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ABSTRACT OF THE DISSERTATION

Approximate Markov Chain Monte Carlo Algorithms for Large Scale Bayesian Inference
By
Anoop Korattikara Balan
Doctor of Philosophy in Computer Science
University of California, Irvine, 2014

Professor Max Welling, Chair

Traditional algorithms for Bayesian posterior inference require processing the entire dataset
in each iteration and are quickly getting obsoleted by the proliferation of massive datasets
in various application domains. Most successful applications of learning with big data have
been with simple minibatch-based algorithms such as Stochastic Gradient Descent, because
they are the only ones that can computationally handle today’s large datasets. However, by
restricting ourselves to these algorithms, we miss out on all the advantages of Bayesian mod-
eling, such as controlling over-fitting, estimating uncertainty and the ability to incorporate

prior knowledge.

In this thesis, we attempt to scale up Bayesian posterior inference to large datasets by
developing a new generation of approximate Markov Chain Monte Carlo algorithms that
process only a mini-batch of data to generate each posterior sample. The approximation
introduces a bias in the stationary distribution of the Markov chain, but we show that this
bias is more than compensated by accelerated burn-in and lower variance due to the ability

to generate a larger number of samples per unit of computational time.

Our main contributions are the following. First, we develop a fast Metropolis-Hastings
(MH) algorithm by approximating each accept/reject decision using a sequential hypothesis

test that processes only an adaptive mini-batch of data instead of the complete dataset.

X



Then, we show that the same idea can be used to speed up the slice sampling algorithm.
Next, we present a theoretical analysis of Stochastic Gradient Langevin Dynamics (SGLD),
a posterior sampling algorithm derived by adding Gaussian noise to Stochastic Gradient
Ascent updates. We also show that the bias in SGLD can be reduced by combining it with
our approximate MH test. We then propose a new algorithm called Stochastic Gradient
Fisher Scoring (SGFS) which improves the mixing rate of SGLD using a preconditioning
matrix that captures the curvature of the posterior distribution. Finally, we develop an
efficient algorithm for Bayesian Probabilistic Matrix Factorization using a combination of

SGLD and approximate Metropolis-Hastings updates.



Chapter 1

Introduction

Every day, we create 2.5 quintillion bytes of data - so much that 90% of the
data in the world today has been created in the last two years alone. This data
comes from everywhere: sensors used to gather climate information, posts to
social media sites, digital pictures and videos, purchase transaction records, and

cell phone GPS signals to name a few. This data is big data. - IBM!

Recent years have seen an exponential growth of data in various application domains and
machine learning algorithms that can make sense of this data are becoming more and more
important. Big data is driving machine learning research in two ways. On the one hand, big
data offers the opportunity to train very powerful models that can make a significant impact
on important real world problems. On the other hand, big data poses numerous challenges

as many traditional machine learning algorithms cannot scale up to very large datasets.

Most successes in learning with big data have been with simple optimization based ap-
proaches where learning is cast as a problem of minimizing a loss function. Given i.i.d. data,

the loss function usually involves an average over loss terms, each corresponding to a single

Thttp://www-01.ibm.com/software/data/bigdata/what-is-big-data.html



data point, and can be minimized using an efficient iterative algorithm such as Stochastic
Gradient Descent (SGD) [Robbins and Monro, 1951]. SGD makes parameter updates based
on a noisy gradient of the loss function computed using only a mini-batch of data, and
can therefore scale well to datasets of arbitrary size. Powerful models, such as deep neural
networks, trained on extremely large datasets using SGD have led to breakthrough results
in image classification, speech recognition etc and is currently one of the main focuses of

research in industry and academia.

In contrast, ‘batch’ algorithms, which require processing the entire dataset in each iteration,
are becoming less relevant because they cannot handle the petabyte scale datasets of today.
An important class of methods affected by this is Bayesian inference because traditional
algorithms for Bayesian inference, such as Markov Chain Monte Carlo (MCMC) or variational
inference, rely entirely on batch updates. The main goal of this thesis is to develop a toolbox
of MCMC algorithms that use only a small subset of data per iteration and can therefore

scale up Bayesian inference to very large datasets.

At first, developing scalable algorithms for Bayesian inference might seem like a pointless
exercise. After all, with big datasets, one might expect that there is not much danger of
over-fitting or that the posterior will be rather uninteresting as it concentrates around the
MAP estimate of the parameters. However, there are many important reasons why we want

to scale up Bayesian inference:

1. Principled Regularization: Over-fitting is a non-issue only when the model is simple
relative to the size of the dataset. We argue that when we have lots of data we should
be more ambitious and fit larger models, in which case avoiding over-fitting becomes
very important. In fact, if one never has to deal with over-fitting it may be that one is
not being ambitious enough?. Some of the recent breakthroughs in various applications

can be attributed to using powerful models, such as deep neural networks, and then

2Andrey Mnih, ICML 2011 talk on ‘Stochastic Gradient Langevin Dynamics’



regularizing them with various methods such as unsupervised pre-training [Hinton
et al., 2006, Bengio et al., 2007], Dropout [Hinton et al., 2012] and DropConnect [Wan
et al., 2013]. Bayesian posterior averaging is a more principled way of performing
regularization and Bayesian neural networks have been shown to outperform DropOut
in some cases [Srivastava et al., 2014]. However, Bayesian neural networks have been
studied only in the context of small datasets so far, mainly because of the prohibitive
computational cost of inference. Developing fast algorithms that can scale Bayesian
inference to big datasets might hold one of the keys to improving the already impressive

results obtained with deep neural networks.

2. Modeling Uncertainty: As machine learning applications evolve beyond the labora-
tory to real world products that interact with the environment, human users and
other intelligent machines, it becomes more and more necessary to not just make good
predictions, but also characterize the uncertainty in the model, model parameters and
predictions. As an example, consider the case of an intelligent financial assistant which
predicts future stock prices and offers investment advice. Even a state of the art al-
gorithm might be expected to make a few prediction errors because it does not have
a lot of data for a particular company. If the algorithm predicts highly optimistic
results for a particular stock based on very little data, an agent that also estimates its
uncertainty can advise a user that this is a very risky bet, whereas an agent that relies
on predictions alone will advise the user to invest in the stock. Similarly, consider the
case of a ‘robot doctor’ that can treat patients by predicting ailments from symptoms.
If the robot is not very confident of its predictions, and is aware of this, it can try
to reduce the uncertainty by running more tests as opposed to offering potentially
dangerous ‘treatment’ based on insufficient data. More generally, active learning and
reinforcement learning algorithms require estimates of uncertainty to decide whether
to ‘exploit’ what it has learned so far or ‘explore’ to collect more data and reduce

its uncertainty. Bayesian inference provides a natural and principled way to quantify



this uncertainty and is therefore necessary in a world where autonomous agents can

interact with their environment.

3. Hierarchical Bayes: In certain applications, we might have access to a lot of data,
but each data-point may be relevant to only a small part of the model or problem.
For example, in a movie recommender system, we typically have lots of ratings for
different movies by various users. However, given the task of recommending a new
movie to a particular user, we may not have much directly relevant training data as
that particular user might have rated only a few movies. In this case, it is helpful to use
a hierarchical Bayesian model where the parameters for different users (and movies)
are tied through a common prior which is also learned from the data. This allows the
system to make better predictions for users with few ratings by leveraging statistical
strength from the complete dataset i.e. recommendations for users with fewer ratings
are regularized heavily towards movies that are popular across all users, but at the
same time, more personalized recommendations can be provided for users with a large

number of ratings.

Now that we have seen how big datasets can benefit from Bayesian modeling, let us discuss
the Bayesian inference problem in a little more detail. In the simplest setting, we are
given a dataset Xy = {x;..xn} consisting of N i.i.d datapoints z;, which we model using
a distribution p(x;|f) parameterized by 6. We choose a prior distribution p(#) over the
parameters and are interested in the posterior distribution p(8|Xx) o< [T, p(x:]0)p(6). The
posterior distribution can be used to answer various questions about the data. This usually
involves computing expectations with respect to the posterior distribution e.g. to make
predictions on a test data point z*, we can compute statistics of the predictive distribution

¥ Xn) = [ p(x*|0)p(0| X n)db. In general, these computations are analytically intractable

and sophisticated methods are required to perform inference.

There are two popular classes of methods for performing Bayesian inference: Variational

4



methods [Jordan et al., 1999] and sampling algorithms, primarily Markov Chain Monte Carlo
(MCMC) methods [Neal, 1993]. Variational methods attempt to approximate the posterior
distribution using a tractable family of distributions ¢(f|\) parameterized by A. The optimal
distribution in the family can be found by minimizing K L[g(0|\)||p(0|X )] with respect to
A, usually through gradient descent or fixed point iteration. MCMC methods, on the other
hand, represent the posterior with a collection of samples (generated from the posterior)
which can then be used to estimate expectations with respect to the posterior. The samples
are generated by constructing a Markov chain in parameter space in such a way that the

probability of visiting each parameter value is proportional to its posterior density.

Variational methods usually produce biased results, as the target posterior density may not
be present in the approximating family. In contrast, MCMC methods are unbiased in the
limit as we collect an infinite number of samples. However, MCMC is a stochastic procedure
and suffers from sampling variance inversely related to the number of samples, whereas
variational inference is purely deterministic. Traditional algorithms for both variational
inference and MCMC require processing the entire dataset in each iteration and therefore

cannot scale up to big datasets.

However, there has been some recent progress in developing scalable Bayesian inference al-
gorithms. Hoffman et al. [2013] developed a stochastic variational inference (SVI) algorithm
where noisy gradients computed from random mini-batches of data are used to find the
optimal parameters of the approximating distribution, whereas Welling and Teh [2011] de-
veloped an approximate MCMC algorithm, also based on noisy gradients computed from
mini-batches. Approximate MCMC algorithms can generate more samples than traditional
MCMC methods in the same amount of computational time, and can therefore produce
estimates with lower variance. However, approximate MCMC methods are usually biased
unlike traditional MCMC algorithms. On the other hand, SVI does not introduce any bias of

its own and can find the same solution that traditional variational inference does. Unfortu-



nately, variational inference itself (and therefore SVI) is biased because we approximate the
target distribution using a restricted family of approximating distributions, ¢, and this bias
cannot be removed unless we choose a more flexible ¢. In contrast, the bias in approximate
MCMC methods can be reduced by decreasing the amount of approximation in the algorithm
over time. Because of this, approximate MCMC can outperform SVI in some applications,

e.g. Latent Dirichlet Allocation [Patterson and Teh, 2013].

In this thesis, we will attempt to advance the theory and practice of approximate MCMC
methods by developing a toolbox of scalable mini-batch based MCMC algorithms. The
outline of the thesis is as follows. First, in chapter 2, we review basic MCMC theory and
algorithms, discuss the trade-offs involved in approximate MCMC and then outline strategies
for designing approximate MCMC algorithms. In chapter 3, we develop a scalable version of
the Metropolis-Hastings algorithm [Metropolis et al., 1953, Hastings, 1970] using a sequential
hypothesis test. Then in chapter 4, we show that these ideas can also be used to approximate
the slice sampling algorithm [Neal, 2003]. In chapter 5, we present a theoretical analysis of
the Stochastic Gradient Langevin Dyanmics(SGLD) algorithm [Welling and Teh, 2011] and
also discuss how the bias in SGLD can be reduced by combining it with our approximate
Metropolis-Hastings test. Then, in chapter 6, we show how to improve the mixing speed
of SGLD by equipping it with a preconditioning matrix that captures the curvature of
the target posterior distribution. In chapter 7, we develop a fast algorithm for Bayesian
Probabilistic Matrix Factorization using SGLD and our approximate Metropolis-Hastings

test. We conclude in chapter 8 and also discuss some directions for future work.



Chapter 2

Markov Chain Monte Carlo

As discussed in chapter 1, a central task in Bayesian inference is computing the expectation
of a function f(#) with respect to a distribution Sy(#). For example, Sy can be a posterior
distribution and f can be, say, prediction on test data. Usually these expectations are
analytically intractable, and one has to resort to variational inference or sampling methods
to estimate them. In this chapter, we will study sampling methods in more detail and show
that traditional methods do not scale to large datasets. Then, we will discuss strategies for
developing scalable approximate sampling algorithms that use only a mini-batch of data to

generate each sample.

2.1 A Brief Introduction to MCMC

The general idea behind sampling methods, a.k.a Monte Carlo methods, is to estimate the
expectation of a function with respect to a target distribution using a numerical average

of samples generated from that distribution. i.e. to estimate I = (f)s, = Eg,[f(0)] =



J, F(8)So(0)df, we will generate T' samples {6;...07} from Sy and estimate I as:

T={f)s,~ 1= 25 7(6) 21)

The Monte Carlo estimator I is unbiased and, if the samples are independent, its variance is
equal to Varg,[f]/T. Simple methods for generating independent samples exist, e.g. rejection
sampling and importance sampling, but these do not scale well to high dimensions. Markov
Chain Monte Carlo (MCMC) is a more powerful class of sampling algorithms that can handle
high dimensional distributions well. MCMC methods operate by constructing a discrete time
Markov chain that moves around in parameter space such that the probability of visiting
each state 6 is proportional to Sy(#). Thus, the states of the Markov chain can be considered
as correlated samples from Sy and can be used to compute the Monte Carlo estimator I.
The auto-correlation between samples does not affect the unbiasedness of I , but nevertheless

increases its variance as we will discuss later.

A Markov chain is a memoryless stochastic process parameterized by a transition kernel
K (0:41]6:) which specifies the probability of moving from the current state 6, to the next
state 6;,1. By memoryless, we mean that given 6;, 6;,, is independent of all other previous
states {0p...0;_1}. If the transition kernel K does not depend on ¢, the Markov chain is
said to be time-homogeneous. The marginal distribution of the state at time ¢t + 1 can be

computed as:

Dit1(0i41) = /pt(gt)K(9t+1|€t)d9t (2.2)

where p;(0) is the distribution of state 6;. A distribution Sy which satisfies the following



condition is said to be a stationary distribution of the Markov chain:

So(0,41) = / So(0,) K (6,51]0,)d6, (2.3)

This means that if the ' state is a sample from Sy, the ¢ + 1** state can also be considered
a sample from Sy, and therefore, by induction, all subsequent states can also be treated
as samples from Sy. The transition kernel K is said to leave the distribution Sy invariant.
Given a target distribution S, it might seem hard to design a transition kernel K satisfying
the above condition. However, it is usually possible! to design a K that satisfies a condition

called detailed balance:
So(0) K (0r4110:) = So(Or41) K (0]0141) (2.4)

It is easy to show that detailed balance is a sufficient (but not necessary) condition for

ensuring that K leaves Sy invariant. Plugging Eqn. 2.4 in Eqn. 2.3:

/So(et)K(9t+1|‘9t)d9t = /50(9t+1)K(9t|9t+1)d9t = 50(9t+1)/K(9t|9t+1)d9t = So(6r+1)

(2.5)

A Markov chain that satisfies detailed balance is called a reversible Markov chain.

Note that satisfying the conditions in Eqn. 2.3 or Eqn. 2.4 only means that, if 6, is
distributed as Sy, subsequent samples in the Markov chain will also be distributed as Sy (6p).
Since the initial state 0 is drawn from some arbitrary distribution po(6p), and not Sy, we also
require an additional condition called ergodicity to ensure that for any choice of py(6y), the

marginal distribution of the states p;(6;) — So(6:) as t — co. A Markov chain can be shown

Isee section 2.2.1



to be ergodic if two conditions called irreducibility and aperiodicity are satisfied [Tierney,
1994]. A chain with stationary distribution Sy is irreducible if, starting from any state,
there is a positive probability of reaching any other set of states with non-zero probability
under Sy. A chain is aperiodic if there are no portions of state space which can be visited
only at certain regularly spaced times. If the Markov chain is ergodic, it will have only one

stationary distribution which is called its equilibrium distribution.

Since we start our Markov chain using a sample from some arbitrary distribution pg(#),
the initial states of the chain cannot be considered as samples from Sy. This initial period
where the marginal distribution of the states are converging to Sy is called the burn-in
period, and samples from this stage are usually discarded. After the burn-in samples have
been discarded, the bias in the remaining samples can be considered negligible and I can
be considered an unbiased estimator for most practical purposes. In the remainder of this

thesis, 6, will usually refer to the first sample after the burn-in stage.

Although the auto-correlation between samples does not affect the unbiasedness of I , the
variance of I will be higher than if it were computed using independent samples. If we ignore

burn-in bias, it can be shown that [Neal, 1995]:

Var[l] = WSTW (2.6)

where 7 is the integrated auto-correlation time of the sequence {f (Qt)}thl. The integrated
auto-correlation time is defined as 7 = 142> 7, p(l), where p(l) is the auto-correlation
at lag [. The quantity 7/7 is a measure of the number of independent samples obtained
from the chain. To control the variance of [ , we want to keep the auto-correlation as low as

possible. A chain that produces samples with low auto-correlation is said to “mix well”.

10



2.2 MCMC Algorithms

We will now review some popular MCMC algorithms.

2.2.1 Metropolis-Hastings

The Metropolis-Hastings (MH) algorithm [Metropolis et al., 1953, Hastings, 1970] is a general
mechanism to design transition kernels that satisfy detailed balance with respect to a given
distribution Sy. The MH algorithm uses the following steps to transition from the current

state 6; to the next state 6;,1:

1. Draw a candidate state ¢’ from a proposal distribution ¢(6’|6;)

2. Compute the acceptance probability:

(2.7)

P,(#',6,) = min [1, wl

So(0:)q(0"]0:)

3. Draw u ~ Uniform|[0, 1]. If u < P,(0',6;) set 0,1 < ', otherwise set 0,1 < 0;.

The test in step 3 above is called the MH accept/reject test. Setting ;.1 < €' is called
accepting the proposal and setting 6;,; < 6, is called rejecting the proposal. Note in
particular that rejecting a proposal does not mean we throw away state 6, ;. It merely means
that 6,1 will be a copy of 8;, and both of these states have to be included in computing the
MCMC estimator 1.

11



It is easy to show that the MH transition rule above satisfies detailed balance with respect

to Sp. For 0" # 0;, we have:

S() 9/)(]

(
So(0:)q(0"]0:)

So(0)K (6'6,) = So(6:)q(0'|6,) min {1, E
= min [So(6:)q(6"16:), So(6")q(6:]0")]

(

(

9t|9/)1

)

|
W] = So(0) K (0:]0")

= 8u(0")q(6;]0") min |1,
0(0")q(0:]0") [ q(6,]6")

So(0

A common choice for the proposal distribution is the random walk kernel, in which the
next state is drawn from a symmetric distribution (such as a Gaussian) centered around
the current state 2. Although it is simple to implement, the random walk proposal is not
very efficient. If the width of the proposal is chosen to be too small, the chain will traverse
the parameter space very slowly. On the other hand, using a proposal that is too wide will
result in most proposals being rejected. Both of these conditions result in poor mixing and
high auto-correlation. A general design goal in MCMC, therefore, is to develop a ¢(.) that
makes distant proposals which also have a high probability of acceptance. The random walk
proposal cannot do this as it does not have any information about the target distribution.
The next two algorithms we describe are essentially MH algorithms, but use some knowledge
of the target distribution to generate more intelligent proposals that have a higher chance

of getting accepted.

2.2.2 Gibbs Sampling

Gibbs sampling [Geman and Geman, 1984] is just a special case of the MH algorithm where

the conditional distributions of the target distribution are used as proposals. Given a target

2Although the MH algorithm as stated above is valid for any proposal distribution g, the term “MH
algorithm” is often used to refer to an MH algorithm with a random walk proposal, and MH algorithms with
more sophisticated proposals usually have their own specialized names. In this thesis, “MH algorithm” will
mean the general version of the algorithm with an arbitrary proposal.
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distribution Sy(#) where 6 = {9(1)...0(D)} is a D dimensional vector, we update the vari-
ables 0, ... Op one at a time. To update a variable 6;, we use the conditional distribution
So(0@|0U#)) as the proposal distribution. The variable 8 to be updated at each step can
be picked in round robin fashion or at random. Instead of updating the variables one at a
time, we can also update blocks of variables at a time, in which case the proposal distri-
bution will be the conditional distribution of the variables being updated given the current
value of all other variables. By plugging in the Gibbs proposal in Eqn. 2.7, we can see that
the acceptance probability is always 1. Therefore, we can accept every proposal without

explicitly conducting an accept/reject test.

Gibbs sampling can make more distant moves and mix faster than random walk MH. How-
ever, the proposal involves sampling from a conditional distribution, which may not always
be tractable. Also, the proposals are axis aligned because we update only a few variables at

a time. This makes it difficult to traverse highly correlated target distributions.

2.2.3 Langevin Monte Carlo

Langevin Monte Carlo, a.k.a. Metropolis Adjusted Langevin Algorithm (MALA) [Roberts
and Tweedie, 1996], uses gradient information to make proposals to regions of higher density,
and hence have a higher probability of getting accepted. The algorithm gets its name from

the Langevin diffusion which is defined by the following stochastic differential equation:
1
d9t = §V9 log S()(gt) + dT]t (28)

where § € RP and 7, is the D-dimensional standard Brownian motion. Under certain
regularity conditions (see [Roberts and Tweedie, 1996]), it can be shown that the Langevin

diffusion in Eqn. 2.8 has Sy as its equilibrium distribution. To simulate the diffusion on a
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digital computer, one has to discretize the SDE, which is usually done as follows:
Opp1 < 0, + %V@ log So(6:) + 1 where 7~ N(0, @) (2.9)

The above update equation defines an ergodic Markov chain, but its equilibrium distribution
is no longer Sy because of O(«) errors introduced by time discretization [Kronfeld, 1993].
Therefore, to sample correctly from Sy, one has to treat the above as a proposal distribution

q that can then be corrected with an MH accept /reject test. The Langevin proposal is:
a(0'16,) = N (16, + 5 Valog So(6r) o) (2.10)

As a — 0, acceptance probability of the Langevin proposal approaches 1, since the discretized

update approaches the Langevin diffusion.

2.3 Scalability of Traditional MCMC

Most traditional MCMC algorithms are designed to satisfy detailed balance and require
evaluating the target density at least once for each sample they generate. For Bayesian
posterior inference, the target density is the posterior distribution Sy o< p(6) [T, p(z:]6),
which involves the likelihood of all datapoints, and is hence very expensive to evaluate for
large datasets. Therefore, traditional MCMC algorithms can generate only a limited number
of samples in a reasonable amount of computational time. This negatively affects the quality

of the MCMC estimator I in two ways:

1. Burn-in is unnecessarily slow: We want the burn-in phase to be very quick so that
the remaining samples we collect are almost unbiased. In practice the burn-in phase

is usually just noisy optimization to get us close to a mode, so it seems wasteful to
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make precise moves that process the entire dataset in each iteration to enforce detailed

balance.

2. The variance of the estimator is too high: Since, the variance of Iis inversely propor-
tional to the number of samples, we have to collect a large number of samples to keep
the variance under control. Otherwise, the estimator may not be useful in practice

even though it is unbiased.

Thus, the main goal of this thesis is to develop approximate MCMC algorithms that use
only a mini-batch of data to generate each sample and can therefore scale up to arbitrarily
large datasets. In the next section, we will discuss the general ideas behind approximate
MCMC methods, the trade-offs involved, and strategies for designing approximate MCMC
algorithms. In later chapters, we will apply these strategies to develop powerful general

purpose algorithms for scalable Bayesian inference.

2.4 Approximate MCMC

2.4.1 Basic Ideas

Traditional MCMC algorithms are designed to converge to the correct stationary distribution
so that the estimator I will be unbiased. However, as discussed in section 2.3, unbiasedness
comes at a heavy price: traditional MCMC algorithms have to evaluate the expensive pos-
terior density in each step. As a result, only a few samples can be generated in a reasonable
amount of computational time and the variance of / will be very high. Given a fixed amount
of time to finish our computation, is producing an unbiased estimator with high variance the

optimal thing to do? We argue that it is not.

Imagine that, instead of evaluating the posterior distribution exactly in each step, we can
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approximate some or all of the computations in the transition kernel efficiently. Let € be
a parameter that controls the amount of approximation. We will adopt the convention
that € = 0 corresponds to no approximation, and higher values of ¢ correspond to cruder
approximations (that are also cheaper to compute). Using an MCMC algorithm with ¢ >
0 will allow us to burn-in quickly and reduce the variance of our estimator, because the
cost of generating each sample is lower and we can draw more samples in the amount of

computational time available.

However, because of the approximations we use, the transition kernel will, in general, not
satisfy detailed balance with respect to Sy and the stationary distribution of our Markov
chain will be different from Sy. Since samples from this biased distribution are used to
estimate expectations with respect to Sy, the estimator I will be biased as well. We will
denote the biased stationary distribution as S. and the estimator computed using samples
from S, as I.. We will call the bias resulting from using a wrong stationary distribution as
asymptotic bias to distinguish it from burn-in bias (which becomes negligible as we collect

more samples).

There are 3 sources of error in I.: burn-in bias, variance and asymptotic bias. These er-
rors dominate at different stages of the sampling process. Initially, the burn-in bias is the
dominant source of error, but it usually disappears quickly after we collect a few samples.
Thereafter, the error is dominated by the variance which decreases as o< 1/T". Finally, if we
collect an infinite amount of samples, only the asymptotic bias will remain. The parameter
€ controls the trade-off between these errors. The higher the value of €, the faster we can
sample to reduce burn-in bias and variance, but at the cost of higher asymptotic bias. If €
is small, the sampling process is more expensive, so burn-in and variance reduction is slow,

but the asymptotic bias will be lower.
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2.4.2 Approximate MCMC and the Bias-Variance Trade-off

The trade-off between these sources of errors can be studied more formally using the risk of
the estimator. We define the risk of the estimator, I;, in the usual manner as its expected
squared error, where the expectation is over multiple simulations of the Markov Chain.
Usually, practitioners are willing to wait until the burn-in period is completed. So, for
simplicity, let us assume that the burn-in bias is negligible. Then, it is easy to show that

the risk is equal to the sum of variance and squared bias:

R.=B+V, (2.11)
where:
R = E[(fe - [)2]

In the above, all expectations are taken with respect to multiple simulations of the Markov
chain?. 0']2075«6 is the variance of f with respect to S, and 7 is the integrated auto-correlation
time. The bias B, is the difference in expectations of f with respect to the target distribution
Sp and the equilibrium distribution S,.. Since the approximation parameter e controls the
trade-off between the bias and variance contributions to the risk, we can motivate the need

for approximate MCMC algorithms (e > 0) from a risk minimization perspective.

3i.e. the expectations are taken with respect to p(61, 0z, ...,07) = Sc(01)K(02]01)...K.(07|07—_1). Here,
01 ~ Sc(0) since we ignore burn-in and we used K. to denote the transition kernel of our approximate Markov
chain.
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Figure 2.1: The risk, squared bias and variance of an approximate MCMC algorithm are
plotted as a function of €. Each sub-figure is for a fixed amount of computational time, which
increases as we go from top to bottom.
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The optimal € which minimizes the risk depends on the computational time as the variance
decreases with the number of samples we collect. To see this, in Figure 2.1, we have plotted
the squared bias, variance and risk of an approximate MCMC algorithm* as functions of e.
Each sub-figure is for a different amount of computational budget which increases from top
to bottom (Fig. 2.1(a) to 2.1(c)). In Fig. 2.1(a), the optimal € which minimizes the risk is
0.75. If we increase the computational time (Fig. 2.1(b)), we can collect more samples and
the variance decreases for all values of . But the asymptotic bias stays the same because it
does not depend on computational time. As a result, the optimal ¢ decreases to 0.5. In Fig.
2.1(c), we show the risk after even more computational time. Now, given an infinite amount
of computational time, the variance for any value of € will be 0, because we can collect an
infinite number of samples. Therefore, the optimal value of € in this case is 0, so that the bias
is 0 as well. This is the traditional MCMC setting. However, given finite computational time,
e = 0 is clearly not optimal. In general, the lower the amount of available computational
time, the higher the value of € we should use. Thus, it is necessary to develop approximate

MCMC algorithms that can trade in a small amount of bias for faster variance reduction.

2.4.3 Strategies for Algorithm Design

We will now discuss some general strategies for designing approximate MCMC algorithms.
The traditional MH MCMC algorithm has two steps. 1) We generate a candidate state
from a proposal distribution. 2) We accept or reject the proposed state by conducting an
expensive MH test. We can construct efficient approximate algorithms by modifying either

of these steps as follows:

1. Approximate the Metropolis-Hastings test with less data: The most expensive part of

the MH algorithm is the accept-reject test which requires evaluating the likelihood of

4The algorithm was Uncorrected Langevin Dynamics and we measure the risk in estimating %.
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all datapoints in the data set. If we can approximate this test with less data, we can

substantially speed up the algorithm.

2. Dewvelop efficient proposal distributions: If we can develop efficient proposal distribu-
tions that generate candidates with an acceptance probability close to 1, we can accept

every proposal and avoid the expensive MH test.

In the next few chapters, we apply these principles to develop various scalable MCMC

algorithms.
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Chapter 3

Approximate Metropolis-Hastings

The Metropolis-Hastings (MH) algorithm is a general method to design the transition kernel
of a Markov chain so as to obtain a desired equilibrium distribution. Since the MH rule
lies at the core of most popular MCMC methods, developing a scalable version of the MH
algorithm is of fundamental importance. In this chapter, we show that the MH algorithm
can be approximated using a sequential hypothesis test that processes only a fraction of the

data to generate each posterior sample.

This chapter is based on results from Korattikara et al. [2014]. I came up with the idea
to approximate the MH test using hypothesis tests. Max Welling and Yutian Chen helped
refine the algorithm. I performed the experiments in sections 3.3.1 - 3.3.3. Yutian Chen
provided the theoretical analysis and other results in section 3.4. Max Welling suggested
using sampling without replacement to reduce the amount of data used per test. Alexander

Ihler suggested using sequential hypothesis tests to control the error better.
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3.1 Metropolis-Hastings

Given a (potentially unnormalized) target density Sy, the Metropolis-Hastings algorithm
[Metropolis et al., 1953, Hastings, 1970] uses the following steps for transitioning from the

current state 6; to the next state 0;;:

1. Draw a candidate state ¢’ from a proposal distribution ¢(6’|6;)

2. Compute the acceptance probability:

P, = min {1, Sow/)q(etw»]

So(0:)q(0"]0:)

3. Draw u ~ Uniform[0, 1]. If u < P, set 6,41 < ¢, otherwise set ;.1 < 6;.

It is easy to show that the above transition kernel satisfies detailed balance with respect to Sy
for any choice of the proposal distribution ¢ (see section 2.2.1). The term MH accept/reject
test is often used to refer to Steps 2 and 3 of the algorithm, since we are essentially trying

to decide whether to ‘accept’ or ‘reject’ the proposed state ¢'.

In Bayesian inference, we are mainly interested in generating samples from the posterior
distribution Sy oc p(0) [T, p(x;]6). Since the acceptance probability in Step 2 involves
the target density, we have to evaluate the likelihood of every datapoint for each sample
we generate. This becomes prohibitively expensive when we have billions of datapoints in
our dataset and we can generate only a few posterior samples in a reasonable amount of
computational time. As a result, the variance of any MCMC estimators computed from

these samples will be very high.

Therefore, as discussed in section 2.4, it is necessary to develop a scalable version of this

algorithm, even if it is at the expense of a small amount of bias. Since many other popular
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MCMC algorithms (e.g. Langevin Monte Carlo [Roberts and Tweedie, 1996], Hamiltonian
Monte Carlo [Neal, 2011], Gibbs Sampling [Geman and Geman, 1984], Slice Sampling [Neal,
2003]) are derived from the MH algorithm using specialized choices for the proposal distribu-
tion, a scalable MH test is extremely useful. In the next section, we show how to approximate
the MH test using a sequential hypothesis test that processes only an adaptive mini-batch

of data to make each accept/reject decision.

3.2 Approximate Metropolis-Hastings

We approximate the MH test by first turning it into a decision problem about the mean
difference in log-likelihoods, and then using a hypothesis test to approximate the decision
using only a fraction of the data. First, note that the uniform random variable u (see MH

algorithm above) can be generated before computing P,. Since u is less than 1, we can

p0") TII | p(i]0")q(0:]0")
p(0) [TiL, p(wi|0)q(0’|6:)

comparison that do not depend on the data = to one side, taking a logarithm on both sides,

compare u directly to instead of to P,. Now, moving the terms in this

and dividing by N, we can show that the MH test is equivalent to the following comparison:

Lo 2 14, Where:

1
o = —~ log

Log [L2O0C]

p(0)q(0:]6")

N
1
= ;li where 1; = logp(x;;0') — log p(x;; 6;)

Here, if © > pg, we accept the proposal and set 6,1 < 0. If u < g, we reject the proposal
and set 0,1 < 6;. Thus, the MH accept/reject test can be framed as a decision problem to

check whether the mean of the [;’s, the difference in log-likelihoods, is greater than or less
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than a threshold that does not depend on the data. Although, this decision still involves all
the datapoints, the reformulation makes it very easy to approximate the comparison using

a statistical hypothesis test.

Given g and a random sample {l;, ..., l; } drawn without replacement from the population
{li,...,In}, we would like to decide whether the population mean pu is greater than or less
than the threshold py. How well we can do this depends on the precision in the random
sample. If the difference between the sample mean [ and i is significantly greater than
the standard deviation s of [, we can make the decision to accept or reject the proposal
confidently. If not, we should draw more data to increase the precision of [ (reduce s) until

we have enough evidence to make a decision.

More formally, we test the hypotheses Hy : p > po vs Hy : u < po. To do this, we

proceed as follows: We compute the sample mean [ and the sample standard deviation

s; =1/(12 = (1)?)=% . Then the standard deviation of [ can be estimated as:
S n—1
= —/1- 3.1
= n N1 (3.1)

where /1 — ]’\‘,;_11, the finite population correction term, is applied because we are drawing

the subsample without replacement from a finite-sized population. Then, we compute:

po Lo (3.2)

S

If n is large enough for the central limit theorem (CLT') to hold, ¢ follows a standard Student-t
distribution with n—1 degrees of freedom, when p = pg. Then, we compute 6 = 1— ¢, ([t])
where ¢, (.) is the cdf of the standard Student-t distribution with n—1 degrees of freedom.
If 6 < e (a fixed threshold) we can confidently say that p is significantly different from py.

In this case, if [ > g, we decide p > pg, otherwise we decide p < po. If 6 > ¢, we do not
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have enough evidence to make a decision. In this case, we draw more data to reduce the
uncertainty, s, in the sample mean [. We keep drawing more data until we have the required
confidence (i.e. until 6 < €). Note, that this procedure will terminate because when we have
used all the available data, i.e. n = N, the standard deviation s is 0, the sample mean [ =
and 0 = 0 < e. So, we will make the same decision as the original MH test would make.
Pseudo-code for our test is shown in Algorithm 1. Here, we start with a mini-batch of size

m for the first test and increase it by m datapoints when required.

Algorithm 1 Approximate MH test
Input: 6;, ¢, €, po, Xn, m
Output: accept
1: Initialize estimated means I < 0 and 12 < 0
2: Initialize n < 0, done « false
3: while not done do
4:  Draw mini-batch X of size min (m, N — n) without replacement from Xy and set
XN <— XN \ X
5. Update [ and 2 using X, and n < n + |X|
:  Estimate std s using Eqn. 3.1

[ —
7. Compute § < 1 — ¢,,_1 (‘ Ho )
s
. if 0 < € then B
9: accept < true if [ > g and false otherwise
10: done < true
11:  end if

12: end while

The advantage of our method is that often we can make confident decisions with n < N
datapoints and save on computation, although we introduce a small bias in the stationary
distribution. But, we can use the computational time we save to draw more samples and
reduce the variance. The bias-variance trade-off can be controlled by adjusting e. When ¢
is high, we make decisions without enough confidence and introduce a high bias. As ¢ — 0,
we make more accurate decisions but are forced to examine more data which results in high

variance.

Our algorithm will behave erratically if the assumptions of the CLT do not hold, e.g. with very
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sparse datasets or datasets with extreme outliers. The CLT assumption can be easily tested
empirically before running the algorithm to avoid such pathological situations. However, we
expect any algorithm that does not examine every datapoint to suffer from similar problems

on such datasets.

3.3 Experiments

3.3.1 Random Walk - Logistic Regression

We first test our method using a random walk proposal ¢(¢'|6;) = N (0|0, 0%,). Although
the random walk proposal is not efficient, it is very useful for illustrating our algorithm
because the proposal does not contain any information about the target distribution, unlike
Langevin or Hamiltonian methods. So, the responsibility of converging to the correct dis-
tribution lies solely with the MH test. Also since ¢ is symmetric, it does not appear in the

MH test and we can use po = = log [up(6;)/p(6")].

The target distribution in this experiment was the posterior for a logistic regression model
trained on the MNIST dataset for classifying digits 7 vs 9. The dataset consisted of 12214
datapoints and we reduced the dimensionality from 784 to 50 using PCA. We chose a

Gaussian prior over the parameters.

In figure 3.1, we show marginals of 6, vs 0 for € = 0 (exact MH) and € = 0.01 at different
values of wall clock time. The red curves are marginals for 3 different runs of the random walk
algorithm whereas the blue curve shows the true marginal obtained from a long run of Hybrid
Monte Carlo. After 50 secs, the exact MH algorithm ¢ = 0 has still not completed burn-in.
Our algorithm with e = 0.01 is able to accelerate burn-in because it can collect more samples

in a given amount of time. Theoretically, as more computational time becomes available the
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exact MH algorithm will catch up with (and eventually outperform) our algorithm, because
the exact MH algorithm is unbiased unlike ours. But the bias is hardly noticeable in this
example and the error is still dominated by the variance even after collecting around 100K

samples.

El - 18 04 - EX} )

(a) e=0, WCT = 50 (b) e=0, WCT = 100 (c) e=0, WCT = 400
sec, T = 9.5K sec, T = 19K sec, T = 75.5K

Y

<

(d) e=0.01, WCT =50 (e) e=0.01, WCT = (f) ¢=0.01, WCT =
sec, T = 16.5K 100 sec, T = 33K 400 sec, T = 133K

Figure 3.1: Marginals 6, vs 6, for ¢ = 0 and ¢ = 0.01 at different values of wall clock time.
The actual number of samples T' is shown as well.

In Fig. 3.2, we show how the logarithm of the risk in estimating the mean prediction, de-
creases as a function of wall clock time. The mean prediction, given a test point x*, is
defined as E,gx ) [p(z*]0)]. To calculate the risk, we first estimate the true mean prediction
using a long run of Hybrid Monte Carlo. Then, we compute multiple estimates of the mean
prediction from our approximate algorithm and obtain the risk as the mean squared error
in these estimates. We plot the average risk of 2037 datapoints in the test set. Since the
risk R = B>+ V = B? + in, we expect it to decrease as a function of time until the bias
dominates the variance. The figure shows that even after collecting a lot of samples, the risk

is still dominated by the variance and the minimum risk is obtained with € > 0.
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Figure 3.2: Logistic Regression: Risk in mean prediction

3.3.2 Independent Component Analysis

Next, we use our algorithm to sample from the posterior distribution of the unmixing ma-
trix in Independent Component Analysis (ICA) [Hyvérinen and Oja, 2000]. When using
prewhitened data, the unmixing matrix W € RP*P is constrained to lie on the Stiefel man-
ifold of orthonormal matrices. We choose a prior that is uniform over the manifold and zero
elsewhere. We model the data as p(z|W) = |det(W)] Hle 4 cosh2(%wfm)rl where w; are
the rows of W. Since the prior is zero outside the manifold, the same is true for the posterior.
Therefore we use a random walk on the Stiefel manifold as a proposal distribution [Ouyang,
2008]. Since this is a symmetric proposal distribution, it does not appear in the MH test

and we can use fip = + log [u].

To perform a large scale experiment, we created a synthetic dataset by mixing 1.95 million
samples of 4 sources: (a) a Classical music recording (b) street / traffic noise (c¢) & (d) 2
independent Gaussian sources. To measure the correctness of the sampler, we measure the
risk in estimating I = Epw|x) [da(W, Wy)] where the test function d, is the Amari distance
[Amari et al., 1996] and W, is the true unmixing matrix. We computed the ground truth
using a long run (T = 100K samples) of the exact MH algorithm. Then we ran each algorithm
10 times, each time for ~ 6400 secs. We calculated the risk by averaging the squared error
in the estimate from each Markov chain, over the 10 chains. This is shown in Fig. 3.3. Note

that even after 6400 secs the variance dominates the bias, as evidenced by the still decreasing
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Figure 3.3: ICA: Risk in mean of Amari distance

risk, except for the most biased algorithm with € = 0.2. Also, the lowest risk at 6400 secs
is obtained with € = 0.1 and not the exact MH algorithm (¢ = 0). But we expect the exact
algorithm to outperform all the approximate algorithms if we were to run for an infinite

time.

3.3.3 Variable selection in Logistic Regression

Now, we apply our MH test to variable selection in a logistic regression model using the
reversible jump MCMC algorithm of Green [1995]. We use a model that is similar to the
Bayesian LASSO model for linear regression described in Chen et al. [2011]. Specifically,
given D input features, our parameter § = {f,v} where  is a vector of D regression
coefficients and 7 is a D dimensional binary vector that indicates whether a particular feature
is included in the model or not. The prior we choose for 5 is p(5;|y,v) = % exp {—@} if
v; = 1. If v, = 0, 8; does not appear in the model. Here v is a shrinkage parameter that

pushes f3; towards 0, and we choose a prior p(r) o< 1/v. We also place a right truncated
k

BE on 7 as in Chen et al. [2011] to control the size of the model,
gL

Poisson prior p(y|A)

k= Zfﬂ Y-

Denoting the likelihood of the data by Iy(/3,7), the posterior distribution after integrating
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out v is p(B, 7| Xn, yn, A) o< In(B, VIBITFNB(k, D—k-+1) where B(.,.) is the beta function.
Instead of integrating out A\, we use it as a parameter to control the size of the model. We
use the same proposal distribution as in Chen et al. [2011] which is a mixture of 3 type
of moves that are picked randomly in each iteration: an update move, a birth move and
a death move. The update move is the usual MCMC move which involves changing the
parameter vector 8 without changing the model ~. Specifically, we randomly pick an active
component j : v; = 1 and set §; = 8; +n where n ~ N (0, 0ypgate). The birth move involves
(for k < D) randomly picking an inactive component j : 7; = 0 and setting 7; = 1. We also
propose a new value for 8; ~ N(0, 0pirtn,). The birth move is paired with a corresponding
death move (for £ > 1) which involves randomly picking an active component j : 7; = 1 and
setting v; = 0. The corresponding 3; is discarded. The probabilities of picking these moves
p(y — 7/) are the same as in Chen et al. [2011]. The values of yy used in the MH test for
different moves are given below.

1. Update move:

1 HﬂHIk}
po = ~ log [U—_ (3.3)
N [ (s
2. Birth move:
1 Bl p(y = A IN(B;]0, opien) (D — k
o= 1o [“H 20 = VW0, w0 = ) 5
1870 p(y = ) Ak

2. Death move:

1
o = NX
181 *p(y = ) Ak —1)
1 .
" [u 1811 % Vp(y = ) N (510, 0biren) (D — k + 1) (3:5)

We used oypgate = 0.01 and opre, = 0.1 in this experiment.
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Figure 3.4: RJIMCMC: Risk in mean prediction

We applied this to the MiniBooNE dataset from the UCI machine learning repository [Bache
and Lichman, 2013]. Here the task is to classify electron neutrinos (signal) from muon
neutrinos (background). There are 130,065 datapoints (28% in +ve class) with 50 features
to which we add a constant feature of 1’s. We randomly split the data into a training (80%)
and testing (20%) set. To compute ground truth, we collected T=400K samples using the
exact reversible jump algorithm (¢ = 0). Then, we ran the approximate MH algorithm with
different values of € for around 3500 seconds. We plot the risk in predictive mean of test
data (estimated from 10 Markov chains) in Fig. 3.4. Again we see that the lowest risk is

obtained with € > 0.

The acceptance rates for the birth/death moves starts off at ~ 20% but dies down to ~ 2%
once a good model is found. The acceptance rate for update moves is kept at &~ 50%. The
model also suffers from local minima. For the plot in Fig. 3.4, we started with only one
variable and we ended up learning models with around 12 features, giving a classification
error ~ 15%. But, if we initialize the sampler with all features included and initialize 5 to
the MAP value, we learn models with around 45 features, but with a lower classification error
~ 10%. Both the exact reversible jump algorithm and our approximate version suffer from
this problem. We should bear this in mind when interpreting “ground truth”. However, we
have observed that when initialized with the same values, we obtain similar results with the

approximate algorithm and the exact algorithm. For example, we plot the marginal posterior
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Figure 3.5: Marginal probability of features to be included in the model

probability of including a feature in the model, i.e. p(vy; = 1| Xn,yn, A) in figure 3.5.

3.4 Error Analysis and Test Design

We will now present an error analysis of our algorithm and discuss how to optimally set the
hyper-parameters to minimize data usage given a bound on the error. We provide only a brief
summary of the main results in this section. For more details, please refer to Korattikara

et al. [2014].

3.4.1 Error Analysis and Estimation

The parameter € is an upper-bound on the error of a single test and not the error of the com-
plete sequential test. To compute this error, we assume a) n is large enough that the ¢ statistic

can be approximated with a z statistic, and b) the joint distribution of the I’s corresponding
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Figure 3.6: Error £ estimated using simulation (blue cross with 1 ¢ error bar) and dynamic
programming (red line). An upper bound (black dashed line) is also shown.

to different mini-batches used in the test is multivariate normal. Under these assumptions,

we can show that the test statistic at different stages of the sequential test follows a Gaussian

Random Walk process. This allows us to compute the error of the sequential test & (s, m, €),

and the expected proportion of the data required to reach a decision 7(fista, m, €), using an

efficient dynamic programming algorithm. Both £ and 7 depend on 6, 8" and u only through
aef (p(0,0") — p10(6,6",u)) VN — 1

the ‘standardized mean’ defined as pgq(u, 6,0') = 0.0 where 0 is
oi\v,

the true standard deviation of the [;’s. See [Korattikara et al., 2014] for a detailed derivation

and an empirical verification of the assumptions.

Fig. 3.6 shows the theoretical and actual error of 1000 sequential tests for the logistic re-
gression model described in Section 3.3.1. The error &(usq, m,€) is highest in the worst
case when p = p9. Therefore, £(0,m, €) is an upper-bound on £. Since the error decreases
sharply as p moves away from pg, we can get a more useful estimate of £ if we have some
knowledge about the distribution of pugq’s that will be encountered during the Markov chain

simulation.

Now, let P, (6,0") be the actual acceptance probability of our algorithm and let A(6,6") def

P,.(0,0") — P,(0,0) be the error in P,.. In the supplementary section of Korattikara et al.
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[2014], we show that for any (6,0'):

A= [ Enatnau= [ Elatw)n (3.6)

Thus, the errors corresponding to different u’s partly cancel each other. As a result, although
|A(0,6)| is upper-bounded by the worst-case error £(0,m,¢€) of the sequential test, the
actual error is usually much smaller. For any given (6,60'), A can be computed easily using

1-dimensional quadrature.

Finally, we show that the error in the stationary distribution is bounded linearly by A =
supg ¢ |A(0,0')]. Asnoted above, Apax < E(0,m, €) but is usually much smaller. Let d,(P, Q)
denote the total variation distance! between two distributions, P and Q. If the transition ker-
nel ICy of the exact Markov chain satisfies the contraction condition d,(PKCo, So) < nd,(P, Sp)
for all probability distributions P with a constant n € [0, 1), we can prove ([Korattikara et al.,

2014]) the following upper bound on the error in the stationary distribution:

Theorem 1. The distance between the posterior distribution Sy and the stationary distribu-

tion of our approrimate Markov chain S, is upper bounded as:

g

max

1 —

dv(S(b Se) S

3

3.4.2 Optimal Sequential Test Design

We now briefly describe how to choose the parameters of the algorithm: €, the error of a single
test and m, the mini-batch size. A very simple strategy we recommend is to choose m ~ 500
so that the Central Limit Theorem holds and keep € as small as possible while maintaining

a low average data usage. This rule works well in practice and is used in Experiments 3.3.1

!The total variation distance between two distributions P and (), that are absolutely continuous w.r.t.
measure (2, is defined as d,(P, Q) def %f%@ |fp(0) — fo(0)|d2(8) where fp and fg are their respective

densities (or Radon-Nikodym derivatives to be more precise).
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- 3.3.3.

The more discerning practitioner can design an optimal test that minimizes the data used
while keeping the error below a given tolerance. Ideally, we want to do this based on a
tolerance on the error in the stationary distribution S.. Unfortunately, this error depends
on the contraction parameter n of the exact transition kernel which is difficult to compute.
A more practical choice is a bound on the error A in the acceptance probability since the
error in S, increases linearly with A. Since A is a function of (0, 6’), we can try to control
the average value of A over the empirical distribution of (#,6’) that would be encountered
while simulating the Markov chain. Given a tolerance A* on this average error, we can find
the optimal m and € by solving the following optimization problem (e.g. using grid search)

to minimize the average data usage :

minEg g [E, 7 (psta(u, 0,0"), m, €)]

s.t. E9,9/|A(m,e,6’,9/)| < A* (37)

In the above equation, we estimate the average data usage, E,[7], and the error in the
acceptance probability, A, using dynamic programming with one dimensional numerical
quadrature on u. The empirical distribution for computing the expectation with respect to
(0,6") can be obtained using a trial run of the Markov chain. Without a trial run the best
we can do is to control the worst case error £(0,m, €) (which is also an upper-bound on A)
in each sequential test by solving the following minimization problem:

min7(0,m,e) s.t. £(0,m,e) <A (3.8)

m,e

But this leads to a very conservative design as the worst case error is usually much higher

than the average case error.

We now illustrate the advantages of the optimal test design by applying it to the ICA
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experiment described in Section 3.3.2. We consider both design methods: the ‘average design’
(Eqn. 3.7) and the ‘worst-case design’ (Eqn. 3.8). For the average design, we collected 100
samples of the Markov chain to approximate the expectation of the error over (6,60"). We
will call these samples the training set. The worst case design does not need the training set
as it does not involve the distribution of (6, 6"). We compute the optimal m and € using grid
search, for different values of the target training error, for both designs. We then collect a

new set of 100 samples (0, 0’) and measure the average error and data usage on this test set

(Fig. 3.7).
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Figure 3.7: Test average error in P, and data usage E,[7] for the ICA experiment using
average design over both m and e (O), with fixed m = 600 (A), and worst-case design (OJ).

For the same target error on the training set, the worst-case design gives a conservative
parameter setting that achieves a much smaller error on the test set. In contrast, the
average design achieves a test error that is almost the same as the target error (Fig. 3.7(a)).

Therefore, it uses much less data than the worst-case design (Fig. 3.7(b)).

We also analyze the performance in the case where we fix m = 600 and only change €. This
is a simple heuristic we recommended at the beginning of this section. Although this usually
works well, using the optimal test design ensures the best performance. In this experiment,
we see that when the error is large, the optimal design uses only half the data (Fig. 3.7(b))

used by the heuristic and is therefore twice as fast.
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3.5 Related Work

A similar method was used in Singh et al. [2012], where the factors of a graphical model are
sub-sampled to compute fixed-width confidence intervals for the log-likelihood in the MH
test. Our work is most similar to Bardenet et al. [2014] which uses concentration bounds
instead of confidence intervals to measure the precision in a mini-batch. Since this algorithm
does not use any central limit assumptions, it is more generally applicable than ours. But
the generality comes at a price, because when the normal assumptions are indeed satisfied
(as is usually the case), the algorithm based on concentration bounds uses more data than
our test. However, it can be useful in cases where the normal assumptions do not hold, e.g.

with very sparse datasets or datasets with extreme outliers.

There has also been some work on developing unbiased scalable MH algorithms. The pseudo
marginal MCMC method [Andrieu and Roberts, 2009] and the method developed by Lin
et al. [2000] provide a way to conduct exact accept/reject tests using unbiased estimators
of the likelihood. However, in our experiments, unbiased estimators of the likelihood that
can be computed from mini-batches of data, such as the Poisson estimator [Fearnhead et al.,
2008] or the Kennedy-Bhanot estimator [Lin et al., 2000] have very high variance for large
datasets. Because of this, once we get a very high estimate of the likelihood, almost all
proposed moves are rejected and the algorithm gets stuck. A more successful approach is
the Firefly algorithm|[Maclaurin and Adams, 2014] which uses auxiliary binary variables to
determine whether a datapoint should be included in the mini-batch or not. This algorithm
can generate unbiased samples from the posterior distribution, but requires a lower bound

on the per datum likelihood.

A theoretical analysis of noisy MCMC algorithms like our approximate MH test can also be
found in Pillai and Smith [2014] and Alquier et al. [2014].
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Chapter 4

Approximate Slice Sampling

In this chapter, we show that the sequential Metropolis-Hastings test we developed in Chap-
ter 3 can also be used to speed up the slice sampling algorithm on Bayesian posterior distri-

butions.

This chapter is based on results from DuBois et al. [2014]. Christopher DuBois came up
with the idea of using our sequential MH test to speed up the slice sampling algorithm. I

helped with the algorithm design and performed the experiments in sections 4.3.1 - 4.3.3.

4.1 Slice Sampling

Slice sampling [Neal, 2003] is an MCMC method for sampling from a (potentially unnormal-
ized) density Sy(6), where § € © C RP, by sampling uniformly from the D + 1 dimensional
region under the density. In this section, we will first introduce slice sampling for univariate

distributions and later describe how it can be easily extended to the multivariate case.

We start by defining an auxiliary variable h, and a joint distribution p(#, h) that is uniform
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over the region under the density (i.e. the set {(6,h):0 € ©,0 <h < Sy(d)}) and 0 else-
where. Since marginalizing p(6, h) over h yields Sy(#), sampling from p(f, h) and discarding
h is equivalent to sampling from Sy(0). However, sampling from p(6,h) is not straightfor-
ward and is usually implemented as an MCMC method where in every iteration ¢, we first

sample h; ~ p(h|6;—1) and then sample 6; ~ p(0|hy).

Sampling h; ~ p(h|6;—1) is trivial since p(h|0;—1) is just Uniform|0, Sy(6;—1)]. For later
convenience, we will introduce the uniform random variable u; ~ Uniform|0, 1], so that h,
can be defined deterministically as h; = u;So(6;—1). Now, p(0]h;) is a uniform distribution
over the ‘slice” Q[u¢, 1] = {0 : So(0) > 1 S0(6;—1)}. Sampling 8, ~ p(A|h;) is hard because

of the difficulty in finding all segments of the slice in a finite amount of time.

Neal [2003] developed a method where instead of sampling from p(0|h;) directly, a ‘stepping-
out’ procedure is used to find an interval (L, R) around 6;_; that includes most or all of the
slice, and 6; is sampled uniformly from the part of (L, R) that is on Q[u, 6;—1]. Pseudo code

for one iteration of slice sampling is shown in Algorithm 2.

The stepping out procedure involves placing a window (L, R) of width w around 6,_; and
widening the interval by stepping away from 6;_; in opposite directions until L and R are no
longer in the slice. The maximum number of step-outs can be limited by a constant V..
Note that the initial placement of the interval (L, R) around 6, ; in Algorithm 2 is random,
and V. is randomly divided into a limit on stepping to the left, V7, and a limit on stepping
to the right, V. These are necessary for detailed balance to hold, as described in [Neal,
2003].

Once a suitable interval containing all or most of the slice has been found, 6, is sampled by
repeatedly drawing a candidate state ., uniformly from (L, R) until it falls on the slice
Q. At this point, we set 0; <— 0,0, and move to the next iteration. If a proposed state 0p,op

does not fall on the slice, the interval (L, R) can be shrunk to (L, Opr0p) O (Oprop, R) such
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that 6;_; is still included in the new interval. A proof that Algorithm 2 defines a Markov

chain with the correct stationary distribution p(f, h) can be found in [Neal, 2003].

Algorithm 2 Slice Sampling

Input: 0;,_1, w, Viax
Output: 6,
Draw u; ~ Uniform[0, 1]
// Pick an initial interval randomly:
Draw @ ~ Uniform[0, 1]
Initialize L <+ 6;,_y —ww and R + L+ w
// Determine maximum steps in each direction:
Draw U ~ Uniform|0, 1]
Set VI, «— Floor(Viyav) and Vi < Vipax — 1 =V
// Obtain boundaries of slice:
while V, > 0 and 0nSlice(L,0; 1,u;) do
ViV, —1
L+ L—-w
end while
while Vi > 0 and OnSlice(R, 6;_1,u;) do
VR — VR —1
R+~ R+w
end while
// Sample until proposal is on slice:
loop
Draw 1 ~ Uniform|0, 1]
9pr0p «— L+ U(R - L)
if OnSlice(Oprop, 01—1,u:) then
0 < Oprop
break
end if
if 9pmp < #;_1 then
L < Opop
else
R < Oprop
end if
end loop

The algorithm uses Procedure OnSlice, both during the stepping-out phase and the rejection
sampling phase, to check whether a point (L, R or 0,.,) lies on the slice Q[us, 6;—1]. In a
practical implementation, Sy(f) is calculated only once per iteration of the slice sampler,

and does not have to be recomputed every time Procedure 3 is used.
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Procedure 3 OnSlice

Input: ¢, 0, u

Output: Is ¢ on Q[u, 6]?
1: return Sy(0') > uSy(0)

One way to generalize the slice sampling algorithm to multiple dimensions is to pick a
direction in parameter space in each iteration and update 6 only in the chosen direction.
The direction can be picked uniformly at random from one of the co-ordinate directions
or from all possible directions. It is also valid to cycle through the co-ordinate directions

instead of picking one at random.

Relative to other MCMC techniques, slice sampling can allow for larger moves, allowing
one to reduce autocorrelation in the samples of the Markov chain and thereby explore the
parameter space more efficiently. The technique has been extended to multivariate distribu-
tions [Thompson and Neal, 2010], truncated normal distributions [Lu, 2008], latent Gaussian

models [Murray et al., 2009, Nishihara et al., 2012], and others.

4.2 Approximate Slice Sampling

A typical sampling algorithm must evaluate the posterior density exactly, atleast once for
each sample that it generates. In slice sampling, this evaluation is performed by the OnSlice
procedure which tests whether a given point (L,R or 6,,.p) lies on the slice or not. When
the dataset has billions of datapoints, computing the posterior density is very expensive as
it requires O(N) evaluations of the likelihood. Note that, in slice sampling, this has to be
done multiple times for each sample we generate. Performing O(N) computations for 1 bit of
information, i.e. whether a point is on the slice or not, is not a cogent use of computational
resources. Therefore, in this section, we will develop an approximate slice sampling algorithm

by cutting down the computational time of the OnSlice procedure.
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Algorithm 4 OnSliceApprox

Input: ¢, 0, u, e, m
Output: Is ¢ on Q[u, 6]?
1: Initialize mean estimates [ < 0 and /2 « 0
2: Initiah%e n<+0
3: o ¢y [log u +log p(#) — log p(¢")]
4: loop
5. Draw mini-batch X of size min (m, N — n) without replacement from Xy and set
Xy +— Xy \ X
6: Update [ and 2 using X, and n < n + |X|

5 (1\2
7. Estimate std s + 1—ﬁwﬂ
N n—1

8:  Compute § < 1 — ¢,_1 (‘l_ Ho )

9: if § < e then
10: break

11:  end if

12: end loop

13: return [ > Mo

The OnSlice procedure determines whether a point 6’ is on the slice Q[u, ] by checking if
So(0) > uSy(6). When Sy is a Bayesian posterior distribution, we can take the logarithm of

both sides of this inequality and divide by N to rephrase the test as p > pg, where:

1 p(bi—1)
= —1 d
XN
n= Z l; where [; =logp(x;;0') —logp(x;;6;) (4.1)
i=1

i.e., if g > po, we can conclude that ¢’ lies on the slice.

Note that we are testing if the mean of the finite population {l;...Ix} is greater than a
constant that does not depend on the data. A similar scenario appears in the Metropolis-
Hastings algorithm, where the mean difference in log-likelihoods is compared to a constant
to determine whether to accept or reject a proposed sample. In chapter 3, we proposed

a sequential hypothesis testing procedure to cut down the computational budget of this
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comparison. We can easily apply this test to efficiently compare p and po in the slice
sampling algorithm. The details are described in Procedure OnSliceApprox. An efficient,
but approximate, slice sampling algorithm can be obtained by replacing all calls to the

OnSlice procedure in Algorithm 2 with calls to OnSliceApprox.

4.3 Experiments

4.3.1 [, Regularized Linear Regression

First, we test our method on the posterior distribution of a linear regression model with a
Laplacian prior on the parameters. We trained the model using a 100K subset of the Million
Song Dataset year prediction challenge[Bache and Lichman, 2013]. The goal is to predict
the release year of a song from audio features. There are 90 features to which we added a

constant feature of ones.

We use the risk in estimating the ‘average prediction’ as a measure to compare the relative
performance of the exact and approximate slice sampling algorithms. The average predic-
tion is defined as the expectation of the prediction under the posterior distribution, i.e.
Ep XN)[HTx*], where x* is a test point. To compute risk, we first compute the true average
prediction using a long run (100K samples) of the exact slice sampling algorithm initialized
at the mode of the distribution. Then, we run the exact and approximate slice samplers at
different values of € for 500 seconds. On average, we obtained T = 12214, 48122 and 104732
samples with e = 0, 0.2 and 0.3 respectively in 500 secs of computation. Each algorithm is
run 10 times, and the risk is calculated as the squared error in the estimated mean prediction
averaged over the 10 Markov chain simulations. We plot the risk in the average prediction,
futher averaged over 1000 randomly chosen test points, for different values of € in Figure 4.1.

€ = 0 denotes the exact slice sampling algorithm.
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Figure 4.1: Risk in average prediction of test data for a linear regression model with a
Laplacian prior

For a typical sampling algorithm, the risk is initially dominated by the burn-in bias. Burn-in
usually happens very fast, after which the risk is dominated by the sampling variance and
reduces as O(1/T'). For approximate MCMC algorithms, after collecting a large number of
samples, the sampling variance will eventually be dominated by the asymptotic bias in the
stationary distribution. This can be seen in Figure 4.1. Algorithms with a high e are able
to burn-in and reduce variance quickly. After collecting a large number of samples, their
asymptotic bias will dominate the variance and prevent the risk from reducing further. The
exact slice sampler is slower to burn-in and reduce variance, but it can achieve zero risk

given an infinite amount of computational time.

4.3.2 Multinomial Regression

Next, we tested our method on a multinomial regression model trained on the MNIST dataset
of handwritten digits. There are 60000 training points with 784 dimensions each. We reduced
the dimensionality to 50 using PCA and added a constant feature of ones. Since there are
10 classes, this resulted in a 459 dimensional parameter vector. We chose a Gaussian prior

over the parameters.

We plot the risk in estimating the average prediction in Figure 4.2. As in the previous
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Figure 4.2: Risk in average prediction of test data for a Multinomial Regression model

experiment, ground truth was computed using 100K samples collected from the exact slice
sampler and the risk was computed by averaging the squared error over 10 Markov chains
for each value of e. We also average the risk over 10 randomly chosen test points. We ran
each algorithm for one hour and obtained T" = 13805, 27587, 56409 and 168624 samples for

e =0, 0.05, 0.1 and 0.2 respectively.

The lowest risk after one hour of computation was achieved by the approximate slice sampler
with the highest bias in the stationary distribution. Thus, even after one hour of computa-
tion, the risk is still dominated by sampling variance. If we were to run for a very long time,

we would expect the exact slice sampler to outperform all the approximate algorithms.

4.3.3 Logistic Regression

Finally, we test the performance of our approximate slice sampler on the posterior distribu-
tion of a logistic regression model. The model was trained on the Covertype dataset[Bache
and Lichman, 2013], where the goal is to predict forest cover type using cartographic vari-
ables. There are 7 cover types in the dataset, but we trained a 1-vs-rest classifier for the
most populous class (Lodgepole pine). There were a total of 464809 training points with 54

features (to which we add a ‘constant’ feature of ones). We chose a Gaussian prior over the
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Figure 4.3: Risk in average prediction of test data for a Logistic Regression model
parameters.

To compute ground truth, we used a long run (100K samples) of the exact slice sampler
initialized from the mode of the distribution. Then, we ran the exact and approximate slice
sampling algorithms at different values of € for 3 hours each. We obtained 7' = 14808, 19182,
54156 and 289497 samples with ¢ = 0, 0.05, 0.075 and 0.1 respectively. In Figure 4.3, we

plot the risk in estimating the average prediction of 10,000 randomly chosen test points.

The risk is initially dominated by the burn-in bias, and then by sampling variance. Ap-
proximate MCMC algorithms with higher values of € are able to reduce both of these very
quickly as shown in Figure 4.3. As more computational time becomes available, risk will
eventually be dominated by the bias in the stationary distribution. In Figure 4.3, this can
be seen for € = 0.1 which initially reduces risk very fast but is eventually outperformed by
the less biased algorithms. However, this crossover does not happen until a large amount of

computational time (=~ 8000 secs) has passed.
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Chapter 5

Stochastic Gradient Langevin

Dynamics

In chapter 2 (section 2.4.3), we discussed two strategies for designing fast approximate
MCMC algorithms. The first method was to approximate the Metropolis-Hastings test
directly using less data. We developed an algorithm to do this in chapter 3 and then applied

the same idea to speed up the slice sampling algorithm in chapter 4.

Another strategy is to use efficient proposal distributions that have acceptance probabilities
close to 1 so that we can accept every proposal and avoid the expensive MH test altogether.
Welling and Teh [2011] designed a sampling algorithm called Stochastic Gradient Langevin
Dynamics (SGLD) based on this idea. SGLD uses cheap noisy gradients of the target density,
computed from a small mini-batch of data, to make proposals that have a high probability

of being accepted.

In this chapter, we make two contributions to the theory and practice of SGLD sampling. In
section 5.2, we analyze the error in the stationary distribution of the SGLD Markov Chain

using tools from physics. Then in section 5.3, we show the advantages of combining SGLD
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with our approximate MH test when sampling from certain target distributions. We will

start with a review of the SGLD algorithm in the next section.

5.1 Stochastic Gradient Langevin Dynamics

As discussed briefly in 2, Langevin Monte Carlo [Roberts and Tweedie, 1996] is a sampling
algorithm that uses gradient information to make proposals to regions of higher density, and
hence have a higher probability of getting accepted. The algorithm gets its name from the

Langevin diffusion which is defined by the following stochastic differential equation:
1

where § € RP, 1(0) = Vylog Sy (gradient of the log density) and 7; is the D-dimensional
standard Brownian motion. Under certain regularity conditions (see [Roberts and Tweedie,
1996]), it can be shown that the Langevin diffusion in Eqn. 5.1 has Sy as its equilibrium
distribution. To simulate the diffusion on a digital computer, one has to discretize the SDE,

which is usually done as follows:
O;11 < 0; + %1#(«%) +n  where 7~ N(0,q) (5.2)

Here, « is the discretization step size. The above update equation defines an ergodic Markov
chain, but its equilibrium distribution is no longer Sy because of O(«) errors introduced
by the time discretization[Kronfeld, 1993|. Therefore, to sample correctly from Sy, one
has to treat the above as a proposal distribution that can then be corrected with an MH

accept /reject test.

As a — 0, the acceptance probability approaches 1, since the discretized update approaches

the Langevin diffusion. Thus, in theory, one can develop an approximate MCMC algorithm
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by keeping « small and avoiding the MH test. However, the proposal requires computing
the gradient ¢ () = VSy(#), which in the case of Bayesian posterior inference involves the
gradient of the log-likelihood of all data points. Processing the entire dataset to generate

each sample is prohibitively expensive when we have datasets with billions of data points.

Therefore, Welling and Teh [2011] developed the Stochastic Gradient Langevin dynamics
algorithm by noting that it is possible to replace the gradient ¥ (6) in eqn. 5.2 with a noisy
gradient and still keep the error in the stationary distribution under control. For Bayesian
posterior inference, a noisy gradient ﬁn(ﬁ) can be estimated using a mini-batch of n < N

datapoints as follows:

A N N
Ya(0) = — > Vologp(wilf) + Volog p(6) ~ ¢(6) = Y  Volog p(x;]0) + Vg logp(6) (5.3)
i=1

=1

Then, the update equation for SGLD is just:
o A

SGLD can generate each sample using only O(n) computations, in contrast to traditional

algorithms which require O(NN) computations per sample.

5.1.1 Bias-Variance Trade-off in SGLD

Recall that the variance of an MCMC estimator is proportional to 7/7, where 7 is the
integrated auto-correlation time and 7' is the number of samples. The parameters which
control the bias-variance trade-off in SGLD are € = {«,n} and they affect the variance by

acting on 7 and T respectively.

Increasing « allows us to take bigger steps in parameter space, which reduces the auto-

correlation time 7, and therefore the variance. However, since the error in the stationary

49



distribution is of O(«a) (see section 5.2), increasing « increases the bias. As o — 0, we can
obtain a theoretically unbiased algorithm, but in practice, the chain will be stuck at one

point in parameter space.

On the other hand, if we increase n, the computational time required to generate each sample
goes up. This limits the number of samples T" that can be collected in a given amount of time
and therefore increases the variance of the estimator. However, increasing n also reduces the
noise in the gradient which can be shown to reduce the bias (see section 5.2). Note that it
is not possible to obtain an unbiased algorithm merely by changing n. We can only obtain

unbiasedness (in theory) as o — 0.

5.1.2 SGLD and Optimization

There is an interesting connection between SGLD and optimization. Note that the SGLD
update in eqn. 5.4 is identical to that of stochastic gradient ascent except for the O(«)
injected Gaussian noise. Intuitively, the injected noise allows SGLD to move around the

MAP estimate, instead of converging to it as in optimization.

In fact, SGLD can behave either as an optimizer or as a sampler depending on the value of
a. To see this, note that there are two sources of noise in SGLD: the injected Gaussian noise
and the sub-sampling noise in estimating the gradient. The injected noise has variance «,
whereas the sub-sampling noise has variance O(a?) because the noisy gradient is multiplied
by a. When « is high, the O(a?) sub-sampling noise dominates the O(«) injected noise and
the SGLD update behaves like stochastic gradient ascent optimization. On the other hand,
when « is small, the O(«) injected noise will dominate the O(a?) sub-sampling noise. In
this case, we can ignore the noise in the gradient, and the algorithm behaves like a Langevin

Dynamics sampler.
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Welling and Teh [2011] recommend annealing « to 0 over time. Initially when « is high,
SGLD behaves like stochastic gradient ascent to efficiently find the posterior mode (during
burn-in). Then, as « is reduced, the algorithm seamlessly transitions into Langevin Dynamics

and samples around the mode. The sampling is biased, but the bias disappears as a — 0.

5.2 Error Analysis

In this section, we will analyze the error! in the stationary distribution of the SGLD Markov
chain upto first order in a. Let us denote the stationary distribution of SGLD by S¢(6). The
true target distribution is Sy(6) o exp{—FE(#)} where E(f) = — >N logp(z;]0) — log p(f)

is the energy function.

The stationary distribution of any Markov chain will satisfy an infinite order differential

equation called the Kramers-Moyal (KM) expansion|Coffey et al., 2004]:

> S vhis.0)m6) =0 (55)

h=
In the above, M () are called the jump moments and are defined as:

M(0) = / (O — )" K (0/|0)de’ (5.6)

where K (60'|0) is the transition probability of moving from 6 to ’. We can find the stationary
distribution of SGLD by solving the KM equation for S.. However, the KM equation is
of infinite-order and we have to truncate it somehow to be able to solve it. Since we are
interested in the stationary distribution as a — 0, the best way to truncate the KM equation

is by computing the jump moments only upto some power of a. If we do this, the higher

'For simplicity, we will assume that # is one dimensional. The extension to multiple dimensions is
straightforward, although more tedious.
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order moments will vanish and drop out of the KM equation (see below).

To compute the jump moments, we rewrite the SGLD update as:

01 — 0r = ¢ = w(By) +_Zf1 (6r)

where:

w@%wN(—%VE@%a)

1(6) = Vogp(l6) — 1 S Viogp(a; 0 5.7

Jj=1

We can obtain the moments of the jump ¢, = 6,1 — 6; via its Moment Generating Function
(MGF) which can be computed from the MGFs of w and f;. Let M, denote the MGF of w.

Since w is normally distributed, we can easily write down M, in terms of the moments of w:

r? (o 9 rs 3a r
M,(r)y=14r (——VE) 5 <Z(VE> +a) + 3 (——VE) T (30%) + O(a?)
(5.8)
Now, we will calculate the MGF, M;(r), of the distribution? of the f;’s. To do this, first note

that E[f;(0)] = 0. Therefore, E[f?(6)] = V (), the empirical variance of the scores. Then we

can write:

2

M(r) =1+ 2V +O() (5.9)

2Please note that x; is not the i** data point in the dataset but instead the i*" data point in a randomly
drawn mini-batch, i.e. x; and f; are random variables.
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Defining My(r) to be the MGF of ¢, we have:

o (%))

2N2

r? a?N? " 5
{1 51 an? V+0O(a )} = M,(r) {14—5 in V+0(”)
2 2 A2
B a r? a” 5  °N
— 147 (- VE> L <4(VE) + V+a)
3 Ble} rd
3 (——VE> 1 (3%) + O(a?) (5.10)

We can easily read the jump moments off the above equation and plug them into the Kramers-
Moyal expansion to obtain a differential equation for S. If we only consider terms upto O(a),

we have:

@] 5 V[S0] =0 = V[(VE+V)s]=0 (5.11)

[

The same differential equation appears in the Kramers-Moyal expansion of Langevin Dy-
namics. The unique solution of this equation is S.(6) x exp{—FE(6)} ([Kronfeld, 1993]).

Thus, we proved the following lemma:

Lemma 1. The stationary distribution for SGLD is S.(0) < exp {—E(f) + O(«a)}

To derive the higher order terms in the stationary distribution, we have to include terms

upto O(a?) in the Kramers-Moyal equation. Including these terms and simplifying, we get:

V(VE+V)S] + % lVQ {SE ((VE)2 + NZV> } + 2V {S.VE} + VS| =0 (5.12)

To solve the above equation, we repeatedly use VS, = —S.VE + O(a) (from Lemma 1)
inside the square brackets to remove higher derivatives of S.. Solving the resulting equation,

we get:
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Theorem 2. The stationary distribution for SGLD is:

S.(6) o exp [—E(@) -2 {V2E(9) - %(VE(@))Q M - /9 VVE)} + (9(042)}

n

A more detailed proof of Theorem 2 is provided in section A.1 of the appendix. Note
that as a — 0, the stationary distribution S, approaches the desired target distribution
So < exp{—F(0)}. Also, the error decreases as we increase the mini-batch size n. The
above analysis assumed that the mini-batch was drawn with replacement from the complete
dataset. If we sample the mini-batch items without replacement, variance of the f;’s will be

lower than V. Therefore, the error in the stationary distribution will be lower as well.

A similar analysis was recently presented in Sato and Nakagawa [2014] using the Fokker-
Planck equation|[Risken, 1984] and It6 processes. The authors showed that the stationary
distribution of SGLD approaches the target distribution as a — 0. They also analyzed
the error in discrete time SGLD versus continuous time SGLD. They showed that discrete
time SGLD does not converge path-wise to continuous time SGLD (strong convergence),
but the difference in expectations of a test function computed using discrete time SGLD and

continuous time SGLD goes to 0 as @ — 0 (weak convergence).

5.3 MH Corrected SGLD

In section 5.2, we showed that the error in the stationary distribution of the SGLD Markov
chain is O(«). However, keeping a small to control the bias increases the auto-correlation
time, which in turn increases sampling variance. Therefore, we would like to use a Metropolis-
Hastings correction as it allows us to generate unbiased samples even at larger values of «.
Since the exact MH test uses the entire dataset for each accept/reject decision, we would

like to instead use the approximate version of the MH algorithm.
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To apply an MH test, note that the SGLD proposal ¢(6’|#) can be considered a mixture of

proposals ¢(¢'|0, X,,) corresponding to different mini-batches A&;,, i.e.

q(0'0,X,) =N <9’|€ + %Vg {% Z log p(z|0) + 10gp(6’)} ,a) (5.13)

IEGXTL

The mixture proposal ¢(6'|0) will satisfy detailed balance with respect to the posterior distri-
bution if the MH test enforces detailed balance between the posterior and each of the com-
ponent proposals ¢(0'|0, X,,). We can enforce detailed balance for each proposal ¢(¢'|0, X,,)

using an MH test with acceptance probability:

So(0")q(616", X,)

So(0)q(0'16, X,,) (5.14)

P, = min |1,

A case where correcting SGLD with an MH test can be very useful is described below.
Consider an Ll-regularized linear regression model given a dataset {z;, yl}f\il where z; are
predictors and y; are targets. We use a Gaussian error model p(y|z, #) o exp {—%(y — HTx)Q}
and choose a Laplacian prior for the parameters p(f) o< exp(—X\g||f]|1). For pedagogical
reasons, we will restrict ourselves to a toy version of the problem where 6 and z are one
dimensional. We use a synthetic dataset with N = 10000 datapoints generated as y; =
0.5z; + & where £ ~ N (0,1/3). We choose A = 3 and \g = 4950, so that the prior is not
washed out by the likelihood. The posterior density and the gradient of the log posterior are

shown in figures 5.1(a) and 5.1(b) respectively.

An empirical histogram of samples obtained by running SGLD with o = 5 x 1076 is shown
in Fig. 5.1(c). The effect of omitting the MH test is quite severe here. When the sampler
reaches the mode of the distribution, the Langevin noise occasionally throws it into the valley
to the left, where the gradient is very high. This propels the sampler far off to the right,
after which it takes a long time to find its way back to the mode. However, if we had used

an MH accept-reject test, most of these troublesome jumps into the valley would be rejected
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Figure 5.1: Pitfalls of using uncorrected SGLD
because the density in the valley is much lower than that at the mode.

The result of running SGLD (keeping o = 5x 107 as before) corrected using our approximate
MH test, with e = 0.5, is shown in Fig. 5.1(d). As expected, the MH test rejects most
jumps into the valley. The stationary distribution is almost indistinguishable from the true
posterior. Note that when € = 0.5, a decision is always made in the first step (using just

m = 500 datapoints) without querying additional data sequentially.

However, we found that the acceptance probability of SGLD is generally quite low. For
models with smoother densities such as logistic regression and neural networks, the reduction
in bias from conducting an MH test was not enough to compensate for the increase in auto-

correlation (and therefore variance) from rejecting a large number of samples.
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Chapter 6

Stochastic Gradient Fisher Scoring

A limitation of the SGLD algorithm (Chapter 5) is that we have to use a small step size to
keep the bias under control. A small step size hurts the mixing rate of the algorithm which
in turn affects the variance of any estimates computed from the generated samples. In this
section, we propose an algorithm called Stochastic Gradient Fisher Scoring (SGFS) [Ahn
et al., 2012] to improve the mixing behavior of SGLD by using a preconditioning matrix

that captures the curvature of the target distribution.

Max Welling proposed the initial version of the algorithm. Sungjin Ahn performed the
experiments in sections 6.5.1 and 6.5.2. [ reformulated Max’s original version of the algorithm
into its current form as the hybrid of two Markov chains, performed the experiments in section

6.5.3 and provided a proof for Theorem 3.

6.1 Preliminaries and Notation

We will start with some preliminaries and notation. We denote the score or the gradient of

the log likelihood w.r.t. data-point x; as ¢;(6) = g(6;x;) = Vylogp(0;z;). We denote the
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sum of scores of a batch of n data-points X, = {z,,...z,,, } by G,,(6; X;) = >, g(0; z,,) and
the average by 3, (6; X,) =1G.(6:x,). Sometimes we will drop the argument X, and instead
simply write G,,(6) and g,,() for convenience. The covariance of the gradients is called the
Fisher information defined as I(6) = E,[g(0;2)g(0; z)T], where E, denotes expectation w.r.t
the distribution p(x;#) and we have used the fact that E,[g(6; x)] = 0. It can also be shown

that I(0) = —E,[H(0;x)], where H is the Hessian of the log likelihood.

We assume that the true data generating distribution is in our family of models p(z|f) and
denote the true parameter which generated the dataset as 6y. Since we are dealing with a
dataset with samples only from p(x;0y) we will henceforth be interested only in I(6y) which
we will denote by I;. It is easy to see that the Fisher information of n data-points, I,, = nl;.
The empirical covariance of the scores computed from a batch of n data-points is called the
empirical Fisher information, V(6; X,) = == 3" | (9,,(0) — 9,(0)) (9r,(0) — 7,(0)" [Scott,

2002]. Also, it can be shown that V() is a consistent estimator of I; = I(6,).

We now introduce an important result in Bayesian asymptotic theory. As N becomes large,
the posterior distribution becomes concentrated in a small neighbourhood around 6, and
becomes asymptotically Gaussian. This is formalized by the Bernstein-von Mises theorem,
a.k.a the Bayesian Central Limit Theorem, [Le Cam, 1986], which states that under suitable

regularity conditions, p(f| {x;...xx}) approaches N (g, ') as N becomes very large.

6.2 SGLD with preconditioning

As discussed before, we would like to use the largest possible step size that does not incur too
much bias so that we can mix fast and reduce variance quickly. For posterior distributions
with different scales along different dimensions, the step size « is limited by the scale in the

narrowest dimension. However, if we choose a very small step size, SGLD will take a long
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time to traverse wider dimensions, which results in poor mixing and high variance. Thus we
need a preconditioning matrix, e.g. like the Hessian used in optimization, to scale the step
sizes along different dimensions. Welling and Teh [2011] proposed a preconditioned version

of SGLD with the following update:
aC' -
0t+1 = 0t + Twn(@) + N(O, OéC) (61)

where C' is the preconditioning matrix. Note that C' adjusts both the gradient and the
injected Gaussian noise in the same way. Since, for large datasets, the posterior distribution
approaches a Gaussian with covariance I;,l (the inverse Fisher information, see section 6.1),
a reasonable choice for C'is 5. This will allow SGLD to mix better by using step sizes that
are properly adjusted to the width of the posterior along different dimensions. Nevertheless,

if we increase the step size too much, the bias will increase as O(«).

However, it is easy to construct a Markov chain that samples correctly from the Gaussian

approximation of the posterior even at large step sizes, as we show in the next section.

6.3 Sampling from the approximate posterior

As mentioned in section 6.1, the posterior distribution approaches N (6, Ig,l) as the size of
the dataset becomes very large. We will now show that the following update equation can

sample correctly from N (g, I5') even when « is large:
aC a?
0t+1 — 0,5 + T {_]N(et — 00)} + N(O, aC — ZC]NC) (62)

For the moment, let C' in the above equation be an arbitrary matrix; we will define conditions
on C shortly. The update in (6.2) is an affine transformation of #; plus injected independent

Gaussian noise. Therefore, if 6, has a Gaussian distribution N (p, 3;), 6441 will also have a
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Gaussian distribution, which we will denote as N (1441, X411). These distributions are related

by:
aC aC
prr = (I — TINMt + TINQO
C C 2
Sipr = (I — %IN)Zt(I . %IN)T +aC — %CINC (6.3)

For the stationary distribution, it must hold that w4 = g = pand Yy = % 2 X,
Solving the above equations for p and 3, further assuming that C' is symmetric, it is easy
to see that the approximate posterior distribution, N'(fy, I5'), is an invariant distribution
of this Markov chain. Since Eqn. (6.2) is not a Langevin equation, it can sample from the
approximate posterior even at large step-sizes and does not require any MH accept/reject
steps. The only requirements are that C' should be symmetric and that o and/or C' should be

chosen so that the covariance matrix of the injected noise in Eqn. (6.2) is positive-definite.

6.4 The Stochastic Gradient Fisher Scoring Algorithm

Now, we will combine the methods in sections 6.2 and 6.3 to develop an algorithm we call
Stochastic Gradient Fisher Scoring (SGFS). At high step sizes, SGFS can mix fast but will
only capture a Gaussian approximation of the posterior. When the step size is reduced,
it will behave like preconditioned SGLD and can capture the non-Gaussian details of the

posterior. We will accomplish this using a Markov chain with the following update equation:

~

6t+1 < Ht + %wn(et) + N(O, Q) (64)

When the step size is small, we can choose () = aC' so that it behaves like the Markov chain
in Eqn (6.1). We also want to choose ) in such a way that when the step size is large and

the posterior is approximately Gaussian, our algorithm behaves like the Markov chain in
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Eqn. (6.2). To do this, note that if n is large enough for the central limit theorem to hold,

we have:

~

(0 ~ A (9000, = Cov. [V o (a1 (65)

Here Cov, [Vylog p(z]6;)] is the covariance of the scores at ;. Using NCov, [Vglog p(x|6;)] =~

In, we have:

(6 = 0060+ (0,52 (66)

Since, 1(6;) is the gradient of the log posterior, if we assume that the posterior is close to
its Bernstein-von Mises approximation, we have 1(6;) ~ —In(0; — ). Using this in Eqn.

(6.6) and then substituting in Eqn. (6.4), we have:

OéZ

C N
Opir < 0, + 0‘7 {—In(0, — 0y)} + N (o, chwc) +N(0,Q) (6.7)

Comparing Eqn. (6.7) and Eqn. (6.2), we see that at high step sizes, we need:

2 2
Q+ %%CINC —aC — %CINO =
2
Q= aC — O‘IN: iis) ¥ (6.8)

Thus, we should choose Q such that:

aC for small «
Q= ,
aC — TyCINC for large o

N:{”. Since o dominates o?> when « is small, we can choose

where we have defined v =
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Q=aC— %27011\[0 for both the cases above. With this, our update equation becomes:

~

2

Now, we have to choose C so that the covariance matrix of the injected noise in Eqn. (6.9)

is positive-definite. One way to enforce this, is by setting:

2

aC — %7CINC = aCBC = C = 4[ayIy + 4B] " (6.10)

where B is any symmetric positive-definite matrix. Plugging in this choice of C' in Eqn. 6.9,

we get:

4B (- AB
Opq < 0 + 2 ['y[N + ;1 {wn(ﬁt) + 77} where n~N (0, ?> (6.11)
However, the above method considers I to be a known constant. In practice, we use N I 1t
as an estimate of Iy, where I 1+ is an online average of the empirical covariance of gradients

(empirical Fisher information) computed at each 6;:

Ly = (1= k)11 + 5V (0 XE) (6.12)

where x; = 1/t. The online average converges to I; plus O(1/N) corrections if we assume
that the samples are actually drawn from the posterior. This is summarized in the following

theorem and proved in section A.2 of the appendix.

Theorem 3. Consider a sampling algorithm which generates a sample 0; from the posterior
distribution of the model parameters p(0| X ) in each iteration t. In each iteration, we draw
a random mini-batch of size n, X! = {xy,...xy, }, and compute the empirical covariance of
the scores V(0y; XL) = 530 {9(0sx,) — G,(00)} {9(64; 24,) —G,(0)}". Let Vi be the

average of V(0;) across T iterations. For large N, as T — oo, Vi converges to the Fisher
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information 1(6y) plus O(=:) corrections, i.e.

1
N

lim |[Vy 2 = i V(0 X1h) :1(90)+O(%) (6.13)

T—o0

We would like to point out that this is not a proof of convergence of the Markov chain to the
correct distribution. The result only states that if the samples are from the posterior, the
online average converges to the Fisher information, i.e. we showed that sampling from the
posterior and estimating the Fisher Information correctly is a fixed point of our algorithm,

but we have not rigorously proved that we always reach this fixed point.

Algorithm 5 Stochastic Gradient Fisher Scoring (SGFS)

Input: n, B, {Kki}i=1.1
Output: {Qt}t:I:AT

1: Initialize 61, I

92 ¥~ n+N

3: for t = 1 T do

4:  Choose random minibatch X! = {x;, ...z, }
5 Gul0r) < 5 2010 90 (61)
6 V(6) < 725 20 {90.(61) — 7,0} {90, (6:) — 7,0}
7 Dy (1= k) + 5V (6))
8 Draw n ~ N[0, 2E]
9: 9t+1 — 0+ )
2 (yN I+ 42)  {Viogp(th) + NG, (6:) +n}
10: end for

Also, note that estimating the Fisher Information online violates the Markov property of
the chain since the update at iteration ¢ depends on all previous samples through the online
average. According to the theory of adaptive MCMC [Andrieu and Thoms, 2009] or two time
scale stochastic approximations [Borkar, 1997], adapting the Markov chain using samples is
valid as long as the rate of adaption is slow enough. We believe this to be true for SGFS,
but a rigorous proof is lacking which we leave for future work. Pseudocode for SGFS is given

in Algorithm 5.
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Note that our algorithm still has a free parameter - the symmetric positive-definite matrix
B. When o — 0, our algorithm turns into SGLD with preconditioning matrix B~*. So, we
recommend choosing B o Iy. With this choice, our update equation is very similar to that
of Fisher scoring but with stochastic gradients. This is why we call our algorithm “Stochastic

Gradient Fisher Scoring”.

6.4.1 Bias-Variance Trade-off in SGFS

During the burn-in period, SGFS behaves like noisy Fisher scoring and is an efficient opti-
mizer that allows us to quickly reach a mode. At high step sizes/mixing rates, SGF'S samples
from a Gaussian approximation of the posterior whereas at low step sizes / mixing rates, it
behaves like preconditioned SGLD and can sample more accurately. We recommend anneal-
ing the step size over time, so that we will first burn-in quickly to a mode and capture a
rough Gaussian approximation of the posterior. Then, if more computational time becomes

available, we can reduce the step size to capture the non-Gaussian details of the distribution.

6.4.2 Computational Efficiency

The main advantage of SGF'S relative to traditional MCMC algorithms is that we use only
a mini-batch of data instead of the entire dataset to generate each sample. However, for a
model with a large number of parameters, inverting the D x D preconditioning matrix is
still very expensive as it requires O(D?) computational time per iteration. If n < D, we
can bring down the cost to O(nD?) using the Sherman-Morrison-Woodbury equation or by
updating Cholesky factors as in Seeger [2004]. Another way of reducing the computational
cost is by factoring the Fisher information into k independent blocks of d variables. In this
case the computational complexity can be brought down to O(kd®). An extreme case is

when the Fisher Information is approximated by a diagonal matrix (i.e. kK = D and d = 1)
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in which case we perform only O(D) computations. As k increases the bias also increases
(especially when « is high), but we still expect the algorithm to perform better than SGLD
which does not scale its step sizes at all. We use both the full covariance algorithm (SGFS-f)

and the diagonal covariance algorithm (SGFS-d) in our experiments.

6.5 Experiments

We compare SGFS-f, SGFS-d, SGLD, SGD and HMC on three different models: logistic
regression, neural networks and discriminative RBMs. In all experiments, stepsizes for SGD
and SGLD are selected through cross-validation for at least five settings. The minibatch size

n is set to ~ 500 unless specified otherwise.

6.5.1 Logistic Regression

A logistic regression model (LR) with a zero mean Gaussian prior (with precision = 1) was
trained on the MNIST dataset for binary classification of two digits 7 and 9. There were
10,000 datapoints and we reduced the dimensionality to 50 using random projections. We
generated 100K samples from SGFS after discarding 3K burn-in samples. We used B = vy
and tested the algorithm for a number of values of § = \/la We compare the results to
Hamilton Monte Carlo sampling [Neal, 1993] and to SGLD [Welling and Teh, 2011]. For

HMC, we used a step size that gave an acceptance rate around 0.8 and for SGLD, we tested

a range of different step sizes.

In figure 7?7 we show 2-d marginal distributions of SGFS compared to ground truth. The
ground truth was computed from a long run of HMC. We used the largest possible step
size for SGFS (8 = 0). Even at this large step size, SGFS-f estimates the marginals almost

perfectly while SGFS-d underestimates the variance (note that at lower step sizes SGFS-d
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Figure 6.1: 2-d marginal posterior distributions for logistic regression. Grey colors corre-
spond to samples from SGFS. Red solid and blue dotted ellipses represent iso-probability
contours at two standard deviations away from the mean computed from HMC and SGF'S,
respectively. Top plots are the results for SGFS-f and bottom plots represent SGFS-d. Plots
on the left represent the 2-d marginals with the smallest difference between HMC and SGFS
while the plots on the right represent the 2-d marginals with the largest difference.

becomes similar to SGLD and will sample correctly).

Next, we study the error after a fixed amount of computational time as a function of mixing
rate. The error and mixing rate are averaged over 51 parameters. We define the mixing rate
as the inverse of the autocorrelation time per unit of computation (ATUC)'. We measure
the relative error as follows: first we compute the mean and covariance of the parameter
samples up to time ¢ : 07 = 2370, 6y and Ct = 1 375, (6 — 07)(0y — 67)T. We do the same
for a long run of HMC which we denote as = and C*. Finally we compute

> 16— 6% _ 241G - CF

e —— 2
>ileer 225 10

(6.14)

In Figure 6.2 we plot the “Error at time T” for two values of T (T=100 sec, T=3000 sec)
as a function of the inverse ATUC. Top plots show the results for the mean and bottom

plots the covariance. FEach point denoted by a cross is obtained from a different setting

LATUC = Autocorrelation Time x Time per Sample.
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Figure 6.2: Final error of logistic regression at time T versus mixing rate for the mean (top)
and covariance (bottom) estimates after 100 (left) and 3000 (right) seconds of computation.

of parameters that control the mixing rate: 5 = [0,1,2,3,4,5,6] for SGFS, stepsizes o =
[le — 3,5e — 4,1e — 4,5e — 5,1e — 5,5e — 6, le — 6] for SGLD, and number of leapfrog steps

s =[50, 40, 30, 20, 10, 1] for HMC. The circle denotes the result for the fastest mixing chain.

For approximate algorithms like SGF'S and SGLD, a negative slope indicates that the error is
still dominated by the variance at time 7. When the curve bends upwards, it indicates that
the algorithm has reached its error floor for the higher mixing rates which means that the
faster reduction in variance is dominated by the higher asymptotic bias. For the unbiased
HMC algorithm, the curve bends back up on itself because when we increase the number of
leapfrog steps too much, the trajectory becomes so long that the sampler ends up close to

where it started after taking a U turn.

Notice that SGFS-f still has not reached the error floor even after 3000 secs of computation
whereas SGFS-d reached its error floor only for the covariance estimate (but not for the

mean). HMC does not perform very well because of the high cost of generating each sample.
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Figure 6.3: Test-set classification error of neural networks trained with SGFS-f, SGFS-d,
SGLD and SGD on the HHP dataset (left) and the MNIST dataset (right)

For SGLD, we note the error becomes very high as we increase the mixing rate. This clearly

shows the advantage of using SGFS over SGLD and HMC.

6.5.2 Neural Networks

We also applied our methods to a neural network (NN) with logistic activation functions.

Below we describe classification results for two datasets.

Heritage Health Prize (HHP)

The goal of this competition is to predict the number of days (0-15) that a person will stay
in hospital given his/her past three years of hospitalization records?. We used the same
features as the team (market makers) that won the first milestone prize. Integrating the
first and second year data, we obtained 147,473 data-items with 139 feature dimensions and
then used a randomly selected 70% for training and the remainder for testing. NNs with 30
hidden units were used because more hidden units did not noticeably improve the results.
Although we used 5 = 6 for SGFS-d, there was no significant difference for values in the

range 3 < [ < 6. However, § < 3 did not work for this dataset due to the fact that many

http:/ /www.heritagehealthprize.com
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features had a lot of 0 values.

For SGD, we used stepsizes with a polynomial annealing schedule a(b + ).

Because the
training error decreased slowly in the usual § = [0.5,1] range, we used § = 3, a = 104,
b = 2.2 x 105 instead which was found optimal through cross-validation. (This setting
reduced the stepsize from 1072 to 107% during le+7 iterations). For SGLD, a = 1, b = 10%,
and § = 1 reducing the step size from 10™* to 107¢ was used. Figure 6.3 (left) shows the
classification errors averaged over the posterior samples for two regularizer values, A = 0
and the best regularizer value A found through cross-validation. First, we clearly see that
SGD severely overfits without a regularizer while SGLD and SGF'S prevent it because they
average predictions over samples from a posterior mode. Furthermore, we see that when the
best regularizer is used, SGFS (marginally) outperforms both SGD and SGLD. The result
from SGFS-d submitted to the actual competition leaderboard gave us an error of 0.4635

which is comparable to 0.4632 obtained by the milestone winner with a finely tuned Gradient

Boosting Machine.

Character Recognition

We also tested our methods on the MNIST dataset for 10 digit classification which has 60,000
training instances and 10,000 test instances. In order to test with SGFS-f, we used inputs
from a 20 dimensional random projection and used 30 hidden units resulting in a total of 940
parameters. Moreover, we increased the mini-batch size to 2,000 to reduce the time required
to reach a good approximation of the 940 x 940 covariance matrix. The classification error
averaged over the samples is shown in Figure 6.3 (right). Here, we used a small regularization
parameter of A = 0.001 for all methods as overfitting was not an issue. For SGFS, f = 2
is used while for both SGD and SGLD the stepsizes were annealed from 1073 to 10~7 using

a=1,b=1000, and v = 1.
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Figure 6.4: 2-d marginal posterior distributions of DRBM. Grey colors correspond to sam-
ples from SGFS/SGLD. Thick red solid lines correspond to iso-probability contours at two
standard deviations away from the mean computed from HMC samples. Thin red solid lines
correspond to HMC results based on subsets of the samples. The thick blue dashed lines
correspond to SGFS-f (top) and SGLD (bottom) runs. Plots on the left represent the 2-d
marginals with the smallest difference between HMC and SGFS/SGLD while the plots on
the right represent the 2-d marginals with the largest difference.

6.5.3 Discriminative Restricted Boltzmann Machine (DRBM)

We trained a DRBM [Larochelle and Bengio, 2008] on the KDD99 dataset which consists
of 4,898,430 datapoints with 40 features, belonging to a total of 23 classes. The task is to

distinguish network intrusions or attacks from normal connections.

We first tested the classification performance by training the DRBM using SGLD, SGFS-f,
SGFS-d and SGD. For this experiment the dataset was divided into a 90% training set, 5%
validation and 5% test set. We used 41 hidden units giving us a total of 2647 parameters in
the model. We used A = 10 and B = vIy. We tried 6 different values of g for SGFS-f and
SGFS-d and tried 18 annealing schedules for SGD and SGLD, and used the validation set to
pick the best one. The best results were obtained with a 3 value of 8.95 for SGFS-f and SGFS-
d, and [a = 0.1, b = 100000, § = 0.9] for SGD and SGLD. We ran all algorithms for 100,000
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Figure 6.5: Final error for DRBM at time T versus mixing rate for the mean (left) and
covariance (right) estimates after 6790 seconds of computation on a subset of KDD99.

SGD | SGLD | SGFS-d | SGFS-f
8.0107% | 6.610~* | 4.210~* | 4.410~*

Table 6.1: Final test error rate on the KDD99 dataset.

iterations. Although we experimented with different burn-in iterations, the algorithms were
relatively insensitive to this choice. The final error rates are given in table 6.1 from which
we conclude that the samplers based on stochastic gradients can act as effective regularizers
whereas HMC on the full dataset becomes completely impractical because it has to compute
11.7 billion gradients per iteration which takes around 7.5 minutes per sample (4408587

datapoints x 2647 parameters).

To compare the quality of the samples drawn after burn-in, we created a 10% subset of
the original dataset. This time we picked only the 6 most populous classes. We tested all
algorithms with 41, 10 and 5 hidden units, but since the posterior is highly multi-modal,
the different algorithms ended up sampling from different modes. In an attempt to get
a meaningful comparison, we therefore reduced the number of hidden units to 2. This
improved the situation to some degree, but did not entirely get rid of the multi-modal and

non-Gaussian structure of the posterior.

We compare results of SGFS-f/SGLD with that of 30 independent HMC runs, each provid-

ing 4000 samples for a total of 120,000 samples. Since HMC was very slow (even on the
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reduced set) we initialized at a mode and used the Fisher information at the mode as a
pre-conditioner. We used 1 leapfrog step and tuned the step-size to get an acceptance rate
of 0.8. We ran SGFS-f with 8 = [2,3,4,5,10] and SGLD with fixed step sizes of [5e-4, le-4,
5e-5, le-5, 5e-6]. Both algorithms were initialized at the same mode and ran for 1 million

iterations.

We looked at the marginal distributions of the top 25 pairs of variables which had the highest
correlation coefficient. In Figure 6.4 (top-left and bottom-left) we show a set of parameters
where both SGFS-f and SGLD obtained an accurate estimate of the marginal posterior. In
6.4 (top-right and bottom-right) we show an example where SGLD failed. The thin solid red
lines correspond to HMC runs computed from various subsets of the samples, whereas the
thick solid red line is computed using samples from all HMC runs. We have shown marginal
posterior estimates of the SGFS-f/SGLD algorithms with a thick dashed blue ellipse. After
inspection, it seemed that the posterior structure was highly non-Gaussian with regions
where the probability very sharply decreased. SGLD regularly stepped into these regions
and then got catapulted away due to the large gradients there. SGFS-f presumably avoided
those regions by adapting to the local covariance structure. We found that in this region
even the HMC runs are not consistent with one another. Note that the SGFS-f contours
seem to agree with the HMC contours as much as the HMC contours agree with the results

of its own subsets, in both the easy and the hard case.

Finally, we plot the error after 6790 seconds of computation versus the mixing rate. Figure
6.5-left shows the results for the mean and the right for the covariance (for an explanation
of the various quantities see discussion in section 6.5.1). We note again that SGLD incurs a

significantly larger approximation bias at the same mixing rate as SGFS-f.
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6.6 Related Work

Various approximate MCMC algorithms based on stochastic gradients have since been pro-
posed. Patterson and Teh [2013] developed Stochastic Gradient Reimannian Langevin Dy-
namics (SGRLD) which uses a position specific preconditioning matrix (instead of a global
one as in SGFS) to make updates in the direction of the natural gradient. Chen et al. [2014]
developed the Stochastic Gradient Hamiltonian Monte Carlo algorithm which can travel
large distances in parameter space avoiding random walks. Ding et al. [2014] proposed the
Stochastic Gradient Nose-Hoover Thermostats (SGNHT) algorithm to stabilize momentum
fluctuations caused by sub-sampling noise in the gradient. Ahn et al. [2014] developed a gen-
eral framework to further speed up stochastic gradient MCMC algorithms using distributed

computing.
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Chapter 7

Approximate Bayesian Probabilistic

Matrix Factorization

In this chapter, we show how to scale up inference in the Bayesian Probabilistic Matric Fac-
torization model (BPMF) [Salakhutdinov and Mnih, 2008] using SGLD and the approximate
MH algorithm.

This section contains preliminary results from a project to develop a distributed algorithm
for Bayesian Probabilistic Matrix factorization. This is joint work with Sungjin Ahn, Max
Welling and researchers at Yahoo! labs. Max Welling, Sungjin Ahn and I designed the

algorithm. I performed the experiments reported in this chapter.

7.1 Model

Consider a recommender system with P users and () items. Each user has rated only a
subset of the () items and the goal is to predict the unknown ratings. We denote the rating

for the j™ item by the i*" user as R;;. We also use an indicator I;; which is equal to 1 if the
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i'" user rated the j item and 0 otherwise. Usually P and () are very large but the number

of ratings N < P(Q), so we store R using a sparse representation as {user, item, rating}

tuples rather than a P x () rating matrix.

A matrix factorization model for predicting ratings assumes that the preference of a user
towards an item can be modeled as a combination of a small number of user and item
factors. We denote the user and item factors as U = {u;}. and V = {U]}Q respectively
where u;,v; € RP. Assuming Gaussian errors in the predictions, we model the ratings as

Rij ~ N(ufv;, 0?). We can write the likelihood of the ratings as:

P Q
p(RIU,V,0?) = [T T] IV (Rijlulv;,0%)]™ (7.1)

=1 j=1

We place Gaussian priors on the parameters:

p(Ulpw, Av) =

(Ulp ) = [T A
P
( ) =TI

N (wilpr, Ayt
-1

p(Vipv, Av) = Ay) (7.2)

vy |p“Va
We further place priors on the hyper-parameters Oy = {uy, Ay} and Oy = {uy, Ay }:

p(Ou|60) = p(uu|Av)p(Av) = N (o, (BoAu) ™ YW (Au|Wo, 1)

p(Ov|60) = p(uv|Av)p(Av) = N (pv o, (BoAv) ™ YW (Av[Wo, 1) (7.3)

where W is the Wishart distribution! and ©y = {0, 8o, 0, Wo}. Predictions for unknown

ratings are computed by integrating over both parameters and hyper-parameters:

|R @0 // |U1,U] U V|R @U,@V) (@U,@V|@Q)d{U, V}d{@U,@v} (74)

'The Wishart density is W(A|Wo, 1) oc [A|0=P=1/2 exp {—LTr(Wy 'A) }
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Since this integration is analytically intractable, we approximate it using MCMC methods

as:

T
. 1
Rj; =~ T Z ug:tvﬁ (7.5)
=1

where the samples {u;, vj,t}le are generated from a Markov Chain whose equilibrium distri-

bution is the posterior distribution over model parameters and hyper-parameters {U, V, Oy, Oy }.

7.2 Algorithms

7.2.1 Gibbs Sampling

Salakhutdinov and Mnih [2008] proposed a Gibbs sampling algorithm for inference in this
model. Since we use conjugate priors for the parameters and hyper-parameters, the required
conditional distributions can be computed in closed form. Below, we show the conditionals
of the user parameters and hyper-parameters; corresponding distributions for the items are

similar.

The conditional distributions of the parameters are:
p(U1|R,VY,@U,02) :N(uzllu;ka [Aﬂ_l) (76)
where
1 Q
. T
Ai=Av+— Z%‘[VJV} ]
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The conditional distribution of the hyper-parameters is:

P, Ao|U, ©0) = N (|, (B3Av) " YW (AW, ) (7.8)
where
. Dopo+ PU \
Ho Oﬂ(()]‘{‘P ) 50_ﬁ0+Pa VO_VO+P
Wi =Wyt 4 PS4 P Oy - 0)F
0 0 ﬂO—FP

Uliu' S’*lZu-uT (7.9)
P& S p&et '

Computing the parameters in eqn. 7.9 requires O(P) or O(Q) time which is very expensive
when we have billions of users or items. Also, computing A and pf for each user parameter
naively as written in Eqn. 7.7 requires O(Q) time and since there are P users, the total
computational time is O(PQ). Similarly, updating item parameters will incur O(PQ) time.

This is prohibitively expensive.

We can easily cut down the O(PQ) computation using look-up tables that 1) map each user
to a list of items that (s)he rated and the associated ratings and 2) map each item to a list
of users that rated it and the associated ratings. This allows us to compute A} and p; for
all users and items in O(N) amortized time, which is still very expensive. Also, storing two
look-up tables requires twice the amount of memory required to store the dataset, which

may be difficult considering that the original dataset is already very large.

7.2.2 SGLD and Approximate Metropolis-Hastings

To be able to handle datasets of arbitrary size, we need to make parameter updates that touch

only a subset of ratings, users or items in each iteration. We will now develop an algorithm
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that can do this by using SGLD to update the user/item parameters and approximate
MH to update the hyper-parameters. We will adopt a slightly different notation in this
section: since the dataset is usually stored using a sparse representation, we will denote
it as D = {in,jn,nt, where {in, jn, 7} is a {user, item, rating} tuple and we predict

Tn & Ui Vj, .

To update parameters u, (or v,) using SGLD, we need an unbiased estimate of the gradient
of the log posterior that can be computed cheaply from only a few ratings. One way to write

the true gradient of the log posterior with respect to u,, is:

9(D) = ig > i = pl(ra — uf v5,)v5, — Ay (up — ) (7.10)

n=1

We can compute an unbiased estimate of this gradient using a mini-batch M of m < N

ratings as:
N1 _
g1(M) = 3 D Mlin = pl(rn — uf,0;,)v5, — Ay (up — po) (7.11)
n=1

However, the gradient of the log prior in the above is non-zero even for users that do not have
any ratings in the mini-batch. Thus, we have to update all user and item parameters in every
iteration, which is very expensive and not a good use of computational time considering that
the gradient of the log-likelihood will be zero for most parameters. Therefore, we can try to
use the same gradient, but update only those user parameters that are in the mini-batch. In

this case, the gradient is:
N1 T : 1
92(M) = —— Z — u;, 05,05, — L[Enlin = p] Ay (up — por) (7.12)

where 1 [3nl|i,, = p| is an indicator function that equals 1 if the mini-batch has at least one
rating for user p. However, this is not an unbiased estimator of the true gradient (Eqn. 7.10)

as the prior gradient now depends on the mini-batch and its expectation gets implicitly
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scaled by 7,, the probability of picking a picking a mini-batch with at least one rating for

user p. We can correct for this effect by scaling the prior gradient by a factor of 1/+,. Thus,

we have:
N1 T 1 . 1
93(M) = pa ;H[Zn = pl(rn — u;,vj,)0j, — ,y—pﬂ [3nlin, = p] Ay (up — pv) (7.13)

It is easy to show that the expectation of g3 over all mini-batches is equal to the true gradient,
i.e. Eplgs(M] = g(D), since the expectation of the indicator function E ¢ {I [In|i, = p|} =
7p- If the data items in the mini-batch are drawn with replacement from the complete
dataset, we can calculate v, as ‘1 - probability that the mini-batch does not contain any

ratings for user p’; i.e.

=1~ ( __>m (7.14)

where n, is the total number of ratings for user p. Using the gradient g3, we can obtain an
efficient SGLD algorithm where we process only m ratings per iteration and update only (at

most m) user/item parameters that have ratings in the mini-batch.

We will update hyper-parameters using the approximate MH algorithm. For py; and py, we
use a normal distribution centered around the current value of p; and py, as a proposal?. For
updating Ay and Ay, we propose using a Wishart distribution whose mode is equal to the
current value of Ay and Ay. Since the ‘likelihood’ of the hyper-parameters depends on all
the user / item parameters, it becomes very expensive to conduct the exact MH test when
we have billions of users or items. Thus, we have to use our approximate MH algorithm

which makes each accept/reject decision using only a subset of user / item parameters.

2Note that we can also use SGLD for updating iy and jy,. However, updating Ay and Ay using SGLD
is hard because of the positive semi-definiteness constraints.
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7.3 Results

We test both algorithms on the Yahoo! Music Ratings dataset® which consists of 717,872,016
ratings of 136,736 songs by 1,823,179 users. We use the official split with 699 million ratings
in the training set and the remaining 18 million in the test set. The ratings are integers from

1 to b.

For all algorithms, we set D = 30, Sy = 2, Wy = I, o = 0, vy = D and 0® = 0.5. It
might be useful to place a prior on ¢? and sample from the posterior over 2. However, we
chose not to do this because o2 depends on all ratings which makes it very difficult for exact
algorithms such as Gibbs sampling. Also, on other datasets such as MovieLens and Netflix,
sampling over o2 only resulted in a marginal improvement in the RMSE (root mean squared

error). We compare 3 algorithms in figure 7.1:

1. SGLD for updating parameters and approximate MH with € = 0.1 for updating hyper-
parameters (denoted as SGLDMH(e = 0.1) in figure).

2. SGLD for updating parameters and exact MH for updating hyper-parameters (denoted
as SGLDMH (e = 0) in figure).

3. Gibbs Sampling for updating all parameters and hyper-parameters.

In the SGLDMH algorithms, we use a step size o = 1x107% and mini-batch size m = 100, 000
for SGLD. We thin the samples by using only every 200" sample for posterior averaging.
For SGLDMH (e = 0.1), we discard the first 50K samples as burn-in. We discard only the
first 10K samples for SGLDMH(e = 0), as the algorithm was much slower and could not
generate 50K samples in a day. For Gibbs sampling, we did not discard any samples at all

(for burn-in and thinning) as it was so slow that it generated only about 13 samples a day.

3R2 - Yahoo! Music User Ratings of Songs with Artist, Album, and Genre Meta Information, v. 1.0,
http://webscope.sandbox.yahoo.com/
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We initialized all algorithms by drawing U and V from a zero mean normal distribution

with standard deviation 0.0001. We clipped all predictions u] v; to the range (1,5) before

averaging.
Error after 1 day of computation Error after 1 day of computation
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Figure 7.1: Error of different sampling algorithms on the BPMF model trained on the Yahoo
Music Dataset as a function of computational time. The plot on the right is a zoomed version
(and in linear scale) to show the improvement relative to SGD.

We plot the RMSE in the predictions vs computational time in seconds in Figure 7.1. In
figure 7.1(a), we see that Gibbs sampling did not decrease the error at all. This is because
the algorithm is extremely slow and could generate only 13 samples in a day. On the other
hand SGLDMH(e = 0.1) generated ~ 160K samples and SGLDMH(e = 0) generated ~ 27K
samples in a day. Thus, SGLDMH(e = 0.1) was able to outperform Gibbs sampling and
SGLDMH (e = 0) given a computational budget of 1 day. Given a lot more computational
time, we expect the other two algorithms to outperform SGLDMH(e = 0.1) because of their
lower asymptotic bias. However, note that Gibbs sampling is not very general as it cannot
be used in models where the conditionals are intractable (e.g. models with non-conjugate

priors).

In figure 7.1(b), we show that SGLDMH(e = 0.1) outperforms an SGD algorithm for MAP
estimation with fixed hyper-parameters. The SGD algorithm was also run with a step-size of

a=1x10"% and m = 100,000. SGLDMH achieved an error of 1.0454 compared to 1.0624
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for SGD, an improvement of 1.6%. We believe an improvement of 1% is very significant,
but there is not much published work on this dataset. On the Netflix dataset, BPMF using
Gibbs sampling obtained a comparable improvement of 1.73% over SGD with D = 30 latent
factors[Salakhutdinov and Mnih, 2008]. The only published work we found on the 700 million
version of the Yahoo dataset was Schelter et al. [2012], which reported a Mean Average
Error(MAE) of ~ 0.86 using a nearest neighbour method in a map-reduce framework. The
authors do not define what Mean Average Error is, but we believe they are referring to the
Mean Absolute Error, a commonly used metric in the recommender systems literature. The
Mean Absolute Error of SGLDMH(e = 0.1) was 0.77. An RMSE of 1.074 and an MAE
of 0.8144 was reported at http://mymedialite.net/examples/datasets.html using the
MediaLite toolbox|Gantner et al., 2011]. Thus, SGLDMH(e = 0.1) can obtain competitive

results even though it processes only a mini-batch of data per iteration.

Algorithm RMSE
Avg. Rating 1.5833
Avg. Ttem Rating | 1.4974
Avg. User Rating | 1.2942
SGD 1.0624
SGLDMH(e = 0.1) | 1.0454

Table 7.1: RMSE of predictions on the Yahoo Music Ratings dataset.

We also compare to other simple baselines in table 7.1. ‘Avg. Rating’ always predicts the
average of all ratings in the dataset, without regard to the target user or item (i.e. no
personalization). ‘Avg. Item Rating’ refers to predicting the average rating of each item
irrespective of the query user and ‘Avg. User Rating’ refers to predicting the average rating
of each user irrespective of the query item. We note that it is quite easy to make reasonable

predictions, but extremely hard to improve upon them.
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Chapter 8

Conclusions and Future Work

Bayesian modeling offers many advantages over optimization based approaches. For instance,
1) Bayesian models provide a natural way to incorporate prior knowledge, 2) posterior aver-
aging acts as an effective regularizer to control over-fitting, 3) posterior/predictive distribu-
tions provide principled estimates of uncertainty and 4) hierarchical modeling allows us to

use data-driven priors in multi-task and one-shot learning settings.

Despite these attractive qualities, Bayesian models are getting ‘left behind’ because tradi-
tional algorithms for Bayesian inference such as MCMC require processing the entire dataset
in each iteration and therefore cannot scale up to modern large scale datasets. In contrast,
optimization based approaches can handle arbitrarily large datasets using efficient algo-
rithms like Stochastic Gradient Descent (SGD) which process only a mini-batch of data per
iteration. However, by restricting ourselves to such simple methods we lose out on all the

advantages of Bayesian modeling.

This thesis is an attempt at scaling up Bayesian inference to large datasets by developing
a set, of approximate MCMC algorithms that process only a mini-batch of data to generate

each posterior sample. The main contributions of this thesis are:
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1. We developed an approximate Metropolis-Hastings(MH) algorithm that uses a sequen-
tial hypothesis test to make accept/reject decisions using only an adaptive mini-batch
of data. Since the MH test is an integral part of most other MCMC algorithms, scaling

up the MH test is very important.

2. We developed an approximate slice sampling algorithm using the same sequential hy-
pothesis testing mechanism. The slice sampling algorithm can mix faster than random

walk MH by matching the width of the proposal to that of the posterior distribution.

3. We presented an error analysis of the Stochastic Gradient Langevin Dynamics(SGLD)
algorithm. We also showed how SGLD can be combined with our approximate MH

test to reduce the bias when sampling from certain distributions.

4. We developed an algorithm called Stochastic Gradient Fisher Scoring which improves
the mixing rate of SGLD using a preconditioning matrix that captures the curvature

of the target distribution.

Although these algorithms are asymptotically biased, we showed that they can produce
estimates with lower risk than traditional MCMC algorithms due to the fact that approx-
imate MCMC algorithms can generate a larger number of samples in a given amount of
computational time and reduce variance faster. Below, we discuss some open questions and

interesting avenues for future research.

A more rigorous error analysis and convergence guarantees for some of these algorithms are
still lacking. Applications to more challenging models such as deep neural networks could
be very illuminating and open up interesting research problems. Improving the mixing rate
in high dimensions and further increasing the speed through distributed computing (e.g.
as in Ahn et al. [2014]) can make approximate MCMC algorithms even better at handling

industry scale datasets.

Balancing bias and variance to minimize the risk is an important research problem. We
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saw that when we only have a small amount of computational time, it is better to use an
algorithm with relatively high bias so that we can generate a large number of samples and
control the variance. On the other hand, when we have lots of computational time we should
use an algorithm with low bias as we have enough time to generate a large number of samples
and reduce variance. The optimal strategy will involve an annealing schedule to decrease
bias over time so that at any point the risk is as low as possible. However, finding this
optimal annealing schedule could be very challenging. Some preliminary research in this

direction can be found in Pillai and Smith [2014].

Although approximate MCMC algorithms significantly reduce the time it takes to generate
samples from the posterior, another important limitation of MCMC algorithms must be
addressed before they can be widely adopted in real world applications: at test time, MCMC
algorithms require averaging predictions from a large number of posterior samples which is
expensive both computationally as well as in terms of the space required to store these
samples. This limits their use in a) devices like smartphones or medical devices where
memory and power are at a premium b) applications such as self driving cars and robot
control where response time is critical and c) applications where there is simply a lot of test
data (e.g. Google, Facebook). This difficulty also arises with other ensemble methods such
as bagging/boosting. Bucilua et al. [2006] proposed a way to address this using an approach
called ‘Model Compression’” where they train a flexible non-ensemble model such as a neural
network to mimic the predictions of the ensemble model. This idea can also be used to
improve the test time performance of Bayesian MCMC inference. The final compressed
model in the form of a neural network is much cheaper to store than a large number of
posterior samples and can also make predictions much faster than posterior averaging at

test time.
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Appendix A

Proofs

A.1 Proof of Theorem 2

We provide a more detailed proof of Theorem 2 about the stationary distribution of SGLD

from Chapter 5 below.

Theorem. The stationary distribution of SGLD 1is:

(67

Se(0) x exp {—E(é’) 1

{VQE(Q) - %(VE(H))2 + N{(V(@) — /9VVE)} T (f)(oﬂ)}

Proof. Including moment terms upto O(a?) from the MGF (eqn. 5.10) in the Kramers-
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Moyal equation, we get :

aVE ) o? ,  Q’N?
V[SE . }+ ~y {Se{a+Z(VE) +E v

30’°VE 1
3 4 2
+ —3! V {Se { 2 H + 1 V [3@ 5’6} =

— V[(VE+V)S.]

+ % {VQ {Se ((VE)2 + N;V) } + 2V {S.VE} + v4se} =0 (A1)

To solve the above equation, we repeatedly use VS, = —S.VE + O(a) (from Lemma 1)
inside the square brackets to remove higher derivatives of S.. Thus, the term in square

brackets can be written as:

2 2 NQV 3 4
VS (VE) + - +2V°{S.VE} + VS,

{2
s -2
:vQ{Se( NZV)}+V2{ S(VE)* + S5(V*E)}
= V? 45 (v2E+N2V)}

2 2
=V {Se (V3E + N nvv — VEV?E — iVVE) }

} +2V3{S.VE} + V*(-S.VE)

}+v3 {S.VE}

Plugging the above expression back in Eqn. (A.1), we get:

2

_ _ N
V[(VE+V)S] =0 where VE = VE+% {V3E — VEV?E + — (VV — VVE)} (A.3)

By analogy to Lemma 1, the solution to the above equation is S, o< exp {—E(0) + O(a?)}.
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We can compute E(6) as:

E0) = /[VE+ {V3E VEV E+£(VV VVE)H do

= BO)+ 5 {VQE(Q) S IVE@O)Y + N{ {V(e) _ / V(Q)VE(@)dQH (A4)

[]

A.2 Proof of Theorem 3

We provide a proof of Theorem 3 (Chapter 6) about the correctness of the online averaging

procedure for estimating the Fisher Information.

Theorem. Consider a sampling algorithm which generates a sample 0y from the posterior
distribution of the model parameters p(0| Xy ) in each iteration t. In each iteration, we draw
a random mini-batch of size n, X! = {xy,...x;, } and compute the empirical covariance of the
scores V(0 XE) = == >0 {g(04; 20,) — G,(00)} {9(0p; 34,) — 7,(0)}". Let Vi be the average
of V(0;) across T iterations. Forlarge N, as'T — oo, Vi converges to the Fisher information

1(0) plus O(+) corrections.i.e.

T
i |vp 2 L Z (0 X0)| = 1(60) + O(~

A N) (A.5)

Proof. First, note that using a little algebra, we can rewrite V(6;; X!) as

etuXt Zg 9t7xt 9157:1:15)

Z Z (043 24,)9(0y; 14, )= (A.6)

i=1 j=1,5%#1
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As T — oo, the averaging of V(6;, X!) across different iterations is equivalent to taking an
expectation of V' (6, X!) w.r.t the posterior distribution of ;. Also, when N is very large,
averaging across the different mini-batches X! drawn in different iterations is equivalent to

taking an expectation w.r.t p(z;6y). Thus we have:

Vi = By, xt [V(0:, X5)]

= Ey, [9(0;2)9(0;2)"] — Ep o [9(0;2)g(0; )] (A7)

According to the Bernstein-von Mises theorem, 6| Xy ~ N (6, Lj\(,e‘))) for large N. This
means that we can consider 6 L x|6 and the expectations in Eqn. (A.7) can be taken w.r.t
0 and x independently. Also, since most of the posterior density is in a small region around
6o, we can consider a Taylor series expansion of g(6;x) around 6y, (treating 6 as a scalar for

simplicity):

< ") (0y: 2)(0 — 0,
g(g;x)zzg (605 ) (6 — o) (A.8)

We will now apply this series expansion to each of the terms in Eqn. (A.7). Thus we have:

Epo [{g9(0;2)}°] = Aw(60)Ey [(0 — 6p)"] (A.9)

where,

(A.10)
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Since 6 has a Gaussian distribution, its odd central moments are zero, and the even central

moments are given by:

Eo [(6—60)”] =

Thus, we have:

v [

By [{9(0;2)}° ZAQT o ¥

Similarly, we can show that:

EG,x,m’ [g(ea x)g(eu $/)] - ; B27‘<90) (2
where,

By (0h) :i ™ (6; 2)] Ex [¢% 7™ (6; 2)]

2r)! [];\(IQO)

m!(k —m)!

m=0

From Eqns. (A.12) and (A.13), we have for large NV:

= (2r)! {%}

Cr(00) = Ax(6o) — Br(6p)
For example,

Co(bp) = I1(6o)
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(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)



Cs(00) =E, [g(bo; )9 (0o; ) + g™ (Oo; x)g(l)wo;f)]

— I*(6)) (A.18)

Thus for large N,

1(60)
N +

E, [9(60;2)9® (00; 2) + g (003 2) g (6g; )]

(2r)! {%}

+ Z Car(6o) 27“7"!' N
r=2

T—o0

171 (o)
N

— 1(60) + 0(%) (A.19)
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