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I. INTRODUCTION 

The development of analytical ~echniques of successive 

approximation, and of computing methods, for calculating the profile 

and other properties of the Stokes wave train of maximum height has 

occupied many investigators for about a hundred years. Wehausen (1960) 

has reviewed the earlier work. Interest in this problem remains lively 

today. Longuet-Higgins (1973) has put forward a simple analytic 

expression for the profile which differs but little from that obtained 

by the best numerical work; Grant (1973) has .exhibited the complicated 

analytical character of the singularity of the complex velocity 

potential at the sharp crest; and Schwartz (1974), in a tour de force 

made possible by modern digital computers, has done the most accurate 

calculations of waves of many heights up to the maximum and has shed 

further light on their analytic structure. 

In connection with my work on the behavior of small-amplitude 

gravity waves traveling on large-amplitude Stokes wave-trains and 

other steady flows, reported in a companion paper, I had need in 1972 

of approximate expressions for the properties of maximum and nearly

maximum waves. For this application it did not seem necessary to use 

numerical solutions of high accuracy but only models containing the 

important features, with reasonably good numerical agreement and as 

simple a form as possible. A cursory glance at a plot of the maximum

wave profile (Wehausen, p. 735) gave the ·impression of a parabola. As 

an exercise I attempted to fit a parabola to it; the results were 

surprising. The simplest possible parabola differs at most by + 1.2% 

(relative to wave height) fr~ the best digitally-known profile and 

several of the wave's properties deduced from it show similar small 
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ABSTRACT 

Simple models of traveling waves are needed for application of 

a new theory of gravity waves on arbitrary steady flows developed in 

a companion paper. Here we show that a parabola (p) with 300 slope 

at crests agrees surprisingly well with the best-known maximum-height 

profile. Fi ve p:!.rameters and six functions of this model and of 

Longuet-Higgins' log.,.secant profile (L) are compared with those of 

Yamada's digital solution. Discrepancies using P are generally 

somewhat smaller than from L, mostly of opposite sign, and ~. ~ 2% 

except for surface curvature and the trough-value of the newly-defined 

wave-interaction function. Some analytic properties of L are 

discussed; its surface pressure distribution is shown not to be unique. 

A fairly simple model of a nearly-maximum wave is derived following 

Havelock's method and its properties evaluated. 

1', (, o o 0 



-3-

discrepancies. After evaluating them I read of the approximate profile 

of Longuet-Higgins which, when compared by the same criteria, shows 

similar discrepancies of the same order, generally of opposite sign, 

and of slightly greater size. However, in one interesting property 

(the wave-interaction function introduced in my companion paper) the 

two models differ significantly in the trough. An account of these 
( 

comparisons is given in Sections II - VI below. 

I have investigated the properties of nearly-maximum waves 

within the theoretical framework developed by Havelock (1919), in the 

limit as his parameter a, replaced here by E. , approaches zero. 

The resulting model of the near-crest region is fairly simple and 

provides the information needed in the companion paper. After this 

model was 'developed the papers of Grant and Schwartz appeared; 

although they cast doubt on the rigor of HaVelock's method, the 

predictions of the model seem too reasonable to be ~ualitatively 

wrong. Its derivation is described in Section VII. 

II. GEOMETRICAL CRITERIA FOR MAXIMUM-WAVE MODELS 

For ease of comparison we write all wave profiles as 

f(~) = y/"A. with ~ - 2x/A., 

choosing the origin of coordinates at the surface in a trough, y up, 

and x horizontal. Then f(O) = 0, f(-~) = f(~) in /~I ~ 1 , 

and f(l) = h/"A. with h the wave height. The surface slope angle 

a is given by tan a = dy/dx = 2df/~ = 2f', and the mean surface 

level y by 

f = y/~ 

e 

i f(~)dj3 ; 

o 

n n·n 0 d 
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"-

f - f(~) defines ~, the horizontal coordinate of the intersection 

of the profile with the mean surface. 

The most elementary properties of the desired profile have 

long been known approximately; they are 

(1) f(l) ~ 0.142 , 

(2 ) 2f'(1) = tan 300 

(3) f(l) - f ~ 0.0955 , 

The number ,in (1) is quoted by Lamb (1932) in a footnote on p. 418 

from a paper by Mitchell in 1893 and (more accurately), by Wehausen and 

others from more recent work. Stokes derived (2) in 1880. The number 

in (3) is based on Lamb's discussion on p. 420 and his velocity ratio 

2 2 v ~ 1.2 v (incorrectly quoted in the same footnote from Mitchell; 
o 

Lamb omits the exp~nents 2) with 
1 1 

V = (g/k)2 = (g~/2~)2 the speed of ' 
o 

an infinitesimal-amplitude wave of the same length; the number is 

1.2(4~)-1. I estimated (4) with a desk ruler from Wehausen's small 

graph. Of course f(~) actually arises from a solution of laplace I s 

equation with an intractably nonlinear boundary condition. 

The simpJestpossible parabolic approximation to this function 

is 

with the coefficient chosen to satisfy (2). The approximate form of 

Longuet-Higgins is 

= 
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which also meets (2) exactly. The forms and numerical values of the 

other three properties from each model, and their discrepancies, are 

shown in Table I, in which e is defined by 

In sec e ~ (6/n) /6 In sec 9 de • 

Table I. Comparisons of Simple Properties 

Property fp fL known fp 
value 

fL 
value error value error 

1 

f(l) 3-"2/4 (re/3 )In sec6r/6) -0.142 0.144 +1.4% 0.137 -3.4% 

1 -
f(l)-f 3-"2/6 ~ ( cos e ) -0.0955 0.0962 +0.7% 0.0925 -3.1% 3 .n cos(re!6) 

'" 
1 

-0.58 0.577 < 1% 0.581 "'0 -"2 6 e/re 13 3 

The unexpected smallness of the discrepancies seemed to demand a more 

detailed exploration of these models. 

As a "correct" profile I took that of Yamada (1957) which 

Schwartz states to be equivalent to his own. Yamada, in his Table 6, 

p. 51, gives x/A to four significant figures and y/A to five at 

equal intervals in an auxiliary parameter, with origin at a crest. In 

Table II his profile i f(f3) is given in our units after moving the 

origin, interpolating at equal intervals of 0.04 in 13, and smoothing 

by re-rounding last digits. Also tabulated are the discrepancies, 

relative to mean sea level, of the parabolic fp and log-secant fL 

functions being tested; here Mp - fp - fp' etc. When compared 

in this way fp is 1.3% low in the trough and 0.9% high at the crest, 

o o 
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Table II. Yamada's Profile and Model-Profile Discrepancies 

f (t3 ) M -M p M -M 
L 

f(t3 ) M -M 
P 

M -M 
L 

0 0 -0.00189 +0.00132 0.52 0.03680 +0.00034 +0.00036 

0.04 0.00022 -0.00188 +0.00131 0.56 0.04279 +0.00058 +0.00018 

0.08 0.00086 -0.00183 +0.00130 0.60 0.04926 +0.00081 -0.00002 

0.12 0.00193 -0.00174 +0.00128 0.64 0.05622 +0.00101 -0.00025 

0.16 0.00343 -0.00162 +0.00124 0.68 0.06368 +0.00117 -0.00051 

0.20 0.00538 -0.00150 +0.00119 0.72 0.07164 +0.00129 -0.00079 

0.24 0.00776 -0.00134 +0.00112 0.76 0.08010 +0.00138 -0.00119 

0.28 0.01057 -0.00~14 +0.00105 0.80 0.08906 . +0.00143 -0.00139 

0·32 0.01381 -0.00092 +0.00098 0.84 0.09851 +0.00144 -0.00169 

0.36 0.01749 -0.00067 +0.00090 0.88 0.10845 +0.00144 -0.00196 

0.40 0.02162 -0.00042 +0.00080 0·92 0.11888 +0.00140 -0.00220 

0.44 0.02621 -0.00016 +0.00068 0.96 0.12980 +0.00133 -0.00239 

0.48 0.03127 +0.00010 +0.00053 1.00 0.i4117 +0.00128 -0.00249 
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while fL is 0.9% high in the trough and 1.8% low at the crest. With 

a common origin in the trough fp is too high and fL too low every-

where else. 

In addition to wave height and the simple integral properties 

'" respresented by f and (3, the potential evergy V per unit surface 

area, averaged over one wavelength, provides an independent integral 

geometrical property for comparisons. It is easy to show that 

1 

1 2 f V == 2"pgX . 

o 

and that this expression is independent of the origin of y. This 

property, as well as all others considered in this paper, can be 

evaluated very simply for fp; numerical integrations are needed for 

1 2 
f and fL. For a wave of very small height V == "4 p ga with 

a == ~ h. Comparing on this basis and using for each profile its own 

value of h, we find for the ratio /1 2 V (4 p ga ) the values and 

discrepancies: 

f fp fL 

0.709 32/45 == 0.711 (+0.3% ) 0.704 (-0.7%) 

Differential geometrical properties provide more sensitive 
1 

tests. The slope 2f' is 3-2 13 for fp and tan(rrt3/6 ) for fL 

The discrepancy for f p' as a fraction of the common maximum slope, 

has extremes of +2.3% at 13 ~ 0.4 and -0.5% at 13 ~ 0.96; that of 

fL is negative everywhere, with an extreme of -2.6% at 13 ~ 0.8. 

Curvature comparisons provide an even more stringent test. 

The dimensionless curvature A./R 

4f"/[1 + (2f,)2 J3/2 == 4f"cos\l:. 

o 

is given by 

That of fp is given by 

o 0 
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(2/3t )/[1 + (~2/3)J3/2; for fL it is (n/3)cos(n~/6). The curvature 

of fp is too large in 0 ~ ~ < 0.42, with maximum defect of +7% at 

~ = O. For larger ~ it is too small, the defect being largest 

(-8%) at ~ = 0.68. The curvature of fL is too small in 

o ~ ~ < 0.75, with maximum defect of -4% at ~ = 0.52. For ~ > 0.8 

it rapidly becomes too large, by -+10% at ~ = 0.92 and ~+15% at 

~ = 0.96. 

The curvatures of fp and fL are smooth and well-behaved 

near the crest but the true solution has a complicated behavior near 

this point. In Yamada's analysis the curvature falls rapidly to zero 

at the crest, the change taking place over a very small distance. 

This effect is due to a term in the quantity al
/ 3in a with 

coefficient of order unity; a is a parameter which is of order 

[5(1 - ~)J3/4 very near the crest. The quantity orily approaches 

1 . -4 '" - 'for a ~ 10 where 
2 

limit zero at very small a; it is 

-6 1 - ~ ~10 , so the vanishing curvature may be neglected for any 

practical purpose. 

III. DYNAMICAL CRITERIA FOR MAXIMUM-WAVE MODElS 

Several dynamical criteria may, in principle, be used to 

its 

characterize discrepancies of test profiles. The most obvious one is 

to evaluate the pressure discrepancy (departure from constancy) along 

the free surface under the assumption that the flow is analytic, i.e., 

derived from a velocity potential satisfying Laplace's equation. 

Yamada has shown that the pressure defect of his numerical solution, 

expressed as a fraction of the hydrostatic pressure pg (y max - y) at 

each surface pOint, is of order 0.01% except near the crest where it 
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rises to about 0.5% as might be expected because Ymax - y ~ 0 there. 

Longuet-Higgins' approximate profile appears to be unique in that for 

it he was able to solve the potential problem analytically. From this 

he has estimated that its pressure defect between crest and trough is 

'" 7% of the maximum hydrostatic pressure pgh. However, this estimate 

overstates the pressure defect because, as we will see below, the 

distribution of pressure along his profile is not unique! For the best 

fit the pressure is discrepant by only ± 1%. I have not succeeded in 

finding an analytic solution with the parabolic boundary, so its 

pressure defect cannot be found without much numerical computation. 

other dynamical tests depend on knowledge of the surface flow 

speed U(~), given by if = 2g~Jf(1) - f(~)] in the absence of 

surface pressure defects. These include testing Lamb's two relations 

I t1(~)dIl = t1(i3l and 1 t1(Il)il? ='U
0

2 
(with Uo the wave speed), 

and comparing the mean kinetic energies per unit surface area (in 

bottom-fixed coordinates to exclude the infinite contribution from 

uniform flow in wave-fixed coordinates) of the models with that of the 

"true" solution. But the pressure corrections to the Bernoulli 

surface condition are not available or are not unique; even if they 

~re, the utility of including them would depend on one's attitude 

toward models, and the uses intended for them. I concur with Longuet-

Higgins that "the interest and value of the approximation lies in the 

simplicity of the first term," and have therefore defined a fictitious 

flow satisfying exactly the condition if(~) = 2gA[f(l) - f(~)] for 

each model. The first of Lamb's properties is then satisfied exactly 

for any profile and the second becomes a comparison of the values of 

f(l) - r. 

r.:r (, 
. 

() ~? ~~ n r'·' {1 0 : " 
•. ':;.' 
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The mean kinetic energy T per unit surface area in bottom-

fixed coordinates is given by 

T ~ (0 U
0

2/;..) 12 F -u~:) sec" lV(X)dx . 

To show this, 

1 
T = - P 2 

[

2 

-Ii: 2 

dx [ 22 
dy (v - U) + v J x 0 y 

-+ -+J. 
with v = 'V p, 

-. .... J. 
U = 'Vp = o 0 

"9(u x). 
o The velocity potentials 

1;, I; and stream fUnctions 1/r, o 1/r are real and imaginary parts of o 

complex velocity potentials, with 1/r = U y, o 0 
and dt is a line 

element of the counter-clockwise contour defined in four parts: 

1. 

2. 

3. 

4. 

y < Y < -00, max 

1 1 2" t... < x < 2" t..., 

-00 < Y < y , max 

1 1 - t... < x < - - t..., 
2 2 

1 x = - - t... 
2 

y = -00 

1 
x=2"t... 

y = y(x), the free surface. 

The equipotentials of I; and I; are both vertical on segments 1 o 

and 3, and agree at great depth, so I; = I; on them. Segment 2 is a o 

streamline for both flows, and on the free surface d1/r/dt = o. Thus 

T = ! p u f (I; - 1;)('Oy/dt)dt . 2 0 0 
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Integrating by parts, reversing the direction of integration, and 

replacing dt by ds, 

T = ~ p Uo f[Uo(dx/dS) - (iI¢/ds)ly(s) ds 

-4 

'}../2 

pUo
2 1 [1 - (U(x)/U )(ds/dx)ly(x) dx o 

as stated. One may show that adding an arbitrary constant to y(x) 

leaves T invariant. 

In our notation, with uF(~) = 2g'}..[f(l) - f(~)J, 

~r 1 1 
T/ (pg).. 

2
) = ["(1) - rTf - [r(l) - 1'1)0 [f(l) - f(~) l"ll+ (2f' )21"f(~ )d/l. 

o 

For waves of very small height T = .~ pg a
2 

with a = ~ h. Using for 

/ 
I 2 each profile its own h, the ratios T (4 pga) are: 

f 

0.792 

IV. THE EQUIVALENT-GRAVITY FUNGrIONG 

In my study of wave interactions in the companion paper 

important roles are played by two properties defined on the surface of 

the steady flow. These are the surface flow speed U, assumed here 

to be given by uF = 2g(y - y) max for the maximum wave, and G, 

defined by 

G == g cos ex + uF(dex/ds) 

on the surface of any steady flow. This is the effective gravity-like 

no· 
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acceleration normal to the .surface, arising partly from gravity 

reduced by surface tilt but also including centrifugal accelerationj 

da/ds .is the surface curvature, positive if concave upward. In our 

notation G/g on a maximum wave is given by 

Gig ~ [1 + (2f,)21-~ {1 ~ 8[1 + (2f,)2 1-1[r(1) - f(~)lr"} 

For the parabolic model G/g = (4/3)[1 + (~2/3)]-3/2, and for fL 

Gig ~ cos(ntl/6) {1 + 2In[(2/3~) 0 cos(,:,16) 1}. Both of these approam 

the known correct value (cos 30 32 /2) at the crestj in the trough 

Yamada's profile gives 1.305, while fp is 4/3, high by 2.2%, and 

fL is 1.288, low by 1.3%. As ~ increases the discrepancy with fp 

decreases, crossing zero at ~ - 0.44 and reaching a negative 

extremum of -1.9% at ~ - 0.76, while that with fL remains near -1% 

for ~ < 0.7. 

Under the'assumption made above, uf(~)/(2g~) = f(l) - f(~)j 

comparing point by point with Yamada's values, this is high for fp 

by 2.2% in the trough, and low by -0.5% at ~ - 0.92; the discrepancy 

crosses zero at ~ ~ 0.72. For f 
L 

it is ~ -2.7% 

-2% at ~ = 0.8, and -l%at ~ = 0.92. 

for o < i3 < 0.6, 

The results of these comparisons, using Yamada's accurate 

values, are shown in Tables III and IV, and in Figure 1. In Table III 

the third line (equal to 4n times the second line) is included to 

show explicitly the velocity ratio u 2/v 2 
o 0' 

and in the last two lines 

each profile's a is half its own height. In Table IV and Figure 1 

the percentage discrepancies in height and slope are with respect to 

Yamada's f(l) = 0.14117 and the maximum slope tan 300
, respecti~ 

while the others are from his values at each pOint. 
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Table III. Accurate Comparisons of Numerical Parameters 

Property Value Discrepancy (ojo) 
~ 

f fp fL fp fL 

h/'A. = f(l) 0.14117 0.14434 0.13736 +2.2 -2·7 

f(l) - f 0.09495 0.09623 0.09247 +1.3 -2.6 

'" 13 0.5816 0.5774 0.5810 -0.7 -0.1 

if / (g/k) 1.1932 1.2092 1.1622 +1.3 -2.6 

v/(~a2) 0.709 0·711 0.704 +0·3 -0·7 

T/(~a2) 0.792- 0.787 0.795 -0.6 +0.4 

Table IV. Discrepancy Extrema of Model-Profile Functions 

Function Extrema of Discrepancies(ojo) and Their Positions (13 Values) 

fp fL 

ojo 13 % 13 

f(13 ) - f -1.3 0 +0·9 0 
+0.9 1 -1.8 1 

tan a = +2·3 0.4 -2.6 0.8 
2f'(I3) -0·5 0.96 

if(I3)/2g'A. +2.2 0 -2·7 o < 13 < 0.6 
-0.5 0.84 

G(I3)/g +2.1 0 -1.8 0 
-1.9 0.76 

'A./R (13 ) +7 0 -4 0·52 
-8 0.68 -+15 0.96 

(\ ~r is 0 t.7 ~,,~ f"'; 0 iE, 0 ~,_# r •• ) 
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In summary: 

1. Both models pass all tests above with discrepancies 

~ :t 2.7'/0 except for curvatures. 

2. The parabola gives a better fit in most respects. 

3. The two models show discrepancies of opposite signs; 

a weighted mean would fit better. 

4. lTofile curvatures of both models have larger errors 

(- 5 to 10%). 

V. THE WAVE-INTERACTION FUNCTION Q 

The exchange of energy between a small wave and a given steady 

flow is related, in my companion paper, to a function Q of this flow 

defined on its surface by 

Q == 1 - (U/G )(dG/dU) • 

For an arbitrary profile y(x) on which the surface flow speed U(x) 

is given by if = constant - 2gy(x), one finds that 

Q == 1 - 3F + (1 + F)-l II sec2a (y' )-1{ylf)-2y'" with 

F ;;: (ufylf cos2a)/g, y';;: tan a; primes denote d/dx. For the 

'" -l( 2)( 2/ )-1 parabolic maximum-wave model y = 0 and F == 3' 1 - /3 1 + /3 3 , 

so that 

1 

. For fL we have F = 2 In[{2/32 )cos(n/3/6)] and the quantity 

secix (y' rl(ylfr2 y'" = 2, giving 

~ == 1 - 3F + 2(1 + F)-l II . 

Although both functions agree well for /3 > 0.7, approaching unity 
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, " 

smoothly. as t3 .... 1, they differ increasingly as t3 .... 0," where Qp 

Vanishes while ~ .... 0.2655. Both the third arid first deriVatives 

vanish att3 =: 0, but their ratio apprOaches that' of the fo~th 

derivativet6 the second, which is zero forfp but not, for fL. 

rtWasa surprise to discover that accurate values of ~2 

could not 'be found from Yamada r s profile for 1t3 I < ~. With the 

number of significant figures available, his solution is consistent 

with a constant' second derivative throughout this region. On this 

assumption, and using a smoothed second derivative, Q -.,. "'0.1 as 

t3 .... OJ this differs from zero primarily because of smaller trough 

curvature than that of fp~ However, the value is not well-determined. 

Ifa p!.rabola is fitted to the second derivative to estimate the 
. <', . . . ", " 

fourth deri:va~i ve o~e must assume it e:xtends to 't3 - ~ in order to 

obtain a single significant digitj the result, Q -'+ -0.25 as t3 .... 0, 

seems to be, slightly high. The functions Q (with an indication of,' 

its uncertainty), Qp' and ~ are shown in Figure 2; we have 

adopted t~e simple fit 

with Q(O) = 0.2, which is also shown. 

VI. FROPERTIES OF THE LONGUET-HIGGINSFLOW 

LOIiguet-Higgins has shown that the' flow with complex velocity 

potential X = I; + i1j.r, connected to the physical (x,y),' space with 

z=x+iy by 

X= -ic in W, 

f\ 0 0 
" 
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has a I8ttern of the desired form with the surface streamline * = 0 

on the line Iwl = 1, where 

y = in sec x , Ixl ~ 1(/6 • 

Physical lengths are in units of 3L/1(; w is a complex variable 

( Iw I ~ 1 within the fluid), L the wavelength, K a known numerical 

constant, and c the wave speed we have called u . o He has also 

shown that the surface pressure p, ap3.rt from an additive constant, 
s 

* is given by 

1 

with a = 2/(32K) = 1.1129···; a = p/c on the surface streamline 

ia given by W = e • Here 

F(a) 0 1 - ~ (a) + d!2(a) and ~(a) 0 a-12 sin yx)-1/3iJJ:Jo a-1I(CX). 

o 

To connect a with position along a streamline 

i [(1(/6 )-zs] r. 21(i/3 ,1 
e = Kla+ e r(aj = 

At 'a crest ex = 0, y = in sec (1(/6), and x = 1(/6; in the trough 

ex = 1(/6, ~ = ~, and x = y = O. 

The wave speed c is not determined by this analysis. For 

each different value of c we will have a different distribution of 

surface pressures. To illustrate this effect we have calculated 

P (0:) for two different values of c, and plotted them as fr~ctions 
s 

of the crest-to-trough hydrostatjc pressure difference 

* The exponent 2/3 is misprinted as 1/2 in his I8per. 
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(pgh =In sec(rr/6) in dimensionless units) in Figure 3. The first, 

2 (3)-1 given by c = 48, , is the value shown by Longuet-Higgins to give 

constant pressure differentially near the crest. In IJhysical units 

this value corresponds to U 2 = (48,3 rl g(3L/rc) = 1.5 a -3 g/k 
o 

= 1.0882 g/k. The second, about 3% larger, minimizes the maximum 

Ipsi j it is given by c
2 

= 1.0664/(48,3) = 1.1604 g/k. For the first 

choice (with Ps = 0 at the crest) Ips'max is 7% of pgh and 

occurs at the trough. For the second, Ips'max is 0.9% of pgh 

this defect is positive at the trough and of equal size but negative 

at a ~ 2.40
, near the crest. The second value of c is only 0.08% 

less than the one obtained from our fictitious-flow postulate, for 

which c2 = 1.0680/(48,3) = 1.1622 g/k • 

It is possible to comI8re directly the analytic form of the 

ingenious approximate solution of Longuet-Higgins with that of the 

first approximation to the method of Mitchell, extended by Havelock 

(1919), which we use in the next section. The form of Stokes' 

maximum-height wave train suggests performing a conformal transforma-

tion from uniform flow in the lower half-plane with free surface at 

y = 0 to one with an infinite number of downward 1200 angles by llse 

of Schwartz transformations (Smythe (1939), Sec. 4.18) together with 

~ 

uniform upward bending to give zero net rotation per wavelength, as I 

did before discovering accounts of Havelock's work. The resulting 

infinite series may be summed, leading to a first approximation for 

the free surface W = 0 of the form 

which is that of Havelock after reversing the sign of yto be 

positive upward and setting his small coefficients 

5 rr 6 (i f?' • n p'r· 0 r" ... ft ' . 1 

b (n~. 1), needed n 

a 



to fit the surface pressure condition accurately, e~ual to zero. Here 

the origin of z is at a crest, where ¢ = 0, and the units are 

chosen so that ¢ = }:rc in the first trough •. The approximate profile 

is found by integrating this e~uation; it has a reasonable shape but 

the wave height is '" 12% too great. The wave speed is found from the 

boundary condition. The corresponding first approximation, neglecting 

the bn , is c2 ~ 35/ 2 (4:rc)-1 g/k = 1.24 g/k (about 4% too high) as 

can be seen from Havelock's e~uations 16 and 17. 

In contrast, the flow of Longuet-Higgins has on the free 

surface 

d¢ '/dz " K' (sin ¢?i3 expi [(~/6) - z l} 
with K' = 21/3 3a = 4.2065, after moving the origin to a crest and 

ajusting the sign of ¢' = 3a so that it increases with x away from 

the crest. As above, ¢' is zero at the crest and 1 - :rc 
2 

in the first 

trough. Here, however, the dimensionless length z occurs in the 

exponent and is explicitly scaled in a different way to give x = :rc/6 

in the trough, but the most important difference is that ¢' = ¢/c 

(with c in dimensionless units) so that all properties desired of 

the flow except the surface pressure distribution are met automatically 

for any value of c. 

VII. A MODEL OF NEARLY -MAXTh1UM WA YES 

Havelock (1919) developed a mathematical framework which, in 

principle, allows one to calculate by successive approximations the 

properties of a wave train of any amplitude ranging downward from the 

maximum height to small waves for which his scheme corresponds to the 
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* original method of Stokes. However, he made numerical evaluations 

only for the maximum wave and others smaller by significant amounts, 

while our interest here is to examine waves less than the maximum by 

a ~uantity small of first oder. In his analysis the flow is deter-

mined from the complex velocity potential w(z) = w(x + iy) = 

¢(x,y) + i*(x,y) with ¢ the velocity potential and * the stream 

function. For a wave of maximum height * = 0 is the surface 

streamline; sharp crests of downward opening angle 120
0 occur at the 

origin of coordinates and at ¢ = ± n~ , with n integral. We have 

replaced his p3.rameter ex by t to emphasize its role as a p3.rameter 

of smallness, so that for lesser waves ~r = C~ is the surface stream-

line; the wave amplitude is related to -2£ e . His units are 

dimensionless, with y positive downward; we denote them by a tilde, 

except for ¢, *, w, and z. 

dW/dz 

The analysis starts from the form 

v 
x 

'" - iv 
Y 

= (i". )1/3 iW/3 - Sl.n w e 
b 

n 

with the b real; the real root of 
n 

is taken on 

¢ = 0, the vertical e~uipotential through the crest at x = O. For 

any value of c: the wave velocity (the fluid velocity as y -+ co and 

* -+ (0) is -1/3 b (C) 2 in his units. The coefficients ~ 
n 

and his 

dimensionless acceleration of gravity g(e) are determined in 

principle by applying the Bernoulli boundary condition 

~ = Idw/dz 12 = 2gy + constant 

* An alternative method due to Nekrasov is reviewed by Wehausen and 

described in some detail by Milne-Thomson (1962) but we found no 

reason to prefer it. 

9 ~7 6 (j • tr'F (1 C t,I>' P' ~ ~. 0 i 
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along the streamline * = i. Physical dimensions are restored by 

v2 = ~2\g/(21/3rrg), and g - g, with ~ the '" / 1/3 x = x~ (2 rr), etc., 

physical distance between crests. The approximate evaluation of 

g(O) and b (0) through n = 4 has been carried out to a satisfac
. n 

tory degree by Mitchell and Havelock. The ~ualitative difference for 

very small e will occur near the crests, where the discontinuous 

slope is replaced by a smooth-topped curve in a very small region. 

Elsewhere the wave profile will differ only by terms of first order 

in e and will be taken here to be ·essentially the same as if 
,.. v = O. 

The derivative of the boundary condition is e~uivalent to 

on * = e . 
The complex velocity there, in polar form, is 

- p /3 2 2 1/6 [j / } dW/dz = e .... (sin ¢ + sinh t:) B(¢, 6)exP

t
i[(¢ -9) 3 + TJ(¢,£)] ~ 

in which we have defined e by tan 9 a (tan ¢)/(tanh 8 ); the real 

amplitude B and phase TJ are defined by 

00 00 

Be i Tj = ~ + iBr - 1 + k =2:: 
n=O 

with b = r3 = 1 and tan Tj == Br/E-. From these we find o o· -R 

~ = e -2 €./3(Sin2¢ + sinh2 C )1/3 B2 , 

"'2 ),"'2/~ 1 -4e /3 d [(. 2¢ . h2 c. )2/3 B4] v vv vy.J = 2' e CSfj s~n + s~n c., 

: 
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Havelock performs elaborate manipulations on these expressions to 

establish his iterative scheme, but if they are simply substituted 

into the boundary condition we obtain after some reduction 

= 

The approximate numerical solution of this equation (in unrecognizably 

different form) for t: = 0 is already knownj among its properties 

at ¢ = o. 

The angle (9 - ¢)/3 - T} = Q; is the slope angle (positive 

downward) of the wave profile. From its definition Tjis an odd 

function of ¢, vanishing at crests and troughs. For a maximum wave 

-1 9 =,tan 1 
00 = - 1(, 

2 
so that Q; = 1(/6 at ¢ = 0 as desired. As 

increases from crest to trough the term -¢/3 serves to give the 

first approximation to the profile shape and, by cancelling 9/3 at 

the trough, to make it horizontal there. The profile correction 

needed to satisfy the boundary condition is supplied by Tj and is 

small everywhere, rising to a maximum less than 0.05 radian near 

¢ = 350 and falling smoothly to zero at ¢ = ! n. 
2 

For this wave 

is also slowly varying, and always near unity. It falls from about 

1.075 at ¢ = 0 to about 0.96 at J.l 
YJ = - 1(, 

2 
crossing unity near 

¢ = 400
• Because Br« ~ and ~ ~ 1, Tj ~ tan Tj ::: BI • 

Between .[ = 0 and f. 1= 0 analytic forms change at several 

places in these expressions, but it appears that the coefficients 

f3 (E) n 
and the parameter g(~) are continuous functions of 

including the point e = 0, with finite first derivatives at f.. == o. 

L f? f, § 0 ~'lI • (1 0 -!.l;- r~ l' 'I 0 f~·~' ,! .. -
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* Although we have not supplied proofs of these statements, we have 

examined the iterative scheme for determining them and find no reason 

to expect discontinuities. In particular, we have evaluated the 

derivative with respect to ~ of the leading term in Havelock's 

expression for g at ~ = 0 and obtained a number of order unity. 

The physical quantities showing discontinuities are, of course, the 

wave slope at the crest and quantities derived from it, such as G(s). 

Because we wish to expand about ~ o we need the value of d~/d¢ 

at ¢ = 0 for t: = o. The derivative of Havelock's four-term 

Fourier series is not very accurate, but the value seems near to 0.17; 

we call this (D - 1)/3 for later convenience, and use D ~ 3/2. 

For ~ t 0 the slope angle a vanishes at ¢ 0, and an 

inflection point occurs in the profile where da/d¢ = 0; that is, at 

da/d¢ = 1 + 3(d~/d¢) = D. From the definition of 9, 

da/d¢ =_ sec
2

¢ cos
2

a tanh -1 e. At the inflection point ¢ is still 

very small for small e , while a is 1 Therefore at this near 2"rc. 

1 
1 1 1 

point e~2rc _ (D£Y2 and tan ¢ -:::. ¢ -::. e cot(2 rc - e) -:::. (6 /D f2 . 

later we use tanhg ~ sinh~ ~6 and i ~l. After passing 
1 

the inflection point we may take 1 e"'-rc -2 for (~/DY2 < ¢ 1 
~ 2" n: , so 

the wave profile is essentially that of a maximum wave except within 

the cap region. 

By integrating the boundary condition we find for waves of any 

amplitude 

* Havelock also noted that formal proofs of convergence of his series 

could not be given. The work of Grant and Schwartz is relevant to 

the improvement of mathematical rigor at this point, but probably 

will not affect our physical conclusions and their application. 
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in which B (t,) := B(O, [,). From this equation we can see in detail 
o 

how the discontinuities arise. The integration constant B 3 is not 
o 

required for £,:= 0, but its value must now be determined. To fix it 

for very small but finite e we note that B2 (¢) is a Fourier series 

with average value unity for all t: ;. if the ~n are not to undergo 

discontinuous jumps as e departs from zero, B3 at ¢ 0 must be 

a continuous function of ~. In the special case ~ o we find 

from the general expression that 

lim B3(¢,O) ~ sin-l ¢[3g sin(rr/6)J¢ - 3g/2 , 
¢~O . 

in which the integration constant must be zero to prevent B3 from 

diverging as (sin p)-l. 

We may now proceed to find approximate values for the functions 

we need in the cap region. Except near the inflection point, 

e ~ tan -l(¢/ e ) » DP, so that ex ~ 8/3. The general expression 

"'2 
for the surface flow speed v is equivalent to 

3 -E. 2 2 l 3 U := e (sin ¢ + sinh Sf B(¢, £,) 

which becomes ¢ 

1i3 e -& B 0 3 sinh e + 3g [ sin a d¢ • 

In this region dp/de ~ ~sec2e, so for small S 

~ g [(3/2) + 31 sin(e!3) sec
2

e de] p(e) . 
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The integral can be evaluated; 

p(e) = 3 sec e cos(29/3) - (3/2) - c2.n(t ~ ~ 
1 

with C = cos(n/6) 32/2 

"-
To find G we need 

"-

+ c] 

-1 "- 2 3 g p(e)cos e 

we must change the sign of this term in G because a has been taken 

positive downward here. Its effect .is to reduce the effective gravity, 

since the surface is convex upward in the cap region. Therefore 

The wave-interaction function n is then given by 

n 1 - (3P/Q) (dQ/de)/(dP/d9) 

The function p(e) diverges as 9 -. ~ n but we do not use it for 
1 

1 
- n - 9 < 
2 

(D E? . At the end of this range its value approaches 
1 

3(D[)-2/2 . We have studied the transition region near the inflection 

point and find that all quantities join smoothly across it. 

The geomet:r;y of the wave profile in the cap can be determined 

from the Bernoulli relation 

with u3 = 3~g/2 , . crest which determines e as a function of y , and 

a(e) tan-l(dY/c£:.) e/3. From these 

I~G) - ~ I crest 

Ycrest 
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The functions p(e)cos e, u(e), G(e), and U/G are plotted in 

suitable units in Figure 7, the cap-region profile y vs. x in 

" 
Figure 8, and Q( 6) in Figure 12 of the companion paper where all 

these results are employed. 
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FIGURE CAPI'IONS 

Figure 1. Fractional discrepancies of properties (in dimensionless 

Figure 2. 

units) of parabolic (p) and log-secant (L) maximum-wave 

models vs. ~ = 2x/A from trough (~= 0) to crest 

(~ = 1). Comparisons are with values from Yamada's profile. 

(a) height above mean sea level (y - Y)/h ; 

(b) slope/(tan 300
); 

2 ') 
(c) (surface flow speed) uF/2gA; 

(d) the equivalent-gravity function G/g; (e) surface 

curvature A/R.Percentage errors in height and slope are 

normalized to given constants; others are to Yamada's 

values at each point. Ordinates are in percent. 

The wave-interaction function Q 
2 on a maximum wave ~ ~ ; 

curves from Yamada's profile (Y) (with uncertainty indicated) 

and the parabolic (p) and log-secant (L) models are shown, 

together with the approximate relation (A) Q = (1 + ~2)/5. 

Figure 3. Surface-pressure defect as a fraction of crest-to-trough 

hydrostatic pressure for Longuet-Higgins' maximum-wave 

model, for two choices of wave speed c) vs. dimensionless 

velocity potential 

t h (a) C
2 roug . 

¢ = 30:; ¢ = 

1.0882 g/k; 

Ordinate is in percent. 

o 

o at crest, 1 
-:IT in 
2 

(b) 2 
c = 1.1604 g/k . 

o 0 
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FIGURE 3 
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