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Abstract 

The scale selection and feedback loops for the formation and sustainment of a 

mesoscopic staircase profile structure are investigated for drift wave-zonal flow 

turbulence. A mean field model derived from the Hasegawa-Wakatani system and 

including the evolution of mean density, mean vorticity and perturbed potential 

enstrophy (PE), is used. It is found that a quasi-periodic zonal staircase forms from 

self-sharpening of modulation. The principle feedback loop is through the nonlinear 

dependence of mixing length on electron density gradient, which enters by way of the 

potential vorticity (PV) gradient. Counterintuitively, �⃑� × �⃑� shearing is not effective. 

Moreover, the number of steps in the staircase is sensitive to both the drive 

(production rate of PE and initial density gradient) and damping (flow viscosity and 

collisional diffusivity) factors. The minimal step scale is selected by competition 

a Author to whom any correspondence should be addressed. 
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between the initial density gradient and diffusive dissipation. Finite turbulence 

spreading is necessary to form the staircase, but moderate enhancement of turbulence 

spreading tends to wash out the pattern. The staircase retains a memory of its initial 

state. Both the mean �⃑� × �⃑�  shear and zonal shear affect the staircase evolution. A 

strong mean shear quenches the pattern by suppressing the drift wave turbulence. The 

implications of these findings are also discussed. 

Key words: scale selection, feedback loop, bistable mixing, staircase, drift wave-zonal 

flow  

1. Introduction 

Confinement scaling is a central issue for magnetic fusion, as it determines what is 

required to meet the criteria for ignition, etc. Usually, confinement is determined by 

anomalous transport, which is produced by drift wave (DW) turbulence, broadly 

interpreted. Such turbulence is now known to be self-regulating, via the feedback of 

secondary fluctuations and structures, such as zonal flow (ZF) shears and corrugations 

on the primary instabilities. Thus, we see that confinement scaling must be linked to 

the dynamics of secondary patterns, and so to the associated question of secondary 

pattern scale selection. The latter, of course, ultimately determines the mixing length 

𝑙𝑚𝑖𝑥 , the consequent effective transport coefficient 𝐷~𝑉∗𝑙𝑚𝑖𝑥 , and the degree of 

GyroBohm breaking. Here, 𝑉∗ represents the diamagnetic drift velocity. 

The dynamics of secondary structures have been investigated intensively during 

the past twenty years. However, most of these studies have been concerned with 

secondary onset (i.e., ZF growth), and few have addressed the question of scale [1]. 

The mechanism of collisionless saturation of secondaries (i.e., zonal flows) remains 

obscure. An interesting clue emerged from a recent L-mode, modulated electron 

cyclotron resonance heating (ECRH) discharge experiment on LHD [2]. This 

experiment observed global hysteresis in the nonlinear dependence of fluctuation 

intensity and heat flux on electron temperature gradient ∇𝑇𝑒 . We stress that no 
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macroscopic internal transport barrier (ITB) was observed. The hysteresis, especially 

that of fluctuation intensity, suggests that the saturated turbulence is bistable [3]. In 

turn, this leads us to the conclusion that a good working model for pattern formation 

in DW-ZF turbulence should contain bistable fluctuation intensity and mean fields. A 

natural route to such bistability is via a gradient-dependent mixing length 𝑙𝑚𝑖𝑥, which 

is a key component of the model presented in this paper.         

A tractable and conceptually simple model of bistable DW turbulence with mean 

field feedback was recently developed [4, 5] with the aim of understanding the �⃑� × �⃑�  

staircase, the structure of which is shown in figure I. A staircase is a quasi-periodic 

pattern of mean field and fluctuation intensity, which results from inhomogeneous 

mixing, steepening and consequent self-sharpening of modulations. Bistable mixing 

“locks in” the steepened state as depicted in figure II. 

 

Figure I. A schematic view of �⃑� × �⃑�  staircase. 

 

Figure II. A schematic view of bistable mixing in steepened state. 

A staircase may be loosely understood by the following analogy sketched in figure 

III: shock is to wave as staircase is to modulation. More generally, a modulation 

coupled to a self-sharpening feedback loop can form a staircase structure. The 

signature of the staircase is the quasi-periodic array of several flat steps and sharp 

jumps joined by regions of large curvature (i.e., corners), as shown in figure IV. Such 

structures are a natural framework within which to address the scale selection problem 

�⃑� × �⃑�  shear 
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Shock ↔ Wave 

Staircase ↔ Modulation 

for saturated modulations. A characteristic scale is evident in the structure. Indeed, we 

advocate that one can view the staircases as a particularly clear example of a saturated 

DW-ZF pattern, and argue that it should be thought as a limit of a broader class of 

phenomena, and not as an isolated or exotic species. It is also interesting to note that 

simulations indicate that staircases evolve in time, albeit very slowly [6]. In particular, 

mergers occur, thus thinning the number of steps. Mergers happen so the system can 

adjust the number of steps to the boundary conditions. One should note that this 

process clearly departs from the conventional wisdom that the scale of the pattern is 

that of the fastest growing modulational instability. Indeed, the long-time step size is 

much larger than the scale of the initial modulation, as shown in [5]. 

   

Figure III. Analogy between shock and staircase.     Figure IV.  Jumps and steps in staircase 

Staircases were first discussed in the context of mixing in stably stratified fluids [7, 

8] and later in geophysical fluids [9-12]—i.e., the potential vorticity (PV) staircase, 

and in the context of double diffusive convection [13]. Then, they were observed in 

gyrokinetic simulations using GYSELA [14] and subsequently in other simulations 

[15-17]. There are hints of staircase structures in experiments [18, 19], though earlier 

experiments [20] also noted a quasi-periodic zonal pattern. Curiously, the connection 

between the L-mode hysteresis experiments and the zonal staircase pattern has not yet 

been made. 

This paper focuses on studies of the mesoscopic pattern predicted by a bistable 

mean field model for DW turbulence in the Hasegawa-Wakatani (H-W) system. The 

model, which is broadly applicable, evolves fluctuation potential enstrophy (PE, 

proportional to fluctuation intensity), mean density and mean flow vorticity 

(proportional to zonal shear, in view of symmetry). Bistability enters via a gradient 

dependent mixing length 𝑙𝑚𝑖𝑥, which is determined by two scales, an excitation scale 
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and the Rhines scale 𝑙𝑅ℎ = √휀 |𝜕𝑥〈𝑛 − 𝑢〉|⁄ , where 휀 represents the fluctuation PE, 

and 𝜕𝑥〈𝑛 − 𝑢〉 is the mean PV gradient with 〈𝑛〉 and 〈𝑢〉 being the mean density 

and mean vorticity, respectively. Here, x denotes the radial direction. The Rhines scale, 

typically larger than the excitation scale, is a dynamical scale, defined by the balance 

of the eddy decorrelation rate and the wave mismatch frequency. Of course, here the 

wave frequency is set by the diamagnetic frequency, including the zonal potential, i.e., 

∇(〈𝑛〉 − 𝜌𝑠
2𝜕𝑟

2〈𝜙〉). (Here, 𝜌𝑠 = 𝑐𝑠 Ω𝑐𝑖⁄  is the ion sound radius, 𝑐𝑠 = √𝑇𝑒 𝑚𝑖⁄  and 

Ω𝑐𝑖 = 𝑒𝐵 (𝑐𝑚𝑖)⁄  are the sound velocity and ion cyclotron frequency, respectively, 𝑇𝑒 

is the electron temperature, 𝑚𝑖 is the ion mass, 𝑒 is the elementary charge, 𝐵 is the 

total magnetic field, 𝑐 is the velocity of light.) Here, ∇(〈𝑛〉 − 𝜌𝑠
2𝜕𝑟

2〈𝜙〉) is the mean 

PV gradient. For 𝑘//
2 𝑣𝑡ℎ𝑒

2 𝜔𝑟𝜈𝑒𝑖⁄ >1, i.e., the regime most relevant to experiments (𝑘// 

is the parallel wavenumber, 𝑣𝑡ℎ𝑒 is the electron thermal velocity, 𝜔𝑟 is the real 

frequency of the eigenmode, 𝜈𝑒𝑖 is collisional frequency), the density response of 

electrons is laminar, so the mean particle flux is diffusive. The vorticity flux is 

equivalent to the Reynolds force, via the Taylor identity [21]—and consists of mixing 

of both vorticity and a non-diffusive contribution (~residual stress). Furthermore, 

fluctuation intensity evolution includes turbulence spreading [22]. Further details of 

the reduced H-W model may be found in [23, 24] and in section II. The model in the 

present work is similar to that of [4, 5], but this paper presents a more extensive study 

of results and their implications. 

While previous work explored and illustrated several aspects of the pattern 

structure, many questions were left partially or totally un-answered. In this paper, we 

thus focus on these questions. These include: 

i). What is the principal feedback loop? Is there a preferred or dominant 

feedback mechanism, which defines the pattern and staircase? In particular, 

does the conventional wisdom that zonal �⃑� × �⃑�  shearing is the relevant 

feedback mechanism apply? 

ii). How do we understand parameter sensitivity? Even in a very simplified 
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system like H-W, many parameters enter. These include flow viscosity, 

collisional diffusion, growth of the drive, initial density gradient, etc. Among 

these, which have the most direct and important influence on the formation 

and sustainment of the staircase, and why? How do the parameters affect the 

number of steps (𝑁𝑠), and thus the mean step size and the characteristic scale 

∆𝑟𝑠~𝐿 𝑁𝑠⁄ , where 𝐿  is the system size. Note that the scalings and 

dependences of 𝑁𝑠  are crucial here, as they determine the zonal pattern 

scale. 

iii). What are the effects of turbulence spreading? What do the effects of 

turbulence spreading indicate about how the staircase might respond to an 

avalanche?  

iv). Initial conditions—i.e., does the pattern retain a memory of its initial scale? 

v). Effects of mean and zonal shearing—i.e., how does mean �⃑� × �⃑�  shear affect 

the zonal pattern? In a related vein, how is the staircase pattern related to 

macroscopic transport barrier formation, I mode with high 𝛽𝑁 [25, 26] or 

quiescent H-mode (QH-mode) [27-30]? 

In the present paper, we address these five questions. Although there is an 

unavoidable tendency to focus on “staircases”, in particular, we try to elucidate the 

more general question of pattern scale selection in the course of this discussion. 

 The remainder of this paper is organized as follow. The nonlinear reduced model 

is presented in section 2. The pattern structure is studied in detail in section 3. In 

particular, subsection 3.1 explores parameter sensitivity while subsection 3.2 

examines feedback loop physics via comparison of bistability via the Rhines scale 

mechanism with bistability via �⃑� × �⃑�  shearing. Subsection 3.3 explores the effects 

of turbulence spreading, while subsection 3.4 studies the sensitivity of staircase to the 

initial electron density gradient drive. Then, subsection 3.5 investigates the interaction 

of and competition between mean and zonal shearing. Finally, section 4 presents 

conclusions and discussion, including broader implications and direction for future 

work.                                         
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2. The nonlinear reduced model 

The reduced model in our work builds on the widely used H-W equations [23], 

which consist of the density equation 

𝑑𝑛

𝑑𝑡
= −𝐷∥∇∥

2(𝜙 − 𝑛) + 𝐷𝑐∇⊥
2 (𝑛),                 (1) 

and vorticity equation 

𝑑

𝑑𝑡
(∇2𝜙) = −𝐷∥∇∥

2(𝜙 − 𝑛) + 𝜇𝑐∇⊥
4𝜙.              (2) 

Here, 𝑛 and ∇2𝜙 (in the following, we denote u=∇2𝜙) are the normalized total 

density and vorticity, respectively. We use the standard normalization for density 𝑛 =

𝛿�̂� = 𝛿𝑛 𝑛0⁄  (𝑛0is the equilibrium density), the perturbed electric potential 𝜙 =

𝛿�̂� = 𝑒𝛿𝜙 𝑇𝑒⁄ , 𝐷∥ = 𝑣𝑡ℎ𝑒
2 (𝜈𝑒𝑖𝜌𝑠𝑐𝑠)⁄  refers to the normalized parallel collisional 

diffusion with 𝑣𝑡ℎ𝑒 = √𝑇𝑒 𝑚𝑒⁄ , time is normalized to 1 Ω𝑖⁄ . 𝐷𝑐  and 𝜇𝑐  are the 

collisional particle diffusivity and flow viscosity, respectively, which damp small 

scales. The total density 𝑛, as well as the vorticity u, is decomposed into a mean part 

and a perturbed part by taking an average over the symmetry direction. The main 

results in the present work follow from a mean field model describing the evolution of 

three quantities, i.e., the mean density 〈𝑛〉, mean vorticity 〈𝑢〉 = 〈∇⊥
2𝜙〉 (therefore, 

mean PV 〈𝑞〉 = 〈𝑛〉 − 〈𝑢〉) and turbulent PE. Each quantity is evolved in radial 

direction x and time t. The derivation of these equations is presented in detail in [4, 5]. 

In the following, we show the essential steps in the derivation.   

From Eqs. (1) and (2), using mean field theory, we can obtain the evolution 

equations for mean density 〈𝑛〉 and mean vorticity 〈𝑢〉 = 〈∇⊥
2𝜙〉. Then, subtracting 

the mean component from Eqs. (1) and (2), the equations for the perturbed density 𝛿𝑛 

and perturbed vorticity δu result. Thus, the evolution equation for the turbulent PE, 

i.e., ε = (𝛿𝑞)2, easily follows. Here, 𝛿𝑞 = 𝛿�̂� − 𝛿�̂� is the perturbed PV. Finally, the 

reduced model for the present work is thus:   
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𝜕

𝜕𝑡
〈𝑛〉 =

𝜕

𝜕𝑥
(𝐷𝑛

𝜕〈𝑛〉

𝜕𝑥
)+𝐷𝑐

𝜕2〈𝑛〉

𝜕𝑥2
,                     (3) 

 
𝜕

𝜕𝑡
〈𝑢〉 =

𝜕

𝜕𝑥
[(𝐷𝑛 − 𝜒)

𝜕〈𝑛〉

𝜕𝑥
] + 𝜒

𝜕2〈𝑢〉

𝜕𝑥2 + 𝜇𝑐
𝜕2〈𝑢〉

𝜕𝑥2
,           (4) 

 
𝜕

𝜕𝑡
ε = 

𝜕

𝜕𝑥
(𝐷𝜀

𝜕𝜀

𝜕𝑥
) + 𝜒 [

𝜕〈𝑛−𝑢〉

𝜕𝑥
]
2

− 휀𝑐
−1 2⁄ 휀3 2⁄ + 𝛾𝜀휀.          (5) 

Here, x refers to the radial direction as explained previously. The quasi-linear 

expression for turbulent radial particle flux is 

Γ = 〈δ𝑣𝑥𝛿𝑛〉 = −𝐷𝑛
𝜕〈𝑛〉

𝜕𝑥
+ 𝑉𝑐𝑜𝑛𝑣𝑒,                   (6) 

here, 𝐷𝑛 and 𝑉𝑐𝑜𝑛𝑣𝑒 are the turbulent particle diffusivity and convection velocity, 

respectively. Similarly, the vorticity flux is  

Π = 〈δ𝑣𝑥𝛿𝑢〉 = (𝜒 − 𝐷𝑛)
𝜕〈𝑛〉

𝜕𝑥
− 𝜒

𝜕〈𝑢〉

𝜕𝑥
.               (7) 

Here, 𝜒 is the diffusivity coefficient of PV and represents the turbulent viscosity, and 

the term (𝜒 − 𝐷𝑛)
𝜕〈𝑛〉

𝜕𝑥
 accounts for the non-diffusive (i.e., residual) vorticity flux. 

The PV flux is 

Γ𝑞 = 〈δ𝑣𝑥𝛿𝑞〉 = −𝜒
𝜕〈𝑞〉

𝜕𝑥
                      (8) 

Finally, the PE flux is 

Γ𝜀 = 〈𝛿𝑣𝑥𝛿𝑞
2〉 = −𝐷𝜀

𝜕𝜀

𝜕𝑥
.                     (9) 

Here, 𝐷𝜀 is the diffusivity coefficient of PE. These fluxes have been calculated and 

simplified [31]. 𝐷𝑛 ≈ 𝑙𝑚𝑖𝑥
2 휀 𝛼⁄ , and the particle convection 𝑉𝑐𝑜𝑛𝑣𝑒 is assumed to be 

negligible compared to 𝐷𝑛. The expressions of diffusivity coefficients for PV and PE 

are  𝜒 ≈ 𝑐𝜒𝑙𝑚𝑖𝑥
2 휀 √𝛼2 + 𝑎𝑢〈𝑢〉2⁄  and 𝐷𝜀 ≅ 𝛽𝑙𝑚𝑖𝑥

2 휀1 2⁄ . We have used mixing length 

theory and phenomenological arguments to obtain the functional formulas for 𝐷𝑛, 𝜒 

and 𝐷𝜀. The physics of the mixing length 𝑙𝑚𝑖𝑥 is discussed below. The parameter 

𝛼 =
1+𝑘⊥

2

𝑘⊥
2 𝐷∥𝑘∥

2  measures the parallel resistive diffusion rate with 𝑘⊥  being the 

perpendicular wavenumber, the constant multiplier 𝑐𝜒  controls the strength of 

turbulent viscosity, 𝑎𝑢〈𝑢〉2  in the denominator of 𝜒  reflects the effects of 

suppression by strong flow shear, and β  represents the strength of turbulence 
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spreading of PE. In Eq. (5), 휀𝑐
−1 2⁄ 휀3 2⁄  is the dissipative term with (휀 휀𝑐⁄ )1 2⁄  being 

enstrophy dissipation rate, 𝛾𝜀휀 is the production term with 𝛾𝜀 being the growth rate 

of turbulent PE. More detailed elaborations of Eqs. (3)-(5) can be found in [4, 5]. The 

present work is an extension and discusses further investigations based on these 

equations. 

 Before the main results given in the next section, we need to discuss and stress 

the key physical content of our reduced model.  

1. Both PV (or phase space density) and PE are conserved in the H-W system up to 

diffusive damping and external excitation.   

2. A mean field approach is used in this refined (1D) predator-prey type model, 

which is a common treatment of drift wave-zonal flow turbulence [32]. Thus, the 

ZF pattern results from the nonlinear evolution of modulational instability, which 

describes the growth of a test shear in a gas of waves. 

3. Inhomogeneous PV mixing (not momentum mixing) acts as the positive feedback 

for driving the pattern and leads to nonlinear feature formation in the mean 

profile. Bistable mixing is crucial for the pattern formation, and is related to the 

negative incremental diffusion region of the S curve in figure V.   

         

       Figure V. Turbulent PV flux as a function of PV gradient.  

4. Turbulence spreading is closely related to PV mixing because spreading here is 

simply reflected by the mixing of the intensity field. 

5. The inhomogeneous PV mixing process is set by the nonlinear mixing scale 𝑙𝑚𝑖𝑥. 

The dynamical feedback strongly depends on 𝑙𝑚𝑖𝑥. 

6. The nonlinear mixing length 𝑙𝑚𝑖𝑥 is a hybrid of a constant excitation scale 𝑙0 
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and a dynamic length scale 𝑙𝑑, where 𝑙𝑑 is usually a function of the system 

gradient. In [4, 5], the Rhines scale 𝑙𝑅ℎ has been used for 𝑙𝑑, so 

𝑙𝑚𝑖𝑥 =
𝑙0

(1+𝑙0
2[𝜕𝑥(𝑛−𝑢)]2 𝜀⁄ )

𝜅 2⁄ ,                 (10) 

where κ is a suppression exponent. The Rhines scale is discussed below, in point 

7. Note 𝑙𝑚𝑖𝑥~𝑙𝑅ℎ for 𝑙𝑅ℎ < 𝑙0, and 𝑙𝑚𝑖𝑥~𝑙0 for 𝑙𝑅ℎ > 𝑙0. 

7. The Rhines scale emerges from the condition that the eddy turnover rate and drift 

wave frequency mismatch are comparable, i.e., 𝑘𝑅ℎ�̃� = 𝜔𝑀𝑀. The mechanism 

for transfer of energy from small scales to large scales changes as 𝑙𝑚𝑖𝑥 evolves 

from 𝑙𝑚𝑖𝑥 < 𝑙𝑅ℎ to 𝑙𝑚𝑖𝑥 > 𝑙𝑅ℎ. In detail, for 𝑙𝑚𝑖𝑥 < 𝑙𝑅ℎ, transfer is via inverse 

cascade; for 𝑙𝑚𝑖𝑥 > 𝑙𝑅ℎ, transfer is via wave-zonal flow interaction. The key 

point for the physics of the Rhines scale mechanism can also be understood by 

comparing 𝑙𝑚𝑖𝑥 and 𝑙𝑅ℎ (shown in figure VI, where 𝑘𝑅ℎ is the wave number 

of Rhines scale). When 𝑙𝑚𝑖𝑥 < 𝑙𝑅ℎ, the turbulence is effectively a soup of eddies 

with short memory, so strong mixing is indicated. For 𝑙𝑚𝑖𝑥 > 𝑙𝑅ℎ, the turbulence 

is wave-like, memory is long and thus mixing is weak. Moreover, for 𝑙𝑚𝑖𝑥 < 𝑙𝑅ℎ, 

an inverse cascade carried by eddy interactions occurs. For 𝑙𝑚𝑖𝑥 > 𝑙𝑅ℎ, wave 

frequency exceeds the decorrelation rate, so resonant triads carry the energy. As 

dispersion makes satisfying the resonance condition difficult, the triads which 

most efficiently transfer energy are these with two drift waves and one ZF (zero 

frequency). Thus, the Rhines scale sets the effective ZF scale.      

 

Figure VI. Key physics of Rhines scale. 

8. Besides the Rhines mechanism, alternative mixing prescriptions, such as �⃑� × �⃑�  

shearing, which tilts and decorrelates the turbulent eddies as shown in figure VII, 
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are explored in the present work. With perpendicular shear, we have 𝑙𝑚𝑖𝑥
2 =

𝑙0
2

[1+(�̅�𝐸×𝐵
′ )

2
𝜏𝑐
2]

𝜅 , where 𝜏𝑐 = (𝑢2휀 𝑙0
2⁄ )−1 4⁄  is the fluctuation correlation time, 

𝑢 = �̅�𝐸×𝐵
′  is the perpendicular shear rate [33]. Then, the mixing length is given 

by  

𝑙𝑚𝑖𝑥 =
𝑙0

[1+
|𝑢|

𝑙0√𝜀
]
𝜅 2⁄ .                        (11) 

 

Figure VII. Variation of turbulent eddies due to �⃑� × �⃑�  shearing. 

9. For both Rhines scale and shearing mixing length, additional features of the 

pattern are related to the initial conditions as well as the boundary condition. 

Based on these key points, we study how the scale selection and feedback loops form 

patterns in the drift wave-zonal flow turbulence, and explore the robustness of the 

pattern.  

3. Model studies: numerical solutions. 

In the following section, we numerically solve the nonlinear Eqs. (3)-(5), and 

explore how scale selection and feedback loops form the staircase structure in the 

DW-ZF system. The main focus is on the investigation of pattern robustness in 

parameter space. 

The integration method is Runge-Kutta-Fehlberg, and the initial and boundary 

conditions for mean density 𝑛 (note that 〈… 〉 is dropped to simplify the notation) 

and turbulent potential enstrophy 휀 are set, as in [5], i.e., 

  𝑛(𝑥,   𝑡 = 0) = −𝛻𝑛(𝑡 = 0) ∙ 𝑥;   𝑛(0, 𝑡 ) = 0,  𝑛(1,   𝑡) = −𝛻𝑛(𝑡 = 0).     (12) 

             휀(𝑥, 𝑡 = 0) = 휀𝑖 ;  휀(0, 𝑡 ) = 휀(1,   𝑡) = 0.                   (13) 
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It means that a linear density profile and constant 휀  are initialized. For mean 

vorticity 𝑢 ( ~ flow shear), we choose two different initial conditions. One is uniform 

flow as in [5] 

             𝑢(𝑥, 𝑡 = 0) = 0;  𝑢(0, 𝑡 ) = 𝑢(1,   𝑡) = 0.                  (14) 

For the other case, the mean vorticity is expressed by a combination of periodic (i.e., 

zonal) and mean shear  

       𝑢(𝑥, 𝑡 = 0) = 𝐴𝑠𝑖𝑛(𝑁𝜋𝑥) + 𝐵;  𝑢(0, 𝑡 ) = 𝑢(1,   𝑡 = 0) = 𝐵.         (15) 

Here, A, B and 𝑁π represent the zonal shear, mean shear and the spatial period of 

initial vorticity, respectively. We shall compare the results in these two different cases 

in section 3.2. To answer the questions i.)—v.) listed in the introduction, we use the 

following normalized parameters as in [5] unless otherwise stated: Λ = 4000 is the 

square of the ratio of macroscopic length (L) to the dynamical 𝑙𝑚𝑖𝑥, 𝑐𝜒 =0.95, α=6, 

𝐷𝑐 = 𝜇𝑐 = 0.78 , 휀𝑐 = 6.25 , β = 0.1 , 휀𝑖 =0.002. The ratio of electron parallel 

diffusion rate to the drift wave frequency is chosen to be near adiabatic, where δn 

and ∇2δ𝜙  are strongly coupled, i.e., α =
𝑘∥

2𝑉𝑡ℎ𝑒
2

𝜔𝜈𝑒𝑖
> 1  (α ≤ 1  corresponds to the 

hydrodynamic region where δn and ∇2δ𝜙 tend to decouple).  

3.1 Dimensionless parametric dependence of pattern structure. 

In this subsection, we investigate how the dimensionless parameters affect the 

pattern structure by adopting the uniform flow (Eq. (14)). Scans of three parameters 

are studied in detail, i.e., Reynolds number 𝑅𝑒~ 
√𝜀𝑙2

𝜇𝑐
, Prandtl number 𝑃𝑟~

𝜇𝑐

𝐷𝑐
 and 

the ratio of production-to-dissipation ~ 
𝜀𝑐𝛾𝜀

√𝜀
. These three are chosen since: 

— 𝑅𝑒~ 
√𝜀𝑙2

𝜇𝑐
 is a natural measure of the ratio of nonlinear transfer of enstrophy 

to dissipation; 

— 𝑃𝑟~
𝜇𝑐

𝐷𝑐
 is a measure of the relative importance of dissipation in the vorticity 

equation and in the density equation. 𝑃𝑟 is understood in this broader sense 
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rather than as a scaling parameter, in the strict sense. 

— 
𝜀𝑐𝛾𝜀

√𝜀
 is a natural measure of the relative effect of growth vs dissipation. 

The corresponding results are as follows. 

In figure 1, we compare the density staircase and vorticity corrugation structure 

for 𝜇𝑐 = 0.78 (figure 1(a), 1(c)) and 𝜇𝑐 = 1.2 (figure 1(b), 1(d)) at time T=1. The 

initial density gradient is set to be −𝛻𝑛(𝑡 = 0) = 5.1. We can clearly see that the 

number of steps (𝑁𝑠) in the staircase pattern decreases with increasing 𝜇𝑐. Thus, the 

density staircase becomes sparser, with wider steps. Similar to the density profile, 

the number of peaks in the corrugation pattern also decreases with flow viscosity 

𝜇𝑐. Since 𝑅𝑒 ~ 
√𝜀𝑙2

𝜇𝑐
, we can conclude that an increase of 𝑅𝑒 increases the number 

of steps. In the following sections, we focus only on expressing the trends and 

scaling dependences of 𝑁𝑠. 

 

(a) 

(b) 

𝜇𝑐 = 0.78  

𝜇𝑐 = 1.2  
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Figure 1. Mean density and mean vorticity profile at T=1. 𝜇𝑐 = 0.78 in figure (a) and (c), and 

𝜇𝑐 = 1.2 in figure (b) and (d). The initial density gradient is −𝛻𝑛(𝑡 = 0) = 5.1. 

The sensitivity of patterns to 𝑃𝑟 ~ 
𝜇𝑐

𝐷𝑐
 is shown in figure 2. Here, we vary the 

particle diffusion damping coefficient 𝐷𝑐 and keep the Reynolds number 𝑅𝑒 fixed 

(i.e., flow viscosity 𝜇𝑐 is fixed). It can be seen that 𝑁𝑠 drops due to increasing 𝐷𝑐 

from 0.78 to 1.0. Moreover, this conclusion still holds for simultaneous variation of 

both 𝐷𝑐 and 𝜇𝑐. This is because the more effective impact on staircase structure is 

via 𝐷𝑐. In other words, the staircase is more sensitive to particle diffusion than to 

flow viscosity. We will see that increasing 𝐷𝑐 limits ∇n steepening and its feedback 

through the mixing scale.  

(c) 

(d) 

𝜇𝑐 = 0.78  

𝜇𝑐 = 1.2  
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Figure 2. Mean density profile at T=1. 𝐷𝑐 = 0.78 and 𝐷𝑐 = 1.0 in figure (a) and figure (b), 

respectively. The initial density gradient is the same as figure 1, −𝛻𝑛(𝑡 = 0) = 5.1. 

 In figure 3, we scan the ratio between the production (P = 𝛾𝜀휀) term and the 

dissipation (−휀𝑐
−1 2⁄ 휀3 2⁄ , where 휀𝑐

−1 2⁄ 휀1 2⁄  is enstrophy dissipation rate) term of 

turbulent PE presented in Eq. (5), i.e., 
𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛

𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛
 ~ 

𝜀𝑐𝛾𝜀

√𝜀
. Figure 3(a) and 3(b) are the 

results with lower 
𝜀𝑐𝛾𝜀

√𝜀
 and higher 

𝜀𝑐𝛾𝜀

√𝜀
 at T=10, respectively. We see that the number 

of steps 𝑁𝑠 rises by increasing 
𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛

𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛
. 

(a) 

(b) 

𝐷𝑐 = 0.78  

𝐷𝑐 = 1.0  
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Figure 3. Mean density profile at T=10. Figure (a) and figure (b) correspond to lower 
𝜀𝑐𝛾𝜀

√𝜀
 and 

higher 
𝜀𝑐𝛾𝜀

√𝜀
, respectively. The initial density gradient is −𝛻𝑛(𝑡 = 0) = 5.0. 

Combining figure 1, figure 2 and figure 3, we can easily conclude that the 

enhancement of drive (such as production) will increase 𝑁𝑠, while enhancement of 

damping (such as flow viscosity, particle diffusion or the dissipation) will decrease 

𝑁𝑠 . Larger values of 𝑁𝑠  corresponds to a smaller spatial scale. Therefore, the 

staircase pattern will self-select the step scale (i.e., the mesoscopic scale length) in 

response to changing the drive or the damping. The width of step is studied in [5]. The 

detailed discussion of the height of the steps will be given in subsections 3.3 and 3.4.          

3.2 Principal feedback loop physics 

(a) 

(b) 

Lower 
𝜀𝑐𝛾𝜀

√𝜀
  

Higher 
𝜀𝑐𝛾𝜀

√𝜀
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In this subsection, we focus on studying the principal feedback loop physics by 

comparing the results shown in figure 4 for different mixing length 𝑙𝑚𝑖𝑥. As seen 

from figure 4(a), the density staircase structure disappears when we use �⃑� × �⃑�  

shearing as the main feedback process. It means that the shearing, which is equivalent 

here to mean vorticity 𝑢, is not an effective feedback for self-steepening. This is a 

surprising result that we shall discuss further. 

Previous studies have suggested that the staircase structure shown in figure 4(b) 

exists for the feedback via the Rhines scale. This mechanism is simply that 𝑙𝑅ℎ 

decreases for steeper 𝜕𝑥𝑛, thus increasing effective memory and decreasing mixing. 

The pattern is also sensitive to the drive and damping. Therefore, the dominant 

feedback must be either through the density gradient 𝜕𝑥𝑛 or the vorticity gradient 

𝜕𝑥𝑢. To distinguish these effects, we turn off 𝜕𝑥𝑛 in the expression for the Rhines 

scale. We see that the staircase structure does not appear, as shown in figure 4(c). This 

means that the nonlinear density gradient 𝜕𝑥𝑛 dependence of 𝑙𝑚𝑖𝑥, rather than the 

vorticity gradient 𝜕𝑥𝑢 dependence, forms the key feedback loop. In this regard, we 

note that studies of turbulence near the 2/1 magnetic island in HL-2A ohmic plasmas 

also showed that the turbulence level is more sensitive to 𝜕𝑥𝑛 than to sheared flow 

[34]. Our results shown are qualitatively consistent with that particular experimental 

finding. 

(a) 
Shearing feedback   
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Figure 4. Mean density profile at T=1. The initial density gradient is −𝛻𝑛(𝑡 = 0) = 5.1. Figure 

(a), (b) and (c) corresponds to the feedback loop through the �⃑� × �⃑�  shearing scale (Eq. (11)), the 

Rhines scale (Eq. (10)) and turning off the density gradient 𝜕𝑥𝑛 in the Rhines scale, respectively. 

Interestingly, at the earlier stage in figure 5, for much smaller damping, we also 

observe that the staircase pattern appears through �⃑� × �⃑�  shearing feedback. Here, we 

choose 휀(𝑥,  𝑡 = 0) = 휀(0,  𝑡) = 휀(1,  𝑡) = 휀𝑖 = 0.2048, 𝐷𝑐 = 7.8 × 10−4 , 𝜇𝑐 =

7.8 × 10−3, 휀𝑐 = 0.25. However, the staircase pattern disappears when the system 

evolves for a longer time. Therefore, we see that it is difficult to sustain a stable 

staircase pattern through flow shearing feedback loop alone. 

(b) 
Rhines scale feedback   

(c) 
𝜕𝑥𝑛=0 in Rhines scale   
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Figure 5. Evolutionary landscape of the density profile 𝑛 as a function of position 𝑥 and 

evolution time 𝑡. 휀(𝑥,  𝑡 = 0) = 휀(0,  𝑡) = 휀(1,  𝑡) = 휀𝑖 =0.2048, 𝐷𝑐 = 7.8 × 10−4, 𝜇𝑐 =

7.8 × 10−3, 휀𝑐 = 0.25, and initial density gradient is −𝛻𝑛(𝑡 = 0) = 5.6. 

3.3 Pattern sensitivity to turbulence spreading 

As stated in [35], the key drive of turbulence spreading [22] is the mesoscopic 

inhomogeneity of the fluctuation envelope. This also enters the nonlinear dependence 

of 𝑙𝑚𝑖𝑥 on the PV gradient in the present paper. Thus, we also explore the response 

of the staircase to turbulence spreading. Here, we use the parameter β as a multiplier 

in the turbulent diffusivity of PE in Eq. (5), which represents complex mode 

interaction physics, to measure the effects of turbulence spreading of PE (proportional 

to fluctuation intensity). From figure 6 (a), we see that the number of steps 𝑁𝑠 

roughly decreases (i.e., larger step) with an increase of β. Therefore, the height of the 

step increases with β as seen in figure 6 (b). Here, we choose a narrow range of β 

as compared with figure 12 of [5]. We show more directly that a moderate increase in 

β will weaken the staircase. This is because turbulent spreading washes out small 

scale steps when we increase β. Thus, we conclude that the staircase pattern is 

sensitive to turbulence spreading, which smooths the features of small scale 

turbulence and thus restricts the formation of meso-scale patterns. Moreover, in figure 

7, the red elliptic circles clearly show the size and height of the steps are different in 
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different radial position. This means an asymmetric (or non-uniform) staircase pattern 

is also possible for some values of β.         

 

Figure 6. Number of steps 𝑁𝑠 (figure (a)) and height of a step (figure (b)) as a function of 

turbulence spreading parameter β at T=1. Initial density gradient is −𝛻𝑛(𝑡 = 0) = 5.0 and 

𝐷𝑐 = 0. 78. 

(a) 

(b) 
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Figure 7. Mean density profile for β =0.7 at T=1. The other parameters are the same as in figure 6. 

The staircase exhibits irregular steps, which is highlighted. 

3.4 Memory of initial conditions 

 The above discussions are all at fixed initial density gradient. As shown in [5], the 

staircase is also sensitive to the initial value of the density gradient −𝛻𝑛(𝑡 = 0). 

Figure 8 shows the variation of the number and height of steps as a function of 

−𝛻𝑛(𝑡 = 0). Here, we choose the different parameters as in [5], i.e., 𝜇𝑐 = 0.66, 𝐷𝑐 =

1.2,  Λ = 5000. In figure 8(a), the number of steps 𝑁𝑠  first increases and later 

decreases with increasing −𝛻𝑛(𝑡 = 0). Thus, there must exist a minimal step scale, 

as shown in figure 8(b). This occurs when −𝛻𝑛(𝑡 = 0) = 5.1. These non-monotonic 

variations can be understood as follows: the initial rise in 𝑁𝑠 and the resulting drop 

of the step height follow from the fact that the free energy to excite the drift wave 

turbulence and meso-scale pattern increases. But, the opposite effects of diffusive 

dissipation limit the small scales. When the system reaches its minimal step scale, 

dissipation is not yet very effective. A further increase in −𝛻𝑛(𝑡 = 0) will in turn 

decrease the number of steps 𝑁𝑠.          
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Figure 8. Variation of the number 𝑁𝑠 (figure (a)) and height (figure (b)) of steps with initial free 

energy −𝛻𝑛(𝑡 = 0) at T=1. The value of the parameters are 𝜇𝑐 = 0.66, 𝐷𝑐 = 1.2,  Λ = 5000. 

3.5 Mean ExB shear and zonal shear effects on the meso-scale pattern 

In this subsection, we set the initial flow shearing (i.e., 𝑢(𝑥, 𝑡 = 0) ) as 

𝑢(𝑥, 𝑡 = 0) = 𝐴𝑠𝑖𝑛(𝑁𝜋𝑥) + 𝐵 in Eq. (15), where 𝐴 and 𝐵 are the initial zonal 

shear and mean shear, respectively, and 𝑁 is the mode number of the meso-scale 

initial condition, and represents the periodicity of 𝑢. The results are given figures 9, 

10, 11 and 12 at T=10 with initial density gradient −𝛻𝑛(𝑡 = 0) = 5.0.  

In figure 9, we explore the mean shear effects on the staircase pattern by fixing 

𝑁 = 7, 𝐴 = 0.003 and varying 𝐵. When the mean shear is smaller than some values, 

such as in figures 9(a) and 9(b), we can see that the increase of mean shear does not 
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have a significant effect on the staircase pattern. Much stronger mean shear gradually 

quenches the staircase. This is because the stronger mean shear suppresses the DW 

turbulence, which excites the meso-scale pattern. It should be noted that the external 

mean shear usually has a macroscopic characteristic scale length. Thus, a 

self-consistent study of mean shear effects on pattern structure is needed, and is left 

for the future. 

 

(a)

c) 

(b) 

A=0.003, B=3 × 10−4  

A=0.003, B=0.1  
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Figure 9. Mean density profiles with different values of mean shear 𝐵. Here, the fixed zonal shear 

is set at 𝐴 = 0.003. Figure (a) corresponds to 𝐵 < 𝐴, while figure (b), (c) and (d) are 𝐵 ≫ 𝐴. 

Similarly, we also investigate the effects of zonal shear on the pattern. The results 

are shown in figure 10. Here, we fix 𝑁 = 7, 𝐵 = 0.001. We can see that the increase 

of the zonal shear component 𝐴 from 10(a) to 10(b), significantly weakens the 

staircase and causes a decrease in the number of steps 𝑁𝑠. Moreover, it is not hard to 

infer that the staircase pattern will finally be destroyed by much stronger zonal shear, 

as shown in figure 9. Thus, we conclude that both mean shear and zonal feedback can 

influence the evolution of the staircase, and stronger shear quenches the meso-scale 

pattern.  

(c) 

(d) 

A=0.003, B=2  

A=0.003, B=3  
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Figure 10. Mean density profiles with different values of zonal shear 𝐴. Here, mean shear 𝐵 is 

fixed at 𝐵 = 0.001, and the zonal shear 𝐴 increases from figure (a) to (b).  

Moreover, we have shown an asymmetric (non-uniform) pattern, where the size 

and the height of steps are different at different radial positions. It shows that this 

asymmetric staircase can be also formed when zonal shear is comparable to mean 

shear (𝐴 = 𝐵). In order to illustrate the non-uniform pattern more clearly, we show 

the height of the steps at different positions in figure 11. We see more clearly that the 

staircase is asymmetric. 

(a) 

(b) 

B=0.001, A=10−5   

B=0.001, A=0.1   
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Figure 11. Variation of the height of steps in the staircase structure when mean shear and zonal 

shear are comparable, i.e., 𝐴 = 𝐵 = 0.001. 

In figure 12, the mode number of the meso-scale initial condition of the 

sinusoidal shearing profile is varied while keeping fixed 𝐴 and 𝐵, 𝐴 = 1, 𝐵 =

0.001. We can see from figure 12(a) that both the number of steps 𝑁𝑠 (black squares) 

and the number of jumps 𝑁𝑗 (red dots) increase linearly when we increase 𝑁 (i.e., 

the periods of initial oscillation) from 1 to 12. In detail, the number of jumps (steps) 

increases when 𝑁 increases from odd (even) to even (odd). The number of jumps 

will temporarily saturate when the number of steps is increasing (and vice versa). This 

shows that the staircase retains a strong memory of initial condition. The increase in 

both 𝑁𝑠  and 𝑁𝑗  saturates for 𝑁 = 12 . The corresponding mean density, mean 

vorticity and turbulent PE are shown for 𝑁 = 12 in figures 12(b), 12(c) and 12(d), 

respectively. These also clearly show the existence of a staircase structure in density 

as well as the corrugation structure in vorticity.   

A = B = 0.001 
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Figure 12. (a): The number of steps (black squares) and jumps (red dots) as a function of mode 

number N; (b), (c) and (d) are mean density, mean vorticity and turbulent PE profile, respectively. 

 As a short summary in this section, we have studied the robustness of staircase 

formation by solving the coupled nonlinear equations for mean density, mean vorticity 

and perturbed potential enstrophy. We have thus obtained answers to the questions 

listed in the introduction. The main conclusions and related discussions, as well as the 

implications, will be given below. 

4. Conclusion and discussion 

In this paper, we have studied the scale selection mechanism and feedback loop 

structure for drift wave-zonal flow turbulence. These studies utilized a mean field 

model with a bistable mixing length. The existence of the density staircase and the 

associated vorticity corrugations are investigated numerically, using this reduced 

model of the H-W system. We investigated and compared the effectiveness of 

feedback mechanisms that form and sustain the pattern. We also presented detailed 

studies of the dependence of pattern structure on both dimensionless parameters and 

the boundary conditions. Both are directly related to drive and damping factors. The 

effects of turbulence spreading as well as these of mean shear and zonal shear on the 

pattern are studied. The principal results of this paper are: 

i). The nonlinear dependence of 𝑙𝑚𝑖𝑥 on 𝛻𝑛 is the key feedback mechanism 

(d) 
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for forming and sustaining the staircase pattern. This is qualitatively 

consistent with the experimental results in HL-2A ohmic plasmas [34], where 

the level of turbulence near the 2/1 magnetic island is more sensitive to 𝛻𝑛 

than to flow shear. The 𝛻𝑛 feedback works via the Rhines scale, which 

enters the gradient dependent mixing length. Surprisingly, zonal �⃑� × �⃑�  

shearing feedback is not effective at sustaining the structure of the pattern. 

ii). The staircase pattern is affected by both the flow viscosity and particle 

diffusivity, and can be quenched by both of them. Not surprisingly (given the 

crucial role of 𝛻𝑛  feedback), the staircase is more sensitive to particle 

diffusivity than to flow viscosity. Raising the production rate (i.e., growth) of 

PE increases the number of steps in the staircase, and thus allows selection of 

a minimal step scale. Strong production reduces the effective step size 

(~𝐿 𝑁𝑠⁄ ), which is ultimately limited by the mode correlation length. Thus, the 

competition between production and diffusive dissipation defines the 

minimum scale. 

iii). Moderate turbulence spreading significantly weakens the pattern. However, 

some finite turbulence spreading is necessary to smooth the curvature (i.e., 

the corners) of the staircase structure. 

iv). The staircase retains a memory of its initial pattern. 

v). Both the mean shear and zonal feedback influence the evolution of the zonal 

pattern. Very strong �⃑� × �⃑�  shear quenches the staircase. 

From these results, we can conclude that the quasi-periodic, staircase-like 

structure in density (as well as in potential vorticity) is formed by self-sharpening of 

density modulations. This is simply inhomogeneous mixing of density. Most 

importantly, the principal feedback loop is through nonlinear dependence of mixing 

on the driving density gradient, which enters the Rhines scale. Therefore, steeper ∇n 

corresponds to small Rhines scale 𝑙𝑅ℎ, and thus to smaller mixing length 𝑙𝑚𝑖𝑥. It then 

results in a smaller level of transport (i.e., smaller particle/thermal diffusivity). In turn, 

smaller transport is favorable for steeper 𝛻𝑛, which thus closes the feedback loop, as 
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shown in figure VIII. �⃑� × �⃑�  shearing feedback, as commonly assumed, does not 

result in the formation of non-trivial patterns. We see that the zonal pattern scale is 

determined by the length of the system and by the number of steps. The latter is set by 

𝛻𝑛, dissipation, boundary effects and turbulence spreading. The greater sensitivity to 

particle diffusion 𝐷𝑐  than to flow viscosity 𝜇𝑐 is consistent with the dominance of 

∇n feedback. The increase in step number with 𝛾𝜀 (the growth rate of production) is 

a possible explanation of why staircases are observed only near marginality. 

Increasing step number drives down the step size in a fixed domain, eventually 

squeezing the step size into the correlation scale of the underlying turbulence. 

   Steepening of 𝛻𝑛 

 

Further drop of 𝑙𝑅ℎ and Γ𝑞               Drop in local turbulent PE 

Figure VIII. A schematic view of feedback loop. 

 More generally, we conclude that reduced models are a useful complement to 

large scale simulations. A cynical reader may ask—Why bother? Of what use are 

simple models? Why not simply explore the staircase formation phenomenon using 

so-called “first principle direct numerical simulation (DNS)”? We respond by noting: 

i). reduced models allow us to formulate, isolate and test different physical ideas 

and scenarios concerning staircase formation. They allow us to identify the 

roles and relative importance of competing processes; 

ii). reduced models distill and clarify the message from large DNS. Indeed, if one 

truly has learned something from a serious of large DNS, one should be able 

to condense the lesson into an illustrative reduced model; 

iii). reduced models are useful to guide, and analyze the results of larger scale 

DNS. Without such simple models, one can not extract anything useful from 

big simulations; 

iv). most importantly, reduced models (and theoretical concepts) provide a 

framework for, and give meaning to experiments, both physical and digital. 

Eq. (10) 
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This process of “modelization” is essential to conceptual progress.    

This paper motivates several directions for future work. These include, but are not 

limited to: 

i). understanding why �⃑� × �⃑�  shearing feedback is ineffective, and also better 

characterizing the relation between the Rhines mechanism, scale and transport, 

which leads to self-sharpening, 

ii). qualitative studies of parameter scans in conjunction with basic experiments, 

iii). flux-driven calculations, to probe the pattern evolution and the transition 

between different global states of the system. These should be complemented 

by fundamental extensions of the basic model to encompass mean shearing 

effects, 

iv). extensions to richer basic plasma models, beyond the H-W system, 

v). a better understanding of the evolution of the zonal pattern in general. In 

particular, it seems possible to understand ZF in two limits, namely: 

(a) the quasi-linear growth stage of modulational instability, 

(b) the strongly nonlinear state of sharpened gradients, corresponding to a 

staircase. 

One would like a clearer understanding of the transition from (a) to (b), and 

the conditions required for it. For example, does the transition require certain 

critical conditions? Likewise, one may also wonder about the ZF pattern 

structure if full self-sharpening does not occur. These questions require 

further study, beyond this paper.        

The collapse of the staircase for �⃑� × �⃑�  shearing feedback and the seeming need 

for feedback via 𝛻𝑛 are surprising results, which fly in the face of conventional 

wisdom. These merit further study. We remark that independent investigations 

reported a result that suggests ∇𝑇𝑖 feedback is the principal mechanism for staircase 

formation in ITG turbulence [15]. However, this study did not address the physics of 

the feedback mechanism. We note that the Rhines mechanism is generic to drift wave 

turbulence, though its strength varies with dispersion. Moreover, such 𝛻𝑛-dependent 
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mixing feedback is a natural route to enhanced confinement regimes characterized by 

steep density gradients. In this regard, recall the results shown in figure 8(a), which 

scans 𝑁𝑠 (the number of steps in staircase structure) versus −𝛻𝑛(𝑡 = 0). This result 

shows that for a steep initial 𝛻𝑛, the staircase condenses into a single, large step, 

which is a transport barrier by any other name! Hence, we plan to explore this 

feedback channel and its implications in future work. In particular, it is a candidate 

trigger mechanism for the L-H transition, and merits further investigation in this 

regard.                   
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