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FOREWORD

The Research Program of the Division of Architecture, of which this project
is a part, is intended to develop information in those fields of materials,
designs and construction which would be in the best interest of the State of
California in connection with the economy and safety of design and construc-
tion of public school buildings and which is of such general nature as to be
overlooked by industry research and other research organizations.

It should be recognized that the information presented in this report is not
regulatory but may aid in the development of new standards or the modifica-
tion of existing standards, all leading towards more economical, safe school
building construction. The findings of this project should contribute to
economy and safety not only in public schools but in the building industry
in general.

ANSON Boyp
State Architect

May 8, 1958
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I. INTRODUCTION

1. Object

The object of this research project was to determine the behavior and
ultimate strength of concrete beams under the action of excessive eccentrie
prestressing. Present practice bases the design at transfer of prestress
on an allowable amouiit of tensile stress or in some cases no tensile stress
at all. It is felt that such arbitrary rules yield varying factors of safety.
‘This project was designed to develop a rational theoretical approach to the
study of the strength of prestressed beams at transfer and to support this
theory by sufficient tests on full scale beams.

2. Scope

The effects of the following variables on the strength of beams at
transfer were studied:

(a) The shape of the cross section.

(b) The amount and location of prestress force.

(¢) The amount of external moment, acting to increase the eccentricity

of prestress,

(d) The amount of mild steel on the tensile side of the beam.

The analytical studies consisted of the development of rational formulas |
for the prediction of cracking and ultimate strengths of prestressed beams
under excessive eccentric prestress, The development of these formulas was
based on the elastic and plastic theories as applied to concrete beamse»

The experimental program investigated the effect of these variables by
testing fourteen beams. Three different shapes were used, one rectangular,
and two tee-shapes, to investigate the effect of variable (a), Each speci-
men was subjected to a different combination of prestress and external moment

to note the effect of variables (b) and (c). Approximately two thirds of the




beams were tested without mild steel and one third with miild steel to note

the effect of variable (d). All beams were tested to ultimate failure.
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Lo Notation

The letter symbols used in this report are generally defined when they

are introduced., The most frequently used symbols are listed below for con-

venient reference:

A = gross area of section

As = area of mild steel reinforcement in top of section

a = depth of trapezoidal stress block in the concrete

b = width of section, flange or web depending on type of
section

bt = web thickness

c = total internal compressive force on section




C., 02, 03 = portions of C

1l

cy = distance from c.g.c. to bottom fiber of member

Cyt = distance from c.g.c. to top fiber of member

CoZeCe = centroid of gross area_of section

Ce8e8e = centroid of prestressing steel

d = distance from extreme top fiber to cogeS.

ar = distance from extreme bottom fiber to centroid of top mild
steel reinforcement

B, = modulus of elasticity of concrete

Eg = modulus of elasticity of steel

e = distance from c.g.c. to resultant force on section; i.e.,
e=de-cy+ ;‘_q

F = total effective prestress force at a section

Ty = bottom fiber stress in concrete

£, = compressive strength of 6 by 12 in. concrete cylinders

£y = modulus of rupture of concrete

o fs ’ = stress in mild steel reinforcement

fy = yield point of mild steel reinforcement

g = a/h, ratio of depth of concrete stress block to total
depth of section

g = ratio of depth of concrete stress block to total depth of
section for balanced failure

h = total depth of section |

I = gross moment of inertia of section

kl = 1—;—§ s coefficient denoting magnitude of a trapezoidal
stress block over a uniform width

k, = %l&-;%? , coefficient denoting the position of the center

of volume of a trapezoidal stress block over a uniform width

M = total external bending moment acting at a section



£
s
n = }T;' s ratio of stress in top mild steel reinforcement to
concrete compressive strength
A
porp g = _A_s; s ratio of area of top mild steel reinforcement to gross

area of section

= flange thickness
= total internal tensile force on section

Jensen's plasticity ratio
= A/bh
= cy/h

= bottom fiber strain in concrete

o0 o T H o
"

Q

= ultimate concrete strain in flexure

[

gtrain in top mild steel reinforcement

M ™M & M
]

= yield point strain of top mild steel reinforcement

ratio of widths, generally ratio of bottom width to top
width of section

I/bh3

ratio of depth of bottom rectangular portion of section to
total depth of section

=
n

L o]
it

L8
n

II. DESCRIPTION OF TEST BEAMS, FABRICATION, AND MATERIALS

-1, Test Beams

The beams were so designed that the critical cross section was at m:l.d-
span. Cross-sectional properties for each of the fourteen beams are given
in Fi‘gure 1. Three shapes were used: (1) a rectangular 6 x 20 in. cross
section; (2) a tee section 20 in. deep, with a flange 17.5 in, wide and ) in.
thick, and a stem 3.5 in, wide; (3) a tee section 20 in, deep, with a flange
17,5 in, wide and B in, thick, and a stem 3.5 in. wide. All beams were 20 ft.

long.



Bach beam contained one prestressing cable consisting of 12-% in, dia-
‘meter wires, The cable profile was parabolic in the center L} £t. portion 7
of the beam and thence straight to each end of the beam. ‘At each end of the
beam, the c.g.s. of the cable was positioned at the c.g.c. of the section;
the co.g.8., was dropped to 2 in, above the bottom at the midspan section.

(see Figure 2a) The rectangular sections were prismatic throughout their
entire length, but the tee sections were provided with thickened stems at
support points and ends. These dimensions are shown in Figures 2b, 2c¢, and
2d.

2, Fabrication

The beams were cast in wooden forms coated with a bond breaker material.
The forms were so designed that they could be disassembled at the time of
stripping and reused for the next beam, Five-sixteenths in, diameter steel
rods placed horizontally through the side forms held the cable in its‘ corregt
profile during casting, These rods were removed about L hours after casting.
The holes left by the rods were not grouted. Wire ties were used to hold
the cable in its correct horizontal aligmment. The concrete was mixed in a
205 cubic foot mixer, eight and one half batches being reduired to cast each
beam and corresponding control specimens.

The forms were stripped 3 to 7 days after casting. All specimens were
cured moist for 7 days using damp burlap and then left air dry until test-
ing at the age of 1l days.

3. Materials

Concrete mixes were designed by the trial batch method, Type I, Santa-
Cruz Cement and locally available Elliot sand and gravel were used in all
mixes, Sieve ané.lyses for the aggregate are given in Table I,

Mix No, 1 used in the first three beams tested, BlA, BlB, B1C, had a

cement factor of 7 sacks/cu. ydo The water-cement ratio was O.kli by weight



_or 5 gallons per sack., Mix proportions were 1 : 1,78 : 2.93 by weight. All
aggrega'be weights were based on a saturated surface dry condition. Kelly
ball penetrations varied between 2,3 in. and 2,7 in. which are equivalent
to slumps of L% and 5% inches. |

Mix No. 2 used on the remaining eleven beams tested had a cement factor
of 6.3 sks. per cu. ydo The wét'er-cement ratio was 0,49 by weight or 5%
gallons per sacke Mix proportions were 1 : 2,17: 3,20 by weight. Kelly
ball penetrations varied between 2,1 in, and 2.5 in, Mix data are tabula=-
ted in Table II, |

. Control specimens consisted of a minimm of three 6 x 12 in. cylinders
and three 6 x 6 x 26 in, beams for each test specimen, All control speci=
mens were cured in .t.he'sa.me manner as the test beams and tested at 1l days.
Compressive strength, f',, and secant modulus of elasticity at 1000 psi, E,,
were obtained for each cylinder., Modulus of rupture, f';,, was obtained for
each 6 x 6 x 20 in, beam by loading at the third points of an 18 in, span.
Average values for these quantities for each specimen are tabulated in Table
II; A ty'piCal stress strain diagram for a 6 x 12 ine cylinder is shown in
Figure 3.

The prestressing cables each contained 12-% ine dimﬁeter, cold-drawn
steel wires. The wires were greased and wrapped with paper and remained
unbo‘nded thmug_hawt gach test. Over-all diameter of the cable was approxi=
4mately 1 in. Details of the cable assembly and end anchorages are given in
Figure L. The cables were supplied by Western Concrete Structures and the
Prescon Corporation,

Seven 2, in, long samples of the prestressing wires were tested on a
10 in. gage length to determine the proportional limit, fp]_; yield point,
£, as measured by the 0.2 per cent offset method; ultimate strength, f,;

y
modulus of elasticity, Egs and per cent elongation in a 10 in. gage length,



The results of these tests are shown in Table III, It can be noted that the
samples exhibited relatively uniform properties. A typical stress-strain
curve for the prestressing wire is shown in Figure 5.

One-half in, diameter mild steel bars were used on temsion side of some
of the beams. These bars conformed to ASTM A-305 specifications and were of
intermediate grade. Ten 24 in, long samples of these bars were teated on an
8 in. gage length to determine properties similar to those found for 'bhe
prestressing steel. These results are tabulated in Table IV and a typical

stress~strain diagram is shown in Figure 6,
ITI, METHOD OF LOADING AND INSTRUMENTATION

l, Method of Loading

It was desired to have a method of loading which could apply to the cri~-
tical midspan section of the beam varying amounts of prestress force, F, and
external moment, M, |

Two loading arrangements were devised to accomplish this purpose. The
first, shown in Figure 7, was used where the amount of negative external
moment required for ultimate failure at midspan was relatively small and could
be obtained by adding a dead weight, W, to the end of the steel loading beams
shown, The supports could be positioned so that the dead load moment at mid-
span was zero. This arrangement was used on all specimens which had no mild
steel on the tensile side since it was felt that this arrangement of loading
would permit sudden failures to take place and thus simulate actual condi-
tions in the field.

The second loading arrangement, shown in Figure 8, was used in the cases
where large external moments were needed and a sudden failure was not possi-
ble because of the mild steel reinforcement on the tension side of the beam,

Large moments could be produced by exerting forces on the beam by means of



the jacks at A and B, Both jacks were connected to the same hydraulic line
so that the force exerted at each point on the beam was the same, Again the
supports could be positioned so that the dead load moment at midspan was zero.
This arrangement was not used where it was desired to permit a sudden failure
since the hydraulic jacks would not keep the load constant with rapid deflec=~
tions of the test beam, In the first loading arrangement described this does
not happen; the load remains nearly constant throughout a sudden failure.

The amount of prestressing force was controlled by a hydraulic jack at
one end. The twelve wire cable in each beam was tensioned as a single unit,
The value of the force was determined from a pressure gage, connected to the
jack, which had been previously calibrated. From earlier pilot tests in the
laboratory, the friction loss in the cable to the center of the beam was
known to be approximately 5% and this factor was used to determine the pre=
stress force existing at the center cross=section.

2. Instrumentation

Instrumentation was designed to measure strain distributions at the
center cross-section and deflections at the center and two ends of the beam.

Strains in the concrete were measured by means of SR-lj, type A9, strain
gages which have a gage length of 6 in., Standard procedures were used in
bonding these gages to the beams, Strains in the mild steel reinforcement
were measured by means of SR-li, type A5, strain gages which have a gage
langthbof % in. Tn order to place these gages on the bar, the bar deforma-
tions were first ground off of half the circumference of the bar over a
length of about 1 in. The gage was then bonded to the bar and allowed to
dry. It was then waterproofed with Epoxylite 222, a waterproofing compound,
prior to the casting of the beam. In order to insure yielding of the mild
steel bars at the gage location, an artificial crack was cast at the center

cross=-section into all beams with mild steel by means of a thin sheet of



metal, This crack had a depth of approximately 2 in.

The location of the strain gages for the various test specimens is
given in Figure 9,

Gages placed symmetrically about the axis of symmetry of theﬁcross-
section were wired in parallel so that an average value for strain at these
levels was recorded. A four channel Sanborn Recorder was used to give a
contimious record on paper of the strain at four levels as the test pro-
gressed, The remainder of the gages were read independently by means of a
standard SR=l; strain indicator box, This was done by taking readings after
each load increment had been applied. Strains obtained by means of the
Sanborn Recorder had a maximum probable error of 5 per cent. Strains
measured with the SR=l strain indicator had an accuracy of 5 micro inches,

Deflections at the center and at each end of the beam were measured
by simple dial gages bearing on top of the beams., The dials had a least
count of 0,001 inches.

Each of the beams was coated with whitewésh over the center portion of

the span to aid in the visual inspection for cracks.
IV, THEORETICAL STUDIES

l, Basic Assumptions and Behavior

A theory is developed below to predict the cracking strength and the
ultimate strength of a2 beam section subjected to eccentric prestress and
external moment, both of which tend to produce tensile stresses in the top
fibers of a_section, which under normal working load conditions would have
compression in the top fibers. The above condition‘could develop at trans=
fer of prestress or during the erection of members, when erection procedures
might, either by chance or by design, subject the beam to external moments

which produce tensile stresses in the top fibers, This condition could also
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occur in continuous beams under certain circumstances,

This situation may prove serious since a sudden féilure immediately
following the formation of a crack in the top fibers is possible in certain
cases. In other cases the situation is not serious since a crack may form,
progress a short distance, and then stop. Upon application of the normal
working load, the crack will close and the beam will perform satisfactorily.
The type of action which will occur as well as the strength of a section,
is dependent on the variables which this program has investigated.

The theoretical studies are based on the following assumptions:

(a) Plane sections remain plane after bending occurs.

(b) The actual stress-strain curve for the concrete is replaced by

the curve shown in Figure 10, This curve is based on the well
known Jensen theory for ultimate st.rength.l

(¢) The plasticity of the concrete in compression may be defined by

Jensen's plasticity ratio, § .
1
' 2
-1
4,000

(d) The concrete has a specified tensile strength up to and through

B =

the cracking range, but its contribution to the ultimate strength
is neglected because it is small,
(e) The cracking strengthsv of beams of the same cross sectional dimen-
sions with or without mild steel in the top are equal.
The general behavior of a beam subjected to eccentrie prestress force
and external negative moment may be described by considering a simple rec-
tangular cross section first without and then with mild steel in the top.

1. V. P, Jensen: "The Plasticity Ratio of Concrete and Its Effect on
the Ultimate Strength of Beams", Journal of ACI, Vol. 39, June 1943,
Pp. 565 = 58L.



Figures 11 and 12 depict the strains and stresses under increasing
values of F or M for ; section without mild steel in the top. (a) The top
fiber strain and stress increase until finally the tensile strength of the
concrete, f'y, is reached and an initial crack forms at the top; (b) and
(c) the crack progresses downward, with a corresponding downward movement
of the neutral axis, until finally the bottom fiber stress reaches f*,
and plasticity starts; (d) the plasticity of the concrete is exhausted and
the concrete crushes resulting in ultimate failure,

For beams without mild steel it should be noted that in certain cases,
depending on the shape of c¢ross section and the combination of F and M, the
theoretical ultimate strength is less than the cracking strength. In these
cases once the beam has cracked at the top a sudden failure will ensue.

Figures 13 and 1l depict the strains and stresses under increasing
values of F or M for a section with mild steel in the top assuming a ten=
sion failure in the mild steel. (a) The top fiber strain and stress in-
crease until finally the tensile strength of the concrete, f';, is reached,
a crack is formed, but stops a short distance down because of the mild steel;

(b) the tensile strength of the concrete is now neglected, increasing values
of F do not cause the neutral axis to shift down, but simply increase the
magnitudes of the stresses in the steel and concrete; increasing values of
M would cause the neutral axis to move down slowlys; (c) the steel reaches
its yield point; (d) the neutral axis shifts down, the concrete reaches s
plasticity takes place, the concrete crushes, resulting in ultimate failure.

If at the stage shown in Figure 1L (d) the steel had not reached its
yield point, and the concrete crushed at the bottom, the failure could be
termed a compression failure.

A sudden failure following intial cracking of the top fibers is not

possible for beams with nominal amounts of mild steel in the top.
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In the next three sections of the report formulae for the cracking and
ultimate strength of rectangular, tee, inverted tee, and I sections will be
developed. While the formulae developed for these sections may appear complex,
they are only algebraically so. The formulae for ultimate strength of sece
tions without mild steel in the top are in all cases developed from the as-
sumed Jensen stress block and two equations of staticsy; namely XH = O and

XM = 0, The cracking strengths of beams of the same cross section with
and without mild steel in the top are assumed to be equal. For beams with
mild steel in the top, the formulae for ultimate strength are developed from
the assumed Jensen stress block, the two equations of statics, plus an equa~-
tion representing the geometry of strains,

The formulae developed in the next three sections of the report have
been plotted in Figures 15 through 19, These figures give cracking and
ultimate strength curves for sections with and without mild steel, Shmm'
are plots of prestress ratio, F/Af', versus eccentricitﬁ ratio, e/h, F is
the prestress force and A is the gross cohcret.e cross-séctional area. F/A
represents the stress existing at the co.g.co of the section. The eccentri-
city, e, is the distance from the c.g.c. to the co.g.s. if no external moment
is acting. If an external moment also exists at the section, the ecceniri-
city increases by an amount equal to the moment divided by the prestress

forceo



2. Expressions for Cracking Strengths of Beams With or Without Mild Steel

As mentlioned earlier it is assumed that the cracking strengths of beams
of the same cross section with or without mild steel are equal,
a, Cross-sections, Forces, and Stresses,

1) Rectangular Section

b ' _ :
p— fy L
: \
L2 ‘-_Q _ i oo\ 4"
h e
—L F ——ei Cc
L c=F 1"
2) Tee Section
b .
ik - f; ]
—'rl l Q c. g. C. \ Ct
- -\~ _ - - - I\ N R
h R .
S —] b
° F a—1- C = F " 1
- . h—- d)-
T hmd-F i)
3) Inverted Tee Section
P B
T 1~ T
Cy
h d—Q_ ) ) _ C g_c _ ‘1
- e c
—!"[— ° ] F C:=F _Lb
(I )J (h-d)- M f,
e |




L) I Section

b '
f — h
t
T d ‘ c
M t
h g _ ) __C.g.¢ A
/ e
4+ ol 4 F—m C=F \ Ch
! L—;~4 (h-d)- M f
b, Section Properties:
A = #bh c, = (1 - 8)h
I = 6bh ¢, = Bh

c. Cracking Strength by the Elastic Theory:

Fect
T

==

f't R

Rearranging terms and substituting, the cracking strength is:

F_ fle/en, "
AT, ¥d e_l'
[ £ 1]

For rectangular sections:

1 1
r=1’ Ou'i'i’ S-E

Therefore, the cracking strength for rectangular sections is:

1
f t/f!c

_— T (2)
h




For tee, inverted tee, and I sections, values of ¥, ©, and & have
been tabulated by Lin and Scordelis® for various ratios of b'/b and t/h.

Cracking strength curves for various cross sections are shown in
Figures 15 through 19.

3. Expressions for Ultimate Strength of Beams Without Mild Steel

If:

—— |-—"—~1

b
I-al
_ 1
h 9”" “ -¢)h (1-2¢)h
o) (o)

ow

l—————l

?I
v e

gl

1) Rectangular 2) Tee 3) Inverted Tee L) I

Note that the rectangular, tee, and inverted tee differ only in the
values of m and @. That is, for the rectangular section, m = 1 and
¢ = 1, The inverted tee differs from the tee only in the relative magni-
tudes of n and @ .

The T section differs from the inverted tee section only by the pre-
sence of the top flange, If the.neutral axis is below the bottom of the
top flange, it is identical with the inverted tee section. The express-
ions for the ultimate strength of I sections when the neutral axis is
‘above the bottom of the top flange will be different than for the other
sections, However, this case is of little practical importance and will

not be considered.

2. T. Y. Lin and A, C. Scordelis, "Selection and Design of Prestressed

Concrete Beam Sections", Journal of the ACI, Vol. 25, November 1953,
pp. 209-22l,

15
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Because of the similarity of the sections, the following derivations

apply to all sections.

a, 0<a<gnh

I b o
LT T ’r
(1-¢)h c, [ M
c.g.c. \

= - - - - “"B)O)

¢h c e ~
o b F _\F—--: = _‘c Ba
l—] C(c,-0) fe TR
Mnb

From Jensen's Theory:

M = 0

where k2 -

Defining the

1| ]

- . = A -
cy, = © k,a; a 5 (c.b e)

1+p+p 2

3(1+8)

total cross-sectional area as A = ¥bh and then substi-

tuting, simplifying and rearranging, the ultimate strength is:

k c
F =M. 1| b_e
Ai"c Y ko |: h h:| (3)
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For rectangular sections:

c
n =1 ¥ =1, 7? = %
Therefore,
F ky [1 e]
— = Ll_e | (32)
AL ko [ 2 h v

The limiting case for Equations (3) and (3a) is when a = gh, from

whichs
e =2 g, | )
h h '

Then, for a = gh;

E_ . B0 g ®

AfT, r

For the rectangular section, for a = $h = h:
g =1, n =1, ¥ =1

Therefore,

e o l -
F = -\
T kl | (53)

The eccentricity as given by Equation (La) locates a point which is

equivalent to the kern point by the elastic theory. Since ko is equal to



0,152 to 0.358 for f'; equal to 2000 psi to 6000 psi respectively, e/h
from Equation (ha) equals 0,048 to 0.,1L2 by ultimate.theory, while the
kern point by the elastic theory is located at e/h equal to 0,167,

Note that for a given cross section and strength of concrete, Af',,
%D. s B, ny ¥, ky, ky and B are constants, The ultimate strength curves
for this case are shown in Figures 15 through 19.

b. fh=<a=hand Ras<gh

18

| b |
= \ p A1-8
T . -B)a
- c M
(I-#)h _ | " cqc }\ (o.-ml _ % ——Cy P
oh o . 8| F ——+» jﬁt“: ¢ g a
c ——— - ) = — a
® (c,-0) W_m;_ = C,
b (1-B)g
] | fe Lkza
N b

leta = gh and A = Y¥bh

C, = kya( mb) f'y = kygh nbfl,

- ) £ - §)2
Cp = %‘-[(g-;é)h][-éé(i—?z—é—j-g:l [6b(1-m)] '%g—ag_LB')(l -1 ) bhf'g

XH = 03 F = C = Cp+0Cy

Substituting, simplifying, and rearranging, the ultimate strength is:

F
Af',

= .%.klg-i-

1=-n (g - §)°
| (6)

M =0 F(cy - e) = Cikpa + Cp(fh + _(g_;____?f)h )



Substituting, simplifying, and rearranging:

o )P [ty |[ P [ 2452

h _g.klp[;;(lr_\@)] [(g;mz]

s lo

(7

kl and k2 are the same as given in paragraph 3 a). For rectangular
sections Equations (6) and (7) reduce to Equation (3a). For I sections
Equations (6) and (7) are valid for fh<a < (1 = f)h and 8a <gh,

Note that for a given cross section and strength of concrete, Af!,,
cb/h, ¢, n, r, kl, k2, and @ are constants. Therefore for assumed
values of g and f';, Equation (6) vs. Equation (7) may be plotted and a
curve of ultimate F/Af'  vs. e/h obtained, These curves are shown in
Figures 15 through 19.

co $fh =a<hand Baz=ph
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| b o
{ F L - (1-p3)a—~
) T c /' M
0-¢h ' cac. \ _
- - -—— = — — c
¢ ° Fe—_F——: —‘————:—’ '-z ﬁo
" “ (c,-e) R G| ke
-
— f; L%h_
b

Let a = gh and A, k;, and k, be defined as in paragraphs 3 (a) and ¢).,
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Cl ¢
(=} - 1 . -
G = AdA-m)f 5 pES ot -n)
c
. 2 1
Cy = kyabf', 3 T Y kig
SH = 0 : F = C = Cp - Cq

is:
AfF,c = i kg - -%— (l-v\). (8)
EM"O‘ F(cb-e)=02k2a-cl%12

Substituting, simplifying, and rearranging:

2

oy [V ake? - G @-n) )

= 2 - 9
h l/T kg - -;.L(l-fl)

>lo

For rectangular sections Equations (8) and (9) reduce to Equation (3a).
For I sections Equations (8) and (9) are valid for gh < a < (1 - #)h and
8 a =g,
Again Equations (8) and (9) can be plotted for assumed values of g
and f', and a curve of ultimate F/Af', vs. e/h obtained., These curves
are shown for the tee, inverted tee, and I sections in Figures 16 through 19.

d. Entire Section in Compression. a = h and @a <gh.

9= 1)h A1-8)a

(g—l)\c,_é\ k -5

(1-P)h

Oy

$h Ba
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Let a = gh and A, kl’ ko be defined as in paragraph 3 a) and b),
Cy
C; = kpanbf'y ; yriondie .gL.klg
C, = < (g-mh f.'.‘l_(g._:‘_ﬁ)— b(1- ) %2 =[1 ‘ﬂ][iﬁiﬂf_’]
2 = 378 =g e ]V E ¥ || 21~
.2 R TT-C 0N P T _1_[_(%&)_2.7
6y = 3(bh | Tog ()b 5 T = ¥ %(-¢

T H = 0 3 F = C =0 + Cy = Cy

Substituting, simplifying, and rearranging, the ultimate strength

is:
F_o . A l-1 (g =~ @) 1 -1)2
Afte ¥ aE t [ ¥ ][2g(1 -pj]" [r] [Er“l'yzgl-p
(10)
zM = 0 F (°b"°) = Clk2a + Co (¢h +‘(g;¢)h)-c3 (h+.§13:l2-}3)
Substituting, simplifying, and rearranging:
e © 3 kykog? + [?]%EIZDB‘)] [SE:QZZ grog | _ 1 (g-1)¢|{ g+2
B ) 1o ]-[(g-m?] e = ]
T e TWIRT LT T LIV (-8 z
(11)

For rectangular sections, Equations (10) and (11) reduce to:

P _ (g =1)°
Ki‘-?; k8 2z (L - B) (202)



s lo

Equations (10) and (11) do not apply to I sections.

2
2 _ .i%____é_z- 1) | _&:_2..]
1) kkoe |;2g T - 3
2
kl g

Lt ]

Expressions for

(11a)
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I sections in full compression will not be derived since they are of little

practical importance.

For inverted tee sections this case will occur only

when e/h is small and @ is large.

Again Equations (10) and (11) can be plotted for assumed values of g

and f'c

and a curve of ultimate F/Af',

vs. e/h obtained.

These curves

are shown for the rectangular and tee sections in Figures 15 through 17.

e. Entire Section in Compression a= h, gh=< Ba=<h

fe (g- li=Rlo
i |- b - (l-m( )\ C, Eg.,_, (9-Dh )
T ==
(- $)h cy ('m B
- Ly ¢8c¢ \ = a
¢|‘I ° F_._F__—.-_T_.: S —— ey ﬁq
Cp =5 TN
le—o fe Ck,a
N b

Let a = gh and A, ky, ko be defined as in paragraphs 3a) and b).

%

= klabf'c

pn(l - n ot

° Cl =
2

Aft,
3 02 =

AfY,

C
g=1 . 3
) rerul e AL T v
F = C =Cl-02"03




Substituting, simplifying, and rearranging, the ultimate strength is:

1 [ (g -1)2
¥ [22(1~-¢)

Tu o= 0 B -e) - clea-czE’;.‘-CB[h+_(£_%.1_)_h-:|

Substituting, simplifying, and rearrangings

F . 1 _ _ _
ALY, e G-

(12)

¥ ke 'gzv'(l‘“)'zr(i-c)] [(g;l)ﬂ[g,;z

1 _ oyl [ (g-1)
T s -g-(l n) Y[2g(1-p):|

sg—cpc-
h h

(13)

For rectangular sections, Equations (12) and (13) reduce to Equations (10a)
and (1la). Equations (12) and (13) do not apply to I sections.

Equations (12) and (13) can be plotted for assumed values of g and £,
and a curve of ultimate F/Af!', vs. e/h obtained, This case, however, is
of 1little practical importance.

Lo Expressions for Ultimate Strength of Beams With Mild Steel

It is assumed in this case that the ultimate stress, f! o? and the
ultimate compressive strain, £, of the concrete togethei' with the yleld
stress, fy’ and yield strain, Sy, of the steel are known properties of
the materials used.

Two types of a failure may be defined., A tension failure occurs when
the strain in the steel reaches By befqre the extreme fiber strain in the
concrete reaches £,. Once the steel y-leids the strain and stress in the
concrete increases rapidly until finally the concrete exhausts its plasti-
city and crushes in failure., A compression failure occurs when the extreme
fiber strain in the concrete reaches &, before the strain in the steel

reaches Cy.

23
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The dividing point between tension and compression failures occurs

when

€

Y

balanced failure.

b

1) Rectangular

and E.u are reached simultaneously. This might be called a

Cross sectlion properties:

Let

A =
S

p =
m =
a =

b b
Lk ~ - |
(|‘¢)h| o o 1 l oo éh e o |——
oh d'_‘i_"’”" d' (I{-2¢)h AL
° ﬂ"_L °™ i s [°
] I Vof—
b n\b b
2) Tee 3) Inverted Tee L) I
A = ¥bh ; ¢, = 3h
I = obl’ ¢y, = (1=28)h

Area of mild steel

gh

| The following formulae apply to rectangular, tee, inverted tee, and

I sections unless otherwise specified,

a, 0=<a=<¢gh
b
| — ) -
T
(- P ° o c ° (M e — T:f A
t c.g.c n.a\
_ -—o . - = — -—]r
¢ | (1-Q3)a
h e R
o b F_F--" c |Po
-? .
l-*——l €c=€y (c,-e) fé k.0



C _ n .
C k1311 b f'c T, = ¥ klg
THAf pAmflc ; T = pnm
Af?
(]
2 H = O F = C = T
F n
Af y BT
C
2 M = 0 F(e, = ) = Chkya = Td!

Substituting, simplifying, and rearranging:

dl
2 - Eﬁ - "S}_klkz‘%%' Y
Foe

For rectangular sections:

c
= * = -—b = l-
Therefore,
F
= k - pm
AfY 1
2 d!
e 1 | Kakeg” - P
h 2 klg = pm
From the geometry of strains:
L = 8h
€, + & Eu

(1)

(15)

(sa)

(15a)

(16)
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d'/h =
€, =|:—f-g—-€] Ey (17)
Equation 17 is valid for Ls<= Ey .

l. Balanced Failure:

8 y c u 8 y )
Ly t] d! »
& " | TV 6, | w (16e)
0 [: u + y h
Using g, from Equation (16a), Ai'c and ﬁ can be calculated from Equatiohs

(14) and (15).

2. Tension Failure:

g<g, 5 €5 = €y reached first; then £, = &, reached;

For any assumed value of g and given material properties, F/hf'o and
e/h can be calculated using Equations (1) and (15).

3. Compression Failure:

g>g, 53 €, = by 3 £5< &y 5 fo<2y

For any assumed value of g and given material properties, F/Af'c and
e/h can be calculated using Equations (1) and (15).

Using a procedure similar to that outlined above, ultimate strength
curves of F/Ai"c vs. e/h may be plotted for any section with mild steel,

Note that Equations (16), (17), and (1l6a) are valid for any cross
section, These equations were obtained from the geometry of strains and

are independent of the shape of the cross section.
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For each cross section studied and for various locations of the neutral
axis, equaﬁons analogous to Equations (1L) and (15) must be derived. As
the shape of the section becomes more complex the equations will also be-
come algebraically more complex. Given below are these equations which
apply to rectangular, tee, inverted tee, I and box sections which were de=
rived in a manner similar to the above case, V

b, gh< asE‘ﬁ'. and Ba<ph

o e [ [ ]e o
N e ke mews ) w3

R R e e

(19)

For I and box sections Equations {18) and (19) are valid if ¢h<a <(1 - g)h
and p as ¢ho

at
oo ph= a<<- and @a = ¢h

B s ¥ - Fa-n) - ()

(21)
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For I and box sections Equations (20) and (21) are valid if ¢h Sa<s
(L -@)hand Ga=gh,

For rectangular sections Equations (18) through (21) reduce to Equa~
tions (1ha) and (15a). Equations (18) through (21) are used with Equations
(16), (17), and (16a) in the same manner as Equations (1L) and (15) to

obtaln ultimate strength curves of F/A.t"c vs. e/h.
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V. TEST RESULTS

l, General Behavior

The fourteen beams tested behaved essentially as predicted by the
theory. The loading sequence for beams BlA, B1B, B3B, B3C, B5B, and BSC,
all of which had no mild steel, was selected so that the theoretical ulti-
mate strength would be greater than the cracking strength and therefore no
sudden failure should occur at cracking. Even though initial cracking oc-
curred at relatively low loads these beams did not show any major signs of
distress until much heavier loads had been introduced. Tensile cracks be-
came larger, with one crack predominating, as the external loads, and there-
fore the external moments were increased. Final failure occurred when thé
cracks had propagated down to a level where the remaining concrete section
could noj; sustain the eccentric prestress force in compression and a final
cmshingt éf the concrete took place, Just prior to failure, the width of
the tensile cracks at the top of the beams measured as much as 1/ in, across.

The loading sequence for beams B1C, B3A, and BSA, all of which had no
mild steel, was selected so that the theoretical ultimate strength was less
than the cracking strength, thus yielding a sudden failure, In these tests
it was found that once the beam experienced a major tensile crack it failed
suddenly and completely. o

Beams B2A, B2B, B2C, BLA, and B6A all had mild steel in the top, Bach
beam had an artificial crack, approximately 2 in, deep, cast in it at mid-
span, No cracking strengths were therefore obtained, As the external loads
were increased fine hairline cracks developed over the middle portion of the
. beam, No appreciable downward shifting of the neutral axis was indicated
by the strain readings until the mild steel reinforcement yielded after which
the cracks in the top became larger and larger as the neutral axis moved
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downward. Final failure occurred by crushing of the concrete at the bottom.
The maximum center deflection obtained for these beams was much greater than
for the second group described, This was expected and indicated the high
energy absorbing capacity of these beams., This asset could be important under
impact loads during erection,

from the experimental data collected during each beam test, the follow=
ing items were obtained:

(a) Photograph of beam after ultimate failure.

(b) Load (F and M) vs center deflection curve.

(¢) Load (F and M) vs strain curves, for each gage level,

(d) Stress in top concrete fiber at cracking.

(e) Strain in bottom concrete fiber at ultimate.

(£) F/Af', and e/h at cracking and at ultimate.

Wherever possible, the above experimental results were compared with
corresponding theoretical wvalues,
2. Photographs of Beams After Ultimate Failure

Photographs of beams after ultimate failure are shown in Figures 20, 21,
and 22, In comparing the crack patterns at failure for the rectangular beams
shown in Figure 20, beams without mild steel, (BlA, B1B, and B1C) had one
large- major crack while for beams with mild steel, (B2A, B2B, and B2C) the
cracks were smaller and were spread over a larger portion of the beam,

The typical failure of crushing of the bottom fibers of the beams is
evident in all cases.

3. Load=Deflection Curves

Theoretical deflections were computed using the elastic theory based on
the uncracked section., Modull of elasticity shown in Table I together with
the gross moments of inertia of the cross-sections were used in these compu?

tations,
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Theoretical and experimental results for each of the beams are shown in
Figures 23 through 36, For beams B1C, B3A, and BSA, which were subjected to
a combination of F and M such that the theoretical ultimate strength was less
than the cracking strength, it can be seen that the experimental walues agree
rather closely with the theoretical values and further that the maximum de~
flection prior to failure is very small. For the other beams the load-deflec-
tion curves generally verify theoretical values up to cracking., After crack-
ing the rate of increase of deflection was lower for beams with mild steel
than for beams without mild steel, Beams with mild steel, in most cases,
were able to develop the largest deflections before ultimate failure,.

Lo Load=Strain Curves

Experimental load-strain curves were plotted to study the gemeral be=-
havior of each beam, A linear relation between load and strain existed
generally for all beams up to cracking after which the indicated strain at
the top of the beam either increased or decreased more rapidly with load
indicating that a crack had occurred either inside or outside of limits of
the gage. The progression of neutral axis downward as the load was increased
could be followed from these curves, Some of the gages indicated a change
from compression to tension strain as the neutral axis moved down through
them,

The assumption that plane sections remain plane up to the ultimate was
checked by plotting strain distributions for each beam at various stages of
loading. These plots verified the assumption.

Load-strain curves are shbwn in Figures 37 through 50.

5. Stress in Top Concrete Fiber at Cracking

In Table V values of top fiber stress at cracking are given for each
beam., These stresses were computed by the elastic theory using the experi=-
mental values obtained for F/Af', and e/h at cracking, Nostresses at crack-
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ing are given for beams with mild steel since as mentioned earlier these
_ beams had an artificial crack cast into them at midspan to insure yielding
of the steel at the gage location, '

A comparison of the stresses at cracking with the modulus of rupture
obtained from control specimens indicates differences up to about 20% for
some beams,

6o Strain in Bottom Concrete Fiber at Ultimate

Also shown in Table V are values of the strain in the bottom concrete
fiber at ultimate failure for each beam, These values varied from 3250 to
1,800 micro inches of strain and averaged 3700 micro inches for the beam
tested, This value of 3700 was adopted as the ultimate concrete strain for
use in plotting the theoretical curves of F/Af', vs e/h,

7. F/Af'; ‘and e/h at Gracking and Ultimate |

These values are also given in Table V. It is noted that f';, and f'y
varied considerably for the beams, In order to compare these values with
the theoretical values given in the curves of Figures 51, 52, and 53, the
test values were adjusted to a common value of f!', = L4000 psi, and
f1y = o12f%, = 1480 psi. This was accomplished in the following manners;
(a) the theoretical values of the cracking and ultimate stre_ngths were cal=-
culated for the actual £',, and f'y, and e/h values of the test specimen
using the proper equaﬁions, (). the theoretical values of the cracking
and ultimate strengths were calculated for f', = LOOO psi, f'y = L80 psi,
and the e/h values obtained from the test, (c) the adjusted test values for
cracking and ultimate strength were then obtained by multiplying the actual
test values by the ratio of (b) to (a).

The adjusted test values have been plotted on Figures 51, 52, and 53

and may be compared with the theoretical curves, The agreement is genmerally
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good, indicating that for most practical purposes, the theoretical curves
can be used to obtain a good estimate of the cracking and ultimate strengths

of beams at transfer for various eccentricities of prestress force.
VI. DISCUSSION AND CONCLUSIONS

Both analytical and experimental findings clearly indicated that diver-
gent factors of safety and wvarious modes of failure will be obtained :Lria A
fixed value of allowable tensile stress at transfer is used in design as is
usually done in present practice. For example with a fixed allowable tensile
stress of say 0,05 f',, the factor of safety on the ultimate failure would
range from barely higher than 1,0 to 4,0 or more depending upon (a) the shape
and proportions of the section; (b) the eccentricity ratio, e/h; (c¢) the
prestress ratio, F/Af',; (d) the amount and location of mild steel.

The effect of shape on the ratio of ultimate to cracking strengths is
indicated in Figures 54 and 55, assuming that no mild steel is added to the
tensile side, The shapes considered in these figures are those for which
Figure 15 through Figure 19 were drawn,

In Figure 54, it is assumed that the prestressing force F is increased
while the eccentricity is kept constant. The ratio of the force F produeiﬁg
ultimate failure of the section to that producing cracking is then plotted
along the ordinate axis, This is done for various shapes and for various
values of eccentricity ratios. Figure 54 is useful for many purposes. For
example, it can be seen that the prestress F required for failure of the
inverted tee section is about 3,3 times that required for cracking, when the
eccentricity ratio e/h is around 0,23, It can also be observed that for the
I section, ultimate failure and cracking will occur simultanéously for |
e/h = 0.33 and also for e¢/h = 0.L5,
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In Figure 55, it is assumed that the prestress F remains constant in
magnitude but its eccentricity is varied. The ratio of the eccentricity
producing ultimate failure to that producing cracking is then plotted along
the ordinate axis. Again, many observations can be made from Figure 55,

For example, with a prestress ratio F/Af', = 0.10, cracking and ultimate
failure would occur simultanecusly for the thin-flange tee section, but the
eccentricity at eracking will have to be increased by about 28% to produce
ultimate failure in the thick-flange tee section.

It is evident from Figures 54 and 55 that the margin of safety between
cracking and ultimate will differ considerably depending upon the type of
section and the magnitude and location of F. The presence of mild steel
and its amount will further affect the ultimate strength, although that is
not described by Figures 54 and 55,

The desired value of the fa&'bor of safety will vary with each situation
and will depend on such factors as the possibility of adverse external mo-
ments, the seriousness of cracking, the chances of misplacement of the ten-
dons, conditions of continuity, possibility of overtensioning, etc. It is
perhaps best not to specify a fi’iied factor of safety to cover all conditions.
The choice of a desirable factor of safety should be left to the judgement
of the engineer, who in turn must understand the behavior of beams at trans-
fer.

Analytical studies made on the behavior of I, box sections, and inverted
tee sections indicated that for these sections, assuming no mild steel is
provided, once cracking has occurred the crack may rapidly progress dowmward
to the bottom of the web. While these sections have high ultimate strengths
at transfer because of the large compression areas available in their bottom
flanges, the appearance of large cracks would be serious and might result in

a shear fallure of the beam.
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Although only 1l beams were tested, the range of practical values for

prestress and eccentricity for rectangular and tee sections were included

in the test program. The following conclusions are advanced on the basis

of the results of the theoretical and experimental studies:

1.

2

3o

ho

56

The cracking strength of rectangular and tee shaped concrete sec-
tions under excessive eccentric prestress can be evaluated by the
elastic theory using the modulus of rupture of concrete, f! t» 88 a
measure of the starting of cracks. The combinations of prestress
ratio, F/Af', and eccentricity ratio, e/h, which will produce crack=
ing are not very sensitive to a change in modulus of rupture, f';.
The ultimate strength of rectangular or tee shaped concrete sections
at transfer can be predicted using an ultimate theory based on the
"Jensen stress block",

The camber of concrete beams at transfer can be computed by the
elastic theory provided there has been no cracking. It is diffi-
cult to choose a proper value for the modulus of elasticity for
long time loading., However, for short duration effects, the use
of E, obtained from a standard test on a 6 x 12 in. cylinder will
yield satisfactory results,

For sections without mild steel, cracking and ultimate strength
curves, such as shown in Figures 15 through 19, will intersect at
two locations, The two intersections define what might be called
"eritical eccentricity ratios® at which the cracking and ultimate
strengths are equal,

For e¢/h less than the lower critieal ratio the beam will never
crack, but will fail under compression., This case is seldom en=-

countered in practice.
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For e/h greater than the higher critical ratio, an ultimate com-
pression failure will occur immediately following the cracking of
the beam, This condition must be avoided and whenever there is a
possibility of e/h approaching this value, mild steel must be used
on the tension side existing at transfer,

For e/h values between the two critical ratios, the beam will crack
first, but will not rupture completely until the prestress or the
eccentricity or both are further increased. The factor of safety
of the beam between cracking and ultimate will vary with the e/h
ratio and the F/Af', ratio. The factor of safety of beams without
mild steel is lowest for e/h values near the critical values, By
plotting cracking and ultimate strength curves for any particular
section, the factor of safety available for any eccentricity ratio
can be readily determined.

The addition of a nominal amount of mild steel in the beam, on the
tensile side existing at transfer, increases the factor of safety
and will prevent a sudden failure from occurring. It will reduce
the deflections of the beam after cracking, but will enable it to
experience larger deflections (larger energy absorption capacity)
before ultimate failure., The desired amount of mild steel will
depend upon the given conditions,

The conventional practice of specifying a fixed allowable tensile
stress at transfer will yield widely divergent factors of safety,
Proper design should take into account the behavior and ultimate

strength of beams at transfer as presented in this report.



TABIE I
SIEVE ANALYSES OF AGGREGATES

PERCENTAGE RETAINED ON SIEVE

Kind of 3/L | 1/2 | 3/8 | No.| No.| No. | No. | No. | No.| Fineness
Aggregate in, | in. | in. L 8 |16 | 30 50 100 | Modulus
Sand O |14 |45 72 | 91 98| 3.20
Gravel 3 |39 | 60 | 96 6.59

Average of 8 samples of sand and 8 samples of gravel.
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PROPERTIES OF 1/h IN, DIAMETER STEEL PRESTRESSING WIRE

le Proportion | Yield | Ultimate | Modulus of % Elongation |
Saxp Limit Point® | Strength | Elasticity® in 10 in,
£5.1, fy u Es

No. | Lot® ksi ksi ksi psi 4

1 151 297 252 26,8 x 100 4.0

2 I 10 230 252 27.1 204

3 5 223 252 264 2,0

k 152 207 246 26,1 6ols

5 U7 20L 243 26,2 5.5

6 II 130 212 246 25.3 SeT

7 157 217 256 26,7 5.0

a. MAs measured by 0,2% offset.

b, Up to proportional limit.

¢, Wire was purchased in two lots, I and II,



TABLE IV

Yield - Ultimate Modulus of
Strength | Stremgth | Elasticity %4 Elongation

Beam ksi ksi psi 4
B2A 51.0 78,0 31,8 x 106 20,8

L7.0 2.4 28,6 21.9
B2B 18,0 73.6 28,1 19,4

45,9 71,1 27,2 19.0
B2C L7.2 79,9 30.1 22,0

h805 7803 - had
BLA 51.2 78.6 29.8 20,0

Lhé.3 3.1 273 19.5
BbA L9.1 81.5 - 17,9

L9.k 80,7 - 22,5
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FIG. | SECTION PROPERTIES AT MIDSPAN OF TEST SPECIMENS

O — Prestressing Cable ; 12— 14" Dia. Wires For All Cases
e — Mild Steel; No .4 Deformed Bars In All Gases
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FIG. 2A ELEVATION OF CABLE LAYOUT FOR ALL BEAMS

Dimension "a"
B-1 ¢ B-2 10.00"
B-3 4 B-4 13.56"
B-54 B-6 13.68
t -
] 6"

FIG. 2B PLAN VIEW OF BIA, BIB, BIC, B2A,B2B, AND B2C
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FIG. 2C PLAN VIEW OF B3A, B3B, B3C, AND B4A
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FIG. 2D PLAN VIEW OF B5A, B5B, B5C, AND B6A
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LOADING BEAM
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F - ¥
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FIG. 7 FIRST LOADING ARRANGEMENT
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FIG. 8 SECOND LOADING ARRANGEMENT
Note: Jacks A And B Connected To Same Hydraulic Line
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FIG.10 ASSUMED COMPRESSIVE STRESS STRAIN
CURVE BY JENSEN THEORY
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FIG.1Il STRAIN DISTRIBUTION UNDER INCREASING
PRESTRESS FORCE OR EXTERNAL MOMENT

( BEAM WITHOUT MILD STEEL IN TOP)
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fy
o T
f, < f, f, < fo f, = f, f, = f'
(a) (b) (c) - (d)

FiG.12 STRESS DISTRIBUTION UNDER INGCREASING
PRESTRESS FORCE OR EXTERNAL MOMENT
(BEAM WITHOUT MILD STEEL IN TOP)
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éb< €o Eb< €o ep< &, Ep= €y
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FIG.13 STRAIN DISTRIBUTION UNDER INCREASING
PRESTRESS FORCE OR EXTERNAL MOMENT

( BEAM WITH MILD STEEL IN TOP )
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b fy
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FIG.14 STRESS DISTRIBUTION UNDER INCREASING
PRESTRESS FORCE OR EXTERNAL MOMENT

( BEAM WITH MILD STEEL IN TOP )
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BEAM B-1A BEAM B-2A

BEAM B-1B BEAM B-28B

BEAM B-1C BEAM B-2C

FIG. 20 RECTANGULAR BEAM SPECIMENS AFTER FAILURE



FIG. 2| THIN-FLANGED TEE BEAM SPECIMENS
AFTER FAILURE
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