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INTRODUCTION 

The effects of thermal noise on a current-biased resistively shunted Josephson Junction 
(RSJ) have been extensively studied. The noise source is assumed to be the Nyquist noise 
with spectral density AkgT/Rdeveloped in the shunt resistor R at a temperature T. This noise 
has two effects. First, it induces transitions from the zero voltage state to the non-zero 
voltage state at bias currents below the thermodynamic critical current, IQ, thereby inducing 
"noise rounding" of the current-voltage (I-V) characteristic [1]. Second, the Nyqulst noise 
generates a voltage noise across the junction that, according to the theory of Likharev and 
Semenov [2], has a spectral density 

s . - • ^ 1 + i 2 
o (1)' 

at frequencies much less than the Josephson frequency. In Eq. (1), RQ= 3V/3I is the dynamic 
resistance of the Junction. 

The results of the theory have been well established experimentally [3,4]. One applica­
tion of the theory is to predict the sensitivity of the dc SQUID [5] for a given set of ex­
perimental parameters. The predictions have been in quite good agreement with results ob­
tained experimentally [6]. As the sensitivity of these devices Is Improved, however, the 
theory will eventually break down as quantum processes become Important and set a limit on 
the performance. In this paper, we briefly outline a theory for noise in the RSJ in the 
quantum limit [7], and extend it to the dc SQUID [8]. Experimental results for both the 
single Junction and the SQUID are reported. 

QUANTUM NOISE THEORY FOR A RESISTIVELY SHUNTED JUNCTION 

We consider a Josephson tunnel Junction with critical current IQ and capacitance C 
shunted with a resistance R. Ue assume that the voltage Is less than 2A/e, where A is the 
energy gap, and that T is well below the transition temperature, so that the quaslparticle 
tunneling conductance is small compared with the shunt conductance. Our central assumption 
is that the current noise in Che shunt resistor has a spectral density 

c / ̂  2hv ,̂  / hv \. 4hv / 1 , 1 \ 

S^(v).-^coth^—j= -^(-+-j_^^__j (2) 

at frequency v. The equation of motion of the Junction can be written in the form 

If * ^ 2 ^ * + ^ O = ^ " * - ^ + ^N('> "> 

where 6 is the phase difference across the Junction, and lM(t) has the spectral density of 
Eq. (2). 
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We first assume that the capacitance is small (ĝ . E 2TIIOR^C/4O<<1, where •QHh/2c is the 
flux quantum), and that the noise Is small so that noise-rounding can be neglected. The I-V 
characteristic is then [9] V - R(I^-Io^)i, and Eq. (3) may be solved analytically using the 
techniques of Likharev and Semenov 
quency 2eV/h one finds 

\2 

[2]. For frequencies much less than the Josephson fre-

S^(0) % 
4k„T 2eV /I 

5_ + _° 
R R \ I " ' " & 

(4) 

In the limit eV<<kBT, the hyperbolic cotangent may be expanded and one recovers the thermal 
noise limit, Eq. (1). The first term on the right hand side of Eq. (A) represents noise 
generated in the shunt at the measurement frequency, while the second term arises from noise 
generated at frequencies near the Josephson frequency that is mixed down by the non-linearity 
of the Junction. Equation (4) is plotted in Fig. 1 for 5 values of the parameter <E elpR/kgT. 
When K<<1, the curve becomes indistinguishable from that of the thermal limit, but as < in­
creases, the voltage noise is significantly enhanced above the thermal result. In the ex­
treme quantum limit (T-0), one finds 

S^(0) - 2eV(I^/I)^ Rjj^/R - 2el^^ R^/V. 

The physical interpretation of the nols 
motion of a particle on a tilted washboard. 
1/R the viscous damping, and I^ the amplitud 

(5) 

Fig. 1 Low-frequency spectral density Sv(0) 

of the voltage noise vs current for 5 values 

of K 5 eloR/kfiT with &^«1. 

the thermal limit in which the noise current 
and the fluctuations are real). 

e is as follows. Equation (3) also describes the 
Then, C represents the mass of the particle, 
e of the oscillating potential. The average 

slope of the washboard is proportional to I. 
At bias currents above the critical current, 
the effect of INC^) is to Induce random varia­
tions in the slope, and thus produce random 
noise in the velocity of the mass, 6, that 
represents the voltage in the case of the 
Junction. If the current Is reduced to a 
value below I^, in the absence of noise the 
ball no longer runs freely, but remains trap­
ped in one of the potential wells. However, 
if I is sufficiently close to I^, the noise 
may instantaneously tilt the washboard suf­
ficiently so that the particle rolls into the 
next well. This effect produces noise round-
of the I-V characteristic. In our model, 
this effect occurs even at T=0, where the 
noise current Is due to the zero point fluc­
tuations in the large collection of harmonic 
oscillators representing the resistor. Al­
ternatively, one may view the current fluctu.i-
tions as supplying pulses of energy that 
"activate" the particle over a stationary po­
tential barrier. These fluctuations arc 
virtual: The energy in the pulse, fiE, and the 
length of the pulse, it, satisfy iE4tJji. The 
dissipation that occurs when the phase changes 
by 2!i is supplied by the bias current, not by 
the noise current. (On the other hand. In 

s have a spectral density AkgT/R, iElt-vkeTZ.t, 

We emphasize that the description of the Junction by a Langevin equation assumes that 
the wave packet representing the phase of the Junction is highly localized so that a par­
ticle-like representation is appropriate. Wlien tht wave packet representing the phase Is 
significantly broadened, a full quantum mechanical description is essential, and use of the 
Langevln equation may lead to unphyslcal results. Furthermore, we have neglected the effects 
of macroscopic quantum tunneling [10] which we believe are relatively unimportant for over-
damped Junctions. 
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EXPERIMENTS ON SINGLE JUNCTIONS 

To observe quantum effects we require a junction with K E elpR/kBT - (e/kgT) (Bc,*o3l/2iic)i 
>>1, where Ji is the critical current density and c is the capacitance per unit area. At IK 
with ji " lo"* Acm~2, c - 0.04 pF pm~^ and B^ • 0.1 we find K •'3, a value at which quantum 
corrections should be readily observable. 

The Pbln-Ox-Pb Junctions were fabricated using photolithographic techniques. The Junc­
tion area was about 6 pm^, and the critical currents ranged from 0.1 to 15 mA (0.2 to 30x10"* 
Acm~^), The CuAl shunt resistance was typically O.in, and had an inductance of about 0.2 pH. 
The low frequincy voltage noise of each junction was amplified with a cooled 30- or 100-kHz 
LC-circuit coupled to a room-temperature low-noise preamplifier. The noise was mixed down 
to frequencies below 100 Hz, and its power spectrum was measured with a computer. Any 1/f 
noise contribution was estimated from the measurements at 30 and 100 kHz, and, when signifi­
cant, was subtracted from the 100 kHz-measurement. 

We first investigated Junctions with «<<!, and found excellent agreement with Eq. (1). 
Thes^ results demonstrate the accuracy of our measuring techniques, and give some assurance 
that we have taken adequate precautions to eliminate external noise. We then Investigated 
junctions with K>1, and discovered the resonant structure illustrated in Fig. 2. The 

100 200 
5 (//V) 

300 
-J L J O 

Fig . 2 I-V c h a r a c t e r i s t i c s and dynamic 
r e s i s t a n c e RQ for a j u n c t i o n a t 1.4K with 

1.53 mA, R - 0.092n, K - 1.15, 6 . - 0 . 0 3 , 
and 2TtLsIo/*o " l-O-
circuit of Junction. 

Inset shows equivalent 

resonances occur when the Josephson frequency is near a subharmonic of 
formed by the shunt inductance Lg and the junction capacitance; the eq 
shown inset in Fig. 2. In addition to modifying the 1-V characteristi 
linearity of the phase evolution cnliances the mixing down of noise fro 
Josephson frequency. The spectral density of the noise measured on on 
in Fig. 3. The correction due to amplifier voltage and current noise 
1/f noise was at most 202 of the total noise and was subtracted out. 
error due to an inadequate knowledge of the exact spectral density of 
is ±252, the overall error resulting Is ±52 of the total measured nols 
the noise from the resistor at the measurement frequency, 4kgTRD^/R, f 
determine the mixed down noise; the latter is also plotted in Fig. 3. 

the resonant circuit 
ulvalenc circuit is 
c, the Increased non-
m multiples of the 
e Junction is shown 
is negligible. The 
If we assume that the 
the flicker noise 
e. We have subtracted 
rom the total noise to 

— • — ^ T 1 T • r -

• - * - - Tec" w«ot^>«« »,o »« 

• - • - - Mrckj ' t^ W . t l C o . ' t. ^ 

Co**pjtf fl W tffl C'>.' ' • ' • ^ 

Ckc««<lr>0 Z.TO poft r x i j c r 0 « 

*--. A. K A' ' N I 

Fig- 3 Measured and computed spectral den­
sities of the voltage noise at 1.4K for the 
Junction in Fig. 2. 
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We have computed the noise expected from the circuit shown in Fig. 2 using the equations 
of motion 

I - I sin « + CV + I , (6) 
O 8 

and V - I R + i L + V„. (7) 
s s s N 

Here Ig is the current through the shunt inductance, L , and Vjj has a spectral density 
2hvRcoth(hv/2kBT) at frequency v. The computed mixed-down noise is plotted in Fig. 3. For 
comparison, the computed mixed-down noise using a noise spectral density for the resistor 
without the zero point term, 4hyR/[exp(hv/kBT)-l], is also shown. The latter result clearly 
underestimates the measured noise. The agreement between the computed and measured noise is 
quite good below about 120 pV, but at higher voltages the measured noise lies somewhat above 
the predicted value. We believe this discrepancy arises from self-heating in the junction, 
which Increases the magnitude of the noise at the measurement frequency. Furthermore, the 
measured and predicted resonances are misaligned, indicating that our choices of L^ and C 
were slightly incorrect. 

These results suggest strongly that zero point fluctuations in the shunt resistor are 
the source of the limiting noise in a resistively shunted Josephson Junction in the quantum • 
limit. 

QUANTUM NOISE IN THE dc SQUID 

The dc SQUID consists of two Josephson Junctions in a superconducting loop of induc­
tance L. The critical current of the SQUID oscillates as a function of the applied magnetic 
flux * threading the loop with a period i^. Thus, when the SQUID is current-biased in the 
non-zero voltage regime, the voltage also oscillates as a function of the applied flux. A 
small change 6t (<<•(>) produces a corresponding change in voltage 6V - (3V/3»)6». The 
smallest detectable change in flux that can be detected is determined by the voltage noise 
across the SQUID. To characterize the performance, it is convenient to define the noise 
energy per Hz 

E S^ S 
_ v 

IHz • 2L ' 2(aV/3*)^L 
(8) 

where S^ is the spectral density of the voltage noise, and SA is the spectral density of the 
equivalent flux noise in the SQUID. 

Tesche and Clarke [5] computed the noise energy assuming that the Nyqulst noises in the 
two resistive shunts were the only sources of noise. They found that the SQUID was opti­
mized when 6j<l and 6 - 2LIp/t<,*"l, and that Che optimum noise energy was given by 

IS? ''^OV <'-'̂ '''- (5̂  

This result adequately predicts the measured performance of SQUIDs over a wide range of 
values of L and C. The most sensitive devices reported to date have noise energies of 
•\-bh [11, 12, 13], in reasonable agreement with Eq. (9). When T, L, and/or C are lowered 
sufficiently, quantum corrections to the noise become important. The theory described 
earlier in this paper can be extended to the case of the SQUID, and one finds that at T-0 
for an optimized device 

IHz (10) 

At higher temperatures the performance is degraded: At 4K, one expects c/lHzoSh. 
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We have made SQUIDs that should approach the quantum limit in the He"* temperature range. 
The fabrication procedures were similar to those used for the single junction, and the fol­
lowing values are typical: L " 2 pH, 0*0.5 pF. lo*0.5 mA, R^IO. Thus B ""O.S and B »» 1. 
The SQUID was connected across the cooled LC resonant circuits (typically 30, 100, 300 kHz) 
and the noise measured as for Che single junction as a function of bias current and applied 
flux. The transfer function 3V/34 was also measured by moduladng Che flux chrough Che 
SQUID and lock-in detecting the resulting voltage. The best result so far was obtained at 
3.4K, where Che measured noise ac 118 kHz was 3.8h. By measuring Che noise aC higher and 
lower frequencies, however, we estimated that approximately one-half of this noise was 1/f 
noise, so thaC Che white noise contribution was approximately 2h, in rather good agreement 
with Che predicdons of Che model. 

CONCLUDING REMARKS 

The predictions of the theory for the noise in a single junction are in good agreemenC 
with experiraenc when the effects of resonances are Caken InCo account. The measured noise 
in dc SQUIDs also agrees well with the predictions of the theory at 3.4K, although it should 
be realized that the quantum corrections to the noise are small at this temperature for the 
parameters used. Finally, a more detailed investigation of the theory is necessary to es­
tablish the limits of validity of the Langevin approach. 

This work was supported by the Director, Office of Energy Research, Office of Basic Energy 
Sciences, Materials Science Division, U. S. Department of Energy under contract No. 
U-7405-ENG-48. 
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