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Abstrac t 

A connectionis t  architectur e i s propose d an d pro -
vide s representation s fo r  probabilitie s an d utili -
ties ,  th e basi c element s o f  forma l  decisio n mak -
in g theories .  Th e output s o f  standar d feedforwar d 
feature-extractio n network s the n becom e input s t o 
thi s decisio n makin g network .  A  formalis m show s 
ho w th e gradien t  o f  expecte d utilit y ca n b e hack -
propagate d throug h th e decisio n makin g networ k 
"down "  t o th e featur e extractio n network .  Th e 
formalis m ca n b e adapte d t o algorithm s whic h op -
timiz e tota l  o r  m i n i m u m expecte d utility .  Utilitie s 
ca n b e eithe r  give n o r  estimate d durin g learning . 
W h en utilit y  estimatio n an d decisio n makin g be -
havio r  adap t  simultaneously ,  learnin g dynamic s 
sho w propertie s contraste d t o "puzzhng "  obser -
vation s mad e i n experimenta l  situation s wit h hu -
m an subjects .  Th e result s illustrat e th e interes t  i n 
computationa l  propertie s emergin g ou t  o f  th e inte -
gratio n o f  element s o f  decisio n makin g formalism s 
and connectionis t  learnin g modeb . 

Introduction 

By tradition ,  forma l  theorie s o f  decisio n makin g buil d 
concept s o f  utilit y an d probabilit y ou t  o f  a  se t  o f  nor -
mativ e axiom s characterizin g "rational "  behavio r  (e.g. , 
Slovic ,  Lichtenstei n k  Fischhoff ,  1988) .  The y usuall y 
do no t  emphasiz e adaptiv e behavior ,  notion s o f  rep -
resentation ,  o r  informatio n processin g properties .  In -
spire d b y connectionis t  "principles" ,  thi s pape r  sug -
gest s a  genera l  connectionis t  architectur e fo r  decisio n 
makin g whic h ca n b e integrate d wit h pre-existin g fea -
tur e extractio n feedforwar d networks .  Th e architec -
tur e provide s representation s fo r  probabilitie s an d util -
ities .  Learnin g integrate s element s o f  decisio n makin g 
formalism s i n a  computationa l  framewor k an d the n op -
erate s throug h th e resultin g representations . 

Usin g thi s architecture ,  a  varian t  o f  th e back -
propagatio n learnin g algorith m ca n b e derive d whic h 
propagate s th e gradien t  o f  a  respons e expecte d utiht y 
throug h th e decisio n networ k "down "  t o th e featur e 
extractio n network .  Thi s principl e generate s tw o al -
gorithms ,  on e maximizin g tota l  expecte d utility ,  th e 

othe r  maximizin g th e m i n i m u m expecte d utilit y  com -
pute d ove r  th e se t  o f  possibl e responses .  T h e goa l  o f 
thi s pape r  i s  the n t o examin e learnin g dynamic s an d 
convergenc e propertie s o f  thes e algorithms . 

Thes e propertie s ar e describe d throug h simulation s 
of  two-respons e environments .  I n particular ,  whe n 
utiUtie s ar e estimate d durin g behavio r  adaptation , 
simulation s sho w interestin g result s whic h ar e the n 
compare d t o experimenta l  dat a observe d wit h h u m a n 
subjects .  T h e result s illustrat e th e relevanc e o f  com -
putationa l  model s o f  decisio n making . 

Probability and Utility Representations 

Probab i l i t y  R e p r e s e n t a t i o n 

Conside r  a  multinomia l  distributio n wher e a  give n in -
put  patter n ha s t o b e classifie d i n 1  o f  n  categories . 
We woul d lik e th e n-uni t  outpu t  laye r  o f  a  networ k t o 
represen t  th e se t  o f  classificatio n probabilitie s associ -
ate d wit h thi s multinomia l  distribution .  I f  w e cal l  p i 
th e activation s o f  thes e units ,  w e nee d t o hav e p ,  >  0 
and ̂ "  P i  — I -  O n e wa y t o satisf y thes e constraint s i s 
t o mak e sur e tha t  uni t  activation s o f  a  previou s laye r 
ar e positiv e an d t o normaliz e thes e activation s a t  th e 
outpu t  layer .  I f  w e writ e s, -  th e "ne t  input "  t o th e first 
layer ,  positivit y ca n b e obtaine d wit h exponentia l  e -
units :  e ,  =  e '̂' .  Normalizatio n i s  the n obtaine d wit h 
p-units : 

e,-  ef̂ ' ' 

This corresponds to the familiar ratio rule used in 
numerou s decisio n task s (e.g. ,  Busemeye r  an d Myung , 
1989 ;  Luce ,  1959 ;  Estes ,  1987) .  Th e paramete r  ^  ca n 
be see n a s a  sensitivit y parameter .  Fo r  / 3 — 0,p i  =  1/n : 
th e respons e distributio n i s unifor m acros s categories . 
W h en / ? —>•  oo,p m —>•  1  wher e M correspond s t o 
s m =  maxi{si} :  th e networ k respons e i s  determinis -
ti c an d correspond s t o th e larges t  ne t  input .  A  simpl e 
computatio n yield s th e derivativ e o f  th e p-unit s wit h 
respec t  t o th e activation s o f  th e e-units : 

dpi 

de j 
Pi  P i 

j^ i (2 ) 
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dp i  _  { i -Pi) .p i 

de i  e , 

We ca n the n writ e th e derivativ e o f  th e p-unit s wit h 
respec t  t o th e ne t  input s o f  th e e-units : 

^ = P{6i:-Pi).Pi l<ij<n (3) 

where 6ij is the Kronecker symbol {6ij = 1 for i = j, 0 
otherwise) . 

Subjective Expected Utility 

We no w conside r  th e activation s p ,  o f  th e p-unit a cor -
respon d t o networ k "propensities "  t o classif y a n in -
put  patter n i n categor y i .  W e assum e thes e respons e 
propensitie s (o r  "beliefs "  o r  "subjectiv e probabilities" ) 
ar e compute d s o a s t o maximiz e a  give n performanc e 
index .  W e conside r  payoff s ar e obtaine d whe n th e net -
wor k clcissifie s a n inpu t  patter n i n categor y j  an d whe n 
th e environmen t  respond s wit h categor y i .  W e writ e 
Ui j  (utilities )  th e perceive d value s o f  th e term s o f  th e 
n. n payof f  matri x (e.g. ,  utilit y  migh t  typicall y b e a 
bounded ,  monotonicall y increasin g functio n o f  payoff ; 
utilit y  function s ar e no t  examine d i n thi s paper) .  W e 
aissum e fo r  no w th e Ui j  ar e known .  W e wil l  se e belo w 
ho w the y ca n als o b e estimate d durin g learning . 

The networ k expecte d utilit y  fo r  categor y i  ca n b e 
writte n a s E[Ui ]  =  5Z?««jP> .  Thi s equatio n ca n b e 

implemente d i n a  networ k b y addin g a  laye r  o f  n  linea r 
u-unit s wit h a  connectivit y matri x betwee n p-unit s an d 
u-unit s correspondin g t o th e utilit y  matrix .  Output s 
of  a  featur e extractio n networ k ca n the n serv e ai s in -
put s t o th e decisio n makin g networ k computin g prob -
abilitie s an d expecte d utilities .  Th e resultin g networ k 
architectur e i s presente d i n Figur e 1 . 

Learnin g consist s i n maximizin g th e expecte d utilit y 
(EUt  =  E[Ut] )  associate d wit h a  targette d categor y t . 
The networ k learn s b y adjustin g it s se t  o f  "behefs " 
Pj  throug h paramete r  (weight )  adaptation .  W e ca n 
use gradien t  ascen t  o n EU t  t o comput e weigh t  change s 
afte r  eac h patter n presentation : 

^"^9 = n^— (4) 

u-unUs 

'dw . 

Usin g th e chai n rule ,  w e get : 

dE[Ut ]  ̂  A  dE[Ut \  ds j 

dwq ^  ds j  dw ^ 
(5 ) 

T h e term s ds j / dw q migh t  b e c o m p u t e d wit h th e stan -
dar d back-propagatio n algorith m (Rumelhart ,  Hin -
to n &  Wil l iams ,  1986) ,  considerin g a  give n feature -
extractio n architectur e "below "  th e e-units .  W e the n 
us e th e chai n rul e t o obtai n th e back-propagate d "er -
ror "  t e r m Sc j  aissociate d wit h th e jt b e-unit : 

Se- = ^^[^«] ^ y- dE[U,] dpk 

^ '  ds j  ^  dp k ds j 

n 

= J 2 ""tk îh i  -  Pk).P i  =  PPj.{ut j  -  Ut )  (6 ) 

Utilitie s 

p-unit s 

e-untl s 

Fsatur a Extractio n 

Normalizatio n 

Figur e 1 :  Decisio n m a k i n g networ k architecture :  T h e 
architectur e provide s representation s fo r  probabilitie s 
(p-units )  an d utilitie s (weight s f ro m p-unit s t o u-units) . 
T h e decisio n m a k i n g networ k migh t  b e connecte d t o 
a featur e extractio n network ,  fo r  examp l e a  standar d 
multi-laye r  baick-propagatio n network . 

N o t e sinc e J2 jP j  =  1 > Y^j^^ j  =  0 -  Moreover ,  i f 

Ut j  >  E[Ut ] ,  th e networ k "receive s m o r e tha n ex -
pected" :  Pj-{ut j  — Ut )  >  0  an d p j  wil l  increase ,  a s 
i t  should . 

G ive n a  se t  o f  u,; ,  th e previou s equatio n compute s 
th e greidien t  o f  expecte d utiUt y E U t  wit h respec t  t o 
th e inpu t  o f  th e decisio n m a k i n g network .  Thi s gra -
dien t  ca n the n b e back-propapage d "furthe r  d o w n "  i n 
hidde n layer s t o extrac t  feature s relevan t  t o th e deci -
sio n strategy .  T h e parameter s (weights )  o f  th e feature -
extractio n networ k ca n the n b e change d b y gradien t  jts -
cent .  T h e goa l  o f  thi s pape r  i s no t  t o investigat e h o w 
th e decisio n m a k i n g networ k influence s th e propertie s 
of  th e featur e extractio n network .  Rather ,  w e loo k 
at  propertie s o f  th e decisio n networ k itself ,  a t  variou s 
decisio n strateg y implementation s an d a t  utilit y  esti -
mations . 

Maximizing Total Expected Utility: 

F i x e d Utilitie s 

Considerin g a  se t  o f  trainin g patterns ,  th e tota l  ex -
pecte d utilit y  i s  E U =  ^^EUt' -  maximizin g th e to -
ta l  expecte d utilit y  consist s i n maximizin g th e su m o f 
respons e expecte d utilities .  I f  th e trainin g sampl e i s 
known ,  batc h learnin g ca n b e implemente d t o comput e 
dEU/dwg .  Alternatively ,  th e well-know n Widrow-Hof f 
procedur e ca n b e use d t o adjus t  th e weight s afte r  eac h 
patter n presentation . 

Sample Learning Dynamics 

We conside r  th e u, j  ar e know n a  priori .  Suppos e th e 
networ k i s no w bein g traine d wit h a  finite  dat a bas e i n 
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whic h a  give n inpu t  patter n i s presente d N  time s an d 
targette d AT, -  time s i n eac h categor y i  ( ^  Â ,  =  N,f i  = 

N i /NXi f i  =  h f i ^  f i  fo r  i  ̂  j,h ,  ' = maxiUi}) . 
We ca n the n comput e th e tota l  sampl e gradien t  o f  E U 
(associate d wit h tha t  give n inpu t  pattern )  wit h respec t 
t o th e ne t  inpu t  Sj : 

.  dE U ^  ^ ^ dEjUj ] 

ds j 
(7 ) 

Assumin g a  utilit y  matri x equa l  t o th e identit y matri x 
(ui j  =  6ij) ,  w e get : 

Qj- = mj-Pi)Pj 

Scj = N(3pjif^-J2fiPi) 
i 

(8 ) 

bt M -  Njip M 5 ^  pi{fx {  -  fi ) 

Equilibria are obtained for btj = 0 for all j. But 6eM = 
0 implie s p M =  0  o r  p ,  =  0  fo r  i  : ^  M <: ^  p M =  1 .  Th e 
first  equilibriu m i s unstable ;  th e secon d on e i s stable . 
Therefor e th e respons e probabilit y  associate d wit h th e 
bigges t  respons e frequenc y o f  th e sampl e wil l  increas e 
t o 1  durin g training .  Usin g th e sam e arguments ,  th e 
respons e probabilit y  associate d wit h th e smalles t  re -
spons e frequenc y wil l  decreas e t o 0 .  Al l  othe r  respons e 
probabilitie s ma y eithe r  decreas e o r  firs t  increas e the n 
decreas e dependin g o n th e initia l  value s o f  pj .  Thes e 
result s ma y b e generalize d fo r  an y valu e o f  u,j . 

The learnin g principl e involve d i n thi s framewor k i s 
gradien t  ascen t  o n th e tota l  expecte d utiUt y whe n util -
itie s ar e know n i n advance .  I t  i s  well-know n tha t  re -
sultin g so-calle d Bayesia n optimalit y ca n b e obtaine d 
when respons e probabilitie s correspon d t o "pure "  de -
cision s {p j  — 0  o i  1) ,  eve n i n stochasti c environment s 
(e.g. ,  DeGroot ,  1970) . 

Illustration: Two-response Environment 

The algorith m wa s implemente d fo r  a  simpl e two -
respons e environmen t  withou t  featur e extraction .  I n 
thi s case ,  th e tw o weight s t o b e learne d i n th e net -
wor k ar e simpl y th e biase s o f  th e e-units .  Th e envi -
ronmenta l  binomia l  distributio n ca n b e characterize d 
by a  singl e paramete r  p *  =  p* ,  th e probabilit y  o f  oc -
currenc e o f  th e first  response/category .  Reward s fro m 
th e environmen t  ar e receive d a s a  functio n o f  th e net -
wor k responses .  Th e previou s £'{/-back-propagatio n 
algorith m shoul d find  th e optima l  value s o f  th e proba -
bilitie s a s a  functio n o f  th e utilit y  matrix . 

As expected ,  simulation s sho w th e networ k alway s 
learn s ho w t o mak e pur e optima l  decisions ,  indepen -
dentl y o f  th e utilit y  matri x an d environmenta l  proba -
bihtie s (excep t  i n obviou s trivia l  cases) .  Convergenc e 
speed i s essentiall y  dependen t  o n th e environmenta l 

probabilities ,  o n th e rang e o f  th e u,j ,  o n th e learnin g 
rat e t j  an d o n th e sensitivit y paramete r  /? . 

Standar d Bayesia n technique s migh t  first  estimat e 
posterio r  probabilitie s an d the n comput e expecte d 
cost s fro m give n a  prior i  cos t  matrices .  Inpu t  pattern s 
ar e the n classifie d i n categorie s associate d wit h lo w ex -
pecte d costs .  Th e networ k presente d abov e directl y es -
timate s th e mode l  parameter s s o a s t o directl y maxi -
miz e tota l  expecte d utility .  Th e EC/-back-propagatio n 
migh t  "bypass "  th e estimatio n o f  posterio r  probabil -
itie s t o comput e respons e behavior .  Fro m a  perfor -
mance poin t  o f  view ,  i t  i s  quit e possibl e t o imagin e 
tha t  th e mode l  migh t  actuall y mak e bette r  us e o f  it s 
resource s (weights )  b y no t  "wasting "  the m i n estimat -
in g posterio r  probabilities .  Performanc e characteris -
tic s ar e no t  investigatin g furthe r  i n thi s paper . 

Maximizing Total Expected Utility: 

E s t i m a t e d Utilitie s 

We no w assum e th e u,v, -  hav e t o b e estimate d durin g 
learning .  Thi s tas k ca n b e considere d mor e typica l  o f 
human learnin g situation s i n decisio n makin g environ -
ments .  I n thi s framework ,  th e £'C/-back-propagatio n 
algorith m ca n b e use d wit h th e E U gradien t  bein g 
back-propagate d throug h currentl y estimate d utilities . 
The tas k o f  th e decisio n networ k i s stil l  t o maximiz e 
E U throug h adaptatio n o f  th e respons e probabilitie s 
Pj  give n curren t  u,j . 

Trial Estimation 

Let  R  (wit h element s rj )  b e th e curren t  n-dimensiona l 
respons e vecto r  generate d b y th e network .  Th e re -
spons e Ri s a .  rando m variabl e wit h a  multinomia l  dis -
tributio n characterise d b y th e pj .  A t  eac h trial ,  w e 
assume th e networ k respons e R  i s chose n i n functio n 
of  thi s distributio n an d tha t  th e environmen t  respond s 
wit h a  "target "  vecto r  R *  (wit h element s rJ" )  draw n 
fro m th e environmenta l  multinomia l  distributio n char -
acterise d b y a  se t  o f  probabilitie s p* .  W e writ e Uj j  th e 
curren t  estimate s o f  th e utilitie s an d u*- ,  th e perceive d 
value s o f  th e tru e reward s obtaine d afte r  eac h networ k 
respons e R  an d environmen t  respons e R* . 

Tria l  learnin g ca n b e implemente d i n a  networ k hav -
in g th e se t  T j  a s inpu t  unit s an d th e se t  r *  a s outpu t 
units .  Th e receive d utilit y  predicte d b y th e networ k 
afte r  eac h tria l  i s  the n U i  — ^jUij^j ]  th e trul y re -

ceive d utilit y  i s U *  =  Yl j  '̂ij'''j -  Estimatio n o f  th e re -

ceive d utilitie s i s performe d b y gradien t  descen t  o n L , 
th e su m o f  square s o f  th e difference s betwee n predicte d 
and trul y receive d utilities .  Considerin g a  singl e trial , 
we obtain : 

Aw.-, -  =  -
dL 

a,-^ — =  -aiUi-U:)r:.r j  (9 ) 

E[Auij ]  =  -a(uij-u*j)p*p j 
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Equilibriu m i s obtaine d fo r  £'[Auj, ]  =  0  •<: > ut j  =  u*j . 
Speed o f  convergenc e wil l  no t  onl y depen d o n th e learn -
in g rat e a  bu t  als o o n th e curren t  se t  o f  belief s P j 
and o n th e th e environmenta l  probabilitie s p* .  Afte r 
eac h trial ,  utilitie s ar e evaluated ,  an d th e J57(/-back -
propagatio n algorith m i s use d wit h th e currentl y esti -
mate d se t  o f  utilities .  Eventually ,  th e estimate d util -
itie s wil l  converg e t o th e environmenta l  utilitie s (fo r 
non-zer o p j  an d p*) .  A t  thi s point ,  respons e behavio r 
adaptatio n wil l  becom e identics d t o th e cas e wher e util -
itie s ar e know n a  priori .  Therefore ,  th e networ k wil l 
end u p makin g optima l  pur e decisions .  However ,  i n 
general ,  respons e probabilitie s bein g learne d simulta -
neousl y wit h utilit y  estimation ,  th e complet e learnin g 
dynamic s migh t  becom e quit e complex .  Thes e charac -
teristic s ar e examine d i n mor e detai l  below . 

Average Estimation 

Wit h tria l  learning ,  u, j  i s  reevaluate d afte r  eac h trial , 
i n functio n o f  th e networ k respons e R  an d th e envi -
ronmen t  respons e R* .  Becaus e a  specifi c  elemen t  o f 
th e utilit y  matri x ha s t o b e estimate d afte r  eac h trial , 
tria l  learnin g make s th e imphci t  assumptio n tha t  th e 
learne r  abread y understand s th e deterministi c propert y 
of  tria l  obtaine d rewards .  Tria l  learnin g als o make s 
th e computationa l  assumptio n th e learne r  store s an d 
estimate s eac h element s o f  th e utilit y  matri x indepen -
dently .  W e no w tur n t o a  mayb e mor e natura l  learnin g 
hypothesi s wher e expecte d utihtie s ar e estimate d i n th e 
average .  Utilitie s ar e evaluate d i n functio n o f  curren t 
respons e probabilitie s becaus e th e learne r  doe s no t  as -
sume (o r  trust )  th e determinis m o f  th e utilit y  matri x 
or  doe s no t  hav e th e informatio n processin g capacit y 
t o estimat e eac h elemen t  o f  th e utiUt y matrix . 

Afte r  eac h trial ,  th e expecte d utilit y  (i n th e math -

ematica l  sens e o f  expected )  i s E[Ui ]  =  Ylĵ ijPj -  ^^ ^ 

give n pj ,  i t  i s possibl e t o estimat e th e ne w Ui j  b y gra -
dien t  descen t  o n th e square s o f  th e difference s betwee n 
expecte d utilit y  E[Ui ]  an d th e trul y receive d utilit y  U* . 
Considerin g a  singl e trial ,  w e obtain : 

L = j;r;(£;[t/,]-c/;)2 

dL 
Aui j  =  -a i 

dui 

E[Auij ]  = 

-a iE[U i ] -Unr lp j 

-aiE[Ui]-E[U:])p:p j (10 ) 

Equilibriu m i s reache d whe n E[Ui ]  =  E[Ui ]  O 

^jUijP j  =  Ylĵ ljPj -  -̂ °  obviou s solutio n t o thi s 
equatio n i s foun d fo r  «,j -  =  u*- .  Again ,  i n thi s case ,  th e 
networ k wil l  the n converg e t o pur e decisio n optimahty . 
However ,  th e equilibriu m conditio n migh t  lea d t o othe r 
estimation s o f  u, j  whic h migh t  correspon d t o variou s 
respons e behaviors .  Fo r  eac h ru n an d fo r  a  give n Um-
ite d learnin g time ,  obtaine d behavior s wil l  depen d o n 
th e networ k initia l  condition s an d o n th e rando m orde r 
of  categor y presentation s durin g training . 

8i 

9 

8 
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Figur e 2 :  Histogra m o f  learne d respons e probabilit y p 
afte r  20 0 trial s fo r  10 0 runs .  T h e decisio n networ k i s 
trained  wit h th e £^{7-back-propagatio n algorith m usin g 
averag e estimate d utihties . 

Simulation s o f  th e algorith m wer e the n performe d i n 
th e previou s two-respons e environmen t  wit h u* j  =  6ij . 
T h e initia l  respons e probabiht y paramete r  p  wa s ran -
dom l y chose n a t  eac h run .  T h e followin g genera l  re -
sult s wer e obtained ,  tha t  w e wil l  contras t  t o observa -
tion s m a d e wit h h u m a n s i n two-respons e experiments . 

A grea t  majorit y o f  run s ar e stabl e afte r  a  fixe d 
n u m b er  o f  trials :  fo r  a  sufficien t  n u m b e r  o f  runs ,  av -
erag e performanc e seem s t o hav e reache d a n asymp -
toti c level .  Settlemen t  occur s i n tw o modes :  pur e de -
cisio n optimalit y wher e p  converge s t o 1  i f  p *  >  . 5 
an d t o 0  otherwise ;  a  les s c o m m o n "reversed "  opti -
mal  m o d e wher e p  converge s t o 0  i f  p *  >  . 5 an d t o 
0 otherwise .  T h e m e a n o f  th e resultin g bimoda l  dis -
tributio n depend s o f  th e value s o f  th e parameters ,  i n 
particula r  o f  u*- ,  o f  th e initia l  value s fo r  u, j  an d o f 
th e parameter s a  an d /? .  Large r  learnin g rate s fo r  th e 
estimatio n o f  utilitie s o r  m o r e accurat e initia l  estima -
tion s lea d t o improve d estimation s o f  u, j  durin g learn -
in g an d t o highe r  proportio n o f  case s convergin g t o 
optima l  behavior .  Figur e 2  represent s th e histogra m 
of  learne d respons e probabilit y p  afte r  20 0 trial s fo r 
10 0 run s (varyin g th e initia l  value s o f  p ;  a  =  I ,  0  =  4 , 
initia l  Ui j  =  .2b6ij ,  p *  =  .2) .  T h e m e a n valu e o f  th e 
distributio n i s .2 7 i n thi s case ,  roughl y matchin g th e 
environmenta l  p* . 

A mode l  predictin g "reversed "  optimalit y seem s a 
prior i  t o deserv e rejectio n a s a  potentia l  mode l  o f  hu -
m an behavior .  However ,  Luc e an d Suppe s (1963) ,  re -
viewin g a  larg e n u m b e r  o f  two-respons e studies ,  hav e 
th e followin g warning : 

T h e dat a reporte d i n th e literatur e ar e alway s av -
erage s fo r  group s o f  subjects ,  [...] .  Considerabl e 
evidenc e (no t  m u c h o f  i t  published )  indicate s tha t 
thes e grou p result s ca n b e quit e misleading .  T h e 

584 



distributio n o f  estimate d po o ove r  subject s ofte n 
seems no t  t o b e binomial ,  an d sometime s ther e i s 
littl e doub t  bu t  tha t  i t  i s  bimodal ,  wit h th e val -
le y o f  th e distributio n coincidin g roughl y wit h th e 
grou p mea n probability .  (Luc e k  Suppes ,  1963 ,  p . 
391) . 

Unti l  now ,  thes e experimenta l  individua l  dat a stil l 
remai n a  puzzl e fo r  theoretica l  psychologie s o f  learnin g 
and decisio n making .  Th e presen t  approac h suggest s 
an explanatio n fo r  thes e dat a i n th e simultaneou s aver -
age estimatio n o f  reward s an d sidaptatio n o f  respons e 
behavior .  Th e mea n resul t  (probabilit y  matching )  i s 
the n observe d alon g wit h th e puzzlin g bimoda l  distri -
butio n o f  individua l  responses .  Precis e simulation s o f 
experimenta l  result s (e.g. ,  2 5 studie s examine d i n Luc e 
et  al. ,  1963 )  ar e beyon d th e scop e o f  thi s paper . 

Minimax Learning 

So far ,  w e hav e assume d th e goa l  o f  th e decisio n mak -
in g networ k wa s t o maximiz e th e tota l  expecte d utilit y 
over  th e environmenta l  distribution .  W e no w tur n t o 
th e othe r  wel l  know n framework  fo r  decisio n making : 
we woul d lik e th e networ k t o maximiz e th e minimu m 
expecte d utilit y  ove r  th e se t  o f  possibl e decision s (e.g. , 
von Neuman n &  Morgenstern ,  1944) . 

The architectur e o f  th e decisio n networ k presente d i n 
Sectio n 2  i s stil l  vali d sinc e i t  simpl y provide s a  repre -
sentatio n fo r  probabilitie s an d utilitie s (usuall y writte n 
as cost s i n gam e setups )  an d a  formalis m fo r  comput -
in g th e gradien t  o f  a  give n respons e expecte d utility . 
The differenc e i s no w i n th e definitio n o f  optimalit y 
(minima x fo r  costs ,  equivalentl y maximi D fo r  utilities ) 
and i n th e resultin g learnin g algorithm . 

Back-propagation for Maximum Minimum 

Utilit y 

We woul d no w lik e th e p-uait s t o comput e probabilitie s 
maximizin g th e minimu m o f  expecte d utilitie s ove r  a 
set  o f  possibl e responses .  Fo r  an y give n inpu t  pattern , 
th e expecte d utilit y  associate d wit h eac h respons e i s 
E[Ui ]  =  $2, -  UijPj .  Learnin g the n consist s i n grstdien t 

ascen t  o n th e minimu m expecte d utilit y  compute d ove r 
th e se t  o f  responses : 

Env.  Resp .  1 
Env.  Resp .  2 

Net .  Resp .  1 

1 
4 

Net .  Resp .  2 

- 2 
3 

A w.  =  T) 
dmini{E[Ui] } 

dw„ (11 ) 

The expressio n min,{£'[[/,] }  i s  no t  differentiabl e (bu t 
stil l  continuous )  wit h respec t  t o th e weight s o f  th e net -
work .  Th e propose d implementatio n consist s i n com -
putin g E[Ut ]  fo r  eac h trainin g patter n an d t o chec k i f 
E[U, ]  =  mini{E[Ui]} .  I f  E[Ut ]  =  min.{̂ [t/.]} ,  th e 
gradien t  o f  E[Ut ]  i s  compute d (Sectio n 2 )  an d weight s 
ar e change d accordingly .  I f  E[Ut ]  ^  mini{E[Ui]} , 
weight s remai n unchanged . 

Theoretica l  minima x probabilitie s usuaU y corre -
spon d t o mixe d decision s (p j  /  0,1 )  functio n o f  th e 

Tabl e 1 :  Cost/utilit y  matri x fo r  th e two-respons e an d 
game situation s a s a  functio n o f  environmenta l  an d net -
wor k responses . 

cos t  (utility )  matrix .  Thes e probabilitie s d o no t  de -
pend o n environmenta l  distributions .  However ,  i f  net -
wor k resource s ar e Hmite d (limite d numbe r  o f  weight s 
i n th e feature-extrsictio n network) ,  th e computation s 
of  th e networ k minima x probabilitie s migh t  depen d o n 
th e trainin g distribution ,  justifyin g th e relevanc e o f  a 
trainin g sample .  Again ,  th e consequence s o f  decisio n 
strategie s o n featur e extractio n ar e no t  examine d i n 
thi s paper . 

Example Implementation 

The minimax-back-propagatio n procedur e wa s im -
plemente d i n a  two-respons e situatio n usin g th e 
cost/utilit y  matri x show n i n Tabl e 1 .  Th e theoreti -
cal  minima x equilibriu m i s foun d fo r  p i  =  p  =  5/ 9 an d 
P2 =  1  -  p  =  4/9 .  Simulation s sho w th e algorith m al -
ways converge s t o th e optima l  minima x probabiUties , 
independentl y o f  initia l  pj .  Th e non-differentiabiUt y o f 
th e algorith m create s a n angula r  poin t  whe n p  reache s 
th e desire d equiUbriu m bu t  th e networ k remain s stabl e 
aroun d equilibriu m point .  Thi s behavio r  i s describe d 
i n mor e detai l  i n th e followin g situation . 

Game Learning 

The minimax-back-propagatio n algorith m wa s imple -
mente d i n a  two-playe r  zero-su m gam e playin g situ -
ation .  Th e cost/utilit y  matri x o f  Tabl e 1  wa s use d 
fo r  playe r  1  an d it s opposit e fo r  playe r  2 .  Th e well -
known minima x theore m (vo n Neuman n &  Morgen -
stern ,  1944 )  show s ther e alway s exist s a  minima x equi -
libriu m fo r  suc h games .  Wit h th e give n cost/utilit y 
matrix ,  th e minimai x equilibri a ar e foun d fo r  th e mixe d 
strategie s p ^  =  p \  z z 5/ 9 fo r  playe r  1  an d j p =  p' ^  =  2/ 3 
fo r  playe r  2 . 

The gam e wa s implemente d usin g tw o network s 
playin g eac h other ,  simultaneousl y traine d wit h th e 
minimax-back-propagatio n algorithm .  Th e "environ -
mental "  probabilit y  o f  on e network/playe r  no w corre -
spond s t o th e respons e probabilit y  o f  th e othe r  net -
work/player :  p* ^  =  pj,p* ^  =  pj .  Figur e 3  show s p ^ 

and p ^  a s a  functio n o f  th e numbe r  o f  ply s playe d b y 
th e network s fo r  variou s initia l  conditions . 

Simulation s sho w th e network s alway s converg e t o 
optima l  minima x respons e behavior .  W h e n equilibri a 
ar e reached ,  th e respons e dynamic s presen t  a n angula r 
poin t  bu t  th e equilibri a remai n stabl e i n al l  cases .  Fur -
thermore ,  th e network/playe r  learnin g dynamic s sho w 
interdependenc e sinc e th e respons e probabiUtie s o f  on e 
network/playe r  correspon d t o th e environmenta l  prob -
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Figur e 3 :  Example s o f  learnin g dynamic s fo r  th e 

minimax-back-propagatio n algorith m durin g a  gam e 
playin g situation .  Bot h network/player s reac h an d re -
mai n a t  optima l  minima x probabilitie s (5/ 9 an d 2/3 ) 
independentl y o f  initia l  condition s ( 3 run s ar e shown , 
one pe r  lin e type) . 

abilitie s o f  th e othe r  network/player .  Thi s resul t  pro -
vide s interestin g hypothese s an d prediction s o n learn -
in g dynamic s wher e player s lear n fro m eac h other' s 
playin g strategy .  Th e impUcation s o n observe d exper -
imenta l  dat a i n gam e learnin g situation s ar e beyon d 
th e scop e o f  thi s paper . 

Conclusion 

A general decision making network architecture is sug-
geste d alon g wit h representation s fo r  probabilitie s an d 
utihties .  Th e involve d principle s integrat e forma l  prop -
ertie s o f  optima l  decisio n makin g an d connectionis t 
computationa l  characteristics .  Variant s o f  th e back -
propagatio n learnin g algorith m ar e the n obtaine d t o 
maximiz e tota l  an d minimu m expecte d utility .  Th e 
dynami c propertie s o f  th e resultin g algorithm s ar e ex -
amine d throug h simulation s o f  a  two-respons e environ -
ment . 

Obviously ,  th e comple x propertie s o f  huma n decisio n 
makin g ar e barel y mentione d i n thi s paper .  Nonethe -
less ,  i n th e cas e o f  simultaneou s utilit y  estimatio n an d 
behavio r  adaptation ,  th e approac h provide d interest -
in g insight s o n observe d experimenta l  data .  I n general , 
th e propose d architectur e seem s abl e t o provid e a  ric h 
computationa l  framewor k whic h migh t  lea d t o a  num -
ber  o f  interestin g hypothese s an d prediction s abou t  hu -
man learnin g an d decisio n makin g behavior . 
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