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PREPARED FOR SUBMISSION TO JHEP

Non-Perturbative Effects in u — e~y

Wouter Dekens,® Elizabeth E. Jenkins,” Aneesh V. Manohar,® Peter Stoffer®!

@ Department of Physics, University of California at San Diego, 9500 Gilman Drive,
La Jolla, CA 92093-0519, USA
E-mail: wdekens@ucsd.edu, ejenkins@ucsd.edu, amanohar@ucsd. edu,
pstoffer@ucsd.edu

ABSTRACT: We compute the non-perturbative contribution of semileptonic tensor operators
(Got q)(gau,,f) to the purely leptonic process u — ey and to the electric and magnetic dipole
moments of charged leptons by matching onto chiral perturbation theory at low energies.
This matching procedure has been used extensively to study semileptonic and leptonic weak
decays of hadrons. In this paper, we apply it to observables that contain no strongly interacting
external particles. The non-perturbative contribution to 1 — e processes is used to extract the
best current bound on lepton-flavor-violating semileptonic tensor operators, Aggn 2 450 TeV.
We briefly discuss how the same method applies to dark-matter interactions.
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1 Introduction
The branching ratio for the purely leptonic decay p — ey has the current upper bound
BR(u — ey) <42 x 1071, (1.1)

determined by the MEG collaboration [1, 2|. In the Standard Model (SM) including flavor-
changing Majorana neutrino masses, the decay rate is suppressed by (m, /My )* ~ 10748
so the result Eq. (1.1) provides strong constraints on u — e transitions due to new physics
beyond the Standard Model (BSM). The effect of new physics at energies above the muon
mass can be described by an effective field theory, and the leading operators that contribute
to p — ey are the dipole operators!

L = Leyero" pr Fpy + LeyTip 0" er F, +h.c. (1.2)
e e

These dimension-five operators result in a decay width

m3
I —ey) = 4—7? (‘LSZ‘Q + |LZZ‘2> +0(m?), (1.3)

!We use the conventions of Refs. [3, 4. Other commonly used normalization conventions include factors
of e and/or m,.



so Eq. (1.1) places the limit

/|ng|2 + |LZZ|2 <3.7x 107 Tev 1. (1.4)

If one assumes that new physics consists of particles with masses well above the electro-
weak scale, the Standard Model Effective Field Theory (SMEFT) provides an adequate de-
scription of BSM effects [5, 6]. At the weak scale, the SMEFT is matched to the low-energy
effective field theory (LEFT) [3, 4]. In such a scenario, the dimension-five dipole operators in
Eq. (1.2) derive from dimension-six dipole operators in the SMEFT, so their coefficients are
of the same size as those of the other dimension-six operators. In this paper, we will consider
the case where L., is formally of order 1/ A2BSM’ and of the same size as other dimension-six
operators. In many BSM models, the dipole operators are typically induced with a coefficient
L, ~ em,/A%q, and so the limit Eq. (1.4) is equivalent to Aggy > 930 TeV.

The operators in the low-energy effective theory below the weak scale have been classified

Y

in Ref. [3]. We can calculate the decay rate p — ey in terms of LEFT operators renormalized
at a scale p ~ 2GeV at which perturbation theory is still valid. The heavy quarks can be
integrated out of the theory, so the low-energy effective theory contains three dynamical light
quark flavors, ¢ = u, d, s.

In addition to dipole operators such as Eq. (1.2), LEFT has dimension-six ¢*, ¢4, ¢?¢2,
and G® operators, where ¢, ¢, and G are quark, lepton, and gluon fields. The ¢* and ¢*¢?
operators contribute to lepton-flavor-violating processes such as y — ey. The ¢4 operators
contribute to 1 — e via a perturbative loop graph giving L., ~ emy / (167r2)L£4, where L, is
a typical £* operator coefficient. In this paper, we compute the non-perturbative contribution
of semileptonic ¢2¢? operators to the purely leptonic process ju — e, and show that these are
of order L., ~ e(F2) Ax)Lq2 42, where Ay ~ 47 F is the scale of chiral symmetry breaking [7].
These contributions are significant, and the limit Eq. (1.1) on the p — ey branching ratio
puts interesting limits on semileptonic tensor operators.

The constraints of lepton-flavor-violating processes such as p — ey and u — 3e on the
Wilson coefficients of both SMEFT and LEFT have attracted a lot of attention in connec-
tion with perturbative effects [8-11], while the non-perturbative effects due to lepton-flavor-
violating quark operators have been studied mainly in reactions involving hadrons as external
states [12-19]. In our analysis, we consider non-perturbative contributions to y — e, a decay
that has no strongly interacting external particles.

Within the LEFT, the perturbative renormalization-group equations can be used to com-
pute the running and mixing of operators from the weak scale down to the hadronic scale
around ~ 2GeV. Below this scale, non-perturbative QCD effects are present and must be
included. At low energies, the interactions of the lightest hadrons are described by chiral
perturbation theory (xPT) [20-22]. In order to express the low-energy constants of yPT in
terms of the LEFT parameters, a non-perturbative matching has to be performed, either using
lattice QCD or phenomenological input. In this paper, we study the matching of semileptonic
q*0? operators onto YPT operators that contribute to processes with no hadrons.



(ZL)(LL) (ZL)(RR) (ZR)(ZR) + h.c.

OVEL Y (erpyters)(Urwyuure) ORI (Erpy ery)(trwyuure) O (eLpeR7)(ULwURt)
OV | ey er) (drwypdre) — OL | Ly ers)(druwrudre) O (erpers)(dL
OXéLR (@rpy*urr)(€RuwYuert) OerRR (eLpoery)(u wquuRt)
O,‘;QLR (drpy"drr)(EpuwYuenrt) OCTCQRR (eLpo™ err)(drwowdre)
(RR)(RR) (LR)(RL) + h.c.
OV:ERI (erpy*err) (URwYutRt) OZ,RL (Erperr)(URwULL)
o) (erpverr)(druwYudrt) oSRL (erperr)(drwdrt)

Table 1. Semileptonic LEFT operators involving a charged-lepton bilinear and a quark bilinear.

2 Matching the LEFT to chiral perturbation theory

If we consider the leptonic sector of the LEFT, at leading order in the electromagnetic cou-
pling, the quark dipole operators, the ¢*, and G operators only affect the hadronic vacuum
polarization function. The most interesting non-perturbative effect on the lepton sector is
given by semileptonic ¢?¢? operators. We consider the subset of LEFT operators involving a
charged-lepton bilinear and a quark bilinear [3], shown in Table 1.

Quark operators in the LEFT Lagrangian can be matched onto operators in the chiral
Lagrangian, as long as the momentum transfer is well below A,. Such a matching has been
extensively used in hadronic weak decays (e.g. see Ref. [23]). The results for scalar and
vector quark bilinears can be obtained from the usual yPT Lagrangian including external
sources |21, 22|. The extension to tensor sources has been derived in Ref. [24].

We quickly remind the reader of the construction of the chiral Lagrangian with external
sources. The massless QCD Lagrangian is supplemented by quark bilinears according to

L= LY + Lext = LOGD + ary"luar + Gry"ruqr + GLSqr + qrSTar
+ q_LO—MVt/u/qR + QRUMVtLVQL 9 (21)

where ¢ = (u,d, s)7 is the three-component column vector of the light quarks and the external
sources 1y, l,, S, and t,, are 3 X 3 matrices in flavor space.? By promoting the sources to
spurion fields transforming under chiral rotations, one obtains a QCD Lagrangian which is
formally invariant under chiral symmetry, and one then constructs the most general chiral

2Compared with the notation in Ref. [24], we use t,, — tLU since the LEFT basis uses qr.o*" qr operators.
The usual xPT scalar source is x = —2BoST.



Lagrangian based on this chiral symmetry involving the spurion source fields and the matrix

U(z) = exp (z Wl(?x)) , m(x) = N7 (x), Tr(AAP) =267, (2.2)
0

transforming as U — RULT under chiral SU(3) x SU(3) rotations. In the above equations,
the matrix 7(z) is defined in terms of the eight Goldstone boson fields 7%(x), a = 1,--- ,8, the
Gell-Mann matrices A%, and the pion decay constant in the chiral limit, Fj. Green functions
of quark bilinears are computed with the chiral Lagrangian via functional derivatives with
respect to the sources. Finally, the spurion sources are fixed to the physical values including
the contribution of the semileptonic LEFT operators.

Since the semileptonic LEFT contributions to the sources include a factor 1/v? with
v ~ 246 GeV, we are only interested in terms linear in the LEFT sources: quadratic terms
are of the same size as dimension-eight contributions in the LEFT and can be neglected.
This applies to weak SM contributions to the LEFT coefficients and even more so to BSM
contributions suppressed by 1/ A%SM' Therefore, we explicitly split the LEFT contribution to
the spurions

S S+ S, Ty Ty Ty, lu’_”u+l~w tuw =t + (2.3)
and only consider linear terms in the LEFT contribution, which are given e.g. by

~ *
Suu = L% (eprer,) + Lo e ery) . (2.4)

pruu pruu
The usual spurions are fixed in the end to their physical values (in our sign convention the
QED covariant derivative is given by D, = 0, + ieQA,):
S — —MJ, = —eQA,, L= —eQA,, tu — 0, (2.5)

where M, = diag(m,, mg4, ms) is the light-quark mass matrix. Note that terms proportional
to G induced by the SM weak interaction are included in ZNM.

At order p* in the chiral counting,® the matching is easily computed from the chiral
Lagrangian by shifting sources as in Eq. (2.3), and amounts to the following replacement rules
for the LEFT quark bilinears.

Scalar:

aLSar — —2Bo BF@(SU} + Ly(D,U'D*UY(SU) + Ls(SUD,U'D*U)
+2L6(Utx + XTUY(SU) — 2L{(UTy — xTUSU) + 2Ls(SUX'U)

. H2<5x>] Louh). (2.6)

3We will treat the LEFT sources formally as the same order in chiral counting as the usual chiral sources,

S~ p?, Ty ~ D, l~# ~ Dy Ly ~ p?, so that the equations can easily be compared with the YPT literature.



Vector:

TRy Tuar — %F&(f”DHUUT ) + 4iL(D, U DU (7D, UU") + 4iLo( DU DU )(7,D,UUT)
+2iLs( (U7, DU — DMUYR,U ) DU DU + 2iLa (7 D, UUT) (U + XTU)
+ils( (UT@D“U _ D“UT@U) Uty +x0))

+ Ly [—(qug”D,,UUD —{(F UDUTFRY + (7, D, UF}YUT) + (fMUFg”Dwa
— iLy(7#"D" (D, UD,U" — D,UD,U") + 2L1o(7, D, (UF}*U"))
+4H, (7, D, F}y’) + € terms + O(p°) , (2.7)

where we have omitted O(p?) terms involving €, from the odd-intrinsic-parity (anomalous)
sector [25-28|.
Tensor:

qLo" tuwar — MG (UFY + FRVU)) + ik (8 D, UUTD,U) + O(p%). (2.8)

Here ng = Oyry — Oyry, — i[ry, ry] and similarly for FI" with r, — [,, By and L; are the
usual non-perturbative low-energy constants (LECs) that enter the chiral Lagrangian to order
p? and p?, and A1 are analogous parameters for tensor sources studied in Ref. [24]. The
matching of §rSTqr and chtLVqL is given by the Hermitian conjugates of Egs. (2.6), (2.8),
and the one of qrl*y,qr by v,y — 1, U < Ut x & x in Eq. (2.7). When computing matrix
elements to order p?, one has to include the contribution from one-loop diagrams with p?
vertices and tree graphs with p* vertices, as usual in YPT.

The operators on the Lh.s. of Egs. (2.6), (2.7), and (2.8) are renormalized at a scale
at which perturbation theory is still valid. While the combination x = —2ByST and the
LECs L; are independent of the perturbative scale p 21|, the LECs By and A; are scale
dependent |21, 24]. They connect the perturbative scale p with low-energy hadron dynamics.

We can now match ¢2¢? operators in LEFT onto the chiral Lagrangian. Quarks and
leptons do not interact if electromagnetic effects are turned off, so we can directly get the

matching to lowest order in « from Egs. (2.6)—(2.8). For example, the LEFT operators

OTé§R = (éLpr/eRr)(aLwJuyuRt)v OTégR = (éLpr/eRr)(JLw JquRt) (29)
prwt prwt

are matched onto

OTRE 5 Ay (erpo™ ery ) (UF + FE'U)p
prwt

+iAy(€rpo™ e, ) (D UUT DU )y + O(p°) (2.10)

in xPT, where Aj o are the same as in Eq. (2.8) up to corrections of order . Since we are
matching onto yPT, Eq. (2.10) can be used for lepton flavors p,r = e, u, and quark flavors
w,t = u,d,s. Similarly, using Eq. (2.6), the matching of the scalar operators

= (eLperr)(ULwure), 0% = (erpens) (drwdre), (2.11)

prwt prwt

S,RR
O



is given by

1
OSé{I%R — —2By(erperr) [ZFO?UW + L4<DMUTDMU>Utw + Ls(UD,UTDFU )y
prwt

+2L(UTx + X"U)ro = 2L7(UTx = XTU) Vs + 2L (UX'U)

+ H2th:| +0(°). (2.12)

The matching of OfﬁRL, (’)fc’lRL is given by a similar expression with the hadronic part in
Eq. (2.12) replaced by its hermitian conjugate.

At order a, the ¢?¢? operators can no longer be treated as the product of quark and lepton
bilinears: e.g. the matching of the tensor operator Eq. (2.9) includes operators such as those
in Eq. (2.12) where the leptonic part is a Lorentz scalar, since both operators transform as
(3,3) under chiral SU(3) x SU(3).

We want to study the effect of g2/ operators on 1 — e7y. The matrix element (v(p, €)|S]0)
of a scalar operator to a physical photon vanishes due to Lorentz and gauge invariance. The
matrix element (7y(p, €)|V#|0) of a vector operator to a physical photon has the form

(v(p,€)[V*|0) = A(p?) [p"(p - €) — p°e"] (2.13)

by gauge invariance, and so vanishes for an on-shell photon. Eq. (2.13) has the structure of a
penguin amplitude, and does contribute if the virtual photon is attached to external fermion
lines, as in u — 3e. The lowest-order version of this argument is a consequence of Eq. (2.6)
with U = 1 having no F),, term, and Eq. (2.7) with U = 1 being proportional to 0" F),,. The
absence of a one-photon matrix element for scalar and vector operators holds to all orders in
the chiral expansion, but to lowest order in «, since photon exchange between the quark and
lepton bilinears can change the Lorentz structure of the bilinears.

Ignoring QED corrections, which can mix Lorentz structure, the only LEFT operators
that contribute to p — e are tensor operators, which can have a non-zero hadronic matrix
element to an on-shell photon:

(éLpr/eRr)((jLU/WqR) — —2Qqe A (éLpr/eRr)F/W + O(p6) , q=u,d,s (2.14)

where F# is the photon field-strength tensor. To study the impact of Eq. (2.14), we need the
value of the non-perturbative parameter A;. Naive dimensional analysis (NDA) |7, 29| gives
the estimate

F? Ay
Al ~ CTA—X = CT 167‘1’2 (215)

with ¢r of order one. Here F; = 92.3(1) MeV is the physical pion decay constant [30], and
Fy = F; to lowest order in the chiral expansion. Eq. (2.15) is the size one would expect from
the graph in Fig. 1 where the loop integral is estimated using the scale A,. The model estimate
of Ref. [31] gives ¢ ~ —3.2. If we use the lattice input from Ref. [32] for the pion tensor



Figure 1. The matrix element (y|go"¥¢|0).

charge and relate A; and Ay by vector-meson saturation [33], we obtain ¢y ~ —1.0(2), where
the error is due to uncertainties in the vector couplings Fy and Gy and does not include
model uncertainties. Similar estimates can be obtained from [34, 35|]. From Eq. (2.14) we
obtain the low-energy matching condition

F2 |2
§Ley = eop—= | SLTHR 4 LT RR_ 4 TRR (2.16)
eH AX 3 e,udd 3 e,uss 3 epuu

for the additional non-perturbative contribution to the dipole operator, where the LEFT
coefficients LZ:I’RR are evaluated at a low scale p ~ 2 GeV, and cr(p) is computed from tensor
operators renormalized at the same scale. Note that in (2.16), the p dependence due to as

corrections cancels in the product of the LEC ¢ and the tensor operator coefficients.

3 Constraints on electromagnetic dipole interactions

3.1 Lepton-flavor-violating processes

For notational simplicity, we define

LT _gLTRR+3LTRR—§LTRR, LZeZ§LTRR+3LTRR—§LTRR, (31)
epdd euss epu pedd ness peuvu

which contribute to u — ey using Eq. (2.16). Eq. (1.4) gives the bound
1/2
7| (\LGTH Pk, 2) <1.65 x 1075 TeV 2, (3.2)

using Eq. (2.16) as the only contribution to the dipole operator, which translates to Aggy >
ler|Y% 250 TeV & 450 TeV, using |cp| = 3.2.

In Table 2, we collect the constraints on the dipole and tensor operator coefficients at
the hadronic scale p = 2GeV. Apart from the above constraints from p — ey, the same
tensor operators contribute to i — e conversion in nuclei. Due to their Lorentz structure
these operators induce spin-dependent p — e amplitudes, and do not directly contribute to
the A%-enhanced spin-independent rate. However, these interactions do indirectly induce a
spin-independent amplitude through their contribution to the dipole operators in Eq. (2.16).*

4Tt should be noted that the spin-dependent contributions in principle contribute at a similar level as
the spin-independent ones induced through the dipole operators. Furthermore, there are additional non-
perturbative contributions as discussed in footnote °. Here we simply take the contributions arising from the
dipole operators as an estimate.



As a result, we can compare the limits on the tensor operators from py — ey and p — e
conversion, the resulting bounds from the latter are shown in the last two rows of Table 2.
Here we used the expressions of Refs. [11, 36|, which are collected in App. A, together with
the current and projected experimental constraints [37-40]

Br(Au) <7x 1071,  Br(Al) <107 (projected), (3.3)

and employed the same hadronic and nuclear input as Ref. [11|. The constraints in Table 2
are derived by turning on a single operator at a time at the scale p = 2GeV. In this scenario,
the current constraints from p — ey are stronger than the constraints from u — e conversion,
while the projected bounds are comparable. Note, however, that in a realistic BSM scenario,
there is no reason to believe that only a single operator is present at the hadronic scale and
in general the constraints have to be applied to the linear combination L., + dL, .
In a second step, we consider the constraints on the operator coefficients at the scale
u = My by taking into account the renormalization-group equations (RGEs) discussed in
App. B. Detailed analyses of these RGEs have been presented in Refs. [10, 11, 13, 19, 41-43].
We evaluate the bounds from 1 — ey and p — e conversion by turning on single operators at
a time at the scale p = Myy. These constraints almost directly translate to limits on operators
in the SMEFT, using the tree-level matching [4],
L;@&RR _ _C(l)

lequ >’

[T.RR _ _ B

lequ *

(3.4)

In the case of the tensor operators, the running and mixing from g = My down to p =
2 GeV leads to a combination of two effects at the hadronic scale: on the one hand, the
tensor operators contribute to the effective dipole operators through non-perturbative effects as
discussed in Sect. 2, leading to a contribution proportional to ¢p. On the other hand, the RGE
mixing induces perturbative contributions to the coefficients of the dipole operators which are
independent of c¢p. Therefore, the bounds on g — ey constrain the linear combinations
of terms proportional of ¢p and independent of ¢y as shown in the upper half of Table 3.
Assuming ¢ = O(1), the non-perturbative contribution dominates for the couplings to up
and down quarks, while it is expected to be of the same order of magnitude as the perturbative
term for the strange-quark couplings.

In the case of p — e conversion, the RGEs have more important consequences: the tensor
operator coefficients also mix into the coefficients of semileptonic scalar operators Liﬁ]j [3, 11].
As discussed in Ref. [43], these mixing effects from p = My down to u = 2GeV turn out
to be large and give a significant contribution to the spin-independent amplitude.? As in the
case of u — e, the bounds on u — e conversion constrain a combination of the couplings at

5 In principle there are additional contributions to the spin-independent amplitude that also appear at
O(e?/(4m)?). Firstly, a spin-independent (NN)(jie) interaction can be induced in the chiral Lagrangian by
the combination of the tensor operator with two electromagnetic currents. In addition, there are chiral loops
involving photon exchange around the leading-order spin-dependent (N N)(fie) interaction that is generated
by Lz(iif. As these contributions involve unknown LECs we neglect them here and use the RGE-induced
contribution as an estimate of the full amplitude.



T T T
uw=2GeV Ley crL éﬁR crL égR crL édRR
CH cHun epdd ejss

(¢) Br(p—ey)<42x1071 | 3.7x1071 1.2x107° 25x107°5 25x107°
(e) Br(p—ey)S4x107M | 1.1x1071" 38x107% 7.6x107% 7.6x107°

(¢c) Br(Au) <7x10713 7.6 x1071% 2.6 x107* 51x107* 5.1x107*
(e) Br(Al) <1x10716 11x 107" 3.7x1070 74x1076 74x10°°

Table 2. Current (c) and expected (e) limits from p — ey and p — e conversion experiments on the
coefficients of the dipole and tensor operators at the scale y = 2 GeV. The limits are given in units

of TeV~2 for the tensor operators, while those for Le~ are in units of TeV~!. They constrain the
ep

absolute values of the given coefficients and also apply for L., and cTLTclf;”R.
ne neqq

1= My that are independent of ¢ and a non-perturbative contribution proportional to cr.
Due to the large mixing into scalar operators, the non-perturbative pieces are negligible for
the couplings to the up and down quarks, while they contribute at the O(10%) level for the
strange-quark couplings, as shown in the lower half of Table 3.

Note that the current constraints from @ — e conversion are of the same order of magni-
tude as the limits from p — e, if we use the model estimate ¢ =~ —3. In this case, the p — e
conversion limits are somewhat stronger for the couplings involving the up and down quarks,
while the strange-quark couplings are more stringently constrained by the py — ey limit. It
should be mentioned that these comparisons are currently rather uncertain due to the fact
that only NDA and model estimates exist for ¢p. In addition, the two observables depend
on different linear combinations of the tensor interactions. In particular, the combination of
couplings that enters y1 — ey only depends on the quark charges, while the spin-independent
p — e conversion rate also involves the matrix elements (N|gg|N). This implies that the
two observables are complementary probes, as one would generally expect BSM physics to
generate multiple operators in the LEFT.

3.2 Constraints on flavor-diagonal dipole moments

Analogously to the y — ey operators in Eq. (2.16), flavor-diagonal dipole operators can be

induced by L:’;’f R, Lj;’f’R, and LZ’f’R. These dipole couplings subsequently contribute to the

luu lidd llss
anomalous magnetic moments of the leptons, Aqa; through their real parts, while the imaginary

parts induce electric dipole moments (EDMs), d,

Agj = -4 Re Ley,  dy= —2Tm Ley,
(& 1l 1



1= My Les (cr — 0.07)LTHR (er —0.15) LR (cr —3.1)LTHR
e cpun epdd epss
(¢) Br(p—ey)<42x10713 | 3.8x 10711 1.4 % 107° 2.8 x 1077 2.8 x 1077
() Br(p—ey)<4x107 | 1.2x1071 4.4 %1076 8.8 x 1076 8.8 x 1076
Ler (1+5x 10 3er) LT (145 x 1073er) LT (14 0.1er) LT HR
ep epuy epdd epnss
(¢) Br(Au) <7x 1071 7.9 x 10710 1.6 x 1076 3.0 x 1076 7.0 x 107°
(e) Br(Al)<1x 10716 1.1x 10711 2.0 x 1078 4.0x10°% 8.9 x 1077

Table 3. Current (c) and expected (e) limits from p — ey and p — e conversion experiments on the
coefficients of the dipole and tensor operators at the scale y = My,. The first and fourth rows indicate
the combinations of Wilson coefficients and the LEC ¢ that are constrained by each observable. The
limits are given in units of TeV~2 for the tensor operators, while those for Le are in units of TeV 1.

en
The linear combinations (1 +5 x 1073¢y) etc. differ by about 10% between Au and Al.

where Aa; = q —alSM. With the most recent measurement of the fine-structure constant [44] a
tension of 2.40 between SM prediction [45] and measurement [46] of the anomalous magnetic
moment of the electron is observed:

Aa, = —0.88(36) x 10712, (3.5)

In the case of the muon, there is a long-standing discrepancy of 3-40 between the experi-
mental value [47] and the SM prediction, which consists of QED [45], electroweak [48|, and
hadronic [49-55] contributions:5

Aa, = 2.64(0.63)(0.46) x 1077 (3.6)
Assuming Gaussian distributions, we translate these values to bounds

|Aae| <1.34 x 10712, CL =90%,
|Aa,| <3.64x 1077, CL=90%, (3.7)

which imply limits on the tensor operators due to the induced dipole interactions. Assuming
LZT’RR =1/ A2BSM and considering only the contribution of a single operator at p = My, we
obtain Agsm 2 5—7TeV for the tensor couplings to the electron, while for those to the muon
we find Aggy = 1-2TeV. However, these constraints are not competitive with current LHC
limits, which, in the case of LTéfR, find Apgm 2 12 TeV [70, 71].

eeuu

SA broad effort is being made to corroborate and reduce the hadronic uncertainties in the vacuum-
polarization [56-61] and light-by-light-scattering contributions [62-69] using lattice QCD and dispersion rela-
tions.

,10,



The CP-odd parts of the dipole moments can be constrained by EDM measurements,
which, in the case of the muon |72] and tau [73| do not lead to significant limits. The electron
EDM is more relevant and is currently most stringently constrained by the recently improved
measurements on the paramagnetic ThO molecule [747 |. This system receives contributions
from the electron EDM as well as from scalar interactions between electrons and nucleons [75—
77)

de

A
10~27¢ cm

WTHO = [(120.6 +4.9) ( > + (181.6 £ 7.3) x 107 (A < Cs

C’ép) + uC'(n)>} mrad/s,

cfr =t | (U0 ) 0 3T (g )|
N My, eeuu eeuu d—d.s T Mg eeqq eeqq

where fg]])\, are the scalar couplings of the nucleons for which we use the results of Refs. |78,

79]. The tensor operators thus contribute to wrpo non-perturbatively via d., while RGE

contributions arise through both d. and Cs (see App. B for details).” In terms of the couplings

at u = My we have

w
O — T | (16 + 4.0 er) LT — (8.0 + 2.0 ep) LT 4 (5.7 — 2.0 e7) LT 7| 5 108 TeV?,
mrad/s eeuu eedd eess

showing that the non-perturbative contributions are of similar size as those induced through
the RGEs. Using the experimental upper bound, wrho < 1.3 mrad/s |? |, we obtain Apsym 2
5 x 103 TeV and Apsy = 3 x 102 TeV for the couplings to up and down quarks, respectively,
while for the interaction with strange quarks we have Aggy 2 10% TeV.

The EDM of Mercury receives direct contributions from tensor interactions as it is a
diamagnetic system. Following the analysis of [80] for the atomic [81] and hadronic [82] input
and using the current experimental constraint [83, 84| leads to somewhat stronger constraints
on the up and down quark couplings. In particular, for the coupling to the up (down) quark,
the mercury EDM leads to Apsm = 6(12) x 103 TeV, while it gives rise to a weaker limit
on the coupling to the strange quark, Apgy = 2 x 103 TeV. This implies that although the
tensor interactions contribute to the mercury EDM directly, the contributions to paramagnetic

molecular systems can be significant, in particular in the case of strange-quark couplings.

3.3 Comment on dark-matter interactions

A very similar situation to the semileptonic tensor operators arises in the context of dark-
matter interactions. For dark matter consisting of weakly interacting massive particles that
couple to SM particles only through a heavy mediator, an effective field theory can be used to

" Analogous to the case of ;1 — e conversion, there are additional contributions that appear at the same
order, O(e?/(4m)?). These consist of a spin-independent, (N N)(2e) interaction that is induced by the combina-
tion of the tensor operator with two electromagnetic currents, as well as chiral loops involving photon exchange
around the leading-order spin-dependent (N N)(&e) interaction. We again neglect these contributions and use
the RGE-induced contribution as an estimate.
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describe the dark matter interaction with SM particles [85-88]. Under the assumption that
the dark matter particles carry a conserved quantum number, the dark matter fields always
appear in bilinears and give rise to operators that are similar to those in the LEFT. For
example, at dimension five the dipole operators

L8 = Oy \pF, + hc. (3.8)

arise, where y denotes the dark matter fermion. At dimension six, the EFT contains four-
fermion operators (yI'x)(ql'q), e.g. the tensor operators

51(;5134 = C9(x1.0" xR)(@LOWwaR) + h.c. (3.9)

For direct-detection experiments, the interaction of dark matter with nucleons has to be stud-
ied. The constraints of chiral symmetry have been analyzed in [86, 89| for the case of vector,
axial-vector, scalar, and pseudo-scalar interactions. The tensor operators (3.9) lead to spin-
dependent interactions that are not enhanced by A2. The leading contribution to the nucleon
tensor form factors [90, 91| is given by the tensor charges and requires lattice QCD input [82].
Through perturbative RGE mixing, the tensor operators induce the electromagnetic dipole op-
erators (3.8) [92], which leads to a spin-independent contribution to the cross section (93, 94].
In addition to these perturbative RGE effects, again a non-perturbative contribution is gener-
ated in analogy to the semileptonic dipole operators discussed in Sect. 2. Given the similarities

to the case of 1 — e, the linear combination of the contributions due to the RGEs and those
T,RR
ed,eu
epqq

identified with C® and CgG), respectively). As a result, for ¢ = O(1), the contributions of
the couplings to up and down quarks will be dominated by the non-perturbative piece, while

due to ¢ is the same as those in the first row of Table 3 (where Ley and L are to be
ep

it is expected to be of similar size as the RGE term for the strange-quark couplings.

Apart from the contribution proportional to ¢, another non-perturbative contribution is
given by the coupling of the tensor current to pion exchange between two nucleons or to pion
loops at the one-nucleon level.® The coupling of the tensor current to the pion is parametrized
by the LEC Ay in (2.8), which can be estimated using the lattice result [32| for the pion tensor
charge, Ay = 6.0(3) MeV.

4 Conclusion

In this paper, we have discussed the non-perturbative contributions of semileptonic LEFT
operators to the purely leptonic process 1 — evy. Although scalar and vector operators do
not induce this process (without additional QED corrections), ¢?¢? tensor interactions do
generate this decay through a non-perturbative contribution to the leptonic dipole operators,
Lo, ~e(F?/ Ay)L 242 To quantify this contribution we have matched the semileptonic tensor
operators to YPT, and estimated the required low-energy constant using NDA and the model

$We thank M. Hoferichter for pointing this out.
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estimate of Ref. [31]. These estimates show that the non-perturbative contribution is expected
to dominate over the perturbative RGE effects for the couplings to up and down quarks, while
it is of the same order of magnitude for the coupling to the strange quark. The constraints
on the scale of BSM physics that can be set using the experimental limit on the y — ey
branching ratio are of the order of Apgy 2 450 TeV, as discussed in Sect. 3. These limits are
of similar size as those obtained from p — e conversion in nuclei for the couplings to up and
down quarks, while they currently provide the most stringent constraints on the couplings to

strange quarks.

Acknowledgements

We thank Zvi Bern and the Mani L. Bhaumik Institute at UCLA for a stimulating email
announcement that started this investigation, and V. Cirigliano, A. Crivellin, M. Hoferichter,
and S. Davidson for useful discussions and comments on the manuscript. This work was
supported in part by DOE Grant No. DE-SC0009919. P. S. is supported by a grant of the
Swiss National Science Foundation (Project No. P300P2 167751).

A pu — e conversion in nuclei

Here we discuss in more detail the contributions of the operators in Table 1 to ;1 — e conversion
in nuclei. The rate for this process can be written as [11, Eq. (3.5)]

3 2
m

N(pnA — eA) = 1 DAL57+4mM Z (CffLm—Nfé?j)v )+CVRfVNVA )>‘
=u,a,s q

e Tfl,p
2
+ e DALe7+4mM > (CSR FENSYY + eV E vy >>‘ . (A1)
v

Here fquj)v and f‘(/qj)v are hadronic matrix elements, related to the scalar- and vector-charges of

the nucleons, respectively. D4, SI(4N), and VIL(‘N) involve overlap integrals between the nuclear

and lepton wavefunctions and are taken from [11, Eq. (3.10)], while C(}g LSE and C;/ LVE are
the following combinations of couplings:
SR S,RR S,RL SR S,RR S,RL SR S,RR S,RL
C.t=L"% L7, Cit=1L L , Cyt=L"" +L ,
epuu epuu epdd eudd euss euss
VR VRR VLR VR VRR VLR VR V,RR VLR
C," =L +L%e", Cg" =L, "+L , Cy v =L", L ,
euuu UU@M eudd ddep epnss ssefl
V,LL VLR VLL VLR V,LL VLR
Cyt =L+ LT, Cyt=L""+L"", CYl=L" "+ L. (A2)
epuu euuu epdd eudd epss ep,ss

The couplings C&qL can be obtained from CqSR by replacing the the labels euqq — peqq
and taking the complex conjugate. It is conventional to define a branching ratio through
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Br(A) = T'(uA — eA)/TPY(A), where ['“®P' is the muon capture rate. We follow Ref. [11] for
the hadronic [78, 79| and nuclear input [95].

In order to obtain the non-perturbative tensor operator contribution to u — e conversion,
one has to substitute Ley — Ley 4+ 0Ley with dL,., given in (2.16).

B Anomalous dimensions

The RGEs for the dipole, scalar and tensor operators relevant for y — ey from Ref. [3, 4]
are summarized below. We treat L., ~ em,/ A%SM so that terms quadratic in L., have been
dropped. These equations agree with earlier results in Ref. [11|. There are some differences
with the results in Refs. [10, 41, 42].

)

Ley = [(10 —boe) e2] Ley + 8e[Mgluy LT 5% — 16¢[ My, )upo L2 — 26[ M, LZ22R
s s

rsvw rsvw rwvs

, 26
L3 — - | D o Cr| LR 4 61 LT,
prst 3 prst prst

. 4 26
L = 2L 4 | Te* +29°Cp | Leii™,
prst 3 prst 9 prst

. 26
Lot = - [—62 - ngcF} Lt
prst 3 prst

. 20
P = - |3 pogtop| S - s Ly,
prst 3 prst prst

. 2 20
LURR —§e2LS£’R + [38 + 29204 L
prst prst prst

. S RL 20 4 2 S.RL
Led :—|:§€ +690F Led 5

prst prst
L3ER — 162 L5 — 42157 (B.1)
prst ptsr prst
where L = 16772,u%L, Cr = %, and by = —%(ne + %nd + %nu) is the leading coefficient of
the QED [-function. Note that LSéER = LséfR by symmetry of the operator OEéRR’. The

prst stpr
flavor labels p,r, s,t,w,v in Eq. (B.1) run over generations.
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