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Quantifying the evolutionary dynamics of beneficial mutations in microbial populations

relies on a massive sampling of nascent mutations, which has recently become possible by

innovative barcode techniques. Despite barcode lineage tracking (BLT) experiments offer a

straightforward means of capturing mutation frequency trajectories, accurately quantifying

their dynamics remains a challenge. This dissertation addresses the critical issue of precisely

and accurately estimating the fitness effects, mutation rates, and the distribution of fitness

effects (DFE) associated with beneficial mutations identified in BLT experiments. First, I

investigate the limitations of existing methods used to infer fitness effects and identify potential
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reasons for failure. To address this issue, I develop a novel Bayesian filtering method for

fitness inference, which significantly enhances the accuracy of estimation compared to current

approaches. Secondly, to estimate the rate of beneficial mutations within specific classes, I

develop a stochastic model of mutant population dynamics. By applying this model, I infer the

rate of beneficial mutations in the BLT experiment, providing valuable insights into mutation

dynamics. Lastly, I highlight an inherent bias in our observations of beneficial mutations through

adaptive evolution relative to the true underlying DFE. To address this disparity, I propose a

method for inferring the mutation rate spectrum by back-calculating the observed DFE. The

work presented in this dissertation establishes a statistically solid foundation for the analysis of

the BLT experiment.
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Introduction

Every new adaptation originates in a single individual. Most vanish soon thereafter.

The few that survive may encounter fierce competition with other contending adapted lineages

[4, 5, 7, 17, 29, 33, 34, 42, 46, 55, 57, 58, 69, 73, 89]. This competition, termed “clonal

interference”, is particularly severe in organisms with limited recombination that have access to

a large supply of beneficial mutations, such as microbes and cancers evolving in the presence

of drugs [68, 82, 105] or viruses evading the host’s immune system [41, 96]. In the clonal

interference regime, also known as the “concurrent mutation” regime [17], the chance of fixation

of an allele depends not only on its own fitness benefit but also on the benefits provided by

competing alleles [29, 34, 90]. Thus, to understand the dynamics of rapid adaptation, we must

know the statistics of fitness effects of adaptive mutations, in particular the distribution of fitness

effect (DFE). However, our knowledge of DFEs is extremely limited, even in well studied

laboratory systems.

The main challenge in measuring the DFE is that it is difficult to collect large and

unbiased samples of beneficial mutations. The most statistically sound strategy would be to

isolate them from random samples of spontaneous mutations. However, doing so is prohibitively

inefficient because in most organisms mutations are rare events [92] and the vast majority of

them are neutral or deleterious [22]. The fraction of beneficial mutations could be as low as

∼ 2%, with stronger beneficial mutations being even more rare [58]. As a result, obtaining

accurate statistics of beneficial mutations from samples of random mutations would be extremely

burdensome. Instead, researchers leverage the power of natural selection, which over time

elevates the frequencies of beneficial mutations in the population. Indeed, it is relatively easy
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to identify and isolate beneficial mutations in recently adapted populations [13, 25, 48, 53].

However, this strategy preferentially captures mutations with the strongest fitness benefits

because they are more likely to escape genetic drift when rare and survive clonal interference.

As such, the information about the diversity of adaptive mutations gained with this approach is

not only incomplete but also biased in a way that depends on idiosyncratic and often unknown

details of the evolutionary dynamics in the population from which the mutations are sampled.

A recently developed barcode lineage tracking (BLT) method provides an alternative

experimental strategy for learning the statistics of beneficial mutations in asexual microbes

[58, 101]. The key idea is to introduce many (typically, ∼ 105) random neutral DNA barcodes

into an otherwise isogenic population and track barcode frequencies over time using deep

sequencing. This approach allows one to measure the fitness benefits of many simultaneously

segregating driver mutations, including weak ones, in a single short evolution experiment, while

avoiding laborious genetic reconstructions and screens. As a result, measuring DFE of beneficial

mutations becomes accessible experimentally.

While the BLT approach shows great potential, its success is currently limited by several

challenging statistical problems. How do we identify the few adapted lineages (those that have

already acquired a beneficial mutation) among many thousands of neutral ones (those that have

not yet acquired any beneficial mutations) based on barcode frequency dynamics? How do we

estimate the fitness advantages for those adapted lineages from frequency dynamics? How do

we estimate the rate at which different adaptive mutation arise? My dissertation focuses on the

development of analytical methods for quantifying the evolutionary dynamics for the mutations

in BLT experiments and answering these important applied questions.

In chapter 1, I provide some essential background information that is necessary to

understand the rest of the work. In particular, I describe a typical setup for BLT experiments,

define biological fitness in the context of these experiments, and more precisely outline the

problems to solve in this dissertation.

In chapter 2, I demonstrate that the key assumptions made in current BLT analysis fail
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under certain scenarios, which can lead to inaccurate identification of adapted lineages and their

fitness.

In chapter 3, I develop a novel Bayesian framework to solve problems addressed in the

previous chapter, and implement this method on both simulation and experimental studies.

In chpater 4, I model the population dynamics of mutant growth in a competitive back-

ground. I apply this model to estimate the rate of beneficial mutation in the same class for BLT

experiment.

In chapter 5, I develop a method ought to infer the mutation rate spectrum of fitness

effect as the unbiased underlying evolutionary dynamics of beneficial mutations.

3



Chapter 1

Background

1.1 Introduction to Biological Fitness

The ability of an organism to survive and reproduce is crucial for its long-term evolu-

tionary success, and it is measured by a quantity called fitness. Conceptually, fitness is the

reproductive success of a genotype in its habitat. The precise definitions of fitness vary across

systems. The two most common definitions are the “Wrightian fitness” in models with descrete

time and the “Malthusian fitness” in models with continuous time, which are defined below. In

these standard models of evolution, the change of a genotype’s abundance in the population

depends on its absolute frequency in the population and on the absolute frequencies of other

genotypes. It is therefore more convenient to use relative fitness than absolute fitness and,

correspondingly, of the fitness effect of a mutation. In this chapter, I introduce the definitions

of biological fitness, following Refs. [15, 28, 77, 108], and briefly review the method of fitness

inference from microbial experiments, following Refs. [12, 19, 98].

1.1.1 Absolute fitness, relative fitness and fitness effect in discrete time

In models with discrete time, absolute fitness is the average per capita lifetime contribu-

tion of individuals of that genotype to the population after one generation. It can be considered

as the average number of offspring born in one generation. The simplest reproduction model

is the Wright-Fisher where all parents are entirely replaced by their offspring every generation.
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In this model, assuming that all individuals in the population have the same genotype, the

Wrightian absolute fitness Ww (equation (1.1)) is simply the ratio of population size n between

two generations k and k−1:

Ww = nk/nk−1, (1.1)

and its population size (equation (1.2)) would increase in power law if Ww > 1, or decay in power

law for Ww < 1 from a initial size n0

nk =Ww nk−1 = (Ww)
k n0. (1.2)

The emergence of random mutations in a population creates genetic variations such that

the ancestor and those genotypes arising by mutation would compete with each other. Due to the

competition, the presence of a genotype in the population would increase or decrease depending

on its absolute fitness and the absolute fitness of other genotypes. Because of the nature of

competition, one cannot simply realize a genotype’s fraction from its absolute fitness. Instead,

it’s more common to use relative fitness and selection coefficients in evolutionary biology studies.

Relative fitness ww (equation (1.3)) is the absolute fitness normalized to that of another reference

(usually, the “wildtype”) genotype in the competition. By definition, the relative fitness of the

reference genotypes is 1(wRe f
w = 1).

ww ≡Ww/W Re f
w = 1+ sw (1.3)

Fitness effect sw (equation (1.4)), or called selection coefficient, is defined as the difference

between ww and wRe f
w .

sw ≡ ww −wRe f
w = ww −1 (1.4)

Note that the fitness effect can mean fitness advantage or disadvantage depending on its sign. In

some studies, the most beneficial variant is chosen as the reference, in which case it is common
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to define the fitness effect as s = wRe f
w −ww such that s means reduction in fitness. In the study

of adaptation, it is natural to choose the ancestor (wildtype) as the reference genotype. In this

thesis, the fitness effect is defined with ancestor as reference genotype. With that, the beneficial

mutations would result in sw > 0 since they have greater fitness than the ancestor. Deleterious

mutations have a negative selection coefficient sw < 0.

The utility of the selection coefficient is that it links our theoretical understanding

of how genotype’s abundances change in competition to measurable quantities. Consider a

relative size φ = n/nRe f as the ratio of population size of one focal genotype and the reference.

Experimentally, φ is easy to measure. One can measure the genotype’s frequencies (fraction) x

in population, using, for example, drug or fluorescent markers, and calculate φ = x/xRe f from

the measurements. Based on equation (1.2) and (1.3), the relative size φ can be written as

φk = ww φk−1, (1.5)

and the change of φ over one generation is

∆φ = φk −φk−1 = sw φk−1. (1.6)

Equation (1.6) suggests a way to measure selection coefficients. However, in microbial popula-

tions, which are the focus of this thesis, the assumption of discrete non-overlapping generations

is usually not met. It is therefore convenient to consider a model of evolution with continuous

time and the corresponding definition of the selection coefficient, which I discuss next.

1.1.2 Absolute fitness and fitness effect in continuous time

In continuous time, absolute fitness is defined as per capita growth rate of population

ṅ(t) =Wm n(t), (1.7)
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where n(t) denotes the genotype’s population size at time t and Wm refers to the Malthusian

fitness. For a simple Malthusian (exponential) growth model, the solution of population size n(t)

is

n(t) = eWm tn(0) (1.8)

with growth rate Wm. Here the Malthusian fitness (continuous time) and the Wrightian fitness

(discrete time) is not the same. Based on the definitions (equation (1.8) & (1.2)), the relation

between two absolute fitness is given by

Wm = lnWw. (1.9)

The fitness effect (selection coefficient) in continuous time is defined similarity to the sw in

discrete time:

φ̇(t) = sm φ(t). (1.10)

Combined equations (1.10) & (1.7), the fitness effect s means the difference in Malthusian fitness

between the focal genotype and the reference genotype,

sm =Wm −W Re f
m , (1.11)

whereas in discrete time, as discussed above, fitness effect is given by

sw = ww −wRe f
w . (1.12)

Note that both relative fitness and fitness effect means to the biological fitness normalized

in certain ways: relative fitness w is a normalized fitness such that the reference is one (wRe f
w = 1),

where the fitness effect is a normalized fitness such that the reference is zero (sRe f
w = 0, sRe f

m = 0).

The biological meaning of fitness effect does not change in discrete time or continuous time.

It is easy to show that the expression of the fitness effect is equivalent in slow grow (such that
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we can approximate discrete time to continuous time). Consider in slow growth that a linear

approximation of equation (1.9) for Ww ≈ 1 leads to Wm ≈Ww−1. By substituting the Wrightian

fitness Ww by Malthusian fitness Wm, the fitness effect sw in discrete time can be expressed by

the Malthusian fitness, as shown in equation (1.13)

sw = ww −wRe f
w

=
Ww

W Re f
w

−1

≈ Wm +1

W Re f
m +1

−1

≈ (1+Wm)(1−W Re f
m )−1

≈Wm −W Re f
m = sm

(1.13)

Figure 1.1. Schematic figure of pairwise competition assay experiment for measuring fitness
(from Ref. [19])

The fitness effect is measured experimentally by pairwise growth competition experiment.

A pairwise competition assay introduces two strains (reference genotype and target genotype)
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mixed 1:1 and diluted in a competition environment. As shown in the figure 1.1, the initial

densities and final densities of two strains are estimated. The “growth rate” W̃m of each competitor

is calculated as the natural logarithm of the ratio of its final density ρ(t +∆t) to its initial density

ρ(t):

W̃m =
1
∆t

ln
(

ρ(t +∆t)
ρ(t)

)
, (1.14)

and the fitness effect of target genotype is calculated as the difference in W̃m:

s̃m = W̃m −W̃ Re f
m (1.15)

In fact, the growth curve does not follow the Malthusian growth if a microbial organism

is transferred in a fresh media. Experimentally, population growth usually includes four phases

(figure 1.2): lag phase, log phase (exponential growth), stationary phase, and dead phase.

Therefore, measuring populations at different growth phases would result in different values of

the estimated growth rate W̃m. However, by definition, fitness is the overall reproductive success

of an organism across all conditions that it encounters during its lifetime, which may be difficult

to measure in practice. Measuring fitness differences is typically easier.

Equation (1.16) shows that s̃m is equivalent to the fitness effect defined in equation (1.10).

Therefore, s̃m can be estimated from the direct measurement of relative frequency φ(t) in a

growth competition assay. One can sample the entire population over two time points in the

competition growth and calculate the ratio of each strain (target strain and reference strain) using,

for example, drug or fluorescent markers. For example, figure 1.3 shows the ratio (frequency) of

two competition strains over several days of growth. The relative frequency trajectory φ(t) is

calculated as the ratio between the frequency of target strain (green trajectory in figure 1.3) and

the frequency of reference strain (red trajectory in figure 1.3). The fitness effect s of target strain

is estimated by the φ(t) based on equation (1.10).
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Figure 1.2. Graphic representation of typical bacterial growth curve in culture medium [104]

Figure 1.3. Example of pairwise competition between parasite P. falciparum wildtype (NHP4026,
red) and an artemisinin-sensitive mutation in kelch13 (P3, green) in the flask (from Ref. [98]).

s̃m = W̃m −W̃ Re f
m

=
1
∆t

ln
(

ρ(t +∆t)
ρ(t = 0)

)
− 1

∆t
ln
(

ρRe f (t +∆t)
ρRe f (t = 0)

)
=

1
∆t

ln
(

ρ(t +∆t)
ρRe f (t +∆t)

)
− 1

∆t
ln
(

ρ(t)
ρRe f (t)

)
=

1
∆t

ln(φ(t +∆t))− 1
∆t

ln(φ(t)) =
1

φ(t)
∆φ(t)

∆t

(1.16)

The “fitness effect” used in the dissertation is s̃m, the difference of overall fitness

between the mutant strain and the ancestor strain. I term it as s to simply the notation.
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Figure 1.4. The dynamics of sequence evolution in BYB1-G07 (from Ref. [57]).

1.1.3 Lineage trajectory and the mean fitness effect

A lineage trajectory, the frequency of a small subpopulation of cells over time, can be

used to discover beneficial mutations and estimate their fitness effect. The simplest example

of the lineage trajectories is the frequency trajectories (red & green in figure 1.3) in a pairwise

competition assay. However, a competitions between two marked genotypes often mask the

underlying diversity of new adaptive mutations that are being continuously generated [27, 38, 46]

When many adaptive mutations are present in a population at the same time, their frequencis

would increase or decrease depending on their own fitness effects and the frequencies of all other

lineages (figure 1.4 as example).

Here, I introduce the mathematical expression of lineage trajectory for any target mutation

presented in an evolving population and introduce the concept of the population’s mean fitness

effect. Consider a large microbial population with genotypes (lineages) i = 1,2, ...m, and each

lineage has a fitness effect si compared to the reference lineage. For each lineage i, its frequency
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trajectory is denoted as xi(t) and its relative frequency is denoted as φ i(t) = xi(t)/xRe f (t). The

instant change of a lineage’s frequency is given as

ẋi(t) =
d
dt

(
φ

i(t)xRe f (t)
)

= φ̇
i(t)xRe f (t)+φ

i(t) ẋRe f (t).
(1.17)

Substituting φ̇ i in the left part of equation (1.17) by equation (1.10), we have

ẋi(t) = si
φ

i(t)xRe f (t)+φ
i(t) ẋRe f (t)

= si xi(t)+φ
i(t) ẋRe f (t).

(1.18)

The reference frequency xRe f (t) = nRe f (t)/N(t) is the fraction of reference size nRe f (t)

to the total population size N(t) = ∑i ni(t). The time derivative of xRe f (t) is given as

ẋRe f (t) =
1

N(t)
ṅRe f (t)− nRe f (t)

N(t)2 Ṅ(t)

=
1

N(t)
W Re f

m nRe f (t)− nRe f (t)
N(t)2 ∑

i
ṅi(t)

= xRe f (t)

[
W Re f

m −∑
i

W i
m xi(t)

]

= xRe f (t) ∑
i

(
W Re f

m −W i
m

)
xi(t)

= xRe f (t) ∑
i

(
−si)xi(t)

=−xRe f (t) s̄(t).

(1.19)

Here, s̄(t) = ∑i si xi(t), called mean-fitness effect, is the average of fitness effect s for current

population composition. Combining equation (1.18) & (1.19), we derive the frequency change

of lineage i as

ẋi(t) =
(
si − s̄(t)

)
xi(t). (1.20)
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The frequency change of a lineage i depends on three quantities: its current frequency xi(t), its

fitness effect si, and current mean fitness effect s̄(t). Taking mean-fitness as a constant in a short

time limit, we can integrate ẋi(t) over a small time frame ∆t and obtain

xi(t +∆t) = xi(t)e(s−s̄(t))∆t . (1.21)

If the lineage’s fitness effect is greater than the current population-mean fitness effect (i.e.,

si > s̄(t)), it will increase in frequency; otherwise, the frequency decreases.

This expression of lineage’s frequency dynamic (equation 1.21) is going to be central

in the subsequent chapters.

1.1.4 Distribution of fitness effect (DFE)

Figure 1.5. The distribution of fitness effects of random mutations in vesicular stomatitis virus
(from Ref. [22])

What fitness effect does a new mutation have as it arises in an evolving population?

Answering this question with certainty is of course not possible because mutations are random

events. But it is possible to characterize the statistics of new mutations. The quantity that

describes the probability that a new mutation will have a certain effect on fitness is called the

distribution of fitness effects of new mutations and is usually abbreviated as “DFE”. The DFE is

13



a fundamental quantity in population genetics because it allows us to quantitatively understand

many aspects of the evolutionary process. For example, knowing the DFE, we can predict

how fitness would change over time [32, 34, 54, 106], how mutations would accumulate in the

population [32, 54]. It is also relevant for understanding many evolutionary phenomena, such as

the molecular clock [74, 83], the rate of genomic decay [64], the maintenance of genetic variation

[11], and the evolution of recombination[51, 81]. Despite its importance, direct measurements of

the DFE remain challenging. In most organisms, beneficial mutations are rare events. Isolating

beneficial mutations from the adapted population in an unbiased manner is also challenging

because weakly beneficial mutations are less likely to survive and be sampled. As such, the main

challenge is that measuring the DFE requires observing many independent adaptive mutations

with as great diversity of fitness effects as possible. Recently, an experimental approach termed

“barcode linage tracking” (BLT) has been developed for learning the statistics of fitness of many

adaptive mutations simultaneously.

1.2 Introduction to the Barcode Lineage Tracking Experi-
ment

Barcode lineage tracking (BLT) approach has been developed to observe many indepen-

dent and isolated adaptive mutations with a single experiment [1, 2, 7, 14, 42, 43, 58, 60, 62,

100, 101]. This approach introduces a massive number of unique DNA barcodes into a large

(ancestor) population. By deep-sequencing the barcodes, barcode frequencies can be tracked

to a very low limit (10−5 − 10−7). As a new adaptive mutation arises during evolution, it is

permanently linked to one barcode and leads to an observable sustained increase in its barcode

frequency. Therefore, the fitness effects (selection coefficients) of many beneficial mutations,

including weak ones, can be inferred from these rising trajectories.
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Figure 1.6. Overviwe of barcode lineage tracking (BLT) experiment

1.2.1 DNA barcode

DNA barcode is a random sequence of nucleotides in length of 20-30 bp. The length

of barcode is designed to create enough information to distinguish many (typically, 104 to

105) lineages. The barcode libraries are usually preserved in synthetic oligonucleotides (oligo)

libraries, that are integrated into plasmids and typically stored in Escherichia coli. To create a

barcode-tagged strain, the barcode plasmid is transformed and integrated into the target organism

either on a chromosome or an extra-chromosomal plasmid.

1.2.2 Evolution experiment

To observe the appearance and spread of adaptive mutations, a barcode-tagged microbial

population is usually evolved for hundreds of generations under laboratory conditions. In a

typical batch-culture setup, the barcoded population grows for a few generations until it exhausts

the nutrients present in the medium after which point, the culture is diluted into fresh medium.

The choice of bottleneck size during the transfer is determined by a balance between various

practical considerations. For example, a large bottleneck size would decrease the number of
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generation in each growth-diluting cycle thereby potentially slowing the experiment. On the

other hand, a small bottleneck size would reduce lineage diversity decreasing the chances of

finding adaptive mutations. For example, for 105 lineages growing in fresh media with a carrying

capacity of 1011 cells, the bottleneck size can be 107 cells to ensure that each lineage carries

100 cells on average; therefore, the evolved time of one batch-growth is log2 (1011/107)≈ 13

generations.

1.2.3 Barcode measurement

A measurement of frequencies of barcoded lineages requires several steps [44]. First,

the barcode carrying DNA is extracted from the sampled population. The DNA template is

clean up and the barcode is amplified with the Polymerase Chain Reaction (PCR). During PCR,

overhangs that contain sequences necessary for multiplexing and sequencing are attached to the

barcode-containing fragments. Finally, the barcode amplicon DNA is purified and sequenced,

typically on an Illumina platform.

1.3 Challenges, Objectives, and Approaches

Barcode lineage tracking (BLT) experiments provide a simple, rapid, and quantitative

approach to measuring the distribution of fitness effect (DFE) of beneficial mutations for asexual

microbes. While a statistical method for DFE inference from BLT experiments has been

developed by Levy et al (Ref. [58]), its precision, accuracy and the domain of applicability have

not been rigorously evaluated. In particular, it remains unclear how to optimally model genetic

drift and the increase of mean fitness effect during evolution. As I will show in the next chapter,

the previosly developed BLT analysis method is limited to conditions where selection is weak.

However, the strength of selection is usually unknown a priori. Thus, it is necessary to develop a

more robust method for the analysis of BLT experimental data.
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1.3.1 Challenges to evolutionary dynamics analysis

The main problem addressed in this thesis (Chapter 3) is how to precisely and accurately

estimate the fitness effect of a nascent beneficial mutation from the BLT data. While the fitness

effect of a lineage can be inferred from its frequency trajectory, such inference relies on an

accurate estimate of the mean fitness effect. Theoretically, the mean fitness effect can be inferred

from the frequency trajectory of any single reference (ancestor) lineage, but such estimate would

be very noisy because frequencies of individual barcoded lineages are very low (10−5 ∼ 10−7).

Since errors in the estimate of mean fitness translate into biases in the estimates of fitness

effects of individual mutations, it is important that mean fitness is estimated precisely. The

Levy-Blundell method for BLT data analysis attempts to overcome the noisy problem by using a

“bulk” reference consisting of a subset of “small” (i.e., low-frequency) lineages (20−50 barcode

read count). However, this approach is limited to evolutionary conditions with weak selection, as

will be shown below.

The second problem, addressed in Chapter 4, is to estimate the rate at which different

types of adaptive mutations arise. How many different adaptive routes are avaiable to evolution

and how likely each route is to be taken are long-standing quations in evolutionary biology

[8, 19, 21, 75, 94]. While the beneficial mutations that drive the frequency increases in adapted

barcode lineages can be identified by whole genomics sequencing, there has been no robust

method for inferring the rate at which different types of adaptive mutations arise. As a beneficial

mutation randomly arises in a single cell in the population, the mutant has to survive genetic

drift and sufficiently expand in size before it can be observed. Thus, an inference of the mutation

rate from BLT observations hinges on a model of this stochastic process.

The last challenge relates to the distribution of the fitness effect. The DFE of new

beneficial mutations (DFE) is a fundamental evolutionary quantity, and it has been measured in

evolutionary studies [1, 58] through the barcode lineage tracking (BLT) experiments. However,

the measured DFE is not exactly the true underlying DFE. It is because lineages with weakest
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fitness effects are less likely to reach a large size and be detected before they begin to decline due

to the competition. How do we estimate the true DFE from the measured DFE? It is surprising

that this question is never been investigated systematically.

1.3.2 Objectives and basic approaches of this dissertation

The overarching aim of this dissertation is to develop novel statistical methods for the

analysis of BLT experiments.

The first objective, addressed in Chapter 2, is to investigate the Levy-Blundell method

for the inference of fitness effects of adapted lineages, delineate its domain of validity and find

possible reasons for its failure outside of this domain.

The second objective, addressed in Chapter 3, is to develop a new more robust method

for fitness inference that overcomes the problems indentified in Chapter 2. I refer to this novel

approach as the Bayesian Filtering method.

The third objective, addressed in Chapter 4, is to develop a method for estimating the

rate of beneficial mutations that belong to a given class.

The last objective, addressed in Chapter 5, is to identify the extent to which the DFE

that can be directly calculated from the adapted barcoded lineages is biased relative to the true

underlying DFE and to outline an approach for how this bias can be corrected.

Overall, the work presented in this dissertation forms a statistically solid foundation for

the analysis of BLT experiments.

18



Chapter 2

Shortcomings of the Levy-Blundell Method

2.1 Introduction

As mentioned above, [58] were the first to carry out a BLT experiment in an evolutionary

context. They also developed a method for identifying adapted lineages and inferring their

fitness, which I refer to as the “Levy-Blundell” method. Since most the subsequent BLT work

[1, 2, 7, 59, 61, 63, 73, 91, 101] applies methods that is based on the same approach, I focus here

on the analysis of this method. In particular, in this Chapter, I briefly review the Levy-Blundell

method and discuss its key concept and assumptions. I then use simulations to demonstrate that

the key assumptions fail under certain scenarios, which can lead to inaccurate identification of

adapted lineages and their fitness. In the next Chapter, I propose a new method that overcomes

these problems.

2.2 Review of the Levy-Blundell method

The Levy-Blundell method establishes a stochastic model to characterize lineage dynam-

ics. The model is based on a simple birth-and-death process as a mutant population starting from

an initial number of cells n0 randomly grows and/or shrinks with a given birth rate and death rate.

They derived the approximate expression for the probability Pt(n) that the mutant population
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size is n after time t,

Pt(n) =

√
µ

1/2
t

4πκtn3/2 exp
[
−
(
√

n−√
µt)

2

κt

]
(2.1)

The probability Pt(n) depend on two parameters: the expected lineage size µt at time t and the

noise parameter κt . The mean µt = n0eλ t depends on the growth rate λ , which is the difference

between the birth and death rates. κt =
1

2λ
(eλ t −1) equals half of the variance to mean ratio.

Equation (2.1) represents the underlying dynamics of a lineage in the real biological

population. However, the actual number of cells that belong to a given barcoded lineages is not

observed. Instead, one samples cells from the population at each sampling time k, sequences

their barcodes (after a number of technical processing steps) with a total read depth Rt (total

reads of sequence) and observes that a certain number rk of the resulting sequencing reads belong

to a given lineage. Here I refer to rk as the barcode count at sampling time k. Levy et al. use

an expression analogous to equation (2.1) to model the observed dynamics of lineage barcode

counts. Specifically, the posited that the probability of observing read count rk at the sampling

time k for a lineage with read count rk−1 at the previous sampling time is given by

P(rk) =

√√√√ µ1/2

4πκr3/2
k

exp

[
−
(
√

rk −
√

µ)2

κ

]
, (2.2)

with µ defined by
µ

Rk
=

rk−1

Rk−1
e(s−s̄k)∆tk , (2.3)

where ∆tk is time between two sampling events, s and s̄k are the selection coefficient of lineages

and the mean population fitness effect. Unlike in the birth-death process, the variance parameter

κ is a priori unknown since it characterizes all systematic noise in the BLT experiments, including

growth, dilution, DNA extraction, DNA amplification, etc. Levy et al. estimated κ ≈ 3 in their

experiment. To determine µ , they model the expected read µ (Equation 2.3) similarly to the

birth-death process. The barcode frequency would increase or decrease from the previous cycle

20



Figure 2.1. Example of fitting the noise parameter κ and the mean fitness s̄k (denoted as x̄ in
figure) from a histogram distribution of P(rk) constructed for barcodes with rk−1 = 30. Figure is
obtained from Supplementary Figure 19 in Ref. [58].

if the lineage has s greater or less than the mean of population s̄k.

The first step in the Levy-Blundell method is to use the equation2.3 to infer the mean

fitness s̄k. Since the chance that an adaptive mutation occurs in on a given barcode background

depends linearly on the lineage size, most low-frequency lineages fail to acquire an adaptive

mutation during the relatively short duration of the BLT experiment and thus remain neutral,

i.e., their s = 0. They exploit this fact to infer s̄k. In particular, they select lineages with read

count rk−1 = 20− 40 at each time point k− 1 as a “neutral reference”. They then obtain the

distribution of read counts rk at the next time point k for these neutral reference lineages. Levy

et al. then apply fit Equation 2.2 (with s = 0) to this distribution to infer the mean-fitness s̄k and

the noise parameter κ . See figure 2.1 as an example.

Once the mean-fitness trajectory s̄k is known, the Levy-Blundell method takes the entire

barcode frequency trajectory of each lineage, and infers the most likely selection coefficient s

and the establishment time of a putative adaptive mutation. Finally, it identifes which lineages

likely acquired an adaptive mutation during the BLT experiment by comparing the likelihoods of

the observed trajectoreis under a neutral model (equation2.3 with s = 0) and the adaptive model
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(equation2.3 with the most likely s).

2.3 Critical assumptions of the Levy-Blundell method

2.3.1 The “neutral decline” assumption

Estimating the fitness effect of a beneficial mutant in BLT analysis requires knowing

population’s mean fitness trajectory (see equation (1.21)). If the mutant’s fitness is greater than

the current mean fitness of the population, the frequency of the mutant increases; otherwise, the

frequency would decline. As mentioned above, the mean fitness trajectory can be inferred from

the trajectories of ancestoral (neutral) lineages, i.e., those that have not acquired an adaptive

mutation. Since the neutral lineage have, by definition, no fitness advantage over the ancestor

(i.e., s = 0), equation (1.21) for the frequency x(t) of a neutral lineage becomes

x(t +dt) = x(t)e−s̄(t)dt . (2.4)

In principle, equation (2.4) can be easily solved for the mean fitness s̄(t), provided that the

neutral lineage trajectory is known. However, in practice, the true frequency of neutral (or any

other) lineages in the population is not known. Instead, the Levy-Blundell method approximates

the true barcode frequency in the population by the frequency of the corresponding barcode in

the sequencing data, i.e.,
µ

Rk
=

rk−1

Rk−1
e−s̄k∆tk , (2.5)

where µ is the expected count of the focal barcode at the sampling time k and Rk is the total

barcode count at time k. I refer to this approach as the “neutral decline” method. The key

assumption of the neutral decline method is that the observed sampled barcode frequency is an

accurate and unbiased estimator of the true population frequency of a lineage. At first glance,

this assumption seems to be correct because the sample frequency (asymptotically) equals the

true population frequency. However, the expected barcode count µ in equation (2.5) represents
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the expected barcode count at the next samplint time point of all lineages whose barcode count

at the previous sampling time was rk−1, and such lineages may (and in general do) have different

true population frequencies. It is thus not a priori clear whether such conditional expected value

in fact changes according to equation (2.5). Indeed, I next demonstrate that this not the case in

general.

To this end, I derive the barcode dynamics directly from cell dynamics (equation (1.21)).

I first denote µ =E(rk|rk−1) as the expected barcode read count for lineages with read count rk−1

at the previous sampling time k−1. The expected value can be broken down to the integration

over read count and cell number. See Appendix A for calculations. I work out the expected

barcode read count for neutral lineages (s = 0), which is given as

E(rk|rk−1) =
Rk

Nk−1
e−s̄k∆tk E(nk−1|rk−1), (2.6)

where nk−1 and Nk−1 are the lineage (cell) size and the total population size at sampling time

point k−1. Note that the expected size E(nk−1|rk−1) of lineage depends on the distribution of

lineage sizes P(nk−1) and the probability P(rk−1|nk−1) of observing rk−1 reads for a lineage

whose true cell count is nk−1 (the “measurement process”),

E(nk−1|rk−1) =
∫

dnk−1 nk−1
P(rk−1|nk−1)P(nk−1)

P(rk−1)
. (2.7)

To learn the properties of E(nk−1|rk−1), I consider the simplest case where the P(nk−1)

is an exponential distribution, and the measurement process P(rk−1|nk−1) is a negative binomial

(NB) distribution with mean of Rk−1nk−1/Nk−1 and variance of 2κ×mean), in which case I

obtain

µ(rk−1)≡ E(rk|rk−1)≈
Rk

Rk−1
(2κ + rk−1)e−s̄k∆tk . (2.8)

Equation (2.8) shows that the expected read count µ has a nonzero offset, i.e., µ ̸= 0

when rk−1 = 0, in contrast to the neutral decline equation (2.5). This offset is determined by
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measurement noise κ .

Although the neutral decline equation (2.5) does not hold in general, it can still be used for

estimating s̄ for certain values of rk−1. Specifically, in the limit of large read rk−1 ≫ 2κ , the offset

can be ignored, and equation (2.8) is well approximated by the neutral decline equation (2.5).

However, lineages with large read counts are more likely to be non-neutral (i.e., have acquired

an adaptive mutation), especially at later time points, whereas neutral lineages are more likely to

be in the regime rk−1 ∼ κ . It may be possible to find a range of values rk−1 that are large enough

that the neutral decline assumption holds but not so large that they have acquired an adaptive

mutation. But what where such range of rk−1 values lies is a priori unknown. In the absence of

such knowledge, it’s expected that the inference of mean fitness would be sensitive to the size of

reference lineages chosen for the inference.

2.3.2 The no lineage extinction assumption

The mean-fitness inference in Levy-Blundell method is based on fitting the observed

distribution of read counts to the functional form given by equation (2.2). This probability

distribution is undefined for rk → 0. Thus, it excludes the possibility of sampling zero reads

(rk = 0) from the reference lineages. In other words, the model assumes that the reference

lineages represented in the sequencing data at one sampling time point are still represented at

the next sampling time point. This assumption appears to hold in the Levy et al. dataset. The

majority of their reference lineages are still present at the next sampling time (see Figure 2.1).

However, in general, the low-frequency lineages could disappear due to genetic drift (extinction)

or sequencing noise (pseudo-extinction). Importantly, the strength of genetic drift, which

would depend on abiotic environmental factors (e.g., high stress) and biotic competition (many

beneficial mutations, with higher fitness advantage), may be very difficult or impossible to control

experimentally. When a microbial population evolves under a larger drift, this assumption is

expected to fail.
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Figure 2.2. Baseline scenario simulation. (A) barcode frequency trajectory (B) DFE (C) mean-
fitness trajectory

2.3.3 Probing the validity of the Levy-Blundell model assumptions with
BLT simulations

To test the validity of the assumptions on which the Levy-Blundell method is based, I

simulated two batch-culture BLT experiment scenarios. In the so-called baseline scenario, which

is shown in Figure 2.2, selection is weak (such that adaptive mutations provide fitness gains of

1-5%), genetic drift is weak (such that a typical lineage is initially represented by 100 individuals

at the bottleneck, and population is measured every 2 transfers) and sequencing coverage is high

(such that each individual at the bottleneck is represented by 100 reads). These parameters are

similar to those for the BLT experiment published in Ref. [58]. I use this simulation to investigate

the validity of the neutral decline assumption and possible consequences of violating it.

In the second scenario, shown in Figure 2.3, which I refer to as the strong drift scenario,

genetic drift is strong in the sense that a typical lineage is initially represented by 10 individuals

at the bottleneck, and population is sampled every 6 transfers. I use this simulation to investigate

the validity of the no linage extinction assumption and possible consequences of violating it.
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Figure 2.3. Large-drift scenario simulation. (A) barcode frequency trajectory (B) DFE (C)
mean-fitness trajectory

2.4 Results

2.4.1 Neutral decline assumption is violated in both experimental and
simulation data

I demonstrate the failure of neutral decline principle by both simulated and experimental

data. The experimental data is derived from the published yeast BLT experiments published in

Refs.[58, 61, 102]. For each experimental dataset, I select “small” lineages, i.e., those whose

barcode read count was within 0 to 80 at the initial time sampling point (cycle 0). Those barcodes

are grouped with the same read count and calculate their average read count at the next cycle

(cycle 1). I plot the average of read count at the cycle 1, rescaled by the ratio of total read

counts between two cycles (y = E(r1)×R0/R1), against the read count at cycle 0. While the

neutral decline (equation (2.5)) predicts that expected barcode is simply linear proportional to

the barcode read at the previous cycle (black dash line in Figure 2.4 A and B), our calculation of

re-scaled read has an nonzero offset. The offset values are 1.47 for Levy et al dataset, 12.05 for
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Figure 2.4. Failure of the neutral decline assumption (black dash line) for experimental data (A)
and simulated data (B).
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Li et al., 16.13 for Venkataram et al. (Figure 2.4 A). Note that the slope of the line is expected to

be not equal to 1 if the mean fitness is not zero.

This calculation is also applied to our simulated data in the baseline scenario. Since the

prior of lineage size in our simulation is exponential distributed, it is expected that the offset

value is noise parameter 2κ . Figure 2.4B shows that the simulation results (blue open circle)

agree with the theoretical prediction (red dash line) of barcode dynamics.

2.4.2 Performance of the Levy-Blundell method is sensitive to the choice
of reference lineages

I next use our simulated data to demonstrate that the accuracy of fitness inference by the

Levy-Blundell method is sensitive to the choice of reference lineages. To this end, I compare the

fitness effect inferences that are based on two groups of lineages. In the first group, reference

lineages have read counts between 81 and 100, which is close to the typical read count per

barcode at the beginning of the BLT simulation. In the second group, reference are selected to

have read counts between 21 and 40, the range used by Levy et al. [58]. For each time interval

and for each group of lineages with the same read count at the previous time point, I construct

the histograms of the read counts at the next time point. I infer the mean fitness of the population

and the noise parameter κ by fitting the probability distribution given by equation (2.2) with the

mean read count given by the neutral decline equation (2.5) to these histograms (Figures 2.5 and

2.6). I then calculate the “Levy method” mean fitness at each sampling time as an average of

inferred mean fitness across all read counts within the given range. Thus, the adapted lineages

are identified and their fitness effect s are estimated following the Levy-Blundell method (see

Ref. [58] for details).

In addition, I calculate the “reference decline” mean fitness s̄Ref
k by adding all read counts

of selected lineages i together as a big reference. The “reference decline” mean fitness s̄Ref
k is

calculated based on
∑i ri

k
Rk

=
∑i ri

k−1

Rk−1
e−s̄Ref

k ∆tk , (2.9)
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Figure 2.5. Read distribution of large drift scenario for lineages of read 81− 100 and the
inference of mean-fitness and noise based on Levy-Blundell method.
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Figure 2.6. Read distribution of baseline scenario for lineages of read 21−40 and the inference
of mean-fitness and noise based on Levy-Blundell method.

30



Figure 2.7. Performance of the Levy-Blundell method on simulated data in the baseline scenario,
with reference lineages chosen to have read counts between 81 and 100. (A) Estimated fitness
effects for true positives, i.e., adapted lineages (red), false positives, i.e., neutral lineages identified
as adapted (black), and false negative adapted lineages not identified as such (blue). (B) mean
fitness trajectory inferred by the Levy-Blundell method (purple bars), by bulk neutral decline,
compared to the true simulated mean-fitness trajectory (black dash line). (C) Noise parameter κ

inferred by the Levy-Blundell method (blue bars) compared to the true noise parameter in the
simulation (black line).
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Figure 2.8. Lineage identification and fitness estimation by Levy et al. with reference chosen
from 21−40 read count for the baseline simulation case. (A) Fitness effect estimation for true
positive (red), false positive (black) and false negative (blue) lineages. (B) mean fitness trajectory
inferred by Levy et al average (purple bar), by bulk neutral decline (red dash line) compared to
the simulation mean-fitness trajectory (black dash line). (C) noise parameter inferred by Levy et
al. average (blue bars) compared to the simulated noise (black line)
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where rk−1 is from 81 and 100 for the first group, and rk−1 is from 21 and 40 for the second

group.

I find that the Levy-Blundell method performs well for the first reference group (80 < r ≤

100) with 79% true positive rate, 93% precision of adapted calls,and 0.4% error in the inferred

selection coefficients (Figure 2.7A). In contrast, the method’s peformance is significantly worse

for the second reference groups (20 < r ≤ 40). While the method correctly identifies many

lineages as adapted (69% true positive rate and 96% precision of adapted calls), it systematically

underestimates the selection coefficients of adapted lineages by 24% (Figure 2.8A). This bias is

caused by the violation of the neutral decline assumption, which leads to underestimate of mean

fitness inference (compare Figures 2.7 B and 2.8 B), which in turn propagates to the bias in the

estimates of selection coefficients of all lineages.

2.4.3 Failure of lineage identification in the presence of strong genetic
drift
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Figure 2.9. fraction of barcodes which are present in the previous time but have zero read count
at the next time point for (black) baseline and (blue) strong drift scenario.

I next demonstrate that the Levy-Blundell method, which ignores lineage extinctions

and pseudo-exctinctions, can inaccurately idetify adapted lineage in the presence of strong

33



Figure 2.10. Lineage identification and fitness estimation by Levy et al. with reference chosen
from 81−100 read count for the large-drift simulation case. (A) Fitness effect estimation for true
positive (red), false positive (black) and false negative (blue) lineages. (B) mean fitness trajectory
inferred by Levy et al average (purple bar), by bulk neutral decline (red dash line) compared to
the simulation mean-fitness trajectory (black dash line). (C) noise parameter inferred by Levy et
al. average (blue bars) compared to the simulated noise (black line)
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genetic drift. Genetic drift refers to random changes in lineage frequencies due to demographic

fluctutions. If genetic drift is strong, many lineages that are present and observed at one time point

go extinct or drop below the detection threshold at the next sampling time point. In particular, in

our strong genetic drift simulations, the probability of observing zero reads at the next time point

for lineages that were observe at the previous time point is 15%−40% (Figure 2.9 blue line),

compeared to just 2%−13% in the baseline scenario (Figure 2.9 black line). To determine the

consequences of ignoring these lineage extinctions and pseudo-extinctions, I selected lineages

with 80 < r ≤ 100 reads as reference, inferred mean fitness and identified adapted lineages

following the Levy-Blundell procedures. I find that the neutral decline assumption works well for

these reference lineages, such that the mean fitness estimated from equation (2.9) is close to the

true mean fitness (Figure 2.10 B, red dashed line). However, the Levy-Blundell method, infers

mean fitness not from this equation directly, but rather by fitting the histograms of read counts at

the next sampling time point while excluding lineages that are not observed (see Figure 2.11).

As a result, it under-estimates mean fitness (Figure 2.10 B, purple bars), which results in much

worse performance compared to the baseline scenario. Specifically, in this regime, the method

has low 23% true positive rate, 77% precision of adapted calls, and a large 29% systematic bias

in the estimates of selection coefficients of individual adapted lineages (Figure 2.10 A).

2.5 Discussion

2.5.1 The working region for the mean-fitness estimation changes over
time

I have pointed out that the failure of the neutral decline assumptions due to the existence

of measurement noise. It might appear that one it is easy to fix this problem by inferring mean

fitness from equation (2.8) that accounts for measurement noise instead of the neutral decline

equation (2.5). However, the conditional distribution P(rk|rk−1) depends on the the distribution

of lineage sizes P(nk−1) which is unknown and changes over time. Moreover, it is possible to
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Figure 2.11. Read distribution of large drift scenario for lineages of read 81− 100 and the
inference of mean-fitness and noise based on Levy-Blundell method.
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Figure 2.12. The working region for the unbiased inference of mean fitness shifts over time.
Data from the baseline simulation scenario. (A) Expected cell number at T from lineages of the
same barcode read count at T . (B) Error in mean-fitness estimate based on neutral decline for
different simulation times. ∆s̄ is the absolute difference between inferred fitness effect and the
true simulated fitness effect. Error is the ∆s̄ normalized by the simulated s.

obtain an analytical expression for P(rk|rk−1) only for the simplest forms of the distribution of

lineage sizes P(nk−1). Figure 2.12A shows that the expected cell number E(nk|rk−1) follows the

prediction (given by equation (A.7), red dash line) only at the beginning of the simulation but

deviates from it at later times. Since the distribution of lineage sizes P(nk−1) changes over time

due to natural selection, it is in general impossible to define a fixed working region of reference

lineage frequencies where the neutral decline equation (2.5) would produce consistently unbiased

estimates of mean fitness (see Figure 2.12B ).

2.5.2 An intuition for an offset in expected read count

I have shown that the expected read count (equation (2.8), Fig.2.4) has a nonzero offset.

Here, I provide an intuitive explanation for this somewhat puzzling observation. First, note that

there are no reasons to believe that there are any systematic biases in the measurement procedure.

This implies that the expected frequency of a given barcode in the sequencing data equals the

population frequency of the corresponding lineage, as one intuitively expects. However, the
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converse is in general not true. That is, the expected population frequency of lineages with a

given observed barcode frequency is in general not equal to the observed barcode frequency.

This statement is obviously true for barcodes that are represented by zero reads and hence have

frequency zero in the sequencing data. Clearly, the expected frequency of lineages represented

by zero reads is not zero because some lineages were not sequenced by chance. The statement

above is true also for barcodes represented by a non-zero number of reads. The key idea is

that the conditioning on the observed barcode frequency (or, equivalently, on the read count)

implies that we are calculating the expectation over multiple lineages that are present at different

frequencies in the population. And this conditional expected population frequency, given the

read count, depends on the distribution of lineage frequencies in the population in a non-intuitive

way.

Consider the following example that illustrates this dependence. Imagine that the se-

quencing measurment process is such that a lineage present at frequency x% in the population is

represented in the sequencing data by x−1, x or x+1 reads with probabilities 0.25, 0.5 and 0.25,

respectively. Suppose that we would like to know the expected frequency of lineages with the

observed barcode count of 1 read. This frequency clearly depends on the distribution of lineage

frequencies in the population. Consider a simple scenario where we have prior knowledge that

there are a total of 100 lineages in the population, and each of them is present at frequency 1%.

In this case, the expected frequency of lineages represented by 1 read is of course 1%. Now

consider a more complex scenario where we have prior knowledge that there are a total of 75

lineages in the population, with 50 of them (i.e., two thirds) being present at frequency 1% each

and 25 of them (i.e., one third) being present at frequency 2% each. Then, we expect that there

will be 31.25 lineages represented by one read, 25 of which have true population frequency of

1% and 6.25 of which have true population frequency of 2%. Thus, the expected frequency of

lineages represented by 1 read is 25/31.25×1%+6.25/31.25×2% = 1.2%.
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2.6 Methods

2.6.1 BLT simulation

The simulation starts with NL = 5×105 barcoded lineages of which 20,000 are adapted.

The selection coefficient of these adapted lineages were randomly drawn from a normal distribu-

tion with mean 3% and width (2 × standard deviation) of 2%. These numbers are chosen based

on the BLT experiments in Ref. [58]. For simplicity, we do not allow any new adaptive mutations

to arise in the simulation. At the initial time point, each barcode is represented by n cells with

n being randomly drawn from an exponential distribution with mean of N/NL, where the total

population size is N = 128×108 = 25,600NL for baseline scenario and N = 4×107 = 80NL for

large-drift scenario. At each cycle, we dilute the total population by the factor D (D = 256 for

baseline scenario and D = 8 for strong drift scenario) to the bottleneck size Nb (Nb = 100NL for

baseline scenario and Nb = 10NL for strong-drift scenario). After dilution, each lineage increases

or decreases deterministically based on its s and the instant mean-fitness s̄t . The dilution-growth

cycles are repeated for ∼ 160 generations. In our simulation, the mean fitness increases to 4%

at the end (which is comparable to 5% at 120 generation in Ref. [58]). Approximately every

16 generations, the barcodes are randomly sampled from each lineage. We model the sampling

(barcode measurement) using the negative binomial distribution with 2κ = 6, consisent with the

value presented in Ref. [58].
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Chapter 3

Bayesian Filtering Method for Estimating
Fitness of Nascent Adaptive Mutants in
BLT Experiments

3.1 Introduction

As discussed in the previous chapter, the only existing (Levy-Blundell) method for the

BLT data analysis has two serious limitations. One limitation arises from the fact that the

Levy-Blundell method ignores lineage extinctions. The source of its second limitation is that

it approximates the dynamcs of lineage frequencies in the population of barcoded cells with

the dynamics of measured barcode frequencies in the sequencing data. I have shown that these

limitations can decrease the ability to identify adapted lineages and cause systematic biases

in the estamtes of selection coefficients of adapted lineages. My analysis of these limitations

suggests that it may be possible to improve the mean-fitness estimate (and, consequently, the

estimates of fitness effects of all lineages) by (a) taking lineage extinctions into account, and (b)

explicitly modeling the true lineage frequency dynamics. However, implementing the second

idea is challenging because the true cell lineage frequencies are unknown. To overcome this

challenge, I construct a Bayesisan statistical model, which include cell lineage sizes and their

fitness effects as unknown variables and the corresponding barcode read counts as observables.

I develop a Bayesian framework to estimate the unknown variables for each lineages. The
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posterior distributions for the unknown variables for all lineages are updated over time, resulting

in what’s called the Bayesian filtering method.

3.2 The Bayesian filtering method

3.2.1 Overview of the Bayesian filtering method

I set out to develop a more robust statistical method, the Bayesian filtering method, for

identifying adapted lineages and inferring the fitness effects of nascent adaptive mutations. The

key object of the method is the belief probability for the selection coefficient and the lineage size

of each lineage. For each lineage, I model how the observable variable, its barcode read count in

the sequencing data, is changes over time based on its hidden variables (selection coefficient and

cell lineage size). I cast this model within the Bayesian framework and compute the posterior

belief probability for the fitness effect of each lineage. Starting with an uninformed prior belief

probability, this method incorporates the barcode data from each subsequent sampling time point

to continuously update the belief distribution for the fitness of each lineage and its size (see

Section 3.2.2).

To identify which lineages are adapted (i.e., have acquired an adaptive mutation), I

develop two models. The N-model models the case where the focal lineage has not yet acquired

a beneficial mutation, so that it has no selective advantage over the ancestor. The S-model

models the case where the focal lineage has acquired an adaptive mutation, so that the lineage

has a selective advantage over the ancestor. I then evaluate which model is better supported

by the data by computing the Bayes factor. Within each time interval, I classify lineages as

putatively adapted or neutral. Lineages from both classes are randomly selected to estimate the

mean-fitness of the next time interval (see Section 3.2.3). I take the inferred mean-fitness as a

constant parameter in the Bayesian model to continue updating the Bayesian probabilities of

individual lineages. After analyzing the entire time series in this way, I call a lineage as adapted

if it has been classified as putative adapted for at least two time points. For lineages called as
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Table 3.1. Constant parameters used in the Bayesian filtering model

Tk time (in generation) of sampling time point k
Rk total read depth at sampling time point k
s̄k the mean selection coefficient in the population (“mean fit-

ness” for short) in the time interval [Tk−1,Tk]
ε measurement error parameter in the barcode measuring pro-

cess (equation (3.9))
D dilution ratio

Nb bottleneck population size (after dilution)
N population size at the end of growth cycle (before dilution)

= DNb

adapted, I then estimate their selection coefficients and the uncertainty around them based on the

current belief distributions (see Section 3.2.4).

3.2.2 Stochastic models for updating lineage dynamics

I build up two stochastic models, the S-model and the N-model, to classify adapted

lineages and to update the understanding of lineage dynamics (Table 3.2) over time. I consider

three important variables for each lineage: its selection coefficient, its population size, and the

barcode read counts within two consecutive time steps k− 1 and k. I model the relationship

between those variables with the S- and N-models. The only difference between the N- and

S-models is that the selection coefficient s is a constant and equal to zero in the N-model,

whereas in the S-model s is a random variable. I build up the N-model for the purpose of lineage

classification: if a lineage behaves neutrally (as if s = 0), the dynamics of its barcode read counts

can be explained by both models equally well; if a linage behaves as adapted (as if s > 0), the

dynamics of its barcode read counts will be explained much better by the S-model than by the

N-model. Table 3.1 lists the constant parameters used in the two stochastic models.
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Table 3.2. Notation of probabilities and variables used in the Bayesian filtering model

Notation Description Eqn.

si selection coefficient of lineage i
nik population size of lineage i at Tk after growth
rik barcode count of lineage i at Tk
rik vector of barcode counts of lineage i between T0 and

Tk, rik = (rik, rik−1, ...,ri0)

Variable indices i,k are reduced inside the probability bracket and moved outside.

Ppr
ik (n,s |rk−1) joint belief probability for nik, si for lineage i prior to

observation at time Tk within the S-model
[3.1]

Ppr
ik (n |rk−1) belief probability for nik for lineage i prior to observa-

tion at time Tk within the N-model
[3.4]

Pb
ik(n,s |rk) posterior belief probability for nik, si for lineage i

after observation at time Tk within the S-model
[3.2]

Pb
ik(n |rk) posterior belief probability for nik for lineage i after

observation at time Tk within the N-model
[3.5]

ZS
ik(r | s̄) marginal likelihood of data for lineage i at time Tk

under the S-model, i.e., the probability of rik within
the S-model

[3.3]

ZN
ik(r | s̄) marginal likelihood of data for lineage i at time Tk

under the N-model, i.e., the probability of rik within
the N-model

[3.6]

Ptr
k (nk |nk−1;sk, s̄) Transitional probability, i.e., the probability for a

lineage with selection coefficient sk whose size was
nk−1 at Tk−1 to have size nk at time Tk

[3.8]

Pm
k (r |n;ε,R) Measurement probability, i.e., the probability of ob-

served barcode read count r for a lineage with size n
given the total read depth Rk

[3.9]

Lk(s̄) log-likelihood function of mean-fitness s̄k
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S-model

Consider a lineage of size nk−1 and selection coefficient s at time Tk−1. I do not have

direct access to nk−1. Instead, I sample the population and obtain the barcode read count rk−1

for this lineage. I describe this stochastic measurement process in Section 3.2.2. At the same

time, the population is diluted to a bottleneck size Nb, which I model by randomly sampling Nb

individuals from the total population of size N. After dilution, the focal lineage deterministically

grows to size nk at time Tk. The stochastic process that maps nk−1 onto nk, which includes

dilution and growth, is called the transition process and is described in Section 3.2.2. The

S-model is schematically depicted in Figure 3.1A, where oval nodes represent hidden variables

(the selection coefficient s and the population size n), rectangular nodes represent the observables

(barcode read counts), and the links represent the stochastic processes that map between the

variables.

As mentioned above, I consider the belief distribution for hidden variables, and update it

after each observation as follows. I begin with a belief distribution Pb
k−1(nk−1,s |rk−1) which

describes our knowledge of hidden variables at time Tk−1, where rk−1 = {rk−1, rk−1, ...,r0} is a

set observed data up to Tk−1 (see Table 3.2 for a list of notations). With the belief at Tk−1, I can

make a guess of hidden variables at the next time Tk using the transitional process. I refer to this

guess as the prior belief distribution Ppr
k (nk,s |rk−1) at Tk which is defined as

Ppr
k (nk,s |rk−1) =

∫
dnk−1 Ptr

k (nk |nk−1;s, s̄)Pb
k−1(nk−1,s |rk−1), (3.1)

where Ptr
k (nk |nk−1;s, s̄k) is the transitional probability distribution (see Table 3.2), and s̄k is

the mean fitness, which is for now assumed as known. Note that our belief of the selection

coefficient of the lineage is not changed during the transition, i.e., Ppr
k (s |rk−1) = Pb

k−1(s |rk−1).

The transition only updates the population size from the previous time k−1 to the next time k.

Once the prior distribution is obtained, I can update the knowledge of hidden variables using the

new observed data, rk. The updating from the prior to the posterior belief Pb
k (nk,s |rk) is given
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Figure 3.1. S-model. (A) Structure of the model for an individual lineage. Ovals represent
lineage’s hidden variables, selection coefficient s and the lineage population sizes nk−1, nk
at sampling time points Tk−1 and Tk, respectively. Rounded squares represent the observable
variables rk−1, rk, which are the barcode read counts at sampling time points Tk−1 and Tk,
respectively. Arrows represent dependencies between the variables. The transitional process is
a Markovian process that models how lineage size changes over time. Measurement process
models how the observable read count depends on the lineage population size. (B) Model
iteration. Each lineage at each time is characterized by the current belief probability distribution
for the hidden variables. The belief distribution at the next time point is generated by a two-step
process from the belief distribution at the previous time point. At the first step, the past belief
distribution is projected forward using the transition process to obtain the prior distribution at the
next time point. At the second step, the prior distribution is updated using the Bayes rule with
the current observable data to produce the current belief distribution.
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by

Pb
k (nk,s |rk) =

Ppr
k (nk,s |rk−1)Pm

k (rk |nk)

ZS
k (rk)

, (3.2)

where Pm
k (rk |nk) is the measurement probability (see Table 3.2). The Pm

k (rk |nk) is also a

likelihood function of nk in Equation 3.2. The denominator ZS
k (rk) is a normalization constant.

ZS
k (rk) =

∫
ds

∫
dnk Ppr

k (nk,s |rk−1)Pm
k (rk |nk). (3.3)

I label this constant with the super-index S, which stands for the S-model, because ZS
k (rk) is

also the total probability for a lineage to generate the observed read count rk under the S-model.

Importantly, our knowledge of both the selection coefficient and lineage size are updated at this

step. Thus, I started with the past belief distribution Pb
k−1(nk−1,s |rk−1) and updated it to the new

belief distribution Pb
k (nk,s |rk). I then move to the next time interval and repeat this procedure.

Therefore, the knowledge of a lineage’s selection coefficient and size are iteratively updated at

each observation.

N-model

The N-model is identical to the S-model with the single exception that the selection

coefficient of the lineage is fixed to be zero. As a result, there is only one hidden variable, lineage

population size nk (see Figure 3.2). Thus, equations (3.1)–(3.3) become

Ppr
k (nk |rk−1) =

∫
dnk−1 Ptr

k (nk |nk−1;s = 0, s̄k)Pb
k−1(nk−1|rk−1), (3.4)

Pb
k (nk |rk) =

Ppr
k (nk |rk−1)Pm

k (rk |nk)

ZN
k (rk)

, (3.5)

ZN
k (rk) =

∫
dnk Ppr

k (nk |rk−1)Pm
k (rk |nk), (3.6)

respectively (see Table 3.2 for notations).
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Figure 3.2. N-model. Notations are as in Figure 3.1. The N-model differs from the S-model
only in that, in the former, the selection coefficient is fixed and equal to zero, so that there is only
one hidden variable, lineage population size.

Transition process

Consider a barcoded lineage that has fitness s relative to the ancestor and that is repre-

sented by nk−1 individuals in the population at time Tk−1. On average, such lineage will expand

or contract depending on whether s is larger or smaller than the mean fitness s̄. Demographic

noise will also cause its size to fluctuate randomly around this expectation, such that the size

nk of the lineage at the next measurement time Tk is described by the transition probability

Ptr
k (nk |nk−1;s, s̄). I model this transition probability in a batch-culture regime as follows. As it

is common in such experiments, I assume that sampling happens immediately prior to a dilution

step. During the dilution, a fraction 1/D of the population is transferred into fresh media, and

the rest is discarded, where D is the dilution factor so that the size of the focal lineage becomes
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n
′
k−1, which I draw from the Poisson distribution with mean nk−1/D:

P(n
′
k−1|nk−1) =

1
Γ(1+n′

k−1)

(nk−1

D

)n
′
k−1

e−
nk−1

D . (3.7)

I assume that after the dilution, the lineage grows or shrinks exponentially and determinis-

tically for the cycle duration ∆t, such that by the end of the cycle, its size becomes n
′′
k−1 =

Dn
′
k−1 e(s−s̄k)∆t . The transition probability of n

′′
k−1 after one cycle of growth becomes

P(n
′′
k−1|nk−1) = P(n

′
k−1|nk−1)

∣∣∣∣∣dn
′
k−1

dn′′
k−1

∣∣∣∣∣
=

1
Γ(1+n′

k−1)

(nk−1

D

)n
′
k−1

e−
nk−1

D

∣∣∣∣∣dn
′
k−1

dn′′
k−1

∣∣∣∣∣
= Dγ(nk−1; k̃,θ)

∣∣∣∣∣dn
′
k−1

dn′′
k−1

∣∣∣∣∣
= e−(s−s̄k)∆t

γ(nk−1; k̃,θ),

(3.8)

where the one-cycle transition probability is also the likelihood function of nk−1which is propor-

tional to a gamma distribution γ(nk−1; k̃,θ) with shape parameter k̃ = 1+
n
′′
k−1
D e−(s−s̄k)∆t and scale

parameter θ = D. If the next sampling point is the end of this cycle, then Ptr
k (nk |nk−1;s, s̄) =

P(n
′′
k−1|nk−1). Otherwise, I repeat the one-cycle transition until the next sampling time point

Tk is reached. Importantly, this transition process model allows for the possibility of lineage

extinction during dilution.

Measurement process

The actual barcode lineage sizes are not observable. Instead, the population is sampled at

discrete time points. After undergoing a series of processing steps, these samples are sequenced

at the barcode locus, and the reads carrying each barcode are counted. This measurement process

can be described by a probability distribution Pm
k (r |n;ε,R) of observing r reads for a barcode

lineage that is present at size n in the population at time point k, where R is total reads and ε is a
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Figure 3.3. Measured barcode frequency in the sequencing data (y axis) on average faithfully
represents the cell lineage frequency in the populatio (x axis). Each point represents a unique
barcode, blue line shows the 1-to-1 line.

measurement noise parameter defined below.

The simplest model for such a measurement process is the Poisson distribution with mean

µr = Rn/N, where N denotes the total population size. Importantly, it captures the possibility of

a lineage pseudo-extinction, i.e., failure to observe a lineage even if it is present in the population.

However, sequencing read counts are often overdispersed with respect to the Poisson distribution

[9], likely because the sample processing steps involve exponential amplification of template

molecules [70, 87]. Thus, I model the measurement process with a negative binomial (NB)

distribution with mean µr = Rn/N and variance σ2
r . The NB distribution is mathematically

convenient, it is widely used to model read counts [10, 67, 84], and it contains the Poisson

distribution as a special case when the variance equals the mean, σ2
r = µr.

To estimate the variance σ2
r of the NB distribution, I performed a calibration experiment.

Brifely, I assembled a population of Saccharomyces cerevisiae with a total size of 1.6× 107

individuals that consisted of 26 barcoded sub-populations present at five different frequencies

(from 10−1 to 10−5)and sequenced it with 10 replicates to an average of 2× 105 reads per
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Figure 3.4. Variance in the reads count versus the mean read count. Same data as in Figure 3.3.
Each point represents the data form barcodes of same initial frequency. Blue line shows the
best-fit of quadratic function (σ2 = µ(1+ εµ) with ε = 0.012, R2 = 0.98) to the data. Grey line
is the expectation (σ2 = µ , R2 = 0.61) from Poisson distributed measurement process. Solid
orange line is the Levy-Blundell (σ2 = 2κµ , κ = 3, R2 = 0.81). Dash orange line is the best-fit
of linear function (σ2 = 2κµ , κ = 4.8, R2 = 0.82).

replicate (see section 3.5.1 for details).

As expected, the mean of the barcode frequency estimated from sequencing data equals

the true frequency of each lineage (see Figure 3.3). To test the extent of over-dispersion, I

plotted the variance of the measured barcode frequency against the mean. I find that the variance

is a non-linear, convex function of the mean (Figure 3.4). I capture this nonlinearity with a

model σ2
r = µr + εµ2

r , where ε is a measurement noise parameter that controls the degree of

over-dispersion of the NB distribution. I estimate ε ∼ 0.01. Finally, I specify the measurement

process as a NB distribution with this parameter, which is given by

Pm
k (r |n;ε,R) = NB(r ; µr = Rn/N, σ

2
r = µr + εµ

2
r )

=
Γ(r+1/ε)

Γ(r+1)Γ(1/ε)

(
1

1+ εµr

)1/ε (
εµr

1+ εµr

)r

.

(3.9)
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3.2.3 Estimating the mean fitness of the population

Putative lineage class and initial belief distribution

I now consider the statistical problem of calling the focal lineage as adapted, based on

its change in frequency during a single sampling interval [Tk–1,Tk], k = 1,2, ..,. I approach this

problem within the Bayesian framework. I consider two models, the N-model, where a given

lineage has no selective advantage over the ancestor, i.e., s = 0, and the S-model, where the

lineage can have selective advantage s > 0 (see Section 3.2.2), and evaluate which model is

better supported by the data obtained at time point Tk. To do so, I evaluate the Bayes factor Bk

for a lineage at time point Tk (k ≥ 1) as

Bk =
ZS

k (rk)

ZN
k (rk)

, (3.10)

where ZS
k (rk) (Equation 3.3) and ZN

k (rk) (Equation 3.6) are the probabilities that rk reads are

observed at the kth sampling time within the N- and S-models, respectively. The Bayes factor is

expected to be 1 for neutral lineages and greater than 1 for adapted lineages. Thus, I classify

lineages into three categories, putatively adapted (ADP), putatively neutral (NEU) and unknown

(UNK) at each time point.

Starting at time point T1 , I mark all i lineages putatively neutral (NEU) and define the

past belief distribution Pb
i0(n,s) = Pi0(n)P0(s), where I choose Pi0(n) to be a gamma distribution

with the shape parameter ri
0/(1+ ri

0×0.01) and scale parameter N0 (1+ ri
0×0.01)/R0, such that

its mean is N0 ri
0/R0, and I choose the prior distribution P0(s) =U(s) to be a continuous uniform

distribution bounded by (smin,smax), where the boundaries are reasonable s value (per cycle) for

adapted mutations that are set by users.

For each putatively neutral lineage i, I calculate its belief probabilities within both N

and S models. Since the lineage is assumed to be neutral, I assign its past belief of selection

coefficient to be uniforme Pb
ik(s) = U(s) for all k ≥ 1. A currently putatively neutral lineage
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Table 3.3. Putative lineage class and initial belief distribution

Putative
lineage class

at time k
Condition if

Putative
lineage class
at time k+1

Run Bayesian model at k+1

UNK
rk+1 ≤ rc UNK N Model
rk+1 > rc NEU N Model, S Model (Ppr

k+1(s) =U(s))

NEU
rk+1 ≤ rc UNK N Model
rk+1 > rc & Bk ≤ 1 NEU N Model, S Model (Ppr

k+1(s) =U(s))
rk+1 > rc & Bk > 1 ADP N Model, S Model (Ppr

k+1(s) =U(s))

ADP
rk+1 ≤ rc UNK N Model
rk+1 > rc & Bk ≤ 1 NEU N Model, S Model (Ppr

k+1(s) =U(s))
rk+1 > rc & Bk > 1 ADP N Model, S Model (Ppr

k+1(s) = Pb
k (s))

can be classified as unknown if rk+1 ≤ rc at the next time point Tk+1, or as putatively adapted if

rk+1 > rc and Bik > 1, or as putatively neutral if rk+1 > rc and Bik < 1 (see Table 3.3).

For each lineage marked as putatively adapted, I also calculate its belief probabilities

within both N and S models. For such a lineage, I use the current belief distribution with respect

to its selection coefficient Pb
ik(s) as the prior for the next time point, i.e. Ppr

k+1(s) = Pb
k (s). A

lineage currently classified as putatively adapted can be then classified as unknown if rk+1 < rc

at Tk+1, or as putatively adapted if rk+1 > rc and Bik > 1, or as putatively neutral if rk+1 > rc &

Bik < 1 (see Table 3.3).

Finally, a lineage currently classified as unknown can be classified as either unknown

rk+1 ≤ rc or as putatively neutral if rk+1 > rc (see Table 3.3 ).

Estimating the mean fitness effect

To estimate mean fitness s̄k in the interval [Tk−1,Tk] for k ≥ 1, I randomly select a subset

Nk of lineages classified as putatively neutral and a subset Ak of lineages classified as putatively

adapted. I found that choosing lineages from both groups ensures a more robust estimation

of mean fitness even when the majority of neutral lineages go extinct. I then estimate s by
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maximizing the log-likelihood function L(s̄k).

L(s̄k) = ∑
i∈Nk

logZN
ik(r

i
k; s̄k)+ ∑

i∈Ak

logZS
ik(r

i
k; s̄k). (3.11)

3.2.4 Identifying adapted lineages and estimating their fitness effects

As iteratively applying the procedure described above for all lineages i and all time points

k, I record the vector of Bayes factors Bik for all lineages and use this information to carry out the

final identification of adapted lineages and their fitness effects. I identify a lineage i as adapted if

its Bik exceeds a threshold value Bc for at least K time points. I determine the optimal values of

Bc and K using simulated BLT data that are described in Section 3.5.3. To determine the fitness

effects of an adapted lineage i, I harvest all belief distributions Pb
ik(s) for all time point Tk when

Bik > Bc. I then estimate the fitness effect of this lineage using the belief distribution Pb
ik(s) for

the time point with the smallest variance.

3.3 Results

3.3.1 Receiver Operating Characteristic (ROC) curve for the Bayesian
Filtering method

I first assessed the performance of this method using simulated data where the ground

truth (the number of adapted lineages and their selection coefficients) is known. Specifically,

I simulated a BLT experiment under strong selection (such that mean fitness of the population

reached 12% after 140 generations of evolution, compared to 5% after 120 generations in the

BLT experiment described in Ref.[58], strong genetic drift (bottleneck size = 10 per barcode,

compared to 140 in the BLT experiment described in Ref.[58]) and small coverage (coverage

10x per individual, compared to 100x in the BLT experiment described in Ref.[58]). The lineage

frequency trajectories, as well as the ground truth distribution of fitness effects of adapted lineages

and the ground truth mean fitness of the population are shown in Figure 3.5. As discussed in
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Figure 3.5. Simulation of a BLT experiment under strong selection, strong genetic drift and
small coverage for assessing the peformance of the Bayesian Filtering method. (A) Barcode
frequency trajectories (B) The ground truth distribution of fitness effects of adapted lineages. (C)
The ground trugh mean-fitness trajectory.
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Chapter 2, I expect that the Levy-Blundell method would perform poorly under these conditions.

Figure 3.6. Receiver operating characteristic (ROC) curve for the identification of adapted
lineages for K = 1 (blue curve), K = 2 (black curve) and K = 3 (red curve). K is the minimum
number of time intervals at which a lineage’s Bayes factor exceeds the specified threshold
Bc. The following values of Bc are indicated by symbols: Bc = 0.79 (square), Bc = 1 (upright
triangle), Bc = 2 (sideways triangle), BC = 10 (circle).

The Bayesian filtering method has two free parameters for calling a lineage as adapted

(see Section 3.2.4). Recall that I call a lineage adapted if the Bayes factor in favor of the S-model

exceeds a threshold Bc at K or more time intervals. Thus, the first parameter Bc controls the

strength of evidence in favor of the S-model at any one time interval. The second parameter K

controls how consistent the evidence is across time points. Higher values of Bc and K should

reduce the number of false positives (i.e., neutral lineages falsely identified as adapted), albeit at

the expense of increasing the number of false negatives (i.e., truly adapted lineages not identified

as such). To determine the optimal value of these parameters, I constructed three receiver

55



operating characteristic (ROC) curves, one for each value of K = 1,2,3, by varying Bc between

0.6 and 100. Each ROC curve shows how the fraction of true positives (i.e., adapted liweneages

that were identified as such) and the fraction of false positives (i.e., neutral lineages falsely

identified as adaptive by my procedure) vary depending on the choice of the threshold Bc for a

given fixed value of K (Figure 3.6).

I find that the value of K = 2 produces a ROC curve that is closer to optimal than either

of the values of K = 1 or K = 3 in the sense that it results in higher rate of true positives for the

same rate of false negatives. To determine the optimal value of Bc, notice that in general false

positives represent a more severe problem than false negatives. This is because it’s expected that

the vast majority of lineages (> 95%) will likely not gain any adaptive mutation in realistic BLT

experiments [58]. In simulations, it had 1,836 adapted lineages and 98,000 non-adapted lineages.

In this scenario, even if all adapted lineages were identified, the number of true positives would

exceed the number of false positives (i.e., false discovery rate FDR ≥ 50%) only when the false

positive rate is below ∼ 2%. In practice, I find that FDR = 2% is achieved at Bc = 2.4 for K = 2

(Figure 3.6, ). Balancing the desire to maintain a high true positive rate and a low false positive

rate, it’s suggested using the Bayes factor threshold Bc = 2 which in my simulations achieves a

true positive rate of 65% (I identify 1196 out of 1836 adapted lineages) and false positive rate of

0.014% (I falsely identify 14 neutral lineages as adapted), resulting in FDR = 1.16%). Under

these parameters, I identify a total of 1836 lineages as adapted, of which 1196 are in fact adapted

lineages and 640 are in fact neutral.

3.3.2 Accuracy of fitness estimates of the Baysian Filtering method

I next analyzed how accurately and precisely my method estimates the selection coeffi-

cients of lineages that were identified as adapted. It’s found that, overall, the selection coefficient

estimated by this method accurately represent the underlying true values, for the true positive

lineages (Figure 3.7A). Specifically, it’s found that my method produces 0.3% errors in the

inferred selection coefficients ) When I apply the Levy-Blundell method to the same simulated
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Figure 3.7. Accuracy of the Bayesian filtering method on simulated data. (A) Estimated fitness
effects. True positives are shown with red circle; false positives are shown with black cicles;
and false negative are shown with blue circles. (B) True (black curve) and inferred (blue curve)
mean-fitness trajectory (C) Inferred DFE (blue bars and curve) compared to the true DFE in the
simulation (grey bars and line).
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Figure 3.8. Accuracy of the Levy-Blundell method on simulated data. Notations are the same as
in Figure 3.7.

data, and obtain low 15% precision in identifying adapted lineage and a strong bias in the

estimates of selection coefficients, with a typical selection coefficient being underestimated by

18.7% (Figure 3.8).

Next, I compared the distribution of selection coefficietns of adapted lineages (what I

refer to as the “measured DFE”) to the true underlying DFE. I find that the measured DFE is

right-shifted relative to the DFE. This is expected because lineages with small fitness effects

are less likely to reach large size and be detected before they begin to decline due to clonal

interference, i.e., s fmaxN < 1, where fmax and N are maximum frequency and effective population

size. Indeed, I find that s fmaxNb ≪ 1 for the majority of false negative lineages (see Figure 3.9

where most blue dots are above the diagonal), while s fmaxNb ≫ 1 for the majority of true positive

lineages (most red dots are below the diagonal). In other words, the trajectories of false negative

(adapted lineages not identified as adapte ) are similar to the trajectories of true negatives (neutral

lineages identified as such), while true positives (adapted lineages identified as such) survive

longer, reach higher frequencies and begin to decline later (Figure 3.10).
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Figure 3.9. Selection coefficient s(1/gen) to the inverse of maximum size at the bottleneck
1/ fmax/Nb for true positive lineages (red circles) and false negative lineages (blue circles) with a
one-to-one line (black dash).
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Figure 3.10. Lineage trajectories for (top left) 1196 true positive lineages, colored by the error of
s estimates. Lineage trajectories for (bottom left) 640 false negative, (top right) 14 false positive
and (bottom right) 98150 true negative lineages, colored by initial barcode read counts.
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Figure 3.11. Application of the Bayesian filtering method to the yeast BLT data in yeast
published in Ref. [58]. (A) Fitness effect of adapted lineages estimated by the Levy-Blundell
method (x-axis) and by the Bayesian Filtering method (y-axis). Uncertainty in the estimates is
indicated by color (B) DFE estimated by the Levy-Blundell method (blue) and by the Bayesian
Filtering method (orange) (C) Mean-fitness trajectory, estimated by the Bayesian Filtering
method.
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3.3.3 Application to existing BLT data

Finally, I applied this approach to the BLT experimental data by Levy et al [58]. In this

experiment, 5×105 barcodes were introduced into a yeast population and the population was

propagated for 160 generations in batch culture, where on average n = 140 cells per barcoded

lineages survived during each bottleneck, and each of these surviving individuals was represented

by on average c = 60 reads in the sequencing data. The inferred population mean fitness has

increased in this experiment to ∼ 5% per generation at the 120 generations in the experiment

(Figure 3.11)

My method identified 40,270 adapted lineages, compared to 34326 lineages reported by

Levy et al. There are 23,386 lineages called as adapted by both methods. I find good correspon-

dence between the two methods for those lineages whose selection coefficients estimated by both

methods exceed 5% per generation (R = 0.8, Figure 3.11A). Incidentally, the uncertainty in my

estimates for these lineages is also relatively small, with the coefficient of variation typically less

than 20% . In contrast, the correspondence between the two methods is much worse for lineages

that are reported by Levy et al to have small selection coefficients (s < 5%). My estimates for

these lineages are also less certain, with the coefficient of variation typically exceeding 20% ,

but it’s observed not only more variation between the two estimates (R = 0.024, Figure 3.11A)),

but also a systematic difference. Specifically, my method provides an estimate that is on average

0.17% per generation higher than the estimate provided by Levy et al. (Figure 3.11A). Since I

do not have access to the ground truth in these data, I do not know what causes this descrepancy.

However, my simulations discussed in the previous section suggest that the Bayesian method

tends to overestimate the seletion coefficients of lineages when the uncertainty is high (see

Figure 3.7A) whereas the Levy-Blundell method generally tends to underestimate selection

coefficients (see Figure 3.8). Thus, both biases lead to the discrepancies observed in Figure 3.11

for the Levy et al data.
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3.4 Discussion

Overall, I have developed two Bayesian statistical models, namely the S-model and

N-model, which incorporate hidden variables such as the selection coefficient and cell size at

the individual lineage level. These models form the foundation of a Bayesian framework used

to estimate hidden variables as posterior belief distributions, updating them over time based on

a series of barcode read observations. Additionally, I conducted an additional experiment to

determine the measurement noise utilized in the Bayesian models. Surprisingly, I discovered

that the variance of the measured barcode read count follows a quadratic function of the mean,

contrary to the linear function suggested in previous studies.

With this Bayesian framework in place, I proceeded to identify adaptive lineages using

a threshold determined by optimal performance in simulation. The simulation was designed

to represent a harsh evolving condition characterized by strong selection, significant genetic

drift, and limited coverage, in which the previous Levy-Blundell method failed. The results

demonstrate that the Bayesian method accurately identifies adapted lineages and provides precise

estimations of their fitness effects.

Furthermore, I applied this novel approach to existing barcode lineage tracking (BLT)

data collected under a gentle evolving condition and found a strong correspondence in identifying

adapted lineages compared to the Levy-Blundell method.

One notable advantage of the Bayesian framework is its ability to overcome the challenges

associated with inaccurate mean-fitness estimates. In this approach, mean-fitness is inferred

directly from cell size rather than barcode read count. This enables the estimation of cell size

for all individual barcoded lineages and the derivation of mean fitness from random lineages

of varying sizes. As a result, the choice of ”reference” lineages is not limited to small or

neutral lineages. This novel approach shows great potential for applying BLT analysis to harsher

evolving conditions characterized by strong selection coefficients (leading to the extinction of

neutral lineages at later times), significant genetic drift (resulting in the inability of small lineages
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to survive), and lower coverage (causing insufficient representation of small lineages).

In comparison to existing methods, my Bayesian filtering method exhibits two main

strengths. First, it infers mean-fitness directly from cell size, eliminating the reliance on the

assumption of neutral lineage decline. Consequently, my inference is not sensitive to the

choice of reference lineages or their barcode read counts. Second, the Bayesian filtering

method shows promise in identifying beneficial mutations and estimating their fitness effects in

harsher environments. This expands the applicability of BLT experiments to study microbial

evolution across a wider range of environments, beyond the gentle conditions typically explored.

Additionally, since the distribution of fitness effects is unknown a priori in BLT experiments, the

speed of adaptation is also unknown. The Bayesian analysis demonstrates potential in capturing

beneficial mutations that evolve rapidly.

However, there are two main weaknesses associated with the Bayesian method. Firstly, it

requires extensive computational resources due to the massive amount of computations involved,

particularly in the computation of posterior distributions relying on extensive Markov Chain

Monte Carlo (MCMC) sampling. To effectively analyze fitness, the Bayesian pipeline necessitates

the use of multiple processors (16-32). Secondly, the Bayesian method tends to overestimate the

fitness effect of weak beneficial lineages while not exhibiting the same bias for strong beneficial

lineages. This discrepancy arises because the Bayesian method incorporates a ”prior” guess

of fitness effects for all lineages, and accurate fitness estimation relies on several observations

from lineages. If a lineage lacks sufficient data, the fitness estimate becomes biased by the prior

belief. As observed in the analysis, strong beneficial fitness is less affected by bias since the

lineages persist at high frequencies even at later times. For many small beneficial mutations, data

insufficiency prevents accurate estimations, either because the weak lineages go extinct at later

times or because the mutations arise at later stages of the experiment.
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3.5 Materials and Methods

3.5.1 Experimental Estimation of Measurement Noise

Strains

All strains used here were obtained from Dr. Sandeep Venkataram. Each of the strains

carries a unique barcode determined in the previous study[102]. The strain is diploid yeast

Saccharomyces cerevisiae derived from strain GSY6699, which carry the integrated DNA

barcode (30 bp) at locus YBR209W [58].

Culture preparation

All yeast clones were stored at −70°C. I transfer 1 to 3 µl of the 26 clones into a 15

ml test tube with 3 mlof YPD (10 g yeast extract, 20 g peptone, 20 g dextrose, 1L Milli-Q water).

After an overnight growth (shaken at 200 rpm at 30 degree) the yeast cultures reach saturation

density at about 1.5×108 cells/ml. The saturated density of each clone is measured by Coulter

Counter.

The clone mixture was designed to comprise 1 clone at 44.4% population, 5 clones at

10% each, 5 clones at 1% each, 5 clones at 0.1% each, 5 clones at 0.01% each, and 5 clones at

0.001% each. For clones with targeted frequencies of 1%,0.1%,0.01% and 0.001%, I dilute the

saturated cultures 1:10,1:100,1:100 and 1:10000 in PBS respectively. To make the clone mixture,

200µl of each diluted culture was pooled, followed by adding 5 of 200 µl culture (targeted

frequency 10%) and 1 of 600 µl culture (targeted frequency 44%). The precise frequency of each

clone was determined from the dilution ratio, pooled volume and its saturated density. The initial

cell frequency of each clone are shown in Table 3.4.

To prepare the cell stocks, I washed the clone mixture and resuspended it in 20 ml of PBS.

The mixture density was 1.57×107 cell/ml after resuspension. I aliquoted the clone mixture for

20 portions of 1 ml into 2 ml cryogenic tubes. Each 1 ml culture was vortex-mixed with 500

µl of 80% glycerol (400 µl100% glycerol in 100 µl1XPBS), and stored at −70°C. I picked 10
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Table 3.4. Initial clone frequencies in the mixture culture

Clone Barcode Sequence
Saturated
Density

(108 cells/ml)

Dilution
Ratio

Volume
(µl) added
to mixture

Clone
Frequency

1 CGGCCGGATAAACTGTTTAAATGTTTGTTC 1.527 1 600 39.4584%
2 TTTCTGGCAAACCGATTACTTGTTATGTA 1.196 1 200 10.2961%
3 AGTAATAATAATGAAATTCGTAATTCAATT 1.223 1 200 10.5312%
4 GTCCCACCAAACTCATTTACCTATTAAATT 1.262 1 200 10.8671%
5 TTTTGGTTAAAAATACTTGAGATTTAAATT 1.282 1 200 11.0419%
6 ATTACAACCAAACCGTTTATCGGTTGCATG 1.296 1 200 11.1599%
7 TTTTTTCTTAACTGAGTTCCGCTTTTTAGT 1.351 10 200 1.1634%
8 ATTAGCGACAACATCATTGCTTGTTTACGG 1.363 10 200 1.1735%
9 TTTTCAAAAAAATAGTTTGCCGTTTGCCGA 1.388 10 200 1.1952%

10 ATTAGTAATAATAGCCTTAGACCTTCATTT 1.399 10 200 1.2052%
11 AATGTTACAAAACTTATTTCCTTTTAAACA 1.411 10 200 1.2153%
12 GTCCACCAAAACTCTGTTTACCGTTGGAGG 1.426 100 200 0.1228%
13 - 1.438 100 200 0.1238%
14 AATGACGGTAACCTCATTCCTTTTTGGACC 1.438 100 200 0.1238%
15 TTTTTAAGTAACGCACTTGCCTTTTAGCCG 1.455 100 200 0.1253%
16 TTTTCGGTCAAGCTCATTACGGATTTTGAG 1.461 100 200 0.1258%
17 TTTTGTTATAAGGTGCTTAAGCGTTATCTT 1.463 1000 200 0.0126%
18 TTTTTTTACAAGACCTTTCTTACTTTAATT 1.470 1000 200 0.0127%
19 TTTTACCTAAATAAACTTAAGTGTTCATGG 1.481 1000 200 0.0128%
20 GTCCAAGTGAATCAGATTATACGTTTCCTG 1.506 1000 200 0.0130%
21 ATTACACAAAACGTTCTTCCTTGTTGTAAA 1.520 1000 200 0.0131%
22 ATTAGTCATAAATCCCTTAGGGTTTAGCCG 1.553 10000 200 0.0013%
23 TTTTATTATAATCGAATTAAGTTTTAAGTT 1.600 10000 200 0.0014%
24 TTTTCTTCTAAAATGTTTTTATGTTAAGGA 1.605 10000 200 0.0014%
25 - 1.685 10000 200 0.0015%
26 GTCCTTATAAACCACATTGAGTATTATCGA 1.745 10000 200 0.0015%

cell stocks for further barcode measurement experiments.

Barcode measurement process

I follow the protocols published in our previous work (Ref. [102]) for DNA isolation and

library preparation. This procedure is repeated for 10 cell stocks which are prepared from the

same population.

DNA isolation

The cell stock was thawed, spun down and the supernatant was removed. The pellet

was resuspended in 300µl 3% SET buffer (3% SDS, 10mM EDTA, 30mM Tris) and incubated

at 65°C for 15 minutes. The tube was cooled to room temperature by immersing in room

temperature water, then 2.5 µg of RNAse A was added. After vortexing, the mixture was
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incubated at 37°C for 1 hour, after which it was cooled on ice. 150 µl of 3M Sodium Acetate

was then added and mixed by inversion, after which it was cooled on ice for further 5 minutes

before centrifuging at maximum speed for 10 minutes on a tabletop centrifuge. The supernatant

was transferred to a new tube and DNA was precipitated by the addition of 500 µl of isopropanol,

which was then mixed by inversion and pelleted by centrifugation for 1 minute at maximum

speed. The supernatant was removed and the pellet was washed with 200 µl cold 70% ethanol

without vortexing before being allowed to dry inverted for 30 minutes at room temperature. After

that DNA was resuspended in 50 µl molecular biology grade water. The DNA template was

stored at −20°C.

Library preparation

The barcode locus was amplified through a 2-step PCR protocol. The first amplification

added inline indices for sample multiplexing, universal molecular identifiers (UMI) for removing

PCR duplicates during analysis and Illumina-compatible adapter sequences for a second round

of amplification with standard Illumina Nextera XT primers. For the first reaction, 5 µl of DNA

template is mixed with 10µl of OneTaq 2x Master Mix, 1 µl of 25mM MgCl2, 1 µl each of the

forward and reverse primers (at 10mM concentration) and 2µl of molecular biology grade water.

This 20µl mixture was amplified using the following conditions:

1. 94°C for 10 min

2. 94°C for 3 min

3. 55°C for 1 min

4. 68°C for 1 min

5. Repeat steps 2–4 for a total of 8 cycles

6. 68°C for 1 min

7. Hold at 4°C
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The amplified product was purified using Ampure XP magnetic beads following the protocol in

Ref. [6] (with 20µl of beads used per sample). Then, 5µl of the purified product was used as the

template for a second reaction along with Illumina Nextera XT primers (1µl of 10mM stock for

each primer), 1µl of 25mM MgCl2, 10µl of OneTaq 2x Master Mix and 2µl of water with the

following reaction conditions:

1. 94°C for 5 min

2. 94°C for 30 sec

3. 62°C for 30 sec

4. 68°C for 30 sec

5. Repeat steps 2–4 for a total of 25 cycles

6. 68°C for 5 min

7. Hold at 4°C

The PCR products were purified using Ampure XP beads as before. 10µl of each purified

DNA was mixed to form a pool for Illumina sequencing, concentrated to 33µl DNA using

Ampure beads as before with equal volume of beads as pooled sample. I then size selected

via agarose gel extraction (QIAquick Gel Extraction Kit) to isolate the correct amplicon before

submitting for sequencing.

Sequencing

My 10 DNA samples were sequenced on HiSeq with DNA samples of other experiments.

An average of 2×105 total reads were obtained for my 9 replicated experiments (Replicate # 10

was excluded due to low coverage, see Table 3.5).
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Table 3.5. Total barcode reads for 10 replicated experiments

Replicate# 1 2 3 4 5

Total reads from HiSeq 458,208 206,496 156,833 180,889 526,253

Total reads after barcode identification 331,331 137,156 108,375 133,037 373,659

Replicate# 6 7 8 9 10

Total reads from HiSeq 458,119 229,944 41,663 271,717 16,600

Total reads after barcode identification 313,684 158,452 16,613 189,674 21

Data analysis

The goal of this analysis is to understand the mean and variance in the barcode frequency

data. To identify and count DNA barcode sequences, I processed the raw sequencing data file

with a customized python program, BarcodeCounter, described in Ref. [102] and available at

https://github.com/sandeepvenkataram/BarcodeCounter2

I obtain the total reads after running the program, as shown in Table 3.5. Replicate-#10 was

excluded due to low coverage (Table 3.5). Among the 26 clones used in the measurement

experiment, The records of the barcode sequence of 2 clones from the previous yeast lineage

tracking experiment is lost. Another 2 clones with the lowest frequencies were not represented

in any of the replicates were also removed. In the follwoing data analysis, I use data of 22 clones

presenting in 9 replicated experiments.

Mean of barcode frequency

For each barcode i in replicate n, I calculate its barcode frequency fi,n by dividing its

barcode read count ri,n by the total number of reads in that replicate Rn.

fi,n =
ri,n

Rn
(3.12)

The mean of observed barcode frequency, f̄i, for barcode i, is calculated from the average barcode

frequency among 9 replicates.

f̄i =
1
9

9

∑
n=1

fi,n (3.13)
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The expectation of f̄i is the true cell frequency of barcode i, pi.

E [ fi,n] = pi (3.14)

Variance of barcode read count

In barcode lineage tracking (BLT) experiment, the total read depth is a know quantity.

I are interested in the variance of data resulting from the stochastic process of fixed total read

depth. I therefore focus on each replicate since the read depth is fixed in the same measurement

process. To calculate the variance, I first group the clones σ2
n,p of similar frequency p as set Xp.

5,5,4,5,2 clones present in groups of p = 10−1,10−2,10−3,10−4 and 10−5. The variance of

barcode read count is calculated from the clones in Xp.

σ
2
n,p = variance{ri,n} ∀ i in Xp. (3.15)

To understand the variance to mean relationship, I derive the mean of read count for such group

in replicate n.

r̄n,p = mean{ri,n} ∀ i in Xp (3.16)

3.5.2 Bayesian Filtering Algorithm

The algorithm 1 shows the overall procedure of the Bayesian filtering method. I imple-

mented this method in a Python based software package, which is available at

https://github.com/HuanyuKuo/Bayesian Filtering Method

This package uses stan (c language) to build up statistical models (N-model, S-model) and

utilizes pystan as an interface between Python and stan.

To compute the belief distribution, I conduct MCMC algorithm to generate samples from

the belief distributions in both models. I choose No-U-Turn Sampler (NUTS) as my MCMC

sampler. For each belief distribution, it sampled 4500 steps with 1000 burn-in steps . Sampling

is repeated twice to check for convergence. The belief distribution is then an estimated density
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from the MCMC sampling results.

To increase the computation efficiency, I implement multiprocessing for the MCMC

sampling. The number of processors can be set manually depending on user’s environment. In

this study, 16-32 processors were used for running 104 −105 lineages.

Since the likelihood function is constructed from randomly selected lineages, using

the sampling-based probability of each lineage , this function is noisy and is not analytically

defined. To find an optimal position of a noisy function, I implement a python package- Noisyopt,

which finds local optimization from the average over the stochasticity in a noisy function. My

computation of the likelihood function also utilizes multi-processor to speed up the MCMC

sampling.

This Bayesian filtering program outputs the inference of mean fitness trajectory and the

estimated fitness effects (with uncertainties) for lineages identified as adapted.

3.5.3 Simulation Method (Bayesian)

I simulate the BLT experiment in a “harsh” scenario where selection is strong (such that

mean population fitness reaches 12% by generation 140, genetic drift is strong (bottleneck size

= 10 per barcoded lineage) and sequencing coverage is small (= 10x per cell at the bottleneck).

The simulation starts with NL = 105 barcoded lineages. The initial population size of

each lineage is randomly drawn from an exponential distribution with mean of N/NL, where the

total population size is N = 2×108 = 2000NL. 2,000 lineages carry a pre-existing beneficial

mutation. The selection coefficient of each mutant is randomly drawn from a normal distribution

with mean 5% and width (2 standard deviation) of 5%. For simplicity, I do not allow any

new mutations to arise during the simulation. At each cycle, I dilute the total population by

the diluting factor D = 100 to bottleneck size Nb = 10NL. After dilution, lineages increase or

decrease deterministically based on their s and the current mean-fitness s̄t until the next dilution

(6.6 generations of growth). The dilution-growth cycles are repeated for a total 18 times (∼ 140

generations). To simulate barcode sequencing, individuals are randomly sampled from the
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Algorithm 1. Bayesian Filtering Method
1: for cycle k = 0 do
2: for all lineage i do
3: procedure INITIALIZATION OF BELIEF DISTRIBUTION ▷ subsection 3.2.3
4: Pi0(n) = γ

(
n;mean = r0

N0
R0
,variance = r0(1+0.01r0)

N2
0

R2
0

)
5: Pi0(s) =U(s;smin,smax)
6: end procedure
7: procedure PUTATIVE LINEAGE CLASS

8: lineage belongs to NEU class
9: end procedure

10: end for
11: end for
12: for cycle k = 1, ...,kend do
13: procedure ESTIMATING MEAN FITNESS EFFECT

14: s̄k = argmaxL(s̄k) ▷ eqn 3.11
15: end procedure
16: for all lineage i do
17: procedure PROJECTING TO PRIOR

18: S-model Ppr
k (nk,s |rk−1) ▷ eqn 3.1, table 3.3

19: N-model Ppr
k (nk |rk−1) ▷ eqn 3.4

20: end procedure
21: procedure UPDATING AS BELIEF(with data rk)
22: S-model Pb

k (nk,s |rk) ▷ eqn 3.2
23: N-model Pb

k (nk |rk) ▷ eqn 3.5
24: end procedure
25: procedure PUTATIVE LINEAGE CLASS

26: Bayes Factor Bk ▷ eqn 3.10
27: classify lineage to {UNK, NEU, ADP} ▷ table 3.3
28: end procedure
29: end for
30: end for
31: Final calling of adapted lineages ▷ subsection 3.2.4
32: Estimating fitness effects
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population every other cycle, and their barcodes are sequenced with a total read depth R = 106. I

model the sampling (barcode measurement) using Negative binomial distribution (equation (3.9))

with ε = 0.01 (see Section 3.2.2).
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Chapter 4

A Method for Estimating the Arrival Rate
for a Class of Adaptive Mutations

4.1 Introduction

Mutations are the source of all genetic variation including the variation that drives

adaptative evolution. Thus, understanding the rate at which mutations arise is of fundamental

important in evolutionary biology [3, 49, 65, 92]. While measuring mutation rates is not easy—

primarily because mutations are rare events—several methods have been developed for estimating

the rates of mutations, and robust estimates for the overall genome-wide rates are available for

many organisms [3, 18, 52, 65, 86, 92].

The overall genome-wide mutation rate enters as a key quantity into many population-

genetic models, but the assumption that there is a single mutation rate is false. The fact that

different types of mutations happen at dramatically different rates has been well established,

e.g., large chromosomal duplications and deletions are much more common that individual

point mutations [40, 109]. In addition to the variation across types of mutations, recent studies

have shown that the rates of mutations also vary across the genome [26, 40, 56, 66, 71, 72, 93,

97]. Importantly, mutation of different types and at different loci have different phenotypic

consequences for the organism, e.g., aneuploidies are often associated with cancer [16, 35, 37].

Moreover, there is emerging evidence that the variation in the rates at which different mutations

arrive is an important factor that determines how a population adapts [31, 80, 95, 103]. Despite
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the importance of such variation, our understanding of how the rates of adaptive mutations vary

across the genome is extremely poor, even for well-studied laboratory organisms, such as the

bacterium Eschrichia coli and the yeast Saccharomyces cerevisiae.

The challenge with measuring the rates of adaptive mutatons is twofold. First, beneficial

mutations are rare, comprising probably at most a few percent of all mutations [22, 58], which

implies that finding adaptive mutations among random mutations would require impractically

large sample sizes. It is, of course, easy to enrich a population for beneficial mutants by simply

allowing it to evolve and thereby letting natural selection amplify the frequencies of beneficial

mutants. However, the second challenge is that the frequencies of beneficial mutations are

amplified by selection unevenly. The frequencies of mutations that provide strong fitness benefits

increase quickly and robustly by natural selection, making them relatively easy to identify and

isolate [13, 48, 53]. In contrast, weakly beneficial mutations are subject to stronger genetic

drift (i.e., their frequencies fluctuate more widely) and they are often outcompeted by stronger

adaptive mutants before reaching detectable frequencies [57], which makes them much more

difficult to detect and isolate. The BLT approach allows us to detect beneficial mutations at

extremely low frequencies, soon after they establish and before they are outcompeted [58]. Some

of these mutations can subsequently be isolated using the approach developed by Venkataram

et al [101]. In brief, we isolate the evolved population at the cycle when the most beneficial

lineages are present, and sanger-sequenced clones to identify unique barcode clones, following

by whole-genome sequence to identify the mutations.

This strategy for sampling adaptive mutations alleviates the strongest biases introduced

by natural selection while still leveraging it to amplify the frequencies of adaptive mutations.

Nevertheless, estimating the rate of beneficial mutations that occur at different genomic loci

remains challenging. The main obstacle is that each new beneficial mutation randomly arises in

a single individual in the population, which implies that, before the mutant can be detected, it

must sufficiently expand in size while surviving genetic drift and overcoming the competition

against the rest of the population whose fitness is continuously increasing. Therefore, an
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inference of the mutation rate from BLT data requires a sufficiently accurate and tractable

model of these complex stochastic dynamics. These dynamics are typically modeled with the

Wright-Fisher model [23, 99, 107]. However, this model has limited analytical tractability,

and various approximations are necessary to obtain quantitative results. One approach that

has proven successful is to use the branching process theory for modeling frequency dynamics

of a lineage while it is rare [17, 34]. Here, I extend this approach to model multiple lineages

that carry independently arisen mutations from the same class that compete against the rest of

the population whose mean fitness continuously increases (Section 4.2). I apply this theory

to construct a likelihood function for the mutation rate of a class of beneficial mutations (e.g.,

mutations in the same gene), which is based on the number of times mutations from this class

were sampled and observed. (Section 4.3). Finally, I apply this approach to data from a recent

BLT experiment in yeast (Section 4.4.2).

4.2 Model of stochastic dynamics of a nascent mutant in an
adapting population

4.2.1 Theory

Consider a single mutant with selective advantage s arising in a population of size N.

During the small time interval from time t to t +δ t , each mutant cell may die with probability

δ t, or give birth with probability δ t (1+ s− s̄(t)), where s̄(t) is the average selection coefficient

in the population (“mean fitness”), which is assumed to be known. The dynamics of mutant cell

number n can be derived from a general-birth-death process.

To solve this birth-death problem, I start by considering all possible cell numbers as
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states 0,1,2, ...,∞ along a Markov chain. The transition probability from state i to state i+ j is

Ti+ j,i(δ t) =



iδ t , if j =−1

iδ t (1+ s− s̄(t)) , if j =+1

1− iδ t (2+ s− s̄(t)) , if j = 0

0 , otherwise.

(4.1)

I denote by pi(t) the probability that the mutant’s population size at time t is i. The differential

equations of each state probability can be expressed in terms of nearby state probabilities.

d pi(t)
dt

=


p1(t) , if i = 0

(i+1)pi+1(t)+(i−1)(1+ s− s̄(t))pi−1(t)− i(2+ s− s̄(t))pi(t) , otherwise
(4.2)

I define the generating function as

G(z, t) =
∞

∑
i=0

pi(t)zi, (4.3)

which depends on two continuous variables, z and t, where t ≥ 0, and the domain of z consists of

the values where the sum converges. The generating the function obeys the following partial

differential equation, which is derived from equation (4.2),

∂G(z, t)
∂ t

=
[
(1+ s− s̄(t))(z2 − z)+(1− z)

] ∂G(z, t)
∂ z

(4.4)

Since the mutant starts from a single cell, it is reasonable to choose an initial condition G(z,0) = z.

The solution to equation (4.4) is

G(z, t) = 1+
1

e−ρ(t)

z−1 −
∫ t

0 dτ (1+ω(τ))e−ρ(τ)
(4.5)

77



with the effective growth rate

ω(t) = s− s̄(t) (4.6)

and the effective growth factor

ρ(t) =
∫ t

0
dτ ω(τ) (4.7)

I next directly calculate the state probabilities pn(t) and the moments of cell number

from the generating function.

pn(t) =


G(0, t) , if n = 0

1
n!

∣∣∣∂ nG(z,t)
∂ zn

∣∣∣
z=0

, if n ≥ 1
(4.8)

The first moment of cell number (mean) is

E(n) =
∣∣∣∣∂G(z, t)

∂ z

∣∣∣∣
z=1

=
∞

∑
i=0

i pi(t), (4.9)

and the variance is

σ
2(n) =

∣∣∣∣∂ 2G(z, t)
∂ z2

∣∣∣∣
z=1

+

∣∣∣∣∂G(z, t)
∂ z

∣∣∣∣
z=1

−E(n)2. (4.10)

To simplify notations, I denote

a(t) = e−ρ(t), (4.11)

and

b(t) =
∫ t

0
dt

′
e−ρ(t

′
)
(

1+ω(t
′
)
)
. (4.12)

Taking equation (4.5) into (4.8), I derive the expressions of state probabilities in terms of a and
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b.

pn(t) =


1− 1

a+b , if n = 0

a
b2

[ b
a+b

]1+n
, if n ≥ 1

(4.13)

Similarly, take 4.5 into moment equation and derive

E(n) =
1
a
= eρ(t), (4.14)

σ
2(n) =

b−a−1
a2 . (4.15)

The probability of survival is

Psurv(t) = 1− p0(t) =
1

a+b
. (4.16)

The expected cell number of survival mutant is

E(n |Survive) =
a+b

a
= 1+

b
a
, (4.17)

with corresponding state probabilities for n ≥ 1

pn(t |Survive) =
a
b

[
b

a+b

]n

=
a

a+b

[
b

a+b

]n−1

, (4.18)

which is a geometric distribution.

Note that 1/a is the trajectory of the expected cell count (see equation (4.14)). If

the mutant survives and grows, its population is usually much greater than one. Based on

equation (4.17), we can assume that b is much greater than a for the most mutants. Thus 1/b is

approximately the survival probability (see equation (4.16)).

Similarly to the procedure described in Refs. [17, 58], a transition from state n to
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establishment time τ is defined as

n = E(n |Survive)e−ρ(τ) =
1

Psurv(t)
eρ(t)−ρ(τ), (4.19)

so that ∣∣∣∣dn
dτ

∣∣∣∣= n
dρ(τ)

dτ
= nω(τ). (4.20)

The transition p.d.f. of τ from pn(t |Survive) is said to be the probability distribution of

establishment time for a survival mutant with s.

P(τ |Survive) = pn(t |Survive)
∣∣∣∣dn
dτ

∣∣∣∣
=ω(τ)e−ρ(τ) a+b

b
Exp

[
−e−ρ(τ) a+b

a
ln(1+

a
b
)

]
.

(4.21)

The mutant dynamics can be pictured as the follows. A random beneficial mutant, starting

from single cell, might go extinct or survive with survival probability (equation (4.16)). For a

mutant that survives, its population drifts stochastically before the establishment time τ , and

grow deterministically in size (equation (4.19)) afterwards. The establishment time τ is a random

variable distributed according to equation (4.21)

4.2.2 Approximation for the analytical solution

To derive the analytical expression of this model, it is necessary to work out the solution

of a(t) (equation 4.11) and b(t) (equation 4.12). Since the mean-fitness trajectory s̄(t), which is

measured explicitly, can be describes analytical function such as linear, exponential, or logistic

function, a(t) is easy to solve or compute numerically. Here I will focus on the solution of b(t).
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The function b(t) is worked out as

b(t) =
∫ t

0
dτ (1+ω(τ))e−ρ(τ)

=
∫ t

0
dτ e−ρ(τ)+

∫ t

0
dτ ω(τ)e−ρ(τ)

=
∫ t

0
dτ e−ρ(τ)+

∫
ρ(t)

ρ(0)
dρ e−ρ

=b1(t)+(1−a(t)) ,

(4.22)

where the left side is defined as

b1(t) =
∫ t

0
dτ e−ρ(τ). (4.23)

The solution of function b1(t) is approximated in two different regions, strong and weak fitness

effects, as described below.

Strong fitness effect

For mutant with strong fitness effects (ρ >> 1), its population expand quickly and

does not decay (growth factor ρ > 1). In this region, the effect of ω(t) on small e−ρ can be

ignored such that ω(ρ)∼ ω(t = 0) is a constant in the integrate of e−ρ . The function b1(t) is

approximated as

b̃1(t) =
∫

ρ(t)

ρ(0)

dρ

ω
e−ρ =

1
ω(0)

(1−a(t)) . (4.24)

Substituting this approximation into equations (4.16)–(4.18) then yields

Psurv(t) =
1

1+ 1
ω(0)

(
1− e−ρ(t)

) =
ω(0)

1+ω(0)− e−ρ(t)
, (4.25)

E(n |Survive) = eρ(t)+
eρ(t)+1

ω(0)
, (4.26)

pn(t |Survive) =
ω(0)

1+ω(0)
e−ρ(t)

 1+ω(0)

1+ ω(0)
1−e−ρ(t)

n

. (4.27)
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In long time limit, a(t) = e−ρ could be ignored as ρ increases, and b(t) would reach a stationary

value 1+ 1
ω(0) . Therefore, in the limit of eρ(t) ≫ 1, equations (4.16)–(4.18) can be further

simplified.

Psurv(t)∼
ω(0)

1+ω(0)
, (4.28)

E(n |Survive)∼ 1+ω(0)
ω(0)

eρ(t), (4.29)

pn(t |Survive)∼ ω(0)
1+ω(0)

e−ρ(t)Exp
[
−n

ω(0)
1+ω(0)

e−ρ(t)
]
. (4.30)

P(τ |Survive)∼ ω(τ)e−ρ(τ)Exp
[
−e−ρ(τ)

]
. (4.31)

Note that my solutions in this region have similar as those obtained by Desai and Fisher (Ref.

[17]) in the case of zero mean fitness s̄ = 0 (see Table 4.1 for comparison). Furthemore, in the

limit of zero mean fitness (s̄(t)→ 0) and eρ ≫ 1, these functions and probabilities are equivalent.

Weak fitness effect

For mutant of a weak fitness effect (ρ << 1)skcommentDefine, its population dynamic

includes three phases: (1) grow like “strong” mutant when the mean-fitness is still small (s> s̄(t)),

(2) slow down the expansion when the mean-fitness catches up to its fitness effect (s ∼ s̄(t)) and

(3) decrease in size when this mutant is outcompeted by other mutants (s < s̄(t)). Therefore, the

behaviour of b1(t), corresponding to these phase, are approximated as

b̃1(t) =



1
ω(t0)

(1−a(t)) , t < tc1,

1
ω(t0)

(1−a(tc1))+ e−ρ∗
(t − tc1) , tc1 ≤ t < tc2,

1
ω(t0)

(1−a(tc1))+ e−ρ∗
(tc2 − tc1)+

1
−ω(t0)

(a(tc2)−a(t)) t > tc2,

(4.32)

where tc is chosen so that s̄(tc) = s and tc1 = tc/2, tc2 = 3tc/2 and ρ∗ = (ρ(tc)+ρ(tc1))/2.
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Table 4.1. Solution of branching process with zero mean fitness (second column, all formula
obtained in Ref. [17]) and with non-zero mean-fitness.

Branching process (s̄ = 0) Branching process (s̄ ̸= 0)

Probability
of extinction

P[n = 0; t] = est−1
(1+s)est−1

P[n = 0; t] = eρ(t)−1
(1+ω(0))eρ(t)−1

ω = s− s̄(t)
ρ(t) =

∫ t
0 ω(t ′)dt ′

State probability
pn(t) = s2est

[(1+s)est−1][(1+s)est−1−s]

×
[
(1+s)est−1−s
(1+s)est−1

]n

pn(t) = a
b(a+b)

( b
a+b

)n

a = e−ρ(t)

b ≈ (1+ 1
ω(0))(1−a)

State probability
for survival mutant

pn(t |Survive)

≈ s
(1+s)est−1−s exp

[
− sn

(1+s)est−1

] pn(t |Survive)

≈ ω(0)
(1+ω(0))eρ(t) exp

[
− ω(0)n

(1+ω(0))eρ(t)

]
Expected cell size ⟨n⟩= est ⟨n⟩= eρ(t)

Expected cell size
for survival mutant

⟨n |Survive⟩= est + est−1
s ⟨n |Survive⟩= 1+ω(0)

ω(0) eρ(t)

Transition formula n ≡ 1
s es(t−τ) n ≡ 1+ω(0)

ω(0) eρ(t)−ρ(τ)

Probability of
establishment time
for survival mutant
in long term limit

P[τ |Survive]

= s
1+s exp

[
−sτest − esτest

1+s

] P[τ |Survive]

= ω(τ)exp
[
−ρ(τ)− e−ρ(τ)

]
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4.3 Likelihood function of mutation rate

The goal in this chapter is to estimate the rate of the same class mutations, who arise,

survive and grow in the evolving population, then be isolated and sequenced in the BLT

experiment[102]. To infer such mutation rate, it is necessary to model the probability of “clone”

observations- resting form the the rate of mutation, the growth of mutant, and the sampling

procedure. Here, I construct the likelihood function of mutation rate as the probability of clone

sampling.

To keep the model as simple as possible, I assume that our population has the constant

size N, mutations from the mutation class m arise at (an unknown) rate Um per division. All

mutations from the same class are assumed to confer the same (known) fitness effect sm relative

to the ancestor. After T generations of evolution, a total K isolates are sampled from the whole

population, they are all genotyped and km of them are determined to have the adaptive mutation

from the focal class.

To estimate the mutation rate Um for mutation class m, I define the log-likelihood function

L(Um) = logP(km;sm,Um). (4.33)

The sampling probability P(k;s,U) for k clones depends on several factors: the number of

lineages that independently arose in the population and that carry a mutation of the focal type,

as well as on the frequencies of these lineages at the sampling time point T . It is difficult to

obtain an analytical expression for this probability because it requires integrating over all these

nuisance parameters. I therefore compute the sampling probability numerically.

In simulation, the population starts with N ancestor cells. Mutations with selection

coefficient s (same class) would randomly arise in a rate of U (per genome per generation)

across the evolving time. Once a mutation arises, it would randomly be extincted or survived

with a survival probability (equation (4.25)) based on the model. If the mutation survives, it’s
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establishment time is a random variable draw from equation (4.21), thus the size at sampling

time is determined (equation(4.19)). At the sampling time, I already have several mutations with

various frequencies. Next, I randomly sample a total number of K clones, and record the number

of clones (noted as j) that belong to this mutation. This simulation is repeated for 104 − 105

runs to harvest all possible observations of j. Finally, I record the number of runs that I receive

j = k, as the simulating observation j matches the true observation k. The sampling probability

P(k;s,U) is computed the fraction of matching runs ( j = k) to the total runs (104 −105).

4.4 Results and Discussions

4.4.1 The validity of strong- and weak-mutation approximations

First, I computationally demonstrate that both strong-mutation (equation (4.24)) and

weak-mutation (equation (4.32)) approximations hold in some regimes. To this end, I compare

the each analytical approximation to the numerically computed solution for a mutation that grows

in a mean-fitness of logistic, exponential and linear trajectory. For all cases, the mean-fitness

increases from 0 to 1 (figure 4.1A, figure 4.2A).

I find that, for a strongly beneficial mutant (s= 0.8), both strong and weak approximations

are reasonably close to the true b1(t), but typically underestimate it (Figure 4.1). For a weakly

beneficial mutant (s = 0.4), the strong approximation qualitatively fails to captue the shape of

this function, whereas the weak approximation captures it well (Figure 4.2). Although the weak

approximation for b1(t) is more widely applicable, it is computationally more intensive. Thus, if

an analysis focuses on large-effect beneficial mutations, it is possible to apply the strong-effect

approximation. I will make this assumption for the rest of this Chapter.

Next, I use numerical simulations to demonstrate the accuracy of the strong-mutation

approximation for analytically computing the mutant’s survivial probability and the distribution

of establishment times . In brief, I carry out branching process simulations of a nascent adaptive

mutation in a population whose mean fitness increases from 0% to 5% over 300 generations.
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Figure 4.1. Strong and weak mutant approximations for function b1 for a mutant with s = 0.8. I
computationally test the validity of the strong mutant (given by the equation (4.24)) and weak
mutant (given by the equation (4.32)) approximations for a mutant with s = 0.8 in three scenarios
of mean fitness dynamics shown in panel (A): linear, exponential, logistic. Panel (B)–(D) show
the numerically integrated function b1(t) (solid line) as well as the strong mutation (dotted line)
and weak mutation (dashed line) approximations for the three scenarios. (B) Logistic mean
fitness growth (green curve in panel (A)). (C) Linear mean fitness growth (green curve in panel
(A)). (D) Exponential mean fitness growth (green curve in panel (A)).
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Figure 4.2. Strong and weak mutant approximations for function b1 for a mutant with s = 0.4.
Notations are the same as in Figure 4.1.

The mutant population starts with a single individual with a fitness benefit s relative to the

rest of the population. If the mutant survives to the end, I compute the establishment time τ

from the mutant’s population size trajectory based on equation (4.19), as shown in Figure 4.3A.

The simulation is repeated for ∼ 100,000 runs until ∼ 4000 runs have a survived mutant at the

end. I then compute the empirical survival probability as a function of time and the empirical

distribution of establishment times for those mutants that survived until the end of the simulation.

I find that the theoretical approximate solution based on equation (4.31) provides an

excellent match to the empirical distribution of establishment times (Figure 4.3B). Likewise, the

approximate survival probability obtained in equation (4.25) is in agreement with simulations

(Figure 4.3C). As expected, the survival probability approaches a stable value in the long time
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Figure 4.3. Theory with the strong-mutation approximation captures the distribution of establish-
ment times and survivial probability of a nascent adaptive mutant. The lineage size of a mutant
with s = 0 is simulated using the branching process simulation with dynamically increasing
mean fitness. (A) Trajectory of mutant population in one realization and the calculation of the
establishment time. (B) A distribution of establishment times based on 105 simulations (see text).
(C) The probability of survival by time t. (D) Terminal survival probability as a function of to
the fitness effect of the mutation.
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Figure 4.4. Distribution of adaptive mutations across the most common driver loci. Driver loci
with 5 or more mutations are shown. Figur is reproduced from Ref. [102].

limit. It implies that, once the mutant escapes genetic drift while rare, its population grows

deterministically and extinction is no longer possible.

Finally, I carry out these simulations for mutants with various fitness effects (s ranging

from 1% to 5%). I find that my theory with the strong-mutation approximation (equation (4.28))

matches the empirical terminal survival probability well as long as s ≳ 2% (Figure 4.3D). I

conclude that the analytical expressions for the survivial probability until time t and for the

distribution of establishment times obtained with the strong-mutation approximation can be

applied for mutations with selection coefficients s > 2%.

4.4.2 Rates of adaptive mutation in yeast

I apply the mutation-rate inference method to estimate the rates of adaptive mutations

in yeast that were observed in a recently published BLT evolution expriment [102]. In this

experiment, a barcoded population of yeast Saccharomyces cerevisiae was evolved in the presence
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(C-condition) and absence (A-condition) of an ecological partner, the alga Chlamydomonas

reinhardtii. Five replicate BLT experiments were carried out for each, A- and C-conditions.

In each population, about 200 adapted clones were sampled at cycle 9 (∼60 generation) from

each of the conditions and their full genomes sequenced. Nine common mutation classes were

discovered across both A and C mutants. Six classes of mutations, referred to as chrIV-1n,

chrIII-3n, chrXIV-3n, chrIV-3n, chrIX-3n and chrXIII-3n, are aneuplodies. Three classes of

mutations, referred to as YIL169C, HEM1, HEM2, are various single-nucleotide polymorphisms

and small indels that occurred within or near the same gene coding region. Figure 4.4 shows the

fraction of isolate for these 9 mutation classes in both conditions.

To estimate the mutation rate Um of each mutation class m, I assume that all mutation

from class m confer the same (known) fitness benefit sA
m and sC

m relative to the ancestor in the A-

and C-condition, respectively. The fitness values and the number of isolation used are shown in

Table 4.2. I define the log-likelihood function as

L(Um) =
1
5

5

∑
i=1

logP(kA
im;sA

m,Um)+
1
5

5

∑
i=1

logP(kC
im;sC

m,Um), (4.34)

which accounts for the fact that mutations are sampled from five replicate populations in the

A-condition and from five replicates populations in the C-condition. The sampling probabilities

P(kA
im;sA

m,Um) and P(kC
im;sC

m,Um) are computed numerically, as described in Section 4.3). In

the simulation, all population have a constant size N = 2× 106, and all clones are sampled

at time T = 60 generations. The mutation rate Um is estimated by maximizing the likelihood

function L(Um). The likelihood function for chrIII-3n mutations is shown as an example in

Figure 4.5. The inferred rates of each mutation class are shown in Table 4.2 and Fig. 4.6. The

rate of beneficial ranges from 10−6.65 to 10−4.14.
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Figure 4.5. Estimation of the rate of beneficial mutations. The log-likelihood function for the
estimation of the chrIII-3n beneficial mutation rate is shown as an example. Red point indicates
the identified maximum value. Horizontal red bar shows the standard error calculated based on
Fisher Information.

4.5 Discussion

In overall, I model the population dynamics of beneficial mutation in a competitive

background. The dynamics is pictured as follows. For a mutant arises in a population, it

might go extinct or survive in certain rate. For mutant who survives, it’s population would drift

stochastically before establishment time then grow deterministically afterward. I also work out

the approximation of analytical solution in both strong and weak fitness region. The solutions

are verified by simulation of branching process. Next, I apply this model to infer the mutation

rate of beneficial mutations collected in yeast-algae BLT experiments. To infer the mutation rate,

I construct likelihood function as the probability of observing clone of adaptive mutations. The

mutation rate is inferred by maximizing the likelihood function. In result, I report the mutation

rate from 10−6.65 to 10−4.14 for the top 9 common mutations in this experiment.

I find that the probability of observing adaptive mutation (Figure 4.6 A) is consistent with

the number of mutant isolates (Figure 4.6 C) and depends on three factors: the fitness effect of
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Figure 4.6. Probabilities of observing adaptive mutations at the most common driver loci in
the whole-genome sequencing data. A. Shades of gray represent the probability of sampling at
least one clone with a beneficial mutation that arises at a certain rate (y-axis) and provides a
certain fitness benefit in the A-condition (x-axis). The most common driver loci are shown by
points. The estimated beneficial mutation rate and the selection coefficient for each mutation
class are given in Table S3 . B. Same as A but for the C-condition. The mutation rate for each
locus is assumed to be the same in both conditions, but the selection coefficients vary. C. Black
points show the number of sequenced clones with a given driver mutation found per replicate
population in either A- (left) or C-condition (right, n = 5 replicate populations per condition).
Box and whiskers show the distributions of these numbers found in our simulations (mid-line
shows the median, boxes show the 25th and 75th quantiles, whiskers show the 5th and 95th
quantiles)
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mutations in the given class, the rate of mutations, and the strength of competition (mean-fitness

trajectory). Indeed, it has been shown that the mean-fitness are different in two conditions

(see Supplementary Figure 1 in Ref.[102]). The fact that the difference in the probabilities of

observing A and C mutants also implies that the yeast populations in these two conditions are

about to embark on distinct evolutionary trajectories. Therefore, the mutations that they carry

are more likely to win the clonal competition towards fixation in the condition from which they

were sampled. Thus, ecological interactions with the alga change the short-term evolutionary

trajectory of yeast.

The workout in mutant growth model helps to simply the simulation procedure. Since

the population dynamics is stochastically in nature, the full simulation should consider the

randomness of birth and death of a single cell for all generations. Simulating the entire population

stochastically over hundreds generations is time consuming. However, with the workout of

branching process model, one can picture the mutant dynamics by three questions: Whether this

mutant survives? It yes, when does it escape the drift? If the mutant escapes the drift, what’s

the deterministic frequency of mutant? By answering the above question, the mutant grow can

be simulated with only three quantities: survival rate, establishment time and the population

frequency.

Lastly, in appendix B I demonstrate that the solutions derived from the branching process

theory can also be applied to the Wright-Fisher model. The only difference between the Wright-

Fisher and branching process is the survival rate and expected size. Mutant that grows in

the Wright-Fisher model will have a double of survival probability but half of the expected

population size to those in the Branching process model. Therefore, the population dynamics

in the Wright-Fisher model is pictured as the follows. For a mutant arises in a population, it

might go extinct or survive in certain rate (double of that in branching process). For mutant

who survives, it’s population would drift stochastically before establishment time (same as that

branching process) then grow deterministically with frequency (half to that in branching process)

afterward.
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Chapter 5

Estimating the Mutation Rate Spectrum
from Lineage Tracking Data

5.1 Introduction

The rates at which mutations arise and how they affect fitness are fundamental evolu-

tionary quantities that contribute to our understanding of adaptive evolution [22]. Despite its

importance, the shape of the distribution of fitness effects (DFE), particularly its beneficial tail

are poorly characterized.

Theoretical works in 1980’s and 1990’s proposed that the DFE of beneficial mutations

might follow an exponential or normal distribution. Gillespie [30] first derived the exponential

distribution of the DFE using extreme value theory. He argued that the “wildtype” has the

highest fitness among all of its mutant neighbors in the home environment. As the environment

changes, the fitness of both the wildtype and mutations is re-ranked. Since beneficial mutations

are rare, Gillespie argued that if only one beneficial allele is accessible in the new environment,

the fitness of the wildtype would be ranked second. By applying extreme value theory, the DFE

is exponentially distributed if it belongs to the Gumbel family. Later, Orr [76, 78] generalized

Gillespie’s result to multiple beneficial alleles, and Joyce et al.[45] further extended the expo-

nential prediction to include the Frechet and Weibull domains. Interestingly, Orr and Gillespie’s

work suggests that the exponentially distributed DFE holds regardless of other biological details,

such as ancestor fitness, mutation rate, and environmental factors. It is worth emphasizing that
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the exponential finding is based on one major assumption. To apply the extreme value theory,

the fitness of the wild type must be in the tail of the distribution of its single-mutation neighbors,

regardless of the environment. If this is true, the shape of the bulk of the distribution of fitness

effects of mutations is irrelevant and only the proporties of its tail matter. Whether this is a good

assumption in practice remains unknown.

An alternative approach is to derive the DFE in an explicit model of a biological or-

ganism, such as the Fisher’s geometric model (FGM) [24, 79]. In brief, FGM characterizes

organisms as points in a multidimensional space of phenotypic traits. In this space, random

mutations are represented by isotropic vectors that move an ancestral phenotype to the mutant

phenotype. Fitness is assumed to decrease quadratically from a single phenotypic optimum. By

applying FGM, the DFE can be well approximated by a shifted negative gamma distribution,

which converges toward a normal distribution in high-dimensional phenotypic complexity. It is

important to note that this prediction relies on strict assumptions such as isotropic mutations,

independent phenotypic traits, the existence of an optimal phenotype, and a quadratic function

for the fitness-to-phenotype map.

Experimental biologists have been interested in determining the empirical DFE and

comparing it to the theoretical predictions ever since the techniques for isolating adaptive

mutations became available. Some experiments that sample small numbers of nascent beneficial

mutations have shown results that are supportive, similar, or opposite to the theoretical predictions.

For instance, Kassen and Bataillon [47] derived 665 independent single-step mutations in the

bacterium P. fluorescens using a conventional fluctuation-style assay. They measured the fitness

effects of mutants (5% ≤ s ≤ 25%) and obtained an exponential tail of the DFE across different

environments. Hietpas et al.[39] created point mutations in a region of the Hsp90 gene in

Saccharomyces cerevisiae and identified 38 and 24 beneficial mutants (1% ≤ s ≤ 8%) in two

conditions of elevated salinity. Their observations of 181 mutations (including deleterious,

neutral, and adaptive) in different environments are supported by the one-dimensional FGM.

Sanjuan et al.[88] created 91 single mutant clones of vesicular stomatitis virus using site-directed
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mutagenesis. They performed competition experiments to measure the relative fitness of each

mutant (0% ≤ s ≤ 6%) and concluded that the DFE of beneficial mutations follows a gamma

distribution, which is similar to both the exponential prediction by Orr and Gillespie and the

negative gamma prediction by FGM. On the other hand, Rokyta et al.[85] selecting 25 novel

mutants of two sets of viruses, bacteriophage ID11 and RNA phage φ6, rejected both hypotheses

and found that their distribution of beneficial mutants (3% ≤ s ≤ 8%) is consistent with a uniform

distribution.

Although the aforementioned studies have contributed to characterizing the DFE, the

resolution of the DFE tail is limited by the number of beneficial mutations analyzed (ranging

from tens to a few hundreds). These limitations arise from the rarity of beneficial mutations and

the difficulty of detecting mutants with weak effects. Recently, the barcode lineage tracking

(BLT) technique has made it possible to achieve a high resolution in the empirical measurement

of the DFE, including the region of small effects. The BLT experiment utilizes unique DNA

barcodes as heritable markers to track microbes that have evolved in serial batch culture. By

deep-sequencing the barcodes, the barcode frequency can be tracked down to very low limits

(ranging from 10−5 to 10−7). When a novel adaptive mutation arises, it leads to an observable

increase in its barcode frequency. Therefore, the fitness effects of beneficial mutations can be

inferred from the rising trajectories.

BLT is a powerful technique that allows one to observe many lineages that carry individual

adaptive alleles and is perfectly suited for estimating the DFE. However, doing so is not trivial.

The naive way of estimating the DFE from BLT data is to simply bin adapted lineages by the

estimated fitness effects of the mutations that they carry and construct a histrogram of such

lineages. I refer to this binned count data as the observed DFE. What is the relationship

between the observed DFE and the true DFE? In theory, the DFE desribed the probability that

a newly arisen mutation has a fitness effect within a certain range. In constrast, the observed

DFE estimates the probability that a mutation arose, escaped genetic drift while rare and then

sufficiently expand population size prior to the end of the experiment to be detected by the
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experimenter. Thus, in addition to the origination probability the observed DFE accounts for

the probability of the mutant lineage to survive genetic drift, expand to a certain size and then

be detected as adapted in the BLT analysis. Since adaptive mutations with higher selection

coefficients are more likely to survive genetic drift and expand faster, we expect that the observed

DFE would be right-shifted compared to the true DFE. Fortunately, it is possible to correct for

these biases.

By applying BLT, Levy et al.[58] identified approximately 25,000 lineages of Saccha-

romyces cerevisiae and acquired novel beneficial mutations in short-term evolution spanning 168

generations. They used a branching process model to estimate the survival probabilities and the

population sizes of mutant lineages. They used these quantities to estimate the true DFE from the

observed DFE. Contrary to both hypotheses mentioned above, they observed a multimodal DFE,

with most mutants confined to a narrow range of fitness effects (2% ≤ s ≤ 5%), and two peaks

in the fitness ranges of 7–8% and 10–11%. Blundell et al.[7] used a similar approach and also

detected a multimodal DFE (3% ≤ s ≤ 12% in carbon limitation and 2% ≤ s ≤ 7% in nitrogen

limitation) from beneficial mutants in Saccharomyces cerevisiae.

These previous attempts to estaimte the DFE have two important shortcomings. First,

both studies relied on the branching process under the assumption that the population’s mean

fitness stays constant. However, these authors in fact observed a mean-fitness increase of 12%

and 3% in carbon and nitrate-limited environments, respectively. Ignoring the mean fitness

increase leads to overestimating the chances of survivial for weakly beneficial mutants which

in turn leads to an underestimation of the rate at which weakly beneficial mutants arise. The

second shortcoming of the previous analysis is that it does not account for the detection process.

Since weak mutations are more likely to occur in small numbers and go undetection, a failure to

model the detection process is also expected to result in an underestimation of the rate of weakly

beneficial mutations.

The goal of this chapter is to derive a better estimate for the DFE from the BLT data.

More precisely, I describe a method for estimating the mutation rate spectrum of beneficial
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mutations which is defined as the rate at which mutations with certain fitness effects originate

(per unit time per individual). The theoretical DFE is the normalized mutation rate spectrum, i.e.,

specturm divided by the total rate at which mutations arise. I propose a method for inferring the

mutation rate spectrum from BLT experiments. The first part of the method is the Wright-Fisher

model, which describes the expansion of the mutant population in a clonal interference regime.

The second part is the empirical calculation of the detection probability for mutants. Together,

this method aims to bridge the gap between experimentally measured DFE and the theoretical

mutational rate spectrum.

5.2 Estimating the mutation rate spectrum

Figure 5.1. Schematic plot for the observed DFE resulting from the arrival mutants, probability
of mutant establishment Pest(s) and probability of detection Pdet(s).

Suppose that beneficial mutations occur in the population at rate Ub (per genome per

generation) and that a new beneficial mutation provides a fitness advantage s with probability

Dt(s) (here, subindex “t” stands for “true” DFE). In other words, a mutation with selection

coefficient s arises at rate µ(s) = Ub Dt(s) per generation. I refer to µ(s) as the mutation rate
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spectrum mDFE.

To infer the µ(s), I consider the processes by which a nascent beneficial mutant linked to

a barcode is detected as an adapted lineage in the BLT experiment. To be detected, the mutant

must survive genetic drift while rare (biological bias) and be identified as adapted in the BLT

analysis (technical bias). Due to these biases, the observed DFE is not identical to the original

mutation rate spectrum (Figure 5.1). To model the biological bias, I model how mutants survive

and establish by the Wright-Fisher model. The model provides analytical description for the

establishment probability of a mutant as a function of its selection coefficient s. To model the

technical bias, I use simulations to compute the empirical probability that an established mutant

is detected as adapted. With the descriptions of establishment and detection probabilities, the

mutation rate spectrum µ(s) can be derived from the observed DFE, as follows.

Consider a population of size N that evolved for t generations. The expected number of

beneficial mutations with fitness effect s that arise during this time is

nb(s, t) = µ(s)Nt. (5.1)

Each mutation will either go extinct or will establish. Denote the probability that a mutant that

arose at time t0 establishes by time t ≥ t0 as Pest(s, t, t0). The stochastic process of establishment

is modeled as the Wright-Fisher (see Section 5.3.1). Then, the total number of mutations that

establish at by the sampling time t i

nb,est(s, t) = µ(s)N
∫ t

0
dt0 Pest(s, t, t0), (5.2)

and the total number of established mutants up to the last sampling time T is

nb,est(s) = µ(s)N
2
T

∫ T

t
dt
∫ t

0
dt0 Pest(s, t, t0) = µ(s)NT Pest(s), (5.3)
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where

Pest(s) =
2

T 2

∫ T

t
dt0

∫ T

t0
dt Pest(s, t, t0) (5.4)

Since the Wright-Fisher model provides a framework of stochastic process, it is easy to

simulate the cell frequency trajectories f (s, t, t0) of mutants and their corresponding barcode

read count data. With the simulated data, I run it through the Bayesian Filtering Method (chapter

3) for estimating fitness and identifying adaptive lineages. After repeated runs, the value of

detection probability is empirically computed analogous to equation (5.4)

Pdet(s) =
2

T 2

∫ T

t
dt0

∫ T

t0
dt Pdet(s, t, t0), (5.5)

where Pdet(s, t, t0) is the probability that an established mutant with selection coefficient s that

arose at time t0 will be detected by time t .

Together, the number of mutant that occurs, survives drift and grow to detectable size is

nb,est,det(s) = µ(s)NT Pest(s) Pdet(s). (5.6)

It is also the expected number of unique barcode which is identified as adapted in the Wright-

Fisher & Bayesian framework. Finally, the mutation rate spectrum can be inferred as

µ̃(s)ds =
number of observed barcode with in [s,s+ds]

NT Pest(s) Pdet(s)
. (5.7)

5.3 Results

5.3.1 Analytical approach to the Wright-Fisher model for mutant
population expanding in a background of increasing mean-fitness

The population dynamics are generally modeled with the Wright-Fisher model. However,

this model has limited analytical tractability, and various approximations are necessary to obtain

quantitative results. One approach that has proven successful is to use the branching process
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Figure 5.2. A population trajectory of mutant (s = 5%,, arising at t0 = 0 generation) over
simulating time (black line, y-axis: log population size, x-axis: time in generation), fitted by
theoretical trajectory (red dash line) with best-fit of establishment time τ = 21.1 generation.

theory for modeling the frequency dynamics of a lineage while it is rare. In thesis chapter 4,

I extend this analytical approach to model multiple lineages that carry independently arisen

mutations from the same class that competes against the rest of the population whose mean fitness

continuously increases. Here, I further extend my analytical solutions of branching process

theory to the Wright-Fisher model.

First, I demonstrate that the Wright-Fisher model has double the survival probability

(half the genetic drift) than the branching process for mutant of the same selective advantage s. I

run WF simulation with a single targeted mutant of s and N −1 ancestor cell. The population are

undergo an increasing mean fitness due to random mutants. At the end time T = 160 generation,

if the targeted mutant survives, the population trajectory (Figure 5.2 as example) is recorded.

In the long run, a mutant population has only two fates: either establish and expand or go

extinct. As expected, the survival probability of a nascent mutant (Figure 5.3) decreases over

time and reaches a stable value. I refer to such stable value as long-term survival probability.
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Figure 5.3. Survival probability for a mutant of s = 5% arsing at t0 = 0 in the Wright-Fisher
model (blue circle) over time, compared to the theoretical prediction (black line).

Branching process Wright-Fisher model
Zero mean-fitness (s̄ = 0) s/(1+ s) 2s(1+ s)
Increasing mean-fitness
ω = s− s̄(t0)

ω/(1+ω) 2ω/(1+ω)

Table 5.1. The long-term survival probability for a mutant of s, arising at time t = t0 and
expanding in a zero mean-fitness (s̄ = 0) or an increasing mean-fitness background, compared
between branching process and the Wright-Fisher model.

The long-term survival probability is also the fixation probability for the mutant expanding in

zero mean fitness. The long-term survival probability in the branching process theory is s/(1+ s)

[17]. In the Wright-Fisher model, the fixation probability is expected to be twice as large (∼ 2s)

[20, 36, 50, 107] . To learn such a relationship in an increasing mean-fitness background, I repeat

the above procedure for targeted mutants with different s and t0. As a result, for the mutant

arises at time t0, its long-term survival probability is 2ω/(1+ω) for the mutant, where ω is the

selective advantage s relative to the mean-fitness value s̄(t0) (Table 5.1 & Figure 5.4).

The establishment time τ (when population reach nc = 1/long term survival probability)

is a random variable. To learn the population stochasticity of WF model, I take the mutant

104



0.02 0.04 0.06 0.08 0.10
selection coefficient (1/gen)

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0.200

0.225
Survival probability at T=160 generation

WF simulation
theory
2s/(1+s)
2s

Figure 5.4. Survival probability at time T = 160 generation for a mutant arising at T = 0 in
the Wright-Fisher simulation (blue circle), theoretical long-term stable survival probability with
competitive background (red dot line), and theoretical survival probability at 160 generations
(black dashed line).

trajectories (Figure 5.2) to infer τ , and construct the distribution of establishment P(τ) by

repeated runs. Figure 5.5 shows that the P(τ) in WF simulation is the same as the analytically

description in the branching process. It indicates that a mutant (of given s) would take same time

in the two models to pass the genetic drift, despite of their differences in drift strength.

5.3.2 The establishment probability in the Wright-Fisher model

The establishment probability Pest(s, t, t0) of mutant (with s, arising at t0) at time t can be

derived in two ways. First, establishment occurs when the mutant population exceeds a threshold

size nc, leading to the probability equation

Pest(s, t, t0) =
∫

∞

nc

dn P(n|s, t, t0). (5.8)
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Figure 5.5. Probability distribution of established time for a mutant of s = 5% arsing at t0 = 0
in the Wright-Fisher model (blue histogram), compared to the theoretical distribution (black line)
derived from the branching process.

Second, establishment is determined by the mutant being established at time t, meaning that

t0 + τ < t. Consequently, the probability equation becomes

Pest(s, t, t0) =
∫ t−t0

−∞

dτ P(τ|s, t, t0). (5.9)

Theoretically, these two approaches yield equivalent results, and the choice of method depends

on convenience. The former method is suitable for Wright-Fisher (WF) simulations, while the

latter is advantageous for analytical predictions. With the establishment probability Pest(s, t, t0),

the overall establishment probability Pest(s) (Figure 5.1) can be calculated using Equation 5.4.

To validate the analytical description of Pest(s), I conducted a Wright-Fisher simulation

to obtain the simulated Pest(s). The simulation commenced with 2×106 ancestral cells, where

beneficial mutations randomly arose based on a general exponential distribution (Figure 5.8)

during the evolutionary period from 0 to 160 generations. For each arising mutation, if its

population size ever exceeded the critical size, the mutant was marked as established in the WF

simulation. Subsequently, the analytically described Pest(s) from both methods were compared
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Figure 5.6. Establishment probability for mutants that randomly arise during the simulating
time in the Wright-Fisher model (blue circle), compared to the theory (cyan dash line).

to the establishment probability in the WF simulation.

The results showed good agreement between both ways of calculating establishment

probabilities (from population size: pink dot-line in Figure 5.6, from establishment time: cyan

dot-line in Figure 5.6) and the simulation Pest(s) (blue circles in Figure 5.6). It is worth noting

that the establishment probability lies below the expectation on long-term survival probability

(black dashed line, 2s/(1+s)) with zero mean-fitness. This discrepancy arises due to the increase

in mean fitness, resulting in a lower likelihood of survival for mutants that arise late in evolution.

Furthermore, in this case, the establishment probability diminishes to zero when s is below 1.2%.

Mutants with a fitness effect lower than this threshold are not anticipated to be established or

observed.

Figure 5.7 illustrates the resulting established distribution of fitness effects (DFE). The

predicted established DFE (cyan dashed line in Figure 5.1) is derived by multiplying the estab-

lishment probability (Figure 5.6) with the arising mutants (Figure 5.8) used in this case.

107



Figure 5.7. Distribution of fitness effect (DFE) for the established mutants that randomly arise
during the simulating time in the Wright-Fisher model (blue circle), compared to the theory
(cyan circle).

5.3.3 Empirical calculation on the detection probability of established
mutants

Detecting adaptive lineages in the BLT experiment involves multiple procedures, such as

barcode sampling, fitness effect inference, and software analysis to identify adaptive lineages.

To determine the detection probability as a function of s, two layers of challenges must be

considered. First, there is inherent randomness in mutation occurrence and size, as well as

in barcode sampling, all of which contribute to the stochastic nature of lineage detection.

Second, the specific details of the software used for analysis influence the inference procedures,

making it nontrivial to quantify the computational process and its success rate. Consequently,

deriving analytical descriptions for detection probabilities is challenging. However, performing

all stochastic processes and detection procedures on a computer is straightforward. Thus,

calculating an empirical probability of detection through repeated procedures becomes a more

viable approach.

To estimate the probability of detection, I propose an empirical calculation method, as
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Figure 5.8. Arising beneficial mutations NT µ(s) from input function (black circle line)
and simulation sampling results (blue circle line) with population size N = 2 × 106, to-
tal time T = 160, and mutational rate spectrum as general exponential distribution µ(s) =
Ub e−(s/σ)β

/σ/Γ(1+β−1) with Ub = 3×10−4, β = 2, σ = 3.8%.

illustrated in Figure 5.9B. Since the establishment probability has already been derived (Section

5.3.2), I focus on the detection probability for mutants that have already been established.

Starting with a single mutant cell with fitness effect s, I simulate the lineage trajectory using

the Wright-Fisher model, which involves randomly sampling the arrivial and the establishment

times. Subsequently, I sample the barcode read count for a given establishd lineage to model

experimental sample collection. Utilizing the obtained barcode read data, I apply my Bayesian

filtering program for analysis. If the program identifies the lineage as adaptive, it is considered a

successful detection. I repeat this process 1000 times for mutants with the same fitness effect.

The success rate in these 1000 runs serves as an empirical estimate of the detection probability.

The empirical probability of detection is illustrated in Figure 5.10 . For strongly beneficial

mutants (s > 5%), the detection probability stabilizes at about 84%. The maximum detection

probability is les than 100% due to the requirement of having evidence present in at least two

consecutive sampling times to confidently identify an adaptive lineage. Thus, mutants that

establish late in the experiment will never be called as adapted. For mutants with medium fitness
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Figure 5.9. Schematic Plots (A) Obtaining the inferred mean-fitness trajectory and observed
DFE by applying the Bayesian filtering program on simulated barcode data, generated by Wright-
Fisher model with random mutants drawn from a known mutational rate spectrum. (B) Estimating
the probability Pdet(s) of detecting established mutation of s, by empirically computations of
successful observation events among 1000 runs of random cell trajectories of established mutant
expanding under known mean-fitness.

effects (1% ¡ s ¡ 5%), the detection probability is sensitive to the fitness effects, ranging from

8% to 80% for s in the range of 1% to 5%. Interestingly, in this study, the detection probability

reaches zero (as determined by a logistic function fit, represented by the black dashed line in

Figure 5.10 ) at s = 0.3%, indicating that mutants with effects less than 0.3% are undetectable.

It is important to note that the empirical calculation of the detection probability requires

prior knowledge of the mean-fitness trajectory. This is logical since mutant population dynamics

are influenced by the mean-fitness. When the mean-fitness increases rapidly, weak mutants,

although established, will occur at low frequencies in the population and are less likely to

be detected. Thus, the mean-fitness trajectory significantly affects the detection probability.

Consequently, to estimate the detection probability, it is necessary to specify the mean-fitness.

In this study, the mean-fitness trajectory was obtained by applying the Bayesian program to

the simulated barcode data. In practical applications, the original data represents experimental
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Figure 5.10. Probability of detecting established mutants with fitness effect s by empiri-
cal computation (black circle), fit by logistic function (black bash line) Pdet(s) = (0.840−
0.09e−109(s−0.0235))/(1+ e−109(s−0.0235))

measurements of sequencing counts.

In the WF simulation performed in this study, the experiment began with 2×106 ancestor

cells, each carrying a unique DNA barcode (a total of 2×104 barcodes). Beneficial mutations

arose randomly based on a general exponential distribution over the evolution time from 0 to

160 generations (Figure 5.8). Following the standard Wright-Fisher model, offspring from both

ancestors and mutants were randomly selected for the next generation, while the total population

size remained fixed (N = 2×106). For each mutation, if its population size exceeded the critical

threshold, the mutant was marked as established. Every 16 generations, barcode read counts were

randomly sampled using the negative-binomial measurement process described in Section 3.2.2.

Subsequently, the Bayesian filtering program was applied to infer the mean-fitness trajectory

(Figure 5.11) and the observed distribution of fitness effects (Figure 5.12). The entire schematic

process is depicted in Figure 5.9A.
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Figure 5.11. Mean fitness trajectory for the Wright-Fisher simulation (black dash), Bayesian
filtering program inference (green circle), and logistic function fit (green dotted-line) to the
Bayesian inference.

5.3.4 Inference of the mutational rate spectrum

The estimation of the mutational rate spectrum, denoted as µ(s), relies on various factors,

including the population size (N = 2×106) and the total duration of the experiment (T = 160

generations). Additionally, it depends on the observed distribution of fitness effects (DFE) as

illustrated in figure 5.12, the probability of mutant establishment as depicted in figure 5.6, and

the probability of mutant detection as shown in figure 5.10. Utilizing all the previously obtained

results, I derived an estimated µ(s) by back-calculating the observed DFE based on equation

5.7. However, the resulting estimation curve (red circle line, Figure 5.13) deviates from the

theoretical µ(s) (black line, Figure 5.13) used in this study. Specifically, for strong mutants

(s > 8%), the mutation rate is overestimated by a factor of roughly 10, whereas for weak and

medium mutants (s < 5%), my inference of µ(s) is an underestimate.

To investigate the underlying cause of the observed discrepancy, I conducted a comparison

between various elements. This involved analyzing the observed distribution of fitness effects

(DFE) obtained from the Bayesian framework, as well as the DFE established through back-
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Figure 5.12. Observed distribution of fitness effect (DFE) by applying the Bayesian filtering
program to the Wright-Fisher simulation data.

calculation. These were then compared to the established DFE obtained from simulation, along

with its forward-calculated observed DFE. The findings, as depicted in figures 5.15 and 5.16,

indicated that the detection probability did not contribute to the observed disparity between the

observation (Figure 5.15) and simulation (Figure 5.16) spectra. Notably, the observed DFE

exhibited peaks around s = 8%, whereas the simulated DFEs peaked around s = 4%. To direct

compare the differences, the fitness effects inferred by Bayesian analysis for the identified

lineages (n=378) are plotted against the corresponding simulated fitness values (Figure 5.17).

Surprisingly, the inferred value of s was, on average, found to be greater than the simulated

value by 2.8%. It is noteworthy that despite yielding acceptable results for the inference on the

mean-fitness trajectory (Figure 5.11), the Bayesian filtering program employed in this study was

unable to provide accurate estimations for s.

The main concern is whether the inaccurate inference of s is the primary cause of the

observed failure. To assess this, it is important to evaluate the quality of the mutational rate

estimation when s is accurate. For this purpose, all the inferred s values were manually adjusted

downward by 2.8% (orange histogram, Figure 5.18). Then, the back-calculation of the shifted
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Figure 5.13. Mutation rate spectrum: theory (black line, µ(s) = Ub e−(s/σ)β

/σ/Γ(1+β−1)
with Ub = 3×10−4, β = 2, σ = 3.8%) and the inference (red circle line) by back-calculating
the observed DFE.

observed DFE was performed, yielding a new mutational spectrum. As shown in figure 5.14,

the new spectrum (red circle) aligns with the theoretical values (black line) within the same

order of magnitude. It should be noted, however, that this analysis does not provide a precise

estimation of the mutation rate spectrum. Specifically, the estimated value for weak mutations

tends to be underestimated, which may be attributed to the loss of weak mutants resulting from

the left-shifting. Despite this imperfection, the inference of the mutation rate can be considered

reliable if more accurate values for s are employed. Furthermore, the results indicate that both

the work on detection probability and establishment probabilities, as well as the back-calculation

procedure, can be deemed dependable.

5.4 Discussion

In this study, I present a comprehensive framework for inferring the underlying muta-

tional rate spectrum for nascent beneficial mutations in adaptive evolution. The key idea is

to back-calculate the observed distribution of fitness effect (DFE) by incorporating the detec-
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Figure 5.14. Mutation rate spectrum: theory (black line, µ(s) = Ub e−(s/σ)β

/σ/Γ(1+β−1)
with Ub = 3×10−4, β = 2, σ = 3.8%) and the inference (red circle line) by back-calculating
the shifted, observed DFE.

tion probability and establishment probability of adaptive mutants. The probability of mutant

establishment is solvable using the Wright-Fisher model, and I provide an analytical solution

for the establishment probability, which I validate through simulations of the Wright-Fisher

model. Furthermore, I empirically compute the probability of detecting an established mutant.

By integrating these findings, an inferred mutational rate spectrum is derived for a simulation

study. Unfortunately, the inferred mutational spectrum is inaccurate, and the analysis suggests

that the inaccurate inference of fitness is the primary cause.

A remaining challenge is the failure to accurately estimate fitness using the Bayesian

filtering program. This failure may be attributed to the mismatch between the model used in

this study (Wright-Fisher) and the model used in the Bayesian program (serial batch culture).

The serial batch culture model assumes deterministic population growth during the growth

phase, followed by dilution to the bottleneck size in each transfer. Genetic drift in this model

is influenced by the dilution factor and the effective population size. I chose the serial batch

model for my Bayesian program as it closely resembles the experimental process in laboratory
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Figure 5.16. Established DFE in simulation (black square) and its forward-calculating observed
DFE (blue square)

evolution. However, a drawback of the serial batch model is the lack of analytical solutions

to describe the establishment probability and subsequent population dynamics. In contrast,

the Wright-Fisher model offers solvability, but it may not accurately capture drift in microbial

evolution experiments.

There are two potential approaches to address the model discrepancy. The first option is

to utilize the Wright-Fisher model as the underlying framework in the Bayesian program, which

is relatively straightforward to implement. However, a concern arises regarding whether the WF-
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Bayesian method can accurately characterize the fitness of mutants in laboratory evolution. To

evaluate its applicability, it may be worthwhile to apply the WF-Bayesian method to simulation

data of the serial-batch culture. If the method yields satisfactory results for serial-batch culture

simulations, the first approach would be advantageous.

The second approach involves developing an analytical description for the mutation

population in the serial-batch model. If an approximate solution for the establishment probability

can be derived, it would provide a significant advantage. Currently, I have obtained preliminary

results for the long-term survival probability in the serial-batch culture, with values of p = 3.4s

for the serial-batch model with a dilution factor D > 8 (Wright-Fisher model: p = 2s, branching

process: p = s). However, further work is required to investigate lineage dynamics and obtain

the establishment probability, in order to determine the compatibility of stochasticity to the WF

and branching process.

Lastly, this study leaves several important questions unanswered. Firstly, there is a lack of

confidence or uncertainty estimation in the inference of the mutational rate spectrum. It is crucial

to assess the reliability and uncertainty of the results obtained. Furthermore, the current analysis

is limited to a specific mutational rate spectrum, namely the general exponential distribution,

while other shapes of distributions have not been explored. In this study, the lower bound of

fitness for mutant establishment was found to be s = 1.2%, while the lower bound of fitness for

detection was determined to be s = 0.3%. However, it remains unclear what factors contribute to

these observed limits of s. Exploring these factors would contribute to a more robust, accurate,

and interpretable inference of the mutational rate spectrum.
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Appendix A

Barcode Frequency Dynamics

In the Levy-Blundell method, the inference of mean fitness s̄k at sampling time k is based

on the dynamics of neutral barcodes (s = 0). This model assumes that the expected (arithmetic

mean) of barcode read µ , calculated from lineages of the same barcode read count rk−1 at the

sampling time k−1, is given as
µ

Rk
=

rk−1

Rk−1
e−s̄k∆tk , (A.1)

where ∆tk is time between two sampling events, Rk& Rk−1 are the total read count at time point

k & k−1, and s is the selection coefficient of lineages.

To examine this assumption, I derive barcode dynamics from cell dynamics. We first

denote µ = E(rk|rk−1) as the expected barcode read count for lineages selected on rk−1 at the

previous cycle k−1. The expected value can be broken down to the integration over read count

rk and cell number nk, as shown in equation A.2.

E(rk|rk−1) =
∫

drk rk P(rk|rk−1)

=
∫

dnk

∫
drk rk P(rk|nk)P(nk|rk−1)

=
∫

dnkE(rk|nk)P(nk|rk−1)

(A.2)

Since the expected observation of a lineage is linearly proportional to its size, it has E(rk|nk) =

Rk nk/Nk, where Rk and Nk denotes total read depth and total population size. I thus take E(rk|nk)
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into equation A.2, simplify the equation, and write it as an integration of cell size nk−1 at the

previous cycle k−1, as shown in equation A.3.

E(rk|rk−1) =
Rk

Nk

∫
dnk nk P(nk|rk−1)

=
Rk

Nk

∫
dnk−1

∫
dnk nk P(nk|nk−1)P(nk−1|rk−1)

=
Rk

Nk

∫
dnk−1

∫
E(nk|nk−1)P(nk−1|rk−1)

(A.3)

Based on the cell frequency dynamics (equation 1.21), the expected cell size is given as

E(nk|nk−1) = Nk
nk−1

Nk−1
e(s−s̄k)∆tk . (A.4)

Taking equation A.4 into equation A.3, I have

E(rk|rk−1) =
Rk

Nk

Nk

Nk−1
e(s−s̄k)∆tk

∫
dnk−1 nk−1 P(nk−1|rk−1)

=
Rk

Nk−1
e(s−s̄k)∆tk E(nk−1|rk−1)

(A.5)

Note that the expected size E(nk−1|rk−1) depends on the prior distribution of population P(nk−1)

and the measurement process P(rk−1|nk−1) for barcode read.

E(nk−1|rk−1) =
∫

dnk−1 nk−1
P(rk−1|nk−1)P(nk−1)

P(rk−1)
. (A.6)

To learn the property of E(nk−1|rk−1), I consider a simplest case where the prior size P(nk−1) is

exponential distributed, and the measurement process P(rk−1|nk−1) is Poisson distributed with

mean of Rk−1nk−1/Nk−1. For the simplest case, I calculate and derive equation 2.7 as

E(nk−1|rk−1) =
Nk−1

Rk−1
(1+ rk−1), (A.7)
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thus the expected read is given as

E(rk|rk−1) =
Rk

Rk−1
(1+ rk−1)e(s−s̄k)∆tk . (A.8)

If the sampling process is noisy (assuming P(rk−1|nk−1) as a negative binomial (NB) distribution

with a mean of Rk−1nk−1/Nk−1 and variance of 2κ×mean), I derive the expected read as

E(rk|rk−1)≈
Rk

Rk−1
(2κ + rk−1)e(s−s̄k)∆tk . (A.9)

The function has an offset (1 for Poisson and 2κ for NB distribution) determined by the measure-

ment noise for two simple cases. I show that the expected value (arithmetic mean) of the read

count is not linear. Thus neutral decline assumption A.1 is incorrect in general.
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Appendix B

Prediction of mutant population dynamics
in Wright-Fisher model

Here, I demonstrate that the solutions derived from the branching process theory can

also be applied to the Wright-Fisher simulations. The Wright-Fisher simulation is as follows. I

start with a single mutant cell (with fitness effect s) in a fixed population of size N. All parents

cell deliver offspring stochastically in a competitive environment where mean fitness increases

from 0% to 5% during 300 generations. At the end of each generation, offspring are randomly

selected to the next generations. The population trajectory of mutation from generation 0 to 300

is record. The simulation is repeated for ∼ 100,000 runs until ∼ 4000 runs have survival mutant

at the end. Similarly to the approaches in the branching process, the establishment time τ is draw

from the population trajectory (Figure B.1A) and the survival probability is computed.

In the Wright-Fisher model, mutation’s survival probability is twice of that in the branch-

ing process model (PWF
surv = 2PBR

surv), but half the expected population size (EWF(n |Survive) =

1
2 E

BR(n |Survive)). However, the dynamics of the branching process can be corrected accord-

ingly and be used to successfully predict the mutant’s behavior in the Wright-Fisher model

(Figure B.1). Therefore, mutant dynamics in Wright-Fisher can be pictured as followings. A

random beneficial mutant, starting from single cell, might go extinct or survive with survival

probability PWF
surv. For a mutant that survives, its population drifts stochastically before the

establishment time τ , and grow deterministically in size EWF(n |Survive) afterwards. The estab-
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Figure B.1. Wright-Fisher simulation (A) trajectory of mutant population (B) distribution of
establishment time (C) survival probability over time (D) survival probability at the end time to
the fitness effect.
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lishment time is a random variable, which is sampled from the same probability distribution as

in branching process model.
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Marx. Diminishing returns epistasis among beneficial mutations decelerates adaptation.
Science, 332(6034):1190–1192, 2011.

[14] Nate J. Cira, Michael T. Pearce, and Stephen R. Quake. Neutral and selective dynamics
in a synthetic microbial community. Proceedings of the National Academy of Sciences,
115(42):E9842–E9848, October 2018.

[15] James F. Crow and Motoo Kimura. An Introduction to Population Genetics Theory. In
Population (French Edition), volume 26, page 977, September 1971.

[16] Subhajyoti De and Franziska Michor. Dna replication timing and long-range dna in-
teractions predict mutational landscapes of cancer genomes. Nature biotechnology,
29(12):1103–1108, 2011.

[17] Michael M Desai and Daniel S Fisher. Beneficial mutation–selection balance and the
effect of linkage on positive selection. Genetics, 176(3):1759–1798, 2007.

[18] John W Drake. A constant rate of spontaneous mutation in dna-based microbes. Proceed-
ings of the National Academy of Sciences, 88(16):7160–7164, 1991.

[19] Santiago F. Elena and Richard E. Lenski. Evolution experiments with microorganisms:
The dynamics and genetic bases of adaptation. Nature Reviews Genetics, 4(6):457–469,
June 2003.

[20] Warren John Ewens. Mathematical population genetics: theoretical introduction, vol-
ume 27. Springer, 2004.

[21] Adam Eyre-Walker. The genomic rate of adaptive evolution. Trends in ecology &
evolution, 21(10):569–575, 2006.

[22] Adam Eyre-Walker and Peter D Keightley. The distribution of fitness effects of new
mutations. Nature Reviews Genetics, 8(8):610–618, 2007.

127



[23] Ronald A Fisher. Xxi.—on the dominance ratio. Proceedings of the royal society of
Edinburgh, 42:321–341, 1923.

[24] Ronald A Fisher. The genetical theory of natural selection. clarendon, 1930.

[25] Simon E Fisher and Constance Scharff. FOXP2 as a molecular window into speech and
language. Trends in Genetics, 25(4):166–177, 2009.

[26] Patricia L Foster, Andrew J Hanson, Heewook Lee, Ellen M Popodi, and Haixu Tang.
On the mutational topology of the bacterial genome. G3: Genes, Genomes, Genetics,
3(3):399–407, 2013.

[27] Evgeni M Frenkel, Benjamin H Good, and Michael M Desai. The fates of mutant lineages
and the distribution of fitness effects of beneficial mutations in laboratory budding yeast
populations. Genetics, 196(4):1217–1226, 2014.

[28] Douglas J. Futuyma. Evolutionary Biology. Sinauer Associates, Sunderland, Mass., 3rd
ed edition, 1998.

[29] Philip J Gerrish and Richard E Lenski. The fate of competing beneficial mutations in an
asexual population. Genetica, 102:127–144, 1998.

[30] John H Gillespie. Molecular evolution over the mutational landscape. Evolution, pages
1116–1129, 1984.

[31] Kevin Gomez, Jason Bertram, and Joanna Masel. Mutation bias can shape adaptation
in large asexual populations experiencing clonal interference. Proceedings of the Royal
Society B, 287(1937):20201503, 2020.

[32] Benjamin H Good and Michael M Desai. The impact of macroscopic epistasis on long-
term evolutionary dynamics. Genetics, 199(1):177–190, 2015.

[33] Benjamin H Good, Michael J McDonald, Jeffrey E Barrick, Richard E Lenski, and
Michael M Desai. The dynamics of molecular evolution over 60,000 generations. Nature,
551(7678):45–50, 2017.

[34] Benjamin H Good, Igor M Rouzine, Daniel J Balick, Oskar Hallatschek, and Michael M
Desai. Distribution of fixed beneficial mutations and the rate of adaptation in asexual
populations. Proceedings of the National Academy of Sciences, 109(13):4950–4955, 2012.

[35] David J Gordon, Benjamin Resio, and David Pellman. Causes and consequences of
aneuploidy in cancer. Nature Reviews Genetics, 13(3):189–203, 2012.

[36] John Burdon Sanderson Haldane. A mathematical theory of natural and artificial selec-

128



tion, part v: selection and mutation. In Mathematical Proceedings of the Cambridge
Philosophical Society, volume 23, pages 838–844. Cambridge University Press, 1927.

[37] Arbel Harpak, Anand Bhaskar, and Jonathan K Pritchard. Mutation rate variation is a
primary determinant of the distribution of allele frequencies in humans. PLoS genetics,
12(12):e1006489, 2016.

[38] Matthew Hegreness, Noam Shoresh, Daniel Hartl, and Roy Kishony. An equivalence
principle for the incorporation of favorable mutations in asexual populations. Science,
311(5767):1615–1617, 2006.

[39] Ryan T Hietpas, Claudia Bank, Jeffrey D Jensen, and Daniel NA Bolon. Shifting fitness
landscapes in response to altered environments. Evolution, 67(12):3512–3522, 2013.

[40] Alan Hodgkinson and Adam Eyre-Walker. Variation in the mutation rate across mam-
malian genomes. Nature reviews genetics, 12(11):756–766, 2011.

[41] Christopher JR Illingworth and Ville Mustonen. Components of selection in the evo-
lution of the influenza virus: linkage effects beat inherent selection. PLoS pathogens,
8(12):e1003091, 2012.

[42] Weronika Jasinska, Michael Manhart, Jesse Lerner, Louis Gauthier, Adrian W. R. Serohi-
jos, and Shimon Bershtein. Chromosomal barcoding of E. coli populations reveals lineage
diversity dynamics at high resolution. Nature Ecology & Evolution, 4(3):437–452, March
2020.

[43] Milo S. Johnson, Alena Martsul, Sergey Kryazhimskiy, and Michael M. Desai. Higher-
fitness yeast genotypes are less robust to deleterious mutations. Science, 366(6464):490–
493, October 2019.

[44] Milo S. Johnson, Sandeep Venkataram, and Sergey Kryazhimskiy. Best practices in
designing, sequencing, and identifying random DNA barcodes. J Mol Evol, 2023.

[45] Paul Joyce, Darin R Rokyta, Craig J Beisel, and H Allen Orr. A general extreme value
theory model for the adaptation of dna sequences under strong selection and weak mutation.
Genetics, 180(3):1627–1643, 2008.

[46] Katy C Kao and Gavin Sherlock. Molecular characterization of clonal interference during
adaptive evolution in asexual populations of Saccharomyces cerevisiae. Nature genetics,
40(12):1499–1504, 2008.

[47] Rees Kassen and Thomas Bataillon. Distribution of fitness effects among beneficial
mutations before selection in experimental populations of bacteria. Nature genetics,
38(4):484–488, 2006.

129



[48] Aisha I Khan, Duy M Dinh, Dominique Schneider, Richard E Lenski, and Tim F Cooper.
Negative epistasis between beneficial mutations in an evolving bacterial population.
Science, 332(6034):1193–1196, 2011.

[49] Motoo Kimura. On the evolutionary adjustment of spontaneous mutation rates*. 9(1):23–
34. Publisher: Cambridge University Press.

[50] Motoo Kimura. On the probability of fixation of mutant genes in a population. Genetics,
47(6):713, 1962.

[51] Alexander Klug and Joachim Krug. Conflicting effects of recombination on the evolv-
ability and robustness in neutrally evolving populations. PLOS Computational Biology,
18(11):e1010710, 2022.

[52] Fyodor A Kondrashov and Alexey S Kondrashov. Measurements of spontaneous rates of
mutations in the recent past and the near future. Philosophical Transactions of the Royal
Society B: Biological Sciences, 365(1544):1169–1176, 2010.

[53] Sergey Kryazhimskiy, Daniel P Rice, Elizabeth R Jerison, and Michael M Desai. Global
epistasis makes adaptation predictable despite sequence-level stochasticity. Science,
344(6191):1519–1522, 2014.
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[96] Natalja Strelkowa and Michael Lässig. Clonal interference in the evolution of influenza.
Genetics, 192(2):671–682, 2012.

[97] Way Sung, Matthew S Ackerman, Jean-François Gout, Samuel F Miller, Emily Williams,
Patricia L Foster, and Michael Lynch. Asymmetric context-dependent mutation patterns
revealed through mutation–accumulation experiments. Molecular biology and evolution,
32(7):1672–1683, 2015.

[98] Abigail R. Tirrell, Katelyn M. Vendrely, Lisa A. Checkley, Sage Z. Davis, Marina McDew-
White, Ian H. Cheeseman, Ashley M. Vaughan, François H. Nosten, Timothy J. C.
Anderson, and Michael T. Ferdig. Pairwise growth competitions identify relative fitness
relationships among artemisinin resistant Plasmodium falciparum field isolates. Malaria
Journal, 18(1):295, August 2019.

[99] Tat Dat Tran, Julian Hofrichter, and Jürgen Jost. An introduction to the mathematical
structure of the wright–fisher model of population genetics. Theory in Biosciences,
132(2):73–82, 2013.

[100] Kimberly S. Vasquez, Lisa Willis, Nate J. Cira, Katharine M. Ng, Miguel F. Pedro,
Andrés Aranda-Dı́az, Manohary Rajendram, Feiqiao Brian Yu, Steven K. Higginbottom,
Norma Neff, Gavin Sherlock, Karina B. Xavier, Stephen R. Quake, Justin L. Sonnenburg,
Benjamin H. Good, and Kerwyn Casey Huang. Quantifying rapid bacterial evolution
and transmission within the mouse intestine. Cell Host & Microbe, 29(9):1454–1468.e4,
September 2021.

[101] Sandeep Venkataram, Barbara Dunn, Yuping Li, Atish Agarwala, Jessica Chang, Emily R.
Ebel, Kerry Geiler-Samerotte, Lucas Hérissant, Jamie R. Blundell, Sasha F. Levy, Daniel S.
Fisher, Gavin Sherlock, and Dmitri A. Petrov. Development of a Comprehensive Genotype-
to-Fitness Map of Adaptation-Driving Mutations in Yeast. Cell, 166(6):1585–1596.e22,
September 2016.

[102] Sandeep Venkataram, Huan-Yu Kuo, Erik FY Hom, and Sergey Kryazhimskiy. Mutualism-
enhancing mutations dominate early adaptation in a two-species microbial community.
Nature Ecology & Evolution, pages 1–12, 2023.

[103] Sandeep Venkataram, Ross Monasky, Shohreh H Sikaroodi, Sergey Kryazhimskiy, and
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