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ABSTRACT OF THE DISSERTATION

Sequential Learning and Inference of Causal Graphical Models

by

Yijia Zhao

Doctor of Philosophy in Statistics

University of California, Los Angeles, 2026

Professor Qing Zhou, Chair

Many problems involve systems in which causal relationships among variables are repre-

sented by causal graphs. Because experimental data are often costly, learning procedures

must combine statistical inference with sequential decision making. This dissertation de-

velops methods for learning and inference of causal graphical models under sequential data

collection, integrating observational and interventional information to support both opti-

mal decision making and causal structure discovery. The analysis is conducted under linear

structural equation models with Gaussian errors, which provide a direct link between causal

effects and regression estimation.

The first part of the dissertation (Chapters 2 and 3) studies sequential identification of the

intervention with the largest causal effect on a reward variable in an unknown graph. Inter-

ventions are treated as actions, and the objective is to determine which intervention produces

the greatest effect on the reward. We develop upper-confidence-bound–based algorithms that

exploit potential causal relationships among variables to improve learning efficiency relative

to standard bandit methods. Under causal sufficiency, observational data are incorporated to

construct valid confidence bounds for causal effects, leading to improved regret guarantees.
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The framework is then extended to settings with latent confounders, where some causal

effects may not be identifiable through adjustment. The resulting method distinguishes

identifiable and non-identifiable interventions and provides regret bounds that reflect this

distinction. Theoretical analysis establishes finite-sample regret guarantees, and simulation

studies demonstrate improved learning efficiency compared with existing methods.

The second part of the dissertation (Chapter 4) studies adaptive causal structure learning.

Observational data determine a directed acyclic graph only up to its Markov equivalence

class, and interventions are required to resolve the remaining uncertainty. We propose a

sequential experimental design procedure that selects interventions based on uncertainty

in edge orientation and updates the graph using statistical evidence. Theoretical analysis

shows that the proposed procedure recovers the true graph almost surely, and numerical

experiments demonstrate that it requires fewer interventions than sequential-random and

complete-random baseline strategies.
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CHAPTER 1

Introduction

Many problems in science, engineering, and economics involve systems in which variables

are connected through underlying causal mechanisms. These mechanisms are commonly

represented by causal graphical models, in which nodes denote variables and directed edges

represent direct causal effects. Learning in such systems requires not only statistical estima-

tion from data, but also evaluation of the effects of interventions. In practice, experiments

are often costly and only finite samples can be collected, so learning procedures must allocate

limited experimental resources while accounting for uncertainty. This dissertation develops

statistical methods for learning and inference in causal graphical models under sequential

data collection.

A fundamental framework for sequential decision making is the multi-armed bandit

(MAB) problem, which has been extensively studied in statistics, operations research, and

machine learning [1–5]. At each round, a learner selects an arm based on past actions and

observed rewards, with the goal of identifying the arm with the highest expected reward

while minimizing cumulative regret over time. The central challenge is to balance explo-

ration, which gathers information about uncertain actions, and exploitation, which selects

actions believed to yield high reward. This problem has broad applications in online rec-

ommendation systems [6], adaptive clinical trials [7, 8], and dynamic pricing [9], among

others.

Under the classic setting of the MAB problem [1, 2], the action set A consists of K

independent arms and each arm a P A corresponds to a real-valued distribution of the reward
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variable. It is a simplified setting in which the entire system is regarded as a black box, relying

solely on reward feedback to guide learning. Various algorithms have been developed in

this setting, among which the upper confidence bound (UCB) algorithm [1] and Thompson

sampling [10] are two classical examples. However, real-world decision-making processes

often involve additional complexity, motivating numerous variants of the MAB problem. For

example, the contextual bandit problem incorporates observed contextual features before

each decision, allowing personalization and adaptive learning [11]; the combinatorial bandit

focuses on actions formed by combinations of basic arms, leading to exponentially large

action spaces [12]; and the budgeted bandit associates each action with a cost and requires

the player to operate under a fixed budget [13].

When actions correspond to interventions in a causal system, the standard bandit for-

mulation can be enriched by exploiting structural relationships among variables. In a causal

bandit [14] setting, interventions affect the reward through a causal graph. Observational

data and structural constraints may provide information about multiple interventions si-

multaneously, allowing learning to proceed more efficiently than in unstructured bandits.

However, in many realistic settings the causal graph is not fully known, observational data

may be limited, and experimental samples are costly. This leads to two distinct but related

statistical problems.

The first problem concerns optimal decision making in unknown causal systems. The

objective is to identify the intervention node with the largest causal effect on the reward

while interacting sequentially with the system. Full recovery of the causal graph is not

required in this problem. Instead, structural information is used to reduce uncertainty in

estimating causal effects and to eliminate suboptimal interventions more quickly. Chapters 2

and 3 address this problem. Chapter 2 considers Gaussian causal directed acyclic graphs

(DAGs) under causal sufficiency and develops a method that combines observational and

experimental data to construct upper confidence bounds for causal effects, yielding improved

regret guarantees relative to standard bandit approaches. Chapter 3 extends the framework
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to settings with latent confounders, where the observed system is represented by an acyclic

directed mixed graph and valid adjustment sets may not exist for all interventions. The

resulting analysis distinguishes between identifiable and non-identifiable interventions and

provides regret bounds that reflect this distinction.

The second problem concerns structural learning. Rather than focusing on reward maxi-

mization, the objective is to discover the causal relationships among variables. Observational

data typically identify a directed acyclic graph only up to its Markov equivalence class, leav-

ing certain edge orientations unresolved. Interventions provide additional information to

distinguish among Markov equivalent DAGs. Because only finitely many samples can be

collected under each intervention, experiments must be selected adaptively to reduce uncer-

tainty about the graph as efficiently as possible. Chapter 4 develops an adaptive intervention

procedure for recovering the true causal graph within its equivalence class with high proba-

bility, using confidence-bound-based criteria to guide sequential interventions.

Throughout the dissertation, data are assumed to arise from a linear structural equation

model with additive Gaussian noise. Each variable is modeled as a linear function of its

direct causes, and interventions modify the structural equation of the intervened variable

while leaving the rest of the system unchanged. Under this model, causal effects correspond

to regression coefficients and can be estimated from observational or interventional sam-

ples. This connection enables uncertainty quantification and supports sequential decision

procedures based on confidence bounds.
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CHAPTER 2

Causal bandit on unknown graphs in a fully observed

setting

2.1 Introduction

A major source of complexity in real-world decision-making stems from the causal depen-

dency among variables. In many domains, such as healthcare, social sciences, and economics,

arms and rewards are connected through underlying causal mechanisms, typically represented

by a causal directed acyclic graph (DAG). In this causal bandit (CB) framework [14], a causal

DAG specifies the joint distribution of all variables in the system, including the reward. In-

terventions on variables correspond to arms, allowing the causal bandit problem to be cast

naturally as a multi-armed bandit task. Unlike the standard MAB setting, however, lever-

aging the additional causal structure can enable substantially more efficient identification of

the optimal intervention.

Most existing work on causal bandit relies on full or partial knowledge of the underlying

causal graph to achieve improvements over standard MAB algorithms. For instance, Latti-

more et al. [14], Sen et al. [15], and Yabe et al. [16] study the causal bandit problem assuming

complete knowledge of the DAG and absence of unobserved confounders. Other approaches

further impose structural restrictions while requiring the graph to be provided, such as the

budgeted bandit under no-backdoor graphs [17] and the linear causal bandit [18]. More re-

cent work in this category includes causal bandits for linear structural equation models [19]

and causal bandits with general causal models and soft interventions [20], both of which

4



continue to assume a known causal graph. However, in practice, the underlying causal DAG

is rarely known, which severely limits the applicability of these methods.

A few recent causal bandit methods have been developed without assuming the underly-

ing causal graph is provided. For discrete variables, the optimal intervention is always among

the parents of the reward variable [21]. A natural approach is therefore to first identify the

parent set of the reward variable and then apply MAB algorithms with a reduced action set

consisting of only the identified parents. Many recent works follow this strategy, including

the central node - upper confidence bound (CN-UCB) algorithm [22] and the randomized

parent search (RAPS) algorithm [23]. When the variables have continuous domains, the

problem is significantly more challenging, since the optimal intervention is not necessarily

among the parents of the reward. De Kroon, Mooij, and Belgrave [24] tackles the problem

for discrete and Gaussian models. However, their method relies on the existence of a set of

non-intervenable variables that d-separate the interventions and the reward variable, and no

theoretical guarantee on the cumulative regret was provided. Huang and Zhou [25] propose

a Bayesian framework that utilizes joint inferences from experimental and observational data

without additional assumptions on the underlying graph structure. But the Bayesian frame-

work requires updating posterior probabilities over all possible parent sets, which is extremely

computationally intensive and becomes impractical even for moderately sized action set. Yan

and Tajer [26] propose a graph-agnostic linear causal bandit (GA-LCB) algorithm for linear

structural equation models with unknown graph structure and soft interventions, assuming

no latent confounders. Their approach emphasizes learning the graph structure and model

coefficients prior to reward evaluation, which is not required for identifying the intervention

with the largest expected reward and leads to additional computational complexity.

To motivate our work, we revisit the farming example constructed by Lattimore, Latti-

more, and Reid [14]. Suppose a farmer seeks to maximize crop yield and knows that the

outcome is affected by temperature, moisture level, and soil nutrient levels, but the causal

relationships among these factors are unknown. Due to limited time and budget, she can

5



intervene on at most one factor per season: for example, using artificial heating or shading to

control temperature, irrigation or rain covers to control moisture, or adjusting fertilizer com-

position to modify nutrient levels. Each intervention is costly and yields limited experimental

data per season. In contrast, historical observational data, collected without interventions,

may be readily available. An important practical question is whether such observational

data can be leveraged to help identify the variable with the largest causal impact on crop

yield, thereby reducing the need for costly experimentation. Motivated by this example, our

objective is to identify the variable with the largest causal effect on the reward, and we there-

fore consider the set of arms to be a collection of atomic interventions. In such continuous

domains, the optimal intervention is not necessarily associated with a parent of the reward

node, making it unclear which aspects of the underlying causal structure should be learned

and how such information can be used to reduce the action space. Further challenges include

how to efficiently integrate observational data into the sequential decision-making process

to aid in identifying the most influential variable, and how to accommodate potential latent

confounders.

To address these challenges, we develop the Backdoor Adjustment Upper Confidence

Bound (BA-UCB) algorithm, which identifies the optimal intervention without requiring

prior knowledge of the causal graph or imposing restrictive structural assumptions. We

focus on settings in which all observed variables, including the reward, follow a Gaussian

DAG model. Rather than attempting to recover the full DAG, BA-UCB exploits both

observational and experimental data to identify candidate adjustment sets and integrates

information from the two data sources to construct upper confidence bounds for each arm

within a sequential decision-making framework.

We establish finite-time upper bounds on the cumulative regret of the BA-UCB algorithm.

Specifically, suppose that m experimental samples and n observational samples are collected

at each round. In the absence of latent confounders, and assuming a sufficiently large amount

of prior observational data, we show that the worst-case cumulative regret is bounded by

6



Op
a

T log T {pm ` nqq, where T denotes the total number of rounds. In contrast, the regret

bound for the standard MAB algorithm is Op
?
KT log T q [27], where K “ |A| is the number

of arms. Even if m ` n experimental samples are generated per round, the standard MAB

regret bound remains at least Op
a

KT log T {pm ` nqq. One sees that BA-UCB substantially

weakens the dependence of cumulative regret on K and effectively incorporates observational

data, which are typically much less costly to obtain than experimental data. Finally, through

extensive simulation studies, we demonstrate that BA-UCB achieves lower cumulative regret

than the standard UCB algorithm [1] and the CN-UCB algorithm [22], while being more

computationally efficient than the Bayesian backdoor bandit algorithm [25].

The remainder of this chapter is organized as follows. Section 2.2 introduces the causal

bandit framework under Gaussian DAG models without latent confounders. Section 2.3

presents the BA-UCB algorithm, and Section 2.4 develops its finite-sample regret analysis.

Section 2.5 reports empirical results based on simulated data. Section 2.6 concludes with

a summary of the main findings and directions for future work. Proofs of the theoretical

results are provided in Section 2.7.

2.2 Problem formulation

In a causal graphical model [28], the causal relationships among a set of random variables

X “ tX1, ¨ ¨ ¨ , Xpu is represented by a DAG G over p nodes V “ t1, ¨ ¨ ¨ , pu, each correspond-

ing to one random variable. A directed edge i Ñ j in the causal DAG G means that i is a

direct cause of j, in which case i is called a parent of j and j is called a child of i. The parent

set of j, denoted as papjq, is the set of nodes that have an edge directed into node j, i.e.

papjq “ ti P V : i Ñ ju. Similarly, the child set of j, denoted as chpjq, is the set of all nodes

that have an edge directed from node j. Each child-parent relationship in G is modeled by

a function Xj “ fjpXpapjq, εjq, j “ 1, ¨ ¨ ¨ , p, where ε1, ¨ ¨ ¨ , εp are exogenous errors.

Through Section 2.5, we focus on Gaussian DAGs whose functional relationships are

7



given by a linear structural equation model (SEM),

Xj “
ÿ

iPpapjq

βijXi ` εj, j “ 1, ¨ ¨ ¨ , p, (2.1)

where εj
indep.

„ N p0, ω2
j q with ω2

j ą 0 for all j P V and βij ‰ 0 for all i P papjq. Without

loss of generality, the reward variable is designated as Y “ Xp (noting that the nodes are

not sorted). The causal effect of Xi on Y is defined via an atomic intervention that sets the

variable Xi to a fixed value xi, denoted as dopXi “ xiq. In general, the causal effect γi of Xi

on Y is determined by the mapping xi ÞÑ PrY |dopXi “ xiqs. For Gaussian DAGs,

γi :“
B

Bxi
EpY |dopXi “ xiqq (2.2)

and by linearity EpY |dopXi “ xiqq “ γixi. Thus, from any intervention dopXi “ xiq on Xi

with xi ‰ 0, we can determine the causal effect γi “ EpY |dopXi “ xiqq{xi. Without loss of

generality, we only consider dopXi “ ˘1q as the arms in our causal bandit problem, so that

the reward magnitude across arms is on the same scale.

Treating atomic interventions as arms, we formulate the problem of finding the variable

with the largest causal effect under the framework of a multi-armed bandit problem. The

arm set is

A “ tdopXi “ xiq : xi “ ´1 or 1, i “ 1, . . . , p ´ 1u . (2.3)

Since ErY |dopXi “ ´1qs “ ´ErY |dopXi “ 1qs under the linear SEM (2.1), in most practical

applications we only need to choose xi to be either ´1 or 1. Consequently, the size of the arm

set can be effectively reduced to K “ |A| “ p ´ 1. Note that our algorithm and theoretical

results apply to the case with both dopXi “ 1q and dopXi “ ´1q as separate arms.

For simplicity, let arm i correspond to the intervention dopXi “ xiq and identify the

action set A with V :“ t1, . . . , p´ 1u. For any arm i P A, the expected reward is defined as

µi “ ErY |dopXi “ xiqs, which has the same magnitude as the causal effect γi since |xi| “ 1

8



by design. The optimal reward is denoted by µ˚ “ maxiPA µi corresponding to the optimal

arm i˚ “ argmaxiPA µi. The goal is to find the optimal arm while minimizing the expected

loss in this process. Let At P A denote the arm chosen at round t. The expected loss is

measured by the cumulative regret up to round T ,

RT :“ µ˚T ´

T
ÿ

t“1

E pµAtq “
ÿ

iPA
∆iE pnipT qq , (2.4)

where ∆i “ µ˚ ´ µi and niptq “
řt
s“1 1tAs “ iu denotes the number of times that arm

i has been chosen up to round t. A sequential decision-making policy that minimizes the

cumulative regret has to handle the trade-off between exploration and exploitation.

Many algorithms have been proposed for the standard MAB problem with theoretical

guarantees on cumulative regret, among which upper confidence bound (UCB) methods and

Thompson sampling are two of the most widely studied. For normally distributed rewards,

the UCB decision rule [1] takes the form

At`1 P argmax
iPA

!

µ̂iptq ` σ̂iptq c
a

log t
)

, (2.5)

where µ̂iptq is an estimator of the expected reward for arm i, σ̂2
i ptq is an estimator of the

variance of µ̂iptq, and c ą 0 is a tuning constant. When the standard MAB framework is

applied to the causal bandit setting, only experimental data are collected at each round,

and µ̂iptq and σ̂iptq correspond, respectively, to the sample mean of Y under the intervention

tdopXi “ xiqu and its associated standard error, computed from data available up to time

t. This approach treats each intervention arm in isolation and does not exploit the causal

relationships among the variables. In contrast, the BA-UCB method developed in the next

section explicitly incorporates causal structure by leveraging observational data collected

prior to or alongside the bandit process, leading to more efficient estimation and improved

decision-making.
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2.3 The BA-UCB algorithm

2.3.1 The main idea

Let βipY „ Xi `XSq denote the regression coefficient of Xi when regressing Y on pXi, XSq,

i.e., EpY |Xi, XSq “ βiXi ` βJ
SXS. For Gaussian DAGs, if XS Ď X ztXi, Y u satisfies the

backdoor criterion relative to pXi, Y q [28], the causal effect γi of Xi on Y can be identified

via backdoor adjustment,

γi “ βipY „ Xi ` XSq. (2.6)

Therefore, the causal effect of Xi on Y can be estimated using not only the experimental

data under intervention on Xi but also observational data as long as a backdoor adjustment

set S is provided.

In many practical applications, a large amount of observational data is often available,

while generating experimental data is typically much more costly. Leveraging both sources

of data has at least two major benefits: (i) Observational data can be used with experi-

mental data to identify valid backdoor adjustment sets, enabling causal identification using

observational data alone; (ii) the abundance of observational data can reduce the variance

of causal effect estimates, thereby improving accuracy. This motivates our work to integrate

observational and experimental evidence in causal bandit settings.

In Section 2.3.2, we propose a method to identify backdoor adjustment sets for each

node assuming the DAG is unknown. Once a backdoor adjustment set is identified, we can

obtain an estimate of the causal effect µi and its variance σ2
i from either experimental or

observational data. The two estimates can then be combined to improve estimation accuracy.

Suppose that we have collected prior observational data of size n0 ě 0 before the sequential

decision process, and will collect n observational data and m experimental data at each

round. Note that n0 “ 0 if prior data is not available. Denote by niptq “
řt
s“1 1tAs “ iu the

number of rounds at which intervention dopXiq is performed, Diptq the experimental data

10



generated under dopXiq, and Doptq the observational data collected, all up to round t. Then,

Niptq “ mniptq is the size of Diptq and Noptq “ n0 ` nt is the size of Doptq.

2.3.2 Identification of backdoor adjustment sets

It is straightforward to obtain a consistent estimator of µi and its variance from Diptq as

follows:

µ̂i,intptq “
1

niptq

t
ÿ

s“1

Ȳs1tAs “ iu, yVarpµ̂i,intptqq “
s2i,t
Niptq

, (2.7)

where Ȳt is the mean of rewards collected under intervention at round t and s2i,t is the sample

variance of Y generated under dopXi “ xiq up to round t. From the property of Gaussian

DAGs, the intervention distribution is Y |dopXi “ xiq „ N pµi, rσ
2
i q for some rσ2

i ą 0, and

therefore µ̂i,intptq „ N pµi, rσ
2
i {Niptqq is an unbiased estimator of µi.

Estimates of causal effects µi can also be obtained from observational data by backdoor

adjustment (2.6). For any subset S of nodes, let Xi,S “ rXi | XSs denote a matrix of

dimension Noptq ˆ ps` 1q, where s “ |S|, consisting of the columns corresponding to Xi and

XS in the observational dataset Doptq. Denote by β̂ “ rβ̂i, β̂Ss the least-squares coefficient

vector for the linear regression Y „ Xi `XS using Doptq. Construct the following estimates

of the reward µi “ EpY | dopXi “ xiqq and its variance,

µ̂i,obspt, Sq “ β̂i ¨ xi, yVarpµ̂i,obspt, Sqq “
ρipt, Sq ∥ Y ´ Xiβ̂i ´ XSβ̂S ∥2

NoptqpNoptq ´ s ´ 1q
, (2.8)

where ρipt, Sq is the p1, 1q-th element of the matrix pXJ
i,SXi,S{Noptqq´1. It is easy to see that

µ̂i,obspt, Sq | Xi,S „ N pβixi, ρipt, Sqζ2i,S{Noptqq,

where βi “ βipY „ Xi ` XSq and ζ2i,S “ VarpY | Xi, XSq. To simplify notation, let

µipSq “ βixi, (2.9)
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where xi P t´1, 1u is the chosen intervention level in dopXi “ xiq. IfXS satisfies the backdoor

criterion relative to pXi, Y q, then µipSq “ µi and µ̂i,obspt, Sq is an unbiased estimator of µi

with variance approximated by (2.8). It is a natural idea to combine the two estimates in

(2.7) and (2.8) to improve the statistical efficiency in the upper confidence bounds for µi in

a bandit algorithm.

Next, we discuss how to make a data-driven decision on whether a subset S is a valid

adjustment set. Let Bi :“ tS Ď V ztiu : µipSq “ µiu be the collection of sets that yield

the true causal effect of Xi on Y , which we call valid backdoor adjustment sets. Since

experimental data and observational data are independent,

µ̂i,obspt, Sq ´ µ̂i,intptq | Xi,S „ N
ˆ

µipSq ´ µi,
ρipt, Sqζ2i,S
Noptq

`
rσ2
i

Niptq

˙

.

As t increases, this Gaussian distribution will concentrate around µipSq ´ µi, which equals

0 if S is a valid backdoor adjustment set relative to Xi and Y . We assume that for any set

S, either |µipSq ´ µi| ě 2δ for some δ ą 0 or µipSq “ µi. Under this assumption, if S R Bi,

the difference µ̂i,obspt, Sq ´ µ̂i,intptq will deviate from 0 significantly as t becomes large. This

allows us to distinguish valid sets S P Bi from invalid ones S 1 R Bi by checking whether the

difference between the two estimates is close to zero.

One might choose S˚ “ argminS |µ̂i,obspt, Sq ´ µ̂i,intptq| at each time step t as a candidate

adjustment set relative to Xi and Y . This idea turns out to be too greedy and leads to sub-

optimal choices for a bandit problem. To encourage more exploration, we instead construct

confidence intervals CIipt, Sq at round t for µipSq ´ µi as

µ̂i,obspt, Sq ´ µ̂i,intptq ˘ c2
a

log t

b

yVarpµ̂i,obspt, Sqq ` yVarpµ̂i,intptqq, (2.10)

where c2 ą 0 is some constant. We choose sets S whose corresponding confidence intervals

cover 0 as our candidate backdoor adjustment sets. If such sets do not exist, we choose the

set whose confidence interval has the smallest distance to 0, where the distance for an interval
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ra, bs is defined as dp0, ra, bsq “ mint|x| : a ď x ď bu. Formally, we identify a collection of

candidate backdoor adjustment sets relative to pXi, Y q at time step t as

pBiptq “ argminS dp0, CIipt, Sqq. (2.11)

Note that pBiptq may consist of multiple sets whose confidence intervals cover 0. Without

any restriction, the choice of the set S can be large especially when the number of nodes p

is large. Let Mi be the regression neighborhood of node i, i.e., the support of the regression

of Xi on X´i, and let Ni denote the collection of all subsets of Mi. For a Gaussian DAG

formulated by (2.1), the regression neighborhood Mi contains the parents of node i. Since

the parent set papiq Ď Mi always satisfies the backdoor criterion, we restrict S P Ni in the

minimization (2.11) to reduce the number of candidate sets.

2.3.3 Algorithm description

In this section, we describe the backdoor adjustment - upper confidence bound (BA-UCB)

algorithm for causal bandit. Unlike most existing methods, our algorithm does not require

prior knowledge or exploration of the underlying DAG. The main idea is to use estimates

from both experimental data and observational data to identify backdoor adjustment sets

alongside the decision process and then construct upper confidence bounds from both sources.

For a basic MAB problem, upper confidence bounds are of the form µ̂iptq ` σ̂iptqc
?
log t,

where µ̂iptq and σ̂iptq are the mean and standard deviation of the sample mean of Y re-

spectively. Since µi and σ
2
i can be estimated from both experimental data as in (2.7) and

observational data as in (2.8), we consider using weighted average of the two estimates to
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construct UCBs, i.e.,

µ̂ipt, Sq “
Noptqµ̂i,obspt, Sq ` Niptqµ̂i,intptq

Noptq ` Niptq
,

σ̂2
i pt, Sq “

N2
o ptqyVarpµ̂i,obspt, Sqq ` N2

i ptqyVarpµ̂i,intptqq

pNoptq ` Niptqq2
.

(2.12)

This effectively combines the two types of data to achieve higher estimation accuracy.

As discussed in Section 2.3.2, we restrict S P Ni to find candidate backdoor adjustment

sets relative to Xi and Y . We use observational data Doptq to estimate the regression

neighborhood Mi of each node i P V . Given the estimated regression neighborhood xMi, we

identify candidate backdoor adjustment sets S Ď xMi as in (2.11), sample one set S from

the candidate sets if | pBiptq| ě 2, and construct the weighted version of UCBs to choose

the intervention for the next round. The procedure is summarized in Algorithm 2.1. In

practice, estimated regression neighborhoods and candidate backdoor adjustment sets will

not vary significantly unless we collect enough new data. Therefore, to reduce computation,

we update them every κ iterations.

Algorithm 2.1 BA-UCB for Gaussian DAGs

Input: Observational data Dop0q of size n0, parameters c, c3, n,m, κ, rounds T .
1: for t “ 0, ¨ ¨ ¨ , T ´ 1 do
2: if there is a node i which has been intervened less than r

c3 log t`1
m

s times then
3: Choose intervention node At`1 “ i;
4: else
5: for i “ 1, ¨ ¨ ¨ , p ´ 1 do
6: if t ” 0 pmod κq then

7: Estimate the regression neighborhood xMi from Doptq;

8: Identify candidate adjustment sets pBi “ argminSĎxMi
dp0, CIipt, Sqq;

9: Sample set S from pBi, calculate µ̂i,obspt, Sq and σ̂i,obspt, Sq as in (2.8);
10: Calculate estimates µ̂ipt, Sq, σ̂2

i pt, Sq as in (2.12);

11: At`1 “ argmaxitµ̂ipt, Sq ` σ̂ipt, Sqc
?
log tu;

12: Generate m data points under intervention At`1 and n observational data.

13: Update µ̂i,intpt ` 1q and yVarpµ̂i,intpt ` 1qq as in (2.7).

Output: Final intervention AT and estimated reward µ̂˚.
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Remark 2.1. According to Rule 2 of do Calculus by Pearl [28], if XS blocks all backdoor

paths from X to Y , we have P pY |dopX “ xq, XSq “ P pY |X “ x,XSq, i.e., conditioning on

the backdoor adjustment set S, the intervention distribution rY |dopX “ xq, XSs is identical

to the conditional distribution rY |X “ x,XSs. Hence, given a backdoor adjustment set S

for node i, we can perform a single regression Y „ Xi ` XS on both experimental data

under dopXiq and observational data to estimate µi and σ
2
i . Thus, in Algorithm 2.1 Line 9,

we could run one linear regression Y „ Xi ` XS using both experimental data Diptq and

observational data Doptq. In Line 10, we calculate µ̂ipt, Sq and σ̂2
i pt, Sq, as in (2.8) but

with the combined data. This is another way to combine the two types of data to generate

estimates and construct UCBs. However, this single-regression approach exhibits inferior

empirical performance, as shown by the simulation results in Figure 2.3 (Section 2.5.2).

The underlying issue is that when S is not a valid adjustment set, the estimator of µi

from the regression Y „ Xi ` XS can be severely biased, particularly when applied to

experimental data. Consequently, the single-regression estimator based on the pooled dataset

DiptqYDoptq could be very different from both the observational estimator µ̂i,obspt, Sq and the

interventional estimator µ̂i,intptq, even though these two estimators are themselves close. In

contrast, the weighted-average estimator in (2.12) combines the two estimates in a controlled

manner, yielding a more robust estimate µ̂iptq and superior performance in practice.

2.4 Regret analysis

In this section, we provide theoretical analysis on the cumulative regret RT (2.4) of our

proposed BA-UCB algorithm. Since using the same data to identify backdoor adjustment

sets in Line 8 and to construct combined estimates in Line 10 of Algorithm 2.1 complicates

the analysis, we consider sample splitting to simplify the proof. More specifically, we collect

2n0 observational data at the beginning of Algorithm 2.1, 2m experimental data and 2n

observational data at each round in Line 12, and use half of the data to identify candidate
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backdoor adjustment sets in Line 8 and the other half to calculate estimates in Line 10. All

theoretical results in this section are established under this sample-splitting version of Algo-

rithm 2.1. In practice, the algorithm works well without sample splitting, as demonstrated

by the numerical experiments in Section 2.5.

2.4.1 Main results

The underlying model assumptions for Algorithm 2.1 are stated formally in Assumption 2.1.

Assumption 2.1. The random vector X “ pX1, ¨ ¨ ¨ , Xpq satisfies the linear SEM (2.1)

associated with a DAG G.

As explained in Section 2.3.2, we also assume a gap between µipSq for S R Bi and the

true causal effect µi, which is formally stated as Assumption 2.2.

Assumption 2.2 (Identifiability). There exists δ ą 0, such that either |µipSq ´ µi| ě 2δ or

µipSq “ µi, @S P Ni and i P t1, ¨ ¨ ¨ , p ´ 1u.

Remark 2.2. Since we do not need to recover the entire graph, faithfulness assumption is not

required in our work. Note that backdoor adjustment relies only on the recursive factorization

of the joint distribution according to a DAG, which is implied by the SEM in (2.1).

If S satisfies the backdoor criterion, then µipSq identifies the causal effect of Xi on

Y ; in particular, the parent set papiq of Xi always satisfies the backdoor criterion, and

thus µippapiqq is the true causal effect. Under Assumption 2.2, for any S 1 that is not a

valid backdoor adjustment set, there is a gap such that |µipS
1q ´ µippapiqq| ě 2δ. Using

Figure 2.1 as an example, suppose we want to estimate the causal effect of X2 on Y p“ X5q,

i.e. γ2 “ β23β34β45. In this example, the regression neighborhood M2 of X2 consists of its

parent X1 and child X3, and thus N2 “ tH, tX1u, tX3u, tX1, X3uu. Among these subsets,

only tX1u satisfies the backdoor criterion relative to pX2, Y q, i.e., B2 “ ttX1uu. From the

SEM (2.1), the conditional expectations of Y given X2 and different sets in N2 can be derived
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X2 X3 X4 Y

X1

Figure 2.1: An example DAG to illustrate Assumption 2.2.

as follows:

E rY | X2s “ β45

ˆ

β12β14ω
2
1

β2
12ω

2
1 ` ω2

2

` β34β23

˙

X2,

E rY | X1, X2s “ pβ45β14qX1 ` pβ45β34β23qX2,

E rY | X2, X3s “ β45

ˆ

β12β14ω
2
1

β2
12ω

2
1 ` ω2

2

X2 ` β34X3

˙

,

E rY | X1, X2, X3s “ β45 pβ14X1 ` β34X3q .

Then the minimum difference between the true causal effect γ2 “ β23β34β45 and µ2pSq,

S P N2zB2 is

min

"
ˇ

ˇ

ˇ

ˇ

β12β14β45ω
2
1

β2
12ω

2
1 ` ω2

2

ˇ

ˇ

ˇ

ˇ

,

ˇ

ˇ

ˇ

ˇ

β45

ˆ

β12β14ω
2
1

β2
12ω

2
1 ` ω2

2

´ β34β23

˙
ˇ

ˇ

ˇ

ˇ

, |β23β34β45|

*

.

Since the parameters βij are non-zero for directed edges, this difference becomes 0 only when

β12pβ14 ´β23β34β12qω2
1 “ β23β34ω

2
2, a set of measure zero in the parameter space. This shows

the rationale behind the gap 2δ in Assumption 2.2.

To make sure our algorithm works properly, we also need a mild assumption on the

number of observational data for estimation of regression neighborhoods and β̂i in (2.8)

from backdoor adjustment sets. This is stated in Assumption 2.3.

Assumption 2.3. n0 ` nK ě p.

Recall that K “ p ´ 1 in our setting. This assumption is easily satisfied when n0, n ě 1

or n0 ě p. Let s0 denote the maximum of in- and out-degrees among all nodes except the
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reward variable. In fact, if we use Lasso-based neighborhood regression and restrict the search

of candidate backdoor adjustment sets to subsets with cardinality ď s0 for computational

efficiency, then Assumption 2.3 can be relaxed to n0 ` nK ě s0 ` 2.

Recall a few relevant notations introduced earlier in this chapter. The joint distribu-

tion of X defined by the linear SEM (2.1) is N p0,Σq, where Σ “ pI ´ Bq´JΩpI ´ Bq´1,

Ω “ diagpω2
1, ¨ ¨ ¨ , ω2

pq and B “ pβijqpˆp. The distribution of the reward variable Y under

intervention is

Y |dopXi “ xiq „ N pµi, rσ
2
i q,

and the conditional distributions of Y |Xi, XS and Xi|X´i are

Y |Xi, XS „ N
`

µipSqXi ` βJ
SXS, ζ

2
i,S

˘

,

Xi|X´i „ N p
ÿ

j:j‰i

β̄ijXj, σ̄
2
i q.

Let γmin,γmax, and tr denote the smallest eigenvalue, the largest eigenvalue, and the trace

of a matrix, respectively. Let s1 “ maxi |Mi| denote the maximum size of the regression

neighborhood, and s2 “ max
i

|NizBi| be the maximum number of subsets in the regression

neighborhood that do not yield the true causal effect of Xi on Y across all i. Define a few

constants:

rη2 “ max
i

rη2i , where rη2i “ max
SPBi

"

9ζ2i,S
γminpΣq

, σ̃2
i

*

,

rϕ2
“ max

i
max
SPBi

max

#

9ζ2i,S
γminpΣqσ̃2

i

,
25σ̃2

i γmaxpΣq

9ζ2i,S

+

,

ψ2
“ max

i
max

S1PNizBi

max

"

9ζ2i,S1

γminpΣq
, rσ2

i

*

,

α “ min
i

a

γminpΣqβ̄i

12
?
3σ̄i

, where β̄i “ min
j:β̄ij‰0

|β̄ij|,

ℓ0 “ r
9 trpΣq

nγminpΣq
s.

(2.13)

Now we establish a case-dependent upper bound on the cumulative regret of the BA-UCB
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algorithm. Here, “case-dependent” refers to a bound that explicitly depends on the gaps

∆i “ µ˚ ´ µi.

Theorem 2.1. Under Assumptions 2.1, 2.2 and 2.3, the cumulative regret RT of Algo-

rithm 2.1, with parameters c ě 4
?
2rϕ and c3 ě max t64, 32ψ2{δ2u, after T rounds is at

most

log T

˜

20c2

n ` m

ÿ

i:µiăµ˚

rη2i
∆i

`
c3
řK
i“1 ∆i

m

¸

` C3

K
ÿ

i“1

∆i, (2.14)

where C3 ą 0 is a constant that does not depend on T .

See Section 2.7.3.1 for a proof of this theorem. In general, C3 depends on Σ, n0 and n,

and its exact expression is

C3 “ π2

ˆ

s2 `
4

3
`

1

3
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` ℓ0 `

´c3
n

¯2

` 1

`
4K

nα2 exp pα2pn0 ` nℓ0qq
`

36ps1 ` s2 ` K ` 3q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
.

Theorem 2.1 shows the advantage of incorporating observational data into the UCB

framework. The standard UCB algorithm has an upper bound of a similar form, such as in

Theorem 4 of Auer et al. [1], which is

log T

M

˜

256
ÿ

i:µiăµ˚

rσ2
i

∆i

` 8
K
ÿ

i“1

∆i

¸

` const ¨

K
ÿ

i“1

∆i

assumingM data points are generated under each round of intervention. Setting n`m “ M

in the bound (2.14) will result in the same order of the leading term Oplog T {Mq, showing

that observational data, while much less costly, is as useful as experimental data in terms of

reducing the regret for the BA-UCB algorithm. Increasing n, the size of the observational

data in each round, directly reduces this dominating term and thus lower the bound. More-

over, the benefit of having an initial observational dataset is reflected in the constant C3,

which also lowers the cumulative regret.
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In the causal bandit literature, regret analyses typically fall into two categories: gap-

dependent bounds that scale with ∆i, and gap-independent bounds that hold uniformly

over all problem instances. Since our algorithm is developed under Assumption 2.1, some

dependence on the underlying distribution is unavoidable. Nevertheless, in line with the

standard bandit setting, we also derive an upper bound that does not depend explicitly on

the gaps ∆i.

Specifically, assuming all rewards are bounded, i.e., µi P r´1, 1s without loss of generality,

and that the constructed upper confidence bounds are clipped to r´1, 1s accordingly, we

further establish a ∆-independent upper bound on the cumulative regret. While this bound

does not involve ∆i, it may still depend on other problem-specific parameters induced by

the underlying distribution (e.g., through Σ).

Theorem 2.2. Assume µi P r´1, 1s, @i P t1, ¨ ¨ ¨ , p ´ 1u. Then under Assumptions 2.1,

2.2 and 2.3, the cumulative regret RT of Algorithm 2.1, with parameters c ě 4rϕ and c3 ě

max t32, 32ψ2{δ2u, after T rounds is at most

2crη
a

log T min

#

a

pn ` mqKT ` K2n0 ´
?
K2n0

n ` m
,

?
n0 ` nT ´

?
n0

n
1tn ě 1u

+

`
2Kc3 log T

m
` C4,

(2.15)

where C4 is a constant that does not depend on T .

See Section 2.7.3.2 for a proof of this theorem. In general, C4 depends on Σ, n0, m, and

n, and the exact expression is

C4 “ π2

ˆ

2s2 `
7

3
`

1

6
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` 2ℓ0 ` 2
´c3
n

¯2

` 2K

`
8K

nα2 exp pα2pn0 ` nℓ0qq
`

72ps1 ` s2 ` K ` 3q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
.
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2.4.2 Implications

To better understand how observational data can benefit the sequential decision process, we

take a closer look at (2.15). Since T is usually much larger than K, the first term in (2.15)

is the leading term. If n0 is large relative to T , more specifically n0 ě T pn ` mq, we have

a

pn ` mqKT ` K2n0 ´
?
K2n0

n ` m
“

?
K2n0

n ` m

˜

d

1 `
pn ` mqT

Kn0

´ 1

¸

ď
T

2
?
n0

ď
1

2

c

T

n ` m
,

where the first inequality is due to p1 ` xq1{2 ď 1 ` x{2 for x ą 0. In this case, the leading

term of the cumulative regret is Op
a

T log T {pn ` mqq, which does not depend on K and

decreases with the total number 2pm ` nq of experimental and observational data collected

at each round. The cumulative regret of a standard UCB algorithm that generates 2pn`mq

experimental data at each round is Op
a

KT log T {pn ` mqq. This shows that by using a

large prior observational data with backdoor adjustment, we reduce the regret substantially

by a factor of Op
?
Kq and remove its dependency on the action set size K. Moreover, the

value of observational data generated at each round is comparable to that of experimental

data in terms of minimizing the cumulative regret.

If n0 is small relative to T , since
?
x ` a ´

?
x ď

?
a when a ą 0, the leading term

in (2.15) is bounded by the minimum between Op
a

KT log T {pn ` mqq and Op
a

T log T {nq.

In general, it is cheaper to generate observational data than experimental data and thus m{n

is often chosen to be small, say m{n ď 1. Therefore, for many problems, we expect to have

K ą 1 ` m{n and in this case the leading term of (2.15) is Op
a

T log T {nq, which does not

depend on K either. If the action set is large, i.e., K " 1 ` m{n, then the BA-UCB bound

Op
a

T log T {nq `OpK log T {mq will be much smaller than the bound of the standard UCB

Op
a

KT log T {pn ` mqq discussed above, under the typical setting that T " K2 log T .

In summary, as long as we collect enough observational data with either a large initial n0
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or during the bandit process (n ě 1), we can relax the dependence of the upper bound (2.15)

for the cumulative regret on the number of arms K, and substantially reduce the order of

the cumulative regret bound compared to the traditional MAB algorithms.

The regret analysis demonstrates the advantage of the BA-UCB algorithm using obser-

vational data for the causal bandit problem. With backdoor adjustment, observational data

can be used to estimate the causal effects of all arms simultaneously, which substantially re-

laxes the dependence of the cumulative regret on the number of arms. Note that, even with a

sufficiently large amount of observational data, one can at most recover the equivalence class

of a DAG, represented by a completed partially directed acyclic graph (CPDAG). In the

Gaussian case, however, one cannot reduce the action set given a CPDAG to a small subset

of the nodes in general. Thus, our approach is fundamentally different from the existing

works [22, 24] that use prior data or knowledge to reduce the action set before a sequential

bandit algorithm.

2.4.3 Proof outline

Complete proofs of Theorem 2.1 and 2.2 can be found in Section 2.7. Here, we give an

outline of the main steps of the proofs.

We first establish case-dependent and ∆-independent upper bounds on the cumulative

regret assuming the underlying causal DAG is given. When the graph structure is given, a

valid adjustment set of each node i is its parent set papiq, which is used to generate esti-

mates of causal effects from observational data in our BA-UCB algorithm. Then the central

component is to show the concentration of the estimated mean µ̂ipt, papiqq and variance

σ̂2
i pt, papiqq in (2.12) around their expectations. By applying certain tail bounds, we control

the deviation probabilities of these estimators after a sufficiently large number of rounds

(i.e., t is large). Given the gaps ∆i between the optimal and suboptimal arms, together

with the concentration properties of the estimators, we can upper bound the probability

PpAt “ iq for each sub-optimal arm i for a large enough t, leading to a finite upper bound
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on the cumulative regret.

When the DAG structure is unknown, the regret analysis proceeds as above once valid

backdoor adjustment sets have been identified. Conditional on a valid adjustment set, the

cumulative regret bound coincides with that in the known-DAG scenario. Let Spi, tq denote

the sampled adjustment set for node i at time step t in Algorithm 2.1 Line 9. The main

additional challenge lies in bounding the probability that the algorithm fails to identify a

valid adjustment set at a given round, i.e., PpSpi, tq R Biq. Such an error may arise from

inaccurate estimation of the regression neighborhood in Line 7 and incorrect identification

of candidate backdoor adjustment sets in Line 8. And we can control the error by bounding:

(i) PpxMi ‰ Miq, (ii) Pp0 R CIipt, papiqqq, and (iii) Pp0 P CIipt, S
1q for some S 1 P NizBiq.

Under the Gaussian linear SEM (2.1), we show that for each i, the estimated neighbor set

xMi satisfies P
`

xMi ‰ Mi

˘

“ Opt´2q, provided that the observational sample size Noptq grows

at least on the order of log t. This result follows from Gaussian concentration inequalities

for the t-statistics in linear regression and a union bound across all variables. Once Mi

is recovered, the probability that Spi, tq in Line 9 does not belong to the family of valid

backdoor adjustment sets Bi can be upper bounded using the concentration properties of

the difference µ̂i,obspt, Sq ´ µ̂i,intptq in (2.10). More specifically, we show that

P p0 P CIipt, Sqq ď Opt´2
q, @S P NizBi,

P p0 R CIipt, Sqq ď Opt´2
q, @S P Bi,

provided that the sample sizes Niptq and Noptq both grow at least on the order of log t.

Combining the error bounds of the three events, we arrive at PpSpi, tq R Biq “ Opt´2q, and

hence
ř8

t“1 PpSpi, tq R Biq is finite. Therefore, the increase in the cumulative regret due to

these errors is bounded by a constant, and the dominant term in the regret bound remains

the same as in the DAG-known case.
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2.5 Numerical experiments

In this section, we evaluate the empirical performance of the BA-UCB algorithm (without

sample splitting) through simulation. In our main experiments, we compare BA-UCB with

three competing methods: the standard UCB, the central node (CN) - UCB [22], and the

Bayesian backdoor bandit (BBB)- UCB [25].

2.5.1 Simulation settings

We simulate DAGs with the number of nodes p P t10, 20, 30, 50u. To generate a Gaussian

DAG, we randomly generate a DAG using the function random.graph in the bnlearn pack-

age, sample coefficients βij from r´1,´0.5s Y r0.5, 1s for i P papjq and standard deviations

ωi from r
?
0.2,

?
0.5s, and normalize each variable to have unit variance. We set maximum

in-degree to be 3 and choose the last variable in the topological sort as the reward variable

Y to minimize the number of trivial arms. In each simulation, we randomly generated 100

Gaussian DAGs, ran each bandit algorithm 5 times on each DAG with T “ 5000 time steps,

and recorded the average cumulative regrets.

Since the average execution time of BBB-UCB was 8.2 seconds for each iteration on a

Gaussian DAG with 10 nodes, it is prohibitive to run it for 5000 time steps on 100 Gaussian

DAGs. So for p “ 10, we directly used the Gaussian DAGs and the corresponding simulation

results provided by Huang and Zhou [25], available at https://github.com/jirehhuang/bcb.

Since the computation time increases exponentially with the number of nodes, we exclude

BBB-UCB from our comparison for p ě 20.

The CN-UCB algorithm was proposed for discrete network settings, aiming to first iden-

tify the parents of the reward variable and then restrict the action set of UCB to the identified

parent nodes. To mimic the mechanism under Gaussian settings, we first apply the PC algo-

rithm [29] to identify neighbors of the reward variable Y using observational data, where a

neighbor of Xi could be a parent (Xi Ñ Y ) or be connected via an undirected edge (Xi´Y ),
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as the PC algorithm in general learns a partially directed acyclic graph. Then, we apply

the UCB algorithm with these identified neighbors as the arms. The significance level of the

PC algorithm for conditional independence test was set to α “ 0.1, which is slightly higher

than the common cutoff of 0.05, so that true neighbors are less likely to be missed. Each

node was intervened on at least 5 times at the beginning to allow the UCB algorithm to

accumulate enough data. Note that, unlike discrete settings, the optimal intervention with

the largest causal effect may not be a parent node of the reward under Gaussian settings.

Consequently, the performance of this procedure depends on whether the optimal arm is in

papY q.

For our BA-UCB algorithm, we chose τ “ 1{
a

Noptq as the threshold for p-values when

estimating the regression neighborhood through linear regression. After several trials, we

set c “ c2 “ 1{
?
2 for all settings, where c and c2 are the constants in (2.5) and (2.10),

respectively. To reduce computational cost, we only considered tS P pNi : |S| ď 3u in the

identification of candidate backdoor adjustment sets in Algorithm 2.1. We estimated the

regression neighborhood Mi, calculated pBi, and updated the estimates from observational

data every κ steps, where κ “ 20, 50, 100, 200 for p “ 10, 20, 30, 50, respectively, so that

the computation time of 5000 iterations was under 5 minutes for all settings. The numerical

results were all generated on a macOS system with M1 chip, 8-core CPU, and 16GB memory.

2.5.2 Simulation results of BA-UCB

In this subsection, we present simulation results to evaluate different aspects of the BA-UCB

algorithm. We begin with the setting where the true graph is given, which highlights the

benefit of information sharing through observational data. We then compare two estimation

approaches, i.e., the single regression versus weighted average (see Remark 2.1), and show

that the empirical performance of the weighted average approach is better. Finally, we assess

whether observational and experimental estimates are consistent and whether the combined

estimate converges to the true reward, and validate the design of our algorithm by showing
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the accuracy in identifying a true adjustment set.

2.5.2.1 Results when the true DAG is given

To highlight the benefit of having observational data, we examined the special case in which

the underlying graph is given, for example through domain knowledge. In this setting, we

ran our BA-UCB algorithm using the parent set of a node as the backdoor adjustment set

and compared it to the standard UCB algorithm. For a fair comparison, BA-UCB collected

n “ 5 observational samples and m “ 5 experimental samples per round, starting with no

prior data, whereas UCB collected m “ 10 experimental samples per round. Each variable

was intervened upon at least once in both algorithms to ensure proper initialization. We

recorded the median cumulative regret across five runs of each generated graph and reported

the average over 100 random DAGs in Figure 2.2.

As shown in Figure 2.2, BA-UCB effectively avoids being trapped in sub-optimal arms and

achieves much smaller empirical cumulative regret very quickly, while using the same total

number of collected samples as the standard UCB algorithm. Moreover, the performance

gap widens as the graph size p increases, highlighting the efficiency of information sharing

through observational data. Here, information sharing refers to the fact that, via valid

backdoor adjustment, observational data can simultaneously inform the estimation of causal

effects across all arms. As the number of arms grows, this information sharing becomes

increasingly valuable, resulting in higher efficiency gains for BA-UCB in larger graphs.

2.5.2.2 Single regression vs. weighted average estimates

Hereafter, we assume the underlying DAG is unknown for all numerical results. We com-

pare BA-UCB with estimates constructed by the single regression approach described in

Remark 2.1 and by the weighted average as in (2.12). The two approaches only differ in

the way to combine observational and experimental data for constructing upper confidence
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Figure 2.2: Comparison of empirical cumulative regrets over 3000 time steps between the BA-UCB and standard UCB
algorithms when DAG is given for p “ 10, 20, 30.

bounds. Given a backdoor adjustment set, the single regression approach runs one linear

regression with observational data and experimental data combined together, in contrast to

the weighted average of separate estimates from the two sources of data as in Line 10 of

Algorithm 2.1.

In the simulations, both approaches used m “ n “ 5, a minimum intervention time

of 1 for each arm, and 20 initial experimental samples per arm. The number of initial

observational samples was set to n0 “ 180, 380, 580 for p “ 10, 20, 30, respectively. For each

generated graph, we reported the median cumulative regret over five runs and averaged the

results across 100 random DAGs.

As shown in Figure 2.3, the weighted-average approach consistently achieves lower cu-

mulative regret than the single-regression approach across all graph sizes considered. In BA-

UCB, adjustment sets are identified based on the criterion that the observational estimate

µ̂i,obsptq obtained using a candidate set as in (2.8) is close to the corresponding interven-

tional estimate µ̂i,intptq as in (2.7). However, this does not guarantee that the identified set

is a valid backdoor adjustment set, especially at the early stage of the algorithm. When an

invalid adjustment set is selected, it is still possible for both µ̂i,obsptq and µ̂i,intptq to remain

close to each other, and to the true causal effect µi, so that the weighted-average estimator

remains accurate.
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Figure 2.3: Comparison of empirical cumulative regret over T “ 5000 time steps for BA-UCB on DAGs of p “ 10, 20, 30.
BAUCB-lm uses estimates from the single linear regression and BAUCB uses weighted average.

In contrast, the single-regression approach relies directly on the identified adjustment set

when estimating the causal effect. If the selected adjustment set S is invalid, the regression

Y „ Xi ` XS fitted on the combined data Doptq Y Diptq can yield estimates that devi-

ate substantially from both µ̂i,obsptq and µ̂i,intptq, leading to inferior empirical performance.

By decoupling experimental estimate µ̂i,intptq from adjustment set selection, the weighted-

average approach is therefore more robust to adjustment set mis-specification. Consequently,

for the subsequent results, we only focus on the weighted average approach.

2.5.2.3 Consistency of optimal arm estimation

To assess whether BA-UCB behaves as designed, we examined the consistency of the es-

timated reward for the optimal arm by analyzing the results from the simulations in Sec-

tion 2.5.2.2. Specifically, we evaluated whether the observational estimate µ̂˚
obsptq and the

interventional estimate µ̂˚
intptq, defined in (2.8) and (2.7), converge over time, and whether

the combined estimator µ̂˚ptq in (2.12) converges to the true optimal reward µ˚ as t increases.

Figure 2.4 summarizes estimation accuracy for the optimal arm. In both panels, the

median error decreases steadily over time, indicating that observational and experimental

estimates become increasingly aligned and that the estimated reward converges toward the

true reward value. This behavior is consistent with improved identification of backdoor ad-
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Figure 2.4: Estimation accuracy of the optimal arm over time. The left panel shows the absolute difference between reward
estimates based on observational and experimental data, while the right panel reports the absolute difference between the
estimated reward and the true value. The box-plots summarize results across 100 randomly generated DAGs with p “ 10.

justment sets and leads to diminishing simple regret as the algorithm progresses. Outliers

observed at early stages are expected, as adjustment set identification is noisy when limited

data are available. Outliers observed at later stages can be attributed to the simulation

design, which enforces only a small minimum number of experimental samples. Specifically,

each arm is required to have at least 25 experimental samples, consisting of 20 initial ex-

perimental samples and at least one intervention round (Line 2 in Algorithm 2.1), which

contributes m “ 5 additional samples. Increasing the minimum intervention time is ex-

pected to enable more reliable identification of backdoor adjustment sets and more accurate

estimation of the optimal reward.

To evaluate the accuracy of adjustment set identification, we recorded the frequency of the

sampled adjustment set for the optimal arm being a true adjustment set over 5 independent

runs and 100 graphs at each time step. Figure 2.5 reports this average identification rate over

time. An identified adjustment set is regarded as correct if |µipSq ´ µi| ă 0.01, where µipSq

is defined in (2.9). Figure 2.5 shows a clear increasing trend over time for all graph sizes

p, demonstrating that BA-UCB progressively improves its identification of valid adjustment

sets as more data are collected. Nevertheless, because BA-UCB chooses an adjustment set

even when the confidence interval CIipt, Sq in (2.10) does not cover 0, incorrect adjustment

sets may still be selected, especially at early stages.
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Figure 2.5: Average identification rate of a correct adjustment set for the optimal arm at each time step. Solid curves are
smoothing averages with a 100-step window for better visualization.

2.5.3 Comparison with other algorithms

In this subsection, we compare our BA-UCB algorithm with existing causal bandit algo-

rithms, including BBB-UCB, CN-UCB, and the standard UCB. We first present results for

small graphs with p “ 10 to illustrate the differences in performance and computational cost

across methods. We then move to larger graphs with p “ 20, 30, 50, excluding BBB-UCB due

to its high computational cost. These comparisons demonstrate that BA-UCB attains con-

sistently lower regret than UCB and CN-UCB, while offering substantially greater scalability

than BBB-UCB.

Recall that n0 is the number of initial observational data, n is the number of observational

data collected at each round, and m is the number of experimental data collected at each

round. In the comparison on small graphs with p “ 10, the results of the BBB-UCB

algorithm were generated with n0 “ 320 and m “ 1. We chose n0 “ 320 and n “ m “ 1

for our BA-UCB algorithm, under which our algorithm took much less time than the BBB-

UCB algorithm for T “ 5000 steps. For the CN-UCB algorithm, we set n0 “ 320 and

m “ 2. For the UCB algorithm, we collected 4 experimental data from each arm at the
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Figure 2.6: Comparison of empirical cumulative regret over T “ 5000 time steps among the BA-UCB, BBB-UCB, CN-UCB,
and UCB algorithms on DAGs with p “ 10.

beginning, i.e., 36 initial experimental data in total, before incurring regrets, and set m “ 2

for each round. Assuming the cost of collecting experimental data is around 10 times the

cost of observational data, the initial cost of the UCB algorithm was comparable to that

of the other three algorithms. Note that m “ 2 experimental data were simulated at each

round of CN-UCB and UCB, while we only generated m “ 1 experimental data and n “ 1

observational data for our BA-UCB algorithm. While these three algorithms collected the

same number of data points at each round, the comparison setting here is in favor of the

CN-UCB and the UCB algorithms because experimental data are much more informative

and also more expensive than observational data.

As shown in Figure 2.6, our BA-UCB algorithm achieved a much lower average cumula-

tive regret than the standard UCB algorithm and the CN-UCB algorithm. CN-UCB is seen

to have poor performance because for 22 of the 100 Gaussian DAGs, the optimal arm deos

not correspond to intervention on a parent node of the reward variable. BBB-UCB achieved

excellent performance at the cost of significantly higher computation time and resources.

More specifically, BBB-UCB required exact computation of the parent set posterior proba-

bilities at each time step, of which the complexity is Opp ¨ 3pq. This is not feasible even for

a moderate p ě 20.
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Figure 2.7: Comparison of empirical cumulative regret over 5000 time steps among BA-UCB, CN-UCB, and UCB algorithms
for p “ 20, 30, 50. The top panel reports the cases where the optimal arm is not a parent of the reward variable and the lower
panel reports the cases where the optimal arm is a parent of the reward variable.

Since the BBB-UCB algorithm does not scale well with p, we excluded it from our next

comparison for p “ 20, 30, 50. The parameters were set as n0 “ 100 and m “ n “ 1 for

BA-UCB; n0 “ 5100 and m “ 1 for CN-UCB; m “ 2 for UCB after a burning period of

the first 50 steps. Note that the total number of data generated was the same for all three

algorithms over T “ 5000 steps. Since observational data are much cheaper to generate,

BA-UCB and CN-UCB would be much less costly than the UCB algorithm in practical

applications. Given that the performance of CN-UCB strongly depends on whether or not

the optimal intervention is on a parent node of the reward variable, we report the results for

these two different scenarios separately in Figure 2.7.

It is seen from Figure 2.7 that the BA-UCB algorithm outperforms uniformly the UCB

algorithm across all scenarios. The cumulative regrets for both algorithms, as well as the

difference between the two, increase as p increases. The CN-UCB algorithm is identical

to the standard UCB algorithm but with a reduced set of nodes for intervention, which is

usually much smaller than p. When the optimal arm indeed corresponds to intervention on a

parent of the reward variable, it is not surprising that CN-UCB outperforms our method as
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shown in the lower panel of the figure. However, in practice, one cannot guarantee that this

is always the case. As reported in the top panel, the CN-UCB algorithm shows substantially

inferior performance when the optimal arm is not an intervention on a parent node, and in

such cases the cumulative regret increases linearly.

2.6 Discussion

In this chapter, we studied the causal bandit problem under the setting of Gaussian DAGs.

Without assuming any prior knowledge about the underlying DAG structure, we proposed

the BA-UCB algorithm which identifies candidate adjustment sets using estimates from both

observational and experimental data. These candidate sets are used to construct weighted

upper confidence bounds for making sequential decisions. The reason for updating adjust-

ment sets along with more interventions is that the structure of a DAG cannot be fully

recovered even with a sufficiently large number of observational data due to Markov equiva-

lence. Therefore, our approach is fundamentally different from other existing works that use

prior data or knowledge to reduce the action set before a sequential bandit algorithm.

Our worst case upper bound on the cumulative regret is proven to be of the order

Op
a

T log T {pn ` mqq with a large number of initial observations, which does not depend

on the size of action set and decreases with the number of data collected at each round.

Empirical study shows that the cumulative regret of our algorithm is smaller than the UCB

and the CN-UCB algorithms, especially when the optimal arm is not a parent of the reward.

Moreover, it is much more scalable with the graph size than the BBB-UCB algorithm.
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2.7 Appendix

2.7.1 Some general bounds

Definition 2.1. If each xi P Rp is drawn independently from N p0,Σq, then the random

matrix X P Rnˆp, with xJ
i as its ith row, is said to be drawn from the Σ-Gaussian ensemble.

Lemma 2.1. Let X P RNoptqˆp be drawn according to the Σ-Gaussian ensemble with Σ ą 0.

For any i P V “ t1, ¨ ¨ ¨ , pu and any S Ď V ztiu, let Xi,S “ rXi | XSs and ρipt, Sq “
„

´

XJ
i,SXi,S

Noptq

¯´1
ȷ

i,i

, then

˜

a

Noptq

σmaxpXq

¸2

ď ρipt, Sq ď

˜

a

Noptq

σminpXq

¸2

.

Further, when Noptq ě max
!

9 trpΣq

γminpΣq
, p
)

,

P
ˆ

ρipt, Sq ě
9

γminpΣq
, for some i P V and S Ď V ztiu

˙

ď P

˜

σminpXq
a

Noptq
ď

1

3
γminp

?
Σq

¸

ď exp

ˆ

´
Noptq

18

˙

,

P
ˆ

ρipt, Sq ď
9

25γmaxpΣq
, for some i P V and S Ď V ztiu

˙

ď P

˜

σmaxpXq
a

Noptq
ě

5

3
γmaxp

?
Σq

¸

ď exp

ˆ

´
Noptq

18

˙

.

(2.16)

Proof. From Cauchy interlacing theorem, for all i P V and all S Ď V ztiu,

ρipt, Sq “

»

–

˜

XJ
i,SXi,S

Noptq

¸´1
fi

fl

i,i

ď γmax

»

–

˜

XJ
i,SXi,S

Noptq

¸´1
fi

fl “

«

γmin

˜

XJ
i,SXi,S

Noptq

¸ff´1

ď

„

γmin

ˆ

XJX

Noptq

˙ȷ´1

“

˜

a

Noptq

σminpXq

¸2

.
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Theorem 6.1 in [30] states that: Let X P Rnˆd be drawn according to the Σ-Gaussian

ensemble. Then for all δ ą 0, the maximum singular value σmaxpXq satisfies the upper

deviation inequality

P

«

σmaxpXq
?
n

ě γmaxp
?
Σqp1 ` δq `

c

trpΣq

n

ff

ď e´nδ2{2.

Moreover, for n ě d, the minimum singular value σminpXq satisfies the analogous lower

deviation inequality

P

«

σminpXq
?
n

ď γminp
?
Σqp1 ´ δq ´

c

trpΣq

n

ff

ď e´nδ2{2.

Since Noptq ě
9 trpΣq

γminpΣq
, choose δ “ 2

3
´

b

trpΣq

NoptqγminpΣq
ě 1

3
, then

P

˜

σminpXq
a

Noptq
ď

1

3
γminp

?
Σq

¸

ď exp

ˆ

´
Noptqδ

2

2

˙

ď exp

ˆ

´
Noptq

18

˙

.

Similarly, for all i P V and S Ď V ztiu,

ρipt, Sq ě

˜

a

Noptq

σmaxpXq

¸2

,

and

P

˜

σmaxpXq
a

Noptq
ě γmaxp

?
Σqp1 ` δq `

d

trpΣq

Noptq

¸

ď exp
`

´Noptqδ
2
{2
˘

.

Let δ “ 2
3

´

b

trpΣq

NoptqγmaxpΣq
ě 1

3
, then

P

˜

σmaxpXq
a

Noptq
ě

5

3
γmaxp

?
Σq

¸

ď exp

ˆ

´
Noptq

18

˙

.
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Remark 2.3. Lemma 2.1 applies to not only ρipt, Sq. In fact, when X is drawn from a

Σ-Gaussian ensemble with Σ ą 0, we can similarly prove the following results:

P

¨

˝

«

ˆ

XJ
SXS

Noptq

˙´1
ff

j,j

ě
9

γminpΣq
, for some S Ď V and j P S

˛

‚ď exp

ˆ

´
Noptq

18

˙

,

P

¨

˝

«

ˆ

XJ
SXS

Noptq

˙´1
ff

j,j

ď
9

25γmaxpΣq
, for some S Ď V and j P S

˛

‚ď exp

ˆ

´
Noptq

18

˙

.

Lemma 2.2. If X „ χ2
n, then

PpX ě 5n{2q ď exp p´n{4q ,

PpX ď n{3q ď exp p´n{9q .

Proof. From Lemma 1 in [31],

P
`

χ2
n ´ n ě 2

?
n

?
x ` 2x

˘

ď e´x,

P
`

χ2
n ´ n ď ´2

?
n

?
x
˘

ď e´x.

Let x “ n
4
and x “ n

9
respectively, then P pχ2

n ě 5n{2q ď e´n{4 and P pχ2
n ď n{3q ď e´n{9.

Lemma 2.3. If X „ tn, then for any δ ą 0,

Pp|X| ě δq ď 2e´δ2{4
` e´n{16.

Proof.

Pp|X| ě δq “ P

˜

|N p0, 1q|
a

χ2
n{n

ě δ

¸

ď P p|N p0, 2q| ě δq ` P
`

χ2
n ď n{2

˘

.
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From Lemma 1 in [31], P pχ2
n ´ n ď ´2

?
n

?
xq ď e´x. Let x “ n{16, then

Ppχ2
n ď n{2q ď expp´n{16q.

Combined with Gaussian tail probability bound, we have

Pp|X| ě δq ď 2 expp´δ2{4q ` expp´n{16q.

2.7.2 When the underlying DAG is given

When the DAG is given, the parent set of each node Xi satisfies the backdoor criterion

relative to pXi, Y q. So Algorithm 2.1 can be reduced to the algorithm below.

Algorithm 2.2 Combined-UCB for Gaussian Causal Bandits (DAG given)

Input: DAG G, Observational data D0, parameters m, n, c, c3, rounds T .
for t “ 1, ¨ ¨ ¨ , T do

if There is a node i which has been intervened less than r
c3 log t
n`m

s times then
Choose intervention node At “ i;

else
Calculate µ̂ipt ´ 1, papiqq and σ̂ipt ´ 1, papiqq for each i P t1, ¨ ¨ ¨ , Ku;

Choose intervention nodeAt P argmax
iPt1,...,Ku

!

µ̂ipt ´ 1, papiqq ` σ̂ipt ´ 1, papiqqc
a

logpt ´ 1q

)

.

Sample m data points under intervention At`1 and n observational data.

Output: Optimal intervention AT and estimated reward µ̂˚.

Define the following constants:

ϕ2
“ max

1ďiďK
max

"

9ζ2i
γminpΣqσ̃2

i

,
25σ̃2

i γmaxpΣq

9ζ2i

*

, where ζ2i “ ζ2i,papiq,

η2 “ max
i
η2i , where η

2
i “ max

"

9ζ2i
γminpΣq

, σ2
i

*

,

ℓ0 “ r
9 trpΣq

nγminpΣq
s.
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The theoretical results on the cumulative regret are summarized in the following theorems.

2.7.2.1 Case-dependent bound

Theorem 2.3. Under Assumptions 2.1 and 2.3, the cumulative regret RT of Algorithm 2.2

with parameters c ě 4
?
2ϕ and c3 ě 64, after T rounds is at most

log T

˜

20c2

n ` m

ÿ

i:µiăµ˚

η2i
∆i

`
c3
řK
i“1 ∆i

n ` m

¸

` C1

˜

K
ÿ

j“1

∆j

¸

, (2.17)

where C1 “ ℓ0 ` 1 ` π2

3

`

1 ` exp
`

´n0´s0´2
16

˘˘

` 36
n
exp

`

´n0`nℓ0
18

˘

.

Proof. The key idea of the proof follows the proof of Theorem 4 in Auer, Cesa-Bianchi,

and Fischer [1]. Denote the optimal intervention node as a˚, with parent set pa˚. Let

ct “ c
?
log t, n˚ptq be the times of round that the optimal intervention is picked, pµ˚

uptq be

the estimated mean rewards pµ˚pt, pa˚q for the optimal intervention when n˚ptq “ u, pµi,uiptq

be the estimated mean rewards pµipt, paiq for any arm i when niptq “ ui, similarly for pσ.

Then we have

nipT q “

T
ÿ

t“1

1 tAt “ iu ď ℓ `

T
ÿ

t“ℓ`1

1 tAt “ i, nipt ´ 1q ě ℓu

ď ℓ `

T´1
ÿ

t“ℓ

1tpµ˚
ptq ` pσ˚

ptqct ď pµiptq ` pσiptqct, nipt ´ 1q ě ℓu

ď ℓ `

T´1
ÿ

t“ℓ

1

"

min
1ďuďt

pµ˚
uptq ` pσ˚

uptqct ď max
ℓďuiďt

pµi,uiptq ` pσi,uiptqct

*

ď ℓ `

T´1
ÿ

t“ℓ

t
ÿ

u“1

t
ÿ

ui“ℓ

1 tpµ˚
uptq ` pσ˚

uptqct ď pµi,uiptq ` pσi,uiptqctu .
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When pµ˚
uptq ` pσ˚

uptqct ď pµi,uiptq ` pσi,uiptqct, i.e.,

0 ď pµi,uiptq ` pσi,uiptqct ´ ppµ˚
uptq ` pσ˚

uptqctq

“ pµi,uiptq ´ µi ` µi ´ pσi,uiptqct ` 2pσi,uiptqct ` µ˚
´ µ˚

´ pµ˚
uptq ´ pσ˚

uptqct

“ ppµi,uiptq ´ µi ´ pσi,uiptqctq ` pµi ` 2pσi,uiptqct ´ µ˚
q ` pµ˚

´ pµ˚
uptq ´ pσ˚

uptqctq ,

then at least one of the following three events must happen

pµi,uiptq ´ µi ´ pσi,uiptqct ě 0,

µi ` 2pσi,uiptqct ´ µ˚
ě 0,

µ˚
´ pµ˚

uptq ´ pσ˚
uptqct ě 0.

Therefore,

nipT q ďℓ `

T´1
ÿ

t“ℓ

t
ÿ

u“1

t
ÿ

ui“ℓ

”

1 tpµ˚
uptq ď µ˚

´ pσ˚
uptqctu

` 1 tpµi,uiptq ě µi ` pσi,uiptqctu ` 1 tµ˚
ă µi ` 2pσi,uiptqctu

ı

.

Therefore

E rnipT qs ďℓ `

T´1
ÿ

t“ℓ

t
ÿ

u“1

t
ÿ

ui“ℓ

”

P ppµ˚
uptq ď µ˚

´ pσ˚
uptqctq

` P ppµi,uiptq ě µi ` pσi,uiptqctq ` P pµ˚
ă µi ` 2pσi,uiptqctq

ı

.

(2.18)

In what follows, we bound the three parts in (2.18), which provide an upper bound on

ErnipT qs for i ‰ a˚. Then this translates into a bound on RT “
ř

i∆iErnipT qs. Denote

s “ |papiq|, s0 “ max
i

|papiq|.

(a) Bound on P pµ˚ ă µi ` 2pσi,uiptqctq.

39



For the last part in (2.18), denote s “ |papiq|, then

P pµ˚
ă µi ` 2pσi,uiptqctq “ P

ˆ

pσ2
i,ui

ptq ą
∆2
i

4c2 logptq

˙

,

where

pσ2
i,ui

ptq “
pn0 ` ntq2yVarpµ̂i,obsptqq ` pmuiq

2
yVarpµ̂i,intptqq

pn0 ` nt ` muiq2
,

where yVarpµ̂i,intptqq and yVarpµ̂i,obsptqq are defined in equations (2.7) and (2.8) respectively.

From Gaussian sample variance,

yVarpµ̂i,intptqq “
s2i,t
Niptq

„
rσ2
i

muipmui ´ 1q
χ2
mui´1.

From Gaussian linear regression,

yVarpµ̂i,obsptqq “
1

n0 ` nt
ρipt, papiqqpζ2i ptq,

pζ2i ptq “
}Y ´ Xiβ̂i ´ Xpapiqβ̂papiq}

2

Noptq ´ s ´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

Xi,papiq „
ζ2i

n0 ` nt ´ s ´ 1
χ2
n0`nt´s´1.

Given the independence of observational data and interventional data, we have

pσ2
i,ui

ptq | Xi,papiq „

”

pn0`ntqρipt,papiqq

n0`nt´s´1
ζ2i χ

2
n0`nt´s´1 `

mui
mui´1

rσ2
i χ

2
mui´1

ı

pn0 ` nt ` muiq2
.

Since t ě ℓ, ui ě ℓ, and let ℓ ě ℓ0 “ r
9 trpΣq

nγminpΣq
s and ℓ ě 2, we have n0`nt

n0`nt´s´1
ď 2 and

mui
mui´1

ď 2. If we define η2i “ maxtρipt, papiqqζ2i , rσ
2
i u, then we have

pn0 ` ntqρipt, papiqq

n0 ` nt ´ s ´ 1
ζ2i χ

2
n0`nt´s´1 `

mui
mui ´ 1

rσ2
i χ

2
mui´1 ď 2η2i χ

2
n0`nt`mui´s´2.
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Therefore,

P
ˆ

pσ2
i,ui

ptq ą
∆2
i

4c2 log t

ˇ

ˇ

ˇ

ˇ

Xi,papiq

˙

ď P
ˆ

χ2
n0`nt`mui´s´2 ą

pn0 ` nt ` muiq
2∆2

i

8c2η2i log t

˙

.

According to Lemma 2.2, when
pn0`nt`muiq

2∆2
i

8c2η2i log t
ě 5

2
pn0 ` nt`mui ´ s´ 2q, i.e., ui ě ℓ ě

20c2η2i log t

pm`nq∆2
i
, we have

P
ˆ

χ2
n0`nt`mui´s´2 ą

pn0 ` nt ` muiq
2∆2

i

8c2η2i log t

˙

ď exp p´pn0 ` nt ` mui ´ s ´ 2q{4q

ď exp p´pn0 ´ s ´ 2 ` pm ` nquiq{4q .

Let ui ě
16 log t
n`m

, then

P
ˆ

χ2
n0`nt`mui´s´2 ą

pn0 ` nt ` muiq
2∆2

i

8c2η2i log t

˙

ď t´4 exp p´pn0 ´ s ´ 2q{4q .

Therefore

P
`

µ˚
ă µi ` 2pσi,uiptqct

ˇ

ˇXi,papiq

˘

ď t´4 exp p´pn0 ´ s0 ´ 2q{4q . (2.19)

(b) Bounds on Pppµi,ui ě µi ` pσi,uictq and P ppµ˚
uptq ď µ˚ ´ pσ˚

uptqctq.

Define ϕ2
i “ mintρipt, papiqqζ2i , rσ

2
i u, then

pn0 ` ntqρipt, papiqq

n0 ` nt ´ s ´ 1
ζ2i χ

2
n0`nt´s´1 `

mui
mui ´ 1

rσ2
i χ

2
mui´1 ě ϕ2

iχ
2
n0`nt`mui´s´2.

Below ignoring t in the notation for simplicity, we have

pµi,ui “
Nopµi,obs ` Nipµi,int

No ` Ni

ˇ

ˇ

ˇ

ˇ

Xi,papiq „ N
ˆ

µi,
Niσ̃

2
i ` Noζ

2
i ρippapiqq

pNi ` Noq
2

˙

,

pσ2
i,ui

ˇ

ˇXi,papiq „

”

Noρippapiqq

No´s´1
ζ2i χ

2
No´s´1 `

Ni

Ni´1
rσ2
i χ

2
Ni´1

ı

pNo ` Niq
2

.
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Therefore,

pµi,ui ´ µi
pσi,ui

ˇ

ˇ

ˇ

ˇ

Xi,papiq „
N p0, 1q

a

Niσ̃2
i ` Noζ2i ρippapiqq

b

Noρippapiqq

No´s´1
ζ2i χ

2
No´s´1 `

Ni

Ni´1
rσ2
i χ

2
Ni´1

.

Then

P
`

pµi,ui ě µi ` pσi,uict
ˇ

ˇXi,papiq

˘

“ P
ˆ

pµi,ui ´ µi
pσi,ui

ě ct

ˇ

ˇ

ˇ

ˇ

Xi,papiq

˙

ď P

¨

˝

ηiN p0, 1q
?
Ni ` No

b

ϕ2
iχ

2
No`Ni´s´2

ě ct

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Xi,papiq

˛

‚

ď P

¨

˝

ηi
?
Ni ` No

ϕi
?
No ` Ni ´ s ´ 2

N p0, 1q
b

χ2
No`Ni´s´2

No`Ni´s´2

ě ct

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Xi,papiq

˛

‚

ď P
ˆ

?
2
ηi
ϕi
tNo`Ni´s´2 ě c

a

log t

ˇ

ˇ

ˇ

ˇ

Xi,papiq

˙

“ P
ˆ

tNo`Ni´s´2 ě
cϕi

?
log t

?
2ηi

ˇ

ˇ

ˇ

ˇ

Xi,papiq

˙

.

According to Lemma 2.3, we have

Pppµi,ui ě µi ` pσi,uict | Xi,papiqq ď exp

ˆ

´
c2ϕ2

i log t

8η2i

˙

`
1

2
exp

ˆ

´
n0 ` nt ` mui ´ s ´ 2

16

˙

ď t´c
2ϕ2i {8η2i `

1

2
exp

ˆ

´
n0 ` nt ` mui ´ s ´ 2

16

˙

.

(2.20)

Since ui ě
64 log t
n`m

, c ě 4
?
2ηi{ϕi, then

Pppµi,ui ě µi ` pσi,uict | Xi,papiqq ď t´4

ˆ

1 `
1

2
exp p´pn0 ´ s0 ´ 2q{16q

˙

. (2.21)

Set minimum intervention times as 64 log t
n`m

, similarly for the optimal arm, when c ě
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4
?
2η˚{ϕ˚, we have

P ppµ˚
uptq ď µ˚

´ pσ˚
uptqct | Xa˚,pa˚q ď t´4

ˆ

1 `
1

2 expppn0 ´ s0 ´ 2q{16q

˙

. (2.22)

Define ϕ2 “ max
i
η2i {ϕ2

i “ max
i

maxt
ρipt,papiqqζ2i

rσ2
i

,
rσ2
i

ρipt,papiqqζ2i
u, V “ t1, 2, ¨ ¨ ¨ , p ´ 1u. Con-

ditioning on Xi,papiq, ρipt, papiqq is a constant. Plugging (2.19)(2.21)(2.22) into (2.18), then

ErnipT q | XV s can be bounded by

ErnipT q | XV s ď ℓ `

T
ÿ

t“ℓ`1

t´2

ˆ

2 ` 2 exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

, (2.23)

where ℓ satisfies:

ℓ ě max

$

&

%

r
20c2

η2i
∆2

i
log t

m ` n
s, r

c3 log t

n ` m
s, r

9 trpΣq

nγminpΣq
s, 2

,

.

-

(2.24)

where c ě 4
?
2ϕ, c3 ě 64.

Averaging over XV , ρipt, papiqq and ρ˚pt, pa˚q can be bounded by Lemma 2.1 in Sec-

tion 2.7.1. In fact, for any t ě r
9 trpΣq

nγminpΣq
s “ ℓ0, we have

P
ˆ

Di P V , ρipt, papiqq ě
9

γminpΣq
or ρipt, papiqq ď

9

25γmaxpΣq

˙

ďP

˜

σminpXq
a

Noptq
ď

1

3
γminp

?
Σq or

σmaxpXq
a

Noptq
ě

5

3
γmaxp

?
Σq

¸

ď2 exp

ˆ

´
n0 ` nt

18

˙

.

(2.25)
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Therefore, we have

T
ÿ

t“ℓ

P
ˆ

Di P V , ρipt, papiqq ě
9

γminpΣq
or ρipt, papiqq ď

9

25γmaxpΣq

˙

ď2
8
ÿ

t“ℓ

exp

ˆ

´
n0 ` nt

18

˙

ď 2

ż `8

ℓ

exp

ˆ

´
n0 ` nt

18

˙

dt ď exp

ˆ

´
n0 ` nℓ

18

˙

36

n

(2.26)

Now re-define

η2i “ maxt
9ζ2i

γminpΣq
, σ̃2

i u,

ϕ2
“ max

i
max

"

9ζ2i
γminpΣqσ̃2

i

,
25σ̃2

i γmaxpΣq

9ζ2i

*

,

and let c ě 4
?
2ϕ, given the conditions on ℓ, the final upper bound of ErnipT qs is

ErnipT qs ď ℓ `

T
ÿ

t“ℓ

t´2

ˆ

2 ` 2 exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` (2.26)

ď 20c2
η2i
∆2
i

log T

n ` m
`
c3 log T

n ` m
`

9 trpΣq

nγminpΣq
` 2 `

π2

3

ˆ

1 ` exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

`
36

n
exp

ˆ

´
n0 ` nℓ0

18

˙

.

(2.27)

Then the upper bound of RT can be expressed as

log T

˜

20c2

n ` m

ÿ

i:µiăµ˚

η2i
∆i

`
c3
řK
i“1 ∆i

n ` m

¸

` C1

˜

K
ÿ

j“1

∆j

¸

, (2.28)

where

C1 “ ℓ0 ` 1 `
π2

3

ˆ

1 ` exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

`
36

n
exp

ˆ

´
n0 ` nℓ0

18

˙

. (2.29)
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2.7.2.2 ∆-independent bound

Theorem 2.4. Assume µi P r´1, 1s, @i P t1, ¨ ¨ ¨ , p ´ 1u. Then under Assumptions 2.1 and

2.3, the cumulative regret of Algorithm 2.2, with parameters c ě 4ϕ and c3 ě 32, after T

rounds is at most

2cη
a

log T min

#

a

pn ` mqKT ` K2n0 ´
?
K2n0

n ` m
,

?
n0 ` nT ´

?
n0

n
1tn ě 1u

+

`
2Kc3 log T

n ` m
` C2

(2.30)

where C2 “ 2ℓ0 ` π2

3
` 2K ` π2

6
exp

`

´n0´s0´2
16

˘

` exp
`

´n0`nℓ0
18

˘

72
n
.

Proof. Let ℓ ě Kr
c3 log T
n`m

s, then for any t ě ℓ ` 1, the optimal arm At is the arm with the

largest upper confidence bound. Let Utpiq “ µ̂ipt, Sq ` σ̂ipt, Sqc
?
log t be the constructed

upper confidence bound of arm i after t rounds. A˚ is the optimal arm, µ˚ is the largest

reward, and all notations with ‹ mean the corresponding quantities for the optimal arm.

Since µi P r´1, 1s and Utpiq P r´1, 1s by construction, then |µi ´ Utpiq| ď 2, @i, t. Therefore,

RT “

T
ÿ

t“1

Erµ˚
´ µAts ď 2ℓ `

ÿ

těℓ`1

Erµ˚
´ Ut´1pAtq ` Ut´1pAtq ´ µAts

ď 2ℓ `
ÿ

těℓ`1

Erµ˚
´ Ut´1pA˚

qs `
ÿ

těℓ`1

ErUt´1pAtq ´ µAts

ď 2ℓ ` 2
T´1
ÿ

t“ℓ

P pµ˚
ą UtpA

˚
qq `

T
ÿ

t“ℓ`1

ErUt´1pAtq ´ µAts.

(2.31)
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According to Lemma 2.1, for any t ě ℓ0 “ r
9 trpΣq

nγminpΣq
s and any Spiq Ď Vztiu, we have

P
ˆ

Di P V , ρipt, Spiqq ď
9

25γmaxpΣq
or ρipt, Spiqq ě

9

γminpΣq

˙

ďP

˜

σminpXq
a

Noptq
ď

1

3
γminp

?
Σq or

σmaxpXq
a

Noptq
ě

5

3
γmaxp

?
Σq

¸

ď2 exp

ˆ

´
n0 ` nt

18

˙

.

Therefore, we have

T
ÿ

t“ℓ

P
ˆ

Di P V , ρipt, papiqq ď
9

25γmaxpΣq
or ρipt, papiqq ě

9

γminpΣq

˙

ď exp

ˆ

´
n0 ` nℓ

18

˙

36

n
.

(2.32)

Note that the set is not restricted to papiq, (2.32) is satisfied for any set Spi, tq that consists

of nodes except Xi and Y .

When c ě 4ϕ and c3 ě 32, and viewing ρipt, papiqq as constants between 9
25γmaxpΣq

and

9
γminpΣq

, by conditioning on Xi,papiq, from (2.20), we have

P pµ˚
ą UtpA

˚
q | Xa˚,pa˚q ď t´2

ˆ

1 `
1

2
expp´pn0 ´ s0 ´ 2q{16q

˙

.

Then

T´1
ÿ

t“K

P pµ˚
ą UtpA

˚
q | Xa˚,pa˚q ď

π2

6

ˆ

1 `
1

2
expp´pn0 ´ s0 ´ 2q{16q

˙

. (2.33)

Let η2 “ maximax
!

9ζ2
i,papiq

γminpΣq
, rσ2

i

)

, ℓ ě ℓ0 “ r
9 trpΣq

nγminpΣq
s, Ta “ tt : At “ a, ℓ ` 1 ď t ď T u,

then

T
ÿ

t“ℓ`1

E pUt´1pAtq ´ µAtq ď
ÿ

aPA

ÿ

tPTa

E pUt´1paq ´ µaq .
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For t ě ℓ, @a P A,

ErUtpaq ´ µa|XV s “ Eppσa|XV qc
a

log t ď c
a

log t
a

Eppσ2
a|XV q

“ c
a

log t

a

Noptqζ2i ρipt, papiqq ` Naptqrσ2
i

Noptq ` Naptq

ď cη

d

log t

Noptq ` Naptq

Since Noptq ` Naptq “ n0 ` nt ` mnaptq ě n0 ` pn ` mqnaptq,

ÿ

aPA

ÿ

tPTa

d

log t

Noptq ` Naptq
ď

ÿ

aPA

ÿ

tPTa

d

log t

n0 ` pn ` mqnaptq
ď

ÿ

aPA

napT q
ÿ

j“0

d

log T

n0 ` pn ` mqj

ď
a

log T
ÿ

aPA

ż napT q

0

1
a

n0 ` pn ` mqj
dj

ď
2
?
log T

n ` m

ÿ

aPA

´

a

n0 ` pm ` nqnapT q ´
?
n0

¯

.

(2.34)

By Cauchy-Schwartz inequality,

ÿ

aPA

a

n0 ` pn ` mqnapT q ď

g

f

f

eK

˜

ÿ

aPA
pn0 ` pn ` mqnapT qq

¸

“
a

pn ` mqKT ` K2n0.

Since Noptq ` Naptq ě Noptq, when n ě 1, we also have

T
ÿ

t“ℓ

d

log t

Noptq ` Naptq
ď

T
ÿ

t“ℓ

c

log t

n0 ` nt
ď
a

log T

ż T

0

1
?
n0 ` nt

dt

“
2
?
log T

n

´

a

n0 ` nT ´
?
n0

¯

.

(2.35)
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In summary, we have

RT ď2ℓ ` cηmin t(2.34), (2.35)u ` 2 ˆ (2.32) ` 2 ˆ (2.33)

ď2ℓ ` 2cη
a

log T min

#

a

pn ` mqKT ` K2n0 ´
?
K2n0

n ` m
,

?
n0 ` nT ´

?
n0

n

+

`
π2

6

ˆ

2 ` exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` exp

ˆ

´
n0 ` nℓ

18

˙

72

n
.

Since ℓ ě Kr
c3 log T
n`m

s and ℓ ě ℓ0,

RT ď 2cη
a

log T min

#

a

pn ` mqKT ` K2n0 ´
?
K2n0

n ` m
,

?
n0 ` nT ´

?
n0

n
1tn ě 1u

+

`
2Kc3 log T

n ` m
` C2,

(2.36)

where

C2 “ 2ℓ0 `
π2

3
` 2K `

π2

6
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙

` exp

ˆ

´
n0 ` nℓ0

18

˙

72

n
. (2.37)

2.7.3 When the underlying DAG is unknown

When the underlying DAG is unknown, we take an additional step to estimate the backdoor

adjustment sets. In this section, we modify the proof for the DAG given setting to get our

final theoretical results.

We adopt a sample-splitting strategy to decouple adjustment set identification from pa-

rameter estimation used to construct upper confidence bounds and select arms. Let Mi

denote the regression neighborhood of a node Xi, Ni denote the collection of all subsets of

Mi, Bi denote the collection of valid adjustment sets for pXi, Y q, and rX denote the observa-

tional data used exclusively for identifying adjustment sets. Also, denote the sampled set S
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in Algorithm 2.1 Line 9 at time step t as Spi, tq for node Xi and S
˚ptq for the optimal arm.

For any S P Ni, let s “ |S|, we have

yVar ppµipt, Sq ´ pµi,intptqq “ yVar ppµipt, Sqq ` yVarppµi,intptqq

“

pζ2i,Sρipt, Sq

Noptq
`

s2i,t
Niptq

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,S

„
ζ2i,Sρipt, Sq

NoptqpNoptq ´ s ´ 1q
χ2
Noptq´s´1 `

rσ2
i

NiptqpNiptq ´ 1q
χ2
Niptq´1,

pµipt, Sq ´ pµi,intptq | rXi,S „ N
ˆ

µipSq ´ µi,
rσ2
i

Niptq
`
ζ2i,Sρipt, Sq

Noptq

˙

.

(2.38)

As displayed (2.10), the confidence intervals CIipt, Sq at round t for µipSq ´ µi are

pµi,obspt, Sq ´ pµi,intptq ˘ c2
a

log t

b

yVarpµ̂i,obspt, Sqq ` yVarpµ̂i,intptqq. (2.39)

We now prove the upper bounds in Theorem 2.1 and Theorem 2.2.

2.7.3.1 Proof of Theorem 2.1

We first introduce and prove some lemmas that form the essential building blocks of the

proof of Theorem 2.1.

Lemma 2.4. Under the same setting of Theorem 2.1 and Assumptions 2.1 and 2.3, with

parameters c2 ě 2
?
3 and c3 ě 18, for any i P V and t,

P
´

0 R CIipt, papiqq

ˇ

ˇ

ˇ

rXi,papiq

¯

ď 3t´2
` exp

ˆ

´
Noptq ´ s0 ´ 1

9

˙

. (2.40)

Proof. Ignoring t for simplicity in notation, we have

P
´

0 R CIippapiqq

ˇ

ˇ

ˇ

rXi,papiq

¯

“ P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pµippapiqq ´ pµi,int
b

yVar ppµippapiqq ´ pµi,intq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ą c2
a

log t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,papiq

˛

‚.
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According to Lemma 2.2 and (2.38), for any S P Ni,

P
ˆ

yVar ppµipSq ´ pµi,intq ď
ζ2i,SρipSq

3No

`
rσ2
i

3Ni

ˇ

ˇ

ˇ

ˇ

rXi,S

˙

ď P
ˆ

χ2
No´s´1 ď

No ´ s ´ 1

3

˙

` P
ˆ

χ2
Ni´1 ď

Ni ´ 1

3

˙

ď exp

ˆ

´
No ´ s ´ 1

9

˙

` exp

ˆ

´
Ni ´ 1

9

˙

.

Since Ni ě c3 log t ` 1, and s “ |papiq| ď s0, let c3 ě 18, then we have

P
´

0 R CIippapiqq

ˇ

ˇ

ˇ

rXi,papiq

¯

ď P
´

|N p0, 3q| ą c2
a

log t
¯

` P

˜

yVar ppµippapiq ´ pµi,intq ď
ζ2i,papiqρippapiqq

3No

`
rσ2
i

3Ni

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,papiq

¸

ď 2 exp

ˆ

´
c22 log t

6

˙

` exp

ˆ

´
No ´ s ´ 1

9

˙

` exp

ˆ

´
Ni ´ 1

9

˙

ď 2t´c
2
2{6

` exp

ˆ

´
n0 ` nt ´ s0 ´ 1

9

˙

` t´2.

Let c2 ě 2
?
3. Then

P
´

0 R CIppapiqq

ˇ

ˇ

ˇ

rXi,papiq

¯

ď 3t´2
` exp

ˆ

´
n0 ` nt ´ s0 ´ 1

9

˙

.

Define constants ψ2 “ maximaxS1PNizBi
max

␣

ρipt, S
1qζ2i,S1 , rσ2

i

(

, ℓ0 “ r
9 trpΣq

nγminpΣq
s, and s2 “

maxi |NizBi|.

Lemma 2.5. Under the same settings of Theorem 2.1 and Assumptions 2.1, 2.2, and 2.3,

with parameters c2 “ 2
?
3 and c3 ě maxt32ψ2{δ2, 8u, for any i P V and t ě pc3{nq2,

ÿ

S1PNizBi

P
´

dp0, CIipt, S
1
qq “ 0

ˇ

ˇ

ˇ

rXi,S1

¯

ď s2

ˆ

3t´2
` exp

ˆ

´
Noptq ´ p

4

˙˙

. (2.41)
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Proof. Ignoring t for simplicity in notation, let s “ |S 1|, we have

P
´

dp0, CIipS
1
qq “ 0

ˇ

ˇ

ˇ

rXi,S1

¯

“ P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pµipS
1q ´ pµi,int

b

yVar ppµipS 1q ´ pµi,intq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď c2
a

log t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,S1

˛

‚

ď P

¨

˝|pµipS
1
q ´ pµi,int| ď c2

a

log t

d

3

ˆ

ζ2i,S1ρipS 1q

No

`
rσ2
i

Ni

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,S1

˛

‚

` P
ˆ

yVar ppµipS
1
q ´ pµi,intq ě 3

ˆ

ζ2i,S1ρipS
1q

No

`
rσ2
i

Ni

˙
ˇ

ˇ

ˇ

ˇ

rXi,S1

˙

According to Lemma 2.2 and (2.38), with c3 ě 8, the second term on the RHS satisfies

P
ˆ

yVar ppµipS
1
q ´ pµi,intq ě

3ζ2i,S1ρipS
1q

No

`
3rσ2

i

Ni

ˇ

ˇ

ˇ

ˇ

rXi,S1

˙

ď P
`

χ2
No´s´1 ě 3pNo ´ s ´ 1q

˘

` P
`

χ2
Ni´1 ě 3pNi ´ 1q

˘

ď exp

ˆ

´
No ´ s ´ 1

4

˙

` exp

ˆ

´
Ni ´ 1

4

˙

ď exp

ˆ

´
No ´ p

4

˙

` t´2

According to (2.38) and identifiability assumption |µipS
1q ´ µi| ě 2δ, @S 1 P NizBi, we have

pµipt, S
1
q ´ pµi,intptq | rXi,S1 „ N

ˆ

µipS
1
q ´ µi,

rσ2
i

Niptq
`
ζ2i,S1ρipt, S

1q

Noptq

˙

,

and

ˇ

ˇ

ˇ

ˇ

N
ˆ

µipS
1
q ´ µi,

rσ2
i

Ni

`
ζ2i,S1ρipS

1q

Noptq

˙
ˇ

ˇ

ˇ

ˇ

ě |µipS
1
q ´ µi| ´

ˇ

ˇ

ˇ

ˇ

N
ˆ

0,
rσ2
i

Ni

`
ζ2i,S1ρipS

1q

Noptq

˙
ˇ

ˇ

ˇ

ˇ

ě 2δ ´

ˇ

ˇ

ˇ

ˇ

N
ˆ

0,
rσ2
i

Ni

`
ζ2i,S1ρipS

1q

Noptq

˙ˇ

ˇ

ˇ

ˇ

.
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Therefore, with c2 “ 2
?
3, the first term on the RHS satisfies

P

¨

˝|pµipS
1
q ´ pµi,int| ď c2

a

log t

d

3

ˆ

ζ2i,S1ρipS 1q

No

`
rσ2
i

Ni

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,S1

˛

‚

ď P

¨

˝

ˇ

ˇ

ˇ

ˇ

N
ˆ

0,
rσ2
i

Ni

`
ζ2i,S1ρipS

1q

Noptq

˙
ˇ

ˇ

ˇ

ˇ

ě 2δ ´ 6

d

log t

ˆ

ζ2i,S1ρipS 1q

No

`
rσ2
i

Ni

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,S1

˛

‚

ď 2 exp

¨

˚

˚

˚

˚

˚

˝

´

˜

2δ ´ 6

d

log t

ˆ

ζ2
i,S1ρipS

1q

No
`

rσ2
i

Ni

˙

¸2

2

ˆ

ζ2
i,S1ρipS

1q

No
`

rσ2
i

Ni

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,S1

˛

‹

‹

‹

‹

‹

‚

.

Since t ě pc3{nq2, we have log t{pn0 ` ntq ď 1{c3. Given No “ n0 ` nt, Ni ě c3 log t` 1, and

c3 ě 32ψ2{δ2, then

d

log t

ˆ

ζ2i,S1ρipS 1q

No

`
rσ2
i

Ni

˙

ď

d

ζ2i,S1ρipS 1q ` rσ2
i

c3
ď

d

2ψ2

c3
ď
δ

4
.

Therefore, according to Lemma 2.1,

P

¨

˝|pµipS
1
q ´ pµi,int| ď c2

a

log t

d

3

ˆ

ζ2i,S1ρipS 1q

No

`
rσ2
i

Ni

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rXi,S1

˛

‚

ď2 exp

¨

˚

˚

˚

˚

˚

˝

´

˜

2

d

log t

ˆ

ζ2
i,S1ρipS

1q

No
`

rσ2
i

Ni

˙

¸2

2

ˆ

ζ2
i,S1ρipS

1q

No
`

rσ2
i

Ni

˙

˛

‹

‹

‹

‹

‹

‚

ď 2t´2.

Combining the upper bounds for the two terms, we have

ÿ

S1PNizBi

P
´

dp0, CIipt, S
1
qq “ 0

ˇ

ˇ

ˇ

rXi,S1

¯

ď s2

ˆ

3t´2
` exp

ˆ

´
Noptq ´ p

4

˙˙

.
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By assumption, Xi “
ř

j:j‰i β̄ijXj ` εi, where ε „ Np0, σ̄2
i q. Define constants s1 “

maxi |Mi| and β̄i “ minj:βij‰0 |β̄ij|. Denote ρijptq “ rprXJ
´i
rX´i{Noptqq´1sj,j.

Lemma 2.6. Under the same settings of Theorem 2.1 and Assumptions 2.1 and 2.3, and the

regression neighborhood of Xi at time t is determined by xMiptq “ tj ‰ i : |pβij|{

b

yVarppβijq ą

ᾱ
a

Noptqu with parameter ᾱ ď mini,j
β̄i

2
?

3σ̄2
i ρijptq

, then for any i P V and Noptq ě p,

P
´

xMiptq ‰ Mi

ˇ

ˇ

ˇ

rX´i

¯

ď pp ´ 1q

„

2 exp

ˆ

´
ᾱ2Noptq

4

˙

` exp

ˆ

´
Noptq ´ p

16

˙ȷ

` s1 exp

ˆ

´
Noptq ´ p

4

˙

.

(2.42)

Proof. Write the linear regression in matrix form: pβ̄i “ argminβi } rXi ´ rX´iβi}. Ignoring t in

notations for simplicity, then

pβ̄ij | rX´i „ N
ˆ

β̄ij, σ̄
2
i

ρij
No

˙

,

pσ̄
2

i “
}Xi ´ X´i

pβi}
2

No ´ p

ˇ

ˇ

ˇ

ˇ

ˇ

rX´i „ σ̄2
i

χ2
No´p

No ´ p
,

pβ̄ij ´ β̄ij
b

yVarppβijq
“

pβ̄ij ´ β̄ij
b

pσ̄
2

i
ρij
No

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rX´i „ tNo´p.

Then @j with β̄ij ‰ 0,

PpXj R xMi | rX´iq “ P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

β̄ij
b

pσ̄
2

i
ρij
No

` tNo´p

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď ᾱ
a

No

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rX´i

˛

‚

ď P

¨

˝|tNo´p| ě

¨

˝

β̄i
b

pσ̄
2

i ρij

´ ᾱ

˛

‚

a

No

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rX´i

˛

‚.
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Let ᾱ ď
β̄i

2
?

3σ̄2
i ρij

, according to Lemma 2.2 and 2.3,

PpXj R xMi | rX´iq

ďP

¨

˝|tNo´p| ě

¨

˝

β̄i
b

pσ̄
2

i ρij

´ ᾱ

˛

‚

a

No

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rX´i

˛

‚

ďP

˜

|tNo´p| ě

˜

β̄i
a

3σ̄2
i ρij

´ ᾱ

¸

a

No

ˇ

ˇ

ˇ

ˇ

ˇ

rX´i

¸

` P
`

χ2
No´p ą 3pNo ´ pq

˘

ď2 exp

ˆ

´
β̄2
iNo

48σ̄2
i ρij

˙

` exp

ˆ

´
Noptq ´ p

16

˙

` exp

ˆ

´
Noptq ´ p

4

˙

ď2 exp

ˆ

´
ᾱ2No

4

˙

` exp

ˆ

´
Noptq ´ p

16

˙

` exp

ˆ

´
Noptq ´ p

4

˙

.

Similarly, @j with β̄ij “ 0,

PpXj P xMi | rX´iq “ P
´

|tNo´p| ě ᾱ
a

No

¯

ď 2 exp

ˆ

´
ᾱ2No

4

˙

` exp

ˆ

´
No ´ p

16

˙

.

Therefore,

P
´

xMi ‰ Mi

ˇ

ˇ

ˇ

rX´i

¯

ď
ÿ

j:β̄ij‰0

P
´

Xj R xMi

ˇ

ˇ

ˇ

rX´i

¯

`
ÿ

j:β̄ij“0

P
´

Xj P xMi

ˇ

ˇ

ˇ

rX´i

¯

ď pp ´ 1q

„

2 exp

ˆ

´
ᾱ2No

4

˙

` exp

ˆ

´
No ´ p

16

˙ȷ

` s1 exp

ˆ

´
Noptq ´ p

4

˙

.

Proof. Let Spi, tq denote the backdoor adjustment set sampled from pBi for node Xi at time
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step t, then

RT “

K
ÿ

i“1

∆iErnipT qs “

K
ÿ

i“1

∆i

T
ÿ

t“1

P pAt “ iq

ď

K
ÿ

i“1

∆i

T´1
ÿ

t“0

”

P pAt`1 “ i|Spi, tq P Bi, S˚
ptq P B˚

q ` P pSpi, tq R Biq ` P pS˚
ptq R B˚

q

ı

(2.43)

Define the following constants

rη2i “ max
SPBi

maxt
9ζ2i,S

γminpΣq
, σ̃2

i u,

rϕ2
“ max

i
max
SPBi

max

#

9ζ2i,S
γminpΣqσ̃2

i

,
25σ̃2

i γmaxpΣq

9ζ2i,S

+

.

We have proved that under the correct backdoor adjustment sets, the upper bound of RT

can be expressed as in (2.28), i.e., the first term is bounded.

For any i, t, since

t0 P CIipt, papiqqu X tdp0, CIipt, S
1
q ą 0,@S 1

P NizBiu X

!

xMi “ Mi

)

ùñ S P Bi,

thus

P pSpi, tq R Biq ď P p0 R CIipt, papiqqq ` P
´

xMi ‰ Mi

¯

`
ÿ

S1PNizBi

P pdp0, CIipt, S
1
qq “ 0q .

Re-define the following constants:

ψ2
“ max

i
max

S1PNizBi

max

"

9ζ2i,S1

γminpΣq
, rσ2

i

*

,

ᾱ “ min
i

a

γminpΣqβ̄i

6
?
3σ̄i

, α “ ᾱ{2, s0 “ max
i,SPBi

|S|.
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For any t ě ℓ0, we have the following bound from Lemma 2.1,

P
ˆ

Di, j P V, i ‰ j, ρijptq ě
9

γminpΣq

˙

ď P

˜

σminprXq
a

Noptq
ď

1

3
γminp

?
Σq

¸

ď exp

ˆ

´
Noptq

18

˙

.

(2.44)

Incorporating Lemma 2.4, 2.5, and 2.6 altogether and averaging over rX´i, then we have that

for any i and t ě ℓ0,

P pSpi, tq R Biq

ďP
´

0 R CIippapiqq

ˇ

ˇ

ˇ

rX´i

¯

` P
´

xMi ‰ Mi

ˇ

ˇ

ˇ

rX´i

¯

`
ÿ

S1PNizBi

P
´

dp0, CIipS
1
qq “ 0

ˇ

ˇ

ˇ

rX´i

¯

` P

˜

σminprXq
a

Noptq
ď

1

3
γminp

?
Σq

¸

ď3t´2
` exp

ˆ

´
Noptq ´ s0 ´ 1

9

˙

` s2

ˆ

3t´2
` exp

ˆ

´
Noptq ´ p

4

˙˙

` exp

ˆ

´
Noptq

18

˙

` pp ´ 1q

ˆ

2 exp

ˆ

´
ᾱ2Noptq

4

˙

` exp

ˆ

´
Noptq ´ p

16

˙˙

` s1 exp

ˆ

´
Noptq ´ p

4

˙

ď 3ps2 ` 1qt´2
` ps1 ` s2 ` p ` 1q exp

ˆ

´
n0 ` nt ´ p

18

˙

` 2pp ´ 1q exp
`

´α2
pn0 ` ntq

˘

.

(2.45)

Therefore,

T
ÿ

t“ℓ

P pSpi, tq R Biq

ď
ps2 ` 1qπ2

2
`

18ps1 ` s2 ` p ` 1q

n
exp

ˆ

´
n0 ` nℓ ´ p

18

˙

`
2pp ´ 1q

α2n
exp

`

´α2
pn0 ` nℓq

˘

.

(2.46)

Let c ě 4
?
2rϕ, c3 ě max

!

64, 32ψ
2

δ2

)

. Aside from the condition in (2.24), ℓ also need to

satisfy ℓ ě
`

c3
n

˘2
. The upper bound still has the form as in (2.28), i.e.,

log T

˜

20c2

n ` m

ÿ

i:µiăµ˚

rη2i
∆i

`
c3
řK
i“1 ∆i

m

¸

` C3

˜

K
ÿ

j“1

∆j

¸

.
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Since p “ K ` 1,

C3 “

´c3
n

¯2

` C1 `

T
ÿ

t“ℓ0

P pSpi, tq R Biq `

T
ÿ

t“ℓ0

P pS˚
ptq R B˚

q

“

´c3
n

¯2

` (2.29) ` 2 ˆ (2.46)

“ ℓ0 ` 1 ` π2

ˆ

s2 `
4

3
`

1

3
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

`

´c3
n

¯2

`
4K

nα2 exp pα2pn0 ` nℓ0qq
`

36ps1 ` s2 ` K ` 3q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
.

(2.47)

Remark 2.4. If Noptq can be less than p, we can consider using Lasso-based neighborhood

regression [30] instead, i.e.,

pβ̄i “ argminβiPRp´1

"

1

2Noptq
}Xi ´ X´iβ̄i}

2
` λNo}β̄i}1

*

.

According to Theorem 11.2 in Wainwright [30], if the non-zero entries of the precision matrix

are bounded below in absolute value, then the estimated edge set Ê equals the actual edge

set E with high probability, where Noptq Á 2s0 log p, and λNo “ c0

!

1
α0

b

log p
Noptq

` υ
)

for some

υ P p0, 1s. More specifically, PpÊ “ Eq ě 1 ´ c4 exp p´c5Noptqq, where c4 and c5 ď 1 are

constants. Therefore, if we use Lasso based neighborhood regression, we have

P
´

xMi ‰ Mi

¯

ď c4 expp´c5Noptqq.

Given this result, with Lasso based neighborhood regression, we can relax the dependency

of this upper bound on K in Lemma 2.6.
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2.7.3.2 Proof of Theorem 2.2

Proof. We start with the inequality (2.31) in the proof of Theorem 2.4:

RT ď 2ℓ ` 2
T´1
ÿ

t“ℓ

P pµ˚
ą UtpA

˚
qq `

T
ÿ

t“ℓ`1

E pUt´1pAtq ´ µAtq

If DAG is unknown, we have the following bounds:

P pµ˚
ą UtpA

˚
qq ď P pµ˚

ą UtpA
˚
q|S˚

ptq P B˚
q ` P pS˚

ptq R B˚
q ,

E pUt´1pAtq ´ µAtq ď E pUt´1pAtq ´ µAt |SpAt, t ´ 1q P BAtq ` 2P pSpAt, t ´ 1q R BAtq .

In Section 2.7.3.1 (2.45), we have proved an upper bound for PpSpi, tq R Biq, @i, @t ě ℓ.

Combined with the upper bound proved under the DAG given setting in Section 2.7.2.2,

denote rη2 “ maxi rη
2
i , and let c ě 4rϕ, c3 ě max

!

32, 32ψ
2

δ2

)

, ℓ ě r
9 trpΣq

nγminpΣq
s “ ℓ0, we have the

following result

RT ď 2crη
a

log T min

#

a

pn ` mqKT ` K2n0 ´
?
K2n0

n ` m
,

?
n0 ` nT ´

?
n0

n
1tn ě 1u

+

`
2Kc3 log T

m
` C4,

where

C4 “ 2
´c3
n

¯2

` C2 ` 2
T´1
ÿ

t“ℓ

P pS˚
ptq R B˚

q ` 2
T
ÿ

t“ℓ`1

P pSpAt, t ´ 1q R BAtq

“ 2
´c3
n

¯2

` (2.37) ` 4 ˆ (2.46)

“ 2ℓ0 `

ˆ

2s2 `
7

3

˙

π2
` 2K ` 2

´c3
n

¯2

`
π2

6
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙

`
72ps1 ` p ` s2 ` 2q

n
exp

ˆ

´
n0 ` nℓ0 ´ p

18

˙

`
8pp ´ 1q

α2n
exp

`

´α2
pn0 ` nℓ0q

˘

,
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Given K “ p ´ 1, we have

C4 “ π2

ˆ

2s2 `
7

3
`

1

6
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` 2ℓ0 ` 2
´c3
n

¯2

` 2K

`
8K

nα2 exp pα2pn0 ` nℓ0qq
`

72ps1 ` s2 ` K ` 3q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
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CHAPTER 3

Causal bandit on unknown graphs in presence of

confounders

3.1 Introduction

In Chapter 2, we studied causal bandits under the assumption of causal sufficiency, where all

common causes of the observed variables are themselves observed. Under this assumption,

the data-generating mechanism can be represented by a directed acyclic graph, and valid

backdoor adjustment sets may exist for estimating causal effects. Observational data can

therefore be leveraged to reduce uncertainty in reward estimation and improve learning

efficiency.

However, in many applications, some variables in the underlying causal system are unob-

served, which may lead to latent confounding among the observed variables. When hidden

confounding is present, the observed system is more appropriately represented by an acyclic

directed mixed graph (ADMG) containing both directed and bidirected edges [32]. In this

setting, valid adjustment sets may not exist for all intervention nodes, introducing additional

methodological challenges.

Several works in the causal bandit literature allow for hidden confounders while assum-

ing that the complete causal structure is known. For example, Lee and Bareinboim [21] and

Maiti, Nair, and Sinha [33] analyze regret guarantees in the presence of confounding when

the graph is provided. Structural knowledge allows the learner to determine which effects

are identifiable and to design appropriate estimation strategies. However, in realistic appli-
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cations, neither the directed edges nor the confounding relationships are typically known in

advance.

In this chapter, we extend the BA-UCB algorithm to accommodate latent confounders.

We model the observed variables using Gaussian ADMGs and develop a procedure that

integrates observational and experimental data without assuming prior knowledge of the

graph. Rather than attempting to recover the full mixed graph, our objective remains

focused on identifying the intervention with the largest expected causal effect. The proposed

approach determines, for each arm, whether a valid adjustment set exists and adapts related

estimates accordingly.

When latent confounders are present, we show that, with sufficiently large amount of prior

observational data, the cumulative regret of BA-UCB is bounded by Op
a

T log T {pm ` nqq`

Op
a

K1T log T {mq, where K1 denotes the number of variables for which a valid adjustment

set does not exist or cannot be identified. When K1 is small, the dependence of the regret

on the total number of arms K is again substantially reduced, highlighting the benefit of

incorporating observational data into sequential decision-making.

The remainder of this chapter is organized as follows. Section 3.2 introduces the Gaussian

ADMG model and the necessary preliminaries. Section 3.3 presents a modified BA-UCB

algorithm assuming the underlying causal model is an ADMG. Section 3.4 establishes regret

bounds that distinguish between identifiable and non-identifiable arms. Section 3.5 reports

simulation results demonstrating the empirical effectiveness of the proposed algorithm.

3.2 Preliminaries

If some variables in a causal DAG are unobserved, the marginal distribution over the observed

variables X “ tX1, ¨ ¨ ¨ , Xpu can be represented by an ADMG G over nodes V “ t1, ¨ ¨ ¨ , pu

that contains both directed (Ñ) and bidirected (Ø) edges. Directed edges encode direct

causal relations among the observed variables, while a bidirected edge i Ø j indicates the
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existence of one or more latent confounders influencing both Xi and Xj. If i Ñ j, then i

is a parent of j and j is a child of i. If there is a directed path from i to j or i “ j, then

i is an ancestor of j and j is a descendant of i. Non-descendants of a node i consist of

every node that is not a descendant of i. For each node i in G, the parent set papiq “ tj P

V : j Ñ iu. Similarly, we use chpiq, anpiq, depiq, and ndpiq to denote the set of children,

ancestors, descendants, and non-descendants of the node i. The district of i, denoted as

dispiq, is the maximal set of nodes connected to the node i through a bidirected path, i.e.,

its bidirected-connected component. The parent set of a district D in the graph G is defined

as papDq “ tYiPDpapiquzD, which consists of the out-of-district parents of all nodes in the

district D.

We assume a linear SEM for the observed variables X in an ADMG:

Xj “
ÿ

iPpapjq

βijXi ` εj, j “ 1, ¨ ¨ ¨ , p, (3.1)

where βij ‰ 0 if i P papjq and each error variable εj „ N p0, ω2
j q with ω2

j ą 0. Different from

the fully observed case in (2.1), the error term ε1, ¨ ¨ ¨ , εp here are not mutually independent.

Let Ω “ pω2
ijqpˆp “ Covpεq be the covariance matrix of ε “ pε1, . . . , εpq

J. Then the off-

diagonal entry ω2
ij ‰ 0 if and only if there is a bidirected edge i Ø j. In matrix form, the

model can be written as

X “ BJX ` ε, ε „ N p0,Ωq , (3.2)

where X “ pX1, ¨ ¨ ¨ , Xpq
J and B “ pβijqpˆp. This model implies that X „ N p0,Σq, where

Σ “ pI ´Bq´JΩpI ´Bq´1. In this setting, assuming Σ ą 0, the regression neighborhood Mi

of node i is given by

Mi “ tj P V´i : pΣ´1
qij ‰ 0u “ tj P V´i : Xi MK Xj|XV zti,juu. (3.3)

Let Ni denote the collection of all subsets of Mi.
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3.3 BA-UCB with latent confounders

Our BA-UCB algorithm proposed in Chapter 2 can be naturally extended to settings where

the underlying causal DAG includes unobserved confounders. A key advantage of BA-UCB

is that it does not require structure learning of the entire causal graph. Instead, it lever-

ages observational data to generate estimates when the causal effect of interest is identi-

fiable via covariate adjustment, that is, when there exists at least one valid adjustment

set, Bi “ tS : µipSq “ µiu ‰ H. However, in the presence of latent confounders, such

valid adjustment sets may not always exist. For example, if X and Y are connected by

a bidirected edge, no observed variable can block the backdoor path X Ø Y , and con-

sequently, no valid adjustment set exists. In such cases, the original BA-UCB design,

pBi “ argminS dp0, CIipt, Sqq, will still select a subset even though there is no valid ad-

justment set, which may lead to biased causal effect estimates.

To address this issue, we modify Line 8 in Algorithm 2.1 to:

pBi “ tS Ď xMi : 0 P CIipt, Squ, (3.4)

where xMi is the estimated regression neighborhood of node i. That is, we only consider

subsets S of xMi whose confidence interval CIipt, Sq for the difference between observational

and experimental causal effect estimates contains zero. If pB ‰ H, the algorithm proceeds

as usual with adjustment set sampling and causal effect estimation (Lines 9 and 10). If

pBi “ H, we default to purely interventional estimation using only the estimates in (2.7).

The modified procedure is summarized in Algorithm 3.1.

This modification ensures that BA-UCB remains theoretically valid and empirically ro-

bust in the presence of latent confounders. When valid adjustment sets exist in the regression

neighborhood, the algorithm efficiently integrates observational data to improve estimation

accuracy and sample efficiency. When no such sets exist, it automatically falls back to un-

biased experimental estimation. As we will show in the subsequent sections, this extension
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Algorithm 3.1 BA-UCB for Gaussian DAGs with confounders

Input: Observational data Dop0q of size n0, parameters c, c3, n,m, κ, rounds T .
1: for t “ 0, ¨ ¨ ¨ , T ´ 1 do
2: if there is a node i which has been intervened less than r

c3 log t`1
m

s times then
3: Choose intervention node At`1 “ i;
4: else
5: for i “ 1, ¨ ¨ ¨ , p ´ 1 do
6: if t mod κ “ 0 then
7: Estimate the regression neighborhood xMi from Doptq;

8: Identify candidate adjustment sets pBi “ tS Ď xMi : 0 P CIipt, Squ;

9: if pBi ‰ H then
10: Sample set S from pBi, calculate µ̂i,obspt, Sq and σ̂i,obspt, Sq as in (2.8);
11: Calculate estimates µ̂ipt, Sq, σ̂2

i pt, Sq as in (2.12);
12: else
13: Update µ̂iptq “ µ̂i,intptq and σ̂2

i ptq “ yVarpµ̂i,intptqq;

14: At`1 “ argmaxitµ̂iptq ` σ̂iptqc
?
log tu;

15: Generate m data points under intervention At`1 and n observational data.

16: Update µ̂i,intpt ` 1q and yVarpµ̂i,intpt ` 1qq as in (2.7).

Output: Final intervention AT and estimated reward µ̂˚.

preserves strong theoretical guarantees while maintaining superior empirical performance,

even when valid adjustment sets exist for only a subset of the variables.

Similar to the fully observed setting, the restriction of the search for adjustment sets to

the regression neighborhoodMi of each variable is for computational efficiency. We next show

that under certain condition an adjustment set is contained in the regression neighborhood.

Define mbpiq :“ papdispiqq Y pdispiqztiuq as the Markov blanket of i with respect to an

ordering of an ADMG [32]. The following lemma gives a sufficient condition for mbpiq to be

a valid adjustment set for the causal effect of Xi on Y . If j P mbpiq, then Xi MK Xj|X´ti,ju

and thus mbpiq Ď Mi by equality (3.3).

Lemma 3.1. Assume the Gaussian ADMG model (3.1) with Σ ą 0. If dispiq X depiq “ tiu

and Y R mbpiq Y tiu, then mbpiq is a valid adjustment set for the causal effect of Xi on Y .

The proof of Lemma 3.1 is provided in Section 3.7.1. In an ADMG, latent confounding
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is represented by bidirected edges and induces districts. The condition dispiq X depiq “ tiu

ensures that there are no directed paths from i to other nodes in its district. Under this

condition, the node i is fixable, and the post-intervention distribution ppxV ztiu | dopxiqq is

identifiable [34]. Consequently, the Markov blanket mbpiq provides a valid adjustment set

for identifying the causal effect of Xi on Y as stated in Lemma 3.1.

3.4 Regret analysis

The underlying model assumptions for Algorithm 3.1 are stated formally in Assumption 3.1.

Assumption 3.1. The random vector X “ pX1, ¨ ¨ ¨ , Xpq satisfies the linear SEM (3.1)

associated with an ADMG G such that βij ‰ 0 if and only if i P papjq, ωij ‰ 0 if and only if

i Ø j for i ‰ j, and Ω ą 0.

Let I0 :“ ti P V : µipSq “ µi for some S P Niu be the set of nodes for which there is a

valid adjustment set in its regression neighborhood for identifying its causal effect on Y , and

let I1 “ V zI0. Recall the constants in (2.13) in Section 2.4. Further define rσ “ maxiPV rσi.

We now establish regret bounds for the BA-UCB algorithm under the ADMG model. The

first result provides a case-dependent upper bound that depends on the reward gaps ∆i,

which separates the regrets from arms in I0 and I1.

Theorem 3.1. Let RT be the cumulative regret of Algorithm 3.1 with the modification (3.4),

and c ě 4
?
2rϕ, c3 ě maxt64, 32ψ2{δ2u. If Assumptions 3.1, 2.2 and 2.3 hold, then after T

rounds the cumulative regret RT is at most

20c2 log T

m ` n

ÿ

iPI0

rη2i
∆i

`
10c2 log T

m

ÿ

iPI1

rσ2
i

∆i

`

ˆ

c3 log T

m
` C5

˙

ÿ

i

∆i, (3.5)

where C5 is a constant independent of T .

See Section 3.7.2 for a proof of this theorem. In general, C5 depends on the covariance

matrix Σ, the initial observational sample size n0, and the per-round observational data size
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n, and its exact expression is

C5 “ π2

ˆ

s2 `
2

3
`

1

3
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` ℓ0 `

´c3
n

¯2

` 1

`
4K

nα2 exp pα2pn0 ` nℓ0qq
`

36ps1 ` s2 ` K ` 2q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
.

This regret bound explicitly reflects the heterogeneity across arms in terms of causal

effect identifiability. For arms in I0, our algorithm benefits from both observational and

experimental data, reflected in the pm ` nq´1 scaling. For arms in I1, only experimental

samples contribute to reducing uncertainty, leading to a larger regret term. This decom-

position generalizes the result from the fully observed setting (Theorem 2.1): If the causal

effects of all arms are identifiable, i.e., I1 “ H, the bound (3.5) reduces to the form of

Theorem 2.1; conversely, if none of them is identifiable, i.e., I0 “ H, the regret scales as

Opplog T q{mq, where m is the experimental sample size. This latter scaling is identical to

that of the standard UCB.

Similar to Theorem 2.2, we also establish a ∆-independent upper bound that does not

depend on the reward gaps ∆i, under the additional assumption that all rewards are bounded.

Theorem 3.2. Assume µi P r´1, 1s,@i P t1, ¨ ¨ ¨ , p ´ 1u. Then under Assumptions 3.1,

2.2 and 2.3, the cumulative regret RT of Algorithm 3.1, with the modification (3.4) and

parameters c ě 4rϕ and c3 ě maxt32, 32ψ2{δ2u, after T rounds is at most

2c
a

log T

»

–

rη
´

a

|I0|pn ` mqT ` n0|I0|
2 ´

?
n0|I0|

¯

n ` m
` rσ

c

|I1|T

m

fi

fl `
2Kc3 log T

m
` C6,

(3.6)

where C6 is a constant independent of T .

See Section 3.7.3 for a proof of this theorem. In general, C6 depends on Σ, n0, m, and n,
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and the exact expression is

C6 “ π2

ˆ

2s2 `
1

2
`

1

6
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` 2ℓ0 ` 2
´c3
n

¯2

` 2K

`
8K

nα2 exp pα2pn0 ` nℓ0qq
`

72ps1 ` s2 ` K ` 2q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
.

This regret bound captures the worst-case scenario across all problem instances and

avoids dependence on the reward gaps. Similar to Theorem 3.1, it separates arms according

to identifiability. As discussed in Section 2.4.2 , if a sufficient amount of prior observational

data is available, i.e., with a large initial sample size n0, the first term in the cumulative

regret upper bound in (3.6)

2crη
?
log T

n ` m

´

a

|I0|pn ` mqT ` n0|I0|2 ´
?
n0|I0|

¯

“ O
´

a

T log T {pn ` mq

¯

.

As such, it does not depend on the number of identifiable arms |I0|, in contrast to the

standard MAB boundOp
a

|I0|T log T {pn ` mqq. Consequently, the overall cumulative regret

can be significantly reduced compared to traditional MAB algorithms that rely solely on

experimental data, especially if the number of identifiable arms |I0| is large.

3.5 Numerical experiments

We evaluate the empirical performance of the BA-UCB algorithm in comparison with the

standard UCB algorithm when the underlying causal DAG includes latent confounders.

DAGs were randomly generated with a total number of variables (including unobserved

confounders) N P t10, 20, 30u and a maximum in- and out-degree of 3. In each graph, 10%

of the variables were chosen as unobserved confounders, resulting in p P t9, 18, 27u observed

variables. To control the complexity of the induced ADMG, confounders were selected such

that they did not share any common child.
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Figure 3.1: Comparison of empirical cumulative regrets over 5000 time steps between the BA-UCB and standard UCB
algorithms on graphs with latent confounders. The number of observed variables p “ 9, 18, 27, corresponding to a total of
N “ 10, 20, 30 variables, respectively.

For BA-UCB, the initial observational sample size was set to n0 “ 160, 340, and 520

for p “ 9, 18, and 27, respectively. We generated 20 experimental samples for each arm

before incurring any regret, in order to satisfy the minimum intervention requirement in

Algorithm 3.1 Line 2. Both observational and experimental sample sizes per round were

set to n “ m “ 5. Other hyper-parameters were chosen as follows: c “
?
2, τ “ 0.1{p

(threshold for regression neighborhood identification), l “ 4, and c2 “ 1
2

?
2
(confidence

interval threshold for identifying adjustment sets). For the standard UCB algorithm, 22

experimental samples were generated for each arm before incurring regret, and the per-

round sample size was m “ 10. Under these choices, the computational costs of thet two

algorithms were comparable. Each algorithm was executed five times on every generated

graph.

Figure 3.1 summarizes the average results over 100 independently simulated graphs. For

each graph, we computed the median cumulative regret over five runs, and then averaged

the median cumulative regrets across the graphs. The results clearly demonstrate that BA-

UCB consistently achieves lower cumulative regret than the standard UCB algorithm for all

values of p, confirming its advantages in using observational data in the presence of latent

confounders.

We also examined whether BA-UCB behaved as expected in terms of identifying adjust-
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Figure 3.2: Average identification rate of a correct adjustment set for the optimal arm at each time step in the presence of
latent confounders. Solid curves are smoothing averages with a 100-step window for better visualization.

ment sets. As the number of rounds increases, the algorithm accumulates more observational

and experimental data, particularly for the optimal arm, leading to more reliable estimation

of causal effects and more accurate identification of valid adjustment sets. In our numerical

results, an identified adjustment set for the causal effect µi is regarded as correct (up to

certain numerical precision) if |µipSq ´µi| ă 0.01, where µipSq is the theoretical value of the

adjusted estimate of the causal effect as defined in (2.9). At each time step, we computed

the frequency that the sampled adjustment set for the optimal arm is a true adjustment

set, among 5 independent runs and 100 graphs. Figure 2.5 presents this identification rate

over time for different graph sizes p, showing a steady improvement as BA-UCB accumulates

more data. In particular, the rate of correct identification increased to more than 75% near

T “ 5000 for all graph sizes.

3.6 Discussion

In this chapter, we extended the BA-UCB algorithm to causal bandit problems in the pres-

ence of latent confounders. Unlike the setting studied in Chapter 2, valid backdoor ad-
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justment sets may not exist for every intervention when latent confounders are present.

The proposed extension determines, for each arm, whether a valid adjustment set can be

identified and adapts its estimation mechanism accordingly. When a valid adjustment set is

available, both observational and experimental data are incorporated into reward estimation.

When adjustment is not feasible, the algorithm relies solely on experimental samples. This

adaptive design ensures robustness to unobserved confounding while preserving the benefit

of incorporating observational data whenever identification is possible.

Suppose that m experimental samples and n observational samples are collected at each

round, and that a sufficiently large amount of prior observational data is available. We prove

that the cumulative regret of BA-UCB after T rounds is bounded by Op
a

T log T {pm ` nqq`

Op
a

K1T log T {mq, where K1 denotes the number of variables for which a valid adjustment

set does not exist or cannot be identified. When K1 is small relative to the total number

of arms K, the overall dependence on K is substantially reduced compared to classical

bandit algorithms. This makes clear that observational data remain useful even under latent

confounding, provided that adjustment is valid for a nontrivial subset of interventions.

The current analysis assumes Gaussian linear structural equation models. The Gaus-

sian assumption ensures closed-form expressions for adjustment estimators and allows us

to derive concentration bounds using standard tail inequalities. Extending the method to

non-Gaussian noise or nonlinear structural equations would require new concentration re-

sults and possibly different estimates for causal effects. Whether similar regret rates can be

obtained in those settings remains an open question.

3.7 Appendix

3.7.1 Proof of Lemma 3.1

Proof. Let ă be a topological order of the ADMG G, and denote by rvs the rank of v under

ă. Define Vris :“ tv P V : rvs ď risu and let Gris be the induced subgraph of G on Vris. If
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dispiq X depiq “ tiu, then i is fixable in GpV q [34]. According to Definition 19 in Richardson

et al. [34], for a fixable vertex i, we have

ppxV ztiu|dopxiqq “
ppxV q

ppxi|xmbpi,Grisqq
, (3.7)

where mbpi,Grisq is the Markov blanket of the node i in the induced graph Gris.

Since dispiq X depiq “ tiu, the node i can be sorted as the last vertex in its district.

Therefore, under this topological sorting, mbpi,Grisq “ mbpiq. Then we have

p
`

xV ztiu | dopxiq
˘

“
ppxV q

p
`

xi | xmbpiq

˘

“
p pxV q

ppxi, xmbpiqq{p
`

xmbpiq

˘ “
p pxV q

ppxi, xmbpiqq
p
`

xmbpiq

˘

“ p
`

xV zti,mbpiqu|xi, xmbpiq

˘

p
`

xmbpiq

˘

.

Therefore

ppy | dopxiqq “

ż

p
`

xV ztiu | dopxiq
˘

dxV ztiu

“

ż

p
`

xV zti,mbpiqu | xi, xmbpiq

˘

p
`

xmbpiq

˘

dxV ztiu

“

ż

p
`

xmbpiq

˘

„
ż

p
`

xV zti,mbpiqu | xi, xmbpiq

˘

dxV zti,mbpiqu

ȷ

dxmbpiq

“

ż

p
`

xmbpiq

˘

p
`

y | xi, xmbpiq

˘

dxmbpiq,

which shows that mbpiq is a valid adjustment set for ppy | dopxiqq.
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3.7.2 Proof of Theorem 3.1

Proof. The proof starts from

RT “

K
ÿ

i“1

∆iErnipT qs “

K
ÿ

i“1

∆i

T´1
ÿ

t“0

P pAt`1 “ iq .

Similar to (2.43), PpAt`1 “ iq can be upper bounded the conditional probability of At`1 “ i

given the sampled backdoor adjustment set is correct (none if not exists) for arm i and the

optimal arm plus the probability of the sampled backdoor adjustment sets are wrong for arm

i or the optimal arm.

As long as the identification of backdoor adjustment sets is correct, we can always de-

compose

T´1
ÿ

t“0

P pAt`1 “ iq ď ℓ `

T´1
ÿ

t“ℓ

t
ÿ

u“1

t
ÿ

ui“ℓ

”

P ppµ˚
uptq ď µ˚

´ pσ˚
uptqctq ` P ppµi,uiptq ě µi ` pσi,uiptqctq

` P pµ˚
ă µi ` 2pσi,uiptqctq

ı

.

Define rϕ2 “ max
iPI0

max
SPBi

max
!

9ζ2i,S
γminpΣqσ̃2

i
,
25σ̃2

i γmaxpΣq

9ζ2i,S

)

, s0 “ max
iPI0,SPBi

|S|.

If a node i P I0, i.e., Bi ‰ H, as proved in (2.19) of Section 2.7.2.1, when ui ě ℓ ě

20c2rη2i log t

pm`nq∆2
i
and ui ě

16 log t
n`m

, we have

P pµ˚
ă µi ` 2pσi,uiptqct | XV q ď t´4 exp

ˆ

´
n0 ´ s0 ´ 2

4

˙

“ F1, (3.8)

and when ui ě
64 log t
n`m

, c ě 4
?
2rϕ, as proved in (2.21) of Section 2.7.2.1, we have

Pppµi,ui ě µi ` pσi,uict | XV q ď t´4

ˆ

1 `
1

2
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

“ F2. (3.9)
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If i P I1, when ui ě ℓ ě
10c2rσ2

i log t`1

m∆2
i

, ui ě
16 log t`1

m
, we have

P pµ˚
ă µi ` 2pσi,uiptqct|XV q “ P

ˆ

pσ2
i,ui

ptq ą
∆2
i

4c2 logptq

ˇ

ˇ

ˇ

ˇ

XV

˙

ď P
ˆ

χ2
mui´1 ą

pmuiqpmui ´ 1q∆2
i

4c2rσ2
i log t

˙

ď t´4
“ F3.

(3.10)

And when ui ě
16 log t`1

m
, and c ě 4, we have

Pppµi,ui ě µi ` pσi,uictq “ P
´

tmui´1 ě c
a

log t
¯

ď t´c
2{4

`
1

2
e´

mui´1

16 ď
3

2
t´4

“ F4. (3.11)

Aside from the above bounds, for t ě ℓ ě ℓ0, we also have

P
ˆ

Di P V , S Ď V ztiu, ρipt, Sq ě
9

γminpΣq
or ρipt, Sq ď

9

25γmaxpΣq

˙

ď 2 exp

ˆ

´
Noptq

18

˙

“ F5.

(3.12)

Now we continue to bound the probability of the sampled backdoor adjustment sets are

wrong for arm i or the optimal arm. For any node i P I0, Bi ‰ H, and

P pSpi, tq R Biq ď P
´

Spi, tq R Bi and xMi “ Mi

¯

` P
´

xMi ‰ Mi

¯

ď P pDS P NizBi, 0 P CIipt, Sqq ` P
´

xMi ‰ Mi

¯

ď
ÿ

SPNizBi

P p0 P CIipt, Sqq ` P
´

xMi ‰ Mi

¯

.

For i P I1, Bi “ H. The probability of incorrect adjustment is bounded by

P
´

pBi ‰ H

¯

ď P
´

pBi ‰ H and xMi “ Mi

¯

` P
´

xMi ‰ Mi

¯

ď P pDS P NizBi, 0 P CIipt, Sqq ` P
´

xMi ‰ Mi

¯

ď
ÿ

SPNizBi

P p0 P CIipt, Sqq ` P
´

xMi ‰ Mi

¯

.
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Therefore, the upper bound of incorrect backdoor adjustment set sampled is the same for i P

I0 and i P I1, i.e., define ψ
2 “ maximaxS1PNizBi

max

"

9ζ2
i,S1

γminpΣq
, rσ2

i

*

, when Niptq ě c3 log t` 1,

where c3 ě 32ψ2{δ2, we have

P pIncorrect Spi, tqq ď RHS of r(2.41) ` (2.42) ` (2.44)s

“3s2t
´2

` ps1 ` s2 ` K ` 1q exp

ˆ

´
n0 ` nt ´ K ´ 1

18

˙

` 2K exp
`

´α2
pn0 ` ntq

˘

“F6.

(3.13)

Now we can summarize all conditions as follows.

For i P I0, we need ℓ ě
c3 log t`1

m
, ℓ ě

20c2rη2i log t

pm`nq∆2
i
, ℓ ě

9 trpΣq

nγminpΣq
, ℓ ě 2 ℓ ě

`

c3
n

˘2
, where

c ě 4
?
2rϕ, c3 ě max t64, 32ψ2{δ2u, i.e.,

ℓ ě
20c2rη2i log T

pm ` nq∆2
i

`
c3 log T

m
` r

9 trpΣq

nγminpΣq
s `

´c3
n

¯2

` 1.

If the optimal arm a˚ P I0, @t ě ℓ,

PpAt`1 “ iq ď P pAt`1 “ i|Spi, tq P Bi, S˚
ptq P B˚

q ` P pSpi, tq R Biq ` P pS˚
ptq R B˚

q

ď t2 pF1 ` 2F2q ` F5 ` 2F6

“ 2t´2

ˆ

1 ` exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` F5 ` 2F6.

If the optimal arm a˚ P I1, @t ě ℓ,

PpAt`1 “ iq ď P pAt`1 “ i|Spi, tq P Bi, S˚
ptq P B˚

q ` P pSpi, tq R Biq ` P pS˚
ptq R B˚

q

ď t2 pF1 ` F2 ` F4q ` F5 ` 2F6

“ t´2

ˆ

5

2
`

3

2
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` F5 ` 2F6.
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If i P I1, we need ℓ ě
10c2rσ2

i log t`1

m∆2
i

, ℓ ě
c3 log t`1

m
, ℓ ě

9 trpΣq

nγminpΣq
, ℓ ě

`

c3
n

˘2
, i.e.,

ℓ ě
10c2rσ2

i log T

m∆2
i

`
c3 log T

m
`

9 trpΣq

nγminpΣq
`

´c3
n

¯2

` 1.

If a˚ P I0, @t ě ℓ,

PpAt`1 “ iq ď P
´

At`1 “ i| pBi “ H, S˚
ptq P B˚

¯

` P
´

pBi ‰ H

¯

` P pS˚
ptq R B˚

q

ď t2 pF2 ` F3 ` F4q ` F5 ` 2F6

“ t´2

ˆ

7

2
`

1

2
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` F5 ` 2F6.

If a˚ P I1, @t ě ℓ,

PpAt`1 “ iq ď P
´

At`1 “ i| pBi “ H, pB˚
“ H

¯

` P
´

pBi ‰ H

¯

` P
´

pB˚
‰ H

¯

ď t2 pF3 ` 2F4q ` F5 ` 2F6

“ 4t´2
` F5 ` 2F6.

Therefore, @i, @t ě ℓ, we have

PpAt`1 “ iq ď t´2

ˆ

4 ` 2 exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` F5 ` 2F6

“ t´2

ˆ

6s2 ` 4 ` 2 exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

` 4K exp
`

´α2
pn0 ` ntq

˘

` 2 exp

ˆ

´
n0 ` nt

18

˙

` 2ps1 ` s2 ` K ` 1q exp

ˆ

´
n0 ` nt ´ K ´ 1

18

˙

ď t´2

ˆ

6s2 ` 4 ` 2 exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

`
2ps1 ` s2 ` K ` 2q

exp ppn0 ` nt ´ K ´ 1q{18q
` 4K exp

`

´α2
pn0 ` ntq

˘

.
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Then

ÿ

těℓ

PpAt`1 “ iq ď π2

ˆ

s2 `
2

3
`

1

3
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

`
36ps1 ` s2 ` K ` 2q

n exp ppn0 ` nℓ ´ K ´ 1q{18q
`

4K

nα2
2 exp pα2

2pn0 ` nℓqq
.

Incorporating the condition for ℓ, we have that for i P I0,

ErnipT qs ď
20c2rη2i log T

pm ` nq∆2
i

`
c3 log T

m
` C5,

and for i P I1,

ErnipT qs ď
10c2rσ2

i log T

m∆2
i

`
c3 log T

m
` C5,

where

C5 “ ℓ0 `

´c3
n

¯2

` 1 ` π2

ˆ

s2 `
2

3
`

1

3
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

`
36ps1 ` s2 ` K ` 2q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
`

4K

nα2
2 exp pα2

2pn0 ` nℓ0qq
.

And the final cumulative regret bound is

RT ď
20c2 log T

m ` n

ÿ

iPI0

rη2i
∆i

`
10c2 log T

m

ÿ

iPI1

rσ2
i

∆i

`

ˆ

c3 log T

m
` C5

˙

˜

ÿ

i

∆i

¸

.
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3.7.3 Proof of Theorem 3.2

Proof.

RT ď 2ℓ ` 2
T´1
ÿ

t“ℓ

P pµ˚
ą UtpA

˚
qq `

T
ÿ

t“ℓ`1

E pUt´1pAtq ´ µAtq ,

where

P pµ˚
ą UtpA

˚
qq ď P pµ˚

ą UtpA
˚
q|S˚

ptq P B˚
q ` P pIncorrect S˚

ptqq ,

E pUt´1pAtq ´ µAtq ď E pUt´1pAtq ´ µAt |SpAt, t ´ 1q P BAtq ` 2P pIncorrect SpAt, t ´ 1qq .

If A˚ P I0, then

P pµ˚
ą UtpA

˚
q|S˚

ptq P B˚
q ď F2 ď t´2

ˆ

1 `
1

2
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

.

If A˚ P I1, then

P
´

µ˚
ą UtpA

˚
q|xB˚ “ H

¯

ď F4 ď
3

2
t´2.

Therefore,

T´1
ÿ

t“ℓ

P pµ˚
ą UtpA

˚
q|S˚

ptq P B˚
q ď

T´1
ÿ

t“ℓ

t´2

ˆ

3

2
`

1

2
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

ď
π2

6

ˆ

3

2
`

1

2
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

.

(3.14)
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Let Ta “ tt : At “ a, ℓ ` 1 ď t ď T u, then

T
ÿ

t“ℓ`1

E pUt´1pAtq ´ µAt |SpAt, t ´ 1q P BAtq ď
ÿ

aPI0

ÿ

tPTa

E pUt´1paq ´ µa|Spa, t ´ 1q P Baq

`
ÿ

aPI1

ÿ

tPTa

E pUt´1paq ´ µa|Spa, t ´ 1q P Baq .

If a P I0, then

E pUt´1paq ´ µa|Spa, t ´ 1q P Baq ď crη

d

log t

Noptq ` Naptq
.

According to (2.34) and Cauchy-Schwarz inequality,

ÿ

aPI0

ÿ

tPTa

E pUt´1paq ´ µa|Spa, t ´ 1q P Baq

ď
2crη

?
log T

n ` m

ÿ

aPI0

´

a

n0 ` pm ` nqnapT q ´
?
n0

¯

ď
2crη

?
log T

n ` m

¨

˝

g

f

f

e|I0|

˜

ÿ

aPI0

pn ` mqnapT q

¸

` n0|I0|
2 ´

?
n0|I0|

˛

‚

“
2crη

?
log T

n ` m

´

a

|I0|pn ` mqnI0pT q ` n0|I0|
2 ´

?
n0|I0|

¯

ď
2crη

?
log T

n ` m

´

a

|I0|pn ` mqT ` n0|I0|
2 ´

?
n0|I0|

¯

.

If a P I1, then

E pUtpaq ´ µa|Spa, t ´ 1q P Baq ď crσ

d

log t

Naptq
,
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and

ÿ

aPI1

ÿ

tPTa

E pUt´1paq ´ µa|Spa, t ´ 1q P Baq ď
2crσ

?
log T

m

ÿ

aPI1

´

a

mnapT q

¯

ď
2crσ

?
log T

m

g

f

f

e|I1|

˜

ÿ

aPI1

mnapT q

¸

“
2crσ

?
log T

m

a

|I1|mnI1pT q

ď
2crσ

?
log T

m

a

|I1|mT.

Therefore,

T
ÿ

t“ℓ`1

E pUt´1pAtq ´ µAt |SpAt, t ´ 1q P BAtq

ď
2crη

?
log T

n ` m

´

a

|I0|pn ` mqT ` n0|I0|2 ´
?
n0|I0|

¯

`
2crσ

?
log T

m

a

|I1|mT.

(3.15)

Since ℓ ě
9 trpΣq

nγminpΣq
, ℓ ě

`

c3
n

˘2
, ℓ ě Kr

c3 log T`1
m

s let ℓ0 “ r
9 trpΣq

nγminpΣq
s, the final cumulative regret

bound is

RT ď 2ℓ0 ` 2
´c3
n

¯2

`
2Kc3 log T

m
` 2K ` RHS of r2 ˆ (2.32) ` 2 ˆ (3.14) ` (3.15)s `

ÿ

těℓ0

4F6

ď 2c
a

log T

¨

˝

rη
´

a

|I0|pn ` mqT ` n0|I0|2 ´
?
n0|I0|

¯

n ` m
` rσ

c

|I1|T

m

˛

‚`
2Kc3 log T

m
` C6,

where

C6 “ 2ℓ0 ` 2
´c3
n

¯2

` 2K ` π2

ˆ

1

2
` 2s2 `

1

6
exp

ˆ

´
n0 ´ s0 ´ 2

16

˙˙

`
8K

nα2 exp pα2pn0 ` nℓ0qq
`

72ps1 ` s2 ` K ` 2q

n exp ppn0 ` nℓ0 ´ K ´ 1q{18q
.

79



CHAPTER 4

Adaptive sequential intervention for learning causal

DAGs

4.1 Introduction

Structural learning is a central problem in causal inference, whose objective is to determine

causal relationships among variables in a system from data [28, 35, 36]. Causal relationships

are commonly represented by directed acyclic graphs (DAGs), where vertices correspond to

random variables and directed edges represent direct causal effects. When only observa-

tional data are available, the underlying DAG is generally not identifiable. In particular,

observational distributions determine only the Markov equivalence class (MEC), a collection

of graphs that encode the same conditional independence relations. Consequently, observa-

tional data identify the causal structure only up to its MEC, and additional information is

required to orient the remaining edges. Interventional data, obtained by actively perturbing

variables in the system, provide such information and enable further identification of the

causal structure.

There has been increasing interest in designing interventions for learning causal graphs.

Early work focuses on non-adaptive settings in which the intervention scheme is fixed prior

to data collection and algorithm execution [37–40]. Subsequent research considers adaptive

procedures that select interventions sequentially based on previously observed outcomes.

Many existing adaptive methods [41, 42] assume access to conditional independence oracles

under each intervention, which is equivalent to having an infinite number of samples from
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each interventional distribution. Under this assumption, statistical uncertainty is ignored

and the problem reduces to determining which interventions are sufficient for identification.

In practice, however, experiments produce only finite samples, and edge orientations must

be inferred statistically rather than deterministically.

Recent work begins to address adaptive causal discovery under finite samples. The al-

gorithm of Greenewald et al. [43] operates in a finite-sample sequential framework but is

restricted to tree-structured graphs. The track-and-stop algorithm of Elahi et al. [44] ex-

tends adaptive discovery to general graphs and provides sample complexity guarantees, but

it requires repeated evaluation over candidate graph structures and becomes computation-

ally expensive even for moderate graph sizes. These limitations motivate the development

of methods that accommodate finite samples, apply to general graph structures, and remain

computationally tractable.

Throughout this chapter we assume causal sufficiency, meaning that no latent confounders

are present. Under this assumption, observational data can be used to recover the Markov

equivalence class of the true DAG. A representative example is the PC algorithm [35], a

constraint-based procedure that combines conditional independence tests with Meek’s orien-

tation rules [45] to identify all causal directions determined by observational distributions.

The resulting completed partially directed acyclic graph (CPDAG) contains directed edges

whose orientations are identifiable from observational data and undirected edges whose di-

rections require interventional information.

This chapter studies adaptive intervention design under finite samples. We formulate

the problem in an adaptive learning framework where interventions are selected sequentially

and information is accumulated over time. The goal is to identify the true DAG within its

Markov equivalence class with high confidence while minimizing the number of interventional

samples. We propose a computationally efficient greedy strategy that prioritizes interventions

expected to orient the largest number of currently undirected edges based on statistical

estimates from accumulated data. The resulting Seq-UCB algorithm is shown to consistently
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recover the true DAG, and finite-time guarantees on the probability of incorrect identification

are established. Numerical experiments on randomly generated graphs demonstrate that

the adaptive intervention strategy requires substantially fewer samples than non-adaptive

baselines while remaining computationally practical.

4.2 Problem formulation

In a causal graphical model, the causal relationships among a set of random variables X “

tX1, ¨ ¨ ¨ , Xpu is represented by a DAG G over p nodes V “ t1, ¨ ¨ ¨ , pu, each corresponding

to one random variable. A directed edge i Ñ j in the causal DAG G means that i is a direct

cause of j, in which case i is called a parent of j and j is called a child of i. The parent

set of j, denoted as papjq, is the set of nodes that have an edge directed into node j, i.e.

papjq “ ti P V : i Ñ ju. Similarly, the child set of j, denoted as chpjq, is the set of all nodes

that have an edge directed from node j. Each child-parent relationship in G is modeled by

a function Xj “ fjpXpapjq, εjq, j “ 1, ¨ ¨ ¨ , p, where ε1, ¨ ¨ ¨ , εp are exogenous errors.

A partially directed acyclic graph (PDAG) is a graph that contains both directed and

undirected edges but does not have directed cycles. Due to Markov equivalent among DAGs,

one in general cannot learn the full structure of a DAG even with infinite amount of obser-

vational data. The best one can estimate from purely observational data is its equivalence

class, represented by a completed partially DAG (CPDAG). In the following sections, we

assume the CPDAG G0 is given, or we have access to infinite observational data. Experi-

mental data need to be collected and utilized in order to distinguish between DAGs in the

same equivalence class. The goal is to identify the true DAG G from its Markov equivalence

class.

In this chapter, we focus on Gaussian DAGs whose functional relationships are given by

82



a linear structural equation model (SEM),

Xj “
ÿ

iPpapjq

βijXi ` εj, j “ 1, ¨ ¨ ¨ , p, (4.1)

where εj
indep.

„ N p0, ω2
j q with ω2

j ą 0 for all j P V and βij ‰ 0 for all i P papjq.

The causal effect of Xi on Xj is defined via an atomic intervention that sets the variable

Xi to a fixed value xi, denoted as dopXi “ xiq. In general, the causal effect γij of Xi on Xj

is determined by the mapping xi ÞÑ PrXj|dopXi “ xiqs. For Gaussian DAGs,

γij :“
B

Bxi
EpY |dopXi “ xiqq “ βij. (4.2)

If the true direction is i Ñ j in the true DAG, then γij ‰ 0 and γji “ 0. The intervention

dopXi “ xiq removes all edges into Xi and consequently blocks all backdoor paths from Xi

to Xj. Therefore, experimental data under dopXi “ xiq can be used directly to estimate γij

by running the linear regression Xj „ Xi.

4.3 The Seq-UCB algorithm

4.3.1 The main idea

Suppose the CPDAG G0 is given, with the set of undirected edges

E0 “ tpi, jq P EpG0q : i ´ ju.

To identify the true DAG from its Markov equivalence class (MEC), it is sufficient to deter-

mine the direction of all undirected edges in E0. As explained in Section 4.2, the direction

of an undirected edge i´ j can be identified as i Ñ j if and only if the causal effects satisfy

γij ‰ 0 and γji “ 0. Therefore, if sufficient experimental data are available to accurately
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estimate both γij and γji, then true DAG can be recovered from its equivalence class. We

consider an adaptive experimental design in which edge directions are determined sequen-

tially, and the next intervention node is selected based on the currently accumulated data

and estimates.

At each time step, to determine edge directions, we run linear regressions of Xj on Xi

using the accumulated data Dirts collected under the intervention dopXiq, for each pi, jq P

E0. The design is normalized so that XJ
i Xi “ Niptq, where Niptq denotes the number of

experimental data under intervention on node i up to time t. It yields estimates of the

causal effects pγijptq, and their corresponding standard errors pseijptq. By standard properties

of least-squares estimators, the following distributions hold:

pγijptq „ N
ˆ

γij,
σ2
ij

Niptq

˙

,

pse2ijptq „
σ2
ij

NiptqpNiptq ´ 1q
χ2
Niptq´1,

pγijptq

pseijptq
„
γij

a

NiptqpNiptq ´ 1q

σij
b

χ2
Niptq´1

` tNiptq´1.

(4.3)

Based on these distributions, we can conduct inference on the hypotheses γij “ 0 and γji “ 0

with high confidence to determine the direction of the edge i ´ j. Specifically, let

zijptq “
|pγijptq|

pseijptq
.

Given a threshold λt, we can orient edges as follows: orient i Ñ j if zijptq ě λt ą zjiptq;

orient j Ñ i if zjiptq ě λt ą zijptq; otherwise, the edge i ´ j remains undirected.

If the direction of an edge i ´ j is determined, one can apply Meek’s rule to orient as

many additional edges as possible, updating the PDAG to Gt. Let

Et “ tpi, jq P EpGtq : i ´ ju
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denote the remaining undirected edges. Define

Vt “ ti : pi, jq P Et for some ju

as the set of nodes connected to at least one undirected edge in Gt. Interventions can then

be restricted to nodes in Vt, since intervening on nodes outside this set cannot further reduce

the remaining ambiguity.

To choose the intervention node at each round, the simplest strategy is to sample uni-

formly at random from Vt. We refer to this baseline as the sequential random (Seq-Rand)

algorithm. Another natural heuristic is to select the node incident to the largest number

of undirected edges. However, this approach does not perform well in practice. (Give an

example)

To overcome this issue, we propose a sequential upper confidence bound (Seq-UCB)

strategy. The main idea is to evaluate, for each node i P Vt, the number of edges that are

likely to become orientable if an intervention on i is performed, taking into account both

the estimated causal effects and their associated uncertainty. For each node i P Vt, let Eiptq

denote the set of edges that can potentially be oriented by intervening on node i at time step

t, either directly or through Meek’s rule. We next describe how the number of orientable

edges |Eiptq| is computed.

Let ct “ c
?
log t. Consider an edge i ´ j P Et, which is undirected at time step t by

itself. Below are two representative cases in which intervening on node i may resolve the

edge direction.

1. zijptq, zjiptq ă λt: In this case, if node i has a larger causal effect estimate or a larger

standard error (equivalently, fewer interventions), then intervening on node i is more

likely to push zijpt ` 1q above the threshold λt`1. Specifically, if

|pγijptq| ` ct pseijptq ą |pγjiptq| ` ct psejiptq,
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then intervening on node i can help determine the orientation i Ñ j.

2. zijptq, zjiptq ě λt: In this case, if node i has a smaller causal effect estimate or a larger

standard error (equivalently, fewer interventions), then intervening on node i is more

likely to invalidate the direction i Ñ j. Specifically, if

|pγijptq| ´ ct pseijptq ă |pγjiptq| ´ ct psejiptq,

then intervening on node i can help determine the direction j Ñ i.

Define the upper and lower confidence bounds

UCBijptq “ |pγijptq| ` ct pseijptq, LCBijptq “ |pγijptq| ´ ct pseijptq. (4.4)

The analysis above motivates the following counting rule: for an undirected edge i ´ j, if

zijptq ă λt and UCBijptq ą UCBjiptq, count i Ñ j and all resulting edges implied by Meek’s

rule into Eiptq; if zijptq ě λt and LCBijptq ă LCBjiptq, count j Ñ i and all resulting edges

implied by Meek’s rule into Eiptq; otherwise, no edge is added into Eiptq.

Once |Eiptq| has been computed for each node i P Vt, we select the node that can

orient the largest number of undirected edges as the intervention node for the next round.

This constitutes the greedy component of our proposed algorithm. To balance exploitation

and exploration, we introduce a small probability δt, decreasing with t, under which the

intervention node is sampled uniformly at random from V0.

4.3.2 Algorithm description

Based on the main idea introduced in Section 4.3.1, we propose the Seq-UCB algorithm,

summarized in Algorithm 4.1. The algorithm proceeds iteratively by (i) orienting edges to

update the current PDAG, (ii) selecting an intervention node that is expected to orient the

largest number of currently undirected edges, and (iii) generating experimental data under
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the selected intervention and updating causal effect estimates.

Algorithm 4.1 Causal graph learning via sequential experiments (Seq-UCB)

Input: CPDAG G0, parameters λt, δt, c.
1: Initialize tppγijp1q, pseijp1qq : pi, jq P E0u.
2: for t “ 1, ¨ ¨ ¨ , T do
3: Orient edges in E0 based on tppγijptq, pseijptqqu and update PDAG to Gt.
4: For all pi, jq P Et, calculate UCBijptq and LCBijptq.
5: For all i P Vt, find orientable edges Eiptq.

6: Update rCt “ argmaxiPVt
|Eiptq|.

7: With probability |V0|δt, sample at P V0; with probability 1 ´ |V0|δt, sample at P rCt.
8: Generate experimental data under do pXatq and add to Datrts.
9: For j P N0 patq, regress Xj „ Xat using Datrts, update pγatjpt ` 1q, pseatjpt ` 1q.
10: For i ‰ at and j P N0piq, pγijpt ` 1q Ð pγijptq, pseijpt ` 1q Ð pseijptq.

Output: Graph GT .

To update the PDAG at round t (Line 3 of Algorithm 4.1), the algorithm computes

zijptq “ |pγijptq{pseijptq| for all undirected edges pi, jq P E0. All ordered pairs are then ranked

in descending order of zijptq, and the algorithm iterates through this list. For each pair, if

zijptq ě λt ą zjiptq

and orienting the edge as i Ñ j does not contradict with any previously oriented edges, the

edge is oriented accordingly. After each successful orientation, Meek’s rules are applied to

infer as many additional edge directions as possible. After a full pass, the resulting graph is

the updated PDAG Gt.

Given Gt, the algorithm evaluates the informativeness of intervening on each node i P Vt,

where Vt denotes the set of nodes connected to undirected edges in Gt. The upper and lower

confidence bounds defined in (4.4) are computed for all pi, jq P Et (Line 4 of Algorithm 4.1)

and are used to count the number of orientable edges associated with intervening on node i

(Line 5 of Algorithm 4.1). Specifically,

‚ If zijptq ă λt and UCBijptq ą UCBjiptq, count i Ñ j and additional edges by Meek’s
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rule to Eiptq;

‚ If zijptq ě λt and LCBijptq ă LCBjiptq, count j Ñ i and additional edges by Meek’s

rule to Eiptq.

In Line 7 of Algorithm 4.1, the algorithm selects the intervention node by balancing

exploitation and exploration, controlled by the parameter δt. The exploration parameter δt

is chosen as a decreasing sequence in t. At early stages, δt is relatively large, so the algorithm

behaves nearly randomly and accumulates sufficient experimental data to obtain reliable

estimates of causal effects. As t increases, δt becomes small, and the algorithm increasingly

selects the node with the largest number of orientable edges. When all edges have been

directed, i.e., Et “ H and rCt “ H, the algorithm may perform no intervention at certain

rounds, and consequently no experimental data are generated. This behavior highlights the

sample efficiency of the proposed algorithm. The choice of the tuning parameters λt and δt

is discussed in Remark 4.1.

In practice, an early stopping rule can be incorporated into Algorithm 4.1. If the up-

dated graph Gt contains no undirected edges and remains unchanged for a fixed number of

consecutive rounds (e.g., 50), it provides empirical evidence that the true DAG has been

identified, and the algorithm can be terminated.

4.4 Theoretical analysis of Seq-UCB

Our theoretical analysis focuses on linear Gaussian structural equation models. Let G denote

the true DAG, and define its directed edge set as E “ tpi, jq : i Ñ j P EpGqu. To ensure

identifiability of edge directions from experimental data, we need the following faithfulness

assumption.

Assumption 4.1. The random vector X “ pX1, ¨ ¨ ¨ , Xpq satisfies the linear SEM (4.1)

associated with a DAG G.
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Assumption 4.1 guarantees that each directed edge in the true DAG induces a nonzero

causal effect in the correct direction and no causal effect in the reverse direction, which

allows edge orientations to be identified from interventional estimates. Under an intervention

do pXi “ xq, the interventional distribution of Xj is given by

Xj | do pXi “ xq „ N
`

γijx, σ
2
ij

˘

. (4.5)

Define Niptq “
řt
u“1 1tAu “ iu as the number of times node i is selected for intervention

up to time t.

Lemma 4.1. Let ut ą 0 be a deterministic sequence. Under Algorithm 4.1, the number of

interventions on each node i P V0 satisfies

P pNiptq ă utq ď exp

˜

´

`
řt
u“1 δu ´ ut

˘2

2t

¸

, @i P V0. (4.6)

The proof of Lemma 4.1 is provided in Section 4.7.1. By choosing the exploration sequence

δt appropriately, the bound in (4.6) ensures that every node i P V0 is intervened upon at

least ut times by round t with high probability.

Define

uiptq “

R

max

"

48 log t ` 1, max
j:γij‰0

10σ2
ijλ

2
t

γ2ij

*V

.

The quantity uiptq represents a minimum number of interventions on node i required to

reliably determine the orientations of its connected undirected edges.

The following lemma shows that, once this minimum intervention requirement is satisfied

for all nodes in V0, the probability that the updated PDAG Gt differs from the true DAG G

decays at the order of Opt´3q at most. The proof of Lemma 4.2 is provided in Section 4.7.2.

Lemma 4.2. Suppose that for all nodes i P V0, t ą 0, Niptq ě uiptq with λt ě 2
?
3 log t.
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Then under Assumption 4.1,

P pGt ‰ Gq ď 7 |E0| t´3. (4.7)

Define ut “ maxiPV0 uiptq. With appropriate choices of the tuning parameters δt and λt,

the following theorem establishes that Algorithm 4.1 consistently recovers the true DAG.

The proof of this result is provided in Section 4.7.3.

Theorem 4.1. Suppose
řt
u“1 δu´ut has a higher order in t than

?
t log t, with λt ě 2

?
3 log t.

Then under Assumption 4.1, Algorithm 4.1 satisfies

8
ÿ

t“1

P pGt ‰ Gq ă 8,

and hence

P
´

lim
tÑ8

Gt “ G
¯

“ 1.

Remark 4.1 (Choice of tuning parameters). Graph recovery consistency requires the thresh-

old to satisfy λt ě 2
?
3 log t. Under this condition, the minimum intervention requirement

ut is dominated by the order of λ2t . In addition, the exploration parameter δt must be chosen

such that

t
ÿ

u“1

δu ´ ut ě 2
a

t log t,

which ensures that each node receives a sufficient number of interventions with high probabil-

ity. These conditions imply that λt can grow at any rate between Op
?
log tq and Op

?
tq, while

řt
u“1 δu must lie between O

`

max
␣

λ2t ,
?
t log t

(˘

and Optq. A convenient parameterization

that satisfies all theoretical requirements is to set

λt “ O ptαq , δt “ O
`

t2α´1
˘

,

for some α P p1{4, 1{2q. This choice balances statistical accuracy in edge orientation with
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sufficient exploration of intervention nodes.

In practice, the parameter α controls the trade-off between early exploration and aggres-

sive exploitation. Larger values of α lead to more conservative edge orientation thresholds

and increased random exploration in early rounds, while smaller values favor faster exploita-

tion. We investigate the empirical impact of different choices of α on the performance of

Algorithm 4.1 in Section 4.5.2.

4.5 Numerical experiments

4.5.1 Simulation settings

We compare the performance of three algorithms that differ only in how the intervention

node At is selected at each time step. For all three methods, the procedure for orienting edges

and updating the PDAG Gt is identical; in particular, the same significance-based orientation

rule is used at every round. The purpose of the numerical experiments is to evaluate whether

the proposed Seq-UCB algorithm can select intervention nodes more effectively and thereby

recover the true DAG with fewer interventions.

The three algorithms considered are as follows:

‚ Completely random (Baseline 1): At each time step t, the intervention node at is

sampled uniformly at random from the initial candidate set V0.

‚ Sequentially random (Seq-rand, Baseline 2): At each times step t, with probability

|V0|δt, the intervention node at is sampled uniformly from V0; with probability 1´|V0|δt,

it is sampled uniformly from the current candidate set Vt.

‚ Sequential UCB (Seq-UCB): At each times step t, with probability |V0|δt, the inter-

vention node at is sampled uniformly from V0; with probability 1´ |V0|δt, it is sampled

uniformly from rCt, the set of nodes maximizing the number of orientable edges.
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Following the discussion in Remark 4.1, we choose the tuning parameters as

λt “ 0.5tα, δt “
11α

20
t2α´1,

so that
řt
u“1 δu « 1.1t2α, with α P t0.25, 0.3, 0.35u. For the Seq-UCB algorithm, an addi-

tional parameter c “ 1{
?
2 is used in the construction of the confidence bounds. To improve

stability in finite-sample settings, we impose a minimum intervention requirement of 2
?
log t

for all three algorithms. Although this condition is not required by the theoretical results,

it helps ensure more reliable performance in practice by preventing insufficient sampling at

early stages.

For all three algorithms, at each round we collect two experimental samples under

do pXatq. The intervention value is drawn uniformly from t´1, 1u for simplicity. The struc-

tural coefficients in this section are generated according to the linear SEM model in (4.1),

where the edge weights are sampled uniformly from βij P r´1,´0.5s Y r0.5, 1s and the noise

variances are sampled from ω2
ij P r0.5, 1s.

4.5.2 True DAG identification rate comparisons

In this subsection, we compare the true DAG identification rates of the three algorithms

described in Section 4.5.1. We generate 100 random DAGs with 20 nodes, maximum indegree

equal to 2 , and between 10 and 15 initially undirected edges. For each simulated graph, we

run each algorithm independently 5 times for 1000 time steps. We consider three choices of

the tuning parameter α P t0.25, 0.30, 0.35u, which determine the growth rate of λt, in order

to examine how the threshold sequence affects empirical performance. At each time step,

we compute the true DAG identification rate averaged over the five runs, and then further

average this quantity across the 100 simulated graphs. The results are shown in Figure 4.1.

As illustrated in Figure 4.1, when λt grows relatively slowly (i.e., smaller α ), the true

DAG identification rates of Seq-UCB and Seq-Rand are very similar over time. This behavior
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Figure 4.1: Average true DAG identification rate over time on 100 randomly simulated DAGs with p “ 20, maximum in-degree
2, and between 10 and 15 undirected edges in the initial CPDAG.

can be attributed to the fact that, after a certain number of rounds, the number of undirected

edges is typically small when λt is small. In such cases, the UCB-based intervention criterion

provides limited advantage, since most edges have already been oriented and the graph has

a fixed maximum degree. In contrast, when λt grows faster (i.e., larger α ), the performance

gap between Seq-UCB and Seq-Rand becomes more evident. Seq-UCB consistently achieves

higher identification rates by selecting intervention nodes that are more informative in ori-

enting the remaining undirected edges. In all settings, the completely random algorithm

generates interventional samples at every round, whereas Seq-UCB and Seq-Rand require

substantially fewer samples. As shown in Figure 4.2, Seq-UCB uses the smallest number of

interventional samples while achieving higher true DAG identification rates.

Moreover, we compute the average number of wrongly oriented edges averaged over all

runs and display the results in Figure 4.3. As illustrated in Figure 4.3, with small λt and δt,

the average number of wrongly oriented edges decreases slower over time than with moderate

λt and δt. This suggests that, when avoiding false positives is a primary concern, choosing

sequences λt and δt with a relatively higher growth rate may be preferable in practice.
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Figure 4.2: Average times of interventions over time across all runs on 100 randomly simulated DAGs with p “ 20.
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Figure 4.3: Average number of wrongly oriented edges over time on 100 randomly simulated DAGs with p “ 20, maximum
in-degree 2, and between 10 and 15 undirected edges in the initial CPDAG after 50 rounds.

4.5.3 Early stopping and intervention time comparisons

To illustrate differences in intervention-selection behavior, we compare Seq-Rand and Seq-

UCB on several structured graphs with 15 nodes. We adopt an early stopping criterion under

which the algorithm terminates once the estimated graph Gt is fully oriented and remains

unchanged for 50 consecutive rounds (excluding rounds in which Gt contains undirected

edges). The tuning parameters are set to λt “ t0.3{2 and δt “ 0.165t´0.4, i.e., α “ 0.3.

For each graph type, we generate 30 independent sets of coefficients and run each al-

gorithm 5 times per coefficient set. The reported intervention times are averaged over all
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runs. The results are shown in Figure 4.4. As illustrated in the figure, Seq-UCB consistently

requires fewer total interventions than Seq-Rand to recover the true DAG under the early

stopping criterion. This advantage is particularly evident for the star-shaped graph, where

node degrees are highly heterogeneous. In such settings, Seq-UCB more effectively prioritizes

interventions on high-impact nodes, leading to faster orientation of undirected edges.
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Figure 4.4: Average number of times each node is selected for intervention across three graph structures.

4.6 Discussion

This chapter develops a finite-sample adaptive framework for causal DAG structure learning,

where interventions are selected sequentially and edge orientations are inferred statistically

rather than deterministically through conditional independence oracles. The key idea is

to update the current graph using two complementary sources of information. First, the

method performs uncertainty-aware inference on edge directions using estimated causal ef-

fects together with their standard errors. Second, it propagates newly oriented edges through

Meek’s rules to accelerate progress toward full identification. These components together

yield the Seq-UCB algorithm, which prioritizes resolving the remaining undirected edges in

the CPDAG as quickly as possible while remaining computationally practical under finite

experimental samples.

Theoretical guarantees are established for linear structural equation models with Gaus-
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sian noise. It shows that, with appropriate tuning of parameters, every candidate node

receives sufficiently many interventions with high probability. Once this minimum interven-

tion requirement is satisfied, the probability of incorrect graph identification decays at a rate

no worse than Opt´3q, implying almost sure convergence to the true DAG. Simulation results

demonstrate clear empirical gains from adaptive intervention selection. Seq-UCB achieves

higher true-DAG identification rates with fewer experimental samples than sequential ran-

dom baselines, especially for graphs with heterogeneous degree patterns, such as star-shaped

graphs, where certain interventions are substantially more informative than others.

4.7 Appendix

4.7.1 Proof of Lemma 4.1

Proof. Define Ft “ σpA1, ¨ ¨ ¨ , Atq, which is the σ-algebra generated by the random variables

A1, ¨ ¨ ¨ , At, representing all information available up to time t, i.e., tFtutě1 denote the natural

filtration generated by the action process tAtu, where Ft contains all events measurable with

respect to the history pA1, . . . , Atq.

Then @i P V0, we have

PpAt`1 “ i|Ftq ě δt, @t ě 1.
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Define

Zu “ 1 tAu “ iu P t0, 1u,

Niptq “

t
ÿ

u“1

Zu,

pu “ E rZu | Fu´1s “ P pAu “ i | Fu´1q ě δt,

Mt “

t
ÿ

u“1

ppu ´ Zuq ,

then E rpu ´ Zu | Fu´1s “ 0, so pMtq is a martingale, and each increment satisfies |ppu ´ Zuq| ď

1. Now on the event tNiptq ă utu,

Mt “

t
ÿ

u“1

pu ´

t
ÿ

u“1

Zu ě

t
ÿ

u“1

δu ´ ut.

So

tNiptq ă utu Ď

#

Mt ě

t
ÿ

u“1

δu ´ ut

+

.

Then according to Azuma-Hoeffding, when uiptq ď
řt
u“1 δu, we have

P pNiptq ă utq ď PpMt ě

t
ÿ

u“1

δu ´ utq ď exp

˜

´

`
řt
u“1 δu ´ ut

˘2

2t

¸

.

4.7.2 Proof of Lemma 4.2

Proof. According to (4.3),

pγijptq

pseijptq
„
γij

a

NiptqpNiptq ´ 1q

σij
b

χ2
Niptq´1

` tNiptq´1.
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Specially, if γji “ 0, then
pγjiptq

psejiptq
„ tNjptq´1.

Our proof is based on the following tail properties of normal, t and χ2 distributions:

P
`

|N p0, σ2
q| ě δ

˘

ď 2e´δ2{p2σ2q,

Pp|tr| ě δq ď 2e´δ2{4
` e´r{16,

P
`

χ2
r ě 5r{2

˘

ď e´r{4.

(4.8)

If |tNiptq´1| ď λt, we have

|γij|
a

NiptqpNiptq ´ 1q

σij
b

χ2
Niptq´1

´ λt ď zijptq ď
|γij|

a

NiptqpNiptq ´ 1q

σij
b

χ2
Niptq´1

` λt.

Then @pi, jq P E0 with γij ‰ 0, @t,

Ppzijptq ă λtq ď P

¨

˝

|γij|
a

NiptqpNiptq ´ 1q

σij
b

χ2
Niptq´1

´ λt ă λt

˛

‚` P
`

|tNiptq´1| ě λt
˘

ď P
ˆ

χ2
Niptq´1 ą

γ2ijNiptqpNiptq ´ 1q

4σ2
ijλ

2
t

˙

` 2 expp´λ2t {4q

` exp p´pNiptq ´ 1q{16q ,

Ppzjiptqq ě λtq “ P
`

|tNjptq´1| ě λt
˘

ď 2 exp
`

´λ2t {4
˘

` exp p´pNjptq ´ 1q{16q .

(4.9)

Since Niptq ě
10σ2

ijλ
2
t

γ2ij
, i.e.,

γ2ijNiptqpNiptq´1q

4σ2
ijλ

2
t

ě
5pNiptq´1q

2
, then

P
ˆ

χ2
Niptq´1 ą

γ2ijNiptqpNiptq ´ 1q

4σ2
ijλ

2
t

˙

ď exp p´pNiptq ´ 1q{4q .
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Since Niptq ě 48 log t ` 1, @i P V0 and λt ě 2
?
3 log t, then

Ppzijptq ă λtq ` Ppzjiptq ě λtq ď expp´pNiptq ´ 1q{4q ` expp´pNiptq ´ 1q{16q

` expp´pNjptq ´ 1q{16q ` 4 expp´λ2t {4q

ď 7t´3.

Therefore,

P pGt ‰ Gq ď P pzijptq ě λt ą zjiptq does not hold for some pi, jq P E0 with γij ‰ 0q

ď
ÿ

pi,jqPE0:γij‰0

rPpzijptq ă λtq ` Ppzjiptq ě λtqs

ď 7|E0|t´3.

4.7.3 Proof of Theorem 4.1

Proof. Since
řt
u“1 δu ´ ut has a higher order in t than

?
t log t, after some t ě ℓ0,

t
ÿ

u“1

δu ´ uiptq ě 2
a

t log t, @i P V0,

where ℓ0 is a constant determined by γij, σij. Then according to Lemma 4.1, @pi, jq P E0,

P pNiptq ă uiptqq ď exp

˜

´

`
řt
u“1 δu ´ uiptq

˘2

2t

¸

ď t´2.
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Therefore, for any t ě ℓ0,

PpGt ‰ Gq ď
ÿ

pi,jqPE0:γij‰0

P pzijptq ă λtq `
ÿ

pi,jqPE0:γij‰0

P pzjiptq ě λtq

ď
ÿ

pi,jqPE0:γij‰0

t´1
ÿ

u“0

P pzijptq ă λt, Niptq “ uq

`
ÿ

pi,jqPE0:γij‰0

t´1
ÿ

u“0

P pzjiptq ě λt, Njptq “ uq

ď
ÿ

pi,jqPE0:γij‰0

¨

˝

t´1
ÿ

u“uiptq

P pzijptq ă λt, Niptq “ uq ` PpNiptq ă uiptqq

˛

‚

`
ÿ

pi,jqPE0:γij‰0

¨

˝

t´1
ÿ

u“ujptq

P pzjiptq ă λt, Njptq “ uq ` PpNjptq ă ujptqq

˛

‚

ď 7|E0|t´2
`

ÿ

pi,jqPE0:γij‰0

PpNiptq ă uiptqq `
ÿ

pi,jqPE0:γij‰0

PpNjptq ă ujptqq

ď 9|E0|t´2.

Then

8
ÿ

t“1

PpGt ‰ Gq ď ℓ0 `

8
ÿ

t“ℓ0`1

PpGt ‰ Gq ď ℓ0 ` 9|E0|
8
ÿ

t“1

t´2
“ ℓ0 `

3π2|E0|

2
.

By Borel-Cantelli lemma,

P
´

lim
tÑ8

Gt “ G
¯

“ 1.
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CHAPTER 5

Summary and future directions

This dissertation studies sequential learning in causal graphical models under finite samples

collected at each round. Two related learning objectives are investigated: identifying the

intervention with the largest causal effect on a reward variable and learning the underlying

causal graph structure. In both settings, the main challenge is how to allocate limited

experimental interventions while exploiting information available from observational data

and structural constraints.

Chapter 2 considers the problem of identifying the variable with the largest causal effect

on the reward when the causal DAG is unknown. The proposed BA-UCB algorithm uses

adjustment sets to combine observational and experimental samples for estimating causal

effects. Through valid backdoor adjustment, observational data can simultaneously inform

the estimation of causal effects across multiple arms. The algorithm constructs confidence

bounds based on weighted estimates from both data sources, and the accumulation of ob-

servational data progressively reduces uncertainty across arms. As a result, the dependence

of the cumulative regret on the number of arms is reduced once a sufficiently large amount

of initial observational data is available.

Chapter 3 extends the BA-UCB algorithm to settings with latent confounders, where

some causal effects may not be identifiable from observational data. The algorithm performs

an identifiability check for each arm and adapts the estimates accordingly. Observational

data are incorporated in constructing UCBs only when a valid adjustment set exists; oth-

erwise, the estimates rely solely on experimental samples. The resulting cumulative regret

101



bound shows that, given a sufficiently large amount of initial observational data, perfor-

mance depends on the number of non-identifiable interventions rather than the total number

of arms. Therefore, as long as adjustment is valid for a nontrivial subset of interventions,

observational data can still improve the efficiency of sequential learning through information

sharing across identifiable arms.

Chapter 4 studies adaptive learning of the causal structure. The Seq-UCB algorithm

selects intervention nodes that are most informative for orienting the remaining undirected

edges under finite samples within a given CPDAG. The procedure combines statistical un-

certainty in estimated causal effects with graphical propagation rules, so that each successful

orientation can trigger additional orientations through Meek’s rules. Theoretical guarantees

establish almost sure convergence to the true DAG, and simulations demonstrate that Seq-

UCB effectively reduces the number of experimental samples required for structure recovery

compared with both non-adaptive and randomly adaptive baselines.

Several directions naturally follow from our work.

First, for both learning objectives, the current theoretical analysis relies on linear struc-

tural equation models with Gaussian noise, which enables explicit estimators and concen-

tration bounds. Extending the algorithms and analysis to broader settings is therefore

important. One direction is to establish theoretical guarantees under more general error dis-

tributions, such as sub-Gaussian noise, by replacing Gaussian tail bounds with appropriate

concentration inequalities. Another direction is to handle nonlinear structural equations by

employing alternative causal effect estimators and deriving corresponding confidence bounds

for sequential learning.

Second, the Seq-UCB algorithm assumes that the CPDAG is known or accurately esti-

mated from observational data. In practice, observational structure learning is itself uncer-

tain and may introduce orientation errors or extra edges that significantly affect intervention

selection in our setting. Incorporating CPDAG estimation uncertainty into adaptive inter-

vention design is nontrivial and represents an important direction for future work.
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Third, this dissertation studies reward optimization and structure learning separately

because the two tasks have different primary objectives. However, the two objectives are

closely related. Better structural knowledge can improve the efficiency of identifying the best

intervention, and data collected for reward optimization can also inform structure learning.

An interesting research direction is to design adaptive policies that allocate experiments

between reward estimation and structure identification according to a pre-specified trade-

off between the two tasks, and to analyze how improved structural knowledge facilitates

identification of the largest reward and reduces long-term regret.
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