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ABSTRACT OF THE DISSERTATION

Guided Waves in Cylindrical Structures: A Hybrid WFE/Global-Local

Framework for Modeling and Defect Detection

by

Fadhel Ali Alsaffar

Doctor of Philosophy in Mechanical Engineering

University of California, Los Angeles, 2026

Professor Ajit K. Mal, Chair

The objective of this work is to develop a versatile nondestructive evaluation (NDE)

tool for the design, analysis, and data generation of inspection processes for both metallic

and composite pipes. The tool utilizes the waveguide finite element (WFE) method to obtain

wave characteristics, including dispersion curves and global functions. The WFE solution is

then used in a developed Global-Local (GL) method to model wave propagation in a coupled

source-scattering problem. Commercial finite element software is used to obtain the mass

and stiffness matrices, as well as to define the geometry of the waveguide and the defect. This

feature provides the flexibility to study a variety of defects and multiple material systems.

The hybrid WFE/GL solver is validated through benchmark problems, energy-balance

calculations, comparisons with Abaqus solutions, and experimental results for both pristine

and symmetrically defected cases. This tool allows wave propagation in pipes to be studied

in a more fundamental way, where the contribution of each scattered mode can be examined

separately, whether reflected, transmitted, or mode-converted. The fingerprints (signals) as-

sociated with multiple types of defects, such as cracks and delaminations, can be obtained,

allowing an ultrasonic signal library for these defects to be created.
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$R=1mm$


$L(0,1) \, mode$


$100kHz$


$R/t=10$


$R/t=10$


$L(0,1), \, T(0,1), \, and \, F(1,1)$


$9mm$


$\delta $


$\%$


$\%$


$20\%$


\begin {equation}(\lambda + 2\mu ) \boldsymbol {\nabla (\nabla \cdot \textit {\textbf {u}})} - \mu \boldsymbol {\nabla \times \nabla \times \textit {\textbf {u}} + \textbf {f}} = \rho \ddot {\textit {\textbf {u}}} \label {Navier's eqn}\end {equation}


\begin {equation}c_1^2 \boldsymbol {\nabla \nabla \cdot u} - c_2^2 \boldsymbol {\nabla \times \nabla \times u -\ddot {u}} = 0 \label {Navier's eqn velocity}\end {equation}


$\Phi , \Psi , \; \textrm {and} \; \chi $


\begin {equation}\boldsymbol {u} = \boldsymbol {\nabla } \Phi + \boldsymbol {\nabla } \times (\boldsymbol {\hat {e}_z} \Psi ) + \boldsymbol {\nabla } \times \{ \boldsymbol {\nabla } \times (\boldsymbol {\hat {e}_z} \chi )\}\end {equation}


\begin {equation}\begin {aligned} \nabla ^2 \Phi - c_1^{-2} \ddot {\Phi } &= 0 \\[0.25em] \nabla ^2 \Psi - c_2^{-2} \ddot {\Psi } &= 0 \\[0.25em] \nabla ^2 \chi - c_2^{-2} \ddot {\chi } &= 0 \\ \end {aligned} \label {wave eqn of motion}\end {equation}


\begin {equation}\begin {aligned} \boldsymbol {\nabla } &= \boldsymbol {e_r}\frac {\partial }{\partial r} + \boldsymbol {e_\theta } \frac {\partial }{r\, \partial \theta } + \boldsymbol {e_z} \frac {\partial }{\partial z} \\[0.5em] \nabla ^2 &= \frac {1}{\partial r} (r \frac {\partial }{\partial r}) + \frac {\partial ^2}{r \, \partial \theta ^2} + \frac {\partial ^2}{\partial z^2} \end {aligned} \label {}\end {equation}


$e^{-i\omega t}$


\begin {equation}\begin {aligned} \Phi (r,\theta ,z,t) &= \Phi _1(r) \Phi _2(\theta ) \Phi _3(z) e^{-i \omega t} \\[0.5em] \Psi (r,\theta ,z,t) &= \Psi _1(r) \Psi _2(\theta ) \Psi _3(z) e^{-i \omega t} \\[0.5em] \chi (r,\theta ,z,t) &= \chi _1(r) \chi _2(\theta ) \chi _3(z) e^{-i \omega t} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \nabla ^2 \Phi - c_1^{-2} \ddot {\Phi } &= 0 \\ \nabla ^2 \Psi - c_2^{-2} \ddot {\Psi } &= 0 \\ \nabla ^2 \chi - c_2^{-2} \ddot {\chi } &= 0 \\ \end {aligned} \label {eqn: wave eqn of motion}\end {equation}


\begin {equation}\begin {aligned} \Psi (r,\theta ,z,t) &= \Psi _1(r) \Psi _2(\theta ) \Psi _3(z) T(t) \\ T(t) &= e^{-i \omega t} \end {aligned} \label {eqn: SOV_2}\end {equation}


\begin {equation}\begin {aligned} &\frac {1}{r} \left [ \Psi _1' + r \Psi _1'' \right ] \Psi _2 \Psi _3 T + \frac {1}{r^2} \Psi _1 \Psi _2'' \Psi _3 T + \Psi _1 \Psi _2 \Psi _3'' T - c_2^{-2} \Psi _1 \Psi _2 \Psi _3 T'' = 0 \\[1em] &\frac {1}{r} \left [ \Psi _1' + r \Psi _1'' \right ] \frac {1}{\Psi _1} + \frac {1}{r^2} \frac {\Psi _2''}{\Psi _2} + \frac {\Psi _3''}{\Psi _3} = c_2^{-2} \frac {T^{''}}{T} = -k_2^2 \end {aligned} \label {eqn: SOV_3 }\end {equation}


\begin {equation}\begin {aligned} c_2^{-2}\, \frac {T''}{T} &= -k_2^2 \\ \frac {\Psi _3''(z)}{\Psi _3(z)} &= -k^2 \\ \frac {1}{r} \left [ \Psi _1' + r \Psi _1'' \right ] \frac {1}{\Psi _1} + \frac {1}{r^2} \frac {\Psi _2''}{\Psi _2} &= k^2 - k_2^2 = -\nu _2^2 \end {aligned}\end {equation}


\begin {equation*}\nu _2 = \sqrt {k_2^2 - k^2}\end {equation*}


\begin {equation}\begin {aligned} r \left [ \Psi _1' + r \Psi _1'' \right ] \frac {1}{\Psi _1} + r^2 k_r^2 &= - \frac {\Psi _2''}{\Psi _2} \end {aligned} \label {eqn: SOV_4}\end {equation}


\begin {equation}\frac {\Psi _2'' (\theta )}{\Psi _2 (\theta )} = -n^2 \label {eqn: SOV_5}\end {equation}


$n$


\begin {equation}\begin {aligned} \Psi _2(\theta ) &= D_1 e^{i n \theta } + D_2 e^{-i n \theta } \\ \Psi _3(z) &= e^{\pm i k_z z} \end {aligned}\end {equation}


$\Psi _2(2\pi +\theta ) = \Psi _2(\theta )$


$n$


\begin {align}r^2\Psi _1'' + r \Psi _1' + r^2(k_r^2 - n^2)\Psi _1 &= 0, & for\, k_2^2>k^2 \label {eqn: subeqn 1} \\[0.5em] r^2\Psi _1'' + r \Psi _1' - r^2(k_r^2 + n^2)\Psi _1 &= 0, & for\, k_2^2<k^2 \label {eqn: subeqn 2}\end {align}


\begin {equation}\begin {aligned} \Psi _1(r) &= R_1 J_n(k_r r) &&+ R_2 Y_n(k_r r) \\[0.5em] \text {Or} \\[0.25em] \Psi _1(r) &= R_1 H_n^{(1)}(k_rr) &&+ R_2 H_n^{(2)}(k_rr) \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \Psi _1(r) &= R_1 I_n(k_r r) &&+ R_2 K_n(k_r r) \\[0.5em] \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \Phi _1(r) &= A_\phi (k) \; J_n \left ( \nu _1\, r \right ) + B_\phi (k) \; Y_n \left ( \nu _1 \, r \right ) \\ \Phi _2(\theta ) &= e^{\pm i n \theta }, \quad \Phi _3(z) = e^{\pm i k z} \\[1em] \Psi _1(r) &= A_\psi (k) \; J_n \left ( \nu _2\, r \right ) + B_\psi (k) \; Y_n \left ( \nu _2 \, r \right ) \\ \Psi _2(\theta ) &= e^{\pm i n \theta }, \quad \Psi _3(z) = e^{\pm i k z} \\[1em] \chi _1(r) &= A_\chi (k) \; J_n \left ( \nu _2\, r \right ) + B_\chi (k) \; Y_n \left ( \nu _2 \, r \right ) \\ \chi _2(\theta ) &= e^{\pm i n \theta }, \quad \chi _3(z) = e^{\pm i k z} \\[1em] \text {where:} \\[0.5em] \nu _m &= \sqrt { k_m^2 - k^2},\quad k_m = \frac {\omega }{c_m},\; m=1,2 \end {aligned} \label {eqn: separated potential functions}\end {equation}


$n$


$k$


$\Phi , \Psi , \chi $


\begin {equation}\begin {aligned} u_r &= \frac {\partial \Phi }{\partial r} + \frac {1}{r} \frac {\partial \Psi }{\partial \theta } + \frac {\partial ^2 \chi }{\partial r \partial z} \\ u_\theta &= \frac {1}{r}\frac {\partial \Phi }{ \partial \theta } - \frac {\partial \Psi }{\partial r} + \frac {1}{r}\frac {\partial ^2 \chi }{ \partial \theta \partial z} \\ u_z &= \frac {\partial \Phi }{\partial z} + (\frac {\partial ^2 }{\partial z^2} + k_2^2)\chi \\ \end {aligned} \label {eqn: general disp eqn}\end {equation}


\begin {equation}\begin {aligned} \frac {\sigma _{rr}}{\mu } &= (2k_1^2 - k_2^2)\Phi + 2 \frac {\partial u_r}{\partial r} \\ \frac {\sigma _{\theta \theta }}{\mu } &= (2k_1^2 - k_2^2)\Phi + \frac {2}{r}( u_r + \frac {\partial u_\theta }{\partial \theta }) \\ \frac {\sigma _{zz}}{\mu } &= (2k_1^2 - k_2^2)\Phi + 2 \frac {\partial u_z}{\partial z} \\ \frac {\sigma _{r \theta }}{\mu } &= \frac {1}{r}\frac {\partial u_r}{ \partial \theta } + r\frac {\partial }{\partial r}(\frac {u_\theta }{r}) \\ \frac {\sigma _{\theta z}}{\mu } &= \frac {\partial u_\theta }{\partial z} + \frac {1}{R}\frac {\partial u_z}{ \partial \theta } \\ \frac {\sigma _{rz}}{\mu } &= \frac {\partial u_r}{\partial z} + \frac {\partial u_z}{\partial r} \end {aligned} \label {eqn: general stress eqns}\end {equation}


$r=0$


$B$


$n$


$\theta $


\begin {equation}\begin {aligned} \Phi (r,z) = A_\phi J_0(v_1 r) e^{ikz} \\ \Psi (r,z) = A_\psi J_0(v_2 r) e^{ikz} \\ \chi (r,z) = A_\chi J_0(v_2 r) e^{ikz} \\ \end {aligned}\end {equation}


$0 \leq r \leq a,\; 0 \leq \theta \leq 2\pi ,\; and \, -\infty < z < \infty $


\begin {equation}\begin {aligned} u_r = u_z = 0,\quad && u_\theta = - \frac {\partial \Psi }{\partial r},\quad && \frac {\partial }{\partial \theta } (u_\theta ) = 0 \end {aligned} \label {eqn: solid cyl potential functions}\end {equation}


$r=a$


\begin {equation}\begin {aligned} \sigma _{r\theta } / \mu &= \frac {1}{r}\frac {\partial u_r}{ \partial \theta } + r\frac {\partial }{\partial r}\left (\frac {u_\theta }{r}\right ) = r \frac {\partial }{\partial r} \left (\frac {u_\theta }{r}\right ) = -r\frac {\partial }{\partial r} ( \frac {1}{r} \, \frac {\partial \Psi }{\partial r} ) &= 0 \\ \end {aligned} \label {eq: torsional boudnary condition }\end {equation}


\begin {equation}\begin {aligned} (\nabla ^2 + k_2^2)\Psi &= 0, \\ \longrightarrow \frac {1}{r} \frac {\partial }{\partial r} \left ( r \frac {\partial \Psi }{\partial r} \right ) + \frac {\partial ^2 \Psi }{\partial z^2} + k_2^2 \Psi &= 0 \end {aligned} \label {eq: solid_cylinder_sufficient_condition}\end {equation}


$r=0$


\begin {equation}\Psi (r,z) = A(k) J_0 (\nu _2 r) e^{i kz}\end {equation}


$k$


$A(k)$


$\nu _2 = \sqrt {k_2^2 - k^2}$


\begin {equation}\left . -r\frac {\partial }{\partial r} \left [ \frac {1}{r} \, \frac {\partial }{\partial r} \left [ J_0 (\nu _2 r) \right ] \right ] \right \vert _{r=a} = 0\end {equation}


\begin {equation}J_2 (\nu _2 \, a) = 0\end {equation}


\begin {equation}\begin {aligned} \nu _2 \, a &= 0,\, 5.14, \,8.42,\, 11.26,\, 14.8, 18.0, ... \\ \nu _2 \, a &= x_m,\quad m = ,1,2, ... \end {aligned}\end {equation}


$x_m$


$J_2=0$


$x_0=0$


\begin {equation*}\frac {\omega ^2}{c_2^2} - \frac {\omega ^2}{c^2} = 0 \longrightarrow c=c_2\end {equation*}


\begin {equation}u_\theta (r) = J_1 \left ( x_m \, \frac {r }{a} \right )\end {equation}


$u_{\theta }=\partial u/\partial \theta =0$


$n=0$


\begin {equation*}\boldsymbol {u} (r,z) = u_r(r,z) \boldsymbol {\hat {e}}_r + u_z(r,z) \boldsymbol {\hat {e}}_z\end {equation*}


$u_\theta =0$


$\Psi =0$


\begin {equation}\begin {aligned} u_r(r,z) &= - \Bigl [ A_1 \nu _1 J_1(\nu _1 r) - i A_3 k \nu _2 J_1(\nu _2 r)\Bigr ] \, e^{ikz} \\[0.5em] u_z(r,z) &= \Bigl [ i A_1 k J_0(\nu _1 r) - A_3 \nu _2^2J_0(\nu _2 r) \Bigr ] e^{ikz} \end {aligned}\end {equation}


$\sigma _{rr}=\sigma _{rz}=0$


$r=a$


\begin {equation}\begin {aligned} \frac {\sigma _{rr}}{\mu } &= 0 =\Biggl [ \Bigl [ (2k_1^2 - k_2^2)J_0(\nu _1r) + 2\nu _1^2 J_0''(\nu _1r) \Bigr ]A_1 + 2i k A_3 \nu _2^2 J_0''(\nu _2 r) \Biggr ] e^{ikz}\\ \frac {\sigma _{rz}}{\mu } &= 0 =\Biggl [ -2ik\nu _1 J_1(\nu _1r)A_1 + (2k^2 - k_2^2)\nu _2 J_1(\nu _2r)A_3 \Biggr ]e^{ikz} \end {aligned}\end {equation}


\begin {equation}\begin {bmatrix} (2k_1^2 - k_2^2)J_0(\nu _1r) + 2\nu _1^2 J_0''(\nu _1r) & 2i k A_3 \nu _2^2 J_0''(\nu _2 r) \\[0.5em] -2ik\nu _1 J_1(\nu _1r) & (2k^2 - k_2^2)\nu _2 J_1(\nu _2r) \\ \end {bmatrix} \begin {Bmatrix} A_\phi \\[0.5em] A_\chi \end {Bmatrix} = \boldsymbol {0} \label {eqn: Pochhammer equation}\end {equation}


\begin {equation*}J_0''(\nu _2 r) = \nu _2^2\left ( \frac {3}{r} J_1(\nu _2r) - J_0(\nu _2 r) \right )\end {equation*}


$n$


$\theta $


\begin {equation}\begin {aligned} \Phi (r,z) = \Bigl [ A_\phi (k) \, J_0(v_1 r) + B_\phi (k) \, Y_0(\nu _1 r) \Bigr ] e^{ikz} \\[0.3em] \Psi (r,z) = \Bigl [ A_\psi (k) \, J_0(v_2 r) + B_\psi (k) \, Y_0(\nu _2 r) \Bigr ] e^{ikz} \\[0.3em] \chi (r,z) = \Bigl [ A_\chi (k) \, J_0(v_2 r) + B_\chi (k) \, Y_0(\nu _2 r) \Bigr ] e^{ikz} \\ \end {aligned}\end {equation}


\begin {equation}\begin {aligned} u_r = u_z = 0, \quad u_\theta = -\frac {\partial \Psi }{\partial r} \end {aligned}\end {equation}


$u_\theta $


$\sigma _{r\theta }$


\begin {equation}\begin {aligned} u_\theta &= \nu _2 \Biggl [ A_2 J_1(\nu _2 r) + B_2 Y_1(\nu _2 r) \Biggr ] e^{ikz} \\[0.5em] \frac {\sigma _{r\theta }}{\mu } &= \frac {\nu _2}{r} \Biggl [ \bigl [ \nu _2 r J_0(\nu _2 r) + J_1(\nu _2 r) \bigr ]A_2 + \bigl [ \nu _2 r Y_0(\nu _2 r) + Y_1(\nu _2 r) \bigl ]B_2 \Biggr ] e^{ikz} \end {aligned}\end {equation}


$r=a \: and \: r=b$


$\sigma _{r\theta }=0$


\begin {equation}\nu _2 \begin {bmatrix} \nu _2 J_0(\nu _2 a) - \frac {2}{a} J_1(\nu _2 a) \quad & \nu _2 Y_0(\nu _2 a) - \frac {2}{a} Y_1(\nu _2 a) \\[1.0em] \nu _2 J_0(\nu _2 b) - \frac {2}{b} J_1(\nu _2 b) \quad & \nu _2 Y_0(\nu _2 b) - \frac {2}{b} Y_1(\nu _2 b) \\ \end {bmatrix} \begin {Bmatrix} A_2 \\[1.0em] B_2 \end {Bmatrix} = \boldsymbol {0} \label {eqn: pipe torsional equation}\end {equation}


\begin {equation}\begin {aligned} \boldsymbol {u}(r,z) = u_r (r,z) \hat {\boldsymbol {e}}_r + u_z(r,z)\hat {\boldsymbol {e}}_z \end {aligned}\end {equation}


$u_r$


$u_z$


\begin {equation}\begin {aligned} u_r(r,z) &= \frac {\partial \Phi }{r}+ \frac {\partial ^2 \chi }{\partial r z}, \quad u_z(r,z)=\frac {\partial \Phi }{z} + \frac {\partial ^2 \chi }{\partial z^2}+k_2^2\chi \\ u_r(r,z) &= -\Biggl [\nu _1\bigl [J_1(\nu _1r)A_\phi (k) \, + Y_1(\nu _1r)B_\phi (k) \bigr ] \\ &+ i\,k \bigl [J_1(\nu _2r)A_\chi (k) \, + Y_1(\nu _2r)B_\chi (k) \bigr ] \Biggr ]e^{ikz} \\ u_z(r,z) &= \Biggl [ ik \bigl [ J_0(\nu _1r)A_\phi (k) + Y_0(\nu _1r)B_\phi (k) \bigr ] \\ &+ (k_2^2 - k^2) \bigl [ J_0(\nu _2r)A_\chi (k) + Y_0(\nu _2r)B_\chi (k) \bigr ] \Biggr ]e^{ikz} \end {aligned}\end {equation}


$\sigma _{rr}$


$\sigma _{rz}$


\begin {equation}\begin {aligned} \frac {\sigma _{rr}(r,z)}{\mu } &= (2k_1^2 - k_2^2)\Phi + 2 \frac {\partial u_r}{\partial r}, \quad \frac {\sigma _{rz}(r,z)}{\mu } = \frac {\partial u_r}{\partial z} + \frac {\partial u_z}{\partial r} \\[0.5em] \frac {\sigma _{rr}(r,z)}{\mu } &= \frac {1}{r}\Biggl [\biggl [ 2\nu _1 J_1 (\nu _1r)+(2k^2-k_2^2) r J_0(\nu _1r) \biggr ]A_\phi (k) \\ &+ \biggl [ 2\nu _1 Y_1 (\nu _1r)+(2k^2-k_2^2) r Y_0(\nu _1r) \biggr ]B_\phi (k) \\ &+ 2ik\nu _2 \biggl [ J_1(\nu _2r) - r\nu _2J_0(\nu _2r) \biggr ]A_\chi (k) \\ &+ 2ik\nu _2 \biggl [ Y_1(\nu _2r) - r\nu _2Y_0(\nu _2r)\biggr ]B_\chi (k) \Biggr ] e^{ikz} \\[0.5em] \frac {\sigma _{rz}(r,z)}{\mu } &= \boldsymbol {\Biggl [} -\biggl [ 2ik\nu _1 J_1(\nu _1r)\biggr ] A_\phi (k) - \biggl [ 2ik\nu _1Y_1(\nu _1r)\biggr ]B_\phi (k) \\ &+ \biggl [\nu _2(2k^2-k_2^2)J_1(\nu _2r)\biggr ]A_\chi (k) + \biggl [\nu _2(2k^2-k_2^2) Y_1(\nu _2r) \biggr ]B_\chi (k) \boldsymbol {\Biggr ]} e^{ikz} \\ \end {aligned}\end {equation}


\begin {equation}\sigma _{rr} = \sigma _{rz}=0, \quad at \: r=a \: \& \:r=b\end {equation}


\begin {equation}\begin {aligned} \frac {1}{ab} \begin {bmatrix} bJ_{(1+0)}(\nu _1a)& b Y_{(1+0)}(\nu _1a) & 2ik \nu _2 b J_{(1-0)}(\nu _2a) & 2ik \nu _2 b Y_{(1-0)}(\nu _2a) \\[0.75em] aJ_{(1+0)}(\nu _1b) & a Y_{(1+0)}(\nu _1b) & 2ik \nu _2 a J_{(1-0)}(\nu _2b) & 2ik \nu _2 a Y_{(1-0)}(\nu _2b) \\[0.75em] -2ik\nu _1 ab J_1(\nu _1a) & -2ik\nu _1 ab Y_1(\nu _1a) & \eta \nu _2 ab J_1(\nu _2 a) & \eta \nu _2 ab Y_1(\nu _2 a) \\[0.75em] -2ik\nu _1 ab J_1(\nu _1b) & -2ik\nu _1 ab Y_1(\nu _1b) & \eta \nu _2 ab J_1(\nu _2 b) & \eta \nu _2 ab Y_1(\nu _2 b) \end {bmatrix} \begin {Bmatrix} A_\phi \\[0.75em] B_\phi \\[0.75em] A_\chi \\[0.75em] B_\chi \end {Bmatrix} = \boldsymbol {0} \end {aligned}\end {equation}


\begin {equation*}\begin {aligned} \eta &=\sqrt {2k^2-k_2^2} \\ J_{(1+0)}(\nu _1r) &= 2\nu _1J_1(\nu _1r)+\eta J_0(\nu _1r), \quad &&Y_{(1+0)}(\nu _1r) = 2\nu _1Y_1(\nu _1r)+\eta Y_0(\nu _1r) \\ J_{(1-0)}(\nu _2r) &= J_1(\nu _2r)-\nu _2rJ_0(\nu _2r), \quad &&Y_{(1-0)}(\nu _2r) = Y_1(\nu _2r)-\nu _2rY_0(\nu _2r) \end {aligned}\end {equation*}


$\exp (\mathrm {i}kz)$


\begin {equation}\boldsymbol {M \ddot {u} + K u = f} \label {eqn_of_motion}\end {equation}


$e ^{-i\omega t}$


\begin {equation}\boldsymbol { \begin {bmatrix} \overline {D}_{LL} && \overline {D}_{LI} && \overline {D}_{LR} \\ \overline {D}_{IL} && \overline {D}_{II} && \overline {D}_{IR} \\ \overline {D}_{RL} && \overline {D}_{RI} && \overline {D}_{RR} \end {bmatrix} \begin {Bmatrix} u_L \\ u_I \\ u_R \end {Bmatrix} = \begin {Bmatrix} f_L \\ f_I \\ f_R \end {Bmatrix} } \label {D_stiffness_matrix_1}\end {equation}


$\boldsymbol {\overline {D}} = -\omega ^2 \boldsymbol {M + K}$


$L,I \, and \, R$


$f_I$


\begin {equation}\boldsymbol { \begin {bmatrix} \overline {D}_{LL} && \overline {D}_{LI} && \overline {D}_{LR} \\ \overline {D}_{IL} && \overline {D}_{II} && \overline {D}_{IR} \\ \overline {D}_{RL} && \overline {D}_{RI} && \overline {D}_{RR} \end {bmatrix} \begin {Bmatrix} u_I \\ u_L \\ u_R \end {Bmatrix} = \begin {Bmatrix} 0 \\ f_L \\ f_R \end {Bmatrix} } \label {D_stiffness_matrix_1}\end {equation}


\begin {equation}\boldsymbol {u_I = -\overline {D}_{II}^{-1} [\overline {D}_{IL} u_L + \overline {D}_{IR} u_R]} \label {Interior DOF}\end {equation}


\begin {equation}\begin {bmatrix} {D}_{LL} && {D}_{LR} \\ {D}_{RL} && {D}_{RR} \end {bmatrix} \begin {Bmatrix} u_L \\ u_R \end {Bmatrix} = \begin {Bmatrix} f_L \\ f_R \end {Bmatrix} \label {eq: D_stiffness_matrix_reduced}\end {equation}


\begin {equation}\begin {aligned} \boldsymbol { D_{LL} = \overline {D}_{LL} - \overline {D}_{LI}\overline {D}_{II}^{-1} \overline {D}_{IL}}, \quad && \boldsymbol { D_{LR} = \overline {D}_{LR} - \overline {D}_{LI}\overline {D}_{II}^{-1} \overline {D}_{IR}} \\ \boldsymbol { D_{RL} = \overline {D}_{RL} - \overline {D}_{RI}\overline {D}_{II}^{-1} \overline {D}_{IL}}, \quad && \boldsymbol { D_{RR} = \overline {D}_{RR} - \overline {D}_{RI}\overline {D}_{II}^{-1} \overline {D}_{IR}} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} \boldsymbol { u_R^s = u_L ^{s+1}}, \quad && \boldsymbol { f_R^s = f_L^{s+1}} \end {aligned} \label {continuity_condition}\end {equation}


$s$


$(s+1)$


\begin {equation}\boldsymbol { \begin {bmatrix} {D}_{LL} && {D}_{LR} \\[0.5em] {D}_{RL} && {D}_{RR} \end {bmatrix} \begin {Bmatrix} u_L^s \\[0.5em] u_L^{s+1} \end {Bmatrix} = \begin {Bmatrix} f_L \\[0.5em] f_L^{s+1} \end {Bmatrix} } \label {eq: D_stiffness_matrix_reduced_Left}\end {equation}


\begin {equation}\boldsymbol { \begin {Bmatrix} u_L^{s+1} \\[1em] f_L^{s+1} \end {Bmatrix} = \begin {bmatrix} -D_{LR}^{-1} D_{LL} && D_{LR}^{-1} \\[1em] D_{RL} - D_{RR}D_{LR}^{-1} D_{LL} && D_{RR} D_{LR}^{-1} \end {bmatrix} \begin {Bmatrix} u_L^s \\[1em] f_L^s \end {Bmatrix} = T \begin {Bmatrix} u_L^s \\[1em] f_L^s \end {Bmatrix} } \label {eq: }\end {equation}


\begin {equation*}\boldsymbol { T = \begin {bmatrix} -D_{LR}^{-1} D_{LL} && D_{LR}^{-1} \\[1em] D_{RL} - D_{RR}D_{LR}^{-1} D_{LL} && D_{RR} D_{LR}^{-1} \end {bmatrix} }\end {equation*}


$\lambda = e^{ikz} = e^{ik \Delta h}$


$\boldsymbol {\hat {e}_z}$


$\Delta h$


$\boldsymbol {\hat {e}_z}$


\begin {equation}\begin {Bmatrix} u_L^{s+1} \\[1em] f_L^{s+1} \end {Bmatrix} = \lambda \begin {Bmatrix} u_L^s \\[1em] f_L^s \end {Bmatrix} \Longleftrightarrow T \begin {Bmatrix} u_L^s \\[1em] f_L^s \end {Bmatrix} = \lambda \begin {Bmatrix} u_L^s \\[1em] f_L^s \end {Bmatrix} \label {eq: WFE_eigenvalue_formulation}\end {equation}


\begin {equation}[\boldsymbol {T} - \lambda \boldsymbol {I}] \begin {Bmatrix} \boldsymbol {u}_L^s \\[1em] \boldsymbol {f}_L^s \end {Bmatrix} = \boldsymbol {0} \label {eq: WFE_Eigenvalue equation}\end {equation}


$2n$


$n$


\begin {equation}k = - \frac {i}{\Delta h} \ln (\lambda ) \label {eq: wavenumber_eigenvalue}\end {equation}


\begin {equation}\begin {aligned} v_p= \frac {\omega }{k}, \quad && v_g= \frac {\partial \omega }{\partial k} \end {aligned}\end {equation}


\begin {equation}v_g= \frac {P}{ E_{tot} }\end {equation}


$P$


$E_{tot}$


\begin {equation}P=\frac {1}{2} Re\{ \boldsymbol {f}^H \boldsymbol {\ddot {u}} \}=\frac {\omega }{2} Re \{ \boldsymbol {f}^H \boldsymbol {\ddot {u}} \}\end {equation}


$y$


$x$


${\phi }_i$


${\phi }_j$


\begin {equation}MAC_{ij} = \frac { \left | \boldsymbol {\phi }_i^{H}\boldsymbol {\phi }_j \right |^2 }{ \left ( \boldsymbol {\phi }_i^{H}\boldsymbol {\phi }_i \right ) \left ( \boldsymbol {\phi }_j^{H}\boldsymbol {\phi }_j \right ) }, \label {eq:MAC}\end {equation}


$H$


\begin {equation}0 \leq \mathrm {MAC}_{ij} \leq 1.\end {equation}


$\omega _r$


$\omega _{r+1}$


$n>0$


\begin {equation}\boldsymbol {\phi }_{c} \propto \cos (n\theta ), \qquad \boldsymbol {\phi }_{s} \propto \sin (n\theta ). \label {eq:flexural_cos_sin}\end {equation}


\begin {equation}\begin {bmatrix} \widetilde {\boldsymbol {\phi }}_1 & \widetilde {\boldsymbol {\phi }}_2 \end {bmatrix} = \begin {bmatrix} \boldsymbol {\phi }_{c} & \boldsymbol {\phi }_{s} \end {bmatrix} \boldsymbol {R}(\alpha ), \label {eq:degenerate_rotation}\end {equation}


\begin {equation}\boldsymbol {R}(\alpha ) = \begin {bmatrix} \cos \alpha & -\sin \alpha \\ \sin \alpha & \cos \alpha \end {bmatrix}.\end {equation}


\begin {equation}\mathrm {MAC} \left ( \boldsymbol {\phi }_{c}, \widetilde {\boldsymbol {\phi }}_1 \right ) = \cos ^2\alpha ,\end {equation}


\begin {equation}\mathrm {MAC} \left ( \boldsymbol {\phi }_{c}, \widetilde {\boldsymbol {\phi }}_2 \right ) = \sin ^2\alpha .\end {equation}


$\alpha =45^\circ $


\begin {equation}\mathrm {MAC}_{c1} = \mathrm {MAC}_{c2} = 0.5,\end {equation}


$\alpha =90^\circ $


$z$


\begin {align}U_r &= U_x \cos \theta + U_y \sin \theta , \\ U_\theta &= -U_x \sin \theta + U_y \cos \theta ,\end {align}


$U_z$


$n>0$


\begin {align}a_r^{(n)} &= \left \langle \cos (n\theta ),U_r \right \rangle , \\ b_r^{(n)} &= \left \langle \sin (n\theta ),U_r \right \rangle .\end {align}


$a_r^{(n)}$


$b_r^{(n)}$


\begin {equation}S_i^{(n)} = \sqrt { \left | a_i^{(n)} \right |^2 + \left | b_i^{(n)} \right |^2 }, \quad i = r, \theta , or \; z \label {eq:rot_invariant_signature}\end {equation}


\begin {equation}\boldsymbol {s} = \left [ S_r^{(0)}, S_\theta ^{(0)}, S_z^{(0)}, \ldots , S_r^{(n)}, S_\theta ^{(n)}, S_z^{(n)} \right ]^T,\end {equation}


\begin {equation}\widehat {\boldsymbol {s}} = \frac {\boldsymbol {s}}{\|\boldsymbol {s}\|_2}.\end {equation}


$a^{(n)}$


$b^{(n)}$


$i$


$\widehat {k}_i$


$j$


\begin {equation}C_k(i,j) = \frac { \left | k_j-\widehat {k}_i \right | }{ k_{\mathrm {scale}} + |k_j| + |\widehat {k}_i| }. \label {eq:k_tracking_cost}\end {equation}


\begin {equation}0 \leq C_k \leq 1.\end {equation}


$k\rightarrow 0$


\begin {equation}m_2 > m_1 \quad \Longrightarrow \quad |k_{m_2}|>|k_{m_1}|\end {equation}


\begin {equation}C_{ij} = W_{\mathrm {sig}} C_{\mathrm {sig},ij} + W_k C_{k,ij} + W_{c_g} C_{c_g,ij} + W_n C_{n,ij} + C_{\mathrm {dir},ij}, \label {eq:composite_tracking_cost}\end {equation}


$C_{\mathrm {sig}}$


$C_k$


$C_{c_g}$


$C_n$


$C_{\mathrm {dir}}$


$50\mu m$


$R/t$


$[0 \; 90]_S$


$40 mm$


$2 mm$


\begin {equation}\boldsymbol { M \ddot {u} + K u = f }\end {equation}


\begin {equation}\begin {bmatrix} \boldsymbol {D_{LL}} & \boldsymbol {D_{LI_P}} & \boldsymbol {D_{LI_O}} & \boldsymbol {D_{LR}} \\[0.25em] \boldsymbol {D_{I_PL}} & \boldsymbol {D_{I_PI_P}} & \boldsymbol {D_{I_PI_O}} & \boldsymbol {D_{I_PR}} \\[0.25em] \boldsymbol {D_{I_OL}} & \boldsymbol {D_{I_OI_P}} & \boldsymbol {D_{I_OI_O}} & \boldsymbol {D_{I_OR}} \\[0.25em] \boldsymbol {D_{RL}} & \boldsymbol {D_{RI_P}} & \boldsymbol {D_{RI_O}} & \boldsymbol {D_{RR}} \end {bmatrix} \, \begin {Bmatrix} \boldsymbol {u^L_B} \\[0.25em] \boldsymbol {\textcolor {red}{u^{I_P}}} \\[0.25em] \boldsymbol {u^{I_O}} \\[0.25em] \boldsymbol {u^{R}_B} \end {Bmatrix} = \begin {Bmatrix} \boldsymbol {f^L_B} \\[0.25em] \boldsymbol {\textcolor {red}{f^{I_P}}} \\[0.25em] \boldsymbol {f^{I_O}} \\[0.25em] \boldsymbol {f^{R}_B} \end {Bmatrix}\end {equation}


$L,R, I_O \; and \; I_P$


$I_O$


$I_P$


$f^{I_P}$


\begin {equation}\begin {aligned} \boldsymbol {u^L_B} &= \boldsymbol {[\overleftarrow {Q}]} \{B^L_n \, e^{i \; \overleftarrow {k_n} \; z_L}\}, \quad &&\boldsymbol {f^L_B} = -\boldsymbol {[\overleftarrow {F}]} \{B^L_n \, e^{i \; \overleftarrow {k_n} \; z_L}\} \\ \boldsymbol {u^R_B} &= \boldsymbol {[\overrightarrow {Q}]} \{B^R_n \, e^{i \; \overrightarrow {k_n} \; z_R}\}, \quad &&\boldsymbol {f^R_B} = \boldsymbol {[\overrightarrow {F}]} \{B^R_n \, e^{i \; \overrightarrow {k_n} \; z_R}\} \end {aligned}\end {equation}


$\boldsymbol {Q}$


$\boldsymbol {F}$


$n$


$Q$


$F$


\begin {equation}\begin {aligned} \boldsymbol {Q} = \begin {bmatrix} \boldsymbol {q_x^{(1)}} & \boldsymbol {q_x^{(2)}} & \boldsymbol {...} & \boldsymbol {q_x^{(N)}} \\[0.25em] \boldsymbol {q_y^{(1)}} & \boldsymbol {q_y^{(2)}} & \boldsymbol {...} & \boldsymbol {q_y^{(N)}} \\[0.25em] \boldsymbol {q_z^{(1)}} & \boldsymbol {q_z^{(2)}} & \boldsymbol {...} & \boldsymbol {q_z^{(N)}} \\[0.25em] \boldsymbol {\,\vdots } & \boldsymbol {\,\vdots } & \boldsymbol {...} & \boldsymbol {\,\vdots } \\[0.25em] \boldsymbol {q_z^{(1)}} & \boldsymbol {q_z^{(2)}} & \boldsymbol {...} & \boldsymbol {q_z^{(N)}} \end {bmatrix}_{3j \times N} & \boldsymbol {F} = \begin {bmatrix} \boldsymbol {f_x^{(1)}} & \boldsymbol {f_x^{(2)}} & \boldsymbol {...} & \boldsymbol {f_x^{(N)}} \\[0.25em] \boldsymbol {f_y^{(1)}} & \boldsymbol {f_y^{(2)}} & \boldsymbol {...} & \boldsymbol {f_y^{(N)}} \\[0.25em] \boldsymbol {f_z^{(1)}} & \boldsymbol {f_z^{(2)}} & \boldsymbol {...} & \boldsymbol {f_z^{(N)}} \\[0.25em] \boldsymbol {\,\vdots } & \boldsymbol {\,\vdots } & \boldsymbol {...} & \boldsymbol {\,\vdots } \\[0.25em] \boldsymbol {f_z^{(1)}} & \boldsymbol {f_z^{(2)}} & \boldsymbol {...} & \boldsymbol {f_z^{(N)}} \end {bmatrix}_{3j \times N} \end {aligned}\end {equation}


$3j$


$N$


\begin {equation}\begin {aligned} \boldsymbol {B^L_n} &= \boldsymbol {[\overleftarrow {Q}]^{\dagger } \{u^L_B\}} e^{-i \; \overleftarrow {k_n} \; z_L} \\[0.25em] \boldsymbol {B^R_n} &= \boldsymbol {[\overrightarrow {Q}]^{\dagger } \{u^R_B\}} e^{-i \; \overrightarrow {k_n} \; z_R} \end {aligned}\end {equation}


\begin {equation}\begin {bmatrix} \boldsymbol {D_{LL} + [\overleftarrow {F}][\overleftarrow {Q}]^{\dagger }} & \boldsymbol {D_{LI_P}} & \boldsymbol {D_{LI_O}} & \boldsymbol {D_{LR}} \\[0.25em] \boldsymbol {D_{I_PL}} & \boldsymbol {D_{I_PI_P}} & \boldsymbol {D_{I_PI_O}} & \boldsymbol {D_{I_PR}} \\[0.25em] \boldsymbol {D_{I_OL}} & \boldsymbol {D_{I_OI_P}} & \boldsymbol {D_{I_OI_O}} & \boldsymbol {D_{I_OR}} \\[0.25em] \boldsymbol {D_{RL}} & \boldsymbol {D_{RI_P}} & \boldsymbol {D_{RI_O}} & \boldsymbol {D_{RR} - [\overrightarrow {F}][\overrightarrow {Q}]^{\dagger }} \end {bmatrix} \, \begin {Bmatrix} \boldsymbol {u^L_B} \\[0.25em] \boldsymbol {u^{I_P}} \\[0.25em] \boldsymbol {u^{I_O}} \\[0.25em] \boldsymbol {u^{R}_B} \end {Bmatrix} = \begin {Bmatrix} \boldsymbol {0} \\[0.25em] \boldsymbol {f^{I_P}} \\[0.25em] \boldsymbol {0} \\[0.25em] \boldsymbol {0} \end {Bmatrix} \label {eqn: source equation}\end {equation}


$[\overleftrightarrow {Q}]^{\dagger }$


$Q$


\begin {equation}\begin {aligned} \boldsymbol {f^L_B} &= \boldsymbol {D_{LL} \, u^L_B} + \boldsymbol { D_{LI_P} u^{I_P}} + \boldsymbol { D_{LI_O} u^{I_O}} + \boldsymbol { D_{LR} u^R_B} \\[0.5em] \boldsymbol {f^R_B} &= \boldsymbol {D_{RL} \, u^L_B} + \boldsymbol { D_{RI_P} u^{I_P}} + \boldsymbol { D_{RI_O} u^{I_O}} + \boldsymbol { D_{RR} u^R_B} \\[0.5em] \boldsymbol {f^{I_O}} &= \boldsymbol {D_{I_OL} \, u^L_B} + \boldsymbol { D_{I_OI_P} u^{I_P}} + \boldsymbol { D_{I_OI_O} u^{I_O}} + \boldsymbol { D_{I_OR} u^R_B} \end {aligned}\end {equation}


$x_{II},y_{II} \, and \, z_{II}$


$z_t$


\begin {equation}\begin {bmatrix} \boldsymbol {D_{LL}} & \boldsymbol {D_{LI_O}} & \boldsymbol {D_{LR}} \\[0.25em] \boldsymbol {D_{I_OL}} & \boldsymbol {D_{I_OI_O}} & \boldsymbol {D_{I_OR}} \\[0.25em] \boldsymbol {D_{RL}} & \boldsymbol {D_{RI_O}} & \boldsymbol {D_{RR}} \end {bmatrix} \, \begin {Bmatrix} \boldsymbol {u^L_B} \\[0.25em] \boldsymbol {u^{I_O}} \\[0.25em] \boldsymbol {u^{R}_B} \end {Bmatrix} = \begin {Bmatrix} \boldsymbol {f^L_B} \\[0.25em] \boldsymbol {f^{I_O}} \\[0.25em] \boldsymbol {f^{R}_B} \end {Bmatrix}\end {equation}


$z_t$


\begin {equation}\begin {aligned} \boldsymbol {u^L_B} &= \boldsymbol {[\overrightarrow {Q}]} \{A_m \, e^{i \; \overrightarrow {k_{m}} \; (z_L+z_T)}\} + \boldsymbol {[\overleftarrow {Q}]} \{B^L_n \, e^{i \; \overleftarrow {k_{n}} \; z_L}\} \\[0.5em] \boldsymbol {f^L_B} &= -\boldsymbol {[\overrightarrow {F}]} \{A_m \, e^{i \; \overrightarrow {k_{m}} \; (z_L+z_T)}\} - \boldsymbol {[\overleftarrow {F}]} \{B^L_n \, e^{i \; \overleftarrow {k_{n}} \; z_L}\} \end {aligned} \label {eqn: GL-Scattering left BC}\end {equation}


$\boldsymbol {B_n^L}$


\begin {equation}\boldsymbol {\{B^L_n \, e^{i \; \overleftarrow {k_{n}} \; z_L}\}} = \boldsymbol {[\overleftarrow {Q}]^\dagger } \boldsymbol {u^L_B} - \boldsymbol {[\overleftarrow {Q}]^\dagger } \boldsymbol {[\overrightarrow {Q}]} \{A_m \, e^{i \; \overrightarrow {k_{m}} \; (z_L+z_T)}\} \label {eq: GL-scattering BnL expression}\end {equation}


$\boldsymbol {f_B^L}$


\begin {equation}\boldsymbol {f^L_B} = \big ( \boldsymbol {[\overleftarrow {F}] [\overleftarrow {Q}]^\dagger [\overrightarrow {Q}]} -\boldsymbol {[\overrightarrow {F}]} \big ) \{A_m \, e^{i \; \overrightarrow {k_{m}} \; (z_L+z_T)}\} - \boldsymbol {[\overleftarrow {F}] [\overleftarrow {Q}]^\dagger u^L_B }\end {equation}


$z_R$


\begin {equation}\begin {aligned} \boldsymbol {u^R_B} &= \boldsymbol {[\overrightarrow {Q}]} \{B^R_n \, e^{i \; \overrightarrow {k_{n}} \; z_R}\} \\[0.5em] \boldsymbol {f^R_B} &= \boldsymbol {[\overrightarrow {F}]} \{B^R_n \, e^{i \; \overrightarrow {k_{n}} \; z_R}\} \end {aligned} \label {eqn:GL modal displacement on the right}\end {equation}


$B_n^R$


\begin {equation}\begin {aligned} \begin {bmatrix} \boldsymbol {D_{LL} + [\overleftarrow {F}][\overleftarrow {Q}]^{\dagger }} & \boldsymbol {D_{LI}} & \boldsymbol {D_{LR}} \\[0.25em] \boldsymbol {D_{IL}} & \boldsymbol {D_{II}} & \boldsymbol {D_{IR}} \\[0.25em] \boldsymbol {D_{RL}} & \boldsymbol {D_{RI}} & \boldsymbol {D_{RR} - [\overrightarrow {F}][\overrightarrow {Q}]^{\dagger }} \end {bmatrix} \, \begin {Bmatrix} \boldsymbol {u^L_B} \\[0.25em] \boldsymbol {u^{I}} \\[0.25em] \boldsymbol {u^{R}_B} \end {Bmatrix} = \\[0.5em] \begin {Bmatrix} \boldsymbol {\big ( [\overleftarrow {F}] [\overleftarrow {Q}]^{\dagger } [\overrightarrow {Q}] -[\overrightarrow {F}] \big ) \{ A_m e^{i \overrightarrow {k_{m}} (z_L + z_T) }\}} \\[0.25em] \boldsymbol {0} \\[0.25em] \boldsymbol {0} \end {Bmatrix} \end {aligned}\end {equation}


\begin {equation}\boldsymbol {u^{ref}_B} = \boldsymbol {[\overleftarrow {Q}]} \{B^L_n \, e^{i \; \overleftarrow {k_{n}} \; z}\}\end {equation}


$z^I_R < z < z^II_L$


\begin {equation}\begin {aligned} \boldsymbol {\{B^L_n \}} &= \Biggl \{ \boldsymbol {[\overleftarrow {Q}]^\dagger } \boldsymbol {u^L_B} - \boldsymbol {[\overleftarrow {Q}]^\dagger } \boldsymbol {[\overrightarrow {Q}]} \{A_m \, e^{i \; \overrightarrow {k_{m}} \; (z_L+z_T)}\} \Biggr \} \{ \, e^{-i \; \overleftarrow {k_{n}} \; z_L} \} \label {eq: GL-scattering BnL amplitude expression} \end {aligned}\end {equation}


\begin {equation}\boldsymbol {u^{tr}_B} = \boldsymbol {[\overrightarrow {Q}]} \{B^R_n \, e^{i \; \overrightarrow {k_{n}} \; z}\}\end {equation}


$z > z^II_R$


\begin {equation}\begin {aligned} \boldsymbol {\{B^R_n \}} &= \Biggl \{ \boldsymbol {[\overrightarrow {Q}]^\dagger } \boldsymbol {u^R_B} \Biggr \} \{ \, e^{-i \; \overrightarrow {k_{n}} \; z_R} \} \label {eq: GL-scattering BnL amplitude expression} \end {aligned}\end {equation}


\begin {equation}P = -\frac {1}{2} Re \bigl \{ \mathbf {F^H \dot {Q}}\bigr \} = - \frac {1}{2} Re \bigl \{ -i \omega \mathbf {F^H Q}\bigr \}\end {equation}


$^H$


$\mathbf {f,q}$


$\mathbf {f,q}$


\begin {equation}\begin {aligned} E^n_{tr} &= -\frac {1}{2} |B^R_n|^2 \, Re \Bigl \{ -i \omega \mathbf {\overrightarrow {f_{R_n}}^H \overrightarrow {q_{R_n}}} \Bigr \} \\[0.5em] E^n_{ref} &= -\frac {1}{2} |B^L_n|^2 \, Re \Bigl \{ -i \omega \mathbf {\overleftarrow {f_{L_n}}^H \overleftarrow {q_{L_n}}} \Bigr \} \end {aligned}\end {equation}


\begin {equation}\begin {aligned} E_{inc}^n = -\frac {1}{2}|A_m|^2\,Re\Bigl \{ -i \omega \mathbf {\overrightarrow {f_{R_n}}^H \overrightarrow {q_{R_n}}} \Bigr \} \end {aligned}\end {equation}


$z_t$


\begin {equation}\begin {aligned} E_{dmp}^n = E_{inc}^n \times \Bigl [ 1-e^{-2\,z_t \,\overrightarrow {k_{n\, i}}}\Bigr ] \end {aligned}\end {equation}


$\overrightarrow {k_{n\, i}}$


$n$


\begin {equation}E_{dmp FE} = \frac {\omega }{2}\boldsymbol { U^H K_{imag} U}\end {equation}


$U$


\begin {equation}E_{dmp \, total}= E_{dmpFE} + \sum _{n=1}^N{E_{dmp}^n}\end {equation}


\begin {equation}\begin {aligned} E_{err} = abs\Bigl (\frac {E_{inc} - E_{tr} - E_{ref} - E_{dmp \, total}}{E_{inc}}\Bigr )\times 100 \end {aligned}\end {equation}


\begin {equation}\begin {aligned} p = p_0 \biggr [1+a_0\bigr (\frac {f}{f_0}-1\bigl )^2H(f-f_0)\biggl ] \end {aligned} \label {eqn: p-damping}\end {equation}


$f= \omega /{2\pi }$


$H(f)$


$a_0, f_0, p_0$


$p_0$


$p_0$


\begin {equation}\begin {bmatrix} \sigma _{11} \\ \sigma _{22} \\ \sigma _{33} \\ \sigma _{23} \\ \sigma _{13} \\ \sigma _{12} \end {bmatrix} = \begin {bmatrix} C_{11} & C_{12} & C_{13} & 0 & 0 & 0 \\ C_{12} & C_{22} & C_{23} & 0 & 0 & 0 \\ C_{13} & C_{23} & C_{33} & 0 & 0 & 0 \\ 0 & 0 & 0 & C_{44} & 0 & 0 \\ 0 & 0 & 0 & 0 & C_{55} & 0 \\ 0 & 0 & 0 & 0 & 0 & C_{66} \end {bmatrix} \begin {bmatrix} \epsilon _{11} \\ \epsilon _{22} \\ \epsilon _{33} \\ \gamma _{23} \\ \gamma _{13} \\ \gamma _{12} \end {bmatrix}. \label {eq:orthotropic_stiffness}\end {equation}


$C_{ij}$


\begin {equation}\begin {aligned} \Gamma _{ik} - \rho v^2 \delta _{ik}=0, \quad \Gamma _{ik}=C_{ijkl}n_j n_l \end {aligned}\end {equation}


$\boldsymbol {\Gamma }, \rho ,v \, and \, n$


\begin {equation}\begin {aligned} a_{11} &= \frac {C_{11}}{\rho }, & a_{22} &= \frac {C_{22}}{\rho }, & a_{33} &= \frac {C_{33}}{\rho }, \\[1mm] a_{44} &= \frac {C_{44}}{\rho }, & a_{55} &= \frac {C_{55}}{\rho }, & a_{66} &= \frac {C_{66}}{\rho }, \\[1mm] a_{12} &= \frac {C_{12}+C_{66}}{\rho }, & a_{13} &= \frac {C_{13}+C_{55}}{\rho }, & a_{23} &= \frac {C_{23}+C_{44}}{\rho }. \end {aligned}\end {equation}


\begin {equation}\begin {aligned} A_{11} &= \frac {a_{11}}{1+ i p \sqrt {\frac {a_{55}}{a_{11}}}}, & A_{22} &= \frac {a_{22}}{1+ i p \sqrt {\frac {a_{55}}{a_{22}}}}, & A_{33} &= \frac {a_{33}}{1+ i p \sqrt {\frac {a_{55}}{a_{33}}}}, \\[1mm] A_{44} &= \frac {a_{44}}{1+ i p \sqrt {\frac {a_{55}}{a_{44}}}}, & A_{55} &= \frac {a_{55}}{1+ i p }, & A_{66} &= \frac {a_{66}}{1+ i p \sqrt {\frac {a_{55}}{a_{66}}}}, \\[1mm] A_{12} &= \frac {a_{12}}{1+ i p \sqrt {\frac {a_{55}}{a_{12}}}}, & A_{13} &= \frac {a_{13}}{1+ i p \sqrt {\frac {a_{55}}{a_{13}}}}, & A_{23} &= \frac {a_{23}}{1+ i p \sqrt {\frac {a_{55}}{a_{23}}}}. \end {aligned}\end {equation}


\begin {equation}\begin {aligned} CC_{11} &= A_{11}\,\rho , & CC_{22} &= A_{22}\,\rho , & CC_{33} &= A_{33}\,\rho , \\[1mm] CC_{44} &= A_{44}\,\rho , & CC_{55} &= A_{55}\,\rho , & CC_{66} &= A_{66}\,\rho , \\[1mm] CC_{12} &= A_{12}\,\rho - CC_{66}, & CC_{13} &= A_{13}\,\rho - CC_{55}, & CC_{23} &= A_{23}\,\rho - CC_{44}. \end {aligned}\end {equation}


$K_{real}$


$K_{imag}$


\begin {equation}\boldsymbol {K = K_{real} - iK_{imag}}\end {equation}


$p = 0.0005$


$\alpha $


$p$


$\alpha $


$f^{I_P}$


\begin {equation}\boldsymbol {F}=\boldsymbol {\int _{\Gamma }{N^T N t_{node} d\Gamma }}\end {equation}


$\boldsymbol {N}$


$\boldsymbol {t_{node}}$


$d\Gamma $


$\eta $


$\zeta $


\begin {equation}\boldsymbol {F} = \int _{-1}^{1}{\int _{-1}^{1} \boldsymbol {{N^T(\eta ,\zeta )N(\eta , \zeta )}} J(\eta , \zeta ) \boldsymbol {t_{node}d\eta d\zeta }}\end {equation}


$3 \times n$


$\mathbf {X}_{\text {face}}$


$n$


\begin {equation}\mathbf {X}_{\text {face}} = \begin {bmatrix} x_1 & x_2 & \dots & x_n \\ y_1 & y_2 & \dots & y_n \\ z_1 & z_2 & \dots & z_n \end {bmatrix}_{3 \times n}\end {equation}


$n \times 1$


\begin {equation}\frac {\partial \mathbf {N}_{\text {scalar}}}{\partial \xi } = \begin {bmatrix} \frac {\partial N_1}{\partial \xi } \\[8pt] \frac {\partial N_2}{\partial \xi } \\[8pt] \vdots \\[8pt] \frac {\partial N_n}{\partial \xi } \end {bmatrix}_{n \times 1}, \qquad \frac {\partial \mathbf {N}_{\text {scalar}}}{\partial \eta } = \begin {bmatrix} \frac {\partial N_1}{\partial \eta } \\[8pt] \frac {\partial N_2}{\partial \eta } \\[8pt] \vdots \\[8pt] \frac {\partial N_n}{\partial \eta } \end {bmatrix}_{n \times 1}\end {equation}


$3 \times 1$


$\mathbf {T}_1$


$\mathbf {T}_2$


\begin {align}\mathbf {T}_1 &= \mathbf {X}_{\text {face}} \left ( \frac {\partial \mathbf {N}_{\text {scalar}}}{\partial \xi } \right ) \\[8pt] \mathbf {T}_2 &= \mathbf {X}_{\text {face}} \left ( \frac {\partial \mathbf {N}_{\text {scalar}}}{\partial \eta } \right )\end {align}
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Chapter 1

Nondestructive Evaluation in Piping

Systems

1.1 Introduction

Cylindrical structures form an integral part of modern life, ranging from large pipelines that

transport water over hundreds of kilometers to pipelines used for the transportation of oil

and gas, as well as process lines that carry liquid or gaseous products. This makes pipes

and pipelines, in general, an essential part of modern infrastructure, and therefore their

inspection is of paramount importance.

The term Nondestructive Evaluation (NDE) is often used interchangeably with terms

such as Nondestructive Testing (NDT) and Nondestructive Inspection (NDI). Although each

carries a slightly different emphasis, they share the same core meaning. They all focus on

detecting defects but NDE goes further into classifying, characterizing and sizing the defect.

The terminology has also evolved as the field has matured. The current definition provided

by the American Society for Nondestructive Testing (ASNT) describes NDE as the profes-

sion and set of scientific inspection methods used to evaluate components, structures, and

materials for flaws without causing damage, protecting the public, helping prevent failures,
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reducing production costs, and keeping critical infrastructure running [1].

An interesting example of everyday NDE is buying a watermelon! First, we check

its color and appearance, which serves as the visual test. Then, we tap on the surface,

listening for a hollow sound—that’s the acoustic test! Finally, we analyze these tests based

on our knowledge and experience to decide whether or not to buy it [2]. Just like in this

example, there exists many types of NDE test methods and are used at various stages and

applications. The selection of a specific nondestructive evaluation (NDE) method depends

on the application, the material being inspected, the type and location of the expected

defects, the geometry of the component, and the required inspection sensitivity. Since this

work focuses primarily on pipes and cylindrical structures, greater emphasis will be placed

on NDE techniques commonly used for these applications.

This chapter briefly reviews the most common NDE methods applicable to piping sys-

tems, including liquid penetrant testing (PT), magnetic particle testing (MT), radiographic

testing (RT), Eddy-current testing (ECT), and guided-waves ultrasonic testing (GUT). All

of these methods with exception of GUT are conventional methods in the sense that they

scan relatively small areas or region. However, GUT has the advantage of traveling large

distance and thus scanning larger areas.

1.2 Liquid Penetrant Testing

Liquid penetrant testing (LPT) is one of basic and simplest NDE tests that is used to

detect surface cracks. It does not require that much training or equipment. The basic

theory behind penetrant testing is based on capillary attraction. Capillary attraction is a

surface-tension phenomenon that depends on surface energy and allows a liquid to be drawn

into tight openings. Penetrant testing uses a brightly colored liquid with good wetting

characteristics to penetrate discontinuities in nonporous solid materials. The excess liquid

is then removed, and a developer powder is applied. The developer draws the penetrant out
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of the discontinuity, such as a crack, and brings it to the surface, making the discontinuity

visible.

A very important concept in LP is the ability to wet the surface which is mesuared

by the contact angle. It is the angle formed where a liquid droplet meets a solid surface. It is

measured through the liquid between the tangent to the liquid surface and the solid surface

at the three-phase contact point. A small contact angle indicates good wetting, while a large

contact angle indicates poor wetting.

Contact angle is important in penetrant testing because good wetting helps the pen-

etrant spread across the test surface and enter surface-breaking discontinuities. However,

penetration is not controlled by contact angle alone; surface tension, capillary action, clean-

liness of the surface, and the geometry of the discontinuity also affect how effectively the

penetrant enters an opening.

Other important penetrant characteristics include dye concentration, which affects the

visibility and contrast of indications, and viscosity, which influences how easily the penetrant

flows and spreads. In practice, the penetrant must also remain in contact with the surface

for a sufficient dwell time so that it can enter and fill open discontinuities. Contamination,

moisture, or improper cleaning can block these openings and significantly reduce inspection

sensitivity.

Typically, LPT can be applied to any material that has a relatively smooth, non-

porous surface. Parts with rough surface that can trap or hold the penetrant can not be

tested. Porous materials such as ceramics, or fibrous materials cannot be tested as well.

In piping systems, LPT has shown to be effective specifically to piping welds. LPT is

usually applied to welded carbon-steel pipes with the application a cleaner, penetrant, and

developer system. Fig. 1.1 shows a typical example of circumferential crack found on the

surface near welding zone and a crack found on a 316L stainless steel bend pipe[3], [4].
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Figure 1.1: Typical crack detection using LPT

1.3 Magnetic Particle Testing MPT

Magnetic particle testing (also called magnetic particle inspection, MPI) is a very powerful

technique for the inspection of near-surface cracks in ferromagnetic materials. Its working

principle can be divided into three main steps: magnetizing the sample to be tested, applying

fine ferromagnetic particles to flow over the surface, and detecting any surface or subsurface

discontinuity that disturbs the magnetic field and produces magnetic flux leakage, resulting

in the accumulation of magnetic particles around the edges of the discontinuity.

Materials, in terms of magnetization, fall into three categories: paramagnetic, dia-

magnetic, and ferromagnetic. Both paramagnetic and diamagnetic materials have small

relative magnetic permeability, where the former has a positive value and the latter has a

negative value. These two materials can be only weakly magnetized and cannot be used for

MPT. Ferromagnetic materials on the other hand have high relative permeability and they

retain the magnetization upon the removal of an applied magnetic field. Materials with a

high content of iron, nickel, or cobalt are suitable for magnetic particle testing since they

can be easily magnetized, while materials such as aluminum, brass, titanium, and austenitic

stainless steel are not applicable to this technique. A high relative permeability of 100 or

more is required for it to work [2].

One important application of MPT is in pipeline girth weld inspection. Cracks in

these welds develop due to weld imperfections, stress corrosion cracking, or fatigue [5]. Fluo-

4



rescent particles can be used to enhance the detection of accumulated particles around cracks

[6]. Fig. 1.2 shows an example of crack girth detection and small tube inspection using MPT

[6], [7].

Figure 1.2: Detection of crack girth using MPT.

Magnetic particle testing can be applied during fabrication inspection, maintenance,

weld repair, and failure investigations of carbon-steel piping. It is well suited for examining

weld toes, heat-affected zones, girth welds, and other locations where surface cracking is ex-

pected. However, its restriction to ferromagnetic materials and its limited depth of detection

mean that it is commonly combined with ultrasonic, phased-array ultrasonic, or radiographic

examination when a comprehensive evaluation of pipe integrity is required.

1.4 Radiographic Testing RT

Radiography is one of the most common methods used in NDE. It is probably the only

technique that provides information about both the interior and exterior of a material. Its

applications in industry range from tiny electronic components to large missile parts. It

employs highly penetrating X-rays, gamma rays, and other forms of radiation to scan the

material without causing any damage. X-rays and gamma rays are high-energy (short-

wavelength) electromagnetic waves and are typically in the range of keV to MeV, compared

with 1.8–3.3 eV for visible light [2]. Gamma rays have the advantage over X-rays is that it’s

generated from radioactive materials which allows for portable on-cite inspection and the

ability to get high intensity radiation using materials like Co-60.
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The basic principle of film radiography is that when the test specimen is placed

between the radiation source and the film, the thicker parts of the specimen block more

energy, while more energy passes through the thinner parts. The film density then varies

such that thicker areas appear lighter and thinner areas appear darker. Also, for a defect

to be detected, it should have an adequate change in thickness so that the intensity of the

transmitted radiation differs from that in the surrounding regions.

Radiography is used in pipes at different stages: as an inspection and approval criteria

during manufacturing and for in-service pipes to inspect for wall-thickness reduction or for

potential cracks. Fig. 1.3 shows an schematic of scanning method and an image of scanned

part.

Figure 1.3: Radiography testing of small pipes.

1.5 Eddy Current Testing ECT

Eddy current testing is a method that measures a material’s response to an electromagnetic

field. It is based on the principle of electromagnetic induction. When a conductive material

is exposed to a varying primary magnetic field, a small induced current is generated in the

material, which creates a secondary magnetic field that opposes the primary field. An eddy

current testing setup is achieved by using probes that are composed of two main coils: a

primary coil for excitation and a pick-up coil for receiving the response. An AC current is

passed through the primary coil to create the interrogating magnetic field. The pick-up coil
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then measures the secondary magnetic field generated in the material due to the induced

current. Fig. 1.4 shows a schematic of basic set-up and configuration of the probe [2]. It’s

important to note that ECU is only applicable to conductive material.

The path of the induced current in the material determines the detectability of surface

and sub-surface defects. One of the meaure of how deep ECT can go is the skin depth δ

which determines the depth at which signal power drops to 37%. The pick-up coil ’inductor’

in the probe measures the inductor’s impedance Z as result of the secondary magnetic field

coming from the material. Each material has specific behavior and finger print depending on

it electrical conductivity, magnetic permeability and amount of solid material near the probe.

These properties result on unique impedance diagram (Resistance vs inductive Reactance)

as the probe is moved farther from the test specimen (lift-off distance).

Eddy current is widely used in testing wall thickness of pipes and tubes. They are

widely used for heat exchanger tubes inspection as the probes are well-suited to go deep

inside small diameter tubes.

Figure 1.4: Schematic of Basic Eddy current testing

1.6 Ultrasonics Guided Waves

Ultrasonics inspection has been used for a long time for ample applications. One of their

traditional uses nondestructive application field is the scan across the thickness in a pulse

echo or pitch-catch configuration to inspect for defects [8]. However, it’s possible for the
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ultrasonics waves to be guided by the surface and propagate parallel to the guide. These types

of waves are called guided waves and they have the potential to propagate for long distances

and thus potentially allow to scan large areas. Worlton [9] was the first to see the potential of

guided waves for nondestructive testing. He used Lamb waves to detect defects in a metallic

plate. Research followed and grew over the years. Pochhamemr and Chree investigated

waves propagating in a free solid cylinder and derived the well-known Pochhammer-Chree

dispersion equation [10]. Gazis [11] was the first to derive the equations for free propagating

waves in elastic hollow cylinders (even though it contained some typographical errors that

were found by other researchers). Wave propagation in pipes have been under investigation

for years and have made major progress.

Peter Cawley and his colleges at Imperial college have made extensive experimental studies

in pipes where they investigated various wave modes and their interaction with defects and

under multiple boundary conditions such as buried steel pipes, fluid filled pipes, coated and

other configurations[12], [13], [14], [15], [16]. Alleyne studied the propagation of guided waves

for pipes of diameter range of 2-24in and the sensitivity to thickness reduction from corrosion

[17]. It’s recommended to choose lower frequencies when long range inspection is targeted

to reduce wave attenuation. Barshinger studied frequency tuning and mode selection for 4in

diameter steel coated pipes [18].

All of the earlier work suggests that a clear understanding of how waves propagate

in pipes is essential for a guided waves NDE-based tool. It’s also important for this tool to

be able to capture the interaction of these waves with various potential defects, boundary

conditions and material systems.

1.7 Defects in Pipes

Defects in piping structures can be very serious and costly depending on the application area

and the sensitivity of the transported materials.
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They’re made of various materials and in variety of scales depending on the applica-

tion. Inspection of these structures is very important to maintain their functionality. Guided

waves have high potentials for large scale inspection due to their long range propagation dis-

tances [19]. Since each material system is vulnerable to different forms of defects, defects in

metals and composites are covered in two separate sections.

1.7.1 Defects in Metallic Pipes

In this section, the common defects in metallic pipes is covered. Defects can arise from

multiple factors. They can result from external interference which refers to the impact

accidents with foreign objects carried by a third-party activities [20]. An example of these

accidents can be a project construction or road works. Another common source of defects is

improper construction and installation such as materials handling or laying heavy pipes on

hard rocks which can result in dents or cracks.

Dents

Dents care characterized by their radii, depth, longitudinal and circumferential orientations.

They are very common mechanical defect. Dents are not considered severe defects (especially

shallow dents) as the pipe can still be used and sustain pressure. However, they act as stress

concentration sites that the crack can initiate at. Fig 1.5 shows a schematic of typical plain

dent on the surface of the pipe. The effect of dents increase as the radius to thickness ratio

increase. Thus, thinner pipes with large diameters are more sensitive to burst failures from

dents [21]. According to ASME B31.8, the allowed dent strain level is 6%.

1.7.2 Corrosion

Corrosion is an electrochemical reaction that causes material loss. Some codes and standards

treat it as a local thinning of pipe wall thickness. Corrosion defects are irregular 3D material

loss that are described in pipes as longitudinal, circumferential, and radial dimensions[23].
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Figure 1.5: Plain Dent [22]

Corrosion failures account for about 20% of the serious accidents in liquid pipelines in the

US.

Crack-like defects

A crack is a discontinuity in the materials. Fig 1.6 shows several types of crack-like defects.

It’s the main cause of pipeline rupture [20]. They can be a result of a corrosive environment

which is a common in petrochemical plants and referred to as stress corrosion cracking. They

usually appear as multiple cracks branching from the main one. . Also, welding zone can be

a potential location for crack formation due to the effect of the heat affected zone.

1.7.3 Defects in Composite Pipes

Corrosion is considered one of the main drawbacks for metallic pipes especially in highly

corrosive environments such as petrochemical plants and offshore application. Also, heavy

weight of metals can be a drawback for cases where weight is an important factor. Fiber

reinforced polymers (FRP) composite pipes provide an alternative solution to these issues.

The market for FRP composite pipes is in a continuous growth and is estimated to reach

USD 6.3 billion by 2030 [25]. FRP pipes have applications in oil and gas industries [26],
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Figure 1.6: Cracks and crack like defects [24]

water transportation and sewage systems [27], and desalination plants [28]. Composites have

their own drawbacks and experience different types of defects. These defects are dependent

on application and the materials used. In this section, the most common defects will be

discussed briefly.

Waviness

Waviness (also wrinkling) occurs due to misalignment in the fiber. It’s a type of defect that

occurs during the manufacturing phase of FRP. It can result in compromising the composite

and reducing the stiffness.

Porosity

Porosity is another common manufacturing defect and refers to the existence of voids or air

within the composite.
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Delamination

Delamination is one of the most common in-service defects in composites. It’s the detachment

of layers within the composite. It can result from excessive stresses or low-velocity impact.

It’s considered a sever defect and can result in premature failure. Fig. 1.7 an example of

delamination in glass fiber composite pipe [29].

Figure 1.7: Delamination of glass-fiber composite pipe

1.8 The Scope of This Work

The objective of this work is to develop a versatile nondestructive evaluation (NDE) tool

for the purpose of inspecting both metallic and composite pipes. It utilizes wave guide

finite element (WFE) method to obtain waves characteristics ( dispersion curves and modal

displacements). The WFE solution is then used in a developed Global Local (GL) method to

model wave propagation in a coupled source-scattering problem. A commercial finite element

software is used to obtain the mass and stiffness matrix,the geometry of the waveguide and

the defect. This feature gives the flexibility to study variety of defects and multiple material

systems. The WFE solution is validated for both solid and hollow cylinders using a numerical

solver based analytical solution. The plan is use this tool to study mode conversion caused

by multiple defects such as cracks and delamination and create an ultrasonics library for the
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fingerprint (e.g. signal) of each defect.
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Chapter 2

Wave Propagation in Cylindrical

Waveguides

2.1 Introduction

Studying the dynamic response of cylindrical structures is important for assessing their

condition and characterizing their material and structural properties. Dynamic analysis can

generally be classified into two categories based on the frequency of the applied load: low-

frequency and high-frequency problems. Low-frequency problems, typically ranging from a

few hertz to several hundred hertz, are commonly treated within the framework of structural

dynamics, where the analysis primarily focuses on the steady-state response. In such cases,

the first few vibration modes are usually of greatest interest [30]. It is worth noting that the

wavelengths associated with these problems are generally much larger than the thickness of

the structure.

In contrast, for high-frequency problems, typically in the kilohertz range or higher,

the transient response becomes increasingly important, and higher-order modes can play

a significant role in wave amplitude and propagation characteristics. Problems that fall

within this category include excitation by high-frequency transducers, impact loading, and
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blast-type loading.

Wave propagation in cylindrical structures is reviewed in this chapter. First, the

analytical solution is derived, and the physical characteristics of the different propagating

modes are discussed. In the subsequent sections, an alternative numerical approach is in-

troduced and formulated. Finally, the application of the numerical method to isotropic and

quasi-isotropic composite pipes is demonstrated.

2.2 Theory

A necessary review of Bessel functions is provided in the appendix. The Navier’s equation

for isotropic materials is defined by

(λ + 2µ)∇(∇ · u)− µ∇×∇× u + f = ρü (2.1)

Equation (2.1) can be rewritten as (in the absence of body forces):

c21∇∇ · u− c22∇×∇× u− ü = 0 (2.2)

Introducing the scalar potential functions Φ,Ψ, and χ:

u =∇Φ +∇× (êzΨ) +∇× {∇× (êzχ)} (2.3)

for the equation of motion 2.2 to be satisfied, then the sufficient conditions require:

∇2Φ− c−21 Φ̈ = 0

∇2Ψ− c−22 Ψ̈ = 0

∇2χ− c−22 χ̈ = 0

(2.4)
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where:
∇ = er

∂

∂r
+ eθ

∂

r ∂θ
+ ez

∂

∂z

∇2 =
1

∂r
(r

∂

∂r
) +

∂2

r ∂θ2
+

∂2

∂z2

(2.5)

Equation (2.4) is the wave equations written in terms of the potential functions. For

harmonic disturbances of the type e−iωt, the wave equation (2.4) reduces to the Helmholtz

equation and can be solved using the separation of variables. So, the wave equations shown

in equation 2.4 becomes:

Φ(r, θ, z, t) = Φ1(r)Φ2(θ)Φ3(z)e
−iωt

Ψ(r, θ, z, t) = Ψ1(r)Ψ2(θ)Ψ3(z)e
−iωt

χ(r, θ, z, t) = χ1(r)χ2(θ)χ3(z)e
−iωt

(2.6)

These separation functions are be found to be (see Appendix B):

Φ1(r) = Aϕ(k) Jn (ν1 r) +Bϕ(k) Yn (ν1 r)

Φ2(θ) = e±inθ, Φ3(z) = e±ikz

Ψ1(r) = Aψ(k) Jn (ν2 r) +Bψ(k) Yn (ν2 r)

Ψ2(θ) = e±inθ, Ψ3(z) = e±ikz

χ1(r) = Aχ(k) Jn (ν2 r) +Bχ(k) Yn (ν2 r)

χ2(θ) = e±inθ, χ3(z) = e±ikz

where:

νm =
√︁

k2
m − k2, km =

ω

cm
, m = 1, 2

(2.7)

where n, k are separation constants.

The displacement vectors and stress tensors in cylindrical coordinates in terms of the
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potential functions Φ,Ψ, χ are:

ur =
∂Φ

∂r
+

1

r

∂Ψ

∂θ
+

∂2χ

∂r∂z

uθ =
1

r

∂Φ

∂θ
− ∂Ψ

∂r
+

1

r

∂2χ

∂θ∂z

uz =
∂Φ

∂z
+ (

∂2

∂z2
+ k2

2)χ

(2.8)

σrr
µ

= (2k2
1 − k2

2)Φ + 2
∂ur
∂r

σθθ
µ

= (2k2
1 − k2

2)Φ +
2

r
(ur +

∂uθ
∂θ

)

σzz
µ

= (2k2
1 − k2

2)Φ + 2
∂uz
∂z

σrθ
µ

=
1

r

∂ur
∂θ

+ r
∂

∂r
(
uθ
r
)

σθz
µ

=
∂uθ
∂z

+
1

R

∂uz
∂θ

σrz
µ

=
∂ur
∂z

+
∂uz
∂r

(2.9)

2.2.1 Solid Cylinder

For a solid cylinder, the potential functions in equations 2.7 have to be defined at r = 0.

This requires the constant B to be zero. We will study the axisymmetric cases in which

we only have either torsional or longitudinal waves. For these cases, n has to be zero to

eliminate the dependence on θ. The potential functions take the form:

Φ(r, z) = AϕJ0(v1r)e
ikz

Ψ(r, z) = AψJ0(v2r)e
ikz

χ(r, z) = AχJ0(v2r)e
ikz

(2.10)

17



Torsional Motion in Cylindrical Solid

In this section the torsional waves in a solid cylinder is found. Let’s assume a cylinder

that occupies the region 0 ≤ r ≤ a, 0 ≤ θ ≤ 2π, and − ∞ < z < ∞ and consider the

axisymmetric motion such that (using equation (2.8)):

ur = uz = 0, uθ = −
∂Ψ

∂r
,

∂

∂θ
(uθ) = 0 (2.11)

The traction-free boundary condition is used at r = a such that:

σrθ/µ =
1

r

∂ur
∂θ

+ r
∂

∂r

(︂uθ
r

)︂
= r

∂

∂r

(︂uθ
r

)︂
= −r ∂

∂r
(
1

r

∂Ψ

∂r
) = 0

(2.12)

The equation of motion is satisfied if:

(∇2 + k2
2)Ψ = 0,

−→ 1

r

∂

∂r

(︃
r
∂Ψ

∂r

)︃
+

∂2Ψ

∂z2
+ k2

2Ψ = 0
(2.13)

The solution of equation (2.13) that is finite at r = 0 is:

Ψ(r, z) = A(k)J0(ν2r)e
ikz (2.14)

where k is a separation constant, A(k) is an unknown amplitude and ν2 =
√︁
k2
2 − k2. Ap-

plying the boundary condition (2.12) give:

−r ∂

∂r

[︃
1

r

∂

∂r
[J0(ν2r)]

]︃⃓⃓⃓⃓
r=a

= 0 (2.15)

This equation can be written as (differentiating rules for Bessel functions):

J2(ν2 a) = 0 (2.16)

This equation resembles the dispersion equation for torsional waves in solid cylinders. The
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solution of the dispersion equation is:

ν2 a = 0, 5.14, 8.42, 11.26, 14.8, 18.0, ...

ν2 a = xm, m =, 1, 2, ...

(2.17)

where: xm is the root of J2 = 0 and it resembles the torsional mode order. For the first

mode (e.g.x0 = 0 ) it can be shown that it’s nondispersive:

ω2

c22
− ω2

c2
= 0 −→ c = c2

The displacement can be found to be:

uθ(r) = J1

(︂
xm

r

a

)︂
(2.18)

2.2.2 Longitudinal Motion in Cylindrical Solid

In this section, the longitudinal waves is derived. We assume axisymmetric motion (e.g.

uθ = ∂u/∂θ = 0 and n = 0)

u(r, z) = ur(r, z)êr + uz(r, z)êz

Since uθ = 0, we see that Ψ = 0.

The displacement equations become:

ur(r, z) = −
[︂
A1ν1J1(ν1r)− iA3kν2J1(ν2r)

]︂
eikz

uz(r, z) =
[︂
iA1kJ0(ν1r)− A3ν

2
2J0(ν2r)

]︂
eikz

(2.19)
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The boundary conditions are σrr = σrz = 0 at r = a.

σrr
µ

= 0 =

[︄[︂
(2k2

1 − k2
2)J0(ν1r) + 2ν2

1J
′′
0 (ν1r)

]︂
A1 + 2ikA3ν

2
2J
′′
0 (ν2r)

]︄
eikz

σrz
µ

= 0 =

[︄
−2ikν1J1(ν1r)A1 + (2k2 − k2

2)ν2J1(ν2r)A3

]︄
eikz

(2.20)

Using these two boundary conditions, we can write:⎡⎢⎣(2k2
1 − k2

2)J0(ν1r) + 2ν2
1J
′′
0 (ν1r) 2ikA3ν

2
2J
′′
0 (ν2r)

−2ikν1J1(ν1r) (2k2 − k2
2)ν2J1(ν2r)

⎤⎥⎦
⎧⎪⎨⎪⎩
Aϕ

Aχ

⎫⎪⎬⎪⎭ = 0 (2.21)

J ′′0 (ν2r) = ν2
2

(︃
3

r
J1(ν2r)− J0(ν2r)

)︃
The determinant of equation 2.21 is the Pochhammer equation and it gives the dispersion

curves for axisymmetric mode.

2.2.3 Hollow Cylinder

In this section we will derive the dispersion equations for hollow cylinders or pipes. For a

hollow cylinder case, no simplification in the potential functions in 2.7 and the complete

form is used.

We will study the axisymmetric cases in which we only have either torsional or lon-

gitudinal waves. For these cases, n has to be zero to eliminate the dependence on θ.

The potential functions take the form:

Φ(r, z) =
[︂
Aϕ(k) J0(v1r) +Bϕ(k)Y0(ν1r)

]︂
eikz

Ψ(r, z) =
[︂
Aψ(k) J0(v2r) +Bψ(k)Y0(ν2r)

]︂
eikz

χ(r, z) =
[︂
Aχ(k) J0(v2r) +Bχ(k)Y0(ν2r)

]︂
eikz

(2.22)
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Torsional Waves in Hollow Cylinders

Assume a displacement of the form:

ur = uz = 0, uθ = −
∂Ψ

∂r
(2.23)

The displacement (uθ) and torsional stress σrθ expressions is:

uθ = ν2

[︄
A2J1(ν2r) +B2Y1(ν2r)

]︄
eikz

σrθ
µ

=
ν2
r

[︄[︁
ν2rJ0(ν2r) + J1(ν2r)

]︁
A2 +

[︁
ν2rY0(ν2r) + Y1(ν2r)

]︁
B2

]︄
eikz

(2.24)

The boundary condition at r = a and r = b is σrθ = 0.

ν2

⎡⎢⎢⎣ν2J0(ν2a)−
2
a
J1(ν2a) ν2Y0(ν2a)− 2

a
Y1(ν2a)

ν2J0(ν2b)− 2
b
J1(ν2b) ν2Y0(ν2b)− 2

b
Y1(ν2b)

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩
A2

B2

⎫⎪⎪⎬⎪⎪⎭ = 0 (2.25)

Longitudinal Waves in Hollow Cylinders

Assume a displacement of this form:

u(r, z) = ur(r, z)êr + uz(r, z)êz (2.26)
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The displacements ur and uz are found to be:

ur(r, z) =
∂Φ

r
+

∂2χ

∂rz
, uz(r, z) =

∂Φ

z
+

∂2χ

∂z2
+ k2

2χ

ur(r, z) = −

[︄
ν1
[︁
J1(ν1r)Aϕ(k) + Y1(ν1r)Bϕ(k)

]︁
+ i k

[︁
J1(ν2r)Aχ(k) + Y1(ν2r)Bχ(k)

]︁]︄
eikz

uz(r, z) =

[︄
ik
[︁
J0(ν1r)Aϕ(k) + Y0(ν1r)Bϕ(k)

]︁
+ (k2

2 − k2)
[︁
J0(ν2r)Aχ(k) + Y0(ν2r)Bχ(k)

]︁]︄
eikz

(2.27)

The stresses σrr and σrz are found to be:

σrr(r, z)

µ
= (2k2

1 − k2
2)Φ + 2

∂ur
∂r

,
σrz(r, z)

µ
=

∂ur
∂z

+
∂uz
∂r

σrr(r, z)

µ
=

1

r

[︄[︃
2ν1J1(ν1r) + (2k2 − k2

2)rJ0(ν1r)

]︃
Aϕ(k)

+

[︃
2ν1Y1(ν1r) + (2k2 − k2

2)rY0(ν1r)

]︃
Bϕ(k)

+ 2ikν2

[︃
J1(ν2r)− rν2J0(ν2r)

]︃
Aχ(k)

+ 2ikν2

[︃
Y1(ν2r)− rν2Y0(ν2r)

]︃
Bχ(k)

]︄
eikz

σrz(r, z)

µ
=

[︄
−

[︃
2ikν1J1(ν1r)

]︃
Aϕ(k)−

[︃
2ikν1Y1(ν1r)

]︃
Bϕ(k)

+

[︃
ν2(2k

2 − k2
2)J1(ν2r)

]︃
Aχ(k) +

[︃
ν2(2k

2 − k2
2)Y1(ν2r)

]︃
Bχ(k)

]︄
eikz

(2.28)

The boundary conditions at the inner and outer walls are:

σrr = σrz = 0, at r = a & r = b (2.29)
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These equations can be written in a matrix form as:

1

ab

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

bJ(1+0)(ν1a) bY(1+0)(ν1a) 2ikν2bJ(1−0)(ν2a) 2ikν2bY(1−0)(ν2a)

aJ(1+0)(ν1b) aY(1+0)(ν1b) 2ikν2aJ(1−0)(ν2b) 2ikν2aY(1−0)(ν2b)

−2ikν1abJ1(ν1a) −2ikν1abY1(ν1a) ην2abJ1(ν2a) ην2abY1(ν2a)

−2ikν1abJ1(ν1b) −2ikν1abY1(ν1b) ην2abJ1(ν2b) ην2abY1(ν2b)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Aϕ

Bϕ

Aχ

Bχ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
= 0

(2.30)

where:

η =
√︂

2k2 − k2
2

J(1+0)(ν1r) = 2ν1J1(ν1r) + ηJ0(ν1r), Y(1+0)(ν1r) = 2ν1Y1(ν1r) + ηY0(ν1r)

J(1−0)(ν2r) = J1(ν2r)− ν2rJ0(ν2r), Y(1−0)(ν2r) = Y1(ν2r)− ν2rY0(ν2r)

The determinant of this equation will result in the dispersion curves for the longitu-

dinal modes in isotropic pipes.

2.3 Review of Finite Element Based Methods in Waves

Propagation

Finite element method (FEM) is traditionally used to solve dynamics analyses problems. In

waves propagation problems where the load frequency is very high, the wavelength becomes

very small. This add an element size restriction to the FEM in which edge size has to be

of the same order or smaller than the wavelength. This is required to ensure the accurate

capture of all existing modes [30]. Fine mesh restrictions make large FEM problems very

computational expensive. One of the well-known FE-based methods is spectral finite element

(SFE) where the problem is solved in the frequency domain. This method has been applied

successfully to multiply problems [30], [31], [32]. However, SFE requires a separate element
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formulation and a different dynamic stiffness matrix.

2.4 Waveguide Finite Elements (WFE)

Waveguide finite element (WFE) method is finite element based approach to obtain disper-

sion curves and mode shapes (using eigen-values and eigen-vectors). It is used for structures

with uniform cross-section along one direction where the waves propagate. The cross-section

is sometimes referred to as the waveguide and it has the same physical and geometric prop-

erties along waveguide axis. The waveguide is considered the periodic unit cell and the

periodic condition is used [33]. The wave characteristics of the waveguide are obtained. The

waveguide can be modeled using commercial FE software to obtain the mass, stiffness, and

damping matrices. Theses matrices are then used in the vibrational formulation that lead

to the dispersion relation [34].

The main WFE formulation was developed to exploit standard finite-element models

directly. Mace et al. [35] demonstrated that the wavenumbers and wave modes of a structural

waveguide can be extracted by post-processing the mass and stiffness matrices of a short FE

segment. An important advantage of WFE is that the underlying segment can generally

be constructed using standard finite-element elements and commercial FE software. This

allows geometrically complicated cross-sections, layered materials, anisotropy and damping

to be incorporated without deriving new analytical wave equations. Duhamel et al. [36]

extended the approach from the calculation of free waves to the forced response of finite and

infinite waveguides. Once the wave basis has been computed, the structural response can be

expressed using a relatively small number of traveling and evanescent waves rather than the

full set of physical degrees of freedom. This reduction is particularly valuable at medium

and high frequencies, where direct FE models of long structures can become computationally

expensive.

The WFE formulation has subsequently been extended to various problems and more
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complex waveguides. Mencik and Ichchou [37] developed a WFE formulation for guided

elastodynamic structures containing an internal acoustic fluid. The method leads to a spec-

tral problem in which the eigenvalues and eigenvectors define the propagation constants and

coupled structural–acoustic wave modes.

WFE has been applied to cylindrical structures and pipes. Manconi and Mace [38]

applied the method to isotropic, orthotropic and laminated cylindrical and curved panels.

Their formulation used the mass and stiffness matrices of a small circumferential and axial

segment and imposed phase relationships between corresponding boundaries. The resulting

eigenproblem provided the dispersion characteristics and wave shapes for different circumfer-

ential orders. This demonstrated that complicated cylindrical constructions can be treated

using standard FE discretizations without the need to derive specialized analytical dispersion

equations.

WFE shares several characteristics with the Semi-Analytical Finite Element (SAFE)

method, although the two methods construct the waveguide problem differently. In SAFE,

the cross-section of a uniform waveguide is discretized and the variation in the propagation

direction is assumed analytically, typically as exp(ikz) [39]. The resulting eigenvalue prob-

lem directly relates frequency, wavenumber and cross-sectional mode shape. WFE instead

discretizes a finite segment in the propagation direction and imposes Bloch–Floquet or pe-

riodicity conditions between the two ends of that segment [35], [36]. SAFE can therefore

be especially efficient for geometrically uniform waveguides with a well-defined propagation

direction, whereas WFE is attractive when an existing conventional FE model is available or

when the waveguide contains structural periodicity that is naturally described by a repeating

unit cell.

The flexibility of WFE is accompanied by several numerical considerations. Because

the propagation constants are obtained from an eigenvalue problem associated with a finite

segment, the segment length and FE discretization must be sufficiently small to represent the

wavelengths of interest. Furthermore, strongly attenuating waves may lead to eigenvalues of
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very different magnitudes, which can cause numerical ill-conditioning. Waki et al. [40] exam-

ined these issues in detail and proposed more robust eigenvalue formulations for calculating

free and forced wave responses. Therefore, appropriate discretization, mode classification

and normalization are important when WFE is used over broad frequency ranges.

Overall, WFE provides an efficient bridge between conventional finite-element mod-

eling and wave-based analysis. It retains the geometric and constitutive generality of FEM

while replacing long sections of a waveguide by a compact basis of propagating and evanes-

cent modes. For cylindrical structures and pipes, this capability is particularly valuable

because WFE modes can be used both to calculate dispersion characteristics and as global

wave functions in hybrid global–local or WFE–FE scattering formulations. In this respect,

WFE and SAFE provide complementary finite-element-based techniques for obtaining the

modal information required for efficient analysis of guided-wave propagation and interaction

with localized structural features.

Waveguide finite element (WFE) method is finite element based approach to obtain

dispersion curves and mode shapes (using eigen-values and eigen-vectors). It is used for

structures with uniform cross-section along one direction where the waves propagate. The

cross-section is sometimes referred to as the waveguide and it has the same physical and

geometric properties along waveguide axis. The waveguide is considered the periodic unit

cell and the periodic condition is used [33]. The wave characteristics of the waveguide are

obtained. The waveguide can be modeled using commercial FE software to obtain the mass,

stiffness, and damping matrices. Theses matrices are then used in the vibrational formulation

that lead to the dispersion relation [34].

2.4.1 Formulation

The formulation of the WFE method starts with the traditional formulation of dynamics

problems.

Mü + Ku = f (2.31)
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Figure 2.1: WFE model of the cylinder

Then, using separation of variables and assuming a harmonic motion of the form e−iωt the

equation of motion (2.31) becomes:

⎡⎢⎢⎢⎢⎣
DLL DLI DLR

DIL DII DIR

DRL DRI DRR

⎤⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
uL

uI

uR

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
fL

fI

fR

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (2.32)

where D = −ω2M + K is the dynamic stiffness matrix. The L, I andR subscripts represent

the left, interior, and right degrees of freedoms (DOFs), respectively.

Since there are no applied forces on the interior DOFs (or nodes), then we can set fI

to zero and reorganize the matrix as such:⎡⎢⎢⎢⎢⎣
DLL DLI DLR

DIL DII DIR

DRL DRI DRR

⎤⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
uI

uL

uR

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0

fL

fR

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (2.33)

The internal DOF in equation (2.33) is found as:

uI = −D−1

II [DILuL + DIRuR] (2.34)

Inserting the interior DOF equation (2.34) in equation (2.33) to obtain the reduced form as
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such as: ⎡⎢⎣DLL DLR

DRL DRR

⎤⎥⎦
⎧⎪⎨⎪⎩uL

uR

⎫⎪⎬⎪⎭ =

⎧⎪⎨⎪⎩fL

fR

⎫⎪⎬⎪⎭ (2.35)

where:
DLL = DLL −DLID

−1

II DIL, DLR = DLR −DLID
−1

II DIR

DRL = DRL −DRID
−1

II DIL, DRR = DRR −DRID
−1

II DIR

(2.36)

We can now insert the continuity condition and force equilibrium for the waveguide

which are defined as:

us
R = us+1

L , fs
R = fs+1

L
(2.37)

equation (2.37) states that the displacement of right hand side of segment s is equal to the

left hand side of the next segment (s+1) as shown in figure (2.1). It is important to note at

this point that for the WFE to work, the left and right node locations have to be coincide

because the DOFs on the right face are written in terms DOFs on the left face. When we

insert the continuity condition (2.37), the reduced form (2.35), we get:⎡⎢⎣DLL DLR

DRL DRR

⎤⎥⎦
⎧⎪⎨⎪⎩

us
L

us+1
L

⎫⎪⎬⎪⎭ =

⎧⎪⎨⎪⎩
fL

fs+1
L

⎫⎪⎬⎪⎭ (2.38)

which after rearrangement in terms of upstreams and downstreams terms, we get:⎧⎪⎪⎨⎪⎪⎩
us+1

L

fs+1
L

⎫⎪⎪⎬⎪⎪⎭ =

⎡⎢⎢⎣ −D−1
LRDLL D−1

LR

DRL −DRRD
−1
LRDLL DRRD

−1
LR

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩
us

L

fs
L

⎫⎪⎪⎬⎪⎪⎭ = T

⎧⎪⎪⎨⎪⎪⎩
us

L

fs
L

⎫⎪⎪⎬⎪⎪⎭ (2.39)

where:

T =

⎡⎢⎢⎣ −D−1
LRDLL D−1

LR

DRL −DRRD
−1
LRDLL DRRD

−1
LR

⎤⎥⎥⎦
Now, we introduce the phase shift (or the propagation term) λ = eikz = eik∆h along

the propagation direction êz. ∆h is the depth of the waveguide in the propagation direction
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êz. The equation of a free wave propagation is then:⎧⎪⎪⎨⎪⎪⎩
us+1
L

f s+1
L

⎫⎪⎪⎬⎪⎪⎭ = λ

⎧⎪⎪⎨⎪⎪⎩
usL

f sL

⎫⎪⎪⎬⎪⎪⎭⇐⇒ T

⎧⎪⎪⎨⎪⎪⎩
usL

f sL

⎫⎪⎪⎬⎪⎪⎭ = λ

⎧⎪⎪⎨⎪⎪⎩
usL

f sL

⎫⎪⎪⎬⎪⎪⎭ (2.40)

Equation (2.40) is the eigenvalue problem and be rewritten as:

[T − λI]

⎧⎪⎪⎨⎪⎪⎩
usL

f sL

⎫⎪⎪⎬⎪⎪⎭ = 0 (2.41)

The solution of equation (2.41) gives us the eigenvalues and eigenvectors (mode shapes).

It’s worth noting that there are 2n eigenvalues and eigenvectors, where n is the number of

DOF. The wavenumbers are found from the eigenvalues by taking the natural logarithm of

the eigenvalues and it can be stated as:

k = − i

∆h
ln(λ) (2.42)

The phase and group velocities are found as such:

vp =
ω

k
, vg =

∂ω

∂k
(2.43)

Group velocity calculations involve difficulty due to numerical differentiation and this

can be avoided by using the time-averaged energies and power flow:

vg =
P

Etot

(2.44)

Where P is the average power flow transmitted through the cross-section of the waveg-

uide. Etot is the time average sum of the kinetic and potential energies.

P =
1

2
Re{fHü} = ω

2
Re{fHü} (2.45)
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2.4.2 Numerical Considerations and the use of Symmetry WFE

Half Model

In the previous section, we discussed the formulation of the full model. It is possible to apply

symmetry and reduce the size of the problem by half. This requires applying symmetry

boundary conditions by constraining the degrees of freedom about the plane of symmetry.

However, it is worth noting that this results in the elimination of torsional waves. For

example, applying symmetry about the y-axis requires constraining the x-components at

the interface to enforce mirror boundary conditions.

2.5 Physics-Informed Tracking

2.5.1 Motivation and tracking requirements

The WFE method evaluates the wave characteristics by solving the transfer matrix eigenvalue

problem at every single frequency. While this formulation results in all complex wavenumbers

k and their corresponding eigenvectors (modal shapes and nodal forces), the eigenvalue

solver returns the solution at an arbitrary orders and rotation at every frequency step [41],

[42]. For the solution to be properly used in generating dispersion curves, or in the forced

response problem, it has to be robustly tracked and sorted across the frequency domain.

Although the WFE formulation provides an efficient representation of wave propagation

in structures in geometry with complex cross-sections -enabled by the use of commerical

FE packages-, the resulting eigenproblem can be sensitive to numerical conditioning, finite-

element discretisation, and normalization and scaling of computed eigenvectors. Waki et

al. [40] demonstrated that such numerical effects can influence both the the eigensolution

and the subsequent forced-response computation. These considerations become particularly

important when a large number of propagating and evanescent waves are retained.
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2.5.2 Conventional MAC-based mode tracking

The Modal Assurance Criterion was originally introduced as a measure of correlation between

modal vectors [43]. For two modal displacement vectors ϕi and ϕj, the MAC is defined as

MACij =

⃓⃓
ϕH
i ϕj

⃓⃓2(︁
ϕH
i ϕi

)︁ (︁
ϕH
j ϕj

)︁ , (2.46)

where the superscript H denotes the Hermitian transpose.

The criterion satisfies

0 ≤ MACij ≤ 1. (2.47)

A value close to unity indicates strong spatial correlation, while a value close to zero

indicates weak correlation. A conventional mode-tracking scheme would track each mode

from ωr to ωr+1 by finding its maximum MAC value.

For isolated and sufficiently well-separated modes, this approach can be effective.

However, it becomes problematic when eigenvalues are repeated or arbitrary rotate across

frequencies [44], [45], [46].

2.5.3 Why individual-vector MAC becomes ambiguous for circular-

pipe flexural modes

The principal limitation of conventional MAC tracking in the present application arises from

the rotational symmetry of the circular pipe.

For a circumferential order n > 0, a flexural family may be represented by two

angularly orthogonal solutions of the form

ϕc ∝ cos(nθ), ϕs ∝ sin(nθ). (2.48)

In an ideally axisymmetric pipe these two solutions belong to the same degenerate
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eigenspace (e.g. share the same eigenvalue). Repeated eigenvalues do not possess a unique set

of individual eigenvectors: any linear combination of eigenvectors belonging to the repeated

eigenvalue is also a valid eigenvector [44].

Hence, the numerical eigensolver is free to return a rotated pair

[︃˜︁ϕ1
˜︁ϕ2

]︃
=

[︃
ϕc ϕs

]︃
R(α), (2.49)

where

R(α) =

⎡⎢⎣cosα − sinα

sinα cosα

⎤⎥⎦ . (2.50)

Equation (2.49) represents only a change of basis; the physical two-dimensional

eigenspace has not changed.

Nevertheless, the MAC between one reference mode and the two rotated members is

MAC
(︂
ϕc,

˜︁ϕ1

)︂
= cos2 α, (2.51)

and

MAC
(︂
ϕc, ˜︁ϕ2

)︂
= sin2 α. (2.52)

For α = 45◦,

MACc1 = MACc2 = 0.5, (2.53)

and the individual modal assignment becomes intrinsically ambiguous.

Similarly, when α = 90◦, the two numerical eigenvectors exchange their individual

identities even though their combined eigenspace is unchanged.

This is not a failure of the underlying eigensolution. It is instead a consequence of

32



attempting to assign a unique physical identity to an individual vector within a non-unique

eigenspace.

The same general issue has been recognised in modal correlation studies of repeated

modes. Vinze et al. [45] showed that conventional MAC may provide misleading results for

repeated and pseudo-repeated roots and developed a correlation measure based on vector

subspaces. More recently, Xiao et al. [46] treated continuous-symmetry degeneracy in SAFE

waveguide calculations using a rotation-invariant subspace MAC, including application to a

steel pipe.

2.5.4 Mode veering and small eigengaps

A related problem occurs when two non-degenerate branches approach one another in an

eigenvalue-veering region.

Perturbation theory for parameter-dependent eigenvalue problems shows that the

derivative of an eigenvector contains contributions inversely related to the separation between

neighbouring eigenvalues. In schematic form,

decreases, the eigenvectors can vary rapidly with the continuation parameter. Xiao

et al. [46] discuss this behaviour in detail for SAFE dispersion tracking and show that

sufficiently fine adaptive sampling is required for reliable individual-vector MAC tracking

near such regions.

It is important to distinguish this phenomenon from the exact flexural degeneracy

of an axisymmetric pipe. Near a mode-veering region, the individual eigenvectors remain

theoretically identifiable but may rotate rapidly. In an exactly degenerate flexural subspace,

the individual eigenvectors are fundamentally non-unique.

2.5.5 Cylindrical Fourier physical signature

To reduce dependence on the arbitrary Cartesian representation of the eigenvectors, the

present tracking algorithm first expresses the cross-sectional displacement in cylindrical com-
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ponents.

For a pipe with axis parallel to z, the radial and circumferential components may be

written as

Ur = Ux cos θ + Uy sin θ, (2.54)

Uθ = −Ux sin θ + Uy cos θ, (2.55)

together with the axial component Uz.

For each circumferential order n > 0, cosine and sine Fourier coefficients are calcu-

lated. For example, for the radial displacement,

a(n)r = ⟨cos(nθ), Ur⟩ , (2.56)

b(n)r = ⟨sin(nθ), Ur⟩ . (2.57)

Instead of using a
(n)
r and b

(n)
r separately, the tracking signature uses

S
(n)
i =

√︃⃓⃓⃓
a
(n)
i

⃓⃓⃓2
+
⃓⃓⃓
b
(n)
i

⃓⃓⃓2
, i = r, θ, or z (2.58)

The resulting quantities are assembled into the modal physics-signature vector,

s =
[︂
S(0)
r , S

(0)
θ , S(0)

z , . . . , S(n)
r , S

(n)
θ , S(n)

z

]︂T
, (2.59)

which is subsequently normalised according to

ˆ︁s =
s

∥s∥2
. (2.60)

An important property of Equation (2.58) is its invariance to rotation between the

sine and cosine representations of the same circumferential order. A change in the angu-
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lar orientation modifies the individual coefficients a(n) and b(n), but leaves their combined

magnitude unchanged.

Consequently, the signature identifies the physical circumferential content of the mode

without attempting to assign an artificial permanent identity to the two arbitrary orientations

within a flexural doublet.

2.5.6 Complex-wavenumber continuation

After identifying modes with similar physical signatures, the complex wavenumber is em-

ployed as the principal discriminator between different radial branches belonging to the same

wave family.

For tracked branch i, let the predicted wavenumber at the next frequency be denoted

by ˆ︁ki. For candidate mode j, the wavenumber cost is defined as

Ck(i, j) =

⃓⃓⃓
kj − ˆ︁ki ⃓⃓⃓

kscale + |kj| + |ˆ︁ki| . (2.61)

The cost is bounded to the interval

0 ≤ Ck ≤ 1. (2.62)

The use of the complete complex wavenumber is significant because the same con-

tinuation quantity can be employed for propagating and evanescent modes. Furthermore,

Equation (2.61) remains regular as k → 0, which is important close to modal cut-on.

No global assumption such as

m2 > m1 =⇒ |km2| > |km1| (2.63)

is imposed. Instead, each branch is followed according to its local complex dispersion

trajectory.
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2.5.7 Composite global assignment

The candidate-to-branch correspondence is obtained from a composite cost function of the

form

Cij = WsigCsig,ij +WkCk,ij +WcgCcg ,ij +WnCn,ij + Cdir,ij, (2.64)

where:

• Csig is the cylindrical physics-signature cost;

• Ck is the complex-wavenumber continuation cost;

• Ccg is a bounded group-velocity continuation cost;

• Cn penalises changes in circumferential order; and

• Cdir penalises inconsistent propagation direction.

Rather than making independent greedy decisions for individual modes, the complete

cost matrix is solved as a one-to-one assignment problem. This ensures that every raw

eigenvalue can be assigned to at most one tracked branch at each frequency.

Conceptually, a MAC-dominated tracker asks

Which current eigenvector most closely resembles the previous eigenvector?

The present method instead asks

Which current candidate has the correct cylindrical wave physics and represents

the most consistent continuation of the complex dispersion branch?

The latter criterion is better suited to the present pipe application because it does

not require the arbitrary orientation of a degenerate eigenvector to remain unchanged.

2.5.8 Summary

The mode-tracking procedure developed in here is more suited for cylindrical structures

as compared to conventional MAC algorithm. MAC provides a useful measure of modal-

vector correlation [43]; however, repeated roots require special consideration because the
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associated individual eigenvectors are non-unique [44]. Consequently, conventional MAC can

give misleading correlations for repeated modal roots, motivating subspace-based correlation

methods such as SpaceMAC [45]. The same mathematical issue arises in guided-wave analysis

when continuous structural symmetry creates degenerate modal subspaces; recent SAFE

mode-tracking work therefore introduces rotation-invariant subspace treatment for such cases

[46].

2.6 Application

Several case studies of WFE method are shown in this section for both isotropic and com-

posite pipe. We will start with the simple solid cylinder case.

2.6.1 Solid Cylinder

In this section, a solid cylinder of radius 1mm is modeled in abaqus using C3D8 linear brick

element as shown in Fig 2.2. The model has depth of 50µm along the propagation direction.

The dispersion curves result and in-plane model shapes are shown in Fig (2.3) and Fig(2.4).

The first three fundamental modes are shown. The red line, blue dashed line and black

line are L(0,1), F(1,1) and T(0,1), respectively. The first torsional mode is known to be a

non-dispersive mode.

Figure 2.2: Solid cylinder waveguide modeled in Abaqus.
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Figure 2.3: Dispersion curves for solid cylinder with R = 1mm, group velocity on the right,
phase velocity on the left.
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Figure 2.4: In-plane mode shapes of L(0, 1)mode at 100kHz

2.6.2 Isotropic Pipe

In this section, the results for isotropic pipes with different R/t ratios are presented. A finite

element model is shows in Fig 2.5 with R/t ratio of 10.

Fig 2.6 shows the dispersion curves for R/t to thickness ratio of 10 against a numerical

solution of the analytical solver. The results shows very good agreement between the two

solutions. The in-plane modal displacements for the same pipe are shown in Fig 2.7

In Fig 2.8, a dispersion curves for an Al pipe with R/t ratio of 50. In both of these

figures, it can be seen that the number of flexural modes increase as R/t ratio increase. A

better way to represent the results would to plot the velocity versus the frequency-thickness

product.
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Figure 2.5: Pipe model modeled in Abaqus.

Figure 2.6: Dispersion curves for aluminum pipe with R/t = 10 plotted against analytical
solver solution (cyan color). Group velocity on the right, and phase velocity on the left.

2.6.3 Carbon-fiber composite pipe

In this section, two cases of composite pipe are presented. The first case is for a quasi-

isotropic composite pipe that is made of 4-layers unidirectional fiber lamina with the following

orientation [0 90]S. The radius of the pipe is 40mm and the wall thickness is 2mm. The

dispersion curves for phase and group velocities are shown in Fig 2.9.

The second case is for a plain woven carbon fiber composite with R/t ratio of 25.
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Figure 2.7: In-plane mode shape for a pipe with R/t = 10 for L(0, 1), T (0, 1), andF (1, 1)

Figure 2.8: Dispersion curves of a pipe with R/t ratio of 50

2.6.4 Pipe Sandwich structure (Pipe in Pipe)

Pipe sandwich structure or pipe in pipe has received an increased interest in recent years

especially for ultra deep water application due to their thermal insulation properties, high

bending toughness and buckling resistance [47], [48], [49]. In this section, pipe sandwich

structure is modeled and the dispersion curves results are obtained using WFE solver.
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Figure 2.9: Dispersion curves of unidirectional fiber pipe made of 4-layer laminate

Figure 2.10: Pipe sandwich structure made of aluminum skin and epoxy 5505 core.

Figure 2.11: Dispersion curves of pipe sandwich structure.
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Chapter 3

Global Local Method (GLM)

3.1 Introduction

The modeling of guided-wave propagation in cylindrical structures and pipes is an important

tool in nondestructive evaluation (NDE), as it supports the analysis and detection of defects

while also facilitating the design and development of new inspection tools. However, when a

small region of geometric or material complexity is to be studied it can be computationally

demanding to model this long and uniform waveguide. Examples include cracks, corrosion

defects, welds, joints, local changes in wall thickness, and attachments. A conventional finite-

element (FE) model is a convenient tool to represent such discontinuities accurately; however,

modeling the entire propagation domain with a sufficiently fine mesh is generally inefficient,

particularly at high frequencies. The global–local (GL) method provides an alternative in

which the structure is separated into a finite local region containing the discontinuity and

one or more regular global regions whose response is represented in terms of global wave

functions. In this formulation, the computational effort associated with conventional finite

elements is concentrated around the region where complex scattering takes place, while wave

propagation away from the discontinuity is represented by a modal expansion.

An early and important formulation of the global–local finite-element method (GLFEM)
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for elastodynamic scattering was presented by Goetschel and Dong [50]. They considered

the axisymmetric scattering of elastic waves by an inclusion and combined a finite-element

representation of the inhomogeneous local region with global functions obtained analytically

describing the global region. This work established a central feature of the GL approach:

the global functions satisfy the governing equations in the regular portion of the medium,

whereas conventional finite elements are retained only where the geometry or material dis-

tribution prevents a convenient analytical representation.

The application of this concept to guided-wave scattering was developed further by

Mal et all. Chang and Mal [51] analyzed Lamb-wave scattering from a rivet hole containing

edge cracks using global–local finite-element method. A bounded region containing the hole

and cracks was discretized using finite elements, while the exterior plate was represented

analytically using Lamb-wave modes. The amplitudes of the reflected, transmitted, and

evanescent modes were obtained by enforcing the appropriate displacement and traction

conditions at the interfaces between the local FE region and the surrounding waveguide. Mal

and Chang [52] subsequently presented a more general semi-numerical formulation for elastic-

wave scattering in heterogeneous media. In their formulation, the elastodynamic field inside

a finite region enclosing the scatterers is represented by finite elements, whereas the field

outside this region is expanded in a suitable set of global wave functions. More recently, Tai et

al. [53] extended this framework for ultrasonic guided waves in fiber–metal laminates. Their

formulation combines local finite-element discretization with Lamb-wave modal expansions

and incorporates both the source and scattering problems. This development is important

because it demonstrates that the global–local concept is not limited to a prescribed incident

mode; multiple incident modes can be added and properly applied and the resulting scattered

field can be incorporated within the same computational framework.

More recent work of the global–local approach have been presented by [54] who mod-

eled wave propagation in rail head using fully three-dimensional guided-wave scattering prob-

lems. In this work, a three-dimensional FE discretization is used for the local region while
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SAFE is applied to represent the semi-infinite regular portions of the waveguide. The method

was demonstrated for the interaction of guided waves with transverse defects in a rail head.

In global–local method, scattered solution is expressed directly in terms of waveg-

uide modes, which provides a natural framework for evaluating reflection, transmission, and

mode conversion coefficients, which are quantities of primary interest in guided-wave-based

inspection and structural-health-monitoring applications.

This chapter is concerned with developing the formulation for global–local as it applies

to cylindrical structures.

Figure 3.1: Global local source and scattering problems model

3.2 Formulation

The main formulation starts from the dynamic vibrational formulation of the system.

3.2.1 Source Problem

The equation of motion is:

Mü + Ku = f (3.1)
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Figure 3.2: Global local source model

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

DLL DLIP DLIO DLR

DIPL DIP IP DIP IO DIPR

DIOL DIOIP DIOIO DIOR

DRL DRIP DRIO DRR

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

uL
B

uIP

uIO

uR
B

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

fL
B

f IP

f IO

fR
B

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
(3.2)

where L,R, IO and IP are nodes on the left, right and interior regions respectively. IO are

the traction free interior nodes while IP are the interior nodes subjected to traction loads

from the transducer. f IP is applied load in frequency domain obtained by taking the Fourier

time transform to time domain signal.

The nodal displacement and nodal forces can be found as a summation of the gener-

ated modes:
uL

B = [
←−
Q ]{BL

n e
i
←−
kn zL}, fL

B = −[
←−
F ]{BL

n e
i
←−
kn zL}

uR
B = [

−→
Q ]{BR

n ei
−→
kn zR}, fR

B = [
−→
F ]{BR

n ei
−→
kn zR}

(3.3)

The Q and F are the modal displacements and nodal forces respectively. The n is the
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number of each mode considered in the solution. The approach considered here, the Q and

F are obtained from the WFE solution.

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

q(1)
x q(2)

x ... q(N)
x

q(1)
y q(2)

y ... q(N)
y

q(1)
z q(2)

z ... q(N)
z

...
... ...

...

q(1)
z q(2)

z ... q(N)
z

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
3j×N

F =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f (1)
x f (2)

x ... f (N)
x

f (1)
y f (2)

y ... f (N)
y

f (1)
z f (2)

z ... f (N)
z

...
... ...

...

f (1)
z f (2)

z ... f (N)
z

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
3j×N

(3.4)

where 3j represents the total number of degrees of freedom in the left boundary and N is

total number of propagating modes.

We can solve for the amplitudes as:

BL
n = [
←−
Q ]†{uL

B}e
−i
←−
kn zL

BR
n = [

−→
Q ]†{uR

B}e
−i
−→
kn zR

(3.5)

Plug back in the equation to get:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

DLL + [
←−
F ][
←−
Q ]† DLIP DLIO DLR

DIPL DIP IP DIP IO DIPR

DIOL DIOIP DIOIO DIOR

DRL DRIP DRIO DRR − [
−→
F ][
−→
Q ]†

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

uL
B

uIP

uIO

uR
B

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0

f IP

0

0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
(3.6)

where the [
←→
Q ]† is the pseudo-inverse of the Q matrix. The direction of the arrow indicates

the direction of the wave.
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The nodal forces of the left, right and interior region can be found by:

fL
B = DLL uL

B +DLIPu
IP +DLIOu

IO +DLRu
R
B

fR
B = DRL uL

B +DRIPu
IP +DRIOu

IO +DRRu
R
B

f IO = DIOL uL
B +DIOIPu

IP +DIOIOu
IO +DIORu

R
B

(3.7)

3.2.2 Scattering Problem

Figure 3.3: Global local scattering model

The scattering problem model is shown in in Fig.3.3. The coordinate axes xII , yII and zII

are located at the center of the left face of the pipe and at distance zt from the source prob-

lem (not shown here). This model does not have external force, so the interior nodes do not
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need to be separated into two parts like the source problem. The equation becomes:⎡⎢⎢⎢⎢⎢⎣
DLL DLIO DLR

DIOL DIOIO DIOR

DRL DRIO DRR

⎤⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
uL

B

uIO

uR
B

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
fL
B

f IO

fR
B

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(3.8)

The left side of the scattering problem consists of the incident and reflected waves.

The incident wave is the same as the right going wave from the source problem but with a

proper phase shift to account for the distance zt.

uL
B = [

−→
Q ]{Am ei

−→
km (zL+zT )} + [

←−
Q ]{BL

n e
i
←−
kn zL}

fL
B = −[

−→
F ]{Am ei

−→
km (zL+zT )} − [

←−
F ]{BL

n e
i
←−
kn zL}

(3.9)

From equation (3.9), the coefficient of left propagating waves BL
n can be found as:

{BL
n ei

←−
kn zL} = [

←−
Q ]†uL

B − [
←−
Q ]†[
−→
Q ]{Am ei

−→
km (zL+zT )} (3.10)

Equation (3.10) can be used in the fL
B expression in equation (3.9) to obtain it in terms of

the incident amplitude and the displacement on the left boundary:

fL
B =

(︁
[
←−
F ][
←−
Q ]†[
−→
Q ]− [

−→
F ]

)︁
{Am ei

−→
km (zL+zT )} − [

←−
F ][
←−
Q ]†uL

B (3.11)

Now, let’s consider the right hand side of the scattering problem. On the right boundary at

zR, we have:

uR
B = [

−→
Q ]{BR

n ei
−→
kn zR}

fR
B = [

−→
F ]{BR

n ei
−→
kn zR}

(3.12)
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Similarly, after solving for the BR
n to express the nodal force in terms of displacement⎡⎢⎢⎢⎢⎢⎣

DLL + [
←−
F ][
←−
Q ]† DLI DLR

DIL DII DIR

DRL DRI DRR − [
−→
F ][
−→
Q ]†

⎤⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
uL

B

uI

uR
B

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︁
[
←−
F ][
←−
Q ]†[
−→
Q ]− [

−→
F ]

)︁
{Amei

−→
km(zL+zT )}

0

0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(3.13)

3.2.3 Power Flow and Wave Field Representation

Global Local method allows for the contribution of each mode in the global region to be

separated. This allows to study of the mode conversion due to the interaction with the

scatterer. In this section, the expressions for the reflected and transmitted displacement and

power are shown.

Reflected Field

The modal displacement for the reflected field can be obtained from equation(3.9)

uref
B = [

←−
Q ]{BL

n e
i
←−
kn z} (3.14)

where zIR < z < zIIL.

The modal amplitude coefficient is:

{BL
n} =

{︄
[
←−
Q ]†uL

B − [
←−
Q ]†[
−→
Q ]{Am ei

−→
km (zL+zT )}

}︄
{ e−i

←−
kn zL} (3.15)
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Transmitted Field

Similarly, the modal displacement for the transmitted field can be obtained from equa-

tion(3.12)

utr
B = [

−→
Q ]{BR

n ei
−→
kn z} (3.16)

where z > zIIR.

The modal amplitude coefficient is:

{BR
n } =

{︄
[
−→
Q ]†uR

B

}︄
{ e−i

−→
kn zR} (3.17)

Transmitted, Reflected and Dissipated Powers

The time average power for a discretized cross-section for a propagating wave is:

P = −1

2
Re

{︁
FHQ̇

}︁
= −1

2
Re

{︁
−iωFHQ

}︁
(3.18)

where H is the complex conjugate transpose and f ,q are the nodal force and nodal displace-

ment vector. In our developed GLM, the f ,q are obtained from the WFE solution for either

the left or right cross-section.

En
tr = −

1

2
|BR

n |2Re
{︂
−iω
−→
fRn

H−→qRn

}︂
En
ref = −

1

2
|BL

n |2Re
{︂
−iω
←−
fLn

H←−qLn

}︂ (3.19)

The energy of the incident mode in the coupled source-scattering problem is defined

as (in the case of no damping losses):

En
inc = −

1

2
|Am|2Re

{︂
−iω
−→
fRn

H−→qRn

}︂
(3.20)

In the case where the damping is present, the dissipated power due to damping for the
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propagated distance zt is defined as [55]

En
dmp = En

inc ×
[︂
1− e−2 zt

−−→
kn i

]︂
(3.21)

where
−→
kn i is the imaginary component of the wavenumber for the n mode. This

is power dissipated in the global region. However, in the finite element region, the power

dissipated due to damping is calculated using the imaginary component of the stiffness

matrix. It is expressed as:

EdmpFE =
ω

2
UHKimagU (3.22)

where U is the total displacement field in the FE region. The total dissipated power at every

frequency step is then calculated as:

Edmp total = EdmpFE +
N∑︂
n=1

En
dmp (3.23)

The contribution of transmitted, reflected, incident and dissipated energies at each frequency

can added up to help quantify the energy error as a function of frequency. The error expres-

sion becomes

Eerr = abs
(︂Einc − Etr − Eref − Edmp total

Einc

)︂
× 100 (3.24)

3.2.4 Modeling Wave Attenuation with Complex Moduli

Propagation of waves in pipe systems usually involve large travel distances during inspection

especially in metallic systems. Also, for pipes made of composite materials, energy dissipation

caused by the viscoelastic nature of the matrix materials become more pronounced. For

these cases to be modeled reasonably, damping has to be introduced to the considered

model. Since composite materials are considered, complex-valued elastic moduli are used

to model the material factor as has been shown by researchers [56]. Moreover, when we

have a higher frequency-thickness product, a large number of higher modes coexist at target
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frequency range. The cutoff frequencies of these modes are the natural frequency of the

pipe at which resonance occurs. These resonances cause unrealistic spikes in the frequency

domain solution in the undamped model. The introduction of a small damping value can

suppress these modes and clean up the signal. The damping model considered is the one

developped by Mal [51] and is expressed in the following equation:

p = p0

[︃
1 + a0

(︁ f
f0
− 1

)︁2
H(f − f0)

]︃
(3.25)

where f = ω/2π is the frequency, H(f) is the Heavside step function, and a0, f0, p0 are

constants that determine the degree of decay. p0 which is the first term in 3.25 represents

the the dissipation effect due to internal friction and other thermodynamics factors (material

attenuation). The second term in eq3.25 represents the damping caused by scattering due

to inhomogeneities and fibers in case of composites. At frequency range where the wave-

length is large compared to the microstructure and grain size of the material, the scattering

contribution to the damping-like parameter can be neglected. In this frequency range the

damping can be expressed with only p0 and it’s independent of the frequency. In this sec-

tion the complex moduli are derived implementing the p value for the generalized case of

orthotropic material.

For a fully orthotropic material, the stress–strain relation in Voigt notation is

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

σ11

σ22

σ33

σ23

σ13

σ12

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϵ11

ϵ22

ϵ33

γ23

γ13

γ12

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3.26)

where Cij are the 9 real independent stiffness components. Now, considering the Christoffel
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equation for bulk waves propagation:

Γik − ρv2δik = 0, Γik = Cijklnjnl (3.27)

where Γ, ρ, v and n are Christoffel tensor, density, bulk velocity and the unit vector along the

propagation direction. Solving this equation results in these nine real velocities:

a11 =
C11

ρ
, a22 =

C22

ρ
, a33 =

C33

ρ
,

a44 =
C44

ρ
, a55 =

C55

ρ
, a66 =

C66

ρ
,

a12 =
C12 + C66

ρ
, a13 =

C13 + C55

ρ
, a23 =

C23 + C44

ρ
.

(3.28)

Introducing the complex parameter p and writing it in terms of complex velocities A,

we obtain this expression:

A11 =
a11

1 + ip
√︂

a55
a11

, A22 =
a22

1 + ip
√︂

a55
a22

, A33 =
a33

1 + ip
√︂

a55
a33

,

A44 =
a44

1 + ip
√︂

a55
a44

, A55 =
a55

1 + ip
, A66 =

a66

1 + ip
√︂

a55
a66

,

A12 =
a12

1 + ip
√︂

a55
a12

, A13 =
a13

1 + ip
√︂

a55
a13

, A23 =
a23

1 + ip
√︂

a55
a23

.

(3.29)

Now, the complex moduli CC can be obtained as:

CC11 = A11 ρ, CC22 = A22 ρ, CC33 = A33 ρ,

CC44 = A44 ρ, CC55 = A55 ρ, CC66 = A66 ρ,

CC12 = A12 ρ− CC66, CC13 = A13 ρ− CC55, CC23 = A23 ρ− CC44.

(3.30)

The complex moduli are used to introduce damping into both the WFE and GL

models. Since these two methods are finite-element-based, Abaqus is used to generate the

mesh and the associated mass and stiffness matrices. Two models are created in Abaqus:
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Figure 3.4: decay parameter of the fundamental modes of a 10mm radius pipe.

one using the real stiffness values and the other using the imaginary stiffness values of the

complex moduli. As a result, two stiffness matrices are generated, Kreal and Kimag. The

final stiffness matrix used is:

K = Kreal − iKimag (3.31)

An example of the results obtained from the WFE solver after implementing the

complex moduli approach with the parameter p = 0.0005 is shown in Fig. ??. The decay

factor α (i.e., the imaginary component of the wavenumber) for the fundamental modes is

plotted against frequency. Although the parameter p itself is independent of frequency, the

decay factor α is a function of frequency.

3.3 Nodal Force Vectors

In the source problem, the applied traction is applied on the interior nodes and need to be

converted the nodal force vector f IP . Traditional finite element approach is implemented to

calculate the force vector and it’s briefly discussed here. The formulation is based on the

parametric mapping for the quadrilateral faces where the load is applied. Theses faces have

4 nodes in the case of linear element (C3D8) and 8 nodes in the case of quadratic (C3D20)
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serendipity elements and both cases are implemented in this work. The global force vector

in the spatial domain is defined as:

F =
∫︂
Γ

NTNtnodedΓ (3.32)

where N is the shape function, tnode is the traction and dΓ is the area. In the isoparametric

formulation, the spatial domain is expressed in the natural parent domain [-1, 1] x [-1, 1] in

terms of η and ζ. The force vector becomes:

F =
∫︂ 1

−1

∫︂ 1

−1
NT (η, ζ)N(η, ζ)J(η, ζ)tnodedηdζ (3.33)

where J is the surface Jacobian that maps spatial domain to the parent domain. The

implemented steps to calculate J is discussed in the following subsection.

3.3.1 Compact Matrix-Vector Product Form

In finite element implementations, it is computationally efficient to define a 3 × n nodal

coordinate matrix Xface containing the global physical coordinates and n is the number of

nodes per face:

Xface =

⎡⎢⎢⎢⎢⎣
x1 x2 . . . xn

y1 y2 . . . yn

z1 z2 . . . zn

⎤⎥⎥⎥⎥⎦
3×n

(3.34)

The parametric derivatives of the scalar shape functions are arranged into n × 1

column vectors:
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∂Nscalar

∂ξ
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N1

∂ξ

∂N2

∂ξ

...

∂Nn

∂ξ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
n×1

,
∂Nscalar

∂η
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂N1

∂η

∂N2

∂η

...

∂Nn

∂η

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
n×1

(3.35)

Using matrix multiplication, the 3×1 surface tangent vectors T1 and T2 are computed

compactly as:

T1 = Xface

(︃
∂Nscalar

∂ξ

)︃
(3.36)

T2 = Xface

(︃
∂Nscalar

∂η

)︃
(3.37)

Now, the surface Jacobian represents differential area scale factor and it’s defined as

the norm of the cross product:

J(η, ζ) = ||T1 × T2|| (3.38)

It represents the expansion/compression factor of the surface area at a given point. The

integral of the force vector is evaluated numerically using Gaussian quadrature method. The

force vector has this form:

F =
nnp∑︂
i=1

nnp∑︂
j=1

NT (ηi, ζj)N(ηi, ζj)J(ηi, ζj)wiwj (3.39)

where w is weight function for the Gaussian quadrature. The size of the force vector F

for each element is [12 × 1] or [24 × 1] depending whether it’s linear (C3D8) or quadratic

(C3D20) element.
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Chapter 4

WFE/Global–Local Method Validation

and Cases

This chapter is concerned with the validation and implementation of the integrated WFE

GL solver. It presents a few validation cases and show a few cases in which of interest.

4.1 Validation

In this section, the WFE-GL solver is validated using a benchmark problem for solid rod,

energy-balance calculations, and by comparisson against a commercial finite element software

package (Abaqus) in the transient time-domain . The first case considers a transmission

problem in which a single mode is excited from the left section of the pipe and propagates

toward the right. The second case examines edge reflection in a solid rod, and the results are

compared with those reported in the literature. The third case considers a source problem

in which a symmetric circular-ring load is applied at the middle of the pipe, generating

waves that propagate in both the left and right directions. The results from the third

problem are then used for the coupled source–scattering problem, in which both pristine and

symmetrically defective configurations are tested and validated against Abaqus.
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4.1.1 Transmission Problem

This section presents the basic simple check for transmission problem for an infinite rod and

in finite hollow cylinder subjected to a single incident mode, such as L(0,1), T(0,1), or F(1,1),

and verifies the solution using the energy carried by the transmitted and reflected modes.

The mode shapes corresponding to L(0,1), T(0,1) are individually used as incident modes

propagating from left to right. The formulation used for this problem is the one mentioned

for the source problem with the exception that the nodal forces and modal shapes on the

right hand side of eq(3.6) are only for the mode of interest.

In Fig. 4.1, a single incident mode with unit amplitude is excited in a pipe with a

radius of 10 mm. The model length is 1R. The left- and right-pointing arrows in the legend

denote the transmitted and reflected waves, respectively. It can be seen that, for all three

incident modes—L(0,1), T(0,1), and F(1,1)—the incident mode has a power flow of 1, while

the power flows associated with all other reflected and transmitted modes are zero. This

confirms that the incident wave is fully transmitted in the pristine configuration as expected.
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Figure 4.1: L(0,1) incident mode on a pipe with a 9mm radius.
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4.1.2 Solid Rod Edge Reflection Problem

The end reflection of a solid rod is one of the well-known benchmark problems and it’s used

here to validate the solver and is compared with solution found by other researchers [54],

[57], [58]. It assumes that the solid is semi-infinite and thus there is no transmission at the

right cross-section. The result of this is that the right transmission coefficient BR
n is zero. A

mode of interest with mode shape Qm The equation becomes:

⎡⎢⎢⎢⎢⎢⎣
DLL + [

←−
F ][
←−
Q ]† DLI DLR

DIL DII DIR

DRL DRI DRR

⎤⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
uL

B

uI

uR
B

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︁
[
←−
F ][
←−
Q ]†[
−→
Q ]m − [

−→
F ]m

)︁
{Amei

−→
kmzL}

0

0

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
(4.1)

A steel solid rod of radius 90mm is modeled here. The frequency step is 100 Hz and the

range is 1−33kHz. The chosen WFE model (global region) has 240 quadratic brick elements

(C3D20) and an element edge size of 9mm in the propagating direction for the GL solver

(local region). The cross-section mesh in both global and local finite element models are

exactly the same to maintain the mesh alignment and boundary conditions at the interface.

The dispersion curves is shown in Fig. 4.2. The cyan color is for the comparison with

the analytical solution obtained from PCdisp [59]. It’s interesting to see the behavior of

L(0,3) mode in which it turns real propagating wave at around 19kHz and then becomes

pure imaginary in the region of 20 − 21kHz and real afterwards. The role of L(0,3) mode

is very important in the tested region here as without it the condition of complete basis

is compromised and the solution becomes incorrect. The considered model included both

propagating and non-propagating.

Figure 4.3 shows the power flow vs dimensionless frequency Ω of a length ratio L/(2R)

of 3 with L(0,1) and F(1,1) as incident waves, respectively. It has been reported in [54] that

the minimum rod length ratio has to be at least L/(2R) = 3, for the solution to converge

59



where they only used real propagating modes. This length ratio can be reduced further by

including the non-propagating modes in the undamped model.

An even more significant reduction of the model length can be achieved by including

a small amount of damping where the ratio can be reduced to L/(2R) = 0.05 with a maxi-

mum error percentage of less than 0.6%. Fig 4.4 is for the end reflection of F(1,1) incident

mode and it explains the effect of non-propagating modes on the error and its effect on the

L/(2R) ratio. Fig 4.4b illustrates the effect of the number of flexural modes (mainly non-

propagating modes) on the energy error for various length ratios. It’s worth mentioning that

the significant reduction in the energy error occurs after including the first 16 flexural modes

and these modes are the non-propagating F(1,m) family modes. The importance of this is

the ability to reduce the simulation time to less than 5 minutes by using a segment length

ratio of 0.05. Fig 4.6a shows this effect of time reduction which follows a quadratic increase

in the computation time as length ratio (lower x-axis) or the number of modes (upper x-axis)

increases which is expected for quadratic elements.

0 10 20 30

0

2000

4000

6000

Figure 4.2: Dispersion Curves of 90mm steel bar

4.1.3 Transient Response Comparison

This section compares the solution obtained from the coupled GL source–scattering problem

with the solution obtained from Abaqus. The GL problem is solved in the frequency domain,
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Figure 4.3: End reflection of L(0,1) (left) and F(1,1) (right) incident modes on a solid rod
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Figure 4.4: (a) Length ratio as a function of computation time. (b) number of flexural modes
as a function of energy error.

after which the inverse fast Fourier transform (IFFT) is applied to obtain the transient time-

domain response. The problem is solved in two stages: the source problem, described in

Section 3.2.1, and the coupled scattering problem, described in Section 3.2.2.

The source problem is very similar to the transmission problem, with the exception

that the excitation is generated by tractions applied to the interior finite element nodes.

These node sets are defined in Abaqus during model creation, after which the input file is read

by the solver in MATLAB. Numerical Gaussian integration is applied to obtain a smooth load

distribution over the elements, depending on the element type used, as discussed in Section-
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(a) (b)

Figure 4.5: (a) Abaqus pristine Model and (b) defected model

(3.3). In this model, linear and quadratic brick elements (C3D8 and C3D20, respectively)

were tested using approximately the same number of nodes. The quadratic elements were

found to provide better results. This observation is consistent with the comparison of the

dispersion curves and more importantly the modal shapes and nodal forces for each mode.

Figure 4.6 shows a comparison of the dispersion curves obtained using the two element types.

(a) (b)

Figure 4.6: Dispersion Curves using linear (C3D8) elements (a) and quadratic (C3D20)
elements

The source model is shown in Fig. 4.7. It has a radius of 10mm, a length of 10mm and

a wall-thickness of 1mm. The highlighted red region represents the area where the traction

is applied. The input signal is a 15-cycle Hann-windowed signal with a center frequency of
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150 kHz. The input load follow a gaussian distribution in the axial direction. The applied

source signal, measured at the center of the pipe, is shown in Fig. 4.8 in terms of both

the applied forces and the resulting displacements. The signals are presented in both the

frequency domain, corresponding to the direct GL output, and the time domain.

At the excitation points, the displacement is purely radial, with zero axial and tan-

gential components. The excitation generates two modes, L(0,1) and L(0,2). As the waves

propagate toward the left and right ends of the pipe, the displacement components are redis-

tributed, and axial displacement components emerge in accordance with the characteristics

of the excited modes. This behavior can be observed in Fig. 4.9, where the radial and axial

displacement components are shown at the right cross-section. Finally, the modal power flow

[W ] at the right and left ends of the finite element model for all modes are shown in Fig.4.9.

It can be seen that the total transmitted power on the left and right are just the summation

of L(0,1) and L(0,2) modes.

Figure 4.7: 10mm radius tube with circular applied load as processed in the solver

In the scattering model, a symmetric cut with a radial depth of 0.5 mm and an axial

length of 5 mm is introduced at the center of the pipe. The scattering model is located 600

mm from the source model (i.e., zL = 600 mm). The results of the coupled source–scattering

problem are compared with those obtained from Abaqus using exactly the same mesh and

element type. Figure 4.11 shows the time-domain response measured at a location equidistant
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Figure 4.8: Input signal at the center of the source model.

Figure 4.9: Time and frequency response for the right going waves and the power flow of the
source problem.

from the source and the defect. The black curves represent the Abaqus results, while the red

curves represent the GL solution. Excellent agreement is observed between the two solutions.

One more check that can be done is the interface between the local finite element region with

the global region. Fig. 4.10 shows the interface at the right cross-section between the FE
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and GL regions.

Figure 4.10: Response at the right interface between the FE and GL region for radial and
axial displacements.

It is worth noting that a small amount of noise is present in the radial response of the

GL solution and becomes more pronounced near the defect, as shown in Fig. 4.12. This noise

is associated with the small peak observed at approximately 95 kHz in the frequency-domain

response, which corresponds to the cut-on frequency of the L(0,2) mode. A high-pass filter

can show the effect of removing this small noise in cleaning the signal as shown in the figure.

Also, a finer mesh in the radial direction is expected to smoothen the solution.

Figure 4.11: Radial and axial response at an equal distance between source and defect.
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Figure 4.12: Comparison of the results with and without the hi-pass filter.

4.1.4 Experimental signal Verification

A pristine Al pipe with an outer radius of 40 mm and a wall thickness of approximately

1.6 mm is considered. The dispersion curves obtained from the WFE solver are shown in

Fig. 4.13. The wavenumber plot shows the right propagating waves for all included modes.

The number of modes in the group velocity curves are reduced so that the experimental

group velocity data are seen clearly. The modes match well with the velocity of L(0,1)

mode. A simple homemade electromagnetic acoustic transducer (EMAT) is used to excite

a longitudinal wave so that the experimental results can be compared with the solution

obtained from the global-local solver using a symmetric ring load. The transducer is made

of enameled copper wire, permanent magnets, and a 3D-printed housing for the wires and

magnets. Figure 4.14 shows the EMAT transducer and the experimental setup. A 6-cycle

Hann-windowed signal with a center frequency of 60 kHz is excited. The received signal is

measured using a point receiver transducer at distances of 5, 7, 9, and 11in from the source.

A signal amplifier with a gain of 25 dB is used at the receiver end. It should be noted that a

more proper design would require an impedance-matching network to reduce the impedance

mismatch resulting from the high inductance of the copper coils which significant amount of

energy reflections at function generator-coil interface.
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Figure 4.13: Dispersion Curves for R=40mm pipe with the experimental data shown in group
velocity curves.

Figure 4.14: The home-made EMAT and the experimental setup.
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Figure 4.15: Comparison of the normalized experimental and GL solution signals at 5, 7,
and 9in distance from the source.

The signals obtained from both the solver and the experiment are normalized and

compared with each other. Figure 4.15 shows the results at distances of 5, 7, and 9 in from the

source, respectively. The experimental signal is noisy, this is probably because of the weak

signal resulted from the impedance mismatch between the coil and the function generator.

However, the arrival time of L(0,1) wave packet shows very good agreement with the signal

obtained from the global-local solver accross the propagation distance. The L(0,2) mode

cannot be clearly observed in the measurements because of the noise. In addition, the L(0,2)

mode is dominated by axial displacement as discussed previously, while the measurements

only capture the out-of-plane displacement.

4.2 Cases

4.2.1 Axial Vs Radial Vs Torsional Excitation

In this section, a comparison is made among three symmetric source configurations: axial,

radial, and torsional. The same geometry and excitation frequency considered in the previous

section are used. The right-going signals and corresponding modal power flows are shown in

Fig. 4.16. The power-flow results show that the axial source is dominated by the L(0,2) mode,

which is characterized by a large axial displacement component. As observed previously, the

radial source is dominated by the L(0,1) mode, with the radial displacement being the
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dominant component. In contrast, the torsional source excites only the T(0,1) mode, which

is characterized by purely tangential displacement.

Figure 4.16: The right going signals (top) and power flow (bottom) for axial, radial, and
tangential excitations, respectively.

As in the previous example, the solutions obtained for the three source configurations

are introduced into the defected model for each case. Figure 4.17 shows the reflected signals

measured 200 mm to the left of the defect, together with the corresponding modal power flow

for all three cases. In the time-domain responses, the reflected L(0,1), L(0,2), and T(0,1)

modes are highlighted in black, red, and orange, respectively.

Figure 4.17a shows the response to the axial source. Approximately 16 % of the

incident power is reflected, with the reflected response dominated by the L(0,2) mode. This

behavior can also be observed in the time-domain response to the left of the defect for both

the Ur and Uz displacement components. The largest reflected signal occurs in the axial

direction and corresponds to the L(0,2) mode.

Figure 4.17b shows the response to the radial source, which has the lowest reflected
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power, approximately 2.5%. This reflected power consists of approximately 1.3% from the

L(0,1) mode and 1.2% from the L(0,2) mode. The time-domain response also shows these

relatively small reflected waves.

Finally, Fig. 4.17c shows the response to the torsional source, for which only the

T(0,1) mode is present. This case exhibits the highest reflected power, approximately 30%.

The corresponding reflection is clearly observed in the tangential displacement component,

Uθ.

(a) Axial Response

(b) Radial Response

(c) Torsional Response

Figure 4.17: Total response and reflection 200mm to the left of FE model.
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4.2.2 Woven Composite Repair

In this section, a model consisting of two materials in the finite element region is considered.

The left and right ends are made of Al to maintain compatibility with the global functions,

while the middle section is made of woven carbon composite. The material properties of the

woven composite are shown in Table 4.1. Two cases are considered: one in which the middle

section is fully replaced with a change in thickness, and another in which an additional layer

is added. Fig. 4.18 shows the Abaqus model for the cases.

Table 4.1: Material properties of the woven carbon composite.
E1 E2 E3 ν12 ν13 ν23 G12 G13 G23 ρ

60 GPa 60 GPa 9 GPa 0.05 0.30 0.30 4 GPa 3 GPa 3 GPa 1550 kg/m3

Figure 4.18: Aluminum pipe with woven carbon fiber in the middle.

Full replacement

A radial source is tested with this material system. It produces a reflected signal of approx-

imately 20%, most of which corresponds to the L(0,1) mode, as shown in Fig. ??. In the

time domain, a clear reflected signal can also be observed. This indicates that such a change

in material may be detectable using a conventional transducer that measures out-of-plane

displacements.
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Figure 4.19: Power flow and received signal for the full replacement case.

Coating Repair Layer

For this model, radial and torsional source excitations are tested. Interestingly, the radial

source is transmitted almost completely, with only a very small amount of reflection. This

can be seen in Fig. 4.20a, both in the power-flow results and in the time-domain signals

measured at the left (entrance) and right faces. On the other hand, the torsional source

shows a much higher reflection due to the added composite layer in the middle section, as

shown in Fig. 4.20b.

4.3 Computational time Consideration

One of the main advantages of the proposed approach, in addition to providing a fundamental

description of all wave components, is its ability to reduce the computational time. Solving

the problem in the frequency domain, where each frequency step is independent, provides

the advantage of true parallel computing. Parallel computing was implemented in all the

problems solved in this work. Although it was applied only on a relatively small scale because

of the limited computational resources available in the lab (a personal computer and a small

lab computer with 24 cores), most computations required an average of 1–2 hours, with a
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(a) Radial Source

(b) Torsional Source

Figure 4.20: Total response and reflection 200mm to the left of FE model.

maximum computational time of approximately 6 hours for the composite repair case. These

simulations were performed using quadratic elements to improve accuracy.

However, solutions obtained using linear elements can still provide reasonable results

and can be useful for informing design and analysis decisions, while requiring only a few

minutes of computational time. Figure 4.21 shows the computational time using linear

elements for a pipe with a radius of 10 mm as a function of the model length, expressed in

units of R. An equivalent model was also run using the Abaqus/Explicit solver, for which the

computational time exceeded 200 min, corresponding to a minimum computational speedup

of approximately 3×.

4.4 Concluding Remarks and Future Work

This work implemented a hybrid WFE/GL framework for modeling 3D wave propagation in

pipes. The solution is validated against benchmark problem, commercial FEA software, and
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Figure 4.21: Computational time of linear elements as function of the length of the radius R

an experimental signal. The technique provide a platform for testing more material system

under various configurations.

Future work can include an improvement of the WFE solver by implementing the

rotational symmetry and converting it into a practically a 1D problem [60]. However, this

would require 3D reconstruction of mode shapes and nodal forces to match with the 3D GL

model. Improved data storage and handling are also important, since the size of the global

functions required by the GL solver can be very large.
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Appendix A

Bessel Functions Review

The Bessel equation takes the following form:

x2y′′ + xy′ ± (x2 ∓ n2)y(x) = 0 (A.1)

Assume that x is real and positive and n is a positve integer. The two linearly independet

series solutions about x = 0 are denoted by Jn(x) (the bessel function of the first kind) and

Yn(x) (the Bessel function of the second type) or by In(x)(the modified bessel function of

the first kind) and Kn (the modified bessel function of the second kind). Jn(x) is finite at

x = 0 and has series representation:

Jn(x) = (
x

2
)n

∞∑︂
m=0

(−1)m(x
2
)2m

m!(m + n)
(A.2)

and further note that:

Yn(x) =
2

π
ln(x) +O(1), as x −→ 0 (A.3)

So that Yn(x) has a logarithmic singularity at x = 0 For large x:

Jn(x) =

√︃
2

πx

[︃
cos

(︂
x− nπ

2
− π

4

)︂
− 4n2 − 1

8x
sin

(︂
x− nπ

2
− π

4

)︂
+O(x−2)

]︃
Yn(x) =

√︃
2

πx

[︂
sin

(︂
x− nπ

2
− π

4

)︂
+O(x−1)

]︂ (A.4)
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The Hankel functions H
(1)
n (x), H

(2)
n (x) are defined by the equations:

H(1)
n (x) = Jn(x) + i Yn(x)

H(2)
n (x) = Jn(x)− i Yn(x)

(A.5)

Note that Hankel functions H
(1)
n (x), H

(2)
n (x) form an alternative set of linearly inde-

pendent solution of Bessel equation and that both have logarithmic singularities at x = 0.

Also, for for large values of x Hankel functions are approximates by:

H(1)
n (x) = exp

[︂
i
(︂
x− nπ

2
− π

4

)︂]︂
+ O(x−3/2)

H(2)
n (x) = exp

[︂
−i

(︂
x− nπ

2
− π

4

)︂]︂
+ O(x−3/2) (A.6)

The recurrence relations for Bessel functions:

Jn−1(x) + Jn+1(x) = 2n Jn(x)/x

Jn(x)− Jn+1(x) = 2J ′n(x)

{xnJn(x)}′ = xnJn−1(x)

{x−nJn(x)}′ = −x−nJn+1(x)

J ′0(x) = −J1(x)

J ′′0 (x) = x−1J1(x)− J0(x)

(A.7)

Differentiation
d

dx
Jn(x) =

1

2
(Jn−1(x)− Jn+1(x)) =

n

x
Jn(x)− Jn+1(x)

d

dx
(xnJn(x)) = xnJn−1,

d

dx

(︁
xn−1Jn(x)

)︁
= −x−1Jn+1

(A.8)
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Figure A.1: Modified Bessel functions (left) and Bessel functions (right)
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Appendix B

Separation of Variables in Cylindrical

Coordinates

The wave equations are:

∇2Φ− c−21 Φ̈ = 0

∇2Ψ− c−22 Ψ̈ = 0

∇2χ− c−22 χ̈ = 0
(B.1)

Take the second equation as an example and use the separation of variables:

Ψ(r, θ, z, t) = Ψ1(r)Ψ2(θ)Ψ3(z)T (t)

T (t) = e−iωt
(B.2)

Plug equation (B.2) in (B.1) to get:

1

r
[Ψ′1 + rΨ′′1] Ψ2Ψ3T +

1

r2
Ψ1Ψ

′′
2Ψ3T + Ψ1Ψ2Ψ

′′
3T − c−22 Ψ1Ψ2Ψ3T

′′ = 0

1

r
[Ψ′1 + rΨ′′1]

1

Ψ1

+
1

r2
Ψ′′2
Ψ2

+
Ψ′′3
Ψ3

= c−22

T
′′

T
= −k2

2

(B.3)
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from equation (B.3) we see that:

c−22

T ′′

T
= −k2

2

Ψ′′3(z)

Ψ3(z)
= −k2

1

r
[Ψ′1 + rΨ′′1]

1

Ψ1

+
1

r2
Ψ′′2
Ψ2

= k2 − k2
2 = −ν2

2

(B.4)

where:

ν2 =
√︂
k2
2 − k2

equation B.3 can be rewritten as:

r [Ψ′1 + rΨ′′1]
1

Ψ1

+ r2k2
r = −

Ψ′′2
Ψ2

(B.5)

It’s clear that
Ψ′′2(θ)

Ψ2(θ)
= −n2 (B.6)

where n is a constant. The solution of the second order ordinary differential equations B.5,

B.6 gives:

Ψ2(θ) = D1e
inθ +D2e

−inθ

Ψ3(z) = e±ikzz
(B.7)

Since Ψ2(2π + θ) = Ψ2(θ), then n has to be an integer number.

Rearrange the second line of (B.5) to get:

r2Ψ′′1 + rΨ′1 + r2(k2
r − n2)Ψ1 = 0, for k2

2 > k2 (B.8a)

r2Ψ′′1 + rΨ′1 − r2(k2
r + n2)Ψ1 = 0, for k2

2 < k2 (B.8b)

These are well-known differential equations and their solutions are given by Bessel

79



functions (B.8a) and modified Bessel functions (B.8b):

Ψ1(r) = R1Jn(krr) +R2Yn(krr)

Or

Ψ1(r) = R1H
(1)
n (krr) +R2H

(2)
n (krr)

(B.9)

for Bessel functions, and:

Ψ1(r) = R1In(krr) +R2Kn(krr)
(B.10)

for modified Bessel functions.
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