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ABSTRACT OF THE DISSERTATION

Sequential Learning and Inference of Causal Graphical Models

by

Yijia Zhao
Doctor of Philosophy in Statistics
University of California, Los Angeles, 2026
Professor Qing Zhou, Chair

Many problems involve systems in which causal relationships among variables are repre-
sented by causal graphs. Because experimental data are often costly, learning procedures
must combine statistical inference with sequential decision making. This dissertation de-
velops methods for learning and inference of causal graphical models under sequential data
collection, integrating observational and interventional information to support both opti-
mal decision making and causal structure discovery. The analysis is conducted under linear
structural equation models with Gaussian errors, which provide a direct link between causal

effects and regression estimation.

The first part of the dissertation (Chapters 2 and 3) studies sequential identification of the
intervention with the largest causal effect on a reward variable in an unknown graph. Inter-
ventions are treated as actions, and the objective is to determine which intervention produces
the greatest effect on the reward. We develop upper-confidence-bound-based algorithms that
exploit potential causal relationships among variables to improve learning efficiency relative
to standard bandit methods. Under causal sufficiency, observational data are incorporated to

construct valid confidence bounds for causal effects, leading to improved regret guarantees.
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The framework is then extended to settings with latent confounders, where some causal
effects may not be identifiable through adjustment. The resulting method distinguishes
identifiable and non-identifiable interventions and provides regret bounds that reflect this
distinction. Theoretical analysis establishes finite-sample regret guarantees, and simulation

studies demonstrate improved learning efficiency compared with existing methods.

The second part of the dissertation (Chapter 4) studies adaptive causal structure learning.
Observational data determine a directed acyclic graph only up to its Markov equivalence
class, and interventions are required to resolve the remaining uncertainty. We propose a
sequential experimental design procedure that selects interventions based on uncertainty
in edge orientation and updates the graph using statistical evidence. Theoretical analysis
shows that the proposed procedure recovers the true graph almost surely, and numerical
experiments demonstrate that it requires fewer interventions than sequential-random and

complete-random baseline strategies.
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CHAPTER 1

Introduction

Many problems in science, engineering, and economics involve systems in which variables
are connected through underlying causal mechanisms. These mechanisms are commonly
represented by causal graphical models, in which nodes denote variables and directed edges
represent direct causal effects. Learning in such systems requires not only statistical estima-
tion from data, but also evaluation of the effects of interventions. In practice, experiments
are often costly and only finite samples can be collected, so learning procedures must allocate
limited experimental resources while accounting for uncertainty. This dissertation develops
statistical methods for learning and inference in causal graphical models under sequential

data collection.

A fundamental framework for sequential decision making is the multi-armed bandit
(MAB) problem, which has been extensively studied in statistics, operations research, and
machine learning [1-5]. At each round, a learner selects an arm based on past actions and
observed rewards, with the goal of identifying the arm with the highest expected reward
while minimizing cumulative regret over time. The central challenge is to balance explo-
ration, which gathers information about uncertain actions, and exploitation, which selects
actions believed to yield high reward. This problem has broad applications in online rec-
ommendation systems [6], adaptive clinical trials [7, 8], and dynamic pricing [9], among

others.

Under the classic setting of the MAB problem [1, 2], the action set A consists of K

independent arms and each arm a € A corresponds to a real-valued distribution of the reward



variable. It is a simplified setting in which the entire system is regarded as a black box, relying
solely on reward feedback to guide learning. Various algorithms have been developed in
this setting, among which the upper confidence bound (UCB) algorithm [1] and Thompson
sampling [10] are two classical examples. However, real-world decision-making processes
often involve additional complexity, motivating numerous variants of the MAB problem. For
example, the contextual bandit problem incorporates observed contextual features before
each decision, allowing personalization and adaptive learning [11]; the combinatorial bandit
focuses on actions formed by combinations of basic arms, leading to exponentially large
action spaces [12]; and the budgeted bandit associates each action with a cost and requires

the player to operate under a fixed budget [13].

When actions correspond to interventions in a causal system, the standard bandit for-
mulation can be enriched by exploiting structural relationships among variables. In a causal
bandit [14] setting, interventions affect the reward through a causal graph. Observational
data and structural constraints may provide information about multiple interventions si-
multaneously, allowing learning to proceed more efficiently than in unstructured bandits.
However, in many realistic settings the causal graph is not fully known, observational data
may be limited, and experimental samples are costly. This leads to two distinct but related

statistical problems.

The first problem concerns optimal decision making in unknown causal systems. The
objective is to identify the intervention node with the largest causal effect on the reward
while interacting sequentially with the system. Full recovery of the causal graph is not
required in this problem. Instead, structural information is used to reduce uncertainty in
estimating causal effects and to eliminate suboptimal interventions more quickly. Chapters 2
and 3 address this problem. Chapter 2 considers Gaussian causal directed acyclic graphs
(DAGs) under causal sufficiency and develops a method that combines observational and
experimental data to construct upper confidence bounds for causal effects, yielding improved

regret guarantees relative to standard bandit approaches. Chapter 3 extends the framework



to settings with latent confounders, where the observed system is represented by an acyclic
directed mixed graph and valid adjustment sets may not exist for all interventions. The
resulting analysis distinguishes between identifiable and non-identifiable interventions and

provides regret bounds that reflect this distinction.

The second problem concerns structural learning. Rather than focusing on reward maxi-
mization, the objective is to discover the causal relationships among variables. Observational
data typically identify a directed acyclic graph only up to its Markov equivalence class, leav-
ing certain edge orientations unresolved. Interventions provide additional information to
distinguish among Markov equivalent DAGs. Because only finitely many samples can be
collected under each intervention, experiments must be selected adaptively to reduce uncer-
tainty about the graph as efficiently as possible. Chapter 4 develops an adaptive intervention
procedure for recovering the true causal graph within its equivalence class with high proba-

bility, using confidence-bound-based criteria to guide sequential interventions.

Throughout the dissertation, data are assumed to arise from a linear structural equation
model with additive Gaussian noise. Each variable is modeled as a linear function of its
direct causes, and interventions modify the structural equation of the intervened variable
while leaving the rest of the system unchanged. Under this model, causal effects correspond
to regression coefficients and can be estimated from observational or interventional sam-
ples. This connection enables uncertainty quantification and supports sequential decision

procedures based on confidence bounds.



CHAPTER 2

Causal bandit on unknown graphs in a fully observed

setting

2.1 Introduction

A major source of complexity in real-world decision-making stems from the causal depen-
dency among variables. In many domains, such as healthcare, social sciences, and economics,
arms and rewards are connected through underlying causal mechanisms, typically represented
by a causal directed acyclic graph (DAG). In this causal bandit (CB) framework [14], a causal
DAG specifies the joint distribution of all variables in the system, including the reward. In-
terventions on variables correspond to arms, allowing the causal bandit problem to be cast
naturally as a multi-armed bandit task. Unlike the standard MAB setting, however, lever-
aging the additional causal structure can enable substantially more efficient identification of

the optimal intervention.

Most existing work on causal bandit relies on full or partial knowledge of the underlying
causal graph to achieve improvements over standard MAB algorithms. For instance, Latti-
more et al. [14], Sen et al. [15], and Yabe et al. [16] study the causal bandit problem assuming
complete knowledge of the DAG and absence of unobserved confounders. Other approaches
further impose structural restrictions while requiring the graph to be provided, such as the
budgeted bandit under no-backdoor graphs [17] and the linear causal bandit [18]. More re-
cent work in this category includes causal bandits for linear structural equation models [19]

and causal bandits with general causal models and soft interventions [20], both of which



continue to assume a known causal graph. However, in practice, the underlying causal DAG

is rarely known, which severely limits the applicability of these methods.

A few recent causal bandit methods have been developed without assuming the underly-
ing causal graph is provided. For discrete variables, the optimal intervention is always among
the parents of the reward variable [21]. A natural approach is therefore to first identify the
parent set of the reward variable and then apply MAB algorithms with a reduced action set
consisting of only the identified parents. Many recent works follow this strategy, including
the central node - upper confidence bound (CN-UCB) algorithm [22] and the randomized
parent search (RAPS) algorithm [23]. When the variables have continuous domains, the
problem is significantly more challenging, since the optimal intervention is not necessarily
among the parents of the reward. De Kroon, Mooij, and Belgrave [24] tackles the problem
for discrete and Gaussian models. However, their method relies on the existence of a set of
non-intervenable variables that d-separate the interventions and the reward variable, and no
theoretical guarantee on the cumulative regret was provided. Huang and Zhou [25] propose
a Bayesian framework that utilizes joint inferences from experimental and observational data
without additional assumptions on the underlying graph structure. But the Bayesian frame-
work requires updating posterior probabilities over all possible parent sets, which is extremely
computationally intensive and becomes impractical even for moderately sized action set. Yan
and Tajer [26] propose a graph-agnostic linear causal bandit (GA-LCB) algorithm for linear
structural equation models with unknown graph structure and soft interventions, assuming
no latent confounders. Their approach emphasizes learning the graph structure and model
coefficients prior to reward evaluation, which is not required for identifying the intervention

with the largest expected reward and leads to additional computational complexity.

To motivate our work, we revisit the farming example constructed by Lattimore, Latti-
more, and Reid [14]. Suppose a farmer seeks to maximize crop yield and knows that the
outcome is affected by temperature, moisture level, and soil nutrient levels, but the causal

relationships among these factors are unknown. Due to limited time and budget, she can



intervene on at most one factor per season: for example, using artificial heating or shading to
control temperature, irrigation or rain covers to control moisture, or adjusting fertilizer com-
position to modify nutrient levels. Each intervention is costly and yields limited experimental
data per season. In contrast, historical observational data, collected without interventions,
may be readily available. An important practical question is whether such observational
data can be leveraged to help identify the variable with the largest causal impact on crop
yield, thereby reducing the need for costly experimentation. Motivated by this example, our
objective is to identify the variable with the largest causal effect on the reward, and we there-
fore consider the set of arms to be a collection of atomic interventions. In such continuous
domains, the optimal intervention is not necessarily associated with a parent of the reward
node, making it unclear which aspects of the underlying causal structure should be learned
and how such information can be used to reduce the action space. Further challenges include
how to efficiently integrate observational data into the sequential decision-making process
to aid in identifying the most influential variable, and how to accommodate potential latent

confounders.

To address these challenges, we develop the Backdoor Adjustment Upper Confidence
Bound (BA-UCB) algorithm, which identifies the optimal intervention without requiring
prior knowledge of the causal graph or imposing restrictive structural assumptions. We
focus on settings in which all observed variables, including the reward, follow a Gaussian
DAG model. Rather than attempting to recover the full DAG, BA-UCB exploits both
observational and experimental data to identify candidate adjustment sets and integrates
information from the two data sources to construct upper confidence bounds for each arm

within a sequential decision-making framework.

We establish finite-time upper bounds on the cumulative regret of the BA-UCB algorithm.
Specifically, suppose that m experimental samples and n observational samples are collected
at each round. In the absence of latent confounders, and assuming a sufficiently large amount

of prior observational data, we show that the worst-case cumulative regret is bounded by



O(+\/TlogT/(m + n)), where T denotes the total number of rounds. In contrast, the regret
bound for the standard MAB algorithm is O(v/KT log T') [27], where K = |A| is the number

of arms. Even if m + n experimental samples are generated per round, the standard MAB

regret bound remains at least O(y/KT log T/(m + n)). One sees that BA-UCB substantially
weakens the dependence of cumulative regret on K and effectively incorporates observational
data, which are typically much less costly to obtain than experimental data. Finally, through
extensive simulation studies, we demonstrate that BA-UCB achieves lower cumulative regret
than the standard UCB algorithm [1] and the CN-UCB algorithm [22], while being more

computationally efficient than the Bayesian backdoor bandit algorithm [25].

The remainder of this chapter is organized as follows. Section 2.2 introduces the causal
bandit framework under Gaussian DAG models without latent confounders. Section 2.3
presents the BA-UCB algorithm, and Section 2.4 develops its finite-sample regret analysis.
Section 2.5 reports empirical results based on simulated data. Section 2.6 concludes with
a summary of the main findings and directions for future work. Proofs of the theoretical

results are provided in Section 2.7.

2.2 Problem formulation

In a causal graphical model [28], the causal relationships among a set of random variables
X ={Xy, -, X,} is represented by a DAG G over p nodes V' = {1, --- , p}, each correspond-
ing to one random variable. A directed edge ¢« — j in the causal DAG G means that i is a
direct cause of j, in which case 7 is called a parent of 5 and j is called a child of ¢. The parent
set of j, denoted as pa(j), is the set of nodes that have an edge directed into node j, i.e.
pa(j) = {i eV :i — j}. Similarly, the child set of j, denoted as ch(j), is the set of all nodes
that have an edge directed from node j. Each child-parent relationship in G is modeled by

a function X; = f;(Xpa(j),€5), 7 = 1,--- ,p, where €1, --- , €, are exogenous errors.

Through Section 2.5, we focus on Gaussian DAGs whose functional relationships are



given by a linear structural equation model (SEM),

iepa(j)
where ¢; indep. N(0,w?) with w? > 0 for all j € V and 8;; # 0 for all 7 € pa(j). Without
loss of generality, the reward variable is designated as Y = X, (noting that the nodes are
not sorted). The causal effect of X; on Y is defined via an atomic intervention that sets the

variable X; to a fixed value z;, denoted as do(X; = x;). In general, the causal effect 7; of X;

on Y is determined by the mapping z; — P[Y|do(X; = x;)]. For Gaussian DAGs,

Vi 1= aiE(Y|d0(Xi =x;)) (2.2)

and by linearity E(Y |do(X; = x;)) = v;z;. Thus, from any intervention do(X; = z;) on X;
with z; # 0, we can determine the causal effect v; = E(Y |do(X; = z;))/z;. Without loss of
generality, we only consider do(X; = +1) as the arms in our causal bandit problem, so that

the reward magnitude across arms is on the same scale.

Treating atomic interventions as arms, we formulate the problem of finding the variable
with the largest causal effect under the framework of a multi-armed bandit problem. The
arm set is

A={do(X;=wx;) 12, =—1lorl,i=1,...,p—1}. (2.3)

Since E[Y|do(X; = —1)] = —E[Y|do(X; = 1)] under the linear SEM (2.1), in most practical
applications we only need to choose z; to be either —1 or 1. Consequently, the size of the arm
set can be effectively reduced to K = | 4| = p — 1. Note that our algorithm and theoretical
results apply to the case with both do(X; = 1) and do(X; = —1) as separate arms.

For simplicity, let arm ¢ correspond to the intervention do(X; = z;) and identify the
action set A with V := {1,...,p — 1}. For any arm i € A, the expected reward is defined as

w; = E[Y|do(X; = z;)], which has the same magnitude as the causal effect v; since |z;| = 1



by design. The optimal reward is denoted by p* = max;c4 p; corresponding to the optimal
arm ¢* = argmax,c 4 ¢t;. The goal is to find the optimal arm while minimizing the expected
loss in this process. Let A; € A denote the arm chosen at round ¢. The expected loss is

measured by the cumulative regret up to round 7T,

Ry = p*T = > E(na,) = Y, AE (ni(T)), (2.4)

t=1 €A

where A; = p* — p; and n;(t) = Y, 1{A, = i} denotes the number of times that arm
7 has been chosen up to round t. A sequential decision-making policy that minimizes the

cumulative regret has to handle the trade-off between exploration and exploitation.

Many algorithms have been proposed for the standard MAB problem with theoretical
guarantees on cumulative regret, among which upper confidence bound (UCB) methods and
Thompson sampling are two of the most widely studied. For normally distributed rewards,

the UCB decision rule [1] takes the form

Ay € argmax «{ﬂi(t) + 0;(t) c«/logt} , (2.5)

€A

where /i;(t) is an estimator of the expected reward for arm i, 62(¢) is an estimator of the
variance of fi;(t), and ¢ > 0 is a tuning constant. When the standard MAB framework is
applied to the causal bandit setting, only experimental data are collected at each round,
and fi;(t) and &;(t) correspond, respectively, to the sample mean of Y under the intervention
{do(X; = x;)} and its associated standard error, computed from data available up to time
t. This approach treats each intervention arm in isolation and does not exploit the causal
relationships among the variables. In contrast, the BA-UCB method developed in the next
section explicitly incorporates causal structure by leveraging observational data collected
prior to or alongside the bandit process, leading to more efficient estimation and improved

decision-making.



2.3 The BA-UCB algorithm

2.3.1 The main idea

Let 5;(Y ~ X; + Xg) denote the regression coefficient of X; when regressing Y on (X, Xg),
ie, E(Y|X;, Xs) = 3;X; + 8&Xg. For Gaussian DAGs, if Xg < X\{X;,Y} satisfies the
backdoor criterion relative to (X;,Y) [28], the causal effect 7; of X; on Y can be identified
via backdoor adjustment,

Y= Bi(Y ~ X; + Xg). (2.6)

Therefore, the causal effect of X; on Y can be estimated using not only the experimental
data under intervention on X; but also observational data as long as a backdoor adjustment

set S is provided.

In many practical applications, a large amount of observational data is often available,
while generating experimental data is typically much more costly. Leveraging both sources
of data has at least two major benefits: (i) Observational data can be used with experi-
mental data to identify valid backdoor adjustment sets, enabling causal identification using
observational data alone; (ii) the abundance of observational data can reduce the variance
of causal effect estimates, thereby improving accuracy. This motivates our work to integrate

observational and experimental evidence in causal bandit settings.

In Section 2.3.2, we propose a method to identify backdoor adjustment sets for each
node assuming the DAG is unknown. Once a backdoor adjustment set is identified, we can
obtain an estimate of the causal effect y; and its variance o? from either experimental or
observational data. The two estimates can then be combined to improve estimation accuracy.
Suppose that we have collected prior observational data of size ny = 0 before the sequential
decision process, and will collect n observational data and m experimental data at each
round. Note that ng = 0 if prior data is not available. Denote by n;(t) = Yt_| 1{A, = i} the

number of rounds at which intervention do(X;) is performed, D;(t) the experimental data

10



generated under do(X;), and D,(t) the observational data collected, all up to round ¢. Then,
N;(t) = mn;(t) is the size of D;(t) and N,(t) = ng + nt is the size of D,(t).

2.3.2 Identification of backdoor adjustment sets

It is straightforward to obtain a consistent estimator of p; and its variance from D;(t) as

follows:

2
1 Sit

7 2 A =, Var(flsm (1)) = oL (2.7)

Aiin t) =
i, t() T

where Y/ is the mean of rewards collected under intervention at round ¢ and s%’t is the sample
variance of Y generated under do(X; = z;) up to round ¢. From the property of Gaussian
DAGs, the intervention distribution is Y|do(X; = x;) ~ N (s, 07) for some 57 > 0, and
therefore fi; i (t) ~ N (15, 57/N;(t)) is an unbiased estimator of ;.

Estimates of causal effects p; can also be obtained from observational data by backdoor
adjustment (2.6). For any subset S of nodes, let X; ¢ = [X; | Xs] denote a matrix of
dimension N,(t) x (s + 1), where s = |S|, consisting of the columns corresponding to X; and
X in the observational dataset D,(t). Denote by B = [B“ BS] the least-squares coefficient

vector for the linear regression Y ~ X; + Xg using D,(¢). Construct the following estimates

of the reward p; = E(Y | do(X; = x;)) and its variance,

(t,9) | Y = XiB; — Xgfs |2
No(t)(No(t) — s — 1) ’

fione(t, ) = B i Var(jisons(t, ) = & (2:8)
where p;(t, S) is the (1,1)-th element of the matrix (X ¢X;s/No(t))~'. It is easy to see that
fiiobs(t,S) | Xisg ~ N (Biwi, pi(t, S)¢Fs/No(t)),

where §; = 3;(Y ~ X; + Xs) and (74 = Var(Y | X;, Xg). To simplify notation, let
i (S) = Biwi, (2.9)

11



where x; € {—1, 1} is the chosen intervention level in do(X; = x;). If X satisfies the backdoor
criterion relative to (X;,Y), then 1;(S) = u; and fi; 00s(t, S) is an unbiased estimator of y;
with variance approximated by (2.8). It is a natural idea to combine the two estimates in
(2.7) and (2.8) to improve the statistical efficiency in the upper confidence bounds for y; in

a bandit algorithm.

Next, we discuss how to make a data-driven decision on whether a subset S is a valid
adjustment set. Let B; := {S < V\{i} : 1;(S) = u;} be the collection of sets that yield
the true causal effect of X; on Y, which we call valid backdoor adjustment sets. Since

experimental data and observational data are independent,

_l’_

pi(t’ S) i2,S (}12 )
No(t) — Nilt) )

fant,5) = an(6) | Xos ~ A (1i(5) =
As t increases, this Gaussian distribution will concentrate around p;(S) — p;, which equals
0 if S is a valid backdoor adjustment set relative to X; and Y. We assume that for any set
S, either |p;(S) — pi| = 28 for some 6 > 0 or u;(S) = p;. Under this assumption, if S ¢ B;,
the difference fi; obs(t, S) — ftiint(t) Will deviate from 0 significantly as ¢ becomes large. This
allows us to distinguish valid sets S € B; from invalid ones S’ ¢ B; by checking whether the

difference between the two estimates is close to zero.

One might choose S* = argming |fi; obs(t, S) — fli,mt(t)| at each time step ¢ as a candidate
adjustment set relative to X; and Y. This idea turns out to be too greedy and leads to sub-
optimal choices for a bandit problem. To encourage more exploration, we instead construct

confidence intervals C'I;(t,S) at round ¢ for p;(S) — p; as

fiio(t, S) — i () & eon/T0g 14/ Var (fisons(, 9)) + Var (jis (1)), (2.10)

where co > 0 is some constant. We choose sets S whose corresponding confidence intervals
cover 0 as our candidate backdoor adjustment sets. If such sets do not exist, we choose the

set whose confidence interval has the smallest distance to 0, where the distance for an interval
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[a,b] is defined as d(0, [a,b]) = min{|z| : @ < z < b}. Formally, we identify a collection of

candidate backdoor adjustment sets relative to (X;,Y') at time step t as

A~

B;(t) = argming d(0,CI;(t,95)). (2.11)

Note that BAl(t) may consist of multiple sets whose confidence intervals cover 0. Without
any restriction, the choice of the set S can be large especially when the number of nodes p
is large. Let M; be the regression neighborhood of node 7, i.e., the support of the regression
of X; on X_;, and let N; denote the collection of all subsets of M;. For a Gaussian DAG
formulated by (2.1), the regression neighborhood M; contains the parents of node i. Since
the parent set pa(i) S M; always satisfies the backdoor criterion, we restrict S € A; in the

minimization (2.11) to reduce the number of candidate sets.

2.3.3 Algorithm description

In this section, we describe the backdoor adjustment - upper confidence bound (BA-UCB)
algorithm for causal bandit. Unlike most existing methods, our algorithm does not require
prior knowledge or exploration of the underlying DAG. The main idea is to use estimates
from both experimental data and observational data to identify backdoor adjustment sets

alongside the decision process and then construct upper confidence bounds from both sources.

For a basic MAB problem, upper confidence bounds are of the form ji;(t) + &;(t)cy/log t,
where [i;(t) and &;(t) are the mean and standard deviation of the sample mean of Y re-
spectively. Since p; and ¢? can be estimated from both experimental data as in (2.7) and

observational data as in (2.8), we consider using weighted average of the two estimates to
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construct UCBs, i.e.,

No(t):&i,obs(ta S) + Nz@)ﬂz,mt(t)

i(t, S) = AnENTe ’
— . (2.12)
62(1,5) = X o () Var(fiions(t, ) + NE () Var (fiim (1))

(No(t) + Ni(t))?
This effectively combines the two types of data to achieve higher estimation accuracy.

As discussed in Section 2.3.2, we restrict S € N; to find candidate backdoor adjustment
sets relative to X; and Y. We use observational data D,(t) to estimate the regression
neighborhood M; of each node i € V. Given the estimated regression neighborhood ]\Z, we
identify candidate backdoor adjustment sets S < ]\/4\Z as in (2.11), sample one set S from
the candidate sets if |B;(t)] > 2, and construct the weighted version of UCBs to choose
the intervention for the next round. The procedure is summarized in Algorithm 2.1. In
practice, estimated regression neighborhoods and candidate backdoor adjustment sets will
not vary significantly unless we collect enough new data. Therefore, to reduce computation,

we update them every & iterations.

Algorithm 2.1 BA-UCB for Gaussian DAGs

Input: Observational data D,(0) of size ng, parameters ¢, c3, n, m, k, rounds 7T
1: fort=0,---,T—1do

2: if there is a node ¢ which has been intervened less than [c‘k’%“] times then
3: Choose intervention node A; 1 = i;

4: else

5: fori=1,--- ,p—1do

6: if t=0 (mod k) then

7: Estimate the regression neighborhood ]\//.71 from D,(t);

8: Identify candidate adjustment sets B; = argming. 57 d(0, CL;(1, S5));
9: Sample set S from B\i, calculate fi; obs(t, S) and 6; qbs(t, S) as in (2.8);
10: Calculate estimates [1;(t,.9), 62(t,S) as in (2.12);
11: Ay = argmax,{ji;(t,S) + 6;(t, S)ey/log t};
12: Generate m data points under intervention A;,; and n observational data.

13:  Update fim(t + 1) and Var(fizm (t + 1)) as in (2.7).

Output: Final intervention A; and estimated reward [*.
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Remark 2.1. According to Rule 2 of do Calculus by Pearl [28], if Xg blocks all backdoor
paths from X to Y, we have P(Y|do(X = z),Xs) = P(Y|X = 2z, Xy), i.e., conditioning on
the backdoor adjustment set S, the intervention distribution [Y|do(X = ), Xs] is identical
to the conditional distribution [Y|X = z, Xg|. Hence, given a backdoor adjustment set S
for node i, we can perform a single regression ¥ ~ X; + Xg on both experimental data
under do(X;) and observational data to estimate j; and o?. Thus, in Algorithm 2.1 Line 9,
we could run one linear regression Y ~ X; + Xg using both experimental data D;(t) and
observational data D,(t). In Line 10, we calculate fi;(¢,.S) and 62(¢,S), as in (2.8) but
with the combined data. This is another way to combine the two types of data to generate
estimates and construct UCBs. However, this single-regression approach exhibits inferior
empirical performance, as shown by the simulation results in Figure 2.3 (Section 2.5.2).
The underlying issue is that when S is not a valid adjustment set, the estimator of pu;
from the regression ¥ ~ X; + Xg can be severely biased, particularly when applied to
experimental data. Consequently, the single-regression estimator based on the pooled dataset
D;(t)uD,(t) could be very different from both the observational estimator fi; ons(t, S) and the
interventional estimator [i; i (t), even though these two estimators are themselves close. In
contrast, the weighted-average estimator in (2.12) combines the two estimates in a controlled

manner, yielding a more robust estimate /i;(¢) and superior performance in practice.

2.4 Regret analysis

In this section, we provide theoretical analysis on the cumulative regret Ry (2.4) of our
proposed BA-UCB algorithm. Since using the same data to identify backdoor adjustment
sets in Line 8 and to construct combined estimates in Line 10 of Algorithm 2.1 complicates
the analysis, we consider sample splitting to simplify the proof. More specifically, we collect
2ng observational data at the beginning of Algorithm 2.1, 2m experimental data and 2n

observational data at each round in Line 12, and use half of the data to identify candidate
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backdoor adjustment sets in Line 8 and the other half to calculate estimates in Line 10. All
theoretical results in this section are established under this sample-splitting version of Algo-
rithm 2.1. In practice, the algorithm works well without sample splitting, as demonstrated

by the numerical experiments in Section 2.5.

2.4.1 Main results

The underlying model assumptions for Algorithm 2.1 are stated formally in Assumption 2.1.

Assumption 2.1. The random vector X = (Xi,---,X,) satisfies the linear SEM (2.1)
associated with a DAG G.

As explained in Section 2.3.2, we also assume a gap between p;(S) for S ¢ B; and the

true causal effect u;, which is formally stated as Assumption 2.2.

Assumption 2.2 (Identifiability). There exists 6 > 0, such that either |u;(S) — u;| = 26 or
wi(S) = pi, VSeN; andie{l,--- p—1}.

Remark 2.2. Since we do not need to recover the entire graph, faithfulness assumption is not
required in our work. Note that backdoor adjustment relies only on the recursive factorization

of the joint distribution according to a DAG, which is implied by the SEM in (2.1).

If S satisfies the backdoor criterion, then p;(S) identifies the causal effect of X; on
Y; in particular, the parent set pa(i) of X; always satisfies the backdoor criterion, and
thus p;(pa(i)) is the true causal effect. Under Assumption 2.2, for any S’ that is not a
valid backdoor adjustment set, there is a gap such that |u;(S") — pi(pa(i))| = 26. Using
Figure 2.1 as an example, suppose we want to estimate the causal effect of X3 on Y (= Xj3),
i.e. v = [a3034045. In this example, the regression neighborhood Ms of X5 consists of its
parent X; and child X3, and thus Ny = {&, {X1}, {X3}, {X1, X3}}. Among these subsets,
only {X;} satisfies the backdoor criterion relative to (Xs,Y), i.e., By = {{X;}}. From the

SEM (2.1), the conditional expectations of Y given X3 and different sets in N can be derived
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Figure 2.1: An example DAG to illustrate Assumption 2.2.

as follows:

51251400%

2 2 2
Biawi + wi

E[Y | Xo] = Bus ( + 534523) Xo,

E[Y | X1, Xo] = (Basfra) X1 + (BasBs4523) Xo,

w2
E[Y | Xo, X3] = B1s <%412X2 + 534X3) ;

2 2
Biowi + wj

EY | X1, X2, X3]| = Bus (514X1 + [34.X5) .

Then the minimum difference between the true causal effect vo = (3034045 and pa(S),

S € NQ\BQ 18

Y

. {512514@560%
mins{ |————=

2, 2 2
Biawi + wj

2
Bis <M - 534523)

7 2 2
Biawi + wj

, 182383445 !} :

Since the parameters (3;; are non-zero for directed edges, this difference becomes 0 only when
P12(Fra — 523634612)wf = 523534w§, a set of measure zero in the parameter space. This shows

the rationale behind the gap 20 in Assumption 2.2.

To make sure our algorithm works properly, we also need a mild assumption on the
number of observational data for estimation of regression neighborhoods and f; in (2.8)

from backdoor adjustment sets. This is stated in Assumption 2.3.

Assumption 2.3. ng +nKk > p.

Recall that K = p — 1 in our setting. This assumption is easily satisfied when ng, n > 1

or ng = p. Let sy denote the maximum of in- and out-degrees among all nodes except the
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reward variable. In fact, if we use Lasso-based neighborhood regression and restrict the search
of candidate backdoor adjustment sets to subsets with cardinality < sy for computational

efficiency, then Assumption 2.3 can be relaxed to ng + nkK > sg + 2.

Recall a few relevant notations introduced earlier in this chapter. The joint distribu-
tion of X defined by the linear SEM (2.1) is A(0,X), where ¥ = (I — B)""Q(I — B)™},
Q = diag(wi, - ,w2) and B = (Bi;)pxp- The distribution of the reward variable Y under
intervention 1s

Yldo(X; = z;) ~ N (1, 57),

and the conditional distributions of Y| X;, Xg and X;|X_; are

Y|Xi, Xg ~ N (1:(9) X + 85 X5, CCs)
Xi|X_i ~N(). ByX;.07).
Jig#u
Let Ymin,Ymax, and tr denote the smallest eigenvalue, the largest eigenvalue, and the trace
of a matrix, respectively. Let s; = max; |M;| denote the maximum size of the regression
neighborhood, and sy = mfnx|./\f2-\[>’z-| be the maximum number of subsets in the regression
neighborhood that do not yield the true causal effect of X; on Y across all i. Define a few

constants:

~9 ~9 ~9 9 .5 ~9
N = 1maxnm; where N, = max ’ o,
¢ Y ‘ SeB; {Vmin<2) Y } 7

0% { QCZQ,S 255‘12,Ymax(2) }

$* = max max max

i SeB; ymin(Z)&f’ QCZS
92,

¥? = max max max Ciss ,51-2 , (2.13)

i S'eN;\B; ’Vmin(z)

min by 77L ) : o)

o= minv—()ﬁ, where 3; = min |5ij‘v

i 124/35; J:Bij#0

9tr(X2
LR

MY min (2 )

Now we establish a case-dependent upper bound on the cumulative regret of the BA-UCB
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algorithm. Here, “case-dependent” refers to a bound that explicitly depends on the gaps

Aj = p* — .

Theorem 2.1. Under Assumptions 2.1, 2.2 and 2.3, the cumulative regret Ry of Algo-
rithm 2.1, with parameters ¢ > 4\/55 and c3 > max {64,32¢?/6%}, after T rounds is at

most

A
n+m Gpg<p® m =1

20c2 P2 KA K
1ogT< —_—) n—’+C?’Z;1>+032Ai, (2.14)

where C3 > 0 is a constant that does not depend on T.

See Section 2.7.3.1 for a proof of this theorem. In general, C5 depends on X, ny and n,

and its exact expression is

4 1 ng — Sg — 2 c3\?
03=72(52+§+§exp<—%)>+£0+<E3) +1

N 4K N 36(s1 + s2 + K + 3)
na? exp (a?(ng + nly))  nexp((ng+nly — K —1)/18)

Theorem 2.1 shows the advantage of incorporating observational data into the UCB
framework. The standard UCB algorithm has an upper bound of a similar form, such as in

Theorem 4 of Auer et al. [1], which is

log T (256 Z 5—? + 8§ Ai> + const - iAi
M i <p* A i=1 i=1

assuming M data points are generated under each round of intervention. Setting n+m = M
in the bound (2.14) will result in the same order of the leading term O(logT'/M), showing
that observational data, while much less costly, is as useful as experimental data in terms of
reducing the regret for the BA-UCB algorithm. Increasing n, the size of the observational
data in each round, directly reduces this dominating term and thus lower the bound. More-
over, the benefit of having an initial observational dataset is reflected in the constant Cj,

which also lowers the cumulative regret.
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In the causal bandit literature, regret analyses typically fall into two categories: gap-
dependent bounds that scale with A;, and gap-independent bounds that hold uniformly
over all problem instances. Since our algorithm is developed under Assumption 2.1, some
dependence on the underlying distribution is unavoidable. Nevertheless, in line with the
standard bandit setting, we also derive an upper bound that does not depend explicitly on

the gaps A;.

Specifically, assuming all rewards are bounded, i.e., u; € [—1, 1] without loss of generality,
and that the constructed upper confidence bounds are clipped to [—1,1] accordingly, we
further establish a A-independent upper bound on the cumulative regret. While this bound
does not involve A;, it may still depend on other problem-specific parameters induced by

the underlying distribution (e.g., through ).

Theorem 2.2. Assume p; € [—1,1], Vi € {1,--- ,p — 1}. Then under Assumptions 2.1,
2.2 and 2.3, the cumulative regret Ry of Algorithm 2.1, with parameters ¢ > 45 and c3 =
max {32, 32¢?/6%}, after T rounds is at most

n-+m

- +m)KT + K?ny — / K? +nl —
QCn\/longin{\/(n m mo =V nO’ Vot \/7701{”>1}}
n (2.15)
2Kc3logT
n Cs3 10g

m

+ (4,
where Cy is a constant that does not depend on T .

See Section 2.7.3.2 for a proof of this theorem. In general, C; depends on X, ng, m, and

n, and the exact expression is

6 16 n
N SK N 72(s1 + 89+ K +3)
na?exp (a?(ng +nby))  nexp((ng +nly — K —1)/18)°

1 sy — 2 2
Cy = 72 <252+§+—exp (—u>> +2€0+2<C—3) +2K
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2.4.2 Implications

To better understand how observational data can benefit the sequential decision process, we
take a closer look at (2.15). Since T is usually much larger than K, the first term in (2.15)

is the leading term. If ng is large relative to T', more specifically ng = T'(n + m), we have

n+m  n+m Kng

\/(n+m)KT+K2no—\/K2no B VEng <\/1+ —(n+m)T — 1)

ro_1 T
N

<

n+m’

where the first inequality is due to (1 + )2 < 1 4 /2 for # > 0. In this case, the leading

term of the cumulative regret is O(+/T log T/(n + m)), which does not depend on K and
decreases with the total number 2(m + n) of experimental and observational data collected

at each round. The cumulative regret of a standard UCB algorithm that generates 2(n + m)

experimental data at each round is O(y/KTlogT/(n +m)). This shows that by using a
large prior observational data with backdoor adjustment, we reduce the regret substantially
by a factor of O(\/F ) and remove its dependency on the action set size K. Moreover, the
value of observational data generated at each round is comparable to that of experimental

data in terms of minimizing the cumulative regret.

If ng is small relative to 7', since /z +a — \/z < 4/a when a > 0, the leading term
in (2.15) is bounded by the minimum between O(+/KT logT/(n +m)) and O(y/T log T/n).

In general, it is cheaper to generate observational data than experimental data and thus m/n
is often chosen to be small, say m/n < 1. Therefore, for many problems, we expect to have
K > 1+ m/n and in this case the leading term of (2.15) is O(+/T log T /n), which does not
depend on K either. If the action set is large, i.e., K » 1 + m/n, then the BA-UCB bound
O(;\/Tlog T/n) + O(K log T/m) will be much smaller than the bound of the standard UCB
O(\/KTlogT/(n +m)) discussed above, under the typical setting that 7' » K?logT.

In summary, as long as we collect enough observational data with either a large initial ng
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or during the bandit process (n > 1), we can relax the dependence of the upper bound (2.15)
for the cumulative regret on the number of arms K, and substantially reduce the order of

the cumulative regret bound compared to the traditional MAB algorithms.

The regret analysis demonstrates the advantage of the BA-UCB algorithm using obser-
vational data for the causal bandit problem. With backdoor adjustment, observational data
can be used to estimate the causal effects of all arms simultaneously, which substantially re-
laxes the dependence of the cumulative regret on the number of arms. Note that, even with a
sufficiently large amount of observational data, one can at most recover the equivalence class
of a DAG, represented by a completed partially directed acyclic graph (CPDAG). In the
Gaussian case, however, one cannot reduce the action set given a CPDAG to a small subset
of the nodes in general. Thus, our approach is fundamentally different from the existing
works [22, 24] that use prior data or knowledge to reduce the action set before a sequential

bandit algorithm.

2.4.3 Proof outline

Complete proofs of Theorem 2.1 and 2.2 can be found in Section 2.7. Here, we give an

outline of the main steps of the proofs.

We first establish case-dependent and A-independent upper bounds on the cumulative
regret assuming the underlying causal DAG is given. When the graph structure is given, a
valid adjustment set of each node i is its parent set pa(i), which is used to generate esti-
mates of causal effects from observational data in our BA-UCB algorithm. Then the central
component is to show the concentration of the estimated mean fi;(¢,pa(i)) and variance
62(t,pa(i)) in (2.12) around their expectations. By applying certain tail bounds, we control
the deviation probabilities of these estimators after a sufficiently large number of rounds
(i.e., t is large). Given the gaps A; between the optimal and suboptimal arms, together
with the concentration properties of the estimators, we can upper bound the probability

P(A; = i) for each sub-optimal arm ¢ for a large enough ¢, leading to a finite upper bound
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on the cumulative regret.

When the DAG structure is unknown, the regret analysis proceeds as above once valid
backdoor adjustment sets have been identified. Conditional on a valid adjustment set, the
cumulative regret bound coincides with that in the known-DAG scenario. Let S(i,t) denote
the sampled adjustment set for node i at time step ¢ in Algorithm 2.1 Line 9. The main
additional challenge lies in bounding the probability that the algorithm fails to identify a
valid adjustment set at a given round, i.e., P(S(i,t) ¢ B;). Such an error may arise from
inaccurate estimation of the regression neighborhood in Line 7 and incorrect identification
of candidate backdoor adjustment sets in Line 8. And we can control the error by bounding:
(i) IP’(]\//Z # M;), (ii) P(0 ¢ CI;(t,pa(i))), and (iii) P(0 € CL;(t,S") for some S" € N;\B;).

Under the Gaussian linear SEM (2.1), we show that for each i, the estimated neighbor set
M, satisfies ]P’(]\Z # M;) = O(t™?), provided that the observational sample size N,(t) grows
at least on the order of logt. This result follows from Gaussian concentration inequalities
for the t-statistics in linear regression and a union bound across all variables. Once M;
is recovered, the probability that S(i,¢) in Line 9 does not belong to the family of valid
backdoor adjustment sets B; can be upper bounded using the concentration properties of

the difference fi; obs(t,S) — fimt(t) in (2.10). More specifically, we show that

P(0e CLi(t,9)) <Ot %), VSeN\B,
P(0 ¢ CIL(t,S)) <O(t™?), VSeB,

provided that the sample sizes N;(t) and N,(t) both grow at least on the order of logt.
Combining the error bounds of the three events, we arrive at P(S(i,t) ¢ B;) = O(t™?), and
hence 2 P(S(i,t) ¢ B;) is finite. Therefore, the increase in the cumulative regret due to
these errors is bounded by a constant, and the dominant term in the regret bound remains

the same as in the DAG-known case.
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2.5 Numerical experiments

In this section, we evaluate the empirical performance of the BA-UCB algorithm (without
sample splitting) through simulation. In our main experiments, we compare BA-UCB with
three competing methods: the standard UCB, the central node (CN) - UCB [22], and the
Bayesian backdoor bandit (BBB)- UCB [25].

2.5.1 Simulation settings

We simulate DAGs with the number of nodes p € {10, 20, 30,50}. To generate a Gaussian
DAG, we randomly generate a DAG using the function random.graph in the bnlearn pack-
age, sample coefficients f;; from [—1,—0.5] u [0.5,1] for i € pa(j) and standard deviations
w; from [1/0.2,+/0.5], and normalize each variable to have unit variance. We set maximum
in-degree to be 3 and choose the last variable in the topological sort as the reward variable
Y to minimize the number of trivial arms. In each simulation, we randomly generated 100
Gaussian DAGs, ran each bandit algorithm 5 times on each DAG with T" = 5000 time steps,

and recorded the average cumulative regrets.

Since the average execution time of BBB-UCB was 8.2 seconds for each iteration on a
Gaussian DAG with 10 nodes, it is prohibitive to run it for 5000 time steps on 100 Gaussian
DAGs. So for p = 10, we directly used the Gaussian DAGs and the corresponding simulation
results provided by Huang and Zhou [25], available at https://github.com/jirehhuang/bcb.
Since the computation time increases exponentially with the number of nodes, we exclude

BBB-UCB from our comparison for p > 20.

The CN-UCB algorithm was proposed for discrete network settings, aiming to first iden-
tify the parents of the reward variable and then restrict the action set of UCB to the identified
parent nodes. To mimic the mechanism under Gaussian settings, we first apply the PC algo-
rithm [29] to identify neighbors of the reward variable Y using observational data, where a

neighbor of X; could be a parent (X; — Y') or be connected via an undirected edge (X; —Y),
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as the PC algorithm in general learns a partially directed acyclic graph. Then, we apply
the UCB algorithm with these identified neighbors as the arms. The significance level of the
PC algorithm for conditional independence test was set to a = 0.1, which is slightly higher
than the common cutoff of 0.05, so that true neighbors are less likely to be missed. Each
node was intervened on at least 5 times at the beginning to allow the UCB algorithm to
accumulate enough data. Note that, unlike discrete settings, the optimal intervention with
the largest causal effect may not be a parent node of the reward under Gaussian settings.
Consequently, the performance of this procedure depends on whether the optimal arm is in
pa(Y).

For our BA-UCB algorithm, we chose 7 = 1/4/N,(t) as the threshold for p-values when
estimating the regression neighborhood through linear regression. After several trials, we
set ¢ = ¢y = 1/4/2 for all settings, where ¢ and ¢, are the constants in (2.5) and (2.10),
respectively. To reduce computational cost, we only considered {S € N : [S| < 3} in the
identification of candidate backdoor adjustment sets in Algorithm 2.1. We estimated the
regression neighborhood M;, calculated gi, and updated the estimates from observational
data every k steps, where k = 20, 50,100,200 for p = 10,20, 30, 50, respectively, so that
the computation time of 5000 iterations was under 5 minutes for all settings. The numerical

results were all generated on a macOS system with M1 chip, 8-core CPU, and 16GB memory.

2.5.2 Simulation results of BA-UCB

In this subsection, we present simulation results to evaluate different aspects of the BA-UCB
algorithm. We begin with the setting where the true graph is given, which highlights the
benefit of information sharing through observational data. We then compare two estimation
approaches, i.e., the single regression versus weighted average (see Remark 2.1), and show
that the empirical performance of the weighted average approach is better. Finally, we assess
whether observational and experimental estimates are consistent and whether the combined

estimate converges to the true reward, and validate the design of our algorithm by showing
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the accuracy in identifying a true adjustment set.

2.5.2.1 Results when the true DAG is given

To highlight the benefit of having observational data, we examined the special case in which
the underlying graph is given, for example through domain knowledge. In this setting, we
ran our BA-UCB algorithm using the parent set of a node as the backdoor adjustment set
and compared it to the standard UCB algorithm. For a fair comparison, BA-UCB collected
n = 5 observational samples and m = 5 experimental samples per round, starting with no
prior data, whereas UCB collected m = 10 experimental samples per round. Each variable
was intervened upon at least once in both algorithms to ensure proper initialization. We
recorded the median cumulative regret across five runs of each generated graph and reported

the average over 100 random DAGs in Figure 2.2.

As shown in Figure 2.2, BA-UCB effectively avoids being trapped in sub-optimal arms and
achieves much smaller empirical cumulative regret very quickly, while using the same total
number of collected samples as the standard UCB algorithm. Moreover, the performance
gap widens as the graph size p increases, highlighting the efficiency of information sharing
through observational data. Here, information sharing refers to the fact that, via valid
backdoor adjustment, observational data can simultaneously inform the estimation of causal
effects across all arms. As the number of arms grows, this information sharing becomes

increasingly valuable, resulting in higher efficiency gains for BA-UCB in larger graphs.

2.5.2.2 Single regression vs. weighted average estimates

Hereafter, we assume the underlying DAG is unknown for all numerical results. We com-
pare BA-UCB with estimates constructed by the single regression approach described in
Remark 2.1 and by the weighted average as in (2.12). The two approaches only differ in

the way to combine observational and experimental data for constructing upper confidence
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Figure 2.2: Comparison of empirical cumulative regrets over 3000 time steps between the BA-UCB and standard UCB
algorithms when DAG is given for p = 10, 20, 30.

bounds. Given a backdoor adjustment set, the single regression approach runs one linear
regression with observational data and experimental data combined together, in contrast to
the weighted average of separate estimates from the two sources of data as in Line 10 of

Algorithm 2.1.

In the simulations, both approaches used m = n = 5, a minimum intervention time
of 1 for each arm, and 20 initial experimental samples per arm. The number of initial
observational samples was set to ng = 180, 380, 580 for p = 10, 20, 30, respectively. For each
generated graph, we reported the median cumulative regret over five runs and averaged the

results across 100 random DAGs.

As shown in Figure 2.3, the weighted-average approach consistently achieves lower cu-
mulative regret than the single-regression approach across all graph sizes considered. In BA-
UCB, adjustment sets are identified based on the criterion that the observational estimate
fiiobs(t) obtained using a candidate set as in (2.8) is close to the corresponding interven-
tional estimate fi; it (t) as in (2.7). However, this does not guarantee that the identified set
is a valid backdoor adjustment set, especially at the early stage of the algorithm. When an
invalid adjustment set is selected, it is still possible for both fi; ons(t) and fi;int(t) to remain
close to each other, and to the true causal effect p;, so that the weighted-average estimator

remains accurate.
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Figure 2.3: Comparison of empirical cumulative regret over T = 5000 time steps for BA-UCB on DAGs of p = 10,20, 30.
BAUCB-Im uses estimates from the single linear regression and BAUCB uses weighted average.

In contrast, the single-regression approach relies directly on the identified adjustment set
when estimating the causal effect. If the selected adjustment set .S is invalid, the regression
Y ~ X, + Xy fitted on the combined data D,(t) u D;(t) can yield estimates that devi-
ate substantially from both fi; ops(f) and fi; (%), leading to inferior empirical performance.
By decoupling experimental estimate fi;in(f) from adjustment set selection, the weighted-
average approach is therefore more robust to adjustment set mis-specification. Consequently,

for the subsequent results, we only focus on the weighted average approach.

2.5.2.3 Consistency of optimal arm estimation

To assess whether BA-UCB behaves as designed, we examined the consistency of the es-
timated reward for the optimal arm by analyzing the results from the simulations in Sec-
tion 2.5.2.2. Specifically, we evaluated whether the observational estimate [ .(¢) and the
interventional estimate fif,(¢), defined in (2.8) and (2.7), converge over time, and whether

the combined estimator i*(t) in (2.12) converges to the true optimal reward p* as t increases.

Figure 2.4 summarizes estimation accuracy for the optimal arm. In both panels, the
median error decreases steadily over time, indicating that observational and experimental
estimates become increasingly aligned and that the estimated reward converges toward the

true reward value. This behavior is consistent with improved identification of backdoor ad-
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Figure 2.4: Estimation accuracy of the optimal arm over time. The left panel shows the absolute difference between reward
estimates based on observational and experimental data, while the right panel reports the absolute difference between the
estimated reward and the true value. The box-plots summarize results across 100 randomly generated DAGs with p = 10.

justment sets and leads to diminishing simple regret as the algorithm progresses. Outliers
observed at early stages are expected, as adjustment set identification is noisy when limited
data are available. Outliers observed at later stages can be attributed to the simulation
design, which enforces only a small minimum number of experimental samples. Specifically,
each arm is required to have at least 25 experimental samples, consisting of 20 initial ex-
perimental samples and at least one intervention round (Line 2 in Algorithm 2.1), which
contributes m = 5 additional samples. Increasing the minimum intervention time is ex-

pected to enable more reliable identification of backdoor adjustment sets and more accurate

estimation of the optimal reward.

To evaluate the accuracy of adjustment set identification, we recorded the frequency of the
sampled adjustment set for the optimal arm being a true adjustment set over 5 independent
runs and 100 graphs at each time step. Figure 2.5 reports this average identification rate over
time. An identified adjustment set is regarded as correct if |p;(S) — p;| < 0.01, where p;(.S)
is defined in (2.9). Figure 2.5 shows a clear increasing trend over time for all graph sizes
p, demonstrating that BA-UCB progressively improves its identification of valid adjustment
sets as more data are collected. Nevertheless, because BA-UCB chooses an adjustment set
even when the confidence interval C'I;(¢,S) in (2.10) does not cover 0, incorrect adjustment

sets may still be selected, especially at early stages.
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Figure 2.5: Average identification rate of a correct adjustment set for the optimal arm at each time step. Solid curves are
smoothing averages with a 100-step window for better visualization.

2.5.3 Comparison with other algorithms

In this subsection, we compare our BA-UCB algorithm with existing causal bandit algo-
rithms, including BBB-UCB, CN-UCB, and the standard UCB. We first present results for
small graphs with p = 10 to illustrate the differences in performance and computational cost
across methods. We then move to larger graphs with p = 20, 30, 50, excluding BBB-UCB due
to its high computational cost. These comparisons demonstrate that BA-UCB attains con-
sistently lower regret than UCB and CN-UCB, while offering substantially greater scalability
than BBB-UCB.

Recall that ng is the number of initial observational data, n is the number of observational
data collected at each round, and m is the number of experimental data collected at each
round. In the comparison on small graphs with p = 10, the results of the BBB-UCB
algorithm were generated with ng = 320 and m = 1. We chose nyp = 320 and n = m =1
for our BA-UCB algorithm, under which our algorithm took much less time than the BBB-
UCB algorithm for 7" = 5000 steps. For the CN-UCB algorithm, we set ng = 320 and

m = 2. For the UCB algorithm, we collected 4 experimental data from each arm at the
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Figure 2.6: Comparison of empirical cumulative regret over T' = 5000 time steps among the BA-UCB, BBB-UCB, CN-UCB,
and UCB algorithms on DAGs with p = 10.

beginning, i.e., 36 initial experimental data in total, before incurring regrets, and set m = 2
for each round. Assuming the cost of collecting experimental data is around 10 times the
cost of observational data, the initial cost of the UCB algorithm was comparable to that
of the other three algorithms. Note that m = 2 experimental data were simulated at each
round of CN-UCB and UCB, while we only generated m = 1 experimental data and n = 1
observational data for our BA-UCB algorithm. While these three algorithms collected the
same number of data points at each round, the comparison setting here is in favor of the
CN-UCB and the UCB algorithms because experimental data are much more informative

and also more expensive than observational data.

As shown in Figure 2.6, our BA-UCB algorithm achieved a much lower average cumula-
tive regret than the standard UCB algorithm and the CN-UCB algorithm. CN-UCB is seen
to have poor performance because for 22 of the 100 Gaussian DAGs, the optimal arm deos
not correspond to intervention on a parent node of the reward variable. BBB-UCB achieved
excellent performance at the cost of significantly higher computation time and resources.
More specifically, BBB-UCB required exact computation of the parent set posterior proba-
bilities at each time step, of which the complexity is O(p - 3?). This is not feasible even for

a moderate p > 20.
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Figure 2.7: Comparison of empirical cumulative regret over 5000 time steps among BA-UCB, CN-UCB, and UCB algorithms
for p = 20,30,50. The top panel reports the cases where the optimal arm is not a parent of the reward variable and the lower
panel reports the cases where the optimal arm is a parent of the reward variable.

Since the BBB-UCB algorithm does not scale well with p, we excluded it from our next
comparison for p = 20,30,50. The parameters were set as ng = 100 and m = n = 1 for
BA-UCB; ng = 5100 and m = 1 for CN-UCB; m = 2 for UCB after a burning period of
the first 50 steps. Note that the total number of data generated was the same for all three
algorithms over T" = 5000 steps. Since observational data are much cheaper to generate,
BA-UCB and CN-UCB would be much less costly than the UCB algorithm in practical
applications. Given that the performance of CN-UCB strongly depends on whether or not
the optimal intervention is on a parent node of the reward variable, we report the results for

these two different scenarios separately in Figure 2.7.

It is seen from Figure 2.7 that the BA-UCB algorithm outperforms uniformly the UCB
algorithm across all scenarios. The cumulative regrets for both algorithms, as well as the
difference between the two, increase as p increases. The CN-UCB algorithm is identical
to the standard UCB algorithm but with a reduced set of nodes for intervention, which is
usually much smaller than p. When the optimal arm indeed corresponds to intervention on a

parent of the reward variable, it is not surprising that CN-UCB outperforms our method as
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shown in the lower panel of the figure. However, in practice, one cannot guarantee that this
is always the case. As reported in the top panel, the CN-UCB algorithm shows substantially
inferior performance when the optimal arm is not an intervention on a parent node, and in

such cases the cumulative regret increases linearly.

2.6 Discussion

In this chapter, we studied the causal bandit problem under the setting of Gaussian DAGs.
Without assuming any prior knowledge about the underlying DAG structure, we proposed
the BA-UCB algorithm which identifies candidate adjustment sets using estimates from both
observational and experimental data. These candidate sets are used to construct weighted
upper confidence bounds for making sequential decisions. The reason for updating adjust-
ment sets along with more interventions is that the structure of a DAG cannot be fully
recovered even with a sufficiently large number of observational data due to Markov equiva-
lence. Therefore, our approach is fundamentally different from other existing works that use

prior data or knowledge to reduce the action set before a sequential bandit algorithm.

Our worst case upper bound on the cumulative regret is proven to be of the order

O(y/T1ogT/(n +m)) with a large number of initial observations, which does not depend
on the size of action set and decreases with the number of data collected at each round.
Empirical study shows that the cumulative regret of our algorithm is smaller than the UCB
and the CN-UCB algorithms, especially when the optimal arm is not a parent of the reward.
Moreover, it is much more scalable with the graph size than the BBB-UCB algorithm.

33



2.7 Appendix

2.7.1 Some general bounds

Definition 2.1. If each x; € R? is drawn independently from N(0,%), then the random

matriz X € R™P with x] as its i™ row, is said to be drawn from the ¥-Gaussian ensemble.

Lemma 2.1. Let X € RNW*? pe drawn according to the L.-Gaussian ensemble with ¥ > 0.

For anyi € V.= {1,---,p} and any S < V\{i}, let X; 5 = [X; | Xs] and p;i(t,S) =

X X5\ !
l( Ni(t) ) ]H; then

1,0

AGAY N\
(amaX(X)> < pi(t, 9) < (amin(X)> .

9tr(X)
Further, when No(t) > max {vmm(m P }

P (pi(t,S) > %nj(z), for some i€V and S < V\{Z}) <P (Jm;(ig < é%m(@))
< exp <— Nét)) ,
9 _ o o (X) 5
P (pi(t, S) < (D) for some i€V and S < V\{Z}) <P ( NG = g’Ymax(\/i))

@)

Proof. From Cauchy interlacing theorem, for all i € V and all S < V\{i},

(2.16)

XT. X, o\ XX, o\ XX, <\
i,54%i,S 1,54%,8 1,54%,8
Pz(t7 S) = T TN < Ymax TN TN = | Ymin | —7 7~
N,(t) N,(t) N,(t)

o (53] (2)
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Theorem 6.1 in [30] states that: Let X € R"™“ be drawn according to the Y-Gaussian
ensemble. Then for all 6 > 0, the maximum singular value o0,,,.(X) satisfies the upper

deviation inequality

P [%TSQ > Yo (VE) (11 6) + @] < e,

Moreover, for n > d, the minimum singular value o,;,(X) satisfies the analogous lower

deviation inequality

P [Umir}%x) < Yuin(VE) (1 = 8) — @] < e 2

Since N,(t) = —i:;(@), choose § = % — —N(,(f)rv(i)n(z) > %, then
Omin(X) 1 N,(t)6? N,(t)
P < = Ymin by < - < - .
< N, 3! <\F>> P < 2 CPATTR

Similarly, for all i € V' and S < V\{i},

oi(1,S) > (L@) 7

Umax(X>
and
Umax(X) tI‘(Z) 9
P 22 > o (VE)L +6) + < —N,(t)62/2) .
( N0 Ymax(VE)(L + 6) N, () exp (—No(t)8°/2)
Let § = 2 — %2%,%%
Omax(X) _ 5 N,(t)
Pl —/—/]= =2 s7max(VY) | < —— |-
( Nt 3 (f)> exp( 18
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]

Remark 2.3. Lemma 2.1 applies to not only p;(¢,S). In fact, when X is drawn from a

Y-Gaussian ensemble with ¥ > 0, we can similarly prove the following results:

XIX g\ ] N, (t
P < 5 S) 2%,f@rsemeSgVandjeS <exp<— O()>,
Ymin

No(t) 18

XIXs\ | 9 N, (t)
P 5 S f c d j < —— .
< N,(1) ) S ) or some S <V and je S exp ( 13 >

- 457

Lemma 2.2. If X ~ X2, then

P(X > 5n/2) < exp (—n/4),

P(X <n/3) <exp(—n/9).

Proof. From Lemma 1 in [31],

P(x;—n=2ynya+2z) <e ™,
P(x; —n<-2ynyz) <e ™

Let z = % and = = % respectively, then P (x2 = 5n/2) < e ™™* and P (x2 <n/3) <e°. O

Lemma 2.3. If X ~ t,, then for any § > 0,
P(|X| = 6) < 2¢ /4 4 /16,

Proof.

=

P(|X]| = 0) =IP><| Dl >6> <P(IN(0,2)] = 6) + P (x2 < n/2).

ﬁ‘
3N
\
3
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From Lemma 1 in [31], P (x2 —n < —2y/ny/z) < e . Let & = n/16, then
P(x2 < n/2) < exp(—n/16).
Combined with Gaussian tail probability bound, we have

P(|X| = §) < 2exp(—d2/4) + exp(—n/16).

2.7.2 When the underlying DAG is given

When the DAG is given, the parent set of each node X; satisfies the backdoor criterion
relative to (X;,Y). So Algorithm 2.1 can be reduced to the algorithm below.

Algorithm 2.2 Combined-UCB for Gaussian Causal Bandits (DAG given)

Input: DAG G, Observational data Dg, parameters m, n, ¢, cs, rounds 7.
fort=1,---,7T do
if There is a node ¢ which has been intervened less than [
Choose intervention node A; = i;
else
Calculate fi;(t — 1, pa(i)) and 6;(t — 1, pa(i)) for each i € {1,--- , K};

Choose intervention node A; € argmax {/li(t — 1,pa(i)) + 6;(t — 1, pa(i))cy/log(t — 1)}

c3logt

2285 times then

Sample m data points under intervention A; ; and n observational data.
Output: Optimal intervention Ay and estimated reward [i*.

Define the following constants:

$#* = max max
I<isK

9F 2567 Ymax(Z)
fVmin(Z)&iQ? 9<12
2

_ 2 2 _ { 9G; 2}
n° = maxn;, where n; = max O s
? 7m1n<2)

}7 where CZQ = i2,pa(i)7

9tr(X)

fo= [n%nin(E)

1

37



The theoretical results on the cumulative regret are summarized in the following theorems.

2.7.2.1 Case-dependent bound

Theorem 2.3. Under Assumptions 2.1 and 2.3, the cumulative regret Ry of Algorithm 2.2
with parameters ¢ = 4v/2¢ and c5 = 64, after T rounds is at most

20¢” WX A S
10gT(n+m E+M—m +Cl ZA] > (217)

g <p*

where Cy = lg+ 1 + %2 (1 + exp (—2e=2=2)) + B exp (- %)

Proof. The key idea of the proof follows the proof of Theorem 4 in Auer, Cesa-Bianchi,
and Fischer [1]. Denote the optimal intervention node as a*, with parent set pa*. Let
¢, = cy/logt, n*(t) be the times of round that the optimal intervention is picked, fi¥(t) be
the estimated mean rewards i* (¢, pa*) for the optimal intervention when n*(t) = w, fi; ., (t)
be the estimated mean rewards [i;(¢,pa;) for any arm ¢ when n;(t) = wu;, similarly for 7.

Then we have

ni(T) = > 1{A, =i} < Z 1{A, = i,n(t—1) =}

<O+ ) W{pt(t) + 0% (t)er < i(t) + 0i(t)ce, ni(t — 1) = £}
<l+ > 1 { min jiy(t) + o, (t)c; < max [, (t) + 0 ui(t)ct}

1<u<t I<u; <t ’

<0+ 30 S LR + 8L (1) er < o (8) + i (D}
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When 23 (t) + 6% (t)cr < i, () + 050, (), Lee,

0 < flig, (t) + i, () e — (11, (t) + 05 () )
= Liw, (t) = pi + i — Gy ()t + 26,0, (O)cr + p* — p* — [k (t) — o5 () et

= (Bis () = pi = Gi (W) r) + (i + 2050, (E)cr — %) + (0" = iy (8) — 7, ()er)

then at least one of the following three events must happen

:ai,m (t) - Wi = ai,ui (t)ct = 0,
i + 20,4, (t)cy — p* =0,

W — it — 35 (t)er > 0.

Therefore,
T-1 ¢t t
() <0+ Y, ) D (L) < wt = 5u(t)e
t=0 u=1u;=/¢
£ i (8) > s + B (D} + 1" < i + 2By, (B)er} |.
Therefore
T—1 ¢t t
Eln(D)] <6+ Y, ) Y [Pn®) < w* - 520)a)
t=0 u=1u;=¢ (2.18)

P (fi, (8) 2 g+ Gius (D)) + P (07 < pti + 2645, (t)cr) ]

In what follows, we bound the three parts in (2.18), which provide an upper bound on
E[n;(T)] for ¢ # a*. Then this translates into a bound on Ry = >, A;E[n;(T)]. Denote
s = |pa(i)], sop = mlax|pa(i)|.

(a) Bound on P (p* < p; + 204, (t)ct).
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For the last part in (2.18), denote s = |pa(7)|, then

P <+ 20000 = F (32,00 > 70 )
where

52 () = (no + nt)*Var(f; obs (t)) + (mu;)*Var(f; i (t))
2,Uj (nO +nt + mui)Q )

where \//a\r(/li,mt(t)) and @(ﬂi,obs(t)) are defined in equations (2.7) and (2.8) respectively.

From Gaussian sample variance,

Tat(igult) = o~ e
ar /zllz,u'lt - N,L(t> muz<mu2 - 1)Xmu271

From Gaussian linear regression,

Var (i ons()) = — —pi(t, pa(D)CE (1),

HY - Xzﬁz - Xpa(i)ﬁpa(i) H2
No(t) —s—1

&

ng+nt —s—

X

i,pa(i)

C2(t) =

)

N

2
1 Xno +nt—s—1-

Given the independence of observational data and interventional data, we have

[(no+nt>pz (t.pa(i)) mu

2
no+nt—s—1 C Xno+nt—s—1 + mu;—1 leuz—l]

zul( ) | X7P31

(ng + nt + mu;)?

Since t = £, u; = {, and let £ > (5 = [21E ] and ¢ > 2, we have —20 _ < 2 and

anm(E 'l’lo+7’lt—$—1 ==

mu;
mu; —1

< 2. If we define n? = max{p;(t, pa(i))(?, 52}, then we have

i ’L

(no + nt)pi(t, pa(i)) mu;
ng+nt—s—1 1 ZO"'nt s—1 + -1 leu -1 27]@ Xno+nt+mul—s 2
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Therefore,

A2 (ng + nt + mu;)?A?
~2 2 0 2 (3
P (O.i,ui (t) —462 log ¢ 'Xi,pa(i)) < P (Xno+nt+muis2 > 8027]? logt ’

(no+nt+mu;)2A2

According to Lemma 2.2, when “——
c?n; logt

> 3(ng 4+ nt +mu; — s —2), ie, u; = 0=

20c? 7712 logt

Tmimaz s We have

(no + nt + mu;)*A?
8c2n? logt

P (xm > ) < exp (—(no + nt + mu; — s — 2)/4)

<exp(—(ng—s—2+ (m+n)u;)/4).
Let u; > 1210gt then

(no + nt + mu;)>A?
8c2n?logt

P (Xio-‘rnt-&-mui—s—? > ) < t_4 exp (—(no —S5—= 2)/4) :

Therefore

P (1" < pi + 2630, ()t Xipa)) <t exp (—(ng — so — 2)/4). (2.19)

(b) Bounds on P(f1; 4, = p; + 0u;¢¢) and P (X (t) < p* — 6k (t)ce).

Define ¢7 = min{p;(¢, pa(i))¢?, 37}, then
(no + nt)pi(t, Pa(i)) mu;

Below ignoring ¢ in the notation for simplicity, we have

~ Noli obs + Nifli in N;62 + N,(2pi(pa(i
Wiy = Pio Pajint X pa(i) ~ N i, : iP (2 ®) ;
N, + N; (N; + N,)
Nop;(pa(i i
s iy [—Ni 2(1 CZXNO s—1 1 ,101XN—1]
iuq | #Xi,pa(i) (N, + N;)? ’
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Therefore,

Hiug = i | 5 N(0,1)4/N;5% + N, C-zpi(pa(i))
~ i,pa(i) ~ .
iU Nopi(pa(i
i \/NZI;1 CXNpmsm1 + 7y N10i XK1
Then
P (ﬁz,uz = [l + 8i,uict‘Xi,pa(i)) =P (w = C Xi,pa(i))
<P nN(0,1)v/N; + N, > Xiputs
pf NN Noy
= = 1,pa(i

o/ N, +N—S—2\/XNO+N s

No+N;—s—2

<P (\@thﬁN —s—2 = \/@Xi,pa(i))

cqw logt

=P (tNo+N 52 =

According to Lemma 2.3, we have

c%?logt) 1 ( n0+nt+mui—s—2)

]P)Aiu-> i+’\iu- Xz a(i)) S € - +se
(M, i K i, zct| P ()) Xp( 8’)712 2 Xp 16

< PR L lexp <_no + nt +mu; —s — 2
h 2

16
(2.20)
Since u; > S8 ¢ > 44/21;/¢;, then
R R _ 1
]P)(,uz,uz = i + O'iﬂ“Ct ‘ Xi,pa(i)) <t 4 (1 + 5 exp (—(no — S0 — 2)/16)) . (221)

64logt

=, similarly for the optimal arm, when ¢ >

Set minimum intervention times as
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44/20* /¢*, we have

1
P () < p* — 6% (e | Xgxpar) <t 41+ . 2.22
20 < 7 =50 | Xaogue) <7 (14 5t ) 22

Define ¢* = maxn?/¢? = maxmax{pi(t’p;;i))ciz, PG Ifj(i))cg}, V ={1,2--,p—1}. Con-
ditioning on X; paq), pi(t, pa(i)) is a constant. Plugging (2.19)(2.21)(2.22) into (2.18), then

E[n;(T) | Xy7] can be bounded by

E[ni(T) | Xv] < € + i 2 (2+ 2 exp <—%_1—?_2)> , (2.23)

t=0+1

where ¢ satisfies:

2
2062% logt — cilogt 9tr(X%)
m+n U n+m nYmin(D)

(> max< | ], 2 (2.24)

where ¢ > 4v/2¢, ¢35 > 64.

Averaging over Xy, p;(t,pa(i)) and p*(¢,pa*) can be bounded by Lemma 2.1 in Sec-

9tr(X)

tion 2.7.1. In fact, for any ¢t > [nv 5

| = £o, we have

P <3i eV, pi(t,pa(i)) = Vmif(z) or pi(t,pa(i)) < ﬁu(x)>

Umin(X) 1 Umax(X) 5
<P ( No(t) < g%nin(\/i) or To(t) = g/ymax(\/i)> (225)

t
<2exp (_nol—;n ) :
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Therefore, we have

;IP (Hi eV, pi(t,pali)) = vmf(E) or pi(t,pa(i)) < ﬁa}(@)) 2.26)

- t oo t 0\ 36
<22exp <_n01—;n > < QJ exp <_n01—;n >dt < exp (_n01+8n ) -
¢

Now re-define

9¢ .o
7Ui I
’Ymin(z)

9 2567 Ymax ()
¢ = max max {’Ymin(z)&?’ 02 ,

771-2 = max{

and let ¢ > 44/2¢, given the conditions on /£, the final upper bound of E[n;(T)] is

E[n:(T)] < £ + it‘Q (2 + 2exp (—”“_—50_2)) + (2.26)
t={

16
2 2
n; logT  c3logT  9tr(X) T ng — So — 2

<20 -5 + + +2+—(1+ _—

¢ A2n+m  n+m  nymn(X) 3 P 16

I 36 o no + nﬁo
—exp | ——— | .
n P 18
(2.27)

Then the upper bound of Ry can be expressed as

20 e N A N
10gT(n+m‘ 2 E+H—m +Cl ZA] y (228)
drpy<p® Jj=1
where
2 Ng — Sg — 2 36 ng + nly
= 1+—1(1 —_ — - . 2.2
Cy =ty + —|—3(+exp( 16 >)+nexp( P > (2.29)
O
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2.7.2.2 A-independent bound

Theorem 2.4. Assume p; € [—1,1],Vie {1,--- ,p—1}. Then under Assumptions 2.1 and
2.3, the cumulative regret of Algorithm 2.2, with parameters ¢ = 4¢ and c3 = 32, after T

rounds is at most

KT 4+ K?ny — v K? T —
2cn\/longin{\/(n+m> Ko = v no’\/no—kn Wﬂ{n}l}}

n+m n (2.30)

2Kc3logT
+03—Og_|_02

n—+m

where Cy = 20y + %2 1+ 2K + %2exp (_"Ofl—sé)*Q) + exp (_%SMO) 72

n

Proof. Let £ > K[%], then for any ¢ > ¢ + 1, the optimal arm A; is the arm with the

largest upper confidence bound. Let U(i) = f1;(¢,S) + 6:(t, S)cy/logt be the constructed
upper confidence bound of arm ¢ after ¢t rounds. A* is the optimal arm, p* is the largest
reward, and all notations with » mean the corresponding quantities for the optimal arm.

Since p; € [—1,1] and Uy(i) € [—1, 1] by construction, then |u; — Uy (i)] < 2, Vi, t. Therefore,

T
Ry = Y Blu* —pa] <20+ ) Elu* — Ui (Ar) + Uria(Ar) — pia,]

t=1 t=0+1

< 20 + Z E[p* — Ui_1(A*)] + Z E[U;-1(A¢) — pa,] (2.31)

t=0+1 t=>0+1
T-1 T

<242 ) P(u* > Uy(A)) + D E[Ui1(Ar) — pra,].

t={ t=0+1
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According to Lemma 2.1, for any ¢t > ¢y = [nztr—%] and any S(i) < V\{i}, we have

P (az e V,pi(t,S(1)) < ﬁ@) or pilt, 5(0)) > %@))

Omin(X) 1 Omax(X) _ 5
<P ( No(t> < g%nin(\/i) or TO@) = g%nax(\/i)>

no+nt)

<2exp (— 13

Therefore, we have

T
. = . 9 . 9 ng +nl\ 36
P(3ieV,plt, < ——" or plt, > 7 )< . 2
; ( 1€ ,P( Pa(l)) 25%1(“(2) or P( pa(l)) %nin(z)) exp( 13 ) -
(2.32)
Note that the set is not restricted to pa(i), (2.32) is satisfied for any set S(i,¢) that consists

of nodes except X; and Y.

When ¢ > 4¢ and c¢3 > 32, and viewing p;(t, pa(i)) as constants between ﬁu(z) and
ﬁ by conditioning on X ,a(;), from (2.20), we have
1
P (p* > Uy (A*) | X pax) < 72 (1 + §exp(—(n0 — S0 — 2)/16)) :
Then
T-1 7_‘_2 1
P(M* > Ut(A*> | Xa*,pa*) < E (1 + §eXp(—(n0 — Sy — 2)/16)) . (233)
t=K

2
Let 7% = max; max{ggi’pa(“ 8.2}7 (=0 = [ 2O T = {t: A =al+1<t<T}

'Ymin(z) Vo n'Yn\in(Z)
then
T
ZE(UtlAt ,UAt ZZE Utl )
t=£+1 acAteT,
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Fort > ¢, Va e A,

E[Uk(a) — 1aXy] = E(8o[Xy)ey/logt < cv/log t/E(62/X )

\/7\/]\[ (t)C2pi(t,pa(i)) + N,(t)o?

No(t) + Na(t)

. logt
S NN+ N ()

Since N,(t) + Nu(t) = ng + nt +mng(t) = ng + (n + m)n.(t),

logt logt & logT
/ 2.34
logT;J \/ng—i— n—i—mjd ( )

< HloeT > (Vo + (m+ )ng(T) = v/ino)

n+m aeA

By Cauchy-Schwartz inequality,

Vo + (n+ m)ng(T) < J K (Z(no + (n+ m)na(T))> = \/(n+m)KT + K2nj.

aceA aceA

Since N,(t) + N,(t) = N,(t), when n > 1, we also have

T T
logt logt
- LI <AlogT | ——adt
Z \/No(t) + Na(t) Z no + nt Og 0o V TL() + nt (2 35)




In summary, we have

R <20 + enmin {(2.34), (2.35)} + 2 x (2.32) + 2 x (2.33)

<2€+2Cn\/@mln{\/(n+m)KT+K2n0—\/KQnO \/n0+nT—\/n70}

n+m n
7'1'2 n0—30—2 TLO—FTLE 72
— (2 - — —.
+6 ( +exp( 16 ))+exp< 13 )n

Since ¢ > K[%] and £ > {,

KT + K?ng — v K? T — ./
Rr < QCn\/longin{\/(n *m £ =V no, Vg ¥ noll{n = 1}}
n

n+m
2KcslogT
_|_C3—Og+02’
n+m
(2.36)
where
2 2 Ng — So — 2 ng + nby\ 72

Cy =20 — + 2K + — _— _ ] —. 2.37

2 0—‘1-3-1- +6€Xp< 16 )+6Xp< 13 )n ( )

O

2.7.3 When the underlying DAG is unknown

When the underlying DAG is unknown, we take an additional step to estimate the backdoor
adjustment sets. In this section, we modify the proof for the DAG given setting to get our

final theoretical results.

We adopt a sample-splitting strategy to decouple adjustment set identification from pa-
rameter estimation used to construct upper confidence bounds and select arms. Let M;
denote the regression neighborhood of a node X;, N; denote the collection of all subsets of
M;, B; denote the collection of valid adjustment sets for (X;,Y), and X denote the observa-

tional data used exclusively for identifying adjustment sets. Also, denote the sampled set S
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in Algorithm 2.1 Line 9 at time step ¢ as S(i,t) for node X; and S*(¢) for the optimal arm.

For any S € N, let s = |S|, we have

Var (fi(t, $) = fini(t) = Var (@it $)) + Var(7iim (t))

_ GopiltS) sy
No (t) NZ (t)

N 2spi(t,S) 2 . 5 y
No(t)<N0(t) — s — 1) No(t)—s—1 Nz(t)(NZ(t) _ 1) N;(t)—1>

Ailt, S) = Pimi(t) | Xis ~ N (Mi(5> “HeNE TN

~

1,5

(2.38)

As displayed (2.10), the confidence intervals C'I;(t,.S) at round t for p;(S) — u; are

,ai,obs(t, S) — ﬂi,int (t) i Co/ log t\/Var(ﬂmbS(t, S)) + Var(ﬂi,int (t)) (239)
We now prove the upper bounds in Theorem 2.1 and Theorem 2.2.

2.7.3.1 Proof of Theorem 2.1

We first introduce and prove some lemmas that form the essential building blocks of the

proof of Theorem 2.1.

Lemma 2.4. Under the same setting of Theorem 2.1 and Assumptions 2.1 and 2.3, with
parameters co = 24/3 and c3 = 18, for any i€V and t,

P <O ¢ C[i(t,pa(z'))’f(i,pa(io <3t 4 exp (— No(?) ;SO — 1) ) (2.40)

Proof. Ignoring t for simplicity in notation, we have

; Y p ,in o
P (O ¢ CIi(pa(Z))‘Xi,pa(i)) - \/ i ( )) i int ) - 02\/@ Xyl
Var ) Mz int
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According to Lemma 2.2 and (2.38), for any S € N,

2 52
P <Var (12;(S) = Tiint) < 3N, + 3N X, )
N, —

N,—s—1 1
<P<X?V031<T) +P(XN S 3 )

_ ( Nosl)Jr < Ni1>
< exp| ——— exp | — .
9 9

Since N; = c3logt + 1, and s = |pa(i)| < s, let ¢z = 18, then we have

P (o ¢ cfi<pa(z))‘5ci,pa(i)) <P (W(O, 3)| > cz\/@)

2 : ~

— va(yPi(PA(1) 52
PV Ai N Ai L) < i,pa(i) i

( ar (fi(pali) = fisint) 3N, 3N;

clogt N,—s—1 N; —1
< 2exp | — 5 + exp 9 +exp| — 5

<2798 4 exp (_no ha nt9— %0 1) +t72

Let ¢o = 24/3. Then

ng+nt—sy—1
5 )

P (O ¢ C[<pa(i))‘)~(i,pa(i)> <3t % +exp (_

9tr(
n’Ymin

Define constants 1? = max; maxgen;\ g, Max {pz (t,S") ZS,,Ul} by = ], and sy

Lemma 2.5. Under the same settings of Theorem 2.1 and Assumptions 2.1, 2.2, and 2.3,
with parameters c; = 2+/3 and c3 > max{32¢%/6% 8}, for anyi eV and t > (c3/n)?,

Z P (d(o, CI(t,5") = o‘il-,s/) < 89 (31%2 + exp (—W)) : (2.41)

S'eN;\B;

20



Proof. Ignoring t for simplicity in notation, let s = |S’|, we have

]P) (d(oa C[@(SI)) = O‘Xi7$’/) = (S ) :uz int < 02\/@ )N(Z,’S/

\/Var ILLZ lnt)
2 ) S, o2 ~
< P | [7u(S") = fagm| < @\/3 (Cfv_” s %> %0

T A ~ i(S) 57\ |
PV (S = i) =3 (222 4 2L ) X o
+ (Vo ()~ i) =3 (S0 TR
8, the second term on the RHS satisfies

<P (X?VO—s—l > 3(N, — s — 1)) + P (X?Vi—l > 3(N; — 1))

( Na—s—1> ( Ni—l)
< exp S E— +exp | — 1

According to Lemma 2.2 and (2.38), with ¢3 >

— . 3G api(S) 35?2
P(Var (7:(S") = fisme) = ’SNO + N

According to (2.38) and identifiability assumption |u;(S") — ;| = 20, V.S" € N;\B;, we have

]

N X oo~ () — i
fi(t, S') = Liin () | Xi50 ~ N (/“(S )~ N TN

and

/ 5t GepilS) / 57 CspilS)
IN (Hi(s) — iy~ —No(t) )‘ = |pi(S) — pal — IN (O’E + N, (%) )‘

N;
52 GopilS)

o1



Therefore, with ¢; = 24/3, the first term on the RHS satisfies

~2

o~ ! ~ CZS/pZ(S O' ~
P [7:(S") — Mi,int| < con/logty [3 X, o
N, Nl
~2 2 ! 9 e —
g; ls’pl(S) iS’pZ<S) lor; ~
0, b+ 222 ) > 26 — 64 [logt | 22"+ 1) [ X g
‘N( NN ogt (=5 + 3 ) Kas

2
CopilS) | 52
X

N

< —_
2 exp 5 C7,2 P (8" 522
-, Tt

1/e3. Given N, = ng + nt, N; = cglogt + 1, and

Since t = (c3/n)?, we have logt/(ng + nt) <

c3 = 32902 /62, then

2 1 e S/ ~~2 2 177 S/ + ~'2 2
logt Cz,Sp ( ) + 0-_1 < Cz,Sp ( ) 0; < % <
N, N; C3 C3

Therefore, according to Lemma 2.1,

Z /pz ~
P ‘,uz( ,uz mt‘ 2°V 10 \/ S + F) Xi,S/

2
-2 1 P1 Sl <
Wlogf(g’sﬁf - ))
< 272,

=]

215

< _
2exp Capi(S) 52
2\ 7w W

Combining the upper bounds for the two terms, we have

Mop <d(0, CILi(t,8") = o‘fg,s/) < 59 <3t—2 +exp (—W)) .

S'ENi\Bi
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Define constants s; =

By assumption, X; = Z; i BiiX; + €;, where ¢ ~ N(0,52)
t) = [(XLX_i/No(t) 15

max; | M;| and B; = min;.g,; 0 |B;;|. Denote p;;(t)
Lemma 2.6. Under the same settings of Theorem 2.1 and Assumptions 2.1 and 2.3, and the
regression neighborhood of X; at time t is determined by ]\7( )={j #i: |BZ]\/ \//a}(/gw) >

’ then for any i€V and N,(t) = p,
No(t) — p)]

an/N,(t)} with parameter & < min, ; NP 3;5%_(75)
a*N,(t)

(2.42)

—~

P <M,;(t) £ M,|[X_

Proof. Write the linear regression in matrix form: 3; = argming | X; —X_;3;|. Ignoring ¢ in

notations for simplicity, then

Bij | j\{—i ~ (/81]7 —2/013) )

~ X; — X6 S
5_22 _ ” i zﬁz“ X ;~ 512 XNo—p 7
No*p Nokp

Lo— ﬂij 51] X_@ tNo—p

By; -
VG «/ o

Then Vj with 3;; # 0,
Bz'j _ i
+ v, —p| < A/ N, X,

P(X; ¢ ]\Z | X—z) =P
/22 pi;
O—Zﬁo
[tN,—p| = —; —a | VN X
\ T; Pij

N
~
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_ ﬁz .
<
Let a < Wt according to Lemma 2.2 and 2.3,

<P [ |tn,—p| = ( A; a)«/No X,
0, Pij
B; _ S
<P <|tNop| = (\/?Tp —a | VN X | +P (X?Vo—p > 3(N, —p))
i Mij
‘2No No(t) —p No(t) —Pp
<2 _ L _ 9N/ __°\J 4
exp ( 485%,%) + exp ( 16 ) + exp ( 1 )
7% N, N,y(t) — Ny(t) —
<2exp <_a4 ) + exp (—%) + exp (—%) .

Similarly, Vj with 3;; = 0,

—~ ~ _2N0 NO -
P(X;e M, |X_) =P <|tN0_p| > o’z«/N(,) < 2exp (—O‘ : ) +exp (— p) .

Therefore,

IP’(J\Z-;AMZ»

X< Y P(x¢ X+ > P(X; e I

3:Bij #0 J:Bij=0

<(p—-1) lQ exp <_@ZVO) e (_Nolgp)]

]

Proof. Let S(i,t) denote the backdoor adjustment set sampled from B; for node X; at time
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step t, then

i=1 t=0

Define the following constants

[IP (Aper = i|S(i,t) € By, S*(t) € B*) + P (S(i,t) ¢ Bi) + P (S*(¢) ¢ B*)]

2562 Ymax (2)

e = maxmax{& 7

772 SeB; f)/mjn(z)’ DR

Yo QCZS

¢° = max max max —5
1 SEBi len(z])O'Z

(2.43)

We have proved that under the correct backdoor adjustment sets, the upper bound of Ry

can be expressed as in (2.28), i.e., the first term is bounded.

For any 4, ¢, since

(0 e CLi(t,pa(i)} ~ {d(0, CL,(t,8') > 0,Y5" € N\B;} A {1\7 - M,-} — SeB,

thus

P(S(i,t) ¢ B) <P(0¢ CL{t,pa(i)) + P (M # M) + Y, P(d(0,CL(L, ") = 0).

Re-define the following constants:

9 9Ci25’
1¥® = max max max —,0;
i SeN\B; ’Ymin(z)
_ . \V /ymin(E)ﬁi =
a=mn-——72r—"— «a=a/2
2 6\/§O'l

95
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For any t > ¢y, we have the following bound from Lemma 2.1,

A 9 omin(X) _ 1 No(t)
P (3%] e Vi j,py(t) = vmm(Z)) <P ( N < §7mm(\/§)> < exp (— T ) .
(2.44)

Incorporating Lemma 2.4, 2.5, and 2.6 altogether and averaging over )NC_Z-, then we have that

for any ¢ and t > £,

P(S(i,t) ¢ B;)
( ¢ CTi(pa(i ‘X,> +]P’<

>+ 3 (001 5))_0‘&2-)

SIEN\B;
P <UmN(§; < %m(ﬁ))
ot (B2 o 2 o ()

o) (e () ey (NO0)Y ey (25000)

W) +2(p—1)exp (—042(710 + ”t)) .

< 3(82 + 1)t_2 + (Sl + So+p+ 1) exp <— 13
(2.45)

Therefore,

exp (—a®(no + nl)) .
(2.46)

t
(52 + 1)m? N 18(s1 + s2 +p+ 1) exp no+nl—p +2(p—1)
2 n 18 a2n

Let ¢ > 442 5, c3 = max {64, 3?2” } Aside from the condition in (2.24), ¢ also need to

satisfy ¢ > ( ) The upper bound still has the form as in (2.28), i

20?2 P A K
log T AP ) A
08 (n—I—m, Z A, * m + G J; J

Gy <p*
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Since p = K + 1,

Cy= () 0t YRSl ¢ B+ D B(S(1) ¢ B)

_ (%3)2 +(2.29) + 2 x (2.46)

L ) ) (2.47)
Ng — So — C3
e (s b (23 ) (9
o+ 1+ <32+3+3exp( 16 >)+ o
n 4K n 36(51+82+K+3)
na?exp (a?(ng + nly))  nexp((ng +nly — K —1)/18)°
[

Remark 2.4. If N,(t) can be less than p, we can consider using Lasso-based neighborhood
regression [30] instead, i.e.,

1

Xi — X_iBil? + An, Bill1 ¢ -
s XA w15

B; = argming cpp—1 {

According to Theorem 11.2 in Wainwright [30], if the non-zero entries of the precision matrix

are bounded below in absolute value, then the estimated edge set E equals the actual edge

set E with high probability, where N,(t) % 2s¢logp, and Ay, = ¢ {aio }(;og(f) + U} for some

v € (0,1]. More specifically, P(E = F) > 1—cqexp(—csN,(t)), where ¢; and ¢5 < 1 are
constants. Therefore, if we use Lasso based neighborhood regression, we have

P (]\Z # MZ) < cqexp(—csN,(t)).

Given this result, with Lasso based neighborhood regression, we can relax the dependency

of this upper bound on K in Lemma 2.6.
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2.7.3.2 Proof of Theorem 2.2

Proof. We start with the inequality (2.31) in the proof of Theorem 2.4:

T—1 T
Ry <20+2 ) P(p* > U(A%) + > E(Uia(Ar) — pra,)
t={ t=0+1

If DAG is unknown, we have the following bounds:

P > UA) S P (0" > U(A)|S(1) € BY) + P(S7(2) ¢ BY),
E (U1 (Ar) — pta,) < E(Up—1(Ar) — pa, |S(Ar,t — 1) € Ba,) + 2P (S(Ar,t — 1) ¢ Ba,).

In Section 2.7.3.1 (2.45), we have proved an upper bound for P(S(i,t) ¢ B;), Vi, Vt > (.

Combined with the upper bound proved under the DAG given setting in Section 2.7.2.2,

denote 7? = max; 77, and let ¢ > 4¢, c3 = max{32, 325—;/’2}, !> [nztf(?%)] = lp, we have the

following result

R <QCﬁ\/@mm{\/n—i—m)KT—i—K%o—\/K?no Vno +nT — \ﬁ 1n }}
T X

n+m n
2K cslogT
_|_C3—Og+c47
m
where
o T—1
c4=2( ) +02+221P> (S*(t) ¢ BY) +2Z S(Aut—1) ¢ Ba,)

t=0+1

—9 (%)2 +(2.37) + 4 x (2.46)

7 632 7T2 710*80*2
=26+ (250 + 2 )72 42K +2(2) 4 Toewp (-5
0+<82+3>7T+ + o +6exp( 16

72(81 +p+ 82+ 2 + nly — 8(p—1
n (s1+p+s2 ) exp Mo TNk —p 4 (p—1)
n 18 a’n

exp (—aQ(no + nﬁo)) ,

o8



Given K = p — 1, we have

1 sy — 2 2
Cy = 2 252+z+—exp L +2€0+2(C—3) 12K
3 6 16 n

N SK N 72(s1 + 89+ K +3)
na?exp (a?(ng + nly))  nexp ((ng + nly — K —1)/18)
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CHAPTER 3

Causal bandit on unknown graphs in presence of

confounders

3.1 Introduction

In Chapter 2, we studied causal bandits under the assumption of causal sufficiency, where all
common causes of the observed variables are themselves observed. Under this assumption,
the data-generating mechanism can be represented by a directed acyclic graph, and valid
backdoor adjustment sets may exist for estimating causal effects. Observational data can
therefore be leveraged to reduce uncertainty in reward estimation and improve learning

efficiency.

However, in many applications, some variables in the underlying causal system are unob-
served, which may lead to latent confounding among the observed variables. When hidden
confounding is present, the observed system is more appropriately represented by an acyclic
directed mixed graph (ADMG) containing both directed and bidirected edges [32]. In this
setting, valid adjustment sets may not exist for all intervention nodes, introducing additional

methodological challenges.

Several works in the causal bandit literature allow for hidden confounders while assum-
ing that the complete causal structure is known. For example, Lee and Bareinboim [21] and
Maiti, Nair, and Sinha [33] analyze regret guarantees in the presence of confounding when
the graph is provided. Structural knowledge allows the learner to determine which effects

are identifiable and to design appropriate estimation strategies. However, in realistic appli-
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cations, neither the directed edges nor the confounding relationships are typically known in

advance.

In this chapter, we extend the BA-UCB algorithm to accommodate latent confounders.
We model the observed variables using Gaussian ADMGs and develop a procedure that
integrates observational and experimental data without assuming prior knowledge of the
graph. Rather than attempting to recover the full mixed graph, our objective remains
focused on identifying the intervention with the largest expected causal effect. The proposed
approach determines, for each arm, whether a valid adjustment set exists and adapts related

estimates accordingly.

When latent confounders are present, we show that, with sufficiently large amount of prior

observational data, the cumulative regret of BA-UCB is bounded by O(+/T log T/(m + n))+
O(\/m), where K; denotes the number of variables for which a valid adjustment
set does not exist or cannot be identified. When K is small, the dependence of the regret
on the total number of arms K is again substantially reduced, highlighting the benefit of

incorporating observational data into sequential decision-making.

The remainder of this chapter is organized as follows. Section 3.2 introduces the Gaussian
ADMG model and the necessary preliminaries. Section 3.3 presents a modified BA-UCB
algorithm assuming the underlying causal model is an ADMG. Section 3.4 establishes regret
bounds that distinguish between identifiable and non-identifiable arms. Section 3.5 reports

simulation results demonstrating the empirical effectiveness of the proposed algorithm.

3.2 Preliminaries

If some variables in a causal DAG are unobserved, the marginal distribution over the observed
variables X = {Xj,---, X} can be represented by an ADMG G over nodes V = {1,--- ,p}
that contains both directed (—) and bidirected (<) edges. Directed edges encode direct

causal relations among the observed variables, while a bidirected edge ¢ < j indicates the
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existence of one or more latent confounders influencing both X; and X;. If i — j, then ¢
is a parent of j and j is a child of 7. If there is a directed path from i to j or ¢ = j, then
7 is an ancestor of j and j is a descendant of ¢. Non-descendants of a node i consist of
every node that is not a descendant of 7. For each node i in G, the parent set pa(i) = {j €
V . j — i}. Similarly, we use ch(i), an(¢), de(i), and nd(i) to denote the set of children,
ancestors, descendants, and non-descendants of the node i. The district of ¢, denoted as
dis(7), is the maximal set of nodes connected to the node ¢ through a bidirected path, i.e.,
its bidirected-connected component. The parent set of a district D in the graph G is defined
as pa(D) = {uieppal(i)}\D, which consists of the out-of-district parents of all nodes in the
district D.

We assume a linear SEM for the observed variables X in an ADMG:

X]': Z ﬁini‘f‘Ej, j:L"' ) P (31)

iepa(j)
where §;; # 0 if i € pa(j) and each error variable ; ~ N'(0,w?) with w? > 0. Different from
the fully observed case in (2.1), the error term €y, - - - , €, here are not mutually independent.
Let Q = (w;)pxp = Cov(e) be the covariance matrix of ¢ = (e1,...,&,)". Then the off-
diagonal entry wfj # 0 if and only if there is a bidirected edge ¢ <> j. In matrix form, the

model can be written as

X=B"X+e¢ e~N(0,9), (3.2)

where X = (X1, --,X,)" and B = (8ij)pxp- This model implies that X ~ N(0,), where
Y = (I - B)""Q(I — B)~!. In this setting, assuming 3 > 0, the regression neighborhood M,

of node i is given by
Let N; denote the collection of all subsets of M;.
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3.3 BA-UCB with latent confounders

Our BA-UCB algorithm proposed in Chapter 2 can be naturally extended to settings where
the underlying causal DAG includes unobserved confounders. A key advantage of BA-UCB
is that it does not require structure learning of the entire causal graph. Instead, it lever-
ages observational data to generate estimates when the causal effect of interest is identi-
fiable via covariate adjustment, that is, when there exists at least one valid adjustment
set, B; = {S : u;(S) = w;} # . However, in the presence of latent confounders, such
valid adjustment sets may not always exist. For example, if X and Y are connected by
a bidirected edge, no observed variable can block the backdoor path X <« Y, and con-
sequently, no valid adjustment set exists. In such cases, the original BA-UCB design,
B; = argming d(0,CI;(t,S)), will still select a subset even though there is no valid ad-

justment set, which may lead to biased causal effect estimates.

To address this issue, we modify Line 8 in Algorithm 2.1 to:

A~

B, ={Sc M :0eCItS5)}, (3.4)

where ]\//.71 is the estimated regression neighborhood of node i. That is, we only consider
subsets S of ]\/4\z whose confidence interval C'I;(¢, S) for the difference between observational
and experimental causal effect estimates contains zero. If B + &, the algorithm proceeds
as usual with adjustment set sampling and causal effect estimation (Lines 9 and 10). If
l§i = (¢, we default to purely interventional estimation using only the estimates in (2.7).

The modified procedure is summarized in Algorithm 3.1.

This modification ensures that BA-UCB remains theoretically valid and empirically ro-
bust in the presence of latent confounders. When valid adjustment sets exist in the regression
neighborhood, the algorithm efficiently integrates observational data to improve estimation
accuracy and sample efficiency. When no such sets exist, it automatically falls back to un-

biased experimental estimation. As we will show in the subsequent sections, this extension
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Algorithm 3.1 BA-UCB for Gaussian DAGs with confounders

Input: Observational data D,(0) of size ng, parameters ¢, c3, n, m, k, rounds 7T
1: fort=0,---,7T—1do

2: if there is a node ¢ which has been intervened less than [“1°%€*1] times then
3: Choose intervention node A;1 = i;

4: else

5: fori=1,--- ,p—1do

6: if t mod x = 0 then .

7 Estimate the regression neighborhood M; from D,(t);

8: Identify candidate adjustment sets 1;3’\z ={Sc ]\Z :0e CL(t,S)};
9: if B; # & then R

10: Sample set S from B;, calculate fi; obs(t, S) and 6; obs(t, S) as in (2.8);
11: Calculate estimates [;(t,.9), 62(t,S) as in (2.12);

12: else /\

13: Update /lz(t) = /li,int(t) and (5'12(75) = Var(ﬂmnt(t));

14: Ayp1 = argmax,{f1;(t) + 6:(t)c/Tog t};

15: Generate m data points under intervention A;,; and n observational data.

16: Update fi;int(t + 1) and @(ﬂmm(t + 1)) as in (2.7).

Output: Final intervention Ay and estimated reward ji*.

preserves strong theoretical guarantees while maintaining superior empirical performance,

even when valid adjustment sets exist for only a subset of the variables.

Similar to the fully observed setting, the restriction of the search for adjustment sets to
the regression neighborhood M; of each variable is for computational efficiency. We next show
that under certain condition an adjustment set is contained in the regression neighborhood.
Define mb(i) := pa(dis(i)) u (dis(i)\{i}) as the Markov blanket of i with respect to an
ordering of an ADMG [32]. The following lemma gives a sufficient condition for mb(i) to be
a valid adjustment set for the causal effect of X; on Y. If j € mb(¢), then X; 4 X;|X_4 5
and thus mb(i) € M; by equality (3.3).

Lemma 3.1. Assume the Gaussian ADMG model (3.1) with ¥ > 0. If dis(i) n de(z) = {i}
and Y ¢ mb(i) u {i}, then mb(i) is a valid adjustment set for the causal effect of X; on'Y.

The proof of Lemma 3.1 is provided in Section 3.7.1. In an ADMG, latent confounding
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is represented by bidirected edges and induces districts. The condition dis(i) n de(i) = {i}
ensures that there are no directed paths from ¢ to other nodes in its district. Under this
condition, the node i is fixable, and the post-intervention distribution p(zy\gy | do(x;)) is
identifiable [34]. Consequently, the Markov blanket mb(i) provides a valid adjustment set

for identifying the causal effect of X; on Y as stated in Lemma 3.1.

3.4 Regret analysis

The underlying model assumptions for Algorithm 3.1 are stated formally in Assumption 3.1.

Assumption 3.1. The random vector X = (Xy,---,X,) satisfies the linear SEM (3.1)
associated with an ADMG G such that ;; # 0 if and only if i € pa(j), wij # 0 if and only if
1< j fori# 7, and Q> 0.

Let Ty := {i € V : ;(S) = p; for some S € A;} be the set of nodes for which there is a
valid adjustment set in its regression neighborhood for identifying its causal effect on Y, and
let Z; = V\Zy. Recall the constants in (2.13) in Section 2.4. Further define & = max, ;.
We now establish regret bounds for the BA-UCB algorithm under the ADMG model. The
first result provides a case-dependent upper bound that depends on the reward gaps A;,

which separates the regrets from arms in Zy and Z.

Theorem 3.1. Let Ry be the cumulative regret of Algorithm 3.1 with the modification (3.4),
and ¢ = 4729, ¢35 > max{64,32¢2/62}. If Assumptions 5.1, 2.2 and 2.3 hold, then after T

rounds the cumulative regret Ry 1s at most

20c% log T n? 10t logT < &7 c3logT
TRy +C5 ) YA (3.5)

m+n A, m m
+ i€y " i€y Tt i

where Cs is a constant independent of T'.

See Section 3.7.2 for a proof of this theorem. In general, C5 depends on the covariance

matrix Y, the initial observational sample size ng, and the per-round observational data size
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n, and its exact expression is

2 1 ng — Sg — 2 c3\?
Cs = 7° (52+§+§exp<—%)>+éo+<f) +1

N AK N 36(s1 + s2 + K + 2)
na?exp (a2(ng +nty))  nexp((ng +nby — K —1)/18)°

This regret bound explicitly reflects the heterogeneity across arms in terms of causal
effect identifiability. For arms in Z;, our algorithm benefits from both observational and

experimental data, reflected in the (m + n)™!

scaling. For arms in Z;, only experimental
samples contribute to reducing uncertainty, leading to a larger regret term. This decom-
position generalizes the result from the fully observed setting (Theorem 2.1): If the causal
effects of all arms are identifiable, i.e., Z; = ¢, the bound (3.5) reduces to the form of
Theorem 2.1; conversely, if none of them is identifiable, i.e., Zy = ¢, the regret scales as

O((logT')/m), where m is the experimental sample size. This latter scaling is identical to

that of the standard UCB.

Similar to Theorem 2.2, we also establish a A-independent upper bound that does not

depend on the reward gaps A;, under the additional assumption that all rewards are bounded.

Theorem 3.2. Assume u; € [—1,1],¥i € {1,--- ,p — 1}. Then under Assumptions 3.1,
2.2 and 2.3, the cumulative regret Ry of Algorithm 3.1, with the modification (3.4) and

parameters ¢ = 45 and c3 = max{32,32¢?/6%}, after T rounds is at most

i (\/lfol(n +m)T +no|Zof* — vno|10|> TIT |  2KeslogT
2¢4/log T +0 2 T L L Cs,
m

n—+m m

(3.6)

where Cg is a constant independent of T'.

See Section 3.7.3 for a proof of this theorem. In general, Cs depends on X, ng, m, and n,
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and the exact expression is

1 1 — 89— 2 2
Cs=m?(2s0+ =+ —exp(-—2—20—< +2€0+2<C—3) + 2K
2 6 16 n

N 8K N 72(s1 + S92 + K + 2)
na?exp (a2(ng +nby))  nexp((ng +nly — K —1)/18)°

This regret bound captures the worst-case scenario across all problem instances and
avoids dependence on the reward gaps. Similar to Theorem 3.1, it separates arms according
to identifiability. As discussed in Section 2.4.2 | if a sufficient amount of prior observational
data is available, i.e., with a large initial sample size ng, the first term in the cumulative

regret upper bound in (3.6)

2cna/log T

n—+m

<\/|ZO\(n )T + nolZof — wmzoy) —0 (\/Tlog T/(n+ m)> .

As such, it does not depend on the number of identifiable arms |Zy|, in contrast to the

standard MAB bound O(+/|Zo|T log T//(n + m)). Consequently, the overall cumulative regret
can be significantly reduced compared to traditional MAB algorithms that rely solely on

experimental data, especially if the number of identifiable arms |Zy| is large.

3.5 Numerical experiments

We evaluate the empirical performance of the BA-UCB algorithm in comparison with the
standard UCB algorithm when the underlying causal DAG includes latent confounders.
DAGs were randomly generated with a total number of variables (including unobserved
confounders) N € {10, 20,30} and a maximum in- and out-degree of 3. In each graph, 10%
of the variables were chosen as unobserved confounders, resulting in p € {9, 18,27} observed
variables. To control the complexity of the induced ADMG, confounders were selected such

that they did not share any common child.
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Figure 3.1: Comparison of empirical cumulative regrets over 5000 time steps between the BA-UCB and standard UCB
algorithms on graphs with latent confounders. The number of observed variables p = 9, 18,27, corresponding to a total of
N = 10,20, 30 variables, respectively.

For BA-UCB, the initial observational sample size was set to ng = 160, 340, and 520
for p = 9, 18, and 27, respectively. We generated 20 experimental samples for each arm
before incurring any regret, in order to satisfy the minimum intervention requirement in
Algorithm 3.1 Line 2. Both observational and experimental sample sizes per round were
set to n = m = 5. Other hyper-parameters were chosen as follows: ¢ = v/2,7 = 0.1/p
(threshold for regression neighborhood identification), I = 4, and ¢; = ﬁi (confidence
interval threshold for identifying adjustment sets). For the standard UCB algorithm, 22
experimental samples were generated for each arm before incurring regret, and the per-
round sample size was m = 10. Under these choices, the computational costs of thet two
algorithms were comparable. Fach algorithm was executed five times on every generated
graph.

Figure 3.1 summarizes the average results over 100 independently simulated graphs. For
each graph, we computed the median cumulative regret over five runs, and then averaged
the median cumulative regrets across the graphs. The results clearly demonstrate that BA-
UCB consistently achieves lower cumulative regret than the standard UCB algorithm for all
values of p, confirming its advantages in using observational data in the presence of latent

confounders.

We also examined whether BA-UCB behaved as expected in terms of identifying adjust-
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Figure 3.2: Average identification rate of a correct adjustment set for the optimal arm at each time step in the presence of
latent confounders. Solid curves are smoothing averages with a 100-step window for better visualization.

ment sets. As the number of rounds increases, the algorithm accumulates more observational
and experimental data, particularly for the optimal arm, leading to more reliable estimation
of causal effects and more accurate identification of valid adjustment sets. In our numerical
results, an identified adjustment set for the causal effect u; is regarded as correct (up to
certain numerical precision) if |p;(S) — u;| < 0.01, where u;(S) is the theoretical value of the
adjusted estimate of the causal effect as defined in (2.9). At each time step, we computed
the frequency that the sampled adjustment set for the optimal arm is a true adjustment
set, among 5 independent runs and 100 graphs. Figure 2.5 presents this identification rate
over time for different graph sizes p, showing a steady improvement as BA-UCB accumulates
more data. In particular, the rate of correct identification increased to more than 75% near

T = 5000 for all graph sizes.

3.6 Discussion

In this chapter, we extended the BA-UCB algorithm to causal bandit problems in the pres-

ence of latent confounders. Unlike the setting studied in Chapter 2, valid backdoor ad-
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justment sets may not exist for every intervention when latent confounders are present.
The proposed extension determines, for each arm, whether a valid adjustment set can be
identified and adapts its estimation mechanism accordingly. When a valid adjustment set is
available, both observational and experimental data are incorporated into reward estimation.
When adjustment is not feasible, the algorithm relies solely on experimental samples. This
adaptive design ensures robustness to unobserved confounding while preserving the benefit

of incorporating observational data whenever identification is possible.

Suppose that m experimental samples and n observational samples are collected at each
round, and that a sufficiently large amount of prior observational data is available. We prove
that the cumulative regret of BA-UCB after T’ rounds is bounded by O(+/T log T/(m + n))+
O(\/WgT/m), where K; denotes the number of variables for which a valid adjustment

set does not exist or cannot be identified. When K is small relative to the total number
of arms K, the overall dependence on K is substantially reduced compared to classical
bandit algorithms. This makes clear that observational data remain useful even under latent

confounding, provided that adjustment is valid for a nontrivial subset of interventions.

The current analysis assumes Gaussian linear structural equation models. The Gaus-
sian assumption ensures closed-form expressions for adjustment estimators and allows us
to derive concentration bounds using standard tail inequalities. Extending the method to
non-Gaussian noise or nonlinear structural equations would require new concentration re-
sults and possibly different estimates for causal effects. Whether similar regret rates can be

obtained in those settings remains an open question.

3.7 Appendix

3.7.1 Proof of Lemma 3.1

Proof. Let < be a topological order of the ADMG G, and denote by [v] the rank of v under
<. Define Vjj := {v € V : [v] < [i]} and let G be the induced subgraph of G on V. If
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dis(i) n de(i) = {i}, then 7 is fixable in G(V) [34]. According to Definition 19 in Richardson

et al. [34], for a fixable vertex i, we have

p(zv)
$i|xmb(i»g[i])) ’

p(zvgiyldo(x;)) = o (3.7)

where mb(7, Gf;)) is the Markov blanket of the node 7 in the induced graph Gp;.

Since dis(i) n de(i) = {i}, the node i can be sorted as the last vertex in its district.

Therefore, under this topological sorting, mb(i, Gp;) = mb(i). Then we have

p(xv)
P (% | Zawb())
p(zv) p(vy)

(s T /P (Zumb(i)) N p(xi,xmb(i))p (Zub(i))

p (zvgy | do(a:)) =

= p (@v\{i.mb(i)} | 6 Zenb(i)) P (Zenbis) ) -

Therefore

-
p(y | do(x:)) = | p (zv\gy | do(x)) dag

-
= 1P (SCV\{z',mb(i)} | @, ﬁmb(i)) p (xmb(i)) Az g3y

-
= | p (zmw(i)) [fp (2v7\f5.mb)} | T, (i) ) dfﬂv\{i,mb(i)}] A b

-
=\|P (!Emb(i)) p (y | L, $mb(i)) dlEmb(i),

which shows that mb(7) is a valid adjustment set for p(y | do(z;)). O
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3.7.2 Proof of Theorem 3.1

Proof. The proof starts from

T-1

K K

Ry = Y AEM(T)] = Y A; Y P (Apy = ).
i=1 i=1 =0

Similar to (2.43), P(A;41 = 7) can be upper bounded the conditional probability of A; 1 =i

given the sampled backdoor adjustment set is correct (none if not exists) for arm ¢ and the

optimal arm plus the probability of the sampled backdoor adjustment sets are wrong for arm

1 or the optimal arm.

As long as the identification of backdoor adjustment sets is correct, we can always de-

compose
T-1 T-1 ¢t t
P(Ay = i) <L+ D, ), 2[ (A(t) < 1* = B5(0)ce) + P (i, () > s + i ()er)
t=0 t=0 u=1u;=/(
+Pm*<m+2awwqﬁ.
2 9 iz,S 255-1'27max(2)
Defne G = mpgemax { e S 20 = g, 19

If a node i € Zy, i.e., B; # J, as proved in (2.19) of Section 2.7.2.1, when u; > ¢ >

—28; jz)lzgt and u lflogt we have
. -
P (1" < pii + 26,0, (H)er | Xor) < t 4 exp (-%) — P, (3.8)
and when u; > %, c> 4\/§gz~5, as proved in (2.21) of Section 2.7.2.1, we have
~ A~ 4 1 Mo — So — 2 o
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. 10c252 log t+1
If ieZ;, when u; > ¢ > T§7 u; = %, we have
i

A?
P (1" < i + 2650, (el Xg) = P (62, (1) > ——t— Xy
(1" < pi + 20,4, (t)c]| Xy) (UWZ( ) > 4¢? log(t) V)
.  —1)A?
ep (i, > DAY g
; 1252 log t

<t ™t =F.

16log t+1
And when u; > 6°+t+, and ¢ = 4, we have

_ mu;—1

~ ~ _ 3.
P(fiw, = i + Oice) =P (tmurl =/ logt> <t M ¢ 6 < 575 t=F. (3.11)

Aside from the above bounds, for t > ¢ > {,, we also have

o 9 9 N\
P <E|Z € V7 S < V\{Z}7pz(ta S) = ’Ymin(z) or pl(t78) < m) < 2€Xp <_ 18 ) - F5-
(3.12)

Now we continue to bound the probability of the sampled backdoor adjustment sets are

wrong for arm ¢ or the optimal arm. For any node 7 € Zy, B; # &, and

P(S(i,t) ¢ B;) <P <S(z’,t) ¢ B, and M, — MZ-) + P (1\7 ” Mi>
<P@ESeN\B;,0e CL(t,S)) + P (1\7 " Mi)

< Y P(0eCIL(t,9)) +JP>(J\Z~ ” MZ-> .
SeN;\B;

For i € Z;, B; = . The probability of incorrect adjustment is bounded by
P(éﬁs@) <P(z§i¢@andz\2=Mi) +IP’<]\//E¢M7;>

<P(3SeN\Bi,0e CL(t,S)) + P (1\7 £ M,-)

< Y P0eCL(tS9) +1P>(J\Z- ” Mi> .
SeN;\B;
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Therefore, the upper bound of incorrect backdoor adjustment set sampled is the same for i €

92,
Ty and i € Ty, i.e., define 1)? = max; maxgey; 5, max {%CT(SE), 03}, when N;(t) > cglogt + 1,

where c3 > 321%/62, we have

P (Incorrect S(i,t)) < RHS of [(2.41) + (2.42) + (2.44)]

ng+nt—K—1
18

=359t 2 + (51 + 89+ K + 1) exp (— ) + 2K exp (—a®(ng + nt))  (3.13)

=I%.

Now we can summarize all conditions as follows.

. 20272 log t 9tr(T 2
ForzeIo,Weneed€>W+tH,€>M€> e (=20>= (%), where

(m-‘rn)Af ’
¢ = 420, c3 = max {64, 32¢2/6%}, i.c.,

20272 log T logT 9tr(X2 2
(xS 08 B8 10) +(§) +1.
(m +n)A: m 1Ymin ()

If the optimal arm a* € Zy, Vt > ¢,

P(Aiy =) <P (Apy =S, ) € By, S*(t) € BY) + P(S(i,¢) ¢ B;) + P(S*(t) ¢ B)

<P (Fy +2F2) + Iy + 2F;
— 50— 2
= 2t 2 (1 + exp (—%)) + Fy + 2F.

If the optimal arm a* € 77, Vt > ¢,

P(Appr = i) < P (Ar = i|S(i, 1) € By, S*(t) € BY) + P(S(i, 1) ¢ B;) + P (S*(¢) ¢ BY)

<t (FL+ Fy+ Fy) + Fs + 2F

5 3 —Sg— 2
= t_2 (5 + §6Xp (-%)) +F5 +2F6
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10c%52 log t+1 b 2 .
0c®c; logt+ / 0310gt+1’ (> 9tr(X) (> (03> e,

If 1 € Z;, we need £ > AT - e ()

\%

=

10c*521og T czlogT  9tr(X) 3\ 2
> : + <—> + 1.
mA? T T NYmin ()

If a* € Ty, V¢ > ¢,

P(Aisr =) <P (A = ilBi = @, 5%(t) € BY) + P (B # &) + P(S*(t) ¢ BY)

<t (Fy+ F3+ Fy) + Fy + 2Fg

_ 7 ]_ TLO—SO—2
=t2 (=4 = —— s + 2F;.
<2+26Xp( 16 ))+ 5 + 6

fa*e T, Vi >,

P(Aj, = i) <P (At+1 _i|B, = &, B* = @) +P <l§i # @) +P (é* ” @)
< t? (F3 + 2F)) + F5 + 2F

=417 + F5 + 2F.
Therefore, Vi, Vt > ¢, we have

— 5y — 2
]P<At+1 = Z) < t_2 <4 + 2€Xp (-%)) + F5 + 2F6

n0—30—2

=t 26 442 —
<32+ + exp( 16

)) 4K exp (—a¥(ng + )

ngo+nt—K—1
18

t
+ 2exp (_nol—;n > +2(s1+ 52+ K +1)exp <_

—Sp— 2
<t 2 <682 +4 + 2exp (—%))

2(81+82+K+2)
exp ((no + nt — K —1)/18)

+ 4K exp (—a®(no + nt)) .
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Then

. 2 1 Ng — Sg — 2
ZIP’(AtH = z) <7l (52 + § + gexp <—%))

(224
N 36(s1 + 52+ K +2) N 41K
nexp ((ng +nl — K —1)/18)  naj3exp (ad(ng + nl))’

Incorporating the condition for ¢, we have that for i € Z,

20c*72 log T LG log T

Elni(T)] < (m + n)A? m

+ Cs,

and for i € 7,

10252 log T LG log T

+ Cs,

where

C3 2 2 2 1 TLQ—SO—2
—fo+(2) +1 Shcexp S
Cs =4l + - +1+m (32+3+3exp 16

36(s1 + s2 + K + 2) 4K

- nexp ((ng + nly — K —1)/18) " na3 exp (a3(ng + nly))’

And the final cumulative regret bound is

20clogT < 77 10c?log T < &2 c3 log T
c2eoel v eogt sn 0f A
R m+n A, * m Z A; + Z

i€y Y i€y

/
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3.7.3 Proof of Theorem 3.2

Proof.
T—1 T
Rr<20+2) P(u* > U(A") + > E(Uii(Ar) — pa,)
t={ t=0+1
where

P(u* > U(A%)) <P (u* > U(A")|S*(t) € B*) + P (Incorrect S*(t)),
E (Ui—1(Ar) — pa,) < E(Ui—1(A) — pa,|S(Ag, t — 1) € By,) + 2P (Incorrect S(Ag, t —1)).

If A* € Ty, then

P (" > U(A*)[S*(t) € BY) < Fy < 2 <1 + %exp (—7”‘0_1—20_2» |

If A* € 77, then
P (1 > U(A")|B* = @) <Pt

Therefore,

= = 3 1 ’I’LO—SO—2
P( U (A*)|S*(t) € B*) 224+ = R
SR> USO8 S T (2+2exp( u ))
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Let T, ={t: Ay =a,l+1<t<T}, then

T
D1 E (Ui (A) = pa|S(Apt — 1) € Ba,) < X0 > E(Upi(a) — palS(a,t — 1) € By)
t=0+1 a€Zly teTq
+ > Y E(Uimi(a) — palS(a,t — 1) € By) .
ac€lq t€Tq,

If a € Zy, then

E (Ui-1(a) — palS(a,t — 1) € B,) < Cﬁ\/m-

According to (2.34) and Cauchy-Schwarz inequality,

Z Z E(Ut—l(a> - :U’a|8(a7t - 1) € Ba)

a€Zly teTq

2cn/log T

n-+m

N

Z <\/n0 + (m + n)n.(T) — \/770)

CLEZ()

2cijy/1og T (J IZ,| (Z (n + m)na(T)> + no|Zo|? - \/TTOIO)

n m
+ a€ly

2cry/log T
= (Tl + m)ng, (T) + nolZol? — v/iol o))

n—+m
<\/|ZO n+m)T + no|Zy|? — «/nO\I(]]).

A

QCU\/IOg T

n+m

If a € Z;, then

logt

E (Ui(a) — palS(a,t — 1) € B,) < co G
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and

3 N EUii(a) ~ palSla,t —1) € B,) < QCa“Og 3 («/mna ))

aely t€Tq a€ly
2ca+/log T
< ZOVOEC |74 | (Z mna(T)>
m
anl
2co/logT
= =, (7)
2ca+/log T
< ZONO8 " T mT.
m
Therefore,
T
Z E (Ut—l(At) - ,uAt|S(At>t - 1) € BAt)
t=0+1 (3.15)
2 /1 2ca+/log T
2cijylog T (VIZoln + m)T + nolZol? = ool ) + 8= /T T
n+m m
Since ( > ni:i(j%), (= (f) 0> K[98T ot () = [ Zzii%)], the final cumulative regret
bound is
2 2KcglogT
R 2£0+2(C3) + SRS 08 L 9K + RHS of [2 x (232) + 2 x (3.14) + (3.15)] + Y 4F,
n m t=fy
0] (\/\Io|(n +m)T + no|Zo|* — vnolfo|) T\ 2KecslogT
< 2¢y/log T /| ° C
cy/log ntm +o - + m + Cs,
where
C3 2 9 1 1 Ng — So — 2
Ce =20y + 2 (—) 2K —+2 - —_
6 o+ " =+ + T <2+ 82+6exp 16
N 8K N 72(s1 + 52+ K + 2)
na?exp (a?(ng +nly))  nexp((ng +nly — K —1)/18)°
[
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CHAPTER 4

Adaptive sequential intervention for learning causal

DAGs

4.1 Introduction

Structural learning is a central problem in causal inference, whose objective is to determine
causal relationships among variables in a system from data [28, 35, 36]. Causal relationships
are commonly represented by directed acyclic graphs (DAGs), where vertices correspond to
random variables and directed edges represent direct causal effects. When only observa-
tional data are available, the underlying DAG is generally not identifiable. In particular,
observational distributions determine only the Markov equivalence class (MEC), a collection
of graphs that encode the same conditional independence relations. Consequently, observa-
tional data identify the causal structure only up to its MEC, and additional information is
required to orient the remaining edges. Interventional data, obtained by actively perturbing
variables in the system, provide such information and enable further identification of the

causal structure.

There has been increasing interest in designing interventions for learning causal graphs.
Early work focuses on non-adaptive settings in which the intervention scheme is fixed prior
to data collection and algorithm execution [37-40]. Subsequent research considers adaptive
procedures that select interventions sequentially based on previously observed outcomes.
Many existing adaptive methods [41, 42] assume access to conditional independence oracles

under each intervention, which is equivalent to having an infinite number of samples from
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each interventional distribution. Under this assumption, statistical uncertainty is ignored
and the problem reduces to determining which interventions are sufficient for identification.
In practice, however, experiments produce only finite samples, and edge orientations must

be inferred statistically rather than deterministically.

Recent work begins to address adaptive causal discovery under finite samples. The al-
gorithm of Greenewald et al. [43] operates in a finite-sample sequential framework but is
restricted to tree-structured graphs. The track-and-stop algorithm of Elahi et al. [44] ex-
tends adaptive discovery to general graphs and provides sample complexity guarantees, but
it requires repeated evaluation over candidate graph structures and becomes computation-
ally expensive even for moderate graph sizes. These limitations motivate the development
of methods that accommodate finite samples, apply to general graph structures, and remain

computationally tractable.

Throughout this chapter we assume causal sufficiency, meaning that no latent confounders
are present. Under this assumption, observational data can be used to recover the Markov
equivalence class of the true DAG. A representative example is the PC algorithm [35], a
constraint-based procedure that combines conditional independence tests with Meek’s orien-
tation rules [45] to identify all causal directions determined by observational distributions.
The resulting completed partially directed acyclic graph (CPDAG) contains directed edges
whose orientations are identifiable from observational data and undirected edges whose di-

rections require interventional information.

This chapter studies adaptive intervention design under finite samples. We formulate
the problem in an adaptive learning framework where interventions are selected sequentially
and information is accumulated over time. The goal is to identify the true DAG within its
Markov equivalence class with high confidence while minimizing the number of interventional
samples. We propose a computationally efficient greedy strategy that prioritizes interventions
expected to orient the largest number of currently undirected edges based on statistical

estimates from accumulated data. The resulting Seq-UCB algorithm is shown to consistently
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recover the true DAG, and finite-time guarantees on the probability of incorrect identification
are established. Numerical experiments on randomly generated graphs demonstrate that
the adaptive intervention strategy requires substantially fewer samples than non-adaptive

baselines while remaining computationally practical.

4.2 Problem formulation

In a causal graphical model, the causal relationships among a set of random variables X =
{Xi,---,X,} is represented by a DAG G over p nodes V = {1,--- ,p}, each corresponding
to one random variable. A directed edge i — j in the causal DAG G means that 7 is a direct
cause of j, in which case i is called a parent of j and j is called a child of 7. The parent
set of 7, denoted as pa(j), is the set of nodes that have an edge directed into node j, i.e.
pa(j) = {i € V :i — j}. Similarly, the child set of j, denoted as ch(j), is the set of all nodes
that have an edge directed from node j. Each child-parent relationship in G is modeled by

a function X; = f;(Xpa(j),€5), 7 = 1,--- ,p, where €1, --- , €, are exogenous errors.

A partially directed acyclic graph (PDAG) is a graph that contains both directed and
undirected edges but does not have directed cycles. Due to Markov equivalent among DAGs,
one in general cannot learn the full structure of a DAG even with infinite amount of obser-
vational data. The best one can estimate from purely observational data is its equivalence
class, represented by a completed partially DAG (CPDAG). In the following sections, we
assume the CPDAG G is given, or we have access to infinite observational data. Experi-
mental data need to be collected and utilized in order to distinguish between DAGs in the
same equivalence class. The goal is to identify the true DAG G from its Markov equivalence

class.

In this chapter, we focus on Gaussian DAGs whose functional relationships are given by
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a linear structural equation model (SEM),

iepa(j)
where ¢ maer- N(0,w?) with w > 0 for all j € V and S;; # 0 for all i € pa(j).

The causal effect of X; on X is defined via an atomic intervention that sets the variable
X; to a fixed value z;, denoted as do(X; = z;). In general, the causal effect ;; of X; on X;
is determined by the mapping x; — P[X;|do(X; = z;)]. For Gaussian DAGs,

0

ﬁxi

Yij 1= E(Y|do(X; = z;)) = Bij- (4.2)

If the true direction is ¢ — 7 in the true DAG, then ~;; # 0 and ~;; = 0. The intervention
do(X; = z;) removes all edges into X; and consequently blocks all backdoor paths from X;
to X,. Therefore, experimental data under do(X; = x;) can be used directly to estimate ~;;

by running the linear regression X; ~ X;.

4.3 The Seq-UCB algorithm

4.3.1 The main idea

Suppose the CPDAG G is given, with the set of undirected edges
& ={(i,5) € E(Go) - i — j}.

To identify the true DAG from its Markov equivalence class (MEC), it is sufficient to deter-
mine the direction of all undirected edges in &. As explained in Section 4.2, the direction
of an undirected edge i — j can be identified as ¢ — j if and only if the causal effects satisfy

7ij # 0 and 7; = 0. Therefore, if sufficient experimental data are available to accurately
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estimate both «;; and «;;, then true DAG can be recovered from its equivalence class. We
consider an adaptive experimental design in which edge directions are determined sequen-
tially, and the next intervention node is selected based on the currently accumulated data

and estimates.

At each time step, to determine edge directions, we run linear regressions of X; on X;
using the accumulated data D;[t] collected under the intervention do(X;), for each (i,j) €
&. The design is normalized so that X,"X; = N;(t), where N;(t) denotes the number of
experimental data under intervention on node ¢ up to time ¢t. It yields estimates of the
causal effects 7;;(¢), and their corresponding standard errors se;;(t). By standard properties

of least-squares estimators, the following distributions hold:

0.2

Vg () ~ N (%ja #(]t)) :

o2

s"e?j(t) ~ Ni(t)(NZ](t) — 1>X?\[¢(t)717 (4.3)
i3 (1) N Yijv/ Ni () (Ni(t) — 1)

= + 1IN (t)-1-
seig (t) Tija) X ()1

Based on these distributions, we can conduct inference on the hypotheses 7;; = 0 and v;; = 0

with high confidence to determine the direction of the edge @ — 7. Specifically, let

7 ()]
sei(t)

zij(t) =

Given a threshold ), we can orient edges as follows: orient i — j if 2;;(t) = A\ > z;(%);

orient j — i if z;;(t) = A\, > 2;;(t); otherwise, the edge i — j remains undirected.

If the direction of an edge i — j is determined, one can apply Meek’s rule to orient as

many additional edges as possible, updating the PDAG to G;. Let

& ={(i,5) € E(Gy) i —j}
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denote the remaining undirected edges. Define

Vi ={i: (i,7) € & for some j}

as the set of nodes connected to at least one undirected edge in G;. Interventions can then
be restricted to nodes in V;, since intervening on nodes outside this set cannot further reduce

the remaining ambiguity.

To choose the intervention node at each round, the simplest strategy is to sample uni-
formly at random from V;,. We refer to this baseline as the sequential random (Seq-Rand)
algorithm. Another natural heuristic is to select the node incident to the largest number
of undirected edges. However, this approach does not perform well in practice. (Give an

example)

To overcome this issue, we propose a sequential upper confidence bound (Seq-UCB)
strategy. The main idea is to evaluate, for each node i € V;, the number of edges that are
likely to become orientable if an intervention on ¢ is performed, taking into account both
the estimated causal effects and their associated uncertainty. For each node i € Vy, let F;(t)
denote the set of edges that can potentially be oriented by intervening on node i at time step
t, either directly or through Meek’s rule. We next describe how the number of orientable
edges |E;(t)] is computed.

Let ¢; = cy/logt. Consider an edge ¢ — j € &, which is undirected at time step ¢ by
itself. Below are two representative cases in which intervening on node ¢ may resolve the

edge direction.

1. 2;(t), z;i(t) < A In this case, if node ¢ has a larger causal effect estimate or a larger
standard error (equivalently, fewer interventions), then intervening on node i is more

likely to push z;;(¢ + 1) above the threshold ;1. Specifically, if

ij (£)] 4 cises; (t) > [75:(t)] + erseji(t),
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then intervening on node i can help determine the orientation ¢ — j.

2. z;(t), zji(t) = At In this case, if node i has a smaller causal effect estimate or a larger
standard error (equivalently, fewer interventions), then intervening on node i is more

likely to invalidate the direction ¢ — j. Specifically, if

ij ()] — ceseij(t) < [50(t)| — ceseyi(t),

then intervening on node 4 can help determine the direction j — .

Define the upper and lower confidence bounds

UCB;(t) = [ (t)| + cise4i(t), LCByj(t) = [i(t)| — coseq;(t). (4.4)

The analysis above motivates the following counting rule: for an undirected edge ¢+ — j, if
2;j(t) < Ay and UCB;;(t) > UCBj;(¢), count ¢ — j and all resulting edges implied by Meek’s
rule into F;(t); if 2;;(t) = A and LCB;;(t) < LCBj;(t), count j — 4 and all resulting edges

implied by Meek’s rule into E;(t); otherwise, no edge is added into E;(t).

Once |E;(t)| has been computed for each node i € V;, we select the node that can
orient the largest number of undirected edges as the intervention node for the next round.
This constitutes the greedy component of our proposed algorithm. To balance exploitation
and exploration, we introduce a small probability §;, decreasing with ¢, under which the

intervention node is sampled uniformly at random from V.

4.3.2 Algorithm description

Based on the main idea introduced in Section 4.3.1, we propose the Seq-UCB algorithm,
summarized in Algorithm 4.1. The algorithm proceeds iteratively by (i) orienting edges to
update the current PDAG, (ii) selecting an intervention node that is expected to orient the

largest number of currently undirected edges, and (iii) generating experimental data under
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the selected intervention and updating causal effect estimates.

Algorithm 4.1 Causal graph learning via sequential experiments (Seq-UCB)

Input: CPDAG Gy, parameters \;, d;, c.
1: Initialize {(7;;(1),5€;;(1)) : (4, 7) € &}
2: fort=1,---,T do
3: Orient edges in & based on {(7;;(t),se;;(t))} and update PDAG to G,.
For all (7, 7) € &, calculate UCB;;(t) and LCB;(t).
For all i € V;, find orientable edges FE;(t).
Update C, = argmax;ey, |E;(t)|.
With probability |Vy|d;, sample a; € Vy; with probability 1 — [V;|d;, sample a; € C..
Generate experimental data under do (X,,) and add to D,,[t].
For j € Np (ar), regress X; ~ X, using D,,[t], update 7,,;(t + 1), Seq,;(t + 1).
10: For ¢ # ay and ] € NQ(Z),%ZJ(IS + 1) <« %zg(t); sAeU(t + ].) <« sAeU(t)
Output: Graph Gr.

To update the PDAG at round ¢ (Line 3 of Algorithm 4.1), the algorithm computes
2;j(t) = |i;(t)/se;;(t)| for all undirected edges (i, j) € &. All ordered pairs are then ranked

in descending order of z;;(t), and the algorithm iterates through this list. For each pair, if

Zij(t) = )\t > Zjl'(t)

and orienting the edge as ©+ — j does not contradict with any previously oriented edges, the
edge is oriented accordingly. After each successful orientation, Meek’s rules are applied to
infer as many additional edge directions as possible. After a full pass, the resulting graph is

the updated PDAG ;.

Given G;, the algorithm evaluates the informativeness of intervening on each node 7 € V;,
where V; denotes the set of nodes connected to undirected edges in G;. The upper and lower
confidence bounds defined in (4.4) are computed for all (i,5) € & (Line 4 of Algorithm 4.1)
and are used to count the number of orientable edges associated with intervening on node @

(Line 5 of Algorithm 4.1). Specifically,

o If z;;(t) < Ay and UCB,;(t) > UCBy;(t), count ¢ — j and additional edges by Meek’s
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rule to FE;(t);

o If 2;;(t) = A\ and LCB;;(t) < LCB,;(t), count j — i and additional edges by Meek’s
rule to E;(t).

In Line 7 of Algorithm 4.1, the algorithm selects the intervention node by balancing
exploitation and exploration, controlled by the parameter ;. The exploration parameter o,
is chosen as a decreasing sequence in t. At early stages, d; is relatively large, so the algorithm
behaves nearly randomly and accumulates sufficient experimental data to obtain reliable
estimates of causal effects. As t increases, d; becomes small, and the algorithm increasingly
selects the node with the largest number of orientable edges. When all edges have been
directed, i.e., & = ¢ and C, = &3, the algorithm may perform no intervention at certain
rounds, and consequently no experimental data are generated. This behavior highlights the
sample efficiency of the proposed algorithm. The choice of the tuning parameters \; and d;

is discussed in Remark 4.1.

In practice, an early stopping rule can be incorporated into Algorithm 4.1. If the up-
dated graph G; contains no undirected edges and remains unchanged for a fixed number of
consecutive rounds (e.g., 50), it provides empirical evidence that the true DAG has been

identified, and the algorithm can be terminated.

4.4 Theoretical analysis of Seq-UCB

Our theoretical analysis focuses on linear Gaussian structural equation models. Let G denote
the true DAG, and define its directed edge set as € = {(i,7) : i — j € E(G)}. To ensure
identifiability of edge directions from experimental data, we need the following faithfulness

assumption.

Assumption 4.1. The random vector X = (Xy,---,X,) satisfies the linear SEM (4.1)
associated with a DAG G.
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Assumption 4.1 guarantees that each directed edge in the true DAG induces a nonzero
causal effect in the correct direction and no causal effect in the reverse direction, which
allows edge orientations to be identified from interventional estimates. Under an intervention

do (X; = x), the interventional distribution of X is given by
Xj|do(X;i=2)~N (’yijx,afj) . (4.5)

Define N;(t) = Yl _ 1{A, = i} as the number of times node i is selected for intervention

up to time t.

Lemma 4.1. Let u; > 0 be a deterministic sequence. Under Algorithm 4.1, the number of

interventions on each node i € Vy satisfies

P (N;(t) < u) < exp <— (e (;; — ) ) . Vie . (4.6)

The proof of Lemma 4.1 is provided in Section 4.7.1. By choosing the exploration sequence
d; appropriately, the bound in (4.6) ensures that every node i € V), is intervened upon at

least u; times by round ¢ with high probability.

Define

100707
u;(t) = |max < 48logt + 1, max 5 )
I #0 Vij

The quantity u;(t) represents a minimum number of interventions on node i required to

reliably determine the orientations of its connected undirected edges.

The following lemma shows that, once this minimum intervention requirement is satisfied
for all nodes in V), the probability that the updated PDAG G, differs from the true DAG G

decays at the order of O(t73) at most. The proof of Lemma 4.2 is provided in Section 4.7.2.

Lemma 4.2. Suppose that for all nodes i € Vo, t > 0, N;(t) = w;(t) with Ay = 2+/3logt.
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Then under Assumption 4.1,
P(G:#G)<T|&E|t. (4.7)

Define u; = max;ey, u;(t). With appropriate choices of the tuning parameters d; and \;,
the following theorem establishes that Algorithm 4.1 consistently recovers the true DAG.

The proof of this result is provided in Section 4.7.3.

Theorem 4.1. Suppose Zzzl 0y—uy has a higher order int than /tlogt, with Ay = 2+/3logt.

Then under Assumption 4.1, Algorithm 4.1 satisfies

o0
YIP(G#G) <
t=1

and hence

P (tlggogt _ g) — 1.

Remark 4.1 (Choice of tuning parameters). Graph recovery consistency requires the thresh-
old to satisfy A\; = 24/3logt. Under this condition, the minimum intervention requirement
uy is dominated by the order of \?. In addition, the exploration parameter d; must be chosen

such that

which ensures that each node receives a sufficient number of interventions with high probabil-
ity. These conditions imply that )\; can grow at any rate between O(y/log?) and O(+/t), while
> _ 0, must lie between O (max {A\?,y/flogt}) and O(t). A convenient parameterization

that satisfies all theoretical requirements is to set
/\t = O (ta>, (St == O (t2a71) P

for some a € (1/4,1/2). This choice balances statistical accuracy in edge orientation with
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sufficient exploration of intervention nodes.

In practice, the parameter a controls the trade-off between early exploration and aggres-
sive exploitation. Larger values of o lead to more conservative edge orientation thresholds
and increased random exploration in early rounds, while smaller values favor faster exploita-
tion. We investigate the empirical impact of different choices of o on the performance of

Algorithm 4.1 in Section 4.5.2.

4.5 Numerical experiments

4.5.1 Simulation settings

We compare the performance of three algorithms that differ only in how the intervention
node A, is selected at each time step. For all three methods, the procedure for orienting edges
and updating the PDAG G, is identical; in particular, the same significance-based orientation
rule is used at every round. The purpose of the numerical experiments is to evaluate whether
the proposed Seq-UCB algorithm can select intervention nodes more effectively and thereby

recover the true DAG with fewer interventions.

The three algorithms considered are as follows:

e Completely random (Baseline 1): At each time step ¢, the intervention node a; is

sampled uniformly at random from the initial candidate set V.

e Sequentially random (Seq-rand, Baseline 2): At each times step ¢, with probability
Vo6, the intervention node a, is sampled uniformly from Vy; with probability 1—|Vy|d;,

it is sampled uniformly from the current candidate set V.

e Sequential UCB (Seq-UCB): At each times step ¢, with probability [V,|d;, the inter-
vention node a; is sampled uniformly from Vy; with probability 1 — [Vy|d;, it is sampled

uniformly from @;, the set of nodes maximizing the number of orientable edges.
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Following the discussion in Remark 4.1, we choose the tuning parameters as

1la
A = 0.5t%, 6 = —2!
t 9 t 20 )

so that 2221 6, ~ 1.1t%*, with a € {0.25,0.3,0.35}. For the Seq-UCB algorithm, an addi-
tional parameter ¢ = 1/4/2 is used in the construction of the confidence bounds. To improve
stability in finite-sample settings, we impose a minimum intervention requirement of 24/log ¢
for all three algorithms. Although this condition is not required by the theoretical results,
it helps ensure more reliable performance in practice by preventing insufficient sampling at

early stages.

For all three algorithms, at each round we collect two experimental samples under
do (Xg,). The intervention value is drawn uniformly from {—1, 1} for simplicity. The struc-
tural coefficients in this section are generated according to the linear SEM model in (4.1),
where the edge weights are sampled uniformly from 3;; € [-1, —0.5] U [0.5,1] and the noise

variances are sampled from w;; € [0.5,1].

4.5.2 True DAG identification rate comparisons

In this subsection, we compare the true DAG identification rates of the three algorithms
described in Section 4.5.1. We generate 100 random DAGs with 20 nodes, maximum indegree
equal to 2 , and between 10 and 15 initially undirected edges. For each simulated graph, we
run each algorithm independently 5 times for 1000 time steps. We consider three choices of
the tuning parameter « € {0.25,0.30,0.35}, which determine the growth rate of \;, in order
to examine how the threshold sequence affects empirical performance. At each time step,
we compute the true DAG identification rate averaged over the five runs, and then further

average this quantity across the 100 simulated graphs. The results are shown in Figure 4.1.

As illustrated in Figure 4.1, when \; grows relatively slowly (i.e., smaller « ), the true

DAG identification rates of Seq-UCB and Seq-Rand are very similar over time. This behavior
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Figure 4.1: Average true DAG identification rate over time on 100 randomly simulated DAGs with p = 20, maximum in-degree
2, and between 10 and 15 undirected edges in the initial CPDAG.

can be attributed to the fact that, after a certain number of rounds, the number of undirected
edges is typically small when ); is small. In such cases, the UCB-based intervention criterion
provides limited advantage, since most edges have already been oriented and the graph has
a fixed maximum degree. In contrast, when \; grows faster (i.e., larger « ), the performance
gap between Seq-UCB and Seq-Rand becomes more evident. Seq-UCB consistently achieves
higher identification rates by selecting intervention nodes that are more informative in ori-
enting the remaining undirected edges. In all settings, the completely random algorithm
generates interventional samples at every round, whereas Seq-UCB and Seqg-Rand require
substantially fewer samples. As shown in Figure 4.2, Seq-UCB uses the smallest number of

interventional samples while achieving higher true DAG identification rates.

Moreover, we compute the average number of wrongly oriented edges averaged over all
runs and display the results in Figure 4.3. As illustrated in Figure 4.3, with small \; and o,
the average number of wrongly oriented edges decreases slower over time than with moderate
A and ¢;. This suggests that, when avoiding false positives is a primary concern, choosing

sequences \; and o; with a relatively higher growth rate may be preferable in practice.
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Figure 4.2: Average times of interventions over time across all runs on 100 randomly simulated DAGs with p = 20.
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Figure 4.3: Average number of wrongly oriented edges over time on 100 randomly simulated DAGs with p = 20, maximum
in-degree 2, and between 10 and 15 undirected edges in the initial CPDAG after 50 rounds.

4.5.3 Early stopping and intervention time comparisons

To illustrate differences in intervention-selection behavior, we compare Seq-Rand and Seq-
UCB on several structured graphs with 15 nodes. We adopt an early stopping criterion under
which the algorithm terminates once the estimated graph G; is fully oriented and remains
unchanged for 50 consecutive rounds (excluding rounds in which G; contains undirected

edges). The tuning parameters are set to \; = t°3/2 and §; = 0.165t7%4, i.e., a = 0.3.

For each graph type, we generate 30 independent sets of coefficients and run each al-

gorithm 5 times per coefficient set. The reported intervention times are averaged over all
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runs. The results are shown in Figure 4.4. As illustrated in the figure, Seq-UCB consistently
requires fewer total interventions than Seq-Rand to recover the true DAG under the early
stopping criterion. This advantage is particularly evident for the star-shaped graph, where
node degrees are highly heterogeneous. In such settings, Seq-UCB more effectively prioritizes

interventions on high-impact nodes, leading to faster orientation of undirected edges.

Markov Chain Binary Tree Star

204

154

Method
10 . seq_rand
“‘ “ “ “ “ “ “ “ “ “ “ “ “ “ o
0 “ “ “ “ “ “ “ “ “ “ “ “ “ “ “

Average number of times selected
(9]

'\/‘\/‘O‘OVV"\“)"OD)N‘OQ”) N"\/%'\/"}V ‘OQVQ:":’\‘O“: '\/‘KJ“)VOA’\N"\/‘O%"D'\/‘OQ
PLIFLIFLLLLITLEIT PRLPIFIFLFILLLLY LLEILOFTILLIIO0T

Figure 4.4: Average number of times each node is selected for intervention across three graph structures.

4.6 Discussion

This chapter develops a finite-sample adaptive framework for causal DAG structure learning,
where interventions are selected sequentially and edge orientations are inferred statistically
rather than deterministically through conditional independence oracles. The key idea is
to update the current graph using two complementary sources of information. First, the
method performs uncertainty-aware inference on edge directions using estimated causal ef-
fects together with their standard errors. Second, it propagates newly oriented edges through
Meek’s rules to accelerate progress toward full identification. These components together
yield the Seq-UCB algorithm, which prioritizes resolving the remaining undirected edges in
the CPDAG as quickly as possible while remaining computationally practical under finite

experimental samples.

Theoretical guarantees are established for linear structural equation models with Gaus-
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sian noise. It shows that, with appropriate tuning of parameters, every candidate node
receives sufficiently many interventions with high probability. Once this minimum interven-
tion requirement is satisfied, the probability of incorrect graph identification decays at a rate
no worse than O(¢~3), implying almost sure convergence to the true DAG. Simulation results
demonstrate clear empirical gains from adaptive intervention selection. Seq-UCB achieves
higher true-DAG identification rates with fewer experimental samples than sequential ran-
dom baselines, especially for graphs with heterogeneous degree patterns, such as star-shaped

graphs, where certain interventions are substantially more informative than others.

4.7 Appendix

4.7.1 Proof of Lemma 4.1

Proof. Define F; = o(Ay,---, A;), which is the o-algebra generated by the random variables
Ay, -+, Ay, representing all information available up to time ¢, i.e., {F;},-, denote the natural
filtration generated by the action process {A;}, where F; contains all events measurable with

respect to the history (Aq, ..., A;).

Then Vi € V,, we have

P(At+1 - Z|E) 2 5t,Vt > 1
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Define

Zy, = 1{A, =i} € {0,1},

then E [p, — Z,, | Fu—1] = 0, so (M,;) is a martingale, and each increment satisfies |(p, —

1. Now on the event {N;(t) < u},
t

t t
Mt:Zpu_ZZu>Z(5u_ut
u=1 u=1

u=1

So

(N;(t) < w} < {Mt > 6, - ut} .

u=1

Then according to Azuma-Hoeffding, when u;(t) < 37 _, d,, we have

2t

u=1

P(Ni(t) < up) SP(M; > )6, —us) < exp (— (Bams 8 — ) ) .

4.7.2 Proof of Lemma 4.2

Proof. According to (4.3),

i) i/ N (Ni(t) — 1)
seig () Tija) XN, ()1

tine-1-
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Specially, if v;; = 0, then
5i(t)
se;i(t)

~ tNj (-1
Our proof is based on the following tail properties of normal, ¢ and x? distributions:
P (|N(Oa 02)| = 5) < 26_52/(202)’

P(|t,| = 6) < 2e/4 + 77/, (4.8)

P(x} > 5r/2) < e/,

If [tn,)—1] < A, we have

il VN () (Ni(8) = 1) N < () < g/ Na () (Ni(t) — 1)

%‘m TijA/ XNi)1

Then (i, 7) € & with ~;; # 0, Vt,

+ A

i1/ Ni(8) (Ni(t) — 1)

O-ij\/X?Vi(t)—l
2
Yi5 Ni () (Ni(t) —
= (X?“‘““ T
()

P(z;(t) < M) <P N <M P ([t = M)

1>> + 2exp(—A\7/4) (4.9)

+ exp (—(NV;(t) — 1)/16) ,

P(2i(t)) = Ae) = P ([tw,0-1] = M) < 2exp (—AF/4) + exp (=(N;(t) —1)/16).

0'-2- 2 2 i 7 — . —
Since Nj(t) = 107_2]%7 e Wfﬁiﬁg(t) DS 5(Nz(2t) D then
1] ]
2
Vi Ni() (N (t) — 1)
P (s > 2 ) < e (<)~ /).
ij
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Since N;(t) = 48logt + 1, Vi € Vg and \; = 24/3logt, then

P(zij(t) < M) + P(z5i(t) = M) < exp(=(Ni(t) —1)/4) + exp(=(Ni(t) — 1)/16)
+ exp(—(N;(t) — 1)/16) + dexp(—A; /4)

< Tt3.

Therefore,

P (G # G) <P (2(t) = A\ > zj;(t) does not hold for some (7, j) € & with ~;; # 0)

< Z [P(2i5(t) < Ae) +P(zi(t) = A\)]

(4,5)€€0:vi #0

< 7|& 5.

4.7.3 Proof of Theorem 4.1

Proof. Since 2221 0, — u; has a higher order in ¢ than +/tlogt, after some t > (g,

t
D 0u = uit) = 2/tlogt, VieV,
u=1

where £y is a constant determined by 7,5, 0;;. Then according to Lemma 4.1, (i, j) € &,
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Therefore, for any t > /g,

Then

P(G # G) <

YO P <M+ DY Plza) = \)

(1,9)€€0:vi5#0 (4,3)€€0:7i#0

< > ip(zij(t)<)\t,]\fi(t)=u)

<

SPG #G) <lo+ D) PG #G)<lo+9E| > 172 =t +
t=1

(4,5)€€0:7i5 70 u=0

) 2 P (zi(t) = M, N;(t) = u)

(i,j)€€0 i #0 u=0

t—1

> DT P (z(t) < A Ni(t) = u) + P(N(t) < wy(t))

(z’,j)e&):%j;éo u:ui(t)

t—1

__— D1 P (za(t) < A, Nj(t) = w) + P(N;(t) < uy(t))

(i,j)e&):'yij #0 U=Uj (t)

<T&E2+ D PN <w(®)+ D) PN;(E) < uy(t))

(1,5)€€0:7ij #0 (1,5)€€0:vij#0

< 9&|t2

o0]

37T2|(90’
5 .

t=Ly+1 t=1

By Borel-Cantelli lemma,

P <}L%gt _ g) _ 1.

100



CHAPTER 5

Summary and future directions

This dissertation studies sequential learning in causal graphical models under finite samples
collected at each round. Two related learning objectives are investigated: identifying the
intervention with the largest causal effect on a reward variable and learning the underlying
causal graph structure. In both settings, the main challenge is how to allocate limited
experimental interventions while exploiting information available from observational data

and structural constraints.

Chapter 2 considers the problem of identifying the variable with the largest causal effect
on the reward when the causal DAG is unknown. The proposed BA-UCB algorithm uses
adjustment sets to combine observational and experimental samples for estimating causal
effects. Through valid backdoor adjustment, observational data can simultaneously inform
the estimation of causal effects across multiple arms. The algorithm constructs confidence
bounds based on weighted estimates from both data sources, and the accumulation of ob-
servational data progressively reduces uncertainty across arms. As a result, the dependence
of the cumulative regret on the number of arms is reduced once a sufficiently large amount

of initial observational data is available.

Chapter 3 extends the BA-UCB algorithm to settings with latent confounders, where
some causal effects may not be identifiable from observational data. The algorithm performs
an identifiability check for each arm and adapts the estimates accordingly. Observational
data are incorporated in constructing UCBs only when a valid adjustment set exists; oth-

erwise, the estimates rely solely on experimental samples. The resulting cumulative regret
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bound shows that, given a sufficiently large amount of initial observational data, perfor-
mance depends on the number of non-identifiable interventions rather than the total number
of arms. Therefore, as long as adjustment is valid for a nontrivial subset of interventions,
observational data can still improve the efficiency of sequential learning through information

sharing across identifiable arms.

Chapter 4 studies adaptive learning of the causal structure. The Seq-UCB algorithm
selects intervention nodes that are most informative for orienting the remaining undirected
edges under finite samples within a given CPDAG. The procedure combines statistical un-
certainty in estimated causal effects with graphical propagation rules, so that each successful
orientation can trigger additional orientations through Meek’s rules. Theoretical guarantees
establish almost sure convergence to the true DAG, and simulations demonstrate that Seq-
UCB effectively reduces the number of experimental samples required for structure recovery

compared with both non-adaptive and randomly adaptive baselines.
Several directions naturally follow from our work.

First, for both learning objectives, the current theoretical analysis relies on linear struc-
tural equation models with Gaussian noise, which enables explicit estimators and concen-
tration bounds. FExtending the algorithms and analysis to broader settings is therefore
important. One direction is to establish theoretical guarantees under more general error dis-
tributions, such as sub-Gaussian noise, by replacing Gaussian tail bounds with appropriate
concentration inequalities. Another direction is to handle nonlinear structural equations by
employing alternative causal effect estimators and deriving corresponding confidence bounds

for sequential learning.

Second, the Seq-UCB algorithm assumes that the CPDAG is known or accurately esti-
mated from observational data. In practice, observational structure learning is itself uncer-
tain and may introduce orientation errors or extra edges that significantly affect intervention
selection in our setting. Incorporating CPDAG estimation uncertainty into adaptive inter-

vention design is nontrivial and represents an important direction for future work.
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Third, this dissertation studies reward optimization and structure learning separately
because the two tasks have different primary objectives. However, the two objectives are
closely related. Better structural knowledge can improve the efficiency of identifying the best
intervention, and data collected for reward optimization can also inform structure learning.
An interesting research direction is to design adaptive policies that allocate experiments
between reward estimation and structure identification according to a pre-specified trade-
off between the two tasks, and to analyze how improved structural knowledge facilitates

identification of the largest reward and reduces long-term regret.
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