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EPIGRAPH

The development of mathematics
is largely a history of deepening understanding of the concepts of infinity.

Emmy Noether

There is really nothing more to say-except why.
But since why is difficult to handle, one must take refuge in how.

Toni Morrison

I may remark that the curious transformations many formulae can undergo, the unsuspected and
to a beginner apparently impossible identity of forms exceedingly dissimilar at first sight, is I

think one of the chief difficulties in the early part of mathematical studies. I am often reminded
of certain sprites and fairies one reads of, who are at one’s elbows in one shape now, and the

next minute in a form most dissimilar.

Ada Lovelace
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Many different industrial sectors such as aerospace, civil, mechanical, and automotive

rely on complex systems that have evolved beyond their original design due to, among other

things, damage, aging, upgrades, or degradation. The mismatch between the original design

life and the current state of these systems motivates the need for an improved representation

of their as-built, as-deployed state to monitor their structural health. Furthermore, as these

systems continue to evolve beyond their original design, this virtual representation needs to

adapt as well. To help ensure the reliability of these systems, a structural health monitoring

(SHM) system that relies on an accurate representation of the system it monitors is desired. This
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dissertation presents the development of a workflow for integration of physics-constrained and

structure-preserving machine learning (ML) models that can function as digital twins of a system

with the purpose of enabling response forecasting to future states, as well as provide a basis

for damage detection based on domain shifts observed in the data from the monitored system.

The proposed approach leverages the well-established foundations of computational mechanics

theory to constrain the parameter space of the ML models. This dissertation presents a series of

extensions and variations of the basic principles of structure preservation in nonlinear dynamics

to increase efficiency by reducing the data needs (through a sparse measurement requirement),

reducing the computational burden through order reduction, and leveraging prior knowledge of

the ideal system before it deviated from its nominal condition. Furthermore, this work proposes

a strategy to deal with observational uncertainty (e.g., from measurement error) and epistemic

uncertainty (e.g., from model limitations). Lastly, the digital twin model is used in combination

with detection theory to establish a probabilistic reasoner that enables risk- and cost-informed

decision-making. The entire workflow establishes a strategy for physically-interpretable ML

models that can be interrogated to infer health states and to forecast their structural health state

under future operational loads with increased accuracy.
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Chapter 1

Introduction

The reliability of complex civil, aerospace, and mechanical structures is of upmost

importance for their robust operation. These systems are often exposed to environments that

may cause damage or changes to their structural performance over their lifetime. To prevent

failure of these systems, time-based maintenance (TBM) or condition-based maintenance (CBM)

techniques are employed. TBM is common in many applications where time to failure is known in

some statistical manner. However, TBM lacks a connection to performing continuous monitoring,

and therefore may be either over- or under-conservative, depending on the maintenance schedule;

maintenance is performed on a fixed schedule, regardless of the actual need. On the other hand,

CBM relies on monitoring (either continuous or regularly scheduled) to trigger maintenance

actions. CBM requires a reliability model that can be used to inform the health state of the

structure based on measurements, which leads to structural health monitoring (SHM).

SHM makes use of a condition monitoring workflow that combines a reliability model

with the ability to extract informative features from these data and, subsequently, assess the state

of the structure. To be effective, these SHM systems rely on a computational representation of

the monitoring structure so that they can perform ”forward” predictions based on the current state

of the structure (otherwise known as ”prognostics”). This virtual representation is also known as

a ”digital twin”. Digital twins seek to provide a faithful representation of the deployed system in

the field [47, 75, 262, 246]. To be truly effective, these computational models need continued

1



monitoring of the physical systems via embedded sensors [272, 165] to preserve their fidelity

when structural changes occur. Since they are meant to operate in real-time aided by continuous

data streams, they offer an enhanced ability to monitor the evolving health of a system and

predict the future response to both nominal operating conditions and unexpected excursions in

loading environments [250, 21, 246, 247].

Digital twins can be fully physics-based when sufficiently complete knowledge of the

structure is available. To be effective, these physics-based models still require calibration to

test data (e.g., modal tests in the case of vibration measurements). For example, finite element

models may function as digital twins if they are an accurate representation of the as-built, as-

deployed system. However, to be truly effective, these models need constant updating to reflect

the latest state of the systems they represent. This updating can be expensive when dealing with

physics-based models, which often need to be solved with high-performance computers. SHM

often relies on data-driven models which have the advantage of being really fast but may be

unreliable if not properly trained. A more robust alternative is a class of hybrid systems that

combine data-driven approaches with physics-based models. This spectrum of data vs. physical

knowledge will be explored in more detail in Section 1.1.

1.1 Machine learning applications to physics

In this section, we provide a description of how machine learning has been used over the

years for modeling physical systems. The objective of this section is to provide an overview of

how digital twins of physical systems can be obtained with data-driven methods.

1.1.1 Purely data-driven approaches

Purely data-driven modeling approaches are popular when experimental data are available

because they can be readily obtained by employing a type of regression to these data. These

approaches range from more traditional techniques such as singular value or proper orthogonal

decomposition [119, 16, 17] to more recent work with neural networks, with applications in
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areas such as climate modeling [168, 128], material modeling [266, 276, 116], and structural

dynamics [236, 274]. Purely data-driven methods generally lack physical interpretability and

are limited in the domain they may operate in (e.g., not outside their training domain), and as

a result, they are not very robust. Researchers have shown [69] how these systems fail when

presented with data outside the training regime (or in a shifted domain). While these methods

can still be extremely useful for applications where the expected inputs are well characterized,

they are often not very robust in SHM applications where the digital twin may be presented with

data from a shifted domain (e.g., with some underlying structural change).

1.1.2 Physics-informed approaches

More recently, physics-informed neural networks (PINNs) have become more pervasive

in the literature, ranging from applications in solving classical partial differential equations

(PDEs) [203, 121, 277] including the Navier-Stokes equation [113], as well as applications in

geostatistical modeling [290], defect detection [281], and solution of non-homogeneous dynamic

systems and elasticity problems [27], to larger scale systems including hybrid mesh-free methods

[237, 93]. These approaches typically operate by transforming the PDE residual into a loss term,

as well as enforcing boundary and initial conditions with similar penalty methods. However,

these methods require the most amount of physical knowledge to operate. PINNs and other

closely related approaches rely on the full knowledge of the PDE and assume full access to the

state variables needed for the PDE. While these approaches may offer numerous advantages

over classical physics-based methods (e.g., FEA), they still require a very specific form of data

that may restrict its applicability to complex engineering systems. For example, for material

modeling, access to the stresses and deformation gradients may be required to evaluate the PDEs.

For this reason, these methods are well equipped for replacing physics-based models in a context

where high-fidelity modeling is required but may not be the best fit for SHM.
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1.1.3 Physics-constrained approaches

Physics-constrained methods represent a middle ground between purely data-driven

and physics-informed approaches. In these methods, a constraint representing known physical

behavior is introduced either through the loss function or through the network architecture.

For example, a common constraint is energy conservation or consistency with physical laws

(such as thermodynamic laws) [89, 54]. Structure-preserving methods can be categorized

under the general family of physics-constrained approaches. In contrast with physics-informed

methods, structure-preserving approaches seek to enforce physical constraints through inductive

biases built into the data-driven mechanism, e.g., the neural network architecture or in reduced

order modeling via an appropriate choice of reduction basis [217, 197, 137]. This family of

methods have been shown to be more robust than purely data-driven approaches while providing

much more flexibility than PINNs. A key reason for why physics-constrained and structure-

preserving techniques may be preferred over physics-informed methods is the fact that model

nonlinearities may be unknown or hard to characterize with existing physics-based models. For

instance, the physical phenomenon of friction in bolted joints still lacks a complete physics-based

characterization at the structural level, necessitating approximations through whole joint models

that aim to capture the observed behavior [163, 25]. Much like these models that have been

developed by subject matter experts, physics-constrained and structure-preserving approaches

aim to model physical behavior that may be hard to characterize through first principles by

enforcing adherence of the model’s behavior to physical laws.

1.2 Research Objectives, Organization of Dissertation, and
Contributions

Based on the discussion in the previous sections, this research focuses on the application

of physics-constrained and structure-preserving machine learning techniques to structural health

monitoring applications. In this work, physics constraints are used to limit the function space of
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data-driven methods in order to establish reliable and robust digital twins that can be deployed in

SHM frameworks. The initial research was motivated by applications to transportation systems

that require to operate robustly under normal environments (e.g., subjected to extended random

vibration environments). However, the methods presented here were developed in an abstract

framework that is applicable to any structural system. Ultimately, these tools are employed to

detect damage in a system, which is understood as ”intentional or unintentional changes to the

properties of the system [...] which adversely affect the current or future performance of the

systems”, based on the definition provided by Farrar and Worden [65].

Figure 1.1 summarizes the proposed workflow which consists of two distinct phases:

predictive modeling, or the digital twin phase, and the probabilistic modeling phase. In the

first phase, physics-constrained or structure-preserving methods are developed to establish a

reliable data-driven digital twin of a deployed system. In the second phase, probabilistic models

are employed to characterize the uncertainty associated with the digital twin predictions and

to realize the SHM paradigm by detecting changes in the system and providing the necessary

tools for risk- and cost-informed decision-making. In the digital twin phase, there are a number

of cases that were considered given the diversity of data that were of interest. However, the

problems considered in this work all fall under the same general family of problems where data

that was generated by a physical process are available. We recognize that each problem is unique

and may require variations to the methods developed in this work, but we offer a variety of

approaches that cover many of the challenges associated with complex engineering systems. To

this end, the objectives of the research are summarized as follows:

• Establish a general family of physics-constrained and structure-preserving data-driven

methods for deployment as digital twins in SHM applications, mostly focused on nonlinear

structural dynamics

• Address the practical challenges of dealing with experimental data by providing uncertainty

quantification, recognizing the challenge of partial observability in realistic systems, and
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enabling model order reduction by leveraging linear projection methods thereby reducing

the computational burden on the ML algorithms

• Propose an SHM workflow that enables the development of physically-interpretable models

of as-built, as-deployed systems from data

Figure 1.1. Proposed framework for SHM system.

The following eight chapters address these objectives and are organized as follows.

Chapters 2 thru 6 constitute the predictive modeling portion of the research while Chapters 7

thru 9 represent the probabilistic modeling portion. Chapter 2 describes the development of

two algorithms that incorporate physics constraints through a loss function penalty for health

prognosis. Both algorithms incorporate epistemic uncertainty quantification through a Bayesian

neural network architecture. The concept of neural differential operators is also introduced in

this chapter. Chapter 3 shows the development of the structure-preserving algorithm that will act

as the foundation for much of the rest of the dissertation. The general theory behind Hamiltonian

and Lagrangian mechanics is covered in this chapter. Chapter 4 addresses the challenge of partial

observability in realistic applications through the application of embedding theory. Chapter 5

leverages an existing isolated formulation of nonlinear dynamical systems to demonstrate how

existing knowledge of the structural system can be integrated into the data-driven digital twin
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to obtain accurate representations of an unknown nonlinear behavior. Chapter 6 demonstrates

how the data-driven digital twin can be combined with projection-based reduced order modeling

methods to reduce the computational burden on the neural network training. Chapter 7 develops a

general approach of uncertainty quantification of the digital twin predictions given observational

noise in the measurements that are informing the SHM system. Chapter 8 extends the uncertainty

quantification of the digital twin to handle epistemic uncertainty via distance-aware neural

networks while leveraging this measure of uncertainty to detect domain shift in the data. And

lastly, Chapter 9 demonstrates how the features extracted from the data in Chapter 8 can be used

for risk- and cost-informed decision making by computing the detector’s Bayes risk.

To summarize, the contributions of this research are the following:

• Development of a physics-constrained surrogate model for pitting corrosion prediction

• Development of a physics-constrained model for remaining useful life prediction of

lithium-ion batteries

• Development of a structure-preserving digital twin that preserves the Hamiltonian and/or

Lagrangian structure of general dynamical systems

• Development of a workflow for training structure-preserving data-driven models when

only partial measurements are available

• Development of a workflow to leverage existing knowledge of physical systems when

available, limiting the data-driven aspect of the digital twin to an isolated nonlinear region

• Development of a structure-preserving model order reduction approach for nonlinear

systems based on Lagrangian operator inference

• Development of an approach for uncertainty quantification of the digital twin system when

observational noise is present through conformal regression
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• Development of an approach for epistemic uncertainty quantification of the digital twin

for use in a probabilistic reasoner to perform risk- and/or cost-informed decision-making
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Chapter 2

Physics-Constrained Neural Differential
Operators for Health Prognosis

This chapter describes the use of neural differential operators for health prognosis

applications in two different applications: remaining useful life forecasting of Lithium-ion

batteries, and pitting corrosion growth in metallic structures. These two applications employ

different ML architectures but rely on a similar concept: a probabilistic data-driven ML model

with physics constraints. In both applications, it is demonstrated that the proposed approach has

several advantages over other state-of-the-art methods.

2.1 Applications to Lithium-ion battery remaining useful
life prediction

Lithium-ion battery health prognosis, or the ability to predict its remaining useful life,

is crucial for ensuring the reliability and efficiency of the systems that rely on its power. Moni-

toring and forecasting the remaining battery capacity provides valuable insight into the overall

performance of the battery and allows for the prediction of battery failure. These predictions

facilitate timely maintenance and/or replacement, improves the overall energy efficiency of the

system, and maximizes system operational availability (i.e., minimizing downtime). Battery

prognosis is a crucial requirement for various systems, including electric vehicles (for optimizing

range and performance), renewable energy systems (for improving energy storage), aerospace
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and defense applications (for predicting remaining battery life in satellites), Internet of Things

(for monitoring device battery life to ensure seamless operation), among others.

Failure prognostics–the capability to predict remaining useful life (RUL) estimation–of

lithium-ion batteries has been a very active research topic for a couple of decades with the rise of

such battery usage across many applications [1, 3, 283, 83]. Approaches to failure prognostics

of batteries may be roughly classified into three categories, namely physics-based, data-driven,

and hybrid approaches. This classification is similar to that for failure prognostics in other

engineering domains [246]. Physics-based methods heavily rely on modeling battery degradation

patterns using physics-based or physics-informed models, e.g., taking advantage of electro-

chemical principles. The physics-based model could be a high-fidelity simulation model [154],

an empirical/semi-empirical model [187], or a simplified model derived from physical laws

[188]. For physics-based methods, failure prognostics of batteries usually consists of two main

steps. The first step is to update the uncertain model parameters based on actual observations

of a battery, using Bayesian methods [104, 33, 263], optimization-based methods [62], or other

methods [213, 287]. After the model updating, the physics-based model is then used to forecast

the degradation of the battery and thus estimate its RUL. The commonly used models in the

literature include the exponential function [40], the power-law function [263], the equivalent

circuit models [11, 166], and multi-physics simulation-based degradation models [231]. There

are multiple advantages of physics-based methods. For instance, most of the physics-based

methods do not require any run-to-failure data. Furthermore, physics-based methods have good

extrapolation capabilities if the model accurately captures the underlying degradation principle

of the batteries. However, this potential advantage becomes the main disadvantage, because

the current state of the art knowledge of battery degradation is very limited due to the highly

complicated degradation process [60]. The discrepancy between the model used for prediction

and that of the underlying true physics could lead to large errors in the RUL prediction, resulting

in sub-optimal if not costly consequences in the decision-making.

With the rapid development of machine learning (ML) and especially deep learning

10



techniques in recent years, many data-driven approaches have been developed for prognostics to

overcome the limitations of the lack of physical degradation knowledge [139, 143, 149, 147]. In

data-driven approaches, a model is constructed based on run-to-failure data to achieve a mapping

between observables (voltage, current, etc.) and battery capacity or monitoring data and life

directly [244]. Various ML models have been employed to construct such data-driven models

for failure prognostics of batteries. For instance, numerous neural network-based data-driven

models, including regular artificial neural network models and models based on deep neural

networks, have been proposed for the capacity estimation of lithium-ion batteries [36, 205, 102].

The Gaussian process regression model-based method has also been proposed to estimate the

RUL of batteries, even though it is not as widely used as neural network architectures [145, 241].

Moreover, to overcome the limitations of individual ML models and improve the RUL estimation

accuracy and robustness, ensemble learning methods have also been investigated in the literature

and have shown promising performance [186, 227]. Other researchers have shown promise

with the use of recurrent neural network architectures [286, 148], including combining these

architectures with classical Bayesian approaches to enable uncertainty quantification [146]. The

advantage of an ML-based data-driven model is that it is capable of generating the required

mapping that is not conditioned upon an understanding of the underlying physics of degradation.

The ML model learns the degradation pattern automatically purely based on run-to-failure data.

The disadvantage is that the data used for training significantly affects the performance of the

data-driven model. If the prediction region is outside of the training space, the data-driven models

could have a very large prediction error. The model sometimes may also create predictions that

violate the physical laws.

While both physics-based methods and emerging data-driven methods have their own

advantages and have shown good performance for RUL estimation of batteries in some situations,

their disadvantages have impeded the adoption of the methods in practical applications. This has

motivated the development of hybrid approaches that combines physics-based knowledge with

data-driven models [39, 245]. The hybrid approaches have been explored in two main directions.
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In the first direction, run-to-failure data is used to correct the physics-based degradation models

[275, 109, 114]. In the second direction, physics-based knowledge is incorporated into data-

driven models to improve the extrapolation accuracy of data-driven models for failure prognostics

of batteries [229, 141, 249, 125]. A comprehensive review of various hybrid approaches for

battery RUL estimation is available in [141]. It is believed that the hybrid approaches will outper-

form the performance of physics-based and data-driven methods by combining the advantages of

these two types of methods.

Building upon the existing lines of inquiry into hybrid modeling, the proposed approach

combines physical insights from physics-based forecasting models and the ability to assimilate

existing experimental data to capture the complex performance evolution of lithium-ion batteries.

The proposed approach seeks to overcome a number of challenges associated with existing

approaches, namely the lack of uncertainty quantification in hybrid methods, the difficulty

associated with training recurrent neural networks, and the expert knowledge required to enforce

physics constraints. To this end, the proposed method leverages the observation that battery

discharge capacity is a monotonically decreasing phenomenon to enforce physical constraints in

a neural network ensemble. Furthermore, the network is trained to act as a neural differential

operator that learns the discharge capacity rate instead of learning the discharge capacity directly.

This formulation provides a direct way to enforce constraints on time derivatives as well as a way

to perform discharge capacity forecasting through direct time integration of the neural operator

(avoiding the need for recurrent architectures). To learn the operator, an architecture inspired by

DeepONet [152] is used, consisting of a branch network that encodes the input function space

(i.e., the domain of battery cells) and a trunk that encodes the domain of the output function (i.e.,

the number of cycles). To capture the epistemic uncertainty associated with lack of knowledge

of the exact battery degradation phenomenon, the network is formulated as a Bayesian neural

network capable of expressing uncertainty over its own predictions. The resulting algorithm

is a physics-constrained Bayesian neural network that provides high flexibility and improved

accuracy for RUL prediction with respect to existing methods. Using the battery dataset presented
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in the paper by Severson et al. [221] as an example, the proposed method was compared with a

simplified physics-based degradation forecasting model and two data-driven prognostics models.

The results show that the proposed physics-constrained neural network can provide more accurate

and precise RUL estimation than the other methods using the same training data.

This chapter is organized as follows. Section 2.1.1 describes all the methods considered,

including the proposed approach. Section 2.1.3 presents results and discussion for all the methods

considered. Finally, section 2.1.7 provides concluding remarks and future research directions.

2.1.1 Predictive Approaches for Battery RUL Forecast

In this section, an implementation of the failure forecast model based on simplified

physical laws and two data-driven failure prognostic methods are presented in Sections 2.1.1,

2.1.1, and 2.1.1 respectively. These three methods will be compared with this chapter’s proposed

physics-constrained neural network method presented later in Section 2.1.2. In the following

sections, capacity is used to refer to discharge capacity which is generally used to track capacity

degradation. Capacity is always presented in Ampere-hour (Ah) units unless otherwise noted.

It should be noted that all three methods are distinct and, as a result, are able to take

different types of inputs. In particular, the neural network approach is the most flexible and can

incorporate a larger number of inputs than the other methods without dramatically sacrificing

efficiency (e.g., the GPR methods require the computation of the kernel matrix which becomes

expensive with more inputs). This flexibility is leveraged to include additional potentially useful

information as input to the neural network.

A Physics-Based Failure Forecast Model

The Failure Forecast Model (FFM) form proposed by Voight [261] successfully models

many geophysical (see [260]) and material-level failure mechanisms (see [260, 248, 191]) that

share a common self-accelerating degradation characteristic as the system approaches failure. We

observe that the inverse of the battery capacity evolution accelerates with time and can, therefore,
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be modeled using the FFM. We assume a failure forecast model that has self-accelerating

characteristics and perform Bayesian inference to predict the RUL and the uncertainty bounds in

the prediction.

Let C(t) denote the capacity of the battery at time (or equivalently, cycle) t. Let

R(t) = C(t)−1 denote the inverse of the discharge capacity. Since the discharge capacity is

a monotonically decreasing phenomenon, the inverse of the discharge capacity is a monotoni-

cally increasing phenomenon. As per the general FFM model form, R(t) =C(t)−1 is modeled

by using a first order differential equation that takes the form

dR
dt

= kRα ,where k > 0 and α > 1. (2.1)

Here, the constants k and α are specific parameters for the physical process (discharge capacity

degradation here). Using Eq. (2.1), the quantity R(t) can be solved by assuming that R(t = t f ) =

R f , where, t f is the time of failure, such that

R(t) =
(

R1−α

f + k(α −1)(t f − t)
) 1

1−α

. (2.2)

The capacity failure threshold is defined as C f = R−1
f , which is assumed to be C f = 0.8 in this

work. The discharge capacity C(t) is obtained as

C(t) =
(

Cα−1
f + k(α −1)(t f − t)

) 1
α−1

. (2.3)

The value α = 2 represents a special linear case of the FFM, such that

C(t)|α=2 −C f = k(t f − t). (2.4)

The value of α < 2 represents the case where the discharge capacity follows a convex down trend

(curving upward along the horizontal axis). On the other hand, α > 2 represents the case where
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the discharge capacity follows a concave down trend (curving downward along the horizontal

axis). As alpha increase, the value of C(t) decays faster as the system approaches failure. Since

discharge capacity is a monotonically degrading phenomenon with the rate of decay increasing

over time, α ≥ 2 is of interest.

The goal here is to make a probabilistic estimate of the parameters k, α , t f , and the

noise parameter σl (standard deviation of the battery capacity data) using a portion of gathered

capacity data D. Let Θ denote the random vector consisting of the parameters to be estimated,

i.e., {k,α, t f ,σl}. The parameter vector can be inferred using Bayes theorem, such that

P(Θ|D) =
P(D|Θ)×P(Θ)

P(D)
. (2.5)

In the equation above, P(Θ) denotes the prior belief of the parameter vector. Since k > 0, the

prior for k is assumed to be a uniform distribution ranging from 0 to an arbitrarily large number

(representing ∞). The prior for α is assumed to be uniform distribution ranging from 2 to 10.

The prior to σl is chosen to be half normal, a weakly informative distribution as suggested by

Gelman et al. [77, 76]. Since t f is positive and greater than the current time, the prior for the

time of failure is assumed to be a uniform distribution from the current time t to an arbitrarily

large number (representing ∞). The term P(D) in Eq. (2.5) is the evidence and is simply a

normalizing quantity. Finally, the term P(D|Θ) denotes the likelihood of observing data D given

the parameter vector Θ. If a specific forward measurement model is adopted, a tailored likelihood

function could be derived from that. In this chapter, the FFM (Eq. (2.3)) itself is used to model

the likelihood function. To capture the heteroscedastic converging effect of the noise structure,

the inference is performed in the logarithmic space D̃= log(D). The likelihood of observing D̃

given the parameters vector Θ = {k,α, t f ,σl}, denoted by P(D̃|Θ), is modeled using a normal

distribution with the standard deviation σl and mean µl , i.e., P(D̃|Θ) = N(D̃|µl,σl), where the
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mean of the likelihood function is given by

µl = log
((

Cα−1
f + k(α −1)(t f − t)

) 1
α−1
)
. (2.6)

To obtain the joint posterior distribution of parameters constituting the parameter vector Θ using

Eq. (2.5), a sampling-based Markov Chain Monte Carlo (MCMC) approach is implemented

using a Metropolis sampler within the PyMC3 Python package. Once the parameter vector is

inferred using the recorded data D̃, the future discharge capacity data ˆ̃D (called the posterior

predictive distribution) may be forecast using the samples of the inferred parameters run on the

FFM model that was used to construct the likelihood function. Mathematically, ˆ̃D is conditioned

on the recorded data D̃, such that

P( ˆ̃D|D̃) =
∫

ΩΘ

P( ˆ̃D|Θ)P(Θ|D̃) dΘ. (2.7)

Figure 2.1. Illustration of FFM used to generate posterior predictive plot

Fig. 2.1 illustrates an example of a posterior predictive plot inferred using a window of

data that forecasts the time of failure of the battery’s capacity as well as yields uncertainty bounds
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of the prediction. We observe that the prediction overshoots the true trend for the considered

window. This is because the assumed failure model described in Eq. (2.3) does not fully capture

the characteristics of battery capacity curves. It is designed for forecasting damage or fracture

type of failure, where degradation notably accelerates towards the end. However, the capacity

degradation of a battery behaves differently. Unlike the fracture type of failure, the slope of the

capacity curve is almost constant towards the end of the battery’s life. Consequently, the FFM

model does not fully capture this degradation characteristic, resulting in an overshooting of the

prediction until the data window comes closer to the failure threshold.

To predict the distribution of the time of failure (and by extension RUL), parameter

estimations are performed using a moving window of recorded data because the data contained in

the moving window will contain the latest stage information about the capacity degradation that

informs the degradation curve. A data window size of 20% is used. Let t̂ f denote a realization

of time, t denote the current instance of time, then the corresponding RUL denoted by L̂(t̂ f ) is

given as

L̂(t̂ f , t) = t̂ f − t. (2.8)

We note that this is not a recursive approach since a particular data window does not affect

the inferred parameters obtained by any other window and each window acts as an independent

source of available data. For the purpose of demonstration, we assume non-overlapping windows

spanning the entire time/cycle domain as shown later in Fig. 2.5 and 2.6.

Data-Driven Prognostic models

Two different types of data-driven prognostic models, including a Gaussian process

regression (GPR)-based model and a similarity-based model, will be provided in this subsection.

Both models use the run-to-failure data of batteries to build a degradation model for failure

prognostics.
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A GPR-Based method

Assuming that N run-to-failure data-sets of battery capacity with different lengths exist,

denoted as Ci, i = 1, · · · ,N, where Ci = {Ci, j, j = 1, · · · ,Ti} is the i-th capacity dataset with a

length of Ti. In order to build a GPR model to capture the degradation pattern of the battery, a

finite impulse response (FIR) filter with a Hanning window is first applied to the original capacity

curves to remove high-frequency noise and outliers in the data and thus smooth the capacity

degradation curves.

Since GPR model training will be computationally very slow for a large number data set

and further suffers from the curse of dimensionality, a down-sampling step is performed to reduce

the size of the data after the smoothing of the degradation curves. Denoting the run-to-failure

data after down-sampling as C̃i = {Ci,k,k = 1, · · · ,Mi}, ∀i = 1, · · · ,N, where Mi is the length of

the i-th capacity dataset after down-sampling, the finite difference of the capacity between two

adjacent time steps is computed as

∆Ci,k =Ci,k −Ci,k+1, i = 1, · · · ,N;k = 1, · · · ,Mi −1, (2.9)

where ∆Ci,k is the capacity degradation of the i-th battery from time step tk to time step tk+1 after

down-sampling. Note that the finite difference is computed by subtracting Ci,k+1 from Ci,k since

the capacity is decreasing over time.

To learn the underlying dynamics of the capacity degradation, a nonlinear autoregressive

exogenous model (NARX) using the GPR model is constructed. NARX model is a nonlinear

time-series modeling method that describe the response of a time series at the current time instant

as a nonlinear function of the past values of the time series and current and past values of the

driving factors (i.e., exogenous inputs). Various methods can be employed to model such a

nonlinear functional relationship. When a GPR model is used to build this nonlinear function,

the resulting model is called a GP-NRAX model [289]. The GP-NARX model in this chapter is
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given by

∆Ĉk = G (∆Ck−1,∆Ck−2, · · · ,∆Ck−p;θ), (2.10)

in which G (·) is the GPR model with hyper-parameters θ , ∆Ĉk ∼ N (µC,k,σ
2
C,k) is the predicted

capacity degradation at time step tk which follows a Gaussian distribution with a mean of µC,k

and a standard deviation of σC,k, and p is the number of lags in the NARX model. The hyper-

parameters θ are estimated using the maximum likelihood estimate method based on the training

data of ∆Ci,k obtained in Eq. (2.9).

For some situations, additional information from the run-to-failure data may be available.

For instance, for the data used in the numerical example, the first 100 cycles of the discharge

capacity curves are available. Denoting those additional parameters as ω and incorporating them

into the GPR model, the GP-NARX model given in Eq. (2.10) can be rewritten as

∆Ĉk = G (∆Ck−1,∆Ck−2, · · · ,∆Ck−p,ω;θ). (2.11)

In the above equations, the optimal down-sampling rate and the number of lags p need to

be determined through a group of validation data that is not used in the test. After the construction

of the GP-NARX model, for a new battery with measured capacity data Cnew,q, q = 1, · · · ,T ,

where T is the current number of measured time steps, we first predict the battery capacity

degradation of the new battery at time step tT+1 as

∆Ĉnew,T+1 = G (∆Cnew,T ,∆Cnew,T−2, · · · ,∆Cnew,T−p+1,ω;θ). (2.12)

Since ∆Ĉnew,T+1 ∼ N (µnew,T+1,σ
2
new,T+1), we first generate NMCS samples of ∆Ĉ ac-

cording to the Gaussian distribution using Monte Carlo simulation (MCS). Let the MCS samples

be ∆Cnew,r, r = 1, · · · ,NMCS, the capacity at time step tT+1 is given as

ĈT+1,r =Cnew,T −∆Cnew,r, r = 1, · · · ,NMCS, (2.13)
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where ĈT+1,r, r = 1, · · · ,NMCS are the predicted MCS samples of battery capacity at time step

tT+1 due to the uncertainty in the GPR prediction.

The above two equations (i.e., Eqs. (2.12) and (2.13)) are implemented recursively over

time to forecast battery capacity over a long time period, and thereby allows one to predict the

RUL of a new battery.

Similarity-Based Approach

The similarity-based method proposed by Wang et al. in Ref. [267] for data-driven

prognostics is also employed in this chapter as a benchmark method for comparison. The basic

idea of the similarity-based method is to match the degradation pattern of a new battery to that of

the run-to-failure data in the library and thus estimate the RUL of the new battery based on the

actual life of the existing units. The approach will be briefly summarized herein, and interested

readers are directed to Ref. [267] for details. As shown in Fig. 2.2, a subset of the capacity

data of the new battery is first extracted using a window size ∆T and denote the extracted data

as Cs = {Cnew,T−∆T , · · · ,Cnew,T}. For a given run-to-failure capacity curve Ci in the training

data,the time instant T ∗
0 that Ci has the highest similarity with Cs is identified by solving the

following optimization model:

T ∗
0 = argmin

T0

{ f (Cs, Ci(T0))},

s.t.

T0 ∈ [0, Te,i −∆T ],

(2.14)

where Ci(T0) = {Ci,T0, · · · ,Ci,T0+∆T−1} are the capacity data of the i-th capacity degradation

curve starting from time T0 with a window size ∆T , f (Cs,Ci(T0)) is a loss function that quantifies

the similarity of the two data-sets Cs and Ci(T0), and Te,i is the end of life of the i-th battery

obtained based on the capacity degradation curve. The loss function f (Cs,Ci(T0)) could be

defined in many different ways, such as likelihood function, Euclidean distance, or correlation
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measures. In this work, the Euclidean distance is employed as the loss function.

The above optimization model basically moves the capacity degradation data of the new

battery along the time axis to find the best match between the capacity degradation pattern of the

new battery and that of the battery used for training (see the illustration in Fig. 2.2).
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Figure 2.2. Illustration of similarity-based RUL estimation method. Note that the data and curve
shown in this figure are for explanation purpose only. They are not real capacity data and curve.

After the identification of T ∗
0 , the similarity, Si, between the degradation pattern of the

new battery and that of the i-th battery for training, is given as

Si = f (Cs,C(T ∗
0 )), i = 1, · · · ,N. (2.15)

The corresponding RUL estimate based on the i-th degradation curve is given by

L̂i = Te,i −T ∗
0 −∆T, i = 1, · · · ,N. (2.16)

21



Finally, the Si, i= 1, · · · ,N, are used as weights and L̂i, i= 1, · · · ,N as corresponding RUL

estimates, to implement a re-sampling of L̂i based on the weights Si to obtain the probabilistic

distribution of the RUL estimate of the new battery. In this work, the re-sampling of L̂i is

performed using the particle filtering method.

2.1.2 Physics-Constrained Bayesian Neural Network

Neural networks have been shown to be universal function approximators [53, 103] as

well as universal nonlinear operator approximators [152, 246]. Their extensive expressive power

comes from performing a series of function composition operations. On its own, the individual

functions that make up a neural network are often differentiable linear or simple nonlinear

functions. The key aspect is that these operations are differentiable and thus, amenable to be used

in conjunction with gradient-based optimization algorithms. However, because of the emergent

complexity that neural networks exhibit, they can often overfit and produce non-physical behavior.

To this end, physics constraints can be introduced into the network via penalty terms in the loss

function [203]. The constraints introduced in this work will be described in the next section.

Neural networks are particularly amenable for imposing Neumann-type constraints because

gradients are easily computed with auto-differentiation. For these reasons, neural networks were

chosen as the proposed approach.

Moreover, the present problem exhibits significant variance in the battery RUL. For

this reason, it is desirable to opt for a Bayesian neural network that can model the epistemic

uncertainty associated with the predictions. In this work, it is assumed that epistemic uncertainty

is associated with the parametric part of the model and not the time-dependent portion. The

rationale behind this choice is that there is model-form uncertainty associated with the parametric

model due to not having access to direct state variables associated with the physical phenomena

and instead relying on indirect measurements. The effects of this assumption could be explored

in future work. The time-dependent trunk only takes time as input while the parametric branch

of the network takes as input the following vector
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λ = {C0,C20,C40,C60,C80,C100,var(Q100−10),
∫ 100

0
Cdt}. (2.17)

This vector of input parameters seeks to capture the trend of the RUL curve in the first 100

cycles. Through an iterative process, it was determined that 5 sample points from the initial RUL

curve were sufficient. In addition to these samples, it was determined that the area under the

curve (AUC), computed by integrating the first 100 steps of the RUL curve, was also a useful

predictor. In addition to these features, the authors of [221] found that the voltage discharge

curves from early cycles correlated well with the final RUL value. For this reason, the variance of

the difference between the voltage discharge curve at 100 and at 10 cycles is used as a predictor

as well.

Bayesian Neural Network Overview

Unlike a traditional neural network which learns to predict point estimates, a Bayesian

Neural Network learns the posterior distribution, P(w|D), over the weights given an assumed

prior distribution, P(w) following Bayes theorem as

P(w|D) =
P(D |w)P(w)∫

P(D |w′)P(w′)dw′ , (2.18)

where w are the model weights to be estimated, D represents the training data, and P(D |w) is

the likelihood of observing D for given weights w.

As described in [19], obtaining the exact predictive posterior distribution is intractable

for neural networks of any practical size due to the challenge of computing the term in the

denominator of Bayes theorem. A common approach for approximating the predictive posterior

is to rely on variational inference, as described in [97, 79]. In this formulation, we begin by

minimizing the Kullback-Leibler (KL) divergence between a variational posterior distribution

q(w∥µ) and the desired posterior distribution P(w|D). The KL divergence term is defined as
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KL(q(w|µ)||P(w|D)) =
∫

q(w|µ) log
(

q(w|µ)
P(w|D)

)
dw, (2.19)

where µ are the parameters of the variational distribution q(w|µ).

This formulation leads to the familiar problem of minimizing the variational free energy

or maximizing the expected lower bound (ELBO) which consists of two terms: a KL distance

between the variational distribution and the weights prior distribution (effectively acting as a

complexity cost) and the negative log-likelihood term that effectively captures the reconstruction

loss term. The total loss term is defined as

H (D ,µ) = KL[q(w|µ)∥P(w)]−Eq(w∥µ)[logP(D |w)], (2.20)

This formulation is used to train the network by employing the Bayes by Backprop

algorithm, as described in [19]. In practice, the loss function is approximated by employing

Monte Carlo sampling such that the loss over a batch of size n is computed as

H (D ,µ)≈
n

∑
i

logq(w(i)|µ)− logP(w(i))− logP(D |(w(i)), (2.21)

where w(i) represents the i-th Monte Carlo sample drawn from the variation posterior q(w|µ). In

this way, the network can be trained more or less as a traditional neural network using the tools

available in Tensorflow and Tensorflow Probability [58]. Specifically, dense variational layers

are used in Tensorflow to keep track of the variational posterior distribution.

Neural Network Architecture and Constraints

A Bayesian Neural Network architecture was used to model the battery discharge capacity

rate. A Bayesian neural network, unlike a traditional network, treats its weights as random

variables as described previously. As a result, the network functions as a probabilistic model

where the weight distributions have been determined through variational inference (i.e., during

training). The trained network functions as a neural differential operator that can be deployed
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by performing time integration over the desired inference time range. The concept of a neural

differential operator refers to a neural network that learns the mapping between state variables

and the derivative of a field variable (e.g., the discharge capacity) and it has been used in previous

work [183] by the authors. The network architecture was inspired by DeepONet [152] and is

shown in Fig. 2.14. DeepONet leverages the concept of neural networks as universal operator

approximators (based on the universal nonlinear operator approximation theorem introduced by

Chen and Chen [44]). DeepONet consists of

• a branch network (i.e., G ) that encodes the discrete input function space and,

• a trunk network (i.e., F ) that encodes the domain of the output functions.

This architecture is desirable here because the objective is to construct the neural network

as an operator that models the time derivative of the capacity discharge over a function space

representing the different battery cells (parameterized by their initial capacity performance) and

evaluated at an arbitrary point along their lifetime.

Consistent with Fig. 2.3, the trunk F processes the time dependence and the branch G

handles the history or parametric dependence as

dC
dt

∼ p
(

dC
dt

|λ , t
)
= GΦ(λ )FΨ(t), (2.22)

where Φ and Ψ are the weights of the branch and the trunk, respectively, and λ is the vector

of input parameters related to the first 100 cycles of the discharge capacity curve. The branch

learns the encoding over the discrete universe of battery cells (based on limited observations)

while the trunk encodes the output domain, i.e., the number of cycles. In this case, both networks

are exactly the same but they could be different if, for example, the branch needed to act as a

functional over image data or high-dimensional functions.

The two networks consisted of 8 layers with 10 units, each with a nonlinear swish

activation function. The swish activation function is defined as f (x) = x/(1+ exp(−x)) and was
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Figure 2.3. Schematic of general neural network architecture.

chosen because it is part of the Tauber-Wiener functions used in DeepONet [152] and was shown

to behave well based on experiments performed by the authors. The last layer of the branch

network has a variational dense layer with a trainable posterior approximate Gaussian mean field

and an isotropic Gaussian prior. This variational layer is meant to introduce the capability to

predict epistemic uncertainty. The assumption that epistemic uncertainty is only present in the

branch network was made to avoid having to deal with random variables when enforcing physical

constraints associated with the discharge rate. If the physical constraint could be expressed as a

probability density function, it would be desirable to include random variables in the trunk as

well, but this was not the case here.

As the network predicts the discharge capacity rate, the residual of a multi-step integration
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evaluation is included to enforce mathematical consistency. The constraint is enforced via the

following loss term,

Lnum = ∥
s

∑
j=0

γ jCk+ j −h
s

∑
j=0

η j

(
dC
dt

)
k+ j

∥2
2, (2.23)

where γ and η are coefficients from the Butcher tableau corresponding to the Adams-Bashforth

linear multistep integration method, and h is the time step associated with the training data. The

Ck+ j term represents the (k+ j)th time step in the C vector.

It is observed that the discharge capacity is a monotonically decreasing phenomenon.

Based on this observation, a constraint enforcing negative self-acceleration is incorporated. The

constraint is expressed mathematically by

d2C
dt2 < 0. (2.24)

As the network was constructed to model the discharge capacity, its second time derivative

can be obtained by computing the gradient of the network via auto-differentiation. Furthermore,

because the trunk is the only component with time dependence, the loss term associated with

this physical constraint can be computed as

Lphys =

[
ReLU

(
dF (t)

dt

)]2

(2.25)

where ReLU is the rectified linear unit function which is non-zero only for positive values.

Lastly, the reconstruction loss was computed by evaluating the negative log-likelihood of

the network with respect to the supervised discharge capacity rate as

Lrecon =−
N

∑
i

log p
((

dC
dt

)
i
|λi, t

)
. (2.26)

where N is the number of samples in a batch. Note that this term corresponds to the third term

in the variational loss term shown in Eq. (2.21). In addition the the reconstruction term, a
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complexity term is also computed as

Lcomplex =
N

∑
i

logq(w(i)|z)− logP(w(i)), (2.27)

where q(w(i)|z) is the variational distribution as described in Section 2.1.2 and P(w(i)) denotes

the non-trainable isotropic Gaussian prior distribution. Because a Gaussian distribution was also

assumed for the variational posterior, the parameter vector z contains the mean and standard

deviation of the distribution.

The total loss was obtained by adding the four individual loss components as

L = ζLrecon +βLphys +κLnum +ρLcomplex, (2.28)

where ζ , β , κ , and ρ are used to weight the contribution of each loss term and are determined

manually by inspecting the relative magnitude of the different loss terms. The loss is minimized

using the Adam optimizer with a learning rate set to 10−4.

Once trained, the discharge capacity is obtained by time-integrating the capacity rate as

C(t) =
∫ t

0

dC
dt

dt, (2.29)

where dC
dt is sampled from the Bayesian neural network as shown in Eq. (2.22). The time Te at

which the discharge capacity will reach its limit state (i.e., its end of life), can then be predicted

from which the RUL, L̂(t), is estimated as

L̂(t) = Te − t, (2.30)

where t denotes the cycle at which the RUL is being estimated.
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2.1.3 Demonstration of Methodology

Dataset and pre-processing

The method was evaluated using the metrics described in section 2.1.4 by predicting

the RUL of the battery dataset provided in [221]. For consistency, the same 80/20 training/test

random split was used for all methods. The capacity degradation curves were pre-processed to

remove outliers and extend them beyond their endpoint by linearly extrapolating them to zero

discharge capacity by following the instruction given in Ref. [246]. Figure 2.4 shows the battery

capacity as a function of cycles for the original data and after removing outliers.

Original data After removing outliers

Figure 2.4. Capacity data used in this example (Before and after removing outliers).

2.1.4 Performance Metrics

To evaluate the performance of the algorithms, the following performance metrics were

considered.

The error was computed simply as the difference between the actual RUL curve and the

prediction as

εi = Li − L̂i, (2.31)

where i indicates the i-th test case.
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The root mean squared error (RMSE) is a simple way to evaluate the accuracy of the

prediction. The RMSE was computed by comparing the mean RUL predictions to the actual

RUL curve as

RMSE =
1
N

N

∑
i
(εi)

2, (2.32)

where the sum is performed over the N test cases.

The S-metric is based on the prognosis metric suggested by the authors of [216]. This

score is an asymmetric metric that penalizes late predictions more heavily than early predictions.

The metric is defined as

s =


∑

N
i e
(
− εi

a1

)
−1, for εi < 0

∑
N
i e
(

εi
a2

)
−1, for εi ≥ 0,

(2.33)

where s is the computed score, N is the number of test cases, and the parameters were defined as

a1 = 1000 and a2 = 1300 following the guidance provided in [216] but scaling the parameters

to be appropriate for the task at hand.

The F1-score was computed to test the robustness of the algorithms. To this end, the

definition of true positives, false positives, and false negatives was taken from [215]. False

positives were defined to be early predictions while false negatives were defined to be late

predictions. These quantities were computed as

FP =


1, if εi > tFP

0, otherwise ,

(2.34)

FN =


1, if − εi > tFN

0, otherwise ,

(2.35)

where tFP and tFN are threshold values that are used to determine the acceptable region over

30



which the prediction is considered a false prediction. For this work, these two threshold were set

to 50 cycles. Predictions that were within 50 cycles of the experimental data were considered

true positives (T P). Lastly, the F1-score was computed as

F1 =
2T P

2T P+FP+FN
. (2.36)

2.1.5 Results

The four methods described in Section 2.1.1 were exercised to predict the battery RUL.

Test 0 has an unusually high RUL while test 62 has one of the lowest RUL values of all the test

cases observed. On the other hand, test 18 and 108 are typical of the battery RUL observed in

most of the cells. For this reason, these four cases were chosen to exemplify the performance

of each of the approaches. Fig. 2.5 and Fig. 2.6 show the mean RUL prediction and associated

95% confidence interval for all the methods considered.

For the physics-based FFM method, a linear and nonlinear version of the model is shown.

The FFM is a nonlinear regressor guided by a failure forecasting model equation that accounts

for varying rate of capacity degradation over time, as observed in the battery’s decline in capacity

as well as other failure mechanisms such as fracture and crack propagation. By using the FFM,

the remaining useful life of the battery can be probabilistically inferred. A specific version of the

general nonlinear FFM is a linear FFM, which uses a forecasting model that assumes a constant

degradation rate throughout the battery’s life, as determined by the data used for forecasting.

Because all four methods are different, a direct comparison of computational cost is not

too meaningful but runtimes for computing a single RUL curve are reported for completeness

in Table 2.4. For the GPR, Similarity-based, and the FFM methods, a single CPU was used

for computation of the RUL curve. For the BNNet approach, a single GPU was used to train

the network for 50,000 epochs without early-stopping criteria. As shown in Table 2.1, even

though the physics-constrained BNNet approach takes a very long time for training, it is the

most efficient one among the four methods for RUL prediction. Because the GPR-based method
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implements a recursive uncertainty propagation scheme to quantify the uncertainty in the RUL

prediction (see description in Sec. 2.1.1), it is the slowest. In addition, the similarity-based

method and physics-based FFM method do not require any training time, due to the fact that

these two methods use a sliding window to either check the similarity between the data of the

window and the available run-to-failure data or to infer and update the model parameters of the

FFM model using Bayesian method for RUL prediction. The computational time of these two

methods for prediction is therefore mainly caused by similarity checking or Bayesian inference.

The results of the GPR-based method show that the GPR method can effectively quantify

the uncertainty in the RUL predictions. As shown in Fig. 2.5 and Fig. 2.6, the true RUL

curves lie within the 95 confidence bounds of the RUL prediction. The GPR-based method can

accurately predict the RUL for tests 18, 62, and 108. During the construction of the GPR model,

we only rely on the training data and did not leverage any physics knowledge. As a result, the

prediction of the GPR model could have large prediction errors when the degradation pattern of

the test is quite different from that of the training. For instance, the predicted RUL for test 0 from

GPR-based method has large errors while it is pretty accurate for the other test cases. This is

because the degradation of test 0 is unusually slow as mentioned above, which is quite different

from that of tests used for training. The similarity-based method has a similar pattern as the

GPR-based method. It can also effectively quantify the RUL prediction uncertainty and is pretty

accurate for most cases. Very similar to the GPR-based method, the similarity-based method

also has large prediction errors for test 0. This is attributed to the fact that both the GPR-based

method and similarity-based method are interpolation-based methods. For interpolation-based

methods, they could have good prediction accuracy when the prediction is within the training

domain and may produce large errors if the prediction is outside the domain of the training data.

The results of the FFM-based method shows that it overshoots the prediction in the early phase

and the prediction gradually converges to the true value towards the end. This is because the

FFM model is not suitable for forecasting battery capacity discharge because it is a nonlinear

regression model designed for forecasting failure of a damage or fracture type of failure where
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degradation accelerates towards the end. The capacity degradation of battery behaves differently

and can be divided into three stages: initial, mid and final phase. In the initial phase, the capacity

degrades at a constant rate, in the mid phase the rate of degradation accelerates and in the final

phase, the slope becomes constant. Unlike the fracture type problem, the degradation rate of

battery capacity does not change much in the final phase. As a result, the FFM model form does

not fully capture this degradation characteristics, resulting in overshooting of the prediction until

the data window comes closer to the failure threshold. We observe that the general nonlinear

FFM, which is capable of capturing changes in slope, leads to better predictions than the linear

FFM. In contrast, the BNNet approach is fully nonlinear and does not enforce a specific form of

nonlinearity, making it more flexible while still able to enforce the monotonically decreasing

discharge capacity. By leveraging this physics knowledge within the neural network training, the

BNNet approach performs the best among the presented four methods for the four test cases.

A qualitative and quantitative comparison of the RUL predictions for all the methods is

presented in the next section.

Table 2.1. Computational cost of a single RUL curve for each method.

Method Training Prediction
Physics-BNNet 5 hours 0.23s
GPR 0.42 hours 142s
Similarity N/A 0.47s
Physics-FFM N/A 60s

2.1.6 Comparison and discussions

The performance was evaluated by comparing the RUL curves to the actual data. Fig. 2.7

illustrates the distribution of errors calculated as shown in Eq. 2.31. A positive error indicates

early end-of-life prediction while a negative error indicates late end-of-life. For this reason, a

positive value can be considered conservative. As illustrated, the residuals from the physics-

constrained BNNet are narrower and centered around zero, whereas the physics-based FFM and
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Figure 2.5. RUL predictions of test 0 and 18 for all the approaches considered.
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Figure 2.6. RUL predictions of test 62 and 108 for all the approaches considered.
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the GPR predictions are generally broader. The similarity-based approach has similarly narrower

distributions than the other GPR approach, but broader than the physics-constrained BNNet

method. One of the trends that can be appreciated from this plot is the fact that the BNNet and

similarity-based approach are generally conservative (i.e., early prediction of the RUL) whereas

the other methods are unconservative (i.e., late predictions). To quantify the trade-off between

precision and accuracy of these methods, the F1-score is reported in Table 2.2. As shown, the

computed F1-score is consistent with the visual observations about the BNNet method being

more precise while having a good recall rate.

Figure 2.7. Histogram of error distributions over the test set for the different techniques
considered.

Table 2.2. Summary of RUL Prediction Performance

Method RMSE S-metric F1-score
Physics-BNNet 166 87 0.62
GPR 733 302 0.28
Similarity 425 101 0.46
Physics-FFM 5643 982 0.33

To illustrate the type of predictions obtained with the different methods considered,

the RUL curves are plotted together in Fig. 2.8. Only four representative RUL curves are

shown for easiness of visualization (these are the same curves shown in Fig. 2.5 and Fig.
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2.6). As illustrated, both similarity-based approach and the GPR-based method have large

95% intervals, whereas the physics-based FFM and physics-constrained BNNet methods have

generally narrower bounds. The similarity-based approach and the GPR-based method convey

the uncertainty of their predictions through this large confidence interval which is useful because

even when the predictions are not accurate, the model is able to express this uncertainty in the

prediction. The physics-constrained BNNet method has significantly narrower bands but it is also

more accurate, as judged by the performance metrics shown in Table 2.2. The BNNet’s narrow

95% intervals seem to correspond to increased accuracy. The prediction uncertainty for time of

failure using the FFM model, which is a nonlinear regressor, is dependent on the variability of

the battery capacity data that is used to probabilistically infer the model parameters for the FFM

regressor equation. In the case of battery capacity curves shown in Fig. 2.4, the variability is

low, leading to a narrow prediction interval for the time of failure and the remaining useful life

(RUL). Additionally, the prediction uncertainty is highest in the early phase of the prediction as

uncertainty propagates during extrapolation for future capacity, and becomes narrower as the

data window nears the failure threshold (see Fig. 2.1). As mentioned, quantitative performance

metrics are shown in Table 2.2. The metrics show a consistent trend, with the physics-constrained

BNNet method being the most accurate followed by the similarity-based approach method, then

the GPR-based method, and lastly the physics-based FFM.

As the BNNet exhibits superior accuracy, its performance merits further exploration.

One way to evaluate the performance of the proposed method is to perform hypothesis testing.

We obtain the predicted RUL, L̂ from the probabilistic model as described in section 2.1.2. We

can then test H0 : L̂µ = L versus H1 : L̂µ ̸= L, that is, whether the actual RUL curve matches the

mean of the samples of L̂ generated from the physics-constrained BNNet. To that end, a T-test

was performed by generating 500 samples from the BNNet model, and then computing the RUL

curve and comparing it to the experimental data. The test was performed at each cycle along the

RUL curve to obtain a distribution of T-tests. The proportion of times the null hypothesis was

accepted (i.e., the proportion of cases for which the experimental mean agrees with the predicted
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Figure 2.8. RUL curve predictions for four representative cells.

mean) with a 95% confidence level (two-sided test with p-value less than 0.05) is plotted in Fig.

2.10 for all the test cases. As illustrated, the lowest acceptance rate is 90% which indicates that

the distribution sampled from the BNNet generative process agrees well with the experimental

data most of the time. To further illustrate this result, Fig. 2.9 shows 500 random discharge

capacity curve samples generated by the BNNet plotted alongside the actual experimental curve

(shown in red). The prediction of each curve takes on average 0.23 seconds. Note that the

uncertainty does not grow significantly with time because the predictions are not recursive due

to the network learning the capacity discharge rate and forward computation achieved through

time integration (with the RK45 integrator).

The superior performance of the BNNet compared to the other approaches may be

attributed to the fact that the BNNet approach combines many of the attributes of the other

methods. Due to the Bayesian architecture of the BNNet method, this approach is similar to GPR,

38



Figure 2.9. Random discharge capacity curve samples generated by the BNNet (black) and
actual experimental curve (dashed red).

as explored in [134] which allows the BNNet to generate good predictions even when the data

exhibit variability. Furthermore, the physics constraints of the BNNet approach were inspired by

the constraints utilized in the FFM approach, namely the fact that the battery degradation process

exhibits monotonic behavior and thus can be constrained to have a concave down trend through

its second derivative. In addition to these features, the BNNet algorithm incorporated ideas from

operator inference in its architecture which presumably increased its expressiveness. All of these

features may have contributed to the good performance of the BNNet method.
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Figure 2.10. Proportion of cycles for which the null hypothesis H0 : L̂µ = L was accepted.

2.1.7 Conclusions

This section presented a comparison of four distinct approaches to perform RUL pre-

diction of a lithium-ion battery dataset. As described in the original paper ([221]), the battery

dataset introduces several challenges due to the broad variability in capacity discharge trends

for nominally identical battery cells. For this reason, this work was focused on the application

of probabilistic methods that can account for the variability inherent in this dataset. Three of

the four methods considered are well-established techniques in the field of RUL forecasting.

It was shown that the FFM approach was too restrictive in the assumptions it makes about

the degradation trends, and that it may not be appropriate to capture the physics of the battery

degradation phenomenon. On the other hand, the data-driven approaches (GPR and Similarity-

based) lacked the physical constraints to achieve high accuracy but they were able to express

this epistemic shortcoming via large uncertainty bounds. Lastly, the BNNet approach combined

features from the physics-based and data-driven approaches to achieve higher accuracy while

predicting confidence intervals that were generally wide enough to capture the behavior of the

actual dataset. The BNNet outperformed the other approaches in all the metrics considered which

implies that the BNNet method is more robust, precise, and accurate than the other methods.
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Future opportunities for research include extending the network architecture to be recurrent or

memory-aware for cases in which the physical phenomenon considered is not monotonic and

to include additional physical constraints by leveraging insights from physical modeling and

simulation.

2.1.8 Preview of Section 2.2

Section 2.1 introduced the use of a data-driven approach to predict remaining useful life

of Lithium-ion batteries. This approach consisted of a Bayesian neural network that combined the

concept of ordinary differential operators with physics constraints that enforced self-accelerating

degradation of the battery discharge capacity. Section 2.2 continues with this theme by applying

a similar (but distinct) architecture to a pitting corrosion problem. In contrast with the battery

dataset, the pitting corrosion problem deals with (simulated) images of corrosion patterns,

therefore relying on a convolutional architecture instead.

2.1.9 Remarks

Portions of this dissertation have been published or are being considered for publication.

Section 2.1 is composed of the following first authored publications:

David A. Najera-Flores, Zhen Hu, Mayank Chadha, and Michael D. Todd. A physics-

constrained bayesian neural network for battery remaining useful life prediction. Applied

Mathematical Modelling, 122:42–59, 2023

2.2 Applications to corrosion morphology prediction in civil
structures

Pitting corrosion under stress is a common type of degradation in civil infrastructure [151,

87]. Forecasting the damage evolution of pitting corrosion over time is essential for maintenance

planning and life-cycle cost optimization for any structure where corrosion-induced consequences

are important. Specifically, one limit state is defined as the corrosion-induced cracking initiation
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within the time of interest. The curvature information from corrosion morphology, together with

stress condition, is utilized in the crack initiation criterion based on fracture mechanics. The

detailed information can be found in Ref. [198]. Damage limit state forecasting may be typically

performed using some form of a data-driven method, a physics-based approach, or a combination

thereof [246, 247]. For large civil infrastructures such as the miter gates considered in this work,

data that indicate degradation caused by pitting corrosion are usually unavailable. Physics-based

corrosion damage prediction using high-fidelity computer simulations provides a promising way

to overcome this challenge.

The operational and environmental loading (demand) play a significant role in corrosion

evolution over long-term life cycle operations [206]. In order to account for these factors in

physics-based simulation of pitting corrosion growth, different kinds of computational models

have been proposed such as the finite volume method (FVM) [218], cellular automata (CA)

techniques [233], peridynamic (PD) formulations [282], and phase-field (PF) models [42].

Among them, the phase-field method has the advantage of having the flexibility to couple the

mechanical stress into the electrochemical equations to simulate the corrosion growth under

mechanical stress [198].

When physics-based models such as the phase-field model are employed for failure

forecasting, various sources of uncertainty (e.g., material properties, load conditions, etc.) in

the simulation model need to be considered [106]. Proper consideration usually requires many

(thousands or more) evaluations of the high-fidelity simulation model, particularly if a Monte

Carlo simulation (MCS)-based method is adopted. However, the phase-field simulation is

computationally very expensive due to multiple coupled nonlinear partial differential equations

(PDE). Advanced uncertainty quantification or reliability analysis methods are therefore usually

needed to tackle the computational challenge. Among existing uncertainty quantification or

reliability analysis methods, MCS based on surrogate modeling is one of the most widely used.

In such a strategy, a computationally cheaper yet accurate surrogate model is first constructed

to replace the computationally expensive computer simulation models. MCS is then conducted
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using the surrogate model to quantify the distribution of features of interest (e.g., corrosion depth,

shape) or predict the probability of failure (limit state analysis) [105].

Multiple approaches have been made in recent years to build surrogate models emulating

phase-field simulations. For instance, Shen et al. [228] used the least square regression (LSR)

and the back-propagation neural network (BPNN) to produce an analytical expression for the

breakdown strength based on phase-field simulation data. Eduardo et al. [56] utilized k-nearest

neighbor (k-NN) and artificial neural networks (ANN) algorithms to detect the presence and

location of failure based on simulation data. For time-dependent processes, Montes et al. [167]

applied a long-short-term (LSTM) network to perform microstructure evolution predictions as the

surrogate model of the phase-field simulation. The principal component analysis (PCA) technique

was applied for dimension reduction; however, the reconstructed microstructure from the LSTM-

trained surrogate model had a considerably noisy boundary. Nevertheless, in the corrosion

simulation, the boundary between the corroded material and the solution is of main interest.

Qian et al. [198] implemented a convolutional neural network with Gaussian process regression

imbued with a nonlinear autoregressive exogenous structure (CNN-GP-NARX) network. In

that work, a CNN-Autoencoder is trained to map between the high-dimensional image space

and the low-dimensional latent space. The mean values of prediction are accurate, but there

are some spurious corrosion shapes because of the uncertainty in the prediction. Even though

these data-driven surrogate models show great potential in overcoming the computational cost

for probabilistic physics-based failure forecasting, their accuracy may be significantly affected

by the training data, and the prediction sometimes may violate physical law due to the limited

number of training data.

The goal of this work is to build a physics-constrained machine learning model as the

surrogate model for the phase-field stress corrosion simulation. The scope of this section is

mainly about the corrosion morphology prediction, which can provide curvature information for

corrosion-induced cracking initiation limit state. The direct prediction of corrosion morphology

provides richer information for corrosion failure prognostics than the conventional approaches
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which are usually based on highly abstract features, such as corrosion depth, volume loss, etc.

To accomplish this goal, a convolutional variational autoencoder (CVAE) is designed to reduce

the dimensionality of the corrosion images. Then, a Bayesian Latent Space Time Evolution

Network (BLSTEN) is implemented to model the pitting corrosion evolution in the latent space.

The CVAE model and the BLSTEN model are co-trained together to achieve good accuracy

in the surrogate modeling. The corrosion rate is constrained by incorporating a physics term

in the loss function in the proposed BLSTEN-VAE network. The results, when compared to a

parallel method without physics-informed constraint, show that the proposed method is more

accurate and robust. In addition, the trained BLSTEN-VAE network provides insight into the

physical process it learned from data by inspecting its disentangled latent space. Furthermore,

the sensitivity of the corrosion shapes to the environmental parameters is studied.

The remainder of this chapter is organized as follows: Section 2.2.1 introduces pitting

corrosion damage in the infrastructure and phase-field simulation, as well as the previous GP-

based surrogate model. Section 2.2.4 describes the architecture and formulation of the proposed

network. Finally, Section 2.2.5 presents the results and the discussion of the proposed method.

2.2.1 Pitting Corrosion-Induced Failure of Large Civil Infrastructure

Pitting corrosion is a localized surface degradation form concentrating on a confined

area. It is considered one of the most destructive forms among others [4]. The influence of

pitting corrosion on structural integrity is difficult to detect at early stages. However, it can lead

to material loss or induce cracking when combined with mechanical stress [126], resulting in

abrupt structural failure. Numerous failures of infrastructure have occurred because of pitting

corrosion; for example, a pre-stressed concrete bridge in Slovenia failed because of the corrosion

on prestressing cables [256], the roof of an indoor swimming pool in Switzerland collapsed due

to corrosion on multiple stainless steel elements [271], and the partial collapse of the Berlin

Congress Hall happened because of corrosion in the tendons bearing for the roof arch [92].

Pitting corrosion is a complex process influenced by various factors including environ-
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mental parameters, temperature, surface condition, metallic composition, among others [4]. In

large civil infrastructure, mechanical stress also plays a significant role in corrosion evolution

during long service periods. It is difficult to gauge pitting corrosion accurately considering

the variability in every factor. Nevertheless, most corrosion growth models used for failure

forecasting are empirical formulas [118, 235, 285, 35]. Most of these formulas cannot take

the multiple factors mentioned above into consideration as they lack physical insight into the

actual degradation process. In addition, empirical data required for empirical models for certain

categories of infrastructure might not be available or exist, such is the case for the miter gates

shown in Fig.2.11. Therefore, the physics-based pitting corrosion growth model plays a vital

role in simulating and predicting corrosion growth by considering multiple factors.

Figure 2.11. A miter gate in the dewatered state.
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2.2.2 Phase-Field Pitting Corrosion Simulation

The phase-field (PF) method has been actively applied for corrosion simulation [234,

158, 142]. The PF method shows competence and flexibility in simulating corrosion evolution

[158]. The phase transition is described with a continuous variable ξ instead of a discrete

phase transition. Multiple PDEs are coupled together to describe the phase change considering

ionic concentration and diffusion. The mechanical stress influence on the generalized chemical

potential can also be included in the PF model, as shown in the last term of Eq. (2.37) and

coupled with other PDEs [198].

µ = µt +µel +µgr +µme, (2.37)

where µ is the generalized chemical potential, consisting of thermal potential µt , electrical

potential µel , gradient potential µgr, and mechanical potential µme. The mechanical stress term

µme is then coupled into the reaction equation in the activation overpotential term ηa

ηa = ∆φ − µMn+ +nµe −µM +µme

nF
, (2.38)

where µMn+ , µe and µM are the activities of components, and ∆φ is the interfacial potential

difference. The reaction equation for the phase transition can be then written as the following

∂ξ

∂ t
=−Lσ

(
g′(ξ )−κ∇

2
ξ
)
−Lηh′(ξ )

(
exp

(1−α)ηa

RT
− c̄+ exp

−αnFrηa

RT

)
, (2.39)

where Lσ represents the interfacial mobility and Lη represents the reaction coefficient which

can be calibrated by the experimental data, R is molar gas constant, T is the temperature, and

Fr is Faraday’s constant. The detailed derivation may be found in [198]. This technique was

implemented in that work on a two-dimensional plate with mechanical stress applied on one side

of the plate and the pitting corrosion grows from the top center area. The simulation was run
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for 200 time steps which corresponds to approximately 9.5 years (or 17.36 days per time step).

Different shapes of pits are simulated under different stress conditions as shown in Fig. 2.12.

The detailed relation between the stress and the corrosion growth is discussed in detail in [198].

Figure 2.12. Pit shapes under different stress conditions.

Executing such a PF model requires solving multiple coupled PDEs, which requires

substantial computational cost; one simulation may take more than thirty minutes [198]. In

most probability-based failure analyses, the model needs to be run with different inputs on the

order of least thousands of times. Efficient surrogate models (emulators) are preferred to replace

the time-consuming simulation while maintaining acceptable accuracy compared to the full

physics-based PF model evaluation.

2.2.3 Surrogate Modeling for Physics-Based Pitting Corrosion Forecast-
ing

A machine learning-based surrogate model was proposed in previous research [198] to

accelerate the simulation process as illustrated in Fig. 2.13. Similar to the dynamic PF simulation,

the current pit shape, two stress parameters, and two environmental parameters are the inputs,

and the pit shape of the next time-step is the output. Since the time-dependent prediction for

high-dimensional features requires large amounts of training data, the time-dependent prediction

is performed in the latent space after dimension reduction. A convolutional neural network

(CNN) autoencoder is employed to reduce the dimension of the pit shape data from thousands to

six dimensions in the latent space.
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To perform the time-dependent prediction at any time step, a short-term Gaussian Process

(GP) model together with a long-term GP-based nonlinear autoregressive network with exogenous

inputs (NARX) are integrated. The short-term GP model generates the corrosion shapes of the

first five time steps based on the mechanical load and the environmental factors θ= [σ ,τ,Lη ,De],

which are the normal stress, shear stress, reaction constant, and diffusion coefficient. Then,

the GP-NARX model is responsible for recursively predicting the next time step based on the

corrosion shapes of five previous time steps together with θ. Finally, the low-dimensional

features in the latent space of the next step are transformed back to the image space with the

CNN-Autoencoder structure mentioned above (see Fig. 2.13).

1
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Figure 2.13. Architecture of CNN-GP-NARX surrogate model.

This CNN-GP-NARX surrogate modeling method has shown success in accelerating the

simulation of the computationally expensive PF model for corrosion prediction. However, it was
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observed that the prediction accuracy of the surrogate model suffered in some cases, as evidenced

by predicted corrosion shapes that sometimes violated physical law (irreversibility). In order

to address these issues, in the next section, we propose a physics-constrained machine learning

method. The proposed physics-constrained method will be compared with the CNN-GP-NARX

method in section 2.2.5.

2.2.4 Physics-Constrained Machine Learning as A Surrogate Model for
Corrosion Failure Forecasting

A physics-constrained ensemble of neural networks is proposed in this section as a

surrogate model to predict the pitting corrosion evolution over time. As shown in Fig. 2.14,

the ensemble had two main components: a convolutional variational autoencoder (CVAE)

that reduced the dimensionality of the pitting corrosion images, and a multilayer perceptron

network (i.e., BLSTEN) that modeled the time evolution of the corrosion. The machine learning

components were implemented using Tensorflow 2.10.0 and Tensorflow Probability 0.18.0.

Multiple loss terms including a reconstruction loss, a latent space disentanglement loss, a

BLSTEN loss, and physics loss are combined together to co-train the CVAE and BLSTEN

networks, in order to ensure the effectiveness of the training and to incorporate physical laws into

the training of the neural networks. The following subsections explain the models and different

loss terms in detail.

Convolutional Variational Autoencoder

The first network is a CVAE designed to reduce the dimensionality of the corrosion

images, represented by ξ . The encoder qΦ(z|ξ ) consists of three 2D convolutional layers with a

kernel size of 3, stride of 2, and 9 filters. The swish activation function is used for all the layers.

The output from the 2D convolutional layers is then flattened and passed to a dense variational

layer with a trainable posterior mean field. The output of the encoder is a random latent vector z

z ∼ qΦ(z|ξ ), (2.40)
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Figure 2.14. Schematic of the proposed general neural network architecture.

where Φ represents the encoder weights.

The second component of the autoencoder architecture is the decoder pΨ(ξ |z) which

takes the latent vector and maps it back to the full original dimension. The decoder consists of

three 2D convolutional layers with a kernel size of 3, stride of 2, and 9 filters, except for the last

one which had a single filter to match the original corrosion image. The output of the decoder is

a matrix corresponding to a reconstruction of the original image

ξ̂ ∼ pΨ(ξ |z), (2.41)

where Ψ represents the decoder weights.

Following this formulation, the loss function for the CVAE model corresponds to the

negative evidence lower bound (ELBO), given by

L VAE
i =−Ez∼qΦ(z|ξi)[log pΨ(ξi|z)]+βKL(qΦ(z|ξi) || p(z)), (2.42)

where the subscript i represents the loss associated with the i-th training sample, KL(·) is the
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Kullback–Leibler (KL) divergence, p(z) is assumed to be a spherical multivariate standard

distribution, and β is a parameter used to weigh the contribution of the KL divergence term. The

first term in Eq. (2.42) represents the reconstruction loss and the second term controls the level

of latent space disentanglement, as described in [32]. As shown in Fig. 2.14, this loss term will

be combined with other loss terms to co-train the CVAE along with the BLSTEN model (see the

detailed description in the subsequent section).

Bayesian Latent Space Time Evolution Network

A separate Bayesian multilayer perceptron network (known as the Bayesian Latent Space

Time Evolution Network or BLSTEN) is used to model the time evolution of the pitting corrosion

phenomenon in the latent space. The CVAE and the BLSTEN are both trained concurrently.

The BLSTEN architecture is based on DeepONet [152] and is shown in Fig. 2.14. DeepONet

leverages the concept of neural networks as universal operator approximators (based on the

universal nonlinear operator approximation theorem introduced by Chen and Chen [44]). As

depicted in Fig. 2.14, the DeepONet consists of

• a branch network (i.e., gB
λ
(θ)) that encodes the discrete input function space and,

• a trunk network (i.e., gT
ν (t)) that encodes the domain of the output functions.

This architecture is desirable here because the objective is to construct the neural network

as an operator that models the latent space vector over a function space representing different

scenarios (e.g., loading cases) to evaluate the corrosion evolution over time. The trunk is a

deterministic neural network while the branch is a fully Bayesian neural network. The rationale

behind this architectural choice was that it is expected that the majority of the network prediction

uncertainty will be associated with the model-form error coming from the parametric portion of

the model because it is known that the network’s functional form will only be an approximation

of the true underlying solution. Both the trunk and branch are multilayer perceptrons (MLP)

with 3 fully connected layers, with 6 units each, and a swish activation function. Unlike a
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traditional neural network which learns to predict point estimates, a Bayesian Neural Network

learns the posterior distribution, P(w|D), over the weights given an assumed prior distribution,

P(w) following Bayes theorem as

P(w|D) =
P(D |w)P(w)∫

P(D |w′)P(w′)dw′ , (2.43)

where w are the model weights to be estimated, D represents the training data, and P(D |w) is

the likelihood of observing D for given weights w.

As described in [19], obtaining the exact predictive posterior distribution is intractable

for neural networks of any practical size due to the challenge of computing the term in the

denominator of Bayes theorem. A common approach for approximating the predictive posterior

is to rely on variational inference, as described in Refs. [97, 79]. In this formulation, we begin

by minimizing the KL divergence between a variational posterior distribution q(w∥µ) and the

desired posterior distribution P(w|D). The KL divergence term is defined as

KL(q(w|µ)||P(w|D)) =
∫

q(w|µ) log
(

q(w|µ)
P(w|D)

)
dw, (2.44)

where µ are the parameters of the variational distribution q(w|µ).

This formulation leads to the familiar problem of minimizing the variational free energy

or maximizing the expected lower bound (ELBO) which consists of two terms: a KL distance

between the variational distribution and the weights prior distribution (effectively acting as a

complexity cost) and the negative log-likelihood term that effectively captures the reconstruction

loss term. The total loss term is defined as

H (D ,µ) = KL[q(w|µ)∥P(w)]−Eq(w∥µ)[logP(D |w)]. (2.45)

This formulation is used to train the network by employing the Bayes by the Backprop

algorithm, as described in [19]. In practice, the loss function is approximated by employing
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Monte Carlo sampling such that the loss over a batch of size n is computed as

H (D ,µ)≈
n

∑
i

logq(w(i)|µ)− logP(w(i))− logP(D |(w(i)), (2.46)

where w(i) represents the i-th Monte Carlo sample drawn from the variational posterior q(w|µ).

In this way, the network can be trained more or less as a traditional neural network using the

tools available in Tensorflow and Tensorflow Probability [58]. Specifically, a dense variational

layer with a Gaussian mean posterior field is used in Tensorflow to keep track of the variational

posterior distribution. Thus, the loss term H is internally added by Tensorflow during training.

The inputs to the network are the set of parameters θ, which contains the applied normal

(σ ) and shear (τ) stress, the reaction constant (Lη ), and the diffusion coefficient (De). In addition

to the parameter vector θ, the time vector is also included as part of the input. A new latent

vector sample is obtained from the BLSTEN as

z̃ ∼ gΠ(z̃|θ, t) = gB
λ
(θ)gT

ν (t), (2.47)

where gB
λ
(θ) and gT

ν (t) are the branch and trunk networks, respectively, and Π : [λ ,ν ] are the

network weights.

The fact that pitting corrosion is an irreversible process was implemented into the

architecture by constraining the corrosion rate to be negative via a physics loss term

L PHY S
i =

[
ReLU

(
dξ

dt

)
i

]2

, (2.48)

where ReLU is the rectified linear unit function which is non-zero only for positive values. The

corrosion rate can be obtained via autodifferentiation from the decoder and the BLSTEN as

dξ

dt
=

∂ξ

∂ z̃
∂ z̃
∂ t

=
∂ pΨ(ξ |z̃)

∂gΠ(z̃|θ, t)
∂gΠ(z̃|θ, t)

∂ t
. (2.49)
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Lastly, the output from the encoder and the BLSTEN have to be reconciled. This result is

achieved by minimizing the negative log-likelihood as

L BLST EN
i =−Ez∼qΦ(z|ξi)[loggΠ(z|θ, t)]. (2.50)

The total loss that combines the above loss terms as illustrated in Fig. 2.14 is computed

over the N training samples as

L =
1
N

N

∑
i
(αL VAE

i + γL BLST EN
i +φL PHY S

i ), (2.51)

where α = 500, γ = 1, and φ = 1 are the weights used to scale the different loss terms to have

roughly the same order of magnitude. The values were determined based on trial and error

until it was observed that all the terms were converging to similar orders of magnitude. A more

systematic strategy could be used in the future to address this challenge such as gradient surgery

for multi-task learning [278] or competitive loss functions [280].

The networks are trained using the Adam optimizer with a learning rate set to 10−4. Next,

we use a numerical example to demonstrate the efficacy of the proposed physics-constrained

surrogate model.

2.2.5 Numerical Results

Data Collection

Four environmental parameters, including external normal stress, external shear stress,

reaction constant, and diffusion coefficient in the phase-field corrosion simulation, are selected

as the four input parameters in the ML-based surrogate model. The external normal and shear

stress are the mechanical load applied to the model. In the electrochemical system, the reaction

constant represents the rate of the reaction, while the diffusion coefficient describes the ratio of

flux density to the concentration gradient. These four parameters are major factors that influence

the corrosion process. The input parameters are calibrated and normalized according to the
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previous work and the literature [198, 31, 41]; the ranges of the parameters are shown in Table

2.3. The Sobol sampling technique is then applied to generate a low-discrepancy sequence of the

input parameters combination. A total of 256 corrosion cases are simulated and 255 simulations

are completed (one case did not converge). The simulation results of two corrosion cases are

plotted in Figure 2.15 for illustration purposes.

Table 2.3. Ranges of Input Parameters

Parameter Name Ranges
Normal stress (σ ) [-50, 50]
Shear stress (τ) [0, 50]
Reaction constant (Lη ) [0, 10]
Diffusion coefficient (De) [0, 5]

Figure 2.15. Simulation results of two different corrosion cases

To evaluate the performance of the proposed method, images of 220 training samples

out of the 255 simulated corrosion cases were used for training. The remaining 25 cases were
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used for validation, and 10 were used for testing all the algorithms considered. All the results

presented in this section correspond to images from the test set. A six-dimensional latent space

was assumed for all algorithms considered based on the work performed in [198].

Comparison Between the CNN-GP-NARX and BLSTEN-VAE Approach Results

The GP-NARX and BLSTEN-VAE approach were trained with the same dataset described

above. The GP-NARX and CNN autoencoder portions of the CNN-GP-NARX were trained

separately (on 1 GPU and 10 CPUs, respectively) while the BLSTN and VAE were trained

simultaneously (on a single GPU). Table 2.4 shows the computational cost of the two approaches.

Table 2.4. Computational cost of predicting 200 time
steps for each method.

Method Training Prediction
CNN-GP-NARX 7 hours 5.40s
BLSTEN-VAE 96 hours 1.30s

Two variations of the physical constraint were considered. In the first version, the

monotonic constraint in Eq. (2.48) was enforced on a pixel-by-pixel basis, while in the second

version, the constraint was enforced on the total corrosion (by summing the corrosion rate across

all pixels). The reason for considering these two cases was that while the pixel-by-pixel approach

captures the correct physics, it is prone to evolve spurious corrosion patterns originating from

noisy predictions. The total corrosion constraint allows for small corrections of small spurious

pixels while still encouraging the correct physics. An example of this behavior is shown in

Fig. 2.16, where it can be seen that the pixel constraint allows a spurious corrosion pattern to

grow discontinuously while the total corrosion constraint does not suffer from this. The two

approaches were compared with the CNN-GP-NARX approach by computing the mean squared

error (MSE) of the mean predictions across all test cases. Fig. 2.17 shows the MSE as a function

of time and Table 2.5 presents the average of the MSE across time. As illustrated, the overall

error of the BLSTEN-VAE approach is smaller than that of the CNN-GP-NARX approach. In
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particular, the BLSTEN-VAE approach with a physics constraint on the total corrosion results in

a significant reduction in error. One observation is that the error of the BLSTEN-VAE approach

is relatively flat across time while the CNN-GP-NARX’s error tends to grow with time. This

result is a consequence of the autoregressive approach used in the time evolution mechanism

of the NARX algorithm which tends to accumulate error due to its recursive predictions. The

BLSTEN algorithm is not autoregressive and, as a result, does not accumulate significant error

with time.

Total
t = 24 t = 26 t = 28 t = 30 t = 32 t = 34 t = 36 t = 38 t = 40 t = 42

Pixel
t = 24 t = 26 t = 28 t = 30 t = 32 t = 34 t = 36 t = 38 t = 40 t = 42

Figure 2.16. Example of corrosion pattern evolution with pixel-by-pixel constraint (bottom) and
total corrosion constraint (top). Simulation time step is indicated in figure.

Table 2.5. Average MSE of all test cases across 200
time steps for each method.

Method Average MSE
CNN-GP-NARX 0.0125
BLSTEN-VAE - pixel 0.0084
BLSTEN-VAE - total 0.0066

One particular example that was hard to predict for the CNN-GP-NARX approach was

case 251 with θ= [37.89,6.05,8.97,4.76]. Fig. 2.18 illustrates the results for case 251 for the

CNN-GP-NARX approach and the BLSTEN-VAE (with the total corrosion constraint). To show

the confidence interval bounds, the edges from the truth data were extracted using a Canny edge
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Figure 2.17. Comparison of MSE as a function of time for different methods.

detection algorithm [24] and the predicted confidence interval was drawn around it. As shown,

the CNN-GP-NARX prediction is fuzzy around the edges, and this uncertainty is expressed in

large 95% level confidence intervals. The area between the two-sided confidence interval is

shaded in Fig. 2.18 to represent the boundaries of the predicted corrosion. The BLSTEN-VAE

results show a much narrower confidence interval around the true boundary as well as a mean

prediction that is much closer to the actual image. A similar behavior can be observed for cases

246 with θ= [44.14,46.68,4.68,3.26] and 248 with θ= [−30.86,34.18,2.23,4.46] which are

presented in Fig. 2.19 and 2.20, respectively. These cases were chosen because they were

challenging to predict and are representative of the three types of corrosion shapes observed.

These results demonstrate that the BLSTEN-VAE approach is robust at predicting a variety of

corrosion shapes with relatively high confidence.

To understand why these cases are challenging, a corner plot of the parameter space was

plotted in Fig. 2.21. The off-diagonal subplots show pair plots of the four physical parameters
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samples while the diagonal plots show a histogram of the marginal distribution of each parameter.

As illustrated, the parameters closely follow a uniform distribution. The three cases discussed in

this section were plotted in color with markers on top to illustrate where they fall relative to the

training data. The most significant observation is that all three cases are near edges in at least

one of the pair plots, indicating that they are near the training set boundaries. In particular, case

251 (drawn as an orange diamond) is close to the corner in all the pair plots. This observation

indicates that these cases may represent near out-of-distribution predictions which is why the

CNN-GP-NARX approach struggles with it while the BLSTEN-VAE approach is more robust

given the physical constraints built into the algorithm.

BLSTEN-VAE Results Discussion

The trained BLSTEN-VAE networks can be queried to gain physical insight from the

data. One of the effects of the VAE algorithm is the disentanglement of latent features [95]. This

disentanglement is achieved by the KL divergence term in the loss function shown in Eq. (2.42).

Fig. 2.22 shows the evolution of the latent features as a function of time. As illustrated, four

of the six latent features exhibit significant change as a function of time, while two of them

(latent feature 4 and 5) remain almost flat and are in general much smaller than the other features.

This result seems to indicate that the corrosion shape effective dimensionality is four (i.e., the

images reside in a four-dimensional manifold) instead of the assumed six latent dimensions. To

explore what these latent dimensions represent, the corrosion images were differentiated with

respect to the latent dimensions. These spatially varying derivatives are plotted in Fig. 2.23. As

illustrated, the latent dimensions seem to be controlling different aspects of the corrosion shape.

Latent feature 1 seems to discretize the corrosion boundary into five regions to allow for refined

control of the boundary geometry. Latent feature 2 and 6 seem to be more focused on controlling

the symmetry of the shape. Latent feature 3 is always negative and seems to be controlling the

overall area of the corrosion pattern. This feature is also the only one with a significant constant

offset at the initial time (see Fig. 2.22) and may be in charge of enforcing the physical constraint

59



of Eq. (2.48). As described previously, features 4 and 5 do not have significant contributions

based on their magnitude plotted in Fig. 2.22 but are shown for completeness.

A further step is taken to explore the sensitivity of the corrosion shape to the physical

parameters. Fig. 2.24 and Fig. 2.25 illustrate the spatially varying derivatives of the corrosion

patterns with respect to the physical parameters for a tensile and compressive normal load,

respectively. It is observed that the tensile normal load has a significant effect on the sharp

corrosion tip area and the compressive normal stress mainly affect the flat pit corrosion area. As

shown, the stress parameters seem to have a large influence on the curvature of the corrosion

shape, with the normal stress (σ ) driving the shape of the corrosion tip, while the shear stress (τ)

influence is more pronounced close to the edges. The reaction constant (Lη ) seems to control the

overall corrosion area, while the diffusion coefficient (De) has a minor effect on the corrosion area

or shape. All of these effects may also be observed in Fig. 2.26 where the physical parameters

were varied one at a time while keeping all the other parameters fixed at their mean value. The

trends observed in this result are consistent with physical intuitions of what their effect should

be.

2.2.6 Conclusions

This work presented a novel combination of an operator learner (i.e., BLSTEN) and a

nonlinear dimensionality reduction technique (i.e., VAE) with a constraint based on the physical

phenomenon of irreversible corrosion growth to construct a surrogate model that can be used to

forecast corrosion shape based on environmental parameters. A Bayesian approach was used to

provide prediction confidence intervals to inform subsequent maintenance decisions down the

line. The approach was demonstrated to be more accurate and robust than the established CNN-

GP-NARX algorithm by avoiding error accumulation inherent in autoregressive models and

through the introduction of physics-inspired constraints. The surrogate model was also queried

to understand the effective dimensionality of the corrosion shape as well as its sensitivity to the

environmental parameters. It was found that the surrogate model sensitivities were physically
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sensible, and that the corrosion shape images reside in a four-dimensional manifold. Future

work will focus on improving the algorithm’s performance as well as expanding it to deal with

time-varying loads.

2.2.7 Preview of Chapter 3

Chapter 2 described the application of physics-constrained neural differential operators

to forecast health indicators for two applications. This chapter demonstrated how a physics-

constrained, data-driven approach can be implemented in cases where the physics are too complex

to model but some knowledge of physical behavior is known. In both of the previous cases, this

knowledge was associated with the monotonicity of the degradation mechanism. This constraint

is consistent with the principles of thermodynamics which prevent the physical system from

”repairing” itself in the absence of external energy. Chapter 3 will extend this concept to the

general field of structural dynamics. Consistent with thermodynamics principles, the next chapter

employs the principle of least action (or Hamilton’s principle) to constrain the functional space

of the data-driven model. In the following chapter, the family of ML algorithms is extended to

include structure-preserving methods which go beyond just applying physics constraints via the

loss function, but have this geometric structure embedded in their architecture.

2.2.8 Remarks

Portions of this dissertation have been published or are being considered for publication.

Section 2.2 is composed of the following first authored publications:

David A. Najera-Flores, Guofeng Qian, Zhen Hu, and Michael D. Todd. Corrosion

morphology prediction of civil infrastructure using a physics-constrained machine learning

method. Mechanical Systems and Signal Processing, 200:110515, 2023
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Truth

CNN-GP-NARX mean

CNN-GP-NARX confidence interval

BLSTEN-VAE mean

BLSTEN-VAE confidence interval

t = 59.0 t = 74.0 t = 89.0 t = 104.0 t = 119.0 t = 134.0 t = 149.0 t = 164.0

Figure 2.18. Results for test case 251. Shown: simulation reference (first), CNN-GP-NARX
mean prediction (second), CNN-GP-NARX 95% confidence interval (third), BLSTEN-VAE
mean prediction (fourth), and BLSTEN-VAE 95% confidence interval. Simulation time step is
indicated.
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Truth

CNN-GP-NARX mean

CNN-GP-NARX confidence interval

BLSTEN-VAE mean

BLSTEN-VAE confidence interval

t = 20.0 t = 26.0 t = 32.0 t = 38.0 t = 44.0 t = 50.0 t = 56.0 t = 62.0

Figure 2.19. Results for test case 246. Shown: simulation reference (first), CNN-GP-NARX
mean prediction (second), CNN-GP-NARX 95% confidence interval (third), BLSTEN-VAE
mean prediction (fourth), and BLSTEN-VAE 95% confidence interval. Simulation time step is
indicated.
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Truth

CNN-GP-NARX mean

CNN-GP-NARX confidence interval

BLSTEN-VAE mean

BLSTEN-VAE confidence interval

t = 59.0 t = 74.0 t = 89.0 t = 104.0 t = 119.0 t = 134.0 t = 149.0 t = 164.0

Figure 2.20. Results for test case 248. Shown: simulation reference (first), CNN-GP-NARX
mean prediction (second), CNN-GP-NARX 95% confidence interval (third), BLSTEN-VAE
mean prediction (fourth), and BLSTEN-VAE 95% confidence interval. Simulation time step is
indicated.
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Figure 2.21. Corner plot showing the distribution of training set parameters and selected test set
cases.
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Figure 2.22. Evolution of latent features as a function of time.
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Figure 2.23. Derivatives of pitting corrosion with respect to the latent features. Simulation time
step is indicated at the top.
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Figure 2.24. Derivatives of pitting corrosion with respect to the physical parameters for a tensile
normal load. Simulation time step is indicated at the top.

t = 0

L
D

e

t = 4 t = 8 t = 12 t = 16 t = 20 t = 24 t = 28 t = 32 t = 36

2

0

2

0.4

0.2

0.0

1.5

1.0

0.5

0.0

0.00

0.02

0.04
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shape.
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Chapter 3

Structure-Preserving Neural Differential
Operators for Structural Dynamics

Modeling and simulation of physical systems are an essential part of the the design

cycle and maintenance in many disciplines, including aerospace, structural, mechanical, and

civil engineering. Physics-based models provide interpretable predictive results that can help

guide analysts and designers to understand and predict the performance of mechanical systems.

However, accurate and precise physics-based model development can be expensive and time-

consuming. Moreover, not all physical phenomena are readily modeled a priori. In many cases

the final as-built, as-deployed mechanical system is not accurately represented by an existing

model, necessitating careful model updating to bridge the gap between model and observation.

The differences between the model and the as-deployed configuration may be due to a variety of

reasons including damage, unknown physics, and inadequate boundary conditions.

On the other hand, data-driven modeling approaches are popular when experimental data

are available. These approaches range from more traditional techniques such as singular value or

proper orthogonal decomposition [119][16][17] to more recent work with neural networks, with

applications in areas such as climate modeling [168][128], material modeling [266][276][116],

and structural dynamics [236][274]. Purely data-driven methods generally lack physical inter-

pretability and are limited in the domain they may operate in (e.g., not outside their training

domain), and as a result, they are not very robust. More recently, physics-informed neural
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networks (PINNs) have become more pervasive in the literature, ranging from applications in

solving classical partial differential equations (PDEs) [203][121][277], including the Navier-

Stokes equation [113], as well as applications in geostatistical modeling [290], defect detection

[281], and solution of non-homogeneous dynamic systems and elasticity problems [27], to larger

scale systems including hybrid mesh-free methods [237][93]. These approaches typically operate

by transforming the PDE residual into a loss term, as well as enforcing boundary and initial

conditions with similar penalty methods.

In contrast with physics-informed methods, structure-preserving approaches seek to

enforce physical constraints through inductive biases built into the data-driven mechanism,

e.g., the neural network architecture or in reduced order modeling via an appropriate choice

of reduction basis [217][197][137]. One way to preserve the underlying geometric structure

of a dynamical system is by constraining the data-driven model to satisfy a Lagrangian or

Hamiltonian system structure [226][111][164][80] [212]. Many of these approaches assume that

the variables/observables are in canonical or generalized coordinate form, which is generally

not the case for experimental data. Another common theme in past research is to start with the

assumption that at least a few state parameters are known (e.g., the mass matrix), but this also

is not always true in many real applications. The present research seeks to build upon these

methods to address practical problems of observability and the fact that canonical or generalized

coordinates are not usually measurable.

In this work, we propose a structure-preserving neural network framework based on

Hamiltonian mechanics. The Hamiltonian framework allows us to relate the energy of the

system to the measured quantities (e.g., accelerations) through the Euler-Lagrange equations

of motion. In this work, the potential, kinetic energy, and Rayleigh damping terms are each

modeled with a multilayer perceptron (MLP). Auto-differentiation is used to compute partial

derivatives and to assemble all the relevant equations, including computing the generalized

inertia matrix, by forming the Hessian of the kinetic energy with respect to the generalized

coordinates. Moreover, a system identification strategy is used to predict domain shifts in the
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data. The network incorporates a numerics-informed loss function via the residual of a multi-

step integration term, allowing the ensemble of networks to be time-integrated with new initial

conditions and an arbitrary external force after it has been trained, effectively functioning as a

differential operator. Our approach incorporates a physics-constrained autoencoder to perform

coordinate transformation between measured coordinates and a generalized coordinate set. This

approach results in a physics-informed, data-driven model of the structure that can respond to

changes in the structure by updating its own parameters and maintain a physically meaningful

interpretation of the updates. Such an approach can form the basis of a digital twin for many

appropriate applications. The technique is demonstrated on simulated data (computational)

examples.

This chapter is organized as follows. Section 3.1 describes the principles of Hamiltonian

mechanics and their integration into the neural network architecture. Section 3.2 presents a series

of numerical examples that demonstrate different aspects of the approach. Finally, section 3.3

provides concluding remarks and future research directions.

3.1 Background

Section 3.1.1 reviews the basic theory behind the Hamiltonian mechanics framework.

In section 3.1.2 we introduce the general neural pipeline for learning the system energy terms.

In section 3.1.3 we describe the physics-constrained autoencoder used to perform coordinate

transformation. Section 3.1.4 goes over the methodology for detection of shifts in the data.

3.1.1 Hamiltonian Mechanics

The foundation for Hamiltonian mechanics is the principle of least action or Hamilton’s

principle of stationary action. We start with the action functional S which is defined as

S =
∫ t2

t1
L(q, q̇, t)dt. (3.1)
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The scalar action S is a functional of the Lagrangian L(q, q̇, t). This functional is

integrated between arbitrary times t1 and t2. Hamilton’s principle states that the realized trajectory

of the system corresponds to that which makes the action stationary with respect to change

of variables. To achieve this, the variational principle is invoked by considering a virtual

infinitesimal displacement, δ , such that the perturbed action is

SB =
∫ t2+∆t

t1+∆t
L(q+δq, q̇+δ q̇)dt. (3.2)

To determine the stationary action condition, we then consider the total variation of the

action functional

δS = SB −S =
∫ t2

t1

n

∑
j=1

(
∂L
∂q j

− d
dt

∂L
∂ q̇ j

)δq jdt +O(δ 2), (3.3)

where O(δ 2) indicates higher-order terms and are usually ignored to obtain the first variation of

the action functional. This first variation is extremized to determine the trajectory that makes the

action functional stationary. The additional deterministic assumption that the starting and end

points are known is usually made (δqi(t1) = δqi(t2) = 0). In that case, the action scalar can be

extremized by setting the first variation to zero which results in the homogeneous version of the

Euler-Lagrange equations of motion

∂L
∂q j

− d
dt

∂L
∂ q̇ j

= 0. (3.4)

This expression corresponds to the conservative case. In the presence of dissipative and

external forces, the Euler-Lagrange equations of motion are modified as follows,

d
dt

∂L
∂ q̇ j

− ∂L
∂q j

+
∂ I
∂ q̇ j

= Qnc
j , (3.5)

where I represents the Rayleigh damping term and Qnc is the vector of generalized non-

conservative forces.
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These principles are the basis for the structure imposed on the framework described in

the next sections.

3.1.2 Physics-Constrained Autoencoder

One important feature of operating in a Lagrangian or Hamiltonian frame of reference is

the necessity to express the degrees-of-freedom (DOFs) of a discrete system in a generalized or

canonical coordinate system. In this work, we assume that the original measured DOFs may not

be in generalized coordinates, q, and are instead expressed in an arbitrary coordinate system,

r. To perform a coordinate transformation, we propose to use an autoencoder architecture. The

coordinate transformation operation is then performed as follows,

q = Enn(r) (3.6)

r = Dnn(q), (3.7)

where Enn and Dnn are neural networks representing the encoder and decoder, respectively. Both

of these are constructed by performing a nonlinear projection, where a transformation matrix

T is learned from an MLP. This specific construction serves as an additional constraint to the

transformation type allowed and has been shown to speed-up the training process significantly

for the problems considered in this chapter compared to learning the coordinate transformation

directly from an MLP,

Enn = TE (r) · r (3.8)

Dnn = TD(q) ·q. (3.9)

In this work we assume that the velocities and accelerations can be obtained from mea-
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surements. These also need to be transformed back and forth between arbitrary and generalized

coordinates. The generalized velocities and acceleration can be obtained by applying the chain

rule,

q̇i =
n

∑
j=1

∂qi

∂ r j
· ṙ j, (3.10)

q̈i =
n

∑
j=1

∂qi

∂ r j
· r̈ j +

n

∑
j=1

∂ q̇i

∂ r j
· ṙ j. (3.11)

The expressions are left unsimplified to show the actual operations that are performed

with auto-differentiation. The decoded velocities and accelerations in the original coordinate

system can be obtained from the generalized coordinates in a similar manner,

ṙ j =
k

∑
i=1

∂ r j

∂qi
· q̇i, (3.12)

r̈ j =
k

∑
i=1

∂ r j

∂qi
· q̈i +

k

∑
i=1

∂ ṙ j

∂qi
· q̇i. (3.13)

The physical forces, assumed to be velocity-independent, are also transformed into

generalized forces by following the principle of virtual work and arriving at the following

expression,

Qnc
i =

n

∑
i= j

∂ r j

∂qi
·Fi. (3.14)

Because the autoencoder is constructed using differentiable neural networks, all of

these operations are performed with auto-differentiation using the Python package Jax [23] via

computing the forward Jacobian of either the encoder or decoder output with respect to its input.

The only supervised aspect of the training procedure is performed on the decoded

acceleration via a reconstruction loss term as
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Lrecon = ∥ ˆ̈r− r̈∥2
2, (3.15)

where ˆ̈r represents the reconstructed accelerations in the original physical coordinate system.

Note that the decoder outputs the displacements directly, and the accelerations are then computed

from the displacements and velocities using Eq. 3.12 and 3.13.

3.1.3 Structure-Preserving Neural Network Ensemble

To define the dynamics of a general non-conservative Lagrangian system, we first de-

termine the kinetic energy T (q, q̇), the potential energy U(q), and the Rayleigh damping term

I(q, q̇). These quantities are in the most general form a function of the generalized displacements

q and generalized velocities q̇. Each of these terms is modeled with a multilayer perceptron

(MLP) that is augmented with complete polynomial terms, inspired by SINDy [28]. For example,

the kinetic energy function would be defined as

Tnn(q, q̇) =
i+ j+...p=M

∑
i, j,...p

αi, j,...pqi
1q j

2...q
p
k

+βi, j,...pq̇i
1q̇ j

2...q̇
p
k

+
N

∑
n

θnG
(n)(q, q̇),

(3.16)

where the coefficients α , β , and θ are learned during training, M is the degree of the polynomial,

and the function G (n) represents an MLP. In general, a fully connected neural network is used

to define G (n). The dimensionality of the MLP is problem-dependent, but for this work, the

network depth generally did not exceed six layers, each with a maximum of 22 units. As shown

in Eq. 3.16, the energy terms do not impose any assumptions that constrain the approach to

linear problems. The combination of polynomial terms of arbitrary order and the nonlinear

activation functions in the MLP ensure that the network can model arbitrary nonlinear problems.
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The potential energy and Rayleigh damping terms are similarly defined. The Lagrangian is

constructed from its definition as

L(q, q̇) = Tnn(q, q̇)−Unn(q), (3.17)

and the generalized momenta are subsequently computed as

pk =
∂L(q, q̇)

∂ q̇k
. (3.18)

Next, the Hamiltonian is computed from the Lagrangian and the generalized momenta as

H(q, q̇) = pq−L(q, q̇), (3.19)

and then the momentum rates are computed from the Hamiltonian, the generalized forces, and

the dissipative terms as

ṗk =−∂H(q, q̇)
∂qk

+Qnc
i − ∂ Inn(q, q̇)

∂ q̇k
. (3.20)

The generalized inertia matrix may be obtained by taking the Hessian of the kinetic

energy term with respect to the generalized velocities, where the computation in this manner

enforces symmetry (another appropriate physical constraint on an inertia matrix):

Mi j =
∂ 2Tnn(q, q̇)

∂ q̇i∂ q̇ j
. (3.21)

Finally, the generalized accelerations are obtained by inverting the generalized inertia

matrix. A Moore-Penrose inverse is used to avoid numerical issues, which are common during

early stages of training when the matrix M may be near singular due to random initialization of

the weight parameters in the energy terms,
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q̈n = M−1
ni (ṗi −Mi j,kq̇kq̇ j). (3.22)

A schematic of the ensemble of neural networks is illustrated in Figure 3.1. To further

illustrate the neural network workflow, the process is presented as pseudocode below:

Algorithm 1. Neural network ensemble workflow
1: for every batch do
2: Compute Tnn, Unn, and Inn
3: Compute the Lagrangian L (Eq. 3.17)
4: Compute the momentum p (Eq. 3.18)
5: Compute the Hamiltonian H (Eq. 3.19)
6: Compute the momentum rate ṗ (Eq. 3.20)
7: Compute the generalized inertia matrix M (Eq. 3.21)
8: Compute the Moore-Penrose inverse of the generalized inertia matrix
9: Compute the generalized accelerations q̈ from the momentum rate and inverse general-

ized inertia matrix (Eq. 3.22)
10: end for

Examples of the Python implementation of the method can be found at https://github.

com/dnajera27/hamiltonian mech node jax.

Figure 3.1. Schematic of ensemble of neural networks used.
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Numerics- and Physics-Informed Loss Terms

The prescribed structure described above ensures that the network adheres to physical

constraints. However, a few additional numerics- and physics-informed loss terms were defined

to ensure that the network is self-consistent and time-integrable. The most significant constraint

was implemented by evaluating the residual of a multi-step integration step to ensure that rates

are accurately predicted. The general loss term has the following form:

Ldi f f = ∥
s

∑
j=0

γ j

qk+ j

q̇k+ j

−h
s

∑
j=0

η j

q̇k+ j

q̈k+ j

∥2
2, (3.23)

where γ and η are coefficients from the Butcher tableau corresponding to the Adams-Bashforth

linear multistep integration method, and h is the time step associated with the training data. The

qk+ j term represents the (k+ j)th time step in the q vector. The same general loss function form

was applied to the momenta and its time derivative, p and ṗ. This loss term is used to ensure

mathematical consistency in the differential equation by evaluating the residual of a multi-step

integration step between a variable and its time derivative. This loss term is used for all time

derivatives since time is not an explicit input in the network and hence auto-differentiation cannot

be used to evaluate time derivatives in this case.

In addition, the following physical constraints where included in the loss term to ensure

self-consistency:

Lphys = ∥Tnn(q, q̇)−1/2q ·p∥2
2

+∥H(q, q̇)− (Tnn(q, q̇)+Unn(q)∥2
2

+∥p−Mq̇∥2
2.

(3.24)
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3.1.4 Trained Model Deployment

While the ensemble of neural networks was trained in a supervised manner to reproduce

the dynamics of observed data, the inference stage is set up as an ordinary differential equation

(ODE) operator. We begin with a set of initial conditions, x0 and applied external force vector,

Fext . The first step is to use the trained encoder to obtain the initial conditions in transformed

generalized coordinates, q0 and q̇0 using Eq. 3.6 and 3.10. Similarly, the generalized forces,

Qnc, are obtained using Eq. 3.14. Given the initial conditions and forcing function, the trained

neural networks are used as a neural ODE operator expressed in state space,

q̇

q̈

= N (q, q̇,Qnc), (3.25)

where the generalized acceleration is computed using Eq. 3.22. The system can now be

solved using any ODE solver. In this work we used the RK45 method [61] implemented in the

Scipy package [257] in Python. Finally, the accelerations in the original coordinate system are

computed by passing the time-integrated generalized responses to the decoder, Dnn(q).

3.1.5 Domain Shift Identification

Once the neural ODE has been deployed, the network can be re-trained at any time to

assimilate new data. In the case that new data are available that exhibit shifts from the original

data domain, the network can be used to localize and identify the source of these changes. This

action is accomplished by running the training process (i.e., optimization via backpropagation)

for a few epochs and then looking for changes in the statistical distribution of the weight shifts

associated with the energy neural networks. Localization is accomplished by computing the

system state matrices and looking for changes in specific entries. The state matrices M, K, and

C are computed by taking the Hessian of the kinetic, potential, and Rayleigh damping networks,

respectively, similar to what was done in Eq. 3.21. The task of automatically identifying shifts to
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trigger a model updating step is left for future work. In this work, we only look at the effect of

domain shifts on the model parameters.

3.2 Numerical Results and Discussion

This section will demonstrate the approach applied to four computational examples: an

Euler-Bernoulli beam, a two degree-of-freedom system with cubic nonlinearities in the stiffness

and damping terms, a rigid link with a geometric nonlinearity, and a single degree-of-freedom

duffing oscillator. For all the numerical examples shown, a single training example was used.

The training data was long enough to include at least two periods of oscillation of the lowest

frequency in each example. All the results shown were computed for different initial conditions

and external forcing than those used for training.

3.2.1 Euler-Bernoulli Beam

This example demonstrates the core capability of the framework to learn the kinetic,

potential, and Rayleigh damping terms, as well as derived state matrices. For this example, we

consider a linear Euler-Bernoulli beam problem to demonstrate the relationship between the

learned quantities and the modal response of the original system. The problem considered was a

three-element beam with stiffness EI = 1.5, length l = 1.0, density ρ = 15.0 and clamped ends,

resulting in four DOFs (or an 8-dimensional state space). Proportional damping was defined as

C = 1e−5K+1e−1M.

The network was trained with simulated data generated by applying a random vibration

force input. The following results are for a case with a different random vibration force and

random initial conditions. After training, the network is deployed as described in section 3.1.4.

The runtime per time step evaluation was 2.72e−4 seconds and the displacements mean squared

error (MSE) was 3.27e−9. The phase space response is shown in Figure 3.2, illustrating that the

trained network is capable of predicting the response of the system without noticeable loss of

accuracy after 3000 time steps.
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Figure 3.2. Phase space (top) and time (bottom) response of Euler-Bernoulli beam problem.
Analytical response shown in color and network prediction shown in black.

As described in section 3.1, the trained network can be used to obtain the state matrices

M, K, and C from the observed data. We used these matrices to perform modal analysis via the

trained network. Figure 3.3 shows a comparison of the four natural frequencies computed from

the network state matrices and those computed analytically. Moreover, the pseudo-orthogonality

matrix was computed to compare the mode shapes. As illustrated in Figure 3.3, the pseudo-

orthogonality matrix is the identity matrix, indicating that the modes computed by performing

modal analysis with the trained network and the analytical model are the same. This result
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demonstrates the network’s capability to learn the modal characteristics of the system without

having access or prior knowledge of any material or geometric parameters.

Figure 3.3. Modal frequencies (left) computed from analytical model (blue) and learned model
(green), and cross-orthogonal check of analytical and predicted mode shapes (right).

3.2.2 Two Degree of Freedom System

The next example is a 2DOF system with cubic nonlinearities in the stiffness and damping

terms as shown in Figure 3.4. This example demonstrates the applicability of the framework

to nonlinear problems, as well as an example of domain shift identification. For all the results,

the following parameter values were used: m1 = 1.1, m2 = 1.5, k1 = 1.0, k2 = 1.3, k3 = 0.8,

knl = 10.0, c1 = 0.01, c2 = 0.08, and cnl = 0.095.

Figure 3.4. Diagram of two degree-of-freedom system example.

Table 3.1 summarizes the results for various cases considered. Figure 3.5 presents the

corresponding phase plots illustrating how there is no apparent loss of accuracy after 3000 time
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steps. The results shown in Table 3.1 and Figure 3.5 were computed by time integrating the

trained neural network as described in Section 3.1.4 with random initial conditions. For the

forced vibration cases, the network was trained with a random signal generated by summing 100

harmonics with random phase and random amplitude, and it was then tested with a different

random signal.

To understand what the neural networks are learning, we looked at the undamped linear

case. Figure 3.6 shows a comparison of the learned and analytical time-varying energies. As

illustrated, the learned energies do not correspond exactly to the physical quantities even though

the constant Hamiltonian is correctly learned for this undamped case. Furthermore we can look

at the eigenvectors of the corresponding M and K to understand how the learned and analytical

state matrices vary. As seen in Figure 3.7, the learned state matrices are transformations of the

physical quantities. Moreover, Figure 3.8 shows the eigenvalues and eigenvectors of M−1K.

The eigenvalues are presented as a function of time since the network is allowed to learn a

time-varying M and K, but it learns the correct constant behavior for the linear case. As shown,

the neural network learns to reproduce the eigenvalues and eigenvectors exactly. We can then

determine that the network only needs to reproduce the state space representation of the dynamic

system and not necessarily the exact energy terms. This result makes sense since we do not

supervise the energy terms directly, as these are assumed to be unknown because they cannot

be easily measured. This analysis provides insight into what the neural network is learning to

reproduce the dynamic response of the observed system. We see that the network is learning an

equivalent dynamic system that preserves important physical properties, such as the state space

representation.

Domain Shift Identification

To demonstrate how the trained network can be used to identify a domain shift in new

data, we started with the trained network corresponding to the system where cnl = 0.0. We

confronted the network with new data generated from a dynamic system with cnl = 0.095 and
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Table 3.1. Summary of Neural Network Performance

Terms set to 0.0 Runtime per evaluation (s) Displacement MSE

c1, c2, cnl , knl , Fext 9.24e−9 0.22e−3
c1, c2, cnl , Fext 1.29e−5 1.19e−3
cnl , Fext 2.12e−5 1.15e−3
cnl 6.76e−6 2.11e−3
Fext 1.01e−5 0.58e−3
− 1.38e−5 2.19e−3

ran the training algorithm for 5000 additional iterations (this takes 5 minutes).

A snapshot of the state matrices from the original and trained model are shown in Figure

3.9. As illustrated, the only matrix that changed is C while M and K remained unchanged.

To further illustrate this change, the eigenvectors of the state matrices where computed as a

function of time and are shown in Figure 3.10. As illustrated, the eigenvectors of M and K are

unchanged but the eigenvectors of C have been transformed. Specifically, the original network

exhibits eigenvectors that are orthogonal to each other which indicates that the two masses are

uncoupled through damping, which is the actual physical state of the original problem. In the

updated model, the eigenvectors shows some degree of coupling between the two masses, which

is consistent with the update performed.

Lastly, the shift was quantified by computing the variance of the residual between the

updated and original weights corresponding to the kinetic, potential, and Rayleigh damping

networks which is 1.88e−8, 2.44e−5, and 1.36e−3, respectively. This result indicates that the

damping network weights underwent the largest changes during training. All of these results

can be used to identify the nature of the domain shift in new data. Future work will focus on

automatic domain shift detection for automated model updating.

3.2.3 Rigid Link with Suspended Mass

The next example demonstrates the use of the autoencoder to perform coordinate trans-

formation from a Cartesian coordinate system that has redundant coordinates due to the kinetic
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Figure 3.5. Summary of phase space response for the various cases considered. Analytical
response shown in color and network prediction shown in black.

constraints of the problem and, as a result, does not constitute a generalized coordinate system.

The problem is illustrated in Figure 3.11. The parameters used in this example were a = 1
3 ,

b = 1.1, m = 4.0, M = 2.0, k = 100.0, c = 0.1.

Coordinate Transformation

To demonstrate the coordinate transformation autoencoder, we assume that we measure

the response of the rigid link structure at points B and the response of the mass M relative to

the point A in a Cartesian coordinate system (i.e., only in the x- and y-directions). However,

this choice of coordinates does not constitute a generalized coordinate system because they are

redundant given the kinematic constraints of the problem. Instead, there is only two independent

coordinates that need to be discovered by the autoencoder. A very natural choice of coordinates

would be the rigid link angle θ , and the vertical displacement y of the mass M relative to point A.

We did not provide the network with any inductive biases regarding these coordinate and instead

we let the autoencoder discover its own set of generalized coordinates.

The autoencoder hyperparameters (i.e., number of layers and hidden units) were de-
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Figure 3.6. Analytical and predicted energy terms for undamped linear case.

Figure 3.7. Eigenvectors of analytical (dashed red) and predicted (solid black) M (left) and K
(right).

termined by running a grid search and the results are presented in the Appendix A.1. The

network was trained with data generated with Mathematica by numerically solving the problem

by prescribing random initial conditions and a random vibration input. The results presented

here are for different set of random initial conditions and random vibration input. Figure 3.12

shows the reconstructed phase space response. The runtime per evaluation was 1.42e−2 seconds

and the displacement MSE was 2.52e−5. The system is solved by running the Runge-Kutta

solver in the learned latent space and then projecting it back to the original measured coordinate

system (i.e., the assumed Cartesian reference frame).

The learned latent space is not constrained in any way to correspond to the identified
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Figure 3.8. Eigenvalues (left) and eigenvectors (right) of M−1K.

Figure 3.9. State matrices of linear damping model (top) and updated cubic damping model
(bottom).

generalized coordinates (θ , y). As a result, the autoencoder projects to an alternative set of

generalized coordinates. Figure 3.13 illustrates how the corresponding M and K matrices have

been transformed by looking at the matrix eigenvectors. For instance, the original system has an

uncoupled K matrix (illustrated by the orthogonal eigenvectors) but the learned system does not.

On the other hand, the original M matrix is heavily coupled but the learned latent space is only

weakly coupled. Interestingly the learned state space is topologically similar to the original state

space, as shown in Figure 3.14.
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Figure 3.10. Eigenvectors of state matrices M (left), K (middle), and C (right), computed from
original network (dashed red) and updated network (solid blue). The hue of the eigenvectors
indicates the variation in time.

Figure 3.11. Rigid link with suspended mass problem.

3.2.4 System Identification of a Duffing Oscillator

To demonstrate how the approach may be used in system identification tasks, a single

degree-of-freedom duffing oscillator system is considered. The system is defined by the nonlinear

ordinary differential equation

q̈+0.05q̇+1.2q+5.0q3 = f (t) (3.26)

The neural network corresponding to the term G in Eq. 3.16 had three layers of four units

each for all the energy terms. Fifth-degree polynomials were assumed for each of the energy

terms. The network was trained with a single realization obtained by exciting the oscillator with
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a random signal with a peak amplitude of 0.01. The identified parameters for the energy terms

are presented in graphical form in Fig. 3.15. As shown, there is excellent agreement between the

identified parameters and the actual values. The largest discrepancy is in the damping term with

a relative error of 2%. The network correctly identified the appropriate non-zero terms. All of

the neural network coefficients were on the order of 10−6, which demonstrates the network’s

capability to prune terms that do not fit the physical formulation.

To demonstrate the network’s capability to generalize, the trained system was used

in a multi-harmonic balance algorithm [195] to obtain the nonlinear forced response of the

system. As shown in Fig. 3.16, the network was able to predict an accurate response amplitude

even at large amplitudes. The network was originally trained on a random signal input with a

peak amplitude of 0.01 but was able to predict an accurate response at three times the training

excitation amplitude as well as capture the nonlinear trends at this higher amplitude. This

result is not surprising given the fact that the system identification was very accurate and, as a

consequence, the trained network is a good representation of the actual physical system.

3.3 Conclusion

This chapter presented an original approach for obtaining a physically interpretable

data-driven model of a structural dynamics system. The approach is based on enforcing structure-

preserving properties of an ensemble of neural networks that learn the kinetic and potential

energies, as well as the Rayleigh dissipation terms from observed responses. These neural net-

works promote parsimonious models through regularization and inductive priors imposed via a

dictionary of polynomial terms. Furthermore, an autoencoder is used to perform coordinate trans-

formation to map arbitrary coordinate systems to generalized coordinates. This transformation is

also physically constrained through the definition of generalized coordinates that necessitates

a very particular transformation to generalized forces. In addition, a numerics-informed loss

term was added to ensure the trained network could be time integrated with traditional ODE
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solvers. The trained ensemble was then deployed by extracting the learned differential operator

and exercised in state space. An initial demonstration of how the results can be used to detect

domain shift was provided. A more thorough and complete exploration of this feature will be

explored in future work. The results presented in this chapter show that the approach is robust

and does not suffer from excessive error accumulation. It has also been found that limited data

(i.e., a single time realization containing two oscillation cycles) may be sufficient for training the

network to be used outside of its training regime (i.e., different initial conditions and external

forcing). These results are a direct consequence of the physical and numerical constraints,

including the time integration residual loss term. So far, ideal conditions have been assumed (i.e.,

ideal sampling rate, noise-free systems, etc.). Future work will focus on addressing practical

challenges encountered in real experimental and deployed systems. Furthermore, future work

will extend the method to larger systems and to be fully Bayesian for use in a probabilistic

reasoning framework to inform structural health diagnosis and prognosis, as well as focusing

on hysteretic systems which will need enhancing the neural network architectures to consider

history dependence.

3.4 Preview of Chapter 4

Chapter 3 introduced the general formulation of an ensemble of neural networks that

work together to learn the geometric structure of the underlying dynamic space from data. The

method was demonstrated on low-dimensional systems where the observables constituted the

dynamic state space. In general, data obtained via measurement sensors may not represent

the underlying state space, making it impossible to enforce physics directly. To overcome this

challenge, Chapter 4 presents a strategy that relies on embedded time delays of measured signals

to uncover the state space via a diffeomorphic mapping learned with an invertible neural network.

The results presented in Chapter 4 show how the structure-preserving formulation can be applied

to cases where only partial observables are available.

91



3.5 Remarks

Portions of this dissertation have been published or are being considered for publication.

Chapter 3 is composed of the following first authored publications:

David A. Najera-Flores and Michael D. Todd. A structure-preserving neural differential

operator with embedded Hamiltonian constraints for modeling structural dynamics. Computa-

tional Mechanics, 72:241–252, March 2023
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Figure 3.12. Time (top) and phase space (bottom) response of the rigid link problem. Analytical
response shown in color and network prediction shown in black.
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Figure 3.13. Eigenvectors of analytical (dashed red) and predicted (solid black) M (left) and K
(right).

Figure 3.14. State space representation of original (left) and learned system (right).

94



Figure 3.15. Comparison between identified and actual parameters in the duffing oscillator
system energy terms.
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Figure 3.16. Nonlinear forced response of the actual system (solid colored) and the trained
network (dashed black) at different excitation amplitudes.
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Chapter 4

State-Space Reconstruction from Partial
Observables Using an Invertible Neural
Network with Structure-Preserving Prop-
erties for Nonlinear Structural Dynamics

4.1 Introduction

This chapter builds upon the work presented in Chapter 3. As motivated previously,

complex physical systems often rely on digital models to inform their design cycle and mainte-

nance schedule. Chapter 3 introduced a structure-preserving approach that stands in contrast to

purely data-driven modeling approaches, which are popular when experimental data are available.

These data-driven approaches range from more traditional techniques such as singular value

or proper orthogonal decomposition [119, 16, 17] to more recent work with neural networks,

applied to areas such as climate modeling [168, 128], material modeling [266, 276, 116], and

structural dynamics [236, 274]. Nonlinear system identification also typically falls under this

category where models area learned through a variety of techniques from experimental data as

described in detail in [120, 189]. However, purely data-driven methods generally lack physical

interpretability and are limited in the domain they may operate in (e.g., not outside their training

domain), resulting in a lack of robustness. More recently, physics-informed neural networks

(PINNs) have become popular in the literature, ranging from applications in solving classical
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partial differential equations (PDEs) [203, 121, 277], including the Navier-Stokes equation [113],

as well as applications in geostatistical modeling [290], defect detection [281], material modeling

[63, 90, 89], and solution of non-homogeneous dynamic systems and elasticity problems [27],

to larger scale systems including hybrid mesh-free methods [237, 93, 153, 284, 10]. These

approaches typically operate by transforming the PDE residual into a loss term, as well as

enforcing boundary and initial conditions with similar penalty methods, either through the strong

or weak form of the PDE.

In contrast with physics-informed methods, structure-preserving approaches seek to

enforce physical constraints through inductive biases built into the data-driven mechanism,

e.g., the neural network architecture or in reduced order modeling via an appropriate choice

of reduction basis [217, 197, 137]. Structure-preservation can be performed by prescribing the

form of the model a priori through discovery of a symbolic expression [20, 28, 98]. Other

approaches uncover the underlying spectral submanifolds from data and construct data-driven

models assuming a normal form [85, 37, 38, 9]. While these models preserve a type of structure,

other methods are focused on explicitly preserving the underlying Lagrangian or Hamiltonian

system structure [226, 111, 164, 80, 212]. Many of these approaches require access to the

generalized or canonical coordinates of the observed system. The authors previously designed

a framework to transform from arbitrary coordinate systems to generalized coordinates while

performing structure preservation [183]. However, that work assumed that the state-space was

fully observable, which is not always the case when only partial observations are available.

Recent work has leveraged Takens theorem [242] to extract spectral submanifolds from the data

[37, 38, 9] and for discovery of partial differential equations [12, 208].

The present work is built on the idea that the underlying state space may be uncovered

from partial observables via time-delayed embedding. Moreover, this chapter is focused on

learning models that preserve the underlying geometric structure of the dynamic system. In

contrast with the previous chapter, this chapter develops a generalized framework for discovering

a diffeomorphic mapping between time-delayed embeddings of partial observables to a latent
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space in generalized coordinates where structure preservation is enforced via invertible neural

networks which preserve a bijective transformation. The approach is demonstrated on two

computational examples and two experimental datasets. Section 4.2 describes previous work

to establish the foundation upon which this work is built. Section 4.3 introduces the proposed

approach while section 4.4 go over the details of the algorithmic implementation. Section 4.5

presents results and discussion of these while section 4.6 describes some of the caveats and

challenges associated with the implementation. Finally, section 4.7 provides concluding remarks

and future research directions.

4.2 Background

Section 4.2.1 reviews previous work by the authors that serves as the foundation for this

work while section 4.2.2 provides a quick review of the theory of time-delayed embedding.

4.2.1 Structure-Preserving Neural Network

This work leverages a framework developed by the authors in [183] to construct a

structure-preserving neural differential operator from data. This workflow requires data samples

in generalized coordinates to enforce a Hamiltonian structure to the data-driven model. The

framework proposed in [183] models a general non-conservative Lagrangian system. The

workflow relies on learning the kinetic energy Tnn(q, q̇) : R2d →R1, the potential energy Unn(q) :

Rd → R1, and the Rayleigh damping term Inn(q̇) : Rd → R1 where d is the dimensionality of

the generalized coordinates. These quantities are assumed to be a function of the generalized

displacements q and generalized velocities q̇. Each of these terms is modeled with a multilayer

perceptron (MLP) that is augmented with complete polynomial terms. As an example, the kinetic

energy function is defined as
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Tnn =
i+ j+...p=M

∑
i, j,...p

αi, j,...pqi
1q j

2...q
p
k

+βi, j,...pq̇i
1q̇ j

2...q̇
p
k

+
N

∑
n

δnG
(n)(q, q̇),

(4.1)

where the coefficients α , β , and δ are learned during training, M is the degree of the polynomial,

and the function G (n) represents an MLP. In general, a fully connected neural network is used to

define G (n). For conciseness, only the kinetic energy function is illustrated but the potential and

Rayleigh damping are modeled similarly. The learned ensemble of networks is used to derive

the Lagrangian and Hamiltonian of the system, from which the generalized accelerations are

computed as

q̈n = M−1
ni (ṗi −Mi j,kq̇kq̇ j), (4.2)

where M is the generalized inertia matrix (obtained from the learned kinetic energy) and ṗ is the

momentum rate (obtained from relating the Hamiltonian to the non-conservative forces acting on

the system). To compute the inverse of the generalized inertia matrix, a Moore-Penrose inverse

is used to avoid numerical issues during the initial stages of training.

The details of the implementation are presented in the original article [183] and the

algorithmic implementation is described in Algorithm 2.

4.2.2 State space reconstruction with time delay embedding

The data-driven, structure-preserving approach described in section 4.2.1 requires that

the inputs to the neural networks be in generalized coordinates. However, this requirement is not

guaranteed to be satisfied when the data is coming from sensors providing partial observations

of the dynamic system. In such cases, space reconstruction techniques can be used to recover
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predictive state space models from the partial observables. A well-known approach is the Method

of Delays developed by Takens [242], which can reconstruct a state space that is topologically

equivalent (i.e., diffeomorphic) to the original dynamic system. The concept of time delay

embedding for state space reconstruction is derived from Taken’s theorem which asserts that, in

the absence of noise, the underlying dynamics of the system may be recovered from a time delay

embedding of dimension m with m > 2d +1, where d is the original system’s dimension (which

is often unknown a priori). The time delay embedding consists of lagged copies of the observed

response vector, x(t), such as

x(t) = [x(t),x(t − τ), . . .x(t − (m−1)τ)], (4.3)

where τ is a uniform time delay.

A number of challenges associated with the practical application of Taken’s theorem

were described by Pecora et al. [192]. These challenges include the selection of embedding

parameters, size and number of delays (τ), and embedding dimension m. Pecora et al. [192]

proposed an approach consisting of employing statistical tests to determine these heuristic

parameters in a systematic way. In Pecora’s work, a continuity statistic is used to determine

the functional independence of new candidate components to the reconstruction vector. To

accomplish this, Pecora et al. proposed a k-nearest neighbor (k-NN) approach that tests whether

the points considered around a fiducial point are within a certain range by chance or due to a

functional relationship between the new candidate component and the existing reconstruction

vectors. The details of the implementation of the algorithm are provided in the original paper

[192].

Kraemer et al. [127] subsequently identified several challenges with the implementation

of Pecora’s algorithm. One of the most significant challenges was the choice of an optimal delay

τ given that the definition of relative maximum, which is used to determine τ , is not obtained

systematically. To address this challenge, Kraemer et al. proposed combining Pecora’s method
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with an approach proposed by Uzal et al. [251]. Uzal’s approach consists in employing an

objective cost function known as the L-statistic to quantify the goodness of reconstruction. The

details of the implementation of their algorithm are provided in the original paper [251].

The method proposed by Kraemer et al. is known as PECUZAL (a combination of

Pecora’s and Uzal’s names). This new method combines the continuity statistic and the L-

statistic to simultaneously determine the size and number of delays that optimize both Pecora’s

and Uzal’s objectives. The algorithm operates recursively by first preselecting the potential

delays and time series to use in each embedding cycle, and then picking a relative maximum

according to the L-statistic. Specifically, a series of time delay candidates are proposed by

applying Pecora’s approach while simultaneously computing their associated L-statistic. The

combination of time delay and time series that yields the minimum change of L-statistic with

respect to the current reconstruction vectors is then added as a new reconstruction vector. The

steps are repeated until the L-statistic cannot be minimized any further. The detailed steps

are provided in the original paper [127]. This approach provides an automated way to build a

reconstruction vector from partial observables.

4.3 Coordinate transformation

The time delay embedding structure found by applying the PECUZAL algorithm are

presumed to be topologically equivalent to the underlying state space of the dynamic system,

according to Taken’s theorem. However, the diffeomorphic mapping from the time delay

embedding to the underlying state space is not clearly defined yet. To this end, a neural network

is trained to learn the appropriate mapping from time-delayed data to the generalized coordinate

system. Two options are explored: (1) a normalizing flow network used as an autoencoder

and (2) a general multilayer perceptron (MLP) used an autoencoder. Both of these options are

used to encode the embeddings into a generalized coordinate system and decode it back to the

original coordinate space. The difference between these approaches is that the normalizing flow
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is invertible and thus bijective which is in line with the theory of a diffeomorphic mapping. The

MLP architecture is non-invertible but it is more general and does not require any assumptions

about the structure of the mapping with the disadvantage that the inverse mapping also has to be

learned (i.e., the decoder).

4.3.1 Normalizing flow autoencoder

The normalizing flow architecture is based on the work by Dinh et al. [59]. Let x ∈ RD

be the reconstruction vector composed of time delay embeddings (augmented with the original

observations) in D-dimensional space. An order reduction is first achieved by performing a linear

projection as

z̃ = V⊤x, (4.4)

where V∈RD×d is the truncated projection matrix obtained through singular value decomposition

(SVD). The reduced dimension d is chosen to be the embedding dimension determined by the

magnitude of the singular values. A second linear transformation is performed to allow for linear

mixing of the reduced-order components before passing it to the normalizing flow. The second

linear transformation is performed as

z = Tz̃, (4.5)

where T ∈ Rd is a coefficient matrix that is learned during training.

The z vector is then passed to a normalizing flow based on the architecture proposed in

[59]. The normalizing flow fθ : z → q is composed of a stacked sequence of nonlinear bijective

functions with learnable parameters θ . Following the work by Dinh, two affine coupling layers

(ACL) were stacked to keep the computation of the Jacobian determinant of the transformation

tractable and efficient. As shown by Dinh, this particular architectural choice results in a lower

triangular Jacobian matrix, ∂ f (z)
∂ z which is desirable for efficient computation of its determinant.
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The ACL requires the split of the input and output vectors into two halves: z = [zA,zB] and

q = [qA,qB]. Given this split, the forward operations (in the normalizing direction) are

qA = zA ⊙ exp(sB(zB))+ tB(zB), (4.6)

qB = zB ⊙ exp(sA(zA))+ tA(zA), (4.7)

where ⊙ represents the element-wise multiplication operator, sA(·) and sB(·) represent nonlinear

scaling functions, and tA(·) and tB(·) represent nonlinear translation functions. These nonlinear

scaling and translation functions define the affine transformation and are modeled with multilayer

perceptrons in this work. Inverting the normalizing flow direction results in the following

expressions, in the order they would be computed:

zB = (qB − tA(qA))⊙ exp(−sA(qA)), (4.8)

zA = (qA − tB(qB))⊙ exp(−sB(qB)). (4.9)

The decoding operation can then be completed by inverting the operations in Eq. 4.4 and

4.5 as

z̃ = T−1z, (4.10)

and

x̂ = Vz̃, (4.11)

where x̂ is the reconstruction of the original time delay embeddings.

4.3.2 General MLP autoencoder

As an alternative to the normalizing flow architecture, a general non-invertible MLP

architecture is also studied. The reason for studying this alternative approach is that the INN
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architecture may be too restrictive. For instance, dimension contraction and expansion are not

possible with the INN because the dimensionality of the layers must be kept constant. As with

the INN, the task is that of mapping the time delay embedding to the generalized coordinate

system via an encoding fπ : x → q and back to the physical space via decoding fν : q → x,

where θ and ν are the learnable hyperparameters of the encoder and decoder, respectively.

Both of these are constructed by performing a nonlinear projection, where a transformation

matrix T ∈ RD×d is learned from an MLP. As shown in previous work [183], this form of the

autoencoder imposes additional physical constraints on the neural networks and helps with

convergence. The transformation is then performed as

q = Tθ (x) ·x (4.12)

x̂ = Tν(q) ·q, (4.13)

where x̂ is the reconstruction of the original time delay embedding.

The chain rule is then used to transform back and forth between the time delay embed-

dings and the generalized coordinates as

q̇i =
n

∑
j=1

∂qi

∂x j
· ẋ j, (4.14)

q̈i =
n

∑
j=1

∂qi

∂x j
· ẍ j +

n

∑
j=1

∂ q̇i

∂x j
· ẋ j. (4.15)

Similarly, the inverse operation is performed as

ẋ j =
k

∑
i=1

∂x j

∂qi
· q̇i, (4.16)
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ẍ j =
k

∑
i=1

∂x j

∂qi
· q̈i +

k

∑
i=1

∂ ẋ j

∂qi
· q̇i. (4.17)

Figure 4.1. Schematic of complete workflow.

4.4 Neural network training and deployment

The entire workflow is illustrated in Fig. 4.1 and described in Algorithm 2. The neural

network training is performed by adding all the loss terms considered. These terms are described

in this section. Details for the hyperparameters and training settings are provided in Appendix

B.1.

The first loss term corresponds to the structure-preserving architecture which is supervised

by predicting the generalized accelerations

Lstruct = ∥q̈− ˆ̈q∥2
2, (4.18)

where q̈ is the vector of encoded accelerations and ˆ̈q are the computed accelerations from Eq.

4.2. In addition, the following other physical constraints are included to ensure self-consistency:
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Lphys = ∥Tnn(q, q̇)−1/2q ·p∥2
2

+∥H(q, q̇)− (Tnn(q, q̇)+Unn(q, q̇))∥2
2

+∥p−Mq̇∥2
2.

(4.19)

Since time is not an explicit input to the network, a numerics-informed constraint was

implemented to ensure that time derivatives are correctly predicted. This constraint consisted of

the residual of a multi-step integration step. The general loss term has the following form:

Ldi f f = ∥
s

∑
j=0

γ j

qk+ j

q̇k+ j

−h
s

∑
j=0

η j

q̇k+ j

q̈k+ j

∥2
2, (4.20)

where γ and η are coefficients from the Butcher tableau corresponding to the Adams-Bashforth

linear multistep integration method, and h is the time step associated with the training data.

The qk+ j term represents the (k+ j)th time step in the q vector. As described in [183], the

same general form of this loss function is used for the momentum and its corresponding time

derivative.

And lastly the reconstruction term was the same for both autoencoder architectures

considered:

Lrecon = ∥xm − x̂m∥2
2, (4.21)

where xm is a subset of the time delay embeddings corresponding to the original measurements

(i.e., not the time-delayed copies). Due to the symmetry of the autoencoder, the entire time delay

embedded matrix is reconstructed but only the original measurements are supervised because

reconstruction of the time-delayed copies is not required. So the total loss is constructed by

adding all these terms as
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L = µ1Lstruct +µ2Lphys+

+µ3Ldi f f +µ4Lrecon,

(4.22)

where the µi coefficients are tuned manually to scale the different loss terms to have the same

order of magnitude.

Since the goal of this model is to act as a digital twin in an online setting, the ensemble

of neural networks is deployed as an ordinary differential equation (ODE) operator during the

inference stage. The model requires a set of initial conditions, x0. The first step is to use the

trained encoder to obtain the initial conditions in transformed generalized coordinates, q0 and q̇0

using Eq. 4.12 and 4.14. Given the initial conditions, the trained neural networks are used as a

neural ODE operator expressed in the discovered state space,

q̇

q̈

= N (q, q̇), (4.23)

where the generalized acceleration is computed using Eq. 4.2. After training, the system is solved

using the RK45 method [61] implemented in the Scipy package [257] in Python but any solver

can be used. After time integration, the accelerations in physical coordinates can be obtained by

passing the generalized coordinate (i.e., in latent space) solution to the decoder, fν(q).

One practical consideration that needs to be addressed when dealing with response

data from real structures is the discrepancy in the order of magnitude between displacements,

velocities, and accelerations. These differences arise from the difference in orders of magnitudes

associated with the mass and stiffness properties of the structure. This feature may lead to poor

training performance since the neural network weights may have very disparate values leading

to convergence issues due to the uniform gradient updates taken. To address this, when these

discrepancies are observed, uniform time warping is applied to scale all the response quantities
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Algorithm 2. INN with neural differential operator

Input: K snapshots of partial measurements xm ∈ Rm×K . Additional hyperparameters: size of
training set Ttrain and validation set Tval, starting learning rate η , batch size Nb, maximum
number of epochs Nepochs, and number of minibatches Nmb = (Ttrain −Tval)/Nb.

Output: Latent space representation in generalized coordinates q(t) and learned neural differ-
ential operator N (q, q̇)

1: Run PECUZAL algorithm to obtain the matrix of time delay embeddings x ∈ RD×K and use
the same time delays for ẋ, ẍ.

2: Build basis matrix V ∈ RD×d from SVD of x ∈ RD×K .
3: Get projection z ∈ Rd×K following Eq. 4.4. Similarly for ż, z̈.
4: Split training data into ztrain = [zsubtrain,zval].
5: Randomly initialize weights 0.
6: Initialize epoch counter ne = 0.
7: while ne < Nepochs do
8: for i = 1 : Nmb do
9: Get a minibatch from the sub-training set, zbatch ⊆ zsubtrain.

10: Pass time delay embeddings through INN encoder to obtain qbatch, q̇batch, q̈batch
11: Compute Tnn(q̇batch), Unn(qbatch), and Inn(q̇batch)
12: Compute all of the derived quantities from energy and the generalized accelerations

ˆ̈qbatch (Eq. 4.2)
13: Pass ˆ̈qbatch through the INN decoder to obtain ˆ̈xbatch
14: Evaluate loss function terms to form total loss (4.22)
15: Accumulate loss and compute gradient of loss function ∇ L .
16: Update weights Nmbne+i+1 = ADAM(η ,∇ L , Nmbne+i).
17: end for
18: Repeat for loop on zval with updated weights.
19: Accumulate loss on zval to evaluate network convergence.
20: ne = ne +1
21: end while
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to the same order of magnitude. Uniform time warping is achieved by choosing a new time

step, dτ , such that the time derivatives of the displacement are the same order of magnitude as

the displacement itself. The displacements are unchanged after this warping but the velocities

are now scaled by Γ and the accelerations by Γ2 where Γ = dt/dτ . In the following examples,

the data were time warped for better performance but the results are presented in the original

unscaled forms.

4.5 Numerical examples

The following subsections demonstrate the proposed approach on two computational

examples and two experimental datasets. All the trajectories considered were generated from free

vibration response. The hyperparameters for the networks used for each example are provided in

Appendix B.1.

4.5.1 Oscillator with isolated cubic stiffness nonlinearity

The first example used to demonstrate the proposed approach is a chain of 64 masses

(m = 1.0) connected with linear springs (k = 1.0) with nonlinearities over the interval s ∈

(s1,s2), representing a one-dimensional rod with a nonlinear region, as shown in Fig. 4.2. The

nonlinearity is present in all the elements within the interval s and is represented as fnl,i =

κi(xi+1 − xi)
3, where κi represents the cubic stiffness of the i-th element and xi represents the

corresponding displacement. In this work, the following parameters were used: s1 = 0.25,

s2 = 0.35, and κi = 2.6214×105. Proportional Rayleigh damping was applied corresponding to

C = 1×10−2K.

To study this structure, the model was excited by applying initial conditions meant to

excite either only the first linear mode, the first two linear modes, or the first three linear modes

as initially described in [180]. These cases are denoted as A, B, and C, respectively. Because the

structure is nonlinear, however, modal coupling leads to multiple modes always being excited,

as will be illustrated in the results presented later. Fig. 4.3 thru 4.5 show how the rod deforms
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s1 s2

xi

Figure 4.2. Example system with isolated nonlinearities. The nonlinearities are localized within
the region s ∈ (s1,s2), while the remainder of the rod is linear.

shortly after the initial conditions are applied. The six green nodes indicate the measured DOFs.
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Figure 4.3. Snapshots in time of rod deformation colored by displacement for the first mode
excitation case (A). Measured locations shown in green.

Figures 4.6 thru 4.8 illustrate a short window of the original model response at the

measurement points as well as the time-delayed copies found by the PECUZAL algorithm. In

all three cases, the PECUZAL algorithm added only one time-delayed copy in addition to the

original signals. The time-delayed embeddings were then passed to the encoder described in

section 4.3.1. The singular values were used to determine the number of dimensions kept. A

threshold of 1×10−2 was used to determine the number of dimensions. This threshold value

was chosen through an initial iterative study to determine acceptable reconstruction accuracy.

The number of dimensions kept for each case are summarized in Table 4.1.

The structural response is obtained by following the procedure outlined in Fig. 4.1 and
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Figure 4.4. Snapshots in time of rod deformation colored by displacement for the first two
modes excitation case (B). Measured locations shown in green.
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Figure 4.5. Snapshots in time of rod deformation colored by displacement for the first three
modes excitation case (C). Measured locations shown in green.

112



0 500 1000 1500 2000 2500 3000
Time index

−0.2

0.0

D
is

pl
ac

em
en

t

Figure 4.6. Original signals (color) and time-delayed copies (dashed black) for the first mode
excitation case (A).
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Figure 4.7. Original signals (color) and time-delayed copies (dashed black) for the first two
modes excitation case (B).

Algorithm 2. The time-delay embeddings are obtained by running the PECUZAL algorithm.

For this problem, the PECUZAL algorithm was run in Matlab on a single processor and it

took 30 minutes to complete. The parameters of the PECUZAL algorithm are determined by

first computing the average mutual information of the signals to get an idea of the magnitude

of the delay required. The time-delayed copies are then appended to the original signals to

obtain the complete set of time-delay embeddings. As outlined in Eq. 4.4, SVD is used to

project the embeddings to a lower dimensional space. The reduced embeddings, z̃, are linearly

mixed as shown in Eq. 4.5. These linearly mixed, reduced order embeddings are then passed

to the normalizing flow encoder which learns the mapping between these coordinates and the

generalized coordinates (q) that will satisfy the constraints described in section 4.2.1. The

learned q vector is transformed back into the physical measured coordinate space by inverting

the forward transformation, as described in section 4.3.1. The learned system is time-integrated
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Figure 4.8. Original signals (color) and time-delayed copies (dashed black) for the first three
modes excitation case (C).

in the latent space since these are the coordinates that satisfy the Hamiltonian structure. The

error is ultimately evaluated by comparing the inverse transformation back to the physical

domain with the original measurements. The reconstructed responses for this problem are

shown in Fig. 4.9 thru 4.11 and the mean squared errors (MSE) are reported in Table 4.1. In

addition to demonstrating temporal extrapolation, 10 different random initial conditions were

prescribed for case C. The average mean squared error for these alternative initial conditions was

6.59×10−5. One example of the reconstructed response is shown in Fig. 4.12. As illustrated, the

reconstruction for these alternative initial conditions is not as accurate as it is for the original set

but the general trajectories are still captured with acceptable accuracy. As mentioned in section

4.3, the INN encoder may be overly constraining. For this reason, the autoencoder described

in 4.3.2 was also explored for case C. The architecture of the encoder and decoder network

was the same as the MLP architectures used for the INN and was trained for the same number

of epochs (150,000) to be able to make a direct comparison. The test MSE is also reported in

Table 4.1 which was a bit higher for the test set with the original initial conditions. However,

the MSE computed on the alternative initial conditions was 2.02×10−6 which is considerably

lower than the MSE obtained with the INN encoder. However, training the MLP autoencoder is

around 30% more time consuming and results in twice as many parameters. If a parsimonious

and truly bijective mapping is desired, the INN is the best choice. For this reason, the remainder

of the chapter (except for the last example) uses the INN encoder but a brief exploration of the
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sensitivity of the inverse transformation to the latent space is provided in Appendix B.
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Figure 4.9. Reconstructed response from neural network prediction for the first mode excitation
case (A). Color: ground truth. Dashed black: prediction. Dashed red: training/test boundary.

To understand the low-dimensional manifold that the neural network is learning, the

responses from the full dimensional model were embedded into a low-dimensional space and

compared to the embeddings from the latent space. The t-distributed stochastic neighbor

embedding (t-SNE) [254] method was used to find the low-dimensional embedding of the data.

To this end, the scikit-learn [193] implementation of t-SNE was used. The results are shown

in Fig. 4.13. As illustrated, both the 64-dimensional space from the original system and the

low-dimensional latent space are embedded in manifolds that are topologically similar. This

result indicates that the learned two-dimensional manifolds are consistent between the original

full-order model and the learned latent space. While this result does not guarantee that the
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Figure 4.10. Reconstructed response from neural network prediction for the first two modes
excitation case (B). Color: ground truth. Dashed black: prediction. Dashed red: training/test
boundary.
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Figure 4.11. Reconstructed response from neural network prediction for the first three modes
excitation case (C). Color: ground truth. Dashed black: prediction. Dashed red: training/test
boundary.
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Figure 4.12. Reconstructed response from neural network prediction for the first three modes
excitation case (C) with alternative initial conditions. Color: ground truth. Dashed black:
prediction. Dashed red: training/test boundary.
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Table 4.1. Summary of results for rod model

Case Latent Dimension Displacements MSE

A 4 2.64×10−8

B 6 1.41×10−7

C (INN) 6 8.53×10−7

C (MLP) 6 1.21×10−6

learned latent space is the same as the original underlying latent space, it suggests an equivalency

between them.

Because the learned network is structure-preserving, we can compute the eigenvectors

and eigenvalues of the learned system and compare them to the physical system. For conciseness

we focused the discussion on case C. Fig. 4.14 illustrates the Fast Fourier Transform (FFT)

computed for all 64 DOFs of the full-order system alongside the natural frequencies computed

from the linearized learned latent space. As shown, the three main modes are captured well.

However, higher-frequency modes are not exactly captured but the network is presumably

reconstructing these frequencies from a combination of the lower-frequency modes that it is

learning. To illustrate this result, Fig. 4.15 shows the modal displacements from the physical

system (color) and the learned system (dashed). As shown, the learned model captures the modal

response very accurately. This plot also illustrates how mode 4 is significantly excited even

though this mode was not directly excited through initial conditions.

4.5.2 Two-dimensional membrane with isolated nonlinearities

The second example consists of a two-dimensional membrane with an isolated nonlin-

earity that was originally introduced in [200]. The membrane model is non-dimensional. Its

dimensions are (lx, ly) = (
√

(2),1/
√

(2)). The membrane was discretized into a rectangular

grid with dimensions (Nx,Ny) = (21,13). The ends were all clamped which results in a total of

n = 240 DOFs. The total mass of the membrane is m = 1 and it was modeled with a lumped

mass matrix where Mii = m/n and Mi ̸= j = 0. The linear stiffness of each element was defined as

119



A: Original A: Latent

B: Original B: Latent

C: Original C: Latent

Figure 4.13. t-SNE embedding of full dimensional (left) and latent (right) space. The points
are colored by their time index so that time evolution is indicated by going from bright to dark
colors.
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Figure 4.14. Fast Fourier Transform of physical displacements (blue) and frequencies computed
from linearized learned latent space model (black).

(kx,ky) = (n · (lx/Nx)
2,n · (ly/Ny)

2) and the stiffness matrix K is assembled from these individual

elements. The linear damping matrix was assumed to be proportional to the linear stiffness

matrix as C = 0.002K. A nonlinear region was modeled by adding cubic coupling terms to the

stiffness and damping matrices. The cubic stiffness and damping coefficients were defined as

knl = cnl = 0.02n3/2 = 74.361. For this example, a total of 9 sensor locations were assumed

as shown in Fig. 4.16. Similarly to the rod model in section 4.5.1, the initial conditions were

defined as described in [180] by exciting the first two modes which excites a larger number of

modes through modal coupling due to the nonlinearity.

Following the same workflow as in the previous example and described in Algorithm 2,

the networks are trained with the membrane dataset to learn a model. The PECUZAL algorithm

ran for 138 minutes on a desktop computer and determined that three additional time-delayed

copies were required, as shown in Fig. 4.17 for a total of 12 dimensions in the embeddings

matrix. After performing SVD, only six dimensions were retained based on the singular values

of the training data. Following Algorithm 2, the neural differential operator was trained to learn
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Figure 4.15. Modal displacements for original physical system (color) and learned latent space
model (dashed).

the model in this six-dimensional latent space. Once trained, the model was then used to predict

the response of the membrane under different initial conditions than the ones used for training.

The energy is similarly injected into the first two modes but at 60% higher amplitude. For

conciseness, only the results for the alternative initial conditions is presented. The time history

responses for these test initial conditions for the 9 measured locations are shown in Fig. 4.18.

The mean squared error for the displacements was 2.93×10−6.

As with the previous example, manifold learning techniques were used to extract a lower

dimensional representation of the trajectories to compare the manifold formed by the full order

data and the learned latent space. To this end, a spectral embedding representation [14] of the

data is shown in Fig. 4.19. Spectral embedding was chosen because it produced the most easily

interpretable manifold and it was implemented using scikit-learn [193]. As shown, the spectral

embedding representations between the full 240-dimensional space and the six dimensional

latent space are topologically similar which implies that the underlying data structure is learned
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Figure 4.16. Membrane structure with visible grid and measurement points shown in red.
Colored by deformation pattern of the first bending mode.

by the neural differential operator. Furthermore, the FFT of the response at the 9 measured

locations was computed and compared to the experimental data as shown in Fig. 4.20. In addition

to the FFT, the eigenvalues of the learned dynamic system were extracted by assembling the

stiffness and mass matrices from the energy networks, and are shown as vertical lines in Fig.

4.20. As illustrated, the predicted FFT matches the first two modes really well but misses some

of the higher frequency, lower amplitude responses but it captures some of the anti-resonant

behavior present in the reference data. Similar to the rod model, the network tends to favor lower

frequency modes and reconstructing the higher frequency response from the combination of these

lower frequency components. Moreover, because the frequency content is changing as a function

of time, the Short Time Fourier Transform (STFT) for the center of the membrane was also

computed and is plotted in Fig. 4.21, which confirms some of the observations previously noted

such the fact that the learned model matches the first two modes really well, but its accuracy

decreases at higher frequencies where the response amplitude is smaller. The time histories
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Figure 4.17. Original signals (color) and time-delayed copies (dashed black) for the membrane
model.

were then projected onto modal space using the analytical mode shapes to inspect how well the

predicted response matches the reference. This comparison is shown in Fig. 4.22. As illustrated,

the model matches the modal responses really well in the modal coordinates shown despite the

eigenvectors of the state space not corresponding exactly to the natural frequencies (except for

the first two modes). This result indicates that the network is able to reconstruct the response

with high accuracy by learning an equivalent representation of the model.

4.5.3 Brake-Reuß Beam

The next example corresponds to data obtained from a physical experiment presented in

[45, 110] where the authors used high-speed cameras combined with Digital Image Correlation

(DIC) to obtain full-field response of the structure known as the “Half Brake-Reuß beam”

(HBRB). The HBRB consists of two beams that are joined through a three bolt lap joint as shown

in the experimental setup in [45]. In the two papers cited, the authors used the data to perform

nonlinear system identification. To this end, they performed experiments meant to excite the

nonlinear behavior of the structure. In this work, we leverage the free response data that the

authors of [45] produced. As described in their paper, the free response data was obtained by first

exciting the beam at the frequency of interest with a fixed sinusoidal signal and then detaching

the shaker once resonance is identified. This procedure is meant to isolate a mode of interest

whereas in reality the response may include multiple modes responding due to modal coupling.
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Figure 4.18. Reconstructed response from neural network prediction for the test set (alternative
initial conditions). Color: ground truth. Dashed black: prediction. Dashed red: training/test
boundary.

The nonlinearity in this structure arises from the bolted joint due to energy dissipation caused

by slipping as well as possible intermittent contact in the joint. The authors of [110] found a

slight change in frequency (less than 1.0 Hz) observed in the response but a significant increase

in instantaneous damping ratio as a function of amplitude.

There were 206 DIC points that were provided by the authors. It was assumed that

measurements were only available at three locations across the HBRB length (shown in green in

Fig. 4.23). As in the previous examples, the embeddings were found by running the PECUZAL

algorithm. For this example, it was found that one additional delayed copies were required.

The embedding matrix consists of a four-dimensional vector (three original measurements plus

one delayed copies). As described in section 4.3.1, SVD was performed on this time-delay

embeddings matrix to obtain a low dimensional projection of the data. It was determined that two
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Original Latent

Figure 4.19. Spectral embedding of full dimensional (left) and latent (right) space in three
dimensions. The points are colored by their time index so that time evolution is indicated by
going from bright to dark colors.

dimensions would be retained based on the singular values obtained with a threshold of 1×10−2.

This lower dimensional representation of the embeddings is passed to the neural network as

outlined in Eq. 4.5 thru 4.7 to obtain the generalized coordinates representation of the data. Only

data up to 1s were included in the training set. Fig. 4.24 illustrates the predicted response (shown

in blue) compared to the experimental response (shown in black). As the predicted response is

really close to the actual, it is hard to distinguish between them. To this end, the phase portraits of

the three measurement locations are also provided in Fig. 4.25. In addition, the Hilbert transform

was applied to the data to extract an envelope of the time histories. The results are plotted in Fig.

4.26 alongside the error (computed as the difference between experimental and predicted, and

shown in magenta) to illustrate that the error is orders of magnitude lower than the response, and

that the error does not grow significantly with time. Another way of looking at the response is by

extracting the amplitude-dependent frequency and damping from the free vibration time histories.

The backbone curves were extracted using the method outlined in [131]. These nonlinear modal

characteristics are shown in Fig. 4.27. As shown, the predicted response captures the softening
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Figure 4.20. FFT of the actual physical displacements (solid line, no marker) at the measured
locations and the predicted response (circle marker). The eigenvalues extracted from the model
are shown with a vertical black line.

followed by a stiffening in the response, as well as the significant increase in damping as the

amplitude increases. The authors of [110] described this change in frequency and damping as a

result of energy dissipation occurring in the bolted lap joint which induces hysteretic behavior,

a feature that is lacking from the learned model which may explain some of the discrepancies

observed in the backbone curves.

4.5.4 S4 Beam

Another experimental example that was considered was a structure composed of two

bolted steel beams known as the “S4 Beam” (or the “C-Beam”) that has been used in many

experimental studies in the past [108, 265, 230] to study nonlinearities due to frictional dissipation

in the bolted joints. The data used in this work were published in [264] where the authors

conducted experiments by exciting the structure with a modal hammer at various amplitudes. The

original paper contains photos of the experimental setup. In this work, the dataset corresponding
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to a hammer impact in drive point one (DP1) at an amplitude of 280 N was used. The raw time

history data was filtered with a band-pass filter between 200 and 400 Hz which corresponds to

the range of the first two modes since these modes were shown to be coupled in [264]. According

to the authors of [264], the impact at DP1 excited both modes and produced a noticeable shift in

frequency and damping (for example, shown in Fig. 21 in [264]). The accelerometer data was

integrated using the trapezoid rule twice to obtain velocities and displacements. The linear and

quadratic trends were removed from the data using the “detrend” function in Matlab to prevent

artificial drift.

This example proved to be more difficult to model with the INN (i.e., the learned model

had stability issues). For this reason, and to demonstrate the performance of the alternative

approach, it was decided that the MLP autoencoder would be used since it is more flexible

(though it is not bijective). The same workflow was applied to the S4 Beam data which consisted

of five accelerometer measurements. After applying the PECUZAL algorithm, it was determined

that three additional time-delayed copies were required, making the time-delay embeddings an

eight-dimensional vector. After performing SVD on the embeddings, it was determined that

three latent dimensions would be used based on the magnitude of the singular values. Because

the experimental data consisted only of accelerations, only these are compared to the simulated

results obtained. Fig. 4.28 illustrates the time history comparison of the response at the three

accelerometer locations with the largest response amplitude (the other two accelerometers’

response was two orders of magnitude smaller). Fig. 4.29 shows a zoomed-in version of the

same plot illustrating the good agreement between predicted and measured responses outside of

the training range. Similar to the previous example, we provide the Hilbert transform of the data

in Fig. 4.30 to illustrate how the damping was captured accurately over the entire time period

for the three locations considered. Furthermore, Fig. 4.31 illustrates the modal accelerations

obtained by modally filtering the accelerations using the Moore-Penrose inverse of the mode

shape matrix provided in the original dataset. As shown, the predicted time histories match the

modally filtered measurements even later in time. Moreover, the learned model can be used to
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compute the nonlinear normal modes (NNMs) of the structure. To this end, a multi-harmonic

balance code previously presented in [252] was used to compute the NNMs of the learned system

in the latent space. These NNMs are shown in Fig. 4.32 where it is observed that mode 1 exhibits

a stiffening behavior while mode 2 exhibits a softening behavior. This behavior is consistent

with the observations made by the authors in [264]. The physical interpretation of this result is

not fully explored in the original paper but it is observed that the behavior of mode 2 is primarily

driven by microslip in the joint while mode 1 causes the joint to open and close which is why it

does not follow typical microslip behavior.

4.6 Practical Challenges

There are many practical considerations that need to be taken into account when dealing

with data-driven approaches beyond standard pre-processing practices (e.g., standardizing or nor-

malizing data). Some of these challenges listed here are based on the experience of going through

the examples in section 4.6. These challenges present opportunities for future improvements but

also provide caveats that need to be considered in this line of research.

• The data used in this work typically resides in relatively low-dimensional manifolds which

enables the discovery of a low-dimensional model from partial observations. When the data

are highly multi-modal, the number of observables also needs to increase, as postulated by

Takens theorem.

• Related to the previous item, the dimensionality of the latent space is not obvious from the

data a priori. Instead, an iterative approach had to be taken in order to determine the latent

dimension based on neural network convergence.

• The proposed approach requires measurements of displacement, velocity, and acceler-

ation which may not always be available. When displacement data are available (and

provided the data has been appropriately filtered and cleaned), velocity and acceleration
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can be approximated fairly robustly. However, obtaining displacements from acceleration

measurements is more challenging because of the error introduced in the approximations

obtained from numerical integration of the data. Accelerometer data requires additional

detrending and filtering for use in this application.

• For some cases, the DOFs in the latent space have very different magnitudes which leads

to placing more emphasis on the larger magnitudes. The reconstruction errors of these

DOFs can be scaled by dividing over the maximum absolute value of their respective

signals but this strategy leads to placing too much emphasis on signals that are too small.

In this work, in certain cases, it was helpful to scale them by the softplus function instead

of the maximum, because it softens the effect of dividing by small numbers.

• In this work, only homogeneous systems (i.e., no external forcing) were considered.

Practical structural dynamics applications typically involve external loading conditions

that are hard to characterize because they’re arising from operational (often unmeasureable)

conditions, unless the data are from a well controlled experiment. Future work will consider

systems with external loads.

• This work did not consider multiple solutions arising from bifurcations. In such cases, this

approach may fail if the multiple solutions are not observable in the training data. Future

work will focus on studying these cases.

4.7 Conclusion

This research presented a general framework for learning structure-preserving machine

learning models from sparse measurements by employing Taken’s theorem to recover the under-

lying state space from partial measurements. The presented method combines the PECUZAL

algorithm for finding time-delayed embeddings of partial measurements with an INN autoen-

coder that preserves the diffeomorphic mapping assumed in Taken’s theorem. The Lagrangian
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structure of the system is preserved in the learned latent space by learning the energy of the

system as well as the dissipation, and relating these to the measured accelerations through the

corresponding Hamiltonian. The proposed approach was demonstrated on two computational

examples with isolated nonlinearities and two experimental examples with nonlinearities due

to frictional dissipation in bolted joints. In all of the examples, it was shown that the learned

network was capable of reproducing the response accurately outside of its training regime by

either varying initial conditions or evaluating its performance past the training regime in the time

domain when only one dataset was available (i.e., for the experimental cases). In addition to

time domain comparisons, various other metrics were used to compare the response qualitatively,

including learned manifolds, frequency domain metrics, and backbone curves. This work is a step

forward to the goal of having a physically-interpretable digital twin for use in structural health

monitoring applications where the learned model will be used alongside real-time monitoring

to detect structural changes and perform prognostic tasks given the current health state of the

structure. Future work will consider system with external loads, other types of nonlinearities,

and include an explicit measure of uncertainty quantification.

4.8 Preview of Chapter 5

Chapter 4 introduced a strategy for dealing with more realistic cases where an as-built,

as-deployed structure is only instrumented sparsely and a predictive data-driven, structure-

preserving digital twin is required. Another situation where the digital twin may be required to be

deployed consists of the case where a model is actually available but it is no longer representative

of the as-built, as-deployed state because deviations have occurred. In such case, the digital twin

can still leverage the knowledge about the existing structure but may be able to assimilate the

current state from measured data. Chapter 5 addresses this situation by incorporating knowledge

from an idealized representation of the structure and combining it with data from the deployed

structure to learn the deviatoric behavior.
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4.9 Remarks

Portions of this dissertation have been published or are being considered for publication.

Chapter 4 is composed of the following first authored publications:

David Najera-Flores and Michael Todd. State-space reconstruction from partial ob-

servables using an invertible neural network with structure-preserving properties for nonlinear

structural dynamics. Manuscript accepted for publication in Nonlinear Dynamics, 2024
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Figure 4.21. STFT of the actual physical displacements (top) at the measured locations and the
predicted response (bottom). The eigenvalues extracted from the model are shown with a dashed
line.
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Figure 4.22. Modal displacements for original physical membrane system (color) and learned
latent space (dashed).
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Figure 4.23. Snapshots in time of HBRB deformation colored by axial displacement. Measured
locations shown in green.
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Figure 4.24. Time histories of HBRB experimental (blue) and predicted (black) displacement,
velocity, and acceleration for the three measured locations. Vertical dashed line indicates
training/test data boundary.
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Figure 4.25. Phase portraits of the HBRB experimental data (blue) and predicted (dashed black)
for the three measurement locations.
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Figure 4.26. Hilbert transform of the HBRB response at the three measurement locations (blue,
orange, and green) and the predicted response (dashed black), as well as the error (magenta).
Vertical dashed line indicates training/test data boundary.

136



0.00 0.05 0.10 0.15
x1, mm

80.1

80.2

80.3

Fr
eq

, H
z

Experiment
NNet

0.00 0.05 0.10 0.15
x1, mm

0.2

0.3

0.4

D
am

pi
ng

, %

0.00 0.05 0.10
x2, mm

80.1

80.2

80.3

Fr
eq

, H
z

Experiment
NNet

0.00 0.05 0.10
x2, mm

0.2

0.4

D
am

pi
ng

, %

0.00 0.05 0.10 0.15
x3, mm

80.1

80.2

80.3

Fr
eq

, H
z

Experiment
NNet

0.00 0.05 0.10 0.15
x3, mm

0.2

0.3

0.4

D
am

pi
ng

, %

Figure 4.27. Frequency (left) and damping (right) backbone curves extracted from time histories
of HBRB response.
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Figure 4.28. Time histories of S4 beam experimental (blue) and predicted (black) acceleration
for three accelerometer locations. Vertical dashed line indicates training/test data boundary.
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Figure 4.29. Close-up of time histories of S4 beam experimental (blue) and predicted (black)
acceleration for three accelerometer locations. Vertical dashed line indicates training/test data
boundary.
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Figure 4.30. Hilbert transform of the S4 beam response at three measurement locations (blue,
orange, and green) and the predicted response (dashed black), as well as the error (magenta).
Vertical dashed line indicates training/test data boundary.
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Figure 4.31. Modal displacements for S4 beam experimental response (color) and learned latent
space (dashed). The bottom figures show a close-up of the time histories.
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Chapter 5

Nonlinear System Identification in Struc-
tures with Isolated Deviatoric Behavior

Chapter 3 and 4 presented a methodology for developing structure-preserving ML models

that can act as digital twins of a system. In these previous chapters, it was assumed that no

knowledge about the physical system was available. In contrast, this chapter leverages existing

knowledge about the nominal state of the structure. This work deals with the types of structures

that are increasingly employed in environments that challenge the limits of their operational

regime. Furthermore, maintenance cycles are being lengthened to avoid unnecessary and costly

interruptions to ongoing operation. Engineering systems are no longer simply placed into

service and maintained at regular intervals; there has been substantial investment in developing

structural health monitoring (SHM) and damage prognosis (DP) solutions, which seek to provide

actionable information about both the current health state of the system as well as predict

future limit states (e.g., remaining useful life, time to next maintenance action, etc.) [64]. The

ongoing development of SHM/DP approaches, together with advances in computational power,

sensing, and data-driven modeling, have enabled the concept of digital twins. Digital twins

can have many uses, but they are essentially computational models of engineering systems or

components that are faithful representations of the deployed system in the field [47, 75, 262].

Digital Twins represent advanced models with detailed physics that are augmented and updated

by ongoing data obtained from sensor systems embedded in the physical systems [272, 165]. As
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a result they offer an enhanced ability to monitor the evolving health of a system and predict

the future response to both nominal operating conditions and unexpected excursions in loading

environments [250, 21, 246, 247].

To be truly effective, digital twins must operate at or near real time, and this requirement

may be restrictive for high-fidelity models. The development of Reduced Order Models (ROMs)

offers a potential capability to provide simulations on timescales that are commensurate with the

need for rapid predictions [119]. For linear systems, such reduction methods are well established

and primarily rely on a modal decomposition of the system, retaining only the dominant modes

of the system, i.e., those that contain the most energy. Moreover, because of the linear nature

of the system appropriately chosen modes are decoupled, so that energy is unable to transfer

from one mode to another. If an analyst is able to determine those modes to be included based

on the loading environment and initial energy distribution, the error introduced by neglected

modes will remain small. However, in the presence of nonlinearities, reduced order models

based on modal decomposition no longer segregate the energy across the modes. Significant

mode coupling can occur so that energy is exchanged between those modes retained in the ROM

as well as to neglected modes. Hence, accurate ROMs required for Digital Twins must account

for the presence of nonlinearities in the system.

If the effect of the nonlinearities is in some sense small, the response of the nonlinear

system can be characterized in terms of Nonlinear Normal Modes (NNMs), which are general-

izations to the vibration modes of the corresponding linear system [207, 96]. If the system is

operating at low amplitudes, the nonlinearities are negligible and each NNM can be identified

with a linear mode, and vice versa. However, as the amplitude of the response and the effect of

the nonlinearities increase an NNM begins to contain contributions from multiple if not all linear

modes [273]. Moreover, as mentioned above the NNMs are not decoupled from one another

but instead allow for energy transfer between modes. Nonetheless, NNMs provide a useful

framework for developing ROMs of nonlinear structural systems. Given a set of NNMs to be

used in the model reduction, normal forms can be used to find the resulting equations the contain
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the minimal complexity. Such concepts have recently be extended to spectral submanifolds to

estimate the NNMs that should be retained for a desired level of accuracy [86, 240].

The nonlinearities present within structural systems are often located within localized

regions of the structure [72]. Examples include nonlinearities introduced by joints and interfaces,

localized damage, or isolated connections with nonlinear connections. As such, the majority

of the system can be characterized as “linear” yet the overall system response is significantly

influenced by the presence of the isolated nonlinearities and accurate models must resolve

these nonlinear regions. In such cases the linear modes of the system still provide an adequate

description of the majority of the structure external to the nonlinear regions, but the coupling

between these modes arising from the nonlinearities can no longer be neglected.

One common approach to such systems is substructuring, whereby different components

or subregions are characterized separately through their internal dynamics, and are subsequently

tied together with boundary degrees-of-freedom that describe the connectivity between regions

[49, 209, 270, 5]. If appropriate ROMs are developed for each component, then when the global

system is reassembled the resulting global model is itself a ROM [82, 243]. However, the global

modes of the system may not be well approximated by the individual component modes, thus

necessitating an increase in the order of the component ROMs to accurately describe the global

dynamics [129].

A recent approach seeks to combine advantages of substructuring with the global modes

that serve as the basis of NNMs. In particular, for systems with regions that contain the

nonlinearities, [199] formulate the equations of motion in such a way as to isolate the effect of

the nonlinearities on the underlying linear structure. In this work the effect of the nonlinearities

is introduced through a deviatoric force acting on the ideal linear system, representing only

the contribution from the nonlinearities and localized to the boundary of the nonlinear region.

As a result, the global modes of the linear structure continue to serve as framework for the

development of ROMs, while only the isolated nonlinear regions need to be resolved in an

associated nonlinear system whose domain is only over the nonlinear region [199]. The present
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work takes a step further, by using a structure-preserving Machine Learning (ML) algorithm in

the form of a multilayer perceptron to predict the deviatoric force arising from the nonlinearities

within the isolated region. As a result, the resolution of the nonlinear component is replaced by

predictions from the ML system.

This organization of this chapter is as follows: Section 2 reviews the decomposition

presented in [199] and identifies the deviatoric force component that describes the effect of the

isolated nonlinearities on the remaining structure. The structure-preserving machine learning

approach used to predict these deviatoric forces is described in Section 3. In Section 4 the devel-

oped data-driven approach is illustrated on a numerical example consisting of the discretization

of a rod with an internal section that contains both cubic nonlinearities as well as hysteretic

damping. Finally, Section 5 summarizes the formulation and results, and discusses limitations

and future approaches for this methodology.

5.0.1 Isolated Nonlinearities

We consider a general structure that can be decomposed into two adjacent regions C1

and C2 as illustrated in Figure 5.1. Note that region C1 is described by the internal variables

¯
x1 ∈ IRN1 , while

¯
x2 ∈ IRN2 are the corresponding internal variables for C2. In this decomposition

it is assumed that any nonlinearities and/or mistunings are localized within the region C2, so that

the equations of motion within C1 are linear and assumed known1. As a result, the equations of

motion for this structure can be written as

M ¨
¯
x+C ˙

¯
x+K

¯
x+

¯
N⋆ = ¯

f(t),
¯
N⋆ = [

¯
0

¯
N(

¯
x2)], ¯

N ∈ IRN2,
¯
x = [

¯
x1, ¯

x2] ∈ IR(N1+N2) (5.1)

The nonlinearities are localized to C2 through
¯
N ∈ IRN2 and could include isolated nonlinearities

arising from, for example, the presence of joints and interfaces, nonlinear attachments, or

accumulating damage. The following formulation is derived from [199], in which the isolated

1The terms described in
¯
N could also include linear mistunings, but any contribution to

¯
N will be referred to as a

“nonlinearity”.
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C1(
¯
x1)

C2(
¯
x2)

¯
x = [

¯
x1

¯
x2]T

Figure 5.1. General Structure; the nonlinearities are localized within the region C2.

region was assumed to separate two linear regions. This restriction is relaxed in the current work,

so that the reduction presented below holds for a nonlinear region that exists anywhere in the

structure and need not be connected [258].

Isolated System

Within the linear region C1 the coordinates are further subdivided as
¯
x1 = [

¯
xc ¯

xα ],

where
¯
xα are specifically those degrees-of-freedom that are coupled to the isolated region C2.

Likewise, within C2 the coordinates that are coupled to region C1 are identified as
¯
xβ so that

¯
x2 = [

¯
xβ ¯

xn]. With this, the stiffness matrix K and displacement vector
¯
x can be expressed as

K=



Kcc Kcα 0 0

KT
cα Kαα Kαβ 0

0 KT
αβ

Kββ Kβn

0 0 KT
βn Knn


, K1 ≡

Kcc Kcα

KT
cα Kαα

 , K2 ≡

Kββ Kβn

KT
βn Knn,



where K1 and K2 are identified as the appropriate stiffness matrices within each component.

Likewise the displacement vector
¯
x can be expressed as

¯
x =

[
¯
xc ¯

xα ¯
xβ ¯

xn

]T

,
¯
xc ∈ IRNc ,

¯
xα ∈ IRNα ,

¯
xβ ∈ IRNβ ,

¯
xn ∈ IRNn, (5.2)
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For this system it is expected that Nc ≫ Nn > (Nα ,Nβ ). Note that this is similar to the initial

formulation for component mode synthesis, with
¯
xα and

¯
xβ serving as the boundary degrees-of-

freedom for C1 and C2, respectively.

Over the isolated region C2 the response of the as-built, as-deployed system can be

expressed as

¯
x2 =

¯
y+

¯
z. (5.3)

where
¯
y ∈ IRN2 is introduced as the response of an ideal system to be subsequently identified,

while
¯
z ∈ IRN2 is the difference between the ideal and actual response. With this, the elastic term

K
¯
x is

K
¯
x =



Kcc Kcα 0 0

KT
cα Kαα Kαβ 0

0 KT
αβ

Kββ Kβn

0 0 KT
βn Knn




¯
xc

¯
xα

¯
yβ +

¯
zβ

¯
yn + ¯

zn


=K

¯
w+


¯
0c

Kαβ ¯
zβ

¯
02

+


¯
0c

¯
0α

K2 ¯
z,



where
¯
w is a mixed displacement vector can be defined as

¯
w ≡

[
¯
xc ¯

xα

¯
yβ

¯
yn

]T

=

[
¯
x1

¯
y
]T

. (5.4)

In the above expression
¯
0c the subscript indicates the dimension of the null vector, so that

¯
0c ∈ IRNc and similarly for other expressions. The term Kαβ ¯

zβ acts on the degrees-of-freedom

associated with
¯
xα , with the coupled term KT

αβ ¯
xα included in K

¯
w.

With the linear inertial and damping terms decomposed similarly, the equations of motion
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can be written as

M ¨
¯
x︷ ︸︸ ︷M ¨

¯
w+


¯
0c

Mαβ ¨
¯
zβ

¯
02

+


¯
0c

¯
0α

M2 ¨
¯
z


+

C ˙
¯
x︷ ︸︸ ︷C ˙

¯
w+


¯
0c

Cαβ ˙
¯
zβ

¯
02

+


¯
0c

¯
0α

C2 ˙
¯
z




+

K
¯
w+


¯
0c

Kαβ ¯
zβ

¯
02

+


¯
0c

¯
0α

K2 ¯
z


︸ ︷︷ ︸

K
¯
x

+


¯
0c

¯
0α

¯
N(

¯
y+

¯
z)


︸ ︷︷ ︸

¯
N⋆(¯

x)

=
¯
f(t)

These equations of motion are now partitioned into two separate systems of equations terms of
¯
w

and
¯
z as

M ¨
¯
w+C ˙

¯
w+K

¯
w =

¯
f(t)−

¯
Q⋆, M2 ¨

¯
z+C2 ˙

¯
z+K2 ¯

z+
¯
N(

¯
y+

¯
z) =

¯
0,

¯
Q⋆ =

[
¯
0c Q

¯
02

]T

,
¯
Q ≡Mαβ ¨

¯
zβ +Cαβ ˙

¯
zβ +Kαβ ¯

zβ ,

(5.5)

which are coupled together through the ideal displacement
¯
y and deviatoric force

¯
Q. Within C2

the deviatoric response
¯
z is driven by the ideal system

¯
y through the nonlinearities, while C1

is coupled to the deviatoric displacement
¯
z through

¯
Q. The degree-of-freedom of the coupling

terms can be significantly smaller than the overall degree-of-freedom of the system, so that

[Mαβ ,Cαβ ,Kαβ ] ∈ IR(Nα×Nβ ), with (Nα ×Nβ )≪ N2. (5.6)

Within the mixed displacement vector
¯
w,

¯
x1 represents the exact response in the exterior region

C1 while
¯
y describes the response of the ideal system in the isolated region. In addition, the

mixed formulation is linear in terms of
¯
w, while the nonlinear behavior is contained only in

the equations of motion for
¯
z, which is localized to the isolated region C2. The equation of
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¯
x = [

¯
x1

¯
x2]T

=

−
¯
Q

C1(
¯
x1)

C2(
¯
y)

¯
w = [

¯
x1

¯
y]T

+ C2(
¯
z)

¯
z

Figure 5.2. The nonlinear isolated region (C2) can be decomposed from the linear external
region (C1).

motion in terms of
¯
w is referred to as the ideal linear system, with known mass, linear damping,

and linear stiffness matrices defined over the entire structure. As illustrated in Figure 5.2,

this decomposition isolates the nonlinear regions from the underlying linear representation of

the overall system, while the effect of the nonlinearities on the response are introduced as a

generalized force acting at the boundary δC2.

5.0.2 Structure-Preserving Machine Learning

The present work seeks to use machine learning approaches to estimate an appropriate

constitutive relationship between
¯
Q and the response of the structure

¯
xα , both defined at the

boundary of the isolated region C2. Thus the exact numerical simulation incorporating the

nonlinearities within C2 can be replaced in the simulation framework with an appropriately

trained neural network.

The structure-preserving ML formulation is based on the work presented in [184] but is

extended to handle nonlinear force identification. The dynamic system is represented using a

Hamiltonian and Lagrangian formulation because this framework provides a generalized way of

constructing the equations of motion in terms of the energy, which are scalar fields and therefore

may require smaller networks to represent them. We start by defining the kinetic energy T , the
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potential energy V , and the Rayleigh damping I terms of the known system as

T ( ˙
¯
w) =

1
2

˙
¯
wTM ˙

¯
w, V (

¯
w) =

1
2 ¯

wTK
¯
w, I ( ˙

¯
w) =

1
2

˙
¯
wTC ˙

¯
w (5.7)

From which the Lagrangian can be obtained as

L (
¯
w, ˙

¯
w) = T ( ˙

¯
w)−V (

¯
w). (5.8)

The Lagrangian is used to compute the momentum as

pk =
∂L (

¯
w, ˙

¯
w)

∂ ẇk
. (5.9)

Next, the Hamiltonian is computed from the Lagrangian and the generalized momenta as

H(
¯
w, ˙

¯
w) =

¯
p ·

¯
w−L (

¯
w, ˙

¯
w), (5.10)

and then the momentum rates are computed from the Hamiltonian, the generalized forces, and

the dissipative terms as

ṗk =−∂H(
¯
w, ˙

¯
w)

∂wk
+Qnc

k − ∂I ( ˙
¯
w)

∂ ẇk
, (5.11)

where Qnc
k is the kth term of the generalized force vector, including both the external forces and

the deviatoric term,

¯
Qnc =

¯
f(t)+

¯
Q⋆. (5.12)

The deviatoric term is modeled with a multilayer perceptron (MLP) composed of Swish activation

functions and is augmented with a dictionary of polynomial terms up to Kth degree. The inclusion

of polyonimial terms is intended to provide flexibility and augmented interpretability in case
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a polynomial form is desired. Moreover, previous work [28] has shown that polynomials are

appropriate for representing nonlinearities in dynamical systems. The MLP takes in the boundary

terms as input,

¯
Q⋆ = G (

¯
zβ , ¯

żβ )+
i+ j+...p=K

∑
i, j,...p

λi, j,...p zi
β1 z j

β2 . . .z
p
βk + γi, j,...p żi

β1 ż j
β2 . . . ż

p
βk, (5.13)

where
¯
zβ is defined as the discrepancy between the measured and ideal response at the boundary

of the isolated region. The coefficients λ and γ are learned during training, and the function G (·)

represents the MLP. Note that the form of the polynomial terms must be chosen prior to training

the MLP. In the current example the polynomial terms are purely displacement or velocity based,

with no cross terms included. This choice is somewhat arbitrary and any specific insight into

the nonlinearities present could be leveraged in this choice. The overall structure of the MLP is

illustrated in Figure 5.3.

Once the vector of generalized forces, including the contribution from the deviatoric

force term, is defined, the accelerations can be predicted as

¨̂wn = M−1
ni (ṗi −Mi j,kẇkẇ j), (5.14)

where M is the known mass matrix of the idealized system, and the momenta rate ˙
¯
p is defined in

Eq. (5.11). As
¯
w is a vector of known quantities, the learning can be supervised by minimizing

the squared error between the predicted and known accelerations,

Lrecon = ∥
¯
¨̂w−

¯
ẅ∥2

2, (5.15)

Once trained, the deviatoric force can be computed from the discrepancy term,
¯
zβ =

¯
xβ −

¯
yβ , as

¯
Q⋆ = N (

¯
zβ , ¯

żβ ), (5.16)
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·
{
¯
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¯
γ1, ¯

λ2,
¯
γ2 . . .

}T

+
¯
Q⋆

G(·)

N (·)

Figure 5.3. Architecture of MLP augmented with polynomial terms.
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for any set of initial conditions or forcing function. It should be noted that the deviatoric force is

not directly used for training. Instead, the residual of the equation of motion of the system is

used to train the network. This formulation enforces preservation of the structure of the dynamic

system.

Implementation and Deployment of ML system

The neural network G (·) and the coefficients of the dictionary of polynomial terms

defined in Eq. (5.13) are determined during training by minimizing the loss term defined in

Eq. (5.15). To this end, an Adam optimizer with learning rate set to 10−4 was used. For all cases,

the network G (·) consisted of three hidden layers with 10 units and a Swish activation function

[204], with the last layer being linear. The implementation of the neural network was done in Jax

[23]. Training and inference was performed on a Google Colab session with one GPU. Training

for the examples presented in this chapter took on the order of 1 hour to reach convergence (i.e.,

the loss stopped changing). The online evaluation of the deviatoric force takes on the order of

microseconds.

An additional loss term was employed to ensure mathematical consistency in the network.

This loss term ensures that the the momentum rate represents the time derivative of the momentum.

To perform this check, the residual of a multistep integration step was evaluated as

Ldiff =

∥∥∥∥∥ m

∑
j=0

ν jpk+ j −h
m

∑
j=0

θ jṗk+ j

∥∥∥∥∥
2

2

, (5.17)

where ν and θ are coefficients from the Butcher tableau corresponding to the Adams-Bashforth

linear multistep integration method, and h is the time step associated with the training data. The

pk+ j term represents the (k+ j)th time step in the p vector and m represents the order of the

integration method. In this work m = 3 was used. This loss term was added to the reconstruction
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Figure 5.4. Data-driven simulation incorporating the MLP.

loss computed in Eq. (5.15) to form the total loss term as

L = Lrecon +Ldiff. (5.18)

Finally, the incorporation of the ML system within the overall data-driven simulation is illustrated

in Figure 5.4. In all the examples presented in this chapter, a single realization with random

initial conditions was used for training. All results presented correspond to different random

initial conditions or forcing functions to those used for training.
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s1 s2

xi

Figure 5.5. Example system with isolated nonlinearities. The nonlinearities are localized within
the region s ∈ (s1,s2), while the remainder of the rod is linear.

5.1 Numerical Simulation

5.1.1 Example

As an example, consider a chain of N elements (σi = i/(N + 1) ∈ [0,1], i = 1, . . . ,N)

with nonlinearities over the interval σi ∈ [s1,s2]≡ C2 as shown in Figure 5.5. The underlying

linear system is described by mass and stiffness matrices of the form

M=
1
N



1

1 0

. . .

0 1

1


, K= (N +1)



2 −1

−1 2 0

. . .

0 2 −1

−1 2


, (5.19)

while the system is assumed to be proportionally damped with C≡ ξ K.

In this formulation the degrees-of-freedom associated with boundaries of the nonlinear

interval have indices

(left) ℓ= s1 · (N +1), (right) r = s2 · (N +1), (5.20)
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so that the state vector
¯
x is decomposed as

¯
xc =

[
x1 . . . xℓ−2 xr+2 . . .xN

]T

,
¯
xα =

[
xℓ−1 xr+1

]T

, (5.21)

¯
xβ =

[
xℓ xr

]T

,
¯
xn =

[
xℓ+1 . . . xr−1

]T

. (5.22)

Note that regardless of the number of elements, both
¯
xα and

¯
xβ only contain two coordinates

each. The deviatoric force
¯
Q is then applied to elements xℓ−1 and xr+1 at the boundary between

C1 and C2. The associated coupling matricies from Eq. (5.5) are identified as

Mαβ = 0, Kαβ = (N +1)

−1 0

0 −1

 , Cαβ = ξ Kαβ . (5.23)

As a result the force
¯
Q can be written as

¯
Q =

Qℓ−1

Qr+1

= (N +1)

−(zℓ+ξ żℓ)

−(zr +ξ żr)

 . (5.24)

Nonlinearities

The nonlinearities in the isolated region are assumed to contain linear mistuning and

cubic nonlinearities in terms of both stiffness and damping. Finally, hysteretic nonlinear damping

is also present between the elements within C2, so that the nonlinear force is represented as

fnl,i = κi (xi+1 − xi)+χi (ẋi+1 − ẋi)+ηi (xi+1 − xi)
3 +ζi (ẋi+1 − ẋi)

3 +ghys,i. (5.25)

The hysteretic force ghys,i is assumed to arise from a single Jenkins element, with a regularized

friction model to eliminate any stick-slip discontinuities in the element. As illustrated in

Figure 5.6, with ri ≡ ui+1 − ui the hysteretic force ghys,i is assumed to depend on ṙi, so that

ghys,i ≡ h(ṙi). This element is in series with the elastic components, so that
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Figure 5.6. Hysteretic force model. Note that this is in addition to the elastic and dissipative
coupling described in Eq. (5.25).

2kh (ui − xi) = h(ṙi) = 2kh (xi+1 −ui+1) . (5.26)

Simplifying these and eliminating the internal displacements (ui,ui+1) yields

h(ṙi) = kh ((xi+1 − xi)− ri) . (5.27)

Finally inverting the nonlinear relation, an evolution equation for the internal state variable zi is

obtained as

ṙi = h−1
(

kh ((xi+1 − xi)− ri)
)
. (5.28)

Finally, the hysteretic component applied to the elements is

ghys,i = kh ((xi+1 − xi)− ri) , (5.29)

so that only the function h−1 need be defined in this formulation. One common regularization

of Coulomb friction assumes that h(ṙ)≡ µ arctan(ṙ/ε), where ε is a regularization parameter.
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With this, the evolution equation for the internal variable reduces to

ṙi = ε tan
(

kh

µ
((xi+1 − xi)− ri)

)
(5.30)

5.1.2 Simulation

Consider a system with N = 64. The nonlinear region C2 is located in the interval

(s1,s2) = (0.25,0.35), so that the isolated region exists between elements ℓ ≡ 16 and r ≡ 22.

The deviatoric force across the isolated region is identified as

δQ ≡ Q23 −Q15 =−(N +1)
{

ξ ((ẋ22 − ẋ16)− (ẏ22 − ẏ16))

+((x22 − x16)− (y22 − y16))

}
, (5.31)

with the displacement and velocity across the interval defined as

∆ ≡ x22 − x16, ∆̇ ≡ ẋ22 − ẋ16. (5.32)

Unless noted otherwise the parameters of the nonlinear region are chosen as

κi = 0, χi = 0, ηi = 2.621×105, ζi = 2.621×103,

kh,i = 6.50×101, µi = 1.00×10−1, εi = 1.00×10−2,

(5.33)

with ξ = 10−4. The initial conditions of the system are specified in terms of the modal displace-

ments and velocities (
¯
q(0), ˙

¯
q(0)), where

¯
x(0) = Φ

¯
q(0), ˙

¯
x(0) = Φ ˙

¯
q(0), (5.34)

with Φ the modal transformation matrix.

The present work then seeks to use a machine learning approach to estimate an appropriate
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constitutive relationship between (
¯
zβ , ˙

¯
zβ ) and

¯
Q, which can be used within the simulation

framework. The ML network is trained using the initial T = 2.50 interval of data. For the

training the system is simulated with zero initial displacement, so that
¯
q(0) =

¯
0 and nonzero

initial modal velocities for the lowest three modes, with

q̇1(0) = 4.4721×10−1, q̇2(0) = 2.2361×10−1,

q̇3(0) = 3.1623×10−1.

(5.35)

Although the identified modes decouple the undamped linear system, in the presence of non-

proportional damping and/or nonlinearities significant modal coupling may occur. To reduce

this initial coupling, the remaining initial modal velocities are chosen so that the initial modal

accelerations vanish. Specifically the initial modal acceleration can be written as

¨
¯
q(0) =−

[
(ΦT CΦ) ˙

¯
q(0)+(ΦT KΦ)

¯
q(0)+Φ

T

¯
N⋆(Φ

¯
q(0),Φ ˙

¯
q(0))

]
, (5.36)

and with
¯
q(0)≡

¯
0 these nonlinear equations are solved numerically for ˙

¯
q(0). This approach is

similar to Quasi-static Modal Analysis [67].

Figure 5.7a presents the response of the underlying linear system, and note that the

modal amplitudes are almost constant given the small value of λ . In contrast, the introduction of

nonlinearities within C2 leads to the response shown in Figure 5.7b, and is markedly different.

While some dissipation is observed in the fundamental mode, the damping is most influential

in the third mode as described by q3. Note that the location of the interface is centered around

s = 0.30, nearby an extrema of the second mode so that the coupling between mode 2 and the

nonlinearities is expected to be weak, and q2 is relatively unaffected by the nonlinearities. Finally,

both the displacement at s = 0.752, given by x|s=0.75, and ∆, the displacement across C2 are

altered by the nonlinearities. The presence of the nonlinearities clearly influences the overall

2This point was chosen so that contributions from the three lowest modes are included in the reconstructed
response. Note that the second mode has a node at the midpoint.
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behavior of the system and any representation must accurately incorporate these components.

The results of this procedure are illustrated in Figure 5.8, comparing the simulation

results using the ML representation and those obtained by direct numerical simulation. While

the training was performed on the initial 4000 data points (T ∼ 2.50) the remaining simulation

for the ML system was performed with the trained network. In Figure 5.8a the force δQ is

shown as a function of (∆, ∆̇), with the direct numerical simulation shown as a solid line and

the predictions using the ML system shown dashed. The projections onto the various planes are

also shown. The two responses are almost coincident. In Figure 5.8b the time series for δQ, ∆,

and ∆̇ are shown for the ML system. The error between the direct numerical simulation and ML

system is defined as

ErrδQ ≡ δQDirect numerical simulation −δQML system,

and the various errors are shown in Figure 5.8c.

We further quantify the magnitude of the error between the direct numerical simulation

and the ML system through the Hilbert transform H [•](t) of each signal [66]. In particular the

amplitude of this complex quantity represents the magnitude of the signal. In Figure 5.9 the

magnitude of H [δQ](t) is shown with the solid line, while the magnitude of the error, indicated

with the thin line, is several orders of magnitude smaller.

Once trained, the network is able to be robustly applied for additional operating conditions.

In the remaining numerical examples, the ML system that was trained with the initial conditions

given in Eq. (5.35) is applied as various characteristics of the system are changed. For example,

when the initial conditions are changed, so that

q̇1(0) = 0, q̇2(0) = 4.4721×10−1,

q̇3(0) = 3.1623×10−1.

(5.37)

As illustrated in Figure 5.10 the ML representation is again able to capture the response of the
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Figure 5.7. System response; direct numerical simulation
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Figure 5.8. Cubic nonlinearities and hysteretic damping
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system. Note that when the system was trained the response was dominated by the first mode

with minor contributions from the second and third modes. In contrast, for the initial conditions

given in Eq. (5.37) the contribution from the first mode is minimal while the second mode

dominates the response. Nevertheless, as observed in Figure 5.10b the error that exists in the net

force δQ applied at the boundary of C2 is several orders of magnitude smaller that δQ.

Likewise, when the system is subject to an external excitation, the ML system is capable

of accurately reproducing the response of the system even when trained from the unforced

response. When a harmonic force f (t) is applied to the system at s = 0.10 with zero initial

conditions and

f (t) = F0 sin(ω t), F0 = 0.20, ω = 12rad/s, (5.38)

the force δQ and error are shown in Figure 5.11. For reference, the lowest modal frequency

of the structure is Ω1 = 3.11rad/s. As before, the error between the ML system and the direct

numerical simulations are several orders of magnitude smaller than the response. In addition, in

Figure 5.12 the force across the isolated region is shown once the system reaches steady-state.

In both examples illustrated above, the ML system is responding only to the displacement

and velocity across the interface. While the specific dynamics of the system arise from the

forcing and initial conditions, the predictions of the ML system only depend on the response at
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Figure 5.10. Cubic nonlinearities and hysteretic damping, alternative initial conditions
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Figure 5.11. Cubic nonlinearities and hysteretic damping, forced response
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Figure 5.13. Cubic nonlinearities and hysteretic damping, altered C1

the boundary of C2, regardless of what external effects give rise to those dynamics. Thus it can

be used as a robust, data-driven surrogate for the direct numerical simulation of the nonlinearities

internal to C2.

In the above examples the trained ML system has been applied to varying external

environments (initial conditions and external forcing) but for an identical structural system. As

noted above, the trained network only responds to the dynamics at the boundary of C2 without

regard to the dynamics of the region C1. To emphasize this, the ML system when trained with

the original structural system is utilized as the linear system in C1 varies, while the system within

C2 remains constant. For example, if the stiffness of the region within the interval 0 ≤ s ≤ 0.1 is

reduced by 20% the force δQ is characterized in Figure 5.13.

Finally, in this example the underlying linear system is identical through the structure.

Therefore the nonlinear region C2 can be relocated within the structure and the original ML

system can again be used to accurately describe the response of the system. As shown in

Figure 5.14, if the nonlinear region is relocated from s ∈ [0.25,0.35] to s ∈ [0.45,0.55] the ML

system is again able to determine δQ. Note that in this configuration the nonlinearities primarily

couple with the second mode, since C2 is centered around a point of zero strain for the odd

modes in this system. As observed in Figure 5.15, first and third modes exhibit little decay, as

compared to the response when the interface was located in s ∈ [0.25,0.35] (c.f. Figure 5.7).
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Figure 5.14. Cubic nonlinearities and hysteretic damping, C2 relocated to s ∈ [0.45,0.55]
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Figure 5.15. Cubic nonlinearities and hysteretic damping, C2 relocated to s ∈ [0.45,0.55]
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5.2 Conclusions

This work describes the introduction of a physics-based machine learning algorithm to

reduced-order modeling of structural systems. In particular, when a structural system contains

a localized region with nonlinearities, the system can be decomposed into an ideal system that

describes the underlying linear system of the entire structure, including the region containing the

nonlinearities, together with a second system defined over the region that spans the nonlinearities.

In the structure exterior to the nonlinear region the response of the ideal system is identical to

that of the original system, and only differs within the localized region. The ideal system is

driven at the boundary of the nonlinear region and this forcing, referred to as the deviatoric force,

represents the effect of the nonlinearities on the structure. This deviatoric force is then obtained

from the second system, which is driven through the nonlinearities.

In an exact formulation this second system is solved to determine the deviatoric force

acting on the ideal system, therefore describing the structural response exterior to the isolated

region. This current work applies a physics-based multilayer perceptron to predict the deviatoric

forces based on the response at the boundary of the localized region, therefore bypassing the

direct numerical simulation of the nonlinear region. This formulation is applied to the dynamics

of a rod with an internal nonlinear region spanning approximately 10% of the total length.

In this work, the nonlinear region includes cubic stiffness and damping, as well as hysteretic

nonlinearities that incorporate internal state variables. The ML system was trained for a single

realization with randomly chosen initial conditions, and then applied to a variety of test cases.

In particular the system with the trained network was able to accurately predict the structural

response of the overall system when the initial conditions varied as well as when the system was

subject to external time-dependent forcing. Moreover, when the isolated region was relocated

within the structure the originally trained network continued to provide an accurate description

of the deviatoric force required to predict the overall structural system. Therefore the network

was faithfully able to describe the internal dynamics of the localized region arising from the
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nonlinearities. In the current work both the ideal linear system in terms of (M,C,K) must be

known and the response
¯
xβ on the boundary must be measurable. Ongoing research is focused

on the development of reduced-order models for the structural system in the known domain C1

and the development of ML systems that reduce their reliance on the observable response, both

which will necessitate a reconstruction of the boundary response needed to predict the deviatoric

force.

The approach described in this work could serve as the basis for the development of

computationally efficient reduced-order models that provide an accurate description of the

dynamics of structural systems and enable downstream tasks of relevance. Moreover, the

integration of the data-driven multilayer perceptron can allow the formulation to incorporate

unknown nonlinearities and possibly detect when the isolated nonlinearities begin to evolve,

useful for digital twins and structural health monitoring applications. Such applications will

require not only the development of order-reduction methods for the ideal linear systems, but

also the optimization of the network architecture for the ML representation. Ongoing research is

considering these directions as well as incorporating uncertainty quantification in the ML model.

5.3 Preview of Chapter 6

Chapter 5 presented a framework for incorporating measured data at the boundaries of

isolated regions to learn corrections from a deviatoric response in a deployed structure. The

work presented in Chapter 5 incorporated knowledge from an idealized model that is assumed to

be known and, generally, ”small”-dimensional problems were explored. Chapter 6 expands the

work to consider high-dimensional problems by introducing a strategy to incorporate Lagrangian

operator inference to learn a linear reduced order model. The structure-preserving ML workflow

is then used to learn the nonlinear ”corrections” to the linear model. This extension of the work

demonstrates a way to obtain fast-running digital twin models from high-dimensional, higher

fidelity models.
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5.4 Remarks

Portions of this dissertation have been published or are being considered for publication.

Chapter 5 is composed of the following first authored publications:

David A. Najera-Flores, D. Dane Quinn, Anthony Garland, Konstantinos Vlachas, Eleni

Chatzi, and Michael D. Todd. A structure-preserving machine learning framework for accurate

prediction of structural dynamics for systems with isolated nonlinearities. Mechanical Systems

and Signal Processing, 213:111340, 2024
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Chapter 6

Nonintrusive Structure-Preserving Nonlin-
ear Model Order Reduction

Chapter 5 presented a strategy for leveraging existing knowledge about a physical system

to reduce the computational burden on a learned model. Another strategy for reducing this

computational burden and increasing efficiency is through model order reduction. Reduced-order

models (ROMs) of nonlinear mechanical models play a key role in a variety of tasks ranging from

control of soft robotics to design optimization of mechanical structures to state assessment for

structural health monitoring. For structural and mechanical engineering applications, deriving a

ROM that preserves the underlying Lagrangian structure is of importance because the Lagrangian

structure is intimately connected to physically interpretable quantities such as momentum and

energy, or in case of fluid systems, vorticity. Structure-preserving model reduction of mechanical

systems was introduced in [133] where the authors showed that performing a Galerkin projection

on the Euler-Lagrange equation leads to a Lagrangian system in the reduced-dimensional coordi-

nates, thus preserving the Lagrangian structure. The work in [34] presented a computationally

efficient, structure-preserving model reduction method for parametric Lagrangian systems with

higher-order nonlinearities. Both of these structure-preserving model reduction approaches are

intrusive in that they require access to full-order model (FOM) operators in order to derive

nonlinear ROMs via the intrusive projection. This type of information, however, is typically

unavailable when working with proprietary software, complicated legacy code, or experimental
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data. Thus, nonintrusive methods that can learn reduced-order models directly from simulated or

experimental data have become increasingly popular.

The operator inference framework [194] is a promising data-driven approach for learning

low-dimensional models of FOMs with linear or low-order polynomial nonlinear terms. Using

lifting transformations, this model reduction method has been extended to a broader class of

FOMs with nonpolynomial nonlinear terms in [196, 197, 239, 122]. This nonintrusive approach

has also been extended to the gray-box setting in [15] where the authors use knowledge about the

nonpolynomial terms in analytic form to learn nonlinear ROMs from data. Recently, a variety

of papers have embedded problem-specific structure in the operator inference framework to

develop structure-preserving operator inference methods for Hamiltonian systems [226, 81] and

Lagrangian mechanical systems [223, 68]. Similar to [15], these structure-preserving operator

inference approaches assume prior knowledge about the nonlinear terms in analytic form. Such

information is typically unavailable when the underlying physics is not well known or otherwise

difficult to model.

As an alternative to learning interpretable polynomial dynamical systems, deep learning-

based ROMs [94, 214, 74, 135, 70, 71] have been proposed for nonintrusive model reduction

of nonlinear PDEs where these methods exploit deep neural networks to learn both the non-

linear trial manifold and the reduced dynamics. However, these methods are not designed

to preserve the underlying geometric structure and therefore do not provide accurate predic-

tions outside the training data regime. Discovering nonlinear dynamical systems from data

was first considered in [219, 20] where the authors employed symbolic regression methods to

learn the governing equations. Dictionary-based approaches based on sparse identification of

nonlinear dynamical systems (SINDy) [28] have also been developed for structure-preserving

sparse identification of nonlinear dynamics in [115, 48, 138]. In another research direction, the

machine learning community has developed a wide variety of structure-preserving machine

learning methods by endowing black-box neural networks with physics-motivated inductive

biases. These structure-preserving machine learning (SpML) methods were first developed in the
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context of conservative dynamical systems by preserving the geometric structure related to the

underlying Hamiltonian [80, 46, 112, 43], Lagrangian [155, 51, 84, 6, 184], and conservation

laws [136, 255]. Building on the work in this direction, these methods have also been generalized

to nonconservative systems by preserving the metriplectic structure [137, 288]. However, a

majority of these approaches are only concerned with learning nonlinear dynamical systems

when the data is coming from very low-dimensional systems, e.g. 5−10 dimensions. Therefore,

these SpML methods are ill-suited for higher-dimensional systems.

The main goal of this work is to develop a structure-preserving nonintrusive model

reduction method that can learn ROMs strictly from observed data without assuming additional

knowledge about the form of nonlinearity.

The chapter is structured as follows. Section 6.1 first outlines the Lagrangian mechanics

formulation of nonlinear mechanical models and then presents a brief review of the intrusive

structure-preserving model reduction of these mechanical FOMs. Section 6.2 presents the

proposed ML-enhanced operator inference method for learning nonlinear Lagrangian ROMs

from high-dimensional data. In Section 6.3, we apply the proposed method to three datasets

with increasing complexity: simulated data from a conservative rod model, simulated data from

a two-dimensional nonlinear membrane model with internal damping, and experimental data

from a jointed structure. Section 6.4 provides concluding remarks and suggests future research

directions motivated by this work.

6.1 Background

In Section 6.1.1 we introduce the Lagrangian formulation of the nonlinear mechanical

FOMs considered in this work. In Section 6.1.2 we review the construction of projection-based

intrusive Lagrangian ROMs.
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6.1.1 Lagrangian mechanics

Consider a high-dimensional nonlinear mechanical system with a configuration manifold

Q=Rn where n denotes the degrees of freedom in the FOM. We consider a Lagrangian viewpoint

on the mechanical system where the dynamics are described by the scalar Lagrangian function

L(q, q̇) = T (q̇)−U(q), (6.1)

where q(t) is the set of generalized coordinates describing the system state, T (q̇) is the scalar

kinetic energy function, and U(q) is the scalar potential energy function. The governing equations

for Lagrangian mechanical systems with nonconservative forcing f(q, q̇, t) can be derived via

the Lagrange-d’Alembert principle, see [8] for more details. This principle seeks q(t) satisfying

δ
∫ tK

t0 L(q, q̇) dt +
∫ tK

t0 f(q, q̇, t) ·δq dt = 0, where δ represents variations vanishing at initial time

t0 and final time tK . Using integration by parts and setting the variations at the endpoints to zero

yields the forced Euler-Lagrange equations

d
dt

(
∂L
∂ q̇

)
− ∂L

∂q
= f(q, q̇, t). (6.2)

For this work, we focus on FOM Lagrangians of the form

L(q, q̇) =
1
2

q̇⊤Mq̇− 1
2

q⊤Kq−Unl(q), (6.3)

where M ∈ Rn×n denotes the symmetric positive-definite mass matrix, K ∈ Rn×n denotes the

linear stiffness matrix, and Unl is the nonlinear component of the potential energy function. We

note that the assumption about the quadratic form of the system’s kinetic energy in (6.3) is quite

general in mechanical and structural engineering applications. In high-dimensional mechanical

models obtained via semi-discretization, the linear stiffness matrix K is typically a symmetric

positive-definite matrix.

174



The dissipative effects in mechanical and structural engineering applications often arise

from internal damping. The nonconservative forcing f in (6.2) can be decomposed into linear

and nonlinear components, i.e.,

f(q, q̇, t) =−Cq̇− ∂Fnl(q̇)
∂ q̇

, (6.4)

where C ∈ Rn×n is the linear damping matrix and Fnl(q̇) is the scalar dissipation function

for modeling nonlinear damping behavior [2]. The linear dissipation behavior in mechanical

and structural engineering applications is modeled using Rayleigh damping where the linear

damping matrix is proportional to the mass and stiffness matrix. As a result, the damping

matrix C also possesses a symmetric positive-definite structure. Substituting expressions for the

system Lagrangian (6.3) and the nonconservative forcing (6.4) into the forced Euler-Lagrange

equations (6.2) yields the governing equations for the Lagrangian FOM

Mq̈+Cq̇+
∂Fnl(q̇)

∂ q̇
+Kq+

∂Unl(q)
∂q

= 0. (6.5)

6.1.2 Structure-preserving intrusive model reduction for mechanical
systems

Galerkin projection-based methods approximate the FOM configuration space Q= Rn

by a reduced-order configuration space Qr = Rr. Using an orthonormal basis matrix Vr ∈ Rn×r,

the high-dimensional state is approximated via q ≈ Vrq̂ where the intrusive reduced state is

denoted with q̂ ∈ Rr. We follow [34] to derive governing equations for the intrusive Lagrangian

ROM. The intrusive reduced Lagrangian L̂ is defined as

L̂(q̂, ˙̂q) := L(Vrq̂,Vr
˙̂q) = T (Vr

˙̂q)−U(Vrq̂). (6.6)
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Applying the Lagrange-d’Alembert principle in the reduced setting, the resulting forced Euler-

Lagrange equations in r dimensions are

∂ L̂(q̂, ˙̂q)
∂ q̂

− d
dt

(
∂ L̂(q̂, ˙̂q)

∂ ˙̂q

)
+ f̂(q̂, ˙̂q, t) = 0, (6.7)

where f̂(q̂, ˙̂q, t) := V⊤
r f(Vrq̂,Vr

˙̂q, t) is the intrusive reduced nonconservative forcing.

For FOM Lagrangians of the form (6.3), the intrusive reduced Lagrangian L̂ is

L̂(q̂, ˙̂q) =
1
2

˙̂q
⊤(

V⊤
r MVr

)
˙̂q− 1

2
q̂⊤
(

V⊤
r KVr

)
q̂−Ûnl(Vrq̂), (6.8)

where Ûnl :=Unl(Vrq̂) is the intrusive reduced nonlinear potential energy function. The intrusive

reduced nonconservative forcing f̂ corresponding to nonconservative forcing of the form (6.4) is

f̂(q̂, ˙̂q, t) =−
(

V⊤
r CVr

)
˙̂q− ∂F̂nl( ˙̂q)

∂ ˙̂q
, (6.9)

where F̂nl( ˙̂q) :=Fnl(Vr
˙̂q) is the intrusive reduced dissipation function. Substituting expressions

for the intrusive reduced Lagrangian (6.8) and the intrusive reduced nonconservative forcing (6.9)

into the reduced forced Euler-Lagrange equation leads to

M̂ ¨̃q+ Ĉ ˙̂q+
∂F̂nl( ˙̂q)

∂ ˙̂q
+ K̂q̂+

∂Ûnl(q̂)
∂ q̂

= 0, (6.10)

where M̂ := V⊤
r MVr, Ĉ := V⊤

r CVr, and K̂ := V⊤
r KVr are the intrusive reduced operators. The

authors in [133, 34] showed that the intrusive Lagrangian ROM (6.10) respects the symmetric

positive-definite property of the system matrices and therefore, preserves the underlying La-

grangian structure. However, deriving an intrusive Lagrangian ROM requires access to FOM

operators, which is often not possible when working with proprietary software or a complicated

community code.
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6.2 ML-enhanced structure-preserving operator inference
method

Section 6.2.1 describes the projection of the high-dimensional data onto a low-dimensional

subspace via proper orthogonal decomposition (POD). Section 6.2.2 formulates the structure-

preserving learning problem and proposes a two-step strategy to learn a structure-preserving

nonlinear ROM purely from data. Section 6.2.3 employs the Lagrangian operator inference

method to infer linear reduced operators. Section 6.2.4 presents a SpML method that augments

the linear Lagrangian ROM inferred in Section 6.2.3 with nonlinear terms. Section 6.2.5 sum-

marizes the proposed two-step learning approach in Algorithm 3 and provides details about the

offline training stage.

6.2.1 Data projection via proper orthogonal decomposition

We define the high-dimensional snapshot data matrix

Q = [q1, · · · ,qK] ∈ Rn×K, (6.11)

where q1, · · · ,qK are the discrete states of the potentially high-dimensional system (6.5) at time

t1, · · · , tK . Since it is computationally infeasible to directly learn nonlinear high-dimensional

models of the form (6.5), we use the POD basis for data projection, which enables a low-

dimensional representation of the high-dimensional data.

We follow [101] to build the basis matrix Vr from the FOM snapshot data matrix

Q = [q1, · · · ,qK] ∈ Rn×K via singular value decomposition. We compute the singular value

decomposition of the snapshot data

Q = VΞΞΞW⊤, (6.12)

where V ∈ Rn×n, ΞΞΞ ∈ Rn×n, and W ∈ RK×n. The columns of matrices V and W are the left

and right singular vectors of Q, respectively. We assume that the singular values ξ1 ≥ ξ2 ≥ ·· ·
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in ΞΞΞ are in descending order. The POD basis of dimension r is denoted by Vr ∈ Rn×r and

defined by the leading r columns of V that correspond to the r largest singular values. The state

approximation is q ≈ Vrq̂, where we denote the nonintrusive reduced state with q̂ ∈ Rr. Using

this POD basis, we obtain reduced snapshot data via the projections onto Vr as

Q̂ = V⊤
r Q = [q̂1, · · · , q̂K] ∈ Rr×K, (6.13)

where the reduced snapshot q̂k at time tk is q̂k = V⊤
r qk.

To learn a nonlinear ROM nonintrusively from data, we also require time-derivative

data at the reduced level. We compute ˙̂q and ¨̂q from the reduced trajectory data q̂ using the

eighth-order central finite difference scheme

˙̂qk ≈
4(q̂k+1 − q̂k−1)

5∆t
− (q̂k+2 − q̂k−2)

5∆t
+

4(q̂k+3 − q̂k−3)

105∆t
− (q̂k+4 − q̂k−4)

280∆t
, (6.14)

¨̂qk ≈−205q̂k

72∆t2 +
8(q̂k+1 + q̂k−1)

5∆t2 − (q̂k+2 + q̂k−2)

5∆t2 +
8(q̂k+3 + q̂k−3)

315∆t2 − (q̂k+4 + q̂k−4)

560∆t2 . (6.15)

Using these time-derivative approximations at the reduced level, we build the snapshot matrices

of the reduced first-order and second-order time-derivative data

˙̂Q = [ ˙̂q1, · · · , ˙̂qK] ∈ Rr×K,
¨̂Q = [ ¨̂q1, · · · , ¨̂qK] ∈ Rr×K. (6.16)

6.2.2 Problem formulation

The main aim of the proposed ML-enhanced structure-preserving operator inference

framework is to learn a predictive nonlinear ROM from the reduced trajectory and time-derivative

data while also ensuring that the learned ROM (i) is a Lagrangian system; (ii) respects the

symmetric positive-definite property of system matrices; and (iii) captures the conservative and

dissipative behavior accurately.

Towards this goal, we postulate the nonlinear ROM form in terms of its Lagrangian
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ingredients

M̂ ¨̂q+ Ĉ ˙̂q+
∂F̂nl( ˙̂q)

∂ ˙̂q
+ K̂q̂+

∂Ûnl(q̂)
∂ q̂

= 0, (6.17)

where M̂ = M̂⊤ ≻ 0 is the nonintrusive reduced mass matrix, Ĉ = Ĉ⊤ ≻ 0 is the nonintrusive

reduced linear damping matrix, K̂ = K̂⊤ ≻ 0 is the nonintrusive reduced linear stiffness matrix,

F̂nl is the reduced nonlinear dissipation function, and Ûnl is the reduced nonlinear potential

energy function. Given the reduced snapshot data Q̂ and the reduced time-derivative data ˙̂Q and
¨̂Q, the goal is to learn the reduced Lagrangian ingredients by minimizing

∥∥∥∥∥M̂ ¨̂Q+ Ĉ ˙̂Q+
∂F̂nl(

˙̂Q)

∂ ˙̂q
+ K̂Q̂+

∂Ûnl(Q̂)

∂ q̂

∥∥∥∥∥
F

. (6.18)

However, directly training a black-box NN to learn the nonlinear dynamics at the reduced level

can be challenging from an optimization perspective, see [130] for more details. Moreover, such

black-box approaches typically fail to generalize outside the training data regime, as there is no

guarantee that the NN model has learned the underlying geometric structure.

We propose a two-step strategy for learning the reduced operators where we first learn

linear components of (6.17) via a constrained linear least-squares problem and then learn the

nonlinear reduced operators via a structure-preserving machine learning method. In contrast to

the intrusive model reduction approach presented in Section 6.1.2, the proposed approach learns

the nonlinear ROM (6.17) purely from the data. For learning a nonlinear reduced Lagrangian

ROM of the form (6.17), we postulate a nonlinear reduced Lagrangian L̂(q̂, ˙̂q)

L̂(q̂, ˙̂q) = L̂opinf(q̂, ˙̂q)+ T̂NN

(
˙̂q
)
−ÛNN(q̂) =

1
2

˙̂q
⊤(

Ir +M̂NN

)
˙̂q− 1

2
q̂⊤K̂q̂−ÛNN(q̂), (6.19)

where L̂opinf(q̂, ˙̂q) is the linear L-OpInf ROM and T̂NN and ÛNN are the parametrizations of

the reduced kinetic energy and nonlinear components of the reduced potential energy function,
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respectively. Similarly, we postulate a nonlinear reduced dissipation function of the form

F̂ ( ˙̂q) = F̂opinf( ˙̂q)+ F̂NN( ˙̂q) =
1
2

˙̂q
⊤

Ĉ ˙̂q+ F̂NN( ˙̂q). (6.20)

where F̂NN is the parametrization of the nonlinear components of the reduced dissipation energy

function.

The first step in our two-step learning strategy learns the linear reduced stiffness matrix K̂

in (6.19) and the linear reduced damping matrix Ĉ in (6.20). The second step employs structure-

preserving neural networks to learn the reduced mass matrix M̂NN and nonlinear components of

the reduced potential energy function ÛNN in (6.19) and nonlinear components of the reduced

dissipation energy function F̂NN in (6.19). Since we learn the reduced potential energy function

and the reduced dissipation energy function in two steps, we decompose the reduced mass matrix

M̂ in (6.17) as (Ir +M̂NN), where we learn the reduced mass matrix component M̂NN is learned

during the training of structure-preserving neural networks in the second step. This specific

decomposition of the reduced mass matrix M̂ serves two purposes: it simplifies the constrained

linear least-squares problem in Section 6.2.3, and it enables the learning of a correction term

M̂NN in the reduced mass matrix M̂ that is compatible with the nonlinear components ÛNN and

F̂NN learned in the second learning step in Section 6.2.4.

6.2.3 Step 1: Lagrangian operator inference method for linear reduced
operators

To learn linear parts of the Lagrangian ROM, we use ideas from the Lagrangian operator

inference method (LOpInf) [223] which fits linear reduced operators to the reduced data in a

structure-preserving way. For this portion of the learning process, we postulate a quadratic

Lagrangian of the form

L̂opinf =
1
2

˙̂q
⊤ ˙̂q− 1

2
q̂⊤K̂q̂, (6.21)
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Figure 6.1. ML-enhanced structure-preserving operator inference architecture.

where K̂ ∈ Rr×r is the symmetric positive-definite reduced stiffness matrix. Similarly, we

postulate a quadratic dissipation function

F̂opinf =
1
2

˙̂q
⊤

Ĉ ˙̂q. (6.22)

where Ĉ ∈ Rr×r is the symmetric positive-definite reduced damping matrix.

Based on the assumed model form for the dissipation function F̂opinf and the reduced

Lagrangian L̂opinf, we derive the governing equations for the linear LOpInf ROM via the forced

Euler-Lagrange equations

¨̂q+ Ĉ ˙̂q+ K̂q̂ = 0. (6.23)

We define the linear reduced operators Ĉ ∈Rr×r and K̂ ∈Rr×r to be a solution of the constrained

optimization problem

min
K̂=K̂⊤≻0,Ĉ=Ĉ⊤≻0

∥∥∥∥ ¨̂Q+ Ĉ ˙̂Q+ K̂Q̂
∥∥∥∥

F
. (6.24)

The symmetric positive-definite constraints on the linear reduced operators ensure that the linear
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LOpInf ROM (6.23) preserves the underlying Lagrangian structure. Since the snapshot data

Q (6.11) is obtained (simulated or experimentally measured) from a nonlinear mechanical system,

the linear LOpInf ROM in (6.23) may be inaccurate because it does not capture the underlying

nonlinear behavior. The second step in the proposed learning approach exploits the expressive

power of neural networks to augment the linear LOpInf ROM with missing nonlinear ROM

operators.

6.2.4 Step 2: Structure-preserving learning for nonlinear reduced
operators

In this section, we present a structure-preserving machine learning architecture to learn

the nonlinear components of the reduced potential energy and the reduced dissipation function

via polynomial-augmented multilayer perceptrons (MLPs). These polynomial-augmented MLPs

allow us to learn neural network parametrizations of arbitrary nonlinear functions.

For learning the nonlinear components of the reduced potential energy, we define

ÛNN(q̂) =
i1+i2+···+ir=P

∑
i1,i2,··· ,ir

αi1,i2,··· ,ir q̂
i1
1 q̂i2

2 · · · q̂ir
r +

N

∑
i

λiU
(i)(q̂), (6.25)

where P is the degree of the polynomial term, and the function U (i) represents an MLP. We

define the NN parametrization for the reduced dissipation energy function F̂NN in a similar

fashion

F̂NN

(
˙̂q
)
=

i1+i2+···+ir=P

∑
i1,i2,··· ,ir

βi1,i2,··· ,ir ˙̂qi1
1

˙̂qi2
2 · · · ˙̂qir

r +
N

∑
i

γiF
(i)
(

˙̂q
)
, (6.26)

where P is the degree of the polynomial term, and the function F (i) represents an MLP. In this

work, we have used polynomial terms up to degree P = 4 in both ÛNN and F̂NN. Finally, we

define the reduced kinetic energy term T̂NN as

T̂NN

(
˙̂q
)
=

1
2

˙̂q
⊤

M̂NN
˙̂q, (6.27)
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where we constrain M̂NN to be a symmetric positive-definite matrix, i.e., M̂NN = M̂⊤
NN ≻ 0. We

define the reduced kinetic energy term T̂NN

(
˙̂q
)

as

T̂NN

(
˙̂q
)
=

i1+i2+···+ir=2

∑
i1,i2,··· ,ir

ζi1,i2,··· ,ir ˙̂qi1
1

˙̂qi2
2 · · · ˙̂qir

r , (6.28)

noting that only up to quadratic terms are allowed and that no MLPs are used. This formulation

leads to a constant reduced order mass matrix which is obtained by computing the Hessian of

T̂NN(q̂) as

M̂NN,i j =
∂ 2T̂NN

(
˙̂q
)

∂ ˙̂qi∂ ˙̂q j
, (6.29)

where M̂NN,i j represents the i-th row and j-th column of the M̂NN matrix. This form of the

reduced matrix ensures symmetry due to the Hessian computation.

Substituting expressions for the nonlinear reduced Lagrangian (6.19) and the nonlinear

dissipation function (6.20) into the forced Euler-Lagrange equations yields the ROM model form

(
Ir +M̂NN

)
¨̂q+ Ĉ ˙̂q+

∂F̂NN( ˙̂q)
∂ ˙̂q

+ K̂q̂+
∂Û(q̂)

∂ q̂
= 0. (6.30)

To train the neural network operators in the LOpInf-SpML ROM (6.30), we consider a supervised

learning setup with a loss function based on the residual of the forced Euler-Lagrange equations

at the reduced level

J =

∥∥∥∥∥(Ir +M̂NN

) ¨̂Q+ Ĉ ˙̂Q+
∂F̂NN(

˙̂Q)

∂ ˙̂q
+ K̂Q̂+

∂ÛNN(Q̂)

∂ q̂

∥∥∥∥∥
F

. (6.31)

The proposed LOpInf-SpML ROMs provide a flexible learning approach that combines the

Lagrangian operator inference method [223] with the structure-preserving neural networks.
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6.2.5 Training algorithm

Algorithm 3 summarizes the proposed method which learns the LOpInf-SpML ROM (6.30)

in two separate stages. After projecting the high-dimensional data onto a low-dimensional sub-

space of appropriate dimension, we first learn the linear reduced operators by solving the

constrained optimization problem (6.24). The constrained linear least-squares problems for in-

ferring the linear reduced operators in the numerical studies have been solved using semidefinite

programming mode provided by the CVX package [57]. To preserve the Lagrangian structure in

the linear ROM, we declare K̂ and Ĉ as symmetric matrix variables and impose K̂−10−8 · Ir ⪰ 0

and Ĉ−10−8 · Ir ⪰ 0. These constraints ensure that the inferred reduced operators are symmetric

positive-definite matrices.

In the SpML training procedure, the projected snapshot data is split into Q̂= [Q̂train,Q̂val],

where the training dataset Q̂train is used for training the model parameters and the validation

dataset Q̂val is used for assessing the model’s performance. The training data is divided into

minibatches of size Nmb, which determines the number of samples that are propagated through

the NN before the weights are updated. We use a minibatch size of Nmb = 250 for all the

examples in Section 6.3. To aid in physical interpretability of the learned functions, the energy

and dissipation terms are constrained to be positive through an added penalty to the loss function.

The terms obtained through LOpInf are already constrained to be positive, and the learned

terms from spML are interpreted as a perturbation about the LOpInf state. For this reason, the

constraint is not enforced on the spML terms directly but on the total terms as

J+ =

∥∥∥∥∥ReLU(−1(T̂ ( ˙̂Q)+ T̂NN(
˙̂Q)))+ReLU(−1(Û(Q̂)+ÛNN(Q̂)))+

ReLU(−1(F̂ (
˙̂Q)+ F̂NN(

˙̂Q)))

∥∥∥∥∥
F

,

(6.32)

where ReLU represents the rectified linear unit which is non-zero only for positive values. Since

the argument of the function is multiplied by −1, this loss term only penalizes negative values.
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The NN parametrizations in this work use the Swish activation function for all the hidden

layers and the linear activation function for the final layer. All of the network parameters are

collected in θθθ . The weights for each layer are randomly initialized using the Glorot initialization

algorithm [78]. The loss function (6.31) is minimized using the ADAM optimizer [124], which

is a widely used stochastic optimization method in the machine learning community. During

the optimization process, weights inside the NN functions along with the coefficients in (6.25)

and (6.26) are optimized simultaneously. All the LOpInf-SpML ROMs in Section 6.3 are trained

using the ADAM optimizer with an initial learning rate of 10−4.

6.3 Numerical results

In this section, we apply the proposed ML-enhanced structure-preserving operator infer-

ence method to three nonlinear mechanical examples with increasing complexity. In Section 6.3.1

we apply the proposed method to a one-dimensional conservative rod model with isolated elastic

nonlinearities to investigate its performance for conservative nonlinear mechanical systems. In

Section 6.3.2 we study a two-dimensional geometrically nonlinear membrane model with internal

damping to show the effectiveness of the proposed approach for nonconservative mechanical

systems. Finally, in Section 6.3.3 we consider a dataset of experimental measurements of a lap-

joint beam structure to demonstrate the proposed method’s ability to learn structure-preserving

surrogate models from experimental data.

6.3.1 Conservative rod model with spatially isolated elastic nonlineari-
ties

We consider the conservative structural dynamics of a one-dimensional rod with spatially

isolated elastic nonlinearities. The rod is modeled with a spring-mass model consisting of a

chain of masses connected with spring elements. A schematic of this nonlinear mass-spring

model is shown in Figure 6.2.
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Algorithm 3. ML-enhanced structure-preserving operator inference (LOpInf-SpML)

Input: High-dimensional snapshot data Q ∈ Rn×K and reduced dimension r. Additional hy-
perparameters: size of training set Ttrain and validation set Tval , starting learning rate
η , batch size Nb, maximum number of epochs Nepochs, and number of minibatches
Nmb = (Ttrain −Tval)/Nb.

Output: Reduced linear operators M̂NN, Ĉ,K̂ ∈ Rr×r, neural operator for reduced nonlinear
potential energy ÛNN, and neural operator for reduced nonlinear dissipation function F̂NN

1: Build basis matrix Vr ∈ Rn×r from SVD of Q ∈ Rn×K (6.11).
2: Project to obtain reduced state data Q̂ ∈ Rr×K (6.13).
3: Compute reduced time-derivative data ˙̂Q,

¨̂Q ∈ Rr×K as in (6.16) from the projected data Q̂
using an appropriate finite-difference scheme.

4: Solve constrained linear least-squares problem (6.24) to nonintrusively infer reduced opera-
tors K̂ and Ĉ.

5: Split projected snapshot data into Q̂ = [Q̂train,Q̂val], similarly for ˙̂Q,
¨̂Q.

6: Randomly initialize weights θθθ 0.
7: Initialize epoch counter ne = 0.
8: while ne < Nepochs do
9: for i = 1 : Nmb do

10: Build a minibatch from the training set, Q̂batch ⊆ Q̂train, similarly for ˙̂Qbatch,
¨̂Qbatch.

11: Evaluate ÛNN(Q̂batch) (6.25), T̂NN(
˙̂Qbatch) (6.27), and F̂NN(

˙̂Qbatch) (6.26), which
are parameterized by θθθ Nmbne+i.

12: Evaluate loss function from residual as shown in (6.31).
13: Accumulate loss and compute gradient of loss function ∇θθθJ .
14: Update weights θθθ Nmbne+i+1 = ADAM(η ,∇θθθJ ,θ Nmbne+i).
15: end for
16: Repeat for loop on Q̂val,

˙̂Qval,
¨̂Qval with updated weights.

17: Accumulate loss on Q̂val,
˙̂Qval,

¨̂Qval to evaluate network convergence.
18: ne = ne +1
19: end while
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s1 s2

xi

Figure 6.2. Conservative rod model. The nonlinearities are localized within the region s∈ (s1,s2),
while the remainder of the rod is linear.

FOM implementation

For this numerical experiment, we consider a rod of length ℓ= 1 and discretize it with a

chain of n = 64 mass elements with equal mass m = 1.56×10−2 which leads to a state vector

of dimension q ∈ R64. The masses are connected with spring elements with a constant linear

stiffness κ = 65.0. The region with isolated nonlinearities, i.e. s ∈ (0.25,0.35), is modeled

with additional cubic spring elements with cubic coefficient η = 2.62× 105. As a result, the

interaction force fi between mass elements mi and mi+1 is

fi =


κ(qi+1 −qi)+η(qi+1 −qi)

3 if i ∈ {22,23,24,25,26,27,28}

κ(qi+1 −qi) otherwise
,

where qi represents the displacement of the ith element. For numerical comparison with intrusive

Lagrangian ROMs, we provide details about the Lagrangian FOM for this example. The FOM

Lagrangian for this conservative mechanical system can be written as

L(q, q̇) =
1
2

q̇⊤Mq̇− 1
2

q⊤Kq−
28

∑
i=22

η

4
(qi+1 −qi)

4 , (6.33)

where M ∈ R64×64 and K ∈ R64×64 are the symmetric positive-definite system matrices. The

governing equations for the Lagrangian FOM are

Mq̈− ∂L(q, q̇)
∂q

= 0. (6.34)
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We specify the initial condition in terms of modal velocities q(0)= 0, q̇(0)=ΦΦΦ

[
α1, · · · ,α64

]⊤
,

where ΦΦΦ ∈ R64×64 is the modal transformation matrix based on the linear modal analysis and αi

values are the initial modal velocity coefficients.

Learning setup

In this study, we consider a training initial condition with nonzero initial modal velocity

for the first three modes

α1 = 4.47×10−1, α2 = 2.24×10−1, α3 = 3.16×10−1, αi = 0 for 4 ≤ i ≤ 64. (6.35)

We generate the simulated snapshot data by numerically integrating the conservative FOM (6.34)

for total time T = 16 using a Newmark integrator with a fixed time step of ∆t = 10−3. For the

offline training, we use K = 8000 snapshots from t = 0 to Ttrain = 8 as training data. For the NN

training, we use data from t = 7.5 to Ttrain = 8 as the validation data. The testing data consists of

FOM snapshot data over the testing interval [8,16]. We consider ROMs of size r = 4, r = 6, and

r = 8 to show the increase in the accuracy of the learned ROMs with an increase in the reduced

dimension.

Since the high-dimensional system is a conservative mechanical system, we learn a

nonlinear ROM of the following form

¨̂q+ K̂q̂+
∂ÛNN(q̂)

∂ q̂
= 0,

where K̂ is the reduced linear stiffness matrix and ÛNN is the nonlinear ROM operator for

the nonlinear potential energy. For this numerical example, we use four hidden layers with

{64,30,20,6} units in the NN parametrization for the reduced potential energy function ÛNN.
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Table 6.1. Relative state error comparison between different methods.

Training data Test data

Method r = 4 r = 6 r = 8 r = 4 r = 6 r = 8
Intrusive 3.0×10−2 1.3×10−2 1.1×10−2 8.6×10−2 3.5×10−2 2.6×10−2

LOpInf 3.1×10−2 3.1×10−2 3.1×10−2 8.6×10−2 8.6×10−2 8.6×10−2

LOpInf-SpML 2.5×10−2 1.1×10−2 8.1×10−3 7.9×10−2 2.8×10−2 2.6×10−2

POD-SpML 3.7×10−2 1.9×10−1
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(a) q1(t) trajectory comparison
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Figure 6.3. Conservative rod model. (a) The LOpInf-SpML ROM correctly predicts q1(t)
trajectory 100% outside the training time interval. (b) The L-OpInf SpML ROM exhibits
bounded energy error behavior. The magenta line in both plots indicates the end of the training
time interval at Ttrain = 8.

Numerical results

Table 6.1 compares the numerical performance of four different model reduction ap-

proaches for the conservative rod model example. The relative state error values reported in

Table 6.1 compute

relative state error =

∥∥∥∥Q−VrQ̃
∥∥∥∥

F
∥Q∥F

,

where Q̃ is reduced snapshot data obtained by numerically integrating the ROM. For both

training and test data regimes, we observe that the relative state error decreases with an increase

in the reduced dimension for the intrusive and the proposed ML-enhanced structure-preserving
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Figure 6.4. Conservative rod model. An accurate phase space portrait obtained using the LOpInf-
SpML ROM demonstrates that the proposed approach has learned the underlying nonlinear
dynamics.
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Figure 6.5. Conservative rod model. The LOpInf-SpML ROM starts at a significantly lower
validation loss value and achieves the lowest error achieved by the POD-SpML ROM in 100×
less epochs. The dotted black line indicates the lowest validation error achieved by the POD-
SpML ROM.

approach whereas the errors for the nonintrusive linear Lagrangian ROM based on L-OpInf do

not show further improvement. The POD-SpML approach yields the least accurate ROM in both

training and test data regimes, which shows that directly training a SpML on the reduced data is

not a good strategy. Overall, the proposed ML-enhanced structure-preserving OpInf approach

yields the most accurate ROMs in both training and test data regimes for all three r values.

The q1(t) trajectory plots in Figure 6.3a compare the approximate ROM solutions against

the benchmark FOM solution from t = 0 to T = 16. Both the POD-SpML ROM and the LOpInf-

SpML ROM solutions accurately track the FOM solution in the training data regime. In the
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Figure 6.6. Conservative rod model. The LOpInf-SpML ROM is robust to perturbations in the
training initial condition whereas the POD-SpML ROM fails to provide accurate predictions for
unseen initial conditions. The magenta star in both plots represents the training initial condition.

test data regime, we observe that the LOpInf-SpML ROM solution is indistinguishable from

the FOM solution whereas the POD-SpML ROM solution fails to provide accurate predictions

beyond t = 12. The energy error plots in In Figure 6.3b, we observe that the proposed approach

yields a structure-preserving ROM that exhibits bounded energy error behavior whereas the

energy error for the POD-SpML ROM grows with time.

Phase space portraits are an invaluable tool for studying conservative dynamical systems.

Figure 6.4 compares the accuracy of the phase-space portraits in the (q15, q̇15) phase space. The

phase space plot based on the ROM in Figure 6.4c accurately captures the qualitative behavior

of the phase space plot based on the FOM in Figure 6.4a which demonstrates that the proposed

learning approach has learned the nonlinear characteristics of the problem.

The error plots in Figure 6.5 track the decay in the validation loss for both approaches

during the offline training stage. Both neural networks are trained from the reduced data using

the same SpML architecture. Due to its two-step learning strategy, the proposed approach starts

at a validation loss value four orders of magnitude lower than the POD-SpML method. The

validation loss for the ML-enhanced structure-preserving operator inference approach continues
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Figure 6.7. Nonconservative membrane model. Plots in (a) and (b) show that the LOpInf-SpML
ROM of reduced dimension r = 12 provides accurate predictions 100% outside the training time
interval. The magenta line indicates the end of the training time interval.

to decrease as training proceeds, remaining significantly lower than the POD-SpML ROM. The

dotted horizontal black line in Figure 6.5 shows that the LOpInf-SpML achieves the lowest test

error achieved by the POD-SpML ROM in 100× less epochs. This study highlights that using

the LOpInf ROM for learning the linear ROM components provides higher accuracy along with

significant computational savings in offline training.

Finally, we study the generalizability of learned models by evaluating their accuracy for

unseen initial conditions of the form (6.35). We simulate both LOpInf-SpML and POD-SpML

ROMs until T = 16 for 27 test initial conditions based on different combinations of (α1,α2,α3)

values and compare the relative state error values for each of those test initial conditions. The

comparison in Figure 6.6 shows that the proposed approach achieves a relative state error of

approximately 10−2 over a wide range of initial conditions, an order of magnitude more accurate

than the POD-SpML approach.

6.3.2 Two-dimensional nonlinear membrane

We consider a two-dimensional nonlinear membrane model with internal damping to

study the performance of the proposed approach for nonconservative mechanical systems.
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Figure 6.8. Nonconservative membrane model. The full-field solution comparison in plots (a),
(b), and (c) shows that the LOpInf-SpML ROM provides accurate predictions over the entire
computational domain.
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Figure 6.9. Nonconservative membrane model. In the training data regime, both ROMs capture
the frequency content in the training data accurately. In the test data regime, we observe that the
LOpInf-SpML ROM performs significantly better than the POD-SpML ROM.

FOM implementation

We study a two-dimensional membrane with dimensions (lx, ly)= (
√

2,1/
√

2). The FOM

for this numerical example is obtained using two-dimensional membrane elements with Nx = 21

nodes in the x−direction and Ny = 13 nodes in the y−direction. In these membrane elements, the

in-plane stiffness comes from a pre-tension force. Each node in the two-dimensional membrane

element has an out-of-plane displacement, which after applying the clamped boundary conditions

leads to a FOM with n = 240 degrees of freedom.

The linear stiffness associated with each element is defined as (kx,ky) = (n · (lx/Nx)
2,n ·

(ly/Ny)
2), and the linear stiffness matrix K is obtained by assembling elements based on their

connectivity. The linear damping matrix is proportional to the stiffness matrix C = 10−4K. The

nonlinear behavior is modeled using cubic nonlinearities with nonlinear stiffness and nonlinear

damping coefficients knl = cnl = 0.02n3/2 = 74.361. Such cubic nonlinearities are commonly

used for modeling complex nonlinearities exhibiting softening or hardening behavior, such as
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geometric nonlinearities [120]. The governing equations for the nonconservative FOM are of the

following form

Mq̈+
∂F (q̇)

∂ q̇
+

∂U(q)
∂q

= 0. (6.36)

Similar to the conservative rod example, the proposed LOpInf-SpML approach learns a structure-

preserving nonlinear ROM purely from the data, without any prior knowledge about the

FOM (6.36) for the two-dimensional nonlinear membrane.

Learning setup

In this numerical example, we generate simulated data for the training and testing datasets

by integrating the nonconservative FOM (6.36) with the Newmark integrator until the final time

T = 35. We use a fixed time step of ∆t = 5×10−3. We consider K = 3500 snapshots over the

training time interval [0,17.5] as training data. For the NN training, we use data from t = 15

to Ttrain = 17.5 as the validation data. Similar to the conservative rod example, we study the

time extrapolation capability of the LOpInf-SpML ROM over the testing interval [17.5,35].

We consider ROMs of size r = 12 for comparison between the POD-SpML approach and the

proposed LOpInf-SpML approach.

Due to the nonconservative nature of the problem, we consider a nonconservative nonlin-

ear ROM of the following form

¨̂q+ Ĉ ˙̂q+
∂F̂NN( ˙̂q)

∂ ˙̂q
+ K̂q̂+

∂ÛNN(q̂)
∂ q̂

= 0, (6.37)

where K̂ and Ĉ are the linear reduced operators, and F̂NN and ÛNN are the neural network

parametrizations for the nonlinear dissipation function and the nonlinear potential energy func-

tion, respectively. Both F̂NN and ÛNN are trained using a five-layer neural network with

{128,64,30,20,12} units.
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Numerical results

In Figure 6.7, we compare the ROM solutions with the FOM solution for two different

degrees of freedom. The q1(t) trajectory plots in Figure 6.7a show that the LOpInf-SpML ROM

captures the decay in the FOM solution accurately whereas the POD-SpML ROM provides inac-

curate predictions outside the training data regime. For the q30(t) trajectory plots in Figure 6.7b,

we observe that the LOpInf-SpML ROM solution is indistinguishable from the FOM solution

which demonstrates the proposed approach’s ability to learn the internal nonlinear damping of

the high-dimensional system. The POD-SpML ROM solution, on the other hand, fails to learn

the internal damping which leads to substantially high errors in the test data regime.

Figure 6.8 compares the FOM solution with the ROM solution at different time instances.

In Figure 6.8a, the LOpInf-SpML ROM provides an approximate full-field solution that agrees

with the FOM solution. In Figure 6.8b, we observe that the proposed approach accurately

predicts the membrane displacements over the entire two-dimensional domain. Even though the

solution at t = 30 in Figure 6.8c has been significantly damped out, the ROM solution predicts

the displacement amplitude over the two-dimensional domain with reasonable accuracy.

Finally, we study the frequency characteristics of this nonconservative problem by

analyzing the time-series data for the first node. We study the spectral information in the training

data and the test data separately. All the models are numerically integrated with a time step

of ∆t = 5×10−3, so the sampling frequency for this setting is 200Hz. We apply the standard

fast Fourier transform to obtain the frequency-amplitude curves in Figure 6.9. We observe

that both LOpInf-SpML and POD-SpML capture the frequency content in the training data

regime accurately with the LOpInf-SpML ROM performing marginally better. In the test data

regime, we observe that the amplitude-frequency curve for the LOpInf-SpML ROM agrees with

the FOM amplitude-frequency curve whereas the POD-SpML ROM only performs well for

frequencies below 0.5 Hz. This spectral analysis shows that the ROM learned with the proposed

ML-enhanced approach has learned the damped dynamics accurately.
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6.3.3 Half Brake-Reuß beam

Accurate prediction of the dynamics of jointed structures remains a challenging problem

due to the strong nonlinearities at the frictional interfaces found in joints. The main purpose of a

joint in an engineering structure is to usually connect two separate substructures in a stiff manner.

One of the principal roadblocks to accurate high-fidelity modeling is the lack of understanding

of the physics behind the energy dissipation mechanisms at the joints. In part, this lack of

understanding is due to the multiscale nature of interfacial mechanics for jointed structures where

the influencing sources can range from macro-scale geometry and loading to nano-scale grain

boundaries, see [25] for more details.

Due to the problem-specific and dynamic nature of interfacial mechanics, it is unrealistic

to expect a universal law of friction that is predictive across most types of interfaces. For

such problems, the structural and mechanical engineering community is mainly interested in

developing a predictive model for different types of joints such as lap joints, dove-tail and

fir-tree joints, and tape joints. In this section, we apply the proposed learning approach to

learn a predictive model of a beam structure with a lap joint from a dataset consisting of

experimental measurements. The dataset considered in this numerical example is obtained from

the experimental setup in [45, 110] where the authors used high-speed cameras combined with

digital image correlation (DIC) to obtain the full-field response of the structure known as the

”Half Brake-Reuß beam”. The data was downloaded from obtained from the authors’ repository

1.

Experimental data collection using DIC measurements

The half Brake-Reuß beam is a modification of the Brake–Reuß beam [26], which is a

widely used benchmark structure for studying nonlinear dynamics in jointed systems. The half

Brake-Reuß beam consists of two beams that are joined through a three-bolt lap joint as shown

in Figure 6.10. The lap joint is the most common type of interface found in built-up structures

1https://github.com/mattiacenedese/BRBtesting
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and is defined as the mating of two components through a bolted connection.

The free-response data considered in this study was obtained by first exciting the beam at

a specific frequency of interest (i.e., at the natural frequency of the mode of interest) with a fixed

sinusoidal signal and then detaching the shaker once resonance is identified. Even though this

procedure is meant to isolate a mode of interest, the full-field response includes multiple modes

due to modal coupling resulting from the nonlinearity. The nonlinearity in this structure arises

due to energy dissipation caused by slipping and possible intermittent contact in the joint.

For the free-response experiments, the beam structure was suspended horizontally using

bungee cords to simulate the free-free boundary conditions. Using the DIC technique, the

vibrational motion of n = 206 measurement points was tracked for T = 3.06 s with a sampling

frequency of fsampling = 5000 Hz. The recorded images from this experiment were post-processed

to build a dataset containing the time history of the displacements of the measurement points.

Learning setup

For this numerical example, we use the first K = 5086 snapshots over the training time in-

terval [0,1.02]s to train the LOpInf-SpML ROM. For the NN training, we use data from t = 0.92s

to Ttrain = 1.02s as the validation data. The testing data consists of experimental measurements

over the testing time interval [1.02,3.06]s. Joints introduce two qualitatively important features

to a structure: amplitude-dependent stiffness and amplitude-dependent damping. The aim of this

study is to use the LOpInf-SpML ROM as a surrogate model for the jointed beam structure and

provide accurate predictions of these qualitative properties outside the training data regime. To

accurately capture the amplitude-dependent frequency and damping characteristics of the jointed

structure, we consider the most expressive ROM form (6.30) in this study. In addition to learning

the neural differential operators for the dissipation and potential energy functions, we also learn

a reduced kinetic energy term T̂NN with a symmetric positive-definite reduced mass matrix M̂NN

in the offline training phase. Both F̂NN and ÛNN are trained using a four-layer neural network

with {16,16,16,16} units.
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Figure 6.10. Half Brake-Reuß beam. Geometry of the jointed structure including a photo with
DIC speckle pattern shown (a), top view (b), and front view (c). Figure reprinted from [45],
Copyright (2022), with permission from Elsevier and the authors.

(a) DIC measurement data (b) LOpInf-SpML ROM r = 3

Figure 6.11. Half Brake-Reuß beam. The LOpInf-SpML ROM of size r = 3 accurately predicts
the amplitude-dependent frequency characteristics and yields backbone curves that appear to
agree with the backbone curves obtained directly from the DIC measurements.

Numerical results

Figure 6.11 shows the amplitude-dependent frequency curves of the jointed structure

along different measurement points along the length of the beam. In Figure 6.11b, we observe

that the LOpInf-SpML ROM accurately predicts the frequency range with less than 0.5% error.

More importantly, the amplitude-dependent frequency curve for the learned ROM has the same

shape as the one obtained from the experimental data which demonstrates that the proposed

approach has learned the nonlinear characteristics of the problem.
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(a) DIC measurement data (b) LOpInf-SpML ROM r = 3

Figure 6.12. Half Brake-Reuß beam. The amplitude-dependent damping plots based on the
LOpInf-SpML ROM of dimension r = 3 are reasonably similar to the plots obtained from the
DIC measurements.

In Figure 6.12, we obtain the amplitude-dependent damping plots using the LOpInf-

SpML ROM and compare them with the plots based on the DIC measurements. Even though

the proposed ROM predicts damping ratio values higher than the ones based on experimental

data for some points, the amplitude-damping curves obtained using the ROM in Figure 6.12b are

reasonably similar to the plots directly obtained from experimental measurements in Figure 6.12a.

As an alternative to displacement-based plots, Figure 6.13 shows the nonlinear character-

istics of the jointed structure through energy-dependent plots. The energy of the system at time t

is approximated by discretizing the beam into lumped mass elements

E(t) = ∑
1
2

mq̇2
i (t)

where q̇i is the velocity of the ith measurement point, and m = M/n is the lumped mass of each

measurement point. Since the energy calculation utilizes information about the motion at all

the points across the length of the beam, the energy-dependent plots provide a more global

perspective on the mechanical system under analysis. The frequency-energy plots in Figure 6.13a

show that the LOpInf-SpML ROM of reduced dimension r = 3 accurately predicts the time-

evolution of the frequency-energy relationship. In Figure 6.13b we observe that the learned
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Figure 6.13. Half Brake-Reuß beam. The proposed approach accurately predicts the frequency-
energy curve in (a) and captures the overall trend of the challenging damping-energy curve in
(b).

ROM accurately captures the overall energy-damping trend but predicts damping ratio values

higher than the ones obtained from the DIC measurements. We note that the energy-dependent

plots based on DIC measurements are known to demonstrate increased variability towards small

amplitudes due to the degradation of the signal-to-noise ratio in DIC measurements.

6.4 Conclusions

We have presented an ML-enhanced model reduction method that learns structure-

preserving ROMs of nonlinear mechanical systems from data in a nonintrusive manner. The

presented method parametrizes the ROM in terms of the mechanical problem’s Lagrangian

structure and then learns the reduced operators in a structure-preserving way to ensure that the

learned operators are Lagrangian. The proposed learning algorithm uses a POD basis to project

the high-dimensional data onto a low-dimensional subspace and then derives the Lagrangian

ROM by (i) inferring the linear reduced operators using a structure-preserving nonintrusive

operator inference method, and then (ii) learning nonlinear reduced operators using a structure-

preserving machine learning method. The proposed ML-enhanced operator inference framework

is well-suited for engineering applications where the data are generated from complicated
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high-fidelity computational models or from experimental measurements.

The numerical experiments for conservative and nonconservative mechanical systems

demonstrate the wide applicability of the proposed approach. The nonlinear conservative rod

model shows that the ML-enhanced approach learns long-time stable ROMs with bounded

energy error, while also providing accurate predictions for unseen initial conditions. Compared

to the POD-SpML approach, the proposed ML-enhanced structure-preserving operator inference

approach achieves significant computational savings in the offline training phase which highlights

the key role played by the linear Lagrangian ROM in our two-step learning algorithm. The

two-dimensional nonlinear membrane example demonstrates the proposed method’s ability to

learn accurate ROMs for nonconservative mechanical systems with nonlinear damping. For the

half Brake-Reuß Beam example, the learned ROM accurately captures the amplitude-dependent

frequency and damping characteristics of the jointed structure from a dataset consisting of

experimental measurements. This example highlights the ability of the proposed method to learn

a computationally efficient predictive model from experimental observations for applications

where the underlying physics is not well understood.

This work has motivated a number of future research directions. The proposed method

uses linear basis approximations, which can make offline training prohibitively expensive if the

problem requires a large basis size. For such problems, the proposed approach could be combined

with autoencoders or structure-preserving nonlinear manifolds to reduce the computational costs

in the offline phase. In another direction, the proposed ML-enhanced approach could be extended

to mechanical problems with geometric nonlinearities. Finally, we would like to apply our

framework to learn models from noisy and sparse data.

6.5 Preview of Chapter 7

Chapter 6 extended the structure-preserving, data-driven ML framework to incorporate a

reduced-order linear model. However, all of the previous work up to this point has assumed that
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noise is not impacting the predictions. In the intended applications of this work, measurement

noise may have a noticeable impact on the performance of these models. To this end, Chapter 7

introduces a framework to obtain predictive intervals when observational noise is present in the

data ingested by the networks.

6.6 Remarks

Portions of this dissertation have been published or are being considered for publication.

Chapter 6 is composed of the following first co-authored publications:

Harsh Sharma, David A. Najera-Flores, Michael D. Todd, and Boris Kramer. Lagrangian

operator inference enhanced with structure-preserving machine learning for nonintrusive model

reduction of mechanical systems. Computer Methods in Applied Mechanics and Engineering,

423:116865, 2024
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Chapter 7

Uncertainty Quantification of a Machine
Learning Model for Identification of Iso-
lated Nonlinearities with Conformal Pre-
diction

Chapters 3 through 6 have presented a framework for development of ML models that can

function as digital twins in an SHM system. However, to provide information that is actionable,

SHM systems need to deal with the uncertainty of the predictions provided by these digital

twin systems in the presence of noise coming from measurements that serve as inputs to the

model. The previous work by the authors [180] considered only noise-free data. However, in real

experimental applications, the data are expected to contain noise which motivates the current

study on its effect on the ML system predictions. The authors of [185] summarized a variety

of ways to perform uncertainty quantification in ML systems, including Monte Carlo dropout

[73], Bayesian neural networks [157], neural network ensembles [190], spectral-normalized

neural Gaussian processes (SNGP) [144], among others. However, all of these methods require

special treatment of the neural network architecture through the inclusion of specific layer types

or modified training schemes. For cases where a deterministic neural network is available, an

approach to characterizing the observational uncertainty (e.g., from measurement noise in the

inputs) in an ML system is through conformal predictions [222].

While traditional estimators such as the jackknife estimator capture measurement un-
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certainty, conformal prediction methods are able to additionally capture model bias [13]. Here,

the jackknife+ estimator is used to construct measures of uncertainty for the damage parameter

at each snapshot. In this work, we illustrate a general structure with an isolated nonlinearity

formulation, present a structure-preserving machine learning methodology for estimating the

deviatoric force at the boundary, and apply conformal methods to measure the uncertainties

about the estimated deviatoric forces. We demonstrate how these uncertainty measures can

be leveraged to identify changes in the structure in the presence of noise through hypothesis

testing. The chapter is organized as follows. Section 7.1 presents a summary of previous work

and the enhancements to existing methods in this chapter. Section 7.2 illustrates the application

of the proposed approach on a numerical example while Section 7.3 provides conclusions and

discussion of future work opportunities.

7.1 Background and Methodology

This work leverages a structure-preserving machine learning method developed by the

authors in [180] and presented in Chapter 5. We briefly describe the methodology here. Section

7.1.1 and 7.1.2 summarize previous work that forms the foundation for this chapter while Section

7.1.3 describes the statistical inference methods used to quantify uncertainty in the model.

7.1.1 Isolated Nonlinearity Formulation

This work considers a general structure that contains an isolated region where nonlin-

earities can occur. This structure can be decomposed into two adjacent regions C1 and C2 as

illustrated in Fig. 7.1. Note that region C1 is described by the internal variables x1 ∈ RN1 , while

x2 ∈ RN2 are the corresponding internal variables for C2. The equations of motion within C1

are assumed to be linear and known since the nonlinearities are localized in C2. As a result, the
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C1(
¯
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C2(
¯
x2)

¯
x = [

¯
x1

¯
x2]T

Figure 7.1. General Structure; the nonlinearities are localized within the region C2.

equations of motion for this structure can be written as

Mẍ+Cẋ+Kx+N⋆ = f(t),

N⋆ = [0 N(x2)], N ∈ RN2,

x = [x1,x2] ∈ R(N1+N2)

(7.1)

The isolated nonlinearities C2 are represented by N ∈ RN2 . Examples of isolated non-

linearities include joints, nonlinear attachments, or localized damage. Based on the work in

[199, 258], the equations of motion can be partitioned into two systems of equation terms as

Mẅ+Cẇ+Kw = f(t)−Q⋆,

M2 z̈+C2 ż+K2 z+N(y+ z) = 0,

Q⋆ =

[
0c Q 02

]T

,

Q ≡ Mαβ z̈β +Cαβ żβ +Kαβ zβ ,

(7.2)

where w is a mixed displacement vector can be defined as

w ≡
[

xc xα yβ yn

]T

=

[
x1 y

]T

, (7.3)
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where y ∈R(N1+N2) represents the response of the ideal system (i.e., in the absence of a deviatoric

force), and z ∈ RN2 is the deviatoric response defined as z = x2 −y. Furthermore, the subscripts

represent the following regions:

• c: DOFs in C1 that are not coupled to the interface DOFs

• α: DOFs in C1 that are coupled to the interface DOFs

• β : DOFs in C2 that are coupled to the interface DOFs

• n: DOFs in C2 that are not coupled to the interface DOFs

The advantage of this formulation is that the deviatoric force Q⋆ is expressed as a function

of zβ which is available at the boundary of the isolated region. This formulation avoids the need

to have access to the interior of the isolated region C2 which may not be physically accessible

(e.g., a joint). This work assumes that xβ is obtained by measuring the response at the boundary

(e.g., with sensors) and that these measurements may be noisy.

7.1.2 Structure-Preserving Machine Learning

The structure-preserving ML formulation is based on the work presented in [184, 180].

We start by defining the kinetic energy T , the potential energy V , and the Rayleigh damping I

terms of the known system as

T (ẇ) =
1
2

ẇ⊤Mẇ, (7.4)

V (w) =
1
2

w⊤Kw, (7.5)

I (ẇ) =
1
2

ẇ⊤Cẇ. (7.6)

Following the definition of the Lagrangian, this is obtained as

L (w, ẇ) = T (ẇ)−V (w). (7.7)
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from which the generalized momentum can be obtained as

pk =
∂L (w, ẇ)

∂ ẇk
. (7.8)

We then used these quantities to compute the Hamiltonian as

H(w, ẇ) = p ·w−L (w, ẇ). (7.9)

Next, the momentum rate (i.e., the time derivative of the generalized momentum) is required

to relate the derived quantities back to quantities that can be measured (i.e., acceleration). The

momentum rate is computed as

ṗk =−∂H(w, ẇ)

∂wk
+Qnc

k − ∂I (ẇ)

∂ ẇk
, (7.10)

where Qnc
k is the kth term of the generalized force vector, and includes both the external forces

and the deviatoric term,

Qnc = f(t)+Q⋆. (7.11)

Following the work presented in [180], the deviatoric term is modeled with a multilayer

perceptron (MLP). In this work, Swish activation functions are used in all hidden layers, and

a linear activation is used for the output layer. The MLP is augmented with a dictionary of

polynomial terms, which includes linear and higher order terms. Polynomial terms are chosen

because they are a common way of modeling nonlinear forces in structural systems [120]. The
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MLP takes in the boundary terms as input,

Q⋆ = G (zβ , żβ )+

i+ j+...p=K

∑
i, j,...p

λi, j,...p zi
β1 z j

β2 . . .z
p
βk+

γi, j,...p żi
β1 ż j

β2 . . . ż
p
βk,

(7.12)

where zβ corresponds to the difference between the measured and ideal response at the boundary

of the isolated region. The coefficients λ and γ are learned during training, K is the polynomial

degree chosen, and the function G (·) represents the MLP. More details are provided in the

original articles [184, 180]. A diagram illustrating the neural network architecture is shown in

Fig. 7.2.

Once the vector of generalized forces, including the contribution from the deviatoric

force term, is defined, the accelerations can be predicted as

¨̂wn = M−1
ni (ṗi −Mi j,kẇkẇ j), (7.13)

where M is the known mass matrix of the idealized system, and ṗ is the momenta rate (obtained

from Eqn. (7.10). As w is a vector of known quantities, the learning can be supervised by

minimizing the squared error between the predicted and known accelerations,

Lrecon = ∥ ¨̂w− ẅ∥2
2, (7.14)

Once trained, the deviatoric force can be computed from the discrepancy term, zβ = xβ −yβ , as

Q⋆ = N (zβ , żβ ), (7.15)

where N is a short-hand form for Eqn. (7.12), for any set of initial conditions or forcing function.

It should be noted that the deviatoric force is not directly used for training. Instead, the residual
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¯
zβ
˙
¯
zβ

{
¯
zβ , ˙

¯
zβ ,¯

z2β , ˙¯
z2β , . . .

}
·
{
¯
λ1,

¯
γ1, ¯

λ2,
¯
γ2 . . .

}T

+
¯
Q⋆

G(·)

N (·)

Figure 7.2. Neural network architecture used to model the deviatoric force term. The inputs to
the network and to the polynomial terms are zβ and żβ . The outputs from the network and the
polynomial terms are added together to obtain the deviatoric force.
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of the equation of motion of the system is used to train the network. This formulation enforces

preservation of the underlying geometric structure of the dynamic system.

7.1.3 Statistical Inference on Deviatoric Forces

In practice, the responses z are sampled from some non-bifurcated (unimodal) distribution

that induces a distribution on Q⋆, denoted as D (Q⋆). Characterizing D (Q⋆) allows for building

prediction intervals on functions of samples from D (Q⋆). If the distribution on z is known, it

is possible to obtain the distribution of Q⋆ through the transformation defined in Eqn. (7.15).

Commonly, the distribution on z is unknown, leading to a nonparametric characterization of

D (Q⋆).

A common method for characterizing uncertainty under nonparametric assumptions is

through the jackknife estimator. The jackknife estimator, fjack, of a parameter, θ , is an average of

functions of systematic subsamples of a collection of data of size n. Explicitly, for an estimator,

fn, the jackknife estimator is defined [268] as

fjack = fn − (n−1)

(
1
n

n

∑
i=1

f(−i)− fn

)
, (7.16)

where f(−i) is the same computation of fn but for the subsample with the ith data point left out.

The construction of Eqn. (7.16) reduces in-sample bias [268]. While fn has a bias

bias( fn) =
a
n
+

b
n2 +O

(
1
n3

)
, (7.17)

the jackknife estimator, fjack, has a reduced bias [268] of

bias
(

fjack
)
=

b
(n−1)n

+O

(
1
n2

)
, (7.18)

for some a,b ∈ R. While the bias reduction in Eqn. (7.18) from Eqn. (7.17) lends Eqn. (7.16) to

be a desirable estimator.

211



The variance of the fjack can be obtained through a jackknife estimate of its own by

writing

f̃i = n fn − (n−1) f(−i). (7.19)

As fjack is the average of (7.19), the variance of fn can be computed as

νjack =
1

n(n−1)

n

∑
i=1

(
f̃i −

1
n

n

∑
j=1

f̃ j

)2

. (7.20)

Under stable conditions on f , (7.20) is a consistent estimator for the variance of fjack

[268].

Defining fn = Q⋆ in Eqn. (7.16), the estimation process follows as responses of the neural

network in Eqn. (7.15). To this end, Eqn. (7.16) assumes that the true response of N (zβ , żβ ) is

the parameter θ . For different training sets, or cross-validating data subsets, the value of θ is

changing from sample to sample. This induces a machine-learning model bias into the estimation

process. Therefore, a conformal prediction method is applied to capture-and-correct for this bias

as the jackknife estimator similarly captures the bias in the traditional nonparametric setting

[13].

The jackknife+ estimator is a conformal prediction method that extends the jackknife

estimator to account for the machine learning model bias by minimizing the absolute deviation

of each leave-one-out estimator, f(−i). As the variance of the jackknife estimator is computed

using a sample of the jackknife pseudo-values (7.19), an estimation methodology such as

local absolute deviations may be used to compute prediction sets. Given absolute deviations,

di =
∣∣ fi − f(−i)

∣∣, an estimator of fn+1 for a new observation, xn+1, can be computed as

fjk+ (xn+1) = Median
({

f(−i) (xn+1)
}n

i=1

)
. (7.21)
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To account for the model bias in Eqn. (7.21), local absolute deviations are calculated as

ai = f(−i) (xn+1)−di

bi = f(−i) (xn+1)+di,

(7.22)

forming a collection of upper and lower bounds for each of the i models. A conformal prediction

set is then given by

Cjk+
n,α =

[
qn,α/2 ({ai}n

i=1) ,qn,1−α/2 ({bi}n
i=1)

]
, (7.23)

where qn,α is the α-percentile of a sample of n observations [123]. The model bias is accounted

for in Eqn. (7.23) through the local absolute deviations given in Eqn. (7.22). A jackknife+

prediction interval is then

P
{

fn+1 ∈Cjk+
n,α

}
≥ 1−α. (7.24)

Recalling that setting fn = Q⋆, Eqn. (7.24) yields a 100(1−α)% conformal prediction interval

for the deviatoric force. This general approach will be used to obtain estimates of the prediction

intervals in the following section.

7.2 Results

The following subsections describe an example problem and demonstrate the proposed

approach to define predictive intervals and detect shifts in the domain through hypothesis testing.

7.2.1 Example description

To demonstrate the proposed methodology a numerical example representing a one-

dimensional rod with isolated nonlinearities is used. This example is described in detail in

[180] but a general description is provided here. The rod is discretized with 64 masses that are

connected through springs with mass m = 1 and linear stiffness k = 1. Proportional damping was

defined as C ≡ ξ K. The nonlinear region C2 is located in the interval (s1,s2) = (0.25,0.35), so
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that the isolated region exists between elements ℓ≡ 16 and r ≡ 22. The deviatoric force across

the isolated region is identified as

δQ ≡ Q23 −Q15, (7.25)

and the displacement and velocity across the interval are defined as

∆ ≡ x22 − x16, ∆̇ ≡ ẋ22 − ẋ16. (7.26)

The initial conditions of the system are specified in terms of the modal displacements

and velocities (q(0), q̇(0)), where

x(0) = Φq(0), ẋ(0) = Φq̇(0), (7.27)

where Φ is the modal transformation matrix.

The nonlinearities in the isolated region are assumed to contain linear mistuning and

cubic nonlinearities in terms of both stiffness and damping. Finally, hysteretic nonlinear damping

is also present between the elements within C2, so that the nonlinear force is represented as

fnl,i = κi (xi+1 − xi)+χi (ẋi+1 − ẋi)

+ηi (xi+1 − xi)
3

+ζi (ẋi+1 − ẋi)
3 +ghys,i,

(7.28)

where the hysteretic force is defined as

ghys,i = kh ((xi+1 − xi)− ri) , (7.29)

following the regularized formulation presented in [180].
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Unless noted otherwise the parameters of the nonlinear region are chosen as

κi = 0, χi = 0, ηi = 2.621×105,

ζi = 2.621×103, kh,i = ρ ·6.50×10−1,

µi = 1.00×10−1, εi = 1.00×10−2,

(7.30)

with ξ = 10−4, and ρ represents the level of hysteresis included. For the data generated for

training the network, ρ = 0.0.

7.2.2 Noise model description

In some of the previous chapters, it had been assumed that the measurements were

noise-free. In contrast, in this chapter, it is assumed that the measurements taken at the boundary

(xβ ) are noisy. To this end, random Gaussian noise is added to the simulated data as

xβ (t) = xβ (t)+δ , (7.31)

where xβ (t) is the mean process and δ is the random noise which is assumed to be independent

and identically distributed (IID) modeled as

δ = ν ·

√
ΣN

i xβ (ti)2

N −1
·Normal(0,1), (7.32)

where ν is the noise factor considered which can also be interpreted as the reciprocal of the

signal-to-noise ratio (SNR) since it represents the ratio between the noise variance and the signal

variance.

As a result, the deviatoric response inherits the same additive noise as

zβ (t) = zβ (t)+δ , (7.33)
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Figure 7.3. Predictions produced with neural network trained with noisy and clean data for input
data with noise levels of 5% and 20%. Network predictions: black, actual: red.

and similarly for the deviatoric velocities, żβ (t).

7.2.3 Effect of noise on model performance

The noise observed in the inputs is propagated through the trained neural network when

evaluating the deviatoric force term. As a result, the outputs are noisy as well. As the neural

network does not yield a closed-form transformation from the input distribution to the response

distribution, we leverage the use of conformal sets to build an illustration of sensitivity which

enables the definition of predictive confidence intervals. We start by assessing the network’s

performance when trained with noisy and clean (i.e., noise-free) data. To this end, the network

was trained with one simulated realization using the rod model. Random noise was added to the

response as described in Eqn. (7.31) with ν = 0.05.

For the following results, the trained networks were evaluated with a different realization
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(i.e., with different initial conditions than those used for training). The deviatoric force was

modeled as described in Eqn. (7.28) where only linear terms were included in the polynomial

terms (based on prior knowledge of how the interface displacements relate to the forces), and the

MLP consisted of 5 hidden layers with Swish activation functions and the following number of

units: {8,12,12,10,10}, which were determined based on a hyperparameter grid search. The

output layer had a linear activation function. The model was trained using the Adam optimizer

[124] with a learning rate of 1×10−4 for 65,000 epochs, which took around two hours to train on

a single GPU. The neural network was implemented using the Jax [23] and Flax [91] packages.

Fig. 7.3 illustrates the predicted deviatoric force across the interface when given noisy inputs.

Both the network trained with noisy data and the network trained with clean data predict really

similar outputs when confronted with noisy data during inference. This result is illustrated in

Fig. 7.4 and 7.5. As shown, the distributions predicted by both networks are indistinguishable

from each other which indicates that the network is robust to the presence of noise (at least

additive white noise). This result may be due to the structure-preserving constraints in the

network that have a regularization effect. It should be noted that the network trained with noisy

data required twice the amount of training epochs to reach the same level of accuracy as the

network trained with clean data.

To further evaluate the robustness of the network to noise, the network trained with clean

data was used inside a time integration loop and random noise (at 1% level) was added at every

integration step. Fig. 7.6 illustrates the effect of the noise on the integrated response. As shown,

the mean response can still be recovered even when noise is added during integration. While the

effect of error accumulation is evident in these plots, the response did not diverge for the time

range that was considered.

7.2.4 Prediction intervals and damage detection

The next step is to define predictive intervals for the network using the conformal

regression approach outlined in Section 7.1.3. To this end, the Python package MAPIE [159]
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Figure 7.4. Close-up of predictions for noisy input data (5%) and corresponding histograms at
three points in time. Clean: green, noisy: magenta, actual: red.

Figure 7.5. Close-up of predictions for noisy input data (20%) and corresponding histograms at
three points in time. Clean: green, noisy: magenta, actual: red.
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Figure 7.6. Response obtained from time integration with trained neural network in the loop.
Network predictions: black, actual: red.

was used to define 95% confidence intervals for the trained models using the jacknife+ method.

The intervals are obtained by fitting a conformal regression model to a ”calibration” set but

the results presented here are for a different realization (i.e., different initial conditions). Fig.

7.7, 7.8, and 7.9 illustrate the confidence intervals obtained for noise levels 5%, 10%, and 20%,

respectively. As illustrated, the predicted confidence intervals provide reasonable coverage of

the data (i.e., roughly 95% of the data is covered by the interval).

Now we test whether these predictive intervals can be informative in determining whether

damage is present in the structure based on response measurements at the boundary of the

isolated region. To simulate damage, the parameter ρ that controls the level of hysteresis in the

structure is set to either 0, 1, 10, and 20. These levels define the baseline, low damage, medium

damage, and high damage levels, respectively. These cases were simulated and compared to

the predicted response from the neural network that had been trained with noisy data from the

baseline model. This process was repeated for all three levels of damage and the three noise

levels previously considered. For example, Fig. 7.10 corresponds to low level damage and 5%

noise. In this case, it is evident that there has been a shift in the system response as the response

of the damaged system (shown in red) is now offset from the mean of the distribution. However,

when more noise is added, as illustrated in Fig. 7.11, this shift becomes less apparent. In contrast,

a high level damage is apparent even in the presence of 20% noise, as shown in Fig. 7.12. These
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Figure 7.7. Deviatoric force predictions from noisy inputs (at 5% noise level) at three points in
time alongside predictive confidence intervals. Actual response shown in red, 95% predictive
confidence intervals shown in yellow. Green line indicates time point at which the histograms
are computed.
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Figure 7.8. Deviatoric force predictions from noisy inputs (at 10% noise level) at three points in
time alongside predictive confidence intervals. Actual response shown in red, 95% predictive
confidence intervals shown in yellow. Green line indicates time point at which the histograms
are computed.
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Figure 7.9. Deviatoric force predictions from noisy inputs (at 20% noise level) at three points in
time alongside predictive confidence intervals. Actual response shown in red, 95% predictive
confidence intervals shown in yellow. Green line indicates time point at which the histograms
are computed.
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Figure 7.10. Deviatoric force predictions from noisy inputs (at 5% noise level) at three points in
time alongside predictive confidence intervals. Low level damaged response shown in red, 95%
predictive confidence intervals shown in yellow. Green line indicates time point at which the
histograms are computed.

results illustrate the challenge of distinguishing meaningful domain shifts in the presence of

noise.

The next step is to propagate these intervals through the dynamic process via time

integration to obtain the response across the isolated region. For the following examples, a noise

factor of 1% was used in order to avoid numerical convergence problems during time integration.

For conciseness, only the velocity across the isolated region is shown. Fig. 7.13 shows the

time histories of the velocity and their corresponding power spectral density (PSD). The three

levels of damage (blue) are plotted alongside the baseline response (black). As shown, it is hard

to distinguish between the cases from visual inspection which motivates a more quantitative

assessment. Another way to inspect the data is to look at the histograms of the samples at

different time points or frequency points. Fig. 7.14 illustrate the sample distributions at different

points in time from the time histories, and Fig. 7.15 show the histograms at different frequencies
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Figure 7.11. Deviatoric force predictions from noisy inputs (at 20% noise level) at three points in
time alongside predictive confidence intervals. Low level damaged response shown in red, 95%
predictive confidence intervals shown in yellow. Green line is time point at which the histograms
are computed.
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Figure 7.12. Deviatoric force predictions from noisy inputs (at 20% noise level) at three points in
time alongside predictive confidence intervals. High level damaged response shown in red, 95%
predictive confidence intervals shown in yellow. Green line is time point at which the histograms
are computed.
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Figure 7.13. Velocity time history (left) and power spectral density (PSD) across isolated region
boundary. The baseline response is shown in black and the response for the damaged cases is
shown in blue.

from the PSDs. As shown, the distributions exhibit heteroscedatic behavior and, as a result, the

trends observed in the histograms are not constant through time or frequency.

To further understand how the distributions vary through time and frequency, a Kol-

mogorov Smirnov (KS) two-sample test was performed to compare the damaged cases to the

baseline using the implementation in the SciPy package [257]. In this test, the null hypothesis

(H0) is that the two samples (i.e., baseline and damaged) are from the same continuous dis-

tribution while the alternative hypothesis (H1) is that they are from two different continuous

distributions. The physical interpretation of failing to reject the null hypothesis is that there is no

damage present (i.e., the two datasets are from a ”healthy” baseline state). In this case we use

a significance level of 5% which implies that p-values that are larger than 0.05 imply that the

response is from the same distribution as the baseline state. In other words, p-values smaller than

0.05 will indicate the presence of damage. Fig. 7.16 illustrates the p-values obtained from the

226



Figure 7.14. Histograms of velocity time history samples corresponding to different damage
levels.

Figure 7.15. Histograms of velocity PSD samples corresponding to different damage levels.
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KS test as a function of time (left) and frequency (right). As shown, the statistical significance

of the test depends on the damage level which is not surprising. As shown in the histograms

in Fig. 7.14 and 7.15, the shift in the empirical distributions is more evident as the damage

level increases. Moreover the peaks in the p-values from the time history seem to correspond to

zero-crossings where the differences in response may not be evident. On the frequency side, the

test seems to more effective at detecting the damaged cases at higher frequencies. This result

implies that the type of damage modeled (i.e., hysteresis) may be having a more pronounced

effect on the higher frequency content. The time history p-values are more consistent through

time because the high-frequency response is distributed across time. Finally, to combine the

two concepts, the Short Time Fourier Transform (STFT) was used to compute the change in

frequency as a function of time and the KS test was performed at each frequency and time cell.

These results are plotted in Fig. 7.17 where the upper limit of the color bar was set to log(0.05)

so that yellow cells indicate that the null hypothesis was not rejected (i.e., no different from the

baseline). These results seem consistent with the PSD and time history results as they show that

the level 1 (low) damage is hard to detect with the KS test and that damage is not evident at

the lower frequency response. A similar analysis was performed with the Cramer-von Mises

(CVM) [50, 52] to verify that similar trends were observed. The p-value as a function of time

and frequency is plotted in Fig. 7.18. The CVM test exhibits lower sensitivity to the domain

shift in the STFT as illustrated by the fact that there are large yellow regions in Fig. 7.18 which

indicates that the data were sampled from the same distribution. However, the number of cells

for which the CVM rejects the null hypothesis (i.e., blue regions) increases as the level damage

increases.

7.3 Conclusions

This chapter presented a framework for uncertainty quantification of neural network

response predictions through the definition of predictive intervals using conformal regression.
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Figure 7.16. Velocity time histories (top left) and PSDs (top right) and p-values as a function of
time (left) and frequency (right) with p = 0.05 shown with a dashed black line.
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Figure 7.17. P-values as a function of time and frequency computed from STFT of data computed
with the KS test. Upper color bar limit is set to log(0.05) so that anything that is yellow exceeds
p = 0.05.
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Figure 7.18. P-values as a function of time and frequency computed from STFT of data computed
with the CVM test. Upper color bar limit is set to log(0.05) so that anything that is yellow
exceeds p = 0.05.
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The proposed approach was developed in the context of a structure-preserving neural network

that has an embedded isolated nonlinearity formulation to provide physical constraints to the

problem. As this model is intended to be used in an online structural health monitoring system,

the performance of the models in the presence of measurement noise was evaluated. It was

shown that the trained models were not significantly affected by noise in the inputs. This noise

was propagated through the machine learning model and through the time integration of the

dynamic system. Conformal regression was used to define a predictive interval of the integrated

response that was used to assess the presence of damage (in the form of hysteresis) through

hypothesis testing. Future work will explore other sources of uncertainty (such as epistemic

uncertainty) and will apply the proposed approach to experimental cases.

7.4 Preview of Chapter 8

Chapter 7 introduced a strategy based on conformal predictions to handle observational

noise present in measurement data. This chapter demonstrated the robustness of the structure-

preserving digital twin to random noise in the data. However, epistemic uncertainty was not

considered in Chapter 7. To this end, Chapter 8 introduces a framework for treatment of epistemic

uncertainty in the ML system by embedding distance awareness in the feature space through

a specialized neural network architecture. Chapter 8 demonstrates the ways in which the ML

model can be used to detect domain shift systematically through binary hypothesis testing based

on features extracted from an uncertainty-aware digital twin.

7.5 Remarks

Portions of this dissertation have been published or are being considered for publication.

Chapter 7 is composed of the following first authored publications:

David A. Najera-Flores, Justin Jacobs, D. Dane Quinn, Anthony Garland, and Michael D.

Todd. Uncertainty Quantification of a Machine Learning Model for Identification of Isolated
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Nonlinearities With Conformal Prediction. Journal of Verification, Validation and Uncertainty

Quantification, 9(2):021005, 06 2024
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Chapter 8

Uncertainty-Aware Structure-Preserving
Digital Twin for Domain Shift Detection
from Nonlinear Dynamic Response of
Structural Systems

A structure-preserving digital twin approach that leveraged the isolated formulation

was introduced by the authors in [180] and presented in Chapter 5. That work was focused

on learning a neural network ensemble embedded into the Euler-Lagrange formulation of the

system to predict deviatoric forces from measurements at the boundary of the isolated nonlinear

regions. The authors also addressed the challenge of observational uncertainty (e.g., from

measurement noise) in [175] by employing conformal predictions to build prediction intervals

based on noise observed in the inputs to the system. However, dealing with changes to the

underlying physical system after the digital twin has been trained and deployed remains a

challenge. Because the digital twin relies on continuous data streams, there may be a time when

the measured inputs are inconsistent with the original physical system, making the digital twin

predictions unreliable. This inconsistency between the data that were originally employed for

the training of the model and new data coming in at a future time is known as “domain shift”

(or distributional shift) [201]. The problem of domain shift is considered a major challenge

in current AI/ML research [7], with many papers focused on developing domain adaptation

strategies [238, 232, 140, 100, 220, 162] for robust ML model deployment. Most of these
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methods are applied to purely data-driven approaches where physically interpretable models

are not available. Although some researchers have attempted to extract physical interpretations

from domain shift, such as changes in the underlying structural system [161], most of these

methods rely on computing a shift metric one way or another, including a measure of uncertainty,

such as Monte Carlo dropout [73, 161], to inform domain shift detection. Uncertainty-aware

ML algorithms are gaining popularity primarily in health science applications where reliability

and trustworthiness is critical [150, 160, 55] but according to [150], most of the research in this

area employs techniques meant to quantify model epistemic uncertainty. A recent algorithm

proposed in [144] known as the spectral-normalized neural Gaussian process (SNGP) introduces

a simple way of ensuring distance preservation and awareness in the hidden feature space.

SNGPs combine the expressive power of neural networks with the distance-aware properties of

Gaussian processes while incorporating distance preservation constraints. SNGPs have been

shown to be an effective way of performing uncertainty quantification in SHM [185]. However,

the applications thus far have been focused on purely data-driven methods.

In this work, we propose to integrate the concepts of SNGP into the existing structure-

preserving neural network framework [180] to detect domain shifts observable in the system

response due to underlying structural changes. Furthermore, we propose a workflow for detection

based on binary hypothesis testing of features extracted from the statistical distributions of

prediction variance over a fixed time window. The proposed approach combines physics-

constrained, structure-preserving ML with a distance-preserving, uncertainty-aware formulation

to provide a way to detect domain shift when the digital twin is confronted with new data. The

objective of this work is to put forward a method for systematic domain shift detection from

measurable dynamic responses to inform the possibility of damage or unexpected changes in the

underlying structural system, and prevent SHM systems from relying on an outdated digital twin.

The proposed approach is demonstrated on a computational example with relevant structural

nonlinearities. It is noted that while the proposed workflow is general, specific details such

as the choice of features and specific hypothesis testing strategy may be problem-dependent.
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The chapter is organized as follows. Section 8.1 presents a summary of previous work and

the enhancements to existing methods in this chapter. Section 8.2 illustrates the application

of the proposed approach on a numerical example while Section 8.3 provides conclusions and

discussion of future work opportunities.

8.1 Background and Methodology

This chapter builds upon a structure-preserving machine learning method developed by

the authors in [180] and presented in Chapter 5. The theoretical background for the isolated

formulation is briefly summarized in 8.1.1. Section 8.1.2 described the structure-preserving

formulation. Section 8.1.3 presents the theoretical and implementation background for SNGP,

and Section 8.1.4 describe the statistical techniques employed for domain shift detection.

8.1.1 Isolated Nonlinearity Formulation

This work considers general structures (linear or nonlinear) containing isolated regions

in which nonlinearities may be present. Examples of isolated nonlinearities include joints,

nonlinear attachments, or localized damage. Following the work in [199, 180, 258], the structure

is decomposed into two regions C1 and C2, where the equations of motion within C1 are assumed

to be linear and known. In contrast the nonlinearities within the system are localized to C2.

Note that these regions need not be continuous, allowing for the possibility of multiple isolated

domains described by C2. Region C1 is described by the internal variables x1 ∈ RN1 , while

x2 ∈ RN2 are the corresponding internal variables for C2. As a result, the equations of motion for

this structure can be written as

Mẍ+Cẋ+Kx+N⋆ = f(t),

N⋆ = [0 N(x2)], N ∈ RN2,

x = [x1 x2] ∈ R(N1+N2).

(8.1)
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where N ∈ RN2 represents the vector for isolated nonlinear forces, M,K,C represent the known

mass, stiffness, and damping matrices, respectively. Furthermore, the equation of motion can be

decomposed as

Mẅ+Cẇ+Kw = f(t)−Q⋆,

M2 z̈+C2 ż+K2 z+N(y+ z) = 0,

Q⋆ =

[
0c Q 02

]T

,

Q ≡ Mαβ z̈β +Cαβ żβ +Kαβ zβ .

(8.2)

In this reformulation of the system, w ∈ R(N1+N2) is defined as a mixed displacement vector

w ≡
[

x1 y
]T

=

[
xc xα yβ yn

]T

, (8.3)

combining x1 ∈ RN1 , the exact response of the system in C1, with y ∈ RN2 , the response of the

ideal system, that is, the system in the absence of the nonlinearities, but subject to the force

Q applied at the boundary of the two regions, and referred to as the deviatoric force. Finally,

within C2 the deviatoric response is defined as z ≡ x2 −y ∈ RN2 . These coordinates are further

decomposed, so that the subscript c represents the DOFs in C1 that are not coupled to the

interface DOFs, while α represents the DOFs in C1 that are coupled to the interface. Likewise

β represents the DOFs in C2 that are coupled to the interface (i.e., the only DOFs in C2 that

are observable), and n represents the DOFs in C2 that are not coupled to the interface (i.e., not

observable).

The advantage of this formulation is that the deviatoric force Q is expressed as a function

of zβ which is defined at the boundary of the isolated region, and recovers the exact solution in

the region C1. When directly simulating Eqn. (8.2) the influence of the nonlinearities are within

z ∈ RN2 , while w is determined from a linear equation, subject to Q. More generally, if the

deviatoric force Q can be determined (e.g. through ML as is done below), then formulation avoids
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the need to have access to the interior of the isolated region C2 which may not be physically

accessible (e.g., a joint). This work assumes that xβ is obtained by measuring the response at the

boundary (e.g., with sensors).

8.1.2 Structure-Preserving Machine Learning

The foundation for the structure-preserving ML formulation has been presented in

previous work by the authors [184, 180, 175]. In that work, the problem is formulated in terms

of the Euler-Lagrange equations of motion. To compute the Lagrangian, the kinetic energy T ,

the potential energy V , and the Rayleigh damping I terms of the known system are obtained as

T (ẇ) =
1
2

ẇ⊤Mẇ, (8.4)

V (w) =
1
2

w⊤Kw, (8.5)

I (ẇ) =
1
2

ẇ⊤Cẇ. (8.6)

The Lagrangian is obtained by simply taking the difference of the kinetic and potential energy as

L (w, ẇ) = T (ẇ)−V (w). (8.7)

from which the generalized momentum can be obtained as

pk =
∂L (w, ẇ)

∂ ẇk
. (8.8)

We then used these quantities to compute the Hamiltonian as

H(w, ẇ) = p ·w−L (w, ẇ). (8.9)

The Hamiltonian is introduced here in order to relate these quantities to a measurable state such

as acceleration. To this end, the momentum rate (i.e., the time derivative of the generalized
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momentum) is also computed as

ṗk = Qnc
k − ∂H(w, ẇ)

∂wk
− ∂I (ẇ)

∂ ẇk
, (8.10)

where Qnc
k is the kth term of the generalized force vector, and includes both the external forces

and the deviatoric term,

Qnc = f(t)+Q⋆. (8.11)

In contrast to the work presented in [180], in this work the deviatoric force is derived from

a nonlinear potential function Vnl(·) and a nonlinear damping function Inl(·). This formulation

is an extension of the work previously presented in [184, 225] where neural networks have been

used to learn scalar fields corresponding to the nonlinear potential and nonlinear damping terms.

It should be noted that in this isolated formulation, these are functions of the boundary degrees-

of-freedom as described in Section 8.1.1 which are assumed to be measurable and therefore do

not represent the nonlinearity directly in terms of the internal state variables. Therefore, the

deviatoric forces are obtained as

Q⋆ =
∂Vnl(zβ )

∂zβ

+
∂Inl(żβ )

∂ żβ

, (8.12)

where zβ and żβ corresponds to the difference between the measured and ideal displace-

ments and velocities at the boundary of the isolated region, and Vnl(zβ ),Inl(żβ ) represent a

nonlinear potential and a nonlinear damping function that will be modeled with neural networks

(as described in Section 8.1.3). A diagram illustrating the general workflow is shown in Fig. 8.1.

With the nonlinear forces now computed, the accelerations can then be predicted from

the equation of motion as

ˆ̈wn = M−1
ni (ṗi −Mi j,kẇkẇ j), (8.13)
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Figure 8.1. Neural network architecture used to model the deviatoric force term. The inputs to
the network and to the polynomial terms are zβ and żβ . The outputs from the network and the
polynomial terms are added together to obtain the deviatoric force.

where M is the known mass matrix of the idealized system, and ṗ is the momenta rate (obtained

from Eqn. (8.10)). As w is a vector of known quantities, the learning can be supervised by

minimizing the squared error between the predicted and known accelerations,

Lrecon = ∥ ˆ̈w− ẅ∥2
2, (8.14)

Once trained, the deviatoric force can be computed from the discrepancy term, zβ = xβ −yβ , as

Q⋆ = N (zβ , żβ ), (8.15)

where N is a short-hand form for Eqn. (8.12), for any set of initial conditions or forcing function.

As shown, the prediction of the deviatoric force involves an input that is measured at the boundary

(xβ ) and a predicted quantity (yβ ) so this is how the influence from measured data is propagated

into the prediction. As illustrated in Fig. 8.1, the response prediction occurs recursively by
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feeding back the network output at every time step. It should be noted that the deviatoric force

is assumed to be unknown and therefore not directly used for training. Instead, the residual of

the equation of motion of the system (Eqn. 8.13) is used to train the network in an unsupervised

manner. This formulation enforces preservation of the underlying geometric structure of the

dynamic system.

8.1.3 Spectral-Normalized Neural Gaussian Process

Following the work in [144], the neural network architectures used in this work consist

of residual connections with spectral-normalized weights. This choice of architecture ensures

distance-preservation as described in [144] by enforcing the lower bound of the Lipschitz constant

through its residual connections, and the upper bound by using spectral normalization. This

construction represents a bi-Lipschitz constraint that prevents disproportional contraction (also

known as feature collapse) or expansion of the input space when it is transformed to the hidden

space [144]. There are two separate networks and they both follow the exact same architecture.

The input to the network is either zβ or żβ , which are Nβ -dimensional vectors, where Nβ is the

number of degrees-of-freedom in the boundary of the isolated region. The input layer maps the

input to a the hidden space of dimension d with a linear dense layer. The next L hidden layers

follow a residual architecture where the input is added to the output after each dense layer, as

illustrated in Fig. 8.1. A swish activation function is used at each dense layer. The output layer

uses a Gaussian process (GP) with kernel matrix, KGP. The hidden representation, hi ∈ RdL−1×1,

of the previous penultimate layer of dimension dL−1 serves as input to the GP layer.

As the output Gaussian process is intractable, a low-rank approximation of the kernel

matrix is applied via

KGP = ΦΦ
T , (8.16)

where
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Φi =
√

2σ2/dL cos(−WLhi +bL), (8.17)

are random features that form a random sampling of a square-integrable basis [202] for the

output layer. Here WL ∈ RdL×dL is a fixed weight matrix with entries sampled i.i.d. from a

standard normal distribution, bL ∈ RdL×1 is a fixed bias vector with entries sampled i.i.d. from a

uniform distribution in the range (0,2π), and σ2 is the GP kernel variance and is set to 1.0.

The output of the SNGP is then obtained as

g(hi) = Φ
T
i u+ c, (8.18)

where u ∈RdL×1 is the vector of learnable weights in the last layer and is initialized by randomly

sampling from a zero-mean normal distribution with variance τ2 = 3.0 (tuned manually for

numerical stability) and c ∈ R1×1 is the learnable constant bias. The output g(hi) ∈ R1×1 is a

scalar field corresponding to either the nonlinear potential Vnl(zi) or nonlinear damping Inl(żi).

As described in [144], this formulation results in the following random-feature GPs

Vnl(z) = gV (hV )∼ N(cV ,Φ
T
V Φ

T
V )

Inl(ż) = gI(hI)∼ N(cI,Φ
T
I Φ

T
I ),

(8.19)

where N(·) represents the normal distribution and the subscripts V, I are associated with the

potential and damping function parameters, respectively. The covariance or GP kernel (Eqn. 8.16)

is computed across all training examples, such that

KGP,i j = exp(−∥hi −h j∥2
2/2), (8.20)

or expressed in words, the uncertainty is based on the distance of the hidden features, h, which are

a nonlinear transformation of the input state space. Given the distance-preservation constraints,
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the measure of uncertainty computed by the SNGP is then related to the distance in the state

space manifold.

min
ΨV ,ΨI

J (ΨV ,ΨI) (8.21)

where ΨV and ΨV are the collection of neural network weights corresponding to the nonlinear

potential and nonlinear damping networks, respectively, and J (ΨV ,ΨI) is the total loss function

composed of the reconstruction and regularization terms

J (ΨV ,ΨI) = Lrecon +λV∥ΨV∥2
2 +λI∥ΨI∥2

2, (8.22)

where λV and λI are weights used to control the regularization effect. In this work both were

set to 10−4. The minimization problem is solved using the Adam optimizer with a learning rate

set to 10−4. Other hyperparameters used in the networks include: 4 hidden layers with 16 units

each, and a Swish activation function for all of them.

To obtain the prediction variance, we need to construct the model Hessian matrix,

H ∈ RdL×dL , of the log posterior likelihood at the maximum a posteriori (MAP) estimate. This

MAP estimate is induced as the Gaussian process posterior approximated in (8.16) and (8.17).

Per [144], the model Hessian is defined as

H =
Ntrain

∑
i=1

ΦiΦ
T + I, (8.23)

where Ntrain is the number of training examples. The Hessian matrix corresponds to the precision

matrix, or the inverse of the covariance matrix Σ ∈ RdL×dL . Hence, the prediction variance of a

new example can be computed as

var(zk) = Φ
T
k ΣΦk (8.24)

where Σ is fixed after training but Φk is a function of the new input zk. The entirety of the
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training algorithm is presented in Algorithm 4. All of the code was implemented using the

Python packages Jax [23] and Flax [91].

Algorithm 4. SpSNGP Training
Input: K snapshots of w, ẇ, ẅ, and the corresponding measurements at the boundary, xβ ,

ẋβ , ẍβ . Additional hyperparameters: size of training set Ntrain and validation set Nval,
starting learning rate lr, batch size Nb, maximum number of epochs Nepochs, and number of
minibatches Nmb = (Ntrain −Nval)/Nb.

Output: Learned nonlinear potential Vnl and nonlinear damping Inl neural GPs with trained
weights Ψ = [ΨV , ΨI].

1: Split training data into wtrain = [wsubtrain,wval] and xtrain
β

= [xsubtrain
β

,xval
β
].

2: Randomly initialize weights Ψ
0 = [Ψ0

V , Ψ
0
I ]. Specifically, WL ∼ N(0,1),bL ∼U(0,2π).

3: Initialize epoch counter ne = 0.
4: while ne < Nepochs do
5: for i = 1 : Nmb do
6: Get a minibatch from the sub-training set, wbatch ⊆ wsubtrain and xbatch

β
⊆ xsubtrain

β
.

Similarly for ẋβ , ẍβ .
7: Extract ybatch

β
from wbatch

8: Compute zbatch
β

= xbatch
β

−ybatch
β

9: Compute Vnl(zbatch
β

), Inl(żbatch
β

)

10: Compute the deviatoric force Qbatch
⋆ (Eqn. 8.12)

11: Assemble the generalized force vector from external and deviatoric forces (Eqn. 8.11)
12: Compute accelerations from equation of motion (Eqn. 8.13)
13: Evaluate loss function terms to construct total loss (Eqn. 8.22)
14: Accumulate loss and compute gradient of loss function ∇ΨJ .
15: Update weights Ψ

Nmbne+i+1 = ADAM(lr,∇ΨJ ,ΨNmbne+i).
16: end for
17: Repeat for loop on wval with updated weights.
18: Accumulate loss on wval to evaluate network convergence.
19: ne = ne +1
20: end while
21: Construct Hessian matrix (Eqn. 8.23).
22: Invert Hessian matrix to obtain posterior covariance matrix, Σ.

8.1.4 Hypothesis Testing for Domain Shift

For a given structural system, the model (8.15) exhibits an expected structural response

that enforces preservation of the underlying geometry induced by the physical model. In turn,

the physical model may be represented by the parameters associated with the nonlinearities in
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stiffness, damping, and hysteretic nonlinear damping. Any change in parameter may yield a

change in the response, notated here as a domain shift. Therefore the existence of a domain shift

indicates there is a change in the parameter set for the physical model.

Detection of a domain shift leads to the development of a hypothesis test that is both

sensitive to changes within the parameter set yet robust to changes in the initial conditions. As

knowledge of the parameters are unknown, changes in the output trajectories of (8.15) may

be used as a symptom of the presence of domain shift. Similarly, due to the harmonics of the

resulting trajectories, a hypothesis test that is robust to windowing is necessary. Therefore tests

that involve location parameters such as the mean and median may lead to an increase in false

positives in the test. For shape parameters such as the variance, heavy tails and multi-modality

within the sample may also lead to high false positives than expected. Therefore, a test of

hypotheses is developed using the interquartile range.

Following the work of [169], for a given sample size, n, or trajectory samples over a

sampling frame, {t1, t2, . . . , tn}, we can define Xi to represent the value of the trajectory, X (ti),

at time ti. Then Xn:1,Xn:2, . . . ,Xn:n form an ordered sample of the trajectories with Xn:1 and

Xn:n being the minimum and maximum of the unordered sample, respectively. While the joint

distribution of the ordered sample is given by

fXn:1...n (y1, . . . ,yn) = n!
n

∏
k=1

f (yi) , (8.25)

where −∞ < y1 ≤ y2 ≤ ·· · ≤ yn < ∞ represents the space of possible orderings, yk := Xn:k. From

(8.25), the joint distribution of two order statistics is given by
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fXn:i,Xn: j

(
yi,y j

)
=

n!
(i−1)!( j− i−1)!(n− j)!

× [FX (yi)]
j−1

×
[
FX
(
y j
)
−FX (yi)

] j−i−1

×
[
1−FX

(
y j
)]n− j

× fX (yi) fX
(
y j
)
,

(8.26)

where −∞ < yi ≤ y j < ∞, FX and fX are the cumulative distribution function and the probability

distribution function of the unordered sample, X . A hypothesis test involving the interquartile

range then depends on the convolution distribution, IQR := Xn: ĵ −Xn:î, where î and ĵ are the

indices that represent the first and third quartiles, respectively.

Despite having a framework for the convolution distribution for IQR, computation of

(8.26) requires knowledge of the unknown unordered sampling distribution, fX . Furthermore,

the potential multi-modality and heavy tails in estimating fX may lead to mischaracterization of

the variance of the convolution distribution. Therefore, the mean and variance of the convolution

distribution is estimated through a bootstrap. Hence a comparison test of two interquartile ranges

can be computed through a Wald-type test.

Given two trajectories, X1,X2, . . . ,Xn, and Z1,Z2, . . . ,Zn, a comparison of the interquartile

ranges can be defined as

H0 : IQRX − IQRZ = 0

H1 : IQRX − IQRZ ̸= 0
(8.27)

The means and variances of the convolution distributions derived from (8.26) are obtained

through a bootstrap of K samples. The resulting Wald-type test is carried out explicitly by a

Welch’s t-test defined as
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T =
X −Z√
S2

X +S2
Z

(8.28)

The test statistic (8.28) then follows a t-distribution with degrees of freedom

df =

(
S2

Z
K +

S2
X

K

)2

1
K−1

(
S2

Z
K

)2
+ 1

K−1

(
S2

X
K

)2 (8.29)

obtained through a Welch–Satterthwaite approximation [269]. A large absolute value in (8.28)

suggests that the interquartile ranges of the unordered trajectories are different. With one of

the two trajectories being a baseline trajectory, a rejection of (8.27) indicates that the second

trajectory exhibits a potential domain shift in the system.

8.2 Results

The following subsections describe an example problem and demonstrate the proposed

approach to define predictive intervals and detect shifts in the domain through hypothesis testing.

8.2.1 Example description

A simple one-dimensional rod previously introduced in [180] was used to demonstrate

the proposed approach. A general description is provided here for convenience. Proportional

damping was defined as C ≡ ξ K. The nonlinear region C2 is located in the interval (s1,s2) =

(0.25,0.35), so that the isolated region exists between elements ℓ≡ 16 and r ≡ 22. The deviatoric

force across the isolated region is identified as

δQ ≡ Q23 −Q15, (8.30)

The initial conditions of the system are specified in terms of the modal displacements
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and velocities (q(0), q̇(0)), where

x(0) = Φq(0), ẋ(0) = Φq̇(0), (8.31)

where Φ is the modal transformation matrix.

The nonlinearities in the isolated region are assumed to contain linear mistuning and

cubic nonlinearities in terms of both stiffness and damping. Finally, hysteretic nonlinear damping

is also present between the elements within C2, so that the nonlinear force is represented as

fnl,i = κi (xi+1 − xi)+χi (ẋi+1 − ẋi)

+ηi (xi+1 − xi)
3

+ζi (ẋi+1 − ẋi)
3 +ghys,i,

(8.32)

where the hysteretic force is defined as

ghys,i = kh ((xi+1 − xi)− ri) ,

ṙi = εi tan
(

kh

µ
((xi+1xi)− ri)

)
,

(8.33)

following the regularized formulation presented in [180].

Unless noted otherwise the parameters of the nonlinear region are chosen as

κi = 0, χi = 0, ηi = ρη ·2.621×105,

ζi = 2.621×103, kh,i = ρkh ·6.50×101,

µi = 1.00×10−1, εi = 1.00×10−2,

(8.34)

with ξ = 10−4, and ρη and ρkh represent the level of cubic nonlinearity and hysteresis, respec-

tively. For the data generated for training the network, ρη = 1.0, and ρkh = 0.0.
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8.2.2 Definition of domain shift

To demonstrate the proposed approach, several structural changes were considered. The

purpose of each of these changes is to demonstrate how the methodology can be used to detect

domain shifts from data. In this work, these structural changes were designed to shift the domain

of the data with respect to the source domain represented by the training data (referred to as

the Baseline). These changes are modeled by modifying certain parameters of the underlying

physical model, namely the parameters associated with the nonlinearities: cubic stiffness and

hysteresis. The motivation for choosing these parameters is that they both may be representative

of damage. For example, hysteresis arises in the presence of plasticity or frictional dissipation

due to slip (e.g., due to a loose bolt). On the other hand, a change in the stiffness may represent

localized structural damage. However, a change in initial conditions does not represent a

domain shift because the underlying physics remain the same. The full list of cases that were

considered is presented in Table 8.1. There are four distinct groups that were modeled. The

first group belonging to the Baseline cases represents the cases where the data is expected to

be in-distribution with respect to the source domain. Baseline 1 and 2 are only different from

Baseline 0 in that the initial conditions have been changed by deforming the structure in a shape

composed of contributions from the first three elastic modes as described in Section 8.2.1. It is

noted that the change of initial conditions prescribed here do not change the basin of attraction of

the dynamic system. A bifurcation in the dynamic system would be considered domain shift but

it was not studied in this work. The Hysteresis cases contain a non-zero hysteretic force modeled

as described in Section 8.1.1. The Cubic Stiffness and Gradual Cubic Stiffness cases both contain

changes to the cubic stiffness in the isolated region. However, in the Gradual Cubic Stiffness

case, the cubic stiffness is changed gradually with a quadratic ramp starting at 4 seconds and

reaching its maximum value at 10 seconds. The quadratic ramp was chosen because it mimics

a self-accelerating damage mechanism. The specific parameters that are modified for each of

theses cases are ρη and ρkh which were introduced in Eqn. (8.34).
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Table 8.1. Domain shift cases. For the gradual stiffness increase, the max value is provided. The
initial condition (IC) coefficients represent the contribution of each mode shape to the initial
deformation.

Case name ρη ρkh IC
Baseline 0 (train) 1 0 (1.0,0.5,2.0)
Baseline 1 (test) 1 0 (0.5,1.0,0.5)
Baseline 2 (test) 1 0 (1.0,1.0,1.0)
Hysteresis Lvl. 1 1 1 (1.0,0.5,2.0)
Hysteresis Lvl. 2 1 10 (1.0,0.5,2.0)
Hysteresis Lvl. 3 1 20 (1.0,0.5,2.0)
Hysteresis Lvl. 4 1 50 (1.0,0.5,2.0)
Hysteresis Lvl. 5 1 100 (1.0,0.5,2.0)

Cubic Stiff. Lvl. 1 2 0 (1.0,0.5,2.0)
Cubic Stiff. Lvl. 2 5 0 (1.0,0.5,2.0)
Cubic Stiff. Lvl. 3 20 0 (1.0,0.5,2.0)
Cubic Stiff. Lvl. 4 100 0 (1.0,0.5,2.0)

Grad. Cubic Stiff. Lvl. 1 5 0 (1.0,0.5,2.0)
Grad. Cubic Stiff. Lvl. 2 20 0 (1.0,0.5,2.0)
Grad. Cubic Stiff. Lvl. 3 100 0 (1.0,0.5,2.0)

8.2.3 Effect of domain shift on baseline response

Numerical simulations were run for all the cases listed in Table 8.1 and the responses

at the boundary (xβ , ẋβ ) were used as the reference representing the monitored boundary. At

each time step, the neural networks were evaluated to obtain an updated response (w, ẇ) from

which an updated deviatoric force was obtained recursively. In other words, the error induced by

the neural networks is propagated through time integration at each time step. For this reason,

the mismatch between the system that the network is evaluating (learned from the Basline 0

data) and the new data coming in corresponding to a different system should induce error on

the predictions. This error is represented in Fig. 8.2 which illustrates the phase portrait of a

representative DOF obtained for all the different cases, with the corresponding mean percent

error (MPE) obtained for all 64 DOF displacements. The representative DOF was chosen to

be outside the isolated region but close enough to be sensitive to the nonlinearities. For ease of
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visualization, the different groups have different border colors. As illustrated, the Baseline cases

have the lowest MPE, as expected, since these cases are all within the training domain, even if

Baseline 1 and 2 have different initial conditions. Next, the Hysteresis cases have increasing

MPE as the hysteresis level (corresponding to the magnitude of ρkh) goes up. It should be noted

that the MPE does not increase linearly with the magnitude of ρkh because the hysteresis force is

mathematically saturated at a certain level. It is observed that even though significant hysteresis

was introduced, the trained system was still able to predict the response with an MPE below 1%

even after 10,000 steps. The fact that the MPE remains low is evident in Fig. 8.2 where the solid

and dashed lines are indistinguishable from each other in most cases. This result highlights one

of the challenges of the detection problem because these types of errors may be easy to miss

since they are relatively small. This observation will play a role in the choice of algorithms used

for detection in Section 8.2.4. The Cubic Stiffness cases induce a larger error on the response

with the very extreme level 4 (where the original cubic stiffness was increased by 100 times)

having an MPE of up to 8.33%. In contrast, the Gradual Cubic Stiffness cases where the cubic

stiffness is gradually increased, the error is still relatively low, though it is possible that it would

continue to grow as time progresses.

Based on this discussion, the MPE seems to be an indicator that something in the system

has changed. Although we are able to compute the error in this controlled setting, in a real

application the true response may not be known. For this reason, we seek to compute another

output that can still be used as an indicator of domain shift in the absence of the true response.

As discussed in Section 8.1.3, in this work we have used an SNGP to compute the variance

associated with each prediction from the neural network. Because the neural networks predict

the nonlinear potential and nonlinear damping functions directly, these are the functions that will

be inspected going forward. Furthermore, it was found that the nonlinear damping function was

more sensitive to domain shifts, so special attention will be granted to the nonlinear damping.

To illustrate how the variance changes when the domain shifts due to structural changes, Fig.

8.3 shows the nonlinear damping (Inl) as a function of time with an interval corresponding to
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Figure 8.2. Phase portraits of a representative DOF (DOF = 11). Mean percent error annotated
for each case. Actual response shown in a solid blue line, predicted response shown in a black
dashed line.

one standard deviation. The bottom plot shows the prediction variance as a function of time.

For conciseness, only the Gradual Cubic Stiffness cases are shown. As observed, the prediction

variance grows as the severity of the change increases, with level 3 having a very clear increase.

It is also noted that the gradual stiffness change starts at 4 seconds, hence the variance and mean

prediction agree perfectly below 4 seconds. This result shows how the predicted variance can be

interpreted by the user as a warning regarding the fidelity of the output in the shifted domain. In

other words, the network exhibits uncertainty awareness. It is interesting to note that the MPE

for level 3 was still under 1% but the network still predicts high uncertainty, which is a desirable

behavior because the network has no way of knowing whether or not the prediction is accurate

and therefore, it is appropriate for it to be uncertain about its prediction. The statistics of these

signals will be explored in more detail in the next section to explore how they relate to domain

shift.

Fig. 8.3 also illustrates another challenge when comparing variance outputs across
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Figure 8.3. Top: nonlinear damping mean (Inl) as a function of time with one standard deviation
shown around it. Bottom: variance of the nonlinear damping as a function of time.
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different cases and that is the fact that time histories cannot be compared directly because they

may take different trajectories, or they may not even have the same initial conditions. For this

reason, it cannot be assumed that the time histories will be time-consistent. Hence, instead

of comparing the prediction variance on a time step by time step basis, statistical properties

of the variance time histories collected over 10,000 time steps are used. Fig. 8.4 shows the

boxplots corresponding to all the cases considered for both the nonlinear potential (top) and

nonlinear damping (bottom). Note that the natural log of the variance is used for convenience. As

shown, the statistical distributions of the log-variance change as structural changes are introduced.

Qualitatively, both the dispersion of the distribution and the central tendency change to different

degrees as a function of the underlying structural changes. Therefore, the discussion going

forward will focus on the statistical features computed from the distributions, namely the mean

and median, the variance (i.e., the variance of the log-variance distributions), and the interquartile

range (IQR), which is defined as the range between the first and third quartile. Because these

distributions are not Gaussian, the IQR and the variance have different properties which will be

explored in Section 8.2.4.

Lastly, to illustrate how these statistical features (i.e., mean, variance, and IQR) correlate

to the MPE, Fig. 8.5 plots three statistical properties extracted from the log-variance for all the

different cases in Table 8.1 vs. their corresponding MPE. As shown, there is a high correlation,

as measured by the Spearman rank coefficient [99], between the MPE and the different statistical

properties of the log-variance, which was over 83% for all features. This result suggests that these

features can be used to detect the underlying domain shift as will be explored in Section 8.2.4.

8.2.4 Domain shift detection

The results presented in Section 8.2.3 suggest that the statistical properties of the log-

variance distributions may be used as indicators of an underlying domain shift. However, the

qualitative assessment presented in Section 8.2.3 is not enough to perform domain shift detection

systematically. To this end, binary hypothesis testing is used to determine whether domain
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Figure 8.4. Top: box plots for each cases considered of the log-variance of the nonlinear potential
(top) and the nonlinear damping prediction.
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Figure 8.5. Top: nonlinear damping mean (Inl) as a function of time with one standard deviation
shown around it. Bottom: variance of the nonlinear damping as a function of time.
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shift has occurred with respect to the original Baseline 0 case. Based on the results presented

in Section 8.2.3 suggesting that the log-variance distribution can function as an indicator, the

following tests were studied to find the most appropriate test for this application: Kolmogorov-

Smirnov test to compare statistical distributions, Bartlett test of distribution variance to test for

homoscedasticity across different cases, a Levene test of variance equality using both the mean

and median methods, and lastly a Wald test of the IQR (as described in Section 8.1.4). For each

of these tests, the null hypothesis (H0) represents the case in which the data are in-distribution

(or within the domain) with respect to the Baseline 0 case. The alternative hypothesis (H1) then

represents the case in which the data is out-of-distribution (or in a shifted domain) with respect

to Baseline 0. The most significant challenge with performing hypothesis testing for these data

is finding a test that is robust to initial condition changes.

After performing all the tests listed above, it was found that all of them, except for the

Wald test of IQR, rejected the null hypothesis for all cases. These results imply that all the tests,

except for the IQR test, failed to be robust to normative changes (i.e., initial conditions). To

better understand the intuition behind these results, we can study the box plots in Fig. 8.4. If

we focus on the nonlinear damping distributions, it can be observed that, at least visually, the

dispersion of the distribution may be a good indicator of domain shift since the dispersion is

roughly equal for the gray boxes (Baseline) but different for all the other cases. It can also be

observed that the median or the mean may not be great indicators because they shift even within

the gray boxes (Baseline). This observation leads to the consideration of distribution dispersion

as a candidate indicator of domain shift. Fig. 8.6 shows the variance and IQR for each of the

cases, with a horizontal dashed line indicating the Baseline 0 case. As observed, the variance

of the distribution is not consistent across the Baseline cases, which means that the variance

feature is not robust to changes in initial conditions. On the other hand, the IQR has the desired

properties of the indicator feature: the IQR is very consistent across the Baseline cases and it

grows as the level of domain shift is increased. For this reason, the IQR is the preferred domain

shift indicator feature.
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Figure 8.6. Comparison of dispersion metrics as a function of domain shift. Blue: IQR, Black:
Variance. Dashed lines represent the baseline dispersion level.
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The IQR of the distributions is a single scalar value so it cannot be used in hypothesis

testing directly. Instead, 500 samples are obtained via bootstrapping of the original 10,000

samples in the log-variance time history to obtain the convolutional distribution for the IQR

(as described in Section 8.1.4). Choosing more than 500 samples did not change the results.

The bootstrapping approach results in a non-parametric distribution which limits the types

of hypothesis tests that can be performed. It is noted that a parametric formulation of the

IQR distribution was attempted by first performing kernel density estimation of the original

log-variance distribution but this approach failed because the log-variance distributions exhibit

multi-modal behavior and heavy tails, as described in Section 8.1.4. Other likelihood-free

approaches such as fitting a normalizing flow [279] could be explored in future work. For this

work, the classical Wald test was used to perform hypothesis testing, as described in Section 8.1.4.

As reported before, the Wald test of the IQR distributions resulted in the desired behavior of

failing to reject the null hypothesis for all the Baseline cases while rejecting it for all other cases.

The test statistics obtained for each binary hypothesis test are presented in Fig. 8.7. Note that

the test statistic is provided instead of the p-value because some of the p-values are smaller than

machine precision and therefore not very informative. The test statistic is compared to the 95%

confidence level (corresponding to a test statistic value of 1.96 for the t-distribution as shown in

Eqn.(8.28)). Fig. 8.7 can be interpreted as anything below the dashed representing “fail to reject

H0” cases while anything above representing “reject H0” cases. In other words, the cases above

the dashed line are considered to be in a shifted domain. The IQR distributions are also plotted

in Fig. 8.7 to illustrate how these vary with each case. As shown, the mean of the distributions

roughly follow the level of severity associated with the structural change but the relationship

between these two has not been thoroughly explored in this work.

Lastly, to understand how the distance-preserving mechanism embedded in the networks

is operating, we applied multidimensional scaling (MDS) to both the original state space data

(w, ẇ) and the transformed hidden representation obtained by the networks (hV ,hI). The MDS

algorithm is a dimensionality reduction technique that maps high-dimensional data to a lower-

259



Figure 8.7. Top: violin plots of IQR distributions. Bottom: Wald test statistic for each case vs.
Baseline 0. Dashed line represents 95% confidence interval (or 5% p-value).
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dimensional space while preserving pairwise distances between the data points as best as possible,

given the reduced dimension constraints [22]. For this reason, MDS is useful to understand

relationships and patterns in data that may be hard to visualize in their original dimension. In

this work, MDS is used solely for visualization purposes. In this case, both sets of data are

mapped down to a 2-dimensional space with MDS. The state space data are transformed from

their original 128 dimensions (64 DOFs, both displacements and velocities) and the hidden

features from their original 32 dimensions (16 hidden units per network). The data are plotted in

the transformed 2-dimensional feature space in Fig. 8.8. As shown, the Baseline points (shown

in gray) are clustered together in the MDS representation of the hidden feature space while they

are more separated in the original state space. These patterns show how the network transforms

the data from their original physical space to a hidden space that, while preserving their distance

and preventing feature collapse (as described in Section 8.1.3), also clusters the in-distribution

points together when compared to the original state space. Also, neighbors, such as Baseline 0

and the Gradual Stiffness case remain close neighbors in the transformed space (which is also

why a robust statistical test was developed instead of relying on distances). This property is a

result of the enforced distance preservation via spectral normalization and, in combination with

the GP kernel in the last layer, it is what enables the uncertainty-aware properties of the SNGP. It

is noted that MDS is only a convenient way to visualize the high-dimensional data, but the strict

distance preservation properties occur in the original 32-dimmensional hidden space.

8.3 Conclusions

We presented an uncertainty-aware ML-enhanced digital twin with structure-preserving

constraints to detect domain shifts in data. The proposed approach leveraged and extended

previous work by the authors that combined a data-driven approach with physical constraints

to learn the deviatoric behavior from isolated regions with nonlinearities. As the model is

intended to be used in an online SHM system, the digital twin may be confronted with data
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Figure 8.8. Top: MDS of 128-dimensional state space. Bottom: MDS of 32-dimensional hidden
space. Color groups are consistent with Fig. 8.4. The marker “×” indicates the Baseline 0 case.
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from a monitored system that has experienced structural changes (e.g., due to damage) leading

to a domain shift with respect to the original data used for training. A computational example

was used to demonstrate how the trained model can be used to detect domain shifts robustly

with no prior knowledge about the underlying structural changes. This work showed how the

order statistics of the predicted variance can be used to perform binary hypothesis testing for

systematic detection of domain shift. Future work will explore applications to other systems,

incorporating noise, and alternative architectures.

8.4 Preview of Chapter 9

Chapter 7 and 8 introduced a strategy for uncertainty quantification of the deterministic

ML model. While Chapter 7 focused on treatment of aleatory uncertainty (e.g., measurement

noise), Chapter 8 presented an approach for characterization of epistemic uncertainty. Further-

more, it was demonstrated how this measure of uncertainty can be used to detect domain shift

in the data being ingested by the ML model. Chapter 8 showed how the proposed approach is

robust to normative changes (such as in-distribution change of initial conditions) and sensitive

to structural changes that should be flagged as domain shifts. Chapter 9 builds upon this work

to demonstrate the design of a domain shift detector by considering the trade-offs between

sensitivity and specificity or, in other words, precision and recall.

8.5 Remarks

Portions of this dissertation have been published or are being considered for publication.

Chapter 8 is composed of the following first authored publications:

David Najera-Flores, Justin Jacobs, D. Dane Quinn, Anthony Garland, and Michael Todd.

Uncertainty-aware, structure-preserving machine learning approach for domain shift detection

from nonlinear dynamic responses of structural systems. Manuscript accepted for publication in

the Journal of Risk and Uncertainty in Engineering Systems Part B: Mechanical Engineering,
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Chapter 9

A Probabilistic Reasoner Based on Bayes
Risk for Damage Detection in Structural
Systems

9.1 Background and Motivation

A structural health monitoring system should enable robust operation of the monitored

system by providing actionable information to stakeholders so they can perform informed

decisions about the structure’s maintenance. This task involves the mapping from data to

knowledge via an inference process. This inference process is also known as reasoning. More

precisely, a probabilistic reasoner takes into account the various probability distributions from

uncertain events to propose a course of action given the cost of decision consequences (risk).

This task implicitly involves performing a diagnosis or detection of an underlying change in the

system via indirect observable symptoms [253]. The work by the author in [172] introduced

a strategy for domain shift detection based on symptoms related to the dynamic response of

a system. That work presented a method based on a distance-preserving, uncertainty-aware

machine learning model that acted as a digital twin. The proposed model was able to ingest data

from an external source (such as sensors) and compute the potential energy and the damping

of the underlying system, as well as the corresponding predictive variance. The work in [172]

demonstrated how a Wald-type hypothesis test based on the order statistics of the distribution
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of the logarithm of the variance over time was useful for robust domain shift detection. The

present work builds upon this past work to demonstrate how this workflow can be used to provide

actionable information based on the desired sensitivity and specificity of the detector.

9.2 Uncertainty-aware ML model

The model introduced in Chapter 9 is briefly summarized in this section. The neural

network architectures used in this work consist of residual connections with spectral-normalized

weights. This choice of architecture ensures distance-preservation as described in [144] by

enforcing the lower bound of the Lipschitz constant through its residual connections, and

the upper bound by using spectral normalization. This construction represents a bi-Lipschitz

constraint that prevents disproportional contraction (also known as feature collapse) or expansion

of the input space when it is transformed to the hidden space [144]. There are two separate

networks and they both follow the exact same architecture. The input to the network is either

zβ or żβ , which are Nβ -dimensional vectors, where Nβ is the number of degrees-of-freedom in

the boundary of the isolated region. The input layer maps the input to a the hidden space of

dimension d with a linear dense layer. The next L hidden layers follow a residual architecture

where the input is added to the output after each dense layer. A swish activation function is used

at each dense layer. The output layer uses a Gaussian process (GP) with kernel matrix, KGP. The

hidden representation, hi ∈ RdL−1×1, of the previous penultimate layer of dimension dL−1 serves

as input to the GP layer.

As the output Gaussian process is intractable, a low-rank approximation of the kernel

matrix is applied via

KGP = ΦΦ
T , (9.1)

where
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Φi =
√

2σ2/dL cos(−WLhi +bL), (9.2)

are random features that form a random sampling of a square-integrable basis [202] for the

output layer. Here WL ∈ RdL×dL is a fixed weight matrix with entries sampled i.i.d. from a

standard normal distribution, bL ∈ RdL×1 is a fixed bias vector with entries sampled i.i.d. from a

uniform distribution in the range (0,2π), and σ2 is the GP kernel variance and is set to 1.0.

The output of the SNGP is then obtained as

g(hi) = Φ
T
i u+ c, (9.3)

where u ∈RdL×1 is the vector of learnable weights in the last layer and is initialized by randomly

sampling from a zero-mean normal distribution with variance τ2 = 3.0 (tuned manually for

numerical stability) and c ∈ R1×1 is the learnable constant bias. The output g(hi) ∈ R1×1 is a

scalar field corresponding to either the nonlinear potential Vnl(zi) or nonlinear damping Inl(żi).

To obtain the prediction variance, we need to construct the model Hessian matrix,

H ∈ RdL×dL , of the log posterior likelihood at the maximum a posteriori (MAP) estimate. This

MAP estimate is induced as the Gaussian process posterior approximated in (9.1) and (9.2). Per

[144], the model Hessian is defined as

H =
Ntrain

∑
i=1

ΦiΦ
T + I, (9.4)

where Ntrain is the number of training examples. The Hessian matrix corresponds to the precision

matrix, or the inverse of the covariance matrix Σ ∈ RdL×dL . Hence, the prediction variance of a

new example can be computed as

var(zk) = Φ
T
k ΣΦk (9.5)

where Σ is fixed after training but Φk is a function of the new input zk. All of the code was
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implemented using the Python packages Jax [23] and Flax [91].

9.3 Damage detector definition

The approach taken in this work is based on statistical detection theory [117]. However,

unlike classical detection theory which deals with known signals, the present problem deals

with unknown processes, e.g., cases in which the underlying statistical process is not completely

known a priori. In this work, the probability density function and its corresponding parameters

are unknown since they are being generated by a neural network. This statistical process

corresponds to the predictive variance associated with the damping and potential energy of the

structural system. These signals are used as observable symptoms in lieu of direct observation

of damage. To this end, the problem statement in this work consists of the following binary

hypothesis test:

H0 : no damage

H1 : damage is present
(9.6)

Following the hypothesis test framework developed in [172], the two hypotheses rely on

the statistical dispersion of the signal being considered as

H0 : IQRX − IQRZ = 0

H1 : IQRX − IQRZ ̸= 0,
(9.7)

where IQR is defined as the interquartile range (IQR) of the random signals X and Z, which

correspond to a vector of unordered samples. This vector is defined as the logarithm of the

predictive neural network variance within a predefined time window. In this case, the signal X

corresponds to the predictive variance associated with a baseline case, which is representative of
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the healthy state of the structure, while Z represents other time signals to be tested.

An empirical distribution of the random signals, X and Z, is obtained through a bootstrap

of K samples drawn within a predefined time window. Consistent with [172], a Wald-type test is

carried out explicitly by a Welch’s t-test defined as

T =
X −Z√
S2

X +S2
Z

. (9.8)

The test statistic (9.8) then follows a t-distribution with degrees of freedom

df =

(
S2

Z
K +

S2
X

K

)2

1
K−1

(
S2

Z
K

)2
+ 1

K−1

(
S2

X
K

)2 . (9.9)

The two-tailed p-value associated with the test statistic in (9.8) can then be computed as

p = 2(1−F(T )) (9.10)

where F(T ) represents the cumulative density function (CDF) of the test statistic. The hypothesis

test can therefore be expressed as

p ≥ α : fail to reject H0

p < α : we reject H0

(9.11)

where α represents the significance level of the hypothesis test, also interpreted here as the

probability of false alarm (PFA). In other words, the significance level α defines the probability

PFA = P(H1|H0), or the probability of deciding that the structure is damaged when it is not, also

known as a type I error.

Furthermore, this binary hypothesis test also allows us to compute the associated power

of the test (denoted as β ) which defines the probability that the test correctly rejects H0 when H1
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is true. This correct inference is known as the probability of detection, PD = P(H1|H1). For most

detectors, there exists a trade-off between the probability of false alarms and the probability of

detection. This trade-off is the same as the trade-off between the specificity and sensitivity of

the test (or the probability of false alarms vs. misses). Therefore, designing a detector is a task

that must consider this trade-off in a systematic way. One approach to accomplish this is to rely

on the concept of Bayes risk, R(θ), which combines the weighted likelihood of each possible

decision as

R(θ) = E(C,θ) =
1

∑
i=0

1

∑
j=0

Ci jP(Hi|H j,θ)P(H j) (9.12)

where the coefficients Ci j represent the cost associated with deciding Hi when H j is true, θ are

the fixed choice parameters associated with the detector or decision function, the likelihood

terms P(Hi|H j,θ) can be computed from the hypothesis test formulation as described above, and

the prior terms P(H j) can be defined based on prior knowledge (for example, from historical

data). The Bayes risk can be interpreted as the smallest integrated risk over all decision functions

[210]. These decision functions are parameterized by θ which enables minimization of the risk

function by considering all the possible θ .

9.4 Demonstration of damage detector performance

This section will demonstrate the approach described in Section 9.3 by applying the

proposed workflow to a structural rod with isolated deviatoric behavior representative of damage.

9.4.1 Problem description

As described in Section 9.3, a Wald-type hypothesis test was used to detect damage in

the rod structure described in Chapter 8. The same damage cases were considered in this work

as well (listed in Table 8.1). In addition, 5% synthetic measurement noise was added to the input

data. As demonstrated in Chapter 8, the trained neural networks are robust to measurement noise
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even when added at every iteration during time integration. This noise was added with the intent

of approximating a more realistic sensor measurement. The additive noise was modeled as

xβ (t) = xβ (t)+δ , (9.13)

where xβ (t) is the mean process and δ is the random noise which is assumed to be independent

and identically distributed (IID) modeled as

δ = ν ·

√
ΣN

i xβ (ti)2

N −1
·Normal(0,1), (9.14)

where ν = 0.05 and it represents the noise factor which can also be interpreted as the reciprocal

of the signal-to-noise ratio (SNR) since it represents the ratio between the noise variance and the

signal variance.

The deviatoric response inherits the same additive noise as

zβ (t) = zβ (t)+δ , (9.15)

and similarly for the deviatoric velocities, żβ (t). These are then used to compute the deviatoric

forces as

Q⋆ =
∂Vnl(zβ )

∂zβ

+
∂Inl(żβ )

∂ żβ

, (9.16)

where zβ and żβ are the deviatoric displacements and velocities at the measured boundary (as

described in more detail in Chapter 9). The Vnl(·) and Inl(·) terms represent the nonlinear

potential and damping functions, which are modeled with a structure-preserving, spectral-

normalized neural Gaussian process (sp-SNGP) as described in Chapter 9. Consistent with

previous work, this work focuses on the study of the damping term variance predicted by
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sp-SNGP for domain shift detection as an indicator for damage.

9.4.2 Optimizing for probability of detection

Designing an optimal detector depends on the specific objectives of the SHM system.

One reasonable objective is to maximize the probability of detection or, in other words, design a

highly sensitive detector (i.e., a high recall rate). We can use the receiver operating characteristic

(ROC) curve to study this objective. Moreover, the ROC curve also shows the trade-off between

recall and precision. In other words, a highly-sensitive test will also result in a larger false alarm

rate. To study how this trade-off, we consider the case where progressive damage is introduced

via a gradual change to the cubic stiffness term. Referring to the nonlinearity described in

Eq. 8.32, the cubic stiffness term is modified as

fnl,i = ηi(xi+1 − xi)
3 +ηd,i(t − td)2(xi+1 − xi)

3, (9.17)

where 
ηd = 0.6944, if t ≥ td = 4

0 otherwise,
(9.18)

where η is the cubic stiffness coefficient, ηd is the damage coefficient, and td is the time at the

onset of damage. As shown, the damage growth is modeled as a quadratic function to represent a

self-accelerating degradation process (i.e., the second derivative is non-zero).

Given this progressive damage model, we compute the ROC curve as a function of

window size and time. We accomplish this by defining a window with a starting point fixed

at t = 4 and variable window size. Figure 9.1 shows the ROC curves for 100 WS values

corresponding to WS = {100,129,158...3000}, with the color of each line representing time

evolution (from blue to red). As shown, as the lines get more red, the ROC curves approach an

ideal detector (i.e., the area under the curve (AUC) approaches 1 and the p-value approaches 0).

This result exemplifies how damage is easier to detect as time progresses which is consistent with
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Figure 9.1. Left: ROC curves colored by WS value (blue to red: short to large). Right: P-value
as a function of WS.

the self-accelerating damage evolution model. This effect is also evident in the IQR histograms

shown in Figure 9.2 where it can be seen that the distributions are hard to distinguish when small

window sizes are used while they become easier to distinguish as more data is collected (also

consistent with the small p-values in Figure 9.1). As a result, one may choose the detector that

maximizes the probability of detection, which corresponds to the detector that observes data

in the most damaged state. However, this behavior may be unacceptable for a realistic SHM

system where decisions need to be taken in a time-critical manner. To this end, Section 9.4.3 will

consider the cost associated with each decision as well as the consequence of a delayed decision.

9.4.3 Considering cost of wrong decisions

As described in Section 9.4.2, a detector that only considers probability of detection

tends to favor features corresponding to an extended monitoring period. However, waiting for

data may have consequences (e.g., risk of structural failure) and/or additional monitoring cost

associated with data collection. For this reason, an additional term to model this penalty is added

to the Bayes Risk expression as
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Figure 9.2. IQR histograms for varying window sizes.

274



R(θ) = E(C,θ) =
1

∑
i=0

1

∑
j=0

Ci jP(Hi|H j,θ)P(H j)+µθ
2, (9.19)

where µ = 1.0×10−7 is a normalizing coefficient. A quadratic term was chosen for the penalty

term after the quadratic penalty that comes out of assuming a Gaussian prior for θ (see ridge

regression in [88]). Furthermore, normalizing the expression by the cost of a correct detection

(C11), and setting the cost of normal operations to C00 = 0, substituting in the probability

definitions, and setting θ = WS, we obtain

E(C,WS) = λ (1−PD)Pdamage + γPFA(1−Pdamage)+PDPdamage +µWS2, (9.20)

where γ =C10/C11 and λ =C01/C11.

With this Bayes Risk formulation as our cost model, we can explore the effect of the cost

parameters, WS, our threshold for false alarms and misses, and the prior probability. Figure 9.3

illustrates the effect of the prior probability of damage, the coefficients λ and γ , and WS. The

cost has been normalized to be 1.0 at WS = 0 for these plots for ease of visualization. The top

row of plots considers the variation of γ which represents the ratio of the cost of a false alarm

with respect to the cost of a correct detection. So γ essentially models the cost of unnecessary

downtime due to a false alarm. For these plots, λ is fixed at 2. As shown in the top row of

plots, the cost functions are relatively insensitive to γ given a fixed prior probability of damage.

Most of the variation is coming from varying Pdamage. When Pdamage = 0.1, which means that

the prior probability of damage is low (e.g., based on historical trends), the best detector is

the one with the smallest WS because, as described above, there is a quadratic cost associated

with WS. However, as Pdamage increases, the minimum cost moves to the right of the x-axis,

indicating that more samples are preferable, even if an additional cost is incurred, because the

probability of finding damage is higher. The second row of plots shows the sensitivity to λ which
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represents the cost of failure. A large λ is associated with significant consequences of failure,

such as it would be the case in a primary structural component. All the plots in the second

row favor a non-zero WS except when λ is smallest. There are two valleys in all of the plots

and the absolute minimum varies depending on the value of λ . When λ = 0.5, in other words

the consequence of missing to detect damage is half of the cost of correctly detecting it, the

optimal detector is that with the smallest WS. This scenario is clearly a very unlikely one since

the cost of an error is typically higher than the cost of detecting failure before it happens. As λ

increases, the minimum cost moves from WS = 0 to the first valley and then to the second valley

as Pdamage also increases. This result is reasonable as the cost associated with the consequences

of undetected failure overcome the cost of data collection to a certain extent. As we know from

Section 9.4.2, there are diminishing returns beyond a certain WS value (i.e., the p-value plateaus

in Figure 9.1). This result stands in contrast to the conclusion reached from Figure 9.1 where

cost/risk was not considered and the best detector corresponded to the one that collected the most

data. To understand why there is variability between WS = 1000 and WS = 2000, we can look

at the trends of the IQR distributions in Figure 9.4 (as a reminder, these were obtained through

bootstrapping as described in Section 9.3). As shown, the IQRs only start to deviate at around

the 1000 WS mark and they exhibit an oscillatory pattern because the variances are themselves

oscillatory (due to their dependence on the state space response). The first minimum in the cost

function corresponds to the first evident deviation of the IQRs around WS = 1200. After that,

the IQRs tend to be hard to distinguish up until the WS = 1600 mark where we find the second

minimum of our cost. It is expected that this transition region will vary based on the type of

damage and the specific trajectories being considered so a robust detector should consider the

second minimum after the oscillatory behavior has settled.

The same data are plotted in Figure 9.5 for a fixed WS = 1330 to study the effect of γ,λ ,

and the probability of false alarm. The value of γ increases as we move from top to bottom, and

the value of λ increases as we go from left to right. In all cases, γ > 1.0,λ > 1.0 to study the

case where the cost of an error is higher than the cost of a correct detection. In all of these plots
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Figure 9.3. Cost vs. WS as a function of prior probability of damage and λ .

the color of the curves represents the prior probability of damage and the minimum cost of each

curve is marked with ×. If we start by looking at the top plot, we can see that the minimum cost

changes as we vary Pdamage. In other words, the admissible rate of false alarms grows as Pdamage

increases. The minimums are clustered around low false alarm rates when λ is smaller while

they quickly move to larger false alarm rates when we increase λ . This trend is due to the cost of

an undetected failure growing. In other words, knowing that damage is likely, it is preferable

to have a large rate of false alarms since undetected damage is very costly. As we move from

top to bottom, the cost of unnecessary downtime increases. One extreme case is the lower left

corner where γ = 20.0,λ = 1.5. This case represents an extreme where the cost of unnecessary

downtime far exceeds the cost of undetected failure (also knowing that the prior probability of

damage is low). In this case, having a very low rate of false alarms is preferable. However, as

the probability of damage increases, the plots on the right hand column show that even when the

cost of making mistakes is high, a high rate of false alarms is still preferable. When there is a
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Figure 9.4. IQR mean and one standard deviation band around it for the baseline (blue) and the
damaged case (green).
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Figure 9.5. Cost vs. probability of false alarm as a function of prior probability of damage, λ ,
and γ .

large cost associated with unnecessary downtime, the cost is proportional to the probability of

false alarm, except for the case where Pdamage = 1 which is when damage is certain.

9.4.4 Detector performance when considering multiple damage types

Sections 9.4.2 and 9.4.2 only considered the progressive damage case (gradual cubic

stiffness change) as an exemplar. In this section we consider all of the damage cases described in

Chapter 8. We still apply the same Wald-type hypothesis test previously described. However,

the power of the test cannot be easily computed across multiple damage cases so we evaluate

the detector performance by fixing PFA = 0.05 and generating Monte Carlo samples and then

counting the true positives (TP), true negatives (TN), false positives (FP) and false negatives

(FN), where TP is equivalent to PD. The results across all cases are presented in the confusion
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matrices shown in Figure 9.6 as a function of WS. This information is further summarized by

computing the F1 score as a function of WS, as shown in Figure 9.7. As illustrated, the F1 score

improves with increased WS, leading to the same conclusion drawn in Section 9.4.2 that the best

detector is the one that collects the most data. However, as shown in Section 9.4.3, this result

changes when the cost/risk information is considered.

9.5 Model updating

Section 9.4 demonstrated an approach for designing a detector based on desired properties

defined by cost or risk of making certain types of mistakes. Once damage or domain shift has been

detected, a logical next step is to update the model to reflect the current state of the monitored

structure. To demonstrate the strategy for model updating, we will focus on the example with a

large change to the cubic stiffness coefficient (Cubic Stiff Lvl. 4 in Chapter 8). This example was

selected because it induced the largest error out of all the cases considered. Once damage has

been detected using the approach previously presented, the existing sp-SNGP model is re-trained

for a few iterations using the new data being observed. For this training, a window size of 3500

time steps from the new data being measured at the boundary of the isolated region was used to

update the model. The model updates are performed by the classical backpropagation technique

which involves stochastic gradient descent (SGD). The authors in [156] provide an interpretation

of SGD with momentum as a posterior sampler in a Bayesian inference context. In this way,

the model updating strategy employed in this work can be interpreted as a form of Bayesian

inference with adaptive parameters via the ADAM optimizer.

The backpropagation algorithm was run for 10,000 epochs (it took 15 minutes on a single

CPU) to update the network weights. As described in Chapter 8, there are two separate networks

that model the nonlinear potential energy (Vnl) and the nonlinear damping (Inl) respectively.

Figure 9.8 shows a close-up of the nonlinear potential energy and damping time histories and

their respective predictive intervals obtained by applying different initial conditions than those
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Figure 9.6. Confusion matrix across all damage cases as a function of window size. Predicted
condition shown across horizontal axis and actual conditions shown across vertical axis.
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Figure 9.7. F1 score as a function of window size.

used for training. As shown, the model’s uncertainty is significantly reduced after the update.

Figure 9.9 illustrates the distributions of log-variances over 10,000 time steps. As shown, the

log-variance is reduced several orders of magnitude in both cases. This result is consistent with

the previous findings when running sp-SNGP which are that reduced uncertainty is associated

with in-distribution data. This update has effectively shifted the domain of the ML model so that

the updated data is now in-distribution.

As mentioned, there are two separate networks that need to be updated. In the absence of

prior knowledge about the type of nonlinearity induced by the damage, both networks would

need to be updated. The distribution of non-zero log-transformed weights for both networks are

presented in Figure 9.10 before and after the model update. As shown, the distributions before

and after are fairly close to each other. To evaluate whether or not they are the same distribution,

we employed a Kolmogorov-Smirnov (KS) two-sample test. The p-value for the nonlinear

potential weight distributions was 0.030 while for the nonlinear damping weight distributions it

was 0.626. Considering a threshold of p = 0.05, we reject the null hypothesis of the KS test that

the nonlinear potential weights were drawn from the same distribution, while we fail to reject

the null hypothesis for the nonlinear damping, leading to the conclusion that the two samples

were drawn from different distributions. In other words, the difference between the nonlinear

potential weight distributions is statistically significant while it is not for the nonlinear damping.

This result suggests that the domain shift observed in the Cubic Stiff. Lvl. 4 was caused by a
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Figure 9.8. Nonlinear potential (top) and damping (bottom) time histories. One standard
deviation intervals shown.
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Figure 9.9. Histograms of log-variance of nonlinear potential (left) and damping (right) network
weights.

change to the nonlinear potential, which is consistent with the physical change (an update to the

cubic stiffness term), which only contributes to the nonlinear potential function. This result can

be used to infer the type of change to the system from the data in the absence of any knowledge

informing the physical mechanism that is causing the damage symptoms. Future work could

extend this work to fully parametric formulation that enables parameter identification.

9.6 Conclusion

This chapter presented a demonstration of a strategy for cost/risk-informed decision-

making based on features extracted from an uncertainty-aware ML model. The ML model

predictive variance was used as the basis for defining a feature to detect damage. Based on the

work presented in Chapter 9 and the discussion in the present chapter, it was shown that the

order statistics of the log-transformed variance of the damping time histories could be used to

detect domain shift which in turn was used as an indicator of damage. While Chapter 9 was

mostly focused on maximizing probability of detection, the present chapter demonstrated a more

practical case where cost and risk were considered via a Bayes risk formulation, establishing a
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Figure 9.10. Histograms of log-variance of nonlinear potential (left) and damping (right).

workflow for probabilistic reasoning. As shown, the optimal number of samples to be collected

depends on the cost associated with each decision taken. While this work focused on a single

example with multiple damage cases, the workflow developed is extensible and applicable to

other structures, and other cost paradigms. Moreover, this chapter demonstrated how the model

can be updated to new data, and how that updates reduce the predictive uncertainty significantly.

Furthermore, the statistics of the updated weights were used to infer an understanding of the

physical mechanism driving the change. Future work will focus on extensions to understand the

physics of the damage mechanism with more detail.
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Chapter 10

Conclusions and Future Research

The research presented in this dissertation established a foundation for a group of physics-

constrained and structure-preserving ML algorithms for use in system identification and SHM

applications. Although the majority of the examples demonstrated in this dissertation were

concerned with nonlinear structural dynamics, there were a couple of applications demonstrating

the applicability of the general family of algorithms to domains outside this field. This work

considered a subset of possible applications with a focus towards enabling the use of this

technology in practical applications. To this end, practical considerations were addressed,

such as the challenge of partial observability, the common family of problems with isolated

nonlinearities, as well as model order reduction. Deployment of these systems in real applications

where reliability and trustworthiness are paramount led to a focus on uncertainty quantification

through various methods. Both epistemic and aleatoric uncertainty were considered, relying on

different types of strategies to deal with these different sources. Lastly, a demonstration of a

damage detection framework was presented to motivate the adoption of the proposed approach

in SHM systems.

Chapter 2 introduced the use of physics-constrained ML models for forecasting of pit

corrosion growth and lithium-ion battery discharge capacity capability. In both cases, a Bayesian

neural network was used to model both random and epistemic uncertainty in the models to enable

an implicit embedding of uncertainty associated with unmodeled physics (e.g., microstructural
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effects). Chapter 3 introduced the concept of a Hamiltonian digital twin to learn ML models

from data originating from nonlinear systems. This chapter provides the foundation for the

subsequent chapters. Chapter 4 addressed a common challenge with structure-preserving and

physics-constrained ML models that require access to a complete set of generalized coordinates

to enforce physics by learning a diffeomorphic mapping from time-delayed embeddings of

partial measurements. Chapter 5 leveraged an isolated formulation for systems with localized

nonlinearities (such as joints or localized damage) to increase the efficiency of the ML models by

having them focus on learning a deviatoric term. Chapter 6 addressed the efficiency challenge by

first performing a linear projection and leveraging Lagrangian operator inference to allow the ML

model to focus on learning a closure term in a reduced space. This approach was demonstrated

to be advantageous over trying to learn the nonlinearity directly without a linear model baseline.

Chapter 7 dealt with observational noise coming from sensors by demonstrating robustness

to additive white noise and presenting a strategy for defining predictive intervals from noisy

predictions. Chapter 8 extended uncertainty quantification to deal with epistemic uncertainty by

embedding distance preservation of the state space in the ML model’s latent space and adding

a GP layer that provides distance awareness. Lastly, Chapter 9 demonstrated the use of this

uncertainty-aware ML model for damage detection through the application of a Bayes Risk

workflow that considers cost and/or risk to inform decision-making.

Future work will focus on extensions of this work to other types of structural nonlinearities

as well as improvements to the reduced-order modeling techniques. There are many families

of problems that have not been considered yet, such as dynamic systems with multiple basins

of attraction, including chaotic problems and other systems with stable bifurcations. Beyond

structural dynamics, the proposed framework can be applied to other Hamiltonian systems, such

as material modeling or thermo-mechanical problems. All of these areas can be explored in

future work. And as the field of ML is rapidly evolving, new techniques should be adopted if

they provide significant advantages over the algorithms currently being used.

A few conclusions and lessons learned are summarized below:
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• Inclusion of physical constraints and structure-preservation leads to more robust ML

models but has a non-trivial computational cost, often requiring more resources for the

computation of gradients. As hardware technology evolves, special focus should be given

to this family of problems to speed up the computation and adoption of these types of ML

models.

• Most of the nonlinear dynamics problems considered in this research dealt with systems

with relatively low underlying dimensionality, being excited by harmonic or band-limited

random vibration inputs. Problems were many more modes are excited (such as shock)

may need special consideration and future work could focus on these types of problems.

• Throughout this work, the amount of data used for training was kept relatively small (for

most problems, only a single realization was used). This result was made possible by the

physical constraints but may vary depending on the problem complexity. In this work,

it was demonstrated that the trained ML models were able to extrapolate within their

in-distribution domain but this may not be the case in problems with multiple basins of

attraction (such as isolas).

• A general workflow was presented for the treatment of uncertainty quantification in ML

models through either conformal regression or uncertainty-awareness constraints. However,

there is more work to be done in this area to provide a completely generalizable approach

for trustworthiness in ML systems, but we believe that the foundations presented in this

research provide a path forward in this area.
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Appendix A

Chapter 2 Appendix

A.1 Hamiltonian network: autoencoder hyperparameters

The autoencoder hyperparameters were obtained by running a grid search using the

platform Weights and Biases [18]. The validation loss plotted as a function of epochs is shown in

Figure A.1. For all of these runs, the nonlinear activation function was the Swish function [204].

Table A.1 summarizes the results for all the iterations considered. The names of the iterations

were automatically generated by Weights and Biases. Based on these results, the autoencoder

used had 6 layers and 14 nodes per layer.

Figure A.1. Validation loss as a function of epochs during training.
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Table A.1. Summary of hyperparameter grid search results.

Name State Runtime (s) Layers Nodes epoch test loss

vague-firebrand-2 finished 4393 4 14 20000 0.050
helpful-fire-8 finished 4745 6 22 20000 0.021
crisp-snow-1 finished 4302 4 10 20000 0.013
swept-meadow-7 finished 4724 6 18 20000 0.010
fast-donkey-4 finished 4427 4 22 20000 0.006
robust-cherry-3 finished 4390 4 18 20000 0.004
wise-bee-5 finished 4724 6 10 20000 0.004
wobbly-snow-6 finished 4733 6 14 20000 0.003
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Appendix B

Chapter 3 Appendix

B.1 Invertible neural network: hyperparameters

The hyperparameters used for the the autoencoder, either the INN (i.e., sA,sB, tA, tB) or

the MLP, are listed in Table B.1 and those used for the energy networks (i.e., Tnn,Unn, Inn) are

listed in Table B.2. For all networks, a linear activation function was used for the output layer.

The hyperparameters were found by performing a grid search and choosing the hyperparameters

that resulted in the lowest validation loss. For all examples, the total number of epochs was

150,000. The rest of the training settings are provided in Table B.3.

Table B.1. Hyperparameters for autoencoder

Example Units per layer Activation AE type

Oscillator A {2,2,2,2} tanh INN
Oscillator B {6,6,6,6} tanh INN
Oscillator C {6,6,6,6} tanh INN
Membrane {3,3,3,3,3,3} tanh INN
HBRB {1,1,1,1,1,1} tanh INN
S4 Beam {6,6,6,6} tanh MLP

B.2 Comparison of MLP and INN autoencoders

Based on the findings in section 4.5.1, the sensitivity of the decoding operation to the

latent space was explored. To this end, random noise was added to the latent space predictions
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Table B.2. Hyperparameters for energy networks

Example Units per layer Activation

Oscillator A {8,8,8,8} swish
Oscillator B {8,8,8,8} swish
Oscillator C {8,8,8,8} swish
Membrane {80,64,32,18} swish
HBRB {18,18,18,18} swish
S4 Beam {8,8,8,8} tanh

Table B.3. Training settings

Example Ttrain Tval Ttest η Nb

Oscillator A 6200 500 8300 1×10−4 250
Oscillator B 6200 500 8300 1×10−4 250
Oscillator C 6200 500 8300 1×10−4 250
Membrane 3000 500 3900 1×10−4 250
HBRB 6500 500 8500 1×10−4 250
S4 Beam 5000 500 8500 1×10−4 250

for case C. The signal to noise ratio was 50. These noisy latent space time histories were passed

to either the INN or the MLP decoders to recover the physical space measurements. The results

are shown in Figure B.1. As illustrated, the INN reconstruction is more noisy than the MLP

reconstruction. The MSE for the MLP predictions when the latent space was perturbed was 1.24

times larger than the MSE of the original latent space, while it was 5.90 times larger for the

INN. This result is consistent with the findings in section 4.5.1 where small errors in the time

integration in latent space were amplified by the INN decoder. A possible explanation for this

result may be the fact that the MLP decoder is trained using the predicted data, not the reference

data, so that it learns to be less sensitive to inaccuracies in the latent space predictions. On the

other hand, the INN is only trained using the forward transformation and so it does not learn

this inherent robustness that the MLP inherits. Improved training strategies for the INN may be

explored in future research.
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Figure B.1. Decoded oscillator time histories. Dashed black is the actual response, blue is the
INN decoding, and yellow is the MLP decoding.
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phase-field-based microstructure evolution predictions via surrogate models trained by
machine learning methods. npj Computational Materials, 7(1):3, 2021.

[168] Griffin Mooers, Michael Pritchard, Tom Beucler, Jordan Ott, Galen Yacalis, Pierre Baldi,
and Pierre Gentine. Assessing the potential of deep learning for emulating cloud superpa-
rameterization in climate models with real-geography boundary conditions. Journal of
Advances in Modeling Earth Systems, 13(5):e2020MS002385, 2021.

[169] Nitis Mukhopadhyay. Probability and Statistical Inference. CRC Press, 2000.

[170] David Najera, Eric Jayson, Thomas Board, and Doug Melville. A framework for bayesian
calibration of fiber-reinforced composite material properties. In Proceedings of the
American Society for Composites: Thirty-fifth Technical Conference, 2020.

[171] David A. Najera, Christopher I. Van Damme, and Victoria Harris. Model reduction of
geometrically nonlinear structures viaphysics-informed autoencoders. In Ramin Madar-
shahian and Francois Hemez, editors, Data Science in Engineering, Volume 9, pages
145–148, Cham, 2022. Springer International Publishing.

[172] David Najera-Flores, Justin Jacobs, D. Dane Quinn, Anthony Garland, and Michael Todd.
Uncertainty-aware, structure-preserving machine learning approach for domain shift
detection from nonlinear dynamic responses of structural systems. Manuscript accepted
for publication in the Journal of Risk and Uncertainty in Engineering Systems Part B:
Mechanical Engineering, 2024.

[173] David Najera-Flores and Michael Todd. State-space reconstruction from partial observ-
ables using an invertible neural network with structure-preserving properties for nonlinear
structural dynamics. Manuscript accepted for publication in Nonlinear Dynamics, 2024.

[174] David A. Najera-Flores, Zhen Hu, Mayank Chadha, and Michael D. Todd. A physics-
constrained bayesian neural network for battery remaining useful life prediction. Applied
Mathematical Modelling, 122:42–59, 2023.

[175] David A. Najera-Flores, Justin Jacobs, D. Dane Quinn, Anthony Garland, and Michael D.
Todd. Uncertainty Quantification of a Machine Learning Model for Identification of
Isolated Nonlinearities With Conformal Prediction. Journal of Verification, Validation
and Uncertainty Quantification, 9(2):021005, 06 2024.

[176] David A. Najera-Flores and Robert J. Kuether. A Study of Whole Joint Model Calibration
Using Quasi-Static Modal Analysis. Journal of Vibration and Acoustics, 142(5):051109,
06 2020.

308



[177] David A. Najera-Flores and Robert J. Kuether. Approximating nonlinear response to
harmonic base-excitation using fixed-interface quasi-static modal analysis. Journal of
Sound and Vibration, 544:117381, 2023.

[178] David A. Najera-Flores, Jonel Ortiz, Moheimin Y. Khan, Robert J. Kuether, and Paul R.
Miles. A Bayesian Multi-Fidelity Neural Network to Predict Nonlinear Frequency
Backbone Curves. Journal of Verification, Validation and Uncertainty Quantification,
9(2):021003, 06 2024.

[179] David A. Najera-Flores, Guofeng Qian, Zhen Hu, and Michael D. Todd. Corrosion
morphology prediction of civil infrastructure using a physics-constrained machine learning
method. Mechanical Systems and Signal Processing, 200:110515, 2023.

[180] David A. Najera-Flores, D. Dane Quinn, Anthony Garland, Konstantinos Vlachas, Eleni
Chatzi, and Michael D. Todd. A structure-preserving machine learning framework
for accurate prediction of structural dynamics for systems with isolated nonlinearities.
Mechanical Systems and Signal Processing, 213:111340, 2024.

[181] David A. Najera-Flores and Michael D. Todd. Ensemble of numerics-informed neural
networks with embedded hamiltonian constraints for modeling nonlinear structural dy-
namics. In Matthew R.W. Brake, Ludovic Renson, Robert J. Kuether, and Paolo Tiso,
editors, Nonlinear Structures & Systems, Volume 1, pages 27–30, Cham, 2023. Springer
International Publishing.

[182] David A. Najera-Flores and Michael D. Todd. State space reconstruction from em-
beddings of partial observables in structural dynamic systems for structure-preserving
data-driven methods. In Ramin Madarshahian and François Hemez, editors, Data Science
in Engineering, Volume 10, pages 139–141, Cham, 2023. Springer Nature Switzerland.

[183] David A. Najera-Flores and Michael D. Todd. A structure-preserving neural differen-
tial operator with embedded Hamiltonian constraints for modeling structural dynamics.
Computational Mechanics, 72:241–252, March 2023.

[184] David A. Najera-Flores and Michael D. Todd. A structure-preserving neural differen-
tial operator with embedded hamiltonian constraints for modeling structural dynamics.
Computational Mechanics, 3 2023.

[185] Venkat Nemani, Luca Biggio, Xun Huan, Zhen Hu, Olga Fink, Anh Tran, Yan Wang,
Xiaoping Du, Xiaoge Zhang, and Chao Hu. Uncertainty quantification in machine learning
for engineering design and health prognostics: A tutorial, 2023.

[186] Venkat Nemani, Adam Thelen, Chao Hu, and Steve Daining. Degradation-aware ensemble
of diverse predictors for remaining useful life prediction. Journal of Mechanical Design,
145(3):031706, 2023.

[187] Selina SY Ng, Yinjiao Xing, and Kwok L Tsui. A naive bayes model for robust remaining
useful life prediction of lithium-ion battery. Applied Energy, 118:114–123, 2014.

309



[188] Gang Ning, Ralph E White, and Branko N Popov. A generalized cycle life model of
rechargeable li-ion batteries. Electrochimica acta, 51(10):2012–2022, 2006.
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