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channel for a muon collider
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High-gradient normal-conducting radio-frequency (rf) cavities are crucial components of the rectilinear
cooling channel in a muon collider, providing the accelerating field necessary to sustain the rapid six-
dimensional ionization cooling essential to achieve high luminosity. To reach this goal, a muon collider
requires approximately 1012 muons per bunch. At such high beam intensities, beam loading induced by
bunch-driven wakefields can significantly reduce the cavity accelerating gradient and compromise beam
stability. This paper focuses on the conceptual rf design and beam-induced-effect analysis of copper
cavities with so-called beam windows developed to meet the beam dynamics requirements of the
rectilinear muon cooling channel. We first present the design and optimization of the cavities, evaluating
their rf performance and power requirements. Thereafter, we analyze cavity wakefields and beam loading
effects, proposing a new numerical method for their compensation, which takes the transverse distribution
of the beam into account.

DOI: 10.1103/srxt-nktj

I. INTRODUCTION

The muon collider design represents a novel and
compact high-energy lepton accelerator concept to pro-
duce, cool, accelerate, and collide counterpropagating
single-bunch muon beams of opposite charge [1,2]. A
high-energy muon collider would combine the unparal-
leled energy reach characteristic of proton colliders with
the precision typical of electron-positron rings, enabling
direct exploration of the standard model and offering
substantial discovery potential beyond it. The reference
design for the muon collider targets 10 TeV c.m. collisions
and an integrated luminosity of 10 ab−1 [3]. This ambi-
tious goal, with a first-stage facility envisioned to begin
operation around 2050, has motivated the scientific com-
munity to expand the boundaries of accelerator R&D over
the past few decades. The conceptual design of the muon

collider was pioneered in earlier feasibility studies, such as
those presented in the CERN 99-02 report in 1999 [4].
These concepts were later advanced by the U.S. Muon
Accelerator Program (MAP) up to 2017 [5]. The global
effort is now coordinated by the International Muon
Collider Collaboration (IMCC) [6].
A primary technical challenge for a muon collider is the

large emittance of the muon beam produced at the source,
which renders it unsuitable for high-luminosity collisions
unless the emittance is reduced by several orders of
magnitude through a cooling process [7]. Furthermore,
owing to the short muon lifetime (2.2 μs in the rest frame),
the cooling process must occur rapidly before muon decay
significantly reduces the beam intensity. Six-dimensional
(6D) ionization cooling [8] is currently considered the only
feasible method for reducing the emittance of muon beams
in the present muon collider baseline.
The current baseline cooling lattice design is a recti-

linear channel based on the MAP concept [9], which has
recently been reviewed and optimized by the IMCC [7]. A
schematic layout of the rectilinear cooling channel is
illustrated in Fig. 1.
The updated lattice design consists of two cooling

channels: one before (Rectilinear A) and one after
(Rectilinear B) the bunch merging system. In the following,
Rectilinears A and B are referred to as the premerging and
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postmerging sections, respectively. Each section is divided
into multiple stages, 4 for Rectilinear A and 10 for
Rectilinear B, with each stage consisting of a series of
identical periodic units, denoted as cooling cells. Each
cooling cell includes liquid hydrogen (LH2) wedge absorb-
ers to provide 4D transverse cooling by reducing total beam
momentum via ionization energy loss and rf pillbox-type
cavities to restore the longitudinal momentum lost in the
absorbers. Additionally, solenoids of opposite polarity are
used to achieve tight focusing at the absorbers to minimize
emittance growth from multiple Coulomb scattering, and
dipole magnets are employed to generate dispersion. This
dispersion, combined with the wedge shape of the absorb-
ers, enables emittance exchange between the transverse and
longitudinal planes, thereby accomplishing full 6D cooling.
After undergoing sufficient cooling in Rectilinear A, an
initial train of 21 bunches is merged into a single bunch by
the bunch merging system. The merged bunch then enters
the postmerging section (Rectilinear B), where further
cooling is applied to reduce both its transverse and
longitudinal emittance.
To achieve the target beam parameters for the muon

collider, the rectilinear cooling channel must reduce the 6D
emittance by several orders of magnitude down to the
submillimeter normalized emittances defined in the base-
line design [7]. To compensate for the ionization energy
loss across all cooling stages, the cooling channel requires
a cumulative accelerating voltage on the order of several
gigavolts, provided by thousands of high-gradient rf
cavities. The rf system envisioned for the rectilinear
cooling channel requires 3662 pillbox-type rf cavity cells,
operating at either 352 or 704 MHz, depending on the
cooling stage. Utilizing separate, parallel cooling lines for
μþ and μ− muon beams, the total number of cavities in the
proposed cooling channel is 7324. These cavity cells are

independently phased and accelerate muons in the TM010

mode in a multi-Tesla magnetic field [10]. Additionally,
they are sealed at their extremities with low-atomic-
number metallic foils to enhance the achievable accelerat-
ing gradient in such a high magnetic field. These foils also
lower the surface electric field to mitigate the risk of rf
breakdown [11], i.e., the sudden absorption of rf power
initiated by field-emitted electrons at the cavity walls,
while ensuring adequate beam transmission through the
different stages. Significant efforts have been dedicated to
the design of such rf cavities [12], culminating in the
construction and testing of an 805 MHz cavity with
beryllium (Be) windows at Fermilab [13].
The intense muon bunches required for the collider,

which reach an intensity on the order of 1012 muons per
bunch by the end of the rectilinear cooling channel, can
induce significant wakefields within the cavities [14]. These
beam-induced fields can reduce the effective cavity accel-
erating gradient and degrade beam quality. Simulations of
short-range wakefields in a flat Be-windowed pillbox cavity
generated by a subrelativistic beam bunch were previously
performed by H.Wang et al. [15] in the context of the muon
ionization cooling channel design for a neutrino factory in
the United States [16]. Subsequently, the effects of beam
loading and wakefields in 325 and 650MHz pillbox cavities
for muon ionization cooling were investigated by M. Chung
et al. [17] for the MAP study [18]. However, these studies
did not specifically focus on a detailed separation of the
space-charge (SC) and resonant wakefield effects, nor their
corresponding beam-induced voltage contributions within
the total beam loading. In addition, strategies for beam-
loading compensation were beyond their scope.
In this study, guided by the beam dynamics specification

from the most recent muon cooling channel lattice [7] and
drawing inspiration from previous designs of rf cavities for
the Muon Ionization Cooling Experiment (MICE) project
[12,13,19–21], we designed and optimized elliptical cop-
per (Cu) rf cavities with irises closed by Be windows for
each stage of the rectilinear muon cooling channel and
studied the beam loading effects. In Sec. II, we discuss the
design and optimization of the cavities, aimed at preserv-
ing the on-axis electric fields to enhance muon acceler-
ation, reduce the power consumption, and minimize
surface electric fields to mitigate rf breakdown. We present
rf performance metrics evaluated for both pre- and post-
merging stages, together with a discussion of the advan-
tages and limitations of closing the irises with Be
windows. In Secs. III and IV, we analyze wakefields
and beam loading effects, respectively. We propose
numerical methods that address the separation of space-
charge contributions from purely cavity-dependent effects
and present strategies for their compensation. The depend-
ence of the longitudinal wakefields on the transverse beam
offset is analyzed in detail for cavities with and without Be
windows. In addition, we present a new analytical method

FIG. 1. Schematic of the rectilinear muon cooling channel. The
channel is divided into a premerge section (stages A1–A4), a
bunch merging system, and a postmerge section (stages B1–
B10). Enlargement views illustrate the periodic lattice cell
configurations, depicting the integration of radio-frequency
(rf) cavities (red), absorbers (blue triangles), dipole magnets
(green blocks), and focusing solenoids (gray blocks). Adapted
from Ref. [7].
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to include the finite transverse size of the beam in the
wakefield calculations. This work provides further insights
into Be-windowed cavities, where confined fields behave
differently from those in conventional rf cavities, and the
transverse dependence of the beam-cavity interaction is
significant. We then present a benchmark comparing the
resonant wake potential reconstructed from eigenmode
solutions with the postprocessed wake obtained from
transient particle-in-cell (PIC) simulations. All electromag-
netic simulations were conducted for the designed cavities
in CST Studio Suite® [22]. At the time of this study, the
stage-B5 cell parameters closely matched the specifications
foreseen for the Muon Collider Demonstrator cavity [2,23].
For this reason, the stage-B5 cavity is used throughout this
work as the primary representative case for detailed
analysis, providing a scalable benchmark for the upcoming
Muon Collider Demonstrator facility [24]. All 14 stages of
the cooling channel were systematically analyzed, enabling
the identification of potential weak points and performance-
limiting factors throughout the entire 6D cooling sequence.
Finally, Sec. Voffers the concluding remarks. The results of
our investigation establish critical performance benchmarks
and provide design guidelines for the rf systems of future
muon collider rectilinear cooling channels.

II. CAVITY DESIGN METHODOLOGY

The rf cavities for each stage of the rectilinear cooling
channel were designed to operate at the fundamental mode
(FM) frequency f0, based on the beam dynamics study [7].
The resulting parameters for the single-cell design are
reported in Table I. The cavities are designed to accelerate
muons in the TM010 mode, where the electric field is
purely longitudinal and the magnetic field vanishes at the
cavity axis. They will operate in a pulsed mode, with a

repetition rate fb of 5 Hz and a duty factor (DF) on the
order of 10−4. The cavity cell geometry, initially presented
in our previous work [25], follows the elliptical cavity
parametrization described in Ref. [26], as illustrated
in Fig. 2.
For each cooling stage, the single-cell cavity accelerat-

ing length Lacc, the required accelerating gradient Eacc, and
the corresponding muon beam relativistic velocity factor
β ¼ v=c, where v is the particle velocity and c is the speed
of light in a vacuum, were adopted from Ref. [7]. The
single-cell rf cavity consists of Cu walls and thin Be
windows closing both irises on either side of the cell
(Fig. 2). Unlike conventional rf cavities, which employ
open irises, closing the irises with metallic windows
electromagnetically seals the cavity, preserving the on-
axis electric field and maximizing the effective accelerat-
ing gradient. Indeed, a high gradient is essential in a muon

TABLE I. Main input beam dynamics parameters for the design of the single-cell rf cavities in the rectilinear
cooling channel from Ref. [7].

f0 Lacc Ncell Ri tw Enom β σz Qb

Stage (MHz) (mm) (1) (mm) (μm) (MV/m) (1) (mm) (μC)

A1 352 190 6 240 120 27.4 0.923 95.44 0.37
A2 352 190 4 160 70 26.4 0.894 59.51 0.28
A3 704 95 5 100 45 31.5 0.894 32.97 0.23
A4 704 95 4 80 40 31.7 0.901 22.41 0.19
B1 352 250 6 210 100 21.2 0.886 56.58 2.98
B2 352 220 5 190 80 21.7 0.885 57.05 2.54
B3 352 190 4 125 50 24.9 0.887 41.22 2.27
B4 352 220 3 95 45 24.3 0.886 36.13 1.98
B5 704 95 5 60 30 22.5 0.889 27.71 1.78
B6 704 95 4 45 20 28.0 0.888 23.64 1.59
B7 704 95 4 38 20 28.5 0.887 21.81 1.41
B8 704 95 4 28 20 27.1 0.884 20.97 1.31
B9 704 95 4 23 10 29.7 0.881 19.60 1.15
B10 704 95 4 20 10 24.9 0.884 19.64 0.98

FIG. 2. Single-cell rf cavity design for muon cooling. The
geometry is defined by the cavity accelerating length Lacc,
equatorial radius Req, window radius Ri, window thickness tw,
and elliptical profile semiaxes A;B and a; b. The thin Be
windows seal both irises of the cell. Reproduced from Ref. [25].
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cooling channel to rapidly restore longitudinal beam
energy before significant particle decay occurs due to
the short muon lifetime. Beryllium is selected as window
material because its low atomic number (Z ¼ 4) minimizes
beam degradation as muons pass from one cell to another.
The window radius Ri, equal to the cavity iris radius, and
the thickness tw were likewise specified in Ref. [7] to
ensure adequate beam transmission while minimizing
particle scattering and energy loss in the window material.
To respect practical engineering limits (Ri ≲ 0.5Req), the
beam aperture radius Ri in stages A1 and B1 was slightly
adjusted prior to 3D optimization (reduced from 280 to
240 mm in stage A1 and from 230 to 210 mm in stage B1)
compared to the initial baseline values of Ref. [7].
Since each cell is fully enclosed on both ends by

windows, intercell rf coupling as in conventional multicell
linacs cannot be implemented. Consequently, each cell
must be powered individually via a dedicated fundamental
power coupler (FPC) port, following a distributed coupling
scheme, such as that explored in Ref. [27], to fit within the
tight radial space inside the surrounding high-field super-
conducting solenoids. For simplicity, FPC ports, auxiliary
tuners, and vacuum ports were omitted from the present
simulation model.
Eigenmode simulations were performed using CST to

optimize the cavity geometry, with the main focus on the
cavity FM. The geometrical parameters A ¼ B, which
define the peak magnetic field region, and a and b, which
determine the cavity iris ellipse, were optimized primarily
to reduce the peak surface electric field Epeak while
maintaining a high cavity shunt impedance ðR=QÞ ·Q0,
where ðR=QÞ is the geometric shunt impedance and Q0 is
the intrinsic quality factor of the FM. The ðR=QÞ is
calculated by accounting for the transit-time factor TTF
as [11]:

ðR=QÞ ¼ jVzð0; 0Þj2
ω0U0

TTF2; (1)

where ω0 and U0 are the cavity angular frequency and the
stored energy, respectively. Here, the on-axis longitudinal
voltage, Vzð0; 0Þ, is defined as:

Vzð0; 0Þ ¼
Z

zmax

zmin

Ezð0; 0Þdz; (2)

where Ezð0; 0Þ is the on-axis longitudinal electric field,
while zmin and zmax define the integration boundaries along
the cavity length. Note that Eq. (1) uses the accelerator
definition of ðR=QÞ, which is adopted consistently
throughout this paper.
This optimization aims at reducing the surface losses

Pdiss on the window and cavity walls, given by

Pdiss ¼
V2
acc

ðR=QÞ ·Q0

; (3)

where Vacc ¼ EaccLacc is the cavity accelerating voltage.
The peak surface electric field Epeak was minimized to
mitigate the risk of electron field emission. First, with the
cavity geometry tuned to the operating frequency, the ratio
r ¼ b=a was swept at a fixed a to identify the value of r
that minimizes Epeak. Then, with the parameter r fixed at
the optimal value, the parameter a was changed to further
reduce Epeak. At each step, the equator radius Req is
adjusted to tune the cavity to its operating frequency.
The outer cavity radius Rc is defined as Rc ¼ Req þ teq,
where teq ¼ a represents the equatorial wall thickness.
Ultimately, the parameter a was fixed to 20 mm for the
352 MHz cavities and 10 mm for the 704 MHz ones,
balancing Epeak minimization, an adequate R=Q, and
thermal and mechanical stability. The normalized electric
and magnetic field maps for the FM of the designed stage-
B5 single-cell rf cavity are depicted in Fig. 3.

A. RF performance of optimized cavities

Table II summarizes the main optimized geometrical
parameters and rf figures of merit for the FM, obtained
from CST simulations, for the single-cell rf cavities of the
rectilinear cooling channel. The calculated values for the
intrinsic quality factor Q0 and the corresponding filling
time tf are consistent with typical values for normal-
conducting cavities at the considered operating frequen-
cies [11,28]. Here, the filling time represents the duration
required to fill the cavity to the nominal voltage, Vnom ¼
EnomLacc (where Enom ¼ Eacc=TTF is the nominal gra-
dient), and is defined as [11]:

tf ≈
2QL

ω0

ln
�

2βc
βc − 1

�
; (4)

FIG. 3. (a) Normalized electric and (b) magnetic field distri-
butions for the FM of the single-cell rf cavity with Be windows
for muon cooling [25].
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whereQL ¼ Q0=ð1þ βcÞ is the loaded quality factor and βc
is the cavity coupling factor. Our analysis considers a fixed
coupling factor of βc ¼ 1.2, as this value was identified as a
reasonable compromise between reducing the filling time
and thus the average power dissipation and limiting the peak
power required from the generator [29]. The cavity voltage
profile during cavity filling is given by [25]

VfðtÞ ¼ Vnom
2βc

1þ βc
ð1 − e−ω0t=2QLÞ: (5)

Following the duration of the injected bunch train at the
nominal voltage (tb ¼ 0.1 μs), the cavity voltage decays
according to VdðtÞ ¼ Vnome−ω0t=2QL . The cavity duty
factor DF is then calculated as the ratio between the
average power and the peak dissipated power:

DF ¼ Pave

Pdiss
¼

R∞
0 PðtÞdt

V2
acc=ðR=Q ·Q0Þ

; (6)

where PðtÞ is the time-dependent power calculated from
the cavity voltage profile and Vacc ¼ EaccLacc is the
accelerating cavity voltage. The short cavity length in
all stages ensures a high transit-time factor, maintaining
excellent phase-velocity matching between the rf field and
the beam. The geometrical shunt impedance R=Q values
remain relatively stable across the different cavity stages.
Although R=Q-values are lower than those of an ideal
pillbox cavity (for example, the R=Q of the stage-B5
cavity exhibits a 19% reduction compared to a pillbox at
704 MHz), the achieved values represent the maximum
attainable ones within the geometrical constraints imposed
by the beam dynamics design. In the premerging section,
the 352 MHz cavities exhibit higher power dissipation
compared to the 704 MHz cavities, primarily due to their

larger dimensions. A similar trend is observed in the
postmerging section. Only a small fraction of the total
power Pdiss ¼ Pdiss;Cu þ Pdiss;Be is dissipated on the
Be-window surface, denoted as Pdiss;Be. Using the calcu-
lated DF, the average dissipated power values for the
copper walls (Pave;Cu ¼ DF · Pdiss;Cu) and Be windows
(Pave;Be ¼ DF · Pdiss;Be) are evaluated. This dissipation
on the windows increases with their radius, as larger radii
extend further into the high-magnetic-field region of the
cavity. Nevertheless, both peak and average dissipated
power on the cavity walls remain within acceptable limits
for copper operation. Multiplying the cavity length, the
geometrical shunt impedance R=Q, and power values by
the number of cavity cellsNcell yields the equivalent values
for the multicell rf cavity of the considered stage.
Table III lists the rf power requirements for the single-

cell cavities at each stage of the rectilinear cooling
channel. The total peak power per cavity cell is obtained
as Pg ¼ Pdissβc, where βc is the coupling factor. The total
peak rf power per stage, Pg;tot, is obtained by multiplying
the peak power per cavity cell by the total number of
single-cell rf cavities in that cooling stage, Ntot.
Consequently, the number of multicell cavities per stage

is given by Ncav ¼ Ntot=Ncell. The average rf power per
stage, Pg;ave;tot, accounts for the computed generator duty
factor DFg, which is defined as the ratio between the
average power of the generator for a single-cavity cell and
its peak input rf power:

DFg ¼
Pg;ave

Pg
¼ Pgtf · fb

Pg
: (7)

Note that in this operational regime, because the stored
electromagnetic energy continues to dissipate in the cavity

TABLE II. Optimized geometrical parameters and rf figures of merit obtained from 3D CST electromagnetic simulations for the
single-cell rf cavities in the rectilinear cooling channel.

A B a b Req Q0 tf DF TTF ðR=QÞðβÞ Pdiss Pdiss;Be Pave;Cu Pave;Be Epeak;Cu Epeak;Be

Stage (mm) (mm) (mm) (mm) (mm) (104) (μs) (10−4) (1) (Ω) (MW) (MW) (W) (W) (MV/m) (MV/m)

A1 75 75 20 44 359.08 3.05 31.203 1.17 0.906 171.73 4.24 1.60 310.82 187.92 11.72 27.38
A2 75 75 20 44 359.56 3.14 32.087 1.21 0.901 149.68 4.34 0.37 480.52 44.60 23.25 26.51
A3 37.5 37.5 10 22 180.82 2.20 11.248 4.27 0.901 160.36 2.06 0.41 70.11 17.68 20.80 31.51
A4 37.5 37.5 10 22 179.78 2.22 11.345 4.31 0.902 150.21 2.21 0.19 87.23 8.10 27.87 31.83
B1 105 105 20 44 362.19 3.91 39.954 1.50 0.828 183.70 2.68 0.62 310.29 92.61 12.16 21.25
B2 90 90 20 44 361.56 3.56 36.323 1.37 0.864 170.47 2.81 0.46 321.45 63.17 15.25 21.76
B3 75 75 20 44 355.36 3.15 32.148 1.21 0.899 141.27 4.07 0.12 478.39 15.15 26.18 24.43
B4 90 90 20 44 352.75 3.59 36.710 1.38 0.871 154.02 3.92 0.04 536.32 5.04 27.73 22.82
B5 37.5 37.5 10 22 177.32 2.23 11.366 4.33 0.901 140.85 1.18 0.03 49.83 1.32 24.12 22.03
B6 37.5 37.5 10 22 175.15 2.22 11.360 4.31 0.902 137.40 1.89 0.01 80.60 0.60 33.29 26.51
B7 37.5 37.5 10 22 174.04 2.22 11.354 4.31 0.904 136.87 1.97 0.01 84.55 0.26 35.25 25.98
B8 37.5 37.5 10 22 172.94 2.22 11.347 4.31 0.907 137.39 1.79 1.5 × 10−3 76.85 0.06 34.67 22.89
B9 37.5 37.5 10 22 172.37 2.22 11.344 4.31 0.909 138.11 2.14 6.8 × 10−4 92.32 0.03 38.53 23.27
B10 37.5 37.5 10 22 172.23 2.22 11.341 4.31 0.912 139.03 1.51 2.3 × 10−4 64.87 0.01 32.51 18.34
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walls after the generator pulse ends (t > tf ), the exponen-
tial decay tail contributes significantly to the time-inte-
grated losses, resulting in DF > DFg. The total wall-plug
power for the rf system of each stage is then evaluated as:

Pplug;tot ¼
Pg;ave;tot

ηgηm
; (8)

assuming a generator efficiency of ηg ¼ 0.7 and a modu-
lator efficiency of ηm ¼ 0.9. Overall, the total power
consumption for the rf system remains within acceptable
limits for pulsed normal-conducting rf operation at the
considered duty factors.

B. Comparison of cavities with and without windows

The use of Be windows in the rf cavities for the
rectilinear cooling channel presents both performance
advantages and limitations. The windows preserve the
on-axis accelerating field, maintaining cavity performance
close to that of an ideal pillbox. This results in an increased
integrated longitudinal voltage on the cavity axis and,
consequently, a higher R=Q, which in turn reduces the rf
power dissipated on the cavity and window walls for a
given accelerating gradient. Moreover, the peak surface
electric field at the irises is lowered. Consequently, this
design choice directly enhances muon acceleration while
reducing the risk of rf breakdown. However, the use of
very thin Be windows introduces several technical and
operational challenges. In the current design, the window
thickness varies across the channel from 120 μm in stage
A1 down to 10 μm in stage B10 (see Table II). This
progressive reduction in thickness is strictly dictated by

beam dynamics optimization [7] to minimize multiple
Coulomb scattering, thereby preventing transverse emit-
tance growth and maximizing beam transmission.
The thermo-mechanical behavior of thin beryllium win-

dows in rf cavities for muon cooling has been extensively
investigated in prior multiphysics studies [30–32]. Even
though reducing beryllium window thickness increases the
center-to-edge temperature rise (ΔT ∝ 1=tw) [30], this
effect is heavily counteracted by the steep fourth-power
drop in dissipated rf power as the aperture radius decreases
(Pdiss;Be ∝ R4

i ). Consequently, even for ultrathin windows
down to 10 μm in the final stages of the rectilinear cooling
channel, the dissipated power on the windows drops to a
negligible fraction of the total cavity loss, resulting in
minimal thermal load. From a mechanical perspective,
reducing the window radius lowers structural stresses and
deformations, effectively compensating for the reduced
thickness in the last cooling stages. However, mechanical
deformation resulting from Lorentz-force radiation pres-
sure, which scales with the square of the accelerating
gradient, can lead to cavity frequency detuning
[25,31,32]. Furthermore, pulsed-beam operation may
induce structural fatigue of such thin windows, posing a
non-negligible risk of rupture. In the event of window
failure, cavity contamination may occur, potentially com-
promising rf performance. Thermal deformations of the
cavity windows were found to be negligible under optimal
water cooling conditions in both steady-state and transient
regimes [25,33]. Adopting a curved window geometry, like
the one considered for the muon cooling cell design [32]
and in the more recent design under development [33], can
improve window stiffness. This geometric feature mitigates
the total window deformation and the resulting cavity
frequency detuning, without degrading rf performance.
For comparison, we simulated an equivalent open-iris

single-cell cavity without Be windows. We used the same
elliptical profile as stage B5, with the equatorial radius Req
retuned to maintain a resonant frequency of 704 MHz. The
single-cell simulation setup, implemented in CST, is
illustrated in Fig. 4. The simulation employed periodic
boundary conditions along the beam axis (the z-direction),
with an rf phase advance of ϕ between adjacent cells to
model the field distribution of a multicell structure. This rf
phase advance is defined as ϕ ¼ ð2πLaccÞ=ðλ0 βÞ, where
λ0 ¼ c=f0 is the wavelength at the FM frequency. Perfect
electric conductor (PEC) boundary conditions (i.e.,
Et ¼ 0) were applied to the transverse boundaries.
Perfect magnetic conductor (PMC) boundary conditions
(i.e., Ht ¼ 0) were applied on the YZ and XZ symmetry
planes to excite the FM field pattern and reduce the
simulation domain.
It is worth noting that the implemented setup with

longitudinal periodic boundaries effectively models a
single cell as part of an infinite multicell traveling-wave
structure, which is operated under synchronous conditions,

TABLE III. Single-cell rf power requirements and stage-level
power scaling for the rectilinear cooling channel. Ntot represents
the total number of single cells in the stage (Ntot ¼ Ncav · Ncell).

Pg DFg Ntot Pg;tot Pg;ave;tot Pplug;tot

Stage (MW) (10−4) (-) (MW) (kW) (kW)

A1 5.09 1.56 348 1772.7 277.1 439.8
A2 5.21 1.61 356 1854.9 297.9 472.8
A3 2.47 0.57 405 999.4 56.7 90.0
A4 2.66 0.57 496 1317.1 75.4 119.7
B1 3.21 2.08 132 424.2 88.1 139.8
B2 3.37 2.10 185 623.1 130.7 207.4
B3 4.88 1.61 240 1171.6 188.8 299.7
B4 4.70 1.84 165 775.7 142.9 226.9
B5 1.42 0.57 275 390.1 22.4 35.51
B6 2.26 0.71 220 497.7 35.3 56.1
B7 2.36 0.61 160 378.0 23.2 36.8
B8 2.14 0.62 284 608.5 37.5 59.4
B9 2.57 0.57 208 535.1 30.6 48.5
B10 1.81 0.57 188 339.8 19.4 30.9
Total 11 687.9 1425.9 2263.3
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where the rf phase velocity is matched to the beam
velocity. In this configuration, the reduction in the TTF
is less degraded than in a finite single-cell cavity closed by
Be windows, which behaves as a finite standing-wave
structure. As a consequence, higher values of TTF can be
obtained in the periodic model. This design yields a higher
TTF, resulting in a larger effective accelerating voltage
experienced by the beam for a given on-axis field. The
geometric shunt impedance per cavity cell is significantly
reduced, resulting in higher peak power requirements.
Moreover, the peak surface electric field at the cavity iris is
higher than the design with windows, which increases the
probability of rf breakdown in the cavity.
Table IV compares the rf performance of the stage-B5

cavity cell with and without Be windows.
While removing the Be windows from the investigated

cavity slightly increases the TTF, the peak surface electric
field nearly reaches 50 MV=m, and the dissipated power
more than doubles. Given the similar geometry and
operating parameters of the other cavity stages, compa-
rable trends are expected throughout the rectilinear cooling
channel. From this analysis, the small gain in TTF does not
justify removing the Be windows, as the main concerns
remain power consumption and peak surface electric

fields. This conclusion, however, will be revisited after
the analysis of the wakefields and beam loading effects in
the next section.

III. WAKEFIELD ANALYSIS

A charged particle beam traversing an accelerating rfF
cavity excites electromagnetic fields, known as wake-
fields. These fields arise from the beam-cavity interaction
and act back on the beam itself, potentially inducing beam
loading effects that reduce the accelerating voltage and
degrade the beam quality [35]. In standard 3D wakefield
solvers, such as the Wakefield Solver in CST and
ECHO3D [36], the wake potential is computed consider-
ing an exciting bunch of Gaussian profiles traversing the
cavity. The resulting wakefield intrinsically contains both
the resonant-mode excitations and space-charge contribu-
tions generated by the beam-cavity interaction.
For ultrarelativistic beams (β → 1), space-charge effects

can be neglected. In the considered rectilinear muon cooling
channel, the beam relativistic factor is in the range of
β ≈ 0.88− 0.92, and therefore space-charge effects become
relevant. In this intermediate relativistic regime, separating
cavity-driven wakefields from space-charge wakefields is
essential for developing appropriate compensation tech-
niques. Existing wakefield solvers do not provide a built-in
approach to separate these contributions.
Our approach consists of a hybrid frequency-time-

domain numerical method to isolate the space-charge
contribution from the total wake potential. Specifically,
the total longitudinal wake potential Wz;totðtÞ can be
decomposed as:

Wz;totðtÞ ¼ Wz;FMðtÞ þWz;HOMsðtÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Wz;eigðtÞ

þWz;SCðtÞ; (9)

where Wz;eigðtÞ represents the eigenmode wake potential,
comprising the contributions from the FM, Wz;FMðtÞ, and
higher-order modes (HOMs), Wz;HOMsðtÞ, while Wz;SCðtÞ
denotes the SC component. Here, the wake potential is
shown as a function of time t, with t ¼ 0 defined at the
center of the source bunch. This relates to the longitudinal
position z ¼ βct of the test particle, where c is the speed of
light in a vacuum. The total wake potential is computed
using the CST wakefield solver with a single Gaussian
bunch. The single-charge wake function due to FM and
HOMs can be reconstructed from the cavity mode spec-
trum and figures of merit obtained in the CST eigenmode
solver, according to the following equation [37]:

W0
z;eigðtÞ ¼ HðtÞ

X
n

ωn

2
ðR=QÞn e−t=τn cosðωntÞ; (10)

where HðtÞ is the Heaviside step function ensuring
causality, n is the mode index, ωn is the angular frequency

FIG. 4. Single-cell simulation setup with periodic boundary
conditions and symmetry planes, used to model the field
distribution of a multicell cavity without Be windows. The
cavity utilizes the same elliptical profile as stage B5 in Fig. 2,
with its equatorial radius Req retuned to maintain a resonant
frequency of 704 MHz. Reproduced from Ref. [34].

TABLE IV. Comparison of rf parameters for the stage-B5
cavity cell with and without Be windows.

Parameter Unit With Be window Without Be window

f0 MHz 704 704
Q0 (1) 2.23 × 104 2.25 × 104

TTF (1) 0.90 0.99
ðR=QÞðβÞ Ω 140.85 79.08
Eacc MV/m 20.26 22.42
Pdiss MW 1.18 2.55
Epeak MV/m 24.12 48.81
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of mode n, ðR=QÞn is its geometric shunt impedance, and
τn ¼ 2QL;n=ωn is the field decay constant, with QL;n

denoting the loaded quality factor.
The eigenmode wake potentialWz;eigðtÞ in Eq. (9), which

is cavity-dependent, is then obtained through convolution of
W0

z;eigðtÞ with the bunch charge distribution λðtÞ:

Wz;eigðtÞ ¼
1

Qb

Z
t

−∞
W0

z;eigðt − t0Þλðt0Þdt0; (11)

where the bunch charge distribution is normalized such thatZ
∞

−∞
λðt0Þdt0 ¼ Qb; (12)

withQb being the bunch charge. Specifically, for a Gaussian
bunch of rms duration σt, the charge distribution is

λðtÞ ¼ Qbffiffiffiffiffi
2π

p
σt
exp

�
− t2

2σ2t

�
: (13)

The bunch charge varies across the different cooling
stages due to particle transmission losses. The single-
bunch charge, Qb;i, listed for each stage in Table I, is
calculated from the bunch intensity, i.e., the number of
muons per bunch, Nμ;b;i, at that stage, as follows. At the
end of the postmerging section of the rectilinear cooling
channel, the bunch intensity is Nμ;b ¼ 5.32 × 1012 [14].
For both the pre- and postmerging sections, the intensity at
the start of each stage i is obtained from the final bunch
intensity by accounting for the transmission efficiencies
ηtr;j, defined as the ratio of the number of particles exiting
stage j to those entering it, for all downstream stages [2]

Nμ;b;i ¼
Nμ;bQNstages

j¼i ηtr;j
; (14)

where Nstages is the total number of stages in the rectilinear
cooling channel. The bunch charge at each stage is then

Qb;i ¼ Nμ;b;i · e; (15)

where e ¼ 1.602 × 10−19 C is the muon charge. The rms
longitudinal bunch lengths, σz (where σt ¼ σz=ðβcÞ), were
obtained from beam dynamics studies performed by R.
Zhu [38].

A. Space-charge wake potential decomposition

The analytical formulation given in Eq. (10) does not
account for the space-charge effects, which dominate the
short-range wakefield regime. Therefore, according to
Eq. (9), the residual term Wz;SCðtÞ can be obtained by
subtractingWz;eigðtÞ from the total wake potentialWz;totðtÞ
computed in the wakefield solver.

The longitudinal space-charge wake potential can be
further decomposed into the sum of indirect (ISC) and
direct (DSC) space-charge components:

Wz;SCðtÞ ¼ Wz;ISCðtÞ þWz;DSCðtÞ: (16)

The indirect space-charge wake potential Wz;ISCðtÞ is
generated by the fields reflected by the cavity boundaries,
which subsequently propagate back and interact with the
beam along the cavity axis [39]. The induced effect is
therefore cavity-dependent. In contrast, the direct space-
charge wake potential Wz;DSCðtÞ arises from the Coulomb
field of the bunch itself and is weakly dependent on the
cavity geometry and, to the first order, can be approxi-
mated as geometry-independent when the transverse
dimensions of the structure are large compared to the
transverse offset of the particle.
In the following, we propose a method to separate and

quantify the ISC and DSC wake potentials in rf cavities.
This procedure allows isolating cavity-dependent and
independent components of the total wake potential for
beam-loading compensation. To perform this decomposi-
tion, we first simulated a simplified model in the wakefield
solver. This setup consists of a vacuum beam pipe (BP) of
radius RBP with PEC walls and open boundary conditions
at its apertures, traversed by a subrelativistic Gaussian
beam. In this configuration, cavity modes are not excited,
and the computed wakefield contains only space-charge
effects. The corresponding longitudinal space-charge wake
potential induced by a source particle and acting on a test
particle with transverse offset rt can be written as:

WBP
z;SCðt; rt; RBPÞ ¼ WBP

z;ISCðt; RBPÞ þWBP
z;DSCðt; rtÞ: (17)

Here, the ISC contribution is a function of the beam-
pipe radius, while the DSC depends only on the transverse
offset of the test charge. The behavior of these two
components is illustrated in Fig. 5.
The amplitude of the total longitudinal SC wake potential

decreases rapidly with increasing transverse offset rt [see
Fig. 5(a)]. This trend represents the DSC effect, which
exhibits an approximate 1=r2t dependence, consistent with
the scaling of the Coulomb field in free space [39]. The
monotonic 1=r2t -like decay due to Coulomb interaction is
clearer in Fig. 5(b). This figure illustrates the wake potential
values at tpeak, defined as the time at which the wake reaches
its maximum, normalized by the maximum value across the
different rt for different BP radii. Here, the vertical shift
between curves corresponds to the ISC component. For
small radii, the conducting boundaries strongly confine the
induced image-charge fields, enhancing the ISC term. For
large radii, BP walls are farther away from the beam axis,
and the ISC contribution vanishes, i.e., WBP

z;SCðt; rt; RBPÞ≈
WBP

z;DSCðt; rtÞ.
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This observation allows us to approximate the DSC
wake potential component in a cavity whose equator radius
Req is much larger than the transverse offset of the test
particle rt. In these wakefield simulations, the beam is
assumed to have zero transverse size, so the validity of this
approximation depends only on the distance between the
beam axis and the cavity boundaries. In this limit,
boundary-induced fields vanish, and the direct space-
charge wake potential of the cavity in Eq. (16) can be
approximated by the direct space-charge contribution of
the reference beam-pipe model as:

Wz;DSCðt; rt; ReqÞ ≈WBP
z;DSCðt; rtÞ; Req ≫ rt: (18)

B. Wake potential decomposition results

Figure 6 shows the computed components of the wake
potential for the stage-B5 multicell cavity with Be win-
dows, together with the normalized Gaussian bunch used
in the simulations. The reconstructed eigenmode wake
potential accounts only for transverse magnetic (TM)
monopole modes up to a cutoff frequency beyond which

the bunch spectral content becomes negligible, i.e., above
the −20 dB spectral field amplitude level, which corre-
sponds to f−20 dB ≈ 3.44 GHz for the stage-B5 cavity.
Including modes up to a slightly higher frequency, such as
4.0 GHz in this case, provides a conservative margin. The
same mode truncation criterion is applied to the cavities
across all other stages in the cooling channel. Dipole,
quadrupole, and modes of higher order are excluded, as
they exhibit no induced voltage on the axis [40].
Table V lists the modes of the stage-B5 single-cell

cavity with Be windows used in the wake potential
reconstruction, along with their corresponding parameters.
Multiplying the R=Q-values by Ncell yields the equivalent
values for a multicell rf cavity. The total wake potential is
calculated using a Gaussian beam with longitudinal bunch
length σz and a total charge Qb, exciting a wake length
of 100σz.
The results show that, in the short-range wakefield

regime, corresponding to the time interval during which
the beam is still traversing the cavity, the longitudinal
wake potential is dominated by space-charge effects. The
DSC component is the predominant term, while the ISC
contribution is smaller in magnitude and opposite in sign.

FIG. 5. Longitudinal BP space-charge wake potential: (a) nor-
malized wake for a BP of radius 60 mm at various test-particle
transverse offsets and (b) normalized transverse dependence of
the wake potential for several BP radii RBP.

FIG. 6. Longitudinal wake potential decomposition for the
stage-B5 multicell cavity with Be windows. The reconstructed
eigenmode wake potential includes the first nine monopole
modes up to 4 GHz. The normalized Gaussian bunch longi-
tudinal profile is shown on the secondary axis.

TABLE V. Cavity eigenmodes of the stage-B5 single-cell
cavity with Be windows used for wakefield reconstruction.

Type fn (GHz) ðR=QÞn (Ω) QL;n (1)

TM010 0.704 140.85 2.23 × 104

TM020 1.567 72.80 3.23 × 104

TM011 2.169 28.70 2.45 × 104

TM030 2.373 5.44 3.52 × 104

TM021 2.515 53.20 2.33 × 104

TM022 3.178 17.98 2.61 × 104

TM040 3.226 5.25 3.90 × 104

TM012 3.773 21.64 3.06 × 104

TM031 3.960 1.18 3.04 × 104
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Both space-charge components are symmetric with respect
to t ¼ 0, as shown in previous studies [39,41]. After the
bunch has left the cavity, corresponding to the long-range
wakefield regime, the space-charge contribution rapidly
decreases and becomes negligible. In this region, the wake
potential is dominated by the excitation of the cavity
eigenmodes, with the fields continuing to resonate within
the cavity boundaries. In the long-range regime, the
reconstructed eigenmode wake potential shows good
agreement with the total wake potential obtained from
time-domain simulations, confirming the accuracy of our
analytical model used for the reconstruction. While the
decomposition of wakefields is illustrated here for the
stage-B5 cavity, comparable trends are found across all
cavities of each stage. Consequently, the conclusions
drawn from this example are representative for all the
cavities in the rectilinear cooling channel.

C. Transverse dependence of wake potential in rf
cavities with and without windows

In contrast to the conventional cavities, where the beam
pipe is entirely in vacuum, in cavities equipped with
Be windows, the longitudinal beam-cavity interaction
depends on the transverse offset of the source and test
particles, even for monopole modes. To account for this
effect, the on-axis geometric shunt impedance can be
replaced by the generalized ðR=QÞn evaluated at the radial
positions of the source (rs) and test (rt) particles:

ðR=QÞnðrs; rtÞ ¼
jVz;nðrsÞV�

z;nðrtÞj
ωnUn

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR=QÞnðrsÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR=QÞnðrtÞ

p
; (19)

where Vz;nðrsÞ is the longitudinal voltage of mode n at the
position rs, V�

z;nðrtÞ is the complex conjugate of the
longitudinal voltage of mode n at the position rt, and
ωn and Un are the angular frequency and stored energy of
the considered mode, respectively. The modal factorization
in Eq. (19) is valid only for axisymmetric TM monopole
modes, which are relevant for our study. Since our cavity
geometry is perfectly rotationally symmetric and enclosed
by Be windows in the irises without port openings, higher-
order azimuthal multipoles (m ≥ 1) are absent, and the
longitudinal beam-cavity interaction is strictly governed
by pure m ¼ 0 modes. In the specific case, the source
particle is placed on axis (rs ¼ 0), and the test particle
varies from rt ¼ 0 to the radius of the cavity window Ri.
The dependence of the generalized ðR=QÞn of stage-B5
single-cell cavity on the radial position of the test particle
rt is shown in Fig. 7.
After establishing the separation of the longitudinal

wake potential into its FM, HOMs, and SC components for
an rf cavity closed by windows (see Sec. III), in the
following section, we describe the behavior of these

components in multicell cavities with and without windows,
taking the Stage-B5 as a representative example. For the
windowless multicell cavity, the reconstructed wake poten-
tial accounts for the trapped TMmonopole modes below the
TM01 beam-pipe cutoff frequency (fc;TM01

≈ 1.91 GHz for
Ri ¼ 60 mm), corresponding to the first two monopole
passbands up to approximately 1.69 GHz.
Figure 8 shows, from left to right, the total wake

potential Wz;totðtÞ, the cavity-dependent contribution
Wz;FMðtÞ þWz;HOMsðtÞ þWz;ISCðtÞ, and the reconstructed
eigenmode wake potential Wz;FMðtÞ þWz;HOMsðtÞ as a
function of the test-particle transverse offset rt for the
multicell stage-B5 cavity with Be windows (top) and
without windows (bottom). The isolated ISC wake poten-
tial contributions for the cavity configurations with and
without windows are plotted in Figs. 9(a) and (b),
respectively. The DSC contributions are not shown here,
as their transverse dependence was already discussed in
Sec. III and illustrated in Fig. 5.
For the cavity with Be windows, the total wake potential

Wz;totðtÞ [see Fig. 8(a)] exhibits a nonlinear dependence on
the transverse offset of the test particle, especially in the
short-range wakefield regime. In addition, a residual offset
effect is also observed in the long-range regime. This effect
is due to the radial dependence of the longitudinal electric
field of FM and HOMs and consequently of their longi-
tudinal ðR=QÞn values, induced by the presence of the Be
windows.
For the cavity without windows, the total wake potential

[see Fig. 8(d)] shows a nonlinear sensitivity to rt only in
the short-range wake region. Conversely, the long-range
wake potential is independent of the transverse offset since
the modes can freely ring inside the cavity in the absence
of obstacles, i.e., the windows, along the beam axis. It is
also worth noting that the reduced short-range wake
amplitude in the cavity with Be windows indicates that
windows act as effective dampers of total space-charge
effects.

FIG. 7. Variation of the generalized ðR=QÞn of stage-B5
single-cell cavity as a function of test-particle transverse offset
rt for the relevant monopole modes.
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The cavity-dependent wake potential, Wz;FMðtÞþ
Wz;HOMsðtÞ þWz;ISCðtÞ, obtained by subtracting the
DSC wake potential described in Eq. (18) from the total
wake potential, exhibits a clear offset dependence in both
wakefield regimes for the cavity with Be windows, as
shown in Fig. 8(b). In the short-range regime, this effect is
mainly associated with the ISC contribution, since the
DSC term has been removed. In the long-range regime,
where space-charge effects are negligible, the transverse
dependence is dominated by the ðR=QÞn values’ sensitivity
to the offset rt. Conversely, in the absence of Be windows,
the cavity-dependent wake potential does not exhibit any
transverse sensitivity and is governed mainly by the
longitudinal mode excitation [see Fig. 8(e)].
The eigenmode wake potential Wz;FMðtÞ þWz;HOMsðtÞ,

reconstructed from the modal expansion, further clarifies
this behavior. It shows a nonlinear dependence on rt in the
presence of windows [see Fig. 8(c)], reflecting the radial
dependence of FM and HOMs electric fields and their
ðR=QÞn values. No such sensitivity is observed for the
cavity without windows [see Fig. 8(f)]. The ISC contri-
bution Wz;ISCðtÞ, obtained by subtracting the eigenmode
wake potential from the cavity-dependent wake potential,
shows a transverse sensitivity only in the short-range
wakefield regime [see Fig. 9(a)] in the cavity with

windows. No such dependence is detected in the absence
of windows [see Fig. 9(b)], in agreement with the behavior
expected for a conventional cavity with a beam pipe.
Overall, these results demonstrate that the presence of

the windows introduces a radial dependence in the wake
contributions associated with FM and HOM excitation
and the ISC. In contrast, in the absence of windows, both
contributions are essentially independent of the trans-
verse offset, and the observed sensitivity of the total wake
potential arises mainly from the DSC term. An important
implication is that, in cavities with windows, both the
DSC and ISC wake potentials depend nonlinearly on the
transverse offset, so a realistic transverse distribution of
the beam must be taken into account. Consequently, the
wakefield solver results do not accurately capture the
space-charge effects for a realistic beam distribution.
Therefore, these effects are excluded from consideration
for beam-loading compensation. Other tools, such as PIC
codes, must be used to correctly assess the space-charge
effects. Furthermore, the FM and HOM effects can be
mitigated by beam-loading compensation techniques
only at a single transverse location, for example, on
axis. The details and results of the beam-loading com-
pensation strategy for the studied cavities are discussed
in Sec. IV.

FIG. 8. Decomposition of the longitudinal wake potential as a function of the test-particle transverse offset rt for the stage-B5
multicell cavity with Be windows (top) and without Be windows (bottom).
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D. Eigenmode wake potential for finite transverse
beam size

Equations (10) and (11) define, respectively, the pencil-
beam longitudinal wake function and wake potential recon-
structed from the eigenmode solution. In this case, the
resulting wake potential is equivalent to the one generated
by monopole modes when excited by a longitudinal bunch
charge distribution with zero transverse size. Consequently,
only the on-axis field of each mode contributes to the beam-
cavity interaction, which is characterized by their respective
on-axis geometric shunt impedance, ðR=QÞn. However, a
realistic muon bunch has a finite transverse size and interacts
with the radial field profile of each cavity mode. This effect
results from the presence of Be windows on the irises of the
muon cooling cavities, as discussed in Sec. III C. In the
following, we describe a method to include finite transverse-
beam-size effects in the reconstruction of the longitudinal
eigenmode wake potential.
For simplicity, we assume a radially symmetric trans-

verse bunch distribution, i.e., the rms beam size σt is the
same in both transverse directions. In this case, the

differential charge contained in an annular ring at radius
rs is defined as:

dQbðrsÞ ¼ Qb 2πrs ρrðrsÞdrs; (20)

where ρrðrsÞ is the radial Gaussian charge density, trun-
cated at the window radius Ri:

ρrðrsÞ ¼
1

2π
R Ri
0 r0 exp ð− r02

2σ2t
Þdr0 exp

�
− r2s
2σ2t

�
; (21)

with the normalization condition

Z
Ri

0

2πrs ρrðrsÞdrs ¼ 1. (22)

Using Eq. (19) and integrating the differential contri-
butions from all annular rings, we can define a mode-
dependent transverse form factor as:

FIG. 9. Indirect space-charge longitudinal wake potential as a
function of the test-particle transverse offset rt for the stage-B5
multicell cavity (a) with Be windows and (b) without Be
windows.

FIG. 10. (a) Longitudinal wake potentials of the FM and (b) the
HOMs listed in Table V excited by a pencil beam (blue) and a
finite beam with a transverse size of σt ¼ 20 mm (red) in the
stage-B5 multicell cavity with Be windows.
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Fn;⊥ðσtÞ ¼
Z

Ri

0

2πrs ρrðrsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR=QÞnðrsÞ

p
drs: (23)

Multiplying the wake function [Eq. (10)] by this trans-
verse form factor and performing the convolution with the
longitudinal bunch charge distribution λðtÞ yields the
finite-beam eigenmode wake potential,

Wfinite
z;eig ðt; σtÞ ¼

1

Qb

Z
t

−∞
Fn;⊥ðσtÞW0

z;eigðt − t0Þλðt0Þdt0;
(24)

where λðtÞ is the longitudinal Gaussian density of Eq. (13).
This expression accounts for the wake excitation produced
by a bunch with nonzero transverse size. The resulting FM
and HOM wake potentials, induced by both a pencil beam
and a finite-size beam, with σt ¼ 20 mm, in the stage-B5
multicell cavity with Be windows, are shown in Figs. 10(a)
and 10(b), respectively.
The fundamental mode (TM010) is weakly affected by

the inclusion of the transverse charge distribution, as its
longitudinal electric field is nearly uniform across the
cavity aperture. Conversely, the HOM wake exhibits
higher suppression due to the stronger radial dependence
of the HOM fields and their corresponding ðR=QÞn (see
Fig. 7). Overall, accounting for the transverse beam size
reduces the wake potential amplitude, with the magnitude
of the effect determined by the radial distribution of the
eigenmode fields.

E. Benchmark of the analytical wakefield
reconstruction with PIC simulations

The methodology described in the previous sections
models the longitudinal wakefield contributions when
excited by a charged particle bunch with a finite transverse
size. Standard wakefield solvers, such as the one available
in CST Studio Suite, are limited to wakefield excitations
by a rigid line charge and therefore cannot directly account
for transverse beam distributions. To overcome this limi-
tation, the PIC solver of CST can be used to model the full
three-dimensional bunch distribution and to directly solve
for the electromagnetic fields generated by the bunch
traversing the cavity. To validate the analytical wakefield-
based approach that accounts for the finite transverse beam
size discussed in Sec. III D, a dedicated postprocessing
workflow was implemented in Python to reconstruct the
longitudinal wakefields from the electric field data
exported by the PIC solver of CST for the stage-B5
single-cell cavity.
The generalized longitudinal wake potential for an on-

axis probe particle at a longitudinal distance s ¼ βct − z
from the bunch center is given by

WzðsÞ ¼
βc
Qb

Z
∞

−∞
Ez;PICðβct − s; tÞjβct¼sþzdt; (25)

where Qb is the total bunch charge and Ez;PIC is the
longitudinal electric field obtained from the PIC simula-
tion evaluated along a prescribed reference trajectory.
Here, s denotes the longitudinal coordinate in the comov-
ing frame, while t and z are the time and longitudinal
position in the laboratory frame.
Figure 11 illustrates a representative PIC configuration

for the stage-B5 single-cell cavity with Be windows. The
particle source is located on the outer window wall, which
serves as the cathode for particle injection. The thin Be
window is treated as transparent to particles, meaning that
in the PIC model particles traverse the material without
undergoing atomic interactions such as scattering or
energy loss.
In the simulation, the particle source utilizes the stage-

B5 beam parameters from Table I, with the bunch trans-
verse dimension set to Ri=3. The charge of the particle
bunch is initialized with Gaussian spatial distributions in
both the longitudinal and transverse directions. All par-
ticles are assigned the same purely longitudinal momen-
tum, with the transverse momentum components set to
zero. Due to its relatively large mass, the muon bunch
satisfies the rigid-beam approximation required for the
accurate computation of the wakefields.
All six boundaries of the simulation domain are speci-

fied as PEC. The computational mesh comprises approx-
imately 24 000 cells, with the minimum cell size of

FIG. 11. Example setup for a PIC solver simulation. The
particle source is released from the exterior wall of the Be
window and traverses the cavity along its axis. The particle
bunch excites electromagnetic fields within the cavity, with the
black arrows representing the electric field vector.
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770 μm, chosen to be smaller than the characteristic
distance traveled by a particle within a single time step,
2.7 mm. The total simulation duration is required to be at
least as long as the time needed for the final test particle, in
the comoving reference frame, to traverse the entire
integration region used for postprocessing the wakefield.
The postprocessing procedure treats the comoving coor-
dinate as an independent variable. For each time step of the
simulation, the test particle’s position in the laboratory
frame is evaluated along the cavity axis. The correspond-
ing value of the electric field at those coordinates is then
extracted from the CST simulation data. The sequence of
longitudinal electric fields sampled in this manner is
numerically integrated using Gaussian quadrature [42]
to compute the wakefield as defined by Eq. (25).
Figure 12 compares the on-axis longitudinal wake

potential obtained from the analytical eigenmode model
described by Eq. (24) with that computed using the PIC
solver for the stage-B5 single-cell cavity with Be windows.
The resulting PIC wake potential formally represents a
superposition of the wakes generated by the charges
present in the cavity (i.e., the drive bunch and its associated
image charges) and the wakes induced by the excited
cavity modes.
The excellent agreement of the two curves validates the

analytical eigenmode decomposition method developed to
account for a finite transverse beam size.

IV. BEAM LOADING AND COMPENSATION

After describing the decomposition of the longitudinal
wake potential into its resonant and space-charge compo-
nents, we now use only the resonant contribution to
describe the corresponding beam-induced voltage and
discuss its impact on beam loading in the cavities with
Be windows of the rectilinear muon cooling channel.
Beam loading occurs when the voltage induced by the

beam superimposes on the externally applied rf voltage,
thereby modifying both its amplitude and phase [11].
The total voltage experienced by a beam traversing a

cavity is the sum of the externally applied rf voltage and
the beam-induced voltage:

VðtÞ ¼ VRF;0 sinðω0tþ ϕ0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
VRFðtÞ

þ VbðtÞ; (26)

where VRF;0 ¼ TTF EaccLacc is the peak rf voltage ampli-
tude, ω0 ¼ 2πf0 is the angular rf frequency of the cavity,
and ϕ0 is the rf phase. For convenience, the rf voltage can
be further decomposed as:

VRFðtÞ ¼ VRF;0 cosðω0tÞ sinϕ0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
VRF;accðtÞ

þ VRF;0 sinðω0tÞ cosϕ0|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
VRF;focðtÞ

;

(27)

where VRF;accðtÞ and VRF;focðtÞ are the accelerating and
focusing components of the rf voltage, respectively.
The longitudinal beam-induced voltage is calculated by

convolving the longitudinal wake potential with the charge
distribution of the bunch as [37]:

VbðtÞ ¼
Z

t

−∞
Wzðt − t0Þλðt0Þdt0: (28)

This expression is fully general and applies to both
pencil beam and finite-transverse-size wake potentials.
Considering the wake decomposition introduced in

Eq. (9), the resonant component of the beam-induced
voltage can be written as:

Vb;eigðtÞ ¼ Vb;FMðtÞ þ
X
n

Vb;HOM;nðtÞ: (29)

where Vb;FMðtÞ is the voltage induced by the FM and
Vb;HOM;n is the induced voltage contribution for the n-th
cavity HOM. Only monopole HOMs with frequencies
below the maximum excitable frequency of the beam,
determined by the bunch length, are included in the
summation. Each term in Eq. (29) is obtained by applying
the general convolution defined in Eq. (28) to the corre-
sponding resonant components of the longitudinal wake
potential introduced in Eq. (9).
For the premerging section, the total voltage induced by

the 21-bunch train is approximated by summing the single-
bunch wake voltage contributions of the individual
bunches. This is valid since the bunch spacing of
2.84 ns [14] is small compared to the FM and HOM
wake decay, which are calculated to be on the order of tens
of μs. This provides a conservative estimate, as it neglects
any partial voltage cancellation among the HOMs. In the
postmerging section, the total induced voltage is computed

FIG. 12. Comparison of the on-axis longitudinal wake poten-
tial excited by a bunch with finite transverse size using the
analytical eigenmode method and the PIC solver for the stage-B5
single-cell cavity with Be windows. The normalized bunch
distribution is shown on the secondary axis.
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by applying Eq. (28) to the single merged bunch
distribution.
Figure 13 illustrates the computed resonant components

of the beam-induced voltage for the stage-B5 multicell
cavity with Be windows and the input rf voltage, together
with the normalized Gaussian bunch charge distribution
used in the simulations.
The analysis of this cavity shows that at the synchronous

particle position (t ¼ 0), corresponding to the peak of
the charge distribution, the magnitude of the trapped
HOM voltage is approximately double that of the FM
(Vb;HOMs ≈ −2.2 MV compared to Vb;FM ≈ −1.2 MV).
This decomposition confirms that the HOMs are the primary
source of beam-loading voltage in the short-range wakefield
regime, a direct consequence of the Be windows trapping
parasitic energy within the cell structure. Specifically, this
single-bunch wake is dominated by the lowest-order longi-
tudinal monopole HOMs, namely, the TM020 and TM021

modes, due to their higher ðR=QÞn values. Furthermore,
because the bunch transit time t is much shorter than the
modal decay time τn (t ≪ τn, yielding e−t=τn ≈ 1), the
amplitude of this short-range wake depends strictly on
the term ωnðR=QÞn and is independent of QL. Con-
sequently, external HOM dampers, which are used to
suppress long-range multibunch wakes by lowering QL,
cannot reduce beam-induced voltage in the short-rangewake
regime for these cavities. Thus, suppressing beam-induced
voltage relies on geometric tuning of ðR=QÞn or shifting the
resonant frequency. Overall, the results indicate that the total
voltage amplitude reduction is driven by cavity modes,
necessitating an increase in rf voltage amplitude. These
conclusions remain consistent for the subsequent cavities of
the rectilinear muon cooling channel under study.
Equations (26) and (27) show that the beam-induced

voltage modifies both the amplitude and the local slope of
the rf voltage profile experienced by the bunch. If
uncompensated, beam loading can lead to longitudinal
emittance growth associated with an increased energy

spread [11]. To mitigate these effects, a local beam-loading
compensation scheme is implemented for the rf cavities of
the rectilinear muon cooling channel.
In this approach, the compensation conditions require

that both the total voltage and its time derivative at the
bunch center (t ¼ 0) match the desired loaded rf voltage
VRF;LðtÞ. Specifically, using the decomposition of the rf
voltage introduced in Eq. (27), the accelerating component
of the rf voltage VRF;accðtÞ is adjusted to compensate for
the beam-induced voltage at the bunch center, while the
focusing component VRF;focðtÞ is modified to restore the
required voltage slope at the same time. This leads to the
following system of equations:(

VRFðtÞ þ VbðtÞ ¼ VRF;LðtÞ
∂VRFðtÞ

∂t þ ∂VbðtÞ
∂t ¼ ∂VRF;LðtÞ

∂t

at t ¼ 0: (30)

By satisfying both conditions, the perturbations to the
accelerating and focusing components introduced by the
beam-induced voltage near t ¼ 0 are suppressed. As a
result, the amplitude of the required rf voltage for muon
acceleration increases, while the voltage profile remains
linear near the bunch center, thereby mitigating energy
spread and longitudinal phase-space distortion in this
region.
This beam-loading compensation scheme is constrained

by its linear nature, requiring the voltage contributions to be
independent of the transverse beam offset, as discussed in
Sec. III. For cavities without Be windows, both the FM and
HOM wake potentials are independent of the transverse
beam offset. Furthermore, the indirect space-charge contri-
bution is also offset-independent. In this case, the beam
voltage induced by these three contributions can be treated as
a purely longitudinal effect, and the compensation scheme
can be applied to the contributionVb;FM þ Vb;HOM þ Vb;ISC.
In contrast, for cavities equippedwithBewindows, while the
FM and HOM contributions remain suitable for linear
compensation, the indirect and direct space-charge terms
show a nonlinear dependence on the transverse offset of the
beam. As a consequence, only the eigenmode-driven con-
tributions, i.e.,Vb;FM þ Vb;HOM, allow a linear beam-loading
compensation in cavitieswithBewindows.Therefore, beam-
loading compensation is applied exclusively to the FM and
HOM contributions in cavities with Be windows.
The effect of beam loading and its local compensation in

the stage-B5 multicell cavity is shown in Fig. 14. The total
voltage seen by the beam, together with the rf voltage
components, is shown before and after compensation in
Fig. 14(a) and in Fig. 14(b), respectively. The beam-
induced voltage arising from the combination of FM and
HOMs is also illustrated with the normalized bunch
current distribution.
Comparing these plots confirms that the used compen-

sation scheme effectively restores the total voltage profile.
As shown in Fig. 14(b), near the bunch center (t ¼ 0), the

FIG. 13. Resonant beam-induced voltage decomposition and
input rf voltage for the stage-B5 multicell cavity with Be
windows. The normalized bunch current distribution is shown
on the secondary axis.
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net voltage experienced by the beam VL (black curve)
successfully matches the amplitude and local slope of the
design rf voltage VRF (blue curve). Under heavy beam
loading, the rf generator must provide an increased cavity
voltage VRF;L to compensate for the beam-induced voltage
and preserve the operating accelerating gradient. This
voltage increase results in a quadratic increase in the
power dissipated on the cavity walls, defined by
P0
diss ¼ Pdiss · ðVRF=VRF;LÞ2, and a linear rise in the peak

surface electric field, E0
peak ¼ Epeak · ðVRF=VRF;LÞ, where

P0
diss and E0

peak are the dissipated power and the surface
electric field after compensation, respectively. These
effects impose higher requirements on the available rf
power and the electrical breakdown limits of the cavities.
The main results of the beam loading analysis for the
cavities with Be windows of each stage of the rectilinear
cooling channel and the main rf figures of merit impacted
by the beam-loading compensation are reported in
Table VI. The calculation of the beam-induced voltage
assumes a beam of finite transverse size of σt ¼ Ri=3 [43],
where Ri is the iris radius of the cavity under consid-
eration. The results show that, depending on the cooling
stage, the rf voltage required after beam-loading compen-
sation increases by approximately 15% up to nearly a
factor of two in the most demanding case of stage A4. The
corresponding peak surface electric fields are much higher
than those of the uncompensated ones in Table II.
To further assess the impact of the cavity geometry on

beam-loading compensation, a comparison was carried out
for the stage-B5 cavity without Be windows. The results
are reported in Table VII. The data indicate that, although
the absence of windows lowers the required loaded rf

FIG. 14. Beam loading and local compensation in the stage-B5
multicell cavity. The total voltage experienced by the beam and
the rf voltage components are shown (a) before and (b) after
beam-loading compensation, alongside the beam-induced volt-
age from the FM and HOMs. The normalized bunch current
distribution is illustrated on the secondary axis.

TABLE VI. Main beam loading results and rf figures of merit impacted by beam-loading compensation for the multicell rf cavities
with Be windows in the rectilinear cooling channel. Only the eigenmode-driven contributions, i.e., Vb;FM þ Vb;HOM, are compensated.
The calculation of the beam-induced voltage accounts for a beam of finite transverse size of σt ¼ Ri=3. Dividing the voltage and power
values by Ncell yields the equivalent values for a single-cell rf cavity.

VRF;0 jVbðt ¼ 0Þj Vb;max jVbðt ¼ 0Þj=VRF;0 Vb;max=VRF;0 VRF;L;0 VRF;L;0=VRF;0 P0
diss P0

g E0
peak;Cu E0

peak;Be

Stage (MV) (MV) (MV) (1) (1) (MV) (1) (MW) (MW) (MV/m) (MV/m)

A1 28.31 2.72 5.35 0.10 0.19 32.44 1.15 33.44 40.12 13.43 31.37
A2 18.07 2.48 4.54 0.14 0.25 22.69 1.26 27.38 32.85 29.19 33.28
A3 13.47 4.61 8.91 0.34 0.66 13.75 1.02 10.70 12.84 21.22 32.14
A4 10.87 5.44 9.02 0.50 0.83 22.32 2.05 37.32 44.78 57.23 65.36
B1 26.32 2.22 3.92 0.08 0.15 30.59 1.16 21.71 26.05 14.14 24.70
B2 20.62 1.49 2.64 0.07 0.13 23.38 1.13 18.03 21.63 17.29 24.66
B3 17.01 1.53 2.31 0.09 0.14 20.45 1.20 23.52 28.22 31.47 29.37
B4 13.97 1.18 1.72 0.08 0.12 16.80 1.20 17.00 20.40 33.35 27.45
B5 9.63 1.96 3.42 0.20 0.35 13.28 1.38 11.26 13.51 33.28 30.40
B6 9.60 1.60 2.80 0.17 0.29 12.88 1.34 13.56 16.27 44.64 35.56
B7 9.79 1.48 2.56 0.15 0.26 13.11 1.34 14.12 16.94 47.20 34.79
B8 9.34 1.35 2.36 0.14 0.25 12.58 1.35 12.95 15.54 46.69 30.82
B9 10.26 1.25 2.12 0.12 0.21 13.47 1.31 14.79 15.75 50.60 30.56
B10 8.63 1.07 1.83 0.12 0.21 11.39 1.32 10.51 12.62 42.94 24.23
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voltage for beam-loading compensation, it shifts the cavity
operation towards higher surface electric fields and higher rf
power dissipation. Considering the stage-B5 cavity as a
representative example, removing the Be windows reduces
VRF;L from 13.28 to 10.29 MV once the respective beam-
loading compensations are applied. However, the dissipated
power rises from 11.26 to 14.58 MW, and the peak surface
electric field increases from 33.28 to 52.20 MV=m, thereby
underlining better performance of the cavity with Be
windows. Similar behavior is expected for the other cooling
stages, given the comparable cavity geometries and operat-
ing conditions. Consequently, the use of Be windows in the
muon cooling cavities appears to be a critical design feature
for mitigating the risk of rf breakdown while maintaining
the high gradients necessary for efficient muon cooling.

V. CONCLUSION

This paper presents a comprehensive rf design and
beam-induced effects analysis of high-gradient normal-
conducting copper cavities for the rectilinear cooling
channel of the muon collider. This study establishes a
physics-based design framework that integrates rf cavity
optimization with beam-loading compensation.
The rf elliptical cavities made of copper and closed at

the irises with Be windows were developed and optimized
in accordance with the beam dynamics specifications of
the recent cooling lattice. Each cavity was designed to
maintain a high transit-time factor per cell and to maxi-
mize the R=Qwithin the geometric constraints imposed by
the lattice. The peak surface electric field was also lowered
to minimize the risk of rf breakdown. The rf figures of
merit and power requirements were calculated for different
cavity configurations and cooling stages, demonstrating
compatibility with pulsed normal-conducting operation.
A comparison of single-cell cavities with and without Be

windows demonstrated the essential role of the windows in
achieving acceptable rf characteristics for muon cooling.
The cell configuration without windows yields a significant
reduction in R=Q, increased dissipated power and higher
peak surface fields, ultimately making such a concept
unsuitable. Therefore, within the range of configurations
studied, the inclusion of Be windows appears to be a
necessary design choice to satisfy acceleration efficiency,
power, and breakdown constraints simultaneously.

Wakefields and beam loading effects in the developed rf
cavities were systematically analyzed using a hybrid
frequency-time-domain numerical method developed to
isolate the space-charge contribution from the total wake
potential. The transverse dependence of the wake potential
was studied for cavities with and without Be windows,
revealing different behaviors. In cavities equipped with
windows, a radial dependence in the wake contributions
associated with the fundamental mode, higher-order
modes, and indirect space-charge components is observed.
In contrast, for cavities without windows, these contribu-
tions are essentially independent of the transverse offset,
and the offset sensitivity of the total wake potential is
mainly due to the direct space-charge term.
An important implication of these results is that, in

cavities with Be windows, only the eigenmode-driven
contributions were treated for a linear beam-loading
compensation in these cavities. To reconstruct the longi-
tudinal eigenmode wake potential more realistically, finite
transverse beam-size effects were included in the proposed
eigenmode analytical formulation. The analysis reveals
that the transverse beam size reduces the wake potential.
The analytical model was benchmarked against full three-
dimensional PIC simulations, demonstrating very good
agreement between both approaches.
A local beam-loading compensation scheme was then

presented and implemented. In this approach, the accel-
erating component of the rf voltage is adjusted to cancel
the beam-induced voltage at the bunch center, while the
focusing component is modified to restore the required
voltage slope. For the cavity design with windows, beam-
loading compensation of the FM and HOM was verified
numerically. Depending on the cooling stage, the required
rf voltage after compensation increases from approxi-
mately 15% up to a factor of two in the most demanding
case, resulting in a significant increase in the surface fields
and required rf power. These effects can be directly
mitigated by reducing beam loading through geometric
optimization of ðR=QÞn or frequency shifting. While this
local scheme successfully mitigates single-bunch effects,
compensating for a multibunch train is beyond the scope of
this work and would require extending the algorithm to
handle potential long-range wakefield buildup. In the
future, full beam dynamics studies will be required to
evaluate the effect of beam loading and its compensation
on the performance of the muon cooling channel.

TABLE VII. Main beam loading results and rf figures of merit impacted by beam-loading compensation for the stage-B5 multicell
cavity without windows. The combination of eigenmode-driven and indirect space-charge contributions, i.e., Vb;FM þ Vb;HOM þ Vb;ISC,
is compensated. Dividing the voltage and power values by Ncell yields the equivalent values for a single-cell rf cavity.

VRF;0 jVbðt ¼ 0Þj Vb;max jVbðt ¼ 0Þj=VRF;0 Vb;max=VRF;0 VRF;L;0 VRF;L;0=VRF;0 P0
diss P0

g E0
peak;Cu

Stage (MV) (MV) (MV) (1) (1) (MV) (1) (MW) (MW) (MV/m)

B5 9.63 0.87 1.62 0.09 0.17 10.29 1.07 14.58 17.50 52.20
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Overall, this work provides quantitative design guide-
lines for rf systems in the rectilinear cooling channel of a
future muon collider. Cavity designs were optimized, key
rf parameters were quantified across configurations and
stages, beam-induced effects were analyzed, and a viable
local beam-loading compensation strategy was developed.
Ultimately, this work establishes a practical and techni-
cally consistent rf cavity design framework for high-
intensity muon cooling applications.
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