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ABSTRACT OF THE DISSERTATION

Essays in Econometrics

by

Daniel Pellatt

Doctor of Philosophy in Economics

University of California San Diego, 2023

Professor Yixiao Sun, Chair

Each chapter of this dissertation examines a different econometric problem of interest
and proposes a new approach to the data analysis problem at hand. The chapter titles may
give the impression that some of these topics lie in disparate areas of focus. The topic and
approach of Chapter 3, for example, shares less commonalities with Chapters 1 and 2 than
the first two chapters share with one another. A connecting theme between all three chapters
is the combination of foundational problems with modern data or methodologies designed to
accommodate modern data analysis techniques.

In the first two chapters, the PAC-Bayesian analytical framework, which has developed

alongside the growth of machine learning applications, drives analyses of more traditional
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problems involving binary decision and individual treatment rules. In Chapter 1, this facilitates
the derivation of new individual treatment rule estimators in the setting where a policy maker
faces a general budget or resource constraint. In Chapter 2, this suggests new decision rules
when a policy maker has a general utility function over payoffs that may have asymmetries
and vary with covariates relevant to the decision problem. In each case the rules possess
desirable theoretical properties, perform competitively against state-of-the-art alternatives, and
have additional advantages in terms of applicability, estimation options, and modeling flexibility.

Chapter 3 considers hypothesis testing in linear regressions when observations may
be sampled at short time intervals. Whereas monthly or even quarterly observations were
once ubiquitous in time series regression applications, it is becoming more common to have
weekly, daily or even intraday observations. However, higher frequency data can pose challenges
for classical inference procedures. F tests are proposed that utilize series long run variance
estimation. Under reasonable discrete-time or continuous-time settings, the procedures yield
valid inference so that the proposed hypothesis tests are robust to the sampling interval available
to the practitioner. The tests have competitive size and power properties against the limited set
of alternatives in a simulation study. Finally, an empirical example examining a relationship
between interest rates associated with shorter and longer duration bonds illustrates the usefulness

of the procedure.
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Chapter 1

PAC-Bayesian Treatment Allocation Un-
der Budget Constraints

Abstract

This paper considers the estimation of treatment assignment rules when the policy maker faces
a general budget or resource constraint. Utilizing the PAC-Bayesian framework, we propose
new treatment assignment rules that allow for flexible notions of treatment outcome, treatment
cost, and a budget constraint. For example, the constraint setting allows for cost-savings, when
the costs of non-treatment exceed those of treatment for a subpopulation, to be factored into the
budget. It also accommodates simpler settings, such as quantity constraints, and doesn’t require
outcome responses and costs to have the same unit of measurement. Importantly, the approach
accounts for settings where budget or resource limitations may preclude treating all that can
benefit, where costs may vary with individual characteristics, and where there may be uncertainty
regarding the cost of treatment rules of interest. Despite the nomenclature, our theoretical
analysis examines frequentist properties of the proposed rules. For stochastic rules that typically
approach budget-penalized empirical welfare maximizing policies in larger samples, we derive
non-asymptotic generalization bounds for the target population costs and sharp oracle-type
inequalities that compare the rules’ welfare regret to that of optimal policies in relevant budget
categories. A closely related, non-stochastic, model aggregation treatment assignment rule is

shown to inherit desirable attributes.



1.1 Introduction

This paper proposes new statistical decision rules for treatment assignments under a
general budget or resource constraint. A key objective in the empirical analysis of treatment data
is identifying policies that result in the most beneficial outcomes. There is a large literature (e.g.
Manski (2004) and Hirano and Porter (2009)) that examines how to determine which policies
are optimal to implement in the absence of constraints such as one on policy cost. In practice,
however, policy makers are rarely free from constraints when it comes to the policies they may
enact. Several recent papers in the econometrics literature, including Kitagawa and Tetenov
(2018), Athey and Wager (2021), and Mbakop and Tabord-Meehan (2021), consider the treatment
estimation problem from an empirical welfare maximization (EWM) perspective that allows for
arbitrary constraints on the functional form of the decision rule. However, these papers do not
address general budget constraints nor cost uncertainty that varies with the characteristics of
individual agents. For example, while Kitagawa and Tetenov (2018) consider quantity constraints
via random rationing, this treats costs as fixed and hence cannot identify which policies most
efficiently balance cost vs. outcome trade-offs when costs vary with individual characteristics.

Here we focus on the setting where costs may be uncertain, current resource limitations
may preclude treating all that can benefit, and where individual characteristics can influence
treatment responses and costs. Compared to the unconstrained setting, the theoretically optimal
treatment rule involves population objects that are more difficult to estimate and analyze in
concert. For example, Bhattacharya and Dupas (2012) show that under a quantity constraint,
which is simpler than the setting with variable costs, the optimal rule is to assign treatment when
the conditional average treatment effect exceeds its (1 — ¢)th quantile. Here ¢ is the maximal
proportion of treatments assignable under the constraint. As a result, it can be difficult to evaluate
properties of interest for proposed approaches and each existing approach has limitations.

The contributions of the paper are as follows. First, we propose new treatment rules that

expand the tool set available to policy makers in the budget constrained setting. Second, we



show they possess several potential benefits in terms of theoretical guarantees, the variety of
settings in which they can be applied, and ease of estimation. Third, we show expert knowledge
can be incorporated when the policy maker has non-data-dependent insights into the problem.
However, the ability to integrate expert knowledge is a secondary feature of the approach. In our
primary implementation we assume no such knowledge.

PAC-Bayesian analysis applies the probably approximately correct learning framework
to objects of interest that involve probability distributions over model or parameter families.
These objects can include, for example, treatment rules formed by aggregating over a family
of potential rules. Our work can be seen as extending the PAC-Bayesian learning approach
to the treatment setting in a way that incorporates a secondary cost objective. This motivates
the proposed rules and allows us to derive generalization bounds for the costs and oracle-type
inequalities for the welfare regret of proposed rules. Here, the welfare regret associated with
a treatment rule is the loss in expected welfare of the decision rule relative to the theoretically
optimal decision rule (cf. Manski (2004)). To work within the regret framework, we also derive
the form of a theoretically optimal treatment policy if the data generating process (DGP) were
known under a general budget constraint.

Individualized treatment policies under budget restrictions are of interest in a variety
of settings. Often policy makers with limited resources face uncertainty regarding the costs
and benefits of potential policies where this uncertainty is driven due to the fact that costs and
benefits vary with the individual characteristics of those who decide to participate in a program.
For example, Finkelstein et al. (2012) examine outcomes such as health care utilization and
self-reported health measures following a randomized expansion of household access to Medicaid
in Oregon. A policy maker may be interested in identifying policies to maximize a well-defined
weighted average of such outcomes given a binding expenditure constraint. The government has
control over eligibility rules defined on characteristics such as age, income, and the number of
children in a household that directly influence expected cost and cost uncertainty.

Insecticide-treated nets (ITNs) for protection against malaria in regions of Africa repre-



sent another common example. Lengeler (1998), for instance, documents reductions in child
mortality while Kuecken et al. (2014) document returns to education related to ITN provisions.
Teklehaimanot et al. (2007) estimate the cost of providing an ITN to every at-risk individual in
sub-Saharan Africa to be 2.5 billion dollars. However, government and aid funding was below
that level at the time of the study. Bhattacharya and Dupas (2012) look at a treatment policy
estimator under quantity constraints derived from data from a randomized experiment assigning
ITNs to rural households in Kenya. They use fixed costs to estimate rules that satisfy quantity
constraints. Our approach makes it possible to target policies in such a way as to account for cost
heterogeneity (e.g. different distribution channels) and hence improve efficiency and achieve a
higher overall outcome level.

Beyond aid and social safety net policies, the budget constrained treatment assignment
problem can also arise in a commercial context for firms considering potentially costly promo-
tions aimed at obtaining new customers. For instance, Sun et al. (2021) recently proposed a
budget constrained treatment estimator aimed at determining which customers should be offered
trial access to a premium service. They seek to use customers’ individual characteristics to
discriminate against making offers to customers likely to heavily utilize the service in the trial
(high cost) while being unlikely to use the service after the trial period expires. Rather than
the simple notion of not wanting to implement a policy that leads to long-term losses, many
companies will also face a short-term constraint on how much they can “lose” in the trial phase
to gain market share. For other firms, like Uber which is considered in Sun et al. (2021), a
deeper issue may arise. Increasing sales or trial offers may fundamentally alter the firm’s cost
structure (e.g., increasing driver compensation to induce enough new drivers to work to handle
the increased number of trips).

The rules we develop start from a user-specified family of (non-stochastic) treatment
models .%# that map an individual’s covariates that are observable pre-treatment to the {0, 1}
treatment indicator space. Rather than choosing the model that maximizes the empirical welfare

in .#, for example, we instead consider stochastic treatment rules derived from .% and a measure



of budget penalized empirical welfare. Given an individual’s pre-treatment covariates, their
treatment probability is calculated as an exponentially weighted average over the treatments
specified by members of .%. The treatment probability is similar to a weighted majority vote
taken over .% . The exponential weighting received by members of the model family is greatest
for models with a large budget-penalized empirical welfare. The magnitude of the penalization
term related to cost is determined by a parameter u that modulates the trade-off between max-
imizing welfare and reducing costs. Any choice for u will correspond to a different maximal
empirical budget, with u = 0 corresponding to an unlimited budget (no constraint). Typically,
for larger sample sizes, the rule is unlikely to assign identical covariates to different treatments
unless there are subsets of the model family with similarly high values of penalized welfare
that prescribe different treatments. We also consider closely related, non-stochastic, model
aggregation treatment rules that aggregate over .% to make treatment decisions.

Utilizing a PAC-Bayesian framework, under reasonable conditions we show that for a set
of u values, in large samples, with high probability we obtain increasingly accurate estimates
of the target population costs associated with corresponding stochastic treatment rules. We can
use these estimates to select u or, alternatively, u can be chosen via cross-validation. At the
same time, with u chosen in either manner, with high probability the resulting rule achieves a
welfare regret comparable to that of the best models in the model family that have a similar target
population cost. Starting from a set of budget penalty parameters, the policy maker can trace out
good estimates of the feasible target population budgets, select the parameter associated with one
of these estimates, and obtain a treatment rule with desirable regret properties. Regarding the
non-stochastic, model aggregation treatment rules, we show that they inherit desirable properties
from the stochastic rules. We also consider the setting where u is chosen to meet a predetermined
target population budget level. The procedure in this case is still reasonably motivated, as the rule
minimizes an upper bound on the target population regret among rules that satisfy an empirical
budget constraint. However, the generalization bounds for the target population cost and the

oracle-type inequalities in this case become more complex to interpret.



The remainder of the paper is organized as follows. Section 1.2 discusses related
literature and papers with alternative budget constrained treatment estimators. Section 1.3
details the statistical setting, treatment model formulation, and initial properties useful for later
results. Section 1.4 provides theoretical motivation for the proposed treatment rules, utilizing
the PAC-Bayesian analysis framework to examine (frequentist) properties of the proposed rules.
Section 1.5 conducts a simulation experiment and discusses implementation and estimation.
Lastly, Section 1.6 conducts a short empirical illustration utilizing data from the Job Training

Partnership Act Study and Section 1.7 concludes.

1.2 Related Literature

The topic of budget constrained treatment allocation is the subject of a small but growing
literature. Sun et al. (2021) and Wang et al. (2018) empirically implement treatment rules starting
from the notion of a theoretically optimal rule. They estimate unknown population level objects
that appear in the optimal rules and then plug in the empirical counterparts to the corresponding
theoretical formulas to obtain rules. The standard drawback of this sort of approach is that
the estimation technique doesn’t directly target policies that maximize the welfare problem of
interest. For example, the regressions utilized to fit the conditional average treatment and cost
functions in Wang et al. (2018) might yield parameters that are most accurate in regions of the
covariate space that are less important for distinguishing individuals with a high outcome-to-cost
ratios in the population. Wang et al. (2018) also consider a second method that shares similarities
with the approach taken by Huang and Xu (2020). These approaches add the budget constraint
to the outcome-weighted treatment learning approach considered, for example, in Zhao et al.
(2012). These approaches work from optimization problems that directly target an empirical
version of the problem of interest.

One drawback of the aforementioned techniques is a lack of theoretical insight regarding

the true target population cost and risk attributes of the proposed rules. Sun (2021) adapts the



EWM setting of Kitagawa and Tetenov (2018) to account for a general budget constraint. She
considers a conservative rule that will satisfy the budget constraint asymptotically. She also con-
siders a modified rule where a Lagrange multiplier parameter is capped during estimation. This
will, asymptotically, approach the welfare of the budget constrained welfare maximizing policy
among the user-specified model class. This methodology extends the arbitrary form features
of EWM to the budget constraint setting. However, the rules involve a non-convex estimation
procedure that may become difficult if the model class includes more flexible functional forms.
While our methodology sacrifices some ability to satisfy functional form constraints due to its
stochastic nature, one benefit is that we can take advantage of Bayesian estimation machinery as
discussed in Section 1.5. Lastly, although the modified rules of Sun (2021) will approach the
optimal rule within the original budget constraint, it is worth noting that the modified rule may
violate that budget constraint. One benefit of our approach is we can compare our rules to those
with the highest welfare among rules with the same target population cost as the proposed rules.
In a broader context, this paper contributes to a growing literature on statistical treatment
rules in econometrics, including Manski (2004), Dehejia (2005), Hirano and Porter (2009),
Bhattacharya and Dupas (2012), Kitagawa and Tetenov (2018), Viviano (2019), and Athey and
Wager (2021). This literature has overlap with additional fields including statistics and machine
learning. For examples, see Qian and Murphy (2011) and Beygelzimer and Langford (2009),
respectively. Additional references and a discussion of the links between these fields can be
found in Athey and Wager (2021). In the machine learning literature, London and Sandler (2019)
utilize a PAC-Bayesian approach to policy estimation for the logged bandit feedback problem
which is closely related to treatment policy estimation. We also note that Kitagawa et al. (2023)
examine stochastic treatment assignment rules from a PAC-Bayesian perspective. Their paper’s
approach has overlap with ours, however the papers diverge in a number of dimensions stemming
from our focus on the setting with a general budget constraint which is not considered there.
Lastly, our analysis and proposed treatment rules are heavily influenced by the PAC-

Bayesian machine learning literature. Seminal works in this area include Shawe-Taylor and



Williamson (1997), McAllester (1999b), McAllester (1999a), Seeger (2002), and McAllester
(2003b). In particular, we utilize techniques stemming from Catoni (2007), Lever et al. (2010),
Maurer (2004), Germain et al. (2015), and Alquier et al. (2016). The theoretical contribution of
our paper is, first, to modify and adapt relevant tools and generalization bounds to the treatment
choice setting. We also develop the incorporation of a secondary objective or loss function
(the treatment cost cost) into the analysis that yields informative oracle-type inequalities and

generalization bounds relevant to the constrained budget setting.

1.3 Setup and Assumptions
1.3.1 Statistical Setting and Policy Maker’s Problem

We consider the setting where a policy maker has data consisting of observations
Z; = (Yi7Ci7Di7Xi), i= 1,. LN

Here, X; € 2 C R%, where d, € N, denotes a vector of covariates for individual or unit i
observed prior to treatment assignment, ¥; € R is unit i’s outcome that is observed after treatment
assignment, C; € R is the cost incurred and D; € {0, 1} is a treatment assignment indicator that
is 1 if unit i was assigned the treatment and is zero otherwise. C; may be uncertain at the time of
treatment assignment and is allowed to be observed after treatment assignment.

To account for heterogeneous treatment responses and costs, we work from a potential
outcomes and costs framework. For unit i and for j € {0, 1}, let Y; ; and C; ; denote the outcome
and cost, respectively, that would have been observed if unit i had been assigned D; = j. Ignoring
the index i, we can relate the observed outcome and cost to their potential outcomes and costs by
writing

Y=Y1D+Yy(1-D), C=CD+Cy(1—-D). (1.1)

The following assumption formalizes this setting. It also includes conditions needed to identify



properties related to potential outcomes and costs when they are not observed directly in sample

data.

Assumption 1.3.1 (i) Random Sample: Let Q be the joint distribution of (Yy,Y1,Co,C1,D,X),
where Yy,Y1,Co,C; €R, D€ {0,1}, X € 2 CR%. Let Z= (Y,C,D,X) € Z be dis-
tributed according to P where P is determined by Q and (1.1). We assume the sample

S={Z;}_, ~ P®" is a size n i.i.d. sample'. We denote the sample space S € ./’ = Z™.
(ii) Unconfoundedness: (Y1,Yy,C1,Co) LD|X.

(iii) Bounded Outcomes and Costs: There exist positive My, M. < oo such that the support of Y

is contained in [—M, /2, M, /2] and the support of C is contained in [—M./2,M./2].

(iv) Strict overlap: Define e(X) = Ep[D|X|, where Ep(-) is the expectation with respect to P.?

It is assumed that there exists k € (0,1/2) such that e(x) € [k,1 — k| forallx e Z .

Assumption 1.3.1 mirrors treatment assumptions in Kitagawa and Tetenov (2018) and
Mbakop and Tabord-Meehan (2021) and also includes similarly-formulated conditions for cost-
related variables. Unconfoundedness states that, conditional on the covariates, the potential
outcomes and costs are independent of the treatments assigned to the observed data. This and
strict overlap will hold in randomized controlled trials (RCTs) which is our primary setting of
interest. As such, we assume e(x) is known. It is possible to adjust our procedures to a setting
where e(x) is estimated similarly to the e-hybrid rules utilized in Kitagawa and Tetenov (2018)
and Mbakop and Tabord-Meehan (2021) while maintaining some of the theoretical motivations
considered in Section 1.4. We leave a complete exploration of this topic to future research and

work under the presumption that e(x) is known.

I'To denote the probability of an event A under this sampling distribution, we will use the notation P"(A). To
denote the probability of an event B under the distribution P, we write P(B).

2Similarly, we denote expectation with respect to Q by Eg(-). Expectation with respect to the distribution of the
sample, P®", will be denoted Epn (-).



Define the conditional average treatment effect (CATE) and the conditional average

treatment cost (CATC), respectively, by

Sy(x) EEQ[Y] —Yo‘X :x], 56-()6) EEQ[C] —C()’X :x]. (1.2)

Assumption 1.3.1 (iii) implies that |6,(X)| and |8.(X)| are bounded almost surely by M, and M.,
respectively. Our procedures can be implemented without knowledge of M, or M, and several of
the motivating regret bounds in Section 1.4 could be derived in slightly altered forms if instead
we required that objects related to |8,(X)| and |0, (X )| are sub-Guassian or even sub-exponential
with additional constraints on a hyper-parameter. Assumption 1.3.1 (iii) is typically a mild
requirement that is often adopted in the treatment and classification literature; here it simplifies
our exposition and path to generalization bounds. Note that ¥ and C may belong to any interval.
The upper and lower bounds are taken to be symmetric around zero for convenience and without
loss of generality.

In section 1.3.2 we propose treatment assignment rules that aim to balance two prevailing
objectives. We seek rules that will maximize the expected outcome Y while also accounting
for a potential budget constraint when we anticipate that resource, policy, or other limitations
may preclude treating everyone with a positive CATE. Our proposed rules contain a parameter
u, which can be chosen in a data-dependent manner, that modulates how much the second
(budgetary) objective is prioritized. In particular, any choice of u corresponds to a different
maximum expected cost in a budget-constrained welfare optimization problem. Before describing
the treatment model and empirical approach, we first state the policy maker’s problem at the
population level under a given maximum budget B if the distribution Q were known.

The policy maker’s goal is to obtain a treatment rule that maximizes welfare subject
to a budget or quantity constraint. The treatment rule is intended for application to a target
population wherein the joint distribution of (¥y,Y;,Co,C1,X) follows that associated with Q. We

will consider stochastic treatment assignment rules, defining such a rule as a measurable map
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f:+%Z —[0,1] from the covariate space to a treatment assignment probability. If f(x) € {0,1},
the treatment assignment for x is non-random. If 0 < f(x) < 1, treatment is assigned randomly
with treatment probability f(x).

The utilitarian welfare associated with f is given by

Eo[V1f(X)+Yo(1 - f(X))]. (1.3)

This is the expected value of ¥ when treatment is administered according to f(X). Dropping

terms that do not vary with f, the policy maker’s objective function evaluated at f is defined by

W(f) = Ep|(Y1 —Yo)f(X)]. (1.4)

Choosing f that maximizes W (f) is equivalent to choosing f that maximizes utilitarian welfare.
Thus we will refer to W(f) as the welfare associated with f. Note that by the law of iterated

expectations, W (f) = Eg[8,(X)f(X)]. Next, define the expected cost of f by

K(f) = Eg[(C1—Co)f(X)], (1.5)

which can similarly be written K(f) = Eg[6.(X) f(X)]. Given a budget constraint B, the policy

maker’s problem is to identify
W Earg;naX{W(f) :K(f) < B}, (1.6)

where the maximization is taken over all measurable functions from 2" to [0, 1].

Note that K(f) = Eg[C1 f(X)+Co(1 — f(X))] — Ep[Co]. The budget constraint states that
the expected additional cost due to implementing treatment policy f, that beyond what would be
expected if treatment were never assigned, cannot exceed B. This is flexible, as it allows for cost

savings (i.e. when C; < Cy with positive probability) to be factored into the budget. Provided
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such savings are possible, a policy maker could be interested in, for example, B = 0. In this
scenario the policy maker is looking for treatment policies that may improve welfare without
increasing the expected cost beyond the setting were no treatments are administered. On the
other hand, if the policy maker has a fixed budget allocated to treatments and cost savings do not
feed back into the budget, one can simply define Cy = 0, so that the observed C is equal to the
cost of treatment when treatment is provided and is zero otherwise. If there is a a fixed quantity
constraint consisting of a set number of treatments and no other budgetary concerns, one can set
Cop = 0 and C| = 1 so that the observed C is the treatment indicator. In this case B denotes the
maximum proportion of the target population for which treatments are available.

If there is no budget constraint and the policy maker is able to choose any measurable

[+ Z —[0,1], it is straightforward to verify that an optimal treatment allocation rule is given by

[T(x) = 1{8,(x) > 0}. (L.7)

7 assigns treatment to any unit with a positive CATE. Here, and throughout the paper, the
indicator function 1{A} takes the value 1 if event A occurs and is zero otherwise. Given a
particular budget constraint B, a solution to the policy maker’s problem is characterized in the

following theorem.

Theorem 1.3.1 Let (Yy,Y1,Co,C1,X) be distributed according to Q. Assume that Ep|0,(X )| < oo,
E|0:(X)| < oo, and that B > Eg[8.(X)1{8.(X) < 0}]. Then there exist constants g > 0 and

ay,ay € [0,1] such that

p

0 if 8,(x) < NBbe(x),
3(x) =< a1 1{8.(x) > 0} + a2 1{8.(x) < 0} if &,(x) = Npd.(x), (1.8)
1 if 8,(x) > N8, (x),

\

satisfies (1.6). In particular, if K(f*) < B, then one can take Ng = a; = ax =0 and f§ = f*; if
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K(f*) > B then (np,a1,az) are chosen such that K(fg) = B. If Eg[1{6,(X) = no.(X)}] =0,
fp is deterministic and is the unique budget-constrained, welfare-optimizing policy in the sense

that for any f’ satisfying (1.6) it holds that f'(X) = f3(X) a.s.

The choice of 1 in Theorem 1.3.1 is unique, however in general there may be different
choices of ay,a, that produce optimal rules when Ep[1{0,(X) = ngd.(X)}] # 0. Apart from this
difference, Theorem 1.3.1 is a generalization of a result in Sun et al. (2021) which restricts itself
to the setting where C; > Cy almost surely. In practice, of course, Q is unknown to the researcher
who must estimate a suitable model f empirically. Section 1.3.2 introduces the PAC-Bayesian
setting for the empirical strategy we employ.

When Eg[1{6,(X) = npo.(X)}] = 0, for example when 6,(X) and J.(X) have bounded
densities, Theorem 1.3.1 says the optimal treatment rule is deterministic and unique in terms of
the resulting treatment decisions. However, the function 8, (x) — ngd.(x) in the optimal rule in

this setting, given by

fp(x) = 1{8,(x) — npdc(x) > 0},

is not unique. Any measurable function m(x) : 2~ — R that satisfies

sign [m(x)] = sign [, (x) — Npd.(x)],

yields an optimal treatment rule via f,,(x) = 1{m(x) > 0}. This situation is similar to that in the
binary forecasting problem (cf. Elliott and Lieli (2013)) and is illustrated in Figure 1.1.

In Section 1.3.2, we propose treatment rules that aggregate over a user-specified family
of treatment rules in a way that is weighted towards models with high empirical budget-penalized
welfare. There, we introduce Gibbs treatment rules, which aggregate over the rule family to
derive a treatment probability, and related majority vote rules which aggregate over the rule
family to assign treatment directly. Aside from the desirable theoretical properties derived in

Section 1.4, some intuition behind such an approach is as follows. Two functions 7i(x) and
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- = = 8y(x) -Mede(x)
) - = m)

Figure 1.1. On the left, a plot of d,(x) and ngd.(x) in a simple setting with a single crossing
point and a single covariate. On the right, the corresponding &, (x) — Npd.(x) is plotted along
with a second function, m(x). Here, m(x) differs from &, (x) — ngd.(x) everywhere except at
the crossing point yet 1{m(x) > 0} and 1{8,(x) — ngé.(x)} = f5(x) yield identical treatment
decisions.

m* (x), with corresponding treatment rules 1{si1(x) > 0} and 1{m*(x) > 0}, respectively, could
yield identical or very similar treatment decisions over the sample covariate values. In a setting
where different rules may have the same or very similar observable properties, it is reasonable to

aggregate or average over rules with high empirical welfare. Rather than trying to select a single

solution, we take the identification issue above as motivation for an ensemble approach.

1.3.2 Empirical Approach and PAC-Bayesian Setting

Underpinning the treatment rules we will consider is a family of non-stochastic treatment

rules, indexed by 6 € ®, denoted

y@Z{fg(X)Z%%{O,lh@G@}. (1.9)

For a concrete example, we could let {¢(x),...,¢,(x)} be a set of feature transformations where

¢j(x): & = Rfor j=1,...,q. Denoting ¢ (x) = (¢1(x),...,d,(x))T, we could then have

fo(x) =1{¢(x)T0 >0} for 6 € ® = RY, (1.10)
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where ¢ € N need not be equal to dy, the dimension of .Z".
For any treatment assignment rule f, we define the welfare regret relative to the first-best
prediction rule f* in (1.7) by
R(f) =W (f*)-W(f).

Note that R(f) is defined relative to the first-best treatment assignment without a budget con-

straint. We can also define

Rp(f) =W (1) —W(f), (1.11)

the welfare-regret under a maximum expected budget of B where f is defined in Theorem 1.3.1.
With simple manipulations, the oracle-type inequalities involving R(f) in Sections 1.4.1 and
1.4.2 apply to Rp(f) rather than R(f). For simplicity, we will mostly work with R(f) which is
non-negative. Note that Rp(f) is only non-negative when attention is constrained to treatment
rules with a maximal budget B. For particular models fg € .-#g, with a slight abuse of notation,

we will write

R(6) =R(fo), W(6) =W (fp), and K(6) =K (fo).

Under the unconfoundedness and strict overlap conditions of Assumption 1.3.1, it holds

that

W) = Eol(h — 1) 700)] = £ | (22~ T2 x|

A similar statement can be written for K(f), now with C in place of Y. Defining

- (20 2000) - (98 SO o0

the (unbiased) empirical counterparts of W(f), R(f), and K(f), along with their notation for
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fo € @, are given by

W)= X 8 (), Wo(0)= L ¥ 8o ().
R =, 0 00— F00), Ra0)= ) Y87 () fo ()
Ka(f) =+ ¥ 8eif (X)), K(0) = 1Y 8.if0(%).

N
I

_
~
|

_

As f* is unknown, the empirical regret R,(f) = W,(f*) — W, (f) or R,(6) for 6 € ® cannot be
evaluated in practice. R,(0) will arise in our analysis only as a theoretical object in relation to
R(0). We stress that the treatment assignment rules we consider can be expressed solely in terms
of W,(0).

F@ consisting of treatment rules of the form in (1.10) will be considered in Sections
1.4.2 and 1.5. In general, to accommodate broader treatment rule model families, we make the

following technical assumptions.

Assumption 1.3.2 (i) We assume that (®,%By) is a standard Borel space. (ii) We assume that
Feo is such that the maps (S,0) — R,(0) : . x©® — Rand (S,0) — K,(0) : .¥’ x©® — R are

measurable.

We now introduce the stochastic treatment rules of interest. Let &7(®) be the set of
probability measures on (®, %) and, for any 7 € Z(0), let Z7(0) ={p € Z(0) : p K 7}.
That is, #7(0) is the set of probability measures on (®, %y) that are absolutely continuous
with respect to 7. Rather than selecting a single value 6 € O, for example that which maximizes
W,(0), and then assigning treatment via fj, we seek probability measures p € (@) from which
we form stochastic treatment rules. Borrowing nomenclature from the classification literature, we
work with Gibbs treatment rules. For p € &2(0), the Gibbs treatment rule or method associated

p, denoted fG, : 2" — [0,1], is defined by

fG,p(x) /fe )dp(0), xe 2.
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Assigning treatments via the Gibbs method is equivalent to assigning treatments as
follows. For an individual with covariates X, a parameter value 6, is drawn randomly according
to p,i.e. 65 ~ p. Then, fg (X) € {0,1} determines the treatment assignment. This process,
with an independent draw from p, is repeated each time treatment is to be assigned. Note that,

exchanging the order of integration, we can write

R(fop) = [ R(0)dp(6) and Ry(fip) = | Rul©)dp(6).

which is called the Gibbs risk associated with p. Similarly, the expected cost of f; p and its

empirical counterpart can be written

K(fop) = [ K(0)dp(8) and Ky(fp) = [ Ki(6)dp(6)

We will frequently be concerned with the cost or empirical cost associated with a Gibbs treatment

rule utilizing some p € #2;(®). To simplify the exposition, we denote

B(p) =K (fop), and B(p) =K, (fo,p)- (1.12)

A non-stochastic treatment rule that is closely related to the Gibbs rule is the so-called

majority vote or Bayes method associated with p € &2(0). This is given by

fmv,p(x)zl{/e)fg(x)dp(e)>%},xe Z. (1.13)

In practice, majority vote rules can deliver treatment rules that are numerically more stable than
their Gibbs counterpart. If p = ap; + (1 — o) p, for some p1,p; € &?(0O) and constant ¢, then
R(fGp) = 0R(fG,p,)+ (1 —@)R(fG,p,)- That is, the Gibbs risk is a linear functional of p. This
linearity makes the Gibbs risk and Gibbs treatment rules more amenable to theoretical analysis.

Our analysis will therefore focus on a family of Gibbs treatment rules. However, in Section 1.4.3,
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we show that the majority vote treatment rule associated with our Gibbs rules of interest inherit
desirable properties from their Gibbs counterparts. In practice, either method is an acceptable
choice and we consider both in our simulation study in Section 1.5.

In particular, we propose to use Gibbs treatment rules utilizing data-dependent® probabil-

ity measures of the form p, , defined below.

Definition 1.3.2 For A > 0, u > 0, and a reference measure © € &(®), define p,, , to be the
(random) probability measure on ® with the following Radon-Nikodym (RN) derivative with

respect to T

AP gy expl=A(R(O) +uk ()]

dr Joexp [—QL (R (6) u n( ))}dﬂ?(@)
_ exp[—A (uK,(6) — W,(6))]

Joexp [~ (uKy (6) —W, (0))] d (6)

Define p;  to be the probability measure on ® with the following RN derivative with respect to
T

APy, oy exp[—A (R(6) +uK(0))]
dn Joexp[—2 (R(6) +uK (0))]dm (6)

Py, . is sometimes called a Gibbs posterior distribution or a Boltzmann distribution. As
A — oo, Pp; , concentrates around the value of 6 such that fy minimizes the budget-penalized
empirical regret criterion R, (fy) + uK,(fo). Equivalently, it concentrates around the value of 6
the maximizes W,(6) — uK,(60) over ®. This reduces to the empirical welfare maximizer when
u = 0. In general, p, , assigns higher probability to regions of the parameter or model space
with low budget-penalized empirical regret. # modulates the trade off between emphasis on low

regret vs expected cost. As subsequent analysis will show, different choices of u correspond

3In general, by data-dependent probability measures on (®, %) we mean regular conditional probability
measures (RCPMs): letting %, denote the o-algebra associated with the sample space .7, p(S,-) is an RCPM on
(®,%y) if (i) for any fixed A € By, the map S — p(S,A) : (S, %B,) — R is measurable; and (ii) for any S € .7,
the map A — p(S,A) : By — [0, 1] is a probability measure. For additional measure-theoretic details, for example
the decomposition and measurability of the Kullback-Leibler divergence (utilized throughout the paper) between
RCPMs, we refer the reader to Catoni (2004), in particular Proposition 1.7.1 and its proof on pages 50-54.
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in a one-to-one manner with different budget constraints. We will consider the setting where
u is cross-validated and the setting where it is determined by a particular choice of a budget
constraint parameter B. p;u is a theoretical counterpart to py , that will be useful when we
analyze statistical properties related to p ,. 4 is typically chosen via cross-validation while
choices where A = ¢(y/n) will yield optimal or near-optimal rates of convergence in Section
1.4.

In the PAC-Bayesian literature, probability measures over the model or parameter space
that are traditionally chosen independently of the sample are often called prior probability
measures. In our setting, the choice of 7 utilized in Definition 1.3.2 will fall into this category.
Probability measures utilized for treatment or prediction, such as p, ,, are called posterior
distributions. However, this nomenclature does not have the same connotation as in traditional
Bayesian methodology. While knowledge of the DGP could allow for a prior to be chosen that
improves the performance of rules suggested from PAC-Bayesian analysis, often the prior is taken
to be uniform or normal centered at the origin. Additionally, the posterior, for example, does not
need to be proportional to a likeilihood function. The statistical analysis itself is frequentist in
nature. The role and choice of 7 will be discussed further later in the paper. For now we make

the following assumption.

Assumption 1.3.3 7 € (0) is a (deterministic) probability measure that does not depend on

the sample.

1.3.3 Initial Properties of the Gibbs Posterior

Here we derive initial properties of g, , that link the choice of u to a particular budget
constraint. These provide intuition behind Definition 1.3.2 and are utilized in proving the results

of Section 1.4.
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Let Dy (p, ) denote the Kullback—Leibler (KL) divergence between p,w € #(0),

og | 4P .
Dk (p,m) = f®lg[dﬂ(9)}dp(9)v fp<n

oo, else.

Suppose the policy maker has a maximum expected budget of B € RU {eo}, where B = o is the
unconstrained setting. If the data generating process were known, among Gibbs treatment rules

we would be interested in a solution to

min /R(e)dp(e), subject to /K(e)dp(e)gB. (1.14)
pe2(0).Je C

In practice, we will instead focus on a subset Z;(®) C &(0) and solve the following empirical

problem:

1

min U Rn(G)dp(9)+—DKL(p,7t)}, subjectto/K,,(e)dpw)gB. (1.15)
pe2:(0) | Jo A ®

(1.15) includes a regularization term in the form of Dky (p, ), discouraging any choice
for p that has a large KL divergence from the reference measure 7. In practice, Z7(0) is flexible
and optimal choices for A will entail A — oo as n — co. When adapted to our setting, Lemma 1.3.1
below shows that, provided a feasibility or Slater condition holds, for some value % > 0, p;, ; is
the solution to (1.15). Of course, appearing to be a reasonable empirical counterpart of (1.14)
is not, in and of itself, justification for fg Pru In Section 1.4 we provide additional theoretical
motivation for fg s, , comparing it to alternative Gibbs rules and optimal (non-stochastic)
models in .Zy.

The following lemma yields solutions to (1.15) and a theoretical counterpart when R, (0)

and K,(0) are replaced by R(0) and K (), respectively.

Lemma 1.3.1 Let 1 € &(0®), A >0, B€ RU{co}, and let A(0) and H(6) be bounded, mea-
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surable functions defined on (®,%yg). For u> 0, define Py g 5 , € Pz (®) to be the probability

measure with RN derivative with respect to T given by

exp[—A (A(0)+uH (6))]

APAH A u , oy
 Joexp[~A (A () +uH (8))]dr (6)

)

Lastly, define
AW = [ H(O)dPrs17(6), u>0, and &yp {p € 7:(©): | H(6)dp(6) SB}.
We have the following result. If
7({6:H () <B}) >0, (1.16)

then,

- ) 1
PA.H A 7y = argmin {/ A(6)dp(0)+ IDKL(I)JC) ; (1.17)
1 B C

where tip = 0 if A(0) < B and otherwise, when A(0) > B, tig > 0 is the unique positive real

number satisfying A(uig) = B. Additionally*,

. 1 .
/@A(e)dpA,HJL,uB(e) + IDKL (Parrmg ™)

< < 1 <
—sup | [ A0)apasa0)-+u ([ H(OIPAn () ~B) + 3 Dit (Brssue

u>0

(1.18)

When B = oo, so that up = 0, the result in Lemma 1.3.1 is a well known property that
is commonly utilized in the PAC-Bayesian literature with A(6) taken as some loss or regret
function; see Catoni (2007) and Alquier et al. (2016) among many possible examples. Lemma

1.3.1 extends this setting to accommodate a secondary constraint objective associated with

“Throughout, we adopt the convention that 0- —oo = 0 when B = oo in statements of this form.
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H(0). When, for example H(0) = R(6), A(u) is the cost associated with the Gibbs treatment
rule utilizing ps g 5 ,- A(u) is decreasing in u. Intuitively, as the exponential re-weighting of
7 depends more heavily on H(0) for larger values of u, regions of the parameter or model
space with greater cost receive a relatively lower weighting and the overall cost is reduced as
u increases. Convex optimization problems where the objective or constraint set involves the
Kullback-Liebler divergence have been considered in earlier work, for example in Csiszar (1975).
Rather than establishing Lemma 1.3.1 from the more abstract setting there, the proof in the
Appendix utilizes well known properties of the KL divergence, stated as Lemma 1.A.1 and
Corollary 1.A.1 in the Appendix. We note that Corollary 1.A.1 (b) is a well known change-of-
measure inequality (c.f. Csiszar (1975) and Donsker and Varadhan (1975)) that is widely utilized
in deriving PAC-Bayesian generalization bounds.

The property in (1.18) is used in deriving the oracle-type inequalities in Section 1.4. The
result states that the duality gap between the primal and dual of the minimization problem in

(1.17) is zero. That is,

min sup [/A )dp (6 —DKL(p T +u(/H )dp(0) — B)]
pPEP7(O u>0 )“

=sup min [/A )dp (6 —DKL(pﬂ+u(/H )dp(6) — B>]
u>OP€3”n )4

Note that the left-hand side of the above equality, the primal problem, is equivalent to the
optimization problem in (1.17). The right-hand side is the dual of this problem. That the right-
hand side above is equivalent to the expression on the right-hand side of (1.18) can be seen from
a careful examination of (1.17) or from Corollary 1.A.1 (a) in the Appendix. The condition in
(1.16) constitutes a constraint qualification.

We will apply Lemma 1.3.1 with A(6) = R,(0) or R(6) and H(0) = K,,(6) or K(6).
We consider two scenarios or perspectives. In the first, we have a (nonrandom) predetermined

budget B and utilize a corresponding, sample dependent, choice of . In the second scenario,
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we start from a predetermined, non-random choice of u (or multiple values of ), which then
corresponds to a sample dependent budget (or budgets) associated with fg P We will require
the following assumptions in order to satisfy (1.16) in our analysis. The first will correspond to
the case with a predetermined B while the second condition will be utilized when we start from

predetermined u.

Assumption 1.3.4 (i) Let B € RU{oo} be a desired budget. It is assumed that

T(0€®:K(0)<B)>0 and w(6 €O:K,(0) <B)>0 P"almost surely.

(ii) It is assumed that

Vor [K(0)] >0 and Vg . [K,(0)] >0 P" almost surely

where, Vg denotes the variance of K(0) when 6 ~ w and, for a fixed sample S € .7,

Vo~z|K,(0)] denotes the variance of K,(0) when 6 ~ 7.

Assumption 1.3.4 involves .%g, ® and the sampling distribution P. Condition (i) requires
that the budget of interest is not ruled out under the prior or reference measure 7 and is not
exactly at the boundary of theoretical or empirical feasibility. With additional exposition, the
condition that 7 (6 € ® : K,,(0) < B) > 0 holds P" a.s. could be replaced by the condition that
(6 € ®:K,(0) < B) > 0 holds with high probability. For example, with probability at least
1 — &, for some & € [0,1). In this case the theorems in Section 1.4 will remain valid except that
the high probability bounds there, that hold with probability at least 1 — € for € € (0, 1], will now
hold with probability at least 1 — & — &. Condition (ii) requires that there is always variation in
actual and empirical costs within models in .%g drawn by 7.

Given Lemma 1.3.1 and the assumption above, the following definition will be relevant
when the analysis starts with a predetermined budget B for which we must find an appropriate

value of u.
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Definition 1.3.3 Let p , and pj , be defined with t € &(0©) as in Definition 1.3.2. For B € R,
define ii(B,A) by

[ £(0)031.4(0) < B) + 1 Dx (7).
)

u>0

i(B,A) —argmaX/R )dp;, . (0)+ (

u*(B,A) :argmax/ R(6)dp; ,(0)+u
o :

u>0

* 1 *
K(0)dp; ,(0) —B> +o Dk <P;L7w n) :
For B = oo, define ii(e0,A) = 0 and u* (0, 1) = 0.

To conclude the section, we point out corollaries of Lemma 1.3.1 and Assumption 1.3.4

relevant to our setting. Define the sets

&5 = {p € P4(0) /@K(O)dp(@) gB}, BeRU{w} (1.19)

and

%:{peﬁn /K )dp(6 )<B} B € RU {eo}. (1.20)

In the scenario where we start from a pre-selected B, &p is the (non-random) subset of Z(0®)
corresponding to Gibbs treatment rules with expected cost within the budget. éAaB a random set
that serves as an empirical counterpart, denoting the p € 2;(®) with Gibbs rules that meet the
budget constraint empirically.

When analysis begins with a pre-determined value of u, B(p;, ,) as in Assumption 1.3.4
and its empirical counterpart §(ﬁ;t7u) both defined in (1.12), are both random. B(p, ,) is the
expected cost of fgﬁw in the target population given the sample-dependent py ,,. This is not
observed. However, it is a key object of interest, as it tells the researcher the expected cost of
the estimated policy vaﬁA,u associated with u. Similarly, for a predetermined u, both gB(ﬁl,u)
and c%( by, are random sets. The former corresponds to all Gibbs treatment policies with an
expected budget in the target population that is less than or equal to that of fg Pru The latter

serves as an empirical counterpart for which membership can be evaluated from the sample.
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Given Lemma 1.3.1 and Assumption 1.3.4, the following lemma pertains to the empirical
problem in (1.15) and is mostly a corollary to 1.3.1. It says that, for a pre-specified B, p; 4.1
solves (1.15). Conversely, if we start with a predetermined value of u, p; , solves an analogous

problem where the budget is given by B\(ﬁlu)

Lemma 1.3.2 (a) Let Assumptions 1.3.2 and 1.3.4 (i) hold for B € RU{eo}. The following prop-
erties hold P" almost surely. For any A > 0, ii(B, L) exists, is unique, and satisfies that i(B,A) =
0 when [gK,(0)dp; ¢(0) < B and li(B, 1) is positive and satisfies [gK,(0)dp; 4(0) = B when
Jo Kn(0)dp;, (0) > B. Additionally,

R . 1
P2.a(pa) = argmin [/ R,(0)dp(0)+ IDKL(p,n:)] ,
2, o)

(b) Let Assumptions 1.3.2 and 1.3.4 (ii) hold. Then, P" almost surely,

pra—arzmin | [ R,(6)p(6) + 1 Dicp.7)|.

B(63.)

1.4 PAC-Bayesian Analysis

Here we provide theoretical motivation for decision rules utilizing p; , or P; ;(p.2)-
In Section 1.4.1, we first construct PAC-Bayesian generalization bounds that are similar to
counterparts in earlier literature. Then we derive oracle-type inequalities that compare the
proposed treatment rules to alternatives in terms of regret in the target population for a given
budget. The results in Section 1.4.1 allow for a general choice of the prior or reference measure
7 utilized in the definition of p; , and Py 3(1)- As a result, several bounds there contain KL
divergence terms related to the complexity of the learning problem and the model class Zg.
In Section 1.4.2, we specify Zg to consist of rules of the form in (1.10) and take 7 to be an
uninformative multivariate normal distribution. In this setting, we obtain oracle-type inequalities

that compare the regret of our proposed treatment assignment rules directly to that of the rules in
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F@ with the lowest welfare regret that are in budget. In section 1.4.3, we show that desirable
properties for the majority vote rules associated with pj , can be inherited by their majority vote
counterparts.

Our analysis builds from results and techniques in the PAC-Bayesian literature that are
not always stated in ways that are directly applicable to our setting. Results from earlier literature
are adapted to our setting in Appendix Section 1.A.1, which also contains additional properties of
interest. For the most part, proofs are included there for completeness even when the adjustments
are fairly minor. This spares the reader from visiting multiple references requiring concerted
adjustments at certain steps of our analysis. Proofs specific to Section 1.4 are contained in

Appendix Section 1.A.3.

1.4.1 Regret Bounds and Oracle-Type Inequalities

The first step in our analysis, Theorem 1.4.1, obtains alterations of earlier PAC-Bayesian
generalization bounds for the treatment assignment setting. A variant of part (a) appears in
Catoni (2007) which considers classification in the 0/1-loss setting. In our setting, it can be
derived as a special case of a bound appearing in Alquier et al. (2016) or via a general approach
to PAC-Bayesian bounds outlined, for example, in Germain et al. (2015). We utilize the latter
approach which is useful during additional steps of our analysis. The proofs of parts (b) and (c)
utilize the approach of Lever et al. (2010), with part (b) being an alteration of Theorem 3 in that

work.

Theorem 1.4.1 Let T € &(0) and let Assumptions 1.3.1, 1.3.2, and 1.3.3 hold. Set

(Va(0),V(0), M} = {Ru(6),R(8), My} or else {V,,(8),V(0),M;} = {K,(8),K(6),M.}.

We have the following properties.

(a) Let € € (0,1], A > 0 and s € {—1,1}. With probability at least 1 — €, for all p €
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P7(0) simultaneously it holds that

Dx ( n)+1 AZM‘%H 1
KLAP, TR

| —

/@ $[Va(6) —V(0)]dp(8) <

(b) Let A > 0, u >0, and € € (0, 1]. With probability at least 1 — &, it holds that

(Lvi©as.o- [v@as.io)

M? | AV2(My+uM,)
~ 2nk? K\/n

A% (M + uM..)?
2nk?

2
+log (2v/n) +10gg

N

2
\/log (24/n) +log P

(c) Let A >0, u >0, and € € (0,1]. With probability at least 1 — €, it holds that

| v(©)apru(0)— [ Va(©)dpsu(6)
(S} C]

< \/E(My +uM.)
< o/

A (My+uM)* 1 {zzMg 2}

2
1 2 log—m 4+ —"F— log —
\/Og<\/ﬁ)+0ge+ 2nk? +/l 8nK‘2+0g8

Theorem 1.4.1 contains high probability bounds for notions of the generalization error
between the target population regret (or alternatively, expected cost) and its empirical counterpart
for Gibbs treatment rules. For example, one notion of generalization error for the cost of policy

f6.p; , could be the absolute difference,

‘K <fG1[j7L,u) — K (fGﬁA,u)

Suppose we take A = ak+\/n/(M, + uM.) for some constant a > 0. Then Part (b) says that with

probability at least 1 — &, this absolute difference is less than or equal to

o(22)

When M. and M, are known, this upper bound can be evaluated for a given choice of a.

1/2

M, 2 d? 2
= [a\/log (4n) +2log — + < +1log(2+v/n) +log =
KvV2n € 2 €
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We say that K, (fg. f’»l,u) is Probably (with probability at least 1 — €) and Approximately (the
0'(1/1og(n)/n) upper bound on the absolute difference) Correct for K (g, p,..)- This suggests
that for a predetermined choice of u, K, ( f(;?mﬁu) will give a reasonable estimate of the expected
cost in the target population, K (¢, f’l,u)’ provided that A4 is not too large. Part (c) is a variation of
the style of bound in (b) that is useful in deriving subsequent results. We note that the above
choice for A may not be best in practice, or even feasible if the upper bound M, is not known.
In practice A is chosen via cross-validation, which can be accommodated by Theorem 1.4.1
similarly to the choice of u as discussed below.

The bounds in Theorem 1.4.1 can be adjusted to accommodate the setting where A, u,
or pairs (A,u) are selected from a finite set of values #. With |#/| denoting the number of
elements in %, one can apply a union bound argument similar to that in the proof of part (b).
The theorem is applied once for each element of # with size €/|#/| for each repetition. Then,
applying the union bound argument, the bounds as stated in Theorem 1.4.1 remain valid for any
element of % with the alteration that the term log% in part (a) is replaced by (logé +log|#|)
and the terms log% in parts (b) and (c) are replaced by (log% +1log|#|). For example, when
A = O(y/n), this adds a term that is &'(log|#'|/+/n) to the right hand side of the high probability
bound in part (a). This observation is applicable to the remaining theorems in the paper, with
minor adjustments. Therefore, it is not unreasonable to start with multiple values for u. Then
one may choose u in p, , for the final policy based on the empirical estimates of the associated
budgets, K,,( me’M) for u € W, or via cross-validation.

Before comparing our suggested treatment policies to alternative choices, we discuss a

final insight from Theorem 1.4.1. Part (a) yields that, with probability at least 1 — €,

R < [ R,(0)dp(6 1D ! ;LZMyz 1 1.21
(fop) < [ Ral0)ap(0) + 1 Dwalp.m)+ 4 |G +logz | (121)

for all p € &5 simultaneously. Given a budget B such that Assumption 1.3.4 (i) holds, Lemma

1.3.2 (a) states that Py ;2 ) produces the smallest upper bound for the target population regret
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in (1.21) among all p € #7(®) such that K,,(f; p) < B. Similarly, starting from a given value
of u, under Assumption 1.3.4 (ii), Lemma 1.3.2 (b) shows that g, , results in the smallest upper
bound for the target population regret among Gibbs rules with an empirical budget less than or
equal to B\(ﬁ;w)

Although Theorem 1.4.1 (a) is most useful for our subsequent analysis, in the PAC-
Bayesian literature there are alternative generalization bounds to (1.21) that apply for all p €
P7(0) and could be adapted to our setting. Most notably, variants of the bounds in Seeger
(2002) and Catoni (2007) are fairly ubiquitous in the literature. Either directly or via a slight

relaxation, these bounds also suggest choosing p to minimize

1

| Ra(©)dp(8) + ;- Dic p. ) (122)
®

for some A > 0. Hence, if we impose an empirical budget constraint these would again lead back
to Py 4(s,2) and Py . We note that Seeger’s bound is utilized in our analysis to derive parts (b)
and (c) of Theorem 1.4.1 and appears as Theorem 1.A.2 in Appendix Section 1.A.1. While this
bound does not yield a closed form solution p that minimizes an upper bound on the regret, we
refer to the discussion in Thiemann et al. (2017) regarding a relaxation that suggests minimizing
(1.22) with A replaced by An, which will yield the an equivalent minimization problem when A
is cross-validated. The style of bound in Catoni (2007), in particular Theorem 1.2.6 there, can be
adapted to our setting via the approach in Germain et al. (2015) and again suggests choosing p
to minimize (1.22).

Next we derive oracle-type inequalities that compare the target population regret associ-
ated with py , or Py 4(p,2) to that of alternative choices of p among Gibbs treatment rules within
a relevant budget. It may be helpful to recall the definitions of & and &; B(p3.) from (1.19) and

(1.12),
S =1{p € Pz(0): K (fgp) < B} and &y, ) = {P € Z2(0) : K (fop) <K (fc;,pl,u> }
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We have the following result.

Theorem 1.4.2 Let 1 € Z(®), A >0, and € € (0,1]. Under Assumptions 1.3.1, 1.3.2, and
1.3.3, we have the following properties.

(a) Let B € RU{eo}, denote ii = ti(B,A) and let Assumption 1.3.4 (i) hold. With proba-

bility at least 1 — &, it holds that

2 2 | APM; 3| [M2log?

(b) Fix u > 0 and let Assumption 1.3.4 (ii) hold. With probability at least 1 — €, it holds

that
1
(prM)g min { (fop) + —DKL(p n)}+uU1(8;1,u,n)+U2(8;).,u,n).
PECH(p )
where
V2 (My + uM,.) \/ 4 A (My+uM,)?
Ul(gaa‘al’hn)_ K\/ﬁ 10g<2\/ﬁ)+10gg+T,
and

. _ [(My+uM.)?log(4/e) 1 | A% (M +uM?)
Us (&:4,u,n) = \/ 2nk? + A 8ni?

4
+(1—i—u)logE] .

Note that if A = &(n'/?) , then for any u > 0 and £ € (0,1],

UL (: 4, u,n) = ﬁ’( logn(”)> and U (637, u,n) = & (L) |

n

Theorem 1.4.2 contains sharp oracle-type inequalities that hold with high probability. They differ
slightly from traditional oracle inequalities in that the right-hand sides contain objects that are
random.

Consider part (b) first. In this case, the randomness on the right-hand side of the
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inequality stems from &ps, ) which depends on the sample through B(pr.u) =K(fGp,,), the
un-observable expected target population cost of gy ,,. For a predetermined u, it is natural to ask
if there are alternatives in &2;(®) that would yield lower regret for the same or lower expected
cost. éaB(mﬂ) is therefore the natural set of interest for comparison with p, , as it is the subset
of #7(@®) with Gibbs rules that have target population costs no greater than B(p; ,). Given
a budget B(p;, ), an oracle with knowledge of R(8) could solve for arg mlnPEgB ( fep)-
For A — oo, we may consider arg mlnpe@@B R(fep)+2A~ 'Dki(p, ) as a second-best oracle
solution. When A = @(n'/?), for example, part (b) indicates that with high probability p; , is
close to the second best oracle solution. In Section 1.4.2 we consider oracle-type inequalities
without the KL penalty term appearing.

In part (a), the interpretation is similar to that in part (b), except that now the set of
alternative Gibbs estimators for comparison are those that satisfy the predetermined budget B.
This set is non-random, however now the right-hand side contains a term involving the random

il = i(B,A). Note that i is the value taken by the Lagrange multiplier u in the problem

mmsup{/R )dp (6 —DKL(p T —I—Lt(/K )dp(0) — )}
PESE >0 A

It measures the marginal decrease in empirical penalized regret (alternatively, the increase
in empirical penalized welfare) resulting from a marginal relaxation of the budget. Recall
the welfare and budget are measured per treatment. For example, when benefits and costs
are measured in dollars, how many dollars of penalized welfare are obtained (empirically)
by increasing the maximum empirical cost by a dollar. In more extreme scenarios where a
small increase in the budget produces a large increase in empirical welfare, the bound becomes
less meaningful as the right-hand side approaches the maximum possible regret (if this level
is exceeded, the bound becomes trivial). An example of an extreme setting would be when
i = 0,(n%) for some o > 1/2. When in~'/? is large relative to typical or maximal values of

the regret (which ranges from zero to twice the maximal welfare), this situation is visible to the
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analyst. For a fixed A, a statement similar to part (a) can be obtained where i is replaced by
a non-random constant if we make additional assumptions on the data generating distribution
P. For example, if we instead assume the marginal increase in population penalized regret
associated with a small relaxation of the empirical budget is &,(1). As it stands, the bound
produces a robustness check for the method’s motivation. Intuitively, if it is easy to dramatically
change the empirical welfare by relatively small budget changes, so that an—1/2 is large, we may
be in a situation where it is difficult to learn policies well for the given B and the proposed rules
should be treated cautiously.

If regions of the model space with desirable regret and budget are assigned lower proba-
bility by 7, the distributions p € &7(0®) with the best trade-off between R(fg p) and Dk (p, )
in Theorem 1.4.2 will tend to have larger Dk (p, ) terms. As a result, the upper bounds will
be larger and less informative. Similarly, applying Theorem 1.4.1 part (a) with p = p; . for
either c = u > 0 or ¢ = i(B, A ), and noting Lemma 1.3.2, the regret and budget bounds there are
influenced by the trade-off between empirical regret (or cost) and Dxy.(0y, ¢, 7). DkL(Pa ¢, )
increases when p, . involves a greater re-weighting of 7 in definition 1.3.2. The impact of the
KL terms in the bounds of this subsection are therefore related to the learning problem and model
space complexity. It is influenced by how large the model space is, how narrow the subset of
the model space with low regret/budget is, the relative difference in between lower and higher
regret regions and the noisiness of the data. In parts (b) and (c) of Theorem 1.4.1, where the KL
term is absent, this role falls more to the A parameter: if the problem is more complex, larger
(relative to n) values of A are needed to achieve lower regret or cost. If A is too large, remainder
terms in the generalization error bounds increase. See Lever et al. (2010) for further discussion
of complexity in the setting of bounds of the form in (b) and (c).

Conversely, when the policy maker has (sample independent) knowledge of the data
generating process, they may be able to select or alter a given choice of 7 to focus on the regions
of the model space that best balance regret and cost. Then Dgp (p, ) can be smaller for p that

put the greatest weight on the most desirable regions of the parameter space. The result is smaller
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upper bounds in Theorem 1.4.2 and Theorem 1.4.1 (a). A benefit of the Gibbs rules associated
with p; , and Py 3(p,2) is that economic theory or situation-specific knowledge can be factored
into the treatment rule via 7. Compatibility with expert knowledge may be a valuable advantage
in settings where resource limitations imply that some individuals with a positive CATE will not
be treated. As we will see in Section 1.4.2, such knowledge is not required for the procedures to

have desirable properties.

1.4.2 Normal Prior

As noted at the end of Section 1.4.1, perhaps unsurprisingly, knowledge about the
data generating process can confer estimation benefits through the choice of 7. While it is a
positive attribute that the proposed treatment rules can utilize this information when available,
it is important to emphasize that such knowledge is not a requirement. Learning procedures
based on PAC-Bayesian analysis often utilize uninformative or less informative choices for 7,
such as normal distributions, uniform distributions when ® is compatible, or sparsity inducing
distributions.

Here we take 7 to be a multivariate normal distribution centered at the origin and utilize
the models of the form in (1.10). We show that the proposed treatment rules maintain desirable
properties. In doing so, the KL divergence term is removed from the oracle inequalities, resulting
in a clearer comparison to alternative treatment rules. We leave an exploration of alternative
prior choices and the settings where they may be desirable to future research.

We satisfy Assumptions 1.3.2 and 1.3.3 with the following, more specific, condition.
Note that in the assumption below we are treating ¢ as fixed; it does not grow with the sample

size.

Assumption 1.4.1 [t is assumed that F¢ consists of treatment rules fg as described by (1.10),
with @ = RY. Let
¢, 2P (RY)
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denote a multivariate normal distribution with mean vector | and covariance matrix 621q for

some ¢ > 0. We assume that T = @, o2 for some o > 0 that does not depend on the sample.

Next, we define
Op={0 € R?:K(6) <B} and Op(p, )= {0 €R7:K(0) <B(py,)},

and denote

6 € argmin[R(0)] and 6, € argmin[R(0)]. (1.23)
Oz Os(p;.,)

Note that ®B(m,u) and 0, are random as they vary with B(Pau)- ®B(ﬁx,u) is the set of parameters
such that the corresponding models in .%#g have lower expected target population cost than
JG.p; .- 6, is the minimizer of the population regret among this set. With regard to 6 and 6,,, we

assume the following condition.
Assumption 1.4.2 With probability one, 0 and 0, as defined in (1.23) exist and are nonzero.

This type of condition is implicitly assumed in, for example, Kitagawa and Tetenov (2018) and
in Sun (2021). It simplifies the exposition rather than allowing that the models associated with

these parameters have regret that is arbitrarily close to an infimum. The requirement that 6 and

0, are nonzero simply specifies that the covariates are relevant to the budget constrained welfare

problem. Lastly, our analysis will also require the following technical condition.

Assumption 1.4.3 There exists a constant v > 0 such that
P(¢(X)T0) (¢(X)T0") <0] <v|6 -6

for any 6 and 6’ € RY such that ||6| = ||6']| = 1.

Assumption 1.4.3 or a direct analog is applied in several classification and bipartite

ranking applications utilizing PAC-Bayesian approaches. For examples, see Ridgway et al.
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(2014), Alquier et al. (2016), and Guedj and Robbiano (2018). It is a fairly mild requirement
and, as is shown in Alquier et al. (2016) (c.f. p. 10 there), it is satisfied whenever ¢ (X)/||¢(X)]||
has a bounded density on the unit sphere.

We have the following result.

Theorem 1.4.3 Let Assumptions 1.3.1, 1.4.1, 1.4.2, and 1.4.3 hold. Let 65 = 1/,/q. Then we
have the following properties for any € € (0, 1].
(a) Let Assumption 1.3.4 (i) hold for a given B € RU{eo}. Let A = K /ng/M,, i =1(B, )

and u* = u*(B,A/2). With probability at least 1 — €, it holds that

3 2 3 *
_ q M, 2Mylogs [Mglogs uw*VvM. —
R(fop,,) < R(8)+ [ Liog (an) 2o 1 201082 Ui(nsa),
Jepra) < ()-I-\/;og(n) =+ e i S+ NG +U1(n:q)

where U\ (n;q) = O(n~Y/2) with the explicit formulation given in the proof.

(b) Fix u> 0 and set A = x\/nq/(My+uM,). Let Assumption Assumption 1.3.4 (ii) hold.

With probability at least 1 — €,

My +uM. —

R(fp,,) <R(0.) + === [Us(n:q,u.€) + Us(niq,u€) + Us(migq.u)]

where Ua(n;q,u,€) = 0(log(n)n='/?), Us(n;q,u,€) = 6(n~"/?), and Uy(n;q,u) = O(n=1/?),

with the explicit forms given in the proof.

Note that the values for A in parts (a) and (b) are chosen to produce the nearly optimal
rate of convergence in part (b). In practice there may be better choices and we will typically
choose A via cross-validation. As noted in the discussion following Theorem 1.4.1, we may
choose A, u, or pairs (A,u) from a finite set of values . In this case the theorem above can be
adjusted to hold simultaneously for all elements of % by replacing the terms log(€/3) on the
right-hand side of the inequality in (a) by log(&/3) +1log|# | and the terms on the right-hand

side of (b) that involve log(€/4), which appear in the U j terms defined in the proof, are replaced
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by log(e/4) +1log|#|. For example, for fixed € € (0,1] and u > 0, this adds a term that is
O (log|# |n~1/?) to the right hand side of (b).

In Theorem 1.4.3, fG,ﬁx,mB,x) and fc,ﬁw are compared to the best (non-stochastic) models
in .#g with an expected cost no greater than B or B(p, ), respectively. Additionally, the absence
of KL terms in the inequalities allows for a more salient comparison to relevant alternatives.
In part (b), for any u > 0 and € € (0, 1], the terms beside R(8,,) on the right hand-side are
collectively & (log(n)n~'/?). With high probability, the regret of /6.5, gets close to the regret
an oracle would obtain choosing the best rule from the subset of .7g with a target population

1/2 is nearly optimal. For example, in the

budget no greater than that of fg , . The rate log(n)n~
unconstrained case with B = oo, which corresponds to u = 0 or it = u™ = 0, Kitagawa and Tetenov
(2018) show that n~1/2 is the optimal rate for bounds on the expected regret of the empirical
welfare maximizer over %@, provided .%g has a finite VC-dimension (see the discussion there
for more details).

Part (a) has the complication of involving 4 = (B, A) and u* = u*(B,A/2) as A grows

with n. The effect of i is related to the marginal decrease in

Ru(f6 3. 005)) 2 DKL(Pri(B.2A) T)

associated with marginal increases in B as the penalty diminishes (A increases). The behavior
of u™ is related to the marginal decrease in the penalized regret of fG,p;u*(B’M) associated with
marginal increases in B. Suppose we are unlikely to have large marginal gains in empirical or
theoretical penalized regret associated with a marginal increase in B at all or small penalty levels
(i.e. as A — o). Then (a) implies that, with high probability and for large enough sample sizes,
the regret of fg, Pr is close to the regret that would be obtained by an oracle choosing the best
policy from the subset of .%g with an expected cost in the target population that is less than or

equal to B. For example, if u* = €/(1) and i = 0),(1) as n and A increase, then the terms on the

right-hand side of the inequality in (a) other than R(8) are &, (log(n)n~'/?).
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We conclude this subsection with remarks regarding implications for the proposed
treatment assignment rules. One drawback of starting from a fixed B and utilizing i = 4i(B, 1)
is the absence of a counterpart to Theorem 1.4.1 (b) for the cost K(f, ﬁw) when # is random.
Even when 7 and u* are well behaved so that Theorem 1.4.3 (a) implies it is likely that f¢; Pr
will have regret comparable to the best rules in .#g with expected cost less than B, this may
be achieved with an expected cost greater than B. On the other hand Theorem 1.4.1 (a) with
p = P;,;; yields that with probability at least 1 — €,

1 {/IZMCZ 1]

1 A
K (vaﬁl,ﬁ) <B+ IDKL (P)L,m 71') + I W +log E

where we have used the fact that K, ( meﬁ) < B a.s. under the assumptions of the theorem.
When A = &(n'/?), for example, whether or not we have an upper bound that approaches B
depends on the behavior of this KL term. Unfortunately, i and the KL term above are difficult
to analyze in this scenario as  is essentially defined implicitly to ensure K, ( meﬁ) <B.lItis
possible to cross-validate B, for example examining values less than B to try and ensure the
expected budget is not violated. The comments regarding extending the high probability bounds
to apply simultaneously for multiple values of u can be applied to choices for B as well.

On the whole, the procedure starting with a set of values for # may be more compelling.
By Theorem 1.4.1 (b) and the surrounding discussion, for values u in a reasonably sized set
W , the values of K, (fgp, ,) provide reasonable estimates of K(fg, m’u), the expected costs of
these policies conditional on the rules estimated from the sample. These can be utilized to select
u. Alternatively, u can be chosen from % via cross-validation or by some other method. For
example, in the case of pure quantity constraints, it may be possible use data from the target
population to select u to achieve the correct (or nearly correct) proportion of treatments assigned
in the target population. Theorem 1.4.3 (b) and its extension to hold for all u € # simultaneously,
then indicate it is likely R(f p, ,) for the selected u will be comparable to the best treatment

rules in 7@ among those whose target population cost does not exceed that of f; 5, . Hence
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by starting from a set of u values, the policy maker can trace out reasonable estimates of the
target population budget horizon. At the same time, the policy selected according to these budget
estimates is likely to be the best bang for the buck in that the associated regret gets close to that

which an oracle would choose for the same target population cost.

1.4.3 The Majority Vote Treatment Rule

Let p € Z7(0). As mentioned in Section 1.3.2, the non-stochastic majority vote treat-
ment rule fiy p in (1.13)is a close relative of the Gibbs rule f¢ p that can prove numerically more
stable in practice. In the classification literature, it is well known that the risk associated with the
majority vote rule, where risk is defined for a zero-one loss function, is upper bounded by twice
the risk associated with the Gibbs classification method (e.g., Langford and Shawe-Taylor (2003),
McAllester (2003a)). Hence analysis of the Gibbs treatment rule is often used to justify use of
the majority vote. Additionally, the “2x” upper bound can be loose and it is not uncommon
for majority vote rules to outperform Gibbs rules. We refer to Germain et al. (2015) for further
discussion regarding the majority vote versus the Gibbs method for classification settings. Here,
we show that, as in the classification setting, the majority vote treatment rule can inherit desirable
qualities from the Gibbs treatment rule in the budget constrained treatment rule setting.

While the majority vote rule fuy p is not guaranteed to satisfy the same budget as its
Gibbs counterpart fg ,(x), we can still show that when f p (x) is close to fg( 0) (x), the optimal

rule for its budget,

B(p> :K(fG,P>7

then fmy,p will also be close to fg( o) The measurement of closeness, defined shortly, depends

on both the welfare achieved and deviations from the budget B(p). We will suppose that
B(p) > Egl8.(X)1{8.(X) < 0} (1.24)

That is, fg,p does not achieve the exact cost of the cost-minimizing rule 1{d.(x) < 0} forx € 2Z".
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If (1.24) were an equality, the budget of f; , would be such that a policy maker faced with
this budget would need to ignore welfare and seek the lowest cost rule. Hence, when we are
interested in maximizing welfare with a budget constraint, it is reasonable to rule out the case
where the solution to the policy maker’s problem is to ignore welfare and seek the lowest cost. In
addition to (1.24), we will assume that 8,(X) and &.(X) have bounded densities so that optimal
solution to the decision makers in Theorem 1.3.1 is deterministic.

Under (1.24), Assumption 1.3.1, and the condition that 8,(X) and 6,(X) have bounded
densities, Theorem 1.3.1 yields that the optimal budget-constrained policy for the budget B(p)

of the Gibbs rule f¢ p is of the form

T30y (%) = 1{8y(x) = Mp(p)0c(x) > 0}, x€ 2, (1.25)

for a constant 1. It also follows from Theorem 1.3.1 that either np(,) = 0 and K(fg(p)) <
B(p) or else Np(p) > 0 and K( fg( p)) = B(p). Recalling the definition of the welfare-regret under

a budget constraint in (1.11),

Roip) (N =W (fi)) =W (1),

itis clear that Rp(,)(fG,p) is non-negative. It is small only when fG  attains a welfare that is
close to the budget optimal rule in its own budget class. We will show that when Rp,) (fG,p) is
small, fiy p has similar welfare to the optimal policy fg( 0) and is unlikely to violate the budget
B(p) by a large amount.

First note that if a decision maker faced a budget of B(p), it would be reasonable to seek

arule f: 2" — [0, 1] that minimizes

L(p)(F) = Eo | (8,(X) = M) (X)) (i) (X) = £(X)) |
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with the associated loss function

(o) (%) = (8,(6) = M) 8:2)) (i) () — /()
0 if fl}k(p)<x) = f(x),

|8y (x) = Na(py8c(x)|  if [, (x) # f(x).

By the form of fg( o) in (1.25), Lp(p) (f) is non-negative and attains the value zero only
when f(X) = fg( 0) (X) almost surely. Of course, such a loss function cannot yield an estimation
strategy directly because 0y, d,, and Np(p) are unknown. However, when LB(p)( f) is small, this
means we are unlikely to encounter a set of co-variates X for which f assigns treatment and

Np(p)0c(X) exceeds 0y(X) by a large amount. We have the following result

Theorem 1.4.4 Let p € P7(0®). Let Assumptions 1.3.1 and 1.3.2 hold and also assume that
(1.24) holds and 6.(X) and 6,(X ) have bounded densities so that Eg[1{6y(X) = Np(p)0:(X)}] =
0. Then

Lp(p) (fnv,p) < 2Rpp) (fG) -

We note that the expectation in the definition of Lg,) (f) is taken with respect to a draw
from the target population. When p is dependent on the sample data, the result and proof still
hold, conditional on the estimated rule or sample, provided that (1.24) can be assumed to hold
almost surely for p or with high probability if considering probabilistic bounds such as those
in Sections 1.4.1 and 1.4.2. This is reasonable to assume for p, ,, particularly when u is not so
large that no treatments will be assigned. The notion that, for appropriately chosen values of A,
RB(/S),,M) ( fG'ﬁl,u) is small is exactly the implication of Theorems 1.4.2 (b) and 1.4.3 (b).

For example, assume that the conditions of Theorem 1.4.3 hold, take A = K\/ﬁ] / (My +
uM_,) (although we continue to write A to reduce clutter in the notation), and suppose that (1.24)

holds almost surely for p = p, , and that §.(X) and 6,(X) have bounded densities. Then by
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Theorem 1.4.3 (b), with probability at least 1 — € it holds that

RB(fG.ﬁ)L’u) <fGaﬁ/1,u>
My, +uM.

— [Ua(n;q,u,€) + Us(n;q,u,€) + Us(n; g, u)]

< argmin [RB ) (9)]—1—
0€0s(, ) Vo)

where we have done some simple algebra on the inequality of part (b) of Theorem 1.4.3 utilizing

the definitions of regret and regret under a budget constraint. The above also uses the notation

RB(fG%)(@) =W (fé(f%#» —W (/o).

Recall that the terms outside of the argmin on the right-hand side of the above inequality are at

most & (log(n)n~"'/2) for fixed u > 0, g € N and € € (0, 1]. If, for example,

0y(X) = ¢(X)T6,, and &.(X) = ¢(X)T6,,

for some 6,, 6. € RY, then we would have

argmin [RB A (6)}20.
0€Op5; ) Vo)

In this case, the above combined with Theorem 1.4.4 produce that, with probability at least 1 — €,

Lp(p, .)(fmv,p, ,) is bounded above by terms that are ¢ (log(n)n~'/?).

1.5 Simulation Study and Implementation Details

In this section we evaluate the proposed treatment assignment methodology in a simula-
tion environment. We also discuss model estimation and implementation. Section 1.5.1 describes
the simulation environment and findings. Section 1.5.2 describes a model estimation strategy

using the Sequential Monte Carlo (SMC) approach and discusses the implementation choices
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utilized in the simulation.

1.5.1 Simulation Study

We assign treatments utilizing p, , in the following simulation environments. We take
X = (X1,X>,X3) where X; ~ Unif(—1,1) for j =1,2,3 are i.i.d. uniform random variables.
Letting A(v) = (1 +exp(—v))~! denote the logistic function, potential outcomes are determined

via

Y; = max{X; +X5,0} + max{X3,0} +4dA 2 (X1 + X1 X2 + X»)) + €, d € {0,1},

where € is taken to be a standard normal random variable that is truncated to take values in

[—2,2] and is independent of all other variables considered. Potential costs are determined via

4A X> +1.5X
Co=0, C; ~Binom (6, (a(3% +1.5 3))>,

6

where a is a constant. Lastly, e(x) = 1/2 for all x € 2 so that D ~ Bern(1/2) and is independent
of the other variables. We consider a € {1,2,4}.

Each choice of a corresponds to a different data generating process (DGP) and for each
we perform the following simulation study separately. We simulate training sets each with sample
size n = 1,000. A testing sample of size ng = 10,000, which is re-used across training sample
iterations, yields approximately the true costs and benefits from of any considered treatment
rule. We consider 100 training simulation replicates. Using knowledge of the DGP, we can
calculate Ep[Y;; — Yo ;|Xi|] and Ep[C) ;|X;] for each testing set observation. Then, for a rule
f(x): 2 —[0,1], we use the testing set to obtain the (approximate) gain and cost associated
with f,

Gain of f = Eq [(¥; — Yo) f(X)].
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and

Cost of f = EQ [C]f(X)] .

The Gain of f is the expected increase in welfare, relative to no treatments, associated with the
treatment rule policy while the Cost of f is its cost.

Section 1.5.2 describes the Sequential Monte Carlo procedure used to sample from p; ,,
to implement the associated Gibbs or majority vote rule. We consider values of u increasing
from O to 2 in increments of 0.05. For each choice of u, A is chosen by 4-fold cross-validation
to maximize W,(f) — uK,(f) across hold-out folds, where f = f6p,., for the Gibbs rules and
f=rfav, P for the majority vote rules. We thus obtain treatment rules with varying gain-cost
pairs for different choices of u and can obtain cross-validation-based estimates of these pairs
during the estimation stage.

To make estimation from a training sample operational, we must specify a treatment rule
space -#@ and prior 7. With d, denoting the dimension of 2" (d, = 3 in the simulation setting),

for k € Nand g, = (dxljk) , the polynomial transformation on .2~ of order at most k is defined as

FE (k) = {m(x) “m(x) = f‘, 0,0,(x),6 € R%}, (1.26)
j=1

where the summation is over all monomials ¢;(x) = H?Zl x? 7 with Zé‘le Pjic < g, pjr € NU{0}.

We take .Z@ to be the family of rules described in (1.9) and (1.10) where the transformations

¢;(x) are the monomials used in the construction of the polynomial transformations on R3 of

order at most 2 with the monomials normalized by their sample mean and standard deviation

calculated from training data. We set 7 to be the standard multivariate normal distribution over
R0,

As an alternative treatment rule, we consider the approach of Sun et al. (2021). Under

our simulation setting, where for example Cy < C; almost surely, fz in Theorem 1.3.1 takes the
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form

i =1{ 30> m .

for some constant 1)g. Sun et al. (2021) show that &, (x)/J.(x) can be estimated nonparametrically
by re-purposing the so-called generalized random forest methodology of Athey et al. (2019).
When costs can be observed at the time of treatment assignment, their approach first estimates
0y(x)/6¢(x) for x € 2. This produces an estimate of the conditional welfare to conditional
cost ratio 8,(X;)/8.(X;) for each observation in the target group®. These ratio estimates are
ranked according in descending order and treatments are allotted according to this order until
the budget is exhausted. We call such a method of assignment, where a ranking is derived
for members of the target group who are then treated in that order until the budget is reached,
a “batch implementation” method. Additionally, as a baseline rule, we estimate the CATE
0y(x) = Ep[Y1 — Yo|X = x| using the generalized random forest of Athey et al. (2019) and
then use the resulting scores in the target group for a batch implementation. This baseline
approach does not factor costs into the treatment decisions. In our simulations, these methods are
implemented using R 4.2.2 (R Core Team (2023)) with the grf package (Tibshirani et al. (2022))
following the described adaptation in Sun et al. (2021) for their approach. The default package
settings were except that the known treatment probabilities supplied to the algorithm.

The approach of Sun et al. (2021) and the baseline that ignores cost utilize batch im-
plementations while the Gibbs and majority vote methods do not. To compare like-for-like,
the majority vote models associated with p, , for a range of u values (with A chosen via
cross-validation for each u) are amenable to a batch implementation method. An algorithm for

implementing a batch treatment rule utilizing the majority vote rules is described below.

By target group we mean individuals or units for whom treatment assignment must be determined, typically
this is the wider population from which the sample comes from that consists of individuals or units not used in
fitting treatment rules.
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Batch treatment implementation utilizing majority vote rules

Input Target group observations indexed by Farger = {1,2,... ,ntarget} With ngyge; total observa-
tions and covariates {X; : j € Farget }, minimum cost Bp;n, number of bins used denoted npjy,
budget B, set of u values denoted %, majority vote rules fp,,, Pro for each u € #;, along with
cost estimates cOst( fiy, ﬁiu,u)' If treatment is assigned to X;, we then observe the cost of treating

individual j, Cy ;.

Output Firear © Harger, a subset of individuals in the target group assigned treatment.

Step 1: Initialization
Set By < Bpin and Fypeqr < 0.
Step 2: Treatment determinations
Fori=1:ny,

e Set u; + argmin ’cést (fmvﬁiu u) — <’(B;b%m)) ‘
uey '
* Let % = {(1),04(2),...} denote the ordered ranking of target group observations not
currently in the set Zeq in decreasing order of the majority vote scores. That is, in
decreasing order of [g fo(X j)dﬁil,i,u;(e) for j € Harget N Hfear- For example, o5 (1) gives

the index of the individual with the largest such majority vote score that is in F,ger but

not currently in Fireqr, provided that Fureet N Fgeqe 7 0. In the latter case, 7 = 0.

real

* Setk+ 1.

e While By < B X Ntarget and k < |<ﬂz| do %reat <~ %reat U (X,'(k), By < By +C1,a,<(k)a and

then k +— k+ 1.
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End For

The algorithm above divides the cost space below the budget into bins and then performs
a batch implementation at each bin using the majority vote scores of the model with an estimated
cost nearest to that bin’s endpoint. Note that we are using the notation Ay in fm‘@ﬁiu,u to reflect
that A varies with u and is data dependent. For cost( mevﬁ}xu,u)’ one could use K, (fmy, [);lu.u)’ an
estimate of the cost arising during the cross-validation of A, or some other estimate such as one
arising from an auxiliary testing dataset if one is available. Minor modifications may improve the
performance, for example dropping any values of u from consideration in Step 2 if there exists
another «’ with a corresponding estimated majority vote model that has lower estimated cost
but higher estimated welfare. However, in our simulations we use the simpler version presented
above. We take cost( mevﬁ;mu.u) to be the average cost associated with fi,,, Py, ACTOSS the hold-out
fold samples during the cross-validation of A when estimating p; , for the majority vote model.

The batch implementation utilizing the majority vote rules is noteworthy because, when
batch implementation is feasible, it controls costs accurately. In our simulations, we created 20
equally spaced cost bins, starting at 0 and with endpoints increasing from 0.1 to 2 by increments
of 0.1. We treated each end point as a desired budget level and applied the batch implementation
that utilizes the majority vote models. For example, the first desired budget level is B = 0.1
and utilizes nyj, = 1 in the algorithm above, while the last desired budget is B = 2 and we set
npin = 20. Throughout, we take By,j, = 0. For each budget level we also applied the alternative
batch implementation methods. The gains associated with models fit to each training sample
iteration were calculated using the test set. Then these gains were averaged over all training
sample iterations to produce Figures 1.5, 1.7 and 1.9 for a = 1,2,4, respectively. We denote
the batch implementation method utilizing the majority vote models by “PB-B”, we denote
the non-parametric method of Sun et al. (2021) centered around the conditional welfare to

conditional cost ratio by “R-NP”, and we denote the baseline that ignores cost by “Ignore Cost”
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or IC in subsequent discussion.

We will refer to the non-batch-implemented stochastic Gibbs and non-stochastic majority
vote methods by “PB-G” and “PB-MV”, respectively. To assess these methods, we utilize “cost
curves” to compare the gain-cost trade-off of the considered rules at different budget levels.
These are constructed as follows. For a single training sample iteration, for each u we estimate
a Gibbs rule and a majority vote rule. We then evaluate the true cost and gain associated with
these treatment rules (for different choices of u) using the test data. Once we have the true costs
associated with these rules, we estimate the R-NP ratios and IC CATE scores from the training
sample and implement these rules via batch implementation in the testing data. For each u choice
and for each PB-MV and PB-G rule, the R-NP and IC rules are implemented to stop assigning
treatment when they reach the same cost as the PB-MV or PB-G rule of interest. In this way we
are comparing models with the same true costs.

For each training sample, the various (approximately) true gain-cost points associated
with different u choices for the PB-MV and PB-G methods are plotted in gain-cost space along
with the associated points for the R-NP and IC models. The gain-cost curve for the iteration is
then estimated by interpolating between these points. For a single training sample iteration, this
process is illustrated in Figures 1.11 and 1.12 for the DGP with a = 1. Then, the gain-cost curves
for all training sample iterations are averaged (vertically) to produce the final (approximately)
true gain-cost curves. This procedure for the DGP with a = 1 then produces Figure 1.6. The
black lines in these figures give the gain-cost pairs that would result from randomly assigning
treatment in the target population until the particular cost level is achieved. The cost curves for
the DGPs with a = 2 and a = 4 are presented in Figures 1.8 and 1.10, respectively.

We can now discuss the main takeaways and results from the simulation study. Figures
1.5-1.12 present the cost curves from the simulation study while Table 1.1 collects select data
points from these graphs for a more precise snapshot. For a = 1, the PAC-Bayesian methods
PB-G, PB-MYV, and PB-B perform quite closely to the R-NP method. In this setting, the R-NP

slightly outperforms the PB-G and PB-MV methods across most cost levels, with the gap in
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out-performance slightly increasing at greater cost levels. The PB-B models, on the other hand,
perform quite similarly to the R-NP method across the cost levels in this setting, with +0.01
differences in welfare at a few cost levels.

As a increases to 2 and 4, all of the PAC-Bayesian-based rules improve their performance
relative to the R-NP approach. PB-B rules yield higher welfare gains than the R-NP rules at
lower to middle cost levels while slightly lagging the welfare of the R-NP models at higher cost
levels for a = 2 and slightly out-performing them at a = 4. The out-performance of PB-B models
increases slightly at lower cost levels as a increases from 2 from 4. For a € {2,4}, relative to the
R-NP models, the PB-MV and PB-G models now yield higher welfare gains at lower cost levels,
perform similarly at middling cost levels, and are slightly beaten at the highest budgets. As the
cost/budget level increases, the optimal rules in these simulation environments involve treating a
higher proportion of the target population, eventually treating everyone as cost levels are allowed
to rise enough. The optimization problem that the Gibbs posterior solves is penalized towards
allowing a degree of randomness in the resulting Gibbs rule (see, for example, the Dk (p, 1)
term in (1.15)). This could help to explain why the PB-G and closely related PB-MV models lag
slightly at the highest cost levels whereas the PB-B implementation that treats until the budget is
met performs well at these levels.

Note that

Oy(x) =4A (2 (x1 +x1x2+x2)), Oc(x) =4A(a(3x2+ 1.5x3)).

For values of v near zero, A(v) is approximately linear in v and so the above compositions are
also approximately linear in x1,x1x2, X2 and x3 near the origin. For values further from the origin,
which are encountered with increasing probability as a increases, this linear approximation
worsens. When we are likely to observe combinations of X;, X3, X1X> and X3 that are further
from the origin, the conditional welfare to cost ratio in the optimal rules is a more complex object

in these regions that is less well approximated by individual rules in .#g and has increasing
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variance as a increases. This simulation study could suggest the PAC-Bayesian approaches may
have benefits over the R-NP method when conditional expected costs are noisier.

In practice it is desirable to compare alternative methods prior to implementation. For
example, via evaluation using an auxialry testing data set separate from that which the models are
trained on. One drawback of the approach of Sun et al. (2021) and other batch implementation
methods is they cannot be evaluated in a traditional way using test data withheld from model
estimation. For example, test sample data points that a batch implementation method may rank
highly for treatment may not have received the treatment and thus we do not observe the costs
accruing properly to know when a batch implementation method would stop assigning treatments.
We note that Sun et al. (2021) is a working paper and since this paper was started the authors
have added material aimed at addressing this issue.

It also is important to note that there are a number of settings where the forest-based R-NP
method is not viable whereas the PAC-Bayesian approaches considered here remain applicable.
Batch implementations are not always viable. The cost of a treatment may not be realized until
sometime after treatment assignment and one may not always have the full target group available
when the rule must be set. Batch implementations, where treatment is assigned until the budget
is hit, could also be unacceptable to policy makers in settings where the “budget” is something
with a negative connotation like a complication rate in a medical setting.

Additionally, the R-NP rule can only be applied when Cy < C; a.s., which rules out
certain circumstances relevant to policy makers. For example, as noted in Sun (2021), Hendren
and Sprung-Keyser (2020) identify fourteen welfare programs out of 133 considered that are
estimated to have negative or zero net cost to the government. The EWM based approach of Sun
(2021) can accommodate the setting where Cy > C; with positive probability, as can the PB-G
and PB-MV methods considered here. However, the approach of Sun (2021) may be difficult
to implement when allowing for more flexible decision rule classes (she considers threshold
rules that vary with a covariate in her application) and lacks the budget efficiency properties

derived here. An additional benefit of the PAC-Bayesian approaches here is their ability to utilize
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estimation tools from the Bayesian literature as demonstrated in Section 1.5.2 below. Lastly,
while one could estimate &y(x) and J.(x) separately and try to build a workaround via Theorem
1.3.1 when Cy > C is possible, the resulting ratio estimates may have increased variance and

will again require batch implementation, which adds a complication in this setting.

1.5.2 Implementation and Estimation via Sequential Monte Carlo

To implement treatment rules associated with p, ,(6), we must evaluate the treatment

assignment probabilities or majority vote scores of the form

| Solw)dpau(0), € 2 (1.27)

To do so, we utilize the Sequential Monte Carlo (SMC) procedure considered, for example, in
Del Moral et al. (2006). While a Markov Chain Monte Carlo (MCMC) approach also could be
derived, recently Ridgway et al. (2014) and Alquier et al. (2016) have highlighted the usefulness
of the SMC procedure in PAC-Bayesian applications. One benefit is the ability to sample from a
sequence of Gibbs posterior distributions for a range of A values. This can ease the computational
burden for cross-validation. Here we discuss key elements of the approach, provide an estimation
algorithm for our setting, and discuss implementation. We also discuss the choices utilized in
implementing the procedure for Section 1.5.1.

Throughout, we make the following computational adjustment to the definition of p; , in
order to make the implementation choices for Section 1.5.1 applicable to more general settings.

We define p, , to be the distribution over ® with RN derivative with respect to 7 given by

% (0) = exp [_A (MK,,(9> _Wn<9))]
dn Z(A,u) ’

(1.28)

where
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and
_ W,.(0 K, (6
W,(0) = - n() 1 n() .
2 L Oy a Liz1 Oy

This adjustment is relevant when the average treatment effect is expected to be is positive.

and K,(0) =

Clearly, if we denote Sy =n"! i1 Oy,i» the distribution p; , in (1.28) is equivalent to ;3( 8,0 in
Definition 1.3.3. In practice we choose A via cross-validation from a wide range of values.

For given choices of A > 0 and u > 0, the SMC algorithm we adopt samples from p; , to
evaluate (1.27) by simulating a set of parameter draws from each of a sequence of distributions

{P3, u} - Here,
0= <A <-—-<Ar=4A

is an increasing temperature ladder that must be specified. Note that p,, , = &, which the user
may specify and we assume can be sampled from. The temperature ladder {%}ZTZO is intended
to be such that the corresponding distributions p,, , progress gradually from 7 to the target
distribution Py ;.

For each t = 0,...,T, the SMC algorithm produces a set of N weighted samples
{‘Pt(i), 9,@ W, with ‘P,(i) >0and YV, ‘P,(i) = 1 where Gt(i) € O for all ¢ and i in our setting.
The set of parameter draws {Gt(i)}i.\’: , are referred to as particles (there are N weighted particles
for each ). SMC combines MCMC moves with sequential importance sampling; we refer to
Del Moral et al. (2006) for additional details and discussion. This produces weighted particles

that emulate, in terms of computing expectations, samples from the distributions p;, , associated

with
% (6) = exp [_A't (MK,,Z(IQ) - n(e))] , L= /@exp [—),, (ufn(g) _Wn(g))} dm(0).

Conditional on p;_. ,, under general conditions, for a Py, ,-integrable function ¢ : ©® — R,

i) () as
wo (6)) ;;/@<p(9)dp,w<e) as N — oo.

i=1
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In our setting, we are interested in @(6) = fy(x) to approximate (1.27) via

‘P(Ti)f6<i> (x), xe Z.

1 T

=

Once we have run the SMC algorithm to yield {‘P(Ti), G}i) MV | for a given pair (A,u) = (Ar,u),
the treatment probability or majority vote score for any value x in the covariate space can be
computed as above. Alternatively, for example, we may be interested in @(6) = K,,(6), to
approximate K, (/G p, ,)-

The SMC algorithm utilized to estimate the treatment rules in Section 1.5.1 is detailed
in the algorithm tables below. We set the input parameters Tgss and N there equal to 1/2 and
1,000, respectively. Tgss 1s an Effective Sample Size threshold criterion. When the variance of
the weights at a given step ¢ is too high, the SMC procedure utilizes a re-sampling step. This is
referred to in Step 2 of the algorithm below. In our application we utilize systematic resampling,
which is also outlined below. The choice of temperature ladder, additional algorithm details, and

cross-validation points are detailed below the algorithm descriptions.

Tempering SMC Algorithm

Input N (number of particles), Tgss € (0,1) (ESS threshold), {4}, (temperature ladder).
Output {‘Pt(i), Gt(i) }f’zl fort=0,...,T.
Step 1: initialization

e Sett«0.Fori=1,...,N, draw Géi) ~ 1 and set‘P(()i) + 1/N.

Iterate steps 2 and 3

Step 2: Resampling
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o If

M=

1

—1
AN\ 2
{ (‘Pt(l)> } < TgssN,
i) g (i

(N
resample {‘I’t 0y yielding equally weighted resampled particles {%\,, 0, )}. 1 and
l 1=

NN N L3N
set {‘P,(l), Bt(l)} — {%, t(l)} . Otherwise, leave {‘Pt(l)7 Gt(l)}A | unaltered.

l:1 1=

Step 3: Sampling
e Sett«+t+1;ift =T+ 1, stop.

e Fori=1,...,N, draw Gt(i) ~ K,(Gt@l,-), where K; is an MCMC kernel with invariant

distribution Py, ,,, and evaluate the unnormalized importance weights

o (%)) = exp [h1 (i (87,) 0 (69,)) ~ A (a (87,) -, (62,))].

e Fori=1,...,N, set
0,0, (60,)

t

()
lIIt <_ R R .
1}’:1 lPt(J—)la)f (91@1)

Resampling Algorithm (systematic resampling):

N (AN
Input A set of (normalized) weights and associated particles, {‘P,(l), Qt(l)}_ for some ¢ €

{0,....T}. i

—_ (NN
Output Resampled particles for equal weighting, {6,( )}. |
1=
e Drawu ~ U [O,IH.
« Compute cumulative weights C¢) = ¥! | e fori=1,...,N.

e Setm <+ 1.
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e Fori=1:N
While « < ¢ do 8" « 6.
m<«m+1,and u < u+1/N.

End For

Some additional implementation details utilized in Section 1.5.1 are as follows. For the
MCMC kernel in the sampling step of the SMC algorithm, we use a Gaussian random-walk
Metropolis kernel with covariance matrix proportional to the empirical covariance matrix of the
current set of particles. We scale the empirical covariance of the step ¢ particles by =%, In
practice, the scaling factor can be adjusted, possibly dynamically rather than with a general rule
like 777, to ensure reasonable acceptance rates in the MCMC steps of the SMC algorithm.

For a temperature ladder, we set T = 800 and utilize a piece-wise linear structure
as follows. {,}?% increases from 0 to 4/(|1 4 u|) in equally spaced steps. Then, {4, }729,
increases from 4/(|1+u|) to 32/(|1+u|) =25 /(|1 4 ul) in equally spaced increments, {4, }#79,,
increases from 2° /(|1 +u|) to 28 /(|1 +ul) in equally spaced increments, and {4, }>%, increases
from 28 /(|14 u|) to 2'9/(|1 +u|) in equally spaced increments. For A values of interest less
than 2'°, the temperature ladder is cut short (at fewer than 800 steps) to end once A, reaches
the desired value. Let %) denote the elements of {A,}5% that are closest to elements in
{22,(22+2%) /2,23, (23 +2%)/2,2%,...,219Y /(]1 4 u|). Rather than considering each value in

{2 }3% as a potential choice for a rule, during cross-validation A chosen from values in ;.

1.6 Empirical Illustration

Here, we illustrate the procedure for Gibbs treatment rules centered around p, , using
data from the National Job Training Partnership Act (JTPA) Study. This study has been a popular

choice for illustrating individualized treatment rule estimators and is utilized, for example, in
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Kitagawa and Tetenov (2018), Mbakop and Tabord-Meehan (2021), and Kitagawa et al. (2023).
Detailed descriptions of the study can be found in Orr et al. (1994) and Bloom et al. (1997).

The JTPA study was a randomized controlled trial aimed at assessing the costs and
benefits of the training and employment assistance programs of the JTPA. The study randomly
assigned each participant to one of two groups. In the first group (the treatment group), partici-
pants had access to JTPA services, whereas in the second group (the control group), access to
JTPA services was restricted. For example, access was limited to certain services, and a period
of time was imposed when a control individual would be ineligible for services. Note that the
treatment was ease of access to services, rather than participation in JTPA programs or any other
type of compliance. The study collected background information on participants and tracked
their earnings in the 30-month period following treatment assignments.

As in Kitagawa and Tetenov (2018), we use an individual’s total earnings in the 30
months following treatment as the outcome variable of interest (Y). Our Gibbs treatment rules,
like those proposed in the referenced above, are based on two variables that policymakers might
consider in designing access policies: an individual’s years of education and their earnings in the
year prior to treatment assignment. JTPA personnel assessed all participants prior to treatment
assignments and provided service type recommendations, which were categorized by Orr et al.
(1994) into three types: classroom training, on-the-job training/job search assistance, and other
services. To construct our cost variable, we use averages related to these categories, as described
below.

Although treatment costs varied between individuals in the study, we don’t have exact
costs per person. Instead, we define the cost variable C as follows: if an individual received
0 hours of JTPA services, we set their cost to 0. Otherwise, we take their cost to be the
average cost of services for individuals with the same gender, treatment assignment, and service
recommendation category. These averages are reported in Exhibit 5.3 of Orr et al. (1994) and
were adjusted for our purposes to reflect the averages among individuals who received services,

using the proportion of individuals in each subcategory who received more than 0 hours of
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services. As noted in Orr et al. (1994), it is relevant that services utilized correlated with service
recommendations and individuals in the control group that did access JTPA services at some
point in the study tended to incur similar costs as individuals in the treatment group that received
services. The probability of using any services, on the other hand, was greatly impacted by
treatment assignment and is a key driver in cost differences.

Our sample consists of 7,675 adults (22 years and older) for whom data on years of
education, pre-program earnings, and service hours received are available. As in Kitagawa and
Tetenov (2018), we only consider individuals from the original program evaluation and studies
around it (e.g. Bloom et al. (1997) and other references provided in Kitagawa and Tetenov
(2018)). The probability of being assigned treatment is 2/3 in this sample. To estimate potential
models of interest, we utilize the SMC procedure described in Section 1.5.2. We consider
u € {0.05,0.1,...,3} and cross-validate A, € {2,22,...,2'9} /(14 u) for each. During the cross-
validation step, for each u we obtain an estimated cost and welfare, namely the averages of
E(ﬁimu) and W, ( fG:ﬁiﬁu) across hold out folds. Note we are abusing notation here because, during
cross-validation, objects involving ﬁi,u are calculated from the k-fold training sample rather than
the entire sample while the cost and welfare estimates are averages of objects calculated using
hold out samples.

We use 2-fold cross-validation because the 30-month post-treatment earnings data is
highly variable, and there is a potential to overfit noise in smaller cross-validation samples. We
take .Fg to be the family of rules described in (1.9) and (1.10), where the transformations ¢;(x)
are the monomials used in the construction of polynomial transformations on R? of order at most
3. As in the simulation section, we normalize the monomial transformations by subtracting their
sample means and scaling by the sample standard deviations since there is a considerable degree
of variation in scale among the transformations, with education taking values from 7 to 18 years
and pre-program earnings ranging from $0 to $63,000.

The cross-validation-based estimates of the welfare and cost pairs for different values of

u are plotted below in Figure 1.2. We dropped points corresponding to models with dominated
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welfare-cost pairs, i.e., points where there existed an alternative model for a different choice
of u with a higher estimated welfare for the same or lower estimated cost, and these are not
displayed. Following an approach where we consider multiple values of u and examine feasible
budget estimates of the policies, we can see that there are models with average costs per person
ranging from roughly $100 to about $650. That is, we estimate that when these treatment rules
are applied to a wider population similar to the sample, we can achieve average costs per person
within these ranges.

We examine three of the estimated models corresponding to the circled points in Figure
1.2 in greater detail. Starting from the left, the first circle corresponds to the model with an
estimated cost closest to $200 and with u = 2.45. We refer to this model as the “low-budget
model.” The second circled point corresponds to the model with an estimated cost nearest to $400,
with u = 2.1, and we call this model the “medium-budget model.” The right circle, which we
refer to as the ’no budget model,” has the highest estimated welfare and corresponds to u = 0.15.
Figure 1.3 presents treatment probabilities for different values of education and pre-program
earnings associated with the high, medium, and no budget models. The population densities

linked to the covariate space for these models are shown in Figure 1.4.

We observe that treatment probabilities transition fairly smoothly across the covariate
space in all three models but less so in the no budget model. Treatment assignment probabilities
are not uniform across the covariate space in any of the estimated models. Furthermore, as we
consider models with lower costs, we do not simply obtain uniform reductions in treatment
probabilities associated with higher-cost models. In the no budget model, treatment probabilities
are either 1 or 0 for sizable portions of the covariate space. The no-budget model treats 81%
of individuals in the sample on average. The medium-budget model treats 49% of individuals
on average, and the treatment probabilities among individuals in the sample range from 46% to
51%. The low-budget model treats 20% of individuals on average, and treatment probabilities

among covariate pairs encountered in the sample range from 4% to 66%.
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Figure 1.2. Estimated welfare and cost pairs associated with p7L for different values of u. The
straight line represents points that would have equal cost and welfare Models with cost estimates
closes to $200 and $400 are circled, as is the model with the highest estimated welfare gain.
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Figure 1.3. Treatment probabilities associated with the low-budget, medium-budget, and no-
budget models over different regions of the covariate space.
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Figure 1.4. Population densities for different regions of the covariate space. The color at each
block represents the number of individuals in the sample that fall into the associated education
and pre-program earnings level.

One common feature among most of the (non-stochastic) treatment rules estimated in
Kitagawa and Tetenov (2018) is the avoidance of treating individuals with the highest levels of
education. The most comparable model to those considered here, the no budget model, differs
from these rules in that it treats individuals with higher levels of education above a certain income
level and randomizes treatment in regions of the covariate space with lower education. It also
avoids treating individuals with middling pre-program earnings and low education, although
these individuals are relatively less common. As we move to models with lower costs, the
medium-budget model becomes more uniform in its treatment probabilities than the other Gibbs
rules. It also features increased treatment probabilities among lower and higher education levels
compared to the other models, particularly at lower income levels. The low-budget model reduces
cost by lowering treatment probabilities among individuals with lower to middle education levels,

especially at the most commonly encountered non-zero education levels.
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1.7 Conclusion

In this paper, we proposed a new approach to estimating treatment rules in a budget
constrained setting. Utilizing the PAC-Bayesian framework, theoretical properties of interest
were derived, including generalization bounds and oracle-type inequalities demonstrating a
type of budget efficiency for a proposed class of stochastic treatment rules. The treatment rule
estimators can accommodate a variety of budget constraints of interest including settings with
uncertain and or heterogeneous costs, quantity constraints, and settings where costs are not
realized at the time of treatment. Another benefit is that the proposed rules can take advantage of
well developed Bayesian estimation machinery. Lastly, the models were shown to be competitive
against state-of-the-art alternatives in a simulation study and an empirical illustration was
examined.

There are a number of considerations for future work. It would be of interest to determine
if different prior choices, for example a sparsity-inducing prior or a normal prior with a different
form for the covariance matrix than that considered here, would facilitate bounds of the type in
Section 1.4.2 or yield modeling suggestions for higher dimensional feature spaces. Rather than
using the Gibbs posterior to form treatment rules, it could also prove fruitful to approximate the
Gibbs posterior with alternative distribution such as a normal distribution. So-called variational
approximations of Gibbs posteriors for general PAC-Bayesian approaches are considered in
Alquier et al. (2016). This could yield greater flexibility in terms of functional form constraints,
beyond control over the variables included in the treatment rules featured here. It would also be
of interest to incorporate estimated propensity scores into the PAC-Bayesian framework here
and to explore how this impacts rates of convergence. Lastly, the analysis for balancing the
primary welfare or regret objective against that of a secondary cost objective can be generalized
to settings beyond the welfare-based potential outcomes framework. Balancing a secondary
objective of concern could also be of interest in classification or regression settings.

Chapter 1 contains material being prepared for submission for academic publication. The
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dissertation author is the sole author of this material.
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Table 1.1. Simulation welfare gains for models at different cost levels

Cost PB-G PB-MV PB-B R-NP Ignore Cost
a=1

0.1 027 0.28 0.28 0.28 0.11
0.3 0.56 0.57 0.58 0.57 0.34

0.6 090 0.91 0.92 092 0.70
0.9 1.20 1.22 1.23  1.23 1.04
1.2 1.46 1.48 149 1.49 1.34
1.5 1.66 1.68 1.69 1.70 1.57
1.8 1.79 1.81 1.82 1.82 1.74
a=2
0.1 0.46 0.47 0.47 045 0.10
03 071 0.72 0.73  0.70 0.31
0.6 1.01 1.01 1.03 1.01 0.63
0.9 1.28 1.29 1.30 1.29 0.96
1.2 1.51 1.53 1.54 1.54 1.26
1.5 1.68 1.70 1.71 1.72 1.52
1.8 1.79 1.81 1.82 1.83 1.71
a=4

0.1 0.60 0.61 0.61 0.57 0.10
0.3 0.80 0.80 0.82 0.78 0.30

0.6 1.07 1.08 1.09  1.07 0.61
09 1.33 1.34 1.35 1.34 0.92
1.2 1.55 1.56 1.58 1.57 1.24
1.5 1.70 1.72 1.74  1.74 1.51
1.8 1.80 1.82 1.84 1.83 1.70
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Figure 1.5. Cost curves when all methods utilize batch implementation for the DGP featuring
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Figure 1.6. With a = 1 in the DGP, cost curves for the PB-MV and PB-G methods, which do
not feature batch implementation, compared with the batch-implemented R-NP and IC methods.
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Figure 1.7. Cost curves when all methods utilize batch implementation for the DGP featuring
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Figure 1.8. With a = 2 in the DGP, cost curves for the PB-MV and PB-G methods, which do
not feature batch implementation, compared with the batch-implemented R-NP and IC methods.
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Figure 1.9. Cost curves when all methods utilize batch implementation for the DGP featuring
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Figure 1.10. With a = 4 in the DGP, cost curves for the PB-MV and PB-G methods, which do
not feature batch implementation, compared with the batch-implemented R-NP and IC methods.
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Figure 1.11. For the DGP with a = 1, the left-hand side plots the estimated and actual cost-gain
pairs (one point for each u) for a single training sample iteration for the PB-G method. On the
right-hand side the actual cost-gain pairs of PB-G models for various u values are plotted again,
now compared with the actual cost-gain pairs associated with the R-NP and IC rules that produce
the same target group cost. The points on the right are then interpolated to produce cost-gain
curve estimates for a single iteration. These curves are averaged (vertically) over all simulation
iterations to produce the right-hand side of Figure 1.6.
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Figure 1.12. Illustrates a single training sample iteration for DGP1 when considering the PB-MV
treatment model.
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Appendices

1.A Appendix of Proofs for Chapter 1

1.A.1 Preliminaries and Adaptations From Earlier Literature to Our
Setting
Here we consider preliminary properties to be utilized in subsequent analysis and recall
results from the PAC-Bayesian literature that are also needed, sometimes with minor modifica-
tions. For the most part, proofs (and citations) are included for completeness even when a result
is a fairly straightforward adaption.

Let .# (®) be the set of measurable functions on (®, %y ) and let

M (©) = {A A € #(0©) and /@exp (A(6))dm(0) < oo},

which is a subset of .# (®) that has a finite exponential moment under 7. We have the following
lemma and corollary that will be utilized repeatedly in subsequent analysis. In particular they

serve as a base in deriving Lemma 1.3.1 in Section 1.3.3.

Lemma 1.A.1 For n € &(©) and A € A (®) such that —A € M} (®), let ps.z € P7(O) be
the probability measure on ® with the Radon—Nikodym (RN) derivative with respect to T given

by

dpax g exp(-A(0)

dn " Jgexp(—A(6))dx (6)
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Then for any probability measure p € P (0) we have

log {/@exp(—A(G))dn(G)} =— {/@A(G)dp () +Dkr (p,7) | +Dxr (0, pax). (1.29)

Proof of Lemma 1.A.1. By definition,

DL (p,Pax)

_/ [dpAn: ] )_1
_/ { [dpme)] }dp<e>

Hence,

g | [ exp(-4(©)dn(6)| =~ | [ A(6)dp (6)+Dicw.(p.7)| + Di. (p.p1).

Corollary 1.A.1 (a) Let A >0, ® € Z(0), and let A € .#(®) be such that —AA € /[ (0O).

Then

Prar = argmin {/A )dp (6 _DKL (p,m)|,
pPEP(O
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and

erilzlﬂn [/A )dp (6 IDKL(p n)} = —%log [/@exp(—lA(Q))dn(G) :

(b) For any </ (-) € M (®), t € Z(0), p € Pz (0),

/g&f<e>dp<e>zslog[/gexp<&f<e>>dn<e>]+<DKL<p,n>

Proof of Corollary 1.A.1. Part (a). Note pj4 5 = argmin,c »_ @) DkL(P,P24,z) as DkL(p, ) >}
0 with equality if and only if p = 7 m-almost surely. Replacing A with AA in Lemma 1.A.1 and

noting that the left-hand-side of (1.29) does not vary with p we have

PA,x = argmin [DKL (P,PAA,n)}

pPEZ2(0)

= argmin {/ AA(0)dp(0)+Dki(p, n)]
pPELZ(®

= argmin {/A )dp(6 —DKL(p 77:)]
pEZ(®

By equation (1.29) we then have

min | [ 24(0)ap (6) + Due.(p.m)| = [ 34(6)dpaas(6) + Drt (Praz:7)

~ _log U@exp(—M(e))dn(e) .

This is equivalent to the second statement in part (a).

Part (b) Taking A = —/ in Lemma 1.A.1, we obtain that for any probability measure
p € P (0),

log {/@CXP (ﬂ(@))dﬂ(@)} = {/@JM(G)CZP (6) — Dk (p,m) | +DkL (p7p,A’ﬂ) . (1.30)
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Note that Dgy, (p, p,Avn) > 0. It follows that

log { I expww»dn(e)] - [ @ﬂf(e)dp(e)—DKL(p,n)] Dt (ppnr)

;i{/g&f(e)dp<e)-<DKL(p,nﬂ-

This implies that

[ #(0)dp (0) < Dy (p.7) + 108 [ i exp(ww))dn(e)] |

The following Theorem helps to produce PAC-Bayesian generalization bounds in our
setting similar to counterparts in the classification literature. In particular, it essentially the same
as Theorem 18 in Germain et al. (2015) with the loss function altered to the structure our setting;
it is also similar to Theorem 4.1 in Alquier et al. (2016). The proof follows similar steps to those
in Germain et al. (2015) and Alquier et al. (2016). We note that the proof applies to more general
sample spaces, not just those following Assumption 1.3.1. We follow the current formulation to

avoid additional exposition/notation.

Theorem 1.A.1 Let Assumptions 1.3.1 and 1.3.2 (i) hold and let m € &?(®). Let {(Z,0) :

Z X O — X denote a measurable loss function with range % C R. Define

n

M@zﬂwaﬁﬁlﬂm:%;aZﬁL

and, for p € Pz(0),

L(fop) = [ L(O)dp(0). Lu(fop) = [ L(6)dp(6).
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Let D : # x # — R be any convex function and let A > 0. Suppose

Epn [ [ exp (LDIL,(0), L(8)))dm(8) | < exp(f(2.m), (1.31)
)

where f(A,n) < o and may depend on A and n. Then for any € € (0, 1] it holds with probability

at least 1 — € that, simultaneously for all p € P7(0),

n) +log (L
DLy (fop) L (fap)] < L1108 () D (P T)

Proof of Theorem 1.A.1. (1.31) implies that

/@ exp (AD [Ly(8),L(6)]) d(8) < o,

holds almost surely. Therefore, applying Corollary 1.A.1 (b) with .7 (6) = AD[L,(0),L(0)], the

event

{ | ADiL(6).(0)]ap(6)

<log [/ exp(AD|[L,(0),L(0)])dn(0)| +DkL(p, ) forall p € P, (0O) simultaneously} ,
®

occurs with probability one. Applying Jensen’s inequality to the object on the left-hand-side of

the inequality in this event, we have

P { D (fap) L o)
<log [/@ exp(AD[L,(0),L(0)])dm(6) |+ DxrL(p,x) forall p € P (0) simultaneously},

1 (1.32)
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By Markov’s inequality and then applying (1.31),

P! { e (ADIL,(8).L(6)))dm(6) > exp [f@a")“"g (2)} }

_ Epfoexp(AD[L,(8).L(6)]) dx(0)]
- exp [f(l,n)—Hog (%)}

<e.
Therefore,
pr {log {/@exp (AD [Ln(O),L(G)])dn(O)] < f(A,n) +log (é) } S1-¢
Note that this high probability bound does not involve p. Combining it with (1.32), we have

1
P" {D[Ln (fop) L(fep)] < J(R;m) +log (;:) +Dre(p, ) forall p € Z7(0) simultaneously}

>1—&

The following lemma will be combined with Theorem 1.A.1 to produce Theorem 1.A.2

below. The lemma yields a key step in adapting PAC-Bayesian bounds from the 0/1-loss

classification literature to more general settings, a procedure utilized in Maurer (2004) and

Germain et al. (2015). For us it will allow us to follow those author’s adaption of a well known

PAC-Bayesian bound, appearing, for example, in Seeger (2002), to more general settings. This

then serves as a key input for producing Lemma 1.A.3 following the analysis of Lever et al.

(2010).

Lemma 1.A.2 Let X be any random variable taking values in [0, 1] with EX = . Denote X =

(X1,...,Xn) where Xy, ..., X, are iid realizations of X. Let X' = (X{,...,X},) where X{,..., X, are

iid realizations of a Bernoulli random variable X' with probability of success . If f :[0,1]" = R
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is convex, then

E[fX)]<E[f(X)]

Proof of Lemma 1.A.2. This lemma is due to Maurer (2004). Another proof with more details
is given in Germain et al. (2015); see Lemmas 51 and 52 there. For intuition, we can regard X’
as a mean-preserving spread of X and — f as the utility function. Then the lemma says that X is

preferred by an expected utility maximizer having concave utility —f (). m

Now we use Lemma 1.A.2 combined with Theorem 1.A.1 to produce Theorem 1.A.2
below, which is a variant of a well known bound appearing in Seeger (2002). To do this, we
follow the analysis in Germain et al. (2015) to verify the bound for our setting. The proof closely
follows that in Germain et al. (2015). Theorem 20 in Germain et al. (2015), for example, is a
very similar and can apply to a variety of settings. The only difference here is that the structure
of what plays the role of a loss function is stated differently in Theorem 1.A.1.

The following notation is used in the next theorem. We let

1—
kl(a,b)zaloggﬂl—a)logﬁ, (1.33)

and adopt the convention that 0log0 = 0, alog § = « if @ > 0 and Ologg = 0. Note that kl(a,b)

is the KL-divergence between two Bernoulli random variables with success probabilities a and b.

Theorem 1.A.2 Set any prior &t € &?(0) and € € (0,1]. Let Assumption 1.3.1, 1.3.2, and 1.3.3
hold. Let £(Z,0) : & x ® — [0, 1] denote a measurable loss function with range [0, 1] (equipped

with the standard Borel sigma field). Define

L(0) = Ep[(Z.0)], Lu(6) =Y 0(Z:.6),
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and, for p € P7(0),

L(fop) = [ LO)P(©), Ly(fop) = [ L(6)dp(6).

(a). With probability at least 1 — €, for all posteriors p € Pz (0®) simultaneously it holds

that

KL (fap) L (o)) < 3 [Dralp.) 1o (27) +1oe |

(b). With probability at least 1 — €, for all posteriors p € Pz(0) simultaneously it holds

that

(L0 (Jp) L))" < 51 [ Drap.) 1o (217) + e .

Proof of Theorem 1.A.2. Part (a) Given the adaptation of Theorem 1.A.1 to our setting, the
proof follows that of Lemma 19 in Germain et al. (2015) or Theorem 1 in Maurer (2004). We

will apply Theorem 1.A.1 with

D(a,b) = %kl (a,b).

That kI(-, -) is convex follows from Theorem 2.7.2 of Cover and Thomas (2006). We must verify
that the condition in (1.31) holds with f(A,n) = log(2+/n). We will show that for any 6 € ©,

Epn {exp [nkl (L, W} < Z ( ) (_>k(1_§)n_k

It can be shown (c.f. Lemma 19 in Germain et al. (2015) and the references therein) that

E(n). (1.34)

vn < &(n) <24/n. Then, by Assumption 1.3.3, we can reverse the order of integration on
the object on the left hand side of condition 1.31, so that (1.34) yields that (1.31) holds with
f(A,n) =log(2+/n). All that remains is to prove (1.34).

Let 6 € ©. First note that in edge cases where L(0) =0 or L(6) = 1, we then have with

probability one that L,(0) =0 or L,(0) = 1, respectively, in which case kl(L,(0),L(6)) =0
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and (1.34) holds. Now consider any 6 such that L(0) € (0,1). Note that

exp{AD(L,(0),L(0))} =exp {n-kl (% iE(Zi, 6),L(6)> }
i=1

is a convex function of X = (¢(Z;,0),...,4(Z,,0)). Then, by Lemma 1.A.2,

Epn{exp{AD(L,(0),L(0))}} < Eexp {n-kl (1 iX{,L(G)) } : (1.35)
iz

where X{,...,X, are iid Bernoulli random variables with success probability L(0) and the
expectation on the right is taken with respect to their joint distribution. Denoting X' =Y X/,
we have

n . n—k % ‘ 1_% "
X (3) worra-ze) L<e>> (1—L<e>>

LS o

Therefore (1.34) holds for any 6 € ®, completing the proof.

Part (b). Part (b) follows from part (a) with an application of Pinsker’s inequality,

2(a—b)* <kl(a,b) (1.37)

The following lemma adapts Lemma 2 of Lever et al. (2010) to our setting, it will aid in
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removing a Dgp, term from several bounds in Section 1.4.

Lemma 1.A.3 Let p; , and p; , be as in Definition 1.3.2 with m € Z(0), A >0, and u > 0.
Let Assumptions 1.3.1, 1.3.2, and 1.3.3 hold and let € € (0, 1]. With probability at least 1 — € it
holds that

L AN2 (M +uM.,) 2n\ A2 (My+uM,)?
< .
DKL (pl,u7p17u> > K\/ﬁ 10g< ) + InK2

Proof of Lemma 1.A.3. The proof follows that of Lemma 2 in Lever et al. (2010), with some
minor adjustments, which are straightforward with Theorem 1.A.2 taking the place of Seeger’s
(c.f. Seeger (2002)) bound in the setting of Lever et al. (2010). To lighten the exposition, we will
write

M(0;u) =R(0)+uK(0) and M,(0;u) = R,(0) 4+ uk,(0)

when writing the RN deriviatives of p, , and p; = with respect to 7 and related objects. Note
that for any 6 € ® we have M, (0;u) € [—(My+uM.)/2x, (M, +uM,.)/2k] by Assumption 1.3.1
(iii) and (iv).
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First, observe that

Dy <P}L mP;L "

-/ Og[ dmu <dpM )]dm(e)
=/, (e {Zi 0| o8 | P o s |) Pl
= e (S 9u>>>)]d”’““(9)

oo Tt e
= [ M(850) M (601, 6) ~ 1og [ [ewi
<;L[

M(8:u) — My (0: )y (8 /M (05u) — My (63)dp;, } , (1.38)
®

M(6: >—Mn<e;u>]>dp;z,u}

where the last inequality follows from Jensen’s inequality.

Next we utilize an Theorem 1.A.2 (b). For the setting there, let

M, +uM, K
0Z,0)=(¢,(Z,0 (.(Z.6 J
2.0) = (1(2.0)-+ute(z.0) + 1 ) (LK)

where

6200 = (g~ 1) ) () fa)). (1.39)
zAZﬁ)—(if) f(_le_(fofm (1.40)

and f* is as in (1.7).

Note then that, by Assumption (1.3.1) (iii) and (iv), for all 6 € ©, we have ¢(Z,0) € [0, 1]
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almost surely. Additionally, we have

((6)+uK(6)+My+uMC>( £ )

2K M, +uM.

M, +uM, K
M(O: y
(o + ) ()

L(6) = Ep[((Z,0)]

and

Ln(e):(Rn(9)+uKn(9)+My+uMC>( K )

2K My +uM.
M, +uM, K
( n(800) + = )(My—l—uMC)

Given the above setting, we will apply Theorem 1.A.2 (b). Note that in Theorem 1.A.2,

the prior 7z does not have to be the same as that used in the definition of p, , and piu, provided
that the posteriors of interest are still absolutely continuous with respect to the prior. Rather that
utilizing the theorem with the 7 associated with p; , and p/{m, we instead use p/{ju as the prior.
Note this prior choice satisfies Assumption 1.3.3, i.e. it does not depend on the sample. Applying
Theorem 1.A.2 (b) and taking the square root of each side in the high probability bound there,

utilizing posteriors p = p, , and p = p; , with probability at least 1 — € it holds simultaneously

that

/@L(G) —L,(0)dp; ,(0) < \/%\/DKL (m,u,P;u> +log <28ﬂ>

- (/@L(m—Ln(e)dpi,u(@)) V2n 1°g<2f>

In terms of M(0;u) and M,,(0;u), this reads: with probability at least 1 — € , the following events

78



holds simultaneously

M, + uM, . 2\/n
< Yy *
/M (0)dp;.(6 )_—K\/ﬁ DkL <P/1,M,P;L,u>+10g< - >,
(o >dpw<e>)gw ()
KvV2n €

Applying the above two inequalities to (1.38), we obtain

Dy, (ﬁx,u,Pﬁ'{,u>

< N7y T * v
S \/ Dr (Prarp.) +log < e )" v e

Straightforward algebraic manipulations of the above produce that

(DKL (m,wpi,u))z 2A (M +uM,) log <2\8/,;>DKL (ﬁz,mpi,u) N A% (M, +uM,)* log <2\g/ﬁ>

KvV2n 2nk?
A2 (My—i—uMC)zl 2/n
0 )
2nk? £ €

2
- A% (My+uM.)
2nk?

Dit (Pruspiu) + (1.41)

If
2 (My+uMe) o (%ﬁ)
K

DxL (ﬁx,mpi,u) < >

the statement of the lemma holds. Otherwise, this and the fact that Dxy.(p;, ,,p; ,) > 0 imply
that Dx1.(Pa u»P; ,) > 0. Then, canceling out terms on either side of the inequality in (1.41) and

dividing each side by Dxy.(P; 4, p; ,) produces the statement of the lemma. m

The remainder of the section contains straightforward lemmas that will be utilized in
proofs for results in Section 1.4 and one more substantial result adapted from Freund et al. (2004)

that will conclude this subsection.

Lemma 1.A4 Let Assumptions 1.3.1 and 1.3.2 hold. Let p' € Z(®) be a (deterministic)
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probability that does not depend on the sample. Then

(/K Ydp' (8 /K Ydp' (8 le;f;i;/s)) >1-—¢e.

Proof of Lemma 1.A.4. Define the mapping

217 /K dp

It is straightforward to check that, under Assumption 1.3.1 (iii), K satisfies the bounded differ-
ences property in Section 6.1 of Boucheron et al. (2013) with (in their notation) ¢; = M,/ (nk) for

i=1,...,n. It follows by McDiarmid’s inequality (c.f. McDiarmid (1989)) that, for any > 0,

P (/ K(6)dp' () — Epn U Kn(e)dp’(e)} >t)
=P (/K Ydp'(6 /K Ydp'(6 ) §exp{—2rx;;t2}.

Substituting ¢ = 1/M2log(1/€)/(2nk?), for any € € (0, 1], this says

p(ssostor [ xouror- R0 <o

The result follows by taking the compliment and rearranging terms. m

Lemma 1.A.5 The KL divergence between p : N(Up,Xp) and 7w : N(Uz,Xz) on RY, where g

and Wy are mean vectors and Xn and X are covariance matrices, is

_ 1 _ 1 det (X
(i) 55" (i~ ) 3 i (555") ]~ g S .

N | =

DKL (P,ﬂ) =
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Proof of Lemma 1.A.5. By definition and via simple calculations, we have

Dxw(p,7)

:—%E9~p logflz';g;i; +(e—up)’zp1(e—up)—(G—un)'an(G—un)]
- 11 ‘jlzttgzg—%[q Eomp (0 — tp+tp — un)’Zgl(G—up+up—un)]
ot )]
§< ) 5" (1 ) + 3 (5955 ]~ 3o Ger 2).

The last results needed for our analysis are stated in the two lemmas below. The firstis a
more elementary property used in proving the second, which is utilized during a step in the proof
of Theorem 1.4.2 in Section 1.4. Both are close adaptions of analysis in Freund et al. (2004).
After a translation of the problem via Corollary 1.A.1, we follow the method of proof there,

adapting the analysis there in the 0/1 loss setting to ours with fairly straightforward modifications.

Lemma 1.A.6 Forx = (x1,...,x,) € R™, and with {a;}" | such that a; > 0 foralli=1,...,m

the function
m
x+— —log [Z a; exp [x,-]]
i=1

s concave.

Proof of Lemma 1.A.6. Let @ € (0,1) and x,y € R”. We will show that

K(x) =log [i a; exp [xi]]

i=1

1/p

is convex. Let p=1/a, g =1/(1 — o) and define r; = q; la

exp[ox;] and s; = a;" " exp[(1 — &) y;].
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As 1/p+1/q =1, by Holder’s inequality,
m m e /o 1/q
Z risi < Z r? Z st .
i=1 i=1 i=1

Taking the logarithm of each side and plugging in the definitions of p, ¢, r; and s;, this is
equivalent to

K(ax+(1-a)y) < aK(x)+ (1 —a)K(y),

completing the proof. m
The following lemma combines pieces of Lemmas 1 and 2 of Freund et al. (2004) and

translates those results for the 0/1-loss setting to a useful ingredient for ours.

Lemma 1.A.7 Let p; , and p;  be as in Definition 1.3.2 with t € Z(0), A >0, and u > 0.

Let assumptions 1.3.1, 1.3.2, and 1.3.3 hold. Then, for any € € (0, 1], it holds that

A . 1 .
P"{ [ Ra(8)dP.(8)+u | Ki(8)dps () + 5 Dxc. (Pruo) <

(My+ uM,)?log(1/¢)
2nk?

1
[ R(©)dp3 ,(60)+u [ K(8)dp3 ,(6)+ 5 Dxc(ps o) +

>1-—€.
Proof of Lemma 1.A.7. Define the mapping
K@, Z) = [ Ru(0)4py(0)-+1 [ Ko(0)4P34(0)+ 5 Drt (Br.07).
Note that by Corollary 1.A.1 (a), replacing A(6) in the Corollary with R(0) + uK,(0),

K,(Zy,...,Z,) = —%log [/@exp[—/’t (Ry(0)+ukK,(0))]dn(0)] . (1.42)
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First we show that for any € € (0, 1] it holds that

My, +uM.)?log(1/€)
2nk2

p" (Ku(zl,...,z,,) > Epn [KM(ZI,...,Z,,)]+\/( ) <e. (1.43)
To show this, forany i € {1,...,n},let Z! € 2 and let (Zy,...,Z,) € Z". Let K,(6) and R,(6)
be computed utilizing (Zy,...,Z;_1,Zi,Zi+1,---,Z,) and let K),(6) and R,,(0) be computed as
K,(6) and R,(0) are, respectively, except utilizing the sample (Zi,...,Z;i_1,Z!,Zi11,...,Zy)
instead of (Zy,...,Z;_1,Zi,Zi+1,...,Zy). Also, let K,_;(0) and R,_; denote the computation of
K,(0) and R, (6), respectively, except with the sample of size n — 1 that drops observation Z;.

Then by construction K,,_;(6) = K’

n—1

(6) and R,—i(0) =R

n—1

(6). Under Assumptions 1.3.1
(ii1) and (iv),
M, +uM. M, +uM.

< : (Z;,0) <
e <U,(Z))+ul(Z;,0) < e

almost surely where ¢, and /. are defined in (1.39) and (1.40) and are summed over i in R, (0)

and K,(0), respectively. It follows from (1.42) that,

|Ku(Zl,...,Zi_1,Z,',ZH_1,.. ) (Zl, Z it 1, Zn)|

:‘_llog [f@exp[—/l(R( )+ uK, (9))] ( )H
Joexp[—A (R, () +uk;(6))]dm(6)

)

]

< —llog <exp [—A My +uM.)/(2nK ]) Joexp[—A (Rn—i(6) +uK,—i(60))]d7(6)
- A exp [A(My +uM.)/(2nK) Joexp [—A (R,_(0)+uK,_;(6))] dm(6)
_ M, +uM.

Y

nK

Thus, K, satisfies the bounded differences property in Section 6.1 of Boucheron et al.
(2013) with (in their notation) ¢; = (M, +uM,)/(nk). By McDiarmid’s inequality, (see McDi-

armid (1989)), it holds that for any ¢ > 0,

) 2nt? k2
P RulZ1, o Z) = Epr (K2, Zo)) > 1) Sexp (== )
y C
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Substituting # = /(M + uM,)*1log(1/€)/(2nk?), we obtain that for for any € € (0, 1],

<My+uMc>210g<1/e>) <e.

Therefore (1.43) holds.

Next will show that

1
R(8)dp; ,(6) +u/®1<(e)dp;u(e) +oDL(p ) (144

Ep [K\(Z1,...,2Z,)] < /@

To do so, we follow arguments in Section 7 of Freund et al. (2004) with adjustments to suit our
setting.

First note that by Corollary 1.A.1 (a),

| R©O)p3 ,(0)+u [ K(6)dp;,(6)+ 1 Dc(p},o7)
1

= —Ilog [/@exp[—l (R(6)+uK(6))]dn(0)] . (1.45)
Next, by Assumption 1.3.1 and the definitions of R(6) and K(0), it follows that
—My —uM, < R(0)+uK(0) <M, +uM,,
for all 6 € ®. For any 0 > 0, let

Bi={60€0O:—(My+uM.)+i8 <R(0)+uK(0) < — (My+uM.)+ (i+1)8},

Then %y, ..., B with k = |2(My +uM.)/0 ], form a partition of ®. For i € {0,...,k} such that

n(%;) > 0, define

- f% R,(0)+uK,(0)dr(0)
“= (%) ’
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Then, as 7 is independent of the sample by Assumption 1.3.3 and Ep:[R,(0) + uK,(0)] =
R(6)+uK(6),

[ R(8) +uK(6)dn(6)

Erleil = (%)

— (My+uM.)+(i+1)86.
Combining this with the fact that R(0) +uK(0) > — (M, +uM,.) + i for 6 € %;,

/@exp[—l(R(G)—kuK 0) <Y 7m(%i)exp[—A (— (My+uM,.) +i8)]

<Y w(%)exp|—A (Ep: & —8))]
= exp[A ] Zﬂ i)exp[—A (Epn [&])],

where the sums above are to be understood as summing over all i € {0, ..., k} such that £(%;) > 0.

Taking the logarithm of each side of this inequality and multiplying by —1/A, we have

_ %log [/@exp[—l (R(0) +”K(9))]d”(9)1

> 6——10g 1) 7(%i)exp|—A (Ep [&])]]

5 %Epn llog (Y (1) exp - A&]) ] (1.46)
. %Epn g <Z7r(%,-)exp {—/1 f%R"(e):(g’;w)d”(e)} >]

5 L (e g Lol (Rn;e(%m(e))] dn(e)))} .
:_5_%Epn log (/@exp[ A (Rn(0) + uK,(0))]dr( ))}

= —§+Ep [Ku(Zi,...,70)] (1.48)

In the above, (1.46) follows from an application of Jensen’s inequality applied to the concave

function

x+— —log (Zn i) exp [x,]) ,
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where the concavity of this function follows from Lemma 1.A.6. (1.47) follows from another
application of Jensen’s inequality now applied to the convex function exp(x). (1.48) follows

from (1.42). & was arbitrary, so this produces

_%log U@exp[—x (R(6) +uK(0))]dn(8)| > Eps [Ku(Z1,...,2Z0)],

which, in light of (1.45), shows that (1.44) holds. (1.43) and (1.44) together yield that

p" (KM(ZI,...,Z,,)

o [ R©)dp;,(0)+u [ K(O)dp] (6) +-Dxa (pi )+ | P oell/ 8)) <e.

2nk?

which produces the statement of the lemma upon taking the compliment. m

1.A.2 Proofs for Section 1.3

Proofs for Subsection 1.3.1: Statistical Setting and Policy Maker’s Problem

We will utilize the following lemma in the proof of Theorem 1.3.1.

Lemma 1.A.8 Under the assumptions and setting of Theorem 1.3.1, let 5, (x) = max(8,(x),0)

and 0. (x) = max(—0.(x),0) denote the positive and negative parts of d,(x), respectively. Define

B(b) = Eg[6:(X)1{6,(X) > b:(X)}], b € R,

which is the expected budget of the non-stochastic treatment assigmnet rule 1{6,(x) > bo.(x)}.

(i) Let ng = inf{b > 0: B(b) < B}. B(b) is non-increasing in b and 0 < ng < eo.

(ii) Let

N f{a}ﬁ(nB)nBS T if B(ng) < Band ng >0,

0 else,
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and

B(ns)—B )
Eg[8: (X)1{8,(X)=n58:(X)}] if B (ng) > B

ay =

0 else.

Then these are well defined probabilities in that B(ng) < B and N > 0 implies

Eg[8."(X)1{8,(X) = npo.(X)}] > 0,

B(ng) > B implies
Eg[6, (X)1{6,(X) = npdc(X)}] > 0,

and ay,ay € [0,1]. Furthermore, for f* defined as in Theorem 1.3.1 with Ng,ay, and ay as above,

when (0) > B it holds that
Eg[6:(X)fp(x)] =

Proof of Lemma 1.A.8.

Proof of (i): To show f(b) is non-increasing in b, write

B(b) = Eg [6: (X)1{8y(X) > b8:(X)}| — Eg [6, (X)1{8,(X) > b6.(X)}], (1.49)
By definition of 8. (x) and &, (x),
8. (x)1{8y(x) — bdc(x) }

is non-increasing in b and

() {6y (x) — DO (x)}

is non-decreasing in b for all x € 2. It follows that 8 (b) is non-increasing in b.

Checking 0 < np < o translates to verifying that our form of policy assignment rule
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can meet the budget requirement. Let {b,} be any non-negative sequence such that b,, — .
Then, Ep|0.(X)| < oo and Ep|0y(X)| < oo, equation (1.49), and an application of the dominated
convergence theorem yield

1imﬁ(b)_hmEQ[5+ Y1{8y(X) > b, 8.(X )}]—hmEQ[ ~(X)1{8y(X) > b, 6.(X)}]

n—yoo

—0—E[8, (X)] <B.

The inequality follows from the assumption that B > E[8,(X)1{8.(X) < 0}] = —Ep[5, 1 (X)].
As B (D) is non-increasing, we have either {b > 0: (b) < B} =[r,0) or {b>0: B(b) <B} =

(r,00) for some r € R>g = {x € R:x > 0}. It follows that 0 < g < oo.

Proof of (ii): Let b € R. For any sequence b, 1 b, by the dominated convergence theorem

we have
Jim B (bn) = lim Eq[8 (X)1{8,(X) > byd(X)}] = lim Eql8; (X)1{8,(X) > bae(X)}]

=Eg[8." (X)1{8y(X) > bdc(X)}] — Egl8, (X)1{8y(X) > bdc(X)}].
=Eg[8." (X)1{8y(X) > bdc(X)}] + Egld." (X)1{8,(X) = bS.(X)}]
—Eg[6. (X)1{8,(X) > b5 (X)}].
=B(b) +Eg[d. (X)1{8,(X (X}

This yields

xl_i)r}l)l_ﬁ(x) =B(b)+Ep [67 (X)1{8,(X) =bb.(X)}]. (1.50)

Similar steps now starting with any sequence b,, | b produce that

lim B(x) =P (b) —Eg [6; (X)1{8,(X) =b8:.(X)}]. (1.51)

x—bt

As B(-) is non-increasing, it has at most countably many discontinuities, which occur at values
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b for which either Eg[8." (X)1{6,(X) = bd.(X)}] > 0 or Eg[6. (X)1{8y(X) =b5:(X)}] >0 or
both.
Now, if B > (ng) and ng > 0, by definition of g we have that f(n’) > B for any

N’ < np. Combined with (1.50), we obtain

B (ns) <B < B(ns)+Eg 8, 1{8,(X) =npde(X)}],

which implies that Eg[8." (X)1{6y(X) = npd.(X)}] > 0 and a; € [0,1].
Next, if B < B(np), by defnition of ng we have f(n’) < B for any n’ > ng. Combining

this with (1.51), we obtain

B(Me) —Eg [6: (X)1{6,(X) =n86.(X)}] <B<B(ns).

This implies Eg[6, (X)1{8,(X) = ngd.(X)}] > 0 and ay € [0, 1].

For the last claim of (ii), write

Eg[8:(X)f5(x)] =Eg [8:(X)1{8,(X) > npdc(X) }]
+611EQ[ 1{5 nBac(X)}l{éc(X) >OH
+arEg [8:(X)1{6,(X) = npde(X)} 1{6.(X) < 0}]. (1.52)

When (0) > B, there are 3 scenarios for (ng): (i) B(np) = B and ng > 0; (ii) B(np) < B and
np > 0; or (iii) B(np) > B and N > 0. For scenario (i), we have a; = ap = 0 and the result holds

as Eg[0.(X)1{6y(X) > ngd.(X)}] = B(ng) = B. For scenario (ii), a; = 0 and (1.52) becomes

Eg [8e(X)f3(x)] =Eg [8:(X)1{8y(X) > n5Se(X) }]

B—p(ns) B
B [ 001 {8,00) = mas, 00} 22 67 G0 H{B ) =mad ()]

=B.
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For scenario (iii), a; = 0 and (1.52) becomes

Eg[6.(X)f5(x)] =Eg [8:(X)1{8,(X) > npdc(X) }]
B(ng)—B B -
 Eo [ (116,00 = mpa. 03] L2 L6 &) =nad(X)}]

=B.

This completes the proof of (ii). m

Proof of Theorem 1.3.1.

The existence of g > 0, aj,ay € [0,1] such that either ng = a; = a, = 0 (then f*
simplifies to f*) when K(f*) < B or else (np,a1,az) are such that K(f*) = B when K(f*) > B
follows from Lemma 1.A.8. To see this note 3(0) = K(f*), where B(-) is defined in Lemma
1.A.8. Thus, the statement about the budget being used entirely when K (f*) > B is stated directly
in Lemma 1.A.8. When (0) = K(f*) < B, np as defined in Lemma 1.A.8 is equal to zero and
then both a; = a, = 0 also from their definitions there.

Next we need to verify that f* satisfies (1.6), i.e. is an optimal budget-constrained
treatment policy. Let r: 2~ — [0, 1] denote any other stochastic treatment assignment rule that

satisfies the budget constraint K(r) < B. As in Sun et al. (2021), we proceed by verifying that

Eg [8y(X)fp(x)] = Eo[8,(X)r(X)].

By the definition of f*, when §,(x) > npo.(x) we also have fz(x) —r(x) > 0. Hence
Oy (x)(fp(x) — r(x)) > npd(x)(f5(x) —r(x)) in this case. When 6y(x) < ngd.(x), we have
f5(x) —r(x) <0 and hence 6,(x)(f5(x) —r(x)) > npd(x)(f5(x) — r(x)) in this case as well.

It follows that

Eq [8,(X) (fp(x) — r(X))] =n8E [6:(X) (f5(x) — r(X))]. (1.53)
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There are two possible scenarios: K(f*) < B or else K(f*) > B. When K(f*) < B, we have
Np = 0 and hence the right-hand-side of (1.53) is zero implying f* is optimal. If, alternatively,

K(f*) > B, then we know that K(f*) = B and K(r) < B. Thus

Eg[6.(X)(f3(x) —r(X))] = K(f*) = K(r) = 0.

Now the right-hand-side of (1.53) is non-negative (as np > 0) and f* is again optimal.

Lastly we need to show that if

Ep[1{6,(X) = n86.(X)}] =0, (1.54)

then f* is deterministic and unique (in an almost sure sense). It is clear from the form of f*
that it is almost surely equivalent to 1{8,(x) > npd.(x)} in this setting. Additionally, with the
choices of ng,a;,a; given in Lemma 1.A.8 this will be true for all x € Z". To see that this
follows from the proof of Lemma 1.A.8, by (1.50) and (1.51) there, (b) is continuous in this
scenario so that (1) = B when np > 0; this implies a; = a; = 0 when 1 > 0. When 1 = 0,
we must have $(0) < B and then again a; = a; = 0 as defined in Lemma 1.A.8.

To check uniqueness, let r(x) be any other treatment assignment rule that satisfies the
budget constraint K(r) < B and is not a.s. equal to fz(x). When ng = 0, r must then assign
treatment for a subset of 2~ with positive probability that has negative CATE or else fail to assign
treatment to some subset of 2~ that has positive CATE with positive probability (or both). This
results in lower expected welfare than f*, so r cannot be optimal. When ng > 0, the argument
is similar to that showing f* is optimal. When 1 > 0, its definition in Lemma 1.A.8 indicates
that K(f*) = B(0) > B (and from (1.52) in Lemma 1.A.8, it follows that 11z > 0 in this case
must be the unique choice for which the expected budget of f* is B). P(fj(x) # r(x)) > 0 then
implies that for some subset of 2" with positive probability we must have f5(x) —r(x) >0

when 6y(x) > ngé.(x) or else fz(x) —r(x) <0 when &,(x) < ngd.(x) (or both). This implies
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that the inequality in (1.53) is strict. As f* uses up the entire budget (1.53) now implies the

left-hand-side is strictly positive, which concludes the proof. m
Proofs for Subsection 1.3.3: Initial Properties of the Gibbs Posterior

Proof of Lemma 1.3.1. First we derive the result in (1.17). There are two possible scenarios.
First, if A(0) < B, i.e. the “cost” at u = 0 is within budget, then P, g 4 o € p and Ps g 2 0= Paax
in the notation of Corollary 1.A.1. Then the result follows from Corollary 1.A.1 (a). Note that

this scenario captures the case when B = oo, i.e. when there is no budget constraint.

In the second scenario, A(0) > B (and B < ). Assume this is case for the remainder of
the proof of property (1.17). First, we will show that this implies A(u) is (strictly) decreasing in
u and that there exists a unique up > 0 such that A(zg) = B. Note below that at any point u > 0,
because the derivatives of the integrands are dominated by integrable functions on intervals of
the form (u —a,u+b), some a,b > 0, and as A(u) is easily extended in definition to negative

values of u in neighborhoods of 0, we can exchange differentiation and integration. We have

d
%A(u)

_ :7 [(/@H(G)exp[—l (A(9)+uH(9))]d7t(9)) (/@exp[—;L(A(e)+uH(e))}dn(9)>_]]

2
= —A‘/®H2 (O)dﬁA,H’;L,u (9) +A« </®H(9)dﬁA,H.ﬂ,u (9)>
= _A’VGNFSA,H,AM [H (9)]

<0, (1.55)

where Vg5, ., [H(6)] denotes the variance of H(6) when 6 ~ Py p 7, Note the strict
inequality of the last line holds because the distribution of H(8) induced by p4 y  ,, is degenerate
only when the distribution of H(0) induced by 7 is degenerate. If this were the case, (1.16)
would imply that A(0) < B. Hence the strict inequality when A(0) > B, which includes our

current A(0) > B scenario.

Now, note that (1.16) implies there exist €;,1 > O such that 7({0 : H(0) <B—¢}) =

92



n > 0. Let & be such that 0 < & < g;. Letting Mj, and M, be such that |H(6)| < M), and

|A(6)| < M, for all 6 (as these functions are assumed bounded), we have

/ H(0)dpapms.u(0)
®

< (Be2)+M; | 1{H(8) > B—e2}dpa s (0)

Jo1{H(6) > B—&}exp[—A (A(6)+uH (6))]dx (6)

Jo(1{H (6) <B—e1}+1{H (6) > B—e1})exp[-A (A(0)+uH (0))]dn(6)
Jo1{H(0) >B—g&}exp[—A(A(6)+uH (0))]dr(6)
Jo1{H (6) <B—e&1}exp[—A(A(6)+uH (6))]dm (6)

exp|[—Au(B—&)] exp [AM,]
<@t (0o (reol-i01)

My, exp [2)LMa]> '
n

= (B—Sz) + M

< (B—Sz) + M,

— (B— ) +exp[-Au(er - &) (

As g — & > 0, for large enough values of u it holds that A(#) < B. Then, as A(u) is continuous
and strictly decreasing in u it follows that there is a unique #p > 0 such that A(zg) = B.

To finish the proof the property in (1.17), we need to show that when A(0) > B, pa g 3 7,
is the optimal probability measure on ® for the minimization problem. Replacing A in Corollary
1.A.1 (a) with the A +#pH as given above and noting that Pa ;7 4 w, = PA(A+igh),z>» W have that

for any p € &3,

PA.H A g

_;é%Tln {/ {A(6)+ugH (0)}dp (6)+ %DKL(p,ﬂ?)} (1.56)

_sééTln {/ {A(0)+ugH (0)}dp (0)+ %DKL(P,%)—%BB}

= argmin {/A )dp (6 IDKL(p 7T)+up </H )dp (0) — B)] (1.57)

1 B

= argmin {/@A(G)dp(@)-l—%DKL(Pa”)‘l‘ﬁB (/@H(O)dp(G)—B)] )

{p€Px(8):Jo H(0)dp(6)=B}

(1.58)
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where the third equality holds in our specific setting because P4 g 4 7, € €15 and &y p C Pz(0).

The fourth equality follows similar reasoning. Next note that for any p € &y p, as ug > 0,

/@A(e)dp(e)‘F%DKL(PJ) z/@)A<e>dp<e>+%DKL(p,n>+uB (/@H(Q)dme)—B)
(1.59)

~ Lo
> [ A©)dPanm (0)+ 3D (Basiz) . (1:60)

where (1.60) follows from (1.57) and the fact that [oH(6)dpy y 3 7,(0) = B. Because the
inequality in (1.59) is strict whenever [g H(0)dp < B it follows from (1.58) that p4 3 7, is the

argmin when A(0) > B, completing the proof of the property in (1.17).

Next we need to prove the property in (1.18). This property is trivial when B = oo,

Assume B < oo for the remainder of the proof. Let

) = [ AP 0) 4 [ H(OIPu30(0) B ) + 7 Di (Pase )

By the definition of g, we need to show that the supremum of A(u) over u > 0 is achieved at up.

Observe that by Corollary 1.A.1 (a), as Pa g 1.4 = PA(A+ur),x I the notation there,

[ HA©) w1 (0)}dpa 1 2.(0) + 7Dk (P10

:—%log U@exp[—x (A(6) +uH (8))]dm ()] . (1.61)

Utilizing this it is straightforward to derive that

d, . JoH(8)exp| -4 (A(6) +uH(6)) dx(6)

au") = oexp A (A(0)) + uH (@) dn(6) "

— A(w)— B, (162)
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where we may exchange differentiation and expectation following similar reasoning as before.
In the proof of the property in (1.17) it is shown that A(u) is strictly decreasing on [0, )
when A(0) > B. When A(0) > B, by the definition of 7z we have A(up) = B with ug > 0. It
follows that the supremum of 4 (u), which is continuous in u, is achieved at 7p. This is because,
from (1.62), the derivative of i(u) is positive on [0,%p), zero at up and decreasing on (up, o). If
A(0) = B, we have that the supremum is achieved at 0, which is #p in this case by the definition
up, as the derivative of h(u) is now zero at u = ug = 0 and negative for u € (0,0). Conversely, if
A(0) < B, nearly identical steps to those in the proof of the property in (1.17) show that A(u) is
non-increasing in u for u > 0. Hence in this case the derivative of A (u) is negative for u € [0, o)

and the supremum is achieved at 0, which by definition, is the value of g when A(0) < B. =

Proof of Lemma 1.3.2. Part (a). Given Assumptions 1.3.2 and 1.3.4 (i) for B € RU {co}, this is
an immediate corollary of Lemma 1.3.1 taking A(6) = R,(6) and H(0) = K,(0).

Part (b). Again let A(0) = R,(0), H(0) = K,(6), and p4 gy 3 » = P2, in the notation
of Lemma 1.3.1. Observe that, for a fixed sample S, as the distribution of K,,(6) induced by
6 ~ P, , is degenerate only when the distribution of K,(6) induced by 7 is degenerate, which is
assumed to not be the case (with probability one) by Assumption 1.3.4 (ii), P"* almost surely it

holds that

/ Kn(e)dﬁlu
0

cannot take any value b that does not satisfy
n({0:K,(0) <b})>0.
It follows that, P"* almost surely,

n ({9 K, () <§(pl,u)}) > 0.
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Then, the result for part (b) follows by applying Lemma 1.3.1 withA(6) =R,(0), H(0) = K, (0),

and B=B(p; ). ®

1.A.3 Proofs for Section 1.4

The proofs of Theorems 1.4.2 and 1.4.3 will utilize the following lemmas that follow

from Lemma 1.3.1. We again utilize the notation in (1.19) and (1.20) for &5 and c?‘}g, respectively.

Lemma 1.A.9 (a) Let Assumptions 1.3.2 and 1.3.4 (i) hold for B € R. Forany A > 0and B' > B,

P almost surely it holds that
. 1
min | [ R,(0)dp(60) + 1 D (p. )
Egt 0] A

— sup [ [ Ra(8)dp4(0) + ( | Kn(8)dp (6 —B') 4D (prem)].

u>0

(b) Let Assumptions 1.3.2 and 1.3.4 (i) hold for B € R. The following properties hold
P" almost surely. For any A > 0 and B' > B, u* (B’ ,A) exist, is unique, and satisfies that
u*(B',A) =0 when [oK(0)dp; ,(0) < B' whereas, when [oK(6)dp; ,(0) > B, u*(B',A) is

positive and satisfies [oK(0)dp; . B M(G) = B'. Additionally,

Py =argmin | [ R(O)dp(60) + 1 Dra(p.7)].
by Lo

and

1

min | [ R(0)4p(0)-+ 3 Diap.)]

— sup [/@R(e)dp;u(e)w (/G)K(G)dij,u(G)—B') +%DKL (p}[wn)} .

u>0

(c) Let Assumptions 1.3.2 and 1.3.4 (ii) hold. For any B’ > B(py, ), the following event
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occurs P" almost surely

min [ | R@)dp(@) + 1 D0 <p,n>]

— sup [/@R(e)dp;a(e)m (/G)K(H)dpj"w(e)—B') +%DKL (p;;ﬂ,nﬂ .

a>0

Proof of Lemma 1.A.9. Part (a). When
T(0€®:Ky(0)<B)>0

holds for B, it also holds for B’ > B. Therefore part (a) follows from Lemma 1.3.1 with
A(6) = R,(0), H(6) = Ku(0), Parau = Pru and combining the statements in (1.17) and
(1.18).
Part (b). When
T(0€®:K(6)<B)>0

holds for B, it also holds for B’ > B. Then the result follows from Lemma 1.3.1 with A(8) = R(6),

H(0) =K(0),and pp 2= Py,
Part (c). Note that by Assumption 1.3.4 (ii), as ﬁ;w and 7 are each absolutely continuous
with respect to the other, we have that the distribution of K(0) induced by 6 ~ p; , is not

degenerate. Therefore,
7 ({9 . K(6) < /@K(O)dﬁM :B(ﬁ,w)}) > 0.
It follows that for any B’ > B(p, ,), we have
n({6:K(0) <B'})>0.

Then, the result of part (c) follows from applying Lemma 1.3.1 with A(6) =R(6), H(6) = K(0),

97



and Py g 2.4 = P, , @and then combining equations (1.17) and (1.18) there. m
Proofs for Subsection 1.4.1: Regret Bounds and Oracle-Type Inequalities

Proof of Theorem 1.4.1. Part (a). When V,,(6) =R,(6),V(0) = R(0), and M; = M, we have

the setup for Theorem 1.A.1 with

6(2.0) = (12~ T2 (700 - fotx))

L(6) =V(0), and L,(0) = V,(0). Note that, by Assumption 1.3.1, parts (iii) and (iv), we
have that —M,/2x < ¢,(Z,0) < M;/2x a.s. Similarly, when V,,(8) = K,,(6), V(0) = K(6), and

M, = M., we have the setup for Theorem 1.A.1 now with

6(2.0)= (oo - T2 ) o),
and again taking L(0) =V (0) and L,(6) = V,,(0). Again Assumption 1.3.1, parts (iii) and (iv),
yields that —M;/2x < ¢,(Z,0) < M;/2K a.s.

Given this setup, we apply Theorem 1.A.1 in the same way for either of the settings for
L(6),L,(0) and My. We need an appropriate choice for D(-,-) and to then verify the condition in
(1.31). Importantly, in either setting we have that, for any 6 € ©, ¢,(Z,,0),...,¢,(Z,,0) is an iid
set of random variables taking values in [—M;/2x, M, /2k| almost surely. For either s € {—1,1},
take D[L,(0),L(0)] = s(L,(6) —L(0)). We need to verify the condition in (1.31) and determine

an appropriate f(A,n). Start with s = 1. Then, by Hoeffding’s lemma (see, for example, Massart
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(2007), page 21), for any 6 € O,

Epr [exp (A [La(8) — L(8)])] = Epr

exp( f{ v(Zi,0) — [fv(zi,e)]))]

it {2 2,00~ Bl ) |

n AZM? AZM?
<He p( K2£2> Xp<8K2’f> (1.63)

Nearly identical steps in the s = — 1 case, now applying Hoeffding’s lemma to —¢,(Z;, 6) produce

that

A>M?
Emfexp (2 [1(6) Ly (0))] < exp (T ). (164
Integrating with respect to 7, (1.63) and (1.64) yield that

2aq42

/Epn [As(Ru(6) — R(6))]d7(6) < exp (25’5) se{—1,1}.

We can reverse the order of integration on the left-hand of the above inequality, as 7 is indepen-
dent of the sample by Assumption 1.3.3. Therefore, condition (1.31) in Theorem 1.A.1 holds

with f(4,n) = A2M7 /(8nk?). Applying Theorem 1.A.1 completes the proof for Part (a).

Part (b). We utilize the same notation in terms of ¢,,(Z, 8) in the two scenarios for V,(0),

V(0), and My as in part (a). Let E; denote the event that the following inequality holds,

L 7L\/§(My+uMC)\/ 2 A (My+uM,)*
< — . .
Dt (PrasPi) € = N log (2v/) +log -+ =2 (1.65)

Note that by Lemma 1.A.3, P*(E}) > 1 —¢/2.

Next, let £, denote the event that the following inequality holds,

M2

(/@[Vn<9)—V<9>]dm,u<9>)2s2 7 {DKL (mu,p;L u)+log(2f)+log2 . (1.66)
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In the setup of Theorem 1.A.2 (b), take

0Z,6) = (e (2,0)+ Zﬁ) (ME).

Then, for any 0 € O, {(Z,0) € [0,1] (P almost surely). Applying Theorem 1.A.2 (b) yields that
PY(Ey) >1—¢/2.

Then, the following a union bound argument,

P"(E|NEy) = 1 — P" (ES UES)
> 1—P"(Ey)— P" ()
£

)
>]l————=1—¢€
- 2 2 ’

yields that events E| and E, occur jointly with probability greater than 1 — €. In the intersection
of these events, plugging (1.65) into (1.66) produces the result in part (b).

Part (c). The proof follows similar steps to that in part (b). Define E; the same way as in

part (b). Now, E; is defined to be the event that

A2M? 2}

[ $195(6) = V(©)dp(6) < 5 Dralp.) 1 | Gocs 1063 .

By part (a), P*(E|) > 1 — €/2. Then, event E; is defined the same way is in the proof of part
(b), P(E;NEy) > 1 — € by a union bound argument, and combining the inequalities in £} and E,

produces the statement of part (c). m

Proof of Theorem 1.4.2.

Part (a). Let E; denote the event that, for all p € &7(0®) simultaneously it holds that

12M2

e (1.67)

3
—Hg

/ R(6)dp(6 / R.(0)dp(6 IDKL(p )+ ,L
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Let E; denote the event that, for all p € #7(0) simultaneously it holds that

R,(0)dp(0) < [ R(8)dp(6 1D ! AZMyZ 1 3 1.68
| Ri(0)dp(0) < | R(O)p(6)+ 3 Dxi(p M)+ 5 |Gy +logZ| . (L68)

Lastly, let u* = u*(B,A/2) as specified in Definition 1.3.3 and let E3 denote the event that

. . M2log?2
/@Kn(e)dp,l/m*(@)—/@K(O)dp/l/m*(e) e (1.69)

where p3 2 is given in Definition 1.3.2.

By Theorem 1.4.1 (a), applied to each s € {—1,1} with V,,(6) =R, (0), V(0) =R(8),

and by Lemma 1.A.4, respectively, we have
€ € €
P'(Ey) > 1_§’ P'(Ey) > 1—3, and P" (E3) > 1—3.

Applying a union bound argument as in the proof of Theorem 1.4.1 (b), it holds that P"(E| N
E>NE3) > 1— €. From the remainder of the proof, we work assuming the intersection of these
three events. We show the event in Theorem 1.4.2 (a) is implied by their intersection, hence the
event of interest contains this intersection and has probability greater than or equal 1 — €.

We consider two possible scenarios in conjuncture with events Eq, E>, and E3. In the first

scenario, suppose that

/@Kn(e)dpi/m*(()) <B. (1.70)

101



In this case p;'i/z € &g, where &g is given by (1.20). Starting from (1.67) with p = p, ;,

1 1

3 A A A2M; 3
/ R(6)dp; () < / Ru(0)dpy 4(0) + >-Dki(Paa ) + o
) ) A A

Y 4los>

8nk? + ogg

AZM? 3
y

1 _

8nik? + Ogs

. 1 1
= min {/ R,,(@)dp(e)thDKL(p,yr)} 1
peép \/O

AZM? 3

y
log =
8ni? + ogg

< /@Rn(e)dpx/z,u*(e) + DL 200 ) + 5

The second equality above follows from Lemma 1.3.2 (a). Now, consider (1.68) with p = p; S

Plugging this inequality into the right-hand side of the above inequality produces

' . . 2 i} 2 | AM; 3
/@R(G)dp;w(e) S/@R(e)dpz/z,m(e)+IDKL(PA/27M*7”>+I S +10gg
= mi R(0)dp(0 2D 2 -AZM)% 1 3-

= min & [ R(O)dp(0) + T Dxa(p.) p+ 7 | gk +1og

2 2 [A2m2 3] M2log?2
< mi R(6)dp(0)+ D = 2 flog= |+ —==
_p?ég”}e{/@ (8)dp( )+/l KL(p’n)}+/l gnx? %% i 2nk? '

where the equality in the second row follows from Lemma 1.A.9 (b) and the final inequality
holds as 7 > 0. Thus the result of part (a) holds in the first scenario described by (1.70), noting
that for p € 2(0), R(fs,p) = JoR(0)dp(0).

In the second and only remaining scenario, we consider when

/@Kn(e)dpi/zw(e) > B. (1.71)

If we set

B = /@K,,(e)dpj/w(e), (1.72)
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then it holds that py S € g‘};/. Again starting from the event in (1.67) with p = p; ,, we obtain

| R(0)dps.4(6)
< | R,(6)dp, (O 1D 0 ! 2My2 1 3
_/® n(8)dPaa(8) + 5 Dxi(Pia, ) + 5 | o5 +log
= [ R,(0)dpy ;(0 1D O /) K,(0)dp, ,(0)—B ! AZMyZ 1 3
= [ Ral0)4pr.a(0) + 7 Dx1(prism) + it [ Kn(6)dpr a(8) =B ) +7 | Tt +log
(1.73)
A . A 1 A
— [ Ra®2p0) 4 ([ Ko(0)431.4(6) <) + 5 Drs (b 07)
/) K, (0)dp; 6)—B ! AZMy2 1 3 1.74
+u /@ n( ) p;L/ZM*( )— +I 82 + Ogg (1.74)
o A 1 A
< sup [/ R, (0)dp;, ,(0)+u (/ K. (0)dp;, ,(0) —Bl) +_DKL(pl,u>n)1
u>0 /O e A
/] K,(0)dp; 60)—B ! )LZMyz 1 3
+M(/® n(0)dpy 15,+(0) — )+I P L
— min {/ Rn(O)dp(9)+—DKL(p,n)}
pGO@B/ ]
i K, (0)dp; 0 ! )LZM}% 1 3 1.75
+u /@ n(8)dp; 5 ,(0) T e o8y (1.75)
1 M2log3 1 |A*M? 3
< mi R, =D /) < €4+~ Y +log = 1.
pn;g;{/@ (6)dp(8) + KL(p,ﬂ)}ﬂt 2 T [8%2 +log (1.76)
1 IM2log2 1 | A’M? 3
< x * A s * 7l - £ 0y . o :
. 2 . _[M2log? 2 | A*M}
S/@R(G)dpx/z,m(e)+IDKL(PA/2,M*7”)+“ oz T 7 |7z Tlogg (1.78)
. 2 2 [A? y2 3 . Mczlog%
_;rélé%{/@R(e)dp(e)+IDKL(p,7r)}+I o Flog | iy == (1.79)

In the above, step (1.73) follows from the properties of 7 = ii(B,A) in Lemma 1.3.2 (a). In step

(1.74) we simply added and subtracted B’ with B’ given in (1.72). Step (1.75) follows from
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Lemma 1.A.9 (a). Step (1.76) follows from (1.69) and the observation that [ K(G)dp/{/z,u* (0)
is always less than or equal to B by Lemma 1.A.9 (b). Step (1.77) follows from fact that
P 2 € éA"B/ by the construction of B in (1.72). (1.78) follows from (1.68) with p = p; P and
lastly (1.79) follows from Lemma 1.A.9 (b).

It follows that the result in part (a) also holds in the second scenario in (1.71) which

completes the proof for this part.

Part (b). Now, let E| denote the event that, for all p € &7(0®) simultaneously it holds

that
R(0)dp(8) < [ Ru(8)dp(6)+ D LAMy 1 1.80
| R(0)dp(8) < [ Ri(0)dp(6)+ 3 Dxep. )+ |Gy +10e (180)
Let E;, denote the event that
A . 1 .
[ Ra(0)dp2.u(0)+u [ Ki(0)4p2.(0)+ 5 Dic (Pr0v7)
* * 1 * (My + MMC)ZIOg(4/8>
< _
< [ R(0)4p}, (0) +u [ K(0)dp3,(0) + 1 Dx(pf )+ | L ogtde)
(1.81)
and let £5 denote the event that
| K(©)ap:.0(8)~ | Kul()dps,0(6)
\/E(My-l—uMC)\/ 4 A (My+uM)* 1 [A2M? 4
< A v A . T A W ¢ -
- K\/n log (2v/n) +10g£ - 2nK? 7 [8;11(2 +10g8]
1 [A2M? 4
=U; (8,)«,1/1,”)4—% |:8n1('2 +10g5:| (1.82)

By Theorem 1.4.1 (a), applied with s = —1, V,,(8) = R,(0), V(6) =R(0), and My, = M,, we
have that P*(E;) = €/4. By Lemma 1.A.7, P"(E,) = €/4. And lastly, by Theorem 1.4.1 (c)
with V,,(0) = K,(0),V(0) = K(0), and My = M, it holds that P"(E3) = €/2. Again applying a
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union bound argument similar to that in the proof of Theorem 1.4.1 (b), we have
P'(EINEyNE3) > 1—¢.

As in part (a), we prove the result by showing that the intersection of these events implies the

event in the result.

Recall,

B(Pau) =/®K(9)dﬁx,u(9) and B (p;.,,) Z/G)Kn(9)dﬁz,u(9)-

Then, the event E5 described in (1.82) can be stated

. R 1 [A2M? 4
B (P/l,u) —B (p;w) < U (&;A,u,n)+ 1 [ G2 +log E} . (1.83)
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Now, starting from (1.80) with p = p, ,,

| R(@)ap.(8)

< [ R,(0)dp, (6 1D O : /ley2 1 4

7/@) 1(0)dP u( )+z KL(P)L,M,JT)—I-I K2 + ogg

= | R.(8)dp; (6 K. (8)dp; . — B (P L D (p 1’12MY214
— [ Ru(@)dpru(8)+u ( [ Ko(O)dipru—B (pra) ) + 7 Dxtbrun ) + 1 |Gy 108

A A 1 A

— [ R(0)dp2.0(6) +u | Kn(8)dPu+ 3 Dit(Pris)
® (C]

R . PR 1| A*M] 4

—uB (P2) +u (B (Pru) =B (pra) ) + 7 | 53 +1o8 5

8nk?

uM,.)?
S/@R(e)dpi,u(e)+u/®K(9)dpi,u(9)+iDKL(pi,wnH\/(My+ M. log(4/€)

2nk?
. . o 1| A2M? 4
—uB (p3.) +u<B (Pr.) —B(pw)) + 5 5 +log£] (1.84)
* * A 1 * (M +MMC)210g(4/8)
— [ R@p 0)-+u( [ K(0)ap; (6) B (1) ) LD (g ) |
. o 1 [ A2M? 4
(B (Pra) =B (pra)) + 7 | 5rcs +lo2
. . . 1 . (M +uM_.)*log(4/€)
g/G)R(G)dpk7u(9)+u</®K(9)dpk7u(9)—8(pk7u)> +ADKL(pM,7r)+\/ y o
1| A2 (M +uM?) 4
+ul; (E,A,M,n)—i-z T—l—(l—l—u)logg (1.85)
A 1 .
<sup | [ R(0)dp; ,(0)+a ( [ K(O)p1(6)~ B (Pr) ) + 3 Dr(p o]
a>0 /O (C)
(My+uM,)?log(4/¢€) ‘ 1| A% (M +uM?) 4
+\/ K2 + ulU (E,QL,M,I’Z)—FI T—i—(l-ﬁ-u)logg
1
=, min { [ R0)ap(6) + 1Dx(p. )}
pEbupy ) Lo A
(My +uM.)?log(4/¢) ‘ 1 A% (M} +uM?) 4
+\/ I +ul; (8,7L,u,n)+A a2 +(1+u)10g8 .
(1.86)

In the above, (1.84) follows from plugging in (1.81), (1.85) follows from plugging in (1.83), and
lastly (1.86) follows from Lemma 1.A.9 (c). Switching the notation to [oR(6)dp(6) = R(fc,p)
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for p € #(0®) and utilizing the definition of U, (€;A,u,n), the above yields the statement in part

(b) of the Theorem. m
Proofs for Subsection 1.4.2: Normal Prior

Proof of Theorem 1.4.3. We will use the following properties in the proofs of part (a)
and (b). For treatment assignment rules of the form in (1.10), when [|0| # 0, it holds that
fo(x) = fo)0)(x) for all x € 2. As we are presuming that 6 # 0 and 6,, # 0 (almost surely),
with probability one we can find a values 6 and 6, such that ||[@|| = 1 and ||0,|| = 1. We assume
0 and 6, are selected to have this property for the remainder of the proof. Below, for integration
over ® = RY, we write [ ... in place of [p,...

Observe that for 6,0, € RY such that ||6;]| = 1 and ||6]] # 0,

R(8)—R(61) =W (fo) —W (fo,) (1.87)
=Eg[(Y1 —Yo) (fo(X) — fo,(X))]
<MyEp[[1{¢(X)T6 >0} —1{9(X)T6; > 0}|] (1.88)

— MP[(6(X)70) (6(X)T0)) < O
0

—mp [(mxrm) (6(X)701) < o]

< Myv

0, (1.89)

o _
6]
<M2v|6-6], (1.90)

where (1.87) follows from the definition of welfare regret, (1.88) follows from Assumption 1.3.1
(iii) and the fact that the distribution of X is determined by P as well as Q, (1.89) follows from
Assumption 1.4.3, and (1.90) follows from the fact that with 0, 6, as above,

0
lror

<6 -6l
16]]

107



As a consequence of (1.90), for any o > 0,

/R(e)dq)91762 61 +/ 61 ]dq)el 62(9)
R(61)+2Myv / 16— 61| dbg, 52(6)

R(61)+2M,vo./q, (1.91)

where we have used the fact that for 6 ~ ®y 2, |0 — 0[] ~ oH'/? with H ~ x2(g). Then, by
Jensen’s inequality, EGH'/? < 6(EH)'/? = 5(¢)"/%.
Following nearly identical steps, now starting with the definition of the expected costs
K(0) and K(8), it is straightforward to derive that, for 6,0; € R? such that ||6;|| = 1 and
16]] # 0,
K(0)—K(6;) <M:2v|6-—06|,

and for o > 0,

/K(e)dcp@mz(e) < K(8))+2M.vG /4. (1.92)

Lastly, before considering part (a) and (b) separately, note that by Lemma 1.A.5, with

or=1/,/q,0p =1/(2\/ng), and || 61| = 1,

(\SRIEN

1
Dx1. (CDGNG’;,CI)O’G%) = {E +log (4n)] i (1.93)

Part (a). We consider the posterior distribution p = ®4 o2 with 6, = 1/(2,/nq) so that
Dki(p, ) is given by (1.93). Next, define

VM,

T

(1.94)

Assumptions 1.3.2 and 1.3.3 are met and Assumptions 1.4.3 and 1.3.4 are assumed to

hold so we can apply Theorem 1.4.2 (a). Starting from there, with probability at least 1 — € we
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[ R®)psa(6)
S RRERS 1 TN I
_/ 0)dp; 3.0 )+%DKL(p}[/27u*,n)+% 7;2 §2+1og2 +a Mfii%% (1.95)
—/ 6)dp; j2.-(0) +u (/K(G)dpi/z,u*(e)—3> +%DKL(P;[/2,W7T)
%r;Mf +log> | +a Mfioée (1.96)

2
—/ (0)dps /2, (8) +u (/K )4P3 /2.0 (9)—3') + 2 DKL(PL 2,05 70)

APM; 3
—|— log
Snk?

+u*(B’—B)+%

M2log?
2nk?

2
<sup [ [ R(O)dpi ( [ K(@)ap;.(0) —B') i zDKL(pim}

+

2pq2

2 M 3 MZlo
—y—i—log ]-l— gg

A

* /_
tu (B B)+ 8nk? 2nk?

2 VM, 2 |A*M} 3
= mi R =D A D | —2 +log =
prgg;/{/ (9)dp(9)+/l KL(p,n)}Jru NG +7 [8111(2 +log -

3
i MZlog 2
2nk?

(1.97)

In the above, (1.95) and (1.96) follow from Lemma 1.A.9 (b) while (1.97) follows from applying

Lemma 1.A.9 (b) and the definition of B” in (1.94).

From (1.92) with 8 in the place of 6; and with 6, = 1/(2,/ng), we have

VM,
= <

/ (0)dp (6 /K )d®g 12(6) < K (6) (1.98)

as, by the definition of 8, K(6) < B. Therefore p € &y . From (1.97), we have, with probability
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at least 1 — €,

[ R(6)dp3 at6)
< i {00 Fowtpm) e [ ]
SR(9>+%+Z{41n+10g(4”)}+“*v\%c+% %jtlogE +1 M;OK%%

In the last step, we have applied the properties in (1.91) and (1.93) with ) taking the role of 6,

Plugging in A = k,/ng/M, and rearranging terms then produces the result in (a) with

Ty (n:q) q | VM, yMy My M, (1 L 1
n,q) =

g n|\q 4" 4n

Part (b). As a starting point, we utilize the setup and initial steps of the proof of Theorem

1.4.2 (b). Assume the same the definitions of events E, E> and E3 as in (1.80), (1.81), (1.82)

respectively. Following that proof up to (1.85), we have that with probability at least 1 — €

| R(O)dpr..(0)
* * A 1 *
< [ri©)ip; 0)+u [ K010 0)-B (pz,u)) + 2 Dxa (9], 7)
(M, + uM,)*log(4/¢) A% (M7 + uM?) 4
+\/ J 2 +ulU; (g;A,u,n) + 7L a2 —|—(1+u)logg ,
(1.99)

where B(p;, ,) = [ K(0)dpy = K(fcp, ) and Uy (&;A,u,n) is defined in Theorem 1.4.2 (b).

Now we will consider the posterior p = &g o2 with o, = 1/(2,/nq). Utilizing (1.93)
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with 7 as described in the theorem, now with 8, in place of 6;, with probability one we have

- 1
Dxw(p,7) = % {E +log (4n)] . (1.100)
Additionally, we now define
VM,
B =B(p = 1.101
(Pau) + T (1.101)

From (1.92) with 6,, in the place of 6, and with op =1 /(2,/nq), with probability one we have

VM,

<p 1.102
T =B (1.102)

[ K(0)ap(6) = [ K(6)dg, 53(6) <K (B) +

because, by the definition of 6, we have K(60,) < B (ﬁ/lu) (a.s.). It follows that with probability

one, p € &p.
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Returning to (1.99), we have, with probability at least 1 — €,

[ R(&)dps (0)

Wy & b, Plog(4/2)
2nk?

S/ (8)dp; (6 —i—u( 6)dp; ,(6) — B(ﬁ;L’M))—i—iDKL(P;{,w”)"‘\/(
1

A2 (M} +uM?
+ul, (&;A,u,n)+ w

4
8nk? +(l+u)log8]

%
1 . M, +uM_/)?log(4/¢e
< [R©)dp; (6 ( 0)dp;, (6 B’>+}LDKL<pM,n>+\/ My e oe(4/2)
+

A% (M} +uM?)

ulUi (&;4,u n)+ -

Fu(B B (p2.)) !

+(1 +u)logi]

<sup | [R(0)dp; (0) 1 ( [ K(O)dp,(0)~5') + 1 Dro (0] )]

a>0

uml . 2
+\/(My+ A;In);cgog(4/8)+u<‘:j/v[ﬁ)+um (&;4,u,n) + ;IL

A% (M5 +uMy)
8nk?

4
+(1+u)log8]

(1.103)

(p. m} [ b og(3/e)

£ /R )+ 1ip
= ln
KL 2nk?

pPESy l

< ) +ul, (g;A,u,n)+ /l
B.m)+ \/ (M, 4 uM,)?log(4/€)

2nk?
A2 (M2 + uMZ)
8nk?

A% (M} +uM?)
8ni?

—i—(l—i—u)log:] (1.104)

< [ R(©)4B(8)+ 5 D

+u(%)+uU1(el u,n)+ /1

<R(6, )+%+2A[1 +10g(4n)]+

—i—u(%)—kum(sl u,n) + /1

Above, (1.103) follows from (1.101) and the fact that the supremum there is greater than or

(1+u)logi] (1.105)

(My+uM.)?log(4/€)

2nK?
A% (M} +uM?)
8nk?

(l—i-u)log:] (1.106)

equal to the object it replaces, (1.104) follows from Lemma 1.A.9 (c), (1.105) follows from
having p € & with probability one, and lastly (1.106) follows from (1.91), with 6, in place
of 6; and o, = 1/(2,/ng) in place of o, and utilizing (1.100). Plugging in A as given in part

(b), straightforward manipulations of the expression in (1.106) show that the inequality can be
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written

My +uM,. —

R (fG,f)Lu> <R (514) + ” [Uz(n;q7u7€) +U3 (n;Q7u78) +U4(naQ> M)} )

where
_ Va@log (2v/n) +v2uy flog (2/n) + log 4 logn
Us(n;q,u,€) = T =0 i)
U (n;q,u,€) IOg(;/E) +\/L‘7(1 +M)10g% 7 !
3\, 4, u, — - -]
Vvn NG
and
_ Kv+\/c_1(8i+%) \/E MszruMC2 1
N 7 DT ) o 2],
Us(n;q,u) NG /s 3 (M u,)’ /n
n

Proofs for Subsection 1.4.3: The Majority Vote Treatment Rule

Proof of Theorem 1.4.4. First, note that

fnvp(3) =1 { | fowdp(6) > %} <2 [ folx)dp(6) = 2f5p(). (1.107)

To see this, note that when [g f(x)dp(0) < 1/2, fuvp = 0 hence the left-hand size of
the above inequality is zero while the right-hand size is non-negative and the inequality holds.
When [g fo(x)dp(6) > 1/2, the left hand side is 1 while the right hand side must be greater
than 1, so the inequality holds in all cases.

Next we will show that for any x € 27,

(8,(x) = (0 8:()) (i) () = finwip () < 2(81(3) =M 8:(x)) () () — fp ()
(1.108)

To see this, first consider x € 2~ such that fg(p)(x) = 1{6y(x) — Np(p)8c(x) > 0} = 0. In this
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case, 8y(x) — Np(p)6:(x) <0 and we have

(SY(X) - rlB(p)5c(x)> (f;(p) (x) - fmv,P (x)> - ‘Sy(x) - nB(p)ac(x) } mevP (x)
< 2[8,(x) = N(p)6c (%)| fG,p (x)
=2(8(x) = (o) 0:(5)) (S (¥) — fp (1))

where the inequality follows from (1.107). To verify (1.108), we now need to check that it holds
for x € 2 such that fg(p)(x) = 1{0y(x) — Np(p)Oc(x) > 0} = 1. In this case, &y (x) — Np(p)dc(x) >
0, so (1.108) reduces to

(£ 0 = fiwvp ) <2 (fizip) )~ fp (). (1.109)

First consider x € 2" such that fny ,(x) = 1. Then the left-hand size is zero while the right
hand side is non-negative as fg , € [0,1] and fg( P = 1 in the current assumed setting, so the
condition holds. Lastly, if fmy,p(x) =0, so that [g fo(x)dp(0) < 1/2, in the current setting with

fg(p)(x) = 1 we then have

2 (B )~ fa)) =2 (1= [ o(a)dp(6) )

1
>2(1-3)

2
=1

= f5(p)(¥) = finv,p (%)

Hence (1.108) holds for all x € 2. Taking the expectation of both sides of that inequality with

respect to a draw of X from Q then yields that

Lgp) (fuvp) < 2Lp(p) (fG,p) - (1.110)
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To complete the proof, we need to verify that

Ly(p) (fo.p) = Ra(p) (o) - (I.111)

Now there are two possibilities to consider. The first is when 1p(,) = 0. In this case, we have

Ly (fop) = Eg [Sy(X) (fl:?k(P) _fG’p>]
=W (f;‘(p)> —W (fo.p) = Rp(p) (fo,p)

And in the only remaining case, when g,y > 0, we also have K( fg( p)) = B(p) by Theorem

1.3.1. As, by the definition of B(p), it also holds that K(fg ) = B(p), we have

Lp(p) (fo,p) = Eo (f fG,p) — Ns(p)EQ |:56’(X) (f;‘(p) _fG,p)}
= EQ <f fG7p> ) [K <f§(p)> —K(fG,p)}
) (fi
)-

f fG,p)
(fG p

Hence (1.111) holds and combined with (1.110) this completes the proof. m
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Chapter 2

Binary Forecast and Decision Rules via
PAC-Bayesian Model Aggregation

Abstract

We consider a PAC-Bayesian model aggregation approach to binary decision or forecast rules
when different decision-outcome pairs may have asymmetric payoffs that can vary with observed
covariates. The approach estimates a probability distribution over a class of models from which
majority vote or stochastic decision rules can be derived. Adopting a utility-based measure of
loss considered in Granger and Machina (2006), we show the PAC-Bayesian methodology is well
suited to this setting. Non-asymptotic training sample bounds and oracle inequalities familiar in
form to counterparts from the 0/1-loss literature are derived for the utility-based setting. The
decision rules perform competitively in simulation experiments, achieving higher expected utility
than several methods proposed in recent literature. The approach is also well suited to data-rich
modeling environments; a constrained version of the learning algorithm produces utility-oriented

decision rules with similarities to support vector machines.

2.1 Introduction

Forecasting an uncertain binary outcome arises in a variety of economic decision-making
problems. Predicting whether or not a loan will be repaid or which direction an asset price

will move are examples where a decision maker’s action may vary in tandem with a binary
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forecast. In general, a decision maker may incur costs or benefits that vary depending on the
prediction-outcome pair when making a decision such as to grant or decline a loan. Additionally,
payoffs may vary with covariates observed prior to realizing the outcome of interest and these
covariates may also influence the likelihood of the outcome. For example, as noted in Elliott and
Lieli (2013), development finance institutions may view failing to grant a loan that would be
repaid as being more costly when the entity is deemed beneficial to a vulnerable population. At
the same time, observable characteristics that quantify this need could be correlated with whether
or not a loan will be repaid.

It is well known that there are many successful classification algorithms suitable to a
variety of applications. However, asymmetric loss can be a crucial element to decision making
and most popular classifiers are not designed around this feature. Maximizing a likelihood
function or minimizing a zero-one loss function, or a convex surrogate, does not typically
weigh the relative costs of false negatives and false positives according to the preferences of
the decision maker. Recently, Elliott and Lieli (2013) proposed a maximume-utility approach.
Given a class of parametric decision rules, {a(x,0) : RY — {—1,1}, 6 € ®}, which map
covariates X € R? to a binary decision or forecast, the parameters 6 € © are selected as those
that maximize the empirical expected utility of the decision maker. Here the binary action or
forecast a is associated with an uncertain outcome Y with aligned categories {—1,1}. The utility
maximization framework will be the starting point for our analysis.

There is not a large econometric literature geared at this setting for data-rich environ-
ments. First, we point out some recent developments. Su (2020) notes that the trade-off between
model class complexity and the propensity to over-fit carries through from empirical risk min-
imization to the utility maximization setting. He situates the maximum-utility problem in the
structural risk minimization paradigm of Vapnik (1982). Building on the analysis of Bartlett
et al. (2002), Koltchinskii (2001), and others, he considers a hierarchy of potential model classes
with increasing complexity and derives distribution-free and data-driven penalties to select an

appropriate model class and decision rule. Another approach was recently considered by Babii
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et al. (2020) who replace non-convex objects that arise in the utility-maximization problem with
convex surrogates.

Here we approach utility-based decision rules from the PAC-Bayesian framework. For a
collection (or collections) of decision models associated with a measurable parameter space, this
will entail estimating a probability distribution over the model parameters. Then decisions are
made by aggregating over all possible decision rules, placing the greatest weight on subsets of
the parameter or model space associated with the lowest empirical loss. We adopt a utility-based
measure of loss considered in Granger and Machina (2006). Several prior works consider binary
classification from the PAC-Bayesian point of view including McAllester (1999b), Langford
and Shawe-Taylor (2003), McAllester (2003b), Catoni (2007), Germain et al. (2015), and others.
We build in particular on the work of Catoni (2007), Germain et al. (2009), and Alquier et al.
(2016). When the utility function is bounded, a lemma of Maurer (2004) enables several key
steps of the analysis to proceed as one would in the 0/1 loss setting. This trick is also noted in
Germain et al. (2015). In the non-bounded case, our setting turns out to be well suited to higher
level assumptions like those in Alquier et al. (2016), where the PAC-Bayesian analysis allows
for more general loss functions.

Although estimating a probability measure over a parameter space to form decision rules
may seem unfamiliar, it is possible to view a variety of decision rules or classifiers in this light.
For example, given covariates X € R?, a set of transformations ¢ i(X): R? - Rforj=1,...,M,
and some estimated parameter vector & € @ = RM, consider predicting Y € {—1,1} with

M
Y =sign [; (Z)j(X)éj

J

The estimated parameter vector 6 could come from the method of support vector machine (SVM)
or the MU procedure of Elliott and Lieli (2013). Both SVM and MU can result in predictions of

the above form. Alternatively, consider the probability distribution p(0) over ® given by the
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multivariate normal N (é,IM) distribution. In this case, it holds that

; 2.1

M M .
s [n{ 0000 0] s [§: 108,
Jj=1 j=1

as can be seen in Section 2.3.2. The left-hand side above can be interpreted as taking a weighted

majority vote over the class of models of the form

M
sign [Z 0;(X)0;|, 60O,
j=1

where p determines the weights that different regions of ® receive. On the other hand, the
right-hand side of (2.1) takes the same form as the SVM and MU rules. The PAC-Bayesian
approach provides a tractable path to analyzing useful theoretical attributes of decision rules
centered around data-dependent distributions p, including those for the SVM and MU methods.
This analysis guides the choice of distributions that we focus on in this paper. More broadly,
while the PAC-Bayesian framework is useful for deriving competitive learning models (our
focus here), this tractable path to analyzing potentially complicated models is a key point of
interest itself in the machine learning literature. For example, Neyshabur et al. (2017) derive
generalization bounds for deep neural networks in a PAC-Bayesian framework.

There are several attractive characteristics of the PAC-Bayesian approach to utility-
oriented decision rules. It allows for a very flexible selection of the decision model class (or
classes). Almost any classification model with real parameters can be accommodated. Rather
than estimating these parameters by minimizing a 0/1 loss, convex surrogate, or likelihood
function, a probability distribution over the parameters that is dependent on a measure of
empirical utility is constructed. This puts the greatest weight on regions of the parameter space
with high empirical utility and then one can aggregate over potential models in a way that favors
these regions. Although the analysis is frequentist in nature, estimation tools from the Bayesian

literature such as Markov Chain Monte Carlo (MCMC) and sequential Monte Carlo (SMC)
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can be applied, sidestepping potential difficulties with computational complexity. By utilizing
variational or change-of-measure formulas, the approach allows us to derive training sample
bounds that hold with high probability. Additionally, model aggregation can alleviate model
misspecification and estimation noise; see, for example, Jiang and Tanner (2008) and Freund
et al. (2004) where this is analyzed in different 0/1-loss-based classification settings. Both of
these papers utilize exponentially weighted aggregators similar to that employed here. Lastly,
as pointed out in Elliott and Lieli (2013), the utility-maximizing decision rule is not unique. It
is not unusual in many settings to identify several models with identical or similar in-sample
performances but with different out-of-sample performances. Model aggregation makes sense in
the context of multiple solutions or multiple near-solutions.

The main contributions of this paper are as follows. We add to the toolbox available for
estimating binary choice or forecast rules when the decision maker faces asymmetric payofts
that may depend on the value of observable covariates. The methodology is well suited to data-
rich environments and the decision/forecast rules perform very competitively against existing
alternatives, exhibiting noticeable gains in expected utility in the simulation environments also
studied in Elliott and Lieli (2013) and Su (2020). We develop training sample bounds and
oracle inequalities for the decision rules. These are similar in form to existing PAC-Bayesian
bounds in alternative settings such as the 0/1 loss which is nested by the utility-based loss
adopted here. We show that the theoretical insights, training sample bounds, and modeling
guidance of the PAC-Bayesian classification literature can be applied to the utility-oriented
setting. Additionally, we illustrate how these concepts and decision rules can be adapted to
accommodate the situation with multiple model classes of interest and provide practical guidance
regarding implementation. Finally, we try to keep the presentation self-contained and expand on
details of the approach. While the PAC-Bayesian methodology has not gained a lot of traction or
exposure in the econometric literature, its flexibility and analytical tractability in a variety of
machine learning problems suggest that it may prove useful in future econometric applications.

The paper is structured as follows. In Section 2.2 we introduce the decision model
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and PAC-Bayesian framework. In Section 2.3, we establish the theoretical properties of the
PAC-Bayesian decision rules and derive a constrained version of the model, which is easier to
implement and provides insight to the PAC-Bayesian machinery in this setting. In Section 2.4
we discuss implementation and estimation, and in Section 2.5 we carry out a simulation study.
Section 2.6 concludes. Proofs are given in the appendix.Forecasting an uncertain binary outcome
arises in a variety of economic decision-making problems. Predicting whether or not a loan will
be repaid or which direction an asset price will move are examples where a decision maker’s
action may vary in tandem with a binary forecast. In general, a decision maker may incur costs
or benefits that vary depending on the prediction-outcome pair when making a decision such
as to grant or decline a loan. Additionally, payoffs may vary with covariates observed prior to
realizing the outcome of interest and these covariates may also influence the likelihood of the
outcome. For example, as noted in Elliott and Lieli (2013), development finance institutions may
view failing to grant a loan that would be repaid as being more costly when the entity is deemed
beneficial to a vulnerable population. At the same time, observable characteristics that quantify

this need could be correlated with whether or not a loan will be repaid.

2.2 Forecasting Framework

2.2.1 Model

To frame the decision problem, we adopt the setting of Elliott and Lieli (2013), tying a
binary action or decision to forecasting a binary outcome. This is the standard decision-theoretic
framework analyzed in, for example, Granger and Machina (2006). In addition to the discussion
below, we refer the reader to Granger and Machina (2006), Elliott and Lieli (2013), and the
references therein for further theoretical considerations and additional applications of our setting
to problems in economics and other sciences.

The decision maker’s problem is to choose an action a € {—1,1} given an observable

vector of covariates X € R? with support .2~ C R?. The actions are defined in a broad sense and
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are categorically aligned with a binary outcome variable Y € {—1,1} that is not observable at
the time of decision making. Conditional on X = x, the outcome variable Y follows a Bernoulli

distribution with parameter P (x) where

P(x)=Pr(Y =1|X =x). (2.2)

The payoff or utility function of the decision makeris U(a,Y,X). U:{—1,1} x{—-1,1} x 2" —
R represents the preferences of the decision maker and is assumed known. We allow that the
payoff U(a,y,x) is a nontrivial function of x. The table below illustrates the payoff function

under X = x with different combinations of (a,Y).

State
Action Y=1 Y=-1
a=1 U(1,1,x) U(l,—1,x)

a=—1 U(—1,1,x) U(—1,—1,x)

As a primary application of this setting, we may regard a as a forecast of the outcome
of a future random variable Y, or alternatively as an action taken based on the predicted binary
outcome of Y. Then U (a,y,x) is the payoff when the forecast or action is a, the realized value of

Y is y, and the covariate vector is equal to x. In this application, we expect that

U(l,1,x)>U(1l,—1,x) and U (—1,—1,x) > U (—1,1,x) forall x € Z . (2.3)

That is, a correct prediction delivers a higher payoff than an incorrect prediction.

As a second application, our setting can be cast as a 2 x 2 game where Nature plays Y
and the decision maker plays a. More specifically, Nature plays a mixed strategy: for a given
X = x, Nature plays Y = 1 with probability P(x) and plays Y = —1 with probability 1 — P (x). In

this case, (2.3) states that there is no dominating strategy for the decision maker.
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We formalize (2.3) along with a self-explanatory technical condition as an assumption

below.

Assumption 2.2.1 (i) Forall x € 2,

U(l,1,x)-U(—1,1,x) >0

and

U(—1,—1,x)—U(1,—1,x) > 0;
(ii) for all (a,y) € {—1,1}?, U(a,y,) is Borel measurable.
2.2.2 Utility Maximizing Actions

Given X = x, a decision maker’s action is optimal if it maximizes her conditional expected

utility, i.e., a* is optimal if

a* € argmaxE [U (a,Y,X) |X =x]. 2.4

a

Here a* depends on the observed value x. To signify this, we write it as a*(x). We can
alternatively formulate the decision maker’s problem in terms of a loss function. We think about
the loss of an action a as the amount by which the resulting utility differs from that of a perfect
forecast if ¥ were known when the decision is made. Given Assumption 2.2.1(i), a perfect
forecast would entail setting the category of action a to that of Y; we denote this unobtainable
action based on the realization of Y by ag. To motivate the form of the loss function, note that

(2.4) is equivalent to

a* € argmin E [U(ag,Y,X)—U(a,Y,X)|X = x]. (2.5)

a
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With ag = Y by Assumption 2.2.1(i), we define the loss function £: {—1,1}?> x 2~ — R by

f(a,y,x) - U(}’,)/,X) - U(Cl,y,X). (26)

This utility-induced loss function is called the point-forecast/point-realization loss function in

Granger and Machina (2006). Clearly,

0, ifa=y

U(yayv)C) - U(a,y,x) > 0) ifa % Y.

l(a,y,x) =

In general, ¢(a,y,x) # ¢(y,a,x), and so the loss function is not symmetric. In terms of the loss
function, we have

a* € argminE [{(a,Y,X)|X = x]. (2.7

a

We can now derive a solution of (2.7) (equation (2.9) below), which is also obtained in

Elliott and Lieli (2013). When X = x and a = 1, the expected loss is

E[0(1,Y,X)|X =x] = (1—P(x))¢(1,~1,%).

When X = x and a = —1, the expected loss is

E[((~1,Y,X)|X =] = P(x)¢(—1,1,x).

Now, if we let

b(x)=0(1,—1,x)+¢(—1,1,x),

_(1,—1,x) 0(1,—1,x)
S ¥ o e TG s S pe 28

then a little algebra shows that an optimal decision rule, i.e., the one that obtains the lowest
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possible expected loss, is to set a*(x) = 1 if and only if P(x) > c(x). This can be written as

a*(x) = sign[P(x) — c(x)], (2.9)

where sign(z) = 1 for z > 0 and sign(z) = —1 for z < 0.
For intuition, under Assumption 2.2.1 and provided that P(x) < 1, a*(x) in (2.9) can be

restated as setting @ = 1 if and only if

P(x) - (1,-1,x) U(-1,-1,x)-U(1,—1,x)

1—P(x)  £(—1,1,x) U(l,1,x)—U(-1,1,x)

If we think of a as a prediction of ¥ based on X =x, then /(1,—1,x) =U(—1,—1,x)-U(1,—1,x)
is the ex post missed utility from a false positive prediction (i.e., take a = 1 when Y = —1) and
0(—=1,1,x) =U(1,1,x) —U(—1,1,x) is the ex post missed utility from a false negative prediction
(i.e., take a = —1 when Y = 1). The optimal decision rule sets @ = 1 only when the odds ratio of
the event Y = 1 relative to the event Y = 0 is greater than the false positive to false negative loss
ratio. As the relative cost of a false positive gets larger, a greater odds ratio is required for an
optimal utility-based decision rule to permit the action a = 1.

In terms of b (x) and ¢ (x), the point-realization loss function in (2.6) can be written as

E(aayax) = W(xvy)'l{y#a}a (210)
where
) =) |75+ )| = U0 = U500 >0, @11)

This can be easily verified. Therefore,

a* € argminE [y(X,Y)1{Y #a}|X = x]. (2.12)

a
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The decision maker knows the payoff function U (a,y,x) and hence b(x),c(x), and
y(x,y). She does not know P(x), the only piece of information that is still missing in solving the
above minimization problem. To make an optimal decision, she has to estimate P (x) based on
the sample {(X;,Y;)}"_,. One of her options would be to choose a proxy m(x) for the unknown
P(x) from some class of functions. Her task is then to learn the most suitable m for a decision
rule of the form a(x) = sign[m(x) — ¢(x)]. In considering such options, we will maintain the

following additional sampling and distributional assumptions.

Assumption 2.2.2 (i) {(X;,Y;)}}_, is an iid sample; (ii) X; € 2" and Y; € {—1,1}; (iii) The
joint distribution function of (X,Y) is P(X,Y) where P(X,Y) is a probability measure over
(X x{-1,1}, B, ® PBy) where HBy is the Borel 6-algebra associated with 2" and %, consists

of all subsets of {—1,1}; (iv) There exists some Ky > 0 such that

1
Eexp{A*y(X,Y)?} < exp{Kﬁ,/lz} for all A such that |A] < -
y

The condition on the moment generating function in Assumption 2.2.2(iv) specifies that
the random variable y(X,Y) is sub-Gaussian (c.f. Proposition 2.5.2 (iii) and Definition 2.5.6 of
Vershynin (2018)). Given that y(x,y) = U(y,y,x) —U(—Y,y,x), this assumption requires that the
payoffs from a correct decision (or alternatively, the costs from an incorrect decision) must be
sub-Gaussian. This is a fairly mild requirement and accommodates, for example, any underlying
utility function that is bounded, a condition that is assumed in Elliott and Lieli (2013) and Su
(2020). Here benefits and costs of correct or incorrect decisions do not have to be bounded
provided that the tails of the distribution decay exponentially.

In terms of the resulting action rule a,,+(x) = sign [m*(x) — c(x)], the conditional opti-

mization problem (2.12) is equivalent to the unconditional optimization problem

m* € arger;/in E{y(X,Y)1{Y #sign[m(X) —c(X)]}}, (2.13)
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where .# is the space of all measurable functions from 2" to R. To implement the optimal m*,
the decision maker could solve the sample version of the above problem,
n

m* e argminl Z v (X, Y;) 1{Y; # sign [m(X;) — c(Xi)] },

meM n =1

and let

ap (x) = sign [m* (x) — c(x)].

The M estimator /™ is motivated from utility maximization, and we will refer to it as
the maximum utility (MU) estimator. The MU estimator is clearly different from the maximum

likelihood estimator defined as

Yi+1

A X .
My g = arg HZ‘XZ Z
me. i=1

1 {Y,-+1

fog () + (1= 252 Yog 1 = mx)

where we have assumed that m(X;) € (0,1).! The likelihood function is motivated statistically
without accounting for the payoff differences under different actions and states of the world.
Implementation of the optimal strategy requires searching over the whole space of
measurable functions .#. This is a formidable task. In addition, such a method may not
generalize well. In practice, we restrict attention to a parameterized subclass of .#. Denote this
collection of models by .#g C .4 where each model m(x, 0) € .#g is determined by parameters
0 € ® and ® C R? is the parameter space with potentially g # d, where d is the dimension of
2. We delay specifying the functional form of m(x, 8) for now. The MU estimator over .#g

selects the model parameter 6 by solving

~ 1&
6 € argmin— Y v (X;,¥;) 1{Y; # sign[m(X;, 0) — c(X;)]} .
pc® N, 5

Such an estimator has been considered in Elliott and Lieli (2013). In the special case that the loss

f this is not the case, we can take a transform such as the logistic transform so that the transformed version is
in (0,1).
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functions £(1,—1,x) and ¢(—1, 1,x) are equal to the same constant function, we have ¢ (x) = 1/2

and y(x,y) = [¢(1,—1,x)+¢(—1,1,x)] /2, which is also a constant function. Hence,

A 1 ¢
0 € argmin— Z 1{Y; # sign[m(X;, 0) — c(X;)] } -
pc® ;=

In this case, the MU estimator reduces to the maximum score estimator of Manski (1975, 1985).
Su (2020) considers model selection in the MU framework. There, model selection is based on a
penalized MU estimator where the additive penalty regularizes the complexity of the model class
and controls the generalization error.

A key observation from Elliott and Lieli (2013) is that m* and /#* may not be unique.
Consider the sample problem as an example. If /2" is a solution, then any function 7i(x) that
satisfies

sign " (x) — c(x)] = sign (x) — c(x)]

is also a solution. Each crossing point of P(x) and ¢(x) corresponds to a region of .2~ where 7*
and 1 may disagree out of sample even if both achieve the same in-sample empirical utility. This
provides an incentive to consider ensemble methods. In the presence of multiple solutions, it is
reasonable to average or aggregate models with high empirical utility rather than trying to select

a solution.

2.2.3 PAC-Bayesian Framework

Instead of model selection, we consider model aggregation in this paper. We do so within
the PAC-Bayesian framework. In this subsection, we introduce some definitions and concepts
central to this approach before considering statistical properties of the resulting decision rules in
Section 2.3.

Most generally, we work with Zg, a parameterized subclass of the set of measurable

functions from 2" to {—1, 1}, characterized by a parameter space ®. The typical example we
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deal with here and in our simulations is the setting where

Ko = {sign[m(x,0) —c(x)] :me Mo}, (2.14)

where again .Zg is a parameterized subclass of the space of measurable functions m : 2~ — R
that are characterized by the parameter space ® C R associated with ¢ model parameters.
For actions a (x, 0) € Zg (determined by 6 € ®), with some abuse of notation, we denote

the utility-induced, point-realization loss by

£(0,y,x) = y(x,y)1{y#a(x,0)},

where y(x,y) is defined in (2.11). Additionally, for any 6 € ©, define the risk function R(6) and

its empirical counterpart R,(6) by

R(6) = E[((6,Y,X)], 2.15)
Ri(60) =1 Y ((0.%,X) 2.16)
i=1

Whereas the MU approach selects a single 6 € ® by minimizing R,(6) over O, here
we will place a non-negative weighting on each 0 in the form of a probability measure on ®
and then take actions based on aggregation over all possible models. The goal is to construct a
probability measure p(-) on ® that may depend on the sample {(X;,Y;)}}_,. The PAC-Bayesian
framework allows us to identify bounds on functionals of R(6) that depend on R, (6) and hold
with high probability. These bounds can then guide the choice of p. We will need to integrate

over both the sample space and the parameter space, and we make the following assumption.

Assumption 2.2.3 (i) (®,%y) is a measurable space where By is the standard G-algebra on
© and is countably generated; (ii) (0,x) — a(x,0): (@ x X', By R Bx) = ({—1,1},%B,) isa

measurable function where B, = ).
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Assumption 2.2.3 contains some technical conditions that address measurability concerns.
By a probability measure p(-) on ® that may be sample dependent, we mean a regular conditional
probability measure p(z,-) where z € (2" x {—1,1})*". That is, for any fixed S € %y, p(z,S) :
(2 x {=1,1})*" (B, 2 B,)*") — R, is measurable in z and for any fixed z, the map S
p(z,8) : Bg — R, is a probability measure. For conciseness, we suppress the potential reliance
of p on the particular sample set z. Given some deterministic probability measure 7, we will

work with the Kullback-Leibler (KL) divergence between 7 and p,

Jolog [%2(0)|dp(0), ifp<n
Dk (p,7) = [ " }
oo, else.

We will consider only the case that p < 7 (a.s.) in this paper. The requirement in Assumption
2.2.3 that %y is countably generated serves to ensure that objects such as Dk (p, ) are mea-
surable. For further measure-theoretic consideration, we refer the reader to Catoni (2004), in
particular Proposition 1.7.1 and its proof on pages 50-54. There the measurability of Dgy (p, )
when p and 7 may be regular conditional probability measures is demonstrated under conditions
that are met by our assumptions.

Given a probability measure p(-) over O, there are a few ways to form a decision rule.
Among them, the Gibbs method and the majority vote method are widely used. The Gibbs
method associated with p draws a value, say 0., randomly according to p and then takes the

action based on 6,. Mathematically, we let 6, ~ p and we take

ag.p(x) = ag,(x).

That is, we play a mixed strategy based on the distribution p. With some abuse of the notation,
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the average risk of the Gibbs method associated with p is

R (ClG’p) = /@R(e)dp(e) - E@NPEX,YNP(X,Y) W(XvY)l {Y 7é Cl(X, 0)}7 (2.17)

which is referred to as the Gibbs risk in the literature. Above, Eg., is the expectation with
respect to the distribution of 6, and Ex y.p(x y) is the expectation with respect to the distribution
of (X,Y). We adopt the same convention hereafter.

The Gibbs risk R (agp ) is the expectation of the risk function R (6) under measure p ().
It is thus a linear functional of p (). More precisely, if p = ap; + (1 — &) p, for some p; and
p> and a constant ., then R (agp) = @R (agp,) + (1 — )R (ag,p,) . The linearity makes the
Gibbs risk more amenable to theoretical analysis.

For the majority vote method, which is also called the Bayes method, the action is defined

according to

agp(x) =sign{Eg~pa(x,0)}.

Such a method aggregates the actions {a(x,0) : 8 € @} to obtain the prevailing action. For

intuition, suppose that 0y, ..., 0y are N i.i.d. draws from p and consider the action

1 N
ap n(x) = sign {ﬁ ;a(x, Gj)} .

Provided that Eg.pa (x,0) # 0, we have apy (x) “Y ap, (x) as N — oo for each x. Note that
apn (x) = 1 if and only if more than half of the actions {a(x, 9_,-)}]}’:1 are equal to 1 so this is
akin to a weighted majority vote of the parameter values in ®. The risk of the majority vote (also

called the Bayes risk) associated with p is defined by

R(app) = Ex y~pxy)V(X,Y)1 {Y #app(X)}

= Exypx y)V(X,Y)1{Y #sign{Egpa(X,0)}}.
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The Bayes risk is clearly not linear in p.
In practice, the majority vote method or the Bayes method delivers numerically more
stable results than the Gibbs method, but the latter is easier to analyze. However, the Bayes risk

is upper bounded by twice the Gibbs risk as shown in the following lemma.

Lemma 2.2.1 Let Assumption 2.2.1, Assumptions 2.2.2(ii) and (iii), and Assumption 2.2.3 hold.

Then, for any probability measure p on ©,

R(asp) < 2R (ag,).

Lemma 2.2.1 extends the “factor 2” bound for the majority vote method in the machine
learning literature to the utility-based, point-realization loss setting. This property is well
documented in the case of 0/1 loss (e.g., Langford and Shawe-Taylor (2003), McAllester
(2003a), and Germain et al. (2015)). Here, we use Lemma 2.2.1 only to justify using the Gibbs
risk as a surrogate for the majority vote risk. The loose bound in the lemma is enough for this
purpose. Langford and Shawe-Taylor (2003) show that the factor of 2 can sometimes be reduced
to (1+ €) for some small € > 0. Lacasse et al. (2006) and Germain et al. (2015) show that tighter
bounds on R(ag ) can be obtained in the 0/1 loss setting and in a related loss variant.

To choose p to guide our decisions, we follow the PAC-Bayesian approach. Let & (®) be
the set of probability measures on (®, %y ). The first ingredient is a reference or prior probability

measure 7. We make the following assumption:

Assumption 2.2.4 7w € & (0) is a (deterministic) probability measure that does not depend on

the sample.

We will denote the set of probability measures on (®, %Ay) that are absolutely continuous
with respect to T by Z;(®). Assumption 2.2.4 is essential in PAC-Bayesian analysis. For

example, our analysis will involve the sample version of the Gibbs risk, defined for p € &#(0)
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Ralace) = [ Ru0)dp =Y. [ (0.7, X)dp(6). 2.18)

If p is derived from {X;,Y;}} , (2.18) is difficult to work with because [g¢(0,Y;,X;)dp(0) is
not iid and so R, (ag,p) is not a sum of iid terms. However, for any measurable function A(0),

the so-called change-of-measure inequality states that for any p € Z;(0),

[ A(©0)dp(6) < 1og [ [ exp(4(0))dx(0) | +Dic (o, ), (2.19)
O e

provided the integrals are well defined. When both p(-) and A(-) depend on the sample and
exhibit complicated dependence, it may not be easy to control [gA(6)dp(0). But when 7 does
not depend on the sample, (2.19) can provide a manageable upper bound. Although the change of
measure inequality is simple and easy to prove, it is foundational to the PAC-Bayesian approach.
See McAllester (2003b) and references therein for further discussion. (2.19) is stated below as
Corollary 2.2.1(b), and a proof is given in the appendix. Some choices for 7 are discussed in
Sections 2.3.2 and 2.4.

Given the pre-specified 7, we choose p to minimize the sample Gibbs risk R,(ag,p) in
(2.18), subject to the constraint that p is not too different from 7. We utilize the KL divergence
to measure the difference between two probability measures. Mathematically, we solve the

constrained minimization problem:

i R.(0)dp(8) s.t. Dxi.(p, ™) <C,
| min /@ (6)dp(8) s.t. Dxy(p, )

for some constant C. Alternatively, we use the Lagrangian form and solve the unconstrained

minimization problem

1
i R, —Dx(p, 1) 22
p;?z;‘%@[/@ (0)dp(8) + - Dxe(p. ) (2.20)
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where A > 0 is a constant. Theoretical justification for this choice of optimization problem is
given in Section 2.3.

Let .7 () be the set of measurable functions on (®, %g) and

AT (©) = {A A€ .4 (©) and /@exp (A(8))dn(6) < oo},

which is a subset of .# (®) that has a finite exponential moment under 7. To obtain a closed-
form solution to 2.20, we provide the following lemma and corollary, which will also be used

repeatedly for establishing other results.

Lemma 2.2.2 For n € &(0) and A € ./ (O) such that —A € A (O), let psz € P7(0) be
the probability measure on ® with the Radon—Nikodym (RN) derivative with respect to T given

by
dpax(6) _ exp(—A(0))
dm(0)  Jgexp(—A(6))dn ()

Then for any probability measure p € P (0) we have

g | [ exp(-4(0)dn(®)] =~ | [ 4(6)dp (6)+Drw(0.)| + Di (p.pas). 221

Corollary 2.2.1 (a) For A, &, p, and pa x as in Lemma 2.2.2, we have

prs=a min | [ A(6)dp (6)-+Dic.(p.)] 02
peEZ2(0) | /O

and

min V@A(e)dp(e)wKL (p,ﬂ:)} — _log {/@exp(—A(()))dﬂ:(G)} .

pPEZx(

(b) For any o/ (-) € #J (©), m € P (0), p € Pz(0),

[ (9)ap(6) <108 [ / expw(e))dnw)} | Do (p,).
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Lemma 2.2.2 and Corollary 2.2.1(a) provide a closed-form solution to the minimization

problem in (2.20). Let

A . 1
pri=are min | [ R, (6)dp(6)-+ 1 Dr (p.)] (2.23)

Then it follows from Corollary 2.2.1(a) that pj = pjg, - Given A and 7, p; will be our primary
choice of probability measure for deriving decision rules through a majority vote or Gibbs

method. We present this as a definition.

Definition 2.2.1 p, is a (random) probability measure on ® with the following RN derivative

with respect to T :
dpy g ep[-AR(O)]
Joexp [ AR, (6)] dx (8)

P, is sometimes called the Gibbs posterior. From a Bayesian perspective, we may regard
7 as the prior distribution for the parameter 6 € ® and p;, as the posterior distribution. Such
a Bayesian interpretation may help us understand the approach, but it is not necessary. In
fact, this interpretation is valid only if exp[—AR,, (0)] is proportional to a likelihood function.
The approach we use is a frequentist one, and exp [—AR, (6)] does not have to be a likelihood
function. The definition of P, is motivated from the minimization problem in (2.23), not from any
Bayesian principle. In particular, there does not have to be a likelihood function or a complete
model. All we need is the empirical risk based on the utility-based loss function. Also, 7 does
not have to be a prior distribution. It can be any distribution that does not depend on the sample.
However, for easy references, we may still refer to 7 as the prior and P, as the posterior. More
generally, any p determined from the sample may be referred to as a posterior distribution.

The probability measure p; can be regarded as an adjusted version of 7. Consider two
parameters 6 € @ and 6, € @.If R, (0;) < R, (6,), then exp[—AR,, (61)] > exp[—AR, (6,)] for
any A > 0. Hence, relative to 7, P, assigns more weights to 6, than to 6. The distributional

adjustment, therefore, favors the parameter value that delivers a smaller in-sample empirical

135



risk. The degree of adjustment is determined by the tuning parameter A. On the one hand, if A
approaches zero, then p, approaches 7, and there will be no adjustment. On the other hand, if
A — oo, then P, assigns all weights to the minimizers of R, (0), provided that the minimizers

are in the support of the prior . We will investigate the choice of A in subsequent sections.

2.3 PAC-Bayesian Analysis Under Utility-Based Loss

In this section, we derive PAC-Bayesian bounds on the Gibbs risk and oracle inequalities
for decision rules based on P, in Definition 2.2.1 for the utility-induced loss setting. The
bounds provide justification for focusing on the minimization problem in (2.20). They are
non-asymptotic training set bounds that hold for a user-specified confidence level. The oracle
inequalities illustrate a sense in which P is close to the probability measure we would select
if R(6) were known. We also consider a constrained version of the problem in (2.20) which
illustrates the mechanics of the methodology and produces decision rules with similarities
to support vector machines. Lastly, we consider the formulation when one is interested in
aggregating multiple decision model classes.

For a probability measure p on ® that may depend on the sample, an integral step in PAC-
Bayesian analysis is to establish an upper bound for D[R(ac ), Rn(ac,p)] where D: R% — Ris
a measure of the difference between the Gibbs risk R (aG,p) defined in (2.17) and its empirical
counterpart R, (ag,p) defined in (2.18). We will often focus on the case D(ry,r2) = ri —r, i.e.,

when
D[R (ag,p) R (ac,p)] /R )dp(6 /R

Let € > 0 be a small constant. The initial aim is to establish the following result: for some upper

bound B, (7, p,€) we have

Pr {D [R (ClG,p) R, (ac’p)] < By(m,p,€) forall p € F,(0O) simultaneously} >1—e. (2.24)
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We can use such a bound to choose p € F7(®) so that the Gibbs risk of p, R(a¢ p ), is minimized
with high probability. We will see that this leads to the minimization problem in (2.20).

For a given D (-, -) , we can regard D[R(ag ), Rn(ag,p)] as a measure of the generalization
error under the Gibbs method for p. If B,(7,p, €) decays to zero for any € > 0 as n increases,
then the above inequality implies a low generalization error with high probability (i.e., with
probability at least 1 — € for any small €). In this case, we say that R,(ag,) = JoRn(0)dp(0)
is probably (the high probability part) and approximately correct (the low generalization error
part) for R(ag 5) = JoR(8)dp(6). The PAC framework, introduced by Valiant (1984), evaluates
learning mechanisms via the probability (prescribing a confidence level) that the resulting rule
will approximate an optimal rule at some level of accuracy. As noted in Shalev-Shwartz and
Ben-David (2014), which includes an excellent introduction to PAC analysis, this framework
has broad appeal, has been extended in scope (e.g. Haussler (1992)), and has been utilized in
several foundational analyses (e.g. Vapnik (1982), Vapnik (1992), and Vapnik (2013)). In the
PAC-Bayesian framework, rather than centering attention on learning mechanisms that settle
on a particular instance in the parameter space, the focus rests on PAC statements for objects
concerning distributions over models or model parameters. The approach then has flavors of
both Probably Approximately Correct (PAC) learning and Bayesian learning. Hence it can be
called PAC-Bayesian learning. As we discussed previously, the Bayesian part is a misnomer, and

we use “PAC-Bayesian” in the absence of a better term.

2.3.1 Bounds and Oracle Inequalities for the Decision Rule

Here we establish PAC-Bayesian and oracle bounds under Assumptions 2.2.1 — 2.2.4.

We begin with the following bound of the form in (2.24).

Theorem 2.3.1 Let Assumptions 2.2.1, 2.2.2, and 2.2.3 hold. Let D : R, x Ry — R be convex
over the range of (Y(x,y),w(x,y)) where y is defined in (2.11) and depends on the utility

function U (a,y,x). Assume there exists a function f(A,n) and an interval | CR% = {1 € R:
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A > 0} such that for all A € 1,

/@Eexp (AD[R(0),R,(0)])dn(0) <exp(f(A,n)). (2.25)

Then for any € € (0,1],

A logl+D
Pr {D [R (aG,p) R, (a(;yp)} < f(An)+ Ogi D (p.7) forall p € Z7(0) simultaneously}

>1—c¢. (2.26)

There is a fairly well established path to results like Theorem?2.3.1 in the literature.
For example, Bégin et al. (2016) lays out a blueprint for deriving such bounds in the 0/1 loss
setting that is general enough to encompass many results identified in the previous literature.
The above bound combines elements of Theorem 4.2 in Alquier et al. (2016) and Theorem
18 in Germain et al. (2015). Theorem 2.3.1 is proved in the Appendix. Alquier et al. (2016)
refer to condition (2.25) as the Hoeffding assumption. In situations where D[R(0),R,(6)] may
become unbounded almost surely for certain values of 6, such a condition can allow for valid
and nontrivial PAC-Bayesian bounds provided that 7(6) is chosen judiciously. We will also
note that D in Theorem 2.3.2 may depend on A provided that for each A € I it is convex over
the range of (y(x,y), y(x,y)). In our analysis, when D depends on A in this way, it will be the
case that the resulting high probability inequality simplifies so that the left-hand-side contains an
object of interest and does not depend on A.

To produce the main bounds and oracle inequalities of interest, we combine the above

theorem with the following lemma.

Lemma 2.3.1 Let Assumptions 2.2.1 — 2.2.4 hold.

(a) For s € {—1,1}, let D(ry,r2) = s(r; —r2), so that

D[R (0),R,(0)] = s(R(6) —R.(6)).
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Then for A > 0, (2.25) holds with

o PR

n

where Ky is the constant in Assumption 2.2.2 and [y = Ey(X,Y). Additionally, if

Umax = sup|U(a,y,x)| < eo, (2.27)
a7y7'x
then for A > 0, (2.25) holds with
22Uz
2{ — max .
f( 7n) 2”

(b) Assume (2.27) holds. Let

D(rl,rz) :gz(r])—rz,

where

F(r) = Fpp (r) = —%log {1 - ZU;ax [1 —exp (—ZU“:"AH } . (2.28)

Then, for A > 0, (2.25) holds with
f(A,n)=0.

(c) Assume (2.27) holds. Let

A’ UI%laX

D(rl,rz):max{rl— — I, 32.(1’1)—1’2},

where % is defined as in (2.28). Then, for A > 0, (2.25) holds with
f(A,n)=0.

Theorem 2.3.1 combined with Lemma 2.3.1 produces the following result.

Theorem 2.3.2 Under Assumptions 2.2.1 —2.2.4, for A > 0 and € € (0, 1] we have the following
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properties.
(a) For s € {—1,1}, the following event occurs with probability at least 1 — € for all p € Pz (0)

simultaneously:

2
[ s1R©)~Ra(0)ap(6) < 1 |- (K3-+15) + Dua (p.m) + o

where Ky is the constant in Assumption 2.2.2 and ly = Ey(X,Y). If (2.27) holds, then the term
(K%, + ,u%,) can be replaced by U2, /2.
(b) If (2.27) holds, then the following event occurs with probability at least 1 — € for all p €

Pz (0) simultaneously:

[ R©ap(6) < 7,1 ([ Ra(0)dp(6) + 1 Drlp.) + f1oe ).

where gfnf){ (r) is the inverse function of F, 5 (r) :

(c) Define
WUéaX 1
Ui () = /@ Ru(0)dp(0) + 5 |“3 18 4 Dy (p, ) + log | (229)
1 1.1
U)Lﬂ:p F A (/R "‘IDKL(P,ﬁ)‘f‘IIOgE). (2.30)

If (2.27) holds, the following event occurs with probability at least 1 — € for all p € P7(0)

simultaneously:
| R(©)dp(6) < min {Us 5,p(e). UL ()}

When Upax < oo, the bounds in Theorem 2.3.2(a), (b), and (c) can be computed from

the sample for a learned p, be it of the form in Definition 2.2.1 or that in Section 2.3.2 or some
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other form. In the Upax < oo setting, part (c) can provide an improvement over the bounds in
part (a) and (b) which are, respectively, similar in form to bounds in Alquier et al. (2016) and
Catoni (2007). Setting s = 1 in Theorem 2.3.2(a), we obtain, with probability at least 1 — € for

all p € Z7(0O) simultaneously:

/@R(G)dp(e) < [/@RAG)dp(GH%DKL (pnr)] +% {%2 (k3 +u) +logél

The above bound and the bound in 2.3.2(b) are slight variants of one another. Note that for a
given A, if we choose p to minimize the upper bound for R(agp) = [oR(0)dp(0) in either of
the inequalities we are led back to the minimization problem in (2.20). The bound in Theorem
2.3.2(b) is similar in form to Theorem 1.2.6 in Catoni (2007) for the 0/1 loss. It is recovered
from the distance measure D in Lemma 2.3.1(b) similarly to Germain et al. (2009) who focus on
the 0/1 loss setting.

When s = 1, Theorem 2.3.2(a) gives us
Pr{/ [R(6)—R,(0)]dp(0) < B,(m,p,¢e) forall p € P7(0) simultaneously} >1—g¢,
0

for

A 1 1
Bua(m.p.0) = - (K3-443) + 5 [l L+ Di (oo

Setting A proportional to n'/? yields the following best rate of the PAC bound B, (m,p,€):

B, (7,p,€) = Op <%)

On the other hand, for the function 33”_/{ () in Theorem 2.3.2(b), we have, using exp(x) > 1 +x

forall x € R,

1—exp<—%-r> C
< n

F 1 (r) =20,
A max =
1 —exp (—% -2Umax) 1 —exp(—Cy)

n,
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where C,, = % - 2Umax- Hence, Theorem 2.3.2(b) implies that
Pr{/ [R(0)—R,(0)]dp(0) <B,c(m p,e) forall p € Z;(0) simultaneously} >1—g¢,
®

where

Cu
Bmcn(ﬂ',p,é‘): m—l} /@Rn(())dp(e)
+2U‘“a" : 1 1+D (p,7)
n 1—exp(—GC,) 025 TUKRLIP T

When R, (6) > 0, setting C,, proportional to (n [g R, (0)dp( 9))_1/ ? yields the following best
rate of the PAC bound B, ¢, (7, p, €) :

Bn,Cn(ﬂ'7p,8) = Op <\/f®Rn (en)dp(6)> ‘

It should be noted, however, that we cannot choose A in C,, according to the data for the bounds
in Theorem 2.3.2. We consider valid bounds when A is data-dependent, for example when it is
chosen via cross-validation in Theorems 2.3.4 and 2.3.5.

When P(X,Y) and p are such that R,(agp) = [gR.(0)dp(6) is very small, the PAC
bound from Theorem 2.3.2(b) can be smaller than that in Theorem 2.3.2(a). For a given A,
Theorem 2.3.2(c) says that we can take the better of the two, without applying any union bound
arguments that require a reduction in €. On the other hand, Theorem 2.3.2(b) and (c) only
provide upper bounds for [ R (6)dp(0) while 2.3.2(a) provides both an upper bound and a
lower bound.

Note that Theorem 2.3.2 holds for all p simultaneously. Setting p(-) equal to p, (-) in

Theorem 2.3.2(a) and (c), we can obtain the following theorem.

Theorem 2.3.3 Let Assumptions 2.2.1 — 2.2.4 hold. Then for € € (0,1] each of the following

holds with probability at least 1 — €:
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(a)

g 1 1 /12<K5f+“5f> ool
/@( )dp < /R dPA+IDKL(P/1,) Tl tle|.
(b)
)»2<K2+IJ2>
1 1 y T My 2
_ < N "7 =
/R )dp; /R )dp; ADKL(p/l,) 1 - +log
(c)
/12<K2+I~L2>
2 4 14 2
< z _ v Y <
/@ (8)dp; pefg}nn {/R )dp(6 /IDKL(P ”)] 7 - +log -

If (2.27) holds, (K —H.tq,) can be replaced by U2, /2 in (a)-(c).
(d) When (2.27) holds,

| R(©)dp2(6) <min{U 15, (6). UL, (6)}.

where U, 7 5. (€) and U)f}ﬂ b, (&) are given by (2.29) and (2.30) with p set to p,,.

Theorem 2.3.3(a) provides a PAC-Bayesian bound for the generalization error of the
Gibbs method. When Up,x < oo, choosing the rate-optimal A = k+/n for some constant k¥ > 0
gives us
U2

1 1
PI'{/R dp)L /R +7 DKL(p)L, )—i—logg} + 2\I/nﬁax} >1—e¢.
2.31)

Therefore, the PAC generalization error decays to zero at the rate of 1/4/n.

Theorem 2.3.3(b) allows us to construct a (1 — &) confidence interval CI; (€) for
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JoR(68)dp; (6):
Cll,n (8) = [L/l,n (8) >U/'L,7r (8)] >

where
1 1 (A <K2 +“w) 2
Lyx(e /R dp)l__DKL(P,h T) — 1 T%—logg ,
1 (7 <K2 +“w> 2
Unx(e /R dp/l+_DKL (Pa,7) + 1 T—i—logg
Let
1 1 2
Uf - n/l(/R dP)LJF—DKL(PA» m)+ IIOgE)'

Then the upper limit of CIj 5 (&) can be replaced by min(U, . (&) ,U f 2 (€)), leading to a shorter
confidence interval. This follows from a union bound argument as in the proof of Theorem
2.3.3(a). Note that Ufn (&) above is equal to Ufn,m (&/2) in equation (2.30). If there is a natural
bound for [gR(0)dp, (0), such as O for the lower bound or 2Up,x for the upper bound, we
should make an obvious modification to the above interval.

Theorem 2.3.3(c) shows that the estimated probability measure P, (-) strikes almost the
best trade-off between the average risk [ R (6)dp (6) and the regularization term %DKL (p,7).
The best trade-off that solves the minimization problem is given by the distribution p; r > with

the following RN derivative

exp [—%R(O)}
Joexp [—%R(O)} dﬂ(G)'

dpyr/2
dr

(6) =

This follows from Corollary 2.2.1(a). Note that R(6) is not feasible and is only known to an
oracle. Hence, p; /> is not feasible and the bound in the theorem is an oracle-type risk bound.

Theorem 2.3.3(c) can be interpreted as selecting the best probability measure in &5 (®).
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Ideally, we select p () € Pz (©) to minimize the average risk [ R (0)dp (6). An oracle who
knows R (8) can solve for the best p* (), namely, p* = argmin,c (@) Jo R (0)dp (6). Not
knowing R (6), we replace it by the empirical estimator R, (6) and add a regularization term to
the objective function. That is, we solve the optimization problem in (2.23). The selected p; can
not be expected to be as good as p*. However, Theorem 2.3.3(c) shows that it is almost as good
as a second best oracle solution pyg/;.

In practice, A will be chosen by cross-validation. However, cross validating A inhibits
the use of Theorems 2.3.2 and 2.3.3 for deriving risk bounds or confidence intervals. We mention
two methods for dealing with this. First, we can employ an idea from Catoni (2007) for deriving
bounds that do not rely on A. This entails combining a union-bound argument with Theorem

2.3.2 and leads to the following theorem.

Theorem 2.3.4 Let Assumptions 2.2.1 — 2.2.4 hold and let o0 > 1 and € € (0,1]. Assume (2.27)

holds. Each event below holds with probability at least 1 — €.

(a) For s € {—1,1} and for all p € Pz (0O) simultaneously,

a | A2UZ 1 log (0?2)
R(0)—R,(0)]dp(0) < inf { — | —% +log—+D 2log——+
/@s[ (6) —R.(6)]dp( )—/{21{/1 on Tlog g HDxL(pE) +2log =
(b) Fors € {—1,1} and anyi>1which may be chosen based on the sample,
o | 3202 1 log<a21>
R(0)—R,(0)]dp; (0) < = | —2 +1log — + Dxr(P5 2log————~
| STR©) ~Ru(8)]dp; (8) < 5 | * e tlog |+ Dy (g, ) +2log —

(c) Let
1 —exp (—% -r)

1 - eXp <_% * 2Umax>
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and define

— a | A2U2,, 1 log (0?2)

Usnpale) = | Ru(O)dp(6) + 7 | 5 +log , + Dy (p,m) +2l0g == E2
= F o 1 1 1 log (0?2)
U/l,n,p,oc(s) = /n,l,a (/@Rn(e)dp(G) + ADKL(P»TC) + 2 log S +2log —loga .

For all p € P (O) simultaneously,

[ R(©)dp(8) < int {min [T, zp.a(€). U7 x pale)] |

(d) For any A > 1 that may be chosen based on the sample,

/@R(G)dﬁi(e) <min[T; o5 20,07 5 ale)].

Theorem 2.3.4 is stated for the case where Un,x < o, i.€., a setting where the bounds can
be computed without knowledge of the DGP. However, the bounds in parts (a) and (b) have valid
counterparts in the more general case where we would replace U2, /2 by K%, + ,LL%,. Following
similar arguments to those producing the confidence interval CIj  (€) after Theorem 2.3.3, a
confidence interval for [ R(6)dp; can be derived from Theorem (2.3.4) that is valid when pj is
such that A is data-dependent. Note that in parts (a) and (c) the infimum is taken over all A > 1.
The condition that A > 1 is fairly reasonable in relation to the bounds that motivate the decision
rules. To see this, in the bounded utility setting, suppose that U : {—1,1}?> x 2" — [~ Umax, Umax]
is replaced with the normalized utility U = U /(2Unax), Which of course does not alter the
underlying preferences. Then Upax = SUP, y ¢ |U(a,y,x)| = 1/2, so that the point-forecast loss
based on this utility function satisfies 0 < /| (6,y,x) < 1. With this normalization, any observed

loss is then a percentage of the largest possible loss rather than relying on potentially arbitrary
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utils. With this normalization, for any 0 < A < 1, both the bounds in parts (a) and (b) of Theorem
2.3.2 are such that the right-hand side is trivial (i.e., it is at least 1) whenever € < exp(—1).
Focusing on A > 1 restricts attention to values for which confidence in the bounds is more
reasonable.

A second method for obtaining bounds or confidence intervals when A s data-dependent
is to build from bounds in the literature where the PAC-Bayesian analysis does not utilize this
temperature parameter. For example, the following result is also obtained in Maurer (2004) and
Germain et al. (2015). While these authors do not explicitly consider loss functions that vary

with X, some results there carry through when the utility function is bounded.
Lemma 2.3.2 Let Assumptions 2.2.1 — 2.2.4 hold and assume that (2.27) holds. Let

1—a

1—-b

% {kl( 12 i )] , where kl(a, b) :alogg—i—(l —a)log

D = = L
(rl ’ r2) 2Umax ’ 2Umax

Then, for A > 0, condition (2.25) in Theorem 2.3.1 holds with

F(An) = log&(n), where 5@);:éz(z>(§>k(1—f)nk.

That kl(-,-) is convex follows from Theorem 2.7.2 of Cover and Thomas (2006) and we
adopt the convention that 0log0 =0, alog§ = o if @ > 0 and OIOgg = 0. Note that kl(a,b) is
the KL-divergence between two Bernoulli random variables with success probabilities a and b
respectively. It can be shown (c.f. Lemma 19 in Germain et al. (2015) and references therein)
that \/n < & (n) < 2y/n. Theorem 2.3.1 combined with Lemma 2.3.2 produce the first part of
the following theorem. The second part follows from an application of Pinsker’s inequality,

2(a—b)* <Xl(a,b).

Theorem 2.3.5 Let Assumptions 2.2.1 — 2.2.4 hold and assume that (2.27) holds. For € > 0,

each of the following holds with probability at least 1 — €.
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(a) for all p € Pz(0O) simultaneously,

Ru(agp) R(agyp) 1 1
kl ’ ! <-1 log~+D .
( STl og&(n)+ g+ kL(P, )

(D) for all p € P7(0O) simultaneously,

1 1
/R )dp (6 ‘ < 2Umax\/ﬁ (logé(n)+logE+DKL(p,7r)>.

As discussed in Germain et al. (2015), (a) is a slight improvement over similar bounds

that have arisen in earlier PAC-Bayesian literature. One option to derive a bound for

| Ra(0)dp;

is to solve the inequality in (a) numerically. As the bounds in Theorem 2.3.5 do not depend on A
and are valid for any p € &7(@), they produces bounds for p; when A is data dependent.
Lastly, the generalization bounds for the loss function can be used to obtain generalization
bounds for the utility function directly. To this end, denote
1
[U(a(X,0),Y,X)] ==Y U(Y;,Y;,X;) — R, (6)
i=1

and U(0) = E[U(a(X,6),Y,X)] = EU(Y,Y,X) —R ().

:

&

N
—~
D
~—

I
S| =

N
I
—_

Also let
2log %

BU = Umax
n

Then we have the following corollary of earlier bounds for [¢[R(0) —R,(6)]dp(0).

Corollary 2.3.1 For € > 0, let p be a probability distribution over ® and let Br(p) be a high
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probability (at least 1 — €/2) bound for [¢[R(6) — R,(0)]dp(0), i.e. Br(p) satisfies

Pr{ [ 1R(©) ~Ri(0)]ap(6) < B m)} o

N M

Then

Pr ( [ v o) [ Un(G)dﬁ(G)—(Bu+BR(ﬁ)>) Sk

For example, if we are considering decision rules using p; with data dependent A > 1, under the

assumptions of Theorem 2.3.4(a) and for o« > 1 we can take

- 27

a | 12p2 1 log <oc l)

Bp(p:) = = | —22 4 1og — + Dgy (D5 2log ——— 72
r(Pz) 7|7, Tloggt KL(Pj,7) +2log og o

2.3.2 Linear Decision Rules in the Utility Setting

By definition, the estimator P, solves

A . 1
Py 1= argmin {/ R,,(O)dp(e)qtzDKL (p,n) .
peZ(0) L/O

The distribution is not standard and must be approximated by numerical methods such as MCMC
or tempered SMC (the latter is discussed in Section 2.4). Here, we consider a restrictive class of
posteriors from a parametric family. In particular, we consider the case that both p and 7 are

normal. Specifically, we assume that under 7
!/
0= (915 927 teey eq) ~ N(.uﬂ'azﬂ')a

and under p

0= (917927"'79(])/ NN(‘U,p,Zp),

where Uz and L1, are the mean vectors and X and X, are the covariance matrices.
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Lemma 2.3.3 The KL divergence between p : N(lp,Xp) and T : N(lUz,Lz) on R is

1 i 1 i 1, det(Zp)
D == — XY — —|tr (XpX; ) —¢q| — zlog——=.
kL (P, ) ) (.Up .un) T (.Up .un) +2 [r( p&n ) CI] 510 det (%)
We further assume that Zg is described by (2.14) and that for x € 27,
q
m(x,0) =Y 0;(x)0;=0(x)'6, 6 R (2.32)
=1
for some set of feature transformations {¢;(x),....,¢,(x)} where ¢;(x) : 2" — R. For example,
{91(x),...,94(x)} can consist of transforms of the observable variables using any set of basis

functions. Another case of interest would be the setting where Zg is specified by

Ho = {a(x,0) =sign (¢(x)'0): 0 € RY} (2.33)

This is analogous to the setting of Germain et al. (2009) in the 0/1 loss setting. For example,
one could take {¢;(x),....,¢,(x)} to be a set of decision stumps, with a fixed number of stumps
and predetermined thresholds for each component of x € R¢. We focus on (2.32) below, but the
results are easily adjusted to the setting of (2.33), simply drop the term ¢ (x).

Before proceeding, we note that the majority vote or Bayes method in this setting takes a

particularly convenient form. For any fixed X, note that under 6 ~ N(u,,X,) we have

9(X)'0 —c(X) ~ N (9(X) 1tp —c(X),9(X)'Zp (X)),

and therefore it follows that

Egpsign [¢(X)'6 —c(X)] =2 <
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Hence the majority vote takes the form

app(X) = sign {Engsign [4) (X)/O - c(X)} }

. 60—\
B AN I W

That is, the decision rule in this case is straightforward to calculate and depends directly on a
linear combination of a set of mappings from 2" to R. Additionally, we will utilize the following

lemma.

Lemma 2.3.4 Under the normal prior and posterior setting described above,

G [ VX Yi)

where

V(XY 1p) = Yi [¢(X) 1p —  (X3)] -

Given Lemma 2.3.4, the minimization problem then reduces to the following problem:

e vianm) )
(8p-Zp) = arg in {Zz; v (X, Y;) P <— ¢(Xi)’2p¢(Xi)> + Dk (P,”)}'

When u; =0, X = diag (G,%J) ,and Xp = diag <G§7j>, we have

2 2 2
LGty 1%, U %)
Dua (o) =5 Y22+ 1|5 B g e
2510 2(j510x, 25 og,
T g {2 2
LB (B e D) |
2|50z =1\ % oy
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and the minimization problem becomes

V (XY, 1 g 2. o2, o2 .
(ﬁpﬁ,%) — arg mm*Z‘V X, Y;)® (X; tﬂp) +*Z “p71+ P _1og 20T ) |
Up,0p ”1_1 \/Zj . p] 21 , . .

j=1 T,j T,j T,j
(2.34)
Given the estimator Ag (6371,..., A‘%’q), we have
2
N . 1 ¢ 14 X',Y‘,‘Ll, 1 u )
fip :=argmin{ ~ Y v (X, ;)@ | — ( ZA nto) +ﬁ2%
Bo | g \/23:1 65 10;(X:)? j=109m,j

The first term can be regarded as the empirical loss function for pi,, and the second term is a

weighted L, regularizer. If all of {63’ j} converge to zero, which is expected, then

V (X, 1p)

\/Z?:l 6§,j¢j(Xi)2

In addition to the weighted L, regularization, the PAC-Bayesian approach, therefore, also replaces

>

~ 1{V (Xi,Y;,up) <0} .

the indicator

H{V (X,Y,up) <0},

which is not smooth, by a smooth function

(I)(—V (X7Y7 .up) /h);

for a small &. Smoothing and regularization are two built-in features of the PAC-Bayesian
approach.

In the econometric literature, smoothing has been proposed to overcome the technical
difficulties behind the maximum score estimator. See, for example, Horowitz (1992). In in-
strumental variable quantile regressions where an indicator function is present in the criterion

function, Kaplan and Sun (2017) discuss several benefits of smoothing, including variance reduc-
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tion and computational convenience. The PAC-Bayesian approach provides another justification
for smoothing.

Lastly, we consider a particular form of the restrictive model considered here that will be
utilized in the simulation section and is easier to implement. When Xz =X, = Iy and t; =0,

we seek only to estimate i, and the optimization problem is now equivalent to

. AL V(Xin,.up) 1 2
fp = argmin= Y y(X, ) [ — om0l ) 4 Sy P, (235)
p = orgmin, J, ( loexy ) T2 kel

The resulting decision rule is given by

a(x,f1p) = sign[9 (x)'fip — ().

Here A is a hyperparameter we will choose via cross-validation. Alternatively, the version
corresponding to the model class in (2.33) would drop the term ¢(X;), and is just a weighted
version of the model derived in Germain et al. (2009), where the only difference in the objective
function above is the weighting term y(X;,Y;). Germain et al. (2009) utilizes the 0/1 based loss
version of this model with {¢;(X),..., @y (X)} taken as a set of weak learning decision stumps
and show that the estimator performs competitively against AdaBoost in terms of misclassification
rates on several real world data sets.

Note that (2.35) exhibits similarities with the soft-margin support vector machine, which

selects [l to minimize the objective function

n

1
CY [1-Yio (XY o], + 5 l1p”
i=1

for some constant C > 0 and has classification rule a(x, fls, ) = sign[@ (x)’ fLsym]. In the restrictive
PAC-Bayesian objective function in (2.35), a bounded and smooth “sigmoid” loss replaces the

hinge loss of the SVM and now the terms in the objective function are weighted by y(X;,Y;), the
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missed payoff from an incorrect decision.

2.3.3 PAC-Bayesian Multi-Model Aggregation

Here we consider the situation where there are multiple binary decision model classes of
interest. Section 2.3.1 is general enough to encompass this setting with only some notational
changes and reinterpretations. Here we detail the changes in the model space, prior specification,
and posterior distribution, and present some implications relevant to implementation in this
setting.

Suppose there are now K models indexed by k = 1,2,....K. Let 6;) € R% be the param-
eter vector for model k. The number of parameters g, can be different for a different model. For
example, different decision boundaries may consist of a different subset of covariates, and the
size of the subset can be different. Denote 6 = (k, G(k)). The first component of 6 signifies the
model class, and the second component signifies the model parameter given the model class in

the first component. The parameter space for 0 is
O=U, (kx0y),

where O is the parameter space for 6. Given 6 = (k, G(k)) € O, the action function, now
denoted by a) (x, G(k)), maps the covariate space 2" to a binary action. The single model setting
in Section 2.3.1 can be regarded as a special case here with k = K = 1.

As before, we equip ® with the standard o-algebra denoted by %y. PAC-Bayesian
learning for model aggregation works in the same way as before. We need to specify a “prior”
distribution 7 over the (model, parameter)-pairs { (k, 6y)) } in the measurable space (©, %) and
then use the performances of different pairs to update 7 to obtain an “evidence-based” distribution.
The final decision rule involves aggregating the actions of all (model, parameter)-pairs using the

evidence-based distribution.

To specify a distribution 7 over @, we first specify the distribution 7 (k) over the model
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classes k = 1, ..., K and then specify the distribution 7 (G(k) |k) over 6 € Oy given the model
class k. Let Z° be a subset of # : ={1,2,...,K} and Oy, be a measurable subset of © (). Then
®° = Uger (k x ©,)) is a measurable subset of ©. Based on (k) and 7 (B lk), w(©°) is

defined as
7©)= L [n(k)- L dn(f)(k)\k)] -

(k)

With some abuse of notationZ, we write the measure 7 as
m(0) :=m((k,0y))) =7 (k)7 (6|k) for 6 = (k,6)). (2.36)

This gives a general characterization of any distribution on (@, %y).
Givena m € Z(0), we denote the family of all distributions on (®, %y ) that is absolutely
continuous with respect to 7 as Zr (®) . The evidence-based distribution we consider will belong

to P (0). For any p € & (0), define the Kullback-Leibler divergence between p and 7 as

- p (k) dp (6lk)
Dm(pyﬂ)—l;{/@)(k)log[n(k)-dﬂ(e(k)|k) dp (8 lk) o p (k).

This is the same definition as before but is tailored to the model aggregation setting with new
interpretations of 0 € ® and the distribution over ©.

Let .# (O®) be the set of measurable functions on (®, %g) and

(k)

K
M (©) = {A Al e (©) ad ¥ [ e (a(k 9<k>>)dn(6<k>rk)] 7 (k) < oo},
=1

which is a subset of .# (®) that has a finite exponential moment under 7. In this setting, Lemma

2.2.2 can be stated as follows.

Lemma 2.3.5 For n € #(0) and A € .# (O) such that —A € A (O), let paz € P7(0) be

2Here the meaning of 7 (-) depends on the argument supplied. We could write 7t (8) as 7g (0), 7 (k) as 7 (k)
and & (6(k> \k) as g,k (G(k) |k) but we opt for a more economical notation. This should not cause any confusion.
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the probability measure on ® defined by

PAx (0) = pax (k) - pax (O k), for 6 = (k,6)),

where
__ m(k)va(k)
paz (k) = 5‘(:1 7 (j) va (])’
dpax (O lk) _ eXp (—A (k. 6y))
dar (G(k) |k) VA (k) 7
and

Va (k) = /@( )exp (—A (k, é(k))) dm (é(k)|k) .

That is, for any measurable set ®° = Uyc o (k X @E’k)) co,

Pan (@)=Y [PA,n (k)'/@O dPA,n(9(k)|k)]-
(k)

ke e

Then, for any probability measure p € P (@) we have

K
log [2 7 (k) va (k)
k=1

K
=— {DKL (p.m)+ ),

k=1

/@ A (k,8)) dp (O |k)] p (k)} + DL (P, pax) -
®)

Note that log [Yf_; 7 (k) v4 (k)] does not depend on p. It follows from Lemma 2.3.5 that

/@ A (k. 8) dp (9<k>|’<)] p (k)}

K
arg min {DKL(p,ﬂ)+Z

pEZ(0) =1 /O
=arg min D , = . 2.37
g min Dkt (P,pax) =Pan (2.37)

With the above details for the model aggregation setting, we can return to the optimization

problem similar to that in (2.20). Let R, (k, Q(k)) be the empirical risk under model k with
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parameter 6, :

1 n
R (ks Bp)) = 3 1 WX YT (s 7 g (X 8
We now solve
) 1
pePa(0) E(ka))~p Rn(k:0)] + 7 Drlpom)| - (2.38)

To characterize the solution to the above minimization problem, we define the data-

dependent measure on % as

Prlk) = (239)

and the data-dependent measure P, (6<k) |k) on ®; in terms of its RN derivative with respect to

T (G(k)|k) as
dpy (O k) _ exp (—AR, (k. 6)))
dr (Q(k)‘k) f/;L (k) ’

k=1,...,K,

where

¥ (k) = /@ exp (= ARy (k,6)) d7 (8 [K)
(k)

Based on py, (k) and py, (6x)|k) , we form the data-dependent measure p; (6) € & (@) according

to

pr(@) =Y [f)z (k)'/(ao dp; (9(k)|k)]- (2.40)

leg? (k)
This is our evidence-based distribution over (model, parameter)-pairs.
Letting
A (k, G(k)) - A,Rn (k, G(k)) 5

Lemma 2.3.5 and equation (2.37) thereafter show that p; (6) solves the problem in (2.38).
One approach to evaluate decision rules based on P, (0) is to simulate this distribution

via reversible jump MCMC. Alternatively, as we consider in this paper, when the majority vote

classifier is the object of interest, the form of p, (0) is amenable to the SMC method. For the

single model class setting, the SMC approach is described in Section 2.4. One benefit of the SMC
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approach is that the procedure based on a single model class is easily adapted to the multiple
model class setting. When the form of 7 (64 |k) does not depend on the choice for 7(k), this
can reduce the computational burden if one is interested in choosing the prior component 7 (k)
over % from a set of potential distributions over .#” via cross-validation.

To see this, note that the majority vote (or, Bayesian) decision rule based on p is

K
ap,p, (x) = sign {E(k,e(k))wma(k) (x, 9(k)>} = sign { Y b (k) agy (x)} , (2.41)

where
A (x) = /@) (i) (¥, 6))dpy, (8w k)
(k)

For a single model class %’@(k) with a given 7 (G(k)|k), under general conditions the SMC
procedure produces accurate estimators for d) (x) and 95 (k), both of which depend only on
/4 (G(k) |k) These objects can be computed separately for each k € % according to the single
model class SMC procedure. Then, for a given (k) over %, (2.39) can be used to construct
P, (k) and the majority vote rule is computed via (2.41). If one is interested in cross-validating
the choice of 7(k) from some set of distributions on .’ and the distributions 7 (64)|k) do not
depend on (k) for k € ', then the objects 4y (x) and ¥5 (k) need only be computed once
per cross-validation sample. This is in contrast to running a reversible jump MCMC procedure
for each choice of 7(k) and can be beneficial when the number of decision model classes is
not very large. If the number of model classes was very large, say, in an explanatory variable
selection setting where the total number of explanatory variables is greater than the sample
size, then an alternative computational strategy would be needed (to avoid running the SMC
procedure independently for each model class). See, for example, Guedj (2013) for a discussion

of PAC-Bayesian analysis and implementation for binary outcomes in such a setting.
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2.4 Implementation

Here we consider implementation choices and describe some settings of the computational
procedures that are applied in our simulations in Section 2.5. In Section 2.4.1 we discuss prior
choices and consider examples for Zg. The Zg considered center on decision models similar
to those in Su (2020) and Elliott and Lieli (2013), some of which are used in our simulations.
However, it should not be too difficult to make adjustments if a different model class is desired.
In Section 2.4.2 we discuss the calculation of fl,, in (2.35) associated with the linear decision rule
discussed at the end of Section 2.3.2. We also outline an implementation of the SMC algorithm

of Del Moral et al. (2006) in our setting in Section 2.4.2.

2.4.1 Model and Prior Choices

First we consider two specifications for Zg of the form in (2.14) that are also considered
in Su (2020). These consist of specifying a functional form for m(x, 0) € .#g and the associated
parameter space ®. Then we consider potential choices for the prior probability distribution 7.
The Zg specifications allow for m(x, 0) to be fairly general and are appropriate for a setting
where the number of explanatory variables d is not large relative to the sample size n. If d is
larger than n, the choices of function class and prior utilized in Gued;j (2013) (Chapter 3) would
be an option; an MCMC-based approach would be more appropriate in such a setting rather than
the SMC procedure in Section 2.4.2.

In many empirical applications, we have a nondecreasing collection of parameterized
function classes {%@(k)}le for K € N where .Zg, C ./, for i < j. In a single model
class setting, we can take .#g to be ///@(k) for some k € # = {1,...,K} with parameter space
© = 0. In the multiple model class setting of Section 2.3.3, we can take .#Zg = U,’le,///@<k> with
parameter space @ = Uszl (k x G)(k)). While the inclusion of the model class k as a component
of the parameter 6 may seem redundant when the model classes are nested, it simplifies the prior

specification and allows for generalization when the model classes are not nested.
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Example 1 We consider polynomial transformations on 2 of order at most k € . For
2 C R4, the polynomial transformation of order at most k will have q; = (d}:k) parameters,

and it is defined as

qk
MY = m(x,0) =Y 0;0;(x), 64y =(61,...,0,) €R% ¢,
@ =]
where the summation is over all monomials (Pj(x) = H?lefﬂ with 2?21 pjr < k and p i €

NU{0}. The parameter space associated with %g?kl)y is @) = R,

Example 2 Define A(v) = (1 +exp(—v))~!. With the same parameter set O = R% as in

Example 1, define the function space

%ng;stic _ {m(xﬁ) =A(f(x,0)): f(x,0) € //fg(),:)y}.

Now we consider some options for specifying the prior. First consider when .#g and
® correspond to a single model class, i.e., #Zg = .///@(k) for some fixed k € ¥ . In cases
where it is reasonable to bound the parameter space ® (for example, one could possibly replace
©® = R9% with a bounded subset of R% given some knowledge about the distribution of P(X,Y)),
a uniform prior over ® is a potential choice. When ® = R%, another choice is a multivariate
normal prior over ®, for example, N (0, G,%qu) for some G,% > 0. In the multiple model class
setting with varying class complexity, a general strategy is to choose 7 that puts increasingly
less weight on regions of the parameter space that are increasingly more complex. A prior that
puts relatively more weight on very complex regions of the parameter space will tend to result in
larger Dgp (p, ) terms in the bounds of Section 2.3.1 particularly as A increases.

In our simulations, we use the following formulation for 7 in the ® = UkK:1 (k x (E')(k))
setting. We specify 7 as in (2.36), taking 7 (6|k) to be the N(0,021,,) distribution for k € %

with a fixed 62 > 0. To specify the model-class component 7 (k) of the prior, in addition to
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simpler schemes such as equal weighting, one choice we consider is to set

_exp(—né (k,n))
in

K
w(k) , = ), exp(—né&(k,n)), (2.42)
k=1

where 1 > 0 and £ (k,n) : # x N — R, is some measure of the complexity of model class
k. Potential building blocks for &(k,n) in the form of distribution-free model complexity
measurements are as follows. For k € 2", define .#} . = {x — sign(m(x,0) —c(x)) :m € Mg, }
and denote the growth function® of . . by Il .(-). Let W, (k,n) denote an upper bound for
ITi .(n) and Vi . denote an upper bound for the VC-dimension®* of My . That is, y.(k,n) upper
bounds the maximum number of distinct ways that {sign(m(x,6)) —c(x)), 6 € O} can
classify any set of points in 2" while V; . upper bounds the size of the largest sample that .Z .
could classify without error. To penalizes complexity, & (k,n) can be taken to be an increasing

function of V ., W, (k,n), or both. In our simulations, we consider taking

&(k,n) = /logVi, (2.43)

and also cross-validate 1 in (2.42) from a finite set of values.
Remark 1 below contains additional details regarding V; . and y,(k,n) for Examples 1
and 2. These points are also noted in Su (2020); we refer the reader to their Section 3.1 and the

references therein for additional discussion.

Remark 1 When ///@<k) is specified as a vector space of real valued functions, the VC-dimension

of My is given by the dimension of .///@(k) (c.f- Theorem 3.5 of Anthony and Bartlett (2009)).

In particular, //Z(g?;y in Example 1 has dimension (dzk) when 2 does not contain dummy
variables, and so we can take Vi . = (d;gk). For Example 2 with ///(g: f)iStiC, Su (2020) shows that

the VC-dimension of M. = {x — sign(m(x,0) —c(x)) :m € ///éo(f)ism} can be bounded above

3For a collection .#° of functions from 2 to {-1,1}, I : N — N is defined by Il (¢) =
max  [{(h(x1),...,h(x;)) s h € A}
)C[)GQ//(‘

4The VC-dimension of M is the largest integer ¢ such that ITy .(¢) = 2L
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by (dzk) + 1, and hence we can take Vi . = (dzk) + 1. Regarding y.(k,n), if Vi . bounds the

VC-dimension of My, it follows from Theorems 3.5 and 3.6 in Anthony and Bartlett (2009) that

Iy .(n) can be upper bounded by

n if 1< Ve
Ye(k,n) = Vi,
(V%) © i > Vi

2.4.2 Implementation for Methods in Section 2.3

In Section 2.5, our simulations evaluate the majority vote or Bayes method with the Gibbs
posterior P, in Definition 2.2.1 and also with the linear decision rule in Section 2.3.2 associated
with the optimization problem in (2.35). Here we first detail our approach to computing {1, in the
latter case and then outline the SMC approach applied to implement P, in the former and more
general case. We address only the single model class setting here. The discussion in Section
2.3.3 highlights how this can be adapted to the multiple model class setting for p; .

First, we make a computational adjustment so that the choice of the hyperparameter A is
invariant to the units of measurement of the utility function. For 2% C &77(®) and M € N, note

that cross-validating A € {Ay,...,A) } among distributions in

1
argmin [/ R,(0)dp(6)+ —DkL (p,n)]
pers /O A

is equivalent to cross-validating A € {1y, ..., Ay ¥} among distributions in

argmin {/ R,(0)dp(0) + lDKL (p,n’)} : (2.44)
pey* ® Af

where R,(6) = R,(0)/¥, and y =n" 'Y, w(X;,Y;). We work with the adjusted minimization
problem in (2.44). In the general setting where the Gibbs posterior p; is considered, &7* is

Pz (0) whereas in the linear decision setting associated with the optimization problem in (2.35),
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Z* is the set of normal distributions over ® with an identity covariance matrix (and 7 is the
standard normal distribution).

To compute fl, in the setting of Section 2.3.2 discussed above, we follow a similar
strategy to that of Germain et al. (2009) who analyze the 0/1-loss version of this problem.
Incorporating the adjustment in (2.44) into the objective in (2.35), the optimization problem is

now

w nESV |19 (X:)|

The gradient of the objective function above with respect to i, is given by

N . A XiaYi 14 Xi7Yi7.u 1
flp = argmin— )" YiXitg, <—M> +§Hup|!2.

+‘up7

A G YY) (Y [9(Xi) e —c(Xi)] | Yig (X))
E v q’( To 0o >||¢<x,->||

where & denotes the standard normal probability density function. For a given value of A, fp
is calculated by gradient descent. As there can be multiple local minima, we tried 15 random
starting points when A /n < 10 and 100 random starting points when A /n > 10. We performed
5-fold cross-validation to select A € {20, 2. ,218}. The discussion and references in Alquier
et al. (2016) suggest alternative implementation methods. These can be useful for the more
general settings in Section 2.3.2, for example when the covariance matrix X, is not set to the
identity matrix.

To implement the majority vote rule based on p;, in Definition 2.2.1, now with R,(0)
replaced by R, (0), we utilize the tempering SMC procedure of Del Moral et al. (2006). While
MCMC is a typical choice for simulating from p, , recently Ridgway et al. (2014) and Alquier
et al. (2016) have highlighted the usefulness of the SMC procedure in various PAC-Bayesian
settings. One benefit is that each run of the procedure produces a sample from each member
of a set of Gibbs posterior distributions corresponding increasing A values. This can ease the
computational burden of cross-validation.

To touch on a few elements of the tempering SMC algorithm in our setting, assume
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® = R for some ¢ € N and that we are able to sample from a prior probability distribution 7

over ®. It is assumed that there is an increasing temperature ladder
0=A <A <--<Ap, TEN.

{l,}lTZO here is not generally the same set that was considered for cross-validation in the earlier
procedure for the linear decision rule. The temperature ladder is intended to be such that as A,
increases, the corresponding distributions p,, progress gradually from 7 = p,, to distributions
p;, with higher values of A, that are of greater interest. For eacht =0,...,T, the SMC algorithm
produces a set of weighted samples, {Wt(i), 9,(i) f\': | with W,(i) > 0 and vazl Wt(i) =1, of size N
and a scaling factor estimate Z;. The set of parameter draws {Gt(i) }i\; | are referred to as particles
(there are N weighted particles for each r). SMC combines MCMC moves with sequential
importance sampling. This produces weighted particles that emulate, in terms of computing
expectations, samples from the probability distributions p,, associated with the densities

dp;,
dr

_ exp AR (0)]
Z

(0) , Zt:/e)exp[—l,l?n(e)]dﬂ(e), 1=0,1,...,T.

Under general conditions, for a p,_-integrable function ¢ : ® — R,

=

W' (6f7) “¥ Eo-p, 9(6).
1

~

as N — oo while Z7 is consistent for Z7. In our setting we are interested in ¢(0) = a(x, 8) where
a(x,0) € Zg, enabling us to compute the key ingredient to the majority vote decision rule. For
additional details regarding the SMC procedure and its applications, we refer to Del Moral et al.
(2006) and Jasra et al. (2007).

The SMC algorithm we apply in Section 2.5 is detailed below. We set the input parameters

Tgss and N there equal to 1/2 and 1000, respectively. For the {4, }”_, input, we adopt the piece-
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wise linear structure utilized in the simulations of Del Moral et al. (2006) and Jasra et al. (2007)
with 7= 320 and Ay = 1600. In particular, the first 20% of steps increase uniformly from O to
0.15 x 1600 (i.e. A; = (j/64) x 240 for j = 1,...,64), the next 40% of steps increase uniformly
from 240 to 0.4 x 1600 (i.e. A; =240+ (j/128) x 400 for j = 65,...,192), and the last 40% of
steps increase uniformly from 640 to 1600 (i.e. A; = 640+ (;j/128) x 960 for j = 193,...,320).
In practice, it may be beneficial to consider higher (or lower) values of A7 and or include a greater
number of steps (higher T value). Depending on the data generating process, higher values of Ay
can push some components such as Z; close to machine epsilon for ¢ near 7. One can experiment
a little to check that the temperature range doesn’t appear to be limited unnecessarily and if
increasing the number of steps improves performance in cross-validation samples. Alternatives
to the piece-wise linear ladder design are discussed in Del Moral et al. (2006) and Jasra et al.
(2007). Additionally, the SMC algorithm requires a resampling step. We utilize systematic
resampling, which is also outlined below. Additional algorithm choices and cross-validation

points are detailed below the algorithm descriptions.

Tempering SMC Algorithm

Input N (number of particles), tgss € (0,1) (ESS threshold), {2,,}?:1 (temperature ladder with

0<A <A<+ <Ap).
Output {Wt(i), Gt(i)}ﬁvzl fort=0,....,T, {Z}],.

Step 1: initialization
e Setr< 0,2y« 1.Fori=1,...,N, draw Géi) ~ 1 and setWO(i) «~ 1/N.

Iterate steps 2 and 3

Step 2: Resampling
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o If

M=

{' <m<i)>2}l < TassN,

—(N
resample { } yielding equally weighted resampled particles {%, 9,(0 } | and
1=

1

. . =l , ~Y N
set {W v tl } { } . Otherwise, leave {W,(l), Gt(l)}‘ | unaltered.

1=
Step 3: Sampling
e Sett<+t+1;ift =T+ 1, stop.

e Fori=1,...,N, draw Gt(i) ~ Kt(G(i)

AP -), where K; is an MCMC kernel with invariant

distribution p,,, and evaluate the unnormalized importance weights
o (07)) =exp [~k — 1)k, (6]

e Fori=1,...,N, set

Resampling Algorithm (systematic resampling):

, ~Y N
Input A set of (normalized) weights and associated particles, {W,(l), 0,(’)} for some t €

i=1
{0,...,T}.

—(MN
Output Resampled particles for equal weighting, {9,(1) }

i=1
e Draw u~U [0, 4].

« Compute cumulative weights C) = ¥! w'™ fori=1,...,N.

166



* Setm « 1.

e Fori=1:N
While u < C) do 8" « 0.
m<+m+1,and u < u+1/N.

End For

For the MCMC kernel in the sampling step of the SMC algorithm, we use a Gaussian
random-walk Metropolis kernel with covariance matrix proportional to the empirical covariance
matrix of the current set of particles. We scale the empirical covariance of the step ¢ particles
by 1/t which produced produced reasonable acceptance rates in the first simulated training
set across the various simulation setups. The priors utilized for the majority vote associated
with the Gibbs posterior in our simulations are described in Section 2.5 below. We use 5-fold

cross-validation to select A from A, values for which r > 25.

2.5 Simulation Study

To investigate the performance of the utility-based PAC-Bayesian decision rules, we
consider two data generating processes and two sets of preferences, one set with each DGP. We
utilize the same simulation design as Elliott and Lieli (2013) and Su (2020). The DGPs and the

associated sets of preferences are as follows.

DGP 1: 2 =[-2.5,2.5], X ~ 5 x Beta(1,1.3) — 2.5, and P(x) = A(—0.5X 4+ 0.2X3) where

A(-) is the logistic function described in Example 2 and recall P(x) is defined in (2.2).

* Preference 1: b(x) =20 and ¢(x) = 0.5.

* Preference 2: b(x) =20 and c¢(x) = 0.5+ 0.025X.
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DGP 2: 2 = [-3.5,3.5]?, covariates X; and X, are each uniformly distributed on [—3.5,3.5]
and are independent of one another, and P(xj,x2) = A(Q(1.5x; 4+ 1.5x)) where Q(v) = (1.5 —
0.1v)exp{—(0.25v+0.1v> — 0.041°)}.

* Preference 3: b((x1,x2)) =20 and ¢((x1,x2)) = 0.75.
* Preference 4: b((x1,x2)) =20+40- 1{|x; + x| < 1.5} and ¢((x1,x2)) = 0.75.

To evaluate the performance of a decision rule, we compute, by Monte Carlo simulation,
the ratio of its expected utility to the expected utility of the optimal decision in (2.9) if P(x) were
known. This metric is intuitive as utility has no natural unit, however the ratio changes when a
constant is added to the utility function. In Elliott and Lieli (2013) and Su (2020), this is dealt
with by choosing some normalization of the utility function. We follow the same normalization

and Monte Carlo setup as Su (2020), so that our simulation results can be compared directly to

theirs. Noting that
1 1
Ula,y,x) = ;b(x) [y +1=2c(x)]a+ 3 b(x) [y +1=2¢(x)] + U(=1,y,),

Su (2020) normalizes the utility function by setting U(—1,y,x) = —0.25b(x)[y + 1 — 2¢(x)] for
all x € 2" and multiplying the utility function by 4. For any decision rule a,(x) : 2~ — {—1,1},

this results in the following measurement that he calls the generalized expected utility,
S(ay) =E{bX)[Y +1—-2¢(X)]a,(X)}.
With this normalization, denote
a*(x) =sign[P(x) —c(x)], x € 2,

i.e., a” is the optimal forecast rule. Then define the relative generalized expected utility (RGEU)
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of any decision rule a, by

RGEU(a,) = E—S[ini’(’)gi)] .

As noted in Su (2020), the RGEU of the decision rule a, can be approximated by simulation as

RGEU(a,) = E [S(a) } L g Seilal%ns)

S(Cl*) yj:l Sg7j(a*)

Here, Sy j(an| Py ;) is the jth out of sample empirical utility with training sample size ¢ of the
decision rule a,, which is estimated on the jth training sample &, ; with training sample size
n. Sy j(a*) is the jth out-of-sample empirical utility with training sample size ¢ of a*, and .7
is the number of simulation replications. Still following Su (2020), we take n € {500, 1000},
¢ =5000, and . = 500.

We compare the following models. Firstly, we consider maximum likelihood estimators,
which are denoted by ML in Tables 1 and 2. For k = 1,2, 3, the maximum likelihood estimator
presumes a logistic model linear in the polynomial transformations of the .2 up to order k.
Secondly, we consider the maximum utility estimator of Elliott and Lieli (2013) (denoted MU); it
is presumed that m(x, 0) belongs to the class of polynomial transformations of 2" for k =1,2,3
for these decision rules. Hence the ML estimator is correctly specified for P(X) when k = 3
for DGP 1. Thirdly, we consider one of the best performing (in this simulation design) model
selection procedures from Su (2020), based on the simulated maximal discrepancy penalty. This
is a penalized version of the MU models here (selecting the best k among k = 1,2,3). This
model is denoted MU-SMD. Fourthly, we consider the linear PAC-Bayesian model associated
with (2.35) from Section 2.3.2 when the posterior is also constrained to be normal with identity
covariance matrix. Here we take {¢,...,¢,,} to consist of the polynomial transformations of
Z up to order 3. We normalize the data (using training sample mean and standard deviation)
as is common with SVM. This model is denoted PB-NP (NP for normal posterior). Lastly, we

consider the non-constrained PAC-Bayesian method whereby the decision rule is the majority
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vote associated with the Gibbs posterior p, in Definition 2.2.1. In this case, we consider the
multiple model class setting of Section 2.3.3. For the model classes, we use consider 3 classes
of polynomial transformations on 2" of orders k € {1,2,3} = ¢ as specified in Example 1.
We cross-validate A according to the temperature ladder described in Section 2.4.2 and take
(0 k) to be N(0,41,,) for each k. These decision rules are denoted PB-GP (GP for Gibbs
posterior). To specify (k) for k € %, we evaluate three choices. First, we take m(k) =1/3
for k = 1,2,3; this is denoted EQ. Second, we take m(k) = qk/(fj:l gq;j) where g is defined in
Example 1 and denotes the number of parameters associated with model class k; this is denoted
NP. Third, we utilize the weights in (2.43) and cross-validate T € {2’2, 2=l ,23}; this prior
choice is denoted CV in the tables.

The simulation results are presented in Tables 1 and 2 after the Conclusion. The utility-
based PAC-Bayesian decision models PB-GP and PB-NP perform very well, achieving higher
RGEU than the MU and MU-SMD decision rules across all preferences and DGPs. The margin
of the improvements is often sizable. Only the ML rule with a correctly specified DGP (ML
with k = 3 for DGP 1) outperforms the BP- models. However, whenever the ML procedure
is misspecified, it mostly performs quite poorly relative to all the utility-based methods. This
performance further deteriorates when the preferences vary with the covariates as they do for
Preferences 2 and 4. As shown in Elliott and Lieli (2013), the cubic MU (k = 3) is correctly
specified in both the DGP 1 and DGP 2 settings. However, it is also observed there that MU can
be prone to overfitting and aided by model selection procedures. Nonetheless, the PB- models
outperform against the MU-SMD procedure in this simulation setting as well.

The restricted PAC-Bayesian decision model, PB-NP, performs slightly worse than the
general version associated with the Gibbs posterior, PB-GP in most settings. However, the
margin between the PB-NP and PB-GP models is not always very sizable. This may suggest that
the restricted model can stand on its own, particularly when the sample size is larger or when

there is a set {¢; (x)}?: , of interest that could be difficult to work into a more general Gibbs

q

posterior setting. For example, when {¢;(x) =1 is a larger set of weak learners as in Germain
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et al. (2009), the setting of Section 2.3.2 may be easier to implement. Lastly, we did not observe

much of an impact on the RGEU from cross-validating the choice of 7 in the prior (k).

2.6 Conclusion

An asymmetric payoff structure is often a salient feature of economic decision making
problems. For the binary decision/forecast problem where the decision maker faces asymmetric
payoffs that vary with observable variables, we propose a PAC-Bayesian approach. We show that
many key elements of the PAC-Bayesian classification literature can be extended to accommodate
this setting, deriving high probability training sample bounds and oracle inequalities that suggest
decision rules of interest. The decision rules perform very well against alternatives methods
in Monte Carlo experiments, allow for flexible functional decision rule forms, allow for valid
training-sample risk bounds and confidence interval computation, and can take advantage of
Bayesian estimation machinery.

Chapter 2 contains material being prepared for submission for academic publication. It is

joint work with Yixiao Sun. The dissertation author is a primary author of this material.
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Table 1. Relative generalized expected utility, n = 500

DGP 1 P(x) = A(—0.5x +0.2x%)
Preference b(x) =20, c(x) =0.5 b(x) =20, c(x) = 0.5+ 0.025x
7 class weighting:  EQ NP CV EQ NP Cv
PB-GP 81.74 81.28 80.72 81.84 81.82 80.41
PB-NP 74.21 77.13
MU-SMD 65.54 58.87
Poly. order: k=1 k=2 k=3 k=1 k=2 k=3
ML 34.16 29.57 93.09 9.13  10.92 94.37
MU 51.02 52.85 65.74 3240 43.80 53.26
1.5-0.1
DGP 2 P()C) = A(Q(lsxl + 1-5x2)>7 Q(V) = exp(0.2gv+0.lv2‘20.04v3)
Preference b(x) =20, c¢(x) =0.75 b(x) =204 1|x; +x2| < 1.5, ¢(x) = 0.75
7 class weighting:  EQ NP CV EQ NP CvV
PB-GP 72.81 72.62 72.49 61.77 61.65 61.40
PB-NP 69.75 56.45
MU-SMD 68.81 52.84
Poly. order: k=1 k=2 k=3 k=1 k=2 k=3
ML 60.17 58.75 59.48 29.52 27.87 33.81
MU 66.71 51.87 67.69 48.35 33.14 51.47

Note: The MATLAB packages gimfit and simulannealbnd with default settings for each
algorithm were used to compute the ML and MU models. The code implementing the ML, MU
and MU-SMD models was provided by the author of Su (2020).
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Table 2. Relative generalized expected utility, n = 1000

DGP 1 P(x) = A(—0.5x+0.2x°)
Preference b(x) =20, c(x) =0.5 b(x) =20, c(x) = 0.5+ 0.025x
7 class weighting:  EQ NP CV EQ NP Cv
PB-GP 87.73 87.86 87.47 90.81 90.65 90.43
PB-NP 81.52 88.83
MU-SMD 70.75 67.30
Poly. order: k=1 k=2 k=3 k=1 k=2 k=3
ML 30.92 30.03 96.97 712 6.26 97.42
MU 53.24 58.19 69.50 36.91 49.13 60.41
1.5-0.1
DGP 2 P(x) = A(Q(1.5%1 +1.5%)), Q(v) = 38,0 55
Preference b(x) =20, c¢(x) =0.75 b(x) =204 1|x; +x2] < 1.5, ¢(x) = 0.75
7 class weighting:  EQ NP CV EQ NP Cv
PB-GP 78.61 78.46 78.25 70.09 70.18 69.86
PB-NP 73.72 63.75
MU-SMD 71.94 59.72
Poly. order: k=1 k=2 k=3 k=1 k=2 k=3
ML 58.71 57.36 59.40 27.16 24.15 31.14
MU 69.97 58.14 70.81 54.92 39.24 55.97

Note: The MATLAB packages gimfit and simulannealbnd with default settings for each
algorithm were used to compute the ML and MU models. The code implementing the ML, MU
and MU-SMD models was provided by the author of Su (2020).
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Appendices

2.A Appendix of Proofs for Chapter 2
2.A.1 Proofs for Section 2.2

Proof of Lemma 2.2.1. First we will show that for any (x,y) € 2" x {—1,1},

l//(xay) 1 {y 7£ ap.p (X)} < 2E0~pW(x7y)1 {y 7£ a(x, 9>} (2-45)

To show this, note that y/(x,y) > 0 by Assumption 2.2.1 (i) and the fact that y(x,y) =U(1,1,x) —
U(—1,1,x) when y =1 and y(x,y) =U(—1,—1,x) = U(1,—1,x) when y = —1. Therefore,
(2.45) holds when y = ap p(x) = sign { Eg~pa (x,0)} as then the left hand side is zero. When

y # app(x), this implies that y- Eg.pa(x,0) < 0. Therefore in the alternative case when

y# agp (x),

Ilf(xay)l {y %aB,p} = l[/(x,y)
< y(x,y) {1-yEg~pa(x,0)}
= 2B W3 {1 v-a(x,6))

= ZEGNpW(xay)l {y # a(xa 9)}

This shows that (2.45) holds. By (2.45) and the monotonicity of expectation,

Exypix )W (X, Y)1{Y #app(X)} <2Eyxy. pixy)Eo~pW(X,Y)1{Y #a(X,6)}.
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The statement of Lemma 2.2.1 then follows from an application of Fubini’s theorem. m

Proof of Lemma 2.2.2. By definition, we have

Dxr (p,Pax)

_/ [dPAn
- 1og{%<e>

{dpA,n

- /@ llogj—ﬁ<e>

:/@A(O)dp(@)%—bg {/@exp(—A(@))a’n(@)} +DkL (P, 7).

Hence,

log [/@exp(—A(G))dﬂ(@)} __

Proof of Corollary 2.2.1.
Part (a). Since p4 5 = arg m1n

not depend on p, we have

PA,x = arg max
pEZx(®

min

= arg
pEZ(®

[/@A(e)dp(e)-l-DKL(p,ﬂ)} + Dk (P, pax) -

2.(© DKL (P, pa,x) and the left hand side of (2.21) does

UA )dp (8) + D (p, n)}
UA )dp (8) + Dxe (p. n)}

175



By (1.29), we then have

min | [ 4(6)p (0) + Due (p. )]
:/@A(O)dpAm; (6)+ DgL (pA’ﬂ,ﬂ)

~—tog [ [ (- (0))ax(0)]

Part (b). Taking A = —./ in Lemma 2.2.2, we obtain that for any probability measure
p € P (0),

log {/@exp(d(e))dﬂ(e)} = U@;zf(e)dp(e)_DKL(pJ)} 4Dk (Pponz).  (2.46)
Note that Dk, (P, p_A,n) > 0. It follows from (2.46) that
log { [ expww))m(m] _ { [ ©)dp(0)-Dex (,m)} + De (0]

> [/@M(Q)dp(@) —DKL(PJ)] .

This implies that

[ (8)dp (6) < i (p. ) + 10 [ / exp(&f(e»dn(e)] |

2.A.2 Proofs for Section 2.3.1

Proof of Theorem 2.3.1. Let A(6) = AD[R(6),R,(0)] and A € I. (2.25) and Fubini’s theorem
imply that

/@ exp (AD[R(8),R, (8)])dm(6) < oo
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holds almost surely. Therefore, by Corollary 2.2.1 (b), the event

{ [0l (6) 2, (0)]ap(©)
<log [/@exp(AD [R(0),R,(6)])dn(0)| + DxL(p,n) forall p € F(0O) simultaneously}
(2.47)

occurs with probability one. Applying Jensen’s inequality to the object on the left-hand side of

the inequality in this event, we obtain that

Pr {)LD [R (aG,p) s Rn (aG,P)l

<log [/ exp (AD[R(6),R,(0)])dn(6)| +DkL(p,n) forall p € () simultaneously}
®

=1. (2.48)

Next, we establish a high-probability bound for log [ [gexp (AD[R(6),R, (0)])dm (6)]

using the Markov inequality: for any constant C,

Pr{log [/@exp (AD[R(O),Rn(O)])dn(G)} > c}

< Pr{ [/@exp(?tD[R(G),Rn(O)])dn(G)] > eXpC}

< ElJoexp(AD[R(8),R, (0)])dn (6)]

- expC

_ JoEexp(AD[R(6),R,(6)])dm (6)
expC

< exp(f(l,n) _C)'

where the equality follows from Fubini’s theorem and the last inequality follows from (2.25).

Solving the equation exp (f (A,n) — C) = € for C, we find

C:f(l,n)—l—logé.
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So
Pr{log {/@exp(lD [R(0),R,(0)])dr(0) gf(l,n)—l—logé} >1—¢.

Note that the above high probability bound does not involve p. Combining this with (2.48), we

have
A logl+D
Pr {D [R (aG7p) R, (aG,p)] < fn)+ Ogi D (p,7) for all p € Z,(0O) simultaneously}
>1-—¢. (2.49)
|

The proof of Lemma 2.3.1 below will utilize the following two lemmas.

Lemma 2.A.1 Let X be a random variable with EX = O such that for some constant K > 0, the

MGF of X? satisfies
1
Eexp (AZXZ) < exp (Kzﬂtz) for all A such that |A| < X (2.50)

Then

Eexp(AX) <exp (K*A?) forall A € R.

Proof of Lemma 2.A.1. This follows from the proof of Proposition 2.5.2 in Vershynin (2018),

pages 22-23. m

Lemma 2.A.2 Let X be any random variable taking values in [0, 1] with EX = u. Denote X =
(X1,...,X,) where X,..., X, are iid realizations of X. Let X' = (X{,...,X,) where X{,..., X, are
iid realizations of a Bernoulli random variable X' with probability of success w. If f : [0,1]" — R

is convex, then

E[fX)]<E[f(X)]
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Proof of Lemma 2.A.2. This lemma is due to Maurer (2004). Another proof with more details
is given in Germain et al. (2015); see Lemmas 51 and 52 there. For intuition, we can regard X’
as a mean-preserving spread of X and — f" as the utility function. Then the lemma says that X is

preferred by an expected utility maximizer having concave utility —f(-). m

Proof of Lemma 2.3.1.

Part (a). Let (X,Y) ~ P(X,Y) and let uy, = Ey(X,Y) < oo where finiteness follows from
Assumption 2.2.2 (iv). Recall that under Assumption 2.2.2 (iv), there exists a constant Ky, > 0
such that

Eexp {lzl//(X,Y)z} <exp (K%,?Lz> for all A such that || < 1 (2.51)

Ky’

Now for either s € {—1,1} and any 6 € ®, consider

SIEC(0,Y,X) —£(0,Y,X)] = s[E (w(X,Y)1{Y £ a(X,0)}) — w(X,Y)1{Y # a(X,0)}].
(2.52)

Recall that y(X,Y) > 0. Using (a — b)* < a® +b* for a > 0 and b > 0, we have

Eexp{A% (s [E{w(X.Y)1{Y #a(X,0)}} — w(X.Y)1{Y #a(X,0)}))’}

< Eexp {R2y(X, Y2+ 22 (E{w(X,V)})’}.

Additionally,
B {i vtk 1) <o (6]

for any A such that |A| < 1/Ky, which follows from (2.51). Seeing as 1/(K%, +u$,)1/2 < 1/Ky,

the following condition holds
2 2 2 (2 4 42
Eexp{l (s[E£(8,Y,X) —£(6,Y,X)]) } < exp (A [KW,,LWD ,
for all A such that |A| <1/ (K%, + u%,)l/ 2. As the expression in (2.52) has mean zero, Lemma
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2.A.1 yields that
Eexp{A(s[EL(6,Y,X)—£(8,Y,X)])} <exp ([K§,+u§,] 12) forall L €R.  (2.53)
Applying (2.53),

Eexp{AD[R(6),R, ()]} = Eexp{As[R(6)— R, ()]}

R
— Eexp{zn: {% (s[EL(6,Y:,X;) _E(anz}Xi)])] }

i=1
- ﬁgexp{% (s[EL(6,Y:,X)) —lf(e,Yi,Xi)])}

(RG] (R[]
11 — | == | ——

Taking an integral with respect to 7 yields

22 [K%, + uﬂ
| Exp{ADIR(6).R, (8)]}dm(8) <exp | ——— |,
implying the first expression for f(A,n).
To derive the second expression for f(A,n) in the case that the utility function is bounded,
note that w(x,y) =U(1,1,x)—U(—1,1,x) wheny =1 and y(x,y) =U(—1,—1,x)—U(1,—1,x)
when y = —1. When

Umax = sup|U (a,y,x)| < oo,

ay.x
it follows that 0 < ¢(0,y,x) = y(x,y)1{y # sign[m(x,0) — c(x)]} < 2Umax under Assumption

2.2.1. By Hoeffding’s lemma (see, for example, Massart and Picard (2007), page 21), with
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s = —1, for any 0 € ® we have

Eexp(A[R,(0)—R(0)]) ECXp( i £(0,Y;,Xi) EE(O,Y,-,X,-)])
i=1

= HEexp{% [£(6,Y:,X;) —Eﬁ(e,Yi,Xo]}
n A,ZUZ AZUZ
< max — max . .

Nearly identical steps in the s = 1 case, now with Hoeffding’s lemma applied to —¢(6,Y;, X;)
i=1,...,n, produce that

2172
Eexp(L[R(8) — Ry (8))) < exp (%) (255)

Integrating with respect to 7, (2.54) and (2.55) yield that

2772

/Eexp(?ts[R(G) —R,(0)])dm(0) <exp (%) ,se{-1,1}.
(C] n

This demonstrates that (2.25) holds with f(A,n) = % in the bounded utility setting.

Part (b). Again note that when the utility function is bounded by Up,x we have 0 <

0(0,y,x) < 2Umax under Assumption 2.2.1. Therefore £(0,y,x)/ (2Umax) € [0,1]. Set

X_ <€(97Y17X1> K(G,Yn,Xn))

2Umax Y 2Umax

and note that for any 6 € O,

exp{AD(R(0),R, ()} =exp {w’ (R(8)) = 2UmaxA Izeufne)}

—exp {wu«e» - R g2 A0 01 }

i=1 2Umax

(2.56)
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is a convex mapping of X. By (Maurer’s) Lemma 2.A.2,

Eexp {w(ze(en) ——— ia;}z}if)} < Eexp {wm(e)) -

n

n
YXi s
(2.57)
where X{,...,X, are iid Bernoulli random variables with success probability R(8)/ (2Umax) €
[0,1]. From here we can continue as in the proof of Corollary 2.2 in Germain et al. (2009). We

have for any 6 € O,

Eexp {wf(ze(e)) _ 2Wnah fx;}
i=1

i=1

Zn: > oxp (_2Un:xx k>
=1
_ exp{xy(R(e))}kil <Z <2RU(§))1< (1 B fzﬁ?)k [exp (—yﬂk

—oxp (17 RO} | (12 Yexp (-2t )4 (1= JOL) |
(

_ exp{/ly(R(@))}Eexp{—ZUII’T"’I fx;}

=exp{A.Z (R }ZPr(
)
0

R

=exp{A.7 (R(6))} {1 - (wz)) {1 —exp (—w‘j"l)} }

where the second to last equality is from the binomial theorem. Now, noting that
R(6 2UmaxA -
exp{A.Z (R(0))}=4q1— R(©6) l—exp| ——r ,
2Umax n

Eexp{?tj (R( ZUma" ZX } (2.58)

we have

Combining equations (2.56), (2.57), and (2.58), we have

Eexp{A[Z (R(6))— R, (0)]} < 1, (2.59)
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and so equation (2.25) holds with f(A,n) = 0.

Part (c). Let 6 € ®. If R(0) — AU2,./(2n) > .Z(R(0)), which is not random, then

clearly

D(R(6),Ru(6)) = R(8) — AUp/(21) — Ry (6).
In this case,

Eexp (AD[R(8),R,(0)]) = Eexp (;L [R(G) - % —Rn(e)] )

2772
— exp (_%) Eexp(A[R(68) —R,(6)])

2772 2772
S exp _% exp % — 1
2n 2n

(2.60)

where the inequality follows from (2.55). Alternatively, in the case that R(0) — AU2,,/(2n) <

Z(R(0)), we have

DIR(6),R,(0)] = F (R(6)) — Rn(6).

Then, by (2.59),
Eexp (AD[R(8), Ra(8)]) = Eexp (A7 (R(8)) — Ry (8)]) < 1.
Integrating over ® with respect to 7, it follows from (2.60) and (2.61) that
| Eexp(ADIR(8) R, (6)))d(6) < 1.

so condition (2.25) holds with f(A,n) =0. =

Proof of Theorem 2.3.2.

(2.61)

Part (a) follows directly from Theorem 2.3.1 and Lemma 2.3.1 (a) with D as in Lemma

2.3.1 (a).
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Part (b). Let D be as specified in Lemma 2.3.1 (b). It is straightforward to verifty that D
is convex. Note that

D(rl,rz) = 37,17”(}’1) —rn <0

for any 0 € R if and only if

The latter is equivalent to

< 2Urmax 1 —exp|- 2 (n+0)
= 1 —exp (—2UmaxA /n) R

=7, (r2+0)

Setting r1 = [oR(0)dp(6), r2 = JoR,(0)dp(0) and 0 = 1 [log + Dky(p,7)] and using
Theorem 2.3.1 and Lemma 2.3.1 (b) yields the desired result.

Part (c). Now let D be as specified in Lemma 2.3.1 (c). That D is convex follows from
the convexity of D specified in part (a) plus a constant, the convexity of D specified in part (b),
and the fact that the maximum of two convex functions is convex. Theorem 2.3.1 combined with

Lemma 2.3.1 (c) yields that

Pr{max VR )dp (6 wr%m /R </R )dp (6 ) /R( )dp(@)}

DKL(PJf)
= py

+log =
g £ forall p € P,(0) simultaneously} >1—¢

(2.62)

Now, observe that

max] [ R(0)p(0) - Wi [ &, (6)ap(0) 7 ([ k©ap©)) - [ Ra(@)dp(0)

- Dy (p,m)+logt
- A

184



holds if and only if
ler%ax 1
/R )dp (6 /R )dp(6) + + Dk (p, ) +log | = Upz,p(8),

and

/@R(G)dp(@) <z </®Rn(9)dp(9)+%DKL@J’:)“‘%lOgé) = Uy 7 p(€)

hold simultaneously. Additionally, the two inequalities directly above hold simultaneously if and

only if
L R(©)dp(8) < min {Us z,(6). Ui pe) }
Therefore,
{max [/@R(G)dp( wr%m /R </R Vdp (6 ) /R ]
< Drulp ’7;) 1% ot p e 2,(0) simultaneously} (2.63)

= {/ R(6)dp(6) < min{Ul.nvp(s),Ufnp(s)} forall p € P, (0O) simultaneously}.
® ’ [}
Combined, (2.62) and (2.63) imply the result of Theorem 2.3.2 (¢c). m

Proof of Theorem 2.3.3. Part (a). This part follows directly from Theorem 2.3.2 with s = 1 and
P =P
Part (b). Define the events &} and &> :

A R N G )

& = /@R(G)dp;b(e)g/@Rn(G)dp,l(QH-I Dy (P, )+ +log | o
) A2 <K2+“w> 2_
/R /R Ydp; (6 l DKL(P;LJT)"‘— +log—
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Then

Pr(&)>1— g and Pr (&) > 1 —g.

So

Pr(&1N&)=1—-Pr(&fU&) > 1—Pr(&f) —Pr(é&y)

€ €
>l—-—=-=1-¢.
- 2 2

But, the event given in Part (b) is just &1 N &,. Hence, the inequality in Part (b) holds with
probability at least 1 — €.

Part (c). By the definition of p; , we have

A 1 n 1
[ Re(0)dp; (6)+ 50 (02 m) < [ Ra(8)dp (6)+ 7Dk (p,7)
for all p € Z7(0®) simultaneously. Hence, by part (a), with probability at least 1 — &/2:

A2 (K2 + p2
N 1 y T Ry 2
| R(©)dp3(0) < | Ru(0)dp (0)+ DKL<p,n>+¥+logg

for all p € &, (0) simultaneously. Using Theorem 2.3.2 (a) now with s = —1, we have, with

probability at least 1 — &/2,

2{2 K2 +”2
/Rn(G)dp(G)g/R(G)dp(e)jL% DKL@,,:HMH%%
Q] Q] n €

Therefore, with probability at least 1 — €,

)LZ K2 +“2
2 2 2

| R(©)dp;.(6) < [ R(8)dp (6)+ 7D (p.m)+ M+log— (2.64)

(€] Q] n €
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for all p € Z7 (®) simultaneously. Hence, with probability at least 1 — €,

22 K2+u2
A 2 y T Ry 2
/R(9>dm < sup VR )dp (6 zDKL(p n)} T Mﬂog—
© pPEP (O n )

In the case where Upax < o0, we can follow the same steps based off Theorem 2.3.2 but with
( + /.Lq,) replaced by U2, /2.
Part (d). This follows directly from Theorem 2.3.2(c) withp =p;. =

Proof of Theorem 2.3.4.

Part (a). Let s € {0,1}. For any p € #(0®)y, including sample dependent p, let

1 ZUI%IHX
B, (A1, A2,z;p,70) = o [T+logZ+DKL(p7n)} ,

and define the event

b (M i) = { [ 51R (@)~ Ri(6)1dp(0) > B, (Al,xz,z;p,m}.

Note that by Theorem 2.3.2(a), Pr(&, (A,A,1/€;p,m)) < € for any A > 0. Additionally, hold-
ing the other arguments constant, B, (A1,4;,7z;p,7) is decreasing in A;, increasing in A,, and

increasing in z. Hence

én (M, A2,zp,7) C &, (MJ%&PJ) for A > Ay,
gn()‘172‘27z;p77r) g <)“17127Z;p»77:> for}LZ S)Q?
&

& (M, 2A2,2:p,7) C & (A1, A2,2:p,70) forZ < z.

Now, fix a > 1. With some abuse of notation, the event of interest in Part (a) is the
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complement of the event &, (a; p, ) defined by

8, (a;p,m) = {/(BS[R(e) ~ Ra(0)]dp(6) > nf {Bn (gaé (

Note that

1 (loga?A 2
" (azp,m) = Ué"( ,—( );p,n).
et e\ loga

But

U (221 () s0x) <0 U el

A>1 k= Olg((xk a/ﬁLl]

and for all A € (af, a*!] it holds that

29\ 2 ke+1 log (02 o) \ >
éan (%,A,é(lolg—al> ;p7ﬂ> ggn (a—vakal<L) ;paﬂ: .
oga a £ loga

Hence

Ae(ak,ok+1]

and
- A
Pr(&, (a;p,m)) < ZPr U én | =, A,

k=0 Ae(ok ok+1) o

< ¥br | [ Ear L[l (oo

-5 "\ a7 e logo
oo i k 2 2

:ZPI' éan( k7ak7< ki ) s )]
=0 |

1
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A .1 [loga?A\° a1 1 [log(a?- k)
] & =.A,— . ce | Z— of = .
"(a’ ’8( log & ) P =on | T %y log & P




where last inequality follows from Theorem 2.3.2(a). Therefore,
Pr(&, (o;p,m)) >1—¢

This is the statement for Part (a).
Part (b). Applying Part (a) with p = p;, the following event holds with probability
probability 1 — €

/@s[R(Q) —Ry(0)]dp; () < inf {%

T A1

MUax 1 log (°4)
£ max 4 Jog — + Dki(ps 2log————L | Y.
5, Tlog - +Dxi(ps. ) +2log oz

Then, Part (b) follows from the above and the observation that, for A > 1, it holds that

a | A2U2 1 log (a*1)
inf < — M+ log — + Dx1.(P5 2log ——=
/{21{1 m 8T KL(Pz,7) +2log log ot
_a i202 1 log (azj,)

= | —2% +log — +Dkp.(p5, ) +21
=7 o +0g8+ kL(Pz,7) +2log log o
Part (c). We proceed similarly to part (a). For any p € &z(®) that may be sample

dependent, define

_ 1 [A2U3
Bn(ll,itz,z;p,n):/(aR,l(O)cz’[)(t9)+;L—1 %JrlogzﬁLDKL(p,n) ,

and

Eij (A1, A2,25p,70)

2Unmax A 1 1
- azx U, {1 —eXp [_—2/ R,dp(6) — —logz— —DxL (P,n)} }
1 —exp (—%) n Je n n
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Note that

and

2 2
(kJ’l <logoc 7L> . 7r>
a’ e\ loga
B Winax 2 11 (loga?2\” 1
R {1 | R (©) nk’gg( oga ) ~nlkL(P7)
2Umax 2 1. 1 /loga®A\” 1
- 2 [ R, —log~ —Dxr (p,
l—exp Z)LUmdx exp_ n </@ dp(G)—i—)L 0g£< loga +/1 kL (p. 1)
o 1. 1/loga®A\" 1 s
=Zha /GRndP(e)szlogg log 0 Dk (p. ) | = Usnp.al€):

Now, holding the other arguments constant, notice that

min[B, (A1,2,2:p,7) B, (A, 22,2:p,7)]

(ll,/lz,z p,T)

is decreasing in Ay, increasing in A,, and increasing in z as B, (11,42,2;p,7), B,

both have these properties.

With some abuse of notation, define the two events:

En(M, A2z, 70) {/R )dp(6 )>mm[ 2 (A1, 42,2:0,7) B, (A1, 22,2:p, ﬂ)]}

W(asp, ) {/R )dp (6 lnf {min [En(ll,lz,Z;Paﬂ)jfz(’h’lz’z;p’n)}}}

and notice that by Theorem 2.3.2 (c), Pr(&,(A,A,1/¢;p, 7)) < € for any A > 0.
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The event of interest in Part (c) is the complement of & (a; p, 7). Now, we have

log a’A 2
w(e;p,m) = &n ( ( ) ;p,TL’)
Py e\ logo
— (A, 1 /[loga’A 2
gU U éu <5J»75< g ) ;p,n>-

k=02 € (ak, ok 1]

Hence, following arguments similar to those in part (a),

_ = [ — (A 1 [loga?A 2
Pr(é"n(a;p,ﬂ:))SZPr U En —,L—( ) P,
k=0 Ae(ak okt « € 10gOC
r 2
<Y Pr|& il ok log (- ) p,T
= "\ a7 e loga Y
o0 __ 2 2
= Z Pr gl’l (ak7ak7 (k+ ) sy )]
=0 | €
<&,

It follows that Pr (&, (a; p,m)) > 1 — €, which is the statement of interest for part (c).

Part (d) follows from Part (c) via steps parallel to those in the proof of Part (b). m

Proof of Lemma 2.3.2. We will show that for all 6 € O,

penp {10 (K0 BN gy fosa (RO KOVL e s

Then the result follows from integrating over ® with respect to 7.

First consider any 6 such that R(6) = 0 or R(6) = 2Unax. Recall
R(6) = Ey(X,Y){ae(X) # Y},

y(X,Y) can be written y(X,Y) =U(Y,Y,X) —U(—Y,Y,X) < 2Upmax, and y(X,Y) > 0 by As-

191



sumption 2.2.1. If R(6) = 0 then it follows that we must have Pr(ag(X) =Y) = | and hence
1{ag(X;) #Y;} =0fori=1,...,n (as.). Hence R,(0) = 0 in this case (a.s.), so that (2.65) holds.
If R(6) = 2Unax, it follows that we must have Pr(y(X,Y) =2Upax) = 1 and Pr(ag(X)=Y) =0,
so that now R,,(0) = 2Unax (a.s.) and again (2.65) holds.

When 6 is such that R(0) ¢ {0,2Unax }, the proof follows that in Theorem 1 of Maurer
(2004) or Lemma 19 in Germain et al. (2015) with minor adjustments. Note that

oo (g )} el (RS )

1

is a convex function of X = (4(0,Y1,X1)/2Umax, - - -, £(0,Y,, X)) /2Unax) and £(0,x,y) /2Upax €
[0,1]. Then, by Lemma 2.A.2,

exp{/lD(leﬁe) ,5{”](9))}§Eexp{n-k1( Z ,,2U )} (2.66)

where X{,...,X; are iid Bernoulli random variables with success probability R(6)/(2Umax)-

: ! __ /
Denoting X' =Y | X/,

1., R(6)
E k1 =X
IS}

1 X’ 1 n—X
_p(aX ) (11X

R(0) | K©)

2Umax 2Umax

S

= (Z> G)k (1 - S)n_k =&(n) (2.67)

Therefore (2.65) holds for any 6 € ©, completing the proof. m
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Proof of Corollary 2.3.1. We have

| un(6)ap (6) - / U(6)dp (6)
(€]

1 1 "
YUY X) ~ EULY. X))+ [ [R(8) =R, (6)]dp (6).
1:1

:

Using Hoeffding’s inequality, we have

IN
ST

& 2log 2
(—Z (Y:,Y:,X;) — EU(Y;, Y, X;)] > Unax n)

Therefore,

pe( [ Un0)dp (6) [ U(0)ap @) > Bu-+Ba(p)

1 n
- ) [U(Y,Y;,X) — EU(Y,,Y;, X)) > By

[ R(®) Ry ()5 (6) > Bu(p)}
(S}

and the result follows. m
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2.A.3 Proofs for Section 2.3.2

Proof of Lemma 2.3.3. By definition and via simple calculations, we have

Dk (p, )
;EW o8 o) 4 (0 ) 5" (0 ) — (0 125 (0 )
deigig % [M—Ee~p (0 —p+up—px) T (6 — pp ‘f‘”p_.un)}
= Og dettgig —% [M—” (ZpZz") = (1p — 1) 2" (1 —“ﬂ)]
§<up ) 25" () 3 o (£555") M)~ Lhog ).

Proof of Lemma 2.3.4. We have

| Ra(6)dp (6)

- rlll; Y(Xi,Yi)Egp 1 {Y; # sign [¢(X;)'6 — c(Xi)] }
=~ Y w(XiY)Eop1 {¥:[0(X)'6 — c(X))] < 0}
Y. w(Xi,Y)Eonpl { [Yi6(Xi)'6 —Yie (X;)] <0}

V(Xi, Yi)Ezn0.1,) ] {[Y‘P( i) ( pJFZl/2 ) YiC(Xi)} SO}

= iV’(Xl,Y)Przvaold {Y¢( )'E 1/2Z<Y[ (X")_X"/up}}

(n (e (X;) — 0 (X:)t1p] )
(X)) Zp0(X;) .

1

i=1
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2.A.4 Proofs for Section 2.3.3

Proof of Lemma 2.3.5. The proof is essentially the same as that for Lemma 2.2.2, but we can be

more explicit. By definition, we have

paz(k) dpaz(Bwlk)  va(k)  exp(—A(k6y))
n(k)  dx(Oplk) X m()vali)
_exp (A (K Ow))
Zf 1) valy)

Now, using the definition of the KL divergence, we have, for any p € 2, (0) :

oo | LK) dp (6w %)

{/@(k)l s [pA,n: (k) dpA.,ﬂ: (Q(k)‘k)] dp (G(k)|k))}p(k)

_ p (k) dp (B lk) [paxk) dpaz(Bplk)]

kzl{/@(k)log {ﬂk)"dn(e(k)k) [ r®  an(on) | (%P G0l p®

(k) dp (6)lk) exp (—A (k, 6yp))

(k) 'dn(e(k)\k)> _log( Li1 () va () )] dp (e(k)|k))}p(k)
)

)

Hence
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Chapter 3

Asymptotic F Test in Regressions With
Observations Collected at High Frequency
Over Long Span

Abstract

This paper proposes tests of linear hypotheses when the variables may be continuous-time
processes with observations collected at a high sampling frequency over a long span. Utilizing
series long run variance (LRV) estimation in place of the traditional kernel LRV estimation,
we develop easy-to-implement and more accurate F tests in both stationary and nonstationary
environments. The nonstationary environment accommodates exogenous regressors that are
general semimartingales. Endogeneous regressors are allowed in a nonstationary environment
similar to cointegration models in the usual discrete-time setting. The F tests can be implemented
in exactly the same way as in the discrete-time setting. The F tests are, therefore, robust to
the continuous-time or discrete-time nature of the data. Simulations demonstrate the improved
size accuracy and competitive power of the F tests relative to existing continuous-time testing
procedures and their improved versions. The F tests are of practical interest as recent work by
Chang et al. (2021) demonstrates that traditional inference methods can become invalid and
produce spurious results when continuous-time processes are observed on finer grids over a long

span.
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3.1 Introduction

The advent of high-frequency data poses challenges for classical inference and modeling
procedures. For linear regression analysis with observations collected over time, as the grid
of observed times becomes finer, continuous-time properties of the underlying processes may
conflict with traditional assumptions framed in a discrete-time setting. An immediate concern is
the validity of inference procedures when the data generating processes may be continuous-time
in nature. Another concern is how we can automate inference procedures so that a researcher can
make fewer technical and theoretical modeling decisions. At what sampling frequency should a
researcher consider moving to an explicitly continuous-time framework? Should a researcher
convert a high-frequency sample into a lower-frequency sample before conducting regression
analysis in a discrete-time framework? If continuous-time modeling requires accounting for the
sampling frequency, what measurement constitutes a single unit of time? An hour, a day, or a
month? Designing trustworthy inference procedures in realistic sample sizes is also a concern.

In this paper, we propose statistical tests that aim to address the above concerns. Recently
Chang et al. (2021) considers statistical inference in this setting, highlighting how traditional
hypothesis tests can become spurious when observations are collected at a high frequency
over a long time span. They show that it is essential to use an autocorrelation-robust variance
or long run variance to construct test statistics and make valid inferences. They utilize the
continuous-time kernel LRV estimator developed in Lu and Park (2019). Adopting the traditional
asymptotic specification that ensures the consistency of the kernel LRV estimator, they show that
the test statistics are asymptotically chi-squared. One takeaway from Chang et al. (2021) is that
not all kernel-based LRV estimation procedures can be applied without explicitly accounting
for the continuous-time environment. A “high-frequency-compatible” bandwidth is desired.
Interestingly, the parametric plug-in bandwidth choice of Andrews (1991) is high-frequency-
compatible while the nonparametric analogue of Newey and West (1994) is not.

In this paper, we build on Chang et al. (2021) and propose convenient and trustworthy
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tests in regressions with high-frequency data collected over a long span. We consider both
common regressions with stationary regressors and cointegrating regressions with nonstationary
regressors. Due to self-normalization, our tests yield valid inferences in the continuous-time
setting and would also be valid if the observations were generated from a discrete-time process
satisfying standard linear regression assumptions. A practitioner does not have to make any
difficult decisions — they can simply use all the observed data, and they can compute the test
statistic and perform hypothesis testing in exactly the same way in both the discrete-time and
continuous-time settings.

We make several contributions along different dimensions. First, we adopt the more
recent fixed-smoothing asymptotic framework. In the discrete-time setting, it is well known
that randomness in LRV estimators can lead to significant size distortion of the associated
chi-squared tests in finite samples. The same problem is present in the continuous-time setting.
By employing the fixed-smoothing asymptotic framework as in Sun (2011, 2013), we show that
our test statistics are asymptotically F distributed in both stationary and nonstationary settings.
The F approximations capture the randomness of the LRV estimators and are more accurate than
the chi-squared approximations.

Second, the asymptotic F theory is based on the series LRV estimator, and in the supple-
mentary appendix, we characterize its asymptotic bias and variance in the high-frequency setting.
The series LRV estimator involves projecting the discretized data onto a sequence of orthonormal
basis functions and then taking an average of the outer products of the projection coefficients.
The number of orthonormal basis functions, denoted by K, is the smoothing parameter in this
type of nonparametric variance estimator. Based on the asymptotic bias and variance, we develop
a data-driven and automated choice of K in the high-frequency setting. Our rule of selecting K
extends that of Phillips (2005), which considers the series LRV estimator in the low-frequency

discrete-time setting!. Furthermore, we allow for a general class of orthonormal basis functions

ITypical examples of low-frequency discrete-time data include monthly and yearly data. The frequency here
refers to the sampling frequency, namely the number of times we can draw observations per unit of time. It does not
refer to the frequency in the frequency domain that measures the speed that a process completes a cycle.
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while Phillips (2005) focuses on sine and cosine functions. See Lazarus et al. (2018) for some
practical guidance on using the series LRV estimator with low-frequency discrete-time data.

Third, in a discrete-time cointegrating model, it is common to accommodate endogenous
regressors. Following this practice, we allow the regressors to be endogenous in the continuous-
time nonstationary setting. This constitutes another departure from Chang et al. (2021) which
considers only the case with exogenous regressors. To deal with the endogeneity, we follow
Hwang and Sun (2018), but we have to introduce some modifications to facilitate the asymptotic
analysis. However, the continuous-time test statistic is computationally identical to the discrete-
time statistic in Hwang and Sun (2018), and they are shown to have the same limiting F
distribution.

Finally, in the nonstationary setting with exogenous regressors, we establish the asymp-
totic F distribution for a wider class of regressor processes. The scaled regressor process may
converge to a general stochastic process that includes the Brownian motion as a special case.
To a great extent, our asymptotic F theory goes beyond its counterpart in the low-frequency
discrete-time setting where the nonstationary process is a unit root process and thus converges to
a Brownian motion after appropriate normalization.

The class of series LRV estimators is closely related to the class of kernel LRV estimators;
see, for example, the discussion in Sun (2011). In essence, a series LRV estimator can be regarded
as a kernel LRV estimator with a generalized kernel function. The fixed-K approach adopted
here is analogous to the “fixed-b” approach employed in Kiefer and Vogelsang (2005). Fixed-b
asymptotics can be developed for the kernel-based test statistics in Chang et al. (2021). However,
the limiting distributions are nonstandard and hard to use. They can also be nonpivotal in the
nonstationary setting (see Vogelsang and Wagner (2014) for the possible nonpivotality). This
provides further justification for the use of series LRV estimation in designing convenient and
accurate inference procedures in finite samples.

The rest of the paper is organized as follows. Section 3.2 considers the case where the

regressors are stationary, and Section 3.3 considers the nonstationary case with cointegration.
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Section 3.4 evaluates the finite sample performances of the proposed F tests, Section 3.5 presents
an empirical application, and Section 3.6 concludes. Proofs are given in the appendix. A
supplementary appendix develops the MSE-optimal choice of K in the stationary case and
recommends a rule of thumb for selecting K. Such a rule is adopted for both the stationary and

nonstationary cases in our simulation study.

3.2 The Case with Stationary Regressors

3.2.1 The basic setting

Consider a continuous-time regression of the form
Y, =X/ o+ Ui,

where each of ¥; € R, X, € R4*! and U, € R is a continuous-time process for ¢ € [0,T] with
sample paths that are right continuous with left limits (cadlag). We assume that U; is stationary
and E (U;|Xs,s € [0,T]) =0 for any 7 € [0, T]. In this section, we also assume that X; is a stationary
process and defer the case with a nonstationary X; to Section 3.3. An intercept can be included
in X; in this section.

We do not observe the processes continuously. Instead, for some small sampling interval
8, we observe {(x;,y;)};_, where

xi = Xis,yi = Yis

fori=1,...,nand n =T /d. Here, for notational simplicity, we have assumed that 7 /J is an

integer. The discrete-time sample {(x;,y;)};_, satisfies

yi:x;ﬁo—l—ui,i: 1,2,...,n,

where u; = U;g is unobserved. We are interested in testing Hy : Ry = r versus H; : Ry # r for
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some p X d matrix R with a full row rank p.

Given the discrete sample {(x;,y;)};_, , we estimate 3y by

N n 1 n
/
Bp = Z XiX; Z XiYi
i=1 i=1
Our test of Hy against H; is based on the above estimator.

3.2.2 The test statistic

To test whether R is equal to r, we often first find the rate of convergence of BD — Bo,
establish the asymptotic distribution of a rescaled version of BD — Bo and then construct the test
statistic based on an estimated asymptotic variance. Instead of following these conventional steps,

we use heuristic arguments and construct the test statistic directly. The approximate variance of

Bp — Bo is

-1 -1

n n n
/ /
Zx,-xi var inui inxi
i=1 i=1 i=1

Based on this approximate variance formula, we construct the test statistic

-1

—1 —1
Fr=(RPp—r)" |R (meé) var (ZW:‘) (inxé) R| (Rpp—r)/p,
i=1 i=1 i=1

where ; = y; — xQBD and var(Y?_, x;ii;) is an estimator of the approximate variance of Y| x;u;.
In the above, dividing by p does not affect the properties of the test.
We use the series estimator for the approximate variance. Let {(P i ()} be some basis

functions on L?[0, 1]. The series variance estimator is given by

n 1 K n i ®2
var inﬁi == Z Z 0; (—> x|, 3.1
i=1 K "

j=1 [i=1

where a®? = aa’ for any vector a and K is a tuning parameter. When the basis functions can
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be paired naturally, we shall assume that K is even. Note that the basis functions are evaluated
at i/n instead of i/T. This is an important point, and our asymptotic theory relies crucially on
this construction. We have, therefore, effectively ignored the high-frequency nature of our time

series observations that are sampled from continuous time processes. The test statistic is then

_1 -1

! 1 K n i ®2 n .
E Z] Z](])J <Z) xiﬁi (inx; R/ (RBD—F)/p.
J=1 L=

i=1

Fr = (RﬁD —7r)'{R ix,xé)
i=1

(3.2)

The form of the test statistic is exactly the same as what we would use for a standard regression

with discrete time series. Importantly, there is no rescaling by n or T. To construct the test

statistic, we can ignore the fact that our observations come from sampling continuous-time
processes.

The test statistic Fr takes a self-normalized form. This will become more transparent if

we consider the special case thatd = p =1 and K = 1. In this case, we take R = 1 without loss

of generality, and the test statistic becomes

Kty (i)
Y (ﬁ) (xih;)

Fr= = (IT)Z.

The numerator in the t statistic 77 is a simple sum of x;u; while the denominator is a weighted sum
of x;ii; with non-diminishing and bounded weights. We expect the numerator and denominator
to be of the same order of magnitude no matter what & is. As a result, r7 and Fr will be
stochastically bounded for any sampling interval d. In this sense, the denominator normalizes
the numerator, and thus no additional normalization is needed. This form of self-normalization
leads to the invariance of our testing procedure to the sampling interval, which we will develop

in greater detail.
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3.2.3 Assumptions for the fixed-smoothing asymptotics

We consider the asymptotics along the limiting sequence 6 — 0 and 7' — oo. The asymp-
totics would best reflect the finite sample situation where the observations are collected at a high
frequency (8 — 0) over a long span (T — o). To develop the more accurate fixed-smoothing
asymptotic approximations, we hold K fixed as 6 — 0 and T — oo.

The fixed-smoothing asymptotics is developed under several assumptions. First and fore-
most, for any process Z = {Z; : t € [0,T]} in this section, we assume that it can be decomposed

into a continuous part and a pure-jump part:
__7cC d
Zi =27, + 7,

where Z¢ = Yo<r<tAZy, AZy =Zy —Z;— and Z;_ = lim;_,;_ Z;. That is, we assume that {Z; }
is the sum of a continuous local martingale (i.e., Z¢) and a sum of jump terms (i.e., Z%).

Next, we present other technical assumptions and provide some discussion on each.

Assumption 3.2.1 For Z;, = X,U,, X/X,,

Z E|AZ:||=O(T) as T — oo,

0<t<T

where for a matrix M, ||M || is the Frobenius norm of M.
Assumption 3.2.1 is the same as the first part of Assumption A of Chang et al. (2021).
It imposes a restriction on the number and sizes of the jumps in {Z}. The assumption is not

stringent and is satisfied, for example, for processes with compound Poisson type jumps if the

jump sizes are bounded in L; and the jump intensity is proportional to 7.

Assumption 3.2.2 For j=1,...,K, each function ¢;(-) is twice continuously differentiable, and

fol ¢;(t)dt = 0. Also, {9, ()}f:] form an orthonormal set in L*[0,1].

204



Assumption 3.2.2 is very mild and is often maintained in the literature on orthonormal
series variance estimation; see, for example, Assumption 1(b) in Sun (2014a). The sine and

cosine basis functions (i.e., the Fourier basis functions)
$2j_1(r) = V2cos (27 jr) and ¢p;(r) = V2sin(2mjr) for j=1,...,K/2, (3.3)

satisfy this assumption. We will use the Fourier bases in our simulation study. For ease of

presentation, we set ¢ (-) = 1, the constant function.

Lemma 3.2.1 Let Assumptions 3.2.1 and 3.2.2 hold. For Z, = X;Uy, XX, and z; = Z;3,

1 ¢ i 1 /T st .
;,;d’] ; Zi:?/o ¢j(7>Z,dt+0p(eg7T(Z)),]:O,l,...,[(
as 8 — 0 and T — o0,> where

o)
esr(Z) =757 (Z)+ T S[l(l)PT] 1Z|| + 6
relo,

and

Asr(Z)= sup sup |Zz—Z|
7,t€[0,T]|1—1|<d

is the modulus of continuity of the continuous part of Z.

Lemma 3.2.1 shows that the discrete-time average is an approximation to the continuous-
time integral with the approximation error controlled by the modulus of continuity of Z, a
technical term & sup;c(y 771/Z:[| /T that captures the edge effects, and the sampling interval 6.
In the proof of Lemma 3.2.1, we show that under Assumption 3.2.1, the effect of jumps on the

approximation error is of order O, ().

2This should be understood in the following way: Hn’l Y2, 0 (i/n)zi—T7" [ ¢;(t/T) Z,dtH =0, (esr(Z)).
We use the same convention when O, or 0, is used in matrix equalities.
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Assumption 3.2.3 For {q) j} satisfying Assumption 3.2.2,

T/ 0 = Xtht—op( ) forj=1,...,K,

and

1 T
T/o X, X/dt =S+o0,(1)
for a positive definite matrix S as T — oo.

To understand the assumption, let X;; be the k-th element of X;. Suppose X; is stationary
and E | X X; XgX| < oo for any k,/ = 1,2,...,d and any ¢,s € [0,T]. Assume further that
cov (X Xy, X Xs1) = fr (t — s) for some bounded function fy; (-) satisfying fi; (1) — O as |7| —

oo, Then, by the Fubini—Tonelli theorem,

T/ ‘Pl XtX [dt = (Xth/) ) %/OT 6, <%> Ji— E (XIX[/) /01 ,(r)dr

forall j=0,1,...,K. By the Fubini-Tonelli theorem and the dominated convergence theorem,
( XtiX[kdt)
1
B T_/ / ¢J ( ) cov(XiiXik, XsiXgi)dtds
1
- _/ / (7) fu (£ —s)dtds

:/0 /0 0; (5)0; (t) fia (T (t —5)) deds — 0

for j=0,1,...,K. Hence Assumption 3.2.3 holds for § = E (X,X/) .

Assumption 3.2.4 For {(]) j} satisfying Assumption 3.2.2,

\/_/ i (= X,U,dt:91/2/¢ YdW, (r) jointly for j=0,1,2,....K
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as 8 — 0 and T — oo, where Wy (r) is the d X 1 standard Brownian motion process,

1 /T o
Q = lim var —/ X Uidt :/ I'xy(t)dr,
Jim (\/T | XU ) - xu (T)

/
I'xy(t)=E [X,UtUt_TXt’_T] . and QY2 is a matrix square root of Q so that Ql/2 <Ql/2> =Q.

Assumption 3.2.4 is a multivariate CLT in the continuous-time setting. As in the discrete
time setting, there is a large body of literature on CLT’s for additive functionals in a continuous
time setting. For example, Rozanov (1960) establishes a CLT for additive functionals such
as T-1/2 [T ¢; (t/T)X;Usdt. The sufficient conditions, which include a mixing condition and a
moment condition, are similar to those in the discrete time setting.

If a functional CLT (FCLT) holds such that 7—1/2 fo[m X, U, dt = Q2w (r), then using
integration by parts and the continuous mapping theorem, we can show that Assumption 3.2.4
holds. Sufficient conditions for the FCLT for the class of functions of continuous-time stationary
ergodic Markov processes can be founded in Bhattacharya (1982). For more discussions, see
Equations 1-3 and remarks in Section 2 of Lu and Park (2019). Note that an FCLT is stronger than
necessary, but the gap between an FCLT and the above multivariate CLT may be of theoretical
interest only. Here we only need a multivariate CLT. This is an advantage of using a series
LRV estimator. If we use a kernel LRV estimator, then an FCLT is needed for developing

fixed-smoothing asymptotics.
Assumption 3.2.5 (i) VTes 7 (XU) =0, (1) and (ii) e5 7 (XX') = 0, (1)

Assumption 3.2.5 is the same as Assumption D1 of Chang et al. (2021). Assumption
3.2.5(i) holds if VT8 = o (1), VTAs 1 (XU) = 0, (1) and sup,c (o 7 | XU|| = 0,(v'T/8). The
first condition, namely v/7'8 = o(1), requires that § — O fast enough as T — oo, that is, the
continuous-time process has to be sampled frequently enough. The second condition, namely

VTAg 1 (XU) = 0, (1), requires that the continuous part of {X;U;} does not fluctuate too much
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over the sampling intervals of length . Using the moment bounds in Fischer and Nappo (2009)

and the Markov inequality, we can obtain that

1/2
(510g ZFT) ]

if (X;U;)¢ is an Ito process whose drift and diffusion coefficients satisfy some mild conditions. So
VTAs 1 (XU) =0, (1) if T8log (T /8) = o(1). The third condition, namely sup,c(o 71 [|XU|| =
0,(/T/§), requires that the maximum value of the process {X,U;} over [0,7] does not ex-
plode too quickly as 7" grows. For example, if sup, 1 71 [|XU|| = O, (T') and VT8 =o0(1), then
sup,cpo.7] XUl = Op (T) = 0, (VT8 -VT /8) = 0,(v/T /§) and the third condition holds. As-
sumption 3.2.5(i1) is of the same form as Assumption 3.2.5(i). With some obvious modifications,

our discussions on Assumption 3.2.5(i) can be applied to Assumption 3.2.5(ii).

3.2.4 Fixed-smoothing asymptotics

N T -1 T
Bec = {/ XtXt’dt} {/ XtY,dt} ,
0 0

which is the least-square analogue of ﬁD in the space L? [0, T] using the continuous-time data

Define

{(X,,Y;),1 € [0,T]}. B is not feasible, and we use it only as a benchmark for comparison.
We first show that /7' [[% —B] and VT [ﬁc — B] are asymptotically equivalent. Letting

Z; = X;U; and j = 0in Lemma 3.2.1, we have
1 & 1 /T
- ui=— | XUdt+0O XU)).
ni:z:lxluz T/() 1Urdt + p(eS,T( ))

Multiplying the above equation by /7', we obtain

1 i 1 T
—— ) xu;=— | X Udt+o,(1),
A(n,a)lzzl [Add} \/T/O tY1t p( )
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where A (n,8) = /n/8 and we have used Assumption 3.2.5(i).

Using Lemma 3.2.1 with Z, = X;X/ and j = 0 and Assumption 3.2.5(ii), we have

1

f ! 1/TXX'dt—i— (1)
=) XiX; = — o .
n&=TTTT Jy T b

Hence,

VT [Bo—Bo] = (/A (n.5)] [Bo— o]
& B ! )
_ <Z i;x,-xi) (m ;xiuz)

= (% /OTX,XI/dt) B %/OTXtUtdl‘Fop(l)
= VT (Bc—Bo)+0p(1).

The above derivations show that Assumptions 3.2.1 and 3.2.5 ensure that v/7 (fp — Bo)
and /T (Bc — Po) are asymptotically equivalent. Invoking Assumptions 3.2.3 and 3.2.4, we
obtain the asymptotic distribution of /7 ( BD — B). We present this and another key result, which

requires Assumption 3.2.2, in the lemma below.

Lemma 3.2.2 Let Assumptions 3.2.1-3.2.5 hold. Then
VT (Bp — Bo) = VT (Bc — Bo) +o0,(1) = SO 2w, (1)

and

A(n,0) ; ; <£) xill; = 91/2/01 O; (r)dWg(r)

jointly for j =1,2,... K.

Lemma 3.2.2 shows that 31) converges to By at the rate of /7. For high-frequency data

sampled from a continuous-time process, the effective sample size is the time span 7 rather than
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the number of observations n. We do not obtain the rate of /n, which is the typical rate for the
discrete-time data with a fixed sampling interval (e.g., 6 is fixed to be 1) and n weakly dependent
observations. The difference can be traced back to the unusual rate in the weak convergence

result:

1 n
A(n 6) inui:>Q1/2Wd(1).
) i=1

Because {x;u;} becomes highly correlated as & — 0, in order to obtain a well-defined weak limit,
we need to normalize the sum Y | xju; by A(n,8) := +/n/d, which is larger than the usual

normalization factor /n by an order of magnitude.

Using Lemma 3.2.2, we have, under the null hypothesis:
Fr = 8A(n,8) (RBp—r)

1 T
R Y| —
<5A(n,5)2;”> KL

x 8A(n,8) (RBp—r)/p

®2

-1
= [RST'Q' 2w, (1)) {RS 191/21 U ; (r) dWy(r ] Ql/leR’} RST'QY2w, (1) /p.

In the above, rescalings by 8A (n,8), 1/A(n,8) or 1/(8A(n,8)?) in the first equality are for
theoretical arguments only. In practice, the test statistic Fr is computed according to the definition
in (3.2) without using any rescaling.

Note that RS~'Q!/2W, (r) 4 [RS~1QS™IR] /2 W, (r) for a p x 1 standard Brownian

motion process W, (+) and that RS~!QS~ 'R’ is of a full rank. We have

Fr=W, { i[/ 0; (r) dW,( Fz}lwp(l)/p.

®2
Under Assumption 3.2.2, [ fol 0;(r) de(r)} is iid Wishart distributed. The above

limiting distribution is equal to Hotelling’s 72 distribution. In view of the relationship between
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the 72 and F distributions (e. g., Bilodeau and Brenner (2010)), we have the following theorem.

Theorem 3.2.1 Let Assumptions 3.2.1 — 3.2.5 hold. Then, for a fixed K > p,

K

Fr=———Fyk pi1,
T K—p+tl p.K—p+1

where Fy, k11 is the F distribution with degrees of freedom p and K — p + 1.

If we use the OLS variance estimator that ignores the autocorrelation, we would construct

the test statistic as follows

-1

-1
A / n A
FT7OLS = (RﬁD - I’) X RC’\FM2 <Zx,~x§> Rl <RBD - I’) /p7
i=1

where 62 = n~!' Y7 47 is an estimator of the variance 672 of U;. Then

-1

-1
A 1 n .
5FT,0LS = ﬁ(RﬁD—”)/ X R@% (Z;xlx:) R \/T(RﬁD—r) /p
= [Rs1Q2w, (1) x [o2Rs 'R [Rs Q! 2wy (1)] /.

So, as 6 — 0, Fr ors — oo with probability approaching one. Consequently, using Fr s for
inference can lead to the spurious finding of a significant relationship that does not actually exist.
See Chang et al. (2021) for more details. Such a result is also related to the following result
in Sun (2004): the t-statistic can be made convergent in a spurious regression when high-order
autocorrelations are properly accounted for.

To illustrate the key difference between the variance estimators underlying Fr and Fr o,

consider the special case with K =d = p = 1. Then the ratio of the autocorrelation robust variance
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estimator to the OLS variance estimator is

i

2
(X0 (3) (xiﬁi)]z _ A, 5)? [m Yii19; (ﬁ)xiﬁz}

AW/ 2 A2 1 vn 2
Gy X1 X n Oy Li=17%;
1 n i 2
1 [—A(n,S) =195 (3) xi“i]
- g’ ~21 vn 2
6 Guﬁ i=1%;

Note that the second factor converges to a nondegenerate distribution. So the ratio will diverge at
the rate of 1/8. That is, by ignoring the high-order autocorrelations of x;u;, especially when 9 is
small, the OLS variance estimator under-estimates the true variation of the OLS estimator by a
factor of 1/6. This explains why Fr is stochastically bounded while Fr ors explodes as 6 — 0
and 7' — oo.

To implement the F test, we need to choose K. Ideally, we want to select K to tradeoff
the type I and type II errors of the F test, but this is well beyond the scope of this paper. In the

supplementary appendix, we consider the infeasible LRV estimator

| o ; ®2
A(n,d) ,; % (E) <xi“i)] ) (3.4)

and establish its asymptotic bias and variance under both a fixed K and a growing K (i.e., K — o).

A, 1 &
V=p)
j=1

Note that Q* can be regarded as an infeasible version of the variance estimator in (3.1) (after a
normalization), as {u;} are not observed. Based on the asymptotic mean square error (MSE) of
Q*, we obtain the MSE-optimal choice of K given in (3.28) in the supplementary appendix.

We recommend using a parametric AR(1) plug-in approach to obtain a data-driven value

for K. More specifically, we fit an AR(1) model to each component z; ; of {zi:= xiui}?zl :

Zij = Pjzi—1,jtefor j=12,....d
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with the AR parameter and error variance estimated by

5 _ Lima%ijGi-l 0 1y R 2
Pj=—cn 5 and0; = n Z (Zi,j - PjZiij)
i=2%i—1,j i=2

On the basis of the above plug-in estimates, we compute
(g (e e
KD =¢2 )3 8 )3 4
02 \j=1 (1-p;) =1 (1-p))

Rp = &°n*3. (3.5)

and then let

Note that ¢y » = 72 /6 when the Fourier basis functions in (3.3) are used. Our approach is similar
to what is proposed in Andrews (1991), but there is an important difference. We do not follow
Andrews (1991) and truncate the estimator of the AR coefficient from below, as otherwise we
will not have a “high-frequency compatible” choice of K. See the supplementary appendix for
more discussions and details.

To conclude this section, we have shown that, in the stationary case, we do not need to
change our estimation and inference methods to account for the fact that our observations are
collected at a high frequency with the sampling interval 8 going to zero. We can use exactly
the same approach as we would do in the case with discrete-time observations where the time
distance between neighboring observations is fixed: the test statistic is constructed in the same
way, and the smoothing parameter is chosen in the same way. We do not need to choose a unit of
time to measure the sampling duration. The only caveat is that we should use a parametric AR(1)
plug-in to obtain the data-driven smoothing parameter. Using the nonparametric approach of
Newey and West (1994) will lead to a sub-optimal rate for the smoothing parameter. See Chang

et al. (2021) for the detalils.
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3.3 The Nonstationary Case
3.3.1 Exogenous Regressors

In this subsection, we consider linear hypothesis testing for cointegrating regressions in

the continuous-time setting. The model is
Y, = ao + X/ o+ Vo, (3.6)

where X, € R?*! is a nonstationary process, Uy, € R is a stationary process, {X;} and {Uy}
are independent.’ As in the case with stationary regressors, only a discrete set of points

{xi = X;s5,yi = Yis };_, are observed. The discrete-time model is

yi = O +x;Bo + uo;

where up; = U ;5. The object of interest is the slope parameter 3y, and we aim at testing
Hy : RBy = r against H; : RBy # r where R € RP*? is of rank p. Note that here we single
the intercept out of the slope parameter, and the hypothesis of interest involves only the slope
parameter.

We consider the same limiting experiment where 6 — 0 and 7' — o for a fixed K.

Assumption 3.3.1 For es 1(Uy.) defined in the same way as in Lemma 3.2.1,

Y. E|AUs| = O(T) and e5 1 (U) = 0, (1)

0<t<T

The above assumption is similar to Assumptions 3.2.1 and 3.2.5(i). It ensures that

n T
An,8)" Y i = T_l/z/ Unedt + 0, (1).
i=1 0

3We use Uy, instead of U, to denote the error process because in the next subsection we will use U, to denote
(Uy»Uy,)'. We shall use Uj. to denote {Uy, : t € [0,T]}.
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Assumption 3.3.2 For a sequence of d x d diagonal matrices (Ar) with diverging diagonal

elements

A Xy X°(r
T = ) forop>0andre (0,1]
T-1/2 fOTr Upsds G()W()(l’)

as T — oo, where X°(-) is a continuous (a.s.) semimartingale, Wy(-) is standard Brownian

motion, and X°(-) and Wy(-) are independent.

The weak convergence in Assumption 3.3.2 is defined on D¢ *1[0, 1], the space of cadlag
functions from [0, 1] to RE+D*1 endowed with the Skorokhod topology. The assumption is
the continuous-time analogue of the traditional invariance principles. It is similar to Assump-
tion C2 in Chang et al. (2021) which points out that the assumption is satisfied for a wide
class of continuous-time processes. For general null recurrent diffusions and jump diffusions,
Kim and Park (2017) provides sufficient conditions under which A;'Xr, = X°(r). As dis-
cussed after Assumption 3.2.4, Lu and Park (2019) provides sufficient conditions under which
T2 [T Ugsds = coWo(r).

For j=1,...,K,let

ni= [ ox

and

n=(m,...,nx) € RKx<,
Assumption 3.3.3 With probability one, ' is of full rank d.

Assumption 3.3.3 requires that, with probability one, the L?[0, 1] projection coefficients
of components of X° in the directions ¢;, j =1,...,K, form d linearly independent vectors. For a
given choice of {¢ j}le, such as the first K Fourier basis functions given in (3.3), this is satisfied
by virtually all continuous-time processes used in practice when K is large enough.

Now we detail the testing procedure. Assume that K > d + 1. The testing steps are as

follows:
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1. Create the transformed data {Wﬁ, W 5.{:1 where

1 & i 1Y i
W= e () ke ()

Denote the matrix forms of transformed data by

WY = (W,..., W), WX = (WY,... W),
Kx1 Kxd

2. Regress WY on W* without an intercept by OLS. This yields the transformed OLS estimator

3T0L5 and the residual vector W :
Brows = (WXIWX)_l WYW?, W = WY — W*Broys. (3.8)

3. To test Hy : Rfy = r, we calculate the following test statistic

1 . BT T R
Frors = ?(RBTOLS —r) [R (W) R/] (RBrors—r)/p; (3.9)
0
where
AD 1K U0\ 2 lAuolAuo
J:
Define

1 & (i
W =—=2 9 (—) uoi, W' = (W°,... W),
/ \/’_Zz:z‘i ! n l : Kx1 K

For j=1,...,K, let
1
v = ao/o 0;(r)dWo(r),

and

v=(v,...,vg) € REXL,
The following lemma establishes the weak limits of W*, W0 and [§T0LS.
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Lemma 3.3.1 Let Assumptions 3.2.2, 3.3.1-3.3.3 hold. Then, as 6 — 0 and T — oo,
(@) (n1PWrAL VEW ) = (n,v);
(b) VT Az (Brows — Bo) = (m'm) ™" (n'v).

Let R(¥,-) and ry be the ¢-th rows of R and r, respectively. Since we do not require
that all elements of (X7,) converge at the same rate, the rate of convergence of R (¢, -) ﬁTOLS
depends on the element of 3T0LS that has the slowest rate of convergence among those elements

appearing in the /-th restriction. To capture this, for / = 1,..., p, we define the sets
Fyp:={j: for je{l1,2,....,d} such that R (¢, j) # 0},

which consists of the indices of the coefficients that appear in the /-th restriction. When T is
large enough, the rate of convergence of R (¢, -) Brovs is given by v/T min jes, At (j,])- Let
Ar =dia inAr(j,j),...,min Az (j,j) |,
T g(jey1 7 (J,J) min 7 (J J))
which is a p x p diagonal matrix.* Then lim7_,.. /~\TRA;1 = R, for a matrix R, € R”*? whose
(¢, j)-th element R, (¢, j) is equal to

R () = Jim Az (LOR(E.)) /Ar (j.J) = R(£.j) Jim [mm Ar (m,m) /Ay (m)] G

T—o0 | me.gy

That is, R, is the same as R after we zero out the elements in each row of R for which the
corresponding coefficients can be estimated at a faster rate than the slowest rate for the coefficients
involved in this row. We require that R, be of row rank p, a condition that is clearly satisfied
when there is no heterogeneity in the rates of convergence, for example, R, = R when A7 is a

scalar matrix.

*min;c », A7 (j, j) should be interpreted as the minimum of Az (j, j) over j € .%; when T is large enough.
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Theorem 3.3.1 Let Assumptions 3.2.2, 3.3.1-3.3.3 hold. If K > d + 1 and limr_,.c ArRA; " is
of rank p, then

FroLs = — Fpk—a;

K—d

where F), k4 is the F distribution with degrees of freedom p and K —d.

Note that the asymptotic F theory does not depend on the specific form of the limiting
process X°(+). In the proof of the theorem, we show that the asymptotic distribution conditional
on X°(+) is an F distribution, which does not depend on the conditioning process X°(-). Hence,
the asymptotic distribution is also the F distribution unconditionally. Asymptotic F theory in
a regression with nonstationary and exogenous regressors has been recently developed in Sun
(2022) for discrete time series. Since the limiting process X°(-) can be highly nonstandard
and goes beyond what has been considered in Sun (2022), Theorem 3.3.1 has widened the
applicability of the asymptotic F theory. See Kim and Park (2017) for the nonstandard forms
that X°(-) can take when {X, } is a null recurrent diffusion process.

To implement the F test, we need to choose K. Note that the variance estimator in (3.10)

takes a form similar to that in the stationary case. The infeasible variance estimator can be

[statol()n]

which can be compared with Q* defined in (3.1).

written as

As a practical rule of thumb, we can adapt the data-driven procedure in the stationary

case and proceed as follows:

1. Estimate the model y; = +x§ Bo + ug; by OLS to obtain the residual

A A !H
foi = yi — Oors — x;BoLs-

2. On the basis of {#g;}, use the series method to estimate the long run variance of {uy;},
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computing the AR(1) data-driven Kp using the formula in (3.5).

3. Let K* = max(Kp,d +3) and use K* to construct the transformed regression. Taking the

maximum between Kp and d + 3 ensures that the limiting F distribution has a finite mean.

4. Compute the F test statistic in the TOLS regression. Perform the asymptotic F test using
% -Fp7 #+_g4 as the reference distribution.

We note in passing that an asymptotic F theory may also be developed based on the
usual OLS estimator in step 1 above rather than the transformed OLS estimator, but then a
series variance estimator with judiciously crafted basis functions has to be used. See Sun (2022)
for more details in the discrete-time setting. We will not pursue this extension and choose to
use a transformed regression, which can be regarded as a special case of the transformed and
augmented regression in the next subsection. Hwang and Sun (2018) provides some discussion

on the advantages of the transformed approach, including its robustness to contaminations whose

energy is concentrated at high frequencies in the frequency domain.

3.3.2 Endogenous Regressors

We consider the same model Y; = a + X/ Bo + Uy, as in the previous subsection, but we
now allow {X;} to be endogenous. The cost of admitting endogeneity comes in the form of less
flexibility for the data generating process of the weak limit of A, X7, re [0, 1]. Namely, we
require that A}l = T-'/2]; and that the limiting process be Brownian motion. As we discuss
shortly, this requirement is a natural adaptation of the discrete time literature on inference in
cointegrating regressions. For example, it is similar to the discrete time framework adopted in
Vogelsang and Wagner (2014) and Hwang and Sun (2018). It is an open question whether an
asymptotic F theory can still be developed for other forms of nonstationarity. As before, we only

n

observe a discrete set of points {(x;,y;)}i_, satisfying y; = & +x}Bo + uo;. Again we want to

test Hy : RBy = r against Hy : RBy # r.
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We maintain Assumption 3.3.1 regarding the stationary process {Uyy, } but now allow for
some forms of dependence between {X;} and {Uy, }. Towards this end, the assumption below is

similar to and replaces Assumption 3.3.2.

Assumption 3.3.4 As T — oo, the following functional central limit theorem holds:

1 Tr
Wi Jo " Uosds N By (r) ol Wo (r)

T Xrr B (r) W, (r)

forre|0,1]

where Q!/2 (Q1/2>/ =Q,

2
GO GO.X

Q- Ix1 1xd

Ox0 Qxx
dx1 dxd

and Wy(-) and Wy(+) are independent standard Brownian motions.

The weak convergence requirement in Assumption 3.3.4 is a natural counterpart to
conditions in the discrete-time literature on co-integrating regressions. For example, replacing a
sum with an integral in the discrete time setting of Vogelsang and Wagner (2014) might suggest
modeling

t
X, = Xo+ / Uved. (3.12)
0

for some stationary process {UX, c Rl ¢t co, T]} Then Assumption 3.3.4 is equivalent
to an FCLT for the stationary process {U; = (U(,,U},)’ € R¥*1,t € [0,T]} provided that X, =
0 p(Tl/ 2). However, the form in (3.12) is not particularly desirable, and Assumption 3.3.4 is more
flexible. For example, the data generating process in the non-stationary simulation environment
of Section 3.4 satisfies Assumption 3.3.4. There, {X;} follows a two-dimensional Brownian
motion and {Up,} is a stationary Ornstein Uhlenbeck process that may not be independent of
{X;}. Alternatively to (3.12), we may view the continuous-time generalization of the setting in

Vogelsang and Wagner (2014) and Hwang and Sun (2018) as requiring that, up to terms that
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are o p(Tl/ 2), {X;} possesses some form of stationary increments that may be correlated with
Uy, such that Assumption 3.3.4 holds. Viewing continuous time I(1) processes as nonstationary
processes with stationary increments is adopted, for example, in Comte (1999).

In our asymptotic development, it is convenient to use the Cholesky form of Q2 50 that

1/2

Bo(-) G0 Wo(+) + 60xQux " Wi(+)
B()= = U : (3.13)
BX(') -Qxx Wx()
where Gg_x = 0'(% — GOXQ;CI o0,0 and Q}D{Z is a symmetric matrix square root of €, such that

Q-)lo{ ZQ)IC){ 2 = -Qxx .

For j=1,...,K, define

1 1
mi= [ 0B & = [ 6,000

1 1
vj= /0 ¢;(r)dWo(r), v; = /0 9;(r)dBo(r) = 00.:V; + 60,

for 6y = Q;} o, and

n= (T’l,...’r’K)/ ERKXd, é _ (51,'_.751()/ ERKXd, C: (rlaé) ERKXZd,

V= (\71,...,\71()/ GRKXI, V= (V17...,VK)/ GRKX1.

Then v = 59() + 0p4 V.

Next, we make an assumption similar to Assumption 3.3.3.
Assumption 3.3.5 With probability one, {'{ is of full rank 2d.

Let Ax; = (x; —x;_1) /8. Augmenting the discrete-time model by Ax;, we obtain

yi = Qo + X Bo + Ax 6y + ug.i,
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where ug.; = uo; —Axgeo. Using the transformed variables {Wy WO‘ W, WAX W”O" K _, de-

fined similarly as in (3.7), we have
W = W% ag + WBo + W6y + W'

where, for example, W% = n1/2¥Y" ¢ (i/n) and Wi = nV2Yn 65 (i/n) ugi = Wee —
WJAX 8. Our test of Hy : Ry = r is based on estimating the above transformed and augmented

regression by OLS. We call the estimator the TAOLS estimator. We outline the steps below:

1. Create the transformed variables {Wy W5 WZ‘.X}K_I and stack them to form the data

matrices WY, W*, and WA, For example, Whr = (Wf"‘, W%C)’ € RK>d,

2. Regress WY on W* and WA by OLS. Do not include an intercept. Denote the coefficients
associated with W~ by 3TA0LS, the coefficients associated with VWA* by éTAOLS, and let
W0+ be the residual vector from this regression. Combining the matrices W* and WS

into W = (W~ WAY), we can write these objects as

g = [P0 | Z @i, v o we W5, (3.14)

2dx1 OraoLs

3. Calculate the test statistic

1 ~ _ -1 L
—— (RBraors —r)’ [R (W' Mz, W) IR/] (RBraors —1)/p, (3.15)
0-x

Fraors =
where My, = Tx — WA (WAYWA) ~ gAY and

K
Z W) W“M) W, (3.16)
]:1

These three steps are identical to the procedure in Hwang and Sun (2018) except that
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Ax;, instead of Ax;, is used in the augmented regression. Such a modification serves to facilitate
theoretical developments only. Since Ax; is proportional to Ax;, the modification has no effect on
the test statistic Fraors. For practical implementation, we can follow exactly the same procedure
as in Hwang and Sun (2018), utilizing Ax; in place of Ax;. There is no need to know the value
of & or its unit. We note that the test statistic in (3.15) is constructed in the same way as in the

discrete-time setting.

Theorem 3.3.2 Let Assumptions 3.2.2, 3.3.1, 3.3.4, and 3.3.5 hold. Denote Yy = (B, 6))" and

Ti;, O

YT — dxd
0 I

dxd d

(a) As T — oo for a fixed K,
(nT) "2 W, 512w §1/2pm | = (€, ).
(b) As T — oo for a fixed K,
7 (7—1) = 00 (£'C) 7 ',
In particular,
T (Braows — Bo) = G0 (0'Men) ™ 0'M:v £ MN [0, 2. (n’Mén)‘l} ,

where Mg =l — E(E'EYIE and “MN” stands for “mixed normal”.

(c) If K >2d+1, then, as T — o for a fixed K,

Fraors = “Fp k24,

K —2d
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where F), 14 is the F distribution with degrees of freedom p and K —2d.

Theorem 3.3.2 shows that the testing procedure of Hwang and Sun (2018) adapts to the
continuous-time setting without any modification: the asymptotic F test is, therefore, robust
to the sampling frequency of the data. From an applied point of view, we do not have to be
concerned about whether we have high-frequency data with a shrinking sampling interval (i.e.,
0 — 0) or discrete-time data with a fixed sampling interval (e.g., 0 = 1). This gives us much
practical convenience.

To implement the above F test, we follow the procedure below, which is similar to that in

the exogenous case.

1. Estimate the model y; = +x§ Bo + ug; by OLS to obtain the residual
fo; = yi — Gors — xiPoLs-
2. On the basis of {#g;}, use the series method to estimate the long run variance of {uy;},

computing the AR(1) data-driven Kp using the formula in (3.5).

3. Let K* = max(Kp,2d +3) and use K* to construct the transformed and augmented regres-

sion.

4. Compute the F test statistic in the TAOLS regression. Perform the asymptotic F test using

Ty ij #+_n4 s the reference distribution.

3.4 Simulation Evidence

In this section, we conduct simulations to evaluate the finite-sample size and power

properties of the proposed F tests. For the stationary setting, we consider the model

Yy =Bo1 +X:Por+U;, 0<1r<T,
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with Bo; = 0 and B, = 1. We test Hy : (Bo1, Boz)’ = (0,1) versus Hy : (Bo1, Bo2)’ # (0,1). (X;)

and (U;) are chosen as stationary Ornstein-Uhlenbeck (OU) processes described by

dXt = —KxXtdt+ Gxd‘/[ and dU[ = —KuU[dt + Gudm,

where (ky, 0x) = (0.1020, 1.5514), (xy, 0,) = (6.9011,2.7566), and (V;) and (W;) are indepen-
dent standard Brownian motions. The parameter values of the OU processes are obtained from
Chang et al. (2021), who estimate (ky, 0y) by fitting an OU process to 3-month T-bill rates
from 1971 to 2016 and estimate (x;, 0,) by fitting an OU process to the residuals obtained by
regressing 3-month eurodollar rates on these T-bill rates. As an alternative to an OU explanatory

variable process, we also consider the process X; = C; — U, where

dC; = K (e — G) dt + 6,1/ C,dV,,

and V; is again standard Brownian motion. This corresponds to Feller’s Square Root (SR) process.
In this setting, we keep the OU process {U; } as described above (again with {W; } independent
of V;) and (U, Ky, Oy) = (4.8196,0.1794,0.9367) where these parameters come from fitting the
SR process to 3-month T-bill rates from 1971 to 2016.

In the nonstationary setting, we consider the model

Y, = oo+ X1 :Bo1 + X2 Bo2+Uo, 0<t<T,

with a9 =0, Bo1 = 1, Bo2 = 1. We test Ho : (o1, o2)’ = (1,1)" versus H, : (Bor, Boz)’ # (1,1)".
In this setting, we model (X;;), j € {1,2}, as Brownian motions and (U ) as a stationary OU

process. In particular, for j € {1,2}, we have

dX]'J = doZN and dUOt = —Kqutdt+ GudZ&‘t,
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where 0] = 0, = 0.0998, (xy,0,) = (1.5717,0.0097), and

Z )t 1 0 0 Wi

)

)

—0? —02)2
z) \o 52 i- (o500 [ w,

L | =|? 1—¢? 0 Wa

Here Wy ;, W>;, and W3 ; are independent standard Brownian motions and ¢ > 0. In this setup,
each (Zj;),j € {1,2,3}, is a standard Brownian motion and Corr(Zy;,Zs;) = ¢ when k # £.
The parameter values here also originate from Chang et al. (2021); (o7) comes from fitting
a Brownian motion process to log US/UK exchange rate spot price data from 1979 to 2017.
(x4, 04) are estimated by fitting an OU process to the residuals from regressing log US/UK
exchange rate forward prices on the log US/UK exchange rate spot prices. We consider both
¢ = 0 (the exogeneous case) and ¢ = 0.75 (the endogenous case).

In addition to the baseline values of k; and x;,, we also multiply x; and x;, by 4 and
1 /4, allowing for variation in the mean reversion parameters of the stationary elements of the
simulations. As the mean reversion parameter gets closer to zero, the stationary OU (or SR)
process becomes more persistent and in the OU case behaves more like a nonstationary Brownian
motion.

In both the stationary and nonstationary settings, we consider 7 = 30 and 7 = 60. The
stochastic processes are generated using the transition densities of Brownian motion, OU, and
SR processes except in the nonstationary case when ¢ = 0.75. In this case, transition densities
are used to generate all processes except that U; is constructed via Euler’s method once Z3;
is generated. Discrete samples are collected at various frequencies between 6 = 1/252 and
0 = 1/4. In each scenario, we replicate the simulation 5000 times.

To implement the testing procedures described in the earlier sections, we utilize the sine
and cosine basis functions given in (3.3) and choose K via the data-driven procedures described

in Sections 3.2 and 3.3. In our figures described below, results corresponding to these tests are
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denoted “Series F”, and there are different figures for the stationary and nonstationary settings.
As K increases, in both the stationary and nonstationary settings, the limiting distributions of
the test statistics approach the scaled chi-squared distribution 751% /p. The scaled chi-squared
approximation can also be obtained by letting K — o0, — 0 and T — oo jointly>. Utilizing
the critical values from this distribution with our test statistics, we denote the resulting results
by “Series Chi2.” In the figures for the nonstationary setting, “Series F”” and “Series Chi2” are
reserved for the procedure outlined in Subsection 3.3.2 that can accommodate endogeneity.
These labels are replaced by “S-EXO F” and “S-EXO Chi2”, respectively, for the procedures
designed where {U; } is assumed exogenous described in Subsection 3.3.1.

To compare the F tests with some existing tests, we carry out the kernel-based tests of
Chang et al. (2021). For their tests, we employ the quadratic spectral (QS) kernel and utilize
Andrews (1991)’s bandwidth selection procedure, which is among the best performers in the
simulations in Chang et al. (2021). In our figures, the results corresponding to the QS kernel are
denoted “Kernel Chi2.” To include the fixed-b version of their tests, we note that the test statistics
of Chang et al. (2021) in the stationary setting and the nonstationary setting with exogeneous
regressors, without any change in form, have fixed-b counterparts in the discrete-time settings of
Kiefer and Vogelsang (2005) and Jin et al. (2006), respectively. Utilizing arguments similar to
what we present here and in Vogelsang and Wagner (2014), it is not difficult to ascertain that the
limiting distributions identified in these papers are also applicable in our simulation set up with
exogenous regressors. In the cointegrating regression with endogenous regressors, the fixed-b
asymptotics of Jin et al. (2006) is not applicable to the test statistic of Chang et al. (2021), as
it does not account for endogeneity. To use the fixed-b asymptotics of Vogelsang and Wagner
(2014), which accounts for endogeneity, we have to run a different set of regressions and alter
the test statistic. This would require further theoretical development and is not considered in our
simulations. The tests utilizing the fixed-b approximations of Kiefer and Vogelsang (2005) and

Jin et al. (2006) for the test statistics in Chang et al. (2021) are denoted by “Kernel fixed-b” in

3The scaling factor of 1/p arises because the test statistics are scaled by p.
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our figures.

3.4.1 Size study

Figures 2 — 5 display the empirical sizes (i.e., the null rejection probabilities) in the
different simulation scenarios.

Figures 2 and 3 show that in the stationary setting, the series-based F test exhibits less
size distortion than all chi-squared tests under consideration. The improvement in the size
accuracy of the F test over the chi-square tests is more visible when the underlying OU or SR
processes have smaller mean reversion parameters K, and k;, and thus become more persistent.
This is consistent with the literature on HAR inference in the discrete-time setting. See, for
example, Sun (2013), Sun (2014b), Sun et al. (2008), and Kiefer and Vogelsang (2005) for
simulation evidence and theoretical developments. The F test performs similarly to the fixed-b
version of the test in Chang et al. (2021) adapted from Kiefer and Vogelsang (2005). This is
expected, because both types of tests utilize nonparametric LRV estimators, and both are based
on fixed-smoothing asymptotic approximations. The advantage of the series-based F test is
that it is more convenient to use, as critical values are readily available from statistical tables
and standard programming environments. There is no need to simulate a nonstandard fixed-
smoothing asymptotic distribution, an unavoidable and formidable task if we use a kernel-based
fixed-smoothing test. We note in passing that all chi-squared tests have similar performances,
regardless of whether series-based or kernel-based LRV estimators are used. This provides
further simulation evidence that the type of LRV estimators used does not matter much. What
matters more is the reference distribution used in a testing procedure.

In the nonstationary setting with exogenous regressors, the performance of the F tests
relative to the fixed-b version of the test in Chang et al. (2021) adapted from Jin et al. (2006)
and the chi-squared tests is qualitatively similar to that in the stationary setting. In particular,
the F tests and the fixed-b test achieve more or less the same size control. However, the fixed-b

tests in this setting aren’t developed fully for the continuous-time setting. The validity of the
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fixed-b test relies not only on the exogeneity of the regressors but also crucially on the premise
that the limiting process (X°) is a Brownian motion process. Similarly, the F-test of Subsection
3.3.2 designed for potential endogeneity also relies on a Brownian motion limiting process for its
validity. While this does not cause problems in our simulation setting where the premise holds,
the fixed-b asymptotic distribution and that associated with the F-test in Subsection 3.3.2 are,
in general, functionals of (X°), which may contain additional nuisance parameters beyond its
scale. A benefit of our approach in Subsection 3.3.1 is that the conditioning argument in the
proof of Theorem 3.3.1 bypasses reliance on the distributional form of (X°). Such a conditioning
argument does not go through if we use a kernel LRV estimator.

In the nonstationary setting with endogenous regressors, to the best of our knowledge,
the F test in Subsection 3.3.2 appears to be the only asymptotically valid test in the literature.
Unsurprisingly, it exhibits better size properties than the alternative tests from the pre-existing
literature, including the fixed-b version of the test in Chang et al. (2021). While the F-test
of Subsection 3.3.1 which assumes the error process {U;} is exogenous appears to maintain
competitiveness against the F test of Subsection 3.3.2, this unfortunately is an artifact of the
particular DGPs in our simulation setting. In this simulation environment, it can be shown that
the limiting distribution of the exogeneity-based test is a noncentral F distribution that depends
on nuisance parameters. The F distribution used happens to be relatively close to the finite sample
distribution but will result in a poor approximation in general. We note that the presence of the
endogeneity bias can lead to a large size distortion, especially when the chi-square approximation
is used. For example, when ¢ = 0.75, T = 30, and x;, is 1/4 of the baseline value, the null
rejection probability of the 5% chi-squared test of Chang et al. (2021) can be as high as 60%.

Figures 2 — 5 further show that the size properties of all tests are not sensitive to the
sampling interval &, and all tests become more accurate when T increases. This is consistent
with our theoretical results that the effective sample size is T and is unrelated to §. Intuitively,
for a given time span 7, as § decreases, the number of sampled observations n increases, but at

the same time, the sampled observations become more persistent. These two effects offset each
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other, leading to an effective sample size of 7.

3.4.2 Power study

Figures 6 — 8 investigate the empirical power properties of the test procedures in finite
samples; the power is size-adjusted. To evaluate the power of the tests, we use the baseline
designs. When generating the data, each of the parameters being tested is multiplied by 1 — v
for a range of y € [0, 1]. To keep the visualization simple, we focus only on the frequencies
0 =1/252 and 6 = 1/4. As there are only two different test statistics, ours and that in Chang
et al. (2021) and the power is size-adjusted, there are only two different sized-adjusted power
curves. The reported figures only display the comparison for the series-based approach in
Sections 3.2 and 3.3 and the kernel-based approach in Chang et al. (2021). In the figures, the
higher frequency 6 = 1/252 is denoted “h”, and the lower frequency 6 = 1/4 is denoted “1.”

Figures 6 and 7 show that, in the stationary setting, all tests have almost indistinguishable
power curves. In the nonstationary setting with exogenous regressors, the series-based tests
have competitive power relative to the kernel-based tests, although when T = 30 the former are
slightly less powerful most noticeably in the procedure that allows for endogeneity. This could
be explained by the MSE-optimality of the QS kernel among the second-order positive-definite
kernels. In the nonstationary setting with endogenous regressors, the comparison is not as
meaningful, as the tests of Chang et al. (2021) have significant size distortion. Nevertheless,
the series-based tests still have competitive power, especially when 7' = 60. When 7' = 30, the
series-based tests are somewhat less powerful.

Figures 6 and 8 also show that the power properties of all tests are not sensitive to the
choice of 8. In each scenario, the power curves for § = 1/252 and 0 = 1/4 are virtually identical.
This echoes the finding that the size properties are not sensitive to d. In each scenario, all tests
become more powerful when T is larger, reflecting that it is the time span 7', not the number of

observations n, that is the effective sample size.
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3.5 Empirical Application

Here we examine the series-based F test in an application to interest rate data that are
available at multiple sampling frequencies. In particular, we revisit an application appearing in
Chang et al. (2021), which focuses on characterizing the co-movements of interest rates among
securities with different times to maturity. As discussed in Chang et al. (2021), the ability of
the U.S. Federal Reserve System (FED) to influence long-term interest rates via the short-term
Federal Funds Rate (FFR) was challenged during the Global Financial Crisis (GFC) of 2008
when the zero lower bound for the FFR was reached. This partially motivated the FED’s adoption
of non-conventional policies such as quantitative easing. To investigate the dynamics between
short and long rates within their linear hypothesis testing methodology, Chang et al. (2021) test
for “parallel shifts” among securities with varying maturities. Here, “parallel shifts” refers to
changes in the yields of securities with different maturities tending to be of the same size and
direction. Chang et al. (2021) regress 10-year U.S. Treasury bond (T-bond) yields on 3-month
Treasury bill (T-bill) yields and consider data before and after the GFC separately. The existence
of “parallel shifts” would imply a slope coefficient near one, and Chang et al. (2021) find that,
prior to the GFC, there is no strong evidence against the null hypothesis of a unit slope coefficient.
This is consistent with the view that the FED was able to successfully influence long rates via
short rate policies prior to the GFC.

This regression setting, detailed below, is useful for evaluating our testing procedure
because it is simple and allows for the consideration of several hypothesis tests of varying
theoretical credibility. For example, the additional null hypothesis that the intercept coefficient is
zero states that, on average, the yield spread is zero. If the yields of U.S. government securities
of different duration differ based on compensation for interest rate risks and the expectations of
future interest rates, we may expect to reject this hypothesis. Additionally, as the setting has been
analyzed in Chang et al. (2021), we may contrast our methodology and results with theirs. We

find that the conclusions stemming from the F tests are largely in line with those from the testing
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procedures of Chang et al. (2021). We observe, however, that the F test for one hypothesis test of
interest produces a less ambiguous result at the daily sampling frequency and also bypasses a
subjective modeling decision that can inflate one of the test statistics analyzed in Chang et al.
(2021).

The continuous-time regression of interest is given by
Y, =0+XB+U;,

where Y; is the yield (in percent) of 10-year T-bonds at time ¢ and X; is the yield of 3-month T-bills.
We observe {X;s}7 , and {Y;s}"_, at three fixed sampling interval lengths, &, corresponding
to daily, monthly, and quarterly frequencies. The number of observations n varies with 9§ as
each sample is derived from a fixed time span, but we do not complicate the notation here.
Recall, additionally, that the F test would be valid if applied to discrete time series under the
standard discrete-time assumptions. The two yield series of different maturities are available
from the Federal Reserve Economic Data (FRED) of the St. Louis FED. As in Chang et al.
(2021), we consider three null hypotheses independently of one another and we consider two
different sample windows. All hypothesis tests are performed twice, once utilizing data from
each sample window separately. The null hypotheses are HJ' : ov = 0, H(l)3 :B =1, and H(()x P
o =0 and B =1 jointly. The first sample window includes data from 1962 to 2007 while the
second contains observations from 2008 to 2019.

The two interest rate series plotted at the various sampling frequencies are presented in
Figure 1. In Table 1, we present the test statistics associated with the various null hypotheses
for each sample window. Test statistics titled “Series-F” refer to the F test described in Section
3.2 designed around the stationary regression setting. Those under the header “Kernel-x2” are
performed utilizing the kernel-based x? test of Chang et al. (2021) which they refer to as the
H-test. The %2 tests (i.e., H-tests) in Figure 1 are calculated using the Andrews (1991) bandwidth

procedure which is “high-frequency-compatible” as discussed in Chang et al. (2021) and utilizing
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the QS kernel. Rejection of a null hypothesis at the 5% level is indicated by “*”” and rejection
at the 1% level is indicated by “**”. P-values are included in brackets for testing the null of

“parallel shifts” Hg .
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Figure 1. 10-year Treasury bond and 3-month Treasury bill yields at the sampling frequencies
analyzed. A line at the beginning of 2008 demarcates the two sample windows.
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We can see from Table 1 that the results of the F tests are stable across all sampling
frequency choices. This is consistent with the theory developed earlier in the paper, namely that
the tests are valid for high-frequency observations over a long span and have direct counterparts
that are valid and familiar in the discrete-time setting when the sampling frequency is lower. For
the F tests, the statistical conclusions reached for each null hypothesis and sampling window
remain the same for each sampling frequency: all null hypotheses are rejected at the 1% level
except that we are unable to reject the “parallel shifts” hypothesis Hé3 at even the 5% significance
level in any frequency using data prior to the GFC. This evidence is consistent with the view that
the FED was able to control long rates via short-term policy rates prior to the GFC. Additionally,
there is evidence against the hypothesis of a zero average yield spread (HY, which is included in
Héx P ) before and after the GFC of 2008. This is consistent with the stylized fact that the yield
curve tends to be upward sloping. The results and conclusions of the F tests are thus in agreement
with the findings of Chang et al. (2021) where y2-based tests with “high-frequency compatible”
bandwidths are utilized. Note that their findings are mirrored by those for the kernel-based
% tests reported in Figure 1 which are computed according to their methodology. In contrast,
Chang et al. (2021) show that in this regression setting, tests that are not robust to the sampling
frequency or utilize a bandwidth choice that is not “high-frequency compatible” will reject Hg
at the daily frequency.

Lastly, we discuss some differences between the F test and the kernel-based y? test of
Chang et al. (2021) in this application that may be indicative of the benefits of the F test. First,
note that for the kernel-based y? test using pre-GFC observations at the daily sampling frequency,
the test statistic surpasses the critical value for a 5% test but not that of a 1% test. Chang et al.
(2021) choose to view this as failing to reject the null hypothesis, requiring that the test statistic
surpass the 1% critical value to take a more conservative stance. To this end, they note that the
nominal size may understate the empirical rejection probability as observed in their (and our)
simulations. On the other hand, the F test statistic here fails to surpass the critical value for a 5%

test, corresponding to a p-value of 0.0787. As seen in our simulations and discussed in relation
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to the fixed-smoothing literature in Subsection 3.4.1, the F test can result in tests with more
accurate size. This example may be a case where some ambiguity regarding test significance is

avoided.

Table 1. Test statistics computed with observations collected at different sampling frequencies.
Brackets contain p-values. Rejection of a null hypothesis at the 5% level is indicated by “*” and
rejection at the 1% level is indicated by “**”. p-values are included in brackets for testing the

null of “parallel shifts” Hg based on the pre-GFC observations.

Sample: 1962-2007

Sampling Freq. Daily Monthly Quarterly
Test Stat. Series-F  Kernel-x? | Series-F  Kernel-y? | Series-F  Kernel-y?
Hf 18.73**  22.10** 18.77**  20.74** 19.96** 19.93**
Hg 3.69 4.30* 342 3.67 3.07 3.15
[0.0787] [0.03801%] | [0.0874] [0.0553] | [0.1000] [0.0760]
Héx’ﬁ 17.75*  38.26** 18.97**  38.95** 21.26™  41.43*
Sample: 2008-2019
Sampling Freq. Daily Monthly Quarterly
Test Stat. Series-F  Kernel-)? | Series-F  Kernel-y? | Series-F  Kernel-y?
HY 87.19**  106.62** | 87.68"*  107.52** | 129.07** 124.77**
Hg 81.44*  32.29* | 81.59*"  27.48** 37.94* 20.38**
H(‘)x’ﬁ 46.25*  113.73** | 48.11""  116.19"* | 65.96**  127.73**

Another point of interest for the F test in this example is as follows. Some of the test
statistics considered in Chang et al. (2021) may require/allow the researcher to determine a
continuous-time modeling parameter that could influence the test statistic’s magnitude. Such
a test statistic utilizes a (kernel-based) LRV estimator that, when utilizing the discrete-time
counterpart LRV estimator, requires a “high-frequency compatible” bandwidth parameter b, in
order to produce a valid test. One choice they consider is their continuous-time rule of thumb
(CRT). This is given by

by = cn®/8'74,

where ¢ > 0 and 0 < a < 1. In contrast to discrete-time rules of thumb for kernel-based LRV

bandwidth parameters, there is now a division by 8! ~%. However, 8 depends on the unit of time
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that T is measured in, which may be subjective. Suppose we set ¢ = 2.3019 and a = 1/5 and
wish to test Hg with daily observations between 1962 and 2007. These choices for a and ¢
correspond to a guideline in Andrews (1991) for the QS kernel in a discrete-time setting when
considering an AR(1) process with coefficient 0.5. (The observation below also holds with
similar test statistics and p-values if we choose the alternative discrete-time rule of thumb choices
¢ =3/4 and a = 1/3, suggested in the undergraduate textbook Stock and Watson (2019); see
equation (16.17) there). If we assume 7 is measured in years, i.e., T = 46 years between 1962
and 2007, then & = 1/252 for about 252 trading days in a year. Alternatively, suppose we think
that 7 should be measured in months so that 7 = 552 months. Then we may set 6 = 1/21 for

roughly 21 trading days in a month. As we see below, this distinction changes the test conclusion.

Table 2. Test statistics computed with observations collected at a daily sampling frequency
during 1962-2007 for the “parallel shifts” hypothesis H(? . In addition to the test statistics from
earlier, additional kernel-based y? test statistics of Chang et al. (2021) are presented when
computed with the CRT using 6 = 1/252 and 6 = 1/21. Rejection of a null hypothesis at the 5%
level is indicated by “*” and rejection at the 1% level is indicated by “**”. p-values are included
in brackets.

13 32

Sample: 1962-2007, Daily Frequency
Stat. | Series-F  Kernel-y>-AD Kernel-y>-CRT, § = 1/252 Kernel-)>-CRT, § = 1/21

HP | 3.69 4.30* 4.46" 10.03*
0.0787]  [0.0380] [0.0347] [0.0015*]

Table 2 contains the test statistics computed from daily observations between 1962 and
2007 for the null hypothesis Hg . In addition to the test statistics considered earlier, it includes
two alternative calculations for the kernel-based y? test statistic, denoted by “Kernel-y2-CRT,
0 =1/252” and “Kernel-)2-CRT, § = 1/21.” These correspond to the choice of § described
above. The corresponding test statistics from Table 1 are also included. The kernel-based x>

test of Chang et al. (2021) reported earlier in Table 1 that is calculated utilizing the procedure of
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Andrews (1991) is now denoted “Kernel- xz—AD.” Note that, like the F test statistic, this version
of the test statistic does not feature a direct reliance on a user inputted 6. From Table 2, we
see that changing 6 from 1/252 to 1/21 increases the CRT-based test statistic to surpass the
critical value for a 1% test. If § is chosen too large, we get a bandwidth that is too small for a
continuous-time process that varies slowly at higher frequency observations. The effect is similar
to using a “high-frequency incompatible” bandwidth, a setting explored in Chang et al. (2021)
that leads to spurious tests with divergent test statistics. This example suggests that tests which
do not rely on a user choosing &, such as the F test or the test of Chang et al. (2021) that utilizes
the Andrews (1991) bandwidth procedure, may be more robust against debatable modeling
decisions that could impact statistical significance. In addition to potential size-accuracy benefits,
the F test adds to the available tests with this feature, and only one such test is discussed in

Chang et al. (2021).

3.6 Conclusion

This paper provides a simple approach to linear hypothesis testing that is robust to the
potential continuity of the underlying data generating processes. The test procedures demonstrate
reduced size distortion in finite samples relative to existing approaches and can accommodate
endogeneity in cointegration-type regressions. From a practical point of view, the tests have sev-
eral desirable characteristics. Their direct correspondence to analogous discrete-time procedures
clears the practitioner from modeling choices that could influence test results. Additionally, the
limiting distributions do not need any complicated simulations to derive critical values as some
discrete-time fixed-b approaches require; the tests rely only on standard F-distributions. In the
cointegrating regression setting with exogeneous regressors, more accurate tests are delivered
while maintaining greater generality with regard to the limiting behavior of the regressor process.
Lastly, in the working paper version (Pellatt and Sun (2022)) of this paper, we have shown that

our asymptotic F theory remains valid in the presence of additive measurement noises in the
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regressor error.

Chapter 3, in full, is a reprint of the material as it appears in Asymptotic F Test in
Regressions With Observations Collected at High Frequency Over Long Span 2022. Pellatt,
Daniel F.; Sun, Yixiao, Journal of Econometrics, 2022. Minor adjustments around the referencing
and title of an appendix have been made to integrate the format with that of this dissertation. The

dissertation author is a primary author of this material.
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Figure 2. Empirical sizes in the stationary simulation setting when X; follows an OU process
and (x;,, ky) are multiplied by factors of 4, 1 and 1/4.
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Figure 3. Empirical sizes in the stationary simulation setting when X; follows an SR process and

(%u, k) are multiplied by factors of 4, 1, and 1 /4.
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Figure 4. Empirical sizes in the nonstationary simulation setting when k,, is multiplied by factors
of4and 1.
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Figure 5. Empirical sizes in the nonstationary simulation setting when &, is multiplied by 1/4.
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Figure 6. Size-adjusted powers in the stationary setting when X; is distributed according to the
OU process described in Section 3.4
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Appendices

3.A Appendix of Proofs for Chapter 3

Proof of Lemma 3.2.1. We start by writing

1 (Tt 1 & o t
7/0 (Pj(?)tht—Ti_z‘i/(i_l)é(])j(T)Z,dt, 3.17)
and
1 & i 1 & i—1 o
;;‘PJ (n>zz—7;5¢j( " )Z(i—1)6+7[¢j(1)ZT—¢j(0)Zo}
1 i—
== 5¢( )Zi_ +0 sup [|Z] |-
7 &80 (= ) Zane p< Sup 1]
So,

Nl—= N =
M= 1P

~.

_|_
N =
M-
|
~

i . - 5
/(' 18 {(Pj <_) — 9 (l n )] Z(i-1)sdt + Op (7 sup HZH) :

t€[0,T]
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Using

12~ Zys| < |12 -

st X Az

(i—-1)6<r<t
and Assumptions 3.2.1 and 3.2.2, we have
1 & [id t
L), H¢ <—> 2= 2-al
=1 (i— 1)
ll’l
<7 sup |25~z de + Z / Jo (7)) X iazear
i=17(i=1)8 IIf—TH<5 (z 1)6<1<id
n
=) [, s 7=z ZHAZcH max [05(7)
i=17((=1)8 || 7-1||<85
=0, (857 (2)) +0,(8).

In addition, for some i* € (i — 1, 1]

dt

QERIC o

<—if51¢-f\v-|w
“T&=Ji-nsn T\ 'n (i-1)s

1)
< max — su y4 — su Z
< ma |6, (- Al s Iz = (T P | tn>

1€[0,7] tef0,7

where @; (+) is the first order derivative of ¢; (-) . Therefore

1 ; (n) Zi— T / % thl‘ (AS,T (Z) +; sup HZ[“ + 5) = OP (65,T (Z)) .

t€[0,T]

Proof of Lemma 3.2.2. We have shown that /T (fp — B) = VT (Bc — B) + op(1). But

VT (Be—B) = { / XX dt} B {%/OTXIUtdt] = 5102w, (1),
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using Assumptions 3.2.3 and 3.2.4. Hence VT (fp — B) = S~'QY/2w, (1).
For the second part of the lemma, we use the first part of the lemma and Lemma 3.2.1 to

obtain

: y i / 1
’ = ;) Xili + A( ,5) ;‘P} <;) xixl..Op (ﬁ)
1 n . 1 n ) /
:A(ILS);‘PJ i)quz‘i‘_l_Zl(Pj (i)xixi'op(l)

where we have used A (n,8)+/T = n, Assumption 3.2.3, and Assumption 3.2.5(1). Under

Assumption 3.2.4, we then have

L o (DNeaosa e,
A(n,8) izl‘l’f (n) Xiltj = £ /0 0 (r)dWq(r)

for each j =1,2,...,K. The joint convergence over j = 1,2,..., K holds by the Cramér—Wold

theorem. m

Proof of Lemma 3.3.1. Part (a). We first consider n~!/2W*A;!. Let g, : D?[0,1] — D90, 1] be
defined by

a0 =37 (1) 1{re]|

i—1 i
— H1{r=1}.
¥ S b=
If the functions f,, € D¢ [0, 1] are such that f,, — f for a continuous function f, then the continuity
of ¢; in Assumption 3.2.2 implies that ¢; (-) £, (:) — ¢; (-) £ () in D?[0,1] and ¢; () () is

a continuous function. It follows from the basic properties of the Skorokhod topology that

gn(9jf) — 0,f. Using the weak convergence Ay X7, = X° (r) in Assumption 3.3.2 and the
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extended continuous mapping theorem (c.f. Theorem 1.11.1 of van der Vaart and Wellner (1996)),
we have g,(9;(t) (A7'Xr/)) = ¢;(t)X°(¢), t € [0,1]. Combining this with the continuous

mapping theorem, we have

1 ] 1 ]
\/ﬁ lWx Z(Pj ( )A X;i = Z Z(P] (é) A;IX,-(S

i=1

1
= /0 0 (r)X°(r)dr:=n;.

S|~

This holds jointly for j = 1,...,K and therefore,

1
%WXA;l =1. (3.18)

Next, under Assumption 3.3.1, Lemma 3.2.1 holds with Z; = Uy;. Hence,
V& i 1 & i
Uy __ . _ , — _ . _
-Gl
f/ 6 () Vot + 0, (1).

LetS, =T"1/2 fé Uyp,dr fort € (0,T] and Sy = 0. Using the continuous mapping theorem and

integration by parts, we obtain, jointly for j =1,... K,

T
\/Swgfoz/o 07 (%) ds;+o, (1)
= [ 0508140 (1) = 0,107~ 03 0)0— [ 165 (r)r +0y (1)
= 000 (1) Wo(1) — u; (0) Wo(0) — o /0 83 (r) Wo(r)dr
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where the weak convergence follows from Assumption 3.3.2. Therefore,
VW = v, (3.19)

The joint convergence of A;IXT, and 7-1/2 fOT’ Uo,dr in Assumption 3.3.2 yields that
(3.18) and (3.19) hold jointly, i.e., (n~'/2W*AL! V/EW™®) = (n,v).
Part (b). We write

WY = W* B + W + g W (3.20)

where
. 1 & i
WOC:( (lxa-..awlo(t)/WlthW?:%Zq)j(ﬁ)'
i=1

Note that for each j =1,...,K we have
1 & N _\/_l ! (i
ko)t ()
:\/ﬁ(/olqy(r)dmo(%)):0<in>:o(1).

Therefore,

WY = W By + W +0,(1). (3.21)

It then follows that
Brows = (WYW*) ™! (WY [W By + W™ + 0, (1)]), (3.22)

and so

Brows — Bo = (W¥W¥) ™" (WY [WH 0, (1)]) .
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By Part (a) and Assumption 3.3.3, we then have

VT Az [BTOLS - ﬁo}
= n'2Ar V'S [BTOLS - Bo]
= |(n2ar) " (o) (n2ar) (w2ar) VB 140y (1)
= (')~ ('v).
| ]

Proof of Theorem 3.3.1. By definition, W = Wy — W ﬁTOLS. Using (3.21) and (3.22), we then

have

W = W By + WH0 + 0, (1) — WX (WHWS) ™ W [W*Bg -+ WH0 4 0,, (1)]

_ []IK — W (WX’W")_IWX’] (W + 0, (1)). (3.23)

Hence, by Lemma 3.3.1(1),

562 = %\/S(W”O +o, (1)) []IK — W (W) W’“} V& (W +0,(1))
1

= —V'Myv.
K
where My = Ix —n(n'n)~'n’. Using Lemma 3.3.1(ii), we have, under Ho,

VTAr(RBros —r) = (ArRA; )VT AT (Brows — Bo) = Re (n'n) B (n'v)
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and

nA7! [R(Ww) R AT

:nA}l {Rnl/zATl |:<WXAT1n1/2> WXAT1n1/2:| (Rnl/zA;l) } A;l
/ -1 -

= R (n'n) 'R

Therefore,

1 . I RS T
Frors = ?(RﬁTOLS —r) [R (WwW) IR/} (RBrors—r)/p
0

1 1 R -
=~ (RBrows—r)'VTA
péég( ﬁTOLS r) T

X n/~\¥1 [R (WX'WX) - Rl} B ;\;1 x VTAr (RBTOLS =)

k RO v) (R ) R) T [Rem) Y]

é J—
P vV'Myv
-1
k9 (R(nm) 'R 0
== TR , (3.24)
n 0

where O = R.(n'n)~'n’v/0y. Now, conditional on 7,

0 (R. (n’n)lRé)1 0L 2 and VMyv/o3 £ x2_,.

Additionally, conditional on 7, My, v and n’v are independent, as both My Vv and 1’v are normal

and the conditional covariance is

cov(Myv,n'v) =Myn =0.
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Thus, conditional on 7, the numerator and the denominator in (3.24) are independent chi-squared
variates. This implies that

k€ (R R) 0k ¢ (R)R) 0p,

- 4 F,x_
p VIMy v/ G2 K—d vMyv/[c2(K—d)] K—d "1

conditional on 7. But the conditional distribution does not depend on the conditioning variable

7, so it is also the unconditional distribution. This proves the second statement of the theorem. m

Proof of Theorem 3.3.2. Part (a): Setting Ay = \/T1; and X° (r) = B, (r) we can proceed nearly

identically to the proof of Lemma 3.3.1(a) to obtain that
(nT) V2 W, 812w | = (1, v).

It remains to show that 8!/2WA¥ = & jointly with the above convergence. The joint convergence
holds by the Cramér—Wold theorem. It remains to prove the marginal convergence & 1/2yyhx E.

We have

i=1 1/11
1 (i 1
— Lo ()T e g (1) T
n i=1 .
LIS )
+0, | == ; T2 X0 ). (3.25)

Using the continuous mapping theorem and Assumption 3.3.4, we have

n_l’ET_l/z HXi'TH - /01 1B, ()| dr
i=1
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and hence the last term in (3.25) is of order O, (1/n) = 0, (1) . Therefore, using integration by

parts,

5!/ 2w

1n71

A - 1\ .
= Y4, (;>T 1/2X£T+¢j(1)T V2%r — ¢; (;)T 12Xy +0,(1)
i=1

- _ 01 ¢;(r)By(r)dr+ ¢;(1)By(1) — ¢;(0)B,(0)
1

= | 9;j(r)dBy(r) =§;.

0

This holds jointly for j = 1,...,K so that §!1/2WA* = &
Part (b). Following the same argument as in the proof Theorem 3.3.1, we can ignore the
intercept. To simplify the notation, we assume from the outset that there is no intercept in the

model so that

WY = W*By + W,

Given this, we have

Bo PHGYE Gy pyAr Py Yo
0 WAXIWX WAX/WAX WAX/WMO
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Recall that Y7 = diag (T1;,1;). Using Part (a) and noting that §'/2 /T = (nT)fl/z, we have

v | Po
9=
0
- i -1
X\ Wyx XTI AX xIgwuo S1/2
_ | s/t (W) W W r-is12|  y=lg1/2 Wrwes!/
- T = - = T T -
(WAX)/WX PyApyAx WA pyuo §1/2
j -1
(nT) " 2WIWE (nT) T2 ()R W WA S (nT) 2 W pyo §1/2
B 51/2W8xwx(nT>*l/2 S1/2yyAvyyAxg1/2 S1/2yyhvyyuo §1/2
-1
nn n'¢ n'v
&n &'¢ &'v

Plugging v = 0y.,V + £ ) into the above limit, we have
—1 -1
. Bo n'n n'¢ n'é n'n n'¢ n'v
Y7 | V- = 6o + 0o.x

0 &'n &'¢ &' §'n &'¢ §'v

0
- +004(£'C) LV,
0o

That is, Y7 (7= %) = 060 (£'¢) "' {'. The first block of this result is T(BraoLs — o) =

—1 -
Cox (N'Men)  N'MeV.
Part (c). First, it follows from Part (b) that under H,

T(RﬁTAOLS — I’) = RT(I%TAOLS — ﬁ()) = Op.xR (T[’Mgn)_l T]/Méf/. (3.26)
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Next,

S(Wuo‘x)/Wuo‘x
— SwHo’ [1 —W(WW)~! W’} o

-1 —

= (VEW)y’ {1— (W8'/2r7") | (We' /vyt (We! 17y | (W(Sl/ZY;l)’] VW

=V (1-¢(80) ¢ ) v=cd V' (1-£(¢'0) &) v = o3, ¥'M; v,

Hence,

R P
565, = E5(W 0x ) Wuox = EG&XV’MCV. (3.27)

Combining (3.26) and (3.27), we have

FraoLs
1 A _ -1 A
= 52 (RBraos —r)’ [R (W5, W) IR/] (RBraoLs —r)/p
1 N _ o _ . A
= 567 (KT (Braovs — B {RI(nT) ™ WMa, W (nT) "I 'R’} 'RT (Braovs — Po)
0-x
R(n'Mgn) ' n'M, VHR( '™ )IR’}I R(n'Mgn) ' n'Mgv]/
_ em) MM nMen nMegn) nMe 4

VMV /K

where Q = R(n’ Me n)~'n’ M¢ V. Following the argument similar to that in the proof of Theorem

3.3.1, we can then show that Fpraors = K_LZd Fpg_2q-®
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3.B Supplementary Appendix for Chapter 3

In this appendix, we develop an MSE-optimal rule for choosing K. Part of our theoretical
analysis is the high-frequency continuous-time counterparts of Phillips (2005), which develops a
rule for choosing K in LRV estimation for a fully observed discrete-time process. We allow for
more general basis functions while Phillips (2005) considers only sine and cosine basis functions.
Thus, even for usual discrete-time processes, our theoretical development goes beyond Phillips

(2005).

3.B.1 MSE-optimal Choice of K

To abstract away the technical issues that will not affect the practical implementation of

the proposed rule, we define the infeasible variance estimator as in the main text:

ool

Q* is infeasible because u; is not observed. We choose K to minimize the asymptotic MSE of

~+E |5

Q*. We could alternatively follow Andrews (1991) to find the approximate and truncated MSE
of the feasible estimator & and use it to guide the choice of K. These two approaches will lead to

the same formula for the MSE-optimal K. Here we opt for the simpler approach.
Assumption 3.B.1 The following hold:

(i)

®2
var [vec(Q*)] = var [vec (QUZ {/ ¢; (r)dWy (r )] Ql/z) (140(1))

as T — oo for both a fixed K and a growing K (i.e., K — ).

(ii) Let Txy (7) = E (X;UUs—cX/_;) . For some 1 > 0, there exists positive constants C\
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and Cy such that
ITxu ()| < Cy forall T and ||Txy (7)|| < Crv~ Y forall 1] > Cs.

(iii) SY3=" .| (k8)"Txy (k&) — [17T"T'xy (T)dT = O(8) for m = 0,2.
(iv) For some constant C > 0, Sup jc (g SUp,c[, ] Max {|9;(r)|,19;(r)|/j} < C where ¢;
is the first order derivative of ¢j and [K| :={1,...,K}.

(v) IfK — o0 as T — oo, then, for some constant cy > 7 0,

1 K1
/ ¢J ¢j ]:C¢,27

where ¢ j is the second order derivative of ¢;.

lim
K—o0

Assumption 3.B.1(i) is a high-level assumption. When K is fixed and Assumptions

3.2.1-3.2.5 hold,
®2
QO ;»91/21 [/ ¢; (r de(ﬂ Q2.

So Assumption 3.B.1(i) says that the limit of the exact finite sample variance of Vec(fz*) is equal
to the variance of its limiting distribution, namely the asymptotic variance. From a theoretical
point of view, this is plausible if we have enough moment conditions. Alternatively, we simply
use the asymptotic variance in place of the exact finite sample variance to obtain an approximate
MSE. This is, in fact, a typical approach for smoothing parameter choice in a nonparametric
setting when the exact finite sample variance is difficult, if not impossible, to obtain. For both a
fixed K and a growing K, we can show that an assumption similar to Assumption 2.3(b) in Lu
and Park (2019), Assumption 3.2.2, and Assumptions 3.B.1(ii)-(iv) are sufficient for Assumption
3.B.1(i). The details and proof are given in the supplementary appendix.

Assumption 3.B.1(ii) imposes that the covariance ||[I'xy ()| is bounded above and

decays to zero at a certain rate. The assumption ensures that § Y5 (k8)*||Txy (k6)|| < oo
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and [~ 12 ||Txy (7)|| < o (see the proof Theorem 3.B.1). The summability condition can be
regarded as the continuous counterpart of the integrability condition. These conditions are often
imposed directly in the literature. For the latter condition, see, for example, Assumption 2.2 in
Lu and Park (2019) (pp. 239).

Assumption 3.B.1(iii) assumes that the discrete sum is a good approximation to the

integral. Note that

T
o Z FXU k5) / TmFXU (T)d‘L’
-T

k=—n—+1

n—1
-y [ /k e [(k8)"Txy (k&) — T"T'xy (r)]dr} +0(9)

k=—n+1 Y

= [ v max M5+0(1)

0.
fe o 1E[RS, (K+1)8] ot

Therefore, Assumption 3.B.1(iii) holds if 6 Y.~ " | MaX; k5, (k+1)8] ’ M

<o
Assumptions 3.B.1(iv) and (v) contain some additional mild conditions on the basis
functions. The assumptions are satisfied for the sine and cosine basis functions (i.e., Fourier

bases) given in (3.3). For this set of Fourier bases, we have
$2j1(r) = —V2(2mj)* cos (2mjr) and $a;(r) = —V2 (27j)*sin (2 jir) for j=1,...,K/2,

and hence

1 &1
c¢2_—th32 /¢J r)g;(r

1 K/247r2
:]y_rgoﬁ L [/ 2sin (27 r) dr+/ 2cos (2mjr) d]
= lim _1%’247[ —/1/ antlax ="
K—o K 0

For a kernel function & (-) with Parzen exponent ¢, the asymptotic bias of the kernel LRV
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estimator depends on the “Parzen parameter” ¢y , defined by

The parameter ¢y > in Assumption 3.B.1(v) plays the same role in series LRV estimation as ¢y 4
does in kernel LRV estimation. Here, the assumptions imposed on the basis functions ensure that
the resulting series LRV estimator is analogous to a kernel LRV estimator with a second-order
kernel (i.e., its Parzen exponent ¢ is equal to 2). There are other sets of basis functions such as
Legendre polynomials that deliver series LRV estimators with asymptotic properties similar to
the kernel LRV estimators based on a first-order kernel (e.g., the Bartlett kernel). See Lazarus
et al. (2018) for more discussion. Hwang and Sun (2018) discusses why the set of Legendre

polynomials may not be a good choice. We focus on second-order series LRV estimators in this

paper.

Theorem 3.B.1 Let Assumption 3.B.1 hold.

a) Under Assumption 3.B.1(i), as T — oo, the variance of Q* satisfies
(a) p

var [vec(Q*)] = % (Q®Q)([Ip+Kag) (1+0(1)),

where 1 > is the d? x d? identity matrix and Ky is the d* x d*> commutation matrix.

(b) Under Assumptions 3.B.1(ii)—(v), as T — oo and K — oo, the bias of Q* satisfies

. K? K? logn)? 1
E(.Q* —.Q.) = —C¢72—Bz+0 (—) +0 <6+ ( Ogn) +_> )

T2 T2 T2 T

where

B2:/ Tyy (1)dT.
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(¢) Under Assumptions 3.B.1(ii)—(iv), as T — oo for a fixed K, the bias of Q* satisfies

2
E(f).)‘< —.Q) = —1C¢’1Bl “+o0 (l) +0 (6+ (logn) +l> ,

T T T2 n

where

(o)

K L1070+ 070 anaBi = [ et (s)a

| =

C¢71 = C¢71 (K) =

—o00

When K — o« and T — oo, the variance and bias expressions are similar to those in
the case with discrete-time data. Their interpretations are also similar. For example, when
X,U, is positively autocorrelated such that Ty (7) > 0 for all 7, then B, > 0 and Q* is biased
downward. This is analogous to the discrete-time case. Note that the dominating bias is equal
to —c¢K2T_ZBz instead of —c¢K2n_2Bz. The latter can be shown to be the dominating bias
in the usual discrete-time case for a fixed time interval (e.g., § = 1) with n observations. A
takeaway from this comparison is that the effective sample size of a high-frequency sample (i.e.,
0 — 0) from a continuous-time process is the time span 7 instead of the number of observations
n over this time span. When we use the effective sample size T in the bias expression, the
asymptotic bias depends only on B, which is an intrinsic feature of the continuous-time process.
In particular, the asymptotic bias does not depend on 8. This may appear counter-intuitive. We
may argue that the process becomes more persistent for a smaller 0, and so we expect a larger
absolute bias for a smaller 8. Such an argument is valid if we represent the asymptotic bias in
terms of n, namely —cy (Kzrfz) (823’2) . Smaller & indeed leads to a larger bias for a given n,
but n becomes larger for a smaller 6. The net effect is that the asymptotic bias depends on the
effective sample size T but not n or J separately.

Define®

MSE(Q*) = E [vec(Q* — Q)'vec(Q* — Q)]

It is possible to weigh different elements of vec(f)* — Q) differently by defining
MSE(Q") = E [vec(Q* — Q) # vec(Q* — Q)]

for some matrix % . Here we have implicitly chosen % to be an identity matrix.
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which is the mean square error of Vec(fl*). It follows from Theorems 3.B.1 (i) and (ii) that

MSE(Q*)
1, ) K*
=tur[{QeQ} (L2 +Kyq)] x TCoavec (By) vec(B3) T3

1 Kk* ,  (logn)* 1
+0(E+F)+0<6+ -t |

Ignoring the terms that will be shown to be of a smaller order and optimizing MSE(Q*) over K,

we obtain the formula’

K=k (Q,By)' P15, (3.28)

where

K(QBy) = (”HQ@Q} Ly +Kd")]> .

4cé.2vec [B]' vec[B)]

When K = K(Q,Bz)l/s T*/3, the first two terms in MSE(Q*) are of order T~%/°. To

ensure the terms that we ignore are indeed of a smaller order, we require that

4
2 (logn) 1 —4/5
8+ i+ 5 =o (T 7).
If we set 8 = O(T "), then we require 7 to be large enough. Such a requirement is compatible
with the sufficient conditions for Assumption 3.2.5(i).

In the case of usual discrete time series data with a fixed sampling time interval and n

observations, the optimal choice of K is given by

Kp = k(Qp, Bop)' P n*/?, (3.29)

"Given that K is an integer, we should round K (Q,B;) 15 4/5 up to the next integer and use it as K. We ignore
this for the theoretical analysis but implement it in the simulation study.
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where
tri{Qp@Qp} (12 +Kyy)]
4c¢.zvec [Bap)' vec [Bap]

K (Qp,Bap) :=

The formula is the same as that in (3.28) but with 7" replaced by n. See, for example, Phillips
(2005). In the above, Qp and B;p are the discrete analogues of Q and B,. If we use the formula
for K in (3.29) and set K = cn*/> for some constant ¢ > 0, then we obtain a sub-optimal rate
of K for the high-frequency data with a shrinking sample interval (i.e., § — 0). The choice of
K = cn*/3 is too large for high-frequency data. For this type of data, the neighboring observations
are highly correlated, and a smaller K is desired.

Now suppose we pretend that {z; = x;u; };_, is a discrete-time process with a fixed time
interval (e.g., 6 = 1) and n observations, and we use a parametric AR(1) plug-in approach to

implement (3.29). As in the main text, we fit an AR(1) model to each component z; ; of z; :

Zij = Pjzi—1,jtegfor j=12,....d

with the AR parameter and error variance estimated by

A LiioZijZi-1,j 162 — L . 2
pi="n 2 — andG; Z %ij = Pjzi-1,j)"-
i=2%i— 1,j i=2
We then compute
d p26t \ (a4 g
Fa-p)") \F0-p)
and let
Rp =&} n*/5. (3.30)

The above data-driven choice does not require the value of &, and hence we do not
need to pin down the unit of time in measuring the sampling intervals. Whether the length of
the sampling intervals is measured in seconds, hours, days, or months does not affect how we

compute Kp. The value of K is invariant to the unit of time, and an applied researcher does not
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have to choose a unit of time.

The question is whether the so-obtained K is of the optimal order T'4/° with probability
approaching one. On the surface, the answer is no, as Kp is apparently of order n*/5. However,
under the AR(1) plug-in implementation, Kp is not a fixed constant. In fact, following Chang

et al. (2021) (Lemma 4.2), we can show thatas § — 0 and T — oo,
pj=1-c1;6+0,(6) and 6]2 =2j6+0,(6)

for some constants ¢;; > 0 and ¢z > 0. Essentially, {z,-7 j} is a highly persistent process with the
autocorrelation approaching unity at the rate of 8. The smaller 0 is, the higher the autocorre-
lation is. As 0 — 0, {z,-./ j} 1s effectively a near unit root process with the innovation variance

proportional to the sampling interval 0. Plugging the above results into Kp yields

As aresult,

With probability approaching one, the rate of Kp is the same as the optimal rate of T4/5. So the
AR(1) plug-in implementation leads to a rate-optimal choice of K. Chang et al. (2021) call this
feature of the AR(1) plug-in implementation high-frequency compatible.

It should be noted that in the discrete-time setting it is typical to truncate the AR estimator

262



at 0.97. See footnote 8 of Andrews (1991). Here, we should not follow this practice, as we rely
on the convergence of 1 — p; to zero at the rate of 6 to achieve the high-frequency compatibility.
Had we truncated the initial AR estimator at 0.97 or any fixed number less than 1, kp would be
bounded away from zero with probability approaching one. As a result, Kp would be of order
n*/5 and we would lose the high-frequency compatibility. Computationally, without truncating
the initial AR estimator, we may have 1 — p; = 0 and encounter the “divided by zero” problem.
To avoid this, we can truncate the AR estimator so that 1 — p; is larger than the machine epsilon.
In practice, {u;}"_, is of course not observed, so Kp in (3.30) is computed utilizing {2; = x;; }_,
where #; = y; —x§[§D.

Note that the high-frequency compatible rate of K is of order 7%/, which is smaller
than n*/5 by an order of magnitude. So, when 7 is small, K may be small too, and the fixed-K
asymptotics may be more accurate.

The above MSE-optimal choice of K is obtained under the rate assumption that K — oo
but at a slower rate than 7. The so-obtained choice rule in (3.28) satisfies the rate assumption.
One may wonder whether we can obtain an MSE-optimal choice of K under the “fixed-K”
assumption that K is held fixed. The answer is no. Under the fixed-K asymptotics, Theorem
3.B.1 shows that the variance of Q* is proportional to 1/K and the squared-bias is proportional
to 1/T2. To minimize the dominating terms in the MSE, we would make K as large as possible.
Such an approach would then drive K to infinity and make it incompatible with the “fixed-K”
assumption to begin with. As an example, consider the case when d = 1 and the Fourier basis

functions in (3.3) are used. By Theorem 3.B.1 (i) and (iii), the dominating terms in the MSE are

1 2
B+ 202
2o Tt

ascy (K)=11 ):5-(: | [q)jz (1)+ q)} (0)| = 1. It is now clear that there is no fixed-value of K that

minimizes the above: any fixed value of K is dominated by a larger value.

The above analysis shows that only the large-K asymptotic framework is theoretically
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coherent with an asymptotically optimal choice of K. Such an optimal choice of K is seemingly
incompatible with the distributional approximation obtained under the fixed-K asymptotic theory.
This is not the case, and we provide a justification here. Let €y, (p,K) be the (1 — a)-quantile of

the fixed-K asymptotic distribution of Fr, that is

K
Pr (K_—WFPK—HI > G (PJQ) =a.

Note that K/(K+p —1)Fp k—p11 = x[%/p as K — oo. Letting K — oo in the above equation and

using the dominated convergence theorem, we obtain

Pr (i3 /p> Jim 6 (p.6)) = o.

This shows that limg_,. 6y (p,K) = )(;’a /p, where X;,a is the (1 — or)-quantile of the chi-
squared distribution X;%- Therefore, under the large K asymptotics, @y, (p,K) is an asymptotically
valid critical value, even though it is based on the fixed-K asymptotic distribution. In the literature
on the fixed-smoothing asymptotics for discrete-time data with a fixed &, it has been proved that
for the location models and linear regression models, critical values based on the fixed-smoothing
asymptotic distribution (i.e., K is fixed for series LRV estimation) are second-order correct under
the increasing-smoothing asymptotics (i.e., K — o). See, for example, Sun (2013) for the case
with series LRV estimation and Sun (2014a) and Sun et al. (2008) for the case with kernel LRV

estimation.
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3.B.2 Proof of Theorem 3.B.1

Part (a): For notational simplicity, we assume that Q!/2 is symmetric. Note that

var

il & “2 1/2
vec [ Q KZ { A q)j(r)de(r)] Q

K ®2
(QI/Z®Q1/2 Vec(Z /(])J de(r)} )]

j=1

. ®2
vec (j; /¢)j de(r)} )

(Ql/2®91/2) (Lp +Kag) <Q1/2®Q1/2>

(Ql/z ®Q1/2 Var

e w

(Ql/z ®Ql/2> (Ql/z 2 Ql/2> (ILp + Kya)

(QRQ)(1x+Kyg).

wwm

Hence, under Assumption 3.B.1(i), we have

var [vec(Q)] = %(Q@Q) (Lp+Kyg) (140(1)).

Part (b): Before computing the bias when T — o« and K — o, we first show that

0¥ ko™ ||Txy (k)| < oo for m = 0,1,2. Using Assumption 3.B.1(ii), we have

8 ), k8" |Txy (k&) =8 ). [k8|"|Txu (k8)[+8 )  [k8|"|Txu (k)|

Ik[<n kS|<C Cy<[kd|<n

<8 Y carci+cs Y kS| (ks)"CTY
k§|<C> Cy<|kd|<n

—ais- Zraen e Y e
C2<|k5‘<n
C2> 1—(3—m+1)

<205+ €8m0 <§

=2yl +cr-o (6 ) o).
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Sowehave Y7 |kS|" |I'xy (kd)|| < eo. By the same argument, Assumption 3.B.1(ii) implies
thatf |’L" HFXU(TW <o form=0,1,2.
Next, we compute the bias of Q* when T — e and K — co. Denote E [(x;u;) (xour)'] =

Iy, (i — ). Note that
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where

By, =EQ* —Q
1 K n—1 k
k25 L [0 () Jrat s T ruc
j=1 k=—n+1 k=—n+1
:%ln‘iﬂ%bn
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For %,,,, we use Assumption 3.B.1(iii) with m = 0 to obtain

n—1 n—1
PBow=08 Y Tulk)—Q=86 Y Txy(kd)-

k——n—H k=—n+1
1
=90 Z I'xy (k6) / I'xu ( )dT—I—O( )
k=—n+1

1
~owrro(s).
where the O (T_z) term holds because under Assumption 3.B.1(ii),

H/ZFXU (T)d’L'—/TTFXU (t)dt

:H/ilﬂﬂZTwandfSaéfiﬁlﬂﬂZTMmemwf

| B e 1
Sﬁ/_OOTZHFXU(T)HdTZO(ﬁ>'

‘ < jC in Assumption 3.B.1(iv):

For %4,,, we have, using SUp,c(o,1] |¢J (r)
o= ifisiesfo(i)o (i)

1 n

,—,;{ resg<teso(g)o (i)
1+g1 j
/ (r) ¢, (r— )dr+0<£)

= wj(€)+0(£)7

@jn

7

uniformly over j =1,2,...,K and ¢ € [—1, 1] where

min(1+4g,1)
wi(0)= | 0;(r) 6 (r =) dr

max(0,¢)
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Note that @; (0) = 1. Then we have, as n — oo,

Lys T [on (X )
P O (_) _1} Co (k
Kj:l k=—n+1 L 7\ n
1 K n—1 r (k) 7 n—1 1 K ]
—-Vs o (5) = 1|Tw (k) + 6 — 0(-> r
KJ; k_—Zn'H 7 \n J k=1 | K ; n
1 K n—1 k b
225 ¥ fo(8)1|ruweo(5)s T irwes)
j=1 k=—n+11L . k=—n+1
O ey
K& Sl \n I n
n
Where,%ln—KZ 152,(7_”“[ i (%) —1] T (k).
Now,
. 1f = k
Fn-L1vs [m(—)—l] Lo ()
Ko S "\n
P lfw(k) 1]r (k) + 5 Ly o
= — i\ = xu T J
njogn<ki<n—1 | K /217 \n K <nTtogn | K =1
:@ll,n‘l‘@u,n
where
N K k
%11’,1:5 20)]' (—)—1 qu(k)
n/logn<|k|<n—1 = n
1 & rk ko’
<5 ¥ —Zw-(—)—l‘( ) I )
n/logn<|k|<n—1 j= "\n n/logn
logn\~ 1 R
(") L |s £ worira sl

L k=—o0

-0 (aoﬁz”)z)
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and

>

_% 5 Y @(S —1}qu(k)

J=1 |k|<n/logn L

Y o )—1]qu(k5)
|k|<n/logn -
k
n

R
—
N

N

|

|
x| =
.
i

M~ 1M~
[e7] (o7
:M :
L
S

Y @;(0)|6 Y  kéIxy (ko)

Jj=1 1 |k<n/logn

ys ¥ [o(5)]eorrwes

1

K

K1 5 K

- TZFZIEW(O)SH Z/l (k3) FxU(ka)(1+o(1))+0<n6Eij(o)>
= <n/logn

2 K B i
— % (% Z %COJ (0)> (/ T'xy (T)d’c) (1+0(1))+0 (%é Z ; (())) ,
Given that @; () = fgl ¢j(r)¢;(r—¢)dr, we have

;i (g)=—9;(g /¢J ‘PJ”Q

1
@;(5) = —6;(5) 9 (0)+ 9 (5) 6; (0 +/g 0, rqij(r—g)dr:/g 0, (1) 6; (r—g)dr.

So

;(0) = —02(0) 5 [07 (1)~ 07 (0)] = —5 [07 (1) + 07 0)].

- [(06 (ar
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Therefore, under Assumptions 3.B.1(iv) and (v), we have

%Z":sz): ~0;(008 Y (k8)*T'xy (k5)
|k|<n/logn

I]i ( 52 1/ ¢ (r ¢J )dr>/ ZFXU( )dT(1+0(1))+0(%)

_ —ﬁ% /_OOTZFXU(T)dT(l +o(1))+0 (%)

as K — o and T — oo.
Combining the above results yields the asymptotic bias formula for the case where K — oo

and T — oo,

Part (c): As in the proof of Part (b), we have

A ~ K 1 lo
‘@n:E<Q*)—QZ=Blz,n+O( +6+ﬁ+( 7%”)>7

where
. 1 & k
@127,,:E25 Z w;| — —1 FXU(ké).
=1 |k|<n/logn n
For the rest of the proof, we use arguments different from that for Part (b). Using @; (0) = 1 and

®;(0) = —3 [¢JZ (1) +¢JZ (0)} , we have

1

gglln = E

iyt

5 ) {wj(g)—l}rm(ks)

|k|<n/logn

5 Y {w,(g)k} Txy (kS)

1 |k|<n/logn

S| =

T

==

[5 Y [k8]Txy (k8) +0(1)

k=—oc

Oolr—*

[l
> —
™=

(o)

l
K
< Z ¢J +¢J( )])/ TFXU(T)dT(I—f—O(l)).

—00

J
11
2

N -
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Therefore,

3.B.3 Sufficient conditions for Assumption 3.B.1(i)

We now provide sufficient conditions for Assumption 3.B.1(i). For notational simplicity,
we consider the case that v; = x;u; is a scalar. The vector case requires only additional matrix
algebra. The underlying continuous time process is V; = X;U;. Let v* = (v],...,v};) be a zero-
mean Gaussian sequence with the same covariance as v = (vy,...,v,). Then the fourth-order

cumulant &, 4 (¢1,02,03,04) of {v;}"_, is defined to be

* % * *
K (01,02,03,08) = E (ve,ve 10,00 103V 40,) — E (ViVE 40,V 103VE40,) -

We need the following assumption.

Assumption 3.B.2 (i) v; is fourth-order stationary with covariance T, (k) = E (vjv;_y) and
fourth-order cumulant x4 ({1,02,03,44); (ii) there is a constant C that does not depend on 8 or
n such that
n—1 n—1 n—1
33 Z Z Z }KV74(0,£1,62,£3)| <C.

li=—n+1l=—n+1{l3=—n+1

Assumption 3.B.2(ii) is the discrete analogue of its continuous counterpart

T T T
/ / / Kv.4 ((), r,nr, I’3)dr1dl’2dl”3 < oo,
-TJ-TJ-T

where Ky 4 is the fourth order cumulant of {V;}. The above condition is the same as Assumption

2.3(b) in Lu and Park (2019).
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Proposition 3.B.1 Let Assumptions 3.2.2, 3.B.1(ii)-(iv), and 3.B.2 hold. If K* = o(n) and
K=0(T),thenas § - 0and T — oo,

RO ()

for both a fixed K and a growing K (i.e., K — o), that is, Assumption 3.B.1(i) holds.

®2

Ly :%292(1%(1))

var(Q*) =var{ — Z

K =

Proof of Proposition 3.B.1. In the following, we write 25'(1 12 jh=13s Y. j..j, When there is no

possibility of confusion. All results in this proof hold for both a fixed K and large K unless stated

otherwise. We have

R 1 &
Q) = —
var(Q*) = var X ;

n ; 2
o) ]

1 i i I
= AR L Y 00005 (20,205, 4 (v, — Evivi) (i, — Bvig)
) J1,J2 11,12,13,14
L _yry Y LYY Bb g (20,2
= E i ( ¢ ) )
KZA(nva)zjl,jz i1=1ki=ij—nibr=1ky=ir—n . . . . h

X (Vil Vij—ky — Evilviﬁlq) (Vizviszz - Evizviszz) .

Let

oo (i k1K) = 03, 012005 101 (2), 05 i) = 95, ()0, (D),

Ha (i17i27k17k2) = E(vi1vi17klvizvi27k2)7 .uzlk (i17i27k15k2) =F (v;'kl V;'kl klv vlz kz)

Recall that v* = (v],...,v}) is a zero-mean Gaussian sequence with the same covariance as
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v=(v1,...,vn). We have

wy (ir,iz, k1, ko)
_E( Viy 1*1 k1v Vlz kz)
)E(le 12 k2>+E( )E<v;k1 kl 12 k2)+E( l1 12 k2)E(V;'k1—k1v;'k2)

=E (vilvilfkl)E (Vizviszz) +E (Vilviz)E (Viﬁklvl'z*kz) +E (Vil Viz*kz)E (Viﬁk]"iz) .

—E<

Viy l1 —k1

By definition, py4 (i1,i2,k1,k2) — py (i1,i2,k1,k2) = K4 (i1, —k1,i2 —i1,ip —ky —i1) . So

Var(Q*)
n i1—1 n ip—1
4 Y Y X 0 (it —kiia,in — ko) Ka (i1, —ki,in — iy i — ko — i)
KZA J1.j2i1=1lk=ii—nip=1k=ir—n
n i1—1 n ih—1
Y Z Z Z Z Z ¢J1 15202 l17l1 k17l27l2_k2) (Vzlvzz) (Vilfklvl'szz)
KA(I’I,5) J1,pi1=lk=ij—nir=1k=ip—n
1 n i1—1 n ir—1
KA (1 SV Z Z Z Z q)flvfl J252 ll’ll ky,ia,ip — k2) (Vi|vi2—k2)E(vi1—k1viz)
KZA(H,(S Jiyjpii=lk=ij—nir=1lk=ir—n
=L+bL+1.

Using }q)h,h,jz,jz (i1,i2,k1 ,k2)| < C for some constant C, which holds under Assumption

273



3.2.2, we obtain

4|

ip—1 n  ip—1

n
4 Z Z Z Z ‘(pjl’jujz,jz(ilai27k1>k2)‘|Kv,4(i1,—k1,i2—i1,i2—kz—il)]

Juiii=1ki=iy—nir=lk=i—n

i—1 n ir—1

n
422 Y Y Y Ixalin,—kiia—iria—ka—iy)

Ju2ii=1ky=ij—ni=1k=ir—n

(
C
A (n,
C i1—1 i1—1 i1+0—1
> 4 )y Y X Y Ik (0,—ki — itk — 201,00 — ky — 2i1)
K A( Jisj2it=
2

1=i1—nli=ii—nky=i1+{,—n
n—1

1k
n—1 n—1
( Y Y Y !xv,4<o,el,£z,é3)|)

ly=—n+1l=—n+1l=—n+1

A( Jisj2
0 1
= T ,

where we have used Assumption 3.B.2.

It remains to consider /; and I3. Using change of variables repeatedly, we have

n l]l n l21

L= 422 Z Z Z ¢JlJl>J2>j2 i1,i1 — klylzylz—kz)

2
KA Jui2ii=lki=ii—niy=1ky=ip—n

x I, (iz—il)rv(iz—il - (kz—kl))
n i1—1 n ir—1

42 Z Z Z Z Bjy.jo (11,12) @)y g (1 — k1,12 — ka)

K2A J1rpi1=1ki=ii—nix=1ky=ip—n
xTy (i —i)Ty (i — i1 — (ko — k1))
n i1—n i1—1 i1—i—1
> 4 Z Z Z Z Z q)]l,]z (ll i1 — )¢j17jz (il_kl’il_i_kz)
K A J1.j2i1=li=ij—1ki=ij—nky=i1—i—n

xIy (=) Iy (—i— (ko — k1))

noii—1 2
A o) )y {Z Y ¢jl,j2<i1,i1—i>rv<i>}

2 . | A
KA Ji,j2 Lii=1li=ii—n

P RO

274



For any ¢ € [0, 1], define

& 1 i i ;

" _%J 2 [1_—Zn+lwhd27 ( >F O]z’

Under Assumptions 3.2.2 and 3.B.1(iv), we have

Then

l =1
min(1+4g¢,1)

= ¢, (r) ), (r—¢)dr+

max(0,6)
max (ji,J
= wj1>j2 (g)+0< _(nl 2)) 9

@jy,jon ( Zl{ +g<—<1—|—§}¢11<
0

uniformly over jj, j» € [K]. That is, there exists a constant C not dependent on jj, jo, G, or
K such that |@j, j, (§) — @}, j. (6)| < C(j1 + j2) /n. We can choose C large enough so that

SUPjii jag |wj1 2 (g)‘ < C. Hence, for

2
52 .
by = K2 [ Z @j, (‘) Iy (i )] )
Ji,j2 Li=—n+1

we have

[ 52 max (i1 i a1
L=5L1+0 %Z( a (]lﬂJZ)) Z |Fv(i)|]

n
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as TK?/n?> = 0(1). In the above, we have used 52?:__1”+1 [Ty (i)| < oo, which holds under
Assumption 3.B.1(ii).

Note that under Assumptions 3.2.2 and 3.B.1(iv), we have

®;, j, (0) =1{j1 = ja},

@5, (6) =—9¢;,(5) 9, (0 / ¢, (r ‘sz r—g)dr.

where @}, j, (0) = 1{ji = j»}, which follows from the orthonormality of {¢;} . So,

sup |@j,., (6)] <Cja
J1:J256

for some constant C > 0.
Using the above expressions of the derivatives and taking a Taylor expansion, we have,

for i* (i) € [0, 1],

2
52 ] .
by = e Z Z Wy, jo (_) Iy (i)
j1712 Li=—n+1
52 ! O ?
= ﬁ Z Z r 1{]1 _]2}+ Z a)j1,]2 - _Fv(l)
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where we have used § Y7~ ! 41110, (i)] < oo, which holds under Assumption 3.B.1(ii).

Now under Assumption 3.B.1(iii) with m = 0 and Assumption 3.B.1(ii), we have
n—1 n—1
§ )Y Li)=6 ) TIv(@s)—Q.
i=—n+1 i=—n+1

Therefore, we have proved that , = Q/K (14 0(1)). Similar arguments can be invoked to show
that I3 = Q/K (1+0/(1)). Details are omitted here. Combining the results for /1, >, and I3 yields
the desired result: var(Q*) =2Q2/K (1+0(1)). =
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