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ABSTRACT OF THE DISSERTATION

The 3-dimensional Steady Gradient Ricci Soliton
by

Hongxin Guo

Doctor of Philosophy in Mathematics
University of California San Diego, 2008

Professor Bennett Chow, Chair

In the first three chapters, we study the steady gradient soliton, especially the 3-
dimensional soliton with positive sectional curvatures and which is k-noncollapsed
on all scales. In Chapter 1, we discuss the background of our project, and introduce
the basic definitions. In Chapter 2, we get some geometric properties of the soliton.
The asymptotic behaviors are studied. In Chapter 3, we introduce another approach
looking at the difference between the two principle curvatures, and prove the soliton
is rotationally symmetric out of a compact set under an additional assumption.

In Chapter 4, we generalize Perelman’s L-length to high dimensions. We define
a new energy in a natural way, and derive the first variation of the energy. When
the dimension is reduced to one, our first variation formula is exactly Perelman’s
L-geodesic equation.

In Chapter 5 we study the mean curvature flow inside the Ricci flow. The inter-
esting result is that in the evolution equation of the second fundamental form, many

bad terms are canceled mysteriously due to the evolution of the ambient manifold.

viii



Chapter 1
Introduction

In 2002 and 2003 Grisha Perelman posted three preprints [18], [19] and [20]
showing how to use the Ricci flow, introduced and studied by Richard Hamilton, to
prove Thurston’s Geometrization conjecture, and consequently the famous Poincaré
conjecture, which is one of the Clay Mathematics Institute’s seven Millennium Prize
Problems.

In 1982 in his seminal paper [9] Hamilton introduced his Ricci flow:

dg
5 = —2Re (1.1)

which is now central to our understanding of the geometry and topology of manifolds.
The Ricci flow equation has much in common with the heat equation. It evolves an
initial metric into ever nicer ones.

The Ricci solitons, which are the self-similar solutions evolving only by scalings
and diffeomorphisms, have been extensively studied. These special solutions moti-
vate the general analysis of the Ricci flow through monotonicity formulas and their

applications. In general, the Ricci soliton is defined as:

Definition 1. A solution g(t) of the Ricci flow on M™ is a Ricct soliton if there

exist a positive function o(t) and a 1-parameter family of diffeomorphisms ¢(t) :



M — M such that

g(t) = o(t)e(t)*g(0).
We say that g(t) is expanding, steady, or shrinking at a time ty if 6(to) is
> 0,= 0, or < 0 respectively.

In the Ricci flow, the soliton structure can actually be characterized at the initial
time ¢ = 0 by
2R + Vo Xy + Vi X, + €Jab = 0,

where X (p) = 4|,_o(¢(t)(p)), and 0 < a,b < n — 1. Note in the above equation, all
the quantities are calculated at time 0. The soliton is expanding, steady or shrinking
when € > 0,= 0, or < 0 respectively.

If there is a function f (called the potential function) generating the vector
field X, that is to say X = Vf, we call M a gradient soliton. In this case, the

soliton equation becomes:
€
Rab + vavb.f + §gab = 0. (12)

Beginning with a complete gradient Ricci soliton structure, we can construct a so-
lution to the Ricci flow, which is a gradient Ricci soliton in canonical form for the
associated time-dependent version. The following is standard and one can find a

detailed discussion in [6].

Proposition 2. If (M™, gy, fo,€) is a complete gradient Ricci soliton, then there
exist a solution g(t) of the Ricci flow with g(0) = go, diffeomorphisms p(t) with
©(0) = idnm, function f(t) with f(0) = fo defined for all t with 7(t) = et +1 > 0,
such that the following hold.

1. p(t) : M — M is the I-parameter family of diffeomorphisms generated by
X(t) = 1Vf; that is

TT

9 o(1)(x) = TV R(p(t)(a),



where we use VO to denote the covariant derivative with respect to the metric

Jo-

2. g(t) is the pull-back by (t) of go up to the scale factor T,
g(t) = 7 (t)" g0,

3. f(t) is the pull-back by (t) of fo :

Moreover,
Re(t) + V'V f(t) + ig(t) =0, (1.3)
where V' is the covariant derivative with respect to the metric g(t). And
of
0 = 19 (1) (1.4

In the present work, we mainly focus on the gradient steady soliton, in which
e=0:
R+ V., Viof =0 (1.5)

especially on the case when the dimension is 3 and the sectional curvatures are
positive.

We introduce an important definition:

Definition 3 (k-noncollapsed). Given p € (0,00] and k > 0, we say that a Rieman-
nian manifold (M™, g) is k-noncollapsed below the scale p if for any metric ball

B(z,r) with r < p satisfying | Rm | < r=2 for all y € B(z,r), we have
Vol(B(z, 1)) -

T B
We say (M, g) is k-noncollapsed on all scales if it is k-noncollapsed below

the scale p for all p < oco.



There is the following claim of Perelman (see Remark 11.9 on page 32 of his
remarkable paper [18]).

Claim 4. [ believe that there is only one (up to scaling) noncompact 3-dimensional
k-noncollapsed ancient solution with bounded positive curvature — the rotationally

symmetric gradient steady soliton, studied by R. Bryant.

While we are still unable to confirm Perelman’s claim, we get some geometric
properties of the steady soliton, and under one additional assumption we get the

soliton is rotationally symmetric outside of a compact set.



Chapter 2

The scalar curvature R and the

potential function f

2.1 Fundamentals on a steady soliton

In this section we discuss the basic formulas, which are known but for complete-
ness we present our proofs here.

Suppose that (M™, g, f) satisfies Equation (1.5). From this section,unless stated
otherwise, all the calculations are understood to be on a gradient steady soliton for a
fixed time. Throughout the thesis we use Einstein’s convention that repeated indices

means taking summation with respect to the metric.
Proposition 5. We have the following formulas:

1. R+ Af =0,

2. VR=2Rc(VYf),

3. R+ |Vf|* = constant,

4. VVR =2Vy;Rc—2Rc? —2Rm(-, V£, Vf, ).



Proof. 1. Simply taking trace of Equation (1.5) with respect to the metric we get

this formula.

2. Taking once covariant derivative of Equation (1.5) and contract the indices we
get
VaRab + Vavavbf = 0.

By the contracted second Bianchi identity we have V, Ry, = %VbR, and by the

Bochner formula we get
1
VoVaVi f = ViAf + Ry Vi f = —§VaR + Ry Vo f.

Plug in we get —3V, R+ RV, f =0, or VR = 2Re(Vf) as a coordinate-free

version.

3. Since

V(R + |Vf[2) = VR +2(VV{, V)
= 2Re(Vf) + 2VVF(VS)
=0,

we get R+ |V f|? = constant on M.

4. Taking once more covariant derivative of the second formula, and by the

Bochner formulas we have

VVR =2(VRec)(Vf)+2Re(VVY)
=2VysRe—2Rm(-, Vf, V£, -) — 2Rc%.



2.2 Characterizing R and f sharing a same level

surface

In this section, we discuss the case when the scalar curvature and the potential

_ NI
V£l

Then v is an outward normal vector of the level surface > which contains x. The

function share a same level surface. At a point z where Vf # 0, we let v =

level surface is defined as follows:
X(0) = {z[f(z) = o}.
The second fundamental form A of ¥ is defined by
MX,)Y)=(Vxv,Y),

for any X,Y € T(X). h;; is understood to be h(e;, e;), and the mean curvature
We consider ¥ which contains no critical point of f. Plug in the formula for v we

get
VVf  Re

VA VST

Below is a formula which we shall use for a few times in this note. To the best of

the author’s acknowledge it hasn’t shown up in any known literature. The advantage

of this formula is that it shows a connection with the geodesic equation.

Lemma 6. Assume M"™ is a gradient steady Ricci soliton. For any vectorY € T, M

we have
Re(v, Vyv) = Re(Y, V,v). (2.1)

Proof. Since both sides are linear in terms of Y, we only need to verify the formula

for an orthonormal basis {v, e;}. Since Vv = h;;je;, we have

Re(v, Ve, v) = hijRo;,



where Ry; = Re(v, €;).
On the other hand we have

Re(ei, Vov) = Re(e;, (Vo e5)e;) = Rij (Vv e5).

Furthermore, plugging in the formula for v we get

Vf
Vov=—-V
!Vf! Vs
= VV(VS Vf I
!VfP I+ o Y
Since Vf L e; and v = IVfI we have
1
v¥y — —R
(Vv ej) = |vf‘2VVf(Vf ,e;) = ‘VﬂVVf(V ej) = 7] 0j
Finally we get
Re(e;, Vo) = |vf|RUROJ hijRo; = Re(v, V,v),
and this completes the proof. O]

Using this formula, we characterize the scalar curvature and the potential function

sharing a same level surface:

Proposition 7. Suppose X is a level surface of f. If ¥ is also a level surface of the
scalar curvature R, then we have V,v(z) =0 for any x € 3.
Proof. For any X € T'(X) we have 0 = X(R) = 2Rc(Vf, X) = —2|Vf|Re(v, X),

since R is constant on Y. Furthermore

_ oVt
<VVI/7X>_ <vu<|vf|)7X>
1 1
= g (VY X) vV X)
1
_WRC(VX) 0

=0



Moreover it’s obvious that (V,v, v) = 0. Hence V,v = 0 since its inner product with

any vector is 0. O
For the opposite direction of Proposition (7) we have the following:

Proposition 8. Suppose ¥ is a level surface of f and on X, V,v = 0. Furthermore,
assume the second fundamental form h is nondegenerate on Y. Then ¥ is a level

surface of R as well.

Proof. 1t will be sufficient to show that for any X tangent to %, X(R) = 0.
By our assumption on h, there is an Y € T(X) such that Y = h=(X). Since for
any Z € T'(X),

(Vyv,Z) =h(Y,Z) = h(h 1(X),Z) = (X, Z),
we know that X = Vyr. Now we have
X(R) = (VR,X) =2Rc(Vf, X) = =2|Vf|Re(v, Vyr) = =2|Vf|Re(Y, V,v).

In the last equality of the above line we used Equation (2.1). Since on ¥, V,v is

always 0, we are done. O

2.3 R vanishes at spatial infinity

In this section, we focus on a 3-dimensional steady soliton M? with bounded
positive sectional curvature 0 < sect (g) < C. We also suppose M? is x-noncollapsed
on all scales. The xk-noncollapsing assumption guarantees the injectivity radius is
bounded away from 0 for any time. Without loss of generality we assume Rg,, = 1
at time t = 0.

We have the following:

Theorem 9 (Scalar curvature tends to zero at spatial infinity). lim, .., R (x) = 0.
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Proof. 1f the claim is false, then there exists z; — oo such that R (z;) > ¢ > 0.
By the injectivity radius estimate for complete noncompact manifolds with bounded
positive sectional curvature and the compactness theorem, there exists a subsequence
such that (M3, g (t),z;) converges to a complete nonflat eternal solution of the Ricci
flow (M2, goo (1), To0), t € (—00, 00), with bounded nonnegative sectional curvature
and which is k-noncollapsed on all scales. Applying the ‘finite number of curvature
bumps’ theorem to the sequence of closed balls By (;,1) in (M3, g (0)) (see §21 of

[11]), we have that for a subsequence,

min  sect (g (0)) — 0,
acEng)(aci,l)

and hence (M2, g (0)) has a zero sectional curvature somewhere in the ball

Bgm(o) (o0, 1). By the strong maximum principle and since we are in dimension 3,
the universal covering solution </\/l3 y Joo (T )), t € (—00,0], splits as the product
of a simply-connected ancient s-solution (N2, hy (t)) with R. By Chen and Zhu’s
[3] uniqueness result, (/\/l3 s oo (t )) = (N2, hoo (1)) x R for all t € (—o0,0), in
particular, h, (t) extends forward in time to an eternal solution. This contradicts

Hamilton’s result that he (¢) is isometric to a shrinking round 2-sphere. ]

Corollary 10. There is a unique point O where both the scalar curvature R and the

potential function f attain their maximums. Moreover,
R(O)=1, and lim |Vf|=1

Proof. By R > 0 and R(z) — 0 as x — oo, we get R must attain its maximum at
some point O. At O we have VR(O) = 0, then we have Re(Vf,Vf) = 3(VR,Vf) =
0. By the strictly positivity of Re, we see Vf(O) = 0. Combining with VV f < 0 we
see O is a maximum point of f as well. Also since VV f is strictly negative, we see
O is unique.

By the assumption at the beginning of this section, Ry,, = 1 we have R(O) = 1.
Since R + |V f|? = constant, and evaluate the constant at O we get R + |V f|* = 1.
Let x — oo, we get lim, .. |V f| = 1. O
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Remark 11. Since VV f < 0 everywhere and V f(O) = 0, we know M3 is diffeo-
morphic to R3 by Morse theory.

2.4 —f grows linearly

From section (2.3), we know there is a unique point of maximum O for both R
and f. We call O as origin. Without loss of generality, we assume f(O) = 0. For any
r € M3, let r(x) = dist(O, z), and v(s) denote the shortest geodesic from O to =,
where s is the arclength. An easy observation is that v(0) = O, and ~ (r(x)) = =.

Use the same notation as in section (2.2), ¥(o) and v are the level surface and
the outward unit normal vector, respectively. Let (o) denote the integral curve of
%(: —ﬁ). We observe that - f(8(c)) = (V/, 3) = 1. It’s not hard to see that
as r — 00, 0 — —oo. When ¢ increases, [ goes toward the origin and 5(0) = O.
Note we can parameterize the curves by their arclength s or level value ¢ or distance
function r accordingly.

Assume z = y(r) = ((0g). We can estimate f(z) along different curves. Along
the minimal geodesic v, since

@)= 1le) = £0) = [ L ptonds = [ s

0

and [ 72 f(v(s))| < [Vf] < 1, we get

f(z) > —r.

Now we estimate f(z) along the integral curve (3. In this situation we can only
get good estimate when the point x is faraway from the origin. The reason is because
|V f| — 1, we can compare f(z) and r(x) as x — oo. Precisely, given any positive

¢, there is a & such that when o > &, [Vf(5(0))] > (1 +¢€)7!. Let 7 = 3(7) and
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7 = dist(O, ), then in 3, the length of the portion from Z to x can be estimated as

[ braol = [ o

< (l+e¢€)(ag —09)
= 1+ 6)(f(z) = f(x))

On the other hand, .
/ 3(0)do > dist(z,2) = r — 7.
So we have
I+ (@) = flz)) >r—T,
fla) < f@) —(1+e (r—7)

When r is big enough both f(z) and 7 are relatively small comparing to r, so they
can be absorbed by r(z) by slightly changing the coefficient. We can rewrite the

inequality in the following way:

€

fl@) < -(1= .

Briefly, we have derived the following lemma:

Lemma 12. For any € > 0, there is r. such that when r(z) > r. we have

1—e<%(x)<1. (2.2)

Now we consider the difference between the geodesic and the integral curve. Let

0(z) be the angle between 4(z) and v(x), we have:

Corollary 13. 0(z) — 0 as z — co.
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Proof. Since — f is geodesically convex we see

L fipeyy 2 LD 2@
On the other hand,
d V) — 1 . - 0
%(_f(fy(‘s))) - <77 - f> - WCV} V> - |Vf‘ COSU.

So we have cosf > |V f]| - %(x) Let  — oo, by Lemma 12 we get

lim cosf(x) =1,

T—00

and this completes the proof. O

On any long stable geodesic, it is well known that f7 Re(¥,4)ds is bounded. On
the steady soliton, we can indeed get an exact number for the integral. This is the

following:

Corollary 14. For any long geodesic v(s) starting from O we have

/Rc("y,ﬁ)ds =1 (2.3)

.
Notice we integrate from 0 to oo.
Proof.
d : .
(Y fleos0) = (- £,)
= Re(,9)

Notice that when s — oo, |V f| — 1, and § — 0; and at 0, Vf = 0. Taking integral
from 0 to co along v we get Equation (2.3). O

Remark 15. In the above proof, if we replace |V f|cos® by |V f| we will see that

/Rc(ﬁ,u)ds = 1.
.
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2.5 R decays linearly

In this section, all the assumptions on M are the same as in section (2.3). We
have seen from Lemma 12 that —f grows linearly. In this section we will see that the
scalar curvature R decays linearly. Before proceeding to the result, we first introduce

a preliminary lemma proved by Perelman.

Lemma 16 (Canonical neighborhood theorem for ancient x-solutions). For every
e > 0 there exists a compact set K. in M3 such that every point x € M — K, is the
center of an e-neck. Then for any § > 0, there exists € > 0 such that |AR| < §R?
forx e M — K..

In the above, in particular we choose 6 = 1, then there is a compact set out of

which we have

OR R?
(VR,Vf) (: E) =AR+2 |Rc|2 > |Rc|? > 5 (2.4)
Theorem 17. For r(z) big enough, there are positive constants Cy, Cy such that

Cy Cy
) < R(z) < )

Proof. We prove the two inequalities separately.

(2.5)

step 1. R decays at most linearly.
By Perelman’s derivative estimate we have |VR| < CR?. Apply this along a
geodesic v emanating from O. (VR,¥) > —CR? so that 4 (%) < C. Thus

RG0) - Ry T =en

so that

R(v(r)) > .
()2
For r big enough, by choosing an appropriate constant C'; we can rewrite the above

as
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This shows R decays at most linearly.
step 2. R decays at least linearly.
Now we prove R decays at least linearly. By inequality 2.4, we have out of a

compact set U
1
(Vf,VR) = AR+ 2|Rc|* > |Rc|* > §R2.

We introduce the integral curve 3(&) of — Since |V f| — 1 we have out of a

\Vf |2
compact set Us

2—? |v1f|2<Vf VR) < %(Vf, VR) < —éRZ. (2.6)
From this differential inequality we get get an upper estimate of R(3(¢)) in terms
of &, of the order of 1/5. Since & indeed takes the value of —f and is comparable
with the distance r, we can get a same kind of upper bound of R(x) in terms of r.
With this intuition in mind, below we give a rigid argument. The reader may skip
this technical part.

Let Sy be a big sphere out of U = U; UUs. For any x, there is a maximal integral
curve (3 passing through z with 3(¢) = . Let o be a point of intersection of 3 and
So and assume 3(7y) = 7. From Inequality (2.6) we have

1 1 G — &y
R(x) R(m)~ 6
Let ¢y = max{R(Z) : T € Sp} then

1 oc—oy 1
> —. 2.7
R(z) — 6 * Co (2.7)

Keep in mind that 3 is an integral curve of — So that

IVfI2

1) = (o) = [ =B = [ 1y =0 =0

g0

Let ¢; = max{—f(Z) : * € Sy} then

o — 5’0 Z —f(il)) — Cq. (28)
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Combining Inequalities (2.7) and (2.8) we get

1 —flx) ¢ 1
R@) - 6 6 o

Since — f grows linearly, there exist constants ¢ > 0 and ¢ = —¢1/6 + 1/¢g so that

1 /
MZCT(SL’)—FC.

For r large enough, we can choose an appropriate constant Cy > 0 such that

C
R(z) < —2.
r(x)
This shows R decays at least linearly. O]

As easy consequences, below we see the asymptotic behaviors of VR and V f.

Corollary 18. For r(x) big enough, there is a constant ¢ such that

C
VR < 5, 29
and
|- S <|Vfl<1. (2.10)

Proof. Inequality (2.9) is directly from |VR| < CR?* and Inequality (2.6).
Since R + |V f|?> = 1, for () big enough we have

VfP=1-R>1-S>01-592
T T

and we get inequalities in (2.10).
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2.6 Round cylinder limit at spatial infinity (I)

In this section, we shall show that by appropriate point picking and rescaling,
there is a round cylinder limit at spatial infinity. We prove this by using the properties
of the scalar curvature R. The results in this section are mainly taken from [6]. Since
they are very important in the understanding of the steady soliton at infinity, and
also they offer a comparison with the next section where we prove the round cylinder
limit by looking at the potential function, we include this section in our thesis.

We first introduce an important definition in the studies of Ricci flow.

Definition 19 (ASCR). The asymptotic scalar curvature ratio of a complete

noncompact Riemannian manifold (M™, g) is defined by

ASCR(g) = limsup R(z)d(z,O)?, (2.11)
d(z,0)—o0

where O € (M) is any choice of origin.
ASCR(g) is well-defined because of the following proposition.
Proposition 20. ASCR(g) is independent the choice of origin O.

Proof. We pick another point p and let
ASCR,(g) = limsup R(x)d(z,p)*.
d(z,p)—o0
We shall show that ASCR,(g) = ASCR(g) in 3 cases.
Case 1, ASCR(g) = +oc.
In this case there is a sequence of points z; such that d(z;, O) — oo and

R(x;)d(x;,0)* — +00. When z; is far enough from O we have
and

1 .

R(z;)d(zi,p)* = R(z;)(d(w:,0) — d(p,0))* >
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We see ASCR,,(g) = +o0 as well.
Case 2, ASCR(g) = —oc.

In this case, for any sequence x; — oo we have
lim R(x;)d(x;, 0)* = —oc.

For z; far enough we have R(x;) < 0 and

1 .

R(a:)d(x, p)?* < R(a)(d(x;, 0) — d(p,0))* <

Taking limits of both sides we see that ASCR,(g) = —oc.
Case 3, ASCR(g) = C is finite.

In this case, since when z is far enough from both p and O

d(IT,O) < d(z,p) < 2d(z,0),

we see ASCR,(g) = C, is finite as well. Assume that {z;} is such a sequence of

points such that R(z;)d(x;,p)*> — C,. Obviously R(z;)d(z;,p) — 0 and moreover
|R(x:)d(xi,p)* — R(x:)d(x:, 0)°| < |R(w:)(d(i, p) + d(w:,0)ld(p, O) — 0.

We now see that lim R(z;)d(z;, O)* = C,, and consequently C' > C,,.
On the other hand, by the same reasoning we can also see that C, > C. So we

have C,, = C' and we are done. O]

It is known that ASCR is independent of time on a complete noncompact ancient
solution with bounded nonnegative curvature operator(See Theorem 8.32 of [6]). The

following is Theorem 9.44 in [6].

Lemma 21. Let (M™, g, f) be a complete steady gradient Ricci soliton such that
sect(g) > 0, Re > 0, and R attains its mazximum at some point. If n > 3, then
ASCR(g) = +o0.
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The following is Theorem 9.66 of [6]. We sketch the proof here.

Theorem 22. Let M3 be a steady gradient soliton with bounded positive sectional
curvature. If further M3 is k-noncollapsed on all scales then there exists a sequence
of points x; — oo and a sequence of radii {r;} with r?R(x;,0) — oo such that the

pointed sequence of solutions

(Bg(O)(%aTi),gz‘ (1) ,wi) 1 € (—00,0]

converges to a round shrinking cylinder. Here g; (t) = R (z;) g (R ()" t) and R(z;)

is evaluated with respect to the metric g(0).
Proof. We have ASCR (g) = co. By point picking, there exists a subsequence z; —
00, r; € (0,00), and &; — 0 such that

R (ml) ri2 — OO,

B (x;,r;) are disjoint,
T

— 00,

B(a:i,ri)
Consider the scaled sequence
(M37 Gi (t> 7'ri) ’
where g; (t) = R (z;) g (R (z;)"" t). We have

) max Rgi(t) <l+g¢g
By, oy (we, (i)' 2ri)
and R (2;)"* r; — co. By the curvature bumps theorem of Hamilton, we have
~ min R (x;) "sect (g (0)) — 0
Byo) (i, R(z:)?)
for a subsequence i — 0o. By the compactness theorem, there is a subsequence of
(M37 Gi (t) 7x2') converges to (Mim Joo (t) 71:00) with mintoo(o)(zi,l) sect (goo (0>> = 07
so that M?3_ is a shrinking round cylinder (for topological reasons, a quotient cannot

occur; also we used the classification of ancient k-solutions in dimension 2). ]
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2.7 Round cylinder limit at spatial infinity (II)

In last section, we have seen there exists a sequence going to infinity converges to
a round cylinder by appropriate rescaling. We proved this by investigating the scalar
curvature. In this section, we will see that for any sequence going to infinity, there
is a subsequence converges to a round cylinder by the same rescaling. We prove this
by looking at the properties of the potential function.

Given any sequence {z;} with z; — oo, we consider (M, g;(t), z;, F;(x)), where
9i(t) = R(z:)g(t/R(x:)) and Fy(x) = /= f(z) — /= fi(z).

First we process a technical point picking. The goal is to get a subsequence

of points, still denoting by {z;}, and a sequence of radii {r;} such that the balls
B0y (i, r;) keep growing unbounded under the rescaled metric meanwhile we still
have nice control inside the balls. The reader is notified this technical point picking
is not unique, and what we do here is just an option.

We begin with considering the points out of a compact set such that the linear
behaviors hold:

4 Cy
— <R < — 1-— < — < .
) S (z) < @)’ (1 —e)r(z) < —fz) <r(z)

Now let r; = /r(z;)/ (R(xi))%, remember by our notation, 7(x) = dy(x,O).
Since x; — oo, we can pick a subsequence such that By)(z;,r;) are disjoint. (This
requirement is not essential for our purposes but will make the picture cleaner and

clearer.) We notice that By)(z;,7;) are the same as By, o)(z;, / R(x;)r;) and

VR@)rs = /r(@) (R(z)1 > Clr(z.))t — oo,

which says that under the (smaller) metric g;(t), the radii of the balls By (x;, ;) go
to infinity.

For any x € By (i, r;), we have

r(xi) —
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" 1 r(z)

1
- < <1+ —.
r(z)R(x;)s — (@) " V1w R(z)3

! r — 0 we may assume x; far enough such that
r(zi)R(z:) T

1 —

Since x; — oo and

r(z)
r(xi)

Now it’s not hard to see that within the balls By)(z;, ;) there are positive constants

< <

DN o

N | —

C7 and C5 which are independent of ¢ such that

< 1;%((;)) <Gy O < ]{((2) <Gy (2.12)
and
C1 < R(x) - (—f(x;)) < Co, O < R(w;) - (—f(x)) < Co. (2.13)

By now we have finished the point picking and are ready to derive our main

theorem of this section:

Theorem 23. For any sequence {x;} with ©; — oo there is a subsequence still

denoting by {x;} with associated radii {r;} such that the rescaled pointed sequence of

solutions
{(Bgi(O)(xiy fi)? gz(t)a Xi, E(QT))}, te (_007 O]
converges in the C'*° pointed Cheeger-Gromov sense to the round cylinder
(5% X R, goo(t), oo, Fioo ()
where goo(t) is the standard Ricci flow solution and Fy, satisfies

IV¥Fol, =1 V¥VFy =0.

Proof. Consider the ball By (x;,7r;), where z; and r; are picked as we described

before the theorem. Note the ball is the same as By, o) (x5, 7;) where 7; = \/R(z;)r; —
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o0 as x; — 00. For any « € By (x;, ;) by Equation (2.13) and the fact that [V f| — 1

we have
2|V Fi(@)], o) = R(x:) 2 (—f(2))72 [V (@) ) = C > 0.

Note we use C' to denote different constants if there is no need to distinguish them.

On the other hand, we also have
2|V 0 Fi(@)], ) = Bl (= () [V (@) < O
Now we calculate the second derivatives

21900V Fio) o = R | (=) VIS 4 (- )V 0 VS

< C/r(z;) [Rel, 0)—1—07“(:10)71/2
< Cv/r(z)R(z) + Cr(x;) -3

< C(r(z:)72,

’ i© 9(0)

and now it’s obvious that

Jim V0 Voo Fil@)] ) = 0.

Furthermore we calculate the third derivatives and we have

2 ‘vgi(o) Vgi(o)vgi(O)Fi(x) ’gi(O)
=2 (R(z:)) 2 [ViV;ViFi(2)], o
3 |\ VS VN VIR VIS 3V VS
—F + —\3 4 —F\ "
v 2(vV=F) (vV=7)
< Cr(z;) [VVVf| + C|Re| + COr(x;) 7" (2.14)

= (R(x:))

By Perelman’s derivative estimate we have

3
2

[VVVf| =|VRe| < CR? < Cr(z) 2,

and now we see all of the three terms in Inequality (2.14) go to 0 as z; — oo.

Summarizing we have proved the following:
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1. ¢ < }Vgi<0>ﬂ(‘”)‘gi<0) < G

2. liml'i_’oo ‘vgi(o)vgi(O)Fi(x>

9i(0) — 0,

3. limxi_mo ‘Vgi(o)vgi(g)vgi(o)ﬂ(x)’ 0.

gi(0) —

By passing to a subsequence, we conclude in the Cheeger-Gromov convergence of
(Bgi(O) (i, 7:), g:(1), xl) t0 (Moo, goo(t), Too) that the functions F; converge to a C*

function F., on M., with
VVF, =0 and |VFy|=C.

By rescaling, we can assume C' = 1. Since VF,, is a parallel vector field, we get

(My, goo(t)) are cylinders and Fl, is a radial function. O

2.8 Characterizing the rotational symmetry by R
and f

The same assumptions as before, M3 is a steady soliton with positive sectional
curvatures and which is xk-noncollapsed on all scales. And adopt all notations from

the previous sections.

Theorem 24. The following conditions are equivalent.
1. |Vf? is constant on the level sets of f.
2. R is constant on the level sets of f.
3. The integral curves to v are geodesics.

4. (M, g) is rotationally symmetric, that is the level surfaces ¥(c) are round

spheres.
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Proof. (1)<(2): this is directly from R+ Vf|* = 1.

(2)<(3): except for the origin O, on all level surfaces of f, the second fundamental
form h is strictly positive. Then by Propositions (7) and (8), we get this equivalence.

(1),(2),(3)=(4): we are going to show all level surfaces ¥ (o) are round spheres.
We split our proof into several steps so that it is easy to read.

step 1. Re(v,v) is constant on .

For any vector field X which is tangent to X, we extend it to a neigborhood so

that it is always tangent to X (o). We have

1
X(R) =0,

Re(X,v) = b Re(X,Vf) = _2|Tf| (R)

IV /]
since R is constant on .
Furthermore,
X(Re(v,v)) = (Vx Re)(v,v) + 2Re(Vxr, v)
= (Vx Re)(v,v) + 2Re(X, V, )
= (Vx Re)(v,v),

where in the second equality we used Equation (2.1). And

0 =rv(Re(X,v)) = (V,Re)(X,v) + Re(V,X,v) + Re(X, V,v)
= (V, Re)(X,v)

where in the last equality we used the fact that V,v = 0, and because of that,
V,X L v, soRe(V,X,v)=0.
Since V f = —|V f|v, we have

(VxRe)(v,v) — (V,Re)(X,v) = —Rm(X,v,v,v)|Vf]| = 0.

Our conclusion is X (Re(v, v)) = 0, which means Re(v, v) is constant on 3.

step 2. The mean curvature H depends only on o.
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This is because
Rz‘z‘ . R — RC(V, I/)
V£l VI

and all the quantities in the last term depends only on o.

H = hi; =

step 3. The norm of the second fundamental form |h|? is constant.

The level surfaces of f is evolving by the geometric flow

0X  Vf 1

— = =— v.
do VI[P |V

The evolution equation of the mean curvature is

OH _x 1y 1 o pi,
5 = Mg + e + Bew.»)),

where A is the Laplace operator on ¥. We have

W2 = 1971 5~ Re,),

and now it’s clear |h|? depends only on ¢ because all the terms on the RHS do.
step 4. The Gauss curvature K, of X is constant.

By the Gauss equation we know
K, = sect(eg A eg) + det(h),

where e; and e are two orthonormal tangent vector fields on ¥, sect(e; A eg) is the
sectional curvature of the plane spanned by {e1, e2}, and det(h) is the determinant
of the second fundamental form h. We’ll show both of the two terms on the RHS are
constants on X.

We have

2sect(e; A ez) = 2Ry991
= (Ro110 + Ro112) + (Ri221 + Roaz0) — (Ror1o + Roazo)
= Ri1 + Raa — Roo
= R —2Re(v,v),
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where 0 means along v direction, for example Ry110 = Rm(v, e, e1,v), and Ry =
Re(v,v). It’s now clear that sect(e; A ey) is constant on X.
Furthermore, since

2det(h) = H? — |h|?

is also constant on X, we see IC, is constant for each fixed o. This shows intrinsically
¥(0) is a round sphere with constant Gauss curvature KC,.
(4)=(1),(2),(3). If M3 is rotationally symmetric, then by a standard argument,

M must be a Bryant solion. All the conclusions follow. O



Chapter 3
The second fundamental form

In this chapter, we investigate another quantity to measure the rotational sym-
metry of the level surfaces. We look at the integral of (Ay — A\2)?, where \j, Ay are
the principle curvatures of the level surface.

We first derive the evolution equation of det(h) under general geometric flow.
The formula is interesting itself. Then in dimension 3, we get the evolution equation
of the isoperimetric quantity [(A; — A2)?du, which is [ H* — 4det(h)du. Applying
this equation into the situation where the flow is the natural flow of the level surfaces
of the potential function on a steady soliton, we get a nice evolution equation, and
then we get a monotonicity formula out of a compact set. If we assume the quantity
goes to 0 at oo we can get A\; = Ag. Some other applications are also discussed at

the end.

3.1 The evolution equation under general geomet-
ric flows

In this section we derive the evolution equation in general geometric flows. Let

(M™1 g) be a complete Riemannian manifold, and ¥(¢) be a hypersurface evolving

27
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by the flow equation:
0X
<o 3.1
o (3)

where ¢ is a smooth function and v is the outward unit normal vector of ¥(t). We will
further assume as an n-dimensional manifold, > has no boundary. This is satisfied
in all of our applications.

The inverse of the second fundamental form h~! is the usual matrix inverse when
h is nonzero. Whenever h is degenerate at some point, we can still define h=! by
the following: assume the eigenvalues of h are {Aj, Ao, , Ap, 0,0}, then we
define =% to be {A7", A1+ AL 0,--+ 0}, We will use the notation k¥ = (h™1),;
throughout this chapter. Note the upper indices are not lifted by the metric.

There is the Gauss-Codazzi equation, which we shall use later:
(Vih)ij = (Vih)ik = = Roue (32)

where we use tilde to denote the quantities on Y and 0 means the direction along
v. However, we don’t bother to use tilde on the first and second fundamental forms
because they won’t cause any confusion.

The determinant of the second fundamental form is defined to be

det(h)
- det(gij)’

which is independent of the choice of coordinates.

det(h)

In this section we derive the following formula:

Theorem 25. If 3(t) satisfies Equation (3.1), then we have

d . o
%EMWW:L®MWW%W%MWW%WW“ (3.3)
The rest part of this section is devoted to proving Theorem 25. First we list the

evolution equations which we shall use:

8gij
1. %95 — _ogh,;,
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2. %d/lt = —¢Hd,

Oh

3. 5 = ViV;é — ¢g" hirhji + ¢ Rosjo-

Then we derive several lemmas.

Lemma 26. We have the following evolution equation for det(h) :

% det(h) = det(h) - (h9V;V;é + ¢h” Roijo + o H) (3.4)

Proof. By direct computations we have

0 o Ohy;
—_ ) = Y ACA
pr det(h;;) = det(h;;)h 5

= det(hij)hij . (@Z@]Qﬁ - qﬁgklhikhﬂ + ¢R0ij0)
= det(hy)(h7V;V ;6 — ¢H + ¢h" Ry0)

and

0

Then by the quotient rule in calculus we have
9 det(h) = det(gij) - & det(hij) — det(hy;) - § det(gy;)

ot (det(gm))Q
= det(h) - (WIV,;V ;¢ — ¢H + ¢h" Rysj0) + 2det(h) - oH
= det(h) . (h”@lﬁj(lﬁ + ¢hin(]ij0 -+ ¢H>

Immediately we have

Corollary 27.

d o g
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Proof.

d ) )
- Edet(h)du— /E aclet(h)dwr /E det(h)a(du)

Combining %dut = —¢Hdu, and Equation (3.4) we get Equation (3.5). O

Now we are going to do integration by parts. We will show the first term in the

RHS of Equation (3.5)

det(h) - h9V,;V ¢ = divs[det(h)h " (V)] — det(h)e; () h™h¥ Roy;,
where divy is the divergence on ¥. Then Equation (3.3) follows immediately from
the divergence theorem. To see that we need a few technical lemmas.
Lemma 28. Under an orthonormal frame {e;}:
leE[h_l(6¢)] = (@]Ul_l))”@l(d)) + h”@lﬁ]¢ (36)
Proof.
divs[h ™ (V)] = (Vi[hVei()es], ex)
= ¢;(hei(¢)) + hei(9)(Vie;, ex)
= ¢;(h7)ei(¢) + hVejei(¢) + hijei(éb)flgj
= (Vi (h71))ijei(@) + h (Ve €)ei(9)
+ h_l(@jej, 62)61(¢) + hij€j6i<¢> + h”ez(qb)fﬁj
= (@j(hfl))z’jei(éf?) + hkjf?iei(gb) + hkif?jei(¢)
+hejei(d) + hei(9)T;
Since {e;} are orthonormal we have ff] = —fgk, and the last line in the above

calculations becomes
(Vi (h™))ijes(d) + hejei(9) — Then(e)] = (Vi(h™1))ijei(d) + BV V6.

This completes the proof of the lemma. O
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Remark 29. From the proof we see the formula is true when replacing h™ by any

general 2-tensor. Indeed the next lemma is also true for general 2-tensors.
It is not hard to see that

Lemma 30.

(Vih ™) = —h*hY (V,,h) .
Proof. Firstly we know

V(b)) = —h*RYIN  (hi),
so we have

(thil)ij = @m(h”) — hil(@mei, ej) — hil(@mej, 61')
= —h*RIV (b)) — Ty b — T hM
= —h*RYI[(V )k + M(Vimer, e1) + M(Vmer, ex)]
mi mj
= — BRIV )t + Dphir + Tpyhog] — Dl k™ — TF M
= —h*hI(Vuh)y — T3 b — T WY —Th M — TF
Then again by f‘fj = —fgk, we get our formula as claimed. O

Now we are ready to derive our last formula of this section:

Lemma 31.
divs[det(h) - h1 (V)] = det(h) - [A7V,;V ;¢ + ei(0)h*hY Ry (3.7)
Proof.

divg[det(h) - A1 (V)] = det(h) - divg[h (V)] + (V det(h), "1 (V)
= det(h) - 7V, V¢ + det(h) - (V;(h71))iei(9)
+ h7 Y (Vdet(h), Vo).
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It’s not hard to see that
h=Y(V det(h), V) = det(h) - e;()h* R ey (hyr)
Then we have

det(h) - (V;(h™1))ijei(d) + b~ (V det(h), Vo)
— —det(R)e;(¢)h*hY - [(V;h)w — ex(hir)]
= —det(h)e;()h™h" - [(6jh)kl - (@kh)jl - h(@keju e) — h(@keza €;)]
= —det(R)e;(¢)h™*hY - [— Rowj — h(Viej, e) — h(Viey, €5)]
= det(h)e;(¢)h* W Ry

The last equality is because hYh(Vye;, €;) = fg}hmlhlj = ff;j = 0. O
Finally we give a proof of Theorem 25 to finish this section.

Proof.
%/Edet(h)du:/Zdet(h).(hij@i@j¢+¢h@-jR0ijO>du
= [ divsldet A (9] = de (ke H R
—|—/Edet(h)¢hinol-jgdu

— / det(h)(¢h" Rosjo — ei()h™hY Roy;)dp.
b
In the last equality we used the divergence theorem, and the fact ¥ has no boundary.

[]

3.2 An isoperimetric quantity in a 3-dimensional

manifold

In this section, we assume n = 2, which means the dimension of the ambient

manifold is 3. In this case, the Riemann curvature can be replaced by the Ricci
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curvature in the following way:

R
Rabcd - Radgbc + Rbcgad - Racgbd - Rbdgac - E(gadgbc - gacgbd)a

where 0 < a,b,c,d < 2. Let a=0,b=1,c=j,d =0 we have

R
Roijo = Roogij + Rij — =

2
_ Roo — gklez
2

Gij
gij + Rij
Let a=0,b=1,c=k,d = j we get

Roi; = Rojgie — Rorgij-
We have

Lemma 32. When n = 2, assume the principle curvatures of h are \i, \o, and the
corresponding eigenvectors are ey, es respectively. Under the flow Equation (3.1) We
have

d HR Ry — Roo)(A — A -
%/Edet(h)du:/f 5 w _ 9 222)< 1= A) +Re(r, Vo)du.  (3.8)

Proof. By Equation (3.3) and the formulae of the Riemann curvatures in terms of
the Ricci curvatures in dimension 3, we have

d . Roo— g"R
- /E det(h)dp = / det(h)aph”(ngﬁRﬁ)

— det(h)e;(¢)h™hY (Rojgu — Rogiy)dp

The first term of the integrand

Roo — Ry — R
gij + Rij) = oH—=2 2“ 2 4 $(AoRi1 + M\ Ra)

_ OHRy  ¢(Bi1 — Rys)(M — Ao)

2 2

Ry — g klel

det(h)oh" (—*—
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While the second term

—det(h)e; ()R h¥ (Rojgi — Rokgi;) = — det(h)e;(¢)h'™*h¥ Ry gix

+ det(h)e;(d)h™*hY Ropgy;

= —%el(qb)Rm — —e2(9) Ro2
1

+ H()\ilel(ﬁb)Rm + ——ea(d) Roz)

= e1(¢)Ro1 + ea(¢) Roo
= Re(v, Vo)

Plug in these two terms we get Equation (32). O

We aim to find the evolution equation of [(A;—X2)?du. We first have the evolution
equation of the mean curvature:

o = R+ oAl + Run) 3:9)

It’s easy to see that:

d —_ OH , 0
= /2HA¢ +2¢H Ry + ¢H (2|h|* — H*)dp.
Note that
21n|> — H* =2(A2 + 22 — (A1 + M)2 = (A — \2)%,

we have, by the divergence theorem:
d .
y /H%m = /—2<VH, Vo) +20HRoy + ¢H (AN — \o)?dp. (3.10)

Theorem 33. When n = 2 we have the evolution equation

p o 5
= (A1 — Ao)2dp = /—Q(VH, V¢) — 4Rc(v, Vo)

+ (ﬁH()\l — )\2)2 -+ 2¢<R11 - RQQ)()\l — )\g)du (311)
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Proof. Notice that (A — X\y)?> = H? — 4det(h) and combining Equations (32) and
(3.10) we get Equation (3.11). O

3.3 Rotational symmetry out of a compact set

In this section we discuss the application in a 3-d steady soliton. We now assume

M is a 3-d gradient steady soliton, with soliton equation:
Ry +V Vi f =0,0<a,b<2.

Note now we are working on a soliton at a fixed time. To distinguish with the
real time ¢, we’ll adopt notation o for the value of f from last chapter. We let
(o) = f~Y(0o) be the level surfaces. We already knew v = —V f/|V f| is an outward

unit normal vector and the flow

0X 1
— = v
do IV /]
evolves the level surfaces into themselves. We have h;; = R;;/|V f|, and
1 1 Ry,
€; = — VZVf, Vf = ——".
NZIl i T

Theorem 34. On a 3-dimensional steady soliton we have

d
2o [ = = [ (20—

2
— / W[zAlel + 20 R3, + H(RS, + R3,)|du (3.12)
Proof. In Equation (3.11),
1 ~ 1
¢ = W, qu = —W(Rmel + R0262), Ru = )\l’Vf‘

Taking trace of the Gauss-Codazzi equation we get:

ViH = —Rg; + V;hi
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Furthermore,
. 1
—(VH,V¢) = _ei<W)€i(H>
Ry, =
|Vf]2( Roi + Vjhij)
1 1 ~
= _ngl + Rg,) + WROivjhij
Since h;; = R;;/|V f|, we have
V;h L $ R+ (—1 )R
VAR |Vf" J J J ’vf‘ J

By @iej = V,e; + hijv we get
V;Ri; = ¢j(Ri;) — Re(Vjei, e;) — Re(eq, Vej)
=ej(R;;) — Re(Vje; + hijv,ej) — Re(e;, Vje; + Hy)
= V,R;; — hijRo; — HRy;

1
- §V1R - hinOj — [‘[RQZ
Plug everything into Equation (3.11) we get Equation (3.12). O

Corollary 35. For any § > 0 there is a compact set out of which we have

d

—e<2+5>°/ (A — X)) dp < 0. (3.13)
dO' (o)

Proof. Since 0 < H/|Vf| < R/|IVf| — 0 as ¢ — —o0o, there is a compact set
such that out of this set H/|V f| < d. Since the Ricci curvature is nonnegative, by
Equation (3.12) we have

 fou=xpdn< @) [on - P

or

d

%e—@“)“ / (A1 — Xo)%dp < 0.
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Now we introduce a definition to describe the shrinking rate of a surface converg-

ing to a sphere.

Definition 36. Assume 3(t) is evolving by Equation (3.1). We call a surface X(t)
converges to a sphere of degree v if o is the biggest nonnegative number such that

there 1s a constant such that
/ (A — Xo)?du < Ce ™, if t— o0
2(¢)

or

/ (AL — Xo)%dp < Ce™, if ¢t — —oc0
5(t)

Note by our definition, the higher is the degree, the faster the surface shrinks
to a sphere. A family of distance spheres, as we considered in Theorem (39) has a
convergence degree of 4-00.

Now we give a nontrivial example: we consider a modified inverse mean curvature

fow:

oxX p

ot H'
then we have

d 28|VH|?
E /()\1 — )\2)2d,u = — / % + /6()\1 — /\2)2d,u

So we have
/ (A1 — Ao)2dp < Ce".
That is to say, the surface under the modified inverse mean curvature flow converges

to a sphere of degree no less than [3.

Corollary 37. On a 3-d noncompact gradient steady soliton with nonnegative Ricci
curvature, if the level surfaces of f converge to a sphere of degree > 2 when 0 — —o0.
Then the level surfaces are indeed spheres out of a compact set, which depends only

on the degree.
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Proof. By the monotonicity formula (3.13) we have
e~ (2+8)o /(}\1 B )\2)2d,u < O_l_i,r_noo o (2+0)o /(}\1 . )‘2)2dﬂ

< lim Ce% =0

T o——o0

by our decay assumption on the level surfaces, we get [(A; — A2)*dp =0, or A = Ay
out of the compact set. This completes the proof. n

Remark 38. There is a claim by Perelman (see Remark 11.9 of [18]): Any 3-
dimensional steady gradient Ricci soliton with bounded positive sectional curvature
and which is k-noncollapsed on all scales must be rotationally symmetric.

People have been trying to prove this conjecture since Perelman stated it in his
seminal paper [18] in 2002. While we are still unable to confirm Perelman’s claim
completely, we get under one additional assumption the soliton is rotationally sym-

metric outside of a compact set.

3.4 Other applications

In this section we discuss a few applications of our formulas.
Example 1. Assume M = R?, and the surface evolves by the inverse mean

curvature flow, meaning that ¢ = —1/H. We have

d 2|VH|?
— [ (A = X\)?dp = —/ |H2 | + (A1 = Xo)%dp.

Consequently we have
/()\1 — Xo)2dp < Ce™.
This shows the surface turns to round ”exponentially fast” in the above sense.
Example 2. As an easy application of our Equation (3.3), we consider the
classical case when the manifold is flat, namely when M = R"™. In this case, the

curvature is 0 we get under any flow, | det(h)du is a constant. Especially for any star
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shaped domain, on the boundary X, we have fz det(h)dp = C,,, where C,, depends
only on the dimension and is evaluated on a unit sphere, since such a hypersurface
can evolve into a round sphere along certain flow.

Example 3. As another application of the evolution equation for det(h) we give

a proof of the following theorem, which is originally due to Elerath [8].

Theorem 39. Let M be a 3-dimensional noncompact complete manifold with non-
negative sectional curvature, and with a point P at which the sectional curvature is

strictly positive. Then M is not flat out of any compact set.

Proof. By the Soul conjecture, we know the soul of M is a point. Assume (@ is the
soul, there is a diffeomorphism Ty(M) — M. Let S(t) denote the distance sphere
centered at ) with radius ¢, 0 <t < oco. The distance sphere is convex with h;; > 0.

Then S(t) evolves by
0X

ot

The existence of the diffeomorphism guarantees the solution exists for all time. Ap-

= V.

plying ¢ = —1 in Equation (3.3) we get

d g
—_ det(h)du = —/ det(h)hl]ROijodlLL S 0.
dt Js S(t)

Let K(p,t) be the sectional curvature of the tangent plane of S(¢) at point p, and
K(p,t) be the intrinsic curvature of S(t), then K = K —det(h). By the Gauss-Bonnet

/ Kdu = 47r—/ det(h)dp.
S(t) S(t)

i/ Kdp > 0.

Let tg denote the distance from P to (), which can be 0 if these two points are the

theorem we have

Consequently we have

same. Since at P all the sectional curvatures are positive, so when t > t, we have
| s() Kdp > 0 by the monotonicity formula. This shows that outside of any compact

set, there must be a point at which the sectional curvature is strictly positive. O



Chapter 4

The L-minimal submanifold

4.1 Motivation

In this section we show the background calculations suggesting us how to define
a new energy in the space-time setting. We only work on the 2-dimensional case,
which will be enough to show the ideas.

Assume for every 7 € [a, b],
1y [e(r), d(7)] = M

is a curve. Then 7, () is a family of 1-parameter curves. The metric g of M evolves
by the backward Ricci flow: %g = 2Rc.
We define
F:¥— Mx]a,b]
(07 T) = ('77'(0% T)a

where ¥ = {(0,7) : 7 € [a,b],0 € [c(7),d(7)]}, and M X [a,b] is endowed with the
metric § = g ® (R + 2£)dr.

40
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The area of F' is given by

B b pd(T)
- / / det(F*§)dodr,
a J(r)

where det(F*g), depending on the choice of 6, is the determinant of F*§. Notice that

OF — (97 ()) and 9r = (22, 1), we get

00 007 or’
. oy O, . 2
990—’89|797—<808>7 ‘r‘r—’ | ( +27_)7
and
oy Oy
* 2 T I\2
det(Fg) = [T 4 (Rt )| 20— (9T Ty

So the area is

A= //\/| 87 f;g §”> + (R )| PczedT

We expand this expression in powers of N to get:

A = J_//\/_| |dfdr
J5Uf|-@7g@KWMQWd
+O(N2).

We consider the highest order (in N) nontrivial term and define the £ — area:

d(T) 87 1 87 87 07

Note:The definition is 1ndependent of the Choice of 6. If we choose 6 to be the

arclength, the £ — area then can be written as:

LA= // \/’I <(37 67> + R)dbdr,

where L(7) = f | 551d0 is the length of ~.. We also note that the perpendicular

projection (%) of 8” is 87 <gZ> ggy% The £ — area can be written again as:

LA= / / VT([(55)*? + R)dbdr. (4.2)
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4.2 Definition and the first variation

In general, assume
F:¥"x[0,T] - M™

is a smooth map and for any 7 € [0,7] F,(-) = F(-,7) is an embedding. Further

assume {u',---  u"} is a coordinate system on X". Let U; = ‘gfi, 1 < i < n. Then

{U;} is a base of T'(F.(X")). For any vector field V' € T (M), let

V=g (VU
and
ViV —vT
The metric g(7) on M satisfies the backward Ricci flow:

a%_g: 2Rc. (4.3)

Definition 40. The L-volume of X" is defined to be
[T OF | s
ve [ [ VRIGHE + Rydpsdr (1.4
0 Jx T

where djis,+y is the volume element of F-(X) and we’ll use a short notation dy without

causing confusion.

Theorem 41. Assume the variation field is W, then the first variation formula of

the L-volume is

SV =2 /Z VEW, XY dulT

T XJ_ 2 R
+2/ / (Vos, VT(W, X)X T — v 2' - )WTWMasz
0 o

T 1
+ / / (W, LS 2VTgI Ry X+ +2y/7(div X)X+
0 Jx VT
—4yTRe(X*,)) = 2¢/7V 2 X+ VTVR
— VIVE(X? + R) — VA(IXE? + R) H)dpdr, (4.5)
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where X = <= vy is the outward normal vector of 0% in %, dugs is the induced
volume element of 0%, div is the divergence on F,(X), V= is the covariant derivative

on F.(2), and H is the mean curvature vector of F(3).

Proof. Let

F:¥"x[0,T] x (—&,&) = M™
(p,78) = Fi(p,7)

be a variation of F' with Fy = F. We have the following notations:

W= —|=0, Ui =
' 85‘ 0

and dji denote the volume element of F ().
The L-volume of F is

T
:/ /\/F(\XL|2+R)d[LdT.
0o Jx
The first variation is

SV = sov //\/' 2 dpdr

//f R)dpdr
b [V R s

=A+B+C (4.6)
Now we calculate the three terms A, B and C. We first note that the easiest term

/ /\/_ d,udT—/ / (W, /TV R)dudr. (4.7)

Now we compute A and C.

step 1. Calculating A.



Since the integrand of A

dsyf(iﬁ =2V X+, X1
= 2(Vw (X — §7(X,U)U;), X*)
= 2V X, X*) — 2¢7(X, U)(VwU;, X*)
= 2(VxW, X") — 2¢°(X, Ui)}(Vu, W, X )
= Qdim/ XY —4Re(W, X1) = 2(W, Vx X*)
T
—2X (W, X)) 4+ 2(W,VxrX)
= 2%(14/, XY —2X T (W, X)) —4Rc(W, X+) — 2(W, Vo X5,
we have

:/OT/EQ\/F%(W,XHdudTJr/OT/E—2\/?XT(<W,XL))dudT
—I—/OT/Z\/F(—ZIRC(VV,XJ‘)—2<W,VXJ_XJ‘>)d/LdT

= A; 4+ Ay + Ag

Now we do integration by parts to get
T d
= [ [ 2w X s
0 » dT
T d
=2 [ R
0 T Jx

1
ENGE
=2 [ VEOV X )l
1
.

WX Y~ [ VAW )b

(W, XH\dp — 2/\/‘ (W, X+ (9" Rij)dpdr.

44
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Moreover

Ay = /0 ' /E —2 7 XT (W, X4 dpdr
:/OT(—Q\/F)/E{div((W,XHXT)— (W, X+ div X " }dudr
:2/ VT <,uaE,XT)<W,XL)d,uang

0 ox

T
+2/ ﬁ/(W, div X" - XY dudr.
0 by

Plug A; and A, into the expression of A we get

T
A= 2/ VTW, XHdu)d +2/ / (Vos, VT(W, X)X Ddpasdr
b 0 ox
T XL -
+/ /<W, — = = 2VTgI R X+ 2yTdivX T X
o Jx VT
— 4yTRe(X*, ) = 2v/7V x2 X Hdpdr. (4.9)

step 2. Calculating C.

Since

(i) = (@i T (W)

we have
o= [ V7 [0+ R i
_ /OT\/;/E(|XL|2+R>(diva (B, W) dpdr
:/OT\/;/Ediv(quMR)WT)— (W V(X +R))
— (W, (|X** + R)H)dpdr
-~/ r [ G (X4 + RO

+ /0 /E(W, —VTVE( XY + R) — V7| X1 + R H)dpdr. (4.10)

Now, putting Equations (4.7), (4.9) and (4.10) together we get Equation (4.5). [
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Corollary 42. If we fix the variation on the boundaries, that is W sy = 0, Wl,—g =

Wl.—r = 0. Further assume ‘g—f is perpendicular to X2, then the first variation formula

18
T X N
S = / / (V.= T = 2/ Ry X ~ AVFRO(X, ) = 27V X + V7V
0 Y
—VIVE(XP + R) — V7(| X + R)H)dudr (4.11)

Since in most cases we are interested in the case where the flow of X is perpen-

dicular to itself, we introduce our definition of £-minimal submanifold as follows:

Definition 43. A pair (X, F,) is called an L-minimal submanifold if it satisfies
X 1 . 1 1 R
VxX+2Re(X, -)+2——§VR+g”Rin+5V2(1X|2+R)+§(|X|2+R)H =0. (4.12)
T

Remark 44. If we let 3 be a point, our Equation (4.12) is exactly Perelman’s L-

geodesic equation since the last three terms vanish.

4.3 Example

Example 45. If M =R™ then the L-minimal submanifold equation becomes

X 1 1 -
X+ =+ V(X)) + z|X]*H = 0. 4.1
Vx +2T+2V(| |)+2| | 0 (4.13)
We want to find a rotationally symmetric solution. Let r(7) be the radius. Then
0 = m-—10
X=r— H= —.
" or’ r o or

Plug into Equation (4.13) we get
2rrr" 4+ (m — Drr’? 4’ = 0,

and we know
r(r) = 7Tm

18 a solution.



Chapter 5

The mean curvature flow inside

the Ricci flow

The mean curvature flow and the Ricci flow are two very important geometric
flows. There is one question may sound crazy at first: what would happen if we
combine them together? In this chapter, we discuss this problem. If a hypersurface
evolves along the mean curvature flow, and meanwhile the ambient manifold evolves
along the Ricci flow, we shall see the evolution equation of the second fundamental
form becomes simpler. Many "bad” terms are canceled mysteriously due to the
evolution of the ambient space.

Let M™ and N be two smooth Riemannian manifolds, and
Ft . M — N

be a one parameter family of smooth immersions. The metric g of N satisfies the
Ricci flow equation:

g _
— = —2Rec. 5.1
iy (5.1)

If we mean the metric, connection or curvature on N, this will be indicated by a

bar. The metric g of M is the induced metric, g = F*g. For any point p € M, any

47
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vectors X,Y € T,(M), we have F,X, F.Y € Tpy)(F(M)) C TrpN. The second
fundamental form % : T,M ® TyM — TpN is defined by

MX,Y)=h(FX,FY)= (VpxEY)",

where L indicates the component in the normal bundle of Tp(,) (£ (M)). The mean

daF

curvature H is the trace of h. The vector fiel on N is understood by the following:

for any f € C®(N),
OF . d(foF)

ot ==
The family of the immersions satisfies the mean curvature flow equation:
or -
a5 = H. (5.2)
In the following Latin indices range from 1 to n, Greek indices range from 0 to n.
Assume {z'} is a local coordinate system of M, then 25 = F,( 821.) are tangent
to Tr(y) (F(M)). Assume the normal vector at F(p) is v, then {v, 25 .- | 25} span

TrpN . As usual,
MX,Y) = —h(X,Y)r,

g g 19) 0
H=g"hi; =g"h(—,=—).
-9 =g (83:1 axﬂ)
At F(p), we also assign a local coordinate {y}, such that 55 = oF
Lemma 46. The metric g of M satisfies the evolution equation:
09ij _
% — —2R;; — 2Hh;;. (5.3)

Proof.

agz‘j _ OF"g (ax“ ai:)
ot ot

o (. (oF oF
ot g oxt’ OxJ

= 99 (aE,a—F) + g (VaFa—F,a—F) +3 <8F VaFa—F.>

ot \ 0x'" OxJ ot Ozt Ozt

_ (_ OF OF OF _ OF
:—QRWQ(Vsz ot aa)+ (azvxa)
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Notice that

and the lemma follows.

m
Lemma 47. The normal vector v satisfies the evolution equation:
ov - . _ OF  _
7 U
at VETF =VH + 29 ROZ@{L‘j + Rool/. (54)
Proof.
_ yas OF\ _,.0F _ /_
V%ltwl/ =g (V%I:l/, 8351) g](’)aﬂ g (V%fy, 1/) v
B dg, OF ., - O0F ;OF 107
— ()~ 9 T ) ) 05— 5 e
_ OH\ ,.0F -
- , ij 2
= (QROz + &Ui) 9 5 + Roov
O

Before deriving the evolution equation of the second fundamental form, we write

down a formula of the Rieman curvature along the direction of the flow.

Lemma 48.

(é?F 6F> oF - oF - - OF 0 - (8F GF). (5.5)

8x3 ot agﬂ azi Bt ax] a ( )

Proof. Notice that V depends on time, and we compute at a fixed time ¢,

_ - OF - - OF 0 = oF OF
Voar (VBF_) :VaFVaE—,—I-& (V) (— —>

ot 027 O ozt Oxt

9 o ~VerVar 90 0

Moreover we have
_ (OF OF\ OF
ot oxt) OxJ at

v
= 8F —\ [(OF OF - = OF

Plug the first equation into the second one and we get Equation (5.5). O
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Remark 49. The curvature formula differs from the standard one since the ambi-
ent space is evolving along the Ricci flow. We can also prove this formula in local

coordinates. To see this, we assume at F(p),

_ 0 ” 0
V505 = Do (B ) 5
Then we have
_ _  9F _ d
___ OF 0 -
_ v v 7
_ (<vrij, A at(rij)) 5+ Th Vg

Now we are ready to derive the evolution equation of the second fundamental

form.

Lemma 50.

Oh,; _ L o o
5#:WWH—HWMM+H%W—%MWHMW+%&ﬁva(%)
Proof.
Ohy; 0 _ OF
ot ot (_Ngfz 8:103’]/))
_ /_  IF - _  OF _ OF
=2Rc (ngi %,V> — (Va%vw aatj7y> — <Va£? Va;l/>
=A—-B-C,
where

- = OF
B = <VB%V§§ aCL’j’V>
- = 0 0 =\ (OF OF
= R+ 9V 5500+ 7 (9) (G500 ) )

0 =\ (OF OF
:—HR()WO“F(V@FVBSIZ( Hl/),l/>+<§ (V) (— —.),V)

2

H _ _ __
-+ Hgklhikhjl — ViRy; — VjRo; + Vo Ry

B _HROij O D
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and

_ _ oF
C = <FOV + Fk P VH + ZQZ]ROza_ + RO0V>

OH
= I} Roo + 2T R0k+Ffja
Notice that )
0°H OH
k _pk 70 3 Tk _ v,
F I’U,I’ = —hij, —— SO F”@ =V,;V,H,
and we proved the lemma. O

There is Simons’ identity (see [23]):
Ahy; = V;V;H + Hgklgz‘kgjl - |h|2hij + HROijO - hinOO + gklgrshlekrsi
+ gklgmhilersj - QQMQTShkrRilsj + szoJ' + ijOi - vORij + vOROijm (5.7)
where |h|*> = g¥ g hyh;.
Combining the Simon’s identity (5.7) and Equation (5.6) we get

Theorem 51.

8]21']'
ot

= Ah;; — 2Hgklhikhjl + \h|2hij - gklgrshlekrsi
— ¢" 9" hiy Rirsj + 29" " hir Rits; — Vo Rosjo- (5.8)

Now let’s compare the the evolution equations between in a fixed ambient mani-

fold and in a manifold evolving along the Ricci flow. First we notice

Proposition 52. In the mean curvature flow in a Riemannian manifold, the evolu-
tion equation s
ot

= Ahij - 2Hgklhikhjl + \h\thj - gklgrshlekrsi - gklgrshilékrsj

+ 29" g™ hir Ritsj — VoRoijo — ViRo; — Vi Roi + VoRij + hijg™ Roro.  (5.9)
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Proof. We carefully copy Huisken’s formula here, which is Theorem (3.4) in [13].
Notice that there is a negative sign on the Rieman curvature between his notation
and ours.

ot

= Ahy; — 2Hg" highji + |h*hij — 6" 9" hji Rirsi — 9 " hir Rirs
+ 29" 9" by Ris; — 9"V ; Rowti + 6" Vi Roiji + hij g™ Roao- (5.10)
We notice that
gklijOkli = ijUia
and by the second Bianchi identity we get
(VoRirji + ViRyos)
= Vo (Rij — Roijo) — ViRy,
= ?ORU — ﬁiROj - v0}_%01‘3’0
Plug those two terms in Equation (5.10) we get Equation (5.9). O

Remark 53. Comparing Equations (5.8) and (5.9), we see that the last four terms

in (5.9) are canceled in (5.8) because of the evolution of the ambient manifold.
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