
i

2
b2 · (r + δ)

)
c†r+a1+δtr+δ←rcr+a1 exp

(
− i
2
b2 · r

)
(B.51)

=
∑

c†r+a1+δ

(
exp

(
i

2
b2 · δ

)
tr+δ←r

)
cr+a1 (B.52)

=
∑

c†r+a1+δtr+a1+δ←r+a1cr+a1 (B.53)

= ĥ, (B.54)

where the second-last equality follows from Eq. (B.48) above.

Particle-hole

Consider the most naive definition of the particle-hole operation:

P̃c†(r)P̃−1 = c(r), P̃iP̃−1 = +i, (B.55)
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where the second condition specifies that it is a linear (as opposed to anti-linear) unitary
many-body operator. If 1 and 2 denote an adjacent pair of sites, then this naive particle-hole
operation acts as

P̃(t12c†1c2 + t∗12c
†
2c1)P̃−1 = t12c1c

†
2 + t∗12c2c

†
1 (B.56)

= −t12c†2c1 − t∗12c†1c2 (B.57)

= −t∗12c†1c2 − t12c†2c1, (B.58)

so that it reverses the Peierl’s phase and shifts it by π. On the triangular lattice, this modifies
the flux through each elementary triangular plaquette as follows:

Φ△ → −Φ△ + π. (B.59)

Requiring that this operation leave the flux invariant modulo 2π, we find that we need

2Φ△ = π (2n+ 1) , n ∈ Z. (B.60)

This is consistent with the observation that the Hofstadter spectrum on the triangular lattice
only has bands with opposite energy for these values of Φ△. In particular, in this work we
consider Φ△ = π/2. We find at each momentum k that both the energy and Berry curvature
are exactly opposite, with the bands having Chern number ±1.

For a generic choice of Peierls’ hopping phases consistent with this uniform magnetic
flux, the naive particle-hole operation must be composed with a gauge transformation in
order to exactly restore all the hopping elements. Given the particular form of the hoppings
Eq. (B.39) to Eq. (B.41) for the two-band model, one may easily confirm that the following
form of the particle-hole operation leaves the Hamiltonian invariant:

Pc†(r)P−1 = (−1)x+ycT(r), PiP−1 = +i, (B.61)

where T is the transposition operation on the row vector of electronic annihilation operators
(indexed by spin).

To obtain the form of the particle-hole symmetry presented in the main text, we compose
the version in Eq. (B.61) with a conventional spin rotation:

Pc†x,yP−1 = (−1)x+ycTx,y(iσy), PiP−1 = +i. (B.62)

The spin rotation is chosen so that the spin operator

Sα(r) =
1

2
c†(r)σαc(r) (B.63)

is left invariant. To see this, we note that the unitarity of P implies that Pc(r)P−1 =
(−1)x+y(−iσy)c†T(r). This allows us to explicitly compute:

PSα(r)P−1 =
1

2
Pc†(r)P−1σαPc(r)P−1 =

1

2
cT(r)σyσασyc

†T(r). (B.64)
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When α ∈ {x, z} we acquire a minus sign but then obtain another from fermion anti-
commutation when undoing the transposes. On the other hand, when α = y the Pauli
matrices commute but the minus sign from fermion anti-commutation cancels with the fact
that σy is an anti-symmetric matrix:

PSy(r)P−1 =
1

2
cs(r)(σy)ss′c

†
s′(r) = −

1

2
c†s′(r)(σy)ss′cs(r) = +Sy(r). (B.65)

Fate of Symmetries on Cylinder

Particle-hole

Let us interrogate whether placing the system on a YC-Ly cylinder explicitly breaks particle-
hole symmetry. We may use the naive definition of particle-hole Eq. (B.55) because the
fluxes in question are gauge-invariant quantities. Focusing on a particular cylinder ring r
penetrated with Φr flux, note that

P̃ : Φr 7→
{
−Φr Ly even,

−Φr + π Ly odd.
(B.66)

Therefore, P̃ is a symmetry (up to a gauge transformation) when, for all rings r, we have
that

Φr ∈
{
πZ Ly even,
π
2
+ πZ Ly odd,

(B.67)

When Ly is even, Gauss’s law dictates that the fluxes Φr1 and Φr2 through two adja-
cent rings r1,2 must be equal. Note that this allows Tx to be a symmetry (up to a gauge
transformation). Therefore, possibly after threading ϕ external flux through each ring of the
cylinder, it is possible to tune all the Φr simultaneously (to 0 or π) so that P̃ is respected.
Only in those cases is TxP̃ also a symmetry (up to gauge).

On the other hand, when Ly is odd, Gauss’s law instead dictates that

Φr2 − Φr1 = π mod 2π. (B.68)

This always rules out Tx as a symmetry. However, so long as Φr1 is π/2 or −π/2, both
Eqs. (B.67) and (B.68) can be respected, so that P̃ is a symmetry (up to gauge). However,
odd Ly is special in that if we tune Φr1 to 0 or π, then TxP̃ is a symmetry (up to gauge)
even though neither Tx nor P̃ is individually a symmetry.

Magnetic translations

As discussed above, when Ly is even, the external magnetic flux through all the plaquettes
and loops of the cylinder are consistent with a translation symmetry. In particular, this
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generally requires composing a bare translation with a gauge transformation. In contrast,
the effect of translations on the fluxes through loops cannot be gauged away when Ly is
odd (see Fig. B.1b). Mathematically, this manifests in the fact that Tx [see Eq. (B.49)] is
ill-defined, i.e., not single-valued in the coordinate y. Thus, any gauge transformation which
modifies Tx and Ty while preserving the property that they anti-commute will also fail to be
single-valued.

B.4 Operators in the Hybrid xky Representation

Ring-Averaged Nearest-Neighbour Hopping

In our analysis of the transition, it is useful to study nearest-neighbour hoppings and their
correlations. Since the states of interest are translation-invariant, namely around the cylinder
circumference, we are motivated to study the ring-averaged correlation functions. For each
nearest-neighbour lattice displacement

δ ∈ {±a1,±a2,±(a1 − a2)}, (B.69)

let us define

d†δ(x) =
1

Ly

∑

y

c†(x, y)c((x, y) + δ). (B.70)

By Eq. (B.35),

d†δ(x) =
1

L2
y

∑

y

∑

k,k′

eikye−ik
′(y+δy)c†(x, k)c(x+ δx, k

′) (B.71)

=
1

L2
y

∑

y

∑

k,k′

ei(k−k
′)ye−ik

′δyc†(x, k)c(x+ δx, k
′) (B.72)

=
1

Ly

∑

k

e−ikδyc†(x, k)c(x+ δx, k), (B.73)

so that

d†a1
(x) =

1

Ly

∑

k

c†(x, k)c(x+ 1, k) (B.74)

d†−a1
(x) =

1

Ly

∑

k

c†(x, k)c(x− 1, k) (B.75)

d†a2
(x) =

1

Ly

∑

k

e−ikc†(x, k)c(x, k) (B.76)

d†−a2
(x) =

1

Ly

∑

k

e+ikc†(x, k)c(x, k), (B.77)

and similarly for δ = ±(a1 − a2).



APPENDIX B. APPENDIX TO CHAPTER 3 159

Staggered Heisenberg Order Parameter

The following documents the numerical computation of the staggered Heisenberg order pa-
rameter in the hybrid xky fermion representation. The spin correlation operator S⃗i · S⃗j can
be expressed in terms of fermionic operators by first noting that

S+
i = c†i↑ci↓, S−i = c†i↓ci↑, Szi =

1

2
(c†i↑ci↑ − c†i↓ci↓). (B.78)

The spin correlation operator S⃗i · S⃗j can then be written in terms of these fermion operators
as:

S⃗i · S⃗j =
1

2

(
c†i↑ci↓c

†
j↓cj↑ + c†i↓ci↑c

†
j↑cj↓

)
+ Szi S

z
j . (B.79)

Next, we express the staggered-Heisenberg order parameter in the hybrid (x, ky) operator
representation, where x indexes cylinder rings. Because of translation invariance around the
cylinder, it is useful to define the y-averaged inter-ring NN Heisenberg operator

OH(x) =
1

Ly

∑

y

∑

a=x,y,z

Sa(x, y)Sa(x+ 1, y), (B.80)

where

Sa(x, y) = c†(x, y)
σa

2
c(x, y) =

1

Ly

∑

k,k′

ei(k−k
′)yc†(x, k)

σa

2
c(x, k′). (B.81)

Since both the IQH and CSL ground states exhibit a two-ring translation invariance (i.e.,
are invariant under (Tx)

2 in addition to Ty) then we can measure the local order parameter

OδHeis
0 = OH(0)−OH(1). (B.82)

In general, the hybrid representation reads

OH(x) =
1

Ly

∑

y

∑

a=x,y,z

Sa(x, y)Sa(x+ 1, y)

=
1

L2
y

∑

a=x,y,z

∑

k,k′

∑

p,p′

(
1

Ly

∑

y

ei(k−k
′+p−p′)y

)

× c†(x, k)σ
a

2
c(x, k′) · c†(x+ 1, p)

σa

2
c(x+ 1, p′)

=
1

L2
y

∑

a=x,y,z

∑

k,k′

∑

p,p′

c†(x, k)
σa

2
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Figure B.3: (a) Plot of the maximum correlation length in the charge-0e [middle panel] and
charge-1e [right panel] sectors of the ground state transfer matrix for the YC6 geometry, with
bond dimensions increasing light-to-dark. Left illustration: depiction of the flux through the
various cylinder rings, consistent with no externally-threaded magnetic flux. (b) Same for
YC4.

B.5 Even-circumference Supplementary Data

Reproducing Correlation Lengths of Kuhlenkamp et al.

Here we briefly comment on additional data concerning the correlation lengths for geometries
not already highlighted in the main text. In particular, Fig. B.3 shows correlation length
data for the Ly = 4 and 6 cylinders which are not threaded by external flux. In particular,
Ly = 6 reproduces the behavior presented in Kuhlenkamp et al., [118], pushed here to bond
dimension χ = 32768. We remark that the correlation lengths are much smaller than those
with Φext = π/2 external flux, investigated and shown in the main text. However, there is
no reason these two sequences of geometries will not tend to the same limit in 2D.

Flux-threaded System: Correlation Length Extrapolation for
Main Text

To obtain the extrapolated correlation lengths shown in the main text, we employ a recently-
developed method for extrapolating correlation lengths in DMRG [199, 205]. Namely, we
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16384

Figure B.4: (a) Inverse correlation length in the charge-neutral sector at Ly = 4 and Φext =
π/2. The y-intercept of the fitted curve is the correlation length extrapolated to infinite bond
dimension; the curve is obtained following the method in Ref. [205], as detailed in Sec. B.5,
for a range of Hubbard strengths [different colors], sampled from a sequence of increasing
bond dimensions [same-colored points moving sequentially to the left]. The extrapolated
inverse correlation length saturates at a minimum value exceeding 0.15, i.e., the correlation
length is bounded above by 6.6 ring spacings. (b) The same for Ly = 5 and Φext = 0.

compute several of the largest eigenvalues of the transfer matrix TXi = λiXi in the electric
charge QE = 1 sector for each ky, and select those from the same “excitation branch” [205],
namely carrying a consistent complex phase. These are related to the correlation lengths as

ϵi = 1/ξi = − log |λi| (B.83)

with ϵi ≤ ϵi+1. We report ξ in units of cylinder rings, or equivalently u = a
√
3/2 where

a is the lattice spacing of the underlying triangular lattice. Correspondingly, ϵ is reported
in units of u−1. For a system that is gapped in a charge sector q = (Q,Sz, ky), both ϵ

q
1, ϵ

q
2

converge to the same infinite value as χ → ∞, namely the finite inverse correlation length.
As a result, the quantity

δq = ϵq2 − ϵq1 (B.84)

vanishes at χ → ∞, serving as a good “scaling variable” that measures the deviation from
convergence. To estimate ξ(χ→∞), we therefore compute ϵ(δ) at each available ϵ(χ), δ(χ)
and extrapolate to δ = 0 with a polynomial fit, namely

ϵ(δ) = a+ bδc. (B.85)

This extrapolation is shown in Fig. B.4 for both Ly = 4 at Φext = π/2 and Ly = 5 at Φext = 0,
yielding the extrapolated values shown in the main text. In both cases, the correlation length
is computed in the (Q,Sz, ky) = 0, which hosts largest correlation length.
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Figure B.5: (a) Plot of the maximum correlation length in the charge-0e, charge-1e, and
charge-2e sectors of the ground state transfer matrix for the YC3 cylinder geometry, with
bond dimensions increasing light-to-dark. Left illustration: depiction of the flux through
the various cylinder rings, consistent with no externally-threaded magnetic flux, Φext = 0.
(b) Same for the case Φext = π/2, for which the Hamiltonian explicitly breaks glide-PH
symmetry and therefore does not exhibit SSB criticality.

B.6 Supplementary Odd-Circumference Analysis

YC3 Correlation Lengths

In Fig. B.5, we display the correlation lengths for the YC3 geometry. In particular, in
panel (a) we provide data for the Φext = 0 case, which accompanies Fig. 3 of the main
text. Here, the system respects glide-PH symmetry and, like the YC5 system with Φext = 0
studied in the main text, exhibits a symmetry-unbroken small-U phase and symmetry-broken
larger-U phase. The transition between then is evidently continuous, featuring a diverging
correlation length which reaches almost 600 ring spacings at the maximum bond dimension
χ = 16384 considered. In Fig. B.5(b), in contrast, threading Φext explicitly breaks the glide-
PH symmetry, which reduces the transition to a crossover with a small and wide peak in the
correlation length.

Relation to Ionic Hubbard Chain

Here, we make more precise the relationship between the “ionic” Hubbard chain and our
model on YC-Ly cylinders (with odd Ly and Φext = 0) which possess glide-PH symmetry. In
particular, the former model can be thought of as a truly 1+1D version of the latter, i.e.,
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a bipartite chain as opposed to a quasi-(1+1)D system with the hopping-connectivity of a
cylinder. We first compare them at the level of symmetries. The ionic Hubbard Hamiltonian
is defined as [396]:

H = −t
∑

i,σ

(c†i,σci+1,σ + h.c.) + U
∑

i

ni,↑ni,↓ +
∆

2

∑

i,σ

(−1)ini,σ. (B.86)

The Hamiltonian is invariant under translation by two sites, with ∆ being the potential
energy difference between the two sublattice sites in the unit cell. Moreover, it is invariant
under site-centered inversion (but not bond-centered inversion), time-reversal, and a “dual-
ity” symmetry that is the combination of particle-hole with a single-site translation [284].
These symmetries of the ionic Hubbard chain correspond to the following symmetries of our
model: (Tx)

2, site-centered C2z, MyT , and glide-PH PTx.
Remarkably, the two models are also similar at the level of their ground states. The small-

U ground state phase of the ionic Hubbard chain is a fully-symmetric band insulator. Is it
widely believed that the phase which appears next upon increasing U is a “spontaneously-
dimerized” phase which spontaneously breaks the duality and site-centered inversion sym-
metries [284]. Moreover, as mentioned in the main text, it is believed that these two states
are separated by a 2D Ising critical point. This Ising picture has been substantiated both
by weak-coupling bosonization arguments [281, 282] and an effective strong-coupling effec-
tive spin model formulation [283]. However, at least one careful numerical study of the
transition using finite DMRG finds features inconsistent with Ising criticality [397], though
the numerical observations are still consistent with a gap to charged excitations and a gap-
less neutral sector [398]. These two phases should be identified with the odd-circumference
(symmetry-respecting) IQH and (symmetry-breaking) CSL phases, respectively.

B.7 Correlation functions at even circumferences

In Fig. B.6 we show the even-Ly current-current, density-density, spin-spin, and electron-
hole correlations specified in the main text. In Fig. 4 of the main text, we displayed these
correlations on odd circumferences with Φext = 0, where we saw clear evidence of glide-PH
SSB and associated critical correlations of the current, with more rapidly-decaying critical
correlations of the charge density; the spin and electron correlators exhibited a clear gap.

Specifically, we study the Ly = 4, 6 systems with Φext = π/2 threaded flux, for which the
MPS transfer matrix spectrum hosts a large correlation length for zero-momentum, charge-
neutral correlations. Here we show that this is associated with significantly long-ranged (but
still ultimately exponentially-decaying due to finite Ly) correlations of the circumferential
current and charge density; see Fig. B.6(a,b). In the Ly = 6 case, the correlation function is
still becoming significantly longer-ranged with bond dimension, in tandem with the continued
rapid growth of the correlation length shown in Fig. 3 of the main text. Like at odd Ly, the
spin-spin and electron-hole correlations decay exponentially, with no apparent enhancement
from Ly = 3 to Ly = 5.
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Figure B.6: For Ly = 4, 6 with Φext = π/2, and with the Hubbard interaction tuned to the
values at which the correlation length is maximal at the largest available bond dimension
(namely U(Ly = 4) = 11.0 and U(Ly = 6) = 11.4), we show the current-current, density-
density, spin-spin, and electron-hole correlations, defined in the main text.
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Appendix C

Appendix to Chapter 4

C.1 Coordinates, Gauge Choice and Symmetries

Triangular lattice coordinates

Here, we specify the Bravais vectors of the underlying triangular lattice (see Fig. 1(b) of the
main text):

a1 = x̂, a2 =
x̂

2
+
ŷ
√
3

2
(C.1)

where we’ve set the nearest-neighbour lattice bond length to unity, a = 1. The lattice points
are then given by

r = n1a1 + n2a2, ni ∈ Z, (C.2)

We take the reciprocal lattice vectors to be

b1 = 2πx̂− 2π√
3
ŷ, b2 =

4π√
3
ŷ. (C.3)

Imaginary C6 gauge

Fig. C.1(a) provides an electronic gauge in which the hoppings are purely imaginary and in
which the C6 symmetry acts in its bare form in real space:

C6c
†
rC
−1
6 = c†C6r

, (C.4)

provided that the (infinite 2D or torus) geometry is such that C6 is well-defined. Thinking
of a torus as a set of equivalence classes of points on the infinite plane, a well-defined spatial
operation must map between equivalence classes. For example, by direction inspection, one
can see that C6 is ill-defined on the 4× 2 torus.
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Figure C.1: Two gauge choices for the hopping Hamiltonian, in both cases giving rise to
Φ△ = π/2 magnetic flux per triangular plaquette. (a) Hoppings in the “Imaginary C6”
gauge, which is manifestly C6 symmetric about the origin [bottom left marked by O]. The
origin is chosen to coincide with the A sublattice (other sublattices B,C,D are also marked).
Each arrow indicates a Peirel’s phase of +i in the direction of the arrow. This gauge choice
is identical to that displayed in Fig. 1(b) of the main text, except there the origin is in the
middle of the image. (b) Hoppings in the “C2” gauge. All hoppings are either imaginary
or real, with a single arrow again indicating a Peirel’s phase of +i in the direction of the
arrow. There are two magnetic sublattices, A′ and B′. For both (a) and (b): T1 and T2
(yellow arrows) denote translation symmetry in the unit directions a1 and a2, respectively.
In App. C.1B we provide the explicit form of T1 and T2 in the Imaginary C6 gauge.

By inspecting the phases of the hoppings in Fig. C.1(a), we read off

T1c
†
rT
−1
1 = i(−1)n1+n2c†r+a1

, T2c
†
rT
−1
2 = i(−1)n2c†r+a2

, (C.5)

where r = n1a1+n2a2 is the lattice point before the transformation. To see the former, note
that only the hoppings parallel to a1 − a2 are left invariant by bare T1, i.e., the hoppings
in the a1 and a2 directions pick up a minus sign that needs to be corrected. For the latter,
bare T2 instead negates the hoppings in the a2 and a1 − a2 directions. The factors i are
chosen so that two-fold translation is a pure shift:

(Tj)
2c†r(Tj)

−2 = c†r+2aj
. (C.6)

But more importantly, the definitions (C.4) and (C.5) are chosen to be consistent with all
the algebraic conditions laid out in Sec. 1 of the main text.

As a non-trivial check of correctness of these translations, we can show that they correctly
anti-commute:

(T1 ◦ T2) · c†r = −T1T2c†rT−12 T−11 (C.7)

= −(−1)n2T1c
†
r+a2

T−11 (C.8)

= (−1)n2(−1)n1+n2c†r+a2+a1
(C.9)
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compared to

(T2 ◦ T1) · c†r = −T2T1c†rT−11 T−12 (C.10)

= −(−1)n1+n2T2c
†
r+a1

T−12 (C.11)

= −(−1)n1+n2(−1)n2c†r+a1+a2
, (C.12)

so that indeed T2T1 = (−1)NFT1T2.
The phases can be written in a more geometric form:

T1c
†
rT
†
1 = ieir·(b1+b2)/2c†r+a1

, T2c
†
rT
†
2 = ieir·b2/2c†r+a2

. (C.13)

From these, we can also obtain

(T †1T2)c
†
r(T

†
1T2)

† = e−ir·b1/2c†r−a1+a2
, (C.14)

and by inverting the above three,

T †1 c
†
rT1 = ie−ir·(b1+b2)/2c†r−a1

(C.15)

T †2 c
†
rT2 = ie−ir·b2/2c†r−a2

(C.16)

(T †1T2)
†c†r(T

†
1T2) = −eir·b1/2c†r+a1−a2

. (C.17)

From this we learn that C6T1C
†
6 = T2:

(C6T1C
†
6)c
†
r(C6T1C

†
6)
† = (C6T1)c

†
C−1

6 r
(C6T1)

† (C.18)

= iC6e
iC−1

6 r·(b1+b2)/2c†
C−1

6 r+a1
C†6 (C.19)

= ieir·C6(b1+b2)/2c†r+C6a1
(C.20)

= ieir·b2/2c†r+a2
(C.21)

= T2c
†
rT
†
2 . (C.22)

Similarly, it can be shown that T3 = C6T2C
†
6 = (−i)NFT †1T2 and C6T3C

†
6 = T †1 , which is

altogether consistent with C2TjC2 = (Tj)
† for all j.

Closed-form composition of translation generators

Here we provide the closed form expression for powers of T1 and T2, namely

TM2 c†rT
−M
2 = iMc†r+Ma2

M−1∏

j=0

ei(r+ja2)·b2/2 (C.23)

= iMc†r+Ma2
ei

∑M−1
j=0 r·b2/2eiπ

∑M−1
j=0 j (C.24)

= iMc†r+Ma2
eiMr·b2/2eiπM(M−1)/2 (C.25)

= c†r+Ma2
eiMr·b2/2eiπM

2/2, (C.26)
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and similarly

TM1 c†rT
−M
1 = iMc†r+Ma1

M−1∏

j=0

ei(r+ja2)·(b1+b2)/2 (C.27)

= iMc†r+Ma1
eiMr·(b1+b2)/2eiπM(M−1)/2 (C.28)

= c†r+Ma1
eiMr·(b1+b2)/2eiπM

2/2. (C.29)

Then for two-electron operators, in particular, we obtain:

TMc†rc
†
r′T
†
M = TM2

2 TM1
1 c†rc

†
r′T
−M1
1 T−M2

2 (C.30)

= eiπM
2
1 eiM1(r+r′)·(b1+b2)/2TM2

2 c†r+M1a1
c†r′+M1a1

T−M2
2 (C.31)

= eiπ(M
2
1+M

2
2 )eiM1(r+r′)·(b1+b2)/2eiM2(r+M1a1)·b2/2eiM2(r′+M1a1)·b2/2c†r+Mc†r′+M

(C.32)

= eiπ(M
2
1+M

2
2 )eiM1(r+r′)·(b1+b2)/2eiM2r·b2/2eiM2r′·b2/2c†r+Mc†r′+M . (C.33)

C2 gauge for XC geometries

Fig. C.1(b) displays the Hamiltonian hopping amplitudes that we employ for our calculations
on the XC4 cylinder analyzed in the main text. In this gauge, the hoppings are real and
imaginary. Moreover, the site-centered inversion symmetry is implemented as C2c

†
rC
−1
2 =

c†C2r
.

The lattice vector a1 points along the cylinder axis, while 2a2 − a1 has length
√
3 and

points along the circumference. For the XC4 infinite cylinder [107], the lattice and hoppings
are repeated so that the cylinder has infinite length and circumference 2

√
3. We also employ

the hoppings of Fig. C.1(b) in Sec. C.4 below, where we calculate ground state correlation
lengths on the XC4 and XC6 infinite cylinders at half filling.

C.2 U(1) Slave-Rotor Theory and Mean Field

Estimate of the Transition Point

We utilize the slave-rotor approach [261, 326], introducing a U(1) rotor variable eiθ and
its conjugate integer-valued “angular momentum” L on each site and writing the electron
operator as

c†i,σ = f †i,σ e
iθi , (C.34)

where fσ is a fermionic “spinon” that carries the spin index. The Hilbert space redundancy
introduced by the rotors is removed by requiring that each site satisfy a constraint:

Li =
∑

σ

(
f †i,σfi,σ − 1/2

)
. (C.35)
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Note that the singly-filled site is represented by Li = 0, while the doublon/empty sites are
Li = ±1. The Hubbard model can then be rewritten as:

H = −
∑

⟨ij⟩,σ

tije
i(θi−θj)f †i,σfj,σ + h.c.+

U

2

∑

i

L2
i , (C.36)

supplemented with the constraint (C.35) and the commutation relation
[
eiθi , Lj

]
= −δijeiθi .

Of course, treating everything exactly is tantamount to solving the original problem, but
we can make progress by adopting a mean field approach, satisfying the constraint on average
and assigning self-consistent expectation values to ⟨f †i,σfj,σ⟩ and ⟨ei(θi−θj)⟩. This gives us the
mean field Hamiltonian:

HMF = Hf +Hθ (C.37)

Hf = −
∑

⟨ij⟩,σ

tij⟨ei(θi−θj)⟩f †i,σfj,σ + h.c. (C.38)

Hθ = −
∑

⟨ij⟩,σ

tije
i(θi−θj)⟨f †i,σfj,σ⟩+ h.c.+

U

2

∑

i

L2
i (C.39)

Note that the constraint (C.35) implies gauge invariance, θi → θi + ϵi, f
†
i → f †i e

−iϵi which
is broken by the mean field Hamiltonian. This is remedied by incorporating a fluctuating
gauge field a on the links, though we shall not do that here.

In the limit of small Hubbard U , we expect the rotor fields to condense, ⟨eiθi⟩ = √Zi ≤ 1,
so that the spinons f are identified with the electron up to this prefactor. This phase
possesses off-diagonal long-range order; at the mean-field level, we assume ⟨ei(θi−θj)⟩ ≈
⟨eiθi⟩⟨e−iθj⟩. Thus, the gap to the electron excitation is obtained from the dispersion
tij
√
ZiZjf

†
i fj, which explains why the single-electron gap on the IQH side (i.e., the con-

densed rotor phase) decreases on increasing U .
On the other side of the phase diagram, when U is sufficiently large, we have ⟨eiθi⟩ = 0

and thus the electron excitation is distinct from the spinon. To create an electron, one
must both create a spinon f † and increase the rotor angular momentum by ∆L = 1. Thus,
due to the interaction term, this gap tracks U for large U . Despite the absence of an
expectation value ⟨eiθi⟩ = 0 on this side, there is virtual tunneling of the rotor quanta, so
that ⟨ei(θi−θj)⟩ = βij ̸= 0 for neighboring sites [399]. In fact, this expectation value is expected
to scale as |t|/U , in the large U limit, implying that the dispersion of spinons in (C.39) is on
the order of t2/U , as is expected of magnetic excitations. On the other hand, if we assume
that the expectation values βij are positive, consistent with the fact that the rotors see no net
flux (while the electrons and spinons do), then we simply fill up the negative energy states
of the band-structure shown in Fig. 1(c) of the main text, albeit with a smaller gap. This
gives a non-zero value for the rotor hoppings, ⟨f †i,σfj,σ⟩ = αij. We can find this expectation
value from the ground state energy of the band Hamiltonian: writing αij = −t∗ijα/|t|, we
expect the average over the filled bands ⟨ϵ−(k)⟩ to determine α = |⟨ϵ−(k)⟩|

2z|t| , where z = 6 is
the coordination number.
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Now we can determine the transition, which amounts to analyzing the Bose-Hubbard
model

HB = −J
∑

⟨ij⟩

ei(θi−θj) + h.c.+
U

2

∑

i

L2
i . (C.40)

A simple mean field theory locates the transition at U∗ = 4zJ . This is done by taking a
simple variational ansatz for each site, |ψ⟩ = |0⟩ + ψ

2
(|+ 1⟩+ | − 1⟩) in the L basis, which

has the property ⟨ψ|eiθ|ψ⟩ = ψ. Then ⟨HB⟩ = Nψ2(−zJ + U
4
). The condensate occurs when

the coefficient in parentheses first turns negative.
Substituting J = 2|t|α, where the factor of 2 is for the two spins of f , we get:

U∗ = 4|⟨ϵ−(k)⟩| ≈ 9.60813 t (C.41)

where we averaged over the dispersion ϵ−(k) = −2t
√
cos2 k1 + cos2 k2 + cos2(k1 + k2). This

mean field result is to be compared to, and is indeed relatively close to, the iDMRG-obtained
transition that occurs at U∗/t ≈ 11− 12 [114, 118].

Additionally, we can argue directly that the gap to the charge-2e Cooper pair excitations
vanishes at the transition. To access them one has to include coupling to the internal gauge
field a. If we focus on the transition and integrate out the fermionic spinons f , this gives a
Chern-Simons term [330]. Also, the rotor variables are at low energies and couple minimally
to the gauge field. In the condensed phase of the rotors, we have the effective Lagrangian:

L =
1

4U

(
θ̇ + a0

)2
− ρs

2
(∇θ + a)2 +

2

4π
a ∧ da, (C.42)

where the superfluid density ρs goes to zero at the transition. The vortices of the rotor
condensate are the Cooper pairs. The fact that they carry 2π flux of da implies, via the
Chern-Simons term, a gauge charge of 2. This is screened by two rotor fields, giving the
vortex a global U(1)c charge of 2 and no spin. The energy of such vortices vanishes as we
approach the transition.

C.3 Chirality of Edge States from K-Matrix

Formalism

In this appendix, we provide a more thorough account of the charge response, spin response,
and edge states of the IQH, CSL, and superconductor phases within the framework of Chern-
Simons K-matrix formalism [400]. We employ the following convention for the Chern-Simons
Lagrangian:

L = −KIJ

4π
αI ∧ dαJ +

tJ
2π
A ∧ dαJ +

(ts)J
2π

As ∧ dαJ , (C.43)

or in components:

L = − 1

4π
αµIKIJϵµνλ∂

ναλJ +
1

2π
AµtJϵµνλ∂

ναλJ +
1

2π
(As)

µ(ts)Jϵµνλ∂
ναλJ . (C.44)
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Here, αI are dynamical U(1) gauge fields. On the other hand, A is a classical field that probes
the charge response, while As probes the spin response. In order for this effective theory to
describe a microscopic system of electrons, it must obey the “spin/charge relation”, which
is the following requirement on gauge-invariant local operators: those with odd electric
charge must have fermionic statistics, while those with even electric charge have bosonic
statistics [401]. Mathematically, this condition reads (see Section 2.3 of Ref. [401]):

tI ≡ KII (mod 2). (C.45)

This relation will be satisfied by the K-matrix theories for the IQH, CSL, and superconductor
described below.

On a spatial manifold of genus g, the ground state degeneracy is given by |detK|g, pro-
vided detK ̸= 0. Furthermore, the edge chiral central charge is given by the “signature” ofK,
i.e., c− = the number of positive eigenvalues minus the number of negative eigenvalues [402].
Provided the K-matrix is invertible, the Hall conductivity is [400]

σxy =
e2

h

∑

IJ

tI(K
−1)IJtJ . (C.46)

and the spin quantum Hall conductivity (i.e., spin current in response to a Zeeman gradient)
is likewise

σsxy =
(ℏ/2)2

h

∑

IJ

(ts)I(K
−1)IJ(ts)J . (C.47)

Moreover, within the K-matrix formalism, each quasi-particle excitation can be labeled by a
ℓ, where ℓI denotes its charge under each of the dynamical gauge fields. The current of this
quasi-particle is then a source for the dynamical gauge fields and has statistical angle

θ(ℓ) = π
∑

IJ

ℓI(K
−1)IJℓJ , (C.48)

electric charge

q(ℓ) = e
∑

IJ

tI(K
−1)IJℓJ , (C.49)

(where e is the electron charge) and Sz spin quantum number

qs(ℓ) =
ℏ
2

∑

IJ

(ts)I(K
−1)IJℓJ . (C.50)

The spin-singlet integer quantum Hall phase (with total Chern number C = 2) is de-
scribed by the data

KIQH =

(
1 0
0 1

)
, tIQH =

(
1
1

)
, ts,IQH =

(
1
−1

)
. (C.51)
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One immediately verifies that it satisfies the expected properties. It has a unique gapped
ground state, as well as c− = 2, σxy = 2 · e2/h, and σsxy = 2 · (ℏ/2)2/h. Moreover, no

quasi-particles are fractionalized: since KIQH = K−1IQH = 12×2, then q(ℓ) = (ℓ1 + ℓ2)e and
qs(ℓ) = (ℓ1− ℓ2)ℏ/2. Thus, in units of e and ℏ/2 respectively, q(ℓ) and qs(ℓ) are both odd or
both even.

The CSL phase is obtained by “gauging” the global charge U(1) of the IQH phase.
Specifically, let us promote A→ α3 +A, where α3 is a third dynamical U(1) gauge field and
A is still a classical field. The resulting theory is described by the data

KCSL =




1 0 −1
0 1 −1
−1 −1 0


 , tCSL =



1
1
0


 , ts,CSL =




1
−1
0


 . (C.52)

The eigenvalues of KCSL are 2, 1,−1. Thus, the ground state degeneracy is 2g and the chiral
central charge is c− = 1, as expected in the Kalmeyer-Laughlin CSL phase. Moreover, since

(KCSL)
−1 =

1

2




1 −1 −1
−1 1 −1
−1 −1 −1


 , (C.53)

then this phase has the expected quantized Hall responses, σxy = 0 and σsxy = 2 · (ℏ/2)2/h.
Within this effective theory, the spin-up (spin-down) electron excitation is labeled by the
first column ℓe↑ (second column ℓe↓) of KCSL, with charges

q(ℓe,↑/↓) = e, qs(ℓe,↑/↓) = ±ℏ/2. (C.54)

On the other hand, there is a fractionalized charged semion excitation labeled by ℓc =
(0 0 −1)T, which carries q(ℓc) = e, qs(ℓc) = 0, and a semionic statistical angle θ(ℓc) =
−π/2. The fractionalized spinful semion excitations correspond to ℓs,↑/↓ = ℓe,↑/↓ − ℓc, which
indeed have q(ℓs) = 0, qs(ℓs,↑/↓) = ±ℏ/2, and a semionic statistical angle θ(ℓs) = +π/2.

Now, let us turn to the anyon superconductor and the chirality of its edge modes. From
the main text, recall that the main additional step was that the gauge field a = α3 now has
a bIQH response − 2

4π
ada. With the sign convention of (C.43), adding this to KCSL yields

KSC =




1 0 −1
0 1 −1
−1 −1 2


 , tSC =



1
1
0


 , ts,SC =




1
−1
0


 . (C.55)

We find detKSC = 0, which signals that the gauge fields are not independent and that the
system (absent A) is gapless. Performing the change of variables



α1

α2

α3


 =



α′1 + α′3
α′2 + α′3
α′3


 = W



α′1
α′2
α′3


 , W =



1 0 1
0 1 1
0 0 1


 , (C.56)
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we obtain the equivalent K-matrix theory

K ′SC = WTKSCW =



1 0 0
0 1 0
0 0 0


 , t′SC = WTtSC =



1
1
2


 , t′s,SC = WTts,SC =




1
−1
0


 .

(C.57)

This theory obeys the spin/charge relation (C.45), so that W is a valid transformation.
Moreover, we see that α′3 has decoupled from the other gauge fields and is governed by its
Maxwell dynamics. With A = 0, this leads to a single bulk gapless mode corresponding to
the superfluid Goldstone mode of the spontaneously-broken U(1)c symmetry. From the re-
maining fields, we see that there is no accompanying topological order and that the resulting
phase is a chiral superfluid with edge chiral central charge c− = 2.

Further insight into the topological properties of the superconductor is gained by replac-
ing A with a 2+1D dynamical gauge field [359, 403]. This gaps out the Goldstone mode of
the superfluid and gives rise to one of Kitaev’s 16-fold way Z2 topological orders [86]. For
instance, a topologically-trivial superfluid maps to the m = 0 member of the 16-fold way.1

In fact, we only expect one of the eight even members of the 16-fold way since we will only
describe Abelian topological orders via the K-matrix. Making α′4 = A dynamical in (C.57)
and discarding As, we obtain

K ′gauged SC =




1 0 0 −1
0 1 0 −1
0 0 0 −2
−1 −1 −2 0


 , (C.58)

which has precisely the same topological order as the gauged, weak-pairing d + id super-
conductors [359]. In particular, it corresponds to the member m = 4 of Kitaev’s clas-
sification [86], which has c− = m/2 = 2. However, recall from the main text that our
superconductor is far from the weak-pairing limit (evidenced by electron pairing above the
insulators), so that its pairing symmetry is not directly linked to its edge chiral central
charge [360].

C.4 Correlation Lengths at Half-Filling from

Cylinder iDMRG

In this section, we provide the transfer matrix correlation length data for the ground states
at half-filling, for a range of Hubbard interaction strengths U and various system sizes. We
consider both the YC-Ly and XC-2Ly cylinder geometries [107].

1We use the symbol m instead of Kitaev’s ν to avoid collision with the filling of the various quantum
Hall phases.
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Let us first discuss the YC cylinder geometries. In the gauge-invariant language of Sec. 1
of the main text, in the YC case with even Ly, we take T = T2 to be a purely circumferential
translation with TLy = 1. When Ly is odd, we instead thread π/2 flux so that TLy = iNF ,
which means that T can have eigenvalue −1 in the charge-2e (NF = 2) sector. In both cases,
the fluxes through the rings are such that the system respects particle-hole symmetry.

The XC case proceeds the same way except that we take our circumferential translation
to be T = (T2)

2T †1 , which translates by a distance
√
3a instead of a. For our Hamiltonian

hopping amplitudes, we specifically choose those shown in Fig. C.1(b).
The dominant correlation length ξ in a given charge sector of the transfer matrix is related

to the dominant non-trivial transfer matrix eigenvalue λ by [375]:

1/ξi = − log |λi|. (C.59)

We report ξ in units of cylinder rings. For the YC cylinders, the distance between the
cylinder rings is a

√
3/2, whereas it is a/2 in the XC case.

In Fig. C.2, we display the maximum correlation lengths for the YC3, YC4 and YC6
cylinders resolved by the electric charge sector of the ground state transfer matrix, namely
Q ∈ {0e, 1e, 2e}, where we maximize over spin and momentum quantum numbers for sim-
plicity. We note that due to the pseudospin SU(2) symmetry, the charge-0e and charge-2e
sectors manifestly have equal correlation lengths, with the exception of the regime U/t ≳ 11
where the spin-triplet charge-0e branch (known to be low-energy from the ED and DMRG
excitation calculations in the main text) have quantitatively larger correlation length, at least
for the YC3 and YC4 systems. The main numerical feature we point out here, consistent
with Ref. [114] (though differentiated here since we strictly study the pseudospin-symmetric
configurations), is that the correlation length peak and the sharpness of the peak is in the
charge-0e/2e sectors is increasing with system size while the charge-1e sector does not see
a similar enhancement. The same features are seen in the XC4 vs. XC6 data, shown in
Fig. C.3.

C.5 Spin and Pseudospin SU(2) Formalism

Relation between spin and pseudospin generators

Here we present an alternative description, complementing the Majorana representation
discussed in Sec. 1 of the main text, of how the presence of particle-hole symmetry and
Hubbard interactions gives rise to the pseudospin SU(2)c symmetry [404]. We begin with
the familiar spin rotation generators:

S+ =
∑

r

c†r↑cr↓, S− =
∑

r

c†r↓cr↑, Sz =
1

2

∑

r

(nr↑ − nr↓). (C.60)
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Figure C.2: (a) Maximum correlation length of the half-filled ground state transfer matrix
on the infinite YC3 cylinder vs. Hubbard U in the charge sectors Q ∈ {0e, 1e, 2e}. The
external flux is chosen so that the cylinder rings are pierced by fluxes π/2,−π/2, . . . which
alternate between rings. Bond dimension, increasing with shade light-to-dark, indicated in
legend. (b) Same for the YC4 infinite cylinder with zero flux through each ring. (c) Same
for YC6 cylinder with zero flux through each ring.

Figure C.3: (a) Maximum correlation length of the half-filled ground state transfer matrix
on the infinite XC4 cylinder vs. Hubbard U in the charge sectors Q ∈ {0e, 1e, 2e}. Bond
dimension, increasing light-to-dark with shade, indicated in legend. (b) Same for XC6 cylin-
der. For both the XC4 and XC6 cylinders, we make the choice of Hamiltonian hopping
amplitudes specified in Sec. C.1.
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Given a particle hole symmetry PcrσP−1 = eiαrc†rσ, which commutes with the Hamiltonian,
let us define the following half-particle-hole transformation:

P̄cr↑P̄−1 = eiαrc†r↑, P̄cr↓P̄−1 = cr↓. (C.61)

Though the half-PH leaves the spin-rotation-symmetric hopping Hamiltonian invariant, it is
not a symmetry of the interaction since it flips the sign of the Hubbard U :

P̄
(
U
∑

r

(nr↑ − 1/2)(nr↓ − 1/2)

)
P̄−1 = U

∑

r

(1− nr↑ − 1/2)(nr↓ − 1/2) (C.62)

= −U
∑

r

(nr↑ − 1/2)(nr↓ − 1/2). (C.63)

Since H−U also commutes with the spin generators, then P̄SαP̄−1 are symmetries of H+U .
In particular, note that

η+ ≡ P̄S+P̄−1 =
∑

r

e−iαrcr↑cr↓, (C.64)

while

ηz ≡ P̄SzP̄−1 = 1

2

∑

r

(1− nr↑ − nr↓) (C.65)

is related to the total charge density. While the resulting symmetries seem unnatural (in
that ηz includes a minus sign relative to the charge density and η+ lowers the total charge
by 2e), we will show later that this convention is the most natural for implementing spin and
pseudospin rotations simultaneously as left and right actions, respectively, in a way that is
consistent with P̄ relating the generators, as in Eqs. (6-8) of Ref. [324]. Also, note that one
can simply take eiαr = 1 when the hoppings are all imaginary, so that:

PcrσP−1 = c†rσ. (C.66)

Fermionic matrix structure in SU(2)s × SU(2)c formalism

In order to get an analytic handle on how various 0e and ±2e objects transform into one
another under the pseudo SU(2) symmetry, it is useful to establish several identities. In
particular, here we motivate defining the 2×2 fermion construction where spin (pseudospin)
rotations act on the left (right). We know that the column vector of fermion annihilation
operators transforms as a spin doublet: defining

Cr =

(
cr↑
cr↓

)
, (C.67)
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then [Sa, cs] = − (σa)ss′
2

cs′ , so that

[S, Cr] = −
σ

2
Cr, [S, C†r] = C†r

σ

2
. (C.68)

Exponentiating these relations, we get

eiθ·SCre
−iθ·S = e−iθ·σ/2Cr. (C.69)

Now it’s easy to obtain the analogous relation for the pseudospin SU(2) generators via
the mapping η = P̄SP̄†. We simply conjugate both sides by P̄ and use the fact that

P̄CrP̄† =
(
c†r↑
cr↓

)
. For the infinitesimal relations, we obtain [η,

(
c†r↑
cr↓

)
] = −σ

2

(
c†r↑
cr↓

)
, or by

taking the Hermitian conjugate,

[
η,
(
cr↑ c†r↓

)]
=
(
cr↑ c†r↓

) τ

2
. (C.70)

(we have relabeled the Pauli matrices as τ when they act to the right as pseudospin rota-
tions). Exponentiating gives

eiθ·η
(
cr↑ c†r↓

)
e−iθ·η =

(
cr↑ c†r↓

)
eiθ·τ/2. (C.71)

Thus
(
cr↑ c†r↓

)
should be a row of the 2× 2 fermion matrix. It turns out that completing

this matrix with −c†r↑ as the bottom right element makes both columns (rows) transform as
spin (charge) doublets. Namely,

Ψr =

(
cr↑ c†r↓
cr↓ −c†r↑

)
=
(
Cr iσyC

∗
r

)
(C.72)

satisfies

eiθ·SΨre
−iθ·S = e−iθ·σ/2Ψr (C.73)

and, on account of the relation P̄CrP̄† = C†r, also satisfies

eiθ·ηΨre
−iθ·η = Ψre

iθ·τ/2. (C.74)

We also remark that the spin and charge generators can be neatly written in terms of this
fermionic matrix. First:

Sr =
1

4
tr
(
Ψ†rσΨr

)
, (C.75)
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which naturally transforms as a vector under spin rotations. Using the half-PH change of
basis, we directly obtain

ηr = P̄SP̄† = 1

4
tr
(
ΨrτΨ

†
r

)
, (C.76)

where we have once again trivially rewritten the charge Pauli matrices as τ .
Finally, we note a useful implementation of the Hermitian conjugate:

Ψ†r =

(
c†r↑ c†r↓
cr↓ −cr↑

)
= −σy

(
cr↑ cr↓
c†r↓ −c†r↑

)
σy = −τyΨT

rσy. (C.77)

This can be useful when contracting multiple Ψr under a trace, but one has to be careful
about extra minus signs from fermion anti-commutation.

Hofstadter-Hubbard Hamiltonian

Suppose we are given a hopping model h = −∑r,r′ trr′c†rcr′ where r, r′ each run over all the
sites in the triangular lattice. As usual, Hermiticity requires that

trr′ = t∗r′r. (C.78)

If we further suppose that the hoppings are all imaginary, then

trr′ = −tr′r. (C.79)

In particular, this means the Hamiltonian has the particle-hole symmetry PcrP−1 = c†r, like
our Φ△ = π/2 Hofstadter model on the triangular lattice. In the general case, we claim that
the hopping Hamiltonian can be written as

h = −
∑

r←r′

trr′tr
(
Ψ†rΨr′

)
, (C.80)

where the sum is over oriented pairs of sites, which we denote by r ← r′, whose orientation
we fix so that trr′ = +it (with t > 0) which gives

h = −it
∑

r←r′

tr
(
Ψ†rΨr′

)
. (C.81)

The Hamiltonian is already Hermitian in this form. To see this, we explicitly compute
its Hermitian conjugate:

h† = −
∑

r←r′

t∗rr′tr
(
Ψ†r′Ψr

)
= +

∑

r←r′

trr′tr
((
−τyΨT

r′σy
) (
−σy(Ψ†r)Tτy

))
, (C.82)
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where we used (C.77). After the Pauli matrices and minus signs cancel, we anti-commute
the two operators (they live on different sites) and confirm that

h† = −
∑

r←r′

trr′tr
(
(Ψ†r)

TΨT
r′

)
= −

∑

r←r′

trr′tr
(
Ψ†rΨr′

)
= h. (C.83)

We note that it is manifestly spin- and pseudospin-rotation-invariant due to the trace. To
verify that h is indeed the familiar hopping Hamiltonian, we explicitly expand out the ex-
pression:

h = −
∑

r←r′

trr′tr

((
c†r↑ c†r↓
cr↓ −cr↑

)(
cr′↑ c†r′↓
cr′↓ −c†r′↑

))
(C.84)

= −
∑

r←r′

(trr′c†rscr′s + trr′crsc
†
r′s) (C.85)

= −
∑

r←r′

(trr′c†rscr′s + t∗rr′c
†
r′scrs) (C.86)

= −
∑

r←r′

(trr′c†rscr′s + h.c.), (C.87)

where we again used the fact that r ̸= r′, and for the last equality we crucially used the
imaginary condition, (C.79).

As for the Hubbard interaction, we reference Ref. [324]:

HU =
2U

3

∑

r

(
η2r −

3

8

)
, (C.88)

which is clearly also invariant under both spin (because [η,S] = 0) and pseudospin rotations.

C.6 SU(2) Slave-Rotor Theory of IQH-CSL transition

The presence of both SU(2)s and pseudospin symmetries SU(2)c enables an SU(2) slave-
rotor analysis of the IQH, CSL, and their critical point. The construction was introduced
by Hermele in Ref. [324] in the context of Hubbard models on bipartite lattices, but applies
in the present context with almost no modification. The main difference is that since the
triangular lattice has no natural sublattice, we instead work in the Imaginary C6 gauge
(with all imaginary hoppings), where the particle-hole acts as in (C.66) above. This means
we don’t need to keep track of a sublattice-dependent sign, i.e., Hermele’s ϵA/B = ±1.

Physical Hilbert space from parton constraint

We begin by decomposing the electron operators into spinons and rotors:

Ψr = FrZr, Fr =

(
fr↑ f †r↓
fr↓ −f †r↑

)
, Zr =

(
zr1 zr2
−z†r2 z†r1

)
. (C.89)
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The spinon operators are arranged like the electron operators, with spin acting by SU(2)
rotations from the left, whereas gauge rotations act from the right. The rotor Zr is an SU(2)
matrix of operators (meaning z†r1zr1 + z†r2zr2 = 1), with gauge rotations acting from the left
and pseudospin rotations acting from the right. The enlarged slave-rotor Hilbert space at
each site is a product of that of the spin-1/2 spinons and that of the SU(2) rotor. Since the
slave-rotor Hilbert space is much larger than the physical one, we have to specify which of
its states are physical. Following Ref. [324], one projects to the subspace of gauge singlets,
JG(r) = 0, where:

JG(r) =
1

4
tr
(
FrµF

†
r

)
+

1

4
tr
(
Z†rµZr

)
, (C.90)

so that

eiα·JG(r)Zre
−iα·JG(r) = e−iα·µ/2Zr, (C.91)

eiα·JG(r)Fre
−iα·JG(r) = Fre

iα·µ/2. (C.92)

We have denoted the Pauli matrices acting in the gauge space by µ, reserving σ for the spin
space and τ for the pseudospin space, as in Sec. C.5 above.

Note that the F -Z Hamiltonian — obtained by writing the Hamiltonian in terms of
partons — is a gauge-singlet operator. It therefore acts within the JG(r) = 0 subspace and
has the same matrix elements as the electronic Hamiltonian. To construct this subspace,
which is four-dimensional at each site, we start with the slave-particle vacuum:

|0⟩sp = |0⟩f ⊗ |0⟩rot, (C.93)

where |0⟩f is the spinon vacuum and |0⟩rot = |ℓC = 0, ℓG = 0,mC = 0,mG = 0⟩ is the unique
rotationally-invariant state in the rotor Hilbert space (C stands for “charge” pseudospin and
G stands for gauge); recall from Ref. [324] that only ℓG = ℓC states are allowed to begin
with. In particular, JG(r)|0⟩rot = 0 by definition. Then it can be shown that while |0⟩sp
is not a physical state, f †r↑|0⟩sp is physical, i.e., it is a gauge-singlet. Similarly, f †r↓|0⟩sp is a
physical state. We can then construct the fully-filled and empty states by applying electronic
operators:

c†r↑f
†
r↓|0⟩sp = (f †r↑z

†
r1 − fr↓zr2)f †r↓|0⟩sp = (z†r1f

†
r↑f
†
r↓ − zr2)|0⟩sp, (C.94)

and

cr↑f
†
r↑|0⟩sp = (fr↑zr1 − f †r↓z†r2)f †r↑|0⟩sp = (zr1 + z†r2f

†
r↑f
†
r↓)|0⟩sp. (C.95)

Since the electron operators are invariant under gauge transformations, then both of these
states are gauge singlets. We have therefore generated the full four-dimensional physical
on-site Hilbert space.
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Functional integral representation

Following the path integral construction outlined in Ref. [324], the electronic Hofstadter-
Hubbard Hamiltonian can now be written in the slave-rotor representation:

HHH = −
∑

r,r′

tr
[
(FrZr)

†(Fr′Zr′)
]
+

2U

3

∑

r

η2r, (C.96)

which must be accompanied by the aforementioned “gauge-singlet” constraint

JG(r) = 0. (C.97)

Working at zero temperature, we introduce imaginary time τ ∈ (−∞,+∞) and write the
functional integral:

Z =

∫
DZDFDaτe−S, S = SZ + SF + St, (C.98)

where

SZ =
3

4U

∑

r

∫
dτ tr

[
Z†r

(←−
∂ τ −

iaτ · µ
2

)(
∂τ +

iaτ · µ
2

)
Zr

]
, (C.99)

SF =
1

2

∑

r

∫
dτ tr

[
Fr

(
∂τ +

iaτ · µ
2

)
F †r

]
, (C.100)

St = −it
∫
dτ
∑

r←r′

tr
[
(FrZr)

†(Fr′Zr′)
]
. (C.101)

Here and below,
←−
∂ denotes differentiation acting to the left, and the gauge field aτ has been

introduced to enforce the on-site gauge constraint ((C.97)).
So far everything is exact and therefore intractable, so we pass to a mean-field approxima-

tion. The first step is to replace the constraint Zr(τ) ∈ SU(2) with an equivalent Lagrange
multiplier term:

Sλ = i

∫
dτ
∑

r

λr(τ)

[
1

2
tr(Z†rZr)− 1

]
. (C.102)

The next step is to decouple the hopping term into separate spinon and rotor terms. This
is done by introducing a complex Hubbard–Stratonovich field via the identity [149, 324]:

eϵαrr′βrr′ =
ϵ

π

∫
dηrr′dη∗rr′ e−ϵ(|ηrr′ |

2−ηrr′αrr′−η∗rr′βrr′ ).

Since we have fixed the bond orientation for the hopping in (C.101) above, and since St =
t
∫
dτ
∑

r←r′(−Zr′Z†r)ab(iF
†
rFr′)ba, then we may assign ϵ = t∆τ > 0 and for each a, b assign
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αabrr′ = −(Zr′Z†r)ab and βrr′ = (iF †rFr′)ba, which yields:

Sη = t

∫
dτ
∑

r←r′

tr
[
(ηrr′)†ηrr′

]
,

StZ = −t
∫
dτ
∑

r←r′

tr
[
Z†rηrr′Zr′

]
,

StF = it

∫
dτ
∑

r←r′

tr
[
Fr′(ηrr′)†F †r

]
.

One obtains a real free energy at the saddle point provided that ηrr′ = χrr′Urr′ is a real
number times an SU(2) matrix, as can be shown using the identity (C.77) above. In particu-
lar, two of the saddle point equations read (ηrr′)† = ⟨Zr′Z†r⟩ and ηrr′ = (trr′/|trr′|)⟨F †rFr′⟩ =
i⟨F †rFr′⟩. We take an ansatz where ⟨F †rFr′⟩ is proportional to ⟨Ψ†rΨr′⟩ in the U = 0 IQH
phase, producing a solution η∗rr′ (at aτ = 0).

Fluctuations about this solution are parameterized by an SU(2) gauge-field on the links
r ← r′ and by a fluctuating aτ component. Integrating out the spinons while retaining these
gauge field degrees of freedom, then in the continuum limit we obtain at leading order in the
gauge fields [405]:

SCS =
i

4π

∫
d3x ϵµνρtr

(
aµ∂νaρ +

2

3
aµaνaρ

)
,

which is an SU(2) Chern-Simons term at level 1 [406].

Low-energy SU(2)1 Higgs-Chern-Simons theory

To describe the IQH-CSL transition, we pass to a continuum description of the rotor bosons.
We begin with the mean-field action

SZMF = −
∑

τ,r

[
trZ†x+ϵzZx + h.c.

]
−
∑

τ

∑

⟨r,r′⟩

[
trZ†r,τZr′,τ + h.c.

]
+
r + rc0

2

∑

τ,r

[
trZ†xZx

]
,

(C.103)

where rc0 is chosen so that the lowest boson mode goes gapless as r → 0+. Following
Ref. [324], we take a spacetime lattice of triangular lattice sites separated by ϵ increments in
imaginary time. For r > 0, diagonalizing the above spacetime-translation-invariant Hamil-
tonian gives a unique low-energy mode at q = 0, consistent with the rotors experiencing no
net flux. We write Θ(x) ∼ Zr,t with x now a continuous spacetime coordinate, which yields:

LΘ
0 =

1

2
tr(Θ†

←−
∂ ν∂νΘ) +

r

2
tr(Θ†Θ), (C.104)

where
←−
∂ denotes differentiation to the left. Note that demanding invariance under global

SU(2) gauge transformations and pseudospin rotations precludes a linear time-derivative
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term ∼ tr(Θ†∂τΘ). This entirely fixes the form at LΘ
0 quadratic order. Now we add the

gauge field fluctuations by promoting the derivative to the covariant derivative

∂ν → ∂ν +
iaν · µ

2
, (C.105)

giving

LΘ
kin =

1

2
tr

[
Θ†
(←−
∂ µ −

iajµσ
i

2

)(−→
∂ µ +

iajµσ
i

2

)
Θ

]
, (C.106)

where µ is again the Pauli matrix vector in the gauge space. Reintroducing the SU(2)1
Chern-Simons term from integrating out the spinons, and the symmetry-allowed quartic
term, the full SU(2) Higgs-Chern-Simons theory is:

Leff = LCS + LΘ
kin +

1

2
tr(Θ†Θ) +

λ

4

[
tr(Θ†Θ)

]
2 + . . . (C.107)

Conserved current

As spin excitations are gapped across the IQH-CSL transition, and neither the spin nor
pseudospin symmetries are broken, then the closing of the charge gap is associated with
gapless bosonic modes that transform as spin-singlet pseudospin-triplets. We now compute
the conserved Noether current associated with the pseudospin rotation SU(2)c symmetry.
The important Lagrangian term for the current is the coupling LΘ

kin between the low-energy
bosonic field Θ and the SU(2) gauge field in (C.106) above. Under the pseudospin SU(2)
rotation

Θ′ = Θeiα·τ/2 ≈ Θ+Θ
iα · τ
2

, (C.108)

this term transforms to

(LΘ
kin)
′ =

1

2
tr

[(
Θ† − iα · τ

2
Θ†
)(←−

∂ µ −
iajµσ

i

2

)(
∂⃗µ +

iajµσ
i

2

)(
Θ+Θ

iα · τ
2

)]
(C.109)

= LΘ
kin +

1

2
tr

[(
−iα · τ

2
Θ†
)(←−

∂ µ −
iajµσ

i

2

)(
∂⃗µ +

iajµσ
i

2

)
Θ

]
(C.110)

+
1

2
tr

[
Θ†
(←−
∂ µ −

iajµσ
i

2

)(
∂⃗µ +

iajµσ
i

2

)(
Θ
iα · τ
2

)]
. (C.111)

When α is constant, then (LΘ
kin)
′ = LΘ

kin to all orders. When it varies in spacetime, on the
other hand

(LΘ
kin)
′ − LΘ

kin =
1

2
tr

[(
−iα · τ

2
Θ†
)(←−

∂ µ −
iajµσ

i

2

)(
∂⃗µ +

iajµσ
i

2

)
Θ

]
(C.112)

+
1

2
tr

[
Θ†
(←−
∂ µ −

iajµσ
i

2

)(
∂⃗µ +

iajµσ
i

2

)(
Θ
iα · τ
2

)]
. (C.113)
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After expansion and simplification, the two terms above reduce to:

1

2
tr

[
Θ†
(←−
∂ µ −

iajµσ
i

2

)(
∂⃗µ +

iajµσ
i

2

)(
Θ
iα · τ
2

)]
(C.114)

=
1

2
tr

[
Θ†
(←−
∂ µ −

iajµσ
i

2

)
Θ
i∂µα · τ

2

]
(C.115)

+
1

2
tr

[
Θ†
(←−
∂ µ −

iajµσ
i

2

)(
∂⃗µ +

iajµσ
i

2

)
Θ× iα · τ

2

]
, (C.116)

and likewise

1

2
tr

[(
−iα · τ

2
Θ†
)(←−

∂ µ −
iajµσ

i

2

)(
∂⃗µ +

iajµσ
i

2

)
Θ

]
(C.117)

= −1

2
tr

[
i∂µα · τ

2
Θ†
(
∂⃗µ +

iajµσ
i

2

)
Θ

]
(C.118)

− 1

2
tr

[
iα · τ
2
×Θ†

(←−
∂ µ −

iajµσ
i

2

)(
∂⃗µ +

iajµσ
i

2

)
Θ

]
. (C.119)

By cyclicity of the trace, what remains after cancellation is:

(LΘ
kin)
′ − LΘ

kin = ∂µα
j · 1

2
tr

[
Θ†
(←−
∂ µ −

iajµσ
i

2

)
Θ
iτ j

2
− iτ j

2
Θ†
(
∂⃗µ +

iajµσ
i

2

)
Θ

]
, (C.120)

so that the conserved current is

J µ ∝ tr


τ
2

Θ†
(
∂⃗µ +

iajµσ
i

2

)
Θ−Θ†

(←−
∂ µ − iajµσ

i

2

)
Θ

2i


 = tr

[
τ

2

Θ†D⃗µΘ−Θ†
←−
DµΘ

2i

]
.

(C.121)

Because of the pseudospin Pauli vector τ/2, this bosonic object transforms as a vector
under global pseudospin rotations Θ→ Θeiθ·τ/2. Indeed, its τ z component is like the density
of low-energy Cooper pairs, while τ± serve as Cooper pair annihilation/creation operators.
Moreover, it is gauge-invariant sinceDµΘ is gauge-covariant. Finally, since it is the conserved
current, then at the critical point all components will have protected scaling dimension 2.
Altogether, this SU(2) formulation confirms the physical conclusions made in Ref. [344], by
working here in a formalism manifestly invariant under the pseudospin symmetry.
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