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This paper presents a design methodology for Stephenson
II six-bar function generators that coordinate 11 input and
output angles. A complex number formulation of the loop
equations yields 70 quadratic equations in 70 unknowns,
which is reduced to system of 10 eighth degree polynomial
equations of total degree 810 = 1.07×109. These equations
have a bilinear monomial structure, which yields a multi-
homogeneous degree of 264,241,152. A sequence of poly-
nomial homotopies is used to solve these equations and ob-
tain 1,521,037 nonsingular candidate linkage designs. Each
of these linkage candidates is evaluated to identify its cog-
nates, and then analyzed to determine its input-output an-
gles in each assembly. The result is a set of feasible linkage
designs that reach the required accuracy points in a single
assembly. As an example three Stephenson II function gen-
erators are designed that provide the input-output functions
for the hip, knee, and ankle of a humanoid walking gait.

1 Introduction
A function generator is a linkage that provides a specific

position of the output link for a set of positions of the input
link. This coordination of specific input-output joint param-
eters, termed accuracy points, is used in the design of “com-
puting mechanisms” [1] to mechanically program a mathe-
matical function. Six-bar function generators have been used
in dwell mechanisms [2] and drive systems [3].

The additional design parameters in a six-bar linkage
provide the opportunity to coordinate more accuracy points
and achieve a more complex motion than a four-bar function
generator, but this also means the system of polynomial de-
sign equations is much larger, [4] [5]. However, Plecnik and

McCarthy [6] show that the ability to mechanically program
the joint angles of a serial chain yields useful biomimetic
movement with one degree-of-freedom. This is demon-
strated in the example, where a one degree-of-freedom sys-
tem is designed that achieves a humanoid walking gait.

2 Overview
This work focuses on the computational design of

Stephenson II six-bar linkages for function generation. A
Stephenson II linkage, Figure 1(a), is capable of coordinat-
ing 11 input-output angle pairs, called accuracy points. The
synthesis formulation yields 70 quadratic equations in 70 un-
knowns, which are reduced to 10 eighth degree polynomi-
als in 10 unknowns. Adding two homogeneous variables
to these unknowns allows their separation into two sets of
six homogeneous variables and the resulting equations are
of fourth degree in each set of variables. The multihomoge-
neous degree of this polynomial system is 264,241,152.

These synthesis equations were solved by the polyno-
mial homotopy solver BERTINI [7, 8], which implemented a
regeneration module that ran for 311 hours on 256×2.2GHz
processors on UC Irvine’s High Performance Computing
Cluster. Regeneration was used to solve a generic version
of the synthesis equations to find 1,521,037 finite, nonsin-
gular solutions. This solution set can be used to construct
parameter homotopies that solve the synthesis equations for
a required task in about two hours. The results are then ana-
lyzed according to a performance verification routine.

The large number of solutions to these design equations
provide a rich array of linkage candidates. The evaluation of
each candidate identifies feasible designs that provide the de-
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Fig. 1. (a) A Stephenson II linkage in its reference configuration and
(b) a Stephenson II linkage displaced from its reference configuration
drawn with dotted lines.

sired function to a high degree of accuracy. This is illustrated
in the example.

3 Background
The design of a linkage to achieve a required set of

input-output joint parameters is known as the kinematic syn-
thesis of a function generator, [9–11]. Svoboda [1] designed
function generators by fitting the input-output functions of
a given set of linkages to the desired function. He patented
a Watt II type six-bar linkage that computed a logarithmic
function [12]. Freudenstein [4] introduced a new approach
that used the loop equations of a four-bar linkage to fit a
given set of accuracy points to obtain a four-bar function gen-
erator.

McLarnan [13] formulated the loop equations for a
Stephenson II function generator and found some solutions
for eight positions using the Newton-Raphson method. Mo-
han Rao et al. [14] used principles of Burmester theory to
design six-bar linkages that perform simultaneous function
and path generation. Dhingra et al. [5] solved the synthe-
sis equations for nine accuracy positions using a polyno-
mial homotopy algorithm. Liu et al. [15] used homotopy
to solve for six-bar function generators that coordinate five
positions, then used the solutions as start points for optimal
synthesis, noting the problem of linkage defects. Simionescu
and Alexandru [16] approached the optimal synthesis of

Stephenson linkages by removing one link, and considering
the 2 degree-of-freedom displacement equations to formu-
late an objective function. Akçali [17] adopted a modular
approach to the optimal synthesis of six-bar function gener-
ators.

Kinzel et al. [18] used parametric design software to
graphically synthesize an 11 position six-bar function gen-
erator. Hwang and Chen [19] formulated the design of
Stephenson II six-bar function generators fusing optimiza-
tion techniques to find defect-free linkages. Sancibrian [20]
used a similar approach to find the linkage parameters that
minimize the difference between the input-output function
of the linkage and the desired function. Plecnik and Mc-
Carthy [21] used homotopy to find solution sets for eight po-
sition function generators.

In this paper, we formulate complex versions of the loop
equations of a Stephenson II six-bar linkage and solve them
directly using a homotopy technique called regeneration [8].
The result was over a million candidate linkage solutions,
where were then used to construct parameter homotopies to
efficiently calculate Stephenson II function generators that
coordinate specified sets of 11 input-output angles.

Each candidate linkage design is analyzed to determine
if it passes through the specified task in one configuration and
without passing through a singularity. This requires identi-
fication of six-bar cognates [23], and sorting each of the as-
semblies of the large number candidate linkage designs. The
example shows that this design procedure yielded as many as
50 useful Stephenson II six-bar linkages that achieve com-
plex functions used to model leg movement.

4 Complex Numbers
Erdman et al. [10] show that complex numbers provide

a convenient formulation of planar kinematics. A point P =
(Px,Py) can be represented as the complex number,

P = Px + iPy. (1)

The component-wise sum of a complex number is the
same as for coordinate vectors, and the product of complex
numbers performs rotation and scaling operations. In par-
ticular, the exponential eiθ is a rotation operator on complex
numbers that yields the same result as a 2×2 rotation matrix
operating on vectors, that is,

P =eiθ p,

Px + iPy =(cosθ+ isinθ)(px + ipy),

Px + iPy =(cosθpx− sinθpy)+ i(sinθpx + cosθpy). (2)

Wampler [22] shows that it is convenient to formulate
planar kinematics equations in terms of the complex numbers
and their conjugates, termed isotropic coordinates. Note that
a rotation operator T = eiθ and its conjugate T̄ = e−iθ should
have unit magnitude and satisfy the normalization condition,

T T̄ = 1. (3)
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In the following derivations, this provides a symmetric struc-
ture to the synthesis equations that is exploited to simplify
these equations.

5 Synthesis Equations for the Stephenson II
A Stephenson II linkage is shown in Figure 1(a). It is

defined by the coordinates of seven pivots A, B, C, D, F , G,
and H which mark the reference configuration of the linkage.
These pivots connect to form five moving links AC, CGH,
BDF , DG, and FH. Moving the mechanism from its ref-
erence configuration, the orientation of each displaced link
is measured by ∆φ, ∆ρ, ∆ψ, ∆θ, and ∆µ, respectively, see
Figure 1(b). Moving the mechanism to its jth configuration,
each angle is used to define the complex rotation operators
Q j, R j, S j, Tj, and U j,

Q j = ei∆φ j , R j = ei∆ρ j , S j = ei∆ψ j ,

Tj = e∆θ j , U j = e∆µ j , j = 1, . . . ,N−1. (4)

The synthesis objective is to find the pivot locations of a
Stephenson II linkage that coordinates the angles of links AC
and BDF at N positions (∆φ j,∆ψ j), j = 0, . . . ,N − 1, see
Figure 2. In order to set the scale, orientation, and location
of the linkage in the plane, the locations of ground pivots A
and B are specified, leaving the moving pivots C, D, F , G, H
as the unknowns to be solved.

In order to form the loop equations, we first write the
positions of pivots D, F , G,and H, in the jth configuration,
see Fig . 2(b),

D j =B+S j(D−B),

Fj =B+S j(F−B),

G j =A+Q j(C−A)+R j(G−C),

H j =A+Q j(C−A)+R j(H−C), j = 1, . . . ,N−1. (5)

The loop equations for the Stephenson II six-bar linkage are
obtained by evaluating G j −D j and H j −Fj relative to the
initial configuration. This yields two sets of complex conju-
gate loop equations,

L j : Tj(G−D) =

(A+Q j(C−A)+R j(G−C))− (B+S j(D−B)),

T̄j(Ḡ− D̄) =

(Ā+ Q̄ j(C̄− Ā)+ R̄ j(Ḡ−C̄))− (B̄+ S̄ j(D̄− B̄)),

j = 1, . . . ,N−1,
M j : U j(H−F) =

(A+Q j(C−A)+R j(H−C))− (B+S j(F−B)),

Ū j(H̄− F̄) =

(Ā+ Q̄ j(C̄− Ā)+ R̄ j(H̄−C̄))− (B̄+ S̄ j(F̄− B̄)),

j = 1, . . . ,N−1. (6)
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Fig. 2. (a) Link vectors of the Stephenson II linkage and (b) link
vectors in the jth displaced configuration.

The rotation operators Q j, Q̄ j, S j and S̄ j are defined by
the task function which is selected by the designer. The re-
maining joint variables R j, R̄ j, Tj, T̄j, U j, and Ū j must satisfy
the normalization conditions,

R jR̄ j = 1, TjT̄j = 1, U jŪ j = 1, j = 1, . . . ,N−1. (7)

The loop equations L j, M j and the normalization condi-
tions (7) form 7(N−1) quadratic equations in the 10+6(N−
1) unknowns which consist of the pivots C, D, F , G and H
and the joint rotations R j, Tj and U j and their complex conju-
gates. In this work, we explore the square case N = 11 when
the number of equations and unknowns are equal so that a
finite set of isolated solution points can be computed. For
this case, there are 70 quadratic equations and 70 unknowns
forming a system of degree 270 = 1.18×1021.

6 Simplification of the Synthesis Equations
The 70 synthesis equations for the Stephenson II func-

tion generator can be reduced to 10 equations in 10 un-
knowns in a sequence of three steps. First, solve for Tj and
T̄j in the pairs of equations L j of (6), and substitute the result
into the normalization conditions TjT̄j = 1. Second solve for
U j and Ū j in the pairs of equations M j of (6), and substitute
into the normalization conditions U jŪ j = 1. Finally, these
two steps yield 10 pairs of equations that are linear in the
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joint variables R j and R̄ j, which can be computed and then
substituted into the normalization condition, R jR̄ j = 1.

To simplify the presentation of this calculation, intro-
duce the link vectors,

a = G−C, f = G−D, h = A−B, l =−(D−B),

c = H−C, g = H−F, k =C−A, o =−(F−B),
(8)

which are drawn in Figure 2(a). Then rearrange the equations
to obtain,

L j : h+Q jk+R ja+S jl−Tj f = 0,
h̄+ Q̄ j k̄+ R̄ jā+ S̄ j l̄− T̄j f̄ = 0, j = 1, . . . ,10,

M j : h+Q jk+R jc+S jo−U jg = 0,
h̄+ Q̄ j k̄+ R̄ j c̄+ S̄ jō−Ū jḡ = 0, j = 1, . . . ,10.

(9)

Eliminate Tj and T̄j in L j of (9) and U j and Ū j in M j of
(6) to obtain the pairs of equations,

(h+Q jk+R ja+S jl)(h̄+ Q̄ j k̄+ R̄ jā+ S̄ j l̄) = f f̄ ,

(h+Q jk+R jc+S jo)(h̄+ Q̄ j k̄+ R̄ j c̄+ S̄ jo) = gḡ,

j = 1, . . . ,10. (10)

Expand these equations to obtain 10 pairs of equations that
are linear in R j and R̄ j, that can be written in the form,

[
ab̄ j āb j
cd̄ j c̄d j

]{
R j
R̄ j

}
=

{
f f̄ −aā−b jb̄ j
gḡ−aā−d jd̄ j

}
, j = 1, . . . ,10, (11)

where the vectors b j =C j−D j and d j =C j−Fj given by

b j = h+Q jk+S jl,

d j = h+Q jk+S jo,

j = 1, . . . ,10, (12)

are introduced to simplify presentation of the equations.
Solve for R j and R̄ j and substitute into R jR̄ j = 1 to ob-

tain the 10 synthesis equations,

(ab̄ j(gḡ− cc̄−d jd̄ j)− cd̄ j( f f̄ −aā−b jb̄ j))

× (āb j(gḡ− cc̄−d jd̄ j)− c̄d j( f f̄ −aā−b jb̄ j))

+(ab̄ j c̄d j− āb jcd̄ j)
2 = 0, j = 1, . . . ,10. (13)

These equations are of degree eight in the 10 design pa-
rameters formed by C, D, F , G, H, and their conjugates C̄,
D̄, F̄ , Ḡ, H̄. The total degree of this polynomial system is
810 = 1.07×109.

These equations can be separated into two groups,

〈C,D,F,G,H〉, 〈C̄, D̄, F̄ , Ḡ, H̄〉. (14)

A homogeneous variable is added to each group so that the
synthesis equations are separately homogeneous to the fourth
degree in each set of variables.

The root count for a set of polynomials with this bi-
quartic monomial structure is obtained by expanding the bi-
nomial,

(4α1 +4α2)
10, (15)

and selecting the coefficient of the term α5
1α5

2 defined by the
two sets of five parameters. The result is the multihomoge-
neous degree of 264,241,152.

7 Solution of the Synthesis Equations
The synthesis equations (13) were solved using

BERTINI for a random set of complex numbers assigned to
the parameters (Q j,S j), j = 1, . . . ,10, in order to find a gen-
eral set of solutions that can be used to form a parameter
homotopy. A homotopy method called regeneration was im-
plemented that solves this system incrementally.

Regeneration tracks solutions for several levels of ho-
motopies. In a square system of n equations and unknowns,
the first level solves a system composed of 1 equation of the
target system and n−1 arbitrarily specified linear equations
in all unknowns. The finite isolated solutions of the first level
are used to solve the second level system. At each succeeding
level, one linear equation is replaced with one target system
equation until the final level when the target system is solved.
A more detailed description of regeneration is found in Bates
et al. [8].

The regeneration homotopy required 311 hrs on 256
cores processing at 2.2 GHz to compute, and tracked
24,822,328 paths over 10 levels to find 1,521,037 nonsin-
gular solutions. These nonsingular solutions can be used to
construct parameter homotopies for efficient calculation of
linkage solutions for a specific sets of 11 coordinated joint
angles.

Parameter homotopies use the nonsingular solutions of
a generic member of a family of polynomial systems to find
the nonsingular solutions of any other member in that fam-
ily. Each member f(z,q) contains the set of variables z and
is defined by a set of parameters q. If all the nonsingular so-
lutions of a general system f(z,qgen) are known, they can be
used as startpoints that track to all the nonsingular solutions
of a specific system f(z,qspec). The computational benefit of
parameter homotopy is that it avoids tracking paths that have
endpoints at infinity. A more detailed description of parame-
ter homotopy is found in Bates et al. [8].

8 Sorting Solutions
The solutions of the synthesis equations are examined

to identify design candidates. Design candidates are those
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solutions which correspond to physical linkages and were
analyzed to verify performance. For each design candidate,
there will exist two synthesis solutions that arise from in-
terchanging the pivot labels of coupler links DG and FH.
Furthermore, design candidates are all members of function
generator cognate sets of three.

In order to check whether a solution corresponds to a
physical linkage, we check that each variable and its cal-
culated conjugate are actually complex conjugates. Within
this set, we find solution pairs with values of floating cou-
pler pivots {D,G} and {F,H} interchanged. We choose one
solution from each pair to analyze because they redundantly
correspond to the same linkage. Finally, we sort design can-
didates into cognate triples according to equation (20) below.

8.1 Cognates
Function generator cognates are linkages of the same

kinematic structure, but with different link length ratios,
that produce an identical coordination of input-output an-
gles [23, 24]. Every Stephenson II linkage has two other
function cognates. Therefore, our synthesis results can be
sorted into triples of function cognates. However, it can hap-
pen that a cognate solution may not be found due to numeri-
cal error. In these cases, cognates are constructed and added
to the synthesis results.

A Stephenson II function generator with specified
ground pivots A and B has cognates defined by the four-bar
linkage that forms the floating loop DGHF , see Figure 3. To
see this, note that the movement of pivot C relative to Link
BDF creates a path that is traced by the coupler link of four-
bar DGHF that is attached to Link BDF . Therefore, all four-
bar linkages that generate the same coupler curve of C rel-
ative to link BDF can replace DGHF and still control links
AC and BDF in the same manner. The Roberts–Chebyshev
theorem states that for a four-bar linkage that traces a coupler
curve, there will exist two other four-bars that trace that same
coupler curve [25]. Therefore, there exists three Stephenson
II linkages that produce identical functions.

The set of four-bar linkages that guide a point C along
the same curve are called path generator cognates of the four-
bar linkage. Figure 4 shows four-bars DGHF , DG′H ′F ′, and
F ′G′′H ′′F as path generator cognates connected in an over-
constrained mechanism that guides shared point C. The three
four-bar path generator cognates are used to construct three
Stephenson II six-bar function generator cognates, allowing
the synthesis solutions to be sorted into cognate triples.

8.2 Constructing the Cognates
In this section, we construct two function generator cog-

nates from a Stephenson II linkage defined by the design can-
didate {A,B,C,D,G,H,F}, see Fig 3. This construction is
based on that of the four-bar path generator cognates, see
Figure 4.

Figure 4 depicts parallelograms DGCG′, FHCH ′′,
F ′H ′CG′′, and similar triangles 4CGH, 4H ′G′C, and
4G′′CH ′′. Each triangles contains the angle ν that is ∠CGH,
∠H ′G′C, and ∠G′′CH ′′. The vector C−G′ is rotated by ω

F

G

H

G''

H''

H'

F'

G'

D

C

A

B

D

Fig. 3. Three Stephenson II cognate function generators shown
in a single overconstrained mechanism. The three cog-
nate mechanisms are comprised of pivots {A,B,C,D,G,H,F},
{A,B,C,D,G′,H ′,F ′}, and {A,B,C,F ′,G′′,H ′′,F}.

D
F

G

H

G''

H''

H'

F'

ζ

ν

ω

ν

G'

ν

C

Fig. 4. The coupler curve traced by C as part of the four-bar
DGHF is the same for two additional cognate linkages DG′H ′F ′

and F ′G′′H ′′F .

from horizontal, and the vector H ′′−C is rotated by ζ from
horizontal. The angles ν, ω, and ζ define rotation operators
V , W , and Z,

V = eiν, W = eiω, Z = eiζ. (16)

The cognate pivot locations G′, H ′′, H ′, G′′, F ′ can be written
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as

G′ = D+(C−G),

H ′′ = F +(C−H),

H ′ = G′+WV |H ′−G′|,
G′′ =C+ZV |G′′−C|,
F ′ = H ′+(G′′−C). (17)

The rotation operators can be computed as

V =

√
(C−G)(H̄−Ḡ)

(C̄−Ḡ)(H−G)
, W =

√
C−G′

C̄−Ḡ′
, Z =

√
H ′′−C
H̄ ′′−C̄

,

(18)
which is substituted into equation (17) in order to write the
cognate pivots in terms of the original four-bar pivots,

G′ = D−G+C,

H ′′ = F−H +C,

H ′ =
(

D−G
H−G

)
(H−C)+C,

G′′ =
(

F−H
G−H

)
(G−C)+C,

F ′ =
(D−G)(H−C)− (F−H)(G−C)

H−G
+C. (19)

The two four-bars DG′H ′F ′ and F ′G′′H ′′F are cognates
of DGHF . Following this, a Stephenson II function genera-
tor with pivots A, B, C and floating four-bar loop DGHF will
have two function generator cognates. The cognate pivots
are given by solution pairs,

(DGHF)c1 =DG′H ′F ′, F ′H ′G′D,

(DGHF)c2 =F ′G′′H ′′F, FH ′′G′′F ′. (20)

These solution pairs arise because a single Stephenson
II design will correspond to two synthesis solutions where
the values of floating pivot locations {D,G} and {F,H} are
interchanged. Equation (20) is used to sort cognate triples
from the linkage design candidates. If a cognate is found to
be missing from the design candidates, it is added.

9 Performance Verification of a Candidate Linkage
Once the linkage design candidates have been sorted

into solution pairs and cognate triples, they are analyzed to
evaluate the performance of each design. The criteria for a
feasible design is that all of the accuracy points are reached
on one trajectory of configurations, known as an assembly.
Chase and Mirth [26] and Balli and Chand [27] refer to link-
ages that do not satisfy this requirement as having a circuit
defect.

In addition, we require that the determinant of the Jaco-
bian of the loop equations not pass through zero along the
configuration trajectory. These are known as singular con-
figurations and a linkage that passes through a singularity is
said to have a branch defect [26].

Thus, our goal is to identify for each design candidate,
whether there is a configuration trajectory that includes all
of the accuracy points and does not include a singularity. In
other words, the linkage does not have circuit or branch de-
fects.

9.1 Analysis of each design candidate
The kinematics equations of the Stephenson II linkage,

equation (6), can be assembled in the form,

L =T (G−D)− (A+Q(C−A)+R(G−C))

+(B+S(D−B)) = 0,
L̄ =T̄ (Ḡ− D̄)− (Ā+ Q̄(C̄− Ā)+ R̄(Ḡ−C̄))

+(B̄+ S̄(D̄− B̄)) = 0,
M =U(H−F)− (A+Q(C−A)+R(H−C))

+(B+S(F−B)) = 0,
M̄ =Ū(H̄− F̄)− (Ā+ Q̄(C̄− Ā)+ R̄(H̄−C̄))

+(B̄+ S̄(F̄− B̄)) = 0, (21)

which include the constant initial pivot locations,

{A, Ā,B, B̄,C,C̄,D, D̄,F, F̄ ,G, Ḡ,H, H̄}, (22)

and the variable joint angle parameters,

{Q, Q̄,R, R̄,S, S̄,T, T̄ ,U,Ū}. (23)

In the case that binary link angle φ is the input parameter,
then the input x and output y variables are

x = (Q, Q̄), y = (R, R̄,S, S̄,T, T̄ ,U,Ū), (24)

and the analysis equations are

F(x,y) =



L
L̄
M
M̄

RR̄−1
SS̄−1
T T̄ −1
UŪ−1


=



0
0
0
0
0
0
0
0


. (25)

These equations have six solutions for a specified input x =
(Q, Q̄) and are easily solved using the NSolve function in
MATHEMATICA. In the case that ternary link angle ψ is the
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input parameter, then x = (S, S̄) and equations (24) and (25)
change appropriately. The choice of input link provides dif-
ferent parameterizations of the same configuration space and
will define different sets of singular configurations. Singular
configurations are locations in the configuration space where
det[JF(x,y)] = 0,

[JF(x,y)] =
[

∂F
∂y1

, . . . ,
∂F
∂y8

]
. (26)

Singular configurations define the bounds of mechanism
branches.

9.2 Sorting the linkage configurations
A set of input parameters xk, k = 1, . . . ,n is generated

that sweeps around the unit circle,

xk =

{
exp
(
(i2π)

k−1
n−1

)
,exp

(
−(i2π)

k−1
n−1

)}
,

k = 1, . . . ,n. (27)

Equations (25) are solved for each xk to generate n sets of
configurations,

Ck = {(xk,yk,1), . . . ,(xk,yk,6)}, k = 1, . . . ,n. (28)

The members of Ck for each k appear in no particular order,
and the goal of this section is to sort configurations into sep-
arate trajectories as we increment k from 1 to n.

The algorithm initializes by setting the six elements of
C1 as the beginning of six trajectories which are built upon
by comparing Ck to Ck+1 and deciphering pairs of connecting
configurations,

Ck = {(xk,yk,p) | p = 1, . . . ,6},
Ck+1 = {(xk+1,yk+1,q) | q = 1, . . . ,6}, (29)

where in general configurations (xk,yk,p) and (xk+1,yk+1,q)
connect such that p 6= q. To decipher connections between Ck
and Ck+1, we use Newton’s method to solve F(xk+1,y) = 0
for y using start points yk,p, for p = 1, . . . ,6. We name these
approximate solutions ỹk+1,p where,

ỹk+1,p = yk,p− [JF(xk+1,yk,p)]
−1F(xk+1,yk,p),

p = 1, . . . ,6, (30)

is calculated from a single Newton iteration. Multiple itera-
tions are used for more accuracy. The approximate configu-
ration set C̃k+1 is formed from ỹk+1,p where

C̃k+1 = {(xk+1, ỹk+1,p) | p = 1, . . . ,6}. (31)

Configuration (xk,yk,p) of Ck connects to configuration
(xk+1,yk+1,q) of Ck+1 if the following condition evaluates as
true,

|ỹk+1,p−yk+1,q|< tol, (32)

where tol is a specified threshold value. For most k, config-
urations Ck and Ck+1 will connect in a one to one fashion.
However, equation (32) allows the possibility that a config-
uration of Ck will connect to several or none of the configu-
rations of Ck+1, which is often the case near singularities. In
these cases, we employ the following logic:

1. If a configuration of Ck+1 is not connected to a config-
uration of Ck, that configuration of Ck+1 begins a new
trajectory.

2. If a configuration of Ck connects to multiple configura-
tions of Ck+1, the trajectory associated with the configu-
ration of Ck is duplicated and each duplicate connects to
a matching element of Ck+1.

3. If a configuration of Ck does not connect to any config-
urations of Ck+1, the trajectory associated with the con-
figuration of Ck is concluded.

This procedure is executed for a complete sweep of the
unit circle xk, k = 1, . . . ,n, such that xn = x1. The result of
this algorithm is a set of connected sequences of configura-
tions that form separate mechanism trajectories. All com-
binations of these trajectories are checked for connections
from k = n to k = 1 configurations. If connections are iden-
tified, these trajectories are chained together to form longer
trajectories.

Finally, configurations that do not correspond to rigid
body movement are removed, and the determinant of the
Jacobian matrix along each configuration is evaluated. A
sign change indicates a change in configuration that can arise
from numerical error.

yA

yB

yC

l2

l1

Fig. 5. A humanoid leg is modelled as a planar 3R chain where
l1 = 18.7 and l2 = 14.
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Table 1. Fourier coefficients for walking gait joint angle functions.

Hip: fA(t) Knee: fB(t) Ankle: fC(t)

o 3 5 5

a0 −0.23899606 −0.42317334 −0.39916633

a1 0.26507432 0.16530352 0.24817028

b1 0.04632108 0.38229515 0.34926232

a2 0.00265777 0.20929088 0.10641896

b2 −0.05632819 0.12673270 0.10372243

a3 −0.02058442 0.04930281 0.02732644

b3 0.01472108 0.04075846 0.09697237

a4 0 0.00107466 0.01722405

b4 0 0.01778866 0.00426672

a5 0 0.00429589 −0.01269033

b5 0 0.00522743 −0.01612253

Table 2. Task points for each example function. Values below are
given in degrees and must be converted to radians in order for fA(t),
fB(t), and fC(t) to evaluate properly.

j Hip Knee Ankle

0
(
0, 0
) (

0, 0
) (

0, 0
)

1
(
50, fA(50)

) (
25, fB(25)

) (
32, fC(32)

)
2

(
85, fA(85)

) (
60, fB(60)

) (
65, fC(65)

)
3

(
125, fA(125)

) (
94, fB(94)

) (
94, fC(94)

)
4

(
165, fA(165)

) (
152, fB(152)

) (
146, fC(146)

)
5

(
212, fA(212)

) (
202, fB(202)

) (
188, fC(188)

)
6

(
244, fA(244)

) (
237, fB(237)

) (
226, fC(226)

)
7

(
261, fA(261)

) (
278, fB(278)

) (
264, fC(264)

)
8

(
278, fA(278)

) (
313, fB(313)

) (
297, fC(297)

)
9

(
297, fA(297)

) (
331, fB(331)

) (
327, fC(327)

)
10

(
327, fA(327)

) (
346, fB(346)

) (
344, fC(344)

)

9.3 Identifying feasible designs
Once all trajectories have been assembled for a linkage

design candidate, they are each checked to see which and
how many of the specified accuracy points they contain. A
feasible design produces a trajectory that moves through all
11 accuracy points in one assembly. We term these designs
11-point mechanisms.

While linkage designs that contain all 11 accuracy
points on a single trajectory is the goal, our design pro-
cess identifies linkages with trajectories that move through
less than 11 points as well. In this work, we keep track of

Table 3. Synthesis results when (a) the binary link is chosen as the
input and (b) the ternary link is chosen as the input.

(a) Input φA = φB = φC = t.

∆yA ∆yB ∆yC

Linkage solutions 14,445 8,255 9,835

Design candidates 6,686 3,830 4,791

11-point mechanisms 0 0 0

10-point mechanisms 2 0 0

9-point mechanisms 78 27 17

Synthesis computation
time (hr)

2.9 2.0 2.0

Analysis computation
time (hr)

9.4 5.2 6.4

(b) Input ψA = ψB = ψC = t.

∆yA ∆yB ∆yC

Linkage solutions 11,175 11,459 9,913

Design candidates 4,496 5,100 4,636

11-point mechanisms 51 28 6

10-point mechanisms 119 144 13

9-point mechanisms 129 183 26

Synthesis computation
time (hr)

2.1 1.5 1.7

Analysis computation
time (hr)

6.3 7 6.1

9- and 10-point mechanisms, too. It is often the case that
these mechanisms will slightly miss some accuracy points,
and may have other features useful to the designer, such as
compact dimensions or reduced link overlap.

10 Hip, Knee, and Ankle Function Generators
In order to illustrate this design procedure, we spec-

ify functions for the movement of the hip, knee, and ankle
joints of a humanoid walking gait, see Figure 5, and design
Stephenson II function generators to generate these functions
from a single constant velocity input. The joint functions
were obtained from a video of a walking movement. The re-
sulting joint functions have asymmetries that test the perfor-
mance of this design system for six-bar function generators,
see Figure 6.

The angles at the hip yA, knee yB, and ankle yC shown in
Figure 5 are given by

yA = fA(t)−71◦,
yB = fB(t)−84.95◦,
yC = fC(t)−82.45◦, (33)

where the three functions fA(t), fB(t), and fC(t) are periodic
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1 2 4 5 6

- 0.5

- 0.4

- 0.3

- 0.2

- 0.1

3

ΔyA
t

(a) Hip joint function ∆yA = fA(t)

1 2 3 4 5 6

- 1.0

- 0.8

- 0.6

- 0.4

- 0.2

0.2

ΔyB

t

(b) Knee joint function ∆yB = fB(t)

1 2 3 4 5 6

- 0.8

- 0.6

- 0.4

- 0.2

0.2

t

ΔyC

(c) Ankle joint function ∆yC = fC(t)

Specified Function

Specified Task Points

Mechanism Generated Function

Fig. 6. The specified functions for the hip, knee, and ankle joints.
These functions are plotted alongside the functions generated by the
mechanisms shown in Figure 7.

and computed as the Fourier series,

f (t) =
1
2

a0 +
o

∑
m=1

(am cos(mt)+bm sin(mt)) . (34)

The Fourier coefficients for each of these functions are listed
in Table 9.2. The three functions have been made to have
periods of length 2π so that t becomes the angle of a fully
rotatable input crank with constant angular velocity that can
drive all functions simultaneously. Eleven points are selected
from each function which are the accuracy points that we
synthesize for, displayed in Table 9.2 and Figure 6.

Example designs from the synthesis method are shown
in Figure 7. All computations took place on 64×2.2GHz pro-
cessors. Information on each computation is given in Table
3. Notice that the Stephenson II six-bar linkage can have ei-
ther the binary link or the ternary link as input. The treatment
of both cases is nearly identical. Interestingly, for the three

0.2 0.4 0.6 0.8 1.0

- 0.2

0.2

0.4

C=0.912942256205−0.085153992041i
D=1.225094629103+0.033988208653i
F=1.231230145297+0.249329833461i
G=1.159366493710+0.193859819386i
H=1.086950842323+0.258302380737i

InputOutput

C

A B

D

F

G
H

(a) 10-point hip joint ∆yA function generator

0.2 0.4 0.6 0.8 1.0

- 0.6

- 0.4

- 0.2

0.2

0.4

0.6

C=0.061366460202−0.070397216622i
D=0.966237727432+0.162645730202i
F=0.864452611384−0.214447710953i
G=0.177581355729−0.495537031748i
H=0.115087982147+0.433503240937i

Input

Output

C

A
B

D

F

G

H

(b) 11-point knee joint ∆yB function generator

0.2 0.4 0.6 0.8 1.0

- 0.2

0.2

0.4
C=0.064015113917+0.072934523453i
D=1.046703382616+0.064147607188i
F=0.972989833977−0.086804786634i
G=0.682758431041+0.073722175011i
H=0.657974396812−0.227322553509i

Input

Output

C

A
B

D

F

G

H

(c) 11-point ankle joint ∆yC function generator

Fig. 7. The hip, knee, and ankle Stephenson II six-bar function gen-
erators that generate the desired functions. The input links labelled
above rotate at the same constant angular velocity.

example functions designed in this paper, we found several
11-point mechanisms when the ternary link was taken as the
input and no 11-point mechanisms when the binary link was
taken as the input.

Table 3 presents the number of linkage solutions, which
are the homotopy solutions that corresponded to physical
linkage designs. Design candidates are the linkage solutions
where the solution pairs and cognate triples were identified.
As well, design candidates were subjected to a maximum and
minimum constraint on the size of their link lengths. Each
design candidate was analyzed according to the performance
verification routine described in Section 9. Table 3 also lists
the number of 9-, 10- and 11-point mechanisms, see Section
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Hip
joint

To ankle
joint

To knee
joint

Motor

Crankshaft

Crankshaft

Parallelogram
linkages

Fig. 8. Solid model of the hip, knee, and ankle function generators integrated into a humanoid walker. The schematics of Figure 7 overlay
their physical embodiments for each function generator.

9.3. The synthesis computation time reports how long the
parameter homotopy took to compute, while analysis com-
putation time reports the how long it took to solve forward
kinematics, sort configurations into trajectories, and identify
the number of accuracy points on each trajectory.

The three linkages shown in Figure 7 were used in the
design of a prototype device that creates the desired walking
motion, see Figure 8. The three function generators pack-
age compactly near the hip where they are driven by a single
crankshaft which serves as the input link for all three link-
ages. The hip joint function generator drives the hip joint
directly. The motions of the knee and ankle function genera-
tors are passed down the leg chain by parallelogram linkages.

11 Conclusions
This paper presents a computational design procedure

for Stephenson II function generators to achieve 11 coordi-
nated input-output angles. The synthesis equations form a
system of 10 eighth degree polynomials, that have a multi-
homogeneous root count of 264,241,152. The polynomial
homotopy software BERTINI found a general set of roots for
these equations, which was then used to construct a param-
eter homotopy that efficiently solves the synthesis equations
in about two hours on 64×2.2GHz processors.

This parameter homotopy can be executed for any set
of 11 accuracy points and yields over one million solutions
from which physical linkage designs, solution pairs, and cog-
nate triples must be identified and then analyzed to determine
feasible designs.

This design methodology relies on the solution of a large

polynomial system and generates a large number of linkage
candidates, most of which are not useful designs. In the ex-
ample provided, the hip, knee, and ankle functions yielded a
total of 11,182, 8,930, and 9,427 candidate designs, respec-
tively, considering both binary and ternary driving cranks.
Of these 51, 28, and 6, respectively, were feasible designs
that reached the 11 required accuracy points. If the designer
accepts feasible designs that reach 9 and 10 accuracy points
as well, then the total number of available designs becomes
379, 382, and 62, respectively.
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