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Abstract

We apply results in operator space theory to the setting of multidimensional
measure theory. Using the extended Haagerup tensor product of Effros and
Ruan, we derive a Radon-Nikodym theorem for bimeasures and then extend
the result to general Fréchet measures (scalar-valued polymeasures). We also
prove a measure-theoretic Grothendieck inequality, provide a characterization of
the injective tensor product of two spaces of Lebesgue integrable functions, and
discuss the possibility of a bounded convergence theorem for Fréchet measures.

Keywords: multidimensional measure theory, bimeasures, extended Haagerup
tensor product
2000 MSC: 28A10, 46M10

1. Introduction

The origins of multidimensional measure theory (also known as multilinear
measure theory) can be traced back to the work of Fréchet in 1915 [11], when
he characterized the bounded bilinear functionals on C[0,1]. These bounded
bilinear functionals later came to be identified with set functions called bimea-
sures [17]. Since that time, multidimensional measure theory has developed and
contains many interesting and deep results (e.g., [2, 3, 7, 18]).

In higher dimensions, these set functions have been called polymeasures or
multimeasures, but we prefer the name Fréchet measures when the set functions
are scalar-valued [3], which is the case considered here. Let (X1, A1), ..., (Xn, An)
be measurable spaces. A Fréchet measure, or Fp,-measure, on A; X -+ x A, is
a scalar-valued set function p: A; X --- X A,, — C that is a measure in each ar-
gument separately; that is, u(E1,...,Ej_1,, Ej41,..., Ey,) is a measure on A;
for fixed Ey, € Ay (k # j). We denote by F,, = F,(Ay,...,A,) the collection
of all n-dimensional Fréchet measures on A; X --- X A,,.

Fréchet measures have received much attention over the years, and have
recently found application in the context of stochastic processes [15], quantum
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mechanics [14], harmonic analysis [12], and functional analysis [4].
The Fréchet variation of p € Fp,(Ay,...,A,) is given by

s, =sup| 7 € eeh wlBrse B, 1)

J1s--dn

where the supremum is taken over all €;, € C such that |¢;, | < 1 and over finite
measurable partitions (E;, );, of Ag, for 1 < k < n. It is known that (F,, |- || 7,)
is a Banach space [3, Corollary VIL.7].

Fréchet measures were introduced to characterize bounded multilinear func-
tionals on certain spaces of continuous functions. If Ki,..., K, are compact
Hausdorff spaces, and By, ..., B, are their respective Borel fields, then there is
a one-to-one correspondence between bounded n-linear functionals on C(K7) x

- x C(K,) and elements of F,(By,...,B,). A natural way of phrasing this
statement is in the context of projective temsor products, in which case we have

(C(KN)® - BC(K,))" = Fu(Br,....By). (2)

(See [3, Theorem VI.13].) This provides an elegant generalization of the classical
Riesz representation theorem:.

One may wonder: In what way do other classical theorems of measure the-
ory generalize to higher dimensions? Is there, for example, a generalization of
the Radon-Nikodym theorem? Indeed, there have been some theorems in this
direction [10, 13]. In this note, we prove a very natural generalization of the
classical Radon-Nikodym theorem, which (following the example of (2)) casts
the theorem in the context of tensor products:

Theorem 1.1. Let (X, A) and (Y, B) be measurable spaces and let i € Fa( A, B).
Suppose vy and vo are positive o-finite measure on (X, A) and (Y,B), respec-
tively. If p is absolutely continuous with respect to v1 X va, then there exists a
function ¥ € LY(X,v1) ®cn LYY, v2) such that

/ by = /X | 6(w9) Vlay) (v % va) . d).

for all ¢ € L>=(X,v1)RL®(Y,v3).

When we say p is absolutely continuous with respect to v7 X vo, we mean
that w(F,F) = 0 whenever v4(F) = 0 or v5(F) = 0. The tensor product ®ep,
is the extended Haagerup tensor product of Effros and Ruan [9]. The function
1 is in general not an element of L!(v; x v3), but rather the limit (in a certain
weak”™ sense) of a specific net of integrable functions. By an abuse of notation,
we write this limit as a pointwise limit:

Y(z,y) = li]r(nwK(x,y), (r,y) € X x Y.

The integral in Theorem 1.1 is also given by a limit:

[ ot <) =tim [ i xm).



In Section 2, we introduce much of the notation and background information
we will be using. In Section 3, we introduce absolute continuity for Fréchet
measures and relate it to integrability. The multidimensional Radon-Nikodym
theorem for bimeasures appears in Section 4. Before that, however, we recall
the Haagerup and extended Haagerup tensor products. As an application of the
extended Haagerup tensor product, we prove a measure-theoretic version of the
Grothendieck inequality.

In Section 5, we use the Haagerup tensor product to provide a characteriza-
tion of the injective tensor product of spaces of Lebesgue integrable functions:

LY X, v)) QLY (Y, 1) = LN(X,v1) @ LYY, 10).

Also, if || - ||g and || - ||, denote the norms on the injective and Haagerup
tensor products, respectively, then |- ||g < || |le, < Kq||- ||, where K¢ is the
Grothendieck constant.

In Section 6, we generalize to higher dimensions. In Section 7, we close by
discussing the possibility of a bounded convergence theorem for Fréchet mea-
sures. To make use of the machinery of operator theory, we will work over the
scaler field C. Many of the arguments can be adapted to R, but with some
change in constants.

2. Background

Let (X,.A) be a measurable space. We denote by L°(X) the collection of
scalar valued bounded measurable functions on X. This forms a Banach space
when equipped with the supremum norm:

[flloo = sup{|f(z)

Now suppose v is a o-finite measure on (X,.A4). We let L>°(X, v) denote the
collection of equivalence classes of scalar-valued essentially bounded measurable
functions on X. As is standard, we consider functions to be equivalent when
they are equal almost everywhere with respect to . This forms a Banach space
when equipped with the essential supremum norm:

cx e X}, fel™X).

Iflloc =inf{M e R:v(|f(x)| > M) =0}, feL>®X,v).

In the event we must distinguish the supremum norm from the essential
supremum norm, we will write || - ||z (x) and || - ||z (x,.), respectively. We
remark that every equivalence class in L>°(X, v) contains a function in L (X).

If 1 < p < oo, we let LP(X,v) be the collection of equivalence classes of
scalar-valued measurable functions f on X such that [y |f(z)[’ v(dz) < ooc.
Once again, we consider two functions to be equivalent in LP(X,v) whenever
they are equal almost everywhere with respect to the o-finite measure v. The
set LP(X,v) forms a Banach space when equipped with the norm

151 = ([ @ van) ™ se .



When unambiguous, we often write L?(v) instead of L?(X,v).

For any Banach space X, the notation || - ||x will denote the norm on X.
The dual space of X will be denoted X*, and the dual action of X* on X will
be written (z,x*), for x € X and z* € X*. Any other notation will be defined
as it appears. We mostly follow the conventions of [2].

Let (X1, A1),...,(Xn, Ap) be measurable spaces. Define the projective ten-
sor product Vy, = Vp(Aq, ..., Ay) = L‘X’(Xl)@) e Q@L‘”(Xn) to be the comple-
tion of the algebraic tensor product L>®(X;)®---®L>*(X,) in the projective
tensor norm

Il =i { DI e 1N s 0= - fP @@ £,
J J

where the infimum is taken over pointwise representations and finite sums.
It is known that if ¢ is an element of V,,, then there exists a pointwise
representation ¢ = Z;’il f;l) ® - ® f;n) and ||¢||y, is obtained as the infimum

of 3272, ||f](1)|\oo e Hfj(n) loo Over such representations [5, Proposition 1.1.4].

Theorem 2.1. There exists a well-defined integral [ ¢pdu, for every ¢ € V,
and p € Fr, and | [ ¢dp| < [|9]v, 1]l -

A proof of this theorem can be found in [2] or [3]. (In these works, the
reader will notice the presence of a 2" term which results from defining the
Fréchet variation using real scalars €, in (1).) We will give an outline of one
construction of the integral; one we shall make use of later. Let (f1,..., fn) €
L>*(X;) x -+ x L®(X,) and p € F,(Ai,...,A,). Define a set function on
As x -+ x A, as follows:

/.Lfl(AQ,...,An): . fl(xl),u(dxl,Ag,...,An), (3)
1
for all (Ag,...,A,) € Az X --- X A,. The set function uy, is a Fréchet measure
on the product Ay x -+ x A, and g7, < lfilleollttll 7, [3, Lemma VI.9].
(The integral in (3) is well-defined, since u(+, Az, ..., A,) is a countably additive
measure, by assumption.)
Continuing recursively, let m € N be such that 1 < m < n, and define a
scalar-valued set function ps g...0f,, on Ami1 x -+ x A, by

fof1 @@ (Amtt, oo, An) = « S (@m) bfr @@ o (ATmy Amgets - -5 An),
(4)
for all (Am+1,...,An) € Amy1x---xAy. It follows that i, @...g ,, is an element

of From(Amt1s- - An) and [[pf @0 ol Fu < filloo - ([ fmlloollll 7, -

Finally, we observe that uf e..gf,_, is a countably additive measure on
A, of finite total variation. If (f1,...,fn) € L=(X1) x -+ x L>®(X,,) and
n e fn(Al, o ,.An), then

[restdi= [ fue)uposs. o) (5)

4



If p €V and ¢ = 2;11 f](l) R ® f;n) is a pointwise representation, then the
integral of ¢ with respect to o can be computed by

Jodn=>" [ 17w dn. (6)
j=1

The equality in (5) provides a method of iterating the integral. It is worth
noting that the order of integration is irrelevant. To make this precise, we state
a Fubini-type theorem, the proof of which can be found in [3, Theorem VI.10].
It suffices to state the theorem for n = 2:

Theorem 2.2. If (f1, fa) € L°(X1) X L™®(X3) and p € Fo(A1, As), then

Fi(@1) gy (dy) = /X foles) g, (dca).

X3

Now define the Grothendieck tensor product to be the space
Gn=0n(A1,..., Ap) = L%(X1)®y - - - ®g L7 (Xp),

the completion of the algebraic tensor product L>®(X;)®---®L>*(X,,) in the
norm

O DV N Dol i )
J j J

The infimum is taken over all pointwise representations.
The following theorem is taken from [2, Theorem 1.1]. It is a multilinear
extension of the well-known Grothendieck inequality.

Theorem 2.3 (Blei). For all n > 2, we have the inclusion G, C V,, and there
is a constant ¢, > 0 that depends only on n such that ||d||y, < cnll¢llg, for all
¢ € Gy. In particular, Go = V.

The Grothendieck inequality itself is obtained when n = 2; co = K¢ is the
Grothendieck constant. As a consequence of Theorem 2.3, we have the following
[2, Corollary 2.2]:

Theorem 2.4 (Blei). Every ¢ € G, is integrable with respect to every u € Fy,

and [ ¢pdp = Z;il J f;l) X ® f;") du, whenever ¢ = Z;‘;l f;l) ®X® f;").
Furthermore, | [ ¢ du| < cnll¢llg, |1l 5, where ¢, > 0 is a constant that depends
only on n.

3. Absolute continuity of Fréchet measures

Let (X1,A1),...,(Xn,A,) be measurable spaces and suppose v, ..., v, are
positive o-finite measures on Ay, ..., A, (respectively). A Fréchet measure p €
Ful(Aq, ..., Ay) is said to be absolutely continuous with respect to vy X -+ X vy,



if W(En,...,E,) = 0 whenever v (Ey) = 0 for any k € {1,...,n}. When p is
absolutely continuous with respect to vy X - - X v, we write p < vy X---xXv,. We
remark that these notions coincide with established terminology and notation
when n = 1.

Let V,(v1,...,v) = L®(X1,11)® - - QL® (X, V).

Proposition 3.1. Every element of V,,(v1,...,vy) can be integrated with respect
to any p € Fy, provided p K vy X -+ X Up.

Proof. Let pp € Fn(Ai,..., An). We will show that the set function p deter-
mines a bounded n-linear functional on L (X1, v1)% -+« x L®(X,,, vy, ). We will
construct an iterated integral, like the one in Section 2.

Let (f1,...,fn) € L=®(X1,v1) X - -+ X L™(X,,,v,,). Define a set function on
As x -+ x A, as follows:

,uf1(A25"'aA7l): fl(xl)u(dxlvAQa'~'7An)a (7)

X1
for all (As,...,A,) € A X -+ X A,. For fixed (As,..., A,) € Ay X --- X A,
the set function p(-, Aa,...,Ay) is a measure on A; that is (by assumption)

absolutely continuous with respect to v1. Consequently, the integral in (7) is
well-defined.

The set function py, is an element of F,,_1(As,...,A,). To see this, take
any f1 € L>®(X1) such that f1 = fi a.e.(r1). (Such a function always exists.)
For fixed (Asg,..., A,) € Ay X -+ X Ay,

fl(xl) /j‘(dxla AQ; cet An) = fl(xl) /u‘(dxlv A27 cee 7An)a
X4 X1
because f1 and fl differ on a vq-null set and u(-, Aa, ..., A,) < v1. We already
know the integral on the right determines an element of F,,_1(As, ..., A,) (refer
to Section 2), and so the integral on the left must as well.

We have py, € F,,—1, and so piy, (-, As, ..., Ayp) is a measure on As, for fixed
(As,...,Ay) € A3 x -+ x A,. We claim that the measure py, (-, As, ..., Ay) is
absolutely continuous with respect to vo. To see this, take f; to be a simple
function. In this case, a direct computation shows that p s, (Az, As, ..., A,) =0,
whenever v5(A43) = 0. For general f; € L>(X1,v1), the result follows from the
density of simple functions.

Since pyg, (-, Az, ..., An) < vo for every (As,...,A,) € Az X -+ X Ay, the
set function

[}Jf1®f2(A3,...,An): fg(l’g)ufl(dmg,Ag,...,An)
X

is well-defined, for each (As,...,A,) € Az X -+ x A,.
Continuing recursively, let m € N be such that 2 < m < n, and define a set
function pf g..0f, on Amyr X - x A, by

Hfi®Qfm (Am+17 e ’An) = A fm(xm) Hfi® - ®fm_1 (dl’m, Am+17 e 7A7L)7
(8)



for all (Apmi1,--.,An) € Ami1 X -+ X A,. Using the same reasoning as above,

the set function pf, @07, is an element of F,,_,, (Am+1,--.,Ay), and the mea-
SUTE Ly @@ fon (- Amt2, - -, Ay) is absolutely continuous with respect to vy,41
for each (Apmta,...,An) € Apya X -+- X Ay

Now define

Hf1@@fn :/X fn(xn).ufl®~~®fn71(d$n)~

Certainly, the map (f1,...,fn) = ULfe--ef, I8 n-linear, and by construction,
we have

lipre@in] < I filloo - | fnlloolltin]
Therefore, the map (fi,..., fn) = Lfi9-of, is a bounded n-linear functional
on the space L=°(X1,v1) X -+ X L (X, vp).
Bounded n-linear functionals on L (X7,v1) X -+ x L®(X,,, v,) correspond
to bounded linear functionals on L>®(X1,11)®--- ®L®(X,,, v,). We define the
integral on elementary tensors by

Fn-

/fl ® 0 ® fodp = Hfi® @ fns

and extend to elements of V,,(v1,...,v,) in the natural way:
Jodn=3" [ 1500 fusn,
j=1
where ¢ = Zjoil fi; @ ® fnj O

Naturally, the order of integration in the construction of the iterated integral
in the proof of Proposition 3.1 is irrelevant. Certainly we can construct iterated
integrals in any order, and they must all be equal by Theorem 2.2, since every
function in L°(Xy, ) is equal almost everywhere (with respect to vx) to a
function in L (X%) (for each 1 < k < n).

We will have need of the following, which is essentially a corollary to Theo-
rem 2.2:

Proposition 3.2. Let (X1, A1,11),...,(Xn, An,vn) be measure spaces such
that the measures vy, . .., Uy, are positive and o-finite. Assume p K vy X -+ X Up.
Then

/f1®...®fnd,u:/ fk(xk)u(g#kfj(dxk), 1<k<n,
Xk

fO?" all (f17~ . ,fn) S LOO(Xl,lll) X e X LOO(Xn,Vn)

In the statement of Proposition 3.2, the notation B, f5 refers to the it-
eratively constructed set function (as in (8)), constructed using all functions

f1,--+, fn, except for fy.
Let G, (v1,...,vn) = L®(X1,11)®4 - - - QL2 (X, vp).



Corollary 3.3. Let (X1, A1,v1),..., (Xn, An,vn) be measure spaces such that
the measures vy, ...,Vy, are positive and o-finite and let u <K vy X -+ X vp. If
¢ € Vn(vy,...,vp), then

( / W\ < 18llv, 1y 12l 7.

Furthermore, if ¢ is in G, (v1,...,vy), then

| [dn] < calélg,on il

where ¢, > 0 is the constant from Theorem 2.4.

Proof. This follows from Theorem 2.4 and Proposition 3.1. U

4. Fo-measures

In this section, we will prove the Radon-Nikodym theorem in the special case
n = 2. Much can be said when n = 2, because of the connection (in this case)
between the Grothendieck tensor product and the Haagerup tensor product.
We begin by recalling the Haagerup tensor product for n = 2 and expressing
this connection.

4.1. Haagerup tensor products

Let A and B be operator spaces. (We are interested in the case when each
of A and B is an LP-space for p = 1 or p = o0.) Define the Haagerup tensor
norm on A ® B by

||u\|h:inf{HZaja; 1/2Hijij :u:Zaj@ij}.
J J J

(The sums are finite.) The completion of A ® B in this norm is called the
Haagerup tensor product of A and B and is denoted by A ®;, B. The Haagerup
tensor norm can be defined on the algebraic tensor product of more than two
spaces; in that case, the norm is defined in terms of matrix products and the
interested reader is encouraged to peruse [8].

The w*-Haagerup tensor product Q.«p, is the dual to the Haagerup tensor
product: A* ®+p B* = (A ®y, B)*. The w*-Haagerup tensor product was in-
troduced in [1] for pairs of dual operator spaces and was generalized in [9]. The
extended Haagerup tensor product Q. was introduced in [9] and is defined to
be A ®.p B = CBZ,(A* x B*,C), the space of normal completely bounded mul-
tiplicative multilinear forms. This space can be characterized as the collection
of all A € (A* ®;, B*)* that are weak™ continuous in A* and B* separately; that
is, the maps

1/2

a* = Ala*®@0b5) and b* = Aaf ®b*)



are continuous in the weak*-topologies on A* and B* (respectively) for fixed
ay € A* and b € B*. (See [16] or [9].) The norm on A ®.p, B is the one
inherited from (A4* ®; B*)*.

For dual operator spaces A* and B*, the extended and w*-Haagerup tensor
products coincide [9, Theorem 5.3]. In particular, this implies that

The extended Haagerup tensor product is injective [9, Lemma 5.4], and so A®.p,
B is a closed subspace of A**®., B**. Consequently, A®.;, B is a closed subspace
of a dual space, and as such can be endowed with the weak™-topology of the
larger space.

The next theorem comes from [9, Section 5] and [1, Theorem 3.1]:

Theorem 4.1. Let A and B be operator spaces. If u € A Q.p, B, then u has a
iel

weak™ -representation u =>_._, a; ® b;, and
. 1/2
lellen = inf {|| > asar| [ S vres]
iel iel

where the infimum is taken over all possible weak”-representations of u. Fur-
thermore, there exists a weak” -representation for which the infimum is achieved.

1/2

The index I in the above theorem may be uncountable. When we say there
is a “weak”-representation” of u, we mean there is a representation of u in the
weak*-topology on A ®¢ B inherited from (A* ®;, B*)*. Therefore, for every
(a*,b*) € A* x B*,

(@ @b u) = (ai,a”)(bi,b%) =Tim D (ai, a”) (b, b°), 9)

el €K

where the limit is taken over the directed set of finite subsets K of I. Of course,
for a given (a*,b*) € A* x B*, the sum over I in (9) must be countable, and so
there must exist a countable subset J of I (which depends on a* and b*) such

that
(@ @b, uy = Z(ai,a*ﬂbi,b*). (10)
i€
Remark 4.2. By definition, L>(X) ®; L>®(Y) = L*(X) ®, L>(Y). This is
a result of the two norms having the same definition when n = 2, but it is not
true in general (i.e., for products of three or more).

Remark 4.3. When A and B are L'-spaces, we will use % to denote the operator
space product (to distinguish it from the scalar product of two functions).

4.2. An application: a measure-theoretic Grothendieck inequality

Consider the following theorem [9, Proposition 5.6 & Theorem 5.7]:



Theorem 4.4. Let A and B be operator spaces. Any bounded linear functional
A on A®j B can be extended to a bounded linear functional on A ®¢p B having
the same norm. In particular, if A € (A ®, B)* = A* Q¢ B* has weak”-
representation A =), a7 @ b}, then

A = * * =1 * *

(u) Z<a1®bl,u> h}r{nZ(azQ@bl,u), u € AQep B,
iel ieK

where the limit is taken over the directed set of finite subsets K of I.

Let H be a Hilbert space with inner product (-, -) i, and suppose f : X — H
and g : Y — H are two bounded weakly measurable functions [6, Section II.1].
Let (e;)ier be an orthonormal basis for H and, for each i € I, define

filz) =(f(z),ei)n and gi(y) =(g(y),e)n, (v,y) € X xY.
Then (f,g)mr = > ;cr i ® g5, and

N%: %
|20 0] = su @l sup gl < oo.
icl oo iel 0 reX yeYy

Therefore, (f,g)n € L>®(X) ®en L>®(Y).

Recall that L>®(X) ®p L>®(Y) = L*(X) ®, L>(Y) (Remark 4.2). By The-
orem 2.4, ;i € Fy determines a bounded linear functional on L>(X) ®;, L>(Y),
and hence (via Theorem 4.4) on L>®(X) ®.p L= (Y). Therefore, (f,g) is inte-
grable with respect to any u € F» and, by Theorem 4.4,

/<f,g>Hdu:Z/fi@ogidu:li;glszi@gidu,
el i€EK

where the limit is taken over the directed set of finite subsets K of I, and

| [45.9)m | < Kol(5.9) sl 7. ()

This provides a measure-theoretic version of the Grothendieck inequality.

4.3. The Radon-Nikodym theorem for Fa-measures
Presently, we will provide the first formulation of the Radon-Nikodym theo-
rem for Fp-measures (Proposition 4.5). First, we introduce the following nota-
tion:
(921 = gzl(lll,yg) = Ll()(7 V1)®ehL1(Y, VQ). (12)

Recall that £} is a subspace of Ga(v1,v2)* = Va(v1,10)*.

Proposition 4.5. Let (X, A,v1) and (Y, B,v2) be measure spaces, where vy and
vy are positive o-finite measures. Then p € Fo(A,B) is absolutely continuous
with respect to vy X vy if and only if u corresponds to an element u € £3 (vy, vs)
and

/f®gdu — (fogu), (fg9) € L5(X.m) x I®(Yim).  (13)

10



Proof. First, let u € F2(A, B) be such that p < 17 x 5. We wish to show that
u, defined by (13), is an element of L'(X,v1)®., L (Y,15). By Corollary 3.3,
the bimeasure p determines a bounded linear functional on G,. It remains to
show that u satisfies the required weak®-continuity property. To that end, let

if.g) = /f®gdu7 (£.9) € L®(X, 1) x L=(Y, ).

It suffices to show that ji is weak*-continuous in each argument separately.
Let g(® € L>(Y,12) be given. Define a bounded linear functional A; on
L*> (X7 Vl) by

M= [Feadu fer=(Xom). (14)
By Proposition 3.2,
M) = [ 5@ o ()

The measure p 0 is absolutely continuous with respect to 1 (see the proof of
Proposition 3.1). Therefore, by the (classical) Radon-Nikodym theorem, there
exists a function h € L' (X, v) such that

/ka(x) pgeo (dx) = /Xf(a?) h(z) v1(dx).

Consequently,

Al(f):<hﬂf>7 fELOO(X7V1)7

where (-,-) represents the dual action of L>°(X,v;) on L'(X,r;). This type
of linear functional defines the weak*-topology on L (X, v1), and so is weak™-
continuous. A similar argument shows that g — i(f(%), g) is weak™ continuous
for fixed f(9). Therefore, ;1 determines an element of £, as required.

Now let u € £3. We show u determines an Fo-measure p that is absolutely
continuous with respect to v; x vo. Recall that &1 = LY(X,v1) ®cp, L1 (Y, 15) is
(by definition) a subspace of G5 = (L*°(X,v1) @5, L=(Y, 1/2))*. Denote this dual
action by (-,-).

Define a set function p on A x B by u(A, B) = (14 ® 15, u). We show that
1 is countably additive in each argument separately. It suffices to check the first
argument.

Let (A;)32; be a sequence of pairwise disjoint measurable sets in A. Let
A =2, Aj. For every h e L'(X,11),

N—o0

N
Jim /X ;1Aj(x)h(x)u1(dm)= /X La(2) h(x) v (d2),

by the Lebesgue dominated convergence theorem. Therefore, Z;\le 14, con-
verges to 14 in the weak™-topology on L*°(X,r1). By assumption, the map
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f — (f ® g,u) is continuous in the weak™-topology on L*°(X,v1), for fixed
g € L*™(Y,v5). Consequently, for each B € B,

N
lim (14, ®1p,u) = (14 ® 1p,u).
N —oo
j=1
Therefore, Zjoi1 w(A;, B) = u(A, B), as required.
Next, we show that p has finite Fréchet variation. Let (A;); and (By)g be
finite measurable partitions of A and B, respectively. Without loss of generality,
we may assume j, k € {1,...,N} for some N € N. Let ¢; and 05 be complex

numbers with modulus 1 for each 1 < j,k < N. Finally, let f = Z;V:1 € 1a,
and g = S0, 6, 15, Then

N N
> €ionu(A;By) = Y €0k (1a, @ 1p,,u) = (f ® g,u).
k=1 k=1

By duality, |(f © g,u)| <|[[fllcllgllc ulley = llulley, and so

N
|7 € denlAs, Bu)| < ulley- (15)
J,k=1

The choice of partitions (A;); and (Bg)k, as well as complex numbers €; and
6 with modulus 1, was arbitrary, and hence we conclude that |[uf|z, < [[ullgs-
Therefore, p has finite Fréchet variation, and so is a Fréchet measure.

It remains to show p < 11 X vo. (Note that (13) follows from the density of
simple functions.) By Theorem 4.1, u has a weak*-representation u = Ziel h; ®
ki, where (h;,k;) € L*(X,v1) x LY(Y,vs) for each i € I. Let A€ Aand B € B
be measurable sets. Then 14 and 1 are bounded measurable functions, and
so there exists a countable index J such that

WA, B) = (La@lp,u) = S (h, 1a) (i, 1) = Z/ hi(x) ki) (v xv2) (dx, dy).
ieJ icg Y AXB

Suppose that 141 (A) = 0 or vo(B) = 0. For each i € J, the functions h; and k;
are integrable, and hence

/ () ko) | (1 % v2) (d, dy) = 0.
AxB

Thus,
(A, B)[ <Y |hi(2) ki ()| (v1 % 12)(dz, dy) = 0. (16)
icg JAXB
Therefore, u is absolutely continuous with respect to v; X vs. O

If (X, A,v1) and (Y, B, ) are positive o-finite measure spaces, then denote
by Fa(v1,v2) the collection of all bimeasures on .4 x B that are absolutely
continuous with respect to vy X vs.

12



Corollary 4.6. Let (X, A,v1) and (Y, B,vs) be measure spaces with v1 and vy
positive o-finite measures. Then Fa(v1,ve) = LY (X, v1) ®cn LYY, v2). Further-
more, if u € Fa(v1,1a) corresponds to u € £ (as in Proposition 4.5), then

lullz < llulley < Ka llull 7

Proof. Tt follows from Proposition 4.5 that the two spaces coincide. It remains
only to show the relationship between the norms. For A € A and B € B,

(A, B) = /1A®13 dp= (14 ® 1p,u),

and consequently [|ul|z, < [luf¢1, using the argument that p is an Fo-measure
from Proposition 4.5. (See (15).)

Next, recall that the norm on the extended Haagerup tensor product £1 =
L' (v1) ®ep, L (1) is inherited from G5 = (L*°(v1) ®p L*°(15))*. Consequently,
|ulles = sup[{¢,u)|, where the supremum is taken over all ¢ € G, such that
llollg, < 1. Since the algebraic tensor product L (v1) ® L (v2) is dense in Go,

it suffices to consider ¢ as the finite sum of elementary tensors. In this case, it
is easy to see that (¢,u) = [ ¢du. By Corollary 3.3,

| [odu| < allolc, .

Therefore, [[uflgs < 2 [|u]| 7, as required, recalling that c2 = K. O

Suppose u € £3(v1,v2). By Theorem 4.1, there exists a weak”-representation
of the element u, say u = _._; h; @ k;, where h; € L*(X,11) and k; € L*(Y, 1)
for each ¢ € I, and

el

1/2
< 0.

oo

H S hixhi WH Sk
il > Vel

This representation need not be unique, and I, which we call the associated
index set, may be uncountable. We define a function ¥ on X x Y by

Gl y) =D hi()kiy), (.)€ X xY. (17)

iel
The sum in (17) is generally uncountable, and so there is no reason to assume
that ¢ (x,y) exists in a pointwise sense. We call ¥ a function and write 9 (z, y)

merely for convenience. We express v in terms of nets. Consider the directed
set {K : K C I} of finite subsets K of I. Then

V() =lim Y hi(x) ki(y), (2.y) € X xY,
ieK
where the limit is actually a weak® limit taken over all finite subsets K of I.
For each finite subset K of I, define

Yr(,y) =Y hi@) ki(y), (z,y) € X x Y. (18)
€K

13



Then v = limg ¥k, where K is taken from the finite subsets of I. Note that
i does determine an integrable function on X x Y, and so ¢k (z,y) does have
a meaning.

Let ¥ be given by a weak™-representation of u, as in (17). Let

> ki
el

Denote by p(u) the collection of all functions v that are weak*-representation
of u, as defined in (17), for which [[¢[|,) < oo. Then |[ullgz = inf{||¢[| () :
¥ € p(u)} and there exists a ¢ which achieves this infimum (see Theorem 4.1).
In particular, p(u) is not empty.

1/2 1/2
.

[ty = | 3 b b
icl

o

Remark 4.7. If 1k is defined as in (18), then i € L'(X xY, vy X v3) whenever
K is finite. Thus, v is the limit of a net of integrable functions, even though 1
itself will in general not be integrable.

Remark 4.8. Let u € & and let ¢ € p(u) be such that [[¢[| ) = [lulle;. We

think of ¢ as being a representative of u in £, and so we (inaccurately) say
Y € & and write [¥lles for flulles-

We now state and prove the Radon-Nikodym theorem for bimeasures:

Theorem 4.9. Let (X, A) and (Y,B) be arbitrary measurable spaces and let p
be in Fo(A,B). Suppose v1 and ve are positive o-finite measures on A and B
(respectively). If i < vy X vo, then there exists a ) € E3 such that

/ by = /X 0wy Ulay) (1 x ) (d )

for all ¢ € Va(vi,v2), and | [ ¢dul < [[]lv, [¥]lez-

Proof. Because 9(x,y) is shorthand for a limit, the integral appearing in the
statement of the theorem is also a limit. What we mean to say is

[odu=tim [ o) viclog) (1 x va) o dy).
XxXY

This limit exists, by assumption.

By Proposition 4.5, we view p as an element of L*(X,v1)®., L (Y, 12). By
Theorem 4.1, i can be given a weak™-representation ¢ = >, h; ® k;, where I
is an index set and h; € L'(X,v;) and k; € L'(Y, 1) for each i € I, and such
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that [|¢]| () = l[pllez. Then, for (f,g) € L>=(X,v1) x L=(Y, 1),

[ F09du=1£©9.6) = s, 1) {kis9)

i€l

- ZK /X  F@)a) hi@lki(y) (v x ), dy) "
=tim [ f@)g() (3 hile)ki) (1 % v2) (d, dy)

K
Axy €K

= lilr(n f(@)g(y) vx(z,y) (v1 x v2)(dx, dy),
XY

where the limit is taken over finite subsets K of I. In (19), we implicitly made
use of Fubini’s theorem, which can be done because i € Ll(ul X vg) for each
finite index set K.

Now let ¢ € L>(X,v;) ® L=(Y,1»). For any € > 0, the function ¢ can
be given a pointwise representation ¢(x,y) = Z;\Ll fi(@) g;(y), where (z,y) €
XxY,NeN, fj € L°(X,v) and g; € L>(Y, ) for each j € {1,..., N}, and
such that Z;V:1 HfjHong]Hoo < ||9|lv, + €. Because the sum is finite, we have

N N
/¢d/£: Z/fj ® g dp = Z<fj ® gj,¥)
N
—tim [ (D2 L@ dxclay) (1 x va)(da, dy)

K
XxY =1

= lim o(x,y) Y (2, y) (V1 X v2)(dz, dy).
XxXY

We thus conclude that
[odu= [ ola) vl o x v dn,dy).
XY

By choice of representations,

N e}
| [odu] =345 0 00 < 3165 losllc Iley < (U6l + €) Bl
j=1 j=1

Taking the infimum over pointwise representations of ¢, we have ’ i (;Sdu‘ <
[llv, [[¥]ler- Because L*(11) ® L>(r2) is dense in Va(v1,12), the proof is
complete. O

Definition 4.10. If ¢ € £} corresponds to u € Fo(vy,v2) as in Theorem 4.9,
we call ¢ a derivative of p with respect to v X vs.
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Corollary 4.11. Let (X, A,v1) and (Y, B, v2) be positive o-finite measure spaces.
If ¢ is a function in E3(v1,1ve) and

w(A,B) = s Y(z,y) v1(dx) va(dy), (A,B) € AxB,

then u € Fo(v1,v2) and ¢ is a derivative of p with respect to v X va.
Proof. This is a consequence of Proposition 4.5 and Theorem 4.9. O

In Theorem 4.9, the integral [ ¢ du was written in terms of integration over
the product space (X X Y,v; X 1v9). The integral can also be iterated in the
following sense:

Proposition 4.12. Let (X, A,v1) and (Y,B,v2) be positive o-finite measure
spaces. If ¥ € LY(v1) ®epn LY (v2), then

/ f(@) g(y) ¥ (x,y) (v1xve)(dz, dy) :/
XxXY

X

@) ([ o) vty vatan) ) (o),

for all (f,g) € L>®(v1) x L™ (va).

Proof. For each z € X, let ¥4(z) = [y 9(y) ¥(z,y) va(dy). Let 1) have weak”

representation 1 = >, h; ® k;. Then

wy(a) =tim [ gu) 3 hala)hi(y) valdy) =lim S ha(o) [ oo ) vald),
Y ieK ieK Y
where the limit is taken over finite subsets K of I. Thus,
Vg :lllrgl;(hka :;hxki,g» (20)

The object in (20) is known as a right slice. (See, for example, [8, 16].) It is
known (e.g., [16, Theorem 2.4]) that the right slice of an element in the extended
Haagerup tensor product A ®., B lies in the operator space A. It follows that
Yy € L' (7). In fact, if we choose € : X — C with |e(z)| = 1 a.e.(11) such that

/X’/Yg(y)w(:z:,y) Vz(dy)‘l/l(dx):/xe($) </Yg(y)q/)(g;7y) ,,Q(dy)) v (de),

then
gl L1 () = (€@ g,9) < |lelloollglloc 1¥]ler = llglloc ]l es-

It remains to show the equality, but this follows from the dominated conver-
gence theorem, because, for given f and g, the sum defining v can be taken to
be countable. O

Corollary 4.13. If p € Fa(vi,10) has derivative ¢ and g € L™ (v3), then
1 (d2) = g 1 (d).
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Remark 4.14. From Corollary 4.6, we see that the Fo-measures that are abso-
lutely continuous with respect to 14 x 5 coincide with the elements of Ga(vy, v2)*
that satisfy a certain weak*-continuity property. By Theorem 2.3, we may iden-
tify Go(v1,1v2) with Vo(vy,14), and consequently, we see that Fa(vq,12) cor-
responds to the bounded bilinear functionals on L™ (v1) x L*(ry) that are
weak™-continuous in each argument separately. It is the weak™-continuity prop-
erty that coincides with countable additivity. It is easy to see, then, that the full
space Ga(v1,12)* corresponds to the space of finitely additive Fréchet measures
on A x B that are absolutely continuous with respect to vy X vs.

5. A characterization of L' (v1) ®; L' (v2)

Let (X, A) and (Y, B) be measurable spaces and let 11 and vy be positive
o-finite measures on A and B, respectively. Denote by Py = L' (1)@ L (o) the
completion of L!(v1)®L (1) in the injective tensor norm:

[llp, = sup {[(f,9)] : [Ifllec <1, llglloc < 1}

(We use the letter P because of the relationship to Pettis integrable functions;
see, for example, [6, Chapter VIII].)
Suppose ¢ € L'(v1) @ L' (1p), say ¢ = 37" hi ® k;. Then, for (f,g) in
L*>®(v1) x L*®(va),
m
6(F,0) = S ki, f) (i, g) = /X 1)) (w.9) (o x va) (. d).
N X

Jj=1

Since the sum is finite, the element 1 determines an L'-function on X x Y, and
so the set function

W(E. F) = /X (o) 16(o) U)o )

determines a measure on A x B.

Let us compute the Fréchet variation of y: Let (E,,,)M_; be a finite measur-
able partition of A, and let (F,,)Y_; be a finite measurable partition of B. Next,
let €, and d,, be complex numbers having modulus 1 for each 1 < m < M and
1 < n < N. Furthermore, let f = Z%:l em 1, and g = 22;1 0n 1p,. Then

ZeménM(EaF) = Z/X YGm]—Em ®6n1andV = '(/)(fag)
m,n m,n X

Consequently,
< [1¥llp,-

‘ Z €m On /L(Efan)

The choice of partitions and scalars was arbitrary, and so we conclude that
ull7 < NYllp,-
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We have that ||¢||7’2 < H¢||L1(V1)®hlz1(1/2) = ”w”Ll(Vl)@ehLl(Vz)' (The last
equality following from the fact that the Haagerup tensor product maps into
the extended Haagerup tensor product by a completely isometric injection; see
[9].) By Corollary 4.6, |¥|l1 @it < Kallpllrs,. Putting all of these
inequalities together, we have

[Pllp, < MllLrneniies) < Kellullr < Kell¢ e,

Thus, the norms |||/ 11 ()@, 11 () and ||-||p, are equivalent. Since both L*(11)®p,
LY(v5) and Py are completions of L!(11)® L1 (1), and the norms are equivalent,
we conclude the two spaces are the same. To summarize:

Proposition 5.1. If (X, A, v1) and (Y, B, v2) are positive o-finite measure spaces,
then L'(11)®L' (v2) = L'(v1) @n L'(2) and || - lp, < | lrwentien) <
Kg|l - |p,, where K¢ is the Grothendieck constant.

Remark 5.2. We let F5(N,N) denote the Fréchet measures on N x N. It is
known (for example, [3, Equation IV.6.9]) that F»(N,N) = /1&¢. This is a
consequence of the density of the algebraic tensor norm ¢'®¢' in the space
F2(N,N) [3, Theorem IV.6]. Proposition 5.1 can be viewed as a non-discrete
analogue of this result.

6. The general case

Our goal is to generalize the arguments of Section 4.3 to F,,-measures for n >
3. In dimensions greater than two, however, the Grothendieck and Haagerup
tensor products of L°°-spaces do not coincide, and so we can no longer work
within the framework of the extended Haagerup tensor product. We will over-
come this obstacle by defining the extended Grothendieck tensor product for
L'-spaces.

Let (X1, A1,v1),...,(Xn, An,vn) be positive o-finite measure spaces. We
define the extended Grothendieck tensor product L' (X7, V1) ®eg- - -(X)eng(Xm Vn)
to be the collection of all bounded linear maps A € (L>®(X1,11) ®g -+ Qq
L (X, vn))* = Gun(vr, ..., vy)* such that, for each j, the map

fi=AMA® - Qfi® @ fn)

is continuous in the weak”-topology on L>(X,v;) for fixed fi € L™ (Xy,v),
k # j. We take the norm || - [|¢g on L' (X1,11) ®eg - ®eg L' (X, ) to be the
one inherited from G, (v1, - ,vp,)*.

Let

g% = 5711(1/11”'71/71) = Ll(X17V1)®eg"'®egL1(Xn»Vn)~ (2]—)

In Section 4.3, we introduced the symbol €3 to denote the space L'(X,v1) ®cp
L'(Y,v3). (See (12).) This does not result in any ambiguity, however, because
the extended Haagerup and extended Grothendieck tensor products coincide in
this case.
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If ue &L (v1,...,vm), we denote by p(u) the collection of all functions

W, w) = Y g @) g (@a), (wr . m) € Xo X o x Xy, (22)
iel
such that v = Y, ; ggl) ®-® ggn) is a weak*-representation of u in L. As
in the case n = 2, the sum in (22) is generally uncountable and 1 may not
actually be a function. For convenience, we think of ¢ as being a function that
represents u in £} and we say 1 € £, and write [[¢][¢1 for [lull¢: .
Let F,(v1,...,vs) denote the collection of p € F,(A1,...,A,) that are
absolutely continuous with respect to vy X --- X v,.

Theorem 6.1. Let (X1, A1,v1),...,(Xn, An,vn) be positive o-finite measure
spaces. Then p € Fp(v1,...,vy) if and only if there exists a u € EL(v1,...,vy)
such that

/f1®-~~®fndu:<f1®~~-®fn,u>, foe LX), 1<k<n.

If p € Fy corresponds to w € E}, then ||ullx, < |ullex < cullullz,, where ¢, is
the constant in Theorem 2.3. Furthermore, if ¢ € p(u), then

/¢dM:/X x d(x1,.. . xn)U(x1, . m,) (V1 X - X vy (de, . . day),

for all ¢ €V, (v1,...,v), and | [ ¢du| < |¢| Ver.

Proof. Let u € Fp(A1, ..., A,) be such that p < vy X - x1,. We wish to show
that the corresponding u is an element of L'(X1,11)®eq - - @eg L (Xpn, V). Let

Vn

ﬂ(flvvfn):/fl(g)@fndﬂ,

for all (f1,...,fn) € L™®(X1,11) X -+ x L®(X,,vy,). It suffices to show that
[i is weak™-continuous in each argument separately. Fix some k € N such that
1 < k < n. For each j # k, let f;o) € L>(X,,v;) be given. Define a bounded
linear functional Ay on L>°(Xy, vg) by

Ar(fr) = /ffo) @ @@ @ fDdu,  fr€ L®(Xp,v).  (23)

By Proposition 3.2,

Aw(fr) = i fk(xk)u®#kf;o) (dxy,).

The measure lg ) is absolutely continuous with respect to vy (Propo-
i

W 5
sition 3.1), and so (by the Radon-Nikodym theorem) there exists a function
gr € LY (X, v,) such that

fr(wk) H, .y 10 (dz) = | fe(zr) gr(xr) ve(dzy).

Xk Xk
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Consequently,
Ai(fi) = (ks )y fr € L( X, k),

where (-,-) represents the dual action of L>(Xy,v.) on L'(X},v,). Since this
is weak™-continuous, and the choice of k was arbitrary, it follows that wu is
an element of £}, as required. The remaining claims are proved using similar
arguments to those used in the proofs of Proposition 4.5, Corollary 4.6, and

Theorem 4.9. O

As in the case n = 2, if ¢ € £} corresponds to u € F,, as in Theorem 6.1,
we call ¢ a derivative of p with respect to vy X -+« X v,.

7. A bounded convergence theorem?

The purpose of this note was to generalize the Radon-Nikodym theorem to
Fréchet measures. This complements the generalization of the Riesz represen-
tation theorem mentioned in the introduction. (See (2).) It is natural to ask if
the bounded convergence theorem can be similarly generalized.

Question 7.1. Let (X1, A1,11),...,(Xn, An,vn) be positive o-finite measure
spaces, and suppose that p € Fp(v1,...,vy). Let (¢r)52, be a sequence of func-
tions that converge a.e.(v1 X+ - +xXvy,) and are uniformly bounded in V,, (v1,...,vp);
i.e., supy, ||dkllv, < 0o. Is it true that ¢ = limg_,o0 ¢ a.€.(v1 X -+ X 1) is in-
tegrable with respect to p, and does it follow that [ ¢ du = limg_,o0 [ ¢ du?

Functions of the type ¢ in Question 7.1 are members of the tilde algebra
of Vi(vi,...,vn). Recall that V, = V,(v1,...,v,) = L‘X’(ul)@ e @L‘X’(yn).
The tilde algebra of V,,, which is denote by 17n, is the collection of functions on
X = X1 x---x X, that are almost everywhere (with respect to v = vy X -+ X1y,
limits of functions ¢ € V,,(v1, ..., Vy), where the sequence (¢x)52 , is uniformly
bounded in the V,, norm. That is,

V, = {¢ EL®(X,v):¢= klim or a.e.(v), sup||orllv, < oo}. (24)
— 00 k
The space ]N/n becomes a Banach algebra when equipped with the norm
ol = inf { sup ||¢kllv, : ¢ = lim ¢ a.e.(v), sup||oklly, < oo}7 (25)
n k k—o0 k

Because Question 7.1 is a question about the integrability of functions in the
tilde algebra of V,,, it is sometimes called the tilde problem.
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