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Abstract

Decision Making on Noisy Data with Additional Knowledge

by

Yuting Ye

Doctor of Philosophy in Biostatistics

and the Designated Emphasis in

Computational and Genomic Biology

University of California, Berkeley

Professor Haiyan Huang, Co-chair

Professor Peter J. Bickel, Co-chair

This dissertation addresses two statistical problems of dealing with noisy data with the aid
of additional knowledge. My purpose is to highlight that in the era of big data, there is an
increasing number of complicated problems with low signal-to-noise ratio, which cannot be
simply solved by existing statistical or machine learning methods. For instance, biological
data is notorious for its limited sample size but a substantial number of features (a typical
p� n problem). Fortunately, there is always additional knowledge from experts or insights
that can be employed to devise smart methods to tackle these noisy data.

Chapter 2 discusses my work supervised by Professor Haiyan Huang on the hierarchical multi-
label classification. This project is motivated by automatic disease diagnosis, where we aim to
predict the patient’s status with limited samples in each disease. The structural information
that depicts the relationship between diseases can mitigate the low signal-to-noise-ratio issue.
We introduce a new statistic called multidimensional-local-precision-rate (mLPR) for each
object in each class. We show that classification decisions made by simply sorting objects
across classes, in the descending order of mLPRs, can in theory ensure the class hierarchy and
meanwhile leading to the maximization of CATCH, a pre-defined performance metric related
to the area under a hit curve. In practical implementation, we need to estimate mLPRs
from data. Ranking the objects across classes in the descending order of estimated mLPRs,
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however, would not ensure the optimization of CATCH and/or the class hierarchy anymore.
In response to this, we introduce a new ranking algorithm called HierRank, which optimizes
an empirical version of CATCH defined based on the estimated mLPRs. The ranking results
from HierRank are ensured to satisfy the hierarchical constraint. The superior performance of
our approach over state-of-art methods in literature is demonstrated with a synthetic dataset
and two real datasets.

Chapter 3 discusses my work supervised by Professor Peter J. Bickel on the binomial mixture
model with the U-shape constraint under the regime that the binomial size m can be relatively
large compared to the sample size n. This project is motivated by the GeneFishing method
(Liu et al., 2019), whose output is a combination of the parameter of interest and the
subsampling noise. To tackle the noise in the output, we utilize the observation that the
density of the output has a U shape and model the output with the binomial mixture model
under a U shape constraint. We first analyze the estimation of the underlying distribution
F in the binomial mixture model under various conditions for F . Equipped with these
theoretical understandings, we propose a simple method Ucut to identify the cutoffs of the
U shape and recover the underlying distribution based on the Grenander estimator. It has
been shown that when m = Ω(n), the identified cutoffs converge at the rate O(n−1/3). The
L1 distance between the recovered distribution and the true one decreases at the same rate.
To demonstrate the performance, we apply our method to varieties of simulation studies, a
GTEX dataset used in (Liu et al., 2019) and a single cell dataset from Tabula Muris.
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3.19 The estimation of ĉr with respect to the choice of the input dl and dr on the

misspecified model. Here dl = κ × δ̃l and dr = κ × δ̃r, where κ is a ratio of the
normalized δ’s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

3.20 FDR and power of Algorithm 5 and other competing methods on the misspecified
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

3.21 The CFRs of the single cell data of the pancreas tissue. . . . . . . . . . . . . . . 93



vi

List of Tables

2.1 Details of the competing methods. . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.2 Score distribution in terms of the node quality. . . . . . . . . . . . . . . . . . . . 41
2.3 The recall rate and the area under the PR curve for the synthetic data. Here κ

refers to the proportion of events that are classified as positive. All the values are
in percentage. The highest values are highlighted in each column. . . . . . . . . 43

2.4 The false discovery proportion (FDP) on the synthetic testing dataset, which
is obtained by the cutoff determined at a FDR on the validation set. All the
values are in percentage. For the “prop. of discoveries before the cutoff” panel,
the highest values are highlighted in each column. . . . . . . . . . . . . . . . . . 44

2.5 The F-score on the synthetic testing dataset, which is obtained by the cutoff
determined at the maximal F-score on the validation set. All the values are in
percentage. The lowest values are highlighted in the “prop. of samples before the
cutoff” column, while the highest values are highlighted in other columns. . . . . 45

2.6 The recall rate and the area under the PR curve for the RCV1v2 data. Here κ
refers to the proportion of events that are classified as positive. All the values are
in percentage. The highest values are highlighted in each column. . . . . . . . . 51

3.1 Details of GTEx RNAseq datasets. . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.2 Estimation of cr by Algorithm 5 on four tissues, where µ = 0.5, dl = 0.1 and

dr = 0.01. The second column is the estimated cr using bootstrap by sampling
70% of the CFRs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92



vii

Acknowledgments

First and foremost, most profound thanks to my advisors Professor Peter J. Bickel and
Professor Haiyan Huang, whose generous help makes this dissertation possible. Throughout
countless meetings in their offices and via Zoom over the past six years, it has been a pleasure
and honor to work with them. Peter is one of the most ingenious statisticians I have ever met.
I am often impressed by his unlimited creative ideas and his encyclopedia-size knowledge. I
cannot forget numerous moments when I worked out a puzzle with excitement and surprise
by following his ideas that appeared to be abstract at first glance or reading old literature
recommended by him. Haiyan has a great gift and significant experience in identifying
interesting problems from biology or pharmacogenomics data, then developing methods to
solve them with statistics in an original style. I still remember how astonished I was when
Haiyan pointed a phenomenon in the data that turned out to be a breakthrough of the
project. Both of them have provided me with tremendous support and patience along the
journey. They are amazing advisors, offering sharp insights to many questions, having great
tastes in research, and showing remarkable passions in numerous statistical fields. Besides
advising me academically, Peter and Haiyan have also been my life mentors. Peter often
invited me to lunch, sharing his stories in career and life. Haiyan has provided countless
thoughtful suggestions on my career path with her own experiences. Both of them are willing
to spend time discussing trade-offs in my career choice.

I would also like to express my thanks to faculty and staff members in Biostatistics and
Statistics. Lexin Li, a committee member in my qualifying exam and one of my collaborators,
has given constructive suggestions on my projects in brain networks. He offered much help
in my career development as well. Peng Ding, a committee member in my dissertation and
the instructors of STAT 230A for which I worked as a GSI, has equipped me with profound
knowledge in linear models and causal inference. His intelligence and vast knowledge in
statistical history have laid a significant impact on my vision. I want to thank Yi Ma, Bin Yu,
Michael I. Jordan for offering excellent group meetings, from which I acquired various edging
knowledge in statistics, machine learning, deep learning. The discussions with them were
always very inspiring. I also learned a lot from lectures and courses given by many professors
at Berkeley, including Michael I. Jordan, Chris Paciorek, Bin Yu, Martin J. Wainwright,
Ben Recht, Sandrine Dudoit, Mark van der Laan, Alan Hubbard, Maya Peterson, Jitendra
Malik, Alexei A. Efros, Sam Pimentel, Sergey Levine, Jennifer Listgarten, Venkatachalam
Anantharam, Yi Ma. Course instructors for which I worked as a GSI also helped me improve
my teaching ability, including Steve Selvin, Noureddine El Karoui, Peng Ding, Haiyan Huang,
Adam Lucas. Staff members at the division of Biostatistics, the department of Statistics, and
the center for computational biology have also supported me throughout my graduate study.
Sharon Norris, La Shana Porlaris, Sumaiya Elahi, Kate Chase are kind and always ready to
help with my questions and problems.



viii

Next, my gratitude goes to my collaborators in various projects during my Ph.D. career.
My first research was motivated by Jingyi Jessica Li, my undergraduate advisor during my
visit to UCLA in 2014, who taught me statistical knowledge and principled methodology in
doing research. My collaboration with Lexin Li and Yin Xia aroused my interest in brain
networks. This interest was further satisfied when exploring major psychiatric disorders
using brain networks in cooperation with Miao Chang and Fei Wang. Outside the academy,
Hongxia Yang, Xuwu Wang, Chao Jiang, Jingren Zhou, Kunyang Jia, Yanghua Xiao, Feng
Wang, Yang Yao, Mingyang Yin, Chao Yang, Wenyang Liu, Cathy Jiao have exposed me
to the research in the industry during my internship at Alibaba and Amazon. There are
also beautiful experiences in collaborating with my peer fellows Zhiyue Hu, Calvin Chi, Zoe
Vernon on pharmacogenomics projects, and my friends Lihua Lei, Wenpin Tang, Cheng Ju,
Da Xu on a variety of machine learning projects. Many thanks to other excellent collaborators
who have provided invaluable feedback, including Bin Chen, Christine Ho, Ci-Ren Jiang,
Wayne Tai Lee, Chuanwei Ruan.

I am fortunate to have known many academic mentors and friends at Berkeley and outside
Berkeley, who have witnessed my ups and downs in research. At Berkeley, I enjoyed the
interactions with Jianbo Chen, Xiao Li, Yu Wang, Jason Wu, Ke Liu, Xiang Lyu, Yun Zhou,
Boying Gong, Chi Zhang, Yaoyang Zhang, Yuqing Gao, Wei Ni, Lei Kang, Jonathan Levy,
Suzanne Dufault, Ivana Malenica, Yuansi Chen, Hanzhong Liu, Yuting Wei, Yumeng Zhang,
Feng Ruan. Outside Berkeley, I benefited a lot from the discussions with Xinwei Zhang,
Cheng Meng, Chen Hu, Weizhou Yue, Junfeng Liu, Wei Li, Xin Xu, Sheng Xu. Further, I
am indebted to my close friends, including Shu Wu, Jianyu Han, Shiwei Qin, Dongqi Shou,
Shouqi Zhou, Zhiguo Zhou, Lei Jin, Yangyiman Shalen Fu, Xiaoqian Deng, Fan Huang, Hui
Xiang, Ao Sun, Jiangming Xiang, Xiongyi Zhang, Haocheng Yu, Peicong Zhou. Last but not
least, I would like to give special thanks to Shengxian Wang for her support in the majority
of my Ph.D. career.

I owe the most to my family. Thank my parents, Xiping Guo and Xiaoyong Ye, for their
sustainable support despite thousands of distance between them and me since 2011. I could
not have made any achievements without their endless love and support.



1

Chapter 1

Introduction

With the advent of the data deluge since the 1990s, the term “big data” has been catching
the attention of the whole world (Cai and Zhu, 2015). Even my aunt is constantly talking
about this concept recently, who can hardly turn on and turn off a desktop with Windows
10. But it is more than a fancy phrase used by social media to play to the gallery. Big
data has become entrenched in various scientific disciplines, e.g., computer science, statistics,
economics, biology, public health, to name a few. As a statistician whose essential mission is
“the reduction of data” (Fisher, 1922), I am fortunate to have numerous opportunities to deal
with large volumes of data collected in a loose form or structured in good shape.

My journey to the mysterious world of data started on a bioinformatics project about
isoform selection when I was a visiting college student at the University of California, Los
Angeles, in 2014. Since then, I have seen a wide and diverse variety of data, including DNA
microarray (Nuwaysir et al., 2002), bulk RNA sequencing data (Wang, Gerstein, and Snyder,
2009), single-cell RNA sequencing data (scRNA-seq) (Haque et al., 2017), multiomics data
(Vilanova and Porcar, 2016; Hasin, Seldin, and Lusis, 2017), brain networks measured by
functional Magnetic resonance imaging (MRI) (Buckner, Krienen, and Yeo, 2013) or diffusion
MRI (Sporns, 2013), electronic health record (Heart, Ben-Assuli, and Shabtai, 2017), etc.
These data share one characteristic in common — there might be insufficient samples, but
each sample has numerous features, e.g., genes, brain voxels. It is the typical high-dimensional
regime where the number of features exceeds the number of objects by far.

The primary challenge in tackling the above data is to address the low signal-to-noise-ratio
(SNR) issue. On the one hand, the inadequacy of samples refrains the signal from standing
out amongst the noise. On the other hand, some of these data are intrinsically noisy per se.
For instance, scRNA-seq suffers from a high level of technical noise than bulk RNA-seq data
due to bias of transcript coverage, low capture efficiency, and limited sequencing coverage
(Kolodziejczyk et al., 2015). Brain networks measured by functional MRI often see false
discoveries or false negatives because of head motion, physiologic noise, and neurovascular
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uncoupling (Silva et al., 2018). Off-the-shelf statistical and machine learning tools for the
high-dimension regime, such as dimension reduction methods and sparse regression methods,
can be leveraged as an initial means to look into these data. Nonetheless, the chances are
that they can barely reveal interesting discoveries due to the lack of considerations into the
characteristics of the data.

It usually demands additional knowledge about the data to expose the secrets hidden in
the data, especially when SNR is low. For instance, the multiomics area is established on the
integrative analysis of distinct biological researches, including genomics, genetics, proteomics,
and metabolomics. Even though limited by the number of subjects in the genomics study,
a comprehensive assessment of the complex diseases is accessible by borrowing knowledge
from other measurements. Another example is the systematic disease diagnosis. Modern
medicine has been accumulating understating of the associations between diseases, which
enables the physicians to make decisions with the aid of experts from other departments.
The same principle can be applied when developing an automatic disease diagnosis system
based on the structure of diseases (Huang, Liu, and Zhou, 2010).

In most situations, however, auxiliary data is not easily available. We have to perform
exploratory data analysis (EDA) to dig out information useful for modeling or further analysis.
In John W. Tukey’s book “Exploratory Data Analysis”, he held that too much emphasis was
put on statistical hypothesis analysis; more emphasis needed to be put on using data to
suggest hypotheses to test. In particular, the objectives of EDA includes:

(1) Suggest hypotheses about the causes of observed phenomena.

(2) Assess assumptions on which statistical inference will be based.

(3) Support the selection of appropriate statistical tools and techniques.

(4) Provide a basis for further data collection through surveys or experiments.

In my research experience, EDA plays a broader role than the above four points. For
instance, upon obtaining new data, I’m accustomed to first visualizing the data using box
plot, histogram, scatter plot, etc. Then, if the data contains too many features, some
dimension reduction tools are employed like principle component analysis (Pearson, 1901;
Hotelling, 1933), multidimensional scaling (Mead, 1992) or t-distributed stochastic neighbor
embedding (Maaten and Hinton, 2008). After such explorations, which usually take long, I
can get some idea of what potential problem can be answered by this data, how to formulate
the problem, and what characteristics this data possesses.

In my dissertation, I will study two problems where additional knowledge plays an essential
role in analyzing the data of low SNR. The knowledge of the first study is given in advance,
while EDA discovers that of the second one. Specifically, the first study concentrates on the
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hierarchical multi-label classification (HMC) problem, whose data is comprised of features,
labels, and the structure that describes the relationship between labels. One intriguing
example of this kind is the disease diagnosis problem. Given the patients’ disease status and
their microarray measurements, we manage to design an automatic disease diagnosis based
on a subject’s microarray measurement. For each disease, there are only hundreds of patients
but dozens of thousands of genes. To improve the diagnosis performance, we incorporate the
relationship structure of diseases into this study. The second study deals with the output of
the GeneFishing method (Liu et al., 2019), which is applied to high-dimensional data with
limited samples but a substantial number of features. Although the output is one-dimensional,
it suffers from measurement error because the observation is a combination of the parameter
of interest and a binomial random variable that depends on the parameter. Our goal is to
help make decisions on the GeneFishing method. To this end, we utilize the information
we obtain from the histograms that the underlying distribution of the GeneFishing output
appears in a U shape. I sketch the two works in each of the following subsections, respectively.

1.1 Background of Chapter 2: Disease Diagnosis
With the rapid development of machine learning and statistics, data mining and analysis

becomes increasingly useful to ease the burden of human beings in all kinds of fields, including
face recognition, voice/text translation, anomaly detection/prediction of machines, to name
a few celebrated examples. In the past decades, much attention has been paid to automating
the disease diagnosis process to help physicians diagnose simple diseases (Shen et al., 2019).
It has a significant impact on both the academic and social aspects since medical resources
are never close to abundance. Our dedication to the field of automatic disease diagnosis
originated from Huang, Liu, and Zhou (2010). They developed a classifier for predicting
disease along with the Unified Medical Language System (UMLS) directed acyclic graph,
trained on public microarray datasets from the National Center for Biotechnology Information
(NCBI) Gene Expression Omnibus (GEO).

GEO was initially founded in 2000 to systematically catalog the growing volume of data
produced in microarray gene expression studies. GEO data typically comes from research
experiments where scientists are required to make their data available in a public repository
by a grant or journal guidelines. In July 2008, GEO contained 421 human gene expression
studies on the three selected microarray platforms (Affymetrix HG-U95A (GPL91), HG-
U133A (GPL96), and HG-U133 Plus 2 (GPL570)). In Huang, Liu, and Zhou (2010), 100
studies were collected, yielding a total of 196 datasets for training the classifier.

Labels for each dataset were obtained by mapping text from descriptions on GEO to
concepts in the UMLS, an extensive vocabulary of concepts in the biomedical field organized
as a directed acyclic graph. The mapping resulted in a directed acyclic graph of 110 concepts
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matched to the 196 datasets at two levels of similarity – a match at the GEO submission
level and a match at the dataset level, with the latter being a stronger match. The disease
concepts and their GEO matches are listed in Table S2 in the supplementary information for
Huang, Liu, and Zhou (2010).

Challenge. The task of automatic disease diagnosis is challenging because there might
be a deficiency of samples in some diseases compared to the number of genes in the genomics
data. Consequently, the learner may have distinct powers and abilities to control the false
discovery rate across diseases. Moreover, some diseases can have an extreme imbalance issue,
which means that the number of negative samples is way more than that of positive ones.
Both issues lead to a relatively low SNR that impedes the patients from trusting the diagnosis
results output by the machine.

Additional Knowledge. Fortunately, diseases do not exist separately from one another.
We obtain knowledge of how one disease connects to others from UMLS. For the diseases
studied in Huang, Liu, and Zhou (2010), the full hierarchy graph of the diseases is partitioned
into two parts as respectively shown in Figures 2.9 and 2.10 (in Chapter 2, Section 2.7.3).
With such knowledge, we can increase the effective sample size for each disease by resorting
to other related diseases. Then it becomes a hierarchical multi-label classification problem.

Our solution. In Chapter 2, we perform the hierarchical multi-label classification in two
stages. We follow the Bayesian approach used in Huang, Liu, and Zhou (2010) to train the
first-stage classifier and place our focus on the second stage. We introduce a new statistic
called multidimensional-local-precision-rate (mLPR) for each object in each class. Under a
Bayesian setting, mLPR in HMC is analogous to multidimensional-local-true-discovery-rate
(mltdr) in hierarchical hypothesis testing (HHT). We show that classification decisions made
by simply sorting objects across classes, in the descending order of mLPRs, can in theory
ensure the class hierarchy and meanwhile leading to the maximization of CATCH, a pre-
defined performance metric related to the area under a hit curve. In practical implementation,
we need to estimate mLPRs from data. Ranking the objects across classes in the descending
order of estimated mLPRs, however, would not ensure the optimization of CATCH and/or
the class hierarchy anymore. In response to this, we introduce a new ranking algorithm
called HierRank, which optimizes an empirical version of CATCH defined based on the
estimated mLPRs. The ranking results from HierRank are ensured to satisfy the hierarchical
constraint. The superior performance of our approach over state-of-art methods in literature
is demonstrated with a synthetic dataset and two real datasets. One real dataset comes from
a study of disease diagnosis using gene expression data, and the other is from a document
categorization application.

This chapter is adapted from my joint work with Professor Haiyan Huang, Christine
Ho, Ci-Ren Jiang, and Wayne Tai Lee. This is a follow-up work of Huang, Liu, and Zhou
(2010) and Jiang et al. (2014). Huang, Liu, and Zhou (2010) first built an automated disease
diagnosis system, but they ranked the first-stage classifier scores without considering the



CHAPTER 1. INTRODUCTION 5

hierarchy and comparability of these scores across classes. Jiang et al. (2014) proposed local
precision rates (LPRs) that are shown to be comparable between classes when the classes are
independent. We addressed the problem completely by taking into account the hierarchy and
the comparability issue simultaneously. Haiyan Huang provided valuable supervision on this
work while other collaborators gave many useful suggestions on the paper writing.

1.2 Motivating Example of Chapter 3: GeneFishing
In biological studies, it is pretty standard that the wet lab experiments only involve

hundreds of subjects, but each subject can have tons of thousands of measurements, e.g.,
sequencing over dozens of thousands of genes. To handle the low SNR issue, Liu et al. (2019)
proposed the GeneFishing method. Provided some knowledge involved in a biological process
as “bait”, GeneFishing was designed to “fish” (or identify) discoveries that are yet identified
related to this process. In this work, the authors used a set of pre-identified 21 “bait genes”,
all of which have known roles in cholesterol metabolism, and then applied GeneFishing to
three independent RNAseq datasets of human lymphoblastoid cell lines. They found that
this approach identified other genes with known roles not only in cholesterol metabolism but
also with high levels of consistency across the three datasets. They also applied GeneFishing
to GTEx human liver RNAseq data and identified gene glyoxalase I (GLO1). In a follow-up
wet-lab experiment, GLO1 knockdown increased levels of cellular cholesterol esters.

The GeneFishing procedure is as follows, as shown in Figure 1.1:

1. Split the n candidate genes randomly into many sub-search-spaces of L genes per
sub-group (e.g., L = 100), then added to with the bait genes. This step is the key
reduction of search space, facilitating making the “signal” standing out from the “noise”.

2. Construct the Spearman co-expression matrices for gene-pairs contained within each
sub-search-space. Apply the spectral clustering algorithm (with the number of clusters
equal to 2) to each matrix separately. In most cases, the bait genes are separated from
the candidate genes. But in some instances, candidate gene(s) related to the bait genes
will cluster with them. When this occurs, the candidate gene is regarded as being
“fished out”.

3. Repeat steps 1 and 2 (defining one round of GeneFishing) m times (e.g., m = 10, 000)
to reduce the impact that a candidate gene may randomly co-cluster with the bait
genes.

4. Aggregate the results from all rounds, and the i-th gene is fished out Xi times out of
m. The final output records the “capture frequency rate” (CFRi := ŝi = Xi/m). The
“fished-out” genes with large CFR values are thought of as “discoveries”. Notwithstanding,
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instead of considering these “discoveries” to perform a specific or similar function as the
bait genes, we only believe they are likely to be functionally related to the bait genes.
Figure 1.2 displays the distribution of Xi’s with m = 10, 000 and the number of total
genes n = 21, 000 on four tissues for the cholesterol-relevant genes.

Figure 1.1: Workflow of GeneFishing (Fig 1 (e) of Liu et al. (2019)). CFR stands for Capture
Frequency Rate.

Compared to other works for “gene prioritization”, GeneFishing has three merits. First, it
takes care of extreme inhomogeneity and low signal-to-noise ratio in high-throughput data by
using dimensionality reduction by subsampling. Second, it uses clustering to identify 21 tightly
clustered bait genes, which is a data-driven confirmation of the domain knowledge. Finally,
GeneFishing leverages the technique of results aggregation (motivated by a bagging-like idea)
in order to prioritize genes relevant to the biological process and reduce false discoveries.

Challenge. Nonetheless, there remains an open question on how large a CFR should be
so that the associated gene is labeled “discovery”. One difficulty results from the fact that
the CFR is not exactly equivalent to the fishing rate, which reflects the extent to which one
candidate gene is functionally related to the bait genes. Instead, CFR is a mix of the fishing
rate and the noise induced by subsampling that hinges on the fishing rate. When we only
perform a few rounds of GeneFishing (m is small) because of a limited computational budget,
this noise cannot be neglected.

In literature, we have found three strategies to this end.

• Liu et al. (2019) picked a large cutoff 0.99 by eye. It is acceptable when the histograms
are sparse in the middle as in the liver or the transverse colon tissues (Figure 1.2 (a)(b)),
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Figure 1.2: Histograms of the CFRs on different tissues.

since cutoff= 0.25 and cutoff= 0.75 make little difference in determining the discoveries.
On the other hand, for the artery coronary and testis tissues (Figure 1.2 (c)(d)), the
non-trivial middle part of the histogram is a mixture of the null (irrelevant to the
biological process) distribution and the alternative (relevant to the biological process)
distribution. The null and the alternative are hard to separate since the middle part is
quite flat, and hence we need a better-selected cutoff.

• Existing tools using parametric models to estimate local false discovery rates are applied
(Gauran et al., 2018). However, these parametric models are not able to account for
the middle flatness well. As a result, they tend to select a smaller cutoff and produce
excessive false discoveries.
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• Liu et al. (2019) also provided a permutation-like procedure to compute approximate
p-values and false discovery rates (FDRs). Nonetheless, there are two problems with this
procedure. On the one hand, it is substantially computationally expensive, considering
another round of permutation is added on top of numerous fishing rounds. On the
other hand, the permutation idea is based on a strong null hypothesis that none of the
candidate non-bait genes are relevant to the bait genes, thus producing an extreme
p-value or FDR, which is unrealistic.

Additional Knowledge. To resolve the cutoff selection issues mentioned above, we
utilize the knowledge obtained by EDA. Note that in Figure 1.2 there exists a clear pattern
that the histogram is decreasing on the left-hand side and increasing on the right-hand side
for all four tissues. In the middle, liver and transverse colon display sparse densities while
artery coronary and testis exhibit flat ones. Thus, we can impose a U shape constraint on
the associated density of F (see Section 3.4 for details). The incorporation of such shape
constraint mitigates the subsampling noise issue. And the original problem becomes finding
out the cutoff where the flat middle part transits to the increasing part on the right-hand
side.

Our solution. In this chapter, we use the binomial mixture model with the U-shape
constraint to model the CFRs generated by GeneFishing. We first analyze the estimation of
the underlying distribution F in the binomial mixture model under various conditions for F ,
in the regime where the binomial size m can be relatively large compared to the sample size n.
Armed with these theoretical understandings, we propose a simple method for GeneFishing
to identify the cutoffs of the U shape and recover the underlying distribution based on
the Grenander estimator (Grenander, 1956). It has been shown that when m = Ω(n), the
identified cutoffs converge at the rate O(n−1/3). The L1 distance between the recovered
distribution and the true one decreases at the same rate. The performance of our method is
demonstrated with varieties of synthetic datasets, a GTEX dataset used in Liu et al. (2019)
and a single cell dataset from Tabula Muris.

This chapter is adapted from my joint work with Professor Peter J. Bickel. This work was
motivated by Liu et al. (2019). To the best of our knowledge, it is also the first theoretical
inquiry into the binomial mixture model with a large m in a finite sample regime. Peter J.
Bickel provided extensive valuable advising on this work.
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Chapter 2

Decision Making for Hierarchical
Multi-label Classification with
Multi-dimensional Local Precision Rate

2.1 Introduction
Hierarchical multi-label classification (HMC) concerns the situation where additional

knowledge of the dependency relationships among classes is available and needs to be
incorporated, on top of the multi-label classification where each object is assigned to one or
multiple classes (Zhang and Zhou, 2013). The class dependency in HMC is usually assumed
to follow a hierarchical structure represented with a tree or a directed acyclic graph. HMC, an
important problem in many applications, has recently attracted a large amount of attention
in statistics and machine learning research. In biology and biomedicine, example applications
of HMC include the disease diagnosis along a directed acyclic graph (DAG) composed of
terms from the Unified Medical Language System (UMLS)1; the assignment of genes to
multiple gene functional categories defined by the Gene Ontology DAG2; the categorization
of proteins along the MIPS FunCat rooted tree3 among others (Alves, Delgado, and Freitas,
2010; Barutcuoglu, Schapire, and Troyanskaya, 2006; Blockeel et al., 2006; Clare, 2003;
Kiritchenko, Matwin, and Famili, 2005; Valentini, 2009; Valentini, 2011). Outside of biology,
HMC is commonly used in text classification, music categorization, and image recognition –
three fields where labels following a hierarchical structure are common.

A seminal line of HMC research has handled the problem in two stages. In the first
1https://www.nlm.nih.gov/research/umls/index.html
2http://www.webgestalt.org/2017/GOView/
3http://mips.gsf.de/projects/funcat
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stage, classifiers are trained for each class without considering the class hierarchy, as if these
are multiple independent classification problems. The task of the second stage is then to
make a decision on each class for each object, given the first-stage classifier scores, the class
hierarchy, and a predefined performance criterion (Koller and Sahami, 1997; Wu, Zhang, and
Honavar, 2005; Holden and Freitas, 2005; Silla and Freitas, 2009; Gauch, Chandramouli,
and Ranganathan, 2009). The two-stage method is popular for its flexibility — a variety
of classification methods can be applied in the first stage. This first stage also tends to be
computationally efficient since the class-specific classifiers can be learned in parallel. However,
it remains an open question for the second stage how to balance the two essential goals of
HMC: 1) respecting the given class hierarchy; 2) achieving the best possible classification
performance, evaluated by metrics like accuracy, precision rate, recall rate, F-measure, etc.

Among the above two goals in the second stage, a majority of prior efforts have focused
on one while paying less attention to the other or considered them as separate goals. One
common approach has been to determine class-specific cutoffs on the first-stage classifier
scores by optimizing an objective like H-loss or F-measure (Barutcuoglu, Schapire, and
Troyanskaya, 2006; Triguero and Vens, 2016). Because these cutoffs are determined without
full consideration of the hierarchical structure (sometimes they are determined independently),
the decisions may not respect the hierarchy. In order to alleviate this problem, the initial
decisions are adjusted to satisfy the hierarchical constraint. But this brings in another problem:
these final decisions may now no longer be optimal concerning the original performance
objective (Sun and Lim, 2001; Ananpiriyakul, Poomsirivilai, and Vateekul, 2014).

Another approach for the second stage is to rank the objects for their assignments in
all classes, given the classifier scores of the objects in every class and the class hierarchy.
Then a single cutoff on the ranking suffices to produce all the decisions. Jiang et al. (2014)
described an optimal way to rank all the objects across all classes in the general multi-class
problem: transforming the first-stage classifier scores to local precision rates (LPRs), then
obtaining the ranking by sorting LPRs in descending order. It has been shown that the
resulting ranking maximizes the pooled precision rate at any pooled recall rate. The LPR
value has a nice Bayesian interpretation that it is equivalent to the local true discovery rate
under certain probabilistic assumptions. However, this method lacks the consideration of the
hierarchical structure. Bi and Kwok (2011) used an algorithm that maximizes the sum of
top L first-stage classifier scores while respecting the hierarchy, where L is predefined. This
method can produce a list of ranked events (the status of an object in a class) by varying
L. Nonetheless, it might not be appropriate to directly sum up these classifier scores due
to potential statistical differences among the classifiers from different classes. When not
taken care of properly, such differences can lead to poor decisions; see Figure 2.2 for an
illustration example. Bi and Kwok (2015) extended Bi and Kwok (2011) by introducing an
algorithm to optimize some objective function (instead of the sum of top L classifier scores)
under the hierarchical constraint. They provided three candidate objective / risk functions.
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However, they do not suggest which risk or objective to use among the three candidates they
investigated. Moreover, they do not have a clear statistical interpretation or justification on
the risks and the hyperparameters involved in the three risks.

In this chapter, we introduce a new statistic called multidimensional local precision rates
(mLPR), given the first-stage classifier scores, for each object in each class. Similar to LPR,
mLPR has a nice Bayesian interpretation that it is equivalent to the multidimensional local
true discovery rate used in hierarchical hypothesis testing (HHT) under certain probabilistic
assumptions (Ploner et al., 2006). It is also demonstrated that in theory, sorting mLPRs in
descending order automatically satisfies the hierarchical consistency and optimizes a new
objective function, the Conditional expected Area under The Curve of the Hit curve (CATCH)
given the first-stage classifier scores. In a hit curve, the x-axis represents the number of
discoveries, and the y-axis represents the number of true discoveries (i.e., the hit number).
The new objective function inherits the characteristic of the hit curve that the maximization
of the area under the hit curve favors a large precision rate when the recall rate is small
(Herskovic, Iyengar, and Bernstam, 2007). We advocate optimizing CATCH for HMC when
the initial decisions are of more importance than the subsequent ones.

In practical implementation, since we can only estimate mLPRs instead of obtaining
their true values, the naive sorting procedure (sorting estimated mLPRs in descending order)
might fail to guarantee the optimization of CATCH or violate the hierarchy consistency. The
deviation from these two goals can be significant if the data is too noisy or the sample size
is limited. To this end, we develop the ranking algorithm HierRank (Hierarchical Ranking)
that sorts the objects across classes using estimated mLPRs while obeying the hierarchical
constraint. This algorithm is shown to achieve the optimization of an empirical version of
CATCH given the estimated mLPRs and at the same time satisfy the hierarchical constraint.
In addition, it has relatively low time complexity O(n log n), where n is the number of
decisions to be made, which is the product of the number of classes K and the number of
samples M . Therefore, HierRank can be adapted to a large graph with numerous classes.

For evaluation, we first consider a synthetic dataset. Our method is shown to outperform
other competing methods universally in terms of the truncated area under the precision-recall
curve. Then, we study two real datasets. On the dataset for disease diagnosis, we show how
the accuracy of the mLPR estimation influences the performance of our method. On the
dataset for text classification, we emphasize the statistical differences in fitted values and
predicted values of the classifier scores, which gives a practical guideline on how to train the
two-stage method.

The rest of the chapter is organized as follows. In Section 2.2, we introduce the model. In
Section 2.3, we introduce the concepts of hit curve and local precision rate. In Section 2.4,
we introduce the performance metric CATCH and the statistic mLPR. We show that sorting
mLPRs in descending order can maximize CATCH while respecting the hierarchy. In Section
2.5, we propose the ranking algorithm HierRank that sorts objects with associated estimated
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mLPRs under the hierarchy constraint. We discuss an equivalent algorithm of HierRank and
its extension to DAG in 2.6. We assess the performance of our method on a synthetic dataset
and two case studies in Section 2.7. Finally, we conclude this chapter in Section 2.8.

2.2 Notation and Model

2.2.1 Notation

There are K classes of interest, which are structured in a hierarchy G, e.g., Figure 2.1 (a).
In G, denote by pa(k) the set of the parent nodes of the k-th node, by anc(k) the set of its
ancestor nodes, and by nbh(k) the set of its immediate neighbors. For example, pa(F ) = {C},
anc(F ) = {A,C}, nbh(F ) = {C,G, I} in Figure 2.1 (a), where we abuse the node index and
the node symbol when there is no ambiguity. A random object (the person or item to be
classified) can possess multiple positive labels out of the K classes, thus associated with K
classification decisions to be made. Throughout this chapter, we call an object’s membership
status in a class a classification "event". Each event has a binary variable Y indicating the
corresponding class status/label of the considered object and a pre-given classifier score S
reflecting the likelihood that the event is positive. Specifically, for a random object, denote by
Yk and Sk the status and the classifier score on the k-th class. We denote Y = (Y1, . . . , YK)T,
S = (S1, . . . , SK)T.

In practice, we observe M objects, and thus there are n = K ×M classification events in
total. We use Y (m)

k and S(m)
k to denote the status and the pre-defined classifier score for the

k-th class of the m-th object. Denote Y(m) = (Y
(m)

1 , . . . , Y
(m)
K )T and S(m) = (S

(m)
1 , . . . , S

(m)
K )T

for the m-th object. For ease of notation, throughout the rest of the chapter, we say Event i is
an ancestor of Event i′ (or equivalently, i ∈ anc(i′)), if the two events i and i concern the same
object and that the class node associated with Event i is an ancestor node of that of Event i′.
We define the ranking πππ = (π1, . . . , πn) on n events as a permutation of (1, 2, . . . , n− 1, n).
We say a ranking πππ has the hierarchical consistency or is a topological ordering for G if
it satisfies

πi < πi′ if Event i is an ancestor of Event i′.

2.2.2 Model

The hierarchy G for the K classes is assumed to be a tree/DAG. It can be disconnected
and consist of multiple connected components like Figure 2.1 (a). We mainly discuss the tree
structure in this chapter. The extension to the DAG structure is discussed in Section 2.6.3.
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Given the hierarchy G, the status/label variables Y and the first-stage classifier scores
S of a random individual/sample, we consider an augmented graph Ḡ (Figure 2.1 (b)) by
assuming the conditional independence stated in Assumption 1.

Assumption 1 The scores are conditional independent given the associated class labels, i.e.,

Sk′ ⊥ Sk|(Yk, Yk′) for any k′ 6= k.

The conditional independence is reasonable for the two-stage method of HMC, because the
first-stage classification training is executed class by class. With this assumption, we propose
the following model H to characterize the relationship between Y and S of a random object:

(i) P(Sk = s|S1, . . . , Sk−1, Sk+1, . . . , SK , Y1, . . . , YK) = P(Sk = s|Yk).
(ii) P(Yk = 1|Ypa(k) = 1) ∈ [0, 1]; P(Yk = 1|Ypa(k) = 0) = 0.

(iii) Sk has a mixture model, i.e., P(Sk ≤ s|Yk) = F
(k)
0 (s) I(Yk = 0) + F

(k)
1 (s) I(Yk = 1),

where F (k)
0 denotes the null cumulative distribution function (CDF) P(Sk ≤ s|Yk = 0)

and F (k)
1 denotes the alternative CDF P(Sk ≤ s|Yk = 1) for the k-th class.

(iii’) Sk has a mixture model, i.e., P(Sk ≤ s) = P(Sk ≤ s, Yk = 0) + P(Sk ≤ s, Yk =

1) = F
(k)
0 (s)P(Yk = 0) + F

(k)
1 (s)P(Yk = 1), where F (k)

0 denotes the null cumulative
distribution function (CDF) P(Sk ≤ s|Yk = 0) and F (k)

1 denotes the alternative CDF
P(Sk ≤ s|Yk = 1)for the k-th class.

The assumption (i) follows from the conditional independence; the assumption (ii) reflects
that the labels respect the hierarchy G, i.e., a negative node implies all of its descendants
are negative as well; the assumption (iii) means that the classifier score is generated from a
class-specific mixture model.

On the sample level, the M objects are independent and identically distributed, i.e.,
(Y(m),S(m))

i.i.d∼ H, m = 1, . . . ,M . For a fixed k, scores {S(m)
k : m = 1, . . . ,M} follow the

same mixture distribution. But if k and k′ correspond to different nodes in G, S(m)
k and S(m′)

k′

would follow different distributions, and so are not directly comparable; see Figure 2.2 for an
example. When making joint decisions across all nodes, we need to take into consideration
such distinct statistical distribution properties across classes.

2.3 Preliminary

2.3.1 Hit Curve

The hit curve has been explored in the information retrieval community as a useful
alternative to the ROC curve and the PR curve. In a hit curve, the x-axis represents the
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E
<latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit>

A
<latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit>

B
<latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit>

H
<latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit>

C
<latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit>

F
<latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit>

G
<latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit>

I
<latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit>

J
<latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit>

K
<latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit>

L
<latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit>

(a) An example hierarchy G.

D
<latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit>

E
<latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit>

A
<latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit>

B
<latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit>

H
<latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit>
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(b) The augmented graph Ḡ.

Figure 2.1: An example hierarchical graph G and the associated augmented graph Ḡ.

number of discoveries, and the y-axis represents the number of true discoveries (i.e., the
hit number); see Figure 2.3. The hit curve is widely used in situations where the users
are more interested in the top-ranked instances. For example, in evaluating the performance
of a web search engine, the relevance of the top-ranked pages is more important than those
that appear lower in search results because users expect that the most relevant results
appear first. The hit curve can serve well in this situation as a graphic representation of the
ranker’s performance since it would plot the results in order of decreasing relevance, and
the y-axis would indicate the result’s relevance to the target. On the other hand, the ROC
curve, which plots the true positive rates (TPR) against the false positive rates (FPR) at
various threshold settings, does not depend on the prevalence of positive instances (Davis and
Goadrich, 2006; Hand, 2009). In the case of search results, the number of relevant pages is
tiny compared to the size of the World Wide Web (i.e., low prevalence of positive instances),
which would result in an almost zero FPR for the top-ranked pages. That is to say, with
very few true positives, the early part of the ROC curve would fail to visualize the search
ranking performance meaningfully. In the case of many hierarchical multi-label classification
problems, like disease diagnosis problems, this issue exists as well; there are many candidate
diseases to consider while few are actually relevant to the patient. Although the PR curve
accounts for prevalence to a degree (i.e., showing the trade-off between precision and recall for
different threshold), Herskovic, Iyengar, and Bernstam, 2007 provided a simple example where
the hit curve can be the more informative choice: with only five positive cases out of 1000, the
hit curve’s shape clearly highlighted the call order of a method that had called 100 instances
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Figure 2.2: Distributions of the SVM decision values of two classes of the RCV1v2 dataset
(see Section 2.7.4 for details). The red vertical dashed lines indicate the respective 95%
quantiles of the two classes, and the black vertical dashed line indicates the 95% quantile of
the mix of the two classes. Making decisions on the mix of the decision values of the two
classes is likely to lead to a small power on the second class, e.g., the decision rule is to take
the top 5% values as positive.

before the five true positives, whereas the corresponding PR curve was uninformative (i.e.,
both the recall and precision rates are zero for the first 100 called instances).

2.3.2 The local precision rate

The local precision rate was developed to maximize precision with respect to recall in
the multi-label setting (Jiang et al., 2014). Specifically, it aims to maximize an expected
population version of the micro-averaged precision, i.e.,

∑
k TPk∑

k(TPk+FPk)
, and recall rate given by

Pillai, Fumera, and Roli, 2013, where TPk and FPk are the number of true and false positives
for class k, respectively.

The expected precision of the classifier for class k with threshold λk can be written as

Gk(λk) = P(Yk = 1|Sk > λk) =
τk(1− F (k)

1 (λk))

1− F (k)(λk)
,

where τk = P(Yk = 1).
We also have the joint probability P(Sk > s and Yk = 1) as (1− F (k)(s))Gk(F

(k)(s)). By
pooling decisions across all K classes with the thresholds λ1, . . . , λk, the expected pooled
precision rate (ppr) can be written as
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Figure 2.3: The hit curve.

ppr =

∑
k(1− F (k)(λk))Gk(λk)∑

k 1− F (k)(λk)
,

where the denominator represents the a priori expected number of times a given instance
will be assigned to a class with the decision thresholds λ1, . . . , λk. The pooled recall rate
(prr) can be written in the same form, except with

∑
k Yk as the denominator instead.

In order to maximize ppr with respect to prr, it suffices to maximize
∑

k(1−F (k)(λk))Gk(λk)
while fixing

∑
k 1− F (k)(λk) considering

∑
k Yk is a constant. Then, the local precision rate

(LPR) is defined as

LPRk(s) = − d

dF (k)(s)
{(1− F (k)(s))Gk(s)} = Gk(s)− (1− F (k)(s))

dGk(s)

dF (k)(s)

In the main theoretical result Theorem 2.1 of Jiang et al. (2014), they showed that
if the LPR for each class is monotonic, then ranking the LPRs calculated for each event
maximizes the expected ppr with respect to a fixed recall rate. The monotonicity requirement
is equivalent to having monotonicity in the likelihood of the positive class, which is satisfied
when higher classifier scores correspond to a greater chance of being from the positive
class–this rules out poorly behaved classifiers.

To better understand LPR, note that dGk(s)

dF (k)(s)
= dGk(s)

ds
ds

dF (k)(s)
. It follows that
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LPRk(s) = Gk(s)− (1− F (k)(s))
dGk(s)

dF (k)(s)

= Gk(s)− (1− F (k)(s))

[
− τkf

(k)
1 (s)

(1− F (k)(s))f (k)(s)
+
τk(1− F (k)

1 (s))

(1− F (k)(s))2

]

= Gk(s) +
τkf

(k)
1 (s)

f (k)(s)
−Gk(s)

=
τkf

(k)
1 (s)

f (k)(s)

= P(Yk = 1|Sk = s) = ltdr,

where f (k) and f (k)
1 are the derivatives of F (k) and F (k)

1 , ltdr is short for local true discovery
rate. The local false discovery rate, lfdr = 1 − ltdr is its more well known relative; it has
been studied extensively for Bayesian large-scale inference (Efron, 2012).

To estimate LPR in practice, Jiang et al., 2014 discussed two methods. The first method
employs kernel density estimates for f (k)

0 , f (k), and then plugs in τk’s after expressing LPRk(s)
as the ltdr. The second method employs a local quadratic kernel smoother to simultaneously
estimate Gk(s) and G′k(s). They showed that, under certain conditions, the first method has
a faster convergence than the second. However, the second method performed better than
the first in simulation studies. The difference results from the difficulty in estimating the
densities f (k)

0 and f (k): the estimates of ltdr are poor in any situation, which would make
kernel density estimation difficult. Furthermore, f (k)

k and f (k) are estimated separately, so
they have different levels of bias and variance. Particularly, since the estimation of f (k)

0 only
relies on the negative class cases, it has a larger variance. In comparison, the functions Gk(u)
and G′k(u) are estimated jointly in the second method.

2.4 Problem Formulation and an Theoretical Solution
In this section, we first introduce the motivation of using the hit curve to define a new

objective function CATCH. Then we give the explicit form of CATCH, which leads to the
key statistic mLPR. By showing the theoretical advantages of the mLPR, we conclude that
sorting mLPRs in descending order not only gives a good classification performance in terms
of CATCH but guarantees the hierarchical consistency as well. Finally, we make a brief
discussion on the application of mLPRs to inference.

For simplicity, we vectorize (Y(1), . . . ,Y(M)) and (S(1), . . . ,S(M)) to get Ỹ = (Y
(1)

1 , . . . , Y
(1)
K ,

. . . , Y
(M)

1 , . . . , Y
(M)
K )T and S̃ = (S

(1)
1 , . . . , S

(1)
K , . . . , S

(M)
1 , . . . , S

(M)
K )T, respectively. By repre-
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senting the index i of Ỹ and S̃ as i = (m− 1) ·K + k where m denotes the object index and
k denotes the class index, we write Ỹ = (Y1, . . . , Yn)T, S̃ = (S1, . . . , Sn)T when there is no
confusion. We keep using this notation throughout the rest of the chapter.

2.4.1 Motivation

Given all the n scores S̃ and the model H, we attempt to produce a reasonable ranking
of the associated n events. It leads to a natural question of what objective function to be
employed to guide this ranking. Measures like ROC-AUC, precision, recall and F-measure
are widely used in classification problems without hierarchy constraint. However, consensus
on standard metrics has not yet been achieved for evaluation metrics of the HMC problem,
and the development of such metrics remains an active research topic today. For example,
H-loss (Cesa-Bianchi, Gentile, and Zaniboni, 2006b; Rousu et al., 2006; Cesa-Bianchi,
Gentile, and Zaniboni, 2006a), matching loss (Nowak et al., 2010), hierarchical hamming
loss, and hierarchical ranking loss (Bi and Kwok, 2015) are designed to blend the false
positive rate (FPR) and the false negative rate (FNR) while considering the hierarchical
structure. However, all of these loss functions depend on the choice of per-class cost and other
coefficients, usually determined with intuition or domain knowledge rather than statistical
justification. On the other hand, the hierarchical versions of precision, recall, and F-measure
introduced in Kiritchenko, Matwin, and Famili (2005) and Verspoor et al. (2006) do not
require determination of the per-class costs but have complicated forms that make them
expensive to compute and difficult to optimize over.

A proper kind of metric to look at depends on the user’s end goal, which explains why
a standard evaluation metric has not yet been agreed upon (Costa et al., 2007). In this
chapter, there are two goals to pursue. First, we are interested in a metric that emphasizes
the accuracy in the initial set of positive calls rather than capturing all of the true positives
in the dataset. This is motivated by the case of disease diagnosis, where physicians need
to have confidence that the general category of disease has been correctly diagnosed, and
the automatic diagnosis would tolerate or even expect mistakes at more specific levels since
those typically need to be corroborated by expert knowledge (Huang, Liu, and Zhou, 2010).
Second, we want a metric that fully incorporates the hierarchical information so that the
maximization of this objective naturally respects the hierarchy. Thus we do not need to
resort to a constraint.

To meet the first goal, we use the hit curve and the corresponding area under curve,
where the x-axis represents the number of discoveries and the y-axis represents the number
of true discoveries (i.e., the hit number); see Figure 2.3 in Section 2.3.1 for more details. The
hit curve can serve well in the disease diagnosis situation as a graphic representation of the
ranker’s performance since it would plot the results in order of decreasing relevance, and the
y-axis would indicate the results’ relevance to the target. By contrast, the other traditional
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metrics like ROC or PR curves are not sensitive or informative to the top-ranked instances,
especially when the number of positive instances is tiny compared to the total size (Davis
and Goadrich, 2006; Herskovic, Iyengar, and Bernstam, 2007; Hand, 2009). Additionally,
there are three more reasons why the hit curve is preferred:

• There is a close connection between the hit curve and the PR curve, e.g., the slope of
the hit curve is the precision rate. Most importantly, a large area under the hit curve
corresponds to a large area under the PR curve.

• In the interest of optimization, it is easier to work with the number of total/true
discoveries in the hit curve than the true/false discovery rates in the ROC/PR curves.

• The area under the hit curve does not depend on any manually designed hyperparameter.

As for the second goal, traditional metrics like matching loss and H-loss require hyper-
parameters that assign the class weights to leverage the hierarchy, which can barely guarantee
the hierarchical consistency. DeCoro, Barutcuoglu, and Fiebrink (2007) and Bi and Kwok
(2015) utilize a Bayesian idea to account for the dependencies, but it is not yet able to
ensure the hierarchical consistency. So they leverage an additional constraint to this end.
Here to incorporate the hierarchical information into the objective function, we consider the
expected area under the hit curve conditional on the scores across all the classes. It turns
out that maximizing this objective function without any constraint can, in theory, produce a
hierarchical consistent ranking; see Section 2.4.3.

2.4.2 Conditional expected Area under The Curve of the Hit
curve and Multidimensional Local Precision Rate

From the motivation in Section 2.4.1, we aim to find out a ranking such that the area
under the hit curve is maximized. Formally, we want to solve the optimization problem
(2.4.1). Here the hierarchy constraint is added to make the optimization a complete HMC
problem. Subsequently, after considering a conditional version of the area under the hit curve,
we will show that this constraint is no longer needed.

max
πππ

area under the hit curve, (2.4.1)

s.t. πi < πi′ if Event i is an ancestor of Event i′.

Note that the x-axis of the hit curve represents the number of calls made, and thus the
expression of the area under the hit curve is equivalent to the sum of the number of true
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positives among the top i calls, for every i. This yields the convenient expression for (2.4.1):

(2.4.1) =
n∑
i=1

i∑
j=1

I(Yπj = 1) =
n∑
i=1

(n− i+ 1) I(Yπi = 1). (2.4.2)

Since Yπi is a random variable when the inputs are random objects, we consider the population
average of the area under the hit curve. Specifically, we take the conditional expected values
of (2.4.2) given the classifier scores S̃, on account of the dependencies, and arrive at

CATCH := E(AUC of hit curve| S̃) =
n∑
i=1

(n− i+ 1)P(Yπi = 1|S1, . . . , Sn). (2.4.3)

Here, we call the target metric the Conditional expected Area under The Curve of
the Hit curve (CATCH). We call P(Yi = 1|S1, . . . , Sn) multidimensional local preci-
sion rate (mLPR). Just as multidimensional local false discovery rate (m`fdr) extends
the traditional `fdr (Ploner et al., 2006), mLPR is a multidimensional extension to Local
Precision Rate (LPR). More details on LPR can be found in Section 2.4.3 and Section 2.3.2.
Proposition 1 below shows a desired property of mLPR.

Proposition 1 Under model H defined in Section 2.2.2, for two events i and i′, if i ∈ anc(i′),
then mLPRi ≥ mLPRi′.

Proof Under model H defined in Section 2.2.2, i ∈ anc(i′) means that the two events i and
i′ concern the same object, and that the associated class node of Event i is an ancestor of
that of Event i′.

For any i′ and i ∈ anc(i′), it follows that

mLPRi′ = P(Yi′ = 1|S1, . . . , Sn)

=
∑

Y1,...Yi′−1,Yi′+1,...,Yn

P(Y1, . . . , Yi′−1, Yi′ = 1, Yi′+1, . . . , Yn|S1, . . . , Sn)

(a)
=

∑
Yj :j 6=i,j 6=i′

P(Y1, . . . , Yi′ = 1, Yi = 1, . . . , Yn|S1, . . . , Sn)

≤
∑
Yj :j 6=i

P(Y1, . . . , Yi−1, Yi = 1, Yi+1, . . . , Yn|S1, . . . , Sn)

= mLPRi,

where Equation (a) is obtained by the condition (ii) of the model H (Section 2.2.2).
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Proposition 1 tells that the mLPR value of an event can not be smaller than those of its
descendants. Besides, it can be shown that a larger mLPR indicates the associated event
is more likely to be positive; see Section 2.4.3. Based on the two properties, we propose a
population-level solution to maximizing CATCH under the hierarchical constraint.

2.4.3 Sorting mLPRs in Descending Order

We aim to find the ranking that maximizes CATCH (2.4.3) while respecting the hierarchy.
This can be mathematically written as the optimization problem.

max
πππ

CATCH, (2.4.4)

s.t. πi ≤ πi′ if Event i is an ancestor of Event i′.

We can generate the ranking by naively sorting any scores (here, we use mLPRs) from the
largest to the smallest. We call this method naive sorting. Proposition 1 indicates that
the ranking by applying naive sorting on mLPRs satisfies the hierarchical consistency. It
immediately implies that this ranking is the solution to the problem (2.4.4), as shown in
Proposition 2. In other words, if we can get access to the population mLPRs, solving the
optimization problem (2.4.4) does not require the hierarchical constraint. This conclusion is
reasonable because the hierarchy information has been fully incorporated into mLPRs.

Proposition 2 Under Model H defined in Section 2.2.2, the ranking obtained by naive
sorting on mLPRs is a topological ordering for G and maximizes (2.4.3).

Proof Proposition 1 indicates that sorting mLPRs from the largest to the smallest can
guarantee the hierarchy constraint that ancestors rank ahead of their descendants. Meanwhile,
the maximum of CATCH (2.4.3) is just obtained by sorting mLPRs in this manner.

Furthermore, we will show in Proposition 3 that an event at the top of the ranking
obtained by applying naive sorting on mLPRs is more likely to be positive than an event in
the tail. In other words, given a decision rule induced by imposing a cutoff on such a ranking,
the event taken as positive by this rule is more likely to be truly positive than those taken as
negative. Fundamentally, it reflects that mLPRs account for the statistical differences across
classes. Thus, with Proposition 1 and Proposition 3 together, it is statistically justified to
directly compare mLPRs in the scenario where there are dependencies between classes. It
is an extension of a similar result for LPRs shown in Jiang et al. (2014) that sorting LPRs
in the decreasing order guarantees the optimal pooled precision at any pooled recall rate if
there is no hierarchy constraint among the classes. More details on LPR and its relation to
the local true discovery rate (Efron, 2012) are deferred to Section 2.3.2.
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Proposition 3 Given Model H defined in Section 2.2.2, let πππns be the ranking obtained by
sorting mLPRs in an descending order. Then for any positive event i and i′ with πnsi < πnsi′ ,
we have

P(Yi = 1|πnsi < πnsi′ ) ≥ P(Yi′ = 1|πnsi < πnsi′ ).

Proof For a realization s̃ of S̃, the resulting mLPRs give the ranking πππns with πnsi < πnsi′ ,
indicating that mLPRi = P(Yi = 1| S̃ = s̃) ≥ P(Yi′=1| S̃ = s̃) = mLPRi′ . Then we have

P(Yi = 1, πnsi < πnsi′ ) =

∫
s̃:πns

i <πns
i′

P(Yi = 1, S̃ = s̃)

≥
∫
s̃:πns

i <πns
i′

P(Yi′ = 1, S̃ = s̃)

= P(Yi′ = 1, πnsi < πnsi′ ).

2.5 HierRank: Ranking Algorithm based on estimated
mLPRs

In this section, we describe a routine on how to compute mLPRs given the observed
classifier scores. First, two approximations are provided in light of the strengths of the class
dependencies. Then, we develop a ranking method to rank the estimated mLPRs, for which
the simple naive sorting can longer guarantee the maximized empirical CATCH (given the
estimated mLPRs) and the hierarchical consistency.

2.5.1 Computation of mLPRs

The sound properties of mLPRs and the naive sorting method can be guaranteed when we
know the true values of mLPRs. In reality, it is hard to get this ideal solution, and we have
to estimate mLPRs. Given the model H defined in Section 2.2, we are able to investigate
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P(Y1, . . . , Yn|S1, . . . , Sn) in a simple manner:

P(Y1, . . . , Yn|S1, . . . , Sn)
(a)∝ P(S1, . . . , Sn|Y1, . . . , Yn) · P(Y1, . . . , Yn)

(b)
=

n∏
i=1

P(Si|Yi)P(Yi|Ypa(i))

(c)∝
n∏
i=1

P(Yi|Si)
P(Yi)

· P(Yi|Ypa(i))

(d)
=

n∏
i=1

LPRi ·
P(Yi|Ypa(i))

P(Yi)
, (2.5.1)

where (a) and (c) hold by the Bayes rule, (b) holds by using the Markov property with
Assumption 1 (conditional independence), and Equation (d) follows from Jiang et al. (2014)
that given the scores S̃, the associated LPR of the i-th node is defined as

LPRi = P(Yi|Si).

We estimate LPRs by applying the method in Jiang et al. (2014). We estimate P(Yi|Ypa(i))
and P(Yi) with the empirical proportions (e.g., counting number of objects such that Yi = 1
to estimate P(Yi)). Then, with these estimates and by applying the sum-product message
passing to P(Y1, . . . , Yn|S1, . . . , Sn) with respect to G (Wainwright and Jordan, 2008), we
obtain an estimator m̂LPR of mLPR. We call it the full version of m̂LPR if we keep strictly
to the above estimation procedure of mLPR. When the dependency structure is sparse,
some estimation approaches that ignore or simplify the dependency structure may generate
reasonable approximations with improvement in computation cost. We consider two strategies
to approximate the mLPR in terms of the strength of the dependencies between classes. To
be specific,

• Independence. We assume that Yi is independent of Si′ for i′ 6= i. Then we get
mLPRi ≈ P(Yi|Si), which is simply LPRi. This type of computation is called the
independence (short as indpt) approximation.

• Neighborhood. We assume that Yi is only correlated with Si′ for i′ = i or i′ ∈ nbh(i).
Then we get mLPRi ≈ P(Yi|Si, Snbh(i)), which can be computed in the same fashion as
Equation (2.5.1). This type of computation is called the neighborhood (short as nbh)
approximation.

The independence approximation has been widely used in statistical methods such as
Naive Bayes and Variational Bayes (Ng and Jordan, 2001; Wainwright and Jordan, 2008).
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The neighborhood approximation is a compromise between the independence approximation
and the full mLPR computation based on the complete dependencies. The assumption of
the neighborhood dependencies can be regarded as a mild augmentation of Assumption 1.
In practice, the choice of the three versions of mLPR computations depends on the signal-
to-noise ratio. It is reasonable to use the independence approximation or the neighborhood
approximation when a weak or local dependence is observed between classes. On the other
hand, even though there is an explicit dependency between classes, we will also turn to the
independence approximation when the signal is weak due to data insufficiency or bad data
quality; see Section 2.7.3 for an example.

Finally, given m̂LPRs, we consider

̂CATCH :=
n∑
i=1

(n− i+ 1)m̂LPRi, (2.5.2)

which is an empirical version of CATCH (2.4.3).

2.5.2 Algorithms

Proposition 2 holds when true mLPRs are available. Sorting m̂LPRs naively (in descending
order), however, might violate the hierarchical constraint. Consequently, here we introduce a
sorting algorithm, named HierRank, to provide a ranking πππ that gives the largest possible
̂CATCH in (2.5.2) among all the rankings that satisfy the hierarchical constraint. We

consider this an empirical solution to the constraint optimization problem (2.4.4). Formally,
HierRank aims to solve the following problem:

max
πππ

̂CATCH, (2.5.3)

s.t. πi ≤ πi′ if Object i is an ancestor of Object i′.

We first define the terminologies that will be used in the algorithm. The terms are also
illustrated in Figure 2.4.

• node: a node corresponds to an event (the status of an object in a class) in the HMC
problem.

• tree: a tree is an undirected graph in which any two nodes are connected by exactly
one path.

• Single-child branch/chain: a branch/chain of the tree, on which every node has at
most one child. In Figure 2.4, the chains B → D → E, G → H, I → J and K → L
are single-child branches.
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• P1P1P1: the set of nodes on all single-child branches, i.e., a node is in P1 if it and its
descendants have at most one child. In Figure 2.4, nodes on the chains B → D → E,
G→ H, I → J , K → L belong to P1. Node A does not belong to P1 because it is not
on a single-child branch.

• Starting node in P1: a node that is in P1 but its parent(s) are not. In Figure 2.4,
Node B, G, I and K are starting nodes in P1.

• P2P2P2: a set of nodes with at least two children and those children are in P1. Any node in
P2 is attached by multiple single-child branches starting from its child nodes. In Figure
2.4, only Node F belongs to P2. It is attached by the chains G→ H and I → J . Node
A does not belong to P2 because its child C does not belong to P1.

• P3P3P3: a set of nodes who are the parents/ancestors of the nodes in P2 and they have only
one child. In Figure 2.4, only Node C belongs to P3. Node A does not belong to P3

since it has two child nodes.

• Cr→sCr→sCr→s: a sub-chain that starts from Node r and ends at Node s (a sub-chain/path is
unique for a tree, given the two ends). Let | Cr→s | be the number of nodes in Cr→s. For
example, in Figure 2.4, CA→E represents the chain A→ B → D → E.

• CrCrCr: a simplified notation for Cr→e, if r ∈ P1 and Node e is a leaf node. For example, in
Figure 2.4, CB represents the chain B→ D→ E.

• Cr(h)Cr(h)Cr(h): a sub-chain that consists of the first h nodes of Cr. For example, in Figure 2.4,
CB(2) is a sub-chain of CB consisting of CB’s first two nodes, i.e., B→ D.

• ¯̀
r,h(S)¯̀
r,h(S)¯̀
r,h(S): the average value of scores (e.g., m̂LPRs) of the sub-chain Cr(h), i.e., ¯̀

r,h(S) =
1

| Cr(h)|
∑

i∈Cr(h) Si. Here we use Cr(h) to denote the set of nodes in the sub-chain Cr(h)
when there is no ambiguity.

We first consider ranking nodes from multiple disjoint single-child chains Cr1 , . . . , Crp .
This is equivalent to merging these chains into a single chain. The relative position along the
final chain will reflect the ranking. To this end, we introduce Algorithm 1 that is illustrated
in Figure 2.5:

(a) Initialize the ranked list L = ∅.

(b) For the chains I → J and G → H, there are four sub-chains: G, G → H, I, I → J
with average scores 0.8, 0.45, 0.3, 0.6 respectively. The sub-chain G has the largest
average, so we remove it from the original graph and attach it to L.



CHAPTER 2. DECISION MAKING FOR HIERARCHICAL MULTI-LABEL
CLASSIFICATION WITH MULTI-DIMENSIONAL LOCAL PRECISION RATE 26

¯̀
B,2(S) =

0.5 + 0.8

2
= 0.65
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<latexit sha1_base64="yzrSCNj58JSoCGux2NjHfQC4GOQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF2WduOygm2FJoTJdNIOnTyYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zPETwRVY1rdRWVldW9+obta2tnd298z9g56KU0lZl8Yilnc+UUzwiHWBg2B3iWQk9AXr+5N24ffvmVQ8jm5hmjA3JKOIB5wS0JJnHjkhgTElImvnXuYAe4CsleeeWbca1gx4mdglqaMSHc/8coYxTUMWARVEqYFtJeBmRAKnguU1J1UsIXRCRmygaURCptxslj/Hp1oZ4iCW+kWAZ+rvjYyESk1DX08WadWiV4j/eYMUgis341GSAovo/FCQCgwxLsrAQy4ZBTHVhFDJdVZMx0QSCrqymi7BXvzyMumdN2yrYd9c1Jutso4qOkYn6AzZ6BI10TXqoC6i6BE9o1f0ZjwZL8a78TEfrRjlziH6A+PzB+kzlqo=</latexit><latexit sha1_base64="yzrSCNj58JSoCGux2NjHfQC4GOQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF2WduOygm2FJoTJdNIOnTyYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zPETwRVY1rdRWVldW9+obta2tnd298z9g56KU0lZl8Yilnc+UUzwiHWBg2B3iWQk9AXr+5N24ffvmVQ8jm5hmjA3JKOIB5wS0JJnHjkhgTElImvnXuYAe4CsleeeWbca1gx4mdglqaMSHc/8coYxTUMWARVEqYFtJeBmRAKnguU1J1UsIXRCRmygaURCptxslj/Hp1oZ4iCW+kWAZ+rvjYyESk1DX08WadWiV4j/eYMUgis341GSAovo/FCQCgwxLsrAQy4ZBTHVhFDJdVZMx0QSCrqymi7BXvzyMumdN2yrYd9c1Jutso4qOkYn6AzZ6BI10TXqoC6i6BE9o1f0ZjwZL8a78TEfrRjlziH6A+PzB+kzlqo=</latexit><latexit sha1_base64="yzrSCNj58JSoCGux2NjHfQC4GOQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF2WduOygm2FJoTJdNIOnTyYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zPETwRVY1rdRWVldW9+obta2tnd298z9g56KU0lZl8Yilnc+UUzwiHWBg2B3iWQk9AXr+5N24ffvmVQ8jm5hmjA3JKOIB5wS0JJnHjkhgTElImvnXuYAe4CsleeeWbca1gx4mdglqaMSHc/8coYxTUMWARVEqYFtJeBmRAKnguU1J1UsIXRCRmygaURCptxslj/Hp1oZ4iCW+kWAZ+rvjYyESk1DX08WadWiV4j/eYMUgis341GSAovo/FCQCgwxLsrAQy4ZBTHVhFDJdVZMx0QSCrqymi7BXvzyMumdN2yrYd9c1Jutso4qOkYn6AzZ6BI10TXqoC6i6BE9o1f0ZjwZL8a78TEfrRjlziH6A+PzB+kzlqo=</latexit><latexit sha1_base64="yzrSCNj58JSoCGux2NjHfQC4GOQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF2WduOygm2FJoTJdNIOnTyYuRFLzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zPETwRVY1rdRWVldW9+obta2tnd298z9g56KU0lZl8Yilnc+UUzwiHWBg2B3iWQk9AXr+5N24ffvmVQ8jm5hmjA3JKOIB5wS0JJnHjkhgTElImvnXuYAe4CsleeeWbca1gx4mdglqaMSHc/8coYxTUMWARVEqYFtJeBmRAKnguU1J1UsIXRCRmygaURCptxslj/Hp1oZ4iCW+kWAZ+rvjYyESk1DX08WadWiV4j/eYMUgis341GSAovo/FCQCgwxLsrAQy4ZBTHVhFDJdVZMx0QSCrqymi7BXvzyMumdN2yrYd9c1Jutso4qOkYn6AzZ6BI10TXqoC6i6BE9o1f0ZjwZL8a78TEfrRjlziH6A+PzB+kzlqo=</latexit>

CB(2)
<latexit sha1_base64="i+zCtyEzLKKoIYPlPb/BizR+Eq4=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxC3ZSkCLos7cZlBfuAJoTJdNIOnTyYuRFLCG78FTcuFHHrV7jzb5y0WWjrgQuHc+7l3nu8mDMJpvmtldbWNza3ytuVnd29/QP98Kgno0QQ2iURj8TAw5JyFtIuMOB0EAuKA4/Tvjdt537/ngrJovAOZjF1AjwOmc8IBiW5+okdYJgQzNN25qY20AdIW1lWa1y4etWsm3MYq8QqSBUV6Lj6lz2KSBLQEAjHUg4tMwYnxQIY4TSr2ImkMSZTPKZDRUMcUOmk8xcy41wpI8OPhKoQjLn6eyLFgZSzwFOd+cFy2cvF/7xhAv61k7IwToCGZLHIT7gBkZHnYYyYoAT4TBFMBFO3GmSCBSagUquoEKzll1dJr1G3zLp1e1lttoo4yugUnaEastAVaqIb1EFdRNAjekav6E170l60d+1j0VrSiplj9Afa5w87VZdL</latexit><latexit sha1_base64="i+zCtyEzLKKoIYPlPb/BizR+Eq4=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxC3ZSkCLos7cZlBfuAJoTJdNIOnTyYuRFLCG78FTcuFHHrV7jzb5y0WWjrgQuHc+7l3nu8mDMJpvmtldbWNza3ytuVnd29/QP98Kgno0QQ2iURj8TAw5JyFtIuMOB0EAuKA4/Tvjdt537/ngrJovAOZjF1AjwOmc8IBiW5+okdYJgQzNN25qY20AdIW1lWa1y4etWsm3MYq8QqSBUV6Lj6lz2KSBLQEAjHUg4tMwYnxQIY4TSr2ImkMSZTPKZDRUMcUOmk8xcy41wpI8OPhKoQjLn6eyLFgZSzwFOd+cFy2cvF/7xhAv61k7IwToCGZLHIT7gBkZHnYYyYoAT4TBFMBFO3GmSCBSagUquoEKzll1dJr1G3zLp1e1lttoo4yugUnaEastAVaqIb1EFdRNAjekav6E170l60d+1j0VrSiplj9Afa5w87VZdL</latexit><latexit sha1_base64="i+zCtyEzLKKoIYPlPb/BizR+Eq4=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxC3ZSkCLos7cZlBfuAJoTJdNIOnTyYuRFLCG78FTcuFHHrV7jzb5y0WWjrgQuHc+7l3nu8mDMJpvmtldbWNza3ytuVnd29/QP98Kgno0QQ2iURj8TAw5JyFtIuMOB0EAuKA4/Tvjdt537/ngrJovAOZjF1AjwOmc8IBiW5+okdYJgQzNN25qY20AdIW1lWa1y4etWsm3MYq8QqSBUV6Lj6lz2KSBLQEAjHUg4tMwYnxQIY4TSr2ImkMSZTPKZDRUMcUOmk8xcy41wpI8OPhKoQjLn6eyLFgZSzwFOd+cFy2cvF/7xhAv61k7IwToCGZLHIT7gBkZHnYYyYoAT4TBFMBFO3GmSCBSagUquoEKzll1dJr1G3zLp1e1lttoo4yugUnaEastAVaqIb1EFdRNAjekav6E170l60d+1j0VrSiplj9Afa5w87VZdL</latexit><latexit sha1_base64="i+zCtyEzLKKoIYPlPb/BizR+Eq4=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyxC3ZSkCLos7cZlBfuAJoTJdNIOnTyYuRFLCG78FTcuFHHrV7jzb5y0WWjrgQuHc+7l3nu8mDMJpvmtldbWNza3ytuVnd29/QP98Kgno0QQ2iURj8TAw5JyFtIuMOB0EAuKA4/Tvjdt537/ngrJovAOZjF1AjwOmc8IBiW5+okdYJgQzNN25qY20AdIW1lWa1y4etWsm3MYq8QqSBUV6Lj6lz2KSBLQEAjHUg4tMwYnxQIY4TSr2ImkMSZTPKZDRUMcUOmk8xcy41wpI8OPhKoQjLn6eyLFgZSzwFOd+cFy2cvF/7xhAv61k7IwToCGZLHIT7gBkZHnYYyYoAT4TBFMBFO3GmSCBSagUquoEKzll1dJr1G3zLp1e1lttoo4yugUnaEastAVaqIb1EFdRNAjekav6E170l60d+1j0VrSiplj9Afa5w87VZdL</latexit>
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D
<latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit>

E
<latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit>

A
<latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit>

B
<latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit>

H
<latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit>

C
<latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit>

F
<latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit>

G
<latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit>

I
<latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit>

J
<latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit>

0.2 0.9

K
<latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit>

L
<latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit>

Figure 2.4: Illustration of notation. The numbers inside the nodes are the associated scores.
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(a) AAAAAAAAAA                 
G is selected.
L = ; (b) AAAAAAAAAAA                 

    J-I are selected.
L = {G}

<latexit sha1_base64="ZIcKfqRSrXZzrrskQXddLRNAT3U=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0I1QdKELFxXsA5pQJtNJO3TyYGYihBB/xY0LRdz6Ie78GydtFtp6YOBwzr3cM8eLOZPKsr6Nysrq2vpGdbO2tb2zu2fuH3RllAhCOyTikeh7WFLOQtpRTHHajwXFgcdpz5teF37vkQrJovBBpTF1AzwOmc8IVloamnUnwGpCMM/ucnSJnOzGyYdmw2paM6BlYpekASXaQ/PLGUUkCWioCMdSDmwrVm6GhWKE07zmJJLGmEzxmA40DXFApZvNwufoWCsj5EdCv1Chmfp7I8OBlGng6ckiqlz0CvE/b5Ao/8LNWBgnioZkfshPOFIRKppAIyYoUTzVBBPBdFZEJlhgonRfNV2CvfjlZdI9bdpW074/a7SuyjqqcAhHcAI2nEMLbqENHSCQwjO8wpvxZLwY78bHfLRilDt1+APj8wcD4ZRX</latexit><latexit sha1_base64="ZIcKfqRSrXZzrrskQXddLRNAT3U=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0I1QdKELFxXsA5pQJtNJO3TyYGYihBB/xY0LRdz6Ie78GydtFtp6YOBwzr3cM8eLOZPKsr6Nysrq2vpGdbO2tb2zu2fuH3RllAhCOyTikeh7WFLOQtpRTHHajwXFgcdpz5teF37vkQrJovBBpTF1AzwOmc8IVloamnUnwGpCMM/ucnSJnOzGyYdmw2paM6BlYpekASXaQ/PLGUUkCWioCMdSDmwrVm6GhWKE07zmJJLGmEzxmA40DXFApZvNwufoWCsj5EdCv1Chmfp7I8OBlGng6ckiqlz0CvE/b5Ao/8LNWBgnioZkfshPOFIRKppAIyYoUTzVBBPBdFZEJlhgonRfNV2CvfjlZdI9bdpW074/a7SuyjqqcAhHcAI2nEMLbqENHSCQwjO8wpvxZLwY78bHfLRilDt1+APj8wcD4ZRX</latexit><latexit sha1_base64="ZIcKfqRSrXZzrrskQXddLRNAT3U=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0I1QdKELFxXsA5pQJtNJO3TyYGYihBB/xY0LRdz6Ie78GydtFtp6YOBwzr3cM8eLOZPKsr6Nysrq2vpGdbO2tb2zu2fuH3RllAhCOyTikeh7WFLOQtpRTHHajwXFgcdpz5teF37vkQrJovBBpTF1AzwOmc8IVloamnUnwGpCMM/ucnSJnOzGyYdmw2paM6BlYpekASXaQ/PLGUUkCWioCMdSDmwrVm6GhWKE07zmJJLGmEzxmA40DXFApZvNwufoWCsj5EdCv1Chmfp7I8OBlGng6ckiqlz0CvE/b5Ao/8LNWBgnioZkfshPOFIRKppAIyYoUTzVBBPBdFZEJlhgonRfNV2CvfjlZdI9bdpW074/a7SuyjqqcAhHcAI2nEMLbqENHSCQwjO8wpvxZLwY78bHfLRilDt1+APj8wcD4ZRX</latexit><latexit sha1_base64="ZIcKfqRSrXZzrrskQXddLRNAT3U=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE0I1QdKELFxXsA5pQJtNJO3TyYGYihBB/xY0LRdz6Ie78GydtFtp6YOBwzr3cM8eLOZPKsr6Nysrq2vpGdbO2tb2zu2fuH3RllAhCOyTikeh7WFLOQtpRTHHajwXFgcdpz5teF37vkQrJovBBpTF1AzwOmc8IVloamnUnwGpCMM/ucnSJnOzGyYdmw2paM6BlYpekASXaQ/PLGUUkCWioCMdSDmwrVm6GhWKE07zmJJLGmEzxmA40DXFApZvNwufoWCsj5EdCv1Chmfp7I8OBlGng6ckiqlz0CvE/b5Ao/8LNWBgnioZkfshPOFIRKppAIyYoUTzVBBPBdFZEJlhgonRfNV2CvfjlZdI9bdpW074/a7SuyjqqcAhHcAI2nEMLbqENHSCQwjO8wpvxZLwY78bHfLRilDt1+APj8wcD4ZRX</latexit>

(c) AAAAAAAAA                 
   H is selected.

L = {G, I, J}
<latexit sha1_base64="xDx8PyZTNUAN1DO4607+VroaNXM=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUpiQi6EYoufOCign1AE8pkOm2HTh7MTIQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/EizqSyrG+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kaXmd96pEKyMHhQ44i6Ph4ErM8IVlrqmnuOj9WQYJ7cpegcOclV5aZy66Rds2xVrQnQPLFzUoYc9a755fRCEvs0UIRjKTu2FSk3wUIxwmlacmJJI0xGeEA7mgbYp9JNJg+k6FArPdQPha5AoYn6eyLBvpRj39Od2bly1svE/7xOrPpnbsKCKFY0INNF/ZgjFaIsDdRjghLFx5pgIpi+FZEhFpgonVlJh2DPvjxPmsdV26ra9yfl2kUeRxH24QCOwIZTqME11KEBBFJ4hld4M56MF+Pd+Ji2Fox8Zhf+wPj8ARg/lWo=</latexit><latexit sha1_base64="xDx8PyZTNUAN1DO4607+VroaNXM=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUpiQi6EYoufOCign1AE8pkOm2HTh7MTIQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/EizqSyrG+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kaXmd96pEKyMHhQ44i6Ph4ErM8IVlrqmnuOj9WQYJ7cpegcOclV5aZy66Rds2xVrQnQPLFzUoYc9a755fRCEvs0UIRjKTu2FSk3wUIxwmlacmJJI0xGeEA7mgbYp9JNJg+k6FArPdQPha5AoYn6eyLBvpRj39Od2bly1svE/7xOrPpnbsKCKFY0INNF/ZgjFaIsDdRjghLFx5pgIpi+FZEhFpgonVlJh2DPvjxPmsdV26ra9yfl2kUeRxH24QCOwIZTqME11KEBBFJ4hld4M56MF+Pd+Ji2Fox8Zhf+wPj8ARg/lWo=</latexit><latexit sha1_base64="xDx8PyZTNUAN1DO4607+VroaNXM=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUpiQi6EYoufOCign1AE8pkOm2HTh7MTIQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/EizqSyrG+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kaXmd96pEKyMHhQ44i6Ph4ErM8IVlrqmnuOj9WQYJ7cpegcOclV5aZy66Rds2xVrQnQPLFzUoYc9a755fRCEvs0UIRjKTu2FSk3wUIxwmlacmJJI0xGeEA7mgbYp9JNJg+k6FArPdQPha5AoYn6eyLBvpRj39Od2bly1svE/7xOrPpnbsKCKFY0INNF/ZgjFaIsDdRjghLFx5pgIpi+FZEhFpgonVlJh2DPvjxPmsdV26ra9yfl2kUeRxH24QCOwIZTqME11KEBBFJ4hld4M56MF+Pd+Ji2Fox8Zhf+wPj8ARg/lWo=</latexit><latexit sha1_base64="xDx8PyZTNUAN1DO4607+VroaNXM=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwUUpiQi6EYoufOCign1AE8pkOm2HTh7MTIQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/EizqSyrG+jsLC4tLxSXC2trW9sbpnbO00ZxoLQBgl5KNoelpSzgDYUU5y2I0Gx73Ha8kaXmd96pEKyMHhQ44i6Ph4ErM8IVlrqmnuOj9WQYJ7cpegcOclV5aZy66Rds2xVrQnQPLFzUoYc9a755fRCEvs0UIRjKTu2FSk3wUIxwmlacmJJI0xGeEA7mgbYp9JNJg+k6FArPdQPha5AoYn6eyLBvpRj39Od2bly1svE/7xOrPpnbsKCKFY0INNF/ZgjFaIsDdRjghLFx5pgIpi+FZEhFpgonVlJh2DPvjxPmsdV26ra9yfl2kUeRxH24QCOwIZTqME11KEBBFJ4hld4M56MF+Pd+Ji2Fox8Zhf+wPj8ARg/lWo=</latexit>

(d) AAAAAAAAAAAAAAA                 
    Obtain the sorted chain.

L = {G, I, J, H}
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Figure 2.5: An example of the merging process in Algorithm 1: merge the two sub-chains
G→ H and I → J in Figure 2.4. The nodes in bold form a sub-chain of the highest averaging
scores, and the nodes filled in grey give a ranking produced by the merging procedure.

(c) In the remaining graph, there are three sub-chains: I → J , I and H with average scores
0.6, 0.3, 0.1. The sub-chain I → J has the largest average, so we remove it from the
remaining graph and attach it to L.

(d) There remains a single node H. We attach it to L. Since there is no node in the
remaining graph, L is the final ranking.

The produced ranking of Algorithm 1 satisfies the hierarchical consistency because it preserves
the relative ordering of the nodes in each chain. This ranking also maximizes (2.5.2). The
heuristic is that this algorithm essentially sorts the average scores in descending order. The
detailed argument is part of the proof of Theorem 4.
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For a general tree case, we introduce Algorithm 2 (HierRank), which uses Algorithm 1
repeatedly. Figure 2.6 is used to illustrate this algorithm:

(a) Identify P1, P2 and P3. In Figure 2.6 (a), P1 = {B,D,E,G,H, I, J,K, L}. P2 = {F},
P3 = {C}.

(b) For each node in P2, we apply Algorithm 1 to merge the chains attached to it. Then
attach the resulting single chain to this node, and update P1, P2, P3. In Figure 2.6
(a), P2 only contains Node F . Apply Algorithm 1 to merge the two sub-chains G→ H
and I → J attached to node F . Attach the resulting chain G→ I → J → H to node
F, and we get Figure 2.6 (b). Update P1 = {B,D,E,C, F,G, I, J,H,K,L}, P2 = {A},
P3 = ∅.

(c) Repeat step (b) until P2 is empty (then P3 is empty as well). In Figure 2.6 (b), P2 only
contains node A. Apply Algorithm 1 to merge the two sub-chains B → D → E and
C → F → G→ I → J → H that are attached to node A. Attach the resulting chain
C → F → G→ B → D → I → J → E → H to node A, and we obtain Figure 2.6 (c).
Update P1 = {all nodes}, P2 = ∅, P3 = ∅. Since P2 is empty now, we terminate the
loop.

(d) Apply Algorithm 1 to merge the remaining single-child chains. In Figure 2.6 (c), there
remain two sub-chains K → L and A→ C → F → G→ B → D → I → J → E → H.
Apply Algorithm 1 to merge them, and we obtain the final ranking A → K → C →
F → G→ B → D → I → J → L→ E → H.

In the very beginning, some nodes are put in P1, P2 or P3, and the other nodes are
left out. As the algorithm proceeds, the nodes in P2 and P3 are transferred to P1, and
some left-out nodes are transferred to P2 and P3 until all the nodes are put in P1 and there
remains a single chain. It can be seen that P2 are updated upwards along the graph, so
HierRank works in a bottle-up fashion. As we note above, when we repeat using Algorithm 1
in HierRank, the local ranking satisfies the hierarchy constraint and attains the maximum
of Equation (2.5.2), conditional on the involved sub-graph. We show in Theorem 4 that
HierRank enjoys the desired optimality that it produces a topological ordering of G with the
maximum of Equation (2.5.2). The detailed proof is deferred to Appendix A.1.

Theorem 4 Let G ′ be a new graph obtained by replacing any sub-tree in G with the corre-
sponding merged chain given by Algorithm 2. Then an optimal topological ordering of G ′ is
also an optimal topological ordering of G. Hence, Algorithm 2 leads to an optimal topological
ordering by merging all the trees into a single chain.
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B<latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit>

H<latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit>

C
<latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit>

F<latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit>

G
<latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit>

I<latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit>

J
<latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit>

0.1 0.9

K<latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit>

L
<latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit>
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D
<latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit>

E<latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit>

A
<latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit>

B<latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit>

H<latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit>

C
<latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit>

F<latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit>

G
<latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit>

I<latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit> J
<latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit>

0.3 0.1

K<latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit>

L
<latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit>
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<latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit>

E<latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit>

A
<latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit>

B<latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit>

H<latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit>

C
<latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit>

F<latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit>

G
<latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit>

I<latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit>

J
<latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit>

0.9 0.1

K<latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit><latexit sha1_base64="TO4A7/8fwd9yB0sbBgU0YJsoS/c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi+Clgv2ANpTNdtIu3Wzi7kQsoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj66nfegRtRKzucZyAH7GBEqHgDK3U7iI8YXY76ZUrbtWdgS4TLycVkqPeK391+zFPI1DIJTOm47kJ+hnTKLiESambGkgYH7EBdCxVLALjZ7N7J/TEKn0axtqWQjpTf09kLDJmHAW2M2I4NIveVPzP66QYXvqZUEmKoPh8UZhKijGdPk/7QgNHObaEcS3srZQPmWYcbUQlG4K3+PIyaZ5VPbfq3Z1Xald5HEVyRI7JKfHIBamRG1InDcKJJM/klbw5D86L8+58zFsLTj5zSP7A+fwBYluQLg==</latexit>

L
<latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit><latexit sha1_base64="+SxBLRby2OiZavLBHAdzbb8JkfA=">AAAB73icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoY2ERwXxAcoS9zVyyZG/v3J0Tw5E/YWOhiK1/x85/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41RwaPJaxbgfMgBQKGihQQjvRwKJAQisYXU/91iNoI2J1j+ME/IgNlAgFZ2ildhfhCbPbSa9ccavuDHSZeDmpkBz1Xvmr2495GoFCLpkxHc9N0M+YRsElTErd1EDC+IgNoGOpYhEYP5vdO6EnVunTMNa2FNKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NLPhEpSBMXni8JUUozp9HnaFxo4yrEljGthb6V8yDTjaCMq2RC8xZeXSfOs6rlV7+68UrvK4yiSI3JMTolHLkiN3JA6aRBOJHkmr+TNeXBenHfnY95acPKZQ/IHzucPY+CQLw==</latexit> 0.9 0.8 0.7 0.6 0.8 0.5 0.8 0.3 0.9 0.5 0.2 0.1

A
<latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit><latexit sha1_base64="jfLiu1ifZ6mm3O1netiDD+5/dZA=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPVi8cK9gPaUDbbSbt0s4m7E7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYxupn7rEbQRsbrHcQJ+xAZKhIIztFK7i/CE2dWkV664VXcGuky8nFRIjnqv/NXtxzyNQCGXzJiO5yboZ0yj4BImpW5qIGF8xAbQsVSxCIyfze6d0BOr9GkYa1sK6Uz9PZGxyJhxFNjOiOHQLHpT8T+vk2J46WdCJSmC4vNFYSopxnT6PO0LDRzl2BLGtbC3Uj5kmnG0EZVsCN7iy8ukeVb13Kp3d16pXedxFMkROSanxCMXpEZuSZ00CCeSPJNX8uY8OC/Ou/Mxby04+cwh+QPn8wdTKZAk</latexit> C

<latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit><latexit sha1_base64="fFYHq2Ou843IZbTppveiT9DNkJE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOxF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7G9ZnffuTaiFjd4yThfkSHSoSCUbRSp4f8CbP6tF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmldVD236t1dVmo3eRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNWM5Am</latexit>

D
<latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit><latexit sha1_base64="SbBIvWBEfT4FJDKE/2uLlSkgHuY=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRDx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9XuJAn</latexit>

E<latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit><latexit sha1_base64="PRuoW40MO9eulNIpeoXnC3FwLfs=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNRBI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9ZPZAo</latexit>B<latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit><latexit sha1_base64="3xolzF4hAmJZPH/FqlanHzUxtGE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNTqeRxFOIFTOAcPrqAGt9CAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNUrpAl</latexit>

H<latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit><latexit sha1_base64="ymcw51zX4vEEUQUgtmGnchFquGk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS48V7Ae0oWy2m3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbG6x0nC/YgOlQgFo2ilTg/5E2b1ab9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5vVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmT1PBkJzhnJiCWVa2FsJG1FNGdqISjYEb/nlVdK6qHpu1bu7rNRu8jiKcAKncA4eXEEN6tCAJjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QNdzJAr</latexit>F<latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit><latexit sha1_base64="vJVqjSQyr+yld3Mr1Zfg5fa/gRM=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GNREI8V7Ae0oWy2k3bpZhN3J2IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j9omjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxhdT/3WI2gjYnWP4wT8iA2UCAVnaKV2F+EJs5tJr1xxq+4MdJl4OamQHPVe+avbj3kagUIumTEdz03Qz5hGwSVMSt3UQML4iA2gY6liERg/m907oSdW6dMw1rYU0pn6eyJjkTHjKLCdEcOhWfSm4n9eJ8Xw0s+ESlIExeeLwlRSjOn0edoXGjjKsSWMa2FvpXzINONoIyrZELzFl5dJ86zquVXv7rxSu8rjKJIjckxOiUcuSI3ckjppEE4keSav5M15cF6cd+dj3lpw8plD8gfO5w9awpAp</latexit> G
<latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit><latexit sha1_base64="wMJpFyVBt1Aq2gV0ez344d9xn2c=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRgx4r2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZjeTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5JXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9cR5Aq</latexit>

I
<latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit><latexit sha1_base64="cFXTsf080WrUPlFpwOHV40qemMI=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi94q2A9oQ9lsJ+3SzSbuTsQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtR9BGxOoexwn4ERsoEQrO0ErtLsITZreTXrniVt0Z6DLxclIhOeq98le3H/M0AoVcMmM6npugnzGNgkuYlLqpgYTxERtAx1LFIjB+Nrt3Qk+s0qdhrG0ppDP190TGImPGUWA7I4ZDs+hNxf+8TorhpZ8JlaQIis8XhamkGNPp87QvNHCUY0sY18LeSvmQacbRRlSyIXiLLy+T5lnVc6ve3XmldpXHUSRH5JicEo9ckBq5IXXSIJxI8kxeyZvz4Lw4787HvLXg5DOH5A+czx9fUZAs</latexit>

J
<latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit><latexit sha1_base64="m92r1g6aAqb7sVp7EQ7q+7Um7xQ=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi3iqYD+gDWWznbRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHoeuq3HkEbEat7HCfgR2ygRCg4Qyu1uwhPmN1OeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42ezeCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD5fFKaSYkynz9O+0MBRji1hXAt7K+VDphlHG1HJhuAtvrxMmmdVz616d+eV2lUeR5EckWNySjxyQWrkhtRJg3AiyTN5JW/Og/PivDsf89aCk88ckj9wPn8AYNaQLQ==</latexit>
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Figure 2.6: An example of the merging process in Algorithm 2: (a)→(b) merge G → H
and I → J into G → I → J → H; (b)→(c) merge B → D → E and C → F → G → I →
J → H to C → F → G → B → D → I → J → E → H; (c)→(d) merge all nodes to
A→ K → C → F → G→ B → D → I → J → L→ E → H.

Algorithm 1 The Chain-Merge algorithm.
Input: p chains D = {node ∈ Cr : r = r1, . . . , rp}, the node scores S̃ (e.g., classifier scores,
or m̂LPRs).
Procedure:
1: Set L = ∅;
2: Compute {¯̀r,i(S̃) : i = 1, . . . | Cr |, r = r1, . . . , rp}.
3: while D 6= ∅ do
4: (r′, h′) = arg max

Cr(h)⊂D
¯̀
r,h(S̃).

5: L ← L⊕Cr′(h′), where ⊕ indicates the concatenation of two sequences.
6: D ← (D \Cr′) ∪ (Cr′\Cr′(h′)).
7: Update the average scores of the remaining nodes as step 2.
8: end while
Output: L.
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Algorithm 2 The HierRank algorithm for the tree hierarchy.

Input: The tree graph G, node scores S̃ (e.g., classifier scores, or m̂LPRs).
Procedure:
1: Figure out P1, P2, P3.
2: while P2 6= ∅ do
3: Pop out one v from P2. Take all children of v, i.e., r1, r2, . . ..
4: Feed Cr1 , Cr2 , . . . into Algorithm 1 and obtain L(r1, r2, . . .).
5: Replace Cr1 , Cr2 , . . . with L(r1, r2, . . .).
6: Update P1, P2, P3.
7: end while
8: if There remain multiple chains then
9: Apply Algorithm 1 to these chains.

10: end if
11: Let L be the resulting chain.
[1] Output: a ranking L.

We have three remarks for HierRank. First, the property stated in Proposition 3 is
not guaranteed when using m̂LPRs instead of mLPRs. If we have good estimates of P(Yi),
P(Yi|Ypa(i)) and LPRi, the naive sorting behaves similarly to HierRank when ranking m̂LPRs;
see Section 2.7.2 for an example. If the estimates are way off the true values, m̂LPRs will miss
the hierarchy information in G, and thus HierRank outperforms naive sorting significantly; see
Section 2.7.3 for an example. Second, the time complexity of HierRank reaches up to O(K3)
for each individual. It implies that the ranking over the K nodes in G across M individuals
costs O(nK2 + n logM) computations (n = MK). This high complexity stems from the
exhaustive merging and repeated computations of the moving average at each iteration. To
improve the efficiency, we modify Algorithm 2 by segmenting a chain into blocks, which
are defined by the maximal running average. In this fashion, we eliminate the redundant
computations and obtain Algorithm 2′. Algorithm 2′ is equivalent to Algorithm 2 in light of
the output and only costs O(n log n) operations. In addition, we note that there is an existing
algorithm Condensing Sort and Select Algorithm (CSSA) (Bi and Kwok, 2011) that has the
same time complexity as Algorithm 2′. CSSA was designed to make the first L decisions (L
is a positive integer) and can be applied to the ranking problem. It produces almost the
same ranking as HierRank except for some local parts; see Section 2.6.2 for the details of
Algorithm 2′ and CSSA. Third, we can extend Algorithm 2 that is designed for the tree graph
to handle the DAG graph. The details of this algorithm are deferred to Section 2.6.3.
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2.6 Discussion on HierRank

2.6.1 An equivalent algorithm

We find an existing algorithm called Condensing Sort and Select Algorithm (CSSA)
(Baraniuk and Jones, 1994) that is also of O(n log n) complexity and can be adapted to solve
(2.5.3). Bi and Kwok, 2011 first extended CSSA in their proposed decision rule for the HMC
problem. In their paper, CSSA was used to provide an approximate solution to the integer
programming problem

max
Ψ

∑
k∈T

B(k)Ψ(k) (2.6.1)

s.t. Ψ(k) ∈ {0, 1},∀k,
∑
k∈T

Ψ(k) = L, (2.6.2)

Ψ is T -non-increasing,

where T -nonincreasing means that Φ(k) ≤ Φ(k′) if node k′ is the ancestor of node k; B(k) is
a score produced by kernel dependency estimation (KDE) approach (Weston et al., 2003).
Instead of directly solving (2.6.1) with (2.6.2), Bi and Kwok, 2011 tackles a relaxed problem
by replacing the binary constraint (2.6.2) with

Ψ(k) ≥ 0,∀k, Ψ(0) = 1,
∑
k∈T

Ψ(k) ≤ L. (2.6.3)

Bi and Kwok, 2011 proposed CSSA (Algorithm 3) to solve this problem. They showed that
this algorithm can produce the optimal result that maximizes the objective function (2.6.1)
while respecting (2.6.3).



CHAPTER 2. DECISION MAKING FOR HIERARCHICAL MULTI-LABEL
CLASSIFICATION WITH MULTI-DIMENSIONAL LOCAL PRECISION RATE 31

Algorithm 3 The CSSA algorithm

Input: A collection of trees T , scores S (e.g., m̂LPRi’s)
Denote Par(Tk) as the parent of supernode Tk, n(Tk) as the number of nodes in Tk, and Ψ
as a vector indicating which nodes are selected.

1: Initialize Ψ(0)← 1; Γ← 1.
2: Initialize all other nodes as supernodes with Ψ(k)← 0 and sort them according to the

scores.
3: while Γ < L do
4: Find k = arg maxk′

1
n(Tk′ )

∑
i∈Tk′

Si
5: if Ψ(Par(Tk)) = 1 then
6: Ψ(Tk)← min{1, (L− Γ)/n(Tk)}
7: Γ← Γ + n(Tk)
8: else
9: Condense Tk and Par(Tk) as a new supernode.

10: end if
11: end while
Output: Vector ΨΨΨ = (Ψ(1),Ψ(2), . . .).

Note that CSSA has a property that Ψ(k) = 1 for L implies Φ(k) = 1 for L′ (the same
node k) when L < L′. It indicates this algorithm is able to produce a ranking by varying L.
It turns out that CSSA can be modified as Algorithm 4 that is shown to generate the same
result as HierRank (see Theorem 5). On the other hand, we note CSSA and Algorithm 2
differ in the following aspects.

First, HierRank is independently introduced and interpreted in the context of CATCH,
with a statistical justification for ordering nodes using mLPRs in particular. CSSA originates
in signal processing and has been successfully used in wavelet approximation and model-based
compressed sensing (Baraniuk and Jones, 1994; Baraniuk, 1999; Baraniuk et al., 2010).

Second, there might be local differences between the ranking of HierRank and that of
CSSA. This results from the relaxation condition (2.6.3) — the same set of nodes can be
selected for L and L + 1, thus CSSA cannot differentiate the ordering of some nodes. For
example, consider a simple tree B ← A → C, with SB = 3.6, SA = 3, SC = 4. In this
case, Ψ(A) = Ψ(B) = Ψ(C) = 1/3 when L = 1; Ψ(A) = Ψ(B) = Ψ(C) = 2/3 when L = 2;
Ψ(A) = Ψ(B) = Ψ(C) = 1 when L = 3. So Nodes A, B and C are always picked together.
CSSA only knows that A should be ranked ahead of B and C, but cannot determine which
of B and C should rank first. On the other hand, HierRank gives the resulting ranking
A→ C → B.
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Finally, HierRank merges the chains from the bottom up, rather than as in CSSA,
constructing ordered sets of nodes called supernodes by starting from the node with the
largest value in the graph and moving outward. It is easy to see that the blocks defined
in Algorithm 2′ (the faster version of HierRank introduced in Section 2.6.2) are essentially
the same as the supernodes taken off in Algorithm 4. Hence, our independently proposed
algorithm provides some novel insight into CSSA under the HMC setting.

Theorem 5 Algorithm 2 and Algorithm 4 yield the same ordering, so Algorithm 4 maximizes
CATCH as well.

Algorithm 4 An equivalent algorithm modified from CSSA.

Input: A forest T , scores S (e.g., m̂LPRi’s)
Denote Par(Tk) as the parent of supernode Tk, n(Tk) as the number of nodes in Tk, and L
as a vector for holding sorted scores .
Procedure:
1: Initialize with one node per score value, and each node as its own supernode, L = []

(empty vector).
2: while | L | < n do
3: Find k = arg maxk′

1
n(Tk′ )

∑
i∈Tk′

Si
4: if Par(Tk) = ∅ then
5: Take the nodes in Tk off the graph and append them to L.
6: else
7: Condense Tk and Par(Tk) into a supernode.
8: end if
9: end while
Output: A ranking L.

2.6.2 A faster implementation of HierRank

To solve the scalability issue of Algorithm 2, we propose a faster version of HierRank by
reducing redundant and repetitive computations in Algorithm 2. The speed-up is motivated
by the following observations: 1) Algorithm 1 breaks a single chain into multiple blocks via
the formula (r′, h′) = arg max

Cr(h)⊂D
¯̀
r,h(S̃); 2) It can be shown that these blocks can only be

agglomerated into a larger block rather than being further partitioned into smaller ones; 3) the
agglomeration occurs only between a parent block and its child blocks in the hierarchy. Thus,
HierRank can be implemented at the block level so that the partition is only executed once
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during multiple merging. By considering the above facts and taking care of other details, we
obtain a faster version of HierRank (see Algorithm 2′), which costs O(n log n) computations.

In Algorithm 1, we note the fact that each sub-chain in the tree can be partitioned into
multiple blocks — given a chain Cr, the breaking points are sequentially defined as

pj :=

{
max1≤h≤|Cr|

1
Cr(h)

∑
k∈Cr(h) Sk, if j == 1

maxpj−1<h≤|Cr|

∑
k∈Cr(h)/Cr(pj−1)

Sk

|Cr(h)|−|Cr(pj−1)| , if j > 1
(2.6.4)

For example, Figure 2.7 (i) shows a chain of 6 nodes can be partitioned into two blocks.
During the merging procedure of Algorithm 2, it turns out that the blocks defined by the
above partitions will not be broken into smaller pieces, but can be further agglomerated. To
show this, suppose there are two consecutive blocks in a chain, B1, B2, and B1 locates ahead
of B2. Now we reform the blocks from the nodes in B1 and B2, using the rule in (2.6.4). It
is obvious that nodes in B1 will be clustered together. It remains to see which nodes in B2

will be clustered with the nodes in B1. Denote by B2(h) a sub-block consisting of the first
h nodes in B2, and by `B = 1

|B|
∑

k∈B Sk given a block B. Then, the average scores of the
nodes in B1 and the first h nodes in B2 is computed as:

`B1∪B2(h) =
|B1|`B1 + h`B2(h)

|B1|+ h
= `B1 +

`B2(h) − `B1

|B1|/h+ 1
. (2.6.5)

By the definition of block B2, we have `B2 ≥ `B2(h), ∀h = 1, . . . , |B2|. If `B1 > `B2 , none of
the nodes in B2 will be clustered together with the nodes in B1. If `B1 ≤ `B2 , (2.6.5) shows
that all the nodes of B1 and B2 will form a new block. Therefore, blocks will not be broken
into pieces but can be further agglomerated. During the merging of multiple chains whose
roots have the same parent, no blocks will be agglomerated since the blocks are sorted in a
descending way along the merged chain; see the three descendant blocks of the bold block
in Figure 2.7 (ii). On the contrary, blocks can be agglomerated with those from the parent
chain. Figure 2.7 (iii) shows that after chains merge, the blocks in the merged chain can be
further agglomerated with the parent block (the bold one).

These observations motivate us to propose Algorithm 2′, a faster version of Algorithm
2. We avoid repeatedly computing moving averages by partitioning each chain into blocks,
storing the size and the average of each block. Specifically, there are three new components
we need for Algorithm 2′:

• Detect breaking points. For a chain Cr, breaking points can be detected by (2.6.4).
Many existing algorithms can be used to this end. For example, recursion leads to an
O(|Cr| log |Cr|) time complexity. Figure 2.7 (i) illustrates this step.

• Merge multiple chains with defined blocks. Merging m multiple chains with
detected blocks can be realized using the k-way merge algorithm. The time complexity
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is O(s logm), where s is the total number of blocks in these chains. Figure 2.7 (ii)
illustrates this step using a tree of five blocks.

• Agglomerate the upstream chain and the downstream merged chain. For a
node v ∈ P2, denote by C(v) the longest chain that ends with the node v and all the nodes
in C(v) but v have only one child. Suppose the children of v are r1, . . . , rH . Denote by Cv
the chain output by merging Cr1 , . . . , CrH using the k-way merge algorithm. Denote the
blocks of C(v) by B(up)

1 , . . . , B
(up)
s and the blocks of Cv by B

(down)
1 , . . . , B

(down)
t . Algorithm

5 agglomerates the blocks of C(v) and Cv with a time complexity of O(|C(v)|+ |Cv|).
Figure 2.7 (iii) illustrates this step using the output of Figure 2.7 (ii).

Throughout Algorithm 2′, the total time complexity consists of three parts: 1) detecting
breaking points requires O(n logK) computations; 2) merging multiple chains with defined
blocks requires O(Dn logK + n logM) computations, where D is the number of nodes that
have multiple children in the graph (for one sample). The quantity D upper bounds the
number of times each sub-chain merges during the algorithm; 3) agglomerating the upstream
chain and the downstream merged chain requires O(Dn) computations. In total, the time
complexity of Algorithm 2′ is O(Dn logK). In reality, most tree structures are shallow with
D < 10. For example, the D = 6 and D = 5 in Figure 2.9 and Figure 2.10 respectively. So
our algorithm is actually of O(n logK) run time for practical use.

Algorithm 5 Agglomerate the blocks in the upstream chain and the downstream chain
Input: Blocks B(up)

1 , . . . , B
(up)
s from the upstream chain C(v) and Blocks B(down)

1 , . . . , B
(down)
t

from the downstream chain Cv.
Procedure:
1: Let b0 be B(down)

1 , b−1 be the block ahead of b0 in C(v) and b+1 be the block after b0 in
Cv. Denote by `b0 , `b−1 , `b+1 the averaging LPR within b0, b−1 and b+1 respectively.

2: while `b0 > `b−1 or `b+1 > `b0 do
3: if `b0 > `b−1 then
4: Agglomerate b0 and b−1. The new block is still called b0 and the block ahead of the

original b−1 now is called b−1.
5: else
6: Agglomerate b0 and b+1. The new block is still called b0 and the block after the

original b+1 now is called b+1.
7: end if
8: end while

[1] Output: The new sequence of blocks.
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Figure 2.7: Illustrating the three components in Algorithm 2′ using two examples which are
separated by the solid line. The first example starts from a tree of six nodes, and the second
example starts from a tree of five blocks. (i) Detect breaking points of the chain of six nodes
and partition them into two blocks. (ii) Merge the two child chains of the bold block. (iii)
Agglomerate the upstream chain and the downstream chain around the bold node. The final
list of blocks are positioned in a descending way.
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Algorithm 2′ A faster implementation of the HierRank algorithm.
Input: A forest T , scores S.
Procedure:
1: Figure out P2.
2: while P2 6= ∅ do
3: Pop out a v from P2. Take out all of its children r1, . . . , rH . These children’s descendants

have at most one child. Denote by C(v) the longest chain that ends with the node v
and all the nodes in C(v) but v have only one child.

4: Find the breaking points p(h)
1 , . . . , p

(h)
Sh

for Crh by (2.6.4), h = 1, . . . , H.
5: Merge Cr1 , . . . , CrH , in terms of the averaging score values of the blocks separated by

the breaking points. Denote the new chain as Cv.
6: Agglomerate blocks of C(v) and Cv by Algorithm 5.
7: Update P2.
8: end while
9: if There remain multiple chains then

10: Merge them use the k-way merge algorithm.
11: end if
12: Let L be the resulting chain.
[1] Output: a ranking L.

2.6.3 Extension to DAG

Directed acyclic graph (DAG) is a more general hierarchy than the tree structure and is
more applicable to real data. In the DAG hierarchy structure, one node can have more than
one parent, which brings about an additional decision issue – which parent the node and
its descendants should respect. We call it the “AND” constraint if the node respects its all
parents and call it the “OR” constraint if the node only respects one of its parents. Denote
by Q all the nodes that have at least two parents.

It is easy to extend our algorithm for the tree hierarchy to the DAG structure by dynamic
programming. For each node in Q, we explore all the possible cases where this node respects
one of its parents and disconnects the edges to other parents. Such a strategy works for the
“OR” constraint. Bi and Kwok, 2011 has shown that at least one case satisfies the “AND”
requirement. Each case boils down to a forest; thus, we can use Algorithm 2′ to get a ranking.
For the “OR” requirement, we select the case with the highest objective function value. For
the “AND” requirement, we select the highest value scenario among those satisfying the
requirement. Although the above brute-force strategy looks clumsy and time-consuming,
it works for most practical scenarios since most applications have shallow and scattered
hierarchy structures. For instance, in Figure 2.9, there are seven nodes that have multiple



CHAPTER 2. DECISION MAKING FOR HIERARCHICAL MULTI-LABEL
CLASSIFICATION WITH MULTI-DIMENSIONAL LOCAL PRECISION RATE 37

parents in a connected part, while there are two such nodes in Figure 2.10. So we only need
to explore 27 = 128 cases at most. Considering there are only a limited number of labels,
about 100 for most times, the computation time is acceptable.

To adapt HierRank to a complicated DAG with substantial nodes that have multiple
parents, we follow the strategy used in CSSA. To be specific, we find the node v with multiple
parents and one of its parents has the minimal parent score value:

Find v ∈ Q such that min
u∈pa(v)

Su = min
u∈∪u′∈Qpa(u′)

Su.

Then we find the parent of v that has the minimal score value:

Find u := arg min
u′∈pa(v)

Su′ .

Then we assign the parents of v except for u as the new parents of u and disconnect v to its
parents but u. Bi and Kwok, 2011 has shown that this strategy works for the “OR” constraint.
The detailed algorithm that uses this strategy to extend HierRank to DAG is summarized as
Algorithm 5.
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Algorithm 5 The HierRank algorithm for the DAG hierarchy.
Input: The DAG graph G, node scores S.
Procedure:
1: Figure out P2.
2: Figure out Q := {v : v has more than one parent}.
3: while There is a node with more than one children or more than one parent. do
4: while P2 6= ∅ do
5: Pop out one v from P2. Take two children of v, r1 and r2.
6: Feed Cr1 and Cr2 into Algorithm 1 and obtain L(r1, r2).
7: Replace Cr1 and Cr2 with L(r1, r2).
8: Update P2.
9: end while

10: if Q 6= ∅. then
11: Find v ∈ Q such that min

u∈pa(v)
Su = min

u∈∪u′∈Qpa(u′)
Su. Find u := arg min

u′∈pa(v)

Su′ .

12: Let pa(u) = pa(u) ∪ pa(v)/u, pa(v) = u.
13: Update P2 and Q.
14: end if
15: end while
16: if There remain multiple chains then
17: Apply Algorithm 1 to these chains.
18: end if
19: Let L be the resulting chain.
[1] Output: a ranking L.
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2.7 Evaluation

2.7.1 Setup

In the sequel, a variety of rankings can be produced based on m̂LPRs (denote by
m̂LPR-Rankm̂LPR-Rankm̂LPR-Rank the associated ranking method), which differ in how to estimate mLPRs and
how to rank m̂LPRs (the method is implemented in the R language4). To obtain m̂LPRs,
we estimate P(Yi|Ypa(i)) and P(Yi) using SVM with covariates or the empirical proportions
without covariates. We estimate LPR by the local polynomial regression (polyreg) as Jiang
et al. (2014), or estimate P(Si|Yi) by modelling P(S|Y = 0) and P(S|Y = 1) as two Gaussian
densities (DeCoro, Barutcuoglu, and Fiebrink, 2007). Then the mLPR is estimated in terms
of the indpt approximation, the nbh approximation, and the full version. Note that for the
indpt approximation, it does not rely on the estimates of P(Yi|Ypa(i)) and P(Yi), so it performs
the same regardless of how these quantities are estimated. The ranking is produced via either
naive sorting or HierRank based on m̂LPRs.

We compare m̂LPR-Rank to three competing methods of different variants. The first one
is simply ranking the raw classifier scores (call the associated ranking method Raw-Rank).
Next, we consider HIROM (Bi and Kwok, 2015) which is the state-of-the-art local HMC
classifier. It produces Bayes-optimal predictions that minimize a series of hierarchical risks
with a general learning model that is independent of the loss functions. Here we use the
hierarchical ranking loss and the hierarchical hamming loss for HIROM, which extends the
classic ranking loss and hamming loss to the HMC scenario by considering the hierarchy
information. Moreover, we consider another line of efforts for the HMC problem, i.e., the
“global” classifier. It solves the classification issue and the hierarchy issue mentioned above
simultaneously. Unlike two-stage methods, global methods simultaneously make predictions
for the graph rather than on a node by node basis. Here we use CLUS-HMC5 and its
variants (Blockeel et al., 2002; Blockeel et al., 2006; Vens et al., 2008), which extend the
decision tree for HMC on both tree and DAG label hierarchies. It is a state-of-the-art global
HMC classifier. The details of all the above methods are summarized in Table 2.1.

We evaluate m̂LPR-Rank using three HMC datasets: 1) A synthetic dataset with three
trees that are comprised of 25 nodes; 2) the disease-gene-expression data (Huang, Liu, and

4The implementation can be found in github.com/Elric2718/mLPR.
5We use ClusHMC and follow Dimitrovski et al., 2011 by constructing bagged ensembles and use the

original settings of Vens et al., 2008, weighting each node equally when assessing distance, i.e. wi = 1 for
all i. In addition to node weights, the minimum number of events is set to 5, and the minimum variance
reduction is tuned via 5-fold cross-validation from the options 0.60, 0.70, 0.80, 0.90, and 0.95. Following
the implementation of Lee, 2013, a default of 100 (Predictive Clustering Trees) PCTs are trained for each
ClusHMC ensemble; each PCT is estimated by resampling the training data with replacement and running
ClusHMC on the result.
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Table 2.1: Details of the competing methods.

Method Raw-Rank ClusHMC HIROM m̂LPR-Rank

Method type two-stage
(2nd stage) global two-stage

(1st and 2nd)
two-stage
(2nd stage)

Input Classifier
Scores

Labels Yi’s;
Covariates

Labels Yi’s;
Covariates

Labels Yi’s;
Classifier Scores

Estimators of
P(Yi), P(Yi|Ypa(i))

N/A N/A
SVM,

empirical
estimator

SVM,
empirical
estimator

Ranking naive sorting,
HierRank N/A HierRank naive sorting,

HierRank

Other variants N/A
version:
vanilla,
bagging

loss:
Hier. Ranking,

Hier. Hamming

Approximation:
indpt, nbh, full

Estimator of LPR:
local polyreg,

Gaussian Mixture

Zhou, 2010); 3) the RCV1v2 data (Lewis et al., 2004). We use the truncated area under the
PR as the evaluation metric. To be specific, we convert the result into a ranking where the
top ones are more likely to be positive. Then we take top κ× 100% of the samples as positive
and the remaining as negative, where κ ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 1}. For each κ, we get the
corresponding recall rate and compute the area under the PR curve truncated at this recall
rate.

After obtaining a ranking given by m̂LPR-Rank, the next step is to cut the ranking to
make the final decisions. One immediate solution is to resort to the validation set. Suppose the
individual classifier for each node in G and the estimation methods of P(Yi)’s, P(Yi|Ypa(i))s and
LPRs are trained on the training set. Then we can determine the cutoffs on the validation
set. Specifically, the classifiers and the estimation methods of LPRs, P(Yi), P(Yi|Ypa(i))

learned from the training set can be applied to the validation set to produce m̂LPRs. Then
HierRank/naive sorting takes these m̂LPRs to produce a ranking of nodes for the validation
set. Since the truth is known on this dataset, metrics like F-measure and false discovery rate
(FDR) can be computed at an arbitrary cutoff. Then the desired cutoff on this ranking can be
chosen to attain the maximal F-measure or a target FDR. The evaluation of the goodness of
this cutoff is performed on the testing set. For other methods in Table 2.1, the same strategy
can be used to select a cutoff.
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2.7.2 A synthetic data with a complicated tree structure

For the synthetic dataset, the setting comprises three trees with mixes of high- and
low-quality nodes and varying levels of dependence between the nodes (Figure 2.8). The
quality of a node refers to the ability of the corresponding classifier to distinguish between
the positive and the negative. The simulation dataset consists of 5,000 training samples and
1,000 test samples. We generate the true instance status as follows. First, the conditional
probabilities P(Yi = 1|Ypa(i) = 1)’s are randomly generated from a uniform distribution, with
the constraint that each dataset has to have a minimum of 15 positive events in the training
set, which amounts to a minimum prevalence of 0.3% for any class. Then, given the instance
status, the simulated classification score is sampled from the status-specific distribution —
data are generated from a Beta(η, 6) distribution for the negative case and a Beta(6, η)
distribution for the positive case, where η = 2, 4, 5.5 for the high, medium, low node quality
respectively. Details of the score generation mechanism can be found in Table 2.2.

Table 2.2: Score distribution in terms of the node quality.

Quality Positive instance Negative instance Node color
High Beta(6, 2) Beta(2, 6) white
Medium Beta(6, 4) Beta(4, 6) grey
Low Beta(6, 5.5) Beta(5.5, 6) black

Figure 2.8: A 25-nodes tree-hierarchy. White, grey, and black correspond to high, medium,
and low quality, respectively.

Since there is no covariate for each sample, we just use empirical proportions as the
estimates of P(Yi|Ypa(i)) and P(Yi). From Table 2.3, we see that m̂LPR-Rank works best for
the HMC task. Among variants of m̂LPR-Rank, the full version outperforms that of the
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neighborhood approximation. The independence approximation is the worst. We interpret
this result as that the sample size is sufficiently large, and the data quality is sufficiently
good to learn the estimators of the LPRs, P(Yi|Ypa(i))’s and P(Yi)’s accurately. Therefore,
the hierarchy information can be well learned when estimating the mLPRs. One direct
evidence, based on Proposition 1, is that m̂LPR-Rank of the full version using the naive
sorting performs almost as well as that using HierRank. Finally, m̂LPR-Rank with LPRs
learned by modelling P(S|Y ) as Gaussian densities is inferior to those of the other methods.
It shows the advantage of using LPRs in Formula (2.5.1) (d) instead of P(S|Y ) in Formula
(2.5.1) (b) — it is more robust and more accurate.

Given the ranking produced by m̂LPR-Rank, the next step is to determine the cutoff to
make the final decisions. To this end, we split the original training set into a training set
and a validation set of equal sizes (2500 samples) and then use the cutoff selection approach
discussed at the end of Section 2.7.1. In Table 2.4 and Table 2.5, we show the performance
of this strategy. The cutoff is taken to attain an α× 100% FDR (α = 0.01, 0.05, 0.1, 0.2) or
the maximal F-score on the validation set. Then the same cutoff is applied to the testing
set. We see that the observed false discovery proportion (FDP) on the testing set is close
to the target one for every method except for the Raw-Rank method. For the F-score, the
strategy also finds out the nearly maximal value for each method. These results indicate the
reliability of the cutoff selection strategy. On the other hand, the results also corroborate the
conclusion drawn from Table 2.3: in Table 2.4, m̂LPR-Rank of the full version finds most
discoveries before exceeding the given FDR; in Table 2.5, m̂LPR-Rank of the full version
gives the ranking with the highest maximal F-score.

2.7.3 Disease Diagnosis

Huang, Liu, and Zhou (2010) developed a classifier for predicting disease along the UMLS
directed acyclic graph, trained on public microarray datasets from the National Center for
Biotechnology Information (NCBI) Gene Expression Omnibus (GEO). They collected 100
studies, including a total of 196 datasets and 110 disease labels. The 110 labels represent 110
nodes, which are grouped into 24 connected DAGs; see Figure 2.9 and 2.10. In general, the
graphs have three properties:

• It is shallow rather than deep: the maximum node depth is 6, though the median is 2.
Only 10 nodes have more than one child. It occurs because 11 of the connected sets are
standalone nodes, while six are simple two-node trees. The two largest sets consist of
28 and 30 nodes, respectively.

• It is scattered rather than highly connected. The graph nearly follows a tree structure.
Most nodes have only one parent or are at the root level. Only 15 nodes have 2 parents,
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and 2 nodes have 3 parents. Most nodes do not have a high positive case prevalence.
The largest number of samples belonging to a label is 62, or a 32.63% positive case
prevalence. The average prevalence is 5.89%, with a minimum prevalence of 1.53%,
corresponding to 3 cases for a label.

• Data redundancy occurs as an artifact of the label mining: usually, the positive events
for a disease concept are the same for its parents. Few datasets are tagged with a
general label and not a leaf-level one. Twenty-six nodes or 23.64% of all nodes share the
same data as their parents, so they have the same classifier, and therefore the identical
classifier scores as their parents. If we take the number of nodes that share more than
half of their data with their parent, this statistic rises to 50%. A consequence of this
redundancy is that the graph is shallower than appears in the figure. For example, the
first connected set in the top left of Figure 2.10 appears to have six levels but only has
three because the last three levels do not contain any new information.

We simply follow Huang, Liu, and Zhou (2010) to get the first-stage classifier scores. We
summarize that process here. In the classifier for a particular disease concept, the negative
training events were the profiles among the 196 that did not match with that disease concept.
The principal modeling step involved expressing the posterior probability of belonging to a
label in terms of the log-likelihood ratio and some probabilities that have straightforward
empirical estimates. The log-likelihood ratio was modeled with a log-linear regression. A
posterior probability estimate, which would be used as the first stage classifier score, was
then obtained for each of the 110 × 196 events in the data by leave-one-out cross-validation
(LOOCV), i.e., estimating the i-th posterior probability based on the remaining ones. It
guarantees that, for each class, the classification scores are identically distributed across all
samples (see the related discussion in Section 2.7.4). Next, we use another round of LOOCV
to compute the mLPRs. Since the disease-gene-expression data has very limited sample size,
we just use the empirical proportion for P(Yi|Ypa(i)) and P(Yi). Finally, we apply HierRank
on these mLPRs to produce the ranking.

We compare the performance of m̂LPR-Rank against other competing methods (other
methods are executed in the same LOOCV fashion as above). The resulting precision-recall
curve is shown in Figure 2.11. Overall, m̂LPR-Rank performs better than all of the other
methods, and it performs significantly better in the initial portion of the precision-recall curve.
It is not a surprise that the indpt approximation performs better than the nbh approximation
and the full version since it is hard to estimate P(Yi|Ypa(i)) and P(Yi) due to the limited
sample size. In this case, the mLPR estimation does not fully incorporate the hierarchy
information, and the assumption of Proposition 1 is violated. Thus, HierRank plays an
important role in making use of the hierarchy. In contrast, Raw-Rank with HierRank poorly
behaves because the first-stage classifiers are not good enough on their associated classes,
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Figure 2.9: Structure of the disease diagnosis dataset, part 1 of 2. The colors correspond to
node quality: white indicates that a node’s base classifier has AUC between (0.9, 1]; light
grey, (0.7, 0.9], dark grey, (0, 0.7]. The value inside a circle indicates the number of positive
cases, while the value underneath gives the maximum percentage of cases shared with a
parent node.

and these classification scores are not statistically comparable across classes. HIROM does
not work well due to the poor estimators of P(Yi|Ypa(i))’s and P(Yi)’s. ClusHMC is better
but inferior to m̂LPR-Rank since it is not able to handle disconnected hierarchies.
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Figure 2.10: Structure of the disease diagnosis dataset, part 2 of 2. The colors correspond to
node quality: white indicates that a node’s base classifier has AUC between (0.9, 1]; light
grey, (0.7, 0.9], dark grey, (0, 0.7]. The value inside a circle indicates the number of positive
cases, while the value underneath gives the maximum percentage of cases shared with a
parent node.

2.7.4 RCV example

In this section, we consider a text categorization task using the Reuters Corpus Volume I
(RCV1) dataset, which is an archive of over 800, 000 manually categorized newswire stories
made available by Reuters, Ltd. To be more specific, we use the corrected version RCV1v2
(Lewis et al., 2004), which describes the coding policy and quality control procedures used in
producing the RCV1 data, the intended semantics of the hierarchical category taxonomies,
and the corrections necessary to remove errorful data. The RCV1v2 dataset used here
contains 30, 000 samples in total and 103 categories. The data has a good quality, and the
categorization task is not difficult.
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(a) Variants of m̂LPR-Rank (b) All Methods

Figure 2.11: Precision-recall curve for several classifiers run on the real dataset of Huang,
Liu, and Zhou (2010).

We use this example mainly to illustrate a subtlety in the training process of m̂LPR-Rank.
In this method, we have two training stages: 1) train the binary classification scores using
SVM, 2) train the LPR model using the SVM scores and train learners to estimate P(Yi)’s
and P(Yi|Ypa(i))’s. For a fair evaluation, we split the dataset into three partitions: Partition
I (25% of the samples), Partition II (25% of the samples), and Partition III (50% of the
samples). First, we train the SVM model on partition I, and then predict the classification
scores on each partition (Figure 2.12c (a)). The distributions of the classification scores
on Partition I differ far from those on Partition II and Partition III, while the latter two
distributions are quite similar. It is reasonable since Partition I is the training dataset and
Partition II& III are the testing dataset for the first stage. For the estimation of the LPR
(and other quantities), there are two possible training strategies:

1. Train the model for the LPR on Partition I and then predict the LPR scores on Partition
II & III.

2. Train the model for the LPR on Partition II and then predict the LPR scores on
Partition III.

We suggest using the second strategy. To elaborate on this point, we investigate the predicted
LPR scores for both strategies. As shown in Figure 2.12c (b), for the first strategy, the
distributions of the estimated LPRs are mixed between the positive and the negative groups
on Partition II & III. In contrast, the distributions are clearly separated on Partition I. It
results from the fact that the distribution of the input SVM scores on Partition I deviates far
from that on Partition II & III. It leads to a bad generalization from the training data to the
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(a) SVM scores.

(b) LPR scores.

(c) Predicted SVM/LPR scores. (a) The SVM model is trained on Partition I, and predicted on
all partitions. (b) The LPR models are respectively trained on Partition I then predicted on all
partitions (left), and trained on Partition II then predicted on Partition II & III (right).

testing data. By contrast, the second strategy overcomes this issue by training on Partition
II and testing on Partition III, which have similar distributions of the SVM scores. As a
result, the distributions of the estimated LPRs between the two groups are well separated on
both Partition II and III. Similar phenomena are observed for the estimation of P(Yi) and
P(Yi|Ypa(i)).

Using the second strategy for data splitting, we evaluate m̂LPR-Rank against the compet-
ing methods on the RCV1v2 dataset, as shown in Table 2.6. Almost all the methods, except
for the Raw-Rank methods, can find a majority of correct positives in the very beginning
since it is easy to classify texts in this dataset. It can be seen that m̂LPR-Rank outperforms
all the other methods, which justifies our argument that the full consideration of the hierarchy
is significantly beneficial. Also, we observe that the full version performs better than the
indpt approximation and the nbh approximation.

Finally, we need to point out that we trim the factor 1/P̂(Yi) since it can be pretty
unstable if P̂(Yi) is close to 0. This strategy has been commonly adopted in statistics and
machine learning, e.g., the Iterated Probability Weights method in causal inference (Lee,
Lessler, and Stuart, 2011) and varieties of deep neural networks (Pascanu, Mikolov, and
Bengio, 2013) use the clipping trick.
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2.8 Discussion
In this chapter, we present a method that produces the ranking for the second-stage

decision in the two-stage HMC method. When true mLPRs are accessible, the resulting
ranking obtained by sorting mLPRs in descending order maximizes the objective function
CATCH and meanwhile satisfies the hierarchical consistency and has a nice property that a
front node in the ranking is more likely to be positive than a tail node (Proposition 3). In
practical implementation, we have to resort to estimating mLPRs, which might no longer
enjoy these properties. To this end, the ranking algorithm HierRank is developed. It has
been theoretically shown to optimize the empirical CATCH (given estimated mLPRs) under
the hierarchical constraint.

We demonstrate the advantage of our approach over the competing methods in one
simulation study and two real data studies. Our method outperforms the competing methods
constantly in terms of the truncated area under the PR curve. We also provide an approach
to select a cutoff for the final decision on the ranking. It has been shown that this cutoff
selection method can ensure the FDR control or maximize the F-score. Our method finds
more discoveries than other methods before exceeding the target FDR. In addition, our
method can obtain a higher maximal F-score than other methods. Both results imply that the
ranking produced by our method puts more true positives in the front than other rankings.
For the above reasons, we recommend our method as a computationally efficient, statistically
driven approach that produces a ranking for the second-stage decision in a local classification
framework.

We also provide a practical guideline in training m̂LPR-Rank. First, we use different
versions of approximations, in terms of the data quality and the sample size, to estimate
mLPRs given the first stage classifier scores. The independent version fits when the data is
noisy or insufficient; otherwise, a full version is preferred. Second, we should split the training
data into two parts, one for the learning of the first-stage classifiers, the other one for the
learning of LPR scores, P(Yi|Ypa(i))’s and P(Yi)’s. Third, we should use the trimming trick
on P(Yi) to avoid the inflation of its reciprocal 1/P(Yi) used to compute mLPR.

Despite the merits of m̂LPR-Rank mentioned above, there remains large room for im-
provement. First, we note that m̂LPR-Rank of the independent approximation, neighborhood
approximation, and the full version perform differently in terms of the data quality and the
sample size. It will be useful to have a deep theoretical understanding of how these factors
affect the choice of the three types of mLPRs. Second, rather than using CATCH as the
objective function in the second stage, it is of great interest to use it as an objective function
to train an end-to-end classification system while taking into account the graph hierarchy.
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Chapter 3

Binomial Mixture Model With U-shape
Constraint

3.1 Introduction
To devise a cost-effective method that is able to yield a conservative cutoff for the

GeneFishing method (see Section 1.2 for details), we use the binomial mixture model to
model the output of this method. Specifically, we assume there is an underlying fishing rate
si, reflecting the probability that the i-th gene is fished out in each GeneFishing round. The
fishing rates are assumed to be independently sampled from the same distribution F . We
mention that the independence assumption is raised mainly for convenience but not realistic
de facto since genes may be interactive and correlated in the same pathways or even remotely.
Consequently, the effective sample size is smaller than expected. However, this assumption is
still acceptable by assuming only a handful of candidate genes are related to the bait genes,
which is reasonable from the biological perspective. Furthermore, in Figure 1.2, there is a
clear pattern that the histogram is decreasing on the left-hand side and increasing on the
right-hand side for all four tissues. In the middle, liver and transverse colon display sparse
densities while artery coronary and testis exhibit flat ones. Thus, we can impose a U shape
constraint on the associated density of F (see Section 3.4 for details). Then the original
problem becomes finding out the cutoff where the flat middle part transits to the increasing
part on the right-hand side.

3.1.1 Binomial Mixture Model

We first take a review of the binomial mixture model that has received a lot of attention
since the late 1960s. In the field of performance evaluation, Lord (1969), Lord and Cressie
(1975), and Sivaganesan and Berger (1993) utilized this model to address the problem of
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psychological testing. Thomas (1989) used a two-component binomial mixture distribution
to model the individual differences in children’s performance on a classification task. Grilli,
Rampichini, and Varriale (2015) employed a finite binomial mixture to model the number of
credits gained by freshmen during the first year at the School of Economics of the University
of Florence. In addition, the binomial N-mixture model is commonly applied to analyze
population survey data in ecology. Royle (2004), Kéry (2008), O’Donnell, Thompson III, and
Semlitsch (2015), and Wu et al. (2015) estimated absolute abundance while accounting for
imperfect detection using binomial detection models. The binomial N-mixture model was
also used to estimate bird and bat fatalities at wind power facilities (McDonald et al., 2020).

Formally, we say X is a random variable which has a binomial mixture model if

X ∼
∫

Binomial(m, s)dQ(m, s) (3.1.1)

where Q(·, ·) is a bivariate measure of the binomial size m and the success probability s
on N × [0, 1]. In the field of population survey in ecology, m is modeled as Poisson or
negative binomial random variable while s is modeled as a beta random variable, linked to a
linear combination of additional covariates by a logistic function (Royle, 2004; Kéry, 2008;
O’Donnell, Thompson III, and Semlitsch, 2015; Wu et al., 2015; McDonald et al., 2020).
Such models are always identifiable thanks to the parametric assumptions. In the field of
performance evaluation, m is always known, thus (3.1.1) is reduced to{

s ∼ F,
X|s ∼ Binomial(m, s), (3.1.2)

where F is a probability distribution on [0, 1]. For instance, m refers to the number of
questions of a psychological test in Lord (1969), Lord and Cressie (1975), and Sivaganesan
and Berger (1993). The univariate probability distribution F can correspond to a finite point
mass function (pmf) as in Thomas (1989) and Grilli, Rampichini, and Varriale (2015) or
correspond to a density as in Lord (1969), Lord and Cressie (1975), and Sivaganesan and
Berger (1993). Such models suffer from an unidentifiability issue as discussed in Section 3.1.2.

In this study, we are interested in a regime unlike that for performance evaluation where m
is known and small (restricted by the intrinsic nature of the problem) and that for population
survey in ecology where m is unknown. We concern (3.1.2) with a known m that can be
relatively large compared to n, which has not been investigated before in the literature.
Notably, suppose there are n objects, e.g., genes; we can determine the parameter m on
our own (as in GeneFishing), and then for each object an observation Xi or ŝi := Xi/m
(i = 1, . . . , n) is i.i.d generated from the binomial mixture model (3.1.2).
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3.1.2 The Identifiability Issue

Before diving into the binomial mixture model (3.1.2) with a large m, we first review
existing results for mixtures of distributions and binomial mixture model in the literature. A
general mixture model is defined as

H(x) =

∫
Ω

h(x|θ)dF (s), (3.1.3)

where h(·|s) is a density function for all s ∈ Ω, h(x|·) is a Borel measurable function for each
x and G is a distribution function defined on Ω. The family h(x|s), s ∈ Ω is referred to as the
kernel of the mixture and F as the mixing distribution function. In order to devise statistical
procedures for inferential purposes, an important requirement is the identifiability of the
mixing distribution. Without this condition, it is not meaningful to estimate the distribution
either non-parametrically or parametrically. The mixture H defined by (3.1.3) is said to be
identifiable if there exists a unique F yielding H, or equivalently, if the relationship

H(x) =

∫
Ω

h(x|s)dF1(s) =

∫
Ω

h(x|s)dF2(s)

implies F1(s) = F2(s) for all s ∈ Ω.
The identifiability problems concerning finite and countable mixtures (i.e. when the

support of F in (3.1.3) is finite and countable respectively) have been investigated by Teicher
(1963), Patil and Bildikar (1966), Yakowitz and Spragins (1968), Tallis (1969), Fraser, Hsu,
and JJ (1981), Tallis and Chesson (1982), and Kent (1983). Examples of identifiable finite
mixtures include: the family of Gaussian distribution {N(µ, σ2),−∞ < µ <∞, 0 < σ2 <∞},
the family of one-dimensional Gaussian distributions, the family of one-dimensional gamma
distributions, the family of multiple products of exponential distributions, the multivariate
Gaussian family, the union of the last two families, the family of one-dimensional Cauchy
distributions, etc.

For sufficient conditions for identifiability of arbitrary mixtures, Teicher (1961) studied
the identifiability of mixtures of additive closed families, while Barndorff-Nielsen (1965)
discussed the identifiability of mixtures of some restricted multivariate exponential families.
Lüxmann-Ellinghaus (1987) has given a sufficient condition for the identifiability of a large
class of discrete distributions, namely that of the power-series distributions. Using topological
arguments, he has shown that if the family in question is infinitely divisible, mixtures of
this family are identifiable. For example, Poisson, negative binomial, logarithmic series are
infinitely divisible, so arbitrary mixtures are identifiable.

On the other hand, despite being a power-series distribution, the binomial distribution
is not infinitely divisible. So its identifiability is not established for the success parameter
(Sapatinas, 1995). In fact, the binomial mixture has often been regarded as unidentifiable, as
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F can be determined only up to its first m moments when H is known exactly. To be more
specific, h(x|s) is a linear function of the first m moments µr =

∫ 1

0
srdF (s), r = 1, 2, . . . ,m of

F (s), for every x. Therefore, with the same first m moments, any other F ′(s) will make the
same mixed distribution H(x). To ensure the identifiability for the binomial mixture model,
it is a common practice to assume that F corresponds to a finite discrete pmf or a parametric
density (e.g., beta distribution).

In particular, there are two results for the identifiability of binomial mixture model
(Teicher, 1963):

1. If h(x|s) in (3.1.3) is a binomial distribution with a known binomial size m, and the
support of F only contain K points. A necessary and sufficient condition that the
identifiability holds is that m ≥ 2K − 1.

2. Consider h(x|mj, sj) as a binomial distribution with binomial size mj and probability
sj, where 0 < sj < 1, j = 1, 2, . . . and the support of F is {s1, s2, . . .}. If mj 6= mj′ for
j = j′, then (3.1.3) is identifiable.

In this study, we are interested in the regime where the support size of F may not be
finite, and thus the identifiability may fail for the binomial mixture model. Some efforts are
made without identifiability. Lord and Cressie (1975) and Sivaganesan and Berger (1993)
constructed credible intervals for the Bayes estimators of each point mass and that of F ,
which rely on the lower order moments of the mixing distribution. Wood (1999) empirically
shows that their proposed nonparametric maximum likelihood estimator of F is unique with
high probability when m is large. However, these results are far from satisfying in terms of
our ultimate goal — estimate or infer the underlying distribution F .

3.1.3 Goals

In this study, the goal is to estimate and infer the underlying distribution F on [0, 1]. We
have two specific questions to answer:

1. Considering that m =∞, the binomial mixture model (3.1.2) is trivially identifiable, is
there a minimal m such that we can have an “acceptable” estimator of F under various
conditions:

• General F without additional conditions.

• F with a density.

• F with a continuously differentiable density.

• F with a monotone density.
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• F with a U-shape density.

2. Suppose the underlying distribution F has a density of a U shape; how to make a
decision (on the CFR cutoff for GeneFishing) based on the data generated from the
binomial mixture model?

When m is sufficiently large, the binomial randomness plays little role, and there is no
difference between ŝi and si for estimation or inference purposes. Therefore, the first question
naturally arises when looking into the binomial mixture with a large m. This question is
related to the identifiability issue of the binomial mixture model. After we obtain some
insights into the first question, we are ready to answer the second question that motivates
this study, i.e., the cutoff selection problem for GeneFishing.

3.1.4 Main contributions

Our contributions are twofold, which correspond to the two questions raised in Section
3.1.3. One tackles the identifiability issue for the binomial mixture model when m can be
relatively large compared to n. The other one answers the motivating question — how to
select the cutoff for the output of GeneFishing.

3.1.4.1 New results for large m in Binomial mixture model

Based on the results of Teicher (1963) and Wood (1999), the only hope is to use a large
m if we want to solve, or at least alleviate, the identifiability issue for arbitrary mixtures of
binomial distributions. We show that regardless of the identifiability of the model (3.1.2), we
can find an estimator of F , according to the conditions on F , such that the estimator locates
in a ball of radius r(m) of F (when n is sufficiently large) in terms of some metrics such as
L1 distance and Kolmogorov distance, where r(m) is a decreasing function of m. Specifically,

• [Corollary of Theorem 6] For general F , if the Lp distance is used, then r(m) = C1

m
− 1

2p

for the empirical cumulative distribution function, where C1 is a positive constant that
depends on p.

• [Corollary of Theorem 10] If F has a bounded density and the Kolmogorov distance
is used, then r(m) = C2√

m
for the empirical cumulative distribution function, where C2

only depends on the maximal value of the density of F .

• [Corollary of Theorem 13] If F has a density whose derivative is absolutely con-
tinuous, and the truncated integrated L2 distance is used, then r(m) = C3

3√m for the
histogram estimator, where C3 only depends on the density of F .
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• [Corollary of Theorem 19] If F has a bounded monotone density and the L1 distance
is used, then r(m) = C4

3√m for the Grenander estimator, where C4 only depends on the
density of F .

• [Corollary of Theorem 23] If F has a U-shape density as specified in Section 3.4,
then r(m) = C5

3√m for the Ucut introduced in Section 3.5, where C5 only depends on the
density of F .

3.1.4.2 The cutoff selection for GeneFishing

To model the CFRs generated by GeneFishing, we use the binomial mixture model
with the U-shape constraint, under the regime where the binomial size m can be relatively
large compared to the sample size n. With the theoretical understandings mentioned above,
we propose a simple method Ucut to identify the cutoffs of the U shape and recover the
underlying distribution based on the Grenander estimator. It has been shown that when
m = Ω(n), the identified cutoffs converge at the rate O(n−1/3). The L1 distance between the
recovered distribution and the true one decreases at the same rate. We also show that the
estimated cutoff is larger than the true cutoff with high probability if the U-shape model
holds. The performance of our method is demonstrated with varieties of simulation studies,
a GTEX dataset used in (Liu et al., 2019) and a single cell dataset from Tabula Muris.

3.1.5 Outline

The rest of the chapter is organized as follows. Section 3.2 introduces the notation used
throughout the chapter. To answer the first question mentioned in Section 3.1.3, Section
3.3 analyzes the estimation of the underlying distribution F in the binomial mixture model
(3.1.2), under various conditions imposed on F . Equipped with these analysis tools, we
cast our attention back to the GeneFishing method to answer the second question raised in
Section 3.1.3. Section 3.4 introduces a model with U-shape constraint to model the output of
GeneFishing. The cutoffs of our interest are also introduced in this model. In Section 3.5, we
propose a non-parametric maximum likelihood estimation (NPMLE) method Ucut based on
the Grenander estimator to estimate the underlying U-shape density as well as identifying
the cutoffs. We also provide a theoretical analysis of the estimator in Section 3.5.3. Next,
we apply Ucut to several synthetic datasets in Section 3.6 and real datasets in Section 3.7.
Finally, all the detailed proofs of the theorems mentioned in previous sections are put in
Appendix B.
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3.2 Notation
Denote by F a probability distribution. Let s ∼ F and m · ŝ ∼ Binomial(m, s) given s,

where m is a positive integer; see Model (3.1.2) for details. If there is no confusion, we also use
F to represent the associated cumulative distribution function (CDF), i.e, F (x) = P[s ≤ x].
By F (m) denote the binomial mixture CDF for ŝ, i.e., F (m)(x) = P[ŝ ≤ x].

Suppose there are n samples independently generated from F , i.e., s1, . . . , sn. Corre-
spondingly, we have m · ŝi|si ∼ Binomial(m, si) independently. By Fn and Fn,m denote the
empirical CDF of si’s and ŝi’s, respectively. Specifically,

Fn(x) =
1

n

n∑
i=1

I[si ≤ x],

and

Fn,m(x) =
1

n

n∑
i=1

I[ŝi ≤ x].

If F has a density, define the Grenander estimator f̃n(x) (f̃n,m(x)) for si’s (ŝi’s) as the left
derivative of the least concave majorant of Fn (Fn,m) evaluated at x (Grenander, 1956).

Define αl(x; v) = P[v ≤ x], αmid(x, y; v) = P[x < v < y], αr(y; v) = P[v ≥ y], where v can
be s or ŝ. Define Nl(x; {vi}ni=1) := #{vi ≤ x, i = 1, . . . , n}, Nmid(x, y; {vi}ni=1) := #{x < vi ≤
y, i = 1, . . . , n}, Nr(y; {vi}ni=1) := #{vi > y, i = 1, . . . , n}, N(x; {vi}ni=1) = #{vi = x, i =
1, . . . , n}, where {vi}ni=1 can be {si}ni=1 or {ŝi}ni=1.

For a density f , we use fmax and fmin to denote its maximal and minimal function values
on the domain of f . We use I to denote the indicator function, and use x+, x− to denote the
right and left limit of x respectively.

3.3 Estimation of F in Binomial Mixture Model
When m is sufficiently large, ŝ behaves like s, which implies that we can directly estimate

the underlying true F of the binomial mixture model (3.1.2). A natural question arises
whether there exists a minimal binomial size m so that the identifiability issue mentioned in
Section 3.1.2 is not a concern. We investigate general F , F with a density, F whose density
has an absolutely continuous derivative, and F with a monotone density. We consider the
empirical CDF estimator for the first two conditions, the histogram estimator for the third
condition, and the Grenander estimator for the last condition. The investigations into the
estimation of F under various conditions provide us with the analysis tools to design and
analyze the cutoff method for GeneFishing.
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3.3.1 General F

We begin with the estimation of F , based on {ŝi}ni=1, without additional conditions except
that F is defined on [0, 1]. Towards this end, the empirical CDF estimator might be the first
method that comes into one’s mind. It is easy to interpret using a diagram, and it exists no
matter F corresponds to a density, a point mass function, or a mixture of both.

To measure the deviation of the empirical CDF from F , one might think of the Lp distance
with p ≥ 1. The Lp distance between two distributions F1 and F2 is defined as

Lp(F1, F2) :=

(∫
R
|F1(x)− F2(x)|pdx

) 1
p

.

The Lp distance has two special cases that are easily interpretable from a geometric perspective.
First, when p = 1, it looks at the cumulative differences between the two CDFs; see the grey
shaded area in Figure 3.1. The L1 distance is known to be equivalent to the 1-Wasserstein
(W1) distance on R, which is also known as the Kantorovich-Monge-Rubinstein metric.
Second, when p =∞, it corresponds to the Kolmogorov-Smirnov (K-S) distance:

dKS(F1, F2) := sup
x
|F1(x)− F2(x)|,

which measures the largest deviation between two CDFs; see the length of the red vertical
shaded line in Figure 3.1. The K-S distance is a weaker notion of the total variation distance
on R (total variation is often too strong to be useful).

In the sequel, we study Lp(F (m), F ) for F supported on [0, 1]. Theorem 6 states that
without any conditions imposed on F , the Lp distance between F (m) and F is bounded by
O(m−

1
2p ). One key to this theorem lies in the finite support of F , which enables the usage of

the Fubini’s theorem. Along with the Dvoretzky-Kiefer-Wolfowi (DKW) inequality (Massart,
1990), it implies that the Lp distance between Fn,m and F is bounded by O(m−

1
2p ) +O(n−

1
2 ).

Particularly, we have L1(F (m), F ) = O(m−
1
2 ) and L1(Fn,m, F ) = O(m−

1
2 ) +O(n−

1
2 ).

Theorem 6 (The Lp distance between F (m)/Fn,m and F ) For a general F on [0, 1], it
follows that (∫ 1

0

|F (m)(x)− F (x)|pdx
) 1

p

≤ C(p)

m
1
2p

,

where C(p) is a positive constant that depends on p. It indicates that

E
(∫ 1

0

|Fn,m(x)− F (x)|pdx
) 1

p

≤ C(p)

m
1
2p

+
K√
n
,

where K is another universal positive constant.
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Figure 3.1: The length of the vertical shaded line in red represents the dKS(F1, F2); the area
of the grey shaded region represents L1(F1, F2).

Proof By definition, it follows that

|F (m)(x)− F (x)| = |E[I(ŝ ≤ x)]− E[I(s ≤ x)]|
= |E[I(ŝ ≤ x < s)]− E[I(s ≤ x < ŝ)]|.

Note that

E[I(ŝ ≤ x < s)] = E[E[I(ŝ ≤ x < s)|s]] = E[E[I(ŝ−s ≤ x−s < 0)|s]] ≤ E[exp{−m(x−s)2/2}],

where ŝ− s is bounded in [−1, 1], and thus it is a sub-Gaussian random variable with the
variance less or equal to 1 (Hoeffding, 1963). The same argument applies to E[I(s ≤ x < ŝ)].
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Therefore, we have(∫ 1

0

|F (m)(x)− F (x)|pdx
) 1

p

≤ 2

(∫ 1

0

E[exp{−mp(x− s)2/2}]dx
) 1

p

= 2

(∫ 1

0

∫ 1

0

exp{−mp(x− s)2/2}dF (s)dx

) 1
p

(i)
= 2

(∫ 1

0

∫ 1

0

exp{−mp(x− s)2/2}dxdF (s)

) 1
p

≤ 2

(∫ 1

0

√
2π√
mp

dF (s)

) 1
p

=
2(2π)

1
2p

(mp)
1
2p

,

where Equation (i) holds by the Fubini’s theorem. Further, by noting that Fn,m(x)− F (x) =
Fn,m(x)− F (m)(x) + F (m)(x)− F (x) and using the DKW inequality, it follows that

E
∫ 1

0

|Fn,m(x)− F (x)|dx ≤ 2(2π)
1
2p

(mp)
1
2p

+

√
2π√
n
.

Notwithstanding, Theorem 6 does not establish a useful bound for the K-S distance that

corresponds to the L∞ distance — there remains a non-negligible constant lim
p→∞

2(2π)
1
2p

(mp)
1
2p

= 2

which does not depend on m. In fact, the K-S distance might evaluate the estimate of F
from a too stringent perspective. Proposition 7 shows that no matter how small m is, there
is an F with a point mass function and a point x0 such that |F (m)(x0) − F (x0)| is larger
than a constant that is independent of m. This result is attributed to the “bad” points
with non-trivial masses like x0. Such a “bad” point gives rise to a sharp jump in F , which
F (m) cannot immediately catch up with due to the discretization nature of the binomial
randomness. It leads to difficulty in recovering the underlying distribution F of the binomial
mixture model.

On the other hand, the Lp distance with p <∞ does not suffer from the issue of the K-S
distance — it can be regarded as looking at an average of the absolute distance between F (m)

and F when the support of F is finite. To be specific, even if there are “bad” points x1, x2, . . .
such that |F (m)(xi) − F (xi)| has a non-trivial difference, i = 1, 2, . . ., this difference will
diminish outside a small neighbor of xi of a width O( 1

m
). Therefore, when taking the integral,
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the averaging distance decreases as m grows. Furthermore, if F has a density, the issue of
“bad” points no longer exists for the K-S distance either. In this case, the K-S distance is
an appropriate choice to measure the difference between F (m) and F ; see Section 3.3.2 for
details.

Proposition 7 (F (m) can deviate in K-S far from F with a pmf) There exists an F
with a pmf, such that supx |F (m)(x)− F (x)| ≥ c > 0, where c is a constant.

Proof Let F (x) be the delta function taking the mass at 1
2

+ κ, where κ is an extremely
small positive irrational number. Then by CLT, with probability about 1/2, ŝ is no larger
than m̃

m
, where m̃ is the largest integer such that m̃

m
< 1

2
+ κ. Take any x0 in ( m̃

m
, 1

2
+ κ). It

follows that F (x0) = 0 but F (m)(x0) ≈ 1
2
. It implies that F (m)(x0)− F (x0) is larger than a

constant that is independent of m.

3.3.2 F with a density

In this section, we focus on F with a density so that the K-S distance can be employed.
In addition, we stick to this metric partly because it is related to Grenander estimator for
monotone density estimation (Grenander, 1956; Birge, 1989), which constitutes our method
for the GeneFishing cutoff selection; see Section 3.3.4 and Section 3.5.

To bound the K-S distance between Fn,m and F , i.e., supx |Fn,m(x) − F (x)|, we just
need to bound that between Fn,m − F (m) and that between F (m) and F by noticing that
Fn,m − F = Fn,m − F (m) + F (m) − F . By the DKW inequality, we have a tight bound

P[sup
x
|Fn,m(x)− F (m)(x)| > t) ≤ 2 exp{−2nt2}, ∀t > 0.

So it only remains to study the deviation of F (m) and F . In Proposition 8, we show that
when F has a derivative bounded from both below and above, the K-S distance between F (m)

and F is bounded by O( 1
m

) from below and by O( 1√
m

) from above.

Proposition 8 (Deviation of F (m) from F with a density) Suppose f is a density func-
tion on [0, 1] with 0 < fmin ≤ fmax <∞. Let s ∼ f and m · ŝ ∼ Binomial(m, s). It follows
that

fmin

m+ 1
≤ sup

x
|F (m)(x)− F (x)| ≤ fmax ·

2
√

2π√
m

.

Proof For the lower bound, we have

P(ŝ ≤ 0)− P(s ≤ 0) = P(ŝ ≤ 0) =

∫ 1

0

(1− u)mf(u)du ≥ fmin

∫ 1

0

(1− u)mdu =
fmin

m+ 1
.
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For the upper bound, note that

F (m)(x)− F (x) = P(ŝ ≤ x)− P(s ≤ x)

= E(I[ŝ ≤ x]− I[s ≤ x])

= E(I[ŝ ≤ x < s]− I[s ≤ x < ŝ]).

We have

EI[ŝ ≤ x < s] = P(ŝ ≤ x < s)

= P(ŝ− s ≤ x− s < 0)

= E[P(ŝ− s ≤ x− s < 0)|s]
≤ E[exp(−m(x− s)2/2)]

=

∫ 1

0

exp(−m(x− u)2/2)f(u)du

≤ fmax ·
√

2π√
m
,

Similarly, we have EI[s ≤ x < ŝ] ≤ fmax ·
√

2π√
m
. So it follows that

sup
x
|P(ŝ ≤ x)− P(s ≤ x)| ≤ sup

x
EI[ŝ ≤ x < s] + sup

x
EI[s ≤ x < ŝ] ≤ fmax ·

2
√
π√
m
.

Proposition 8 shows that the largest deviation of the binomial mixture CDF from the
underlying CDF is at least the order O(m−1) and at most the order O(m−

1
2 ). In fact, the

condition that f is bounded can be relaxed to that f is Lp-integrable with p > 1 using the
Hölder inequality, but the rate will be O(m−

p
2(p−1) ) correspondingly. Our result is the special

case with p =∞. Moreover, F with a density is a necessary condition for Proposition 8 —
we have seen in Proposition 7 that if F has a point mass function, the deviation of F (m) from
F cannot be controlled w.r.t m.

Proposition 9 shows that there exist two simple distributions that respectively attain the
lower bound and the upper bound. However, Proposition 8 can be further improved: if the
underlying density is assumed to be smooth, the lower bound is attained; see Proposition 12
in Section 3.3.3.

Proposition 9 (Tightness of Proposition 8) The upper bound and the lower bound in
Proposition 8 are tight. In other words, there exist an F1 and F2 such that supx |F (m)

1 (x)−
F1(x)| ≤ C1 · 1

m+1
and supx |F (m)

2 (x)− F2(x)| ≥ C2 · 1√
m
, where C1 and C2 are two positive

constants.
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Proof The lower bound of Proposition 8 can be attained by the uniform distribution.
Specifically, if f ≡ 1, P(ŝ = k/m) = 1

m+1
. So |P(ŝ ≤ 0)− P(s ≤ 0)| = 1

m+1
.

On the other hand, the upper bound can be attained by another simple distribution. Let

f(x) = 1.8 · I(x ∈ [0, 1/2]) + 0.2 · I(x ∈ (1/2, 1])

We can show that this density f leads to |P(ŝ ≤ 1/2) − P(s ≤ 1/2)| ≥ C√
m
, where C is a

positive constant. It is a consequence of the central limit theorem for the binomial distribution.
The detailed proof is delegated to Appendix B.1.

Given Proposition 8, we can get the rate of of supx |Fn,m(x)−F (x)| along with the DKW
inequality, which is O(n−1/2) + O(m−1/2) as shown in Theorem 10. By taking integral of
P(supx[Fn,m(x)− F (x)] > t) w.r.t t, we immediately have Corollary 11. It is easy to see that
Theorem 10 can be generalized to a zero-inflation or one-inflation density.

Theorem 10 (The rate of K-S distance between Fn,m and F with a density)
Suppose f is a density function on [0, 1] with fmax < ∞. The data is generated as Model
(3.1.2). It follows that

P(sup
x

[Fn,m(x)− F (x)] > t) ≤ exp(−nt2/2) + I(fmax ·
2
√

2π√
m

> t),

where t ≥
√

log 2
2n

. The two-side tail bound also holds as follow

P(sup
x
|Fn,m(x)− F (x)| > t) ≤ 2 exp(−nt2/2) + I(fmax ·

4
√

2π√
m

> t),

where t > 0.

Proof Note that

sup
x
|Fn,m(x)− F (x)| ≤ sup

x
|Fn,m(x)− F (m)(x)|+ sup

x
|F (m)(x)− F (x)|.

The first term can be bounded by the original DKW inequality and the second term can be
bound using the result of Proposition 8. Then we conclude the second result. The first result
can be obtained in the same fashion.

Corollary 11 Under the same setup of Theorem 10, we have E supx[Fn,m(x) − F (x)] ≤
√

2π√
n

+ min{1, fmax·2
√

2π√
m
}, and E supx |Fn,m(x)− F (x)| ≤ 2

√
2π√
n

+ min{1, fmax·4
√

2π√
m
}.
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Proof By Theorem 10, it follows that

E[sup
x

[Fn,m(x)− F (x)]] =

∫ 1

0

P(sup
x

[Fn,m(x)− F (x)] > t)dt

≤
∫ 1

0

[exp(−nt2/2) + I(fmax ·
2
√

2π√
m

> t)]dt

≤
√

2π√
n

+ min{1, fmax · 2
√

2π√
m

}.

The two-side expectation can be proved in a similar manner.

3.3.3 F with A Smooth Density

In this section, we investigate the estimation of F with a smooth density. Under this
condition, we first obtain a stronger result than Proposition 8 for F (m), based on a truncated
K-S distance on the interval [a, 1− a], where 0 < a < 1/2. Proposition 12 shows that if the
density of F is smooth, the truncated K-S distance decreases at O( 1

m
). The proof is based

on the fact the binomial distribution random variable m · ŝi behaves like a Gaussian random
variable when the binomial probability si is bounded away from 0 and 1. When si is close
to 0 and 1, the Gaussian approximation cannot be used since it has an unbounded variance

1
msi(1−si) . The proof is deferred to Appendix B.2.

Proposition 12 (Deviation of F (m) from F with a smooth density) Suppose f is a
density function on [0, 1] with f ′ being absolutely continuous. Let s ∼ f and m · ŝ ∼
Binomial(m, s). It follows for any 0 < a < 1/2 that

sup
x∈[a,1−a]

|F (m)(x)− F (x)| ≤ C · 1

m
,

where C is some constant that only depends on f and a.

Then, we investigate the histogram estimator, since it is the one of simplest nonparametric
density estimators and it has a theoretical guarantee when the density is smooth. Let L be
an integer and define bins

B1 = [0,
1

L
), B2 = [

1

L
,

2

L
), . . . , BL = [

L− 1

L
, 1].

Define the bin-width h = 1/L, let Yl be the number of observations in Bl, let p̂l = Yl/n
and pl = P(s1 ∈ Bl). It is known that under certain smoothness conditions, the histogram



CHAPTER 3. BINOMIAL MIXTURE MODEL WITH U-SHAPE CONSTRAINT 67

converges in the cubic root rate for the rooted mean squared error (MSE) (Wasserman, 2006).
Next we study how the histogram behaves on the binomial mixture model. Denote{

f̂n,m(x) = 1
n

∑n
i=1

1
h
I(ŝi ∈ B(x))

f̂n(x) = 1
n

∑n
i=1

1
h
I(si ∈ B(x))

where h is the bandwidth, B(x) denotes the the bin that x falls in. Theorem 13 shows that the
histogram estimator based on ŝi’s has the same convergence rate in terms of the MSE metrics
as the histogram estimator based on si’s if m = Ω(n2/3) and h = O(n−

1
3 ). This rate might

not be improved even if f has higher order continuous derivatives since E|f̂n,m(x)− Ef̂n(x)|
is bounded by O( 1√

m
+ h + 1

mh
), which dominates E|f̂n(x) − F (x)| = O(hν) when f has a

ν-order continuous derivative. The proof of Theorem 13 is delegated to Appendix B.3.

Theorem 13 (Upper bound of the histogram risk for binomial mixture model)
Let R(a, b) =

∫ b
a
E(f(x) − f̂n,m(x))2dx be the integrated risk on the interval [a, b]. Assume

that f ′ is absolutely continuous. It follows that

R(a, 1− a) ≤ C1 · (h2 +
1

m
+

1

m2h2
+

1

nh
),∀0 < a <

1

2
,

Furthermore, if m ≥ C2 · n
2
3 , h = C3 · n−

1
3 , we have

R(a, 1− a) ≤ C4 · n−
2
3 ,∀0 < a <

1

2
.

Here C1, C2 and C4 are positive constants that only depend on a and f , C3 > 0 only depends
on f .

Finally, we conclude this section with a study on F whose density is discretized into a
point mass function of K non-zero masses. In contrast to the existing results in Teicher
(1963), we allow K to be as large as

√
n, and study the finite-sample rate of the histogram

estimator. Let p(x) be a point mass function such that

p(x) =
K∑
k=1

α(k)I(x = xk), (3.3.1)

where α(k) ≥ 0 and
∑K

k=1 α(k) = 1, sk = (k−1)+1/2
K

. Denote by Ik the interval centered at
xk and of length 1/K. We can make (α(1), . . . , α(K)) “smooth” by letting α(k) =

∫
Ik
f(t)dt,

where f is a smooth function. Denote{
α̂n,m(k) = 1

n

∑n
i=1 I(ŝi ∈ Ik)

α̂n(k) = 1
n

∑n
i=1 I(si ∈ Ik)
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Then the MSE can be defined as R(α̂, α) = 1
K

∑K
k=1(α̂(k) − α(k))2. It is known that

R(α̂n, α) = O( 1
n
). Theorem 14 shows that the same rate can be achieved by α̂n,m when

m = Ω(
√
nmax{√n,K}). The proof is deferred to Appendix B.4.

Theorem 14 (Upper bound of the histogram risk for finite binomial mixture)
Let α(k) =

∫
Ik
f(t)dt, where f ′ is absolutely continuous and

∫
(f ′)2dx < ∞. Let R(a, b) =

1∑K
k=1 I(aK≤k≤bK)

∑
aK≤k≤bK(α̂n,m(k)− α(k))2 be the risk on the interval [a, b]. It follows that

R(a, 1− a) ≤ C1 · (
1

n
+

1

m
+
K2

m2
),∀0 < a <

1

2
.

Furthermore, if m ≥ C2 ·
√
nmax{√n,K}, then

R(a, 1− a) ≤ C3 ·
1

n
,∀0 < a <

1

2
.

Here C1, C2, C3 are positive constants that only depend on a and f .

3.3.4 F with A Monotone Density

Next, we shift our attention to F with a monotone density f . It is motivated by the U
shape in the histograms of the GeneFishing output, where we can decompose the U shape
into a decreasing part, a flat part, and an increasing part. To estimate f , a natural solution
is the Grenander estimator (Grenander, 1956; Jankowski and Wellner, 2009). Specifically, we
construct the least concave majorant of the empirical CDF of F . And its left derivative is
the desired estimator.

3.3.4.1 Review of Grenander Estimator

Monotone density models are often used in survival analysis and reliability analysis in
economics—see Huang and Zhang (1994) and Huang and Wellner (1995). We can apply
maximum likelihood for the monotone density estimation. Suppose that X1, . . . , Xn is a
random sample from a density f on [0,∞) that is known to be nonincreasing; the maximum
likelihood estimator f̃n is defined as the nonincreasing density that maximizes the log-likelihood
`(f) =

∑n
i=1 log f(Xi). Grenander (1956) first showed that this optimization problem has

a unique solution under the monotone assumption — so the estimator is also called the
Grenander estimator. The Grenander estimator is given explicitly by the left derivative of the
least concave majorant of the empirical distribution function Fn. The least concave majorant
of Fn is defined as the smallest concave function F̃n with F̃n ≥ Fn for every x. Because F̃n is
concave, its derivative is nonincreasing.

Marshall and Proschan (1965) showed that Grenander estimator is consistent when f is
decreasing, as stated in Theorem 15.
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Theorem 15 (Marshall and Proschan (1965)) Suppose that X1, . . . , Xn are i.i.d ran-
dom variables with a decreasing density f on [0,∞). Then the Grenander estimator f̃n is
uniformly consistent on closed intervals bounded away from zero: that is, for each c > 0, we
have

sup
c≤x<∞

|f̃n(x)− f(x)| → 0 a.s.

The inconsistency of the Grenander estimator at 0, when f(0) is bounded, was first pointed
out by Woodroofe and Sun (1993). Balabdaoui et al. (2011) later extended this result to other
situations, where they consider different behavior near zero of the true density. Theorem 16
explicitly characterizes the behavior of f̃n at zero.

Theorem 16 (Woodroofe and Sun (1993)) Suppose that f is a decreasing density on
[0,∞) with 0 < f(0) <∞, and let N(t) denote a rate 1 Poisson process. Then

f̃n(0)

f(0)

d→ sup
t>0

N(t)

t
d
=

1

U
,

where U is a uniform random variable on the unit interval.

Birge (1989) proved that Grenander estimator has a cubic root convergence rate in the sense
of L1 norm, as in Theorem 17. Van der Vaart and Van der Laan (2003) pointed out that the
rate of convergence of the Grenander estimator is slower than that of the monotone kernel
density estimator when the underlying function is smooth enough.

Theorem 17 (Birge (1989)) Suppose f is a decreasing density on [0,∞) with 0 < f(0) <
∞. it follows that

Ef
∫ 1

0

|f̃n(x)− f(x)|dx ≤ C · n− 1
3 ,

where C is a constant that only depends on f .

Rao (1970) first obtained the limiting distribution of the Grenander estimator at a point. He
has proved that 3

√
n(f̃n(t0)− f(t0)) converges to the location of the maximum of the process

{B(x)− x2, x ∈ R}, where f ′(t0) < 0 and B(x) is the standard two-sided Brownian motion
on R such that B(0) = 0; see Rao (1970). Wang (1992) extends this result to the flat region
and a higher order derivative, as stated in Theorem 18.

Theorem 18 (Wang (1992)) Suppose f is a decreasing density on [0, 1] and is smooth at
t0 ∈ (0, 1). It follows that
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(A) If f is flat in a neighborhood of t0. Let [a, b] be the flat part containing t0. Then,

√
n(f̃n(t0)− f(t0))

d→ Ŝa,b(t0),

where Ŝa,b(t) is the slope at F (t) of the least concave majorant in [F (a), F (b)] of a
standard Brownian Bridge in [0, 1].

(B) If f(t)− f(t0) ∼ f (k)(t0)(t− t0)k near t0 for some k and f (k)(t0) < 0. Then,

n
k

2k+1 [
fk(t0)|f (k)(t0)|

(k + 1)!
]−

1
2k+1 (f̃n(t0)− f(t0))

d→ Vk(0),

where Vk(t) is the slope at t of the least concave majorant of the process {B(t)−|t|k+1, t ∈
(−∞,∞)}, and B(t) is a standard two-sided Brownian motion on R with B(0) = 0.

3.3.4.2 The Grenander Density Estimator for the Binomial Mixture Model

In this section, we establish similar results introduced in Section 3.3.4.1 for f̃n,m that is
the Grenander estimator based on ŝi’s instead of si’s. Theorem 19 states f̃n,m achieves the
convergence rate of O(n−

1
3 ) if m = Ω(n).

Theorem 19 (L1 convergence of f̃m,n) Suppose f is a decreasing density on [0, 1] with
fmax <∞. It follows that

Ef
∫ 1

0

|f̃n,m(x)− f(x)|dx ≤ C1 · n−
1
3 + C2 ·m−

1
3 .

Furthermore, if m ≥ C3 · n, we have

Ef
∫ 1

0

|f̃n,m(x)− f(x)|dx ≤ C4 · n−
1
3 .

Here C1, C2, C3, C4 are positive constants that only depend on f .

Theorem 19 follows by Corollary 11 and the proof of Theorem 17. The details can be found
in Appendix B.5.

Next, we study the local asymptotics of f̃n,m. For the binomial mixture model, we yield a
similar result for f̃n,m as Theorem 18 when m grows faster than n, as shown in Theorem 20.

Theorem 20 (Local Asymptotics of f̃m,n) Suppose f is a decreasing density on [0, 1]
and is smooth at t0 ∈ (0, 1). If fmax <∞ and m

n
→∞ as n→∞, we have
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(A) If f is flat in a neighborhood of t0. Let [a, b] be the flat part containing t0. Then,

√
n(f̃m,n(t0)− f(t0))

d→ Ŝa,b(t0),

where Ŝa,b(t) is the slope at F (t) of the least concave majorant in [F (a), F (b)] of a
standard Brownian Bridge in [0, 1].

(B) If f(t)− f(t0) ∼ f (k)(t0)(t− t0)k near t0 for some k and f (k)(t0) < 0. Then,

n
k

2k+1 [
fk(t0)|f (k)(t0)|

(k + 1)!
]−

1
2k+1 (f̃m,n(t0)− f(t0))

d→ Vk(0),

where Vk(t) is the slope at t of the least concave majorant of the process {B(t)−|t|k+1, t ∈
(−∞,∞)}, and B(t) is a standard two-sided Brownian motion on R with B(0) = 0.

The proof of Theorem 20 relies on Proposition 8 and the Komlós-Major-Tusnády (KMT)
approximation (Komlós, Major, and Tusnády, 1975). Given these two results, we can show
that if f is upper bounded, there exists a sequence of Brownian bridges {Bn(x), 0 ≤ x ≤ 1}
such that

P
{

sup
0≤x≤1

|√n(Fn,m(x)− F (x))−Bn(F (x))| > ã
√
n√
m

+
a log n√

n
+ t

}
≤ be−c

√
nt,

where ã > 0 only depends on f and a, b, c are universal positive constants. Together with the
proof of Theorem 18, Theorem 20 follows. The details are deferred to Appendix B.6.

Remark 1 Theorem 19 and Theorem 20 can be improved when f is smooth in the sense
that we only need m = Ω(

√
n) and m grows faster than

√
n, respectively. This results from

the fact that sup0≤x≤1 |F (m)(x) − F (x)| = O(m−
1
2 ) when f is bounded (Proposition 8) can

be improved to supa≤x≤1−a |F (m)(x)− F (x)| = O(m−1) when f has an absolutely continuous
derivative (Proposition 12).

Finally, we conclude this section with a discussion on the histogram estimator and the
Grenander estimator (for a density). Both of them are bin estimators but differ in the choice
of the bin width. One can pick the bin width for the histogram to attain optimal convergence
rates (Wasserman, 2006). On the other hand, the bin widths of the Grenander estimator are
chosen completely automatically by the estimator and are naturally locally adaptive (Birge,
1989). The consequence is that the Grenander estimator can guarantee monotonicity, but the
histogram estimator cannot. If the underlying model is monotone, the Grenander estimator
has a better convergence rate than the histogram estimator. Notably, the convergence theory
of the histogram estimator cannot be established unless the density is smooth. In contrast,
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that of the Grenander estimator only requires the density is monotone and Lp integrable
(p > 2) (Birge, 1989).

In our setup, we show that both the Grenander estimator with m = Ω(n) and the
histogram estimator with m = Ω(n2/3), based on {ŝi}ni=1, have the same rate at O(n−1/3)
in L1 distance (the L2 convergence of the histogram can imply the L1 convergence). It
seems that the histogram estimator is more favorable than the other because it requires a
smaller binomial size. Nonetheless, we mention that the conditions for the convergence of
the two estimators are different. The Grenander estimator requires a bounded monotone
density, while the histogram requires a smooth density. If the density is monotone and has
an absolutely continuous derivative, the Grenander estimator requires m = Ω(n1/2) less than
the histogram estimator, which is illustrated in Remark 1.

3.4 The U-shape Model
Now we have sufficient insights into the estimations of F under various conditions in

the binomial mixture model (3.1.2). We are ready to cast our attention back to the cutoff
selection problem for the GeneFishing method, i.e., distinguishing the relevant genes from
the irrelevant ones. To answer this question, we leverage the observation that the histogram
appears to have a U shape for the number of times a gene is fished out in Figure 1.2. We
decompose the density or the pmf of F into three parts: the first part decreases, the second
part remains flat, and the last part increases. The first part is assumed to be purely related
to the irrelevant genes; the second part is associated with the mixture of the irrelevant and
the relevant genes; the last part is purely corresponding to the relevant genes. Denote by cl
and cr the transition points from the first part to the second part, and the second part to
the third part, respectively. Then the question is reduced to identifying cr and getting an
upper confidence bound on cr. In the sequel, we formally write this assumption when F is
associated with a continuous random variable. The corresponding mathematical formulations
for the pmf are similar, so we omit them here.

Let f be the derivative of F , i.e., the probability density function. We assume f consists
of three parts:

f(x) =


fl(x) = αl · gl(x), if x ∈ [0, cl]
αmid

cr−cl
, if x ∈ (cl, cr]

fr(x) = αr · gr(x), if x ∈ (cr, 1]
, (3.4.1)

where 0 < cl < cr < 1, gl is a decreasing function, gr is an increasing function such that∫ cl
0
gl(x)dx = 1,

∫ cr
1
gr(x)dx = 1, and αl + αr + αmid = 1 with αl, αr, αmid > 0. For the

U-shaped constraint, we also need

min{fl(c−l ), fr(c
+
r )} ≥ αmid

cr − cl
.
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The shape constraint (3.4.1) is determined by six parameters {αl, αr, cl, cr, gl, gr}, but
they are not identifiable. Below is an example of such unidentifiability.

Example 1 (Identifiability Issue for (3.4.1))

α̃l = αl + αmid

cr−cl
· τ ; α̃r = αr

c̃l = cl + τ ; c̃r = cr

g̃l =

{
gl · αl/α̃l, if x ∈ [0, cl]
αmid

(cr−cl)·α̃l
, if ∈ (cl, cl + τ ]

; g̃r = gr

The parameters {α̃l, α̃r, c̃l, c̃r, g̃l, g̃r} yield the same model as {αl, αr, cl, cr, gl, gr} if τ < cr− cl.

The identifiability issue results from the vague transitions from one part to the next adjacent
part in Model (3.4.1). To tackle it, we need to introduce some assumptions to sharpen the
transitions. For example, if f is smooth, then a sharp transition means the first derivative
of f , i.e., the slope, significantly changes at this point. In general, we do not impose the
smoothness on f and use the finite difference as the surrogate of the slope. To be specific,
suppose there exist δl, δr > 0 and neighborhoods around cl and cr with sizes τl and τr such
that

fl(x) ≥ αmid

cr−cl
+ δl · (cl − x), if x ∈ [cl − τl, cl)

fr(x) ≥ αmid

cr−cl
+ δr · (x− cr), if x ∈ (cr, cr + τr].

For the sake of convenience, we consider a stronger condition that drop off the factors cl − x
and x − cr, which is called Assumption 2. It indicates that the density jumps at the
transition points cl and cr.

Assumption 2 There are two positive parameters δl and δr such that

fl(c
−
l ) ≥ αmid

cr−cl
+ δl

fr(c
+
r ) ≥ αmid

cr−cl
+ δr.

Together, we call the constraint (3.4.1) with Assumption 2 the gapped U-shape constraint.
And we refer to the Binomial mixture with the gapped U-shape constraint as the BMU
model.

3.5 Method
Let c(0)

l and c
(0)
r be the underlying ground truth of the two cutoffs in BMU. Our goal

is to identify the cutoff that separates the relevant genes and the irrelevant genes in the



CHAPTER 3. BINOMIAL MIXTURE MODEL WITH U-SHAPE CONSTRAINT 74

GeneFishing method. Specifically, we want to find an estimator ĉr for c(0)
r and study the

behavior of P[ĉr ≥ c
(0)
r ].

Since we are working on ŝi’s rather than on si’s, we denote αl(x) = P[ŝ ≤ x] and
Nl(x) = Nl(x; {ŝi}ni=1) for simplicity. Similarly, we can get simplified notation αmid(x, y),
αr(y), Nmid(x, y), Nr(y), N(x); see Section 3.2 for details. In the rest of the chapter, we
sometimes use αl, αr, αmid for αl(cl), αr(cr) and αmid(cl, cr) respectively if no confusion arises.

3.5.1 The Non-parametric Maximum Likelihood Estimation

To estimate the parameters in BMU, we consider the non-parametric maximum likelihood
estimation (NPMLE). We first solve the problem given cl and cr, then searching for optimal
cl and cr using grid searching. The NPMLE problem is:

Hfull(cl, cr) := max
∑
ŝi≤cl

log gl(ŝi) +
∑
ŝi>cr

log gr(ŝi) (3.5.1)

+Nl(cl) logαl +Nmid(cl, cr) log
αmid
cr − cl

+Nr(cr) logαr

s.t.

∫ cl

0

gl = 1,

∫ 1

cr

gr = 1, gl decreasing , gr increasing

αl, αr, αmid > 0, αl + αr + αmid = 1

αlgl(c
−
l ) ≥ αmid

cr−cl
+ dl

αrgr(c
+
r ) ≥ αmid

cr−cl
+ dr

}
(3.5.2)

Here dl and dr are two parameters to tune, and we call the inequalities (3.5.2) the change-
point-gap constraint. Given cl and cr, the variables to optimize over are

S := {αl, αr, gl(ŝ1), . . . , gl(ŝil), gr(ŝir), . . . , gr(ŝn)},

where il := maxi ·I(ŝi < cl), ir := mini ·I(ŝi ≥ cr). Since log x is continuous and concave w.r.t
x, and the feasible set is convex (it is easy to check that {(x, y, z) : xy ≥ z;x, y, z ≥ 0} is a
convex set), the problem (3.5.1) is one of convex optimizations with a unique optimizer.

There are mainly two difficulties for the optimization problem (3.5.1). First, the change-
point-gap constraint (3.5.2) complicates the monotone density estimation. Furthermore, it is
not easy to optimize over αl, αr and gl, gr simultaneously.

3.5.2 Ucut: A simplified Estimator

Fortunately, we have the below observations that motivate us to think of a simplified
optimization problem.



CHAPTER 3. BINOMIAL MIXTURE MODEL WITH U-SHAPE CONSTRAINT 75

• Note that αl and αr are the population masses for x ≤ cl and x ≥ cr, which can be well
estimated by the empirical masses α̂l(cl) = Nl(cl)/n, α̂mid(cl, cr) = Nmid(cl, cr)/n and
α̂r(cr) = Nr(cr)/n.

• If BMU is true with δl ≥ dl and δr ≥ dr, and the solution to the optimization (3.5.1)
without (3.5.2) at cl = c

(0)
l , cr = c

(0)
r is good enough, then the change-point-gap

constraint (3.5.2) is satisfied with high probability.

• From Figure 1.2, we can see that the flat region is wide. We can easily pick an interior
point within the flat region.

Inspired by these observations, we replace the population masses with the empirical masses
and drop off the change-point-gap constraint. We obtain the simplified objective function as
follows:

Hsimplified(cl, cr) := max
∑
ŝi≤cl

log gl(ŝi) +
∑
ŝi>cr

log gr(ŝi) (3.5.3)

+Nl(cl) log α̂l(cl) +Nmid(cl, cr) log
α̂mid(cl, cr)

cr − cl
+Nr(cr) log α̂r(cr)

s.t.

∫ cl

0

gl = 1,

∫ 1

cr

gr = 1, gl decreasing , gr increasing

where

α̂l(cl) = Nl(cl)/n =
#{i|ŝi ≤ cl}

n

α̂mid(cl, cr) = Nmid(cl, cr)/n =
#{i|cl < ŝi ≤ cr}

n

α̂1(cr) = Nr(cr)/n =
#{i|ŝi > cr}

n
.

The problem (3.5.3) is reduced to two monotone density estimations, which the Grenander
estimator can solve. As we point out in the above observations, we can easily identify an
interior point µ in the flat region. We fit an Grenander estimator for the decreasing gl on [0, µ]
and an Grenander estimator for the increasing gr on (µ, 1]. There are three advantages of
using the interior point µ. First, it significantly reduces the computational cost by estimating
the two Grenander estimators just once, regardless of the choices of cl and cr. Second, it
bypasses the boundary issue of the Grenander estimators since we are mainly concerned with
the behaviors of the estimators at the points cl < µ and cr > µ. Moreover, the usage of µ
disentangles the mutual influences of the left decreasing part and the right increasing part;
thus, it makes the analysis of the estimators simple.
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Once we fit the Grenander estimator, we check whether the change-point-gap constraint
(3.5.2) holds for different pairs of cl and cr. Finally, we pick the feasible pair with the maximal
likelihood. We call this algorithm Ucut (U-shape cutoff), which is summarized in Algorithm
5.

Algorithm 5 Ucut: estimation of the BMU model by grid-searching the optimal cutoff pair.
Require: Data: {ŝ1, . . . , ŝn};

The density gaps: dl, dr;
The interior point µ of the flat region;
The searching interval: [0, c

(max)
l ], and (c

(min)
r , 1], where c(max)

l < µ and c(min)
r > µ;

The unit for grid searching: γ.
1: Initiate c∗l = NULL, c∗r = NULL; `(c∗l , c∗r) = −∞.
2: Estimate α̂l(µ) = Nl(µ)/n.
3: Fit the Grenander estimator on [0, µ] to get g̃l and on (µ, 1] to get g̃r.
4: for cl ∈ {0, γ, 2γ, . . . , c(max)

l } do
5: for cr ∈ {c(min)

r , c
(min)
r + γ, c

(min)
r + 2γ, . . . , 1} do

6: Estimate α̂mid(cl, µ), and α̂mid(µ, cr).
7: Let d̃l = α̂mid(cl,µ)

α̂l(µ)·(µ−cl)
+ dl

α̂l(µ)
, d̃r = α̂mid(µ,cr)

(1−α̂l(µ))·(cr−µ)
+ dr

1−α̂l(µ)
.

8: Let `(cl, cr) be the corresponding Hsimplified(cl, cr) defined in the problem (3.5.3).
9: Let flag = I[g̃l(cl) ≥ d̃l and g̃r(cr) ≥ d̃r].

10: if flag and `(cl, cr) > `(c∗l , c
∗
r) then

11: (c∗l , c
∗
r)← (cl, cr).

12: end if
13: end for
14: end for
15: if `(c∗l , c

∗
r) > −∞ then

16: Return: c∗l , c∗r, g̃l, g̃r, α̂l(µ), `(c∗l , c∗r).
17: else
18: Return: False.
19: end if

3.5.3 Analysis of the Simplified Estimator

For Algorithm 5, the question arises whether (c
(0)
l , c

(0)
r ) is a feasible pair for the change-

point-gap constraint (3.5.2). Theorem 21 answers this question by claiming that there exist
cl in a small neighborhood of c(0)

l and cr in a small neighborhood of c(0)
r such that g̃l(cl) > d̃l

and g̃r(cr) > d̃r for appropriate choices of dl and dr. This implies that we can safely set aside
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the constraint (3.5.2) when solving the problem (3.5.3). The proof of Theorem 21 is deferred
to Appendix B.7.

Theorem 21 (Feasibility of Gap Constraint for (c
(0)
l , c

(0)
r )) Suppose f is a distribution

satisfying the constraint (3.4.1) and Assumption 2, with αmid(c
(0)
l , c

(0)
r ) > 0, fmax < ∞. If

m ≥ C1 ·max{Nl(c
(0)
l ), Nr(c

(0)
r )}, and dl < δl, dr < δr, there exist cl and cr such that

cl ≤ c
(0)
l with |cl − c(0)

l | ≤ C2 ·Nl(c
(0)
l )−

1
3

and
cr ≥ c(0)

r with |cr − c(0)
r | ≤ C3 ·Nr(c

(0)
r )−

1
3

such that g̃l, g̃r, d̃l and d̃r produced by Algorithm 5 satisfy g̃l(cl) > d̃l and g̃r(cr) > d̃r, provided
the input µ ∈ (c

(0)
l , c

(0)
r ). Furthermore, the resulting density estimator f̃m,n satisfies∫ 1

0

|f̃m,n − f(x)|dx ≤ C4 ·
{
Nl(c

(0)
l )−

1
3 +Nr(c

(0)
r )−

1
3

}
.

Here C1, C2, C3, C4 are positive constants that only depend on f .

Besides knowing there are some feasible points near c(0)
l and c(0)

r , we want to have a clear
sense of the optimal cutoff pair produced by Algorithm 5. Theorem 22 says that the optimal
cutoff for the left (right) part is smaller (larger) than c(0)

l (c(0)
r ) with high probability.

Theorem 22 (Tail Bounds of Identified Cutoffs) Suppose (ĉl, ĉr) is the identified opti-
mal cutoff pair produced by Algorithm 5, provided an input µ ∈ (c

(0)
l , c

(0)
r ). Under the same

assumptions as Theorem 21, particularly n→∞, m/max{Nl(c
(0)
l ), Nr(c

(0)
r )} → ∞,

P[ĉl > c
(0)
l ] ≤ P[Ŝ

c
(0)
l ,µ

(c
(0)
l ) ≥

√
Nl(c

(0)
l ) · dl

αl(µ)
− C1],

and
P[ĉr < c(0)

r ] ≤ P[Ŝ
µ,c

(0)
r

(c(0)
r ) ≥

√
Nr(c

(0)
r ) · dr

1− αl(µ)
− C2],

where C1, C2 are positive constants, and C1 only depends on αl(µ), dl, C2 only depends
on αr(µ), dr; Ŝa,b(t) is the slope at F (t) of the least concave majorant in [F (a), F (b)] of a
standard Brownian Bridge in [0, 1].

The proof of Theorem 22 is in fact reduced to proving any cutoff pair (cl, cr) with cl > c
(0)
l

or cr < c
(0)
r does not satisfy the change-point-constraint with high probability. Since g̃l and g̃r
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estimated in Algorithm 5 are decreasing and increasing respectively, if cl > c
(0)
l (or cr < c

(0)
r )

violates the constraint, then c′l (or c′r) will violate it with high probability if c′l > cl (or
c′r < cr). So it is reduced to considering the smallest cl > c

(0)
l and the largest cr < c

(0)
r in the

grid searching space of Algorithm 5. Then the result can be concluded using Theorem 20.
The detail is deferred to Appendix B.8.

Finally, we show in Theorem 23 that the identified ĉr converges to c(0)
r at the rate of

O([Nr(c
(0)
r )]−

1
3 ) if m = Ω(n). And the estimated density also converges to the true one at

the rate of O(max{[Nr(c
(0)
r )]−

1
3 , [Nl(c

(0)
l )]−

1
3}). The proof can be found in Appendix B.9.

Theorem 23 (L1 Convergence of Identified Cutoff) Suppose f is a distribution satis-
fying the constraint (3.4.1) and Assumption 2, with αmid(c

(0)
l , c

(0)
r ) > 0, fmax < ∞. Let

∆l = cl − c(0)
l , ∆r = cr − c(0)

r . If we have

m ≥ C1 ·max{Nl(c
(0)
l ), Nr(c

(0)
r )},

then
|∆̂l| ≤ C2 ·Nl(c

(0)
l )−

1
3 , |∆̂r| ≤ C3Nr(c

(0)
r )−

1
3 ,

where ∆̂l and ∆̂r are associated with ĉl and ĉr output by Algorithm 5. Furthermore, the
resulting f̃n,m satisfies

Ef
∫ 1

0

|f̃n,m(x)− f(x)|dx ≤ C4 ·
{
Nl(c

(0)
l )−

1
3 +Nr(c

(0)
r )−

1
3

}
.

Here C1, C2, C3, C4 are positive constants that do not depend on n, Nl(c
(0)
l ) and Nr(c

(0)
r ).

Remark 2 We want to point out that Theorem 21, Theorem 22 and Theorem 23 are based on
the assumption that the underlying density f in BMU is bounded, thus we require m = Ω(n).
If we further assume f is smooth, we might relax the condition on m = Ω(n) to m = Ω(

√
n).

The reason is that we can get a 1
m

rate rather than a 1√
m

rate on the truncated K-S distance
of the CDF of ŝi’s and the CDF of si’s when f is assumed to be smooth; see Proposition 12.
This is an improved version of Proposition 8, which is the foundation of Theorem 19 and
Theorem 20 that are used to prove the three theorems in this section.



CHAPTER 3. BINOMIAL MIXTURE MODEL WITH U-SHAPE CONSTRAINT 79

3.6 Numerical Experiments

3.6.1 Data generating process

To confirm and complement our theory, we use extensive numerical experiments to
examine the finite performance of Ucut on the estimation of cr. We study a U-shape model
that is comprised of linear components. Specifically, the model consists of three parts with
boundaries cl and cr. The middle part is a flat region of height δm. The left part is a segment
with the right end at (cl, δm + δl) and slope sl < 0 while the right part is a segment with
the left end at (cr, δm + δr) and slope sr > 0; see Figure 3.2 (a) for illustration. We call it
the linear valley model. We normalize the linear valley model to produce the density of
interest. We call the normalized gaps δ̃l and δ̃r.

0
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<latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit><latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit><latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit><latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit>

cr
<latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit><latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit><latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit><latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit>

1<latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit>

slope: sl
<latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit><latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit><latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit><latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit>

slope: sr
<latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit><latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit><latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit><latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit>

�r
<latexit sha1_base64="R3cNwZt2a6hWnR0sVl/GQGfnaos=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7UoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBx13kAE=</latexit><latexit sha1_base64="R3cNwZt2a6hWnR0sVl/GQGfnaos=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7UoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBx13kAE=</latexit><latexit sha1_base64="R3cNwZt2a6hWnR0sVl/GQGfnaos=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7UoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBx13kAE=</latexit><latexit sha1_base64="R3cNwZt2a6hWnR0sVl/GQGfnaos=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7UoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBx13kAE=</latexit>�m

<latexit sha1_base64="kjxIKspXe3Ul3q2BkhoZ0n1lVJA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4DG2DDcCu6lCKgOBnWB8O/M7T6g0T+IHM0nRl3QY84gzaqzU7YcoDB3IQbXm1t05yCrxClKDAs1B9asfJiyTGBsmqNY9z02Nn1NlOBM4rfQzjSllYzrEnqUxlaj9fH7vlJxZJSRRomzFhszV3xM5lVpPZGA7JTUjvezNxP+8Xmaiaz/ncZoZjNliUZQJYhIye56EXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDxXjj/w=</latexit><latexit sha1_base64="kjxIKspXe3Ul3q2BkhoZ0n1lVJA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4DG2DDcCu6lCKgOBnWB8O/M7T6g0T+IHM0nRl3QY84gzaqzU7YcoDB3IQbXm1t05yCrxClKDAs1B9asfJiyTGBsmqNY9z02Nn1NlOBM4rfQzjSllYzrEnqUxlaj9fH7vlJxZJSRRomzFhszV3xM5lVpPZGA7JTUjvezNxP+8Xmaiaz/ncZoZjNliUZQJYhIye56EXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDxXjj/w=</latexit><latexit sha1_base64="kjxIKspXe3Ul3q2BkhoZ0n1lVJA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4DG2DDcCu6lCKgOBnWB8O/M7T6g0T+IHM0nRl3QY84gzaqzU7YcoDB3IQbXm1t05yCrxClKDAs1B9asfJiyTGBsmqNY9z02Nn1NlOBM4rfQzjSllYzrEnqUxlaj9fH7vlJxZJSRRomzFhszV3xM5lVpPZGA7JTUjvezNxP+8Xmaiaz/ncZoZjNliUZQJYhIye56EXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDxXjj/w=</latexit><latexit sha1_base64="kjxIKspXe3Ul3q2BkhoZ0n1lVJA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4DG2DDcCu6lCKgOBnWB8O/M7T6g0T+IHM0nRl3QY84gzaqzU7YcoDB3IQbXm1t05yCrxClKDAs1B9asfJiyTGBsmqNY9z02Nn1NlOBM4rfQzjSllYzrEnqUxlaj9fH7vlJxZJSRRomzFhszV3xM5lVpPZGA7JTUjvezNxP+8Xmaiaz/ncZoZjNliUZQJYhIye56EXCEzYmIJZYrbWwkbUUWZsRFVbAje8surpH1R99y6d39Za9wUcZThBE7hHDy4ggbcQRNawEDAM7zCm/PovDjvzseiteQUM8fwB87nDxXjj/w=</latexit>

�l
<latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit><latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit><latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit><latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit>

(a) original model

0
<latexit sha1_base64="NJOej0W8RUX35pSepwmQVtZHvz4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WtDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDy/qjQ4=</latexit><latexit sha1_base64="NJOej0W8RUX35pSepwmQVtZHvz4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WtDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDy/qjQ4=</latexit><latexit sha1_base64="NJOej0W8RUX35pSepwmQVtZHvz4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WtDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDy/qjQ4=</latexit><latexit sha1_base64="NJOej0W8RUX35pSepwmQVtZHvz4=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WtDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDy/qjQ4=</latexit>

cl
<latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit><latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit><latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit><latexit sha1_base64="0k5j1P3C+a5mk/+3gvfpIx5x+pA=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62wg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QP9Lo4g</latexit>

cr
<latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit><latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit><latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit><latexit sha1_base64="QdTBf+bX/03PtZuLr3I5mETID9A=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby62yg6oNqzW24C5B14hWkBgXag+pXf5iwLEZpmKBa9zw3NUFOleFM4KzSzzSmlE3oCHuWShqjDvLFsTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQd5FymmUHJlouiTBCTkPnnZMgVMiOmllCmuL2VsDFVlBmbT8WG4K2+vE46zYbnNrz7Zq11U8RRhjM4h0vw4ApacAdt8IEBh2d4hTdHOi/Ou/OxbC05xcwp/IHz+QMGW44m</latexit>

1<latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit><latexit sha1_base64="D5XelKxIjhs0XukAb02d1jJpnIA=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ9WrDsoVt+YuQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8NrPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+16zXNr3n290rjJ4yjCGZzDJXhwBQ24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nDzFvjQ8=</latexit>

slope: sl
<latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit><latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit><latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit><latexit sha1_base64="CgDJzubM3yFE+r6lA284a1SyOHA=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A14dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AHzSpDz</latexit>

slope: sr
<latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit><latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit><latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit><latexit sha1_base64="FjV7pOI2ggNcYbT3gkertmUhCqo=">AAAB83icbVBNSwMxEM3Wr1q/qh69BFvBU9ntRfFU9OKxgv2AdinZdLYNzSYhyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzIsWZsb7/7RU2Nre2d4q7pb39g8Oj8vFJ28hUU2hRyaXuRsQAZwJallkOXaWBJBGHTjS5m/udJ9CGSfFopwrChIwEixkl1kl9w6WCG1w1A10dlCt+zV8Ar5MgJxWUozkof/WHkqYJCEs5MaYX+MqGGdGWUQ6zUj81oAidkBH0HBUkARNmi5tn+MIpQxxL7UpYvFB/T2QkMWaaRK4zIXZsVr25+J/XS218HWZMqNSCoMtFccqxlXgeAB4yDdTyqSOEauZuxXRMNKHWxVRyIQSrL6+Tdr0W+LXgoV5p3OZxFNEZOkeXKEBXqIHuURO1EEUKPaNX9Oal3ov37n0sWwtePnOK/sD7/AH8aJD5</latexit>

dm · ⌧0
<latexit sha1_base64="hd5NXBk64+s/sa3JVdJuWI9yAqU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cK9gOaEDabbbt0dxN2J4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8OBPcgOd9O5WNza3tnepubW//4PDIPT7pmDTXlLVpKlLdi4lhgivWBg6C9TLNiIwF68bj+7nfnTBteKqeYJqxUJKh4gNOCVgpct0kkjigSQo4AJJHXuTWvYa3AF4nfknqqEQrcr+CJKW5ZAqoIMb0fS+DsCAaOBVsVgtywzJCx2TI+pYqIpkJi8XlM3xhlQQPUm1LAV6ovycKIo2Zyth2SgIjs+rNxf+8fg6D27DgKsuBKbpcNMgFhhTPY8AJ14yCmFpCqOb2VkxHRBMKNqyaDcFffXmddK4avtfwH6/rzbsyjio6Q+foEvnoBjXRA2qhNqJogp7RK3pzCufFeXc+lq0Vp5w5RX/gfP4AlQWS9g==</latexit><latexit sha1_base64="hd5NXBk64+s/sa3JVdJuWI9yAqU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cK9gOaEDabbbt0dxN2J4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8OBPcgOd9O5WNza3tnepubW//4PDIPT7pmDTXlLVpKlLdi4lhgivWBg6C9TLNiIwF68bj+7nfnTBteKqeYJqxUJKh4gNOCVgpct0kkjigSQo4AJJHXuTWvYa3AF4nfknqqEQrcr+CJKW5ZAqoIMb0fS+DsCAaOBVsVgtywzJCx2TI+pYqIpkJi8XlM3xhlQQPUm1LAV6ovycKIo2Zyth2SgIjs+rNxf+8fg6D27DgKsuBKbpcNMgFhhTPY8AJ14yCmFpCqOb2VkxHRBMKNqyaDcFffXmddK4avtfwH6/rzbsyjio6Q+foEvnoBjXRA2qhNqJogp7RK3pzCufFeXc+lq0Vp5w5RX/gfP4AlQWS9g==</latexit><latexit sha1_base64="hd5NXBk64+s/sa3JVdJuWI9yAqU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cK9gOaEDabbbt0dxN2J4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8OBPcgOd9O5WNza3tnepubW//4PDIPT7pmDTXlLVpKlLdi4lhgivWBg6C9TLNiIwF68bj+7nfnTBteKqeYJqxUJKh4gNOCVgpct0kkjigSQo4AJJHXuTWvYa3AF4nfknqqEQrcr+CJKW5ZAqoIMb0fS+DsCAaOBVsVgtywzJCx2TI+pYqIpkJi8XlM3xhlQQPUm1LAV6ovycKIo2Zyth2SgIjs+rNxf+8fg6D27DgKsuBKbpcNMgFhhTPY8AJ14yCmFpCqOb2VkxHRBMKNqyaDcFffXmddK4avtfwH6/rzbsyjio6Q+foEvnoBjXRA2qhNqJogp7RK3pzCufFeXc+lq0Vp5w5RX/gfP4AlQWS9g==</latexit><latexit sha1_base64="hd5NXBk64+s/sa3JVdJuWI9yAqU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0GPRi8cK9gOaEDabbbt0dxN2J4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8OBPcgOd9O5WNza3tnepubW//4PDIPT7pmDTXlLVpKlLdi4lhgivWBg6C9TLNiIwF68bj+7nfnTBteKqeYJqxUJKh4gNOCVgpct0kkjigSQo4AJJHXuTWvYa3AF4nfknqqEQrcr+CJKW5ZAqoIMb0fS+DsCAaOBVsVgtywzJCx2TI+pYqIpkJi8XlM3xhlQQPUm1LAV6ovycKIo2Zyth2SgIjs+rNxf+8fg6D27DgKsuBKbpcNMgFhhTPY8AJ14yCmFpCqOb2VkxHRBMKNqyaDcFffXmddK4avtfwH6/rzbsyjio6Q+foEvnoBjXRA2qhNqJogp7RK3pzCufFeXc+lq0Vp5w5RX/gfP4AlQWS9g==</latexit>

�l
<latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit><latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit><latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit><latexit sha1_base64="+ODm4jhXNp3yvk9Lp8VH0NtdADY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9kMUhg7EoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbakIXP190ROY60ncWA7Y2pGetmbif95vcxE137OZZoZlGyxKMoEMQmZPU9CrpAZMbGEMsXtrYSNqKLM2IgqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYCDgGV7hzXl0Xpx352PRWnKKmWP4A+fzBxRfj/s=</latexit>�m
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(b) two-group model

Figure 3.2: The linear valley model.

The linear valley model depicts the mixture density of the null distribution and the
alternative distribution. We only assume that the left part ahead of cl purely belongs to the
null distribution while the right part ahead of cr purely belongs to the alternative distribution.
The null and the alternative distributions can hardly be distinguished in the flat middle
part. To understand the linear valley model from the perspective of the two-group model, we
assume that τ0× 100% of the middle part belongs to the null distribution while the remaining
belongs to the alternative model. In Figure 3.2 (b), the part in left slash corresponds to the
null density f0 while the part in right slash corresponds to the alternative density f1. Let
π0 be the area in the left slash divided by the total area. Then the marginal density can be
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written as f = π0f0 + (1− π0)f1. Since any τ0 ∈ [0, 1] gives the same f , the middle part is
not identifiable. So it is necessary to estimate and infer the right cutoff cr, so that we can
safely claim all the samples beyond cr are from the alternative distribution.

By default, we set cl = 0.3, cr = 0.9, δm = 1, δl = 0.5, δr = 0.5, sl = −3, sr = 1.
We sample n = 10, 000 samples {s1, . . . , sn} from the linear valley model. Then for each
i ∈ {1, . . . , n}, we get the observations ŝi ∼ Binom(m, si) independently, where m = 1, 000
if it is not specified particularly. The value of τ0 does not affect the data generation but it
affects the FDR and the power of any method that yields discoveries.

Finally, the left part and the right part are not necessary to be linear. To investigate the
effect of general monotone cases and misspecified cases (e.g., unimodal densities), we replace
the left part and the right part with other functions; see Section 3.6.5.

3.6.2 Robustness to model parameters

When using Algorithm 5, we use the middle point µ = 0.5, the left gap parameter
dl = 0.8 · δ̃l, the right gap parameter dr = 0.8 · δ̃r, the searching unit γ = 0.001. We first
investigate how the binomial size m affects the estimation of cr. Using the default setup as
described in Section 3.6.1, we vary the binomial size m ∈ {102, 103, 2× 103, 5× 103, 104, Inf},
where Inf refers to the case that there is no binomial randomness and we observe si’s directly.
As shown in Figure 3.3, ĉr converges to the true c(0)

r as m grows. When m = 103, the
estimated cr is as good as that of using si’s directly. Note that in the linear setup, even with
m = 102, ĉr is larger than true c(0)

r with large probability. It implies that Ucut is safe in the
sense that it will make few false discoveries by using ĉr as the cutoff.

In the sequel, we stick to m = 103 since it works well enough for the linear valley model.
We investigate whether the width of the middle flat region affects the estimation of cr. We
consider cl = 0.5 − w/2, cr = 0.5 + w/2 with w ∈ {0.6, 0.4, 0.2, 0.1, 0.} while other model
parameters are set by default. In Figure 3.4, the estimation of cr is quite satisfying when the
width is no smaller than 0.2. When the width drops to 0.1 or smaller, the estimation is not
stable but still conservative in the sense that ĉr > cr in most cases.

Finally, we examine how the gap size influences the estimation of cr. We take δl =
{0.5, 0.3, 0.20.1, 0.01} and δr = {0.5, 0.3, 0.20.1, 0.01}. Figure 3.5 shows that the estimation
of cr is robust to the gap sizes as long as the input dl and dr are smaller than the true gaps.
This gives us confidence in applying Ucut to identify the cutoff even when there is no gap,
which is more realistic.

3.6.3 Sensitivity of the algorithm hyper-parameters

Algorithm 5 (Ucut) mainly have three tuning parameters: the middle point µ, the left gap
dl and the right gap dr. For practical use, the three tuning parameters may be misspecified.
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Figure 3.3: The convergence of ĉr with respect to m.
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Figure 3.4: The estimation of ĉr with respect to the width of the middle flat region.
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ĉ r
−

c r(0
)

Figure 3.5: The estimation of ĉr with respect to the gap sizes.

For example, the middle point is not easy to spot, or the left gap and the right gap are too
small. We use the default model parameters as specified in Section 3.6.1. Let dl and dr be
0.8 times the true normalized gaps δ̃l and δ̃r respectively. We vary the choice of the middle
point µ. Figure 3.6 shows that the estimation of cr is not sensitive to the choice of µ as long
as it is picked within the flat region [0.3, 0.9]. If µ is picked left to the flat region, the ĉr has
a larger variance but it is more conservative in the sense that ĉr > c

(0)
r in most cases. If µ is

picked right to the flat region, the ĉr tends to be min{µ, c(0)
r }.

Next, we fix µ = 0.5 but consider dl = κ× δ̃l and dr = κ× δ̃r, where κ ∈ {1, 0.9, 0.8, 0.5, 0.2,
0.1, 0.01}. We do not consider κ > 1 because there might not exist feasible (cl, cr) that
satisfies the gap constraint. Figure 3.7 shows that when κ is within [0.5, 1] the estimation is
satisfying. The estimated cr can be slightly smaller than the true c(0)

r when κ < 0.5 but in a
tolerable range.

In a nutshell, the choices of µ, dl and dr are crucial to Algorithm 5. But the sensitivity
analysis indicates that it is not necessary to be excessively cautious. In practice, picking
these parameters by eyeballs can give a safe estimation in most cases.

3.6.4 Comparison to other methods

To examine the power and the capacity of controlling FDR of Ucut, we consider the
two-group model as specified in Figure 3.2 (b). The middle part is not identifiable, which
means that the samples of the alternative distribution can not be distinguished from those
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Figure 3.6: The estimation of ĉr with respect to the choice of the middle point µ.
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Figure 3.8: FDR and power of Ucut and other competing methods.

of the null distribution. To reflect this point, we arbitrarily set the proportion of the null
distribution in the middle part τ0. The goal is to identify the right cutoff cr but not τ0

because it is impossible to infer τ0.
We compare Ucut to the other four methods that are studied in Gauran et al. (2018),

i.e., ZIGP (Zero-inflated Generalized Poisson), ZIP (Zero Inflated Poisson), GP (Generalized
Poisson) and P (Poisson). These four methods are used to make decisions on the cutoff for
zero-inflated discrete mixture distributions.

Figure 3.8 shows that GP and P use rather small cutoffs and have too large FDRs. ZIGP
and ZIP are over-conservative if the target FDR level is too low at 0.005 or 0.01, thus having
quite low power. They perform better when the target FDR level is set to be 0.05. On the
other hand, Ucut can control FDR at 0.01 if we directly use ĉr as the cutoff. The associated
power is better than those of ZIGP and ZIP. In order to loosen the FDR control and get
higher power, it is fine to use a slightly smaller cutoff than ĉr. From this result, we confirm
that Ucut is a better fit for the scenario where the middle part is not distinguishable.

3.6.5 More simulation studies

Besides the linear valley model specified in Section 3.6.1, we also consider a non-linear
model and a misspecified model.

For the non-linear model, we replace the left linear part in the linear valley model with an
unnormalized decreasing function fl = Beta(x/cl; 0.5, 1.5)/cl ·3/20, x ∈ [0, cl]. We replace the
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right linear part with an unnormalized increasing function fr = Beta(x/(1− cr); 2, 0.8)/(1−
cr) · 1/20, x ∈ (cr, 1]. Here Beta(x;α, β) is a density of Beta distribution with parameters
α and β. In this case, we use m = 104. Applying Ucut to the synthetic data generated by
this model, we observe similar results as those from the linear valley model. It indicates that
Ucut can detect the cutoff in a satisfying range as long as the underlying model satisfies the
gapped U-shape constraint. Ucut is particularly useful when the the middle part is “uniform”
and not easy to tell apart the samples of the alternative distribution from those of the null
distribution.
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Figure 3.9: The convergence of ĉr with respect to m on the non-linear decreasing-uniform-
increasing model.

For the misspecified model, we replace the left linear part with an unnormalized unimodal
function fl = Beta(x/cl; 1.5, 5)/cl · 3, x ∈ [0, cl]. We replace the right linear part with an
unnormalized unimodal function fr = Beta(x/(1− cr); 2.5, 1.5)/(1− cr), x ∈ (cr, 1]. In this
case, the estimated cr is not satisfying until m attains 104; see Figure 3.15. So in the other
experiments, we use m = 104. We find that although the variance of ĉr becomes larger than
the estimate for the correctly specified model, the detected cutoff tends to be larger than the
truth. It implies that if the model does not align with the gapped U-shape constraint, Ucut
is still useful because it is conservative.
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Figure 3.10: The estimation of ĉr with respect to the width of the middle flat region on the
non-linear decreasing-uniform-increasing model.
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Figure 3.11: The estimation of ĉr with respect to the gap sizes on the non-linear decreasing-
uniform-increasing model.
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Figure 3.12: The estimation of ĉr with respect to the choice of the middle point µ on the
non-linear decreasing-uniform-increasing model.
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Figure 3.13: The estimation of ĉr with respect to the choice of the input dl and dr on the
non-linear decreasing-uniform-increasing model.. Here dl = κ× δ̃l and dr = κ× δ̃r, where κ
is a ratio of the normalized δ’s.
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Figure 3.14: FDR and power of Algorithm 5 and other competing methods on the non-linear
decreasing-uniform-increasing model.
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Figure 3.15: The convergence of ĉr with respect to m on the misspecified model.
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Figure 3.16: The estimation of ĉr with respect to the width of the middle flat region on the
misspecified model.
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Figure 3.17: The estimation of ĉr with respect to the gap sizes on the misspecified model.
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Figure 3.18: The estimation of ĉr with respect to the choice of the middle point µ on the
misspecified model.
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Figure 3.19: The estimation of ĉr with respect to the choice of the input dl and dr on the
misspecified model. Here dl = κ× δ̃l and dr = κ× δ̃r, where κ is a ratio of the normalized δ’s.
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Figure 3.20: FDR and power of Algorithm 5 and other competing methods on the misspecified
model.
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3.7 Application to Real Data
We further demonstrate the performance of Ucut on the real datasets used in Liu et al.

(2019). To be specific, we apply the GeneFishing method to four GTEx RNAseq datasets,
liver, Artery Coronary, Transverse Colon, and Testis; see Table 3.1 for details. We leverage
the same set of 21 bait genes used in Liu et al. (2019). The number of fishing rounds is set to
be m = 10, 000.

Table 3.1: Details of GTEx RNAseq datasets.

# samples # genes
Liver 119 18, 845

Artery-Coronary 133 20, 597
Colon-Transverse 196 21, 695

Testis 172 31, 931

Once the CFRs are generated, we apply Algorithm 5 with the middle point µ = 0.5,
dl = 0.1 and dr = 0.01. We take dl to be ten times dr because there are much more zeros than
ones in CFRs. As shown in Section 3.6, Ucut is not sensitive to the three parameters. The
change of these parameters lays little influence on the results. Table 3.2 shows that for each
tissue Ucut gives the estimator of cr that yields 50 to 80 discoveries. We estimate the false
discovery rate using the second approach in Liu et al. (2019). Note that for Artery-Coronary,
the estimated cr = 0.972 by Ucut (which gives F̂DR ≈ 10−3) is less extreme than simply
using 0.990 (which gives F̂DR ≈ 10−4). It implicates that Ucut adapts to the tissue and can
pick a cutoff with a reasonable false discovery rate.

Table 3.2: Estimation of cr by Algorithm 5 on four tissues, where µ = 0.5, dl = 0.1 and
dr = 0.01. The second column is the estimated cr using bootstrap by sampling 70% of the
CFRs.

ĉr bootstrapping estimation # discovery (use ĉr) F̂DR
Liver 0.995 0.993(0.005) 52 1.4× 10−3

Artery-Coronary 0.972 0.976(0.009) 85 5.7× 10−3

Colon-Transverse 0.989 0.991(0.049) 57 1.2× 10−4

Testis 0.993 0.992(0.001) 73 0.010

In addition, we also apply the GeneFishing method to a single-cell data of the pancreas
cells from Tabula Muris1. It contains 849 cells from mice and 5, 220 genes expressed in enough

1https://tabula-muris.ds.czbiohub.org
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Figure 3.21: The CFRs of the single cell data of the pancreas tissue.

cells out of about 20, 000 genes. We find out 9 bait genes based on the pancreas insulin
secretion gene ontology (GO) term.

Unlike Figure 1.2, the CFRs of this data set do not appear in a U shape. Instead, we
observe a unimodal pattern around zero and an increasing pattern around one (Figure 3.21).
Nonetheless, it does not hinder us from using Ucut to determine the cutoff, since we are mainly
concerned about the right cutoff and Section 3.6 demonstrates that Ucut is conservative even
if the model is misspecified. By using µ = 0.5, dl = 0.1 and dr = 0.01, Ucut gives 0.994 as
the estimation of the right cutoff, which discovers 77 genes. By doing the GO enrichment
analysis, we find out that these identified genes are enriched for the GO of response to ethanol
with p-value 0.0021, the GO of positive regulation of fatty acid biosynthesis with p-value
0.0055, and the GO of eating behavior with p-value 0.0079. These GOs have been shown to
relate to insulin secretion in literature (Huang and Sjöholm, 2008; Nolan et al., 2006; Tanaka
et al., 2003), which indicates the effectiveness of Ucut.

3.8 Discussion
In this work, we analyze the binomial mixture model (3.1.2) under the U-shape constraint,

which is motivated by the results of the GeneFishing method (Liu et al., 2019). The
contributions of this work are two-fold. First, to the best of our knowledge, this is the
pioneering work that investigates the relationship between the binomial size m and the
sample size n for the binomial mixture model under various conditions for F . Second, we
provide a convenient tool to help the downstream decision-making of the GeneFishing method.

Despite the identifiability issue of the binomial mixture model, we show that the estimator
of the underlying distribution deviates from the true distribution, in some distance, at most
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a small quantity that depends on m. The implication is that to have the same convergence
rate as if there is no binomial randomness, we need m to be at the same order as n for
the empirical CDF and the Grenander estimator when the underlying density is bounded.
However, when the underlying density is smooth, the simulation studies and the theoretical
results imply that the condition can be relaxed to m � n1/2 while the histogram estimator
requires m � n2/3. It is of great interest to further investigate how the minimal m hinges on
the smoothness of the underlying distribution, e.g., studying the kernel density estimator
and the smoothing spline estimator under the binomial mixture model.

To answer the motivating question of how large the CFR should be so that the associated
sample can be regarded as a discovery in the GeneFishing method, we propose a U-shape
model to depict the underlying distribution and an NPMLE method Ucut to determine the
cutoff. This estimator comprises two Grenander estimators, thus having a cubic convergence
rate as the Grenander estimator when m is large enough. We also show that the estimated
cutoff is larger than the true cutoff with high probability. The simulation studies indicate that
Ucut is robust to the three hyper-parameters, even if the model is misspecified. Therefore,
we recommend Ucut as a cost-effective and robust tool for the downstream analysis of the
GeneFishing method.
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Appendix A

Appendix of Chapter 2

A.1 Proof of Theorem 4
Proof The simplest case is a graph with only one chain, and the theorem obviously
holds for this case. Next, suppose there are two chain branches, X(1) → . . . → X(m) and
Y(1) → . . . → Y(m′), both of which share the same parent node in P2. Directly merging
these two chain branches by Algorithm 1 yields an ordering denoted as oXY . Now given an
arbitrary ordering oA of all the n nodes in the entire graph, which respects the tree hierarchy.
Denote by p1 the first position of the nodes among X ′(i)s and Y ′(j)s within oA, and denote all
the nodes, other than X ′(i)s and Y ′(j)s and located after the p1 position, by W(1), . . . ,W(n′)

(the position of W(l) is ahead of that of W(l′) in oA if l < l′). We want to show that

Lemma 24 There exists a topological ordering oA′ of G that is at least as good as oA, in
terms of CATCH , such that (?) Node B is located ahead of Node C in oA if it is the case in
oXY , where B, C are two distinct nodes among X ′(i)s and Y ′(i)s.

Lemma 24 implies that in order to figure out the optimal ordering of the original tree structure,
it boils down to replacing the two branches X(1), . . . , X(m) and Y(1), . . . , Y(m′) by a single chain
characterized by oXY and seeking the optimal ordering of the new structure. The ordering
oA′ mentioned above can be constructed easily with two constraints:

(i) Fixing the nodes located ahead of the position p1 as well as their ordering as in oA.

(ii) The position of W(l) is ahead of W(l′) if l < l′, as in oA.

The first constraint is straightforward, and the second constraint can be satisfied by applying
Algorithm 1 to X(1), . . . , X(m), Y(1), . . . , Ym′ andW(1), . . . ,W(n′). Here, we takeW(1), . . . ,W(n′)

as a chain, regardless of their original structure. Without loss of generality, we assume the
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first chain branch with the maximal average score value figured out by Algorithm 1 is
X(1), . . . , X(t), t ≤ m (we can skip the case that Algorithm 1 first picks a part of W(l)’s since
it does not affect (?)). In order to prove Lemma 24, it is reduced to showing that

Lemma 25 Conditional on (i) and (ii), the ordering with the maximal CATCH puts
X(1), . . . , X(t) at the position p1, . . . , p1 + t− 1 respectively.

The detailed proof of Lemma 25 is deferred to Appendix A.1.1. Note that X(1), . . . , X(t) must
be located in the first place in the ordering oXY . Therefore, by applying Lemma 25 in an
inductive way (exclude X(1), . . . , X(t) and apply the same argument on the remaining nodes),
we can conclude the constructed oA′ is at least as good as oA and satisfies (?). Here, we
need to clarify the point that putting X(1), . . . , X(t) in such place does not violate the tree
hierarchy since X ′(i)s and Y ′(j)s are the children chains of the same node, and none of W ′

(l)s

can be an ancestor of X ′(i)s or Y ′(j)s (otherwise oA is not a valid ordering). Thus the proof is
completed.

A.1.1 Proof of Lemma 25

Proof
Let a denote the average of these t values, i.e., a :=

∑t
k=1 X(k). For the sake of simplic-

ity, we further assume p1 = 1 and simply denote by Z(1), . . . , Z(n−t) the combination of
X(t+1), . . . , X(m), Y ′(j)s and W ′

(l)s. Let the ordering oA be as follows:

Z(1) . . . Z(i1−1) X(1) Z(i1) . . . Z(it−t) X(t) Z(it−t+1) . . . Z(n−t)
1 . . . i1 − 1 i1 i1 + 1 . . . it − 1 it it + 1 . . . n

where ic is the position of X(c), c = 1, . . . , t. Note that ic+1 ≥ ic + 1. Denote by oA′1 the
ordering of (X(1), . . . , X(t)) + oA/(X(1), . . . , X(t)), that is, move (X(1), . . . , X(t)) to the head of
oA. The difference in the value of the objective function (OF) between oA′1 and oA can be
written as follows:

OF of oA′1 =
t∑
i=1

(n− i+ 1)X(i) +
n−t∑
j=1

(n− t− j + 1)Z(j)

OF of oA =(n− i1 + 1)X(1) + . . .+ (n− it + 1)X(t)

+

i1−1∑
j=1

(n− j + 1)Z(j) + . . .+
n−t∑

j=it−t+1

(n− (j + t) + 1)Z(j)
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OF of oA′1 −OF of oA =

[
(i1 − 1)X(1) −

i1−1∑
k=1

Z(k)

]
+ . . .+

[
(it − t)X(t) −

it−t∑
k=1

Z(k)

]

= (i1 − 1)

[
X(1) −

1

i1 − 1

i1−1∑
k=1

Z(k)

]
+ . . .+ (it − t)

[
X(t) −

1

it − t
it−t∑
k=1

Z(k)

]

= (i1 − 1)

[(
X(1) − a

)
+

(
a− 1

i1 − 1

i1−1∑
k=1

Z(k)

)]
+ . . .

+ (it − t)
[(
X(t) − a

)
+

(
a− 1

it − t
it−t∑
k=1

Z(k)

)]
=
[
(i1 − 1)

(
X(1) − a

)
+ . . .+ (it − t)

(
X(t) − a

)]
+

[
(i1 − 1)

(
a− 1

i1 − 1

i1−1∑
k=1

Z(k)

)
+ (it − t)

(
a− 1

it − t
it−t∑
k=1

Z(k)

)]

It remains to prove both the first term and the second term on the right side are non-
negative:

• The first term. We can rewrite the sum

(i1 − 1)
(
X(1) − a

)
+ . . .+ (it − t)

(
X(t) − a

)
as follows

(i1 − 1)
t∑

k=1

(X(k) − a) + (i2 − i1 − 1)
t∑

k=2

(
X(k) − a

)
+ . . .+ (it − it−1 − 1)(X(t) − a).

The first sum
∑t

k=1(X(k) − a) = 0 since a is the average. The other sums being
nonnegative follows from the fact that a must be at least as large as the smaller averages
in the chain, i.e. a ≥ 1

c

∑c
k=1X(k) where 1 ≤ c ≤ t. In detail, we know that

X(c+1) + . . .+X(t) = ta− [X(1) + . . .+X(c)], 1 ≤ c ≤ t− 1

≥ ta− ca = (t− c)a.
So (X(c+1) − a) + . . .+ (X(t) − a) ≥ 0.



APPENDIX A. APPENDIX OF CHAPTER 2 106

Therefore, each sum
t∑

k=c

(
X(k) − a

)
≥ 0, c = 1, . . . , t. (A.1.1)

It is clear that the expression

(i1 − 1)
t∑

k=1

(X(k) − a) + (i2 − i1 − 1)
t∑

k=2

(
X(k) − a

)
+ . . .+ (it − it−1 − 1)(X(t) − a)

is exactly zero only when each X(c) = a.

• The second term. We claim that each term in the expression[
(i1 − 1)

(
a− 1

i1 − 1

i1−1∑
k=1

Z(k)

)
+ (it − t)

(
a− 1

it − t
it−t∑
k=1

Z(k)

)]

must be nonnegative, and equality holds only if there is a tie. To see this, we notice
that

∑ic−c
k=1 Z(k) can be separated as three sums:

∑tX
k=t+1X(k),

∑tY
k=1 Y(k) and

∑tW
k=1W(k),

where tX ≤ m, tY ≤ m′, tW ≤ n′ and c = tX − t+ tY + tW . In terms of the procedure
of Algorithm 1, it follows that

tY∑
k=1

Y(k) ≤ tY · a and
tW∑
k=1

W(k) ≤ tW · a.

For the same reason,
∑tX

k=t+1 X(k) ≤ (tX − t)a, otherwise we have 1
tX

∑tX
k=1X(k) > a

and it violates the condition that a is the average of the chain branch with the largest
average score . So we have

1

ic − c
ic−c∑
k=1

Z(k) =
1

ic − c
[

tX∑
k=t+1

X(k) +

tY∑
k=1

Y(k) +

tW∑
k=1

W(k)] ≤ a.

A.2 Proof of Theorem 5
Proof To establish the bridge between HierRank (Algorithm 2) and Algorithm 4, we start
from a simple case, i.e., a tree consisting of multiple chains with the same root (the root is in
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P2). Specifically, denote by R the root and these children chain by Cs := {X(s)
1 , . . . , X

(s)
ks
},

s = 1, . . . , ν, where ν is the number of chains, and ks is the length of the sth chain. Without
loss of generality, suppose T1 := C1(h1) = {X(1)

1 , . . . , X
(1)
h1
} is the first supernode that has

been condensed to R, if R has not been taken off, or the first to be taken off after R. We
claim that

Lemma 26 When merging C1, . . . , Cν, Algorithm 1 puts T1 in the first place.

To show Lemma 26, we only need to show 1
h1

∑
k∈C1(h1) Sk ≥ 1

h

∑
k∈Cs(h) Sk, ∀ h ∈ {1, . . . , ks},

s ∈ {1, . . . , ν}. The detailed proof is deferred to Appendix A.2.1. Inductively, it implies that
the ordering given by Algorithm 4 on such simple case is the same as HierRank. Furthermore,
any complicated structure boils down to the above simple case, since we can inductively
merge the sub-chains starting from a root in P2 using Algorithm 1. This completes the proof
showing that the results of HierRank and Algorithm 4 are the same.

A.2.1 Proof of Lemma 26

Proof We show the proof in three steps:

(i) Along the chain C1, all the sub-chains starting from X
(1)
1 with larger length than T1

have at most as large average score as T1, that is, ¯̀
1,h ≤ ¯̀

1,h1 , ∀h1 < h ≤ k1. In terms
of the procedure of Algorithm 4, all the mean score values in the supernodes following
T1 is no larger than `1,h1 .

(ii) Along the chain C1, all the sub-chains starting from X
(1)
1 with smaller length than T1

have at most as large average score as T1, that is, ¯̀
1,h ≤ ¯̀

1,h1 , ∀1 ≤ h < h1. Otherwise,
suppose h′1 < h1 s.t. X(1)

1 , . . . , X
(1)

h′1
is the sub-chain with the largest average score and

¯̀
1,h′1

> ¯̀
1,h1 . By Eq. (A.1.1), we know that

∑h′1
i=c(X

(1)
i − `1,h′1

) ≥ 0, c = 1, . . . , h′1. So
to make any supernode right behind the one ending with X(1)

h′1
merged with its former

supernode, the average score value of this supernode must be at least `1,h′1
. Thus, we

can inductively conclude that ¯̀
1,h1 ≥ ¯̀

1,h′1
, which is a contradiction.

(iii) ¯̀
s,h ≤ ¯̀

1,h1 , ∀h ∈ {1, . . . , ks}, s ∈ {1, . . . , ν}. Otherwise, without loss of generality,
suppose X(2)

1 , . . . , X
(2)
h2

is the sub-chain with the largest average score and ¯̀
2,h2 >

¯̀
1,h1 .

By Eq. (A.1.1), any super node ending with X(2)
h2

has an average score of at least ¯̀
2,h2 .

Then it contradicts with the assumption that T1 is the first supernode that will be
merged with R, if R has not been taken off, or by the time T1 is taken off.
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Appendix B

Appendix for Chapter 3

B.1 Proof of Proposition 9
Proof Suppose

f(x) = 1.8 · I(x ∈ [0, 1/2]) + 0.2 · I(x ∈ (1/2, 1]).

Note that

P(s ≤ k/m)− P(ŝ ≤ k/m)

=

∫ k/m

0

f(u)du−
∑
r≤k

∫ 1

0

(
m

r

)
ur(1− u)m−rf(u)du

=

∫ 1

0

(
I[u ≤ k/m]−

∑
r≤k

(
m

r

)
ur(1− u)m−r

)
f(u)du (B.1.1)

Decompose f(x) = f1(x)+f2(x), where f1(x) = 1.6 ·I(x ∈ [0, 1/2]), f2(x) ≡ 0.2. The previous
example shows that the difference for the f2 part in Equation (B.1.1) is at most 0.2

m+1
. So we

only need to take care of the f1 part in Equation (B.1.1), i.e.,

1.6×
∫ 1/2

0

(
I[u ≤ k/m]−

∑
r≤k

(
m

r

)
ur(1− u)m−r

)
du = 1.6×

∫ 1/2

0

Bk(m,u)du,

provided k/m ≤ 1/2. Here Bk(m,x) =
∑m

r=k

(
m
k

)
xr(1− x)m−r. Define

Ak(m,x) = [

(
m

k

)
xk(1− x)m−k+1] · [(k + 1)/(k + 1− (m+ 1)x)].
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Bahadur (1960)[Theorem 1] indicates that 1 ≤ Ak(m,x)/Bk(m,x) ≤ 1 + z−2, where z =

(k −mx)/(mx(1 − x))
1
2 . Let x = 1/2 − ε. By Stirling’s formula and Taylor expansion on

log(1 + ε), we can obtain

Am/2(m, 1/2− ε) ∼ 1√
2πm

e−2mε2 ,

and we can rewrite
z =

√
mε√

1/4− ε2
.

So we have

Bm/2(m, 1/2− ε) ≥ Am/2(m, 1/2− ε)
1 + z−2

∼ 2
√
mεe−2mε2

4(m− 1)ε2 + 1
≥ 2
√
mεe−2mε2

4mε2 + 1
.

Then it follows that∫ 1/2

0

Bm/2(m, 1/2− ε)dε ≥
∫ 1/

√
m

0

2
√
mεe−2mε2

4mε2 + 1
dε =

1√
m

∫ 1

0

2e−2u2

4u2 + 1
du ≈ 0.81√

m
.

Together, we have P(s ≤ 1/2)− P(ŝ ≤ 1/2) ≥ C√
m

+ ε ·m−1, where ε is a residual term with
|ε| ≤ K, C and K are positive constants.

B.2 Proof of Proposition 12
Proof The proof of this theorem follows from that of Theorem 13, so we defer most details
to the proof of the latter.

From Equation (B.3.5), we know that

P(ŝ1 ∈ B(x))− P(s1 ∈ B(x))

=
D∑
d=1

[P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h))− P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h))]

+
D∑
d=1

[P(ŝ1 ∈ B(x), s1 ∈ B(x− d · h))− P(s1 ∈ B(x), ŝ1 ∈ B(x− d · h))]

+P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1)

+P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1),
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where B(x) is still defined as the bin that contains x among [0, h], (h, 2h], . . . , (1− h, 1]. Note
that

P(ŝ1 ≤ x)− P(s1 ≤ x)

= P(ŝ1 ≤ x, s1 > x)− P(ŝ1 > x, s1 ≤ x)

= P(ŝ1 ∈ B(x), s1 ∈ B(x), ŝ1 ≤ x, s1 > x)− P(ŝ1 ∈ B(x), s1 ∈ B(x), ŝ1 > x, s1 ≤ x)

+
∑

d=1,2,...
d′=1,2,...

[P(ŝ1 ∈ B(x− dh), s1 ∈ B(x+ d′h))− P(ŝ1 ∈ B(x+ dh), s1 ∈ B(x− d′h))].

= P(ŝ1 ∈ B(x), s1 ∈ B(x), ŝ1 ≤ x, s1 > x)− P(ŝ1 ∈ B(x), s1 ∈ B(x), ŝ1 > x, s1 ≤ x)

+(
∑

|d−d′|≤D

+
∑

|d−d′|>D

)[P(ŝ1 ∈ B(x− dh), s1 ∈ B(x+ d′h))

− P(ŝ1 ∈ B(x+ dh), s1 ∈ B(x− d′h))].

Following the proof of bounding P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1)
in Theorem 13, we can bound

|
∑

|d−d′|>D

[P(ŝ1 ∈ B(x− dh), s1 ∈ B(x+ d′h))− P(ŝ1 ∈ B(x+ dh), s1 ∈ B(x− d′h))|

≤ 2fmax · exp(−2mD2h2) =
2fmax

m
,

where D = d
√

logm
2mh2
e.

Following the proof of bounding |∑D
d=1[P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h))− P(s1 ∈ B(x), ŝ1 ∈

B(x+ d · h))]| in Theorem 13, we can bound

|P(ŝ1 ∈ B(x), s1 ∈ B(x), ŝ1 ≤ x, s1 > x)− P(ŝ1 ∈ B(x), s1 ∈ B(x), ŝ1 > x, s1 ≤ x)|

≤ K1 · (
fmax · h√

m
+
fmax

m
+
h · f ′max√

m
) + |E|,

where |E| ≤ K2 · (h·fmax√
m

+ h2fmax + fmax

m
) for some constant K2 that only depends on a.

To bound

|
∑

|d−d′|≤D

[P(ŝ1 ∈ B(x− dh), s1 ∈ B(x+ d′h))− P(ŝ1 ∈ B(x+ dh), s1 ∈ B(x− d′h))|,

we still follow the proof of bounding |∑D
d=1[P(ŝ1 ∈ B(x), s1 ∈ B(x+d ·h))−P(s1 ∈ B(x), ŝ1 ∈

B(x+ d · h))]| in Theorem 13. The problem is that there are D2 terms instead D terms. By
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carefully arranging the D2 terms, and using the fact that
∑∞

d=1 exp(−C0d
2) < ∞ for any

positive C0, it can be easily seen that we still get the same bound as above. In total, we have

|P(ŝ1 ≤ x)− P(s1 ≤ x)| ≤ K3 · (fmax + f ′max) · ( h√
m

+ h2 +
1

m
),

where K3 is some constant that only hinges on a. To minimize the upper bound, take h = 1√
m
.

Thus, it follows that

sup
x∈[a,1−a]

|F (m)(x)− F (x)| ≤ C

m
,

where C is some constant that only depends on f and a.

B.3 Proof of Theorem 13
Theorem 13 relies on the the local limit theorem of binomial distribution, as follows.

Lemma 27 Suppose X ∼ Binom(m, s), with 0 < s < 1. For any a < b such that ∆ :=
max{| a

m
− s|, | b

m
− s|} → 0 as m→∞, then

P(a ≤ X ≤ b) =

∫ b−ms√
ms(1−s)

a−ms√
ms(1−s)

1√
2π

exp(−t2/2)dt

 (1 + ε1) + ε2,

where ε1 is the error from the Gaussian approximation to Binomial point mass function, and
ε2 is the error from the summation series approximating the integral. Specifically, we have

|ε1| ≤ K ·∆,

|ε2| ≤ C · [exp(−mδ2)√
m

+
b− a√
m
·∆ · exp(−mδ2)],

where δ := minx∈[ a
m
, b
m

] |s−x|, K and C are two positive constants that depend on s via 1
s(1−s) .

The detailed proof of Lemma 27 can be easily obtained by adapting that of Dunbar (2011).
Now we prove Theorem 13:
Proof Denote by Rx = E(f(x) − f̂n,m(x))2 the risk at a point x. We decompose the risk
into the variance and the bias square as follows.

Rx = var(f̂n,m(x)) + (Ef̂n,m(x)− f(x))2. (B.3.1)
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For the variance part, denote by pl = P(m · ŝ1 ∈ Bl). We have∫ 1−a

a

var(f̂n,m(x))dx =
∑

aL≤l≤(1−a)L

∫
Bl

pl(1− pl)
nh2

≤ K1 ·
1

nh
, (B.3.2)

where K1 is a positive constant that relies on a > 0. For the bias part, since

(Ef̂n,m(x)− f(x))2 ≤ 2(Ef̂n,m(x)− Ef̂n(x))2 + 2(Ef̂n(x)− f(x))2, (B.3.3)

and it is well known that ∫ 1

0

(Ef̂n(x)− f(x))2dx ≤ K2 · h2, (B.3.4)

whereK2 is positive constant that only relies on f . We only need to consider Ef̂n,m(x)−Ef̂n(x).
By definition,

Ef̂n,m(x)− Ef̂n(x)

=
1

h
[P(ŝ1 ∈ B(x))− P(s1 ∈ B(x))]

=
1

h
[P(ŝ1 ∈ B(x), s1 6∈ B(x))− P(s1 ∈ B(x), ŝ1 6∈ B(x))]

=
1

h
{
D∑
d=1

[P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h))− P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h))]

+
D∑
d=1

[P(ŝ1 ∈ B(x), s1 ∈ B(x− d · h))− P(s1 ∈ B(x), ŝ1 ∈ B(x− d · h))]

+P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1)

+P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1)}. (B.3.5)

By McDiarmid’s inequality, it follows that

P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1)

=

∫
s1∈B(x)

[EI(ŝ1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1|s1)]f(s1)ds1

≤
∫
s1∈B(x)

P(|ŝ1 − s1| ≥ D · h|s1)f(s1)ds1

≤
∫
s1∈B(x)

exp(−2mD2h2)f(s1)ds1

≤ fmax · h · exp(−2mD2h2),



APPENDIX B. APPENDIX FOR CHAPTER 3 113

where fmax is the maximal value of f in [0, 1]. Take D = d
√

logm
4mh2
e, i.e., the least integer that

is not smaller than
√

logm
4mh2

. Then we have

P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h) : d ≥ D + 1 or d ≤ −D − 1) ≤ K3 ·
fmax · h√

m
, (B.3.6)

where K3 is a universal positive constant. Similarly, we can show that P(ŝ1 ∈ B(x), s1 ∈
B(x+ d · h) : d ≥ D+ 1 or d ≤ −D− 1) ≤ K4 · fmax

m
for some positive constant K4. Next, we

investigate P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h))− P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h)). Denote by l(x)
and r(x) the left boundary and the right boundary of the interval B(x). By Lemma 27, it
follows that

P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h))

=

∫
s1∈B(x)

 ∑
k: k

m
∈B(x+d·h)

(
m

k

)
(s1)k(1− s1)m−k

 f(s1)ds1

=

∫
s∈B(x)


[∫

t∈B(x+d·h)

√
m√

2πs(1− s)
exp(−m(t− s)2

2s(1− s) )dt

]
· (1 + ε5 · (d+ 1)h)︸ ︷︷ ︸

(I)

+ ε6 ·
exp(−m[r(x) + (d− 1)h− s]2)√

m︸ ︷︷ ︸
(II)

+ ε7 ·
√
mh · [r(x) + dh− s] · exp(−m[r(x) + (d− 1)h− s]2︸ ︷︷ ︸

(III)

 f(s)ds,

where |ε5| ≤ K5, |ε6| ≤ K6, |ε7| ≤ K7 and K5, K6, K7 are positive constants that only depend
on a. We consider the summation of the D error terms in P(s1 ∈ B(x), ŝ1 ∈ B(x + d · h)),
d = 1, . . . , D:
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(I)

D∑
d=1

∫
s∈B(x)

[∫
t∈B(x+d·h)

√
m√

2πs(1− s)
e−m(t− s)2

2s(1− s) dt
]
K5(d+ 1)hf(s)ds

≤ K8h
2fmax +

D∑
d=3

K9

∫
s∈B(x)

[∫
t∈B(x+d·h)

√
m(d+ 1)h · e−

m(t−s)2

2s(1−s) dt

]
f(s)ds

≤ K8h
2fmax +

D∑
d=3

K9

∫
s∈B(x)

[∫
t∈B(x+d·h)

√
m(d+ 1)h · e−m(t−s)2dt

]
f(s)ds

≤ K8h
2fmax +

D∑
d=3

K9

∫
s∈B(x)

[∫
t∈B(x+d·h)

2
√
m(d− 1)h · e−m(t−s)2dt

]
f(s)ds

≤ K8h
2fmax +

D∑
d=3

K9

∫
s∈B(x)

[∫
t∈B(x+d·h)

2
√
m(t− s) · e−m(t−s)2dt

]
f(s)ds

= K8h
2fmax

+
D∑
d=3

2K9√
m

∫
s∈B(x)

[
e−m(r(x)−s+(d−1)h)2 − e−m(r(x)−s+dh)2

]
f(s)ds

= K8h
2fmax + K̃9

hfmax√
m

,

where K8, K9, K̃9 are positive constants that only depend on a.

(II)

D∑
d=1

∫
s∈B(x)

K6 ·
exp(−m[r(x) + (d− 1)h− s]2)√

m
· f(s)ds

≤ K6 ·
fmax√
m
·
∫ (D−1)h

0

exp(−mt2)dt

≤ K̃6 ·
fmax

m
,

where K̃6 is a positive constant that only depends on a.
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(III)

D∑
d=1

∫
s∈B(x)

K7 ·
√
mh · [r(x) + dh− s] · e−m[r(x)+(d−1)h−s]2 · f(s)ds

=
D∑
d=1

∫
s∈B(x)

K7 ·
√
mh · [r(x) + (d− 1)h− s+ h] · e−m[r(x)+(d−1)h−s]2 · f(s)ds

≤ K̃7 ·
{
h2 · fmax +

h · fmax√
m
·
D∑
d=1

[e−m(d−1)2h2 − e−md2h2 ]
}

= K̃7 ·
{
h2 · fmax +

h · fmax√
m
· [1− e−mD2h2 ]

}
≤ K̃7 · (h2 · fmax +

h · fmax√
m

),

where K̃7 > 0 only depends on a.

We call the summation of the D error terms by E , which satisfies |E| ≤ K10 · (h·fmax√
m

+h2fmax +
fmax

m
), where K10 > 0 only depends on a. Similarly, for the summation of the D error terms
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Ẽ in P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h)), d = 1, . . . , D, we have the same rate. Now we consider

|
D∑
d=1

P(ŝ1 ∈ B(x), s1 ∈ B(x+ d · h))− P(s1 ∈ B(x), ŝ1 ∈ B(x+ d · h))|

(i)
=

D∑
d=1

∫
s∈B(x)

∫
t∈B(x+d·h)

∣∣∣∣∣
√
m√

2πs(1− s)
e−

m(t−s)2

2s(1−s) f(s)

−
√
m√

2πt(1− t)
e−

m(s−t)2

2t(1−t) f(t)

∣∣∣∣∣ dtds+ |E|+ |Ẽ |

(ii)

≤
D∑
d=1

∫
s∈B(x)

∫
t∈B(x+d·h)

∣∣∣∣∣ |2s̃− 1|
(1− s̃) 5

2 s̃
5
2

· m
3
2 (t− s)3

2
√

2π
e−

m(t−s)2

2s̃(1−s̃) f(s̃)

∣∣∣∣∣ dtds
+

D∑
d=1

∫
s∈B(x)

∫
t∈B(x+d·h)

∣∣∣∣∣ |2s̃− 1|
(1− s̃) 3

2 s̃
3
2

· m
1
2 (t− s)
2
√

2π
e−

m(t−s)2

2s̃(1−s̃) f(s̃)

∣∣∣∣∣ dtds
+

D∑
d=1

∫
s∈B(x)

∫
t∈B(x+d·h)

∣∣∣∣∣ 1

(1− s̃) 1
2 s̃

1
2

· m
1
2 (t− s)√

2π
e−

m(t−s)2

2s̃(1−s̃) f ′(s̃)

∣∣∣∣∣ dtds+ |E|+ |Ẽ |

(iii)

≤
D∑
d=1

∫
s∈B(x)

∫
t∈B(x+d·h)

∣∣∣K11 · fmax ·m
3
2 (t− s)3e−m(t−s)2

∣∣∣ dtds
+

D∑
d=1

∫
s∈B(x)

∫
t∈B(x+d·h)

∣∣∣K12 · (fmax + f ′max) ·m 1
2 (t− s)e−m(t−s)2

∣∣∣ dtds+ |E|+ |Ẽ |

(iv)
= K13 · (

fmax · h√
m

+
fmax

m
+
h · f ′max√

m
) + |E|+ |Ẽ |, (B.3.7)

where K11, K12, K13 are positive constants that only depend on a. Equation (i) uses the
Fubini’s theorem; Inequality (ii) applies the mean value theorem to the function g(s) =

1
s(1−s) exp(− A

2s(1−s))f(s), where A is a constant; Inequality (iii) holds since 0 < a ≤ s ≤
s̃ ≤ t ≤ 1 − a < 1, thus 1

(1−s̃)s̃ is bounded, and exp(−m(t−s)2
2s̃(1−s̃) ) attains the maximal when

s̃ = 1/2; Inequality (iv) is obtained via integral by part. Similarly,
∑D

d=1[P(ŝ1 ∈ B(x), s1 ∈
B(x − d · h)) − P(s1 ∈ B(x), ŝ1 ∈ B(x − d · h))] has the same rate as (B.3.7). Putting
(B.3.5)(B.3.6)(B.3.7) together, we have

|Ef̂n,m(x)− Ef̂n(x)| ≤ K14 · (fmax + f ′max) · ( 1√
m

+ h+
1

mh
), (B.3.8)
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where K14 is some constant that only depends on a. Combining Inequalities (B.3.1)(B.3.2)
(B.3.3)(B.3.4) and Inequality (B.3.8), it follows that

R(a, 1− a) ≤ C1 · (h2 +
1

m
+

1

m2h2
+

1

nh
),

The minimal risk is no larger than C4 ·n−
2
3 , which is attained when h = C3 ·n−

1
3 , m ≥ C2 ·n

2
3 .

Here C1, C2, C3, C4 are positive constants that only depend on a and f .

B.4 Proof of Theorem 14
Proof Note for the point mass function (3.3.1), we have an additional information that only
hold for the discrete case but not for the density case,

max
x∈Ik+d

|x− xk| = (d+
1

2
) · 1

K
.

We follow the proof of Theorem 13 and can show that

R(a, 1− a) ≤ C1 · (
1

n
+

1

m
+
K2

m2
).

When m ≥ C2 ·
√
nmax{K,√n}, we have R(a, 1 − a) ≤ C3 · 1

n
. Here where C1, C2, C3 > 0

do not depend on n, m and K.

B.5 Proof of Theorem 19
We first define a few concepts. Let J denote the interval [a, b), where a = 0 and b = 1 in

our setup. We set

l(J) = b− a, f(J) =

∫
J

f(t)dt,∆f(J) = f(b)− f(a),

bf(J) =

∫
J

|f(J)/l(J)− f(t)|dt.

Any finite increasing sequences {xi}0≤xi≤q with x0 = a, xq = b generates a partition P of J
into intervals Ji = [xi−1, xi), 1 ≤ i ≤ q. When no confusion arises, we put fi for f(Ji), ∆fi
for ∆f(Ji) and so on. Set a functional L(P , f, z) defined for positive z by

L(P , f, z) =

q∑
i=1

[bf(Ji) + z(f(Ji))
1/2] =

q∑
i=1

[bfi + zf
1/2
i ].
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Before proving Theorem 19, we state the needed lemma, which is adapted from Lemma 1
in Birge (1989). The proof also follows that of Lemma 1 in Birge (1989).

Lemma 28 Let P = {Ji}1≤i≤q be some partition of J , F an absolutely continuous distribution
function, Fn,m the corresponding empirical c.d.f based on ŝi and F̃n,m = F̃ J

n,m, F̃ i
n,m = F̃ Ji

n,m

the related Grenander estimators defined on the associative intervals. Define

F̄n,m(x) =

q∑
i=1

F̃ i
n,m(x)Ix∈Ji ,

with f and f̄n,m to be the respective derivatives of F and F̄n,m. Then

E
[∫

J

|f̃n,m(x)− f(x)|dx
]
≤ E

[∫
J

|f̄n,m(x)− f(x)|dx
]
.

In the proof, there are many similar notations that might be confusing. I list all of them
below for clarity and the convenience of reference.

• Let F (m)(x) := P(ŝi ≤ x), i.e. the c.d.f of ŝi. Let f (m) be the derivative of Fn,m.

• For any interval J , F J
n,m(x) = 1

n

∑n
i=1 I(ŝi ≤ x; ŝi ∈ J), F J

n (x) = 1
n

∑n
i=1 I(si ≤ x; si ∈

J). Fn,m and Fn correspond to F J
n,m(x) and F J

n (x) with J = [0, 1] in our setup.

• F̃ J
n,m and F̃ J

n are the respective least concave majorants of F J
n,m and F J

n condition on
the interval J . Let f̃Jn,m and f̃Jn be the derivatives of F̃ J

n,m and F̃ J
n . F̃n,m, F̃n and f̃n,m,

f̃n correspond to F̃ J
n,m(x), F̃ J

n (x) and f̃Jn,m, f̃Jn .

• For any partition P = {Ji}1≤i≤q, let f̄n,m be the derivative of F̄n,m(x) =
∑q

i=1 I(x ∈
Ji)F̃

Ji
n,m(x).

• l(J) = b− a, f(J) =
∫
J
f(t)dt, ∆f(J) = f(b)− f(a), bf(J) =

∫
J
|f(J)/l(J)− f(t)|dt.

• For any partition P = {Ji}1≤i≤q, LJ(P , f, z) =
∑q

i=1[bf(Ji) + z(f(Ji))
1/2] =

∑q
i=1[bfi +

zf
1/2
i ]. LJ(f, z) = infP L

J(P , f, z).

• M :=
∫ b

0
fp(t)dt for some p > 2; H := limx→b− f(x).

• For an interval I := [aI , bI),

– Let N and Nm be the number of si’s and ŝi’s that fall in I, respectively.

– Define G and G(m) to be the respective conditional c.d.f’s of the si’s and ŝi’s that
fall in I, g and g(m) their derivatives.
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– Define GN(x) =
∑n

i=1 I[si ≤ x; si ∈ I], GNm(x) :=
∑n

i=1 I[ŝi ≤ x; ŝi ∈ I].
– Define G̃Nm,m and G̃N be the respective least concave majorants of GNm and GN

conditional on I. Let g̃Nm,m and g̃N be derivatives of G̃Nm,m and G̃N respectively.

Proof
We want to show that

Ef
[∫

J

|f(x)− f̃n,m(x)|dx
]
≤ 3LJ(f, K̃ · n− 1

2 + C̃ ·m− 1
2 ),

where K̃, C̃ are universal constants. Then, the L1 convergence of f̃n,m only hinges on the
characteristics of f . For example, when f is a decreasing function on J = [0, 1] such that
M :=

∫ b
0
fp(t)dt < +∞ for some p > 2 and H = limx→b− f(x) > 0, then Proposition 4 of

Birge (1989) shows that

z−2/3LJ(f, z) ≤ 3/2(H/(H − h))p−1(bMH2−p/(p− 2))1/3, (B.5.1)

where h3 = z2b−2MH2−p/(p− 2) and Mz2 < (p− 2)b2Hp+1. It implies that f̃n,m has an L1

convergence rate at LJ(f, K̃ · n− 1
2 + C̃ ·m− 1

2 ) ≤ (C1 · n−
1
2 + C2 ·m−

1
2 )2/3, where C1, C2 are

some positive constants.
By Lemma 28 it is sufficient to prove that for any partition P = {Ji}1≤i≤q of J , we have

Ef
[∫

J

|f(x)− f̄n,m(x)|dx
]
≤ 3

q∑
i=1

[bfi +
√
fi · (K̃ · n−

1
2 + C̃ ·m− 1

2 )],

where f̄n,m is the derivative of F̄n,m(x) =
∑q

i=1 F̃
Ji
n,m(x)I(x ∈ Ji). This is certainly true if for

any arbitrary sub-interval I = [aI , bI) of J , the below inequality holds

Ef
[∫

I

|f(x)− f̃ In,m|dx
]
≤ 3

[
bf(I) +

√
f(I) · (K̃ · n− 1

2 + C̃ ·m− 1
2 )
]
.

In order to prove this inequality, we assume there are N si’s and Nm ŝi’s falling in the interval
I respectively. Here, N has a binomial distribution Binomial(n, f(I)) and Nm has a binomial
distribution Binomial(n, f (m)(I)), where f (m) is the derivative of the c.d.f F (m) = P[ŝi ≤ x].
Then with f̃n,m = f̃ In,m,∫

I

|f(x)− f̃n,m(x)|dx ≤ bf(I) + |f(I)−N/n|+ |N/n−Nm/n|+ bf̃n,m(I). (B.5.2)

The only difficulty comes from the last term. Define G and G(m) to be the respective
conditional c.d.f’s of the si’s and ŝi’s that fall in I, g and g(m) their derivatives. Then

Ef (m) [bf̃n,m(I)|Nm] = Nm/nEg(m) [bg̃Nm,m(I)|Nm]
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because the joint distribution of the Nm ŝi’s falling in I given Nm is the same as the
distribution of Nm i.i.d variables from G(m). If U(x) is the uniform c.d.f on I, then

1/2bg̃Nm,m(I)
(a)
= sup

x∈I
[G̃Nm,m(x)− U(x)]

(b)
= sup

x∈I
[GNm(x)− U(x)]

≤ sup
x∈I

[GNm(x)−G(x)] + sup
x∈I

[G(x)− U(x)]

≤ sup
x∈I

[GNm(x)−G(x)] + 1/2bg(I).

Here Equation (a) holds because this is an equivalent expression of the total variation for
G̃Nm,m(x) with a non-increasing derivative and U(x) with a flat density. Equation (b) holds
because

• G̃Nm,m(x) ≥ GNm(x) for any x and the equality occurs when the derivative of G̃Nm,m

changes.

• G̃Nm,m(x)− U(x) attains the maximum at a point which corresponds to a change of
the derivative of G̃Nm,m.

Since bf(I) = f(I)bg(I), we get

Ef (m) [bf̃n,m(I)|Nm] ≤ Nm/n

[
2Eg(m) [sup

x∈I
(GNm(x) −G(x))|Nm] + bf(I)/f(I)

]
,

and using Corollary 11,

Ef (m) [bf̃n,m(I)|Nm] ≤ Nm/n

[
K · ( 1√

Nm

+
1√
m

) + bf(I)/f(I)

]
,

where K > 1. Plug in this result into the inequality (B.5.2), and with the Cauchy-Schwarz
inequality, we have

Ef
∫
I

|f(x)− f̃n,m(x)|dx

≤ bf(I) + E|f(I)−N/n|
+K

√
f (m)(I)/n+K · f (m)/

√
m+ bf(I) · f (m)(I)/f(I) + E|N/n−Nm/n|.

By the Cauchy-Schwarz inequality, it follows that

E|f(I)−N/n| ≤
√
f(I)(1− f(I))

n
.
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Note that

f (m)(I) = ENm/n

= EN/n+ E[Nm −N ]/n

≤ f(I) + E|Nm −N |/n
= f(I) + E[E[|Nm −N |/n|N ]]
(c)

≤ f(I) + E[(
C√
m

) ·N/n]

= f(I)(1 + C ·m− 1
2 )

where the Inequality (c) holds because of Proposition8 with C > 0 (note that Nm/n =
Fn,m(bI)− Fn,m(aI), and N/n = Fn(bI)− Fn(aI)). Thus, for m ≥ C, it follows that

Ef
∫
I

|f(x)− f̃n,m(x)|dx ≤ 3[bf(I) +
√
f(I) · ( K̃√

n
+

C̃√
m

)],

where K̃ and C̃ are positive constants. Finally, as Proposition 4 in Birge (1989), we construct
the partition P = {Ji}j≤i≤q of J where j is the integer such that jh ≤ H < (j + 1)h,
Jq = {x|f(x) ≥ q}, Jj = {x|f(x) < (j + 1)h}, and Ji = {x|ih ≤ f(x) < (i + 1)h} for
q > i > j. Since fmax < ∞, there is only finite number of intervals. It can be shown that
when q is the smallest integer that is larger than fmax, this partition can give the inequality
(B.5.1).

B.6 Proof of Theorem 20

B.6.1 Local Inference of Fn,m when F is absolutely continuous

Theorem 10 shows that the empirical CDF Fn,m is a consistent estimator of the population
CDF. We also want to understand the uncertainty of the empirical CDF. The Komlós-Major-
Tusnády (KMT) approximation shows that

√
n(Fn(x) − F (x)) can be approximated by a

sequence of Brownian bridges {Bn(x), 0 ≤ x ≤ 1} (Komlós, Major, and Tusnády, 1975). This
result can be extended to the empirical CDF based on ŝi’s; see Theorem 29. The proof is
similar to Theorem 10 by splitting Fn,m(x)−F (x) into Fn,m(x)−F (m)(x) and F (m)(x)−F (x).
The former can be bounded by the original KMT approximation and the latter one can be
bounded using Proposition 8.
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Theorem 29 (Local inference of Fn,m) Suppose F corresponds to a density f on [0, 1]
with fmax <∞. There exists a sequence of Brownian bridges {Bn(x), 0 ≤ x ≤ 1} such that

P

{
sup

0≤x≤1
|√n(Fn,m(x)− F (x))−Bn(F (x))| > 2

√
2πfmax ·

√
n√

m
+
a log n√

n
+ t

}
≤ be−c

√
nt,

for all positive integers n and all t > 0, where a, b and c are positive constants.

B.6.2 Proof of the local asymptotics

This proof is adapted from Wang (1992). Define

Un,m(a) = sup{x : Fn,m(x)− ax is maximal }.

Then with probability one, we have the switching relation

f̃n,m(t) ≤ a⇔ Un,m(a) ≤ t. (B.6.1)

By the relation (B.6.1), we have

P(
√
n(f̃n,m(t0)− f(t0)) ≤ x) = P(Un,m(f(t0) + n−

1
2x) ≤ t0).

From the definition of Un,m, it follows that

Un,m(f(t0) + n−
1
2x) = sup{s : Fn,m(s)− (f(t0) + n−

1
2x)s is maximal }

= sup{s :
√
n(Fn,m(s)− F (s)) +

√
n(F (s)− f(t0))− xs is maximal }

By Theorem 29,

√
n(Fn,m − F (s)) = Bn(F (s)) +O(

√
n√
m

) +Op(
log n√
n

),

where {Bn, n ∈ N} is a sequence of Brownian Bridges, constructed on the same space as the
Fn. So the limit distribution of Un,m(f(t0) + n−

1
2x) is the same as that of the location of the

maximum of the process {Bn(F (s)) +
√
n(F (s) − f(t0)(s) − xs, s ≥ 0}. Note that F (s) is

concave and linear in [a, b], then

F (s) = F (a) + f(t0)(s− a) for s ∈ [a, b],

and
F (s)− f(t0)(s− a) < F (a) for s 6∈ [a, b].
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Hence the location of the maximum of {(Bn(F (s)) +
√
n(F (s)− f(t0)s)− xs, s ≥ 0} behaves

asymptotically as that of

{B(F (s))− xs, a ≤ s ≤ b} = {B(F (a) + f(t0)(s− a))− xs, a ≤ s ≤ b},
where B is a standard Brownian bridge in [0, 1]. Thus,

P(
√
n(f̃n,m(t0)− f(t0)) ≤ x)→

P( the location of the maximum of {B(F (s))− xs, a ≤ s ≤ b ≤ t0})
= P(Ŝa,b(t0) ≤ x),

by the definition of Ŝ. That completes the proof of Part (A). The proof of Part (B) follows
in a similar manner.

B.7 Proof of Theorem 21
Proof Let α̂l(cl), α̂r(cr), α̂mid(cl, cr), g̃l(cl), g̃r(cr) be the output of Algorithm 5 with the
input cl, cr and dl, dr. The corresponding estimator of f is termed as f̃n,m. For simplicity,
we consider c(0)

r = 1, i.e., the case where there is only the decreasing part and the flat part.
For a general case where c(0)

r < 1, we just need to focus on [0, µ].

By Theorem 19, we know that Ef
∫ c(0)l

0
|f̃n,m(x) − f(x)|dx ≤ K1 · Nl(c

(0)
l )−

1
3 when m ≥

C1 ·Nl(c
(0)
l ) for some positive constants K1 and C1 that only depend on f . For cl > c

(0)
l , it is

easy to see that limx→(cl)− f̃m,n(x)− limx→(cl)+ f̃m,n(x) = ε ·Nl(c
(0)
l )−1/2, where ε is a residual

term with |ε| ≤ K2 for some positive constant K2, because the estimator of the flat region
converges at a square-root rate (Wang, 1992). In other words, it is unlikely to find a desired
gap beyond c(0)

l .

If lim
x→(c

(0)
l )−

f̃n,m(x) ≥ α̂mid(c
(0)
l ,1)

1−c(0)l

+ dl, we select the desired cl = c
(0)
l . Otherwise, define

t be the maximal cl such that

 cl < c
(0)
l

f̃n,m(cl) ≥ α̂mid(c
(0)
l ,1)

1−c(0)l

+ dl.

Then ∀t < cl ≤ c
(0)
l , it follows that

f(cl)− f̃n,m(cl) = f(cl)− lim
x→(c

(0)
l )+

f(x)− (f̃n,m(cl)−
α̂mid(c

(0)
l , 1)

1− c(0)
l

)

+ lim
x→(c

(0)
l )+

f(x)− (
α̂mid(c

(0)
l , 1)

1− c(0)
l

)

≥ δl − dl −K2 · (Nmid(c
(0)
l , 1)−

1
2 ),
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When dl < δl, it implies that

Ef
∫ c

(0)
l

t

|f(x)− f̃n,m(x)|dx ≥ (δl − dl −K2 ·Nmid(c
(0)
l , 1)−

1
2 ) · (c(0)

l − t).

Since the L1 distance between f and f̃n,m reduces at a cubic-root rate, it follows that
c

(0)
l − t ≤ C2 · Nl(c

(0)
l )−1/3 for some positive constant C2. So cl = t is the desired cutoff.

Finally, we have that∫ 1

0

|f̃n,m(x)− f(x)|dx =

∫ t

0

|f̃n,m(x)− f(x)|dx+

∫ c
(0)
l

t

| α̂mid(t, 1)

1− t − f(x)|dx

+

∫ 1

c
(0)
l

| α̂mid(t, 1)

1− t − f(x)|dx

≤
∫ t

0

|f̃n,m(x)− f(x)|dx+ (
1

1− t + fmax) · |c(0)
l − t|

+| α̂mid(t, 1)

1− t − αmid(c
(0)
l , 1)

1− c(0)
l

| · |1− c(0)
l |

≤ C4 ·Nl(c
(0)
l )−1/3,

where the last inequality holds because |c(0)
l − t| ≤ C2 · Nl(c

(0)
l )−1/3 and f is bounded can

imply | α̂mid(t,1)
1−t − αmid(c

(0)
l ,1)

1−c(0)l

| ≤ K3 ·Nl(c
(0)
l )−1/3. Here C4, K3 are two positive constants that

only depend on f .

B.8 Proof of Theorem 22
Proof By considering the interior point µ in the flat region, the left decreasing part and the
right increasing part are disentangled. Therefore, we only need to consider the left side, and
the right side can be proven in the same way. A necessary condition for cl being identified as
feasible for the change-point-gap constraint in Algorithm 5 is that

g̃l(cl) ≥
α̂mid(cl, µ)

α̂l(µ) · (µ− cl)
+

dl
α̂l(µ)

,

where α̂mid(cl, µ) = Nmid(cl, µ)/n and α̂l(µ) = Nl(µ)/n. It is easy to see that

α̂l(µ) = αl(µ) + ε1 · n−
1
2 ,



APPENDIX B. APPENDIX FOR CHAPTER 3 125

and
α̂mid(cl, µ) = αmid(cl, µ) + ε2 · n−

1
2 ,

where αl(µ) = Eα̂l(µ) and αmid(cl, µ) = Eα̂mid(cl, µ); ε1 and ε2 are residual terms with
max(|ε1|, |ε2|) ≤ K for some universal positive constant K by McDiarmid inequality. So the
necessary condition is

g̃l(cl) ≥
αmid(cl, µ)

αl(µ) · (µ− cl)
+

dl
αl(µ)

+ ε3 · n−
1
2 , (B.8.1)

with |ε3| ≤ C for some constant C that only depends on αl(µ), µ − cl and dl. If cl > c
(0)
l

and the constraint is violated at cl, then for any c′l > cl the constraint is violated at c′l with
high probability since g̃l(cl) ≥ g̃l(c

′
l) and αmid(cl,µ)

αl(µ)·(µ−cl)
=

αmid(c′l,µ)

αl(µ)·(µ−c′l)
(cl and c′l are both in the flat

region). Therefore, to see if ĉl > c
(0)
l , we only need to investigate the smallest cl with cl > c

(0)
l

that is in the searching space of Algorithm 5. By Theorem 20, when m/ ·Nl(c
(0)
l )→∞, it

follows that √
Nl(µ)(g̃l(cl)−

αmid(cl, µ)

αl(µ) · (µ− cl)
)

d→ Ŝ
[c

(0)
l ,µ]

(cl).

By the necessary condition (B.8.1), then asymptotically we have

P[cl > c
(0)
l ] ≤ P

(√
Nl(µ)(g̃l(cl)−

αmid(cl, µ)

αl(µ) · (µ− cl)
) ≥

√
Nl(µ) · dl

αl(µ)
+ ε3 ·

√
Nl(µ)

n

)

≈ P

(
Ŝ
c
(0)
l ,µ

(cl) ≥
√
Nl(µ) · dl

αl(µ)
+ ε3 ·

√
Nl(µ)

n

)

≤ P

(
Ŝ
c
(0)
l ,µ

(cl) ≥
√
Nl(c

(0)
l ) · dl

αl(µ)
− C ·

√
Nl(µ)

n

)
.

≤ P
(
Ŝ
c
(0)
l ,µ

(cl) ≥
√
Nl(c

(0)
l ) · dl

αl(µ)
− C

)
.

≈ P
(
Ŝ
c
(0)
l ,µ

(c
(0)
l ) ≥

√
Nl(c

(0)
l ) · dl

αl(µ)
− C

)
.

where the last approximation holds because cl is the smallest one searching candidate with
cl > c

(0)
l , so it is very close to c(0)

l .

B.9 Proof of Theorem 23
Proof Let α̂l(cl), α̂r(cr), α̂mid(cl, cr), g̃l(cl), g̃r(cr) be the output of Algorithm 5 with
the input cl, cr and dl, dr. The corresponding estimator of f is termed as f̃n,m. Let
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H(cl, cr, f̃n,m) be the log likelihood function associated with the optimization problem (3.5.3),
and N(x) = #{ŝi : ŝi = x}. It follows that

1

n
EfH(cl, cr, f̃n,m) =

1

n
Ef
∑
ŝi

log f̃n,m(ŝi)

= Ef log f̃n,m(ŝ1)

= −KL(f ||f̃n,m) + C,

where C = Ef log f(ŝ1). From the relations between total variation, Kullback-Leibler diver-
gence and the χ2 distance,

TV (P,Q) ≤
√
KL(P ||Q) ≤

√
χ2(P ||Q),

we have

1

n
EfH(cl, cr, f̃n,m) = −EfKL(f ||f̃n,m) + C ≤ −Ef (

∫ 1

0

|f(x)− f̃n,m(x)|dx)2 + C

≤ −(Ef
∫ 1

0

|f(x)− f̃n,m(x)|dx)2 + C,

where the last inequality uses the Jensen’s inequality. On the other hand, it follows that

1

n
EfH(cl, cr, f̃n,m) = −EfKL(f ||f̃n,m) + C

≥ −Ef
∫ 1

0

(f(x)− f̃n,m(x))2/f(x)dx+ C

≥ −Ef
∫ 1

0

(f(x)− f̃n,m(x))2/fmindx+ C

≥ − 1

fmin
· (Ef

∫ 1

0

|f(x)− f̃n,m(x)|dx)2 + C,

Then the problem is reduced to bound Ef
∫ 1

0
|f(x)− f̃n,m(x)|dx. From Theorem 21, we know

that when m ≥ C1 ·max(Nl(c
(0)
l ), Nr(c

(0)
r )), there exist cl and cr in the neighborhoods of c(0)

l

and c(0)
r respectively, such that the resulting estimator f̃n,m satisfies Ef

∫ 1

0
|f(x)− f̃n,m(x)|dx ≤

K1 · (Nl(c
(0)
l )−1/3 +Nr(c

(0)
r )−1/3) for some positive constants C1 and K1. Along with Lemma

30, we conclude the desired result.
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Lemma 30 Let f̃n,m be the solution by Algorithm 5 with input cl and cr and the corresponding
flag = True. Assume fmax < ∞ and fmin > 0. If m ≥ C1 · max(Nl(c

(0)
l ), Nr(c

(0)
r )), then

|∆l| ≤ C2 ·Nl(c
(0)
l )−1/3, |∆r| ≤ C3 ·Nr(c

(0)
r )−1/3 is a necessary condition for

Ef
∫ 1

0

|f(x)− f̃n,m(x)|dx ≤ C4 · (Nl(c
(0)
l )−1/3 +Nr(c

(0)
r )−1/3),

where C1, C2, C3, C4 are four constants depending on dl, dr, fmax and fmin; ∆l = cl − c(0)
l ,

∆r = cr − c(0)
r .

Proof For simplicity, we consider c(0)
r = 1, i.e., the case where there is only the decreasing

part and the flat part. For a general case where c(0)
r < 1, we just need to focus on [0, µ]. If

cl < c
(0)
l , the L1 distance between f̃n,m and f is

Ef
∫ 1

0

|f̃n,m(x)− f(x)|dx

= Ef
∫ c

(0)
l

0

|f̃n,m(x)− f(x)|dx+ Ef
∫ 1

c
(0)
l

|f̃n,m(x)− f(x)|dx

(a)

≥ −K1 ·Nl(cl)
−1/3 + Ef

∫ 1

c
(0)
l

|f̃n,m(x)− f(x)|dx

(b)
= −K1 ·Nl(cl)

−1/3 + Ef |
1−

∫ cl
0
f̃n,m(x)dx

1− cl
− 1−

∫ c(0)l

0
f(x)dx

1− c(0)
l

|(1− c(0)
l )

(c)

≥ −K2 ·Nl(c
(0)
l )−1/3 + |1−

∫ cl
0
f(x)dx

1− cl
− 1−

∫ c(0)l

0
f(x)dx

1− c(0)
l

|(1− c(0)
l )

= −K2 ·Nl(c
(0)
l )−1/3 + |

−∆l + (1− cl)
∫ c(0)l

cl
f(x)dx+ ∆l

∫ c(0)l

0
f(x)dx

1− cl
|

= −K2 ·Nl(c
(0)
l )−1/3 + |−∆l − (1− cl)∆lγ + ∆l

∫ c(0)l

0
f(x)dx

1− cl
|

= −K2 ·Nl(c
(0)
l )−1/3 + κ|∆l|,

where K1 and K2 are two positive constants that only depend on f , min
x∈[cl,c

(0)
l ]
f(x) ≤

γ ≤ max
x∈[cl,c

(0)
l ]
f(x), κ = |1+(1−cl)γ−

∫ c
(0)
l

0 f(x)dx

1−cl
| < ∞ since fmax < ∞. The inequality

(a) and the equation (c) are obtained using Theorem 19. The equation (b) makes use of
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assumption that the right hand side is a flat region. Then, if there exists C4 > 0 such that
Ef
∫ 1

0
|f̃n,m(x)− f(x)|dx ≤ C4 ·Nl(c

(0)
l )−1/3, then |∆l| ≤ C2 ·Nl(c

(0)
l )−1/3, for some positive

constant C2.
Next, we investigate the case when cl > c

(0)
l . Denote a := limx→(cl)− f̃n,m(x), b :=

limx→(cl)+ f̃n,m(x), c :=
∫ cl
c
(0)
l

f̃n,m(x)dx, and α ≡ f(x)(when x > c
(0)
l ). It is easy to check that

|c− α| · |∆l| ≤
∫ cl

c
(0)
l

|f̃n,m(x)− α|dx.

Using the L1 convergence of the Grenander estimator, it follows that

|∆l||c− α|+ (1− cl)|b− α| ≤
∫ cl

c
(0)
l

|f̃n,m(x)− α|dx+ (1− cl)|b− α| ≤
∫ 1

0

|f̃n,m(x)− f(x)|dx.

If there exists C4 > 0 such that
∫ 1

0
|f̃n,m(x)− f(x)|dx ≤ C4 ·Nl(c

(0)
l )−1/3, we have

|∆l|
1− c(0)

l

|a− b| ≤ |∆l|
1− c(0)

l

|c− b|

≤ |∆l|
1− c(0)

l

|c− α|+ |∆l|
1− c(0)

l

|α− b|

≤ |∆l|
1− cl

|c− α|+ |α− b| ≤ C4

1− cl
·Nl(c

(0)
l )−1/3.

If the output flag of Algorithm 5 is True, a − b ≥ αmid(cl,µ)
αl(µ)(1−cl)

+ dl
αl(µ)

+ K3 · n−1/2 for some

positive constant K3. Then it must follow that |∆l| ≤ C2 ·Nl(c
(0)
l )−1/3, where C2 > 0. So far,

we have proven the lemma for the left hand side. For the right hand side, it can be proven
similarly.




