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Optimizing nonzero-based sparse matrix partitioning models via reducing latency *
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Abstract

Nonzero-based fine-grain and medium-grain sparse matrix partitioning models attain the lowest communication volume and com-
putational imbalance among all partitioning models due to their larger solution space. This usually comes, however, at the expense
of a high message count, i.e., high latency overhead. This work addresses this shortcoming by proposing new fine-grain and
medium-grain models that are able to minimize communication volume and message count in a single partitioning phase. The new
models utilize message nets in order to encapsulate the minimization of total message count. We further fine-tune these models by
proposing delayed addition and thresholding for message nets in order to establish a trade-off between the conflicting objectives of
minimizing communication volume and message count. The experiments on an extensive dataset of nearly one thousand matrices
show that the proposed models improve the total message count of the original nonzero-based models by up to 27% on the average,
which is reflected on the parallel runtime of sparse matrix-vector multiplication as an average reduction of 15% on 512 processors.

Keywords: sparse matrix, sparse matrix-vector multiplication, row-column-parallel SpMV, load balancing, communication
overhead, hypergraph, fine-grain partitioning, medium-grain partitioning, recursive bipartitioning.

1. Introduction s due to their higher flexibility in distributing the matrix nonze-
27 ros. Examples of 2D models include checkerboard [8, [14],
jagged [14], fine-grain [14}[15], and medium-grain [10]] models.
Among these, the fine-grain and medium-grain models are re-
ferred to as nonzero-based models as they obtain nonzero-based

Sparse matrix partitioning plays a pivotal role in scaling ap-
. . . . . . . 28
plications that involve irregularly sparse matrices on distributed
. . 29
memory systems. Several decades of research on this subject

30
led to elegant combinatorial partitioning models that are able to . .. . .
address tl%e needs of these api)licationsg a1 matrix partitions, which are the most general possible [7].

A key operation in sparse applications is the sparse matrix- > .Argong all mo@els, the ﬁn'e -grain model adopts the ﬁn'est par-
vector multiplication (SpMV). The irregular sparsity pattern ® titioning granularity by treating the nonzeros of the matrix as in-
of the coefficient matrix in SpMV necessitates a non-trivial * dividual units, which leads it to have the largest solution space.

parallelization, usually achieved through combinatorial models = For this reason,.lt achieves the lowest c.ommumcatlon volume
based on graph and hypergraph partitioning. Graph and hyper- * and the lowest imbalance on computational loads of the pro-
graph models prove to be powerful tools in their immense abil- a7 cessors [[14]. Since the nonzeros of the matrix are treated in-
ity to represent applications with the aim of optimizing desired * ?ﬁwdually n thelﬁne-gram modle.II; tlh ¢ tnol;l zerostttha;btelongltt.o
parallel performance metrics. The literature is rich in terms of * ¢ same row/column are more likely to be sca erec to multi-
such models for parallelizing SpMV [T, 21 31 &, 5L 16, 77, 8, 01 [10}, *° ple processors compared to the other models. This may result
[1L 112, T3], We focus on the hypergra’lpll Ir’lo:iel’s ;15 ,th(;y 7cor-’ « in a high message count and hinder scalability. The fine-grain
rec,tly ,encapsulate the total communication volume in SpMV * hypergraphs have the largest size for the same reason, causing

and the proposed models in this work rely on hypergraphs. The * this model to have tl}e highe'st partitioning over.head. ”'l“h'e e
hypergraph models for SpMV are grouped into two depending “ cently proposed medium-grain model [10] alleviates this issue

on how they distribute the nonzeros of individual rows/columns * by operating on groups of nonzeros instead of individual nonze-
of the matrix among processors: if all nonzeros that belong to a ros. The medium-grain model’s partitioning overhead is com-

row/column are assigned to a single processor, then they are s parable t,o thpse of the 1,D models, (i.., quite low), while l,t S
called one-dimensional (1D) models [T, otherwise, they are * communication volume is comparable to that of the fine-grain

called two-dimensional (2D) models. The 2D models are gener- model.

ally superior to the 1D models in terms of parallel performance ® The nonzero-based models attain the lowest communication
st volume among all 1D and 2D models, however, the overall

*This work was supported by The Scientific and Technological Research % communication cost 1s not qetermmed.by the VOlun.]e O.nly’ but
Council of Turkey (TUBITAK) under Grant EEEAG-114E545. This article is 53 better formulated as a function of multiple communication cost

also based upon work from COST Action CA 15109 (COSTNET). s« metrics. Another important cost metric is the total message

g;rar?;szzg;?i ju:f;r 0cs. bilkent. edu. tr (Seher Acer). ss count, which is not only overlooked by both the fine-grain and
rehacs.bilkent.edu. tr (Oguz Selvitopi), ss medium-grain models, but also exacerbated due to the having
aykanat@cs.bilkent.edu.tr (Cevdet Aykanat) 57 nonzero-based partitions. Among the two basic components of
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the communication cost, the total communication volume de-
termines the bandwidth component, whereas the total message
count determines the latency component.

In this work, we propose a novel fine-grain model and a novel
medium-grain model to simultaneously reduce the bandwidth
and latency costs of parallel SpMV. The original fine-grain [[15]]
and medium-grain [10] models already encapsulate the band-
width cost. We use message nets to incorporate the minimiza-
tion of the latency cost into the partitioning objective of these
models. Message nets aim to group the matrix nonzeros and/or
the vector entries in the SpMV that necessitate a message to-
gether. The formation of message nets relies on the recursive
bipartitioning paradigm, which is shown to be a powerful ap-
proach to optimize multiple communication cost metrics in re-
cent studies [16, [17]. Message nets are recently proposed for
certain types of iterative applications that involve a computa-
tional phase either preceded or followed by a communication
phase with a restriction of conformal partitions on input and1s
output data [17)]. 1D row-parallel and column-parallel SpMV
operations constitute examples for these applications. This'®
work differs from [[L7] in the sense that the nonzero-based par-117
titions necessitate a parallel SpMV that involves fwo commu-11s
nication phases with no restriction of conformal partitions. Weris
also propose two enhancements concerning the message nets to1zo
better exploit the trade-off between the bandwidth and latencya
costs for the proposed models. 122

The existing partitioning models that address the bandwidthrzs
and latency costs in the literature can be grouped into two ac-ra
cording to whether they explicitly address the latency cost (theizs
bandwidth cost is usually addressed explicitly). The modelsizs
that do not explicitly address the latency cost provide an up-1zs
per bound on the message counts [8l [14} [18]. We focus onizs
the works that explicitly address the latency cost [[L7, [19] 20],12s
which is also the case in this work. Among these works, theiso
one proposed in [19]] is a two-phase approach which addressess
the bandwidth cost in the first phase with the 1D models and thess:
latency cost in the second phase with the communication hyper-iss
graph model. In the two-phase approaches, since different costiss
metrics are addressed in separate phases, a metric minimized iniss
a particular phase may get out of control in the other phase. Ourizs
models fall into the category of single-phase approaches. Theis
other two works also adopt a single-phase approach to addressiss
multiple communication cost metrics, where UMPa [20] uses arss
direct K-way partitioning approach, while [[17]] exploits the re-140
cursive bipartitioning paradigm. UMPa is rather expensive asia
it introduces an additional cost involving a quadratic factor ini
terms of the number of processors to each refinement pass. Ouriss
approach introduces an additional cost involving a mere loga-s
rithmic factor in terms of the number of processors to the entiress
partitioning. 146

The rest of the paper is organized as follows. Section 2] givesis
background on parallel SpMV, the fine-grain model, recursivesss
bipartitioning, and the medium-grain model. Sections [3| and @}«
present the proposed fine-grain and medium-grain models, re-1so
spectively. Section [5|describes practical enhancements to thesess:
models. Section [6] gives the experimental results and Section [7}s
concludes. 153

2

Algorithm 1 Row-column-parallel SpMV as performed by pro-
cessor Py

Require: A, X;

> Pre-communication phase — expands on x-vector entries
Receive the needed x-vector entries that are not in Xj
Send the x-vector entries in X; needed by other processors

> Computation phase

y;k) “— ygk) +a;iX; for each a;; € Ay

> Post-communication phase — folds on y-vector entries

Receive the partial results for y-vector entries in Y and
compute y; < ), yl@ for each partial result yl@

Send the partial results for y-vector entries not in Y

return Y,

2. Preliminaries

2.1. Row-column-parallel SpMV

We consider the parallelization of SpMV of the form y = Ax
with a nonzero-based partitioned matrix A, where A = (q; ;) is
an n, X n. sparse matrix with n,; nonzero entries, and x and y
are dense vectors. The ith row and the jth column of A are re-
spectively denoted by r; and c¢;. The jth entry of x and the ith
entry of y are respectively denoted by x; and y;. Let A denote
the set of nonzero entries in A, thatis, A = {a; ; : a;; # 0}. Let
X and Y respectively denote the sets of entries in x and y, that

is, X = {x1,...,x, } and ¥ = {y1,...,y, }. Assume that there
are K processors in the parallel system denoted by Py, ..., Pg.
Let HK(‘?{) = {ﬂl’ ce 9\?{1(}’ HK(X) = {Xl’ e sXK}, and

MgY) = {(Y,..
Y, respectively.

Given partitions Ig(A), [g(X), and Ix(Y), without loss
of generality, the nonzeros in A; and the vector entries in X}
and Y are assigned to processor P;. For each a;; € A, P
is held responsible for performing the respective multiply-and-
add operation y5k> — yfk) + a; jx;, where ygk) denotes the partial
result computed for y; by Pr. Algorithm [T] displays the basic
steps performed by Py in parallel SpMV for a nonzero-based
partitioned matrix A. This algorithm is called the row-column-
parallel SpMV [19]]. In this algorithm, Pj first receives the
needed x-vector entries that are not in X from their owners
and sends its x-vector entries to the processors that need them
in a pre-communication phase. Sending x; to possibly mul-
tiple processors is referred to as the expand operation on x;.
When P; has all needed x-vector entries, it performs the local
SpMV by computing yl(.k) — yl(.k) + a; jx;j for each a;; € HAy.
Py, then receives the partial results for the y-vector entries in
Y, from other processors and sends its partial results to the
processors that own the respective y-vector entries in a post-
communication phase. Receiving partial result(s) for y; from
possibly multiple processors is referred to as the fold operation
on y;. Note overlapping of computation and communication is
not considered in this algorithm for the sake of clarity.

For an efficient row-column-parallel SpMYV, the goal is to find
T (A), T (X), and I (Y) with low communication overhead

., Y} denote K-way partitions of A, X, and
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Figure 1: A sample y = Ax and the corresponding fine-grain hypergraph. 14

and good balance on computational loads of processors. Sec—195
tions [2.2] and [2.4] respectively describe the fine-grain [8] and’ j
medium-grain [10] hypergraph partitioning models, in which'
the goal of reducing communication overhead is met partlally198
by only minimizing the bandwidth cost, i.e., the total commu-
nication volume. Vector partitions ITg(X) and [1g(Y) can also
be found after finding g (A) [19,121]]. This work, on the other

hand, finds all partitions at once in a single partitioning phase.

200

2.2. Fine-grain hypergraph model

201

In the fine-grain hypergraph H = (V, N), each entry in A,
X, and Y is represented by a different vertex. Vertex set Vo
contains a vertex v?j for each a;; € A, a vertex vjf for each,,

x;j € X, and a vertex v; for each y; € Y. That is, 205
206

{V)lc,... vx}U{\f{,---,VX,.}- 207

>V,

(V:{v{l

ijaij #0ru

Vi ; represents both the data element ¢; ; and the computational

task y; < ; +a; ;x; associated with a; ;, whereas v} and v, only

represent the input and output data elements x; and y;, respec-zs

tively. 209

The net set NV contains two different types of nets to representaio
the dependencies of the computational tasks on x- and y-vector

entries. For each x; € X and y; € Y, N respectively contalns »

the nets n* i and n That is,

212

N:{n)f,...,nﬁ(}U{nyl,...,ni;r}. 213

214

Net 77 represents the input dependency of the computational,

tasks on x;, hence, it connects the vertices that represent these
tasks and v;. Net nlv represents the output dependency of the,,,
computational tasks on y;, hence, it connects the vertices that,,,
represent these tasks and v). The sets of vertices connected by,
n; and nf are respectively formulated as

15

216

220
221

Pins(nx) = {v;.} U {V?,_j ta.; # 0} and -

Pms(n ) ={}u v, rai; #0}. 223

224

‘H contains n,; +n.+n, vertices, n. +n, nets and 2n,; +n.+n,,,_
pins. Figure T|displays a sample SpMV instance and its corre-
sponding fine-grain hypergraph. In H, the vertices are assigned
the weights that signify their computational loads. Hence,,,
w(vzj) =1 for each vzj € V as v;  represents a single multiply-

226

227

229
and-add operation, whereas w(v}) = w(v}) = 0 for each Vi€ Vi

and v! € V as they do not represent any computation. The netszs

3

are assigned unit costs, i.e., c(nf]f) = c(nf) = 1 for each n’l‘ eN
andn, € N.

A K-way vertex partition Tg(H) = {V1,...,Vk} can be
decoded to obtain Ig(A), Tx(X), and Tx(Y) by assigning the
entries represented by the vertices in part Vj to processor Py.
That is,

A = {alj E (Vk}
X =1{x A,.vje(Vk} and
Yie=1{yi:v. e Vi)

Let A(n) denote the number of parts connected by net n in
Mg (H), where a net is said to connect a part if it connects at
least one vertex in that part. A net n is called cut if it connects
at least two parts, i.e., A(n) > 1, and uncut, otherwise. The
cutsize of IIx () is defined as

cutsize(Tig(H)) = Z c(m)(An) — 1).

neN

ey

For a given I1g(H), a cut net nx (ny ) incurs an expand (fold) op-
eration on x; (y;) with a Volume of /l(n)‘) -1 (/l(ny )—1). Hence,
cutsize(Ilg(H)) is equal to the total commumcatlon volume in
parallel SpMV. Therefore, minimizing cutsize(Ilx(H)) corre-
sponds to minimizing the total communication volume.

In Mg (H), the weight W(Vy) of part V is defined as the sum
of the weights of the vertices in Vi, i.e., W(Vi) = Xyeq, w(V),
which is equal to the total computational load of processor Py.
Then, maintaining the balance constraint

W((Vk) < Wuvg(l + 6), fork = 1,. ..,K

corresponds to maintaining balance on the computational loads
of the processors. Here, W,,, and e denote the average part
weight and a maximum imbalance ratio, respectively.

2.3. Recursive bipartitioning (RB) paradigm

In RB, a given domain is first bipartitioned and then this bi-
partition is used to form two new subdomains. In our case, a
domain refers to a hypergraph () or a set of matrix and vec-
tor entries (A, X, Y). The newly-formed subdomains are re-
cursively bipartitioned until K subdomains are obtained. This
procedure forms a hypothetical full binary tree, which contains
[log K1+ 1 levels. The root node of the tree represents the given
domain, whereas each of the remaining nodes represents a sub-
domain formed during the RB process. At any stage of the RB
process, the subdomains represented by the leaf nodes of the
RB tree collectively induce a partition of the original domain.

The RB paradigm is successfully used for hypergraph parti-
tioning. Figure [2]illustrates an RB tree currently in the process
of partitioning a hypergraph. The current leaf nodes induce a
four-way partition II4(H) = {Vy, V2, V3, V4} and each node
in the RB tree represents both a hypergraph and its vertex set.
While forming two new subhypergraphs after each RB step, the
cut-net splitting technique is used [[1] to encapsulate the cutsize
in (I). The sum of the cutsizes incurred in all RB steps is equal
to the cutsize of the resulting K-way partition.
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Figure 2: The RB tree during partitioning H = (V, N). The current RB tree
contains four leaf hypergraphs with the hypergraph to be bipartitioned next be-2gs
ing Hy = (V1. N1).

2.4. Medium-grain hypergraph model

In the medium-grain hypergraph model, the sets A, X and Y
are partitioned into K parts using RB. The medium-grain model,,
uses a mapping for a subset of the nonzeros at each RB step.,
Because this mapping is central to the model, we focus on a
single bipartitioning step to explain the medium-grain model.
Before each RB step, the nonzeros to be bipartitioned are first
mapped to their rows or columns by a heuristic and a new hy-
pergraph is formed according to this mapping.

Consider an RB tree for the medium-grain model with K’z
leaf nodes, where K’ < K, and assume that the kth node from272
the left is to be bipartitioned next. This node represents Ay,
Xy, and Y in the respective K’-way partitions {Aj, ..., Ay },2™
{Xi,...,Xg}, and {Y,,..., Y} First, each a;; € A is?s
mapped to either 7; or ¢;, where this mapping is denoted by2
map(a; ;). With a heuristic, a;; € Ay is mapped to 7; if r; has7
fewer nonzeros than c; in Ay, and to c; if ¢; has fewer nonze-278
ros than r; in Ay. After determining map(a; ;) for each nonzero?r
in Ay, the medium-grain hypergraph H;, = (Vi, Ny) is formedz
as follows. Vertex set Vy contains a vertex v? if x; is in Xj orz
there exists at least one nonzero in A, mapped to c;. Similarly,z2
V, contains a vertex v[y if y; is in Y or there exists at least one?s

nonzero in A, mapped to r;. Hence, v} represents x; and/or thez
nonzero(s) assigned to c;, whereas vf represents y; and/or the®®

nonzero(s) assigned to r;. That s, 28

YV = {vjf :xj € Xporda,j € A s.t. map(ayj) = ¢j} U
{Vly Yy € Y, or da;; € Ay s.t. map(a;,) = r;}.

287

288

Besides the data elements, vertex v;?/vf represents the group ofase
computational tasks associated with the nonzeros mapped t0zq
them, if any. 291
The net set NV, contains a net nj‘ if A; contains at least oneze

nonzero in c¢;, and a net nf if A, contains at least one nonzerozes
in r;. That is, 294
295

Ni = {nf : Ha,,j € AU {I’li 2 da;, € Ar). 296

297

n; represents the input dependency of the groups of computa-,
tional tasks on x;, whereas n: represents the output dependencyass
of the groups of computational tasks on y;. Hence, the sets ofano

4

X Xy X3 X,

XX XX
1 2 3 4

yi 1 1

V2 =21

V3 3 1
y = Ax with

medium-grain hypergraph H,

nonzero mappings

Figure 3: The nonzero assignments of the sample y = Ax and the corresponding
medium-grain hypergraph.

vertices connected by nj‘ and nf are respectively formulated by

Pins(n) = {v}} U {v} : map(a, ;) = r;} and
Pins(n) = {V?} U vy : map(ai,) = ¢}

In H, each net is assigned a unit cost, i.e., c(nj?) = c(nf) =1
for each n;‘ € N and n[y € N. Each vertex is assigned a weight
equal to the number of nonzeros represented by that vertex.
That is,

W) = Hayj : map(a,;) = c;}l and
w(v)) = l{ai; : map(ai;) = ri}l.

H, is bipartitioned with the objective of minimizing the
cutsize and the constraint of maintaining balance on the part
weights. The resulting bipartition is further improved by an
iterative refinement algorithm. In every RB step, minimizing
the cutsize corresponds to minimizing the total volume of com-
munication, whereas maintaining balance on the weights of the
parts corresponds to maintaining balance on the computational
loads of the processors.

Figure [3] displays a sample SpMV instance with nonzero
mapping information and the corresponding medium-grain hy-
pergraph. This example illustrates the first RB step, hence,
A=A X, =X, Y, =Y, and K’ = k = 1. Each nonzero
in A is denoted by an arrow, where the direction of the arrow
shows the mapping for that nonzero. For example, 75 connects
vy, v|, vy, and v} since map(a;3) = ri, map(a,3) = ry, and
map(as3) = r3.

3. Optimizing fine-grain partitioning model

In this section, we propose a fine-grain hypergraph partition-
ing model that simultaneously reduces the bandwidth and la-
tency costs of the row-column-parallel SpMV. Our model is
built upon the original fine-grain model (Section via uti-
lizing the RB paradigm. The proposed model contains two dif-
ferent types of nets to address the bandwidth and latency costs.
The nets of the original fine-grain model already address the
bandwidth cost and they are called “volume nets” as they en-
capsulate the minimization of the total communication volume.
At each RB step, our model forms and adds new nets to the hy-
pergraph to be bipartitioned. These new nets address the latency
cost and they are called “message nets” as they encapsulate the
minimization of the total message count.
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Message nets aim to group the matrix nonzeros and vector
entries that altogether necessitate a message. The formation
and addition of message nets rely on the RB paradigm. To de-
termine the existence and the content of a message, a partition
information is needed first. At each RB step, prior to biparti-
tioning the current hypergraph that already contains the volume
nets, the message nets are formed using the K’-way partition
information and added to this hypergraph, where K’ is the num-
ber of leaf nodes in the current RB tree. Then this hypergraph
is bipartitioned, which results in a (K’ + 1)-way partition as the
number of leaves becomes K’ + 1 after bipartitioning. Adding
message nets just before each bipartitioning allows us to utilize
the most recent global partition information at hand. In contrast
to the formation of the message nets, the formation of the vol-
ume nets via cut-net splitting requires only the local bipartition
information.

3.1. Message nets in a single RB step

Consider an SpMV instance y = Ax and its corresponding
fine-grain hypergraph H = (V, N) with the aim of partition-
ing H into K parts to parallelize y = Ax. The RB process
starts with bipartitioning H, which is represented by the root
node of the corresponding RB tree. Assume that the RB pro-
cess is at the state where there are K’ leaf nodes in the RB
tree, for 1 < K’ < K, and the hypergraphs corresponding
to these nodes are denoted by Hj, ..., Hg from left to right.
Let lg (H) = {V1,...,Vk} denote the K’-way partition in-
duced by the leaf nodes of the RB tree. Ilg () also induces
K’-way partitions ITg (A), g (X), and TIg (V) of sets A, X,
and Y, respectively. Without loss of generality, the entries in
Ak, Xy, and Y are assigned to processor group P;. Assume
that H = (Vi, Ni) is next to be bipartitioned among these hy-
pergraphs. Hj initially contains only the volume nets. In our
model, we add message nets to H; to obtain the augmented hy-
pergraph HY = (Vi, NM). Let I(HY) = { Vi1, Vir} denote a
bipartition of HM_ where L and R in the subscripts refer to left
and right, respectively. H('H,ﬁ” ) induces bipartitions I1(Ay) =45
{Ar, Arr), I Xy) = {Xir, Xir), and 1Y) = (Yir, Yir)ss
on Ay, Xy, and Yy, respectively. Let P and Py denote the
processor groups to which the entries in {Ay ., Xy, Yo} and
{Arr> Xir» Yir} are assigned.

Algorithm [2]displays the basic steps of forming message netssse
and adding them to H,. For each processor group P, that Pysse
communicates with, four different message nets may be addedsso
to Hy: expand-send net, expand-receive net, fold-send net andss:
fold-receive net, respectively denoted by 55,7 s{ and r; . Here, 362
s and r respectively denote the messages sent and received, thesss
subscript £ denotes the id of the processor group communicatedses
with, and the superscripts e and f respectively denote the ex-ss
pand and fold operations. These nets are next explained in de-3ss
tail. 367

368
e expand-send net s7: Net s represents the message sent,,

from P to P, during the expand operations on x-vector,,
entries in the pre-communication phase. This message

consists of the x-vector entries owned by P, and neededs
by . Hence, s; connects the vertices that represent thesr

9

0

5

Algorithm 2 ADD-MESSAGE-NETS

Require: H; = (Vi, Ni), g (A) = (A4, ..

o *®

10:
11:
12:
13:

14:
15:
16:
17:
18:
19:

20:
21:
22:
23:
24:
25:
26:

A A

) ﬂK’}s HK’(X) =

{X[,...,XK/},HK/(y) = {yl,...,yl(/}.

:N,?/I<—Nk

> Expand-send nets
for each x; € X do
for each a,; € Aryy do
if s¢ ¢ N} then
Pins(sy) « {vjf}, N,f"’ — N,ﬁ"’ U {s7}
else
Pins(s;) « Pins(s}) U {v;}
> Expand-receive nets
for eacha,; € A do
for each x; € X4 do
if ¢ ¢ N then
Pins(rg) « (v ), N = N U (rf)
else
Pins(r;) < Pins(r;) U {v;fj}
> Fold-send nets
for eacha;, € Ay do
for eachy; € Y,y do
if s? ¢ N,fw then
Pins(s}) < (Vi1 NM — NM U {s]}
else .
Pins(s;) — Pins(s‘;) Ui
> Fold-receive nets
for eachy; € Y, do
for each a;, € Ary do
if r; ¢ N,f” then
Pins(r]) « ()}, NM — NM U (r])
else .
Pins(r{’:) — Pins(r;) U {V?}}
return HY = (Vi, NM)

x-vector entries required by the computational tasks in Pp.
That is,

Pins(sy) = {v“; 1 xj € Xy and Ja, j € Ag).

The formation and addition of expand-send nets are per-
formed in lines 2—7 of Algorithm [2| After bipartitioning
HM, if s¢ becomes cut in TI(H), both P, and Py ¢ send
a message to P, where the contents of the messages sent
from Py 1 and Py g to P, are {x; : vjf € Vi and a,; € Ar}
and {x; : v;f € Viganda,; € A}, respectively. The
overall number of messages in the pre-communication
phase increases by one in this case since £, was sending a
single message to $; and it is split into two messages after
bipartitioning. If 57 becomes uncut, the overall number of
messages does not change since only one of Pz, and Py r
sends a message to Pp.

expand-receive net r;: Net r{ represents the message re-
ceived by P; from P, during the expand operations on
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x-vector entries in the pre-communication phase. This
message consists of the x-vector entries owned by £, and
needed by $. Hence, r; connects the vertices that rep-
resent the computational tasks requiring x-vector entries
from P,. That is,
Pins(ry) = { tap; € Arand x; € X}
The formation and addition of expand-receive nets
are performed in lines 8-13 of Algorithm [2]  Af-
ter bipartitioning HM, if r; becomes cut in H(?{,i”),
both P, and Py r receive a message from P, where
the contents of the messages received by %, and
Prr from P, are {x; : vzj € Virandx; € X} and
{x; : v;fj € Virand x; € X,}, respectively. The overall
number of messages in the pre-communication phase
increases by one in this case and does not change if r;
becomes uncut. 420
421

422
fold-send net sg : Net séj represents the message sent from

Py to P during the fold operations on y-vector entries in,,,
the post-communication phase. This message consists of,,
the partial results computed by # for the y-vector entries,,
owned by #,. Hence, sj,‘ connects the vertices that repre-
sent the computational tasks whose partial results are re-,,,

quired by P,. That is,

428

429

Pms(s[) = {  ai; € Arandy; € Yol

430

The formation and addition of fold-send nets are™

performed in lines 14-19 of Algorithm [ After*™®
bipartitioning HM, if sg becomes cut in l'[(?-(,ﬁ”),“a3
both P, and Pixz send a message to P, where™
the contents of the messages sent from %;; and

L) 4 e (VkL andy, S y[} andm

Prr to P[ are {y;"7 1 V¢
. € Vigandy; € Y}, respectively. The overall

435

i it
k,R
{y( ).

number of messages in the post-communication phase -
increases by one in this case and does not change if s[ »

becomes uncut. »

442

7. Net rJ; represents the message re-**
ceived by P; from P, during the fold operations on y-**
vector entries in the post-communication phase. This mes-**
sage consists of the partial results computed by P for the*®
y-vector entries owned by #;. Hence, rg connects the ver-*¥
tices that represent the y-vector entries for which $, pro-**
duces partial results. That is, 449

fold-receive net r/:

450

Pins(r]) = (v : yi € Yy and Ja;, € Ay). s

452

The formation and addition of fold-receive nets are per-sss
formed in lines 20-25 of Algorithm [2] After bipartition-,,
ing HM, if rf becomes cut in TI(H}M), both Py, and P guss
receive a message from ., where the contents of the mes- 4
sages received by P and Py g from P, are {y([) : Vf €57

Vi and a;; € Ap} and {y, 0. vi € Vigand a;; € Ag}ase
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Figure 4: A 5-way nonzero-based partition of an SpMV instance y = Ax.

respectively. The overall number of messages in the post-
communication phase increases by one in this case and
does not change if r; becomes uncut.

Note that at most four message nets are required to encap-
sulate the messages between processor groups P, and P,. The
message nets in 7—[,?/1 encapsulate all the messages that £, com-
municates with other processor groups. Since the number of
leaf hypergraphs is K, £, may communicate with at most K’ —1
processor groups, hence the maximum number of message nets
that can be added to H; is 4(K’ — 1).

Figure 4] displays an SpMV instance with a 6 X 8 matrix A,
which is being partitioned by the proposed model. The RB
process is at the state where there are five leaf hypergraphs
‘H,,...,Hs, and the hypergraph to be bipartitioned next is
H;. The figure displays the assignments of the matrix nonze-
ros and vector entries to the corresponding processor groups
P1,....Ps. Each symbol in the figure represents a distinct pro-
cessor group and a symbol inside a cell signifies the assign-
ment of the corresponding matrix nonzero or vector entry to
the processor group represented by that symbol. For example,
the nonzeros in Az = {a;3,a17,a23, ar4, s 5,as7}, X-vector en-
tries in X3 = {x3, x7}, and y-vector entries in Y3 = {y;,y4} are
assigned to P3. The left of Figure [5] displays the augmented
hypergraph 7—@” that contains volume and message nets. In
the figure, the volume nets are illustrated by small black cir-
cles with thin lines, whereas the message nets are illustrated by
the respective processor’s symbol with thick lines.

The messages communicated by 3 under the assignments
given in Figure [] are displayed at the top half of Table[I] In
the pre-communication phase, 3 sends a message to $4 and
receives a message from #;, and in the post-communication
phase, it sends a message to $, and receives a message from
P4. Hence, we add four message nets to #3: expand-send net
55 expand-receive net r fold-send net sg, and fold-receive net

rf In Figure |5} for example, r{ connects the vertices V5, and
vy 5 since it represents the message received by 3 from P, con-
taining {x4, x5} due to nonzeros a,4 and a4 5. The right of Fig-
ure |5|displays a bipartition H(?—(é” ) and the messages that s,
and Pz g communicate with the other processor groups due to
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Table 1: The messages communicated by #3 in pre- and post-communication,,

phases before and after bipartitioning Wé"’ . The number of messages commu-
nicated by P73 increases from 4 to 6 due to two cut message nets in H(?—(é"’ ). 4

476

477

RB state  phase message due to
478
P3 sends {x3, x7} to Py ass,as
pre . ’ T4
before P53 receives {x4, x5} from P W4, d45
II M
(7-{3 ) post Pg sends {y(23)} to Pz az3,dzg 481
P53 receives { y(14), yff)} from Py ajj,as; 42
e Ps.. sends {x3, x7} to P4 asz,as; *®
P Ps g receives {x4, x5} from Py asg,as5
after 485
M Pg’[‘ sends {y(;'L)} to Pz a3
l_[((}‘(3 ) B.R) 486
Ps.r sends {y, '} to P a4
post ’ . @ ’ 487
P31 receives {y, "} from Py ai, o
P g receives {yff)} from Py as

489

490

H(‘H3M ) are given in the bottom half of Table|l} Since s§ and r{
are uncut, only one of P3; and P participates in sending or*'

receiving the corresponding message. Since sg is cut, both P3 40

and Ps g send a message to $,, and since rff is cut, both P34
and Ps g receive a message from Py. 494

In 7—(,?4 , each volume net is assigned the cost of the per-word+s
transfer time, #,,, whereas each message net is assigned the cost*e
of the start-up latency, ty,. Let v and m respectively denote the*”
number of volume and message nets that are cut in H(‘H,ﬁ” ).408
Then, 499

cutsize(TI(HM)) = vt, + mtg,. 500

501

Here, v is equal to the increase in the total communication vol-se
ume incurred by TTI(H, ,ﬁ” ) [1]]. Recall that each cut message netsos
increases the number of messages that £, communicates withsos
the respective processor group by one. Hence, m is equal tosos
the increase in the number of messages that $;, communicatessos

7

with other processor groups. The overall increase in the total
message count due to H(?—(lﬁw ) is m + 6, where ¢ denotes the
number of messages between Pz, and Py g, and is bounded by
two (empirically found to be almost always two). Hence, min-
imizing the cutsize of H('H,iW ) corresponds to simultaneously
reducing the increase in the total communication volume and
the total message count in the respective RB step. Therefore,
minimizing the cutsize in all RB steps corresponds to reducing
the total communication volume and the total message count
simultaneously.

After obtaining a bipartition H(?‘(é” ) = {Vir, Vir} of the
augmented hypergraph HM, the new hypergraphs H; =
(Vi Ne) and Hig = (Vig, Nig) are immediately formed
with only volume nets. Recall that the formation of the volume
nets of H; and Hy g is performed with the cut-net splitting
technique and it can be performed using the local bipartition
information ITI(H}).

3.2. The overall RB

After completing an RB step and obtaining H;;, and H g,
the labels of the hypergraphs represented by the leaf nodes of
the RB tree are updated as follows. For 1 < i < k, the label
of H; = (V;, N;) does not change. For k < i < K, H; =
(Vi, N;) becomes Hii = (Vis1, Nis1). Hypergraphs H; =
(Virs Nip) and Hi g = (Vig, Nig) become Hy, = (Vi, Ny) and
Hiv1 = (Vie1, Nis1), respectively. As a result, the vertex sets
corresponding to the updated leaf nodes induce a (K’ + 1)-way
partition g 1 (H) = {V1,...,Vk+1}. The RB process then
continues with the next hypergraph H;,, to be bipartitioned,
which was labeled with H;,; in the previous RB state.

We next provide the cost of adding message nets through Al-
gorithm [2in the entire RB process. For the addition of expand-
send nets, all nonzeros a;; € A with x; € X are visited
once (lines 2-7). Since X; N X, =0 for 1 < k # { < K’ and
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X = Usz/l X, each nonzero of A is visited once. For the addi-se
tion of expand-receive nets, all nonzeros in Ay are visited oncess:
(lines 8—13). Hence, each nonzero of A is visited once duringse:
the bipartitionings in a level of the RB tree since Ay N A, = Oses
for | <k # ¢ <K and A = X, A. Therefore, the cost ofss
adding expand-send and expand-receive nets is O(n,,;) in a sin-ses
gle level of the RB tree. A dual discussion holds for the additionsss
of fold-send and fold-receive nets. Since the RB tree containsss
[log K1 levels in which bipartitionings take place, the overall

cost of adding message nets is O(n,, log K). %68

569

3.3. Adaptation for conformal partitioning o

Partitions on input and output vectors x and y are said to bes
conformal if x; and y; are assigned to the same processor, forsz
1 <i < n, = n.. Note that conformal vector partitions are valid
for y = Ax with a square matrix. The motivation for a conformal
partition arises in iterative solvers in which the y; in an iteration
is used to compute the x; of the next iteration via linear vector
operations. Assigning x; and y; to the same processor preventss,,
the redundant communication of y; to the processor that ownss,,
Xi.

Our model does not impose conformal partitions on vectors
x and y, i.e., x; and y; can be assigned to different processors.
However, it is possible to adapt our model to obtain confor-
mal partitions on x and y using the vertex amalgamation tech-__
nique proposed in [9]]. To assign x; and y; to the same processor

576
the vertices v} and v, are amalgamated into a new vertex v

i %577
which represents both x; and y;. The weight of vf/ Y is set to

be zero since the weights of v} and vly are zero. In HM, each™®
volume/message net that connects v¥ or v; now connects the®™

amalgamated vertex v*"’. At each RB step, x; and y; are both™
. ! . 581
assigned to the processor group corresponding to the leaf hy-

pergraph that contains vf/ Y, e
583

584
4. Optimizing medium-grain partitioning model 585

In this section, we propose a medium-grain hypergraph par-
titioning model that simultaneously reduces the bandwidth and
latency costs of the row-column-parallel SpMV. Our model is
built upon the original medium-grain partitioning model (Sec-
tion[2.4). The medium-grain hypergraphs in RB are augmented
with the message nets before they are bipartitioned as in thesss
fine-grain model proposed in Section[3] Since the fine-grain andssr
medium-grain models both obtain nonzero-based partitions, the
types and meanings of the message nets used in the medium-
grain model are the same as those used in the fine-grain model.
However, forming message nets for a medium-grain hypergraph588
is more involved due to the mappings used in this model. 589

Consider an SpMV instance y = Ax and the corresponding
sets A, X, and Y. Assume that the RB process is at the state
before bipartitioning the kth leaf node where there are K’ leafsso
nodes in the current RB tree. Recall from Section 2.4] that thesor
leaf nodes induce K’-way partitions I1g (A) = {Aj, ..., Ag },50
Mg (X) = {X1,...,Xg} and T (Y) = {Y1,...,Yk}, and thess
kth leaf node represents Ay, X, and Y. To obtain bipartitionsse
of Ay, X, and Yy, we perform the following four steps. 595

8

1) Form the medium-grain hypergraph Hy, = (Vi, Ny) using
Ay, Xy, and Y. This process is the same with that in the orig-
inal medium-grain model (Section [2.4). Recall that the nets in
the medium-grain hypergraph encapsulate the total communi-
cation volume. Hence, these nets are assigned a cost of #,,,.

2) Add message nets to Hj to obtain augmented hypergraph
'H,ﬁ” . For each processor group P, other than #, there are four
possible message nets that can be added to H:

e expand-send net s;: The set of vertices connected by s7 is
the same with that of the expand-send net in the fine-grain
model.

o expand-receive net r;: The set of vertices connected by
r; is given by
Pins(ry) ={v;f : Jda;j € Ay s.t. map(a,j) = cjand x; € Xp} U
{v; : Ja,; € Ay s.t. map(a, ;) = r, and x; € Xy}.

o fold-send net s*l’: : The set of vertices connected by sf is
given by

Pins(s?):{vf : da;; € Ay s.t. map(aiy) = ¢;and y; € Yy} U
(v : Ja;; € Ay s.t. map(aiy) = r; and y; € Y.

o fold-receive net r; : The set of vertices connected by r{ is
the same with that of the fold-receive net in the fine-grain

model.

The message nets are assigned a cost of 7, as they encapsulate
the latency cost.

3) Obtain a bipartition TI(H}). H is bipartitioned to ob-
tain H(?‘{lﬁw) = {(vk,L,(vk,R}-

4) Derive bipartitions TI(Ay) = {(Arp, Arr), (X)) =
{XiL, Xer) and TIYy) = {(Yir, Yir} from TI(HM). For each
nonzero a; ; € Ay, a;; is assigned to Ay ;. if the vertex that rep-
resents a; ; is in Vy 1, and to Ay g, otherwise. That is,

Arr = {aij : map(a; j) = c; with v;? € Vi or
map(a; ;) = r; with v, € V;;} and

ﬂk,R = {a,-,j . map(ai,j) =Cj with Vj (S (Vk,R or
map(a; ;) = r; with v, € Vig}.

For each x-vector entry x; € Xy, x; is assigned to Xz if Vi €
Vi1, and to X g, otherwise. That is,

Xk,L = {Xj . V;C € (Vk,L} and Xk,R = {Xj : V; € (Vk,R}-

Similarly, for each y-vector entry y; € Y, y; is assigned to Yy,
if vi € Vi1, and to Yy g, otherwise. That is,

Yir=1{yi v, € Vigdand Yig = {yi 1 vi € Vir).

Figure E] displays the medium-grain hypergraph ?{g"’ =
Vs, N3M ) augmented with message nets, which is formed dur-
ing bipartitioning A3, X3 and Y3 given in Figure 4] The ta-
ble in the figure displays map(a; ;) value for each nonzero in
As computed by the heuristic described in Section [2.4] Aug-
mented medium-grain hypergraph H3 has four message nets.
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Observe that the sets of vertices connected by expand-send nets+
s¢ and fold-receive net rf{ are the same for the fine-grain ands«
medium-grain hypergraphs, which are respectively illustratedss
in Figures [5|and [6} Expand-receive net r{ connects vy and v}
since P3 receives {x4, x5} due to nonzeros in {a4,as s} withss

map(a ) = c4 and map(ass) = c¢s. Fold-send net sjzr connectss

v, and v, since P3 sends partial result y(23) due to nonzeros in®*
{az3,az4} with map(as3) = ry and map(az 4) = cy. 650

Similar to Section [3] after obtaining bipartitions IT(A) ="'
{Arr, A}y X)) = {Xir, Xir), and TI(Y) = Y, Yir),™
the labels of the parts represented by the leaf nodes are up-**
dated in such a way that the resulting (K’ + 1)-way parti-***
tions are denoted by g 11 (A) = {Ay, ..., Agr41}, Hgr1(X) =5
{Xi,.... Xg ), and e (M) = {Y1,..., Yk ). 6%

657

4.1. Adaptation for conformal partitioning 658

Adapting the medium-grain model for a conformal partition659
. . . . 660

on vectors x and y slightly differs from adapting the fine-grain
. ) . 661

model. Vertex set V; contains an amalgamated vertex vf/ Y if at

least one of the following conditions holds: o
663

e x; € Xy, or equivalently, y; € Y. 664
665

e da,; € A s.t. map(a,;) = c;. o6

667
e da;;, € A s.t. map(a;;) = r;.
668

The weight of v; is assigned as 669
670

wvi) = l{ayi : ari € A and map(ay;) = cifl+ -

Hais : aiy € A and map(ai,) = rijl. 672

. 673
Each volume/message net that connects v; or v} in 7{,?4 now_

/y *

connects the amalgamated vertex v;’ -

676

5. Delayed addition and thresholding for message nets

677
Utilization of the message nets decreases the importance at-

tributed to the volume nets in the partitioning process and thisszs
may lead to a relatively high bandwidth cost compared to thess
case where no message nets are utilized. The more the numbersso

9

of RB steps in which the message nets are utilized, the higher
the total communication volume. A high bandwidth cost can
especially be attributed to the bipartitionings in the early levels
of the RB tree. There are only a few nodes in the early levels of
the RB tree compared to the late levels and each of these nodes
represents a large processor group. The messages among these
large processor groups are difficult to refrain from. In terms of
hypergraph partitioning, since the message nets in the hyper-
graphs at the early levels of the RB tree connect more vertices
and the cost of the message nets is much higher than the cost of
the volume nets (¢, > t,,), it is very unlikely for these message
nets to be uncut. While the partitioner tries to save these nets
from the cut in the early bipartitionings, it may cause high num-
ber of volume nets to be cut, which in turn are likely to intro-
duce new messages in the late levels of the RB tree. Therefore,
adding message nets in the early levels of the RB tree adversely
affects the overall partition quality in multiple ways.

The RB approach provides the ability to adjust the partition-
ing parameters in the individual RB steps for the sake of the
overall partition quality. In our model, we use this flexibility to
exploit the trade-off between the bandwidth and latency costs
by selectively deciding whether to add message nets in each
bipartitioning. To make this decision, we use the level informa-
tion of the RB steps in the RB tree. For a given L < log K, the
addition of the message nets is delayed until the Lth level of the
RB tree, i.e., the bipartitionings in level ¢ are performed only
with the volume nets for 0 < ¢ < L. Thus, the message nets
are included in the bipartitionings in which they are expected to
connect relatively fewer vertices.

Using a delay parameter L aims to avoid large message nets
by not utilizing them in the early levels of the RB tree. How-
ever, there may still exist such nets in the late levels depending
on the structure of the matrix being partitioned. Another idea is
to eliminate the message nets whose size is larger than a given
threshold. That is, for a given threshold 7 > 0, a message net n
with |Pins(n)| > T is excluded from the corresponding biparti-
tion. This approach also enables a selective approach for send
and receive message nets. In our implementation of the row-
column-parallel SpMV, the receive operations are performed
by non-blocking MPI functions (i.e., MPI_Irecv), whereas the
send operations are performed by blocking MPI functions (i.e.,
MPI_Send). When the maximum message count or the maxi-
mum communication volume is considered to be a serious bot-
tleneck, blocking send operations may be more limiting com-
pared to non-blocking receive operations. Note that saving mes-
sage nets from the cut tends to assign the respective commu-
nication operations to fewer processors, hence the maximum
message count and maximum communication volume may in-
crease. Hence, a smaller threshold is preferable for the send
message nets while a higher threshold is preferable for the re-
ceive nets.

6. Experiments

We consider a total of five partitioning models for evalua-
tion. Four of them are nonzero-based partitioning models: the
fine-grain model (FG), the medium-grain model (MG), and the
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proposed models which simultaneously reduce the bandwidth
and latency costs, as described in Section [3| (FG-LM) and Sec-
tion ] (MG-LM). The last partitioning model tested is the one-
dimensional model (1D-LM) that simultaneously reduces the
bandwidth and latency costs [[17]]. Two of these five models (FG
and MG) encapsulate a single communication cost metric, i.e.,
total volume, while three of them (FG-LM, MG-LM, and 1D-LM)
encapsulate two communication cost metrics, i.e., total volume
and total message count. The partitioning constraint of balanc-
ing part weights in all these models corresponds to balancing
of the computational loads of processors. In the models that
address latency cost with the message nets, the cost of the vol-
ume nets is set to 1 while the cost of the message nets is set
to 50, i.e., it is assumed 7y, = 50¢,, which is also the setting
recommended in [17]].

The performance of the compared models are evaluated in
terms of the partitioning cost metrics and the parallel SpMV
runtime. The partitioning cost metrics include total volume, to-
tal message count, load imbalance, etc. (these are explained
in detail in following sections) and they are helpful to test
the validity of the proposed models. The hypergraphs in all
models are partitioned using PaToH [1] in the default set-
tings. An imbalance ratio of 10% is used in all models, i.e.,
€ = 0.10. We test for five different number of parts/processors,’”
K € {64,128,256,512,1024}. The parallel SpMV is imple-"*°
mented using the PETSc toolkit [22] and run on a Blue Gene/Q™
system using the partitions provided by these five models. A™®
node on Blue Gene/Q system consists of 16 PowerPC A2 pro-"*
cessors with 1.6 GHz clock frequency and 16 GB memory. ™

The experiments are performed on an extensive dataset con-""'
taining matrices from the SuiteSparse Matrix Collection [23]].”#
We consider the case of conformal vector partitioning as it is™
more common for the applications in which SpMV is use as’™
a kernel operation. Hence, only the square matrices are con-"*
sidered. We use the following criteria for the selection of test’*
matrices: (i) the minimum and maximum number of nonzeros™
per processor are respectively set to 100 and 100,000, (ii) the™
matrices that have more than 50 million nonzeros are excluded,”*
and (iii) the minimum number of rows/columns per processor is’
set to 50. The resulting number of matrices are 833, 730, 616,”'
475, and 316 for K = 64, 128, 256, 512, and 1024 processors,’*
respectively. The union of these sets of matrices makes up to a™

total of 978 matrices. 7
755

. .. . 756
6.1. Tuning parameters for nonzero-based partitioning models757

There are two important issues described in Section [5|regard-7ss
ing the addition of the message nets for the nonzero-based par-7s
titioning models. We next discuss setting these parameters. 70

761

6.1.1. Delay parameter (L) 762

We investigate the effect of the delay parameter L on four™
different communication cost metrics for the fine-grain and™
medium-grain models with the message nets. These cost met-7es
rics are maximum volume, total volume, maximum messagerss
count, and total message count. The volume metrics are inze
terms of number of words communicated. We compare FG-LMres

10

Table 2: The communication cost metrics obtained by the nonzero-based parti-
tioning models with varying delay values (L).

volume message

model L max total max total

FG - 567 52357 60 5560
FG-LM 1 2700 96802 56 2120
FG-LM 4 2213 94983 49 2186
FG-LM 5 1818 90802 46 2317
FG-LM 6 1346 82651 46 2694
FG-LM 7 926 69572 49 3574

MG - 558 49867 57 5103
MG-LM 1 1368 77479 50 2674
MG-LM 4 1264 77227 48 2735
MG-LM 5 1148 74341 47 2809
MG-LM 6 969 69159 47 3066
MG-LM 7 776 61070 50 3695

with delay against FG, as well as MG-LM with delay against MG.
We only present the results for K = 256 since the observations
made for the results of different K values are similar. Note that
there are log 256 = 8 bipartitioning levels in the corresponding
RB tree. The tested values of the delay parameter L are 1, 4,
5, 6, and 7. Note that the message nets are added in a total of
4, 3,2, and 1 levels for the L values of 4, 5, 6, and 7, respec-
tively. When L = 1, it is equivalent to adding message nets
throughout the whole partitioning without any delay. Note that
it is not possible to add message nets at the root level (i.e., by
setting L = 0) since there is no partition available yet to form
the message nets. The results for the remaining values of L
are not presented as the tested values contain all the necessary
insight for picking a value for L. Table [2| presents the results
obtained. The value obtained by a partitioning model for a spe-
cific cost metric is the geometric mean of the values obtained
for the matrices by that partitioning model (i.e., the mean of
the results for 616 matrices). We also present two plots in Fig-
ure [/| to provide a visual comparison of the values presented
in Table [2| The plot at the top belongs to the fine-grain mod-
els and each different cost metric is represented by a separate
line in which the values are normalized with respect to those
of the standard fine-grain model FG. Hence, a point on a line
below y = 1 indicates the variants of FG-LM attaining a better
performance in the respective metric compared to FG, whereas
a point in a line above indicates a worse performance. For ex-
ample, FG-LM with L = 7 attains 0.72 times the total message
count of FG, which corresponds to the second point of the line
marked with a filled circle. The plot at the bottom compares the
medium-grain models in a similar fashion.

It can be seen from Figure[/|that, compared to FG, FG-LM at-
tains better performance in maximum and total message count,
and a worse performance in maximum and total volume. A
similar observation is also valid for comparing MG with MG-LM.
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As the number of RB tree levels in which the message nets are
added increases, FG-LM and MG-LM obtain lower latency and®”
higher bandwidth overheads compared to FG and MG, respec-sos
tively. The improvement rates in latency cost obtained by the,,,
partitioning models utilizing the message nets saturate aroundg,
L = 6 or L = 5, whereas the deterioration rates in bandwidthg,
cost continue to increase. In other words, adding message netss,,
in the bipartitionings other than those in the last two or threes,,
levels of the RB tree has small benefits in terms of improvings,,
the latency cost but it has a substantial negative effect on theg,,
bandwidth cost, especially on maximum volume. For this rea-g,,
son, we choose FG-LM and MG-LM with L = 6, i.e., add message,;s
nets in the last two levels of the RB tree. 16
817
6.1.2. Message net threshold parameters (Ts,Tg) 818
The message net threshold parameters for the send and re-sie
ceive message nets are respectively denoted with Ts and Tg.s20
The tested values are set based upon the average degree ofea
the message nets throughout the partitioning, which is foundsz
to be close to 30. We evaluate threshold values smaller than,szs
roughly equal to, and greater than this average degree: Ts, Tg €s2
{15, 30, 50}. We follow a similar experimental setting as for thess
delay parameter and only present the results for K = 256. Inses
addition, we omit the discussions for the medium-grain modelsszz

11

Table 3: The communication cost metrics of FG-LM with varying message net
thresholds (T's,TRg).

volume message

Ts Tr max total max total

- - 1346 82651 46 2694
15 15 706 56218 58 4539
15 30 773 58452 56 4258
15 50 835 60864 54 4043
30 15 793 58418 59 4251
30 30 827 60086 57 4087
30 50 900 62393 55 3879
50 15 879 61099 59 4037
50 30 908 62516 58 3877
50 50 952 64041 56 3729

as the observations made for the fine-grain and medium-grain
models are alike. Table [3| presents the values for four different
cost metrics obtained by FG-LM and FG-LM with nine different
threshold settings. Note that the delay value of L = 6 is utilized
in all these experiments.

The partitionings without large message nets lead to lower
bandwidth and higher latency costs as seen in Table [3] com-
pared to the case without any threshold, i.e., FG-LM. The more
the number of eliminated message nets, the higher the latency
cost and the lower the bandwidth cost. Among the nine combi-
nations for Ts and T in the table, we pick Ts = 15 and T = 50
due to its reasonable maximum volume and maximum message
count values for the reasons described in Section

6.2. Comparison of all partitioning models

6.2.1. Partitioning cost metrics

We present the values obtained by the four nonzero-based
partitioning models in six different partitioning cost metrics in
Table 4] These cost metrics are computational imbalance (in-
dicated in the column titled “imb (%)”), maximum and total
volume, maximum and total message count, and partitioning
time in seconds. Each entry in the table is the geometric mean
of the values for the matrices that belong to the respective value
of K. The columns three to eight in the table display the ac-
tual values, whereas the columns nine to fourteen display the
normalized values, where the results obtained by FG-LM and
MG-LM at each K value are normalized with respect to those ob-
tained by FG and MG at that K value, respectively. The top half
of the table displays the results obtained by the fine-grain mod-
els, whereas the bottom half displays the results obtained by the
medium-grain models.

Among the four nonzero-based partitioning models com-
pared in Table {4} the models that consider both the bandwidth
and latency overheads achieve better total and maximum mes-
sage counts compared to the models that solely consider the
bandwidth overhead. For example at K = 256, FG-LM at-
tains 27% improvement in total message count compared to FG,
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Table 4: Comparison of nonzero-based partitioning models in six cost metrics.

actual values

normalized values w.r.t. FG/MG

volume message volume message
part. part.
K model imb (%) max total max total  time imb max total max total time
64 FG 091 413 11811 32 968 7.7 - - - - - -
FG-LM 0.88 542 13267 29 753 7.4 097 131 1.12 091 0.78 097
128 FG 1.11 484 24670 45 2332 16.4 - - - - - -
FG-LM 1.01 669 28159 40 1751 16.3 091 138 1.14 0.89 0.75 1.00
256 FG 1.36 567 52357 60 5560 409 - - - - - -
FG-LM 1.21 835 60864 54 4043  40.8 0.89 147 1.16 090 0.73 1.00
512 FG 1.67 584 92141 72 11186 779 - - - - - -
FG-LM 1.61 863 108497 66 8218 77.2 096 148 1.18 092 0.73 0.99
1024 FG 1.87 530 165923 69 20209 156.2 - - - - - -
FG-LM 1.81 811 196236 66 15415 159.6 097 153 1.18 096 0.76 1.02
64 MG 0.90 412 11655 31 928 39 - - - - - -
MG-LM 0.87 521 13205 28 732 4.1 097 126 1.13 090 0.79 1.06
128 MG 1.13 482 24256 44 2217 8.1 - - - - - -
MG-LM 1.08 634 27799 39 1690 8.4 096 132 1.15 089 0.76 1.04
256 MG 1.48 558 49867 57 5103 19.1 - - - - - -
MG-LM 1.39 766 58981 52 3876  20.6 094 137 1.18 091 0.76 1.08
512 MG 191 588 91856 67 10265 39.7 - - - - - -
MG-LM 1.80 785 108128 62 7878 437 094 1.34 1.18 093 0.77 1.10
1004 MG 2.05 530 165722 65 18692 822 - - - - - -
MG-LM 2.00 724 196443 61 14827 875 098 137 1.19 094 0.79 1.06

while MG-LM attains 24% improvement in total message count
compared to MG. On the other hand, the two models that solely
consider the bandwidth overhead achieve better total and maxi-
mum volume compared to the two models that also consider the
latency overhead. This is because FG and MG optimize a single
cost metric, while FG-LM and MG-LM aim to optimize two cost
metrics at once. At K = 256, FG-LM causes 16% deterioration
in total volume compared to FG, while MG-LM causes 18% dete-
rioration in total volume compared to MG. Note that the models
behave accordingly in maximum volume and maximum mes-
sage count metrics as although these metrics are not directly
addressed by any of the models, the former one is largely de-
pendent on the total volume while the latter one is largely de-
pendent on the total message count. FG-LM and MG-LM have
slightly lower imbalance compared to FG and MG, respectively.852
Addition of the message nets does not seem to change the par—853
titioning overhead, a result likely to be a consequence of the:54

choice of the delay and net threshold parameters. ”
856

Another observation worth discussion is the performance ofes;
the medium-grain models against the performance of the fine-sss
grain models. When MG is compared to FG or MG-LM is com-sss
pared to FG-LM, the medium-grain models achieve slightly bet-ss
ter results in volume and message cost metrics, and slightlyss:
worse results in imbalance. However, the partitioning overheadss:

12

Table 5: Comparison of partitioning models in six cost metrics at K = 256.

volume message

part.

model imb (%) max total max total time
1D-LM 2.50 968 101565 33 2448 132
FG 1.36 567 52357 60 5560 40.9
FG-LM 1.21 835 60864 54 4043 40.8
MG 1.48 558 49867 57 5103 19.1
MG-LM 1.39 766 58981 52 3876 20.6

of the medium-grain models is much lower than the partition-
ing overhead of the fine-grain models: the medium grain mod-
els are 1.8-2.2x faster. This is also one of the main findings
of [10], which makes the medium-grain model a better alterna-
tive for obtaining nonzero-based partitions.

1D-LM and nonzero-based partitioning models are compared
in Table 5] at K = 256. 1D-LM has higher total volume and
imbalance, and lower total message count compared to the
nonzero-based partitioning models. The nonzero-based mod-
els have broader search space due to their representation of the
SpMYV via smaller units, which allows them to attain better vol-
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ume and imbalance. The latency overheads of FG and MG areos
higher than the latency overhead of 1D-LM simply because la-
tency is not addressed in the former two. Although FG-LM ands's
MG-LM may as well obtain comparable latency overheads withoz
1D-LM (e.g., compare total message count of FG-LM with L = 192
in Table [2] against total message count of 1D-LM in Table[5), wes2
favor a decrease in volume-related cost metrics at the expenses
of a small deterioration in latency-related cost metrics in theses*
two models. 1D-LM has the lowest partitioning overhead due toszs
having the smallest hypergraph among the five models. A simi-s2s
lar discussion follows for the maximum volume and maximumsz?
message count metrics as for the total volume and total messageszs
count metrics. 929
In the rest of the paper, we use MG and MG-LM among the®®
nonzero-based models for evaluation due to their lower parti-*'
tioning overhead and slightly better performance compared to®?

FG and FG-LM, respectively, in the remaining metrics. 933
934

6.2.2. Parallel SpMV performance

We compare 1D-LM, MG, and MG-LM in terms of paral-935
lel SpMV runtime. Parallel SpMV is run with the parti-
tions obtained through these three models. There are 12937
matrices tested, listed with their types as follows: eu-2005__
(web graph), ford2 (mesh), Freescalel (circuit simula-
tion), invextrl new (computational fluid dynamics), k1_san
(2D/3D), LeGresley_87936 (power network), mouse_geness
(gene network), olesnik0 (2D/3D), tumal (2D/3D), turon_m
(2D/3D), usroads (road network), web-Google (web graph).Zz?
Number of nonzeros in these matrices varies between 87,760,,,
and 28,967,291. These 12 matrices are the subset of 978 ma-ss
trices for which the partitioning models are compared in terms®*
of partitioning cost metrics in the preceding sections. Four dif—ZjZ
ferent number of processors (i.e., K) are tested: 64, 128, 256,,,
and 512. We did not test for 1024 processors as in most of thess
tested matrices SpMV could not scale beyond 512 processors.**®
We only consider the strong-scaling case. The parallel SpMViZ?
is run for 100 times and the average runtime (in milliseconds)ss.
is reported. The obtained results are presented in Figure 953

The plots in Figure [§] show that both MG and MG-LM scalezz:
usually better than 1D-LM. It is known the nonzero-based par-g,
titioning models scale better than the 1D models due to theires
lower communication overheads and computational imbalance.*®
In difficult instances such as invextrl _new or mouse_gene atzzz
which 1D-LM does not scale, using a nonzero-based model suchg,
as MG or MG-LM successfully scales the parallel SpMV. MG-LMse2
improves the scalability of MG in most of the test instances.*®
Apart from the instances Freescalel, invextrl new, andzzz
turon_m, MG-LM performs significantly better than MG. MG—LM’Sggs
performance especially gets more prominent with increasinges
number of processors, which is due to the fact that the latency®®
overheads are more critical in the overall communication costsz:z
in high processor counts since the message size usually de-¢7
creases with increasing number of processors. These plots shows?2
that using a nonzero-based partitioning model coupled with thezz
addressing of multiple communication cost metrics yields the

975

best parallel SpMV performance. o76
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7. Conclusion

We proposed two novel nonzero-based matrix partitioning
models, a fine-grain and a medium-grain model, that simul-
taneously address the bandwidth and latency costs of paral-
lel SpMV. These models encapsulate two communication cost
metrics at once as opposed to their existing counterparts which
only address a single cost metric regarding the bandwidth cost.
Our approach exploits the recursive bipartitioning paradigm to
incorporate the latency minimization into the partitioning ob-
jective via message nets. In addition, we proposed two practi-
cal enhancements to find a good balance between reducing the
bandwidth and the latency costs. The experimental results ob-
tained on an extensive dataset show that the proposed models
attain up to 27% improvement in latency-related cost metrics
over their existing counterparts on average and the scalability
of parallel SpMV can substantially be improved with the pro-
posed models.
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