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Students’ Meaning Making of Algebraic Expressions and Equations through Engaging with 

Dialogic Mathematics Videos  

 

by 

 

Isabel Alejandra Sorto White 
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University of California San Diego, 2025 
San Diego State University, 2025 

 

Professor Joanne Lobato, Chair 

 

Algebra continues to act as a gatekeeper, yet many students continue to struggle with 

foundational concepts related to algebraic expressions and equations. There is a general 

consensus among mathematics educators that these issues could be remedied by emphasizing 

meaning making over procedural fluency. Accordingly, algebra education research has 



  xxiv 

documented persistent challenges and productive efforts in supporting students’ meaning making 

of algebraic topics. However, scholars have yet to provide a learning trajectory for how 

secondary students come to understand algebraic expressions and equations in context.  

Additionally, in light of the COVID-19 pandemic and astonishing technological 

advancements, there has been an increasing interest in instructional approaches that leverage 

technology as a means for supporting algebra learning. A promising yet underexplored approach 

is one that integrates an innovative video technology, dialogic mathematics videos. Unlike 

conventional mathematics videos that typically demonstrate procedures, these videos place an 

explicit focus on meaning making through the unscripted dialogue of two students as they 

collaboratively work through problems. Although emerging research points to its potential, little 

is known about how these videos function as instructional supports within classroom settings.  

This dissertation addresses these gaps through two research aims: (a) to explore how a 

classroom community develops meaning of algebraic expressions and equations in context over 

time and (b) to identify the instructional supports that contributed to students’ development, with 

particular attention to those related to the use of dialogic mathematics videos. The study followed 

a classroom teaching experiment methodology with thirteen ninth-grade students over ten one-

hour sessions. The learning environment was grounded in a quantitative reasoning approach, 

which emphasizes meaning making in context, and integrated dialogic mathematics videos as a 

central instructional tool.  

To address (a), I drew on the emergent perspective and used the Documenting Collective 

Activity method to analyze whole-class argumentation as a means of tracking collective 

mathematical progress of the classroom community. The result is a five-part learning trajectory 

that documents the evolution of students' reasoning about the unit’s focal algebraic topics. The 
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findings demonstrate how students’ meaning making deepened as they formed connections 

among interrelated aspects of algebra grounded in context.  

To address (b), I drew on the instrumental orchestration framework to examine how the 

teacher facilitated technology use in support of students’ reasoning. Using a combination of a 

priori codes from the literature and inductive coding, I identified eleven instrumental 

orchestration types according to the components of the framework. Eight types seemed to 

support students’ reasoning, while three appeared to be less productive. The findings contribute 

to a nuanced understanding of how dialogic videos can be used in instruction to foster 

meaningful algebra learning.  
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Chapter 1: Introduction 

Algebra has long been considered a “gatekeeper” in education due to its status as a 

prerequisite for advanced mathematics courses, college admission, and careers in STEM, making 

it a key determinant of academic, economic, and life opportunities (Kaput, 1995; Larnell, 2016; 

Moses & Cobb, 2001). Consequently, algebra continues to be a central focus of educational 

research and policy (e.g., Closson, 2024; Gates, 2021, 2023; Walkington et al., 2025). Yet, 

challenges in algebra persist. Algebra I is the single most failed course in U.S. high schools, and 

in California, nearly one-third of students repeat the course during high school (Rickles et al., 

2017; Finkelstein et al., 2012). Many researchers attribute these struggles to a longstanding 

emphasis on procedural fluency and rote-symbol manipulation rather than meaning making.  

In response to these challenges, and especially in light of the COVID-19 pandemic and 

astonishing technological advancements, there has been an increasing interest in instructional 

approaches that leverage technology as a means for supporting algebra learning (Haspekian et 

al., 2023; NCTM, 2020). Recent innovations include instructional environments that integrate 

dynamic applets, interactive mathematics games, and video lessons designed to connect algebra 

more directly to students’ everyday experiences (e.g., Paoletti et al., 2024; Rickel et al., 2023; 

Ottmar et al., 2023). A promising yet underexplored instructional approach is one that integrates 

an innovative video technololgy, dialogic mathematics videos. Unlike conventional mathematics 

videos that typically demonstrate procedures, these videos place an explicit focus on meaning 

making through the unscripted dialogue of two students as they collaboratively work through 

problems. This dissertation seeks to advance knowledge on students’ meaning making of algebra 

and on instructional supports for students’ algebraic reasoning, with attention to those related to 

the use of dialogic mathematics videos.  
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Although algebra defies any concise definition, it is largely concerned with generalizing 

and expressing relationships among quantities using symbols (Kieran, 1992). Therefore, making 

meaning of algebraic expressions and equations is at the core of algebra learning. Algebraic 

expressions can consist of variables, coefficients, and constants, along with the operation signs of 

addition, subtraction, multiplication, division, and/or exponentiation (e.g., 2x − 5), but do not 

include an equal sign (Haspekian et al., 2023). Algebraic equations consist of two algebraic 

expressions (or an algebraic expression and an arithmetic expression), with an equal sign 

between them (e.g., 7x + 5 = 2x − 3). Algebraic expressions and equations can represent a range 

of mathematical meanings, including a generalization of an arithmetic pattern, a functional 

relation, or a general formula. The variety of forms and interpretations associated with 

expressions and equations brings into focus other important aspects of algebra such as 

equivalence, meanings of literal symbols, and generalizing arithmetic to algebra, making this 

topic a fruitful area of study.  

Despite its importance, recent empirical studies illustrate that students continue to revert 

to numerical and procedural thinking over conceptual thinking across a variety of tasks related to 

understanding algebraic equations and expressions (e.g., Christou et al., 2022; Liang & Moore, 

2021; Tondorf & Prediger, 2022; Wilkie, 2022) (see next section for an example). One 

explanation is that typical instruction often presents algebraic expressions and equations as 

devoid of context, hindering meaning making. In response, scholars have argued for grounding 

algebra in realistic contexts—those that are imaginable and meaningful to students (Gravemeijer, 

2020). Such contexts allow learners to draw on everyday experiences and engage in informal 

reasoning. As students move toward more formal reasoning, these contexts can continue to act as 

anchors. Accordingly, this dissertation is interested in how students reason about algebraic 
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expressions and equations in context as a means of nurturing mathematical meaning-making 

abilities in algebra.  

 In sum, this study is guided by two central aims: (a) to explore how students learn to 

make sense of algebraic expressions and equations in context over time, and (b) to identify the 

instructional supports for students’ reasoning, with particular attention to those related to the use 

of dialogic mathematics video. The remainder of the chapter is organized into five main sections. 

First, I analyze the complexity of understanding algebraic equations by presenting a specific 

example, which will motivate four interrelated algebraic subtopics and introduce a quantitative-

reasoning approach to algebra (Thompson, 2011). Second, I provide a brief overview of the 

relevant literature on algebra and quantitative reasoning and discuss the specific ways in which 

my study extends the existing literature. Third, I introduce the dialogic mathematics video as a 

promising means for instructional support of mathematics learning and argue that my study 

contributes to the field of vicarious learning. Fourth, I motivate and introduce the theoretical 

framing for the study. Finally, I conclude with a presentation of my research questions and a 

discussion of the significance of each to the field of mathematics education. 

The Complexity of Making Sense of Algebraic Expressions and Equations in Context 

To explore the conceptual complexity of understanding algebraic expressions and 

equations in context, consider a typical equation that students might encounter in a beginning 

algebra course, namely 5c + 3c = 8c. Students often experience such an equation as part of the 

skill of combining like terms, where they are given an expression, such as 5c + 3c, and are 

expected to produce 8c as a simplified expression. Students are often taught the rule that when 

one adds or subtracts “like terms” (terms with identical variables; here 5c and 3c), then they add 

or subtract the coefficients to obtain the combined term (here, 8c). Teachers commonly draw on a 
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context of apples and oranges and tell students that 5c + 3c = 8c because 5 apples and 3 apples is 

8 apples (where c is an apple), and 5c + 3d cannot be combined because that would be like 

adding apples and oranges (Hallagan, 2006). While this approach may produce a correct 

response, it does not generalize to other situations. For example, it does not help one reason that 

5c • 3c should equal 15c2, because c2 would not have meaning as an “apple squared.” At the heart 

of the problem is the treatment of the literal symbol c as a physical object rather than as a symbol 

that represents a numerical value that can vary (Lucariello et al., 2014). 

One way of addressing the problematic conception of 5c as 5 apples and the superficial 

role of context here serving only as the source for a mnemonic device is to take a quantitative-

reasoning approach (Thompson, 2013; Kaput, 2008). Quantities are defined as mental operations 

involved in conceiving of a situation or context as having measurable attributes (e.g., my height 

or a car’s distance; Thompson, 1994). Quantitative relationships are the connections between 

those attributes (e.g., how much taller I am than you or a car’s speed as a relationship between 

distance and time). Quantitative reasoning involves analyzing the quantities and relationships 

among quantities in a situation, creating new quantities, and making inferences about quantities.  

Consequently, a context is needed in which each symbol and operation in the equation 5c 

+ 3c = 8c represents quantities and relationships in that context. In particular, we need a context 

in which it makes sense for c to represent varying amounts. Consider a context in which two 

friends, Sofia and Manuel, buy game apps. Sofia purchases 5 apps, and Manuel buys 3 apps. 

Each app costs c dollars. Then, for the expression 5c, 5 is the number of apps Sofia bought, c is 

the cost per app, and multiplication can be conceived as the quantitative operation of “groups 

of.” Thus, when the cost of each game app is $1.49, then 5c can have the meaning of 5 groups of 

$1.49. While grounding instruction in quantitative reasoning can serve to foster comprehension 
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of algebraic expressions and equations (Smith & Thompson, 2007), it can also increase the 

complexity. Instead of focusing on the procedural skill of combining like terms by carrying out 

an elementary addition calculation (5 + 3 = 8), interpreting the equation 5c + 3c = 8c with 

quantitative meaning involves four related subtopics, each of which I explore next.  

First, one goal is for students to see each expression—5c, 3c and 8c—as representing a 

generalization of an arithmetic relationship. For example, students might first encounter an 

arithmetic task in elementary school of being given a certain number of game apps that one buys 

(5) and a cost of one app (e.g., $2) and be asked to find how much the person spent in all. To 

solve they multiply a 5 • $2. In later grades of elementary school, they may explore decimal 

values for the cost of a game app (such as $2.99 or $3.05) and calculate the total amount spent on 

5 game apps as 5 • $2.99 or 5 • $3.05. Eventually, the generalization can be expressed as 5c, 

where c is the cost per app.  

Second, we want students to understand that the literal symbol c is not a physical object 

(e.g., an apple). When students begin to grasp that literal symbols can represent numeric values, 

their dominant conception is often that of an unknown, which represents a limited number of 

numerical solutions to an equation (e.g., x in the equation 3x – 4 = 11). Instead, c is being used in 

5c + 3c = 8c as what Philipp (1992) calls a generalized number. The values of the literal symbol 

vary but are not limited to just one or two values (as is often the case with an unknown). 

Algebraic symbols are often used as generalized numbers to express a mathematical relationship, 

property, or identity, as is the case with 5c + 3c = 8c. If students first conceive of the equations 

5c + 3c = T and 8c = T, where T if the total amount of money spent, before forming the equation 

5c + 3c = 8c, then the literal symbols c and T are functioning as varying quantities (Philipp, 

1992). Varying quantities are used to express a dependency relationship between the values of 
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the literal symbols. Thus, an important part of algebraic reasoning with equations and 

expressions is having facility with multiple uses of literal symbols.  

Third, we want students to interpret each expression in the equation from both process 

and product perspectives (Sfard, 1992). An algebraic expression represents both a computational 

process for calculating a quantity and a product (or resulting quantity) of that calculation. 

Specifically, an interpretation of 5c from both process and quantitative perspectives is as the 

number of game apps purchased by Sofia multiplied by the cost per app. In contrast, from a 

product perspective, 5c represents the result of that computation as a whole or entity, rather than 

as the computation process itself. Specifically, 5c is the total amount of money spent by Sofia.  

Fourth, we turn to conceptions of equivalence. In the traditional approach to combining 

like terms introduced at the outset of this section, the equal sign in 5c + 3c = 8c has an 

operational interpretation (Knuth et al., 2006), meaning that the equal sign is a symbol that 

indicates the need to compute an answer (i.e., “=” is a “do something” signal). Here students are 

given “5c + 3c” and are told to “simplify,” thus, producing 8c. In contrast, researchers advocate 

for a relational understanding of equivalence, where students see the numeric value of each side 

of the equal sign as being the same. For example, 5c + 3c equals 8c, because 5 • 2 + 3 • 2 = 8 • 2 

when c = 2. In recent work, Cook et al. (2022) presented a new categorization of conceptions of 

equivalence. In their taxonomy, they include descriptive equivalence, which involves viewing 

objects as equivalent on the basis that they describe the same quantity or serve the same purpose 

in a given situation. In the example above, 5c + 3c and 8c both represent the same quantity of the 

total amount of money spent by Sofia and Manuel on game apps.  

In turn, interpreting the entire equation 5c + 3c = 8c with a conception of descriptive 

equivalence has different flavors depending on whether one is operating from a process or a 
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product perspective. For example, one might interpret the equation as representing two different 

ways to find the total amount spent by the two friends. One could multiply the number of apps 

Sofia bought times the amount each app costs and add it to the number of apps Manuel bought 

times the cost per app. Alternatively, one can find the total number of apps the two friends 

bought (8) and multiply that by the cost per app. From a product perspective, 5c + 3c = 8c can be 

interpreted as the amount of money spent by Sofia plus the amount of money spent by Manuel 

equals the total amount of money spent together by the two friends.  

Algebraic and Quantitative Reasoning 

In the previous section, I illustrated how four algebraic subtopics are involved in making 

meaning of the algebraic equation 5c + 3c = 8c in the context of friends purchasing game apps: 

(a) equivalence, (b) process and product perspectives, (c) generalizing, and (d) the meaning of 

literal symbols. However, these four aspects are related beyond this specific example. For any 

algebraic equation, students must first recognize algebraic expressions as a generalization of an 

arithmetic relationship. The resultant generalized expression involves literal symbols (e.g., c as a 

cost per app), which can take on various meanings. Furthermore, a quantitative-reasoning 

approach compels the learner to interpret subexpressions or terms from both process and product 

perspectives. Lastly, algebraic equations necessarily require an understanding of equivalence. 

Next, I briefly review the literature on quantitative reasoning and each of these four domains, 

motivating a need for a trajectory grounded in QR wherein these aspects interrelate.  

Quantitative reasoning has been argued to be a useful basis for algebraic reasoning 

because it enables students to reason about quantities and their relationships without relying on 

specific numerical values (Smith & Thompson, 2008; Ellis, 2007). While prior research has 

shown the value of quantitative reasoning for developing concepts like function, proportional 
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reasoning, and rate of change, fewer studies have examined its potential to support 

interconnected aspects of algebraic reasoning (Lobato & Siebert, 2002). This study contributes to 

this body of literature by shifting the focus from isolated concepts to the ways in which 

quantitative reasoning can serve as a unifying approach across multiple aspects of algebraic 

reasoning. In doing so, it highlights the potential for quantitative reasoning to not only deepen 

conceptual understanding, but also to build coherence across ideas, including the four domains of 

interest in this study.     

Within the research area of equivalence, a vast majority of the literature has explored the 

development of children’s understanding of operational and relational conceptions of the equal 

sign within an arithmetic context (e.g., Falkner et al., 1999; Knuth et al., 2006; McNeil & Alibali, 

2005; Ralston & Li, 2022). This literature often highlights the challenges that students face in 

overcoming an operational view, which views the equal sign as an operator, to develop a 

relational view, which focuses on the equivalence of two expressions. For instance, in Falkner et 

al. (1999), students were asked to solve problems like 8 + 4 = ___ + 5, where operational 

thinking might lead them to incorrectly insert 12 or 17 on the left side. The failure to develop a 

relational understanding has been linked to students’ difficulties in solving algebra problems 

(e.g., Alibali et al., 2007; Knuth et al., 2006). Although Cook et al. (2022) recently emphasized 

the importance of a descriptive (i.e., quantitative) interpretation of equivalence, research in this 

area has been limited. Tondorf and Prediger’s (2022) recent study examining middle school 

students’ quantitative meaning for equivalent arithmetic expressions in the context of floor plan 

areas is one exception. To contribute to this body of research, this study aims to investigate high 

school students’ development of descriptive equivalence with algebraic expressions.  
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With respect to the topic of process and product perspectives in algebra, Sfard’s (1991, 

1992) conceptualization of these two views within the theory of reification has offered important 

insights. According to Sfard, these perspectives provide distinct lenses through which algebraic 

expressions and equations can be understood. For instance, Sfard’s and others’ work illustrates 

how students often struggle to see the product perspective (the quantity representing the 

expression or equation as a whole) when they are focused solely on the process perspective (the 

steps taken to transform expressions) (e.g., Breidenbach et al., 1992; Sfard, 1992; Sfard & 

Linchevski, 1994). However, there remains a gap in understanding students’ development of 

process and product interpretations of algebraic expressions and equations over time, especially 

through the lens of quantitative reasoning, which I aim to address in this study.  

In the context of generalizing arithmetic via visual patterns to introduce algebraic 

expressions and equations, numerous studies have identified different levels of generalizations, 

students’ difficulties, and types of justifications that students generate (Ellis, 2007; Lannin et al., 

2006; Markworth, 2010; Walkowiak, 2014). These interventions often utilize visual pattern tasks 

to facilitate understanding. While these studies are grounded in quantitatively-rich situations (i.e., 

growing visual patterns), the use of a quantitative-reasoning approach is typically limited to 

design of the task rather than other aspects of the instructional environment (e.g., instructional 

goals, teaching actions, use of digital tools). This study extends this literature by deepening the 

focus on quantitative reasoning, uncovering additional layers of students’ reasoning when 

encountering algebraic expressions and equations in visual pattern context.  

Finally, understanding the meanings of literal symbols in algebra is a critical yet 

challenging aspect of algebra. The literature has extensively documented students’ difficulties in 

grasping the meaning of literal symbols (Lucariello et al., 2014; Knuth et al. 2005; Kuchemann, 
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1978, 1981; Stacey & MacGregor 1997). These symbols often embody different meanings, 

including unknowns, generalized numbers, and varying quantities (Philipp, 1992). While some 

studies have explored students’ construction of quantitative meanings for literal symbols, such as 

interpreting them as varying quantities (e.g., Carlson et al., 2002) and quantitative unknowns 

(e.g., Hackenberg et al., 2021), research in this area remains limited, particularly regarding how 

students develop quantitative meanings for literal symbols over time.  

In sum, despite a substantial body of research on these four aspects of algebraic 

reasoning, several gaps remain. First, research in algebra has been prolific at the elementary level 

(Grades 1-6), with fewer studies situated in middle and secondary levels. This study addresses a 

need to explore how core algebraic topics develop in later grades, once algebraic contexts are 

introduced. Second, prior research in these areas has primarily captured students’ reasoning at a 

single moment in time (with the exception of some work on generalizing via visual patterns), 

often through static assessments or clinical interview studies. Yet recent empirical studies 

continue to document persistent difficulties in these areas, suggesting a need for more studies 

that investigate how this reasoning develops over time. Thus, this study explores a qualitative 

investigation in the form of a learning trajectory. Finally, this study is distinct in its use of a 

quantitative reasoning approach to serve as a cohesive thread across these interrelated ideas. By 

addressing these gaps, this work extends the literature in algebraic and quantitative reasoning.  

A Promising Instructional Tool: Dialogic Mathematics Videos 

Although research has yet to document a learning trajectory of students’ evolution of 

reasoning about algebraic equations and expressions from a quantitative-reasoning perspective, 

such a trajectory is demonstrated in a unique and promising instructional tool. Project MathTalk 

(www.mathtalk.org) has developed a unit of videos that feature the unscripted dialogue of two 
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Grade 9 students—Haleemah and Elijah (who goes by ET)—as they work collaboratively on a 

set of tasks that involve the four related algebraic subtasks discussed previously: (a) equivalence, 

(b) process and product perspectives, (c) generalizing, and (d) the meaning of literal symbols 

(Lobato et al., 2023; White et al., 2023). This video unit, called Meaning and Equivalence of 

Algebraic Expressions, simultaneously show images of the students and their mathematical 

inscriptions (see Figure 1). A teacher can be heard guiding the students but not seen, so that the 

focus remains on the students’ mathematical reasoning. Importantly, the videos contain instances 

in which Haleemah and ET’s initial ideas are incomplete or incorrect. Through their 

collaboration across many video lessons, Haleemah and ET are able to resolve authentic 

struggles and build on each other’s ideas to come to a shared understanding.  

 

Figure 1: Haleemah and ET in the Meaning and Equivalence of Algebraic Expressions Unit 

The Project MathTalk videos were created to respond to the increased interest in using 

videos in mathematics instruction, as well as to respond to problems with the dominant video 

model. Specifically, efforts to leverage video technology for meaning making have been limited 

because most videos available for K-12 student learning show a teacher presenting procedures 

and worked examples, without explaining why the procedures work or developing mathematical 
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meanings and without including student voices (Bowers et al., 2012; Klinger & Walter, 2022). 

For example, the topic of combining like terms as it is featured on Khan Academy (see Figure 2) 

presents the equation 2x + 3x = 5x as similar to combining 2 “Chuck Norrises” plus 3 “Chuck 

Norrises” to give 5 “Chuck Norrises” (Khan, 2012). This meaning is similarly problematic of 

instruction adding “apples” and “oranges.” In contrast, the Project MathTalk videos focus on 

meaning making, quantitative reasoning, and the importance of showcasing mathematical 

argumentation and justification.  

 

Figure 2: Combining Like Terms as Combining “Chuck Norrises” in a Khan Academy Video 

The Project MathTalk videos are one type of dialogic video that are described in an 

emerging body of research and development projects (see for example Ben-David Kolikant & 

Broza, 2011; Seethaler et al., 2020; Weinberg et al., 2022). Dialogic videos feature the 

conversation of participants, but they can vary in terms of the nature of the dialogue, namely 

whether dialogue is scripted (e.g., Muller, 2008) or unscripted (e.g., Chi et al., 2017). 

Additionally, most dialogic videos feature dialogue between a tutor and student (e.g., Muller et 

al., 2007), whereas the Project MathTalk videos feature pairs of students (e.g., Lobato et al., 
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2019). The dialogic nature of the videos means that viewers can participate indirectly, or 

vicariously, in the conversations of the students in the video, whom I refer to hereafter as the 

video participants.  

Vicarious Learning  

According to Chi et al. (2008), vicarious learning refers to learning by observing and 

engaging with video- or audio-taped presentations of other people learning. The emerging body 

of literature on vicarious learning in STEM education has documented several benefits of 

indirect participation in the conversations of others when watching dialogic videos (Boesdorfer 

et al., 2011; Ben-David Kolikant & Broza, 2011; Lobato & Walker, 2019; Lobato et al., 2023; 

Muller, 2008). Researchers in the vicarious learning literature have been interested in questions 

such as: Are dialogic videos more effective than expository videos?, What features of dialogic 

videos enhance learning outcomes?, Under which conditions is vicarious learning more likely to 

occur while watching dialogic videos?, What is the nature of engagement of vicarious learners as 

they engage with dialogic videos?, and How do students appropriate voices they hear when 

watching dialogic videos? I briefly summarize the empirical findings that were aimed to 

analytically answer these questions and elaborate in more detail in Chapter 2.  

A major focus of vicarious learning studies in science education has been on the relative 

effectiveness of dialogic videos compared to monologic videos via quantitative studies (Chi et 

al., 2017; Driscoll et al., 2003; Fox Tree, 1999; Gholson & Craig, 2006; Muldner et al., 2014; 

Muller et al., 2007). The general design of these studies involves assigning participants a pre-

test, then placing them randomly in treatment groups (e.g., monologic conditions vs. dialogic 

condition), asking them to view a short video (e.g., monologic or dialogic depending on the 

condition), and then assigning a post-test. In general, the results of these studies indicate that 
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students who view dialogic videos evidence better performance gains on pre/post assessments 

when compared to those in monologic conditions. However, these studies do not explore the 

evolution of learning over time.  

While the focus on shorter videos may be sufficient in some science contexts (where 

shifts in conceptual understanding may occur relatively quickly), mathematics learning often 

develops over longer periods of time. This pattern is well-documented in research on learning 

trajectories in mathematics education (Lobato & Walters, 2017). To illustrate this contrast, a 

study with 81 preservice science teachers that found that their explanations about why the 

seasons change improved and contained fewer misconceptions as a result of watching a dialogic 

video that featured incorrect explanations of the phenomenon (Boesdorfer et al., 2011). By 

contrast, a vicarious learning study in mathematics education found that students’ explanations of 

fraction expansion did not improve after viewing a short dialogic video clip. However, when the 

tutor in the research session provided scaffolding, the students participants were able to make use 

of the video as a tool.  

One way to address this gap in the literature is to create a learning trajectory that 

documents student mathematics learning as they engage with dialogic mathematics videos across 

multiple sessions. There have been a few vicarious learning studies in mathematics that have 

utilized a qualitative approach in investigating the experience of viewers’ engagement with 

videos over time, but these studies have not had an explicit focus on exploring the learning 

trajectories of the students who view the videos in parallel with the learners featured on screen. 

Instead, studies have focused on how viewers approach dialogic videos (Lobato et al., 2019), the 

learning processes involved while using the videos (Lobato et al., 2023), how viewers orient 
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toward the video participants in the videos (Lobato & Walker, 2019; Foster, 2023), and students’ 

experiences of intellectual need as they engage with dialogic videos (Weinberg et al., 2022).    

Another pressing need in the literature is to investigate how dialogic mathematics videos 

may serve as an instructional support in a classroom context. The few existing vicarious learning 

studies in classroom contexts are at the undergraduate level in physics and biology, often with 

the primary aim of replicating findings from laboratory studies (Cooper et al., 2018; Craig et al., 

2009; Ding et al., 2021). As a result, these studies similarly emphasize the relative effectiveness 

of dialogic videos compared to monologic videos but within the context of undergraduate 

courses. Additional work is needed to explore how dialogic mathematics videos can be used 

meaningfully by a teacher for the purpose of supporting mathematics learning.  

Several vicarious learning studies in mathematics have laid the groundwork for 

classroom use by illustrating that (a) viewers are able find mathematics ideas from the videos as 

salient and useful (Lobato et al., 2019), (b) viewers develop mathematical meaning through 

processes of negotiation and interaction with peers (Lobato et al., 2023), and (c) viewers benefit 

mathematically through teacher scaffolding while watching videos (Ben-David Kolikant & 

Broza, 2011). Accordingly, I situate this study in an instructional environment by conducting a 

classroom teaching experiment (TE) (Cobb, 2003). This work is much needed in the literature on 

vicarious learning and dialogic video use because the goal of utilizing dialogic videos for 

instruction has not yet been realized.  

Instrumental Approach 

Situating the study within a classroom context necessitates a theoretical framework that 

considers the role of the teacher, a group of learners, a digital tool or artifact (in this case, 

dialogic mathematics videos), and the mathematics involved (in this case, algebra from a 
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quantitative reasoning perspective). One useful framework is Verillon and Rabardel’s (1995) 

instrumental approach, which focuses on the role of artifacts in technology-rich environments. 

The basic concept of the instrumental approach is that users engage in an activity in which 

actions are performed upon an object (e.g., mathematics) to achieve a certain goal (e.g., solving a 

mathematics task), using an artifact (e.g., dynamic geometry software such as GeoGebra). This 

approach assumes that a mathematical artifact becomes a mathematical instrument (i.e., the 

artifact becomes valuable and useful) as the learner develops the skill to express mathematical 

ideas with it. This process is known as instrumental genesis (Artigue, 2002), after which the 

artifact moves from being a human-made object to something meaningful to the learner.  

The instrumental approach also accounts for the components of teaching (such as the 

designing, planning, and managing of artifacts in technology-rich environments) using the notion 

of instrumental orchestration (IO) (Trouche, 2004). IO refers to the intentional and systematic 

organization of the various artifacts available in a learning environment by the teacher for a 

given mathematical situation to guide students’ instrumental genesis (Drijvers & Trouche, 2008; 

Trouche, 2004, 2005). IO draws on the metaphor of a teacher functioning as a conductor of an 

orchestra. Drijvers and Trouche (2008) note that while “orchestration” suggests a professional 

symphony orchestra, the metaphor is more akin to a high school jazz band that allows for 

improvisation and includes a mix of novices and more advanced musicians. This 

conceptualization draws parallels with a technology-rich classroom environment. In addition to 

the conductor, who serves as a teacher, the students function as musicians who are using 

technological artifacts, which serve as instruments.  

In this study, I use IO as a research lens to explore the teacher’s role in managing the 

artifact of dialogic mathematics videos to support the classroom community’s mathematical 
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reasoning in an classroom context. I note that while that the use of instrumental genesis can 

potentially serve as a way of investigating the relationship between the artifact of dialogic 

mathematics video and the emergence of students’ mathematics reasoning, this research focus is 

beyond the scope of this study. 

Research Questions and Significance 

In this section, I present the two research questions that frame this study. I connect each 

question to aspects of the rationale and then discuss the significance of addressing these 

questions. The two research questions are:  

1. What is the evolution of ways of reasoning of 13 Grade 9 students over the course of 

a TE as they engage with dialogic mathematics videos about algebraic expressions 

and equations from a quantitative-reasoning approach?  

2. What instrumental orchestrations of the artifact of unscripted dialogic mathematics 

videos support the emergence of 13 Grade 9 students’ ways of reasoning? 

Question 1 

This question addresses the first aim of this study, which is to explore how students may 

reason about algebraic expressions and equations from a quantitative-reasoning perspective over 

time. Specifically, responding to this research question entails creating a learning trajectory of 

the evolution of students’ reasoning about this content over the course of the TE. The motivation 

for this question emerged from two bodies of literature. The first is in the area of algebraic and 

quantitative reasoning. In particular, students continue to have difficulty with this mathematical 

content, and while quantitative reasoning supports deeper conceptual understanding, it also adds 

significant complexity that requires learning over time. Current literature suggests that a learning 

trajectory connecting the four interrelated aspects of making meaning of algebraic expressions 
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and equations from a quantitative reasoning approach (i.e., equivalence, generalizing via visual 

patterns, process and product duality, and meaning of literal symbols) would contribute to the 

field.  

The second motivation for this question stems from the literature on vicarious learning 

and dialogic videos. The majority of vicarious learning studies share a common research design: 

students watch short videos under different conditions in controlled laboratory settings, and 

learning is then measured through pre- and post-assessments. While these studies provide 

valuable insights into learning gains, they often overlook how students actually develop 

mathematical reasoning through interaction with the videos and instructor intervention. 

Therefore, the field would benefit from a qualitative investigation of students’ evolution of 

reasoning as they engage with dialogic videos in a classroom setting. Of course, a claim cannot 

be made that all learning observed in the TE stems solely from the videos, as instruction also 

involves teacher intervention and collaboration with peers. The focus on how the dialogic videos 

may be used as a pedagogical approach is investigated in the next research question.  

Question 2 

This question addresses the second aim of this dissertation, which is to identify the 

instructional supports for the algebraic reasoning identified in Research Question 1, specifically 

supports related to the use of dialogic mathematics videos. Earlier, I argued that literature of how 

to use dialogic mathematics videos in the classroom is currently non-existent. Accordingly, this 

question draws on the construct of IO to explore the meaningful and systematic management of 

the dialogic mathematics video tool. Thus, I advance knowledge in the vicarious learning 

literature of how dialogic mathematics videos may be used to support mathematics learning. 

Additionally, in several reviews of researchers utilizing IO (e.g., Drijvers et al., 2020; Song, 
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2021), no study has explored video as an orchestrable technology. Adapting the theoretical 

framework of instrumental orchestration to consider video has theoretical implications for how 

video tools can be managed by a teacher.  

Significance  

The two research questions of this dissertation advance knowledge about these 

relationships and contribute to three fields of mathematics education: algebraic and quantitative 

reasoning, vicarious learning and dialogic video use, and digital tools in mathematics education. 

I organize this section by the three fields of literature and discuss how answering these research 

questions contributes to each field.  

Significance to the Field of Algebraic and Quantitative Reasoning  

Both the first research question (the learning trajectory) and the second research question 

(instructional supports) contribute to the field of algebraic and quantitative reasoning. For any 

content area for which a learning trajectory is created, researchers and practitioners are able to 

gain theoretical and practical insights. Theoretically, it is common for these learning trajectories 

to contribute to theory about how individual learners or a classroom community comes to 

understand mathematics concepts. Practically, learning trajectories can be used in professional 

development for teachers to design more effective instructional sequences (e.g., Sztajn & Wilson, 

2019). For the field of algebraic and quantitative reasoning, this is important because of the 

persistent difficulties that students have learning algebra topics. The field would benefit 

theoretically from understanding how students develop quantitative meanings for equivalence, 

generalizing via figural patterns, process and product perspectives, and meanings for literal 

symbols.  
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The second research question concerns instructional supports. It is not only important to 

understand how students may reason about these topics over time, but there is also a need for 

instructional support in algebra classrooms. While student-centered and inquiry-oriented 

instruction seems to have taken root at the elementary level, these instructional practices are still 

not prevalent in algebra classrooms at the secondary level (Litke, 2020). For instance, one large-

scale study found that across six districts in the United States, and 108 algebra classrooms at the 

secondary level, a majority of instruction was largely teacher-directed with limited student 

participation and engagement with mathematical ideas (Litke, 2020). Thus, an analytical account 

of instructional supports while using dialogic videos will serve to inform algebra instructors to 

promote reasoning in these four areas.  

Significance to the Vicarious Learning Literature  

Answering these research questions has theoretical and practical implications for the 

literature on vicarious learning and dialogic video use. Theoretically, the field will gain insight 

into how learning vicariously occurs in conjunction with instructor intervention in a classroom 

context. The findings may confirm previous findings in studies conducted in laboratory settings 

and also glean new insights into how students engage and learn from dialogic videos in a 

different context.  

Practically, answering these questions has the potential to promote the use of alternative 

video formats for classroom use. Empirical studies have demonstrated the potential for dialogic 

videos to increase learning gains when compared to expository videos, encourage collaborative 

behaviors, and foster rich mathematical meanings (Chi et al., 2017; Lobato & Walker, 2019; 

Lobato et al., 2023). Thus, understanding the use of this alternative video format in this 
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classroom setting can offer concrete strategies that teachers may use to integrate dialogic 

mathematics video into their instruction.  

Significance to the Use of Digital Tools in Mathematics Education  

Lastly, this dissertation contributes to the knowledge about the use of digital tools in 

mathematics education. Recently, the theoretical construct of IO been used in mathematics 

education but has yet to consider video technology as a digital tool (Drijvers et al., 2020). 

Therefore, this dissertation advances knowledge about IO and how dialogic mathematics videos 

can act as a digital tool for algebra learning. Second, the dissertation contributes to this field of 

mathematics education in a practical way because to my knowledge, dialogic mathematics 

videos are currently not being used in mathematics classrooms. Thus, by investigating how 

dialogic videos may be used as an instructional support, this dissertation would provide 

mathematics instructors with knowledge of how to use alternative video formats for a 

pedagogical purpose.  
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Chapter 2: Literature Review 

The goal of this chapter is to review the bodies of literature related to the two aims of my 

study. As presented in Chapter 1, the two aims are (a) to explore how students learn to make 

sense of algebraic expressions and equations in context over time and (b) to identify the 

instructional supports for that learning, specifically supports related to the use of dialogic 

mathematics videos.This chapter is organized into four sections. In the first section, I review the 

literature on algebraic reasoning and quantitative reasoning that is related to the mathematical 

topics targeted in the TE. Second, I present research on learning from dialogic videos, situated 

within the vicarious learning literature. In the third section, I present the theoretical framing of 

the dissertation. Finally, I end this chapter by re-presenting and elaborating my research 

questions in light of the literature and the theoretical constructs. 

Algebraic Reasoning and Quantitative Reasoning 

Research in algebraic reasoning has been prolific, specifically at the elementary level 

(Haspekian et al., 2023; Kieran, 2022). Over time, this work has evolved from a narrow focus on 

symbolic manipulation to a broader emphasis on “relations, patterns, and structures in numbers, 

operations, and functions, and on the mathematical processes of seeking structure, conjecturing, 

generalizing, and justifying” (Kieran, 2018b, p. 437). Despite this progress, pushing this work 

forward continues to be a challenge because an emphasis on rote symbol manipulation has 

pervaded algebra curricula historically (Kaput, 1995; Kilpatrick & Iszak, 2008; Litke, 2020). 

Recent empirical studies continue to document that students often revert to numerical and 

procedural thinking over conceptual thinking about algebra topics (e.g., Christou et al., 2022; 

Liang & Moore, 2021; Tondorf & Prediger, 2022; Wilkie, 2022). These findings highlight that 
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reasoning in this way is difficult and requires continual investigation by mathematics education 

researchers, especially at the middle and secondary levels.  

One promising approach to meaning making that has gained traction in mathematics 

education is quantitative reasoning (QR), which shifts the focus from symbols and numbers to 

quantities and their releationships (Thompson, 2013; Kaput, 2008). In this study, I use QR in the 

sense of Thompson (1988, 1990, 1993, 1994, 2011, 2013. QR involves quantities, quantitative 

relationships, formed using quantitative operations. Quantities refer to the mental operations 

involved in conceiving of a situation or context as having measurable attributes (e.g. my height 

or a car’s distance). The quantitative relationships are the relationships between those attributes 

(e.g., how much taller I am than you or a car’s speed as a relationship between distance and 

time). Quantitative operations are defined as the mental actions by which new quantities are 

formed from two or more quantities that have already been conceptualized. QR as a way of 

thinking can be characterized by (a) conceptualizing quantities and (b) organizing relationships 

between quantities with quantitative operations to form a structured mental representation of a 

situation or context (Carlson et al., 2023).  

Furthermore, an important distinction in this approach is the difference between numeric 

reasoning and QR. In particular, quantities are not numeric and likewise, quantitative operations 

are not arithmetic operations. In Chapter 1, I illustrated this distinction with the contrasting 

approaches to making sense of the equation 5c + 3c = 8c. To use another example, consider the 

equation W = fd (where W is work, f is force, and d is distance) (Thompson & Saldanha, 2003). 

A numeric interpretation would conceive of the equation as a way to calculate a particular 

quantity’s measure, where the result of the formula depends on the particular units used. On the 

other hand, a quantitative meaning for the formula would entail conceiving of W = fd as the 
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following: work, as a quantity, is created by applying a force to an object and thus, moving it 

some distance. Specifically, the equation does not make reference to measurement units.  

This perspective offers several advantages in the context of algebra. First, QR’s lack of 

reliance on symbolic notation can support students’ ability to reason across problems without 

being bound by numeric computation. This crucial in algebra because of the barriers students 

face in transitioning from arithmetic to algebra. In particular, QR can expose students to 

mathematical problems earlier, which suggests an early route to understanding algebraic 

expressions. For instance, students can explore the meaning of 38/3 – 7 rather than automatically 

writing 5 2/3, which may develop their understanding of an expression like x/3 – 7. Second, QR 

emphasizes making sense of quantities in contexts that draw on everyday experiences. Smith and 

Thompson (2007) argue that when developed, QR can give meaning and purpose to algebraic 

expressions and, thus, to algebra as a whole.  

Subsequent studies have demonstrated QR’s potential to support student understanding 

when accompanied by instructional supports (Carlson et al., 2023). For example, research has 

used QR to investigate individuals’ meaning for concepts central to algebra, such as rate of 

change (Byerley & Thompson, 2017; Johnson, 2015a, 2015b) and function (Oehrtman et al., 

2008; Paoletti & Moore, 2018). Other studies have focused more specifically on QR middle and 

high school algebra contexts (e.g., Ellis et al., 2020; Paoletti & Vishbuhotla, 2023; Smith III & 

Thompson, 2007). The results of these studies suggest the potential of quantitative reasoning to 

promote sophisticated mathematics understanding in algebra.  

Building on this work, I adopt this approach and argue that reasoning with quantities 

offers a powerful way of developing secondary school students’ algebraic reasoning. The focus 

of this study on algebraic expressions and equations requires that particular attention be paid to 
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four interrelated aspects of algebraic reasoning: (a) equivalence, (b) meaning of literal symbols, 

(c) process and product perspectives, and (d) generalizing via visual patterns. In Chapter 1, I 

illustrated how these aspects were related in the example of making sense of the equation 5c + 3c 

= 8c from a QR perspective. However, these four aspects are related beyond this specific 

example. For any algebraic equation, students must first recognize algebraic expressions as a 

generalization of an arithmetic relationship. The resultant generalized expression involves literal 

symbols (e.g., c as a cost per app), which can take on various meanings. Furthermore, a QR 

approach compels the learner to interpret subexpressions or terms from both process and product 

perspectives. Lastly, algebraic equations necessarily require an understanding of equivalence. In 

the sections that follow, I review the literature on each of these four domains and motivate a need 

for a trajectory grounded in QR wherein these aspects interrelate.  

Equivalence  

One goal of this study is to gain insight into how secondary school students come to 

understand the equivalence of algebraic expressions (such as 5c + 3c = 8c) in context. 

Consequently, one element of developing this understanding is one’s conceptions of equivalence. 

This area requires attention because of students’ difficulty in developing sophisticated 

interpretations of the equal sign and because equivalence “links numerous mathematical 

understandings into a coherent whole” (Charles, 2005, p. 10). Although mathematical 

equivalence is widely considered to be important for later mathematics success (Kieran, 1981; 

Stacey & MacGregor 1997), this area has predominantly focused on elementary and middle 

school students’ understanding of the equal sign in arithmetic contexts. 

Children are introduced to the equal sign at an early age in school. Beginning in 

elementary formal schooling, students are often asked to operate on numbers to get an answer 
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(e.g., 2 + 2 = ___). This experience encourages the view that the equal sign serves as a “do 

something signal” that indicates a need to compute an answer, which researchers call an 

operational view. This can be problematic when confronted with more complex or alternate uses 

of the equal sign. In contrast, a relational view takes the equal sign to mean “the same as.” For 

instance, someone with an operational view may see 2 + 2 = 4 + 3 as valid, whereas an 

individual with a relational view would view 2 + 2 as the same as 1 + 3. 

Most research in early algebra focusing on these two views of equivalence has focused on 

(a) diagnosing students’ conceptions of the meaning of the equal sign, (b) connecting this 

understanding to solving algebra problems, and (c) investigating instructional approaches to 

developing sophisticated understanding of the equal sign. I will briefly summarize the empirical 

findings from each. First, the most often documented difficulty is that students often misinterpret 

the equal sign operationally rather than a relational understanding (Blanton et al., 2015; 

Carpenter et al., 2003; Falkner et al., 1999; Knuth et al., 2005; Knuth et al., 2006; McNeil & 

Alibali, 2005; Prediger, 2010; Ralston & Li, 2022; Stephens et al., 2013).  

Second, researchers have found that children with a relational understanding of the equals 

sign can more successfully solve equations and produce equivalent quantities than children with 

operational conceptions (Alibali et al., 2007; Knuth et al., 2006; Matthews, Rittle-Johnson et al., 

2012). For instance, in their longitudinal study across grades 6-8, Alibali et al. (2007) found that 

holding a relational view of the equals sign was associated with better performance on equivalent 

equations problems (e.g., Is the number that goes in the “__” the same number? 2 __+ 15 = 31 

and 2  __+ 15 – 9 = 31 – 9). Lastly, researchers have suggested that the prevalence of operational 

views may not be a developmental issue but rather an issue of how the equal sign is presented in 

early grades (McNeil et al., 2006; McNeil & Alibali, 2004). Consequently, researchers and 
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practitioners recommend exposing students early and often to non-standard equation formats 

(i.e., 3 = 8 – 5) in order to promote a relational understanding (Powell, 2012; Shoecraft, 1989). 

The primary focus of the aforementioned studies has been on the dichotomy between 

relational and operational views of the equal sign. However, a recent framework developed by 

Cook and colleagues (2022) moves beyond the relational/operational categories by exploring 

three ways in which equivalence may be conceptualized across middle, high school, and 

undergraduate levels and across multiple domains. The three interpretations of equivalence 

detailed in Cook et al.’s (2022) framework include common characteristic, transformational, and 

descriptive equivalence. Next, I discuss each interpretation and then argue that the area of 

descriptive equivalence warrants further empirical investigation. 

According to Cook et al.’s (2022) framework, the studies reviewed thus far fall under the 

first category of common characteristic. They define a common characteristic interpretation via 

two criteria: criteria of sameness (C1) and a justification of why they are the same (C2). The 

justification is what defines this interpretation of equivalence, which is by identifying some 

common feature between two mathematical objects. Take, for example, two lines that a student is 

looking at graphically. They might interpret the equivalence of those two lines by saying they are 

the same (C1) because they have the same intercept and slope (C2). Another example would be 

explaining that 8 • 12 + 2 • 4 is the same as 26 • 4 (C1) because they both result in the same 

number, 104 (this is referred to as a result equivalence interpretation in Tondorf and Prediger 

(2022)). The criterion of sameness (C1) aligns with the relational view of equivalence discussed 

above. 

The second category detailed in Cook et al.’s (2022) framework is that of 

transformational equivalence, which refers to the specific actions that students take to determine 
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equivalence (e.g., multiplying ½ by 3/3 to determine that ½ is equivalent to 3/6). A student 

evidences a transformational interpretation if they recognize that new forms being generated are 

equivalent (according to common characteristic or descriptive interpretations). For example, a 

student might supplement a transformational interpretation with a common characteristic 

interpretation by subtracting the same number from both sides of an equal sign, while being 

aware that the subtraction preserves equality. More specifically, a student holds a 

transformational interpretation supplemented with a common characteristic if they are aware that 

the forms produced by the transformations she is applying share a common attribute. 

The final interpretation identified in Cook et al.’s (2022), descriptive equivalence, is the 

primary interest of this study. This view is similar to common characteristic in that it shares a 

criterion of sameness (D1). Where it differs is in the explanation of sameness, which requires a 

reference to an aspect of the given mathematical situation or task setting (D2). More broadly, a 

descriptive interpretation involves viewing objects as equivalent on the basis that they describe 

the same quantity or serve the same purpose in a given situation (e.g., explaining ½ = 3/6 by 

referencing a rectangular model as in Wong & Evans, 2007). This interpretation is of interest 

because it aligns with Thompson’s (2011) notion of QR in emphasizing quantifying objects in a 

particular context. Therefore, I claim that descriptive equivalence is a quantitative meaning of 

equivalence. 

Unfortunately, empirical investigations of descriptive equivalence are limited. Most of 

the examples given in Cook et al. (2022) (e.g., Wong & Evans, 2007; Thompson et al., 2014; 

Lockwood et al., 2020; Cook, 2012) do not explicitly investigate equivalence and are instead 

viewed from this lens retrospectively in their framework.  One exception is a recent study 

conducted by Tondorf and Prediger (2022) in arithmetic. Their study investigated the learning 
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progression of students as a consequence of a design intervention to bridge the gap between 

transformational equivalence and descriptive equivalence with 5th graders. They found that 

students developed robust descriptive interpretations by comparing possible decompositions of a 

given figure to ensure that both expressions describe the same figure and are thereby equivalent. 

While existing research has tended to focus on relational and operational interpretations (i.e., 

common characteristics), Tondorf and Prediger’s study suggests that more studies should 

investigate the novel construct of descriptive equivalence. 

This study seeks to extend the findings reported by Tondorf and Prediger (2022). Similar 

to their study, the design of the TE will use the context of visual patterns, which has been shown 

by other researchers to promote descriptive equivalence (Mason et al., 1985; Wilkie & Clarke, 

2016; Zwetzschler & Prediger, 2013). This study will differ from Tondorf and Prediger (2022) in 

its extension of arithmetic to algebra. Extending to an algebra context requires four additional 

aspects of algebraic reasoning. The first is generalizing arithmetic to algebra via visual patterns. 

In the process of generalizing, students will connect terms in their arithmetic expressions to 

substructures in the visual figures, which requires process and product perspectives (Tondorf & 

Prediger, 2022). Students will do the same with algebraic expressions, which similarly require 

process and product perspectives. Lastly, students will need to conceive of the literal symbols in 

their expressions in ways that are consistent with the context. In the subsequent sections, I 

discuss the remaining aspects as they are situated in the literature. 

Meaning of Literal Symbols  

Another focus of this study is to understand how students develop productive meanings 

for the letters that appear in algebraic expressions and equations, what are often referred to as 

literal symbols. While traditional approaches have historically introduced these symbols as 
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stand-ins for specific but unknown numbers, mathematics educators have argued for a more 

nuanced view. Such a view is necessary because the meanings of literal symbols shift depending 

on context and are deeply connected to other dimensions of algebraic reasoning. For example, in 

the transition from arithmetic to algebra, literal symbols are essential tools for expressing general 

methods (e.g., Blanton et al., 2017). They can also be imbued with quantitative meaning, such as 

representing a measurable quantity that varies, like h for the changing height of a plant (e.g., 

Hackenberg et al., 2021). The variety of roles that literal symbols can play suggests that this area 

warrants continued investigation, particularly into how students develop quantitative meanings 

of literal symbols over time and in relation to other aspects of algebraic reasoning. 

Several large-scale studies haved shown that middle and secondary students often hold 

faulty conceptions of literal symbols even before formal instruction in algebra begins 

(Kuchemann, 1978; Knuth et al., 2011; Stacey & MacGregor, 1997; Lucariello et al., 2014). 

These studies consistently identify three common misconceptions. The first and most persistent 

misconception is literal symbol as object, where the literal symbol is interpreted as a label for an 

object or as an object itself (e.g., 5a is 5 apples). Lucariello et al. (2014), found that 25% of 

secondary students in their study interpreted the symbol as the label for an object. Second is 

ignoring the literal symbol altogether, a pattern documented by Kuchemann (1978). In their 

study, 20% of secondary students responded to the question “Add 4 onto n + 5” with “9,” 

indicating that they had ignored the literal symbol. Third, students often incorrectly treat literal 

symbols as fixed values rather than representing values that vary (Stacey & MacGregor, 1997; 

Knuth et al., 2011). 

Many argue that much of the difficulty students encounter stems from the myriad 

meanings of literal symbols in mathematics. Consequently, one focus of scholarly work has been 
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to categorize different meanings of literal symbols, depending on the context (Booth, 1984; 

Kuchemann, 1981; Philipp, 1992; Usiskin, 1988). Three meanings for literal symbols that are 

particularly important for this study are as specific unknowns, as varying quantities, and as 

generalized numbers. As Phillip (1992) describes, when a literal symbol is a specific unknown, it 

represents a limited number of numerical solutions to an equation, such x in 4x = 17. When 

literal symbols represent varying quantities, they express a dependency relationship between two 

or more quantities, meaning that there is a systematic relationship between the sets of values for 

the quantities (e.g., x and y in y  = 2x + 1). Literal symbols can also represent a generalized 

number, where the symbol, when replaced with any other value, will result in a true statement 

(e.g., a, b  in ab  = ba). While these interpretations are distinct, it is often a challenge for students 

to flexibly shift between meanings.  

Researchers have responded to these challenges by identifying ways to support more 

sophisticated meanings, particularly for generalized numbers and varying quantities. Across 

these efforts, several themes emerge. First, researchers recommend bridging the meaning 

between numbers and literal symbols early in schooling (Ellis & Özgür, 2024). One way to do 

this is to engage students in “quasi-variable thinking,” where they reason with general quantities, 

instantiated by numbers, prior to their use of literal symbols (Fujii & Stephens, 2008; Carpenter 

et al., 2003; Dougherty, 2008). For instance, in Fujii and Stephens’s (2008) report with children 

in Grades 2-3, they found that students could explain why an equation such as 78 – 49 + 49 = 78 

was always true by seeing 49 as a “quasi-variable” for a generalized number as opposed to a 

numeric value. Other studies have shown that with proper instructional support, children as 

young as six years of age can use literal symbols to express relationships between varying 

quantities (Blanton et al., 2017; Brizuela et al., 2015; Ventura et al., 2021).  
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Second, studies suggest that making the roles and meanings of literal symbols explicit 

during instruction can help students better distinguish between uses of symbols (Driscoll, 1999; 

Kilhamm et al., 2022; Phillip, 1992). For example, Kilhamm et al. (2022) found that a 

programming environment where literal symbols in the equation y = km + b appeared explicitly 

in code offered students opportunities to choose values for x, y (represting varying quantities) 

and for k and m (representing parameters), highlighting the distinction between the two 

meanings. Lastly, another set of studies have shown that middle grade students demonstrate 

success representing functional relationships with literal symbols when tasks are grounded in 

rich contexts, such as visual patterns (Rivera & Becker, 2008; Ellis, 2011; Ellis et al., 2016; 

Markworth, 2010). The findings suggest that use of rich contexts, where literal symbols represent 

varying rather than fixed quantities can support the emergence of robust meanings for symbols. 

Together, these findings indicate that making sense of algebraic expressions and equations in 

context, with an explicit focus on quantities, may disrupt common misconceptions of literal 

symbols.  

Despite efforts to provide instructional support, student difficulties persist. In particular, 

students face challenges when translating between verbal descriptions and algebraic expressions 

(MacGregor & Stacey, 1993; Molina et al., 2017; Soneira, 2022). For example, Molina et al. 

(2017) classified and compared errors in translation made by two groups of secondary students: 

those beginning and completing their studies in school algebra. Among the more advanced 

students, over half of the errors were related to characteristics of algebraic symbolism. These 

included misinterpreting the structure of an algebraic statement, an inability to correctly 

distinguish the use of different letters in a statement, and incorrectly generalizing part of a 

statement. One student, for instance, translated the statement “a certain number plus the 
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consecutive number, equals another number minus two” as “x + (x + 1) = x – 2,” using the same 

literal symbol “x” to represent two different quantities. These errors point to a deeper issue, 

which is a disconnect between literal symbols and the quantities they represent, which this study 

aims to address.    

 In light these challenges, one fruitful avenue of exploration is the use of a QR approach 

to examine how students come to develop meaning for literal symbols. An emerging body of 

literature has contributed to this effort (Carlson et al., 2002; Hackenberg et al., 2021; Steffe et al., 

2014). For instance, Carlson et al. (2002) and others have used the notion of varying quantity, 

where quantity is understood in the sense of Thompson (2011) (as a measurable attribute of a 

conceived object). With this lens, varying quantities reflect a dependency relationship between 

two or more such attributes, such as the relationship between volume and height in a growing 

container. Complementing this work, Steffe et al. (2014) and Hackenberg et al. (2021) have 

introduced the construct of quantitative unknown, referring to the value of a fixed quantity that is 

initially unknown but can be determined. Hackenberg et al. (2021) found that when students 

were encouraged to reason quantitatively about literal symbols, they shifted from relying on 

numerical values to conceiving of potential numerical values, a more general form of reasoning. 

This study seeks to extend these findings by further examining quantitative meanings for literal 

symbols.    

 While studies have documented productive shifts in students’ reasoning about literal 

symbols, developing robust quantitative meanings remains a complex process. This suggests that 

students would benefit from repeated exposure to targeted instructional supports, and that the 

field would benefit from a qualtitative investigation into how such reasoning develops across 

time. Unfortunately, most existing research on how students come to develop meaning for literal 
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symbols over time is concentrated in the elementary grades (e.g., Blanton et al., 2017; Ventura et 

al., 2021), leaving a gap in our understanding how this reasoning develops in secondary contexts. 

One partial exception is found in the literature on generalizing via visual patterns. However, 

these studies typically focus on the types of generalizations students produce rather than the 

evolving meanings they assign to the symbols themselves. As a result, the field lacks an 

empirically grounded account of how secondary students develop meaning for literal symbols, 

particularly quantitative meanings, over time.  

Process and Product Duality 

Interpreting algebraic expressions in multiple ways is powerful for investigating how 

students see “through symbols,” not only the symbols themselves (Kieran & Sfard, 1999, p. 6). 

Mathematics education researchers have identified two ways to interpret an algebraic expression, 

as a process and as a product (e.g., Sfard & Linchevski, 1994).  A mathematical expression 

represents both a computational process for calculating a quantity, and a product (or resulting 

quantity) of that calculation. For example, the algebraic expression 5c from process perspective 

is a sequence of computational steps: multiply 5 times a number, c. From a product perspective, 

5c represents the result of that computation as a whole or entity, rather than as the computational 

process itself. 

Researchers have proposed theories for how learners move through the process-product 

continuum (e.g., Dubinksy, 1991; Gray & Tall, 1994; Sfard, 1991, 1992). The stages of 

development from process to product have been described as action-process-object (Arnon et al., 

2014; Dubinsky, 1991), procedure-process-procept (Gray & Tall, 1994), and interiorization-

condensation-reification (Sfard, 1991, 1992). Each of these variations describes a development 
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of growing sophistication, starting with a procedure/process and ending with an object/concept 

that can be manipulated as an entity in its own right (Tall et al., 1999). 

Sfard’s theory of reification differs from others in viewing both process and product 

conceptions as important in mathematical understanding and particularly in algebra (Sfard & 

Linchevski, 1994). The process perspective, for instance, is essential for determining final 

answers to mathematics problems. A product perspective, on the other hand, condenses processes 

to allow for higher-level problem-solving. Sfard’s (1991) theory posits that process views 

typically develop before product views, and that the transition from process-oriented to product-

oriented thinking occurs in three stages. The first stage, interiorization, is the stage at which one 

has a process view; for example, at this stage, a student can conceive of an algebraic expression 

as a process without carrying it out (e.g., 5c as 5 times c). 

An individual is said to be in the condensation stage if they can conceive of processes as 

a self-contained whole, without needing to think about component steps. A process is said to be 

condensed if it stands as an “autonomous procedure” (Jankvist & Misfeldt, 2015; p. 2015). For 

example, a student who has condensed a process may be able to conceive of a combination of 

algebraic expressions (e.g., 5c + 3c as 5 times c plus 3 times c). In this case, the student has 

condensed the process of 5 times c together with another process of 3 times c. Finally, reification 

refers to the stage were condensed processed are viewed as product-like entities. At this stage, 

concepts are detached from their related processes. With the example of 5c + 3c, reification 

would be evidenced if 5c + 3c can be viewed as a single quantity that can be set equal to another 

equivalence expression, 8c. 

Empirical evidence suggests that developing product-oriented conceptions are difficult 

for students (Breidenbach et al., 1992; Sfard, 1992; Sfard & Linchevski, 1994). Studies have 
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explored this in the context of fractions (e.g., Pantziara & Philippou, 2012), functions (e.g., 

Oehrtman et al., 2008; Blanton et al., 2017), and limits (e.g., Gucler, 2014). Gucler’s (2014) case 

study investigated an instructor’s and his students’ discourses on limit in the context of an 

undergraduate calculus class. They found that while the instructor moved flexibly between these 

perspectives, students struggled to develop product views, highlighting the importance making 

process and product perspectives explicit in instruction.  Another study framed first grader’s 

mathematical progressions of variable notation using the process-to-product lens (Blanton et al., 

2017), illustrating how children may progress from process views to product views in thinking 

about functional relationships. Indeed, more sophisticated levels of reasoning were associated 

with product-oriented perspectives and lower levels with process-oriented perspectives. 

On the other hand, exploring students’ development of process and product views 

through the perspective of QR remains underexplored. Thompson and Sfard (1994) contend that, 

in principle, reification and QR are “complementary rather than mutually exclusive” (p. 28). For 

instance, consider a student, Sofia, who interprets 5c from both a process perspective and 

quantitatively in the context of buying game apps (where c is the cost per app). She could think 

of 5c as the 5 apps that she purchased times the cost per app. Alternatively, she could interpret 5c 

as total amount of money that she spent, which is an interpretation from a product perspective 

with quantitative meaning. Having a quantitative referent can motivate taking a product 

perspective because products have meaning in context (e.g., total amount spent by a friend) as 

opposed to a computational process. In the other direction, product views are crucial for 

developing quantitative meaning for other mathematical ideas such as equivalence of 

expressions. 
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To illustrate, I consider an example from Tondorf and Prediger (2022), which investigated 

equivalence of expressions 8 • 12 + 2 • 4 and 26 • 4 in the context of floor plans (see Figure 3). 

Without using a QR approach, 8 • 12 does not have meaning in context, and is thus likely to be 

viewed as a process of multiplication. On the other hand, when a context is introduced, suddenly 

8 • 12 represents a portion of floor plan that visually depicts 8 groups of 12. Additionally, in 

order to conceive of the equation 8 • 12 + 2 • 4 = 26 • 4, the learner must connect 8 • 12, 2 • 4, 

and 26 • 4 to substructures in the visual figures, which requires a product view. 

 

 

Figure 3: Task about Equivalent Arithmetic Expressions from Tondorf and Prediger (2022) 

To my knowledge, Tondorf and Prediger is the only study that has explored students’ 

development of both process and product views using a QR approach. They sought to examine 

the trajectory of students’ meaning of equivalence as they transitioned from process-oriented to 

product-oriented perspectives. Their study aligns with a QR approach because they asked 

students to express and describe their arithmetic expressions in terms of their quantities in the 

context of making equivalent floor plans (Figure 3). Tondorf and Prediger (2022) note that the 

focus on arithmetic is a limitation of their study, and that a crucial next step is creating a 
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trajectory that includes algebraic expressions with variables. Thus, the present study extends 

their work from arithmetic reasoning to algebraic reasoning at the secondary level. Moreover, 

according to Kieran (2018a), moving from process-oriented to product-oriented perspectives is 

also a precondition for pattern generalization activities, which is elaborated in the next section. 

Generalizing via Visual Patterns 

Over the last three decades, generalizing from numerical and visual patterns has received 

much research interest (e.g., Bourke & Stacey, 1988; Mason, 1996; Orton, 1999; Radford, 2000; 

Rivera & Becker, 2011; Stacey, 1989). Empirical studies have demonstrated the power of using 

figural over numeric patterning tasks for developing generalizations of linear functions (e.g., 

Garcia-Cruz & Martinon, 1997; Lannin et al., 2006; Markworth, 2010; Walkowiak, 2014). 

Researchers have also captured the progression of students’ generalizations as participants in 

instructional interventions (e.g., Rivera & Becker, 2008). 

Typically, these figural patterning studies use tasks in which a growing visual pattern is 

presented for several items in a sequence, along with a brief contextual storyline (Kieran, 2022). 

As an example, the ‘Upside-Down T’ plant task (Wilkie & Clarke, 2016) presents a situation 

where a plant grows each day in the same way. The task presents a plant with four leaves on Day 

1, seven leaves on Day 2, and ten leaves on Day 3 and asks the learner to generalize the pattern 

between the Day Number and the number of leaves and then express that relationship using 

algebraic symbols (Figure 4). 
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Figure 4: ‘Upside-Down T’ Plant Task 

Researchers advocating for the use of figural patterns in helping students comprehend 

algebraic expressions and equations point to the importance of grounding generalizations and 

algebraic symbolization in the contextual referents of visual patterns (e.g., Lannin, 2005). Thus, 

much of the research on generalizing from visual patterns can be seen as consistent with a QR 

approach, even if the language of QR is not used. Other researchers are more explicit about the 

connection to QR. For example, Moore et al. (2022) argue that using figural contexts is organic 

to students’ engagement with QR. They present an example contrasting making sense of a 

symbol “3” with interpreting a segment representing a difference in heights. According to Moore 

and colleagues, the symbol “3” does not afford the enactment of QR. A segment, on the other 

hand, naturally provides figurative information that elicits quantitative meaning (i.e., having a 

measure of 3 cm). 
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Despite the promise of grounding the comprehension of algebraic expressions and 

equations in the generalization of visual patterns, subsequent student difficulties have been 

identified. First, rather than generalizing a relationship between an independent variable 

(typically the figure number in a sequence of figures) and a dependent variable (representing the 

number of items corresponding to that figure number), many students focus on recursive patterns 

instead and then struggle to generate a correct algebraic representation (Barbosa & Vale, 2015; 

Ellis, 2007; Lannin et al., 2006; Markworth, 2010; Orton et al., 1999; Rivera, 2006; Rivera and 

Becker, 2007; Warren, 2006). An example of evidence of a recursive approach would be “when 

the item number increases by 1, the item increases by 2.” The second approach is called 

correspondence, in which the learner perceives the relationship between two quantities or 

variables. For instance, a learner might perceive a relationship between the item number and a 

quantifiable aspect of the item itself, such as the total number of pieces (also known as an 

explicit generalization, direct, or closed form). 

Second, empirical studies have shown that students often rely on numerical strategies 

even when engaging with figural pattern tasks (Markworth, 2010; Rivera & Becker, 2005). This 

tendency is problematic, as figural reasoning has been found to support the development of key 

algebraic concepts (Garcia-Cruz & Martinon, 1997; Lannin et al., 2006; Markworth, 2010; 

Walkowiak, 2014). For instance, in one study with pre-service teachers, Rivera and Becker 

(2007) found that 26 of the 42 participants reasoned numerically, while the other 16 used figural 

reasoning. They found that those who used figural reasoning strategies were more successful on 

the tasks and had a better understanding of the generalizations they formed. A more recent study 

with middle school students found that individually, students did not automatically intuit 

algebraically useful spatial characteristics of figures but required interaction in pairs to help them 
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notice and then reason figurally (Montenegro et al., 2018). These findings suggest visual growth 

patterns may afford students ways of generalizing functions that non-figural function tasks do 

not. At the same time, they indicate that students may require additional support in utilizing 

figural reasoning when generalizing functional relationships. 

Third, empirical studies show that students struggle to generate justifications for specific 

types of generalizations. In their study with 6th graders, Rivera and Becker (2008) identified a 

deconstructive generalization of a linear figural pattern (like the one in Figure 4), which applies 

in cases in which learners generalize based on initially seeing overlapping sub-configurations in 

the structure of the cues (e.g., seeing overlapping circles in Figure 4). Justifying a deconstructive 

generalization was found to be significantly more difficult for middle school students than 

creating and justifying constructive generalizations (e.g., seeing repeatedly adding circles in 

Figure 4). More formally, these refer to direct or closed degree-1 polynomial forms that learners 

easily abduce or induce from the available cues as a result of cognitively perceiving figures that 

structurally consist of non-overlapping constituent parts. 

Finally, even when students in this type of study are able to generalize a correspondence 

relationship between independent and dependent variables and express the generalization using 

algebraic symbolization, they are seldom asked to reverse the direction and make sense of the 

quantities involved in their expressions after they have the generalized form. Thus, this research 

area would benefit theoretically by exploring how students make sense of their generalizations 

using QR.   

Summary and Need for LT-Research  

In summary, I reviewed four interrelated subtopics within the field of algebraic reasoning 

from a QR perspective. These four areas are related in that they serve as fundamental building 
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blocks for making sense of algebraic expressions and equations. Moreover, the relationships 

between these (when viewed from a QR approach) are complex and develop over time. In this 

study, I investigate the evolution of students’ ways of reasoning about these four aspects of 

algebraic expressions and equations from a QR approach by generating a learning trajectory. A 

learning trajectory is broadly defined by “descriptions of the successively more sophisticated 

ways of thinking about a topic that can follow one another as children learn about and investigate 

a topic over a broad span of time” (National Research Council, 2007, p. 214). 

Prior work has developed learning trajectories in equivalence (Tondorf & Prediger, 2022) 

and meanings of variable (Blanton et al., 2017) but only in the context of arithmetic. For 

instance, Tondorf and Prediger (2022) documented a progression of students coming to 

understand descriptive equivalence of arithmetic expressions such as 3(10+5) = 3 • 10 + 3 • 5. 

However, a trajectory of equivalence of expressions in an algebra context is needed. Similarly, 

the exploration of students’ development of process and product perspectives, though essential, 

has not yet been developed into a learning trajectory. Thus, this study extends existing literature 

by generating a learning trajectory that traces how students’ reasoning develops across four 

interrelated domains essential to understanding algebraic expressions and equations from a QR 

perspective. Furthermore, doing so will meet the first aim of this study which is to explore how 

secondary students learn to make sense of algebraic expressions and equations in context over 

time. 

Dialogic Videos and Vicarious Learning 

Dialogic videos are instructional videos that portray two or more people reasoning 

together about a topic. The learning that occurs through observing and engaging with dialogic 

videos, or with any video- or audio-taped presentations of others learning, is referred to as 
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vicarious learning (Chi et al., 2008). Depending on their design, such as whether the dialogue is 

scripted or unscripted, who the actors are (e.g., peers, tutors, teachers), and what content is 

featured, dialogic videos can vary in how they support students’ vicarious learning. As a result, 

understanding the mechanisms through which dialogic videos promote learning  has become a 

growing area of research interest. The roots of vicarious learning trace back to Bandura’s 

foundational studies in the 1960s, which demonstrated that children could acquire new behaviors 

simply by observing adults, even through mediated forms such as film (Bandura et al., 1961, 

1963). While Bandura’s work focused on modeling social behaviors, his findings offered early 

evidence that observation alone could have powerful learning effects, laying the groundwork for 

subsequent applications in academic contexts.  

The notion of vicarious learning entered the education domain with the Scottish Vicarious 

Learning Project (McKendree et al., 1998), which shifted the focus from social behavior to 

academic learning. These researchers argued that dialogue was central to learning because it 

offers opportunities for argumentation and logical reasoning. Building on this premise, many 

studies in science education have explored the relative effectiveness of dialogic videos compared 

to monologic videos. These studies are quantitative in nature, with participants randomly 

assigned to a monologic condition (asked to view a video featuring a single speaker) and others 

to a dialogic condition (asked to view a video featuring a conversation between two people). For 

instance, in a comparative study with undergraduate physics students, Muller (2008) found that 

students who viewed dialogue performed significantly better on a post-test than those who saw 

the monologic video. Numerous other studies have confirmed these results, indicating that 

dialogic videos tend to promote higher learning gains than monologic formats (Chi et al., 2017; 



  44 

Driscoll et al., 2003; Fox Tree, 1999; Gholson & Craig, 2006; Muldner et al., 2014; Muller et al., 

2007).  

Empirical studies have also identified several features of dialogic videos that are 

productive for vicarious learning. One such feature is the presence of misconceptions 

(Boesdorfer et al., 2011; Muller, 2008). In the same study as above with physics undergraduates, 

participants who viewed monologic videos that did not include misconceptions interpreted the 

video in ways that reinforced their existing misconceptions (Muller, 2008). On the other hand, 

while viewers of the dialogic video found the content to be more confusing, participants saw a 

decrease in their misconceptions. Another study with 81 pre-service teachers enrolled in science 

methods courses found similarly that teachers’ explanations about the causes of the change in 

seasons improved and contained fewer misconceptions as a result of watching a dialogic video 

that featured incorrect explanations of the phenomenon (Boesdorfer et al., 2011). These findings 

suggest that the presence of misconceptions in videos within dialogic exchange within a science 

context can promote learning.  

Another productive feature of dialogic videos is the use of deep-level questioning. In a 

series of studies, Craig and colleagues found that when dialogic videos included questions 

probing underlying concepts (e.g., How does CPU use RAM when you are running an 

application?) learners showed significantly greater learning gains (Craig et al., 2000; Craig et al., 

2006; Craig et al., 2012). In related work Gholson et al. (2009) and Sullins et al., (2010) 

observed that the presence of deep questions not only enhanced performance but also increased 

metacognitive abilities among viewers. A particularly telling study demonstrated a significant 

correlation between the number of deep questions posed by a tutee in a dialogic video and the 
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number subsequently asked by student viewers (r = 0.30, p = 0.01), suggesting that deep 

questions may have encouraged viewers’ ability to ask deep questions themselves. 

Vicarious Learning Studies in Mathematics  

In contrast to studies conducted in science contexts, vicarious learning studies in 

mathematics education have predominantly focused on the nature of engagement of learners 

when watching dialogic videos (Foster, 2023; Lobato & Walters, 2019; Lobato et al., 2023; 

Weinberg et al., 2022). The studies illustrate several promising findings for the use of dialogic 

videos as a tool to use in the classroom. In one exploratory study with a pair of high school 

students, Lobato et al. (2019) found that vicarious learners (VLs) approached the research 

sessions where they were asked to watch dialogic videos in four distinct ways. Two of the 

approaches to the research sessions were productive (Definition and the Concept Image). In these 

instances, VLs used ideas that were presented by the video participants in their own work. 

Meanwhile, in the other approaches (Video Expert and Procedure), VLs viewed the videos 

without attending to certain mathematical concepts. Thus, while making use of mathematical 

ideas from the videos is possible, it is not guaranteed by watching alone. 

In another study, Lobato and Walker (2019) examined a pair of VLs’ orientations (their 

stance, behaviors, and display of emotions) toward the video participants when asked to view 

dialogic mathematics videos. The case study found instances where VLs spoke directly to the 

video screen, shared strategies that could help the video participants, and acted as if video 

participants had access to their own work. They also found that the VLs were able to take on the 

perspective of the video participants, as evidenced by their descriptions of the video participants’ 

mathematical personalities, predictions of their mathematical work, and attention to the details of 

the video participants’ methods and ideas. These behaviors and displays of emotion suggest that 
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vicarious learners take an emotionally-involved, quasi-collaborative stance toward the video 

participants while engaging with dialogic mathematics videos. 

While the above studies suggest several benefits of engaging with dialogic mathematics 

videos, they fall short of investigating how viewers developed mathematical meaning from 

viewing the videos. In contrast, Lobato et al. (2023) explored how two secondary school VLs 

developed meanings about parabolas from dialogic mathematics videos. Their study found that 

the process by which VLs were able to make meanings was complex. The VLs sometimes 

resisted voices (words, meaning, or ideas) from the videos or simply mimicked them, before they 

were able to engage in negotiation with the mathematical meanings and make them their own. 

For instance, with regard to an important idea in the videos, “p as a distance,” the VLs initially 

showed resistance and later engaged in a negotiation process with an incorrect idea presented by 

the video participants earlier in the session. Through interaction and negotiation, they were able 

to develop the meaning of “p as a distance.” In particular, the VLs benefited mathematically 

from having a partner to negotiate the voices that were presented in the videos. 

Together, the literature on vicarious learning in mathematics suggests a need for (a) 

investigating how students develop mathematics ways of reasoning over time through making 

regular use of the videos and (b) exploring how dialogic videos may be used for classroom use. I 

make an argument for each given the literature I have reviewed. 

First, it is apparent that many vicarious learning studies in science education follow a 

similar design, in which participants are asked to watch a short video clip (e.g., a 10-minute 

video about Newtonian physics in the case of Muller (2008)). Then, their learning is measured 

via comparisons on pre/post assessments. In the context of learning mathematics, it is important 

that students wrestle with concepts over time, as is illustrated in the prevalence of learning 
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trajectories in mathematics education (e.g., Blanton et al., 2017; Ellis et al., 2016; Gruver, 2018; 

Markworth, 2010; Rivera & Becker, 2008;). 

A possible explanation for the focus on shorter videos in science education is that shifting 

conceptions of science topics requires less time. On the other hand, as was demonstrated in 

several studies in mathematics (e.g., Ben-David Kolikant & Broza, 2011; Lobato et al., 2023), 

VLs were not able to shift their thinking after viewing one video. For example, Ben-David 

Kolikant and Broza (2011) found that students’ explanations of fraction expansion did not 

improve after viewing a short dialogic video clip. However, when the tutor in the research 

session provided scaffolding, the student participants were able to make use of the video as a 

tool. These findings suggest that investigating students’ learning across multiple sessions would 

be beneficial. While other literature in mathematics has utilized multiple sessions (e.g., Lobato et 

al., 2019; Lobato & Walker, 2019), these studies do not have an explicit focus on the evolution of 

mathematics learning. Additional research is needed that identifies learning trajectories of 

viewers’ evolution of reasoning as they engage with multiple dialogic videos over time. 

Second, the reviewed literature suggests that there is a need to investigate how dialogic 

videos may be used in the classroom. While empirical work in vicarious learning seeks to 

implement dialogic videos as an instructional tool for learning, this goal has not yet been realized 

in STEM education. Indeed, prior studies in science education have primarily been conducted in 

the context of laboratories, while studies in mathematics education have had little to no teacher 

intervention. On the other hand, existing literature, primarily in mathematics, has laid the 

groundwork for the use of dialogic videos for instructional purposes. For instance, these studies 

have revealed that VLs can find mathematical ideas from the videos salient and useful (Lobato et 

al., 2019), develop mathematical meaning through peer negotiation and interaction (Lobato et al., 
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2023), and benefit from teacher support while viewing videos (Ben-David Kolikant & Broza, 

2011). Therefore, this study situates itself within a classroom context by using a classroom TE 

methodology (Cobb, 2000). This addresses a gap in the literature by realizing the potential of 

dialogic videos for a pedagogical purpose. 

Theoretical Framing 

This study explores several important aspects of a technology-rich classroom 

environment: a group of learners, a technological artifact (dialogic mathematics videos), the 

teacher, and the mathematics involved (understanding algebraic expressions and equations from 

a QR perspective). In order to capture the relationships of interest, I draw on two theoretical 

perspectives: the Instrumental Approach (for Research Question 2) and the Emergent Perspective 

(for Research Question 1).  

This section is organized into three main subsections. Rather than present the frameworks 

in order of their relevance to the research questions, I will first present the Instrumental 

Approach as the overarching theoretical framing for Research Question 2. Within this subsection, 

I define the theoretical construct of instrumental orchestration (which will be used to answer 

Research Question 2). The Instrumental Approach is presented before the Emergent Perspective 

because it is the dominant theoretical framework of this study. In the second subsection, I argue 

for the need for an additional theoretical framework to answer Research Question 1. Thus, I turn 

to the Emergent Perspective. Lastly, I discuss the relationship between the Instrumental 

Approach and the Emergent Perspective. 

Instrumental Approach  

The instrumental approach, as proposed by Verillon and Rabardel (1995), focuses on how 

learners interact with artifacts to achieve specific goals under the guidance of a teacher. This 
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approach encapsulates various perspectives on artifacts’ roles, represented as faces of a 

tetrahedron (Rezat & Sträßer, 2012), thus forming the foundation of this study's theoretical 

framework (Figure 5). For instance, an instrumental lens might be used to understand how 

learners use dynamic geometry software (a technological artifact) to construct geometric shapes 

with the teacher guiding their actions to achieve the goal of solving geometric mathematics 

problems. 

 

Figure 5: Tetrahedron Model of the Instrumental Approach from Rezat and Sträßer (2012) 

Learning mathematics in a technology-rich environment involves both cognitive and 

social dimensions. Historically, instrumental approaches have theoretical foundations in both 

cognitive ergonomics (Rabardel, 2002; Verillon & Rabardel, 1995) and the anthropological 

theory of didactics (Chevallard, 1999). Since then, researchers in mathematics education have 

taken theoretical departures, some with a cognitive focus on Piagetian schemes and techniques 

(e.g., Roorda et al., 2016), and others with an emphasis on the Vygotskian notion of mediation of 

artifacts on learning (e.g., Alqhatani & Powell, 2017). 

Using the latter perspective is useful for the purposes of this study for two reasons. First, 

I argued in a previous section that situating the study in a classroom context was needed in the 

literature on vicarious learning. Second, using Piagetian schemes to document how students 

make use of dialogic videos would be unconventional because videos are not a manipulable 
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technology that one can act on in a traditional sense (for more detail, see the section Video as an 

Artifact). Thus, I follow the theoretical framing that emphasizes the social aspects of learning 

mathematics with artifacts. With this framing in mind, I turn to the sections of Video as an 

Artifact and the instrumental orchestration construct. 

Video as an Artifact 

Central to the theory of instrumental approach is the assumption that subjects may 

perform actions on objects using an artifact (Verillon & Rabardel, 1995). In the traditional sense, 

performing an action may mean that learners can directly manipulate and create new objects or 

relationships. A video is indeed distinct from manipulable technologies explored in other studies. 

Unlike in manipulable adaptive technologies, the control that learners have over videos is limited 

to functionalities like pausing, fast-forwarding, and rewinding. Viewers are also limited in that 

they cannot alter or create new videos within the system. 

However, the conception of action can be broadened to include engagement with videos 

through other means. For instance, learners may act upon a video by using language that was 

stated in the video, or applying techniques or ideas that they heard in the video to solve their own 

tasks. The use of verbal utterances, gestures, or other mathematical activity can represent 

“actions” that enable them to acquire meaning.  

In addition, dialogic videos offers unique affordances which may enable viewers to 

actively engage in learning mathematics. In particular, the videos are edited so they focus on key 

elements of the video participants’ problem-solving, the videos are annotated with labels that 

highlight the video participants’ work, and voiceover summaries are included that summarize 

what occurs in the video. Thus, these features highlight how dialogic mathematics videos can be 

experienced as a technology that is used to perform a range of tasks, which aligns with others’ 
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conceptualization of an artifact (Drijvers, 2015). By broadening the conception of action to 

include these types of engagement, this study aims to explore how dialogic videos become 

meaningful artifacts for learners engaged in mathematics tasks. 

Instrumental Orchestration  

As a way to account for the role of the teacher within the instrumental approach, Trouche 

(2004) introduced the notion of instrumental orchestration (IO). This construct refers to the 

systematic organization of artifacts by teachers to guide students' instrumental genesis, which 

complements instrumental genesis by focusing on teacher-artifact-learners interaction. In 

particular, instrumental orchestration accounts for the organizational components of teaching, 

such as the designing, planning, and managing of artifacts in technology-rich environment. 

Instrumental orchestration draws on the metaphor of a teacher functioning as a conductor of an 

orchestra. Drijvers and Trouche (2008) note that while “orchestration” suggests a formal 

symphony, the metaphor is more akin to a jazz band that allows for improvisation and includes a 

mix of novices and more advanced musicians. This conceptualization draws parallels with a 

technology-rich classroom environment. In addition to the conductor, who serves as a teacher, 

the students function as musicians who are using technological artifacts, which serve as 

instruments. This study employs instrumental orchestration as a lens to explore how the teacher 

orchestrates or manages the use of unscripted dialogic mathematics videos, along with classroom 

discourse, to support a classroom community's mathematical reasoning. 

Drijvers et al. (2010) created a typology of whole-class instrumental orchestrations by 

coding the actions of three teachers and 38 mathematics lessons. Since then, other researchers 

(e.g., Bozkurt & Ruthven, 2018; Eckert & Nilsson, 2022; Savuran & Akkoc, 2023; Trouche & 

Drijvers, 2014) have validated Drijvers et al.’s (2010) typology and identified additional 
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orchestration types. Table 1 (Tabach, 2013) provides a summary of instrumental orchestrations 

that have been identified in the literature. These studies provide insight into possible ways for 

teachers to orchestrate technologies to support mathematics learning that might extend to other 

settings. 

Table 1: Instrumental Orchestration Types 

Orchestration 
types 

Didactical 
configuration 

Exploitation mode/Didactical 
Performance 

References 

Technical-
demo 

The whole-class 
setting, one central 
screen 

The teacher explains the technical 
details for using the tool.  

Drijvers et 
al. (2010) 

Explain-the-
screen 

The whole-class 
setting, one central 
screen 

The teacher’s explanations go beyond 
techniques and involve mathematical 
content. 

Drijvers et 
al. (2010) 

Link- screen- 
board 

The whole-class 
setting, one central 
screen 

The teacher connects representations on 
the screen to representations of the same 
mathematical objects that appear either 
in the book or on the board. 

Drijvers et 
al. (2010) 

Sherpa-at-
work 

The whole-class 
setting, one central 
screen 

The technology is in the hands of a 
student, who brings it up to the whole 
class for discussion. 

Trouche 
(2004) 

Not-use-tech The whole-class 
setting, one central 
screen 

The technology is available but the 
teacher chooses not to use it. 

Tabach 
(2011) 

Discuss-the-
screen 

The whole-class 
setting, one central 
screen 

Whole class discussion guided by the 
teacher to enhance collective 
instrumental genesis. 

Drijvers et 
al. (2010) 

Spot-and-
show 

The whole-class 
setting, one central 
screen 

The teacher brings up previous student 
work that he/she had stored and 
identified as relevant for further 
discussion. 

Drijvers et 
al. (2010) 

Work-and-
walk-by 

Students work 
individually or in 
pairs with 
computers 

The teacher walks among the working 
students, monitors their progress, and 
provides guidance as the need arises. 

Drijvers 
(2012) 
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Table 1: Instrumental Orchestration Types (Continued)  

Orchestration 
types 

Didactical configuration Exploitation mode/Didactical 
Performance 

References 

Discuss-tech-
without-it 

Each student has their 
laptop or laptops are 
brought to the classroom 
with wheeled vehicles 

The teacher uses a mobile 
transport system if he/she needs 
computers in teaching. 

Tabach 
(2013) 

Monitor-and-
guide 

N/A The teacher uses a learning 
management system by giving 
guidance to students. 

Tabach 
(2013) 

Predict-and-
test 

Students work 
individually or in pairs 
with computers  

The teacher encourages the 
students to test their ideas in the 
technology and to confirm or 
modify them in light of the 
results.  

Bozkurt & 
Ruthven 
(2018)  

 

Summary and Need for an Additional Theoretical Framework  

Thus far, I have discussed the primary assumptions of the instrumental approach, which 

include the construct of instrumental orchestration. In this study, I will use this construct to 

answer Research Question 2, which asks which orchestrations of the video by the teacher 

supported the emergence of students’ reasoning about algebraic expressions and equations from a 

QR approach.  

As stated before, the aim of Research Question 1 is to investigate how students learn 

about algebraic expressions and equations from a QR perspective over time. Previous research 

utilizing the instrumental approach has tended to investigate individual students’ evolution of 

instrumentation schemes (in the sense of Piaget) over time (e.g., Roorda et al., 2016). Indeed, a 

study could be designed in which one generated a learning trajectory consisting of a set of 

instrumentation schemes for a pair of students across multiple sessions. However, there is a need 

in the vicarious learning literature for studies that can offer guidance on how dialogic videos can 
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be used in a classroom. Thus, using at least a small classroom of students (in this study, 13 

students) is desirable.   

A critical reader might note that one could arrange the small classroom of students in 

pairs, give each pair access to their own computer, and try to study the evolution of 

instrumentation schemes for each of the four pairs over time. There are three reasons why this is 

not desirable or feasible. First, this approach would require a larger team of researchers to 

capture the audio and video-taped data for each pair. Second, the teacher-researcher would likely 

experience a loss of information regarding the evolution of each pair. While normally one could 

draw on the literature to account for this loss, existing work in vicarious learning is currently 

insufficient in providing information because classroom studies are new to the field. Finally, it is 

hypothesized that students would benefit from hearing the ideas of each other as they engage 

with dialogic video as a whole class. Therefore, a theoretical framework is needed for studying 

the ways of reasoning that become accepted by a classroom community as they learn to 

comprehend algebraic expressions and equations via the use of dialogic mathematics videos. 

Consequently, I turn to the emergent perspective (Cobb & Yackel, 1996). 

The Emergent Perspective   

The emergent perspective (Cobb & Yackel, 1996) is a theoretical approach which 

considers individual constructs as being coordinated with social constructs. A primary 

assumption of the emergent perspective is that learning occurs both socially and psychologically 

and that the processes of learning at the social and psychological levels share an indirect yet 

reflexive relationship (Cobb & Yackel, 1996). It is an important distinction in the emergent 

perspective that neither the social nor the psychological perspective is given primacy over the 
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other. Rather, each perspective provides a backdrop when considering the other (Yackel & 

Rasmussen, 2002), making it a flexible lens for research. 

The interpretive framework (see Figure 6) associated with the emergent perspective 

captures the distinct yet interrelated aspects of the learning process in the classroom (Cobb & 

Yackel, 1996). The psychological (individual) constructs include (1) beliefs about one’s own 

role, other’s roles, and the general nature of mathematical activity; (2) mathematical beliefs and 

values; and (3) mathematical conceptions and activity. The social constructs include (1) social 

norms, (2) sociomathematical norms, (3) and classroom mathematical practices. The construct of 

classroom mathematics practices, also known as collective mathematics practices, will be the 

focus of Research Question 1. 

Social Perspective Psychological Perspective 

Classroom social norms Beliefs about own role, others’s roles, and the general 
nature of mathematical activity in school 

Sociomathematical norms Mathematical beliefs and valued 

Collective mathematical practices Mathematical conceptions and activity 
 

Figure 6: Interpretive Framework 

Collective mathematics practices refer to ways of operating that have become accepted in 

the classroom community. By collective, researchers refer to a quality of a group rather than 

individuals’ ways of thinking. As such, the classroom community is thought of as its own entity 

that exists outside of the characteristics of its individual members. However, Cobb and Yackel 

(1996) maintain that the relationship between collective mathematics practices and its individual 

counterpart, mathematical conceptions and activity, is indirect and reflexive. In other words, 

ways of operating that become accepted influence, but do not determine, individual students’ 
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conceptions. In the other direction, collective mathematics practices emerge through 

argumentation that occurs between individuals (Cobb et al., 2003). For this reason, other 

researchers have referred to collective mathematics practices as emergent mathematics practices. 

Going forward, I use the term collective mathematics practices to emphasize that this construct 

refers to qualities of the group rather than features of an individual. 

Conceptualizations of collective mathematics practices have changed over time. There 

are three features that distinguish earlier conceptualizations (e.g., Cobb & Yackel, 1996) to more 

recent work (e.g., Rasmussen et al., 2024). The first is the terminology used to describe how 

collective mathematics practices become normative in the classroom. According to Cobb and 

Yackel (1996), ways of operating, arguing, and using tools in the classroom become normative 

when they are taken-as-shared (i.e., they no longer need justification). The phrase “taken-as-

shared” is meant to reflect the fact that while individuals’ ideas and interpretations cannot be 

known, they nevertheless can be collectively agreed upon, and thus, create a shared way of 

communicating in the classroom. However, Rasmussen and Stephan (2008) modified this 

terminology to talk about ways of reasoning that “function-as-if shared” rather than as ones that 

are taken-as-shared. The shift in phrasing to include “function” reflects the methodology used to 

operationalize collective mathematics practices, which involves analyzing how utterances 

function in an argument and by certain criteria (for more detail, see the Analysis section). 

Whether these ways of operating are “taken-as-shared” or “function-as-if-shared,” in both cases, 

they are said to form a normative way of reasoning (NWR). 

The second distinction refers to how normative ways of reasoning relate to collective 

mathematics practices. Initially, Cobb and Yackel (1996) focused on one normative way of acting 

per practice, whereas, in more recent work, related ways of reasoning are clustered together to 
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form collective mathematics practices (e.g., Rasmussen & Stephan, 2008; Rasmussen et al., 

2015). Finally, the nature of collective mathematics practices and the language used to describe 

them has changed over time. Earlier work was primarily interested in documenting observable 

actions or strategies such as how students transformed the packing arrangement of candies (e.g., 

Bowers et al., 1999). However, other researchers have taken collective mathematics practices to 

describe how ways of operating can function-as-if-shared using cognitive language of meanings 

or ideas (Lobato & Walters, 2017). In sum, although conceptualizations of collective 

mathematics practices have evolved, this study will follow other researchers (e.g., Gruver, 2018; 

Stephan & Rasmussen, 2002; Tobias, 2009) in defining collective mathematics practices as a 

cluster of ways of reasoning (which may include meanings, ideas, or interpretations) that 

function as if shared in the classroom. I refer to these ways of reasoning as normative ways of 

reasoning. 

To answer Research Question 1, I draw on the collective mathematics practices approach 

to learning trajectory, which captures the evolution of collective mathematical practices within a 

classroom community (Lobato & Walters, 2017). A learning trajectory from this approach 

consists of a “sequence of [collective] mathematical practices together with conjectures about the 

means of supporting their evolution from prior practices” (Cobb, 1999, p. 9). This approach to 

learning trajectories contrasts with others focusing on individual thinking. For example, the 

cognitive-levels approach features a hierarchy of cognitive milestones of increasing 

sophistication. The disciplinary-logic approach generates a trajectory by reflecting on experts’ 

knowledge and by synthesizing research from studies of student knowledge. 

One example of a learning trajectory from this approach is Gruver’s (2018) progression 

of students’ conceptual understanding of logarithmic relationships. An example from this study 
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of a collective mathematics practice “interpreting logarithms.” This mathematical practice 

included a cluster of three normative ways of reasoning: “logarithms are exponents,” “the ‘on 

what day’ interpretation of logarithms,” and “the factor interpretation of logarithms.” The first 

interpretation was consistent with the desired interpretation of a logarithm as a number. The other 

interpretations, while tied to a context, were suggested to be important for making sense of 

logarithm rules. Hence, by assessing the evolution of collective mathematics practices, and 

specifically interpreting logarithms, Gruver (2018) was able to offer insight into the 

mathematical development of the classroom community. 

As mentioned previously, one way of conceiving mathematical practices involves using 

cognitive terms to describe ideas, interpretations, or meanings that function-as-if-shared in the 

classroom. In the above example, the practice of “interpreting logarithms” documented three 

interpretations of logarithms that emerged in the class. In the context of this study, the nature of 

collective mathematics practices might similarly fit with a meaning or idea about algebraic 

expressions and equations from a QR approach. For instance, it may become normative that 

students shift from a numeric product interpretation of a term like 5c to a quantitative product 

interpretation. Product interpretations is one example of an emergent practice that could arise 

from individuals’ ways of reasoning (e.g., 5c as a numeric product, 5c as a quantitative product) 

that are then discussed, modified, and eventually accepted or rejected by community members. 

Relationship between Instrumental Approach and the Emergent Perspective 

The instrumental approach has been posited to be connected to other theoretical 

perspectives that include social and individual dimensions (Drijvers & Gravemeijer, 2013). 

Within the instrumental approach, individual processes are assumed to emerge from collective 

processes involving the artifact (Rabardel & Samurcay, 2001). Furthermore, in reference to 
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individual processes that describe the function of an artifact (called utilization schemes), 

Rabardel and Sacuray (2001) write that these individual processes “concern the coordination of 

action, not only within the subject but also inter-subjects in collective activities, whether in 

everyday life, in training or in work” (p. 87). In other words, the individual and social 

dimensions are coordinated by actions of the learner and other learners in a social context.  

Drijvers and Gravemeijer (2013) note that the emergent perspective similarly considers 

the individual and social dimensions of learning. The relationship between these dimensions 

entails the coordination of individual, psychological constructs with social constructs (Figure 6). 

In the case of the emergent perspective, this coordination is elaborated via the indirect and 

reflexive relationship between social norms, sociomathematical norms, and mathematical 

practices on the one hand, and individual beliefs and insights on the other. The emergent 

perspective does not however, consider the role of technology nor the role of the teacher. For this 

reason, Drijvers and Gravemeijer (2013) suggest that the emergent perspective may add value to 

an instrumental approach.  

Research Questions Revisited 

I now return to my research questions and elaborate on them in terms of the literature that 

I have reviewed. The first research question investigates students’ learning of algebraic 

expressions and equations from a QR perspective over time by means of a collective 

mathematics practices learning trajectory. The second research question examines the 

orchestrations of the video artifact that support the emergence of collective mathematics 

practices. 
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Research Question 1: Learning Trajectory of Collective Mathematics Practices 

RQ:  What is the evolution of the collective mathematics practices of 13  Grade 9 students over 

 the course of a TE about algebraic expressions and equations from  a QR approach?  

Elaboration. This research question is interested in the evolution of mathematical 

reasoning of 13 Grade 9 students as they engage with dialogic mathematics videos as part of a 

classroom TE (Cobb, 2000). The TE spanned 10 one-hour research sessions. This research 

question tracked the progression of the normative ways of reasoning of four subtopics of 

algebraic expressions and equations: (a) equivalence, (b) generalizations with figural patterns, (c) 

meanings of literal symbols, and (d) process and product perspectives. Each subtopic was 

addressed from a QR perspective. The TE made regular and frequent use of the unscripted 

dialogic mathematics videos created by Project MathTalk (www.mathtalk.org), specifically from 

the Algebraic Expressions video unit.  

To answer this research question, a learning trajectory was constructed as a set of 

collective mathematical practices, which is grounded in Cobb and Yackel’s (1996) emergent 

perspective. The collective mathematics approach to learning trajectories emerged in response to 

a need to explain regularities in collective behavior in a classroom community that may be 

missed by an approach focused on individual thinking. The trajectory consists of a list of 

mathematics practices (e.g., observable actions, interpretations, or normative ways of reasoning). 

Collective mathematics practices trajectories often include a narrative description of instructional 

supports that are influential to the emergence of such practices (Lobato & Walters, 2017). In this 

study, instructional supports wee investigated analytically in Research Question 2. 

Cobb et al. (2001), adapting work by Simon (1995), distinguished between a hypothetical 

learning trajectory and an actual learning trajectory. In this context, a hypothetical learning 
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trajectory involves conjectures about the classroom community’s possible learning trajectory and 

the means of supporting, organizing, and guiding that development. The hypothetical learning 

trajectory provides a means of comparing what happens in the classroom TE (the actual learning 

trajectory) with what was conjectured, which feeds back to inform the instructional design effort 

(Bowers et al., 1999). It is important to note that the video lessons designed for Project MathTalk 

were designed according to a hypothetical learning trajectory (HLT). Given that the videos were 

be a primary source of instruction, the proposed conjectured learning trajectory contained 

elements from the HLT differed based on choices for the instructional design. The next 

Hypotheses section describes the conjectured learning trajectory in more detail.  

Hypotheses. I hypothesized that six ways of reasoning would become normative in the 

class: (a) using a figural pattern to arrive at a generalization, (b) using figural reasoning to verify 

a generalization, (c) developing descriptive equivalence, (d) developing process and product 

perspectives with quantitative meaning, (e) treating literal symbols as generalized numbers and 

as varying quantities, and (f) treating literal symbols as being able to take on a range of values, 

including negative numbers and decimals.  

I hypothesized that the first two sessions of the TE would be set in a pool-tiling context 

and follow the first video lesson. The Pool Task asks students to form a relationship between a 

dependent and independent variable (the number of tiles on the side of a square pool and the 

number of tiles in the border). This task uses a non-sequential number of tiles on the side for 

different square pools (e.g., 10 tiles on the side and 15 tiles on the side) in a figural pattern, 

which suggests that students will more easily generate generalizations that relate the dependent 

and independent variables (Kuchemann, 2010). Moreover, Rivera and Becker (2008) identified 

collective mathematics practices that supported students generalizing visual patterns. One that I 
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expect to emerge for students is using a figural generalization to arrive at an expression for a 

pattern (i.e., use the pool figure to arrive at an expression).  

The next two sessions will continue in the pool context and draw on the second video 

lesson, which introduces the generalization of a pattern that contains overlapping segments. In 

these sessions, I expect the practice to become function-as-if-shared that students will be able to 

use figural reasoning as a way of verifying that their generalization is valid. Rivera and Becker 

(2008) point out that generalizing a pattern with overlapping segments is difficult for students. 

However, I hypothesize that an emphasis on QR will allow students to generate this type of 

generalization and provide a quantitative justification for their generalized expression. I also 

expect students to go back and forth between the use of numerical and figural reasoning (Rivera 

& Becker, 2008) but ultimately rely on figural reasoning for their final justifications.  

The three subsequent sessions use the third video lesson, which explores equivalent 

algebraic expressions in the context of friends buying game apps. One goal of the TE will be 

students’ evidencing a descriptive interpretation of equivalence from a quantitative perspective. I 

hypothesize that students will first justify their equivalence from an operational approach by 

substituting a value. I also suspect that some students will rely on a symbolic justification (e.g., 

5c + 3c = 8c because 5+3 = 8). In order to move from these interpretations to a descriptive 

equivalence interpretation, students will need to develop process and product perspectives 

(Sfard, 1992). I hypothesize that transitional interpretations will emerge as a result of the 

difficulty and complexity of this task. For example, some students may have quantitative 

meaning for 5 and c (and similarly, 3, 8, and c), but may not evidence a fully quantitative process 

view (e.g., 5·c is 5 apps times the cost per app). On the other hand, some students may evidence 

a process view and can express a product view, but do not use a product perspective as a resource 
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for justifying equivalence in context. Thus, conjectured ways of reasoning from these sessions 

are (c) developing descriptive equivalence and (d) developing process and product perspectives 

of subexpressions of algebra equations with quantitative meaning.  

The last three sessions use the fourth video lesson, which explores the meaning of 

velocity in the context of a person taking a scooter on a trip. I anticipate that students will first 

express a natural number bias (Christou et al., 2022). The design of the TE is meant to disrupt 

problematic views of symbols; thus, I expect students to develop meanings for symbols as 

varying quantities that can take on negative and decimal values (ways of reasoning (e) and (f)). 

Additionally, the emphasis on QR will allow students to think about the meaning of symbols in 

context and correct errors when they occur (Moore & Carlson, 2012).  

Research Question 2: Instrumental Orchestration 

RQ:  What instrumental orchestrations of the artifact of unscripted dialogic mathematics 

 videos support the emergence of 13 Grade 9 students’ ways of reasoning? 

Elaboration. Whereas Research Question 1 explored the evolution of students’ 

normative ways of reasoning about algebraic expressions, Research Question 2 explored the 

aspects of instruction that supported the emergence of normative ways of reasoning. These 

instructional supports were investigated from the perspective of the instrumental orchestrations 

of the video artifact. The shift in focus to teaching practice in this research question serves as a 

way of considering how the video artifact can be used for a mathematical pedagogical purpose.  

An instrumental orchestration is defined by three components: (a) a didactical 

configuration, (b) exploitation mode, and (c) didactical performance (Drijvers et al., 2010; 

Trouche, 2004). These layers are rooted in the corresponding features of an orchestra: (a) the 

arrangement of musicians, (b) the prior designing and planning of a performance, and (c) the 
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dynamic management of people and activities to achieve certain productive results (Drijvers & 

Trouche, 2008; Sharples & Anastopoulou, 2012).  

A didactical configuration refers to the arrangement of the teaching environment and the 

artifacts within it, including both digital and non-digital tools (e.g., dialogic videos, calculators), 

their physical placement (e.g., shared screen vs. individual devices), and aspects of the classroom 

layour (e.g., seating arrangments conductive to collaboration or discussion). In this study, the 

didactical configuration involved projecting dialogic videos onto a shared screen in front of the 

classroom (see Figure 7), with students seated in small groups of 3-4, and working individually 

on paper worksheets aligned with the video participants’ tasks from the video. This configuration 

was selected for several reasons. First, it was practical for data collection purposes, as a 

centralized display simplified video capture and observation logistics compared to distributing 

laptops to each group. Second, having the whole-class as main center of discussion provides the 

researcher more insight into the evolution of learning of the group. Third, it supported the 

pedagogical goal of fostering whole-class discussion, a key feature of inquiry-oriented 

mathematical classrooms needed for the design of the study (Lobato & Walters, 2017).  
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Figure 7: Didactical Configuration 

Exploitation mode refers to the design decisions that a teacher makes toward their 

pedagogical goals. This is analogous to the decisions an orchestra conductor makes in 

anticipation of expected harmonies. Exploitation mode includes the decisions about how a task is 

introduced and worked through, possible roles of artifacts to be used, or conjectured ways of 

reasoning to be established by the students (Drijvers et al., 2010). In fact, Drijvers et al. (2010) 

liken the exploitation mode to what constitutes a hypothetical learning trajectory in the sense of 

Simon (1995). Drijvers et al. (2010) note that an exploitation mode can be thought of as the 

design of curriculum (typically researcher-controlled), the actual teaching actions (teacher-

controlled), or some combination. This study conceives of an exploitation mode as the design 
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decisions that occur prior to the TE, including decisions about which video segments to include, 

when and if the teacher will pause the video, teaching moves affiliated with each video episode, 

and which tasks will be presented when. Like the didactical configuration layer of IO, the 

exploitation mode was not subject to analysis and is instead presented in the Methods chapter 

(see section for Planned Teacher Design Decisions). However, relevant aspects of the 

exploitation mode influenced the actual teaching actions throughout the TE, which is captured in 

the third component of didactical performance.  

Didactical performance accounts for the “on the fly” choices made by teachers during 

classroom activity. This component is defined as the ad hoc decisions that teachers make while 

teaching. These decisions concern how the chosen didactical configuration and exploitation 

mode are actually performed (e.g., what question to pose now, how to do justice to (or to set 

aside) any particular student input, how to deal with an unexpected aspect of the mathematical 

task or the technological tool, or other emerging goals). Because the didactical performance is 

the only component that is not determined a priori, this was subject of analysis for this research 

question. More specifically, analysis of this research question examined how the teacher’s 

didactical performance guided students’ ideas functioning as if shared. 

The didactical performance was guided by the assumptions of the classroom TE 

methodology (Steffe & Thompson, 2000). Using this methodology required that I, as the teacher-

researcher, create hypotheses of student learning in real time and engage in responsive and 

intuitive interactions with the students. Specifically, this means that the didactical performance 

differed from what is hypothesized in the exploitation mode.  

Hypotheses. I hypothesize that instrumental orchestrations that will support the 

emergence of secondary school students’ normative ways of reasoning include those that have 
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been identified in the literature (i.e., discuss-the-screen, link-screen-paper, and predict-and-test; 

see Table 1). For instance, in one of the video episodes, one of the video participants, Haleemah, 

miscounts the number of tiles in the border around sa square pool with 10 tiles on a side as 40 

tiles. I might post the question, “What do you think about what Haleemah did? Do you agree that 

there are 40 tiles in the pool?” This would be an example of discuss-the-screen because, 

hypothetically, a discussion about phenomena on the screen would follow. This discussion might 

be crucial to the students’ understanding of overlapping tiles, an idea that is revisited in a later 

lesson when they have to generate a new method. Other orchestrations, such as link-screen-paper 

and predict-and-test, may also be essential for the emergence of normative ways of reasoning.  

This research question also seeks to identify instrumental orchestrations that are 

emergent. Because the construct of instrumental orchestration has not been used to explore video 

technology, it is likely that orchestrations will emerge that are specific to the features of the 

video. One hypothesized orchestration is (re)watch-and-notice. This orchestration stems from the 

teaching practice of noticing (Hohensee, 2017), where teachers steer students to attend to the 

mathematical features of a task environment. In this case, I would plan on asking students to 

watch or rewatch a video and direct their attention to a specific mathematical idea that is 

presented in the video. For instance, I might ask students, “Notice how Haleemah and ET write 

their equation when given only the number 50.” I will also periodically ask students, more 

generally, what they notice, after watching a video clip. I hypothesize that this orchestration 

would emerge as one that is important for the evolution of collective reasoning as well as an 

orchestration that is specific to video technology. 
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Chapter 3: Methods  

In the previous two chapters, I have argued for the need to investigate students’ learning 

to comprehend four intertwined aspects of algebraic expressions and equations from a 

quantitative-reasoning (QR) approach and as they regularly engage with dialogic mathematics 

videos over time. I made a case that within a classroom context, there are complex relationships 

between the classroom community, the video artifact, the teacher, and the mathematical content 

of interest. 

 This dissertation investigated two research questions: 

1.  What is the evolution of the collective mathematics practices of 13  Grade 9 

 students over  the course of a TE about algebraic expressions and equations from 

 a QR approach?   

2.  What instrumental orchestrations of the artifact of unscripted dialogic 

 mathematics videos support the emergence of 13 Grade 9 students’ ways of 

 reasoning? 

In order to explore the relationships between a teacher’s actions, the classroom community, a 

digital artifact (unscripted, dialogic videos), and mathematics content, I use a classroom teaching 

experiment (TE) methodology (Cobb, 2000). This TE consisted of instruction on making 

meaning of algebraic expressions and equations from a QR approach. For the first research 

question, it was crucial to capture whole-class argumentation. For the second research question, 

it was important to capture the ways in which the teaching actions were related to the use of 

video throughout the TE. Therefore, whole-class observations, whole-class inscriptions, and 

participants’ written work were collected. 
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The first research question explores the relationship between the teacher, the classroom 

community, and the mathematical content of interest (understanding of algebraic expressions and 

equations from a QR perspective).  

To answer this question, I adopted a collective mathematics practices learning trajectory 

approach, which involves identifying clusters of ways of reasoning that had become accepted, or 

functioned as if shared in the classroom (in the sense of Rasmussen & Stephan, 2008, as 

described in Chapter 2). In particular, “mathematics practices” in this context do not refer to the 

Common Core State Standards of Mathematics (CCSSM) mathematics practices. To analyze the 

data, I followed the Documenting Collective Activity (DCA) method (see Data Analysis section 

for details). 

         The second research question explores the relationship between the teacher, the video 

tool, and the classroom community. My approach to analysis for this research question involved 

examining ways in which management, or orchestration, of the video tool by the teacher 

supported normative ways of reasoning that were identified in the first research question. A finer 

grain-size afforded a detailed analysis of the instrumental orchestrations that guided students’ 

emergence of normative ways of reasoning. Both research questions used whole-class 

observations and whole-class inscriptions as data sources.  

The remainder of this chapter is organized into five sections: (a) participants, (b) the 

classroom TE, (c) data collection, (d) analysis, and (e) validity.  First, I describe the setting and 

the participants. Next, I describe the following elements of the classroom TE: (a) the general 

features of TEs, (b) the Realistic Mathematics Education approach to the instruction, and (c) the 

methodology and the instructional goals of the study. From there, through the lens of 

instrumental orchestration, I describe the principles guiding how I utilized the dialogic video tool 
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in the TE. This includes a description of the mathematics videos used, the classroom organization 

(or the didactical configuration), and the teaching decisions for managing the tool to guide 

student learning (or the exploitation mode). Additionally, I provide an overview of the unit 

planned and implemented in the TE sessions, and which video lessons were drawn on for each 

session. Next, the data collection processes and the methods of analysis for each research 

question are described. Finally, I conclude the chapter with a discussion of validity measures 

taken to ensure the quality of my findings. 

Participants 

The research questions guiding this dissertation explore both student learning and 

teaching practice as they were enacted within the classroom TE. This meant that the participants 

included both the students and the teacher. In this section, I discuss how I selected students to 

participate in the study and why I served as a teacher-researcher. 

Setting 

         The site for this study was a charter high school in a large city in the southwestern United 

States. The school had approximately 600 students, of whom 66% identify as Hispanic, 3% as 

White, 18% as Black, 5.5% as Asian, and 4.6% as other race or ethnicity. A teacher from this 

school was selected to assist me in recruiting students and providing a classroom to conduct the 

TE. This teacher was selected because of her willingness to support reform curricula and her 

familiarity with Project MathTalk videos. 

         Additionally, this site was chosen because students had some exposure to non-traditional 

instruction. After conducting several observations of the teacher’s classroom, it was clear that 

inquiry-oriented learning was encouraged. This is important because to answer Research 

Question 1, the classroom environment requires that students give arguments and explain their 
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thinking (Lobato & Walters, 2017). Thus, the fact that students are expected in their mathematics 

classes to share their thinking and work in groups was beneficial for the success of the classroom 

TE and important for establishing normative ways of reasoning using the DCA method. 

Students 

Using criterion sampling (Patton, 1990), I recruited 13 Grade 9 students from an 

Integrated Math I class to participate in the TE during Fall 2023. Criterion sampling is a method 

used in qualitative research in which a set of criteria or characteristics important to the nature of 

the study are identified. Then, participants who fit the criteria are recruited. The first criterion of 

my study was that participants needed to have been introduced to the use of letters in algebra 

(e.g., y = mx + b) but not have yet mastered the material featured in the TE. To identify students 

who met this criterion, I asked the teacher to administer a 10-15 minute screening instrument that 

consisted of five mathematics tasks in mid-September 2023 to students in two of her Integrated 

Math 1 classes (about 50 students) (Appendix A).  

Second, students were selected based on their ability to work well together and their 

comfort in articulating their thoughts. This second criterion was important because the analysis 

of collective mathematical practices (needed to answer Research Question 1) was dependent 

upon a classroom community in which students voice their arguments and respond to the 

reasoning of other students. Third, a strong attempt was made to ensure racial, ethnic, and gender 

diversity among the 13 participants. To meet the second and third criteria, I introduced the study 

to all students who had met the first criterion and sent the students home with a flyer and 

informed consent forms (parental permission and child assent). From those who returned the 

consent forms, I sought input from the students’ teacher regarding the second and third criteria. 

Finally, to promote excitement about participating in the study and to honor the students’ time 
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(since the study occurred during after-school hours), a financial incentive was given to each 

participant, $10 per session and an additional $100 for completing all ten sessions. Nine students 

attended all ten sessions, three students attended nine sessions, and one student attended eight 

sessions.   

Teacher 

I served as the teacher-researcher. There are several reasons why it was important that I 

served as the teacher in the TE, as opposed to another teacher. First, I was involved in the 

development of the video tool and, thus, knew the material very well. I was involved in the 

filming and editing as well as in the creation of the voiceover summaries and teacher materials 

for the video episodes used in the TE. Second, I served as a researcher in a previous study that 

investigated how pairs of students made sense of the videos for one of the video lessons, without 

teacher intervention. Thus, the knowledge gleaned from that study of how students may engage 

with the videos made me well-suited to make informed teaching decisions. 

The Classroom TE 

Features of TEs 

         The purpose of a TE is to investigate the process by which students reorganize their 

mathematical ways of knowing over extended periods of time (Cobb & Steffe, 1983; Steffe & 

Thompson, 2000). In this dissertation, I was interested in how students reason over time about 

four intertwined algebra topics related to understanding algebraic expressions and equations 

from a QR perspective. Thus, a TE was well-suited to meet this goal. Furthermore, the condition 

of regular engagement with the innovation of dialogic mathematics videos was not met in current 

classrooms. Thus, a TE allowed me to bring about the conditions that I wish to study. 
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 TEs are characterized by several key features that distinguish it as a research 

methodology. First, TEs are guided by conjectures or hypotheses about students’ mathematical 

reasoning. As Confrey (2000) explains, a conjecture is a theoretically-grounded idea that 

emerges from a dissatisfaction with an existing conception and points toward a 

reconceptualization worth exploring. In TEs, hypotheses often take the form of hypothetical 

learning trajectories of how students’ conceptions might evolve in response to particular tasks 

and teaching actions. Unlike experimental designs that test whether an intervention was 

effective, TEs focus on generating explanatory models of students’ thinking and adapting 

instruction to refine those models in real time (Cobb et al., 2003).  

 Second, TEs are defined by their responsiveness to students’ reasoning. Instruction is 

deliberately opportunistic, designed to build on students’ spontaneous ideas rather than follow a 

predetermined plan. This responsive teaching supports the dual goals of maximizing student 

learning and deepening researchers’ understanding of how that learning evolves. The third 

essential feature is the presence of an observer who participates in post-session debriefings to 

reflect on students’ conceptual activity (Steffe & Thompson, 2000). In my own TE, I worked 

closely with a fellow doctoral student who served as an observer. After each session, we 

debriefed to analyze students’ reasoning. I then used these reflections to revise upcoming 

activities. Through this iterative process, I developed, tested, and refined my models of student 

reasoning as they engaged with the mathematical tasks and dialogic mathematics video tool.  

 Classroom TEs represent an extension of the original one-on-one constructivist TEs 

developed by Steffe and colleagues (Cobb & Steffe, 1983; Steffe, 1983), shifting the focus from 

individual learning to the emergence of collective mathematics practices. Rather than tracing 

individual learning trajectories, classroom TEs are designed to investigate how shared ways of 
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reasoning emerge within a community of learners. Grounded in the emergent perspective (Cobb 

& Yackel, 1996; Cobb 2000), this approach emphasizes the co-construction of normative 

mathematics practices and classroom social norms. Researchers have advanced this methodology 

to trace the evolution of classroom conceptual activity, supported by analytic tools like the 

documenting collective activity method (Rasmussen & Stephan, 2008), which has since been 

used in other STEM disciplines (Cole et al., 2012). In this way, classroom TEs affords 

researchers a way of investigating how the collective reasoning of a classroom community 

becomes increasingly sophisticated through interaction with peers, the teacher, and instructional 

sequences.   

Realistic Mathematics Education          

         The instructional sequence for the TE was guided by the principles of Realistic 

Mathematics Education (RME) (Gravemeijer, 2020). RME was chosen not only for its emphasis 

on supporting rich mathematical reasoning, but also because it underpins the instructional 

sequences in the Project MathTalk videos. To ensure coherence between classroom instruction 

and the dialogic video tools, it was important to adopt a similar instructional approach.  

While the mathematical progression of the classroom community was expected to differ 

somewhat from that of the video participants, aligning the design principles helped ensure that 

the video tool complemented and extended the teacher-led instruction.  

RME is a domain-specific theory of instructional design in mathematics, grounded in 

several core principles. For instance, a central tenet of RME is that mathematical learning should 

begin with problems situated in contexts that are realistic or imaginable to students. “Realistic” 

in this sense refers not necessarily to everyday experiences but to situations that students can 

envision and find meaningful (Drijvers et al., 2011). For example, tasks involving visual patterns 
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allow students to imagine how a pattern continues and make meaningful inferences. At this early 

stage, students typically engage in informal reasoning that remains anchored to the context. Their 

thinking is captured through a “model of” the situation, an initial representation that reflects their 

understanding of the specific problem setting.  

RME is also grounded in the idea that mathematics is a product of human invention and 

social activity. This belief shapes instructional designs that encourage students to engage in 

guided reinvention, where they are active creators of mathematical knowledge. It emphasizes the 

value of whole-class discussions and group work as ways for students to share their strategies 

and inventions. Within this framework, teachers play a proactive role in shaping students’ 

learning opportunities. Instructional sequences, therefore, should include scenarios that foster 

these conditions, such as tasks embedded within coherent, long-term trajectories that support 

students’ inventions and socially constructed knowledge.  

 Another principle of RME posits that learning means passing through various levels, 

bridging informal context-specific reasoning to more formal and abstract reasoning. This 

progression is supported by the processes of horizontal mathematization, in which students 

organize mathematical information from reality (or an imagined world) to the world of the 

subject matter, and vertical mathematization, where they organize information from one’s own 

mathematical activity to further understand the subject matter (Gravemeijer, 1999). As students 

move through these levels, their initial “model of” a problem evolves into a “model for,” which 

represents an organization of formal, general mathematical reasoning that can be applied across 

different contexts (van den Heuvel-Panhuizen, 2003). This continuous process, known as the 

emergent model, illustrates how learners pass through successive layers of abstraction, with each 

new level grounded in experientially real phenomena.      
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Instructional Goals 

The TE was also guided by the goal of supporting students in building from situations 

where they could reason quantitatively about algebraic expressions and equations, rather than 

numerically or procedurally. My goals for the unit were to support students in the development 

of (a) generalizing figural patterns with quantitative meaning, (b) forming and making sense of 

equivalent algebraic expressions with quantitative meaning, (c) developing process and product 

perspectives with quantitative meaning, and (d) making quantitative meaning of literal symbols.  

These goals are related to the hypothesized evolution of ways of reasoning to address 

Research Question 1, stated in the previous chapter. The TE was originally designed around three 

contexts: (a) a pool-tiling context, (b) a context in which friends are purchasing game apps, and 

(c) a scooter context involving locations and velocities, realized in a GeoGebra simulation. 

However, due to time constraints during implementation, only the first two contexts were 

enacted (see the Results chapter for further details). These instructional contexts were 

intentionally chosen to parallel those featured in the dialogic videos to provide continuity 

between the videos and the tasks. Table 2 summarizes example tasks from each context along 

with their corresponding instructional goals.  
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Table 2: Mathematical Contexts and Instructional Goals 

Instructional goal Mathematical Context 
Generalize a relationship 
between an independent 
and a dependent variable 
in a figural pattern 
context, and then express 
that generalization using 
an algebraic equation 
(generalize figural pattern 
with quantitative 
meaning). 

The Pool-tiling context  

   

Understand arithmetic 
expressions from both 
process and product 
perspectives and with 
quantitative meaning.   
 
 
 
 
 

The Game App context 
 

  

 

 

Dialogic Mathematics Videos 

         As described in Chapter 2, the dialogic mathematic videos used in this study were taken 

from Project MathTalk’s Meaning and Equivalence of Algebraic Expressions video unit 

(accessible at www.mathtalk.org). This unit is one of several video units on the Project Mathtalk 

website (e.g., Parabolas unit, Proportional Reasoning unit), each of which serves the purpose of 

supporting students’ meaning making of mathematical topics from a QR approach (Thompson, 

2011). This Algebraic Expressions unit was chosen for this study because of its alignment with 

the dissertation’s focus on algebraic expressions and equations, as well as my prior involvement 

as a co-developer of the materials in an earlier study. For the TE, I used two of the six video 

Write an algebra equation that 
generalizes Haleemah’s and ET’s 
method for finding the number of 
tiles in the border of a pool with 
any number of tiles on one side.  

Three friends want to buy 
game apps. The number of 
apps each will buy are 
provided in the table.  
For each part of the 
equation, write what it 
means in the game app 
context.  

http://www.mathtalk.org/
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lessons from the unit, chosen specifically for their alignement with the instructional goals of the 

TE.  

 The Project MathTalk videos were designed as visual enactments of a research-informed 

learning trajectory. Each video unit is grounded in a hypothetical learning trajectory (HLT) 

(Clements & Sarama, 2009) developed from the literature on algebra and QR. This design 

enables each video unit to function as a tangible learning trajectory for the video participants, 

consisting of 30-40 short videos that trace their evolving mathematical reasoning over time. The 

conjectured ways of reasoning described in Chapter 2, along with the instructional activities used 

in the TE, were informed by both the HLT and the observed progression of the video 

participants. However, these elements were adapted for the classroom context based on the 

design principles discussed in the section Planned Teacher Design Decisions.  

 

Figure 8: Hypothetical Learning Trajectory for Video Lesson 1, Episode 1 
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The Project MathTalk videos incorporate several features designed to support students’ 

meaning making. One feature is the simultaneous visual display of the video participants and 

their written work (see Figure 9). To maintain focus on student thinking, a teacher remains off-

screen but provides verbal guidance throughout the video. In addition, the videos are edited and 

include several post-production elements. Voice-over narration appears at the beginning of each 

video to introduce the task and again at the end to summarize the students’ mathematical 

progress. Annotations are also used strategically to highlight aspects of the students’ work, for 

example, labeling parts of an equation that correspond with their verbal explanations. Lastly, due 

to the fact that the videos are unscripted, the videos show the video participants (in this case, 

Haleemah and ET) engaging in problems where their initial thoughts are often incomplete or 

incorrect. Through their collaboration, they are shown to be able to resolve authentic struggles 

and build on each other’s ideas to come to a shared understanding. 

 

Figure 9: Haleemah and ET Making Sense of Algebraic Expressions and Equations 
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Planned Lesson Sequence in the TE  

The TE consisted of ten one-hour sessions and was taught after school hours. The 

planned lesson sequence is presented in Table 3, but as stated before, only two contexts were 

implemented: the Pool-tiling context for sessions 1-5 and the Game app context for sessions 6-10 

(see the Results chapter for the actual sequence). The table provides an overview of the planned 

sequence of activities that students were expected to engage in across the ten sessions. As the 

actual lesson sequence will show, I followed the experiment tradition, where tasks were modified 

or replaced depending on the learning progress of students in the moment (Steffe & Thompson, 

2000; Cobb, 2000). 

Table 3: Overview of Planned Lesson Sequence  

TE 
Session 

Video Lesson Used Context Class Activities 

1 Video Lesson 1: Using 
Algebra to Express a 
Generalization (Method 
1)  

Pool-tiling 
context 

• Make sense of the context of 
tiling around a swimming pool 

• Form a relationship between the 
number of tiles on the side of a 
square pool and the total number 
of tiles in the border  

2 Video Lesson 1: Using 
Algebra to Express a 
Generalization (Method 
1)  

Pool-tiling 
context 

• Generalize the relationship and 
express it using algebra  

• Justify the algebraic equation by 
making sense of quantities in the 
pool context 

3 Video Lesson 2: Using 
Algebra to Express a 
Generalization (Method 
2)  

Pool-tiling 
context 
(Paired) 

• Form a different relationship 
between the number of tiles on 
the side of a square pool that has 
overlapping segments 

• Apply students’ method to 
different sized pools 
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Table 3: Overview of Planned Lesson Sequence (Continued) 

TE 
Session 

Video Lesson Used Context Class Activities 

4 Video Lesson 2: Using 
Algebra to Express a 
Generalization (Method 2)  

Pool-tiling 
context 
(Paired) 

• Generalize the method and 
express it using algebra 

• Justify the algebraic equation 
by making sense of quantities 
in the figural pattern 

5 Video Lesson 3: Simplifying 
Algebraic Equations  

Game app 
context 
(Paired) 

• Make sense of the game app 
context 

• Form a relationship between 
the cost per app and the total 
money spent   

6 Video Lesson 3: Simplifying 
Algebraic Equations  

Game app 
context 
(Paired) 

• Form a different relationship 
between the cost per app and 
the total money spent 

• Explore the equivalence 
between the two methods  

7 Video Lesson 3: Simplifying 
Algebraic Equations  

Game app 
context 
(Paired)  

• Make sense of the equivalent 
expressions from process and 
product perspectives 

8 Video Lesson 4: Using 
Negatives and Decimals as 
Values for Algebraic 
Symbols  

Scooter 
context 

• Make sense of the scooter 
applet 

• Form a relationship between 
the velocity, trip time, starting 
location, and ending location 

9 Video Lesson 4: Using 
Negatives and Decimals as 
Values for Algebraic 
Symbols  

Scooter 
context 

• Apply the method to several 
situations 

• Generalize the method and 
express the generalization 
using algebra  
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Table 3: Overview of Planned Lesson Sequence (Continued)  

TE 
Session 

Video Lesson Used Context Class Activities 

10 Video Lesson 4: Using 
Negatives and Decimals 
as Values for Algebraic 
Symbols  

Scooter 
context 

• Make meaning of the literal symbol 
representing velocity as it takes on 
non-positive, non-whole number 
values 

• Interpret a given algebraic equation 
(with a negative sign in front of the 
literal symbol) in terms of the 
scooter context 

 

Planned Teacher Design Decisions 

 The focus of this section is to elaborate one of three components of the instrumental 

orchestration framework (presented in Chapter 2), the exploitation mode, which refers to the 

design decisions that a teacher makes prior to teaching. This component is necessary for the 

analysis of Research Question 2 (i.e., What instrumental orchestrations of the artifact of 

unscripted dialogic mathematics videos support the emergence of secondary students’ normative 

ways of reasoning?). The other two components (didactical configuration and didactical 

performance) are detailed elsewhere in this dissertation. Specifically, details of didactical 

configuration (the physical arrangement of the teaching setting and artifacts) can be found at the 

end of Chapter 2 and in the Data Collection section below, while the didactical performance (the 

choices and actions a teacher makes during teaching) is described in Chapter 5.  

Three categories of design decisions constitute the exploitation mode for this study. The 

first category includes routine teaching actions incorporated after watching each video (see Table 

4). The choice of teaching actions was made based on conceptual difficulties documented in the 

literature, information from data previously collected about how students make sense of 
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mathematical ideas presented in the videos, and lastly, from the literature on teaching actions of 

how to promote QR. More specifically, to facilitate QR, specific scaffolding questions were 

planned in the design of the sessions, drawing on four scaffolding moves reported in Czocher et 

al. (2024). These included (a) attending to objects and/or attributes represented by symbols for a 

variable, (b) using precise and detailed language to refer to referents, (c) supporting participants 

in quantification, and (d) guiding participants to re-quantify a quantity.  

In regard to facilitating engagement with the videos, a prior study (Foster et al., in press) 

highlighted the importance of asking students what they noticed after each viewing. The 

importance of this practice is also supported by previous work investigating algebra learning 

(Hohensee, 2017). Lastly, it was important to make explicit connections to mathematics and the 

video (e.g., “Is that similar or different to what Haleemah and ET did?”). Making explicit 

connections to mathematics featured in technology is suggested to support the implementation of 

the instrumental approach (Moore-Russo, 2015). Table 4 illustrates the exploitation mode related 

to this category, which corresponds to a video episode in which Haleemah and ET work on 

developing a deconstructive generalization (an expression that generalizes a figural pattern 

including overlapping segments, Rivera & Becker, 2008). 
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Table 4: Exploitation Mode: Routine Teaching Actions Related to Video Watching  

Guiding Questions  Example Teacher Follow-Ups 

Am I orchestrating the use of the 
video through teacher moves?  

“What do you think about what Haleemah did? Do 
you agree that there are 40 tiles in the pool?” 
 
“Could someone describe in your own words H&ET’s 
method?”  
  
“Is that idea different or the same as Haleemah and 
ET’s?”  

Am I facilitating QR through teacher 
moves?  

“Do 8+8 + 10 + 10 = 36 and 8 • 2 + 10 • 2 = 36 mean 
the same thing? Why?”  
  
“Could someone describe what their arithmetic 
equation means in terms of the pool?”  

Am I developing student noticing of 
important ideas in the video?  

“Let’s rewatch, and I want you notice the difference in 
the way they formed their arithmetic equation.”  
 
“What did you notice? 

  

The second category that constitutes the exploitation mode is guidelines for task 

selection. For the videos to serve as a support for collective reasoning, it was important to design 

tasks that were the same or close to those featured in the videos. I followed a precedent from 

previous studies utilizing Project MathTalk videos, which selects tasks for participants based on 

whether a mathematical task in a video episode is particularly challenging. For the Pool-tiling 

context, I asked participants to work on the identical task, and for the Game app context, I asked 

them to work on a paired task. A paired task is one that is similar to the task from the video but 

different in terms of the numbers or the context. Drafts of paired tasks were created prior to the 

TE. However, following the teacher-experiment tradition, tasks were modified or replaced 



  85 

depending on the learning progress of students in the moment (Steffe & Thompson, 2000; Cobb, 

2000). See the Results chapter for the modifications made.   

The third category of design decisions involved episode-by-episode planning (see Table 

5). For each video episode, detailed notes were taken, such as the episode length, the possible 

trouble spots for VLs, and a conceptual analysis. Other tentative video-specific decisions were 

made before the TE began. These decisions included whether to include the entirety of a video 

episode or voiceovers, when to pause the video for discussion, and whether to watch a video 

episode first or have students work on a task. For each decision, a rationale was given that draws 

on literature in algebra, vicarious learning studies, and technology use. These plans were 

intended as flexible guides, with the understanding that actual choices would depend on students’ 

reasoning during instruction. For the actual decisions made in response to student reasoning, see 

the Chapter 5.  
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Table 5: Exploitation Mode: Episode-by-Episode Decisions 

Design 
Decisions 

Questions Decision Rationale 

Cutting 
video 
chunks 

Is the entire video 
(excluding the 
voiceover (VO)’s)) 
necessary?  

Yes The entirety of the video is important for 
establishing how Haleemah and ET 
come up with their method.  

Should the VLs 
watch the 
voiceover(s)?  

Skip VO1.  
  
Have VLs 
watch the 
second VO.  
  
Skip VO3.  

The first VO is the statement of the task, 
this can be said verbally. 
 
The second VO is important for getting 
VLs to attend towards a relational view 
of the equals sign [“instead of writing 8 
+ 8 + 10 + 10 = 36 they wrote (8 • 2) + 
(10 • 2) = 36, they were able to make it 
easier because there were two 8’s, giving 
them 8 • 2 and two 10’s giving them 10 • 
2”]  

Continuity 
of video 
watching 

Should I pause the 
video and discuss? 
 
 
 
  

Pause at 1:31 
to discuss 
Haleemah & 
ET’s viewing 
40 tiles 

While it will take more time, pausing 
here might clarify what is meant by 
“Haleemah and ET’s method.”  
  
Rivera and Becker (2008) note that 
overlapping segments is a difficulty 
student have when figurally reasoning. 

 

Data Collection 

The TE spanned ten one-hour sessions over five weeks after school hours. The research 

sessions took place in the students’ mathematics classroom, equipped with a smartboard to 

project the videos. The 13 participants were placed in groups of 3-4, each with access to blank 

paper and writing utensils. Throughout the sessions, students engaged with the video tool at the 

level of the whole class on a shared screen (see Figure 7 above depicting the Didactical 

Configuration). Groups were asked to work on paired tasks and discuss their reasoning. A single 
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camera was placed in the room and run by an assistant (a fellow doctoral student) who recorded 

whole-class discussions. She also took notes for the purposes of debriefing after each 

session. The sources of data for this study consisted of video-taped data of the research sessions, 

written work from the groups, and whole-class inscriptions. Together, the video-taped data of 

classroom discussion, whole-class inscriptions, and groups’ written work served as the data 

subject to analysis for the two research questions.  

Data Analysis  

         The two research questions that frame this study have different foci—the evolution of 

collective mathematics practices and orchestrations of the video artifact that support normative 

ways of reasoning. As such, each research question requires a distinct analytical process that I 

detail in this section.  

Analysis for Research Question 1 

RQ:  What is the evolution of the collective mathematics practices of 13 Grade 9 

 students over the course of a TE about algebraic expressions and equations from a 

 QR perspective? 

         As I elaborated in the Elaboration of Research Question 1, this question was interested in 

the evolution of collective mathematical progress of a cassroom community. As such, I drew on 

the collective mathematics practices approach to construct a learning trajectory. However, recall 

that a collective mathematics practices trajectory consists of two components: (a) a list of 

mathematics practices (i.e., normative ways of reasoning) and (b) a description of instructional 

supports that are influential to the emergence of such practices (Lobato & Walters, 2017). To 

analyze this question, I focused on the first component, creating a list of collective mathematics 

practices. Theoretically, a collective mathematics practice is defined as a group of normative 
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ways of reasoning (reasoning that functions as if shared) that develop as students work together 

in a classroom context. Analytically, collective mathematics practices are established first by 

identifying argumentations that occur in the classroom, then checking the argumentations against 

certain criteria to identify normative ways of reasoning, and lastly, grouping these ways of 

reasoning to form a set of collective mathematics practices. This analytic process is known as the 

Documenting Collective Activity (DCA) method.  

The DCA methodology is an approach developed by Rasmussen and Stephan (2008) as 

an empirical way of examining collective learning. The approach assumes that learning is 

“created in argumentations” and is thus grounded in Toulmin’s (1969) argumentation scheme 

(Rasmussen & Stephan, 2008, p. 197). Toulmin’s model of argumentation characterizes the core 

of an argument by three components: the data, the claim, and the warrant. Often, a student or a 

teacher makes a conclusion or claim that is supported by evidence or data. The data can consist 

of specific facts or procedures that led to their claim. The warrant explains why the evidence 

connects to the claim and is usually more abstracted from the problem. Once a claim, data, and 

warrant are offered, rebuttals and qualifiers can follow. A rebuttal challenges the claim with a 

counterargument, while a qualifier specifies conditions under which the claim holds. If needed, 

the backing is the mathematical authority of the argument and can justify why the warrant is 

valid. Collective reasoning is then said to occur if there are shifts in the way students engage in 

argumentation with guidance from the teacher (Cole et al., 2012). While it is not uncommon for 

arguments to include rebuttals, qualifiers, and backing, only the three components of claim, data, 

and warrant appeared in the arguments of my participants. 

The DCA method uses a three-phase approach to document collective mathematics 

practices. For the first phase, I developed a scheme for argumentation using Toulmin’s model. 
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This involved making an argumentation log, which notes the function of the argumentation 

elements: claim, data, and warrant. To do this, I transcribed the whole-class observations and 

then identified arguments in the transcript. I defined an argument as an episode where a 

participant made a mathematical assertion and then supported their assertion with evidence. 

From there, I identified the function (warrant, claim, or data) of each element of the 

argument. Arguments need not be constructed by talking alone (Gruver, 2018). For instance, 

gesturing and inscriptions also served as elements of an argument.  

The second phase aims to see which arguments become normative ways of reasoning for 

the collective group by checking three criteria: (a) the dropping off of warrants and backings, (b) 

the shifting function of argumentation elements, (c) repeated use of an idea as the data or warrant 

for different claims across multiple days (Rasmussen & Stephan, 2008; Cole et al., 2012). One 

might use the third criterion in a scenario where first two criteria are not satisfied (e.g., if the 

teacher provides a majority of the warrants). Lastly, the third phase organizes the information 

gathered from the previous two and identifies the mathematical activity that students engaged in 

when ideas emerged. I then grouped the normative ways of reasoning to form the set of 

collective mathematical practices.  

Analysis for Research Question 2 

RQ:  What instrumental orchestrations of the artifact of unscripted dialogic 

mathematics videos support the emergence of secondary students’ normative ways of 

reasoning? 

To analyze this question, I drew on the theoretical framework of instrumental 

orchestration, which focuses on the teacher’s role in a technology rich-environment (Trouche, 

2004). The framework comprises three components, which guided my analysis. The first is the 
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didactical configuration, referring to the physical arrangement of tools and participants. Second 

is the exploitation mode, which describes the teacher’s intended instructional use of the 

technological artifact within the didactical configuration. Third is the didactical performance, 

which captures the real-time enactment of planning efforts. In the present study, the didactical 

configuration remained constant across the teaching experiment and was therefore not subject to 

analysis. Similarly, the exploitation mode, presented earlier in the chapter in the section on 

Planned Teacher Design Decisions, was not analyzed. Unlike studies that examine the practices 

of multiple teachers (e.g., Drijvers et al., 2010), this investigation focused on a single instructor 

(the researcher), and thus did not include data sources like planning documents or cross-teacher 

comparisons. As a result, only the the didactical performance component of instrumental 

orchestration was analyzed in response to Research Question 2.   

A two-phase analysis was conducted. For the first phase, I identified classroom episodes 

that were significant for the emergence of each of the ten NWRs reported in Research Question 

1. These episodes were analyzed using an a priori coding scheme based on didactical 

performances characterized in previously established IO types, as detailed in Chapter 2 and 

summarize in Table 1. Given that dialogic videos constitute a distinct technological tool not 

previously analyzed within the IO framework, I engaged in a process of adapting these codes to 

account for the unique affordances of video (e.g., pause, rewind, fast-forward). When an existing 

code was conceptually applicable but did not fully capture the interaction observed, I adapted the 

code to reflect the video context. In instances where no existing orchestration type adequately 

described the teacher’s use of video, I developed new codes inductively.  

In the second phase of analysis, I identified whether each of the IOs were productive or 

unproductive in supporting the emergence of normative ways of reasoning. An IO was 
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considered productive if there was evidence that it contributed meaningfully to the emergence of 

a NWR. Conversely, an IO was considered unproductive if, immediately following its use, (a) 

student confusion emerged in ways that were unexpected given their prior engagement, or (b) 

students did not interact with the video as the teacher had intended. The terminology of 

productive or unproductive is not meant to serve as a permanent, binary descriptions, but rather 

as micro-categories that are sensitive to the context and content. Given the scope of the data and 

the diversity of orchestrations across the ten NWRs, I used the analysis on two representative 

NWRs: stating a general method (NWR 1.1) and developing descriptive equivalence of algebraic 

expressions (NWR 5.2). These two were selected because, together, they encompassed the full 

range of orchestration types identified in the study.  

Validity  

 To ensure the quality and credibility of the study’s findings, steps were taken to address 

validity. In qualitative research, validity refers to the extent to which codes accurately represent 

the data they are intended to capture (Maxwell, 2005), and more broadly, to the credibility and 

trustworthiness of analytic interpretations (Yilmaz, 2013). For each research question, I sought 

expert feedback to evaluate the fit between my analytic claims and the supporting evidence. For 

Research Question 1, I consulted with Dr. Chris Rasmussen, an expert in the DCA Method. For 

Research Question 2, I presented my analytic process to Dr. Lobato, whose expertise includes 

vicarious learning and video technology. Following Maxwell (2005), I also addressed potential 

validity threats, defined as plausible ways the research might be wrong, by actively seeking 

disconfirming evidence and considering alternative interpretations throughout the analysis. 

Additionally, I remained attentive to the possibility of researcher bias, particularly given my dual 

role as both teacher and researcher in the teaching experiment. 
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Chapter 4: Collective Mathematics Practices Learning Trajectory  

The aim of Research Question 1 was to document the evolution of ways of reasoning 

about algebraic expressions and equations from a quantitative-reasoning (QR) approach in the 

form of a learning trajectory of collective mathematics practices. Answering this question is 

important for advancing knowledge about the evolution of the following ideas over time: 

generalizing via figural patterns, making meaning of literal symbols, interpreting expressions 

from process and product perspectives, and reasoning about equivalence. In contrast to the 

current literature, in which studies tend to focus on just one of these ideas, this study 

demonstrates their interrelatedness. Additionally, most studies in these areas have investigated 

reasoning as measured at one point in time, meaning more studies are needed to characterize 

change over time. Finally, investigating the evolution of ideas from a QR approach offers insight 

into its potential for providing connective tissue across multiple interrelated ideas.  

 To answer Research Question 1, I needed to identify ways of reasoning that functioned as 

if shared in the classroom using the Documenting Collective Activity (DCA) method 

(Rasmussen & Stephan, 2008). I applied the method in three phases. First, I created an 

argumentation log consisting of a daily record of the arguments made in the whole class from 

Day 1 to Day 10. I identified arguments by applying codes from Toulmin’s argumentation 

scheme (i.e., claim, data, warrant, and backing) to transcripts of whole-class data (Toulmin, 

1969). Second, I identified ways of reasoning that fulfilled one of three criteria: (a) warrants 

becoming implicit in arguments, (b) pieces of an argument shifting in a subsequent argument, or 

(c) ideas repeatedly being used as data or warrant in arguments across multiple days. If a way of 

reasoning fulfilled one or more of these criteria, they were considered to function as if shared 

(FAIS) and thus named a normative way of reasoning (NWR). Third, I grouped related NWRs to 
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form collective mathematics practices. [For additional details on the DCA method, see Chapter 

3.]  

 In the following results section, I will provide evidence and analysis to support the claim 

that five mathematics practices FAIS. Specifically, the learning trajectory comprises five 

mathematics practices: (a) stating a general method, (b) expressing a general method with 

algebra, (c) interpreting arithmetic expressions from multiple perspectives, (d) interpreting 

algebraic expressions from multiple perspectives, and (e) developing descriptive equivalence. I 

summarize these mathematics practices in Table 6, where the normative ways of reasoning 

grouped under each practice are also listed. I follow a numbering scheme where “NWR a.b” can 

be read as a normative way of reasoning in the “ath” mathematics practice and is the “bth” way of 

reasoning within that mathematics practice. 

Table 6: List of Mathematics Practices and Normative Ways of Reasoning (NWRs) 

Mathematics Practice 1: Stating a General Method 
NWR 1.1: Stating a General Method 
Mathematics Practice 2: Expressing a General Method with Algebra 
NWR 2.1: Accepting an Equation with Three Literal Symbols as Valid When Only Two Are 
Needed 
NWR 2.2: Re-expressing an Equation with Three Literal Symbols Using Only Two Literal 
Symbols 
NWR 2.3: Expressing a General Method with Literal Symbols that Represent Quantities with 
Varying Values   
Mathematics Practice 3: Interpreting Arithmetic Expressions from Multiple Perspectives 
NWR 3.1: Interpreting Arithmetic Expressions from a Quantitative Process View 
NWR 3.2: Interpreting Arithmetic Expressions from a Quantitative Product View 
Mathematics Practice 4: Interpreting Algebraic Expressions from Multiple Perspectives  
NWR 4.1: Interpreting Algebraic Expressions from a Quantitative Process View 
NWR 4.2: Interpreting Algebraic Expressions from a Quantitative Product View  
Mathematics Practice 5: Developing Descriptive Equivalence 
NWR 5.1: Developing Descriptive Equivalence of Arithmetic Expressions 
NWR 5.2: Developing Descriptive Equivalence of Algebraic Expressions  
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Other empirical studies (e.g., Gruver, 2018; Stephan & Akyuz, 2012) have shown a 

sequential progression of mathematical practices, whereas the nature of my data was different. 

The mathematics practices documented in this trajectory were overlapping, as illustrated in 

Figure 10. The evolution of each practice is represented by arrows, where the left node marks the 

occurrence of the first argument of the first NWR in that practice, and the right node indicates 

the occurrence of the final argument in the last NWR, marking the day in which the last NWR in 

that mathematics practice FAIS. The figure shows that mathematical practices emerged 

concurrently and not sequentially. For instance, Mathematics Practice 1 began on Day 4, with the 

final NWR becoming normative on Day 7, whereas Mathematics Practice 2 started on Day 2, 

with the final NWR not becoming normative until Day 8. 

 

 

Figure 10: Evolution of Five Mathematics Practices 

Despite the overlapping nature of these mathematics practices, I ordered the mathematics 

practices chronologically based on the day when the last normative way of reasoning FAIS. For 

example, Mathematics Practice 1 is numbered first because NWR 1.1 functioned as if shared on 
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Day 7, before any other normative ways of reasoning. I direct the reader to the discussion section 

at the end of this chapter to further explore why these mathematics practices overlap and the 

implications for understanding the progression of students’ reasoning. 

Mathematics Videos  

 The mathematics videos used in this TE featured the unscripted dialogue of two Grade 9 

students, Haleemah and Elijah (who preferred to be called ET), who I refer to as the video 

participants. The viewing experience involves viewing Haleemah and ET tackling conceptually 

rich mathematics problems while simultaneously viewing their work. The teacher’s guidance in 

problem solving can be heard but her presence is kept off-screen (see Figure 1 in Chapter 1). 

Additionally, the videos are edited and produced, including two elements: voiceovers and 

annotations. The voiceovers appear at the beginning of each video to introduce Haleemah and ET 

and their task and at the end to provide a summary. The annotations highlight aspects of 

Haleemah’s and ET’s work, such as annotating tiles flying off the screen to demonstrate 

subtraction.  

Two video lessons structured the TE. The first video lesson, used during Days 1-5 of the 

TE, was set in a pool-tiling context, and focused on developing students’ ability to generalize a 

method from arithmetic to algebra using a visual pattern and connecting expressions to quantities 

in context. Haleemah and ET were asked to determine the number of tiles in the border of a 

square pool with varying numbers of tiles on a side: first 10, then 7, 15, 12, and 50 tiles (see 

Figure 11). To streamline references throughout the chapter, I refer to a pool with n tiles on a side 

as Size n pool (e.g., a Size 10 pool has 10 tiles on a side). Students in the TE watched Haleemah 

and ET tackle the same tasks they were assigned. In both cases, the goal was to generalize a 

method for finding the total number of tiles in the border of square pools of varying sizes.  
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Figure 11: The Pool Task 

The second video lesson, used during Days 6-10 of the TE, was set in the game app 

context and focused on developing students’ meaning for equivalent algebraic expressions. In 

this video lesson, Haleemah and ET worked on the Three Friends Task, where three friends 

(Danyal, Suado, and Kiaan) each bought a fixed number of game apps (3, 2, and 4, respectively). 

The cost of each app was either known (e.g., $5) for arithmetic tasks or represented by a 

variable, c, for algebraic tasks. The goal of this task to develop quantitative meaning for 

combining like terms (i.e., to understand the meaning of the equation 3c + 2c + 4c = 9c in a 

context). As shown in Figure 12, Haleemah and ET interpreted the algebraic expressions like 3c 

as the amount of money spent by Danyal, and 9c and as the total amount of money spent by all 

three friends (see their written response below the arrows pointing to the brackets indicating 3c 

and 9c). In the arithmetic case for a cost per app of $5, they interpreted 3 • 5 as the amount of 

money spent by one of the friends, Danyal.  
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Unlike the first video lesson, which aligned the task content directly between Haleemah 

and ET and the students, the second video lesson was used differently. While Haleemah and ET 

worked on the Three Friends Task, the students in the TE worked the related but distinct Two 

Friends Task. In this version, two friends (Sofia and Manuel) purchased 5 and 3 games apps, 

respectively, as shown in Figure 11. The goal for the Two Friends task was to understand the 

meaning of the equation 5c + 3c = 8c in context, where c represented an unknown cost per app.  

 

Figure 12: Three Friends Task and Two Friends Task 

Instructional Context and Tasks   

 The instructional context was designed to encourage argumentation within small-group 

and whole-class discussions as the class engaged with the videos. Students sat in groups of three 

to four, with dialogic videos projected on a shared screen at the front of the classroom (see 
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Figure 7 in Chapter 2). In a typical session, students began by tackling a challenging task and 

sharing initial ideas within their group. After small-group discussions, students were expected to 

share their ideas with the whole class. Teacher prompts typically involved asking students to 

justify their reasoning and interpret arithmetic and algebraic expressions in terms of quantities in 

context. Small-group and whole-class discussions were interspersed with video-watching and 

discussion, where the teacher asked the class to make connections between the videos and their 

ideas. For more detail about how the videos were used to support students’ reasoning, see 

Chapter 5.  

 Instruction across the TE followed two main sets of tasks, each aligned with one of the 

two video lesson contexts: Days 1-5 for the pool-tiling context and Days 6-10 for the game app 

context. Below, I describe the lesson sequences based on these two phases. During Days 1-5 

students began by watching a video where Haleemah and ET developed a method for finding the 

total number of tiles in the border around a square pool. Their method involved adding the 

number of tiles in the left and right sides, including the corner tiles, together with the number of 

tiles in the top and bottom sides. This method, highlighted in orange and yellow in Table 7 (row 

1), served as the focus for classroom activities on Days 1-3, where students applied the method 

to pools of varying sizes and then expressed it with algebra. On Day 4, instruction focused on 

connecting elements of the method. Students were asked to compare visualizations that depicted 

the same or a different method and explain which best captured Haleemah’s and ET’s method. 

On Day 5, the focus was on connecting each number and symbol of their algebraic equations to 

the pool context. The full sequence of tasks for Days 1-5 is reflected in Table 7.  
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Table 7: Lesson Sequence of Days 1-5 

TE 
Session 

Tasks  

1-3  The Pool Task 

 
 
Expressing the Method with Algebra Task 
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Table 7: Lesson Sequence of Days 1-5 (Continued) 

TE 
Session 

Tasks 

4 Comparing Visualizations Task: Same Method 

 
Comparing Visualizations Task: Different Method 
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Table 7: Lesson Sequence of Days 1-5 (Continued) 

TE 
Session 

Tasks 

5 Interpreting the Method with Algebra Task  

 

During Days 6-10, instruction shifted to tasks aligned with the second video lesson in the 

game app context. While students viewed videos of Haleemah and ET working on the Three 

Friends Task, they themselves worked on the related but distinct Two Friends Task. Both tasks 

supported the exploration of equivalent algebraic expressions by asking students to generalize 

two different methods for determining the total amount spent by friends altogether. The lesson 

sequence began with the “long method,” which students interpreted and generalized across Days 

6 and 7. Instruction then shifted to the “short method” on Days 8 and 9, which they interpreted 

and generalized (see Mathematics Practice 3 and 4 for more detail). The sequence culminated on 

Day 10, where students were asked to articulate the equivalence between two algebraic 

expressions, each representing a method. The lesson sequence of the TE on Days 6-10 is 

reflected in Table 8. 
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Table 8: Lesson Sequence of Days 6-10 

TE 
Session 

Tasks  

6-7  The Two Friends Task: The Long Method 
 

 
Expressing the Long Method with Algebra Task 

 
Interpreting the Long Method with Algebra Task 
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Table 8: Lesson Sequence of Days 6-10 (Continued) 

TE 
Session 

Tasks 

8-9 The Two Friends Task: The Short Method 

 
Expressing the Short Method with Algebra Task:  

 
 
Interpreting the Short Method with Algebra Task 
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Table 8: Lesson Sequence of Days 6-10 (Continued)  

TE 
Session 

Tasks 

10 Interpreting Equivalence of Algebraic Expressions Task 
  

 

In the remainder of this chapter, I present evidence and analysis for the five mathematics 

practices comprising the learning trajectory. For each mathematics practice I present, I will 

introduce the practice and the normative ways of reasoning within that practice. After that, I 

present data and analysis in the form of arguments to make the case that these ways of reasoning 

came to FAIS via criteria using the DCA method. Because the evolution of the mathematics 

practices was quite complex, it was also important to include initial ways of reasoning related to 

each normative way of reasoning. However, providing an evidentiary case for these preliminary 

ways of reasoning was beyond the scope of this thesis, so within each section for an argument, I 

simply present a narrative account before presenting the results.  

Mathematics Practice 1: Stating a General Method 

 Mathematics Practice 1 documents students’ ways of reasoning of stating a general 

method. Harel and Soto (2017) note that students often rely solely on result pattern 

generalization without moving to the more sophisticated process pattern generalization (PPG).  

The PPG moves beyond discerning a number pattern and appeals to a logic that explains why a 

pattern is valid in general. This construct aligns with students’ reasoning about generalizing a 
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method observed in Mathematics Practice 1. Additionally, students can express a generalization 

in multiple ways, such as a written equation with algebraic notation or as a statement using 

everyday language. For instance, writing 1+8r differs from saying “one more than a multiple of 

8” (Zazkis & Liljedahl, 2002). Mathematics Practice 1 focuses on describing a general method 

verbally or in writing, while Mathematics Practice 2 (see next section) focuses on expressing a 

general method with algebra.  

 Mathematics Practice 1 comprises one normative way of reasoning, NWR 1.1, which 

presents evidence of stating a general method functioning as if shared. The way of reasoning 

observed in the dataset aligns most closely with the aforementioned process pattern 

generalization (PPG) and the use of everyday language to state a general method. As I will show, 

the students’ evolution of reasoning in stating a general method was complex for several reasons. 

First, stating a general method emerged in the pool context and was renegotiated in the game app 

context, with both contexts posing unique challenges. Second, students’ progress toward stating a 

general method was not straightforward or linear, meaning that they often indicated making 

progress but did not build on their prior meaning afterward. Still, through repeated opportunities 

to voice their interpretations and the use of novel tasks, this way of reasoning ultimately became 

normative.  

NWR 1.1 Stating a General Method 

 This section will provide evidence that stating a general method, as defined below, FAIS 

within the classroom community by Day 7. I define stating a general method using three 

characteristics. The first characteristic relates to students’ structural reasoning, which is putting 

elements in relationship to each other in a particular way. The second characteristic involves 

students’ ability to reason in generality, entailing reasoning without reference to specific 
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instances. The third characteristic involves appealing to a logic that explains why the relationship 

is valid. 

These characteristics are adapted from Harel and Soto’s (2017) process pattern 

generalization (PPG) construct, which similarly entails structure, generality, and the use of logic 

with explanatory power. I extend their construct of PPG by drawing on quantitative reasoning (in 

the sense of Thompson, 1990, as described in Chapter 2) as the basis for the explanatory power.  

For example, a quantitative interpretation of the general formula W = fd (where W is work, f is 

force, and d is distance) entails conceiving of work as a quantity, being created by applying a 

force to an object and thus, moving it some distance (Thompson & Saldanha, 2003). Such an 

interpretation not only grounds the meaning of the symbols in context but also explains why the 

formula is true in general. Thus, I consider a student to demonstrate evidence of stating a general 

method if the following three criteria are met: 

(a) Structure Criterion: the student mentions multiple elements of their method and how they 

are related rather than an isolated element. 

(b) Generality Criterion: the student describes the method without reference to specific 

instances.  

(c) Quantitative Criterion (or Logic Criterion): the student names or points to the quantities 

involved in their general method. 

 I present two arguments from Day 4 and Day 7 in the following sections. I then apply 

Criterion 2 from DCA (the shift of position of an argument element) and argue stating a general 

method shifted from the “warrant” position to the “claim” position. 
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Argument 1 

Preliminary Related Reasoning. In this subsection, I provide a narrative account (rather 

than an evidentiary case) of initial reasoning related to the emergence of stating a general 

method. In the initial days of the TE, students worked on the Pool Task (Figure 11), where they 

were asked to generalize Haleemah’s and ET’s method applied to pools of different sizes. 

Haleemah’s and ET’s method entailed adding the number of tiles in the left and right sides, 

including the corner tiles, together with the number of tiles in the top and bottom sides. Although 

students eventually stated this general method by Day 4, their path to doing so was neither linear 

nor straightforward. This journey is best illustrated through five whole-class discussions: two on 

Day 2 and three on Day 3, which ultimately contributed to students’ successful statement of a 

general method on Day 4. I summarize the five discussions next.  

On Day 2, students made progress in identifying isolated components of their method and 

appeared ready to generalize. For example, in discussing a video where Haleemah and ET 

articulated their method, Gisela and Esperanza noted that the corner tiles needed to be included 

on the left and right sides but should be omitted from the remaining sides, a key structural 

element of the method. However, they had not yet articulated the general method as adding 

together all of the components (the tiles on the left and right sides and the tiles remaining on the 

top and bottom after the corner tiles had been removed). Without this coordination, their 

reasoning fell short of satisfying the structure criterion. Later that day, students struggled to 

express Haleeemah’s and ET’s method with algebra. One student wrote an equation focusing on 

a Size 50 pool, which indicated a potential problem with the the generality criterion, the ability to 

reason without relying on specific instances.  
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 The students’ struggles in reasoning structurally and with generality became more evident 

in three whole-class discussions on Day 3. In the first discussion, the class reviewed the meaning 

for structural elements voiced on Day 2. However, rather than building on their prior ideas, 

students did not restate earlier ideas, nor did they spontaneously offer a general description of the 

method. The second discussion involved applying the method to a Size 12 pool shown on the 

board alongside other pool sizes. The exercise was intended to help students see patterns and 

relationships across pools. Instead, one student focused on the associative property of the 

addition in the method, and another described a completely different method for finding the total 

number of tiles in the border. Neither description provided evidence of stating a general method. 

In the third discussion on Day 3, the class revisited the algebraic equations they had attempted on 

Day 2. The teacher directly asked them which of their equations best captured Haleemah’s and 

ET’s method. In response, several students mentioned that the method need not count the corners 

twice, which was an important component of the method that was repeated throughout the 

session. However, this remained a partial description, not a full articulation of the method, and 

failed to satisfy the structure criterion.  

Across these five discussions, students had not yet stated a general method in a way that 

met the criteria for structure or generality. Their descriptions tended to focus on isolated 

components (e.g., not counting the corners twice) or specific numerical cases (e.g., a Size 50 

pool). They had yet to articulate the method as the tiles on the left and right sides and the tiles 

remaining on the top and bottom after the corner tiles had been removed and, therefore, did not 

yet FAIS.  

Background. Argument 1 took place during a whole-class discussion on Day 4, 

following student difficulties on Days 2 and 3 in articulating Haleemah’s and ET’s general 
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method. To support students, the teacher began by showing a video in which the video 

participants’ first instance of applying their method to a Size 10 pool. After watching and 

discussing, the teacher introduced a new task, one that had not appeared in the videos (Figure 

13). Unlike previous tasks, this one did not ask students to apply Haleemah’s and ET’s method to 

a specific pool size (e.g., Size 13). Instead, it asked students to determine whether one, both, or 

neither of the two visualizations captured Haleemah’s and ET’s method. The visualizations each 

depicted a distinct approach to finding the total number of tiles in the border. After working on 

the task in groups, the teacher asked Jose to present his group’s work at the board, where a 

recreation of the two visualizations with number labels was displayed (Figure 14).  

 

Figure 13: Comparing Visualizations Task: Different Methods 
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Figure 14: Jose Presenting his Group’s Work on the Comparing Visualizations Task 

Toulmin’s Scheme. Jose’s claim is that the visualization on the right (see Figure 14) 

shows Haleemah’s and ET’s method. His evidence is that this visualization counts the tiles on the 

left and right sides together with the tiles on the top and bottom, without counting the corners. 

The warrant, which connects the data to the claim, is that Haleemah’s and ET’s method involves 

two groups of tiles on the left and right and two groups of tiles on the top and bottom. The 

transcript in Table 9 reflects the speech patterns typical of children, characterized by informal 

language. A detailed analysis and interpretation of Jose’s speech will provide further 

clarification.  
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Table 9: Coding for Argument 1 of NWR 1.1 

Participant Speech Actions Code 
Jose I said the one on the right was 

the one Haleemah and ET’s 
method.1 I said that because it 
showed each…like the method 
that they counted the ones on the 
sidea with the cornersb and the 
ones on the top and bottomc 
were counting…. which were the 
ones that were left out without 
counting the corners.3d  

aPoints to the left and 
right sides of the pool on 
the right (see Figure 14). 
 

bPoints to top corner on 
the right side of the pool 
and to the bottom corner 
on the on the right side 
of the pool (see Figure 
14). 
 

cPoints to the sides on 
the top and bottom of 
the pool (see Figure 14). 
 

dGestures to the corners 
on the bottom side of the 
pool (see Figure 14).2  

  

1Claim  
2Data  
3Warrant  

Teacher Okay, so the one on the right, 
you’re saying that it’s counting the 
tiles on the left and the right-hand 
side?  

  

Jose Yes.    
Teacher And then they count the tiles on 

the top on the bottom without 
counting the corners? 

 
 

Jose Yes.  
 

 

   

When asked whether one, both, or neither of the visualizations captured Haleemah’s and 

ET’s method, Jose claimed that only the right visualization accurately represented the method. In 

support of his claim, Jose articulated Haleemah’s and ET’s method while pointing and gesturing 

toward the drawing on the board. These gestures function as data because they suggest that Jose 

saw the visualization as reflecting a method consistent with Haleemah’s and ET’s approach. His 
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explanation of the method serves as a warrant because it justifies why the visualization captures 

Haleemah’s and ET’s method. 

Furthermore, Jose’s description and behaviors satisfy the three criteria for stating a 

general method. The first criterion entails mentioning multiple elements of a method and how 

they are related. Rather than focusing on a single element of Haleemah’s and ET’s method (such 

as the method counts the corners twice), Jose referred to multiple elements and described how 

these elements related to each other. The first element Jose acknowledged was the number of 

tiles on the left and right sides. When he said, “They counted the ones on the side” and pointed to 

the left and right sides of the pool, I interpret this to mean that he viewed Haleemah’s and ET’s 

method as accounting for the number of tiles on the left and right sides. He then added that these 

sides were “with the corners” and pointed to the top and bottom corners on the right side of the 

pool, indicating that he saw the corners as a salient feature in the method.  

The second element Jose mentioned was the number of tiles on the top and bottom sides 

of the pool. Jose said, “And the ones on the top and bottom,” pointing to the sides on the top and 

bottom of the pool. His statement and gestures suggest that he viewed the method as additionally 

counting the number of tiles on the top and bottom sides. The third element that Jose 

acknowledged was the distinction between the tiles on the top and bottom and the tiles on the left 

and right sides. Jose noted that the top and bottom sides were “the ones that were left out without 

counting the corners” and gestured to the bottom corners of the pool, implying that he saw the 

method as leaving out the corner tiles on the top and bottom sides. Altogether, Jose demonstrated 

facility in putting the elements of Haleemah’s and ET’s method in relationship to each other in a 

way consistent with the general pattern they had been applying.  
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Additionally, Jose’s description satisfies the second criterion of stating a general method 

because he did not refer to specific instances (such as 13 tiles on the left side or 26 tiles on the 

left and right sides together), suggesting that he was reasoning in general terms. One may argue 

that these numbers are inscribed on the board during Jose’s explanation. However, these labels 

were written on the board prior to Argument 1, and Jose’s verbal and written statements of the 

method to not rely on these numbers. Finally, his description fulfills the third criterion because 

he named and pointed to the quantities involved in the method. For example, when he referred to 

“the ones on the side,” he pointed to the tiles on the left and right sides of the pool. His frequent 

references to “sides” and “corners,” combined with his gestures and the teacher’s precision in 

revoicing (e.g., “You’re saying that it’s counting the tiles on the left and right-hand side?”), 

provide evidence that Jose drew upon quantitative reasoning to explain why Haleemah’s and 

ET’s method was valid.  

A critical reader may argue that Jose’s language is too informal or imprecise to constitute 

a mathematically rigorous statement of the general method. However, additional evidence from 

his written work, shown in Figure 15, further suggests that he was reasoning structurally, in 

generality, and quantitatively, albeit using everyday language. In sum, I argue that Jose’s 

description qualifies as stating a general method, which, in Argument 1, functions as warrant. In 

the following argument, stating a general method will function as claim, signaling a shift in 

argument position.  
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Figure 15: Jose’s Written Response to the Comparing Visualizations Task 

Argument 2 

Preliminary Related Reasoning. The preliminary related reasoning discussed in this 

subsection took place in the game app context, which introduced a new layer of complexity for 

students. Unlike the pool context, where students were asked to generalize a single method 

already modeled by the video participants, the game app context required them to make sense of 

two different general methods demonstrated in the videos and then apply those methods to a new 

game app task. This shift introduced conceptual and logistical challenges.  

Specifically, students watched Haleemah and ET work on the Three Friends Task, which 

involved finding the total amount of money spent by three friends—Daniel, Kiaan, and Suado—

who each purchased a different number of game apps. From this scenario, two general methods 

emerged. The “long method” involved taking the number of apps each friend buys and 

multiplying by the cost per app, one at a time, before summing the amounts spent by the three 

friends. The “short method” involved adding the number of apps together and multiplying by the 

cost per app. Students were then asked to apply both methods to a new scenario: the Two Friends 

Task, involving two friends, Sofia and Manuel, who each purchased a different number of apps. 
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This context, illustrated in Figure 16 (with an example using $2 cost per app), required students 

to coordinate four methods in total: both the long and short methods, each applied to both the 

Three Friends and Two Friends scenarios.  

 

Figure 16: Example of Long and Short Methods Applied to a Price per App of $2 

A sequence of events on Day 6 highlighted students’ confusion about which method to 

generalize. The class began by watching a video of Haleemah and ET using what would later be 

labeled the “long method” for the Three Friends Task with a cost per app of $2. When asked to 

explain the method, one student, Esperanza, described it as “complicated” and proposed an 

alternative method, the one that would later be called the “short method.” The teacher clarified 

that the method Esperanza had proposed (the short method) would be revisited later, and asked 

the class to apply the method they had seen in the video (the long method) to a new situation: the 

Two Friends Task, with a cost per app of $3. The task was meant to guide students toward 

applying and ultimately generalizing the long method. However, several students adopted 

Esperanza’s method, resulting in two arithmetic equations: 5 • 3 + 3 • 3 = 24 and 8 • 3 = 24. The 

use of both methods indicated confusion about which method the students were meant to apply 

and ultimately generalize.  
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To direct the students’ focus to just one method, the teacher asked the class whether they 

wanted to generalize Esperanza’s shorter method or the original method from the video. The 

class chose Esperanza’s method. The teacher then asked students to apply this method to a new 

variation of the Two Friends Task, this time using a cost per app of $2.50. However, the 

confusion persisted. Once again, both the long and short methods appeared in students’ 

responses. When asked to explain the difference between the two, students struggled to articulate 

a distinction. Although they could apply each method correctly to different numerical inputs, 

they could not yet articulate the difference between the methods, which was necessary to 

generalize.  

Background. Argument 2 occurred on Day 7, as the class worked to resolve the 

confusion from Day 6. To help clarify the students’ understanding, the teacher introduced a 

naming convention. The two general methods were now referred to as “long method” and the 

“short method.” She also organized the board accordingly, creating a visual structure (see Figure 

16) that distinguished between the four variations: the long method applied to the Three Friends 

Task, the long method applied to the Two Friends Task, the short method applied to the Three 

Friends Task, and the short method applied to the Two Friends Task. The teacher directed the 

focus first on the long method. She asked students to rewatch a video from Day 6, in which 

Haleemah and ET applied the long method to the Three Friends Task using a cost per app of $2. 

The teacher then guided a discussion about the video by asking students to explain the meaning 

of the long method in their own words.  

Toulmin’s Scheme. In the exchange below (see Table 10), Gisela claims that the long 

method multiplies the number of apps a person has by the cost per app, one at a time. Her 
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subsequent elaboration that costs are calculated separately depending on how many friends there 

are functions as data.  

Table 10: Coding for Argument 2 of NWR 1.1 

Participant Speech Actions Code 
Teacher So could someone, in their own 

words, say, what is the long method?  
    

Rodolfo Extended.     
Teacher Extended. Gisela?   
Gisela The longer method…it means that 

multiplying the amount of games 
one person has by the price, one at 
a time.1   

 
1Claim 

Teacher Okay. Multiplying the…can you say 
that again?    

 

Gisela Multiplying the number of games.   
 

Teacher  Okay. I’ll write it up here, what you 
say. Multiplying the number of 
games… 

 
 

Gisela By the cost.  
 

 

Teacher Okay. I know. Okay. Games by the 
cost.   

 

Gisela But the costs separately, 
depending on how many friends 
there are.2  

 
2Data 

   

When students were asked to describe the long method in their own words, Gisela 

claimed that it meant “multiplying the amount of games one person has by the price, one at a 

time.” Because the central assertion was her interpretation of the long method, this utterance 

functions as claim. Gisela’s further explanation about the costs being separate (“but the costs 

separately”) depending on how many friends there are functions as data. This is because her 

elaboration clarified what she meant by “one at a time” in the claim. Her explicit mention of the 

costs being calculated separately supports why the long method would multiply the amount of 
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games one per has by the cost per app, rather than the approach used in the short method, which 

adds the number of apps all the friends have together and then multiplies by the cost per app.  

Furthermore, Gisela's description of the long method satisfies the three criteria for stating 

a general method. Her explanation satisfies the first criterion of structure by relating the three 

elements of the number of apps each friend buys, the cost per app, and the total amount spent by 

the friends. First, she mentioned that the long method means “multiplying the amount of games 

one person has by the price,” which relates the number of games to the cost per app via 

multiplication. She additionally mentioned that this process is done “one at a time” and 

“separately depending on how many friends there are.” Her statement refers to another element 

of the method: total amounts are calculated for each friend. For example, with the three friends, 

Danyal’s total amount is calculated first, followed by Kiaan’s and Suado’s. For the situation with 

two friends, Sofia’s total amount is calculated first and then Manuel’s. Hence, Gisela’s 

description satisfies the structure criterion.  

 Gisela’s explanation satisfies the second criterion (generality) because she did not refer to 

specific instances, such as the total amount of money spent by the friends when the cost per app 

is $3 or $2. Additionally, Gisela's explanation is grounded in the quantities of the game app 

context, thus satisfying the third criterion (quantitative). Had Gisela described the method as 

multiplying two numbers together multiple times, she would not have been engaging in 

quantitative reasoning. Instead, she named quantities by saying “the amount of games one person 

has” and “the price.” She also connected the cost per app to the friends by saying, “the costs 

separately depending on how many friends there are.” Therefore, her explanation satisfies all 

three criteria for stating a general method. 



  119 

Fulfilling Criterion 2 

 For NWR 1.1, I appeal to the second criterion of DCA, which involves a part of a 

previous argument shifting position in a subsequent related argument. A shift was evidenced in 

Arguments 1 and 2 because in Argument 1, stating a general method functioned as the warrant, 

whereas in Argument 2, stating a general method functioned as claim. Gisela’s explanation 

functioned as a claim because it directly responded to the teacher’s question, “What is the long 

method?” By contrast, in the pool context, Jose did not directly state the meaning of the method 

and instead stated the general method as a justification for answering the task at hand. The shift 

in stating a general method from “warrant” to “claim” satisfies Criterion 2 of DCA.  

Summary of NWR 1.1 and Mathematics Practice 1 

 Normative way of reasoning 1.1 consisted of students using everyday language to express 

their general methods, characterized by three characteristics: structure, generality, and 

quantitative reasoning. This way of reasoning functioned as if shared in the class by Day 7 via 

Criterion 2 of DCA. First, I presented an argument on Day 4 in the pool context, where stating a 

general method functioned as warrant. Afterward, I presented an argument on Day 7 and made 

the case that stating a general method shifted positions from “warrant” to “claim.”  

 Mathematics Practice 1 entailed students stating their general methods (NWR 1.1). In the 

process of generalizing a method from arithmetic to algebra, students’ initial descriptions of their 

method did not attend to the way that multiple elements in their method were related. While 

some students could articulate elements in isolation, stating the method as a whole was 

challenging. By Day 7, they could provide a verbal description of a method in general and 

exhibited greater facility in attending to relationships between elements involved. Namely, 

students could directly articulate their general method in response to the teacher's probe, “What 
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did the method mean?” which signaled a shift in their reasoning. Students’ challenges in stating a 

general method in Mathematics Practice 1 are related to their challenges in expressing their 

methods with algebra, which is explored in Mathematics Practice 2.  

Mathematics Practice 2: Expressing a General Method with Algebra 

Research on students’ meaning-making of literal symbols in algebra has highlighted 

several difficulties. These include not knowing the appropriate number of symbols to use 

(Molina et al., 2017), misunderstanding the relationship between symbols and the quantities they 

represent (Hackenberg et al., 2021), or not knowing that a literal symbol may take on multiple 

values (Knuth et al., 2005). To tackle these issues, the design of the TE aimed to promote 

productive meanings of literal symbols, for example, by first establishing a foundation of 

generalizing arithmetic, forming a general method, and only afterward expressing this method 

with algebra. If issues arose regarding the use of literal symbols, the teacher planned to show 

videos where the video participants overcame similar challenges. Therefore, it was anticipated 

that students would follow the planned hypothetical trajectory.  

 Contrary to expectations, the TE did not unfold as planned. On Day 2, students appeared 

to have formed a general method and were prepared to express it algebraically. The teacher, not 

knowing the extent of their struggles until subsequent analysis, moved forward prematurely by 

asking students to attempt to express the general method with algebra. The analysis later revealed 

that at that point, students had only grasped isolated components of their method (for more 

detail, see NWR 1.1). This led to an unexpected progression of ways of reasoning about literal 

symbols. Specifically, as I will show, the last and most sophisticated normative way of reasoning 

in this mathematics practice did not FAIS until Day 8, a day after stating a general method had 
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become normative. Despite these challenges, I will present evidence to claim that students 

progressed in developing two less sophisticated ways of reasoning, which FAIS by Day 4.  

 In this section for Mathematics Practice 2, evidence and analysis will be presented to 

claim that there were three normative ways of reasoning about students’ expressions of a general 

method with literal symbols. The first normative way of reasoning (NWR 2.1) involves students 

accepting an equation with three symbols (x, y, and B) when only two (x and B, with y defined as 

x – 2) were needed. NWR 2.2 shows students grappling with the quantities associated with y and 

x – 2 and eventually re-expressing the equation with three literal symbols as an equation using 

only x and B. Lastly, the third and most sophisticated normative way of reasoning in this 

mathematics practice (NWR 2.3) demonstrates how students built upon the quantitative meaning 

they had developed to express a general method where their literal symbols represented 

quantities that vary in value.  

NWR 2.1 Accepting an Equation with Three Literal Symbols as Valid When Only Two Are 

Needed  

This section presents evidence of accepting an equation with three literal symbols as 

valid when only two are needed FAIS in the classroom. While students may use a surplus of 

symbols in mathematically correct ways, using the fewest number of symbols necessary in 

algebra is desirable for several reasons. First, simplifying equations by minimizing the number of 

symbols makes mathematical statements clearer, facilitating easier communication of 

mathematical ideas. Second, reducing the number of symbols can often reveal important 

underlying patterns and relationships that provide insight into an algebraic structure.  

For example, a student could represent the area of a square using the equation L • W = A, 

where L represents the length of a side, W represents the width, and A represents the area. This 
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representation is not mathematically incorrect, assuming L and W are equal in a square. 

However, a student’s expression of the area using the formula L2 = A is more sophisticated 

because it simplifies the equation and reveals the important mathematical structure of A as 

representing a squared value. As the analysis will show, the use of more symbols than necessary 

was reflected in the observed dataset. Their re-expression of the equation with the fewest number 

of symbols needed is tackled in the section for NWR 2.2.    

In the following sections, I present two arguments on Days 2 and 4 and apply Criterion 2 

from the DCA method (an element of an argument shifting positions in a subsequent argument). I 

then make the case that the acceptance of an equation using three literal symbols shifted 

positions from “claim” to “data.” 

Argument 1  

Background. Argument 1 occurred on Day 2, where students worked in the pool-tiling 

context. Earlier that session, students worked to apply Haleemah’s and ET’s method to different-

sized pools. They also viewed and discussed a video where Haleemah and ET addressed the 

relationship between the tiles on different sides of the pool as representing a difference of two. 

Their work and discussions indicated that they had formed a general method and grasped the 

relationship between the sides of the pool, which could be symbolically represented as x – 2. 

Altogether, they appeared ready to express Haleemah and ET’s method as an equation with two 

literal symbols (i.e., x • 2 + (x – 2) • 2 = B).  

The students’ uncertainty in how to express Haleemah’s and ET’s general method became 

more apparent after the teacher asked them to work in groups to write an algebra equation. While 

she expected variations in their equations, she observed that almost all of the students had, in 

fact, written equations with three symbols on their sheets (e.g., x • 2 + y • 2 = T, c • 2 + s • 2 = B). 
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Anticipating that the video may address the unexpected uniformity in students’ responses, the 

teacher then showed another video of Haleemah and ET, where they wrote an equation using 

three literal symbols: x • 2 + y • 2 = B. Immediately before Argument 1, she paused the video 

where Figure 17 was shown and initiated a class discussion.   

 

Figure 17: Haleemah’s and ET’s Equation with Three Literal Symbols 

Toulmin’s Scheme. In this argument, the core assertion is that x • 2 + y • 2 = B is a valid 

symbolization for expressing Haleemah’s and ET’s general method. The evidence for the claim is 

that the literal symbols (x, y, and B) are not restricted to particular numeric values (or, as Felicia 

puts it, “those are unknown numbers”), which functions as data. 
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Table 11: Coding for Argument 1 of NWR 2.1 

Participant Speech Actions Code 
Teacher All right. What do we notice?    

Felicia  She has variables.    
Teacher She has variables?   
Felicia Yeah, it’s basically the same 

thing. Just without the actual 
numbers. Those are unknown 
numbers, but basically the 
same forms and everything.1  

 
1Data  

Teacher Okay. So, did people agree with 
this equation? Who had the 
same equation as Haleemah and 
ET?a 

 
Who had a different equation?b 

 
Do you want to talk about…Do 
you disagree with Haleemah 
and ET or they convinced you? 

aEight of the 12 
students raise their 
hand2 

 
bTwo students raise their 
hand 

2Claim  

Fatima No, they convinced me.  
 

 

 

I interpret the students’ response to the question, “Did people agree with the equation?” 

as the claim in this exchange. Their response involved eight of the 12 students raising their 

hands, suggesting that a majority of students accepted Haleemah’s and ET’s equation x • 2 + y • 2 

= B as valid. Felicia’s comment that the equation had “basically the same forms” but with 

“unknown numbers” functions as data because it implies that she viewed the equation as 

consistent with their previous work with arithmetic. By “unknown numbers,” Felicia meant that 

the literal symbols x, y, and B were not restricted to particular values. The implicit justification, 

or warrant, was that if the algebraic equation is in the same form as the arithmetic equations, then 

the algebraic equation is valid.  

Surprisingly, no student disagreed with the equation, suggesting that perhaps the students 

were struggling to see the relationship between y and x as representing a difference of two, which 
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could be symbolically represented as x – 2. I note here that the class’s agreement with 

Haleemah’s and ET’s equation x • 2 + y • 2 = B functions as the claim where it will later function 

as data.  

Argument 2 

Preliminary Related Reasoning. The students’ preliminary reasoning related to 

accepting an equation with three literal symbols as valid when only two were needed is best 

illustrated by three events on Days 2 and 3. On Day 2, during a discussion following Argument 

1, students initially struggled to make appropriate meaning for the symbol y in the equation x • 2 

+ y • 2 = B. For instance, Esperanza and Asma argued that y could represent any number without 

seeing y as a symbol that represented a value dependent on the value of x. Their reasoning shifted 

when Diego pointed out that y could not represent any number. He argued that if x represented all 

the tiles on one side, then y would necessarily exclude the corners. Building on this, Asma 

amended her initial claim by explicitly stating the dependent relationship between x and y with 

particular values (e.g., when x is 20, y is 18). This discussion marked progress toward 

understanding the relationship between x and y as y = x – 2, though they had not yet fully 

articulated the relationship.  

Students gained clarity on the dependent relationship between x and y after watching a 

video in which Haleemah and ET articulated that y was equal to x –2. This insight, however, did 

not immediately lead to a more sophisticated expression of the equation using two symbols. 

Following the video, while some students argued that y was unnecessary because x –2 was equal 

to y, they hesitated to omit y from the equation. For instance, when asked to predict Haleemah’s 

and ET’s re-expression for the equation, students ultimately wrote two versions of the equation 

that included y (i.e., x • 2 + y • 2 = B, (50 • 2) + (y • 2) = 196). The discussion revealed a 
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resistance to the use of the expression x – 2, a challenge and resolution explored further in NWR 

2.2.  

 By Day 3, students had made significant progress. They successfully re-expressed the 

original equation (x • 2) + (x – 2) • 2 = B by developing quantitative meaning for the symbols y 

and x – 2, which functioned as if shared near the session’s end (see NWR 2.2). However, 

immediately afterwards, some students still defaulted to using the initial equation x • 2 + y • 2 = 

B, but now with the explicit constraint that y = x – 2. Their use of the equation with three 

symbols indicated that while students seemed to have shifted to more sophisticated reasoning 

about the symbols y and x – 2, some felt more comfortable using the equation with three symbols 

when only two were needed.  

Background. Argument 2 occurred on Day 4, which focused on connecting the meaning 

the students had made for isolated components of Haleemah’s and ET’s general method on Days 

2 and 3. During the session, students tackled two tasks. The first involved comparing 

visualizations representing different methods, while the second focused on visualizations 

representing the same method. Before Argument 2, the students worked on the first task, where 

Jose fully described the general method (as detailed in Argument 1 of NWR 1.1). Argument 2 

occurred after group work on the second task, which required students to compare visualizations 

of the same method (Figure 18). Ahmed shared his group’s ideas in this discussion, explaining 

that both visualizations were equivalent because they showed the same grouping but on different 

sides. As he explained, he recreated the images from the task on the board and wrote the 

arithmetic equation (11 • 2) + (13 • 2) = 48 beneath the pools (Figure 19). The teacher then 

prompted Ahmed to elaborate on why the two visualizations captured the same method.  
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Figure 18: Comparing Visualizations Task: Same Method 

Toulmin’s Scheme. The argument I present below claims that both visualizations capture 

Haleemah’s and ET’s method. Ahmed’s evidence for the claim is that both visualizations use the 

same equation: x • 2 + y • 2 = B.   

Table 12: Coding for Argument 2 of NWR 2.1 

Participant Speech Actions Code 
Teacher Okay. So Ahmed says both of 

them are Haleemah’s and 
ET’s method1, because it’s the 
same circling, just different 
sides. Okay? And Ahmed 
mentioned something else in his 
group about what a method is.  

 
1Claim 

Ahmed  Oh, so they were using the 
same equations. So the 
equations were…or if I can 
use…so x times two plus y 
times two. So, they both use 
the same exact one.2  

Writes “x • 2 + 
y • 2” on the 
board (see 
Figure 19).  

2Data 

Teacher Whereas the other method…   
Ahmed While the other method was just 

12 times four. That’s it.   
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Figure 19: Ahmed Writing an Equation with Three Literal Symbols when Only Two Were 

Needed 

In response to the task, Ahmed claimed that both visualizations captured Haleemah’s and 

ET’s method. His initial grounds for this claim was that both visualizations used the same 

circling but different sides, but when the teacher probed him to elaborate, he provided a different 

justification. Ahmed articulated that both drawings “were using the same equations,” which 

functions as data. Then he wrote “x • 2 + y • 2,” suggesting that he viewed both visualizations as 

capturing Haleemah’s and ET’s method because they could be expressed using the same 

algebraic equation. The implicit warrant of Ahmed’s argument was that Haleemah’s and ET’s 

method can be expressed using the equation x • 2 + y • 2 = B. While one may have expected 

Ahmed to refer to the equation x • 2 + (x – 2) • 2 = B, which had been previously formed and 

discussed, Ahmed instead wrote “x • 2 + y • 2.”  

When Ahmed wrote the expression “x • 2 + y • 2,” I interpret this to be shorthand for the 

equation “x • 2 + y • 2 = B.” One may argue that because Ahmed explicitly uses two literal 

symbols, the exchange does not provide sufficient evidence that he is referring to an equation 

with three literal symbols. However, on Days 2 and 3 before Argument 2, students had been 
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viewing videos and discussing the equation x • 2 + y • 2 = B, which suggests that when Ahmed 

said “they were using the same equations,” he was referring to x • 2 + y • 2 = B. Thus, despite 

omitting the third literal symbol, I argue that the exchange provides evidence that Ahmed relied 

on an equation with three literal symbols when only two were needed.  

Fulfilling Criterion 2  

 Criterion 2, which entails an element of an argument shifting positions in Toulmin’s 

scheme, was fulfilled by Arguments 1-2. In Argument 1, accepting an equation with three literal 

symbols as valid when only two were needed functioned as “claim” because students accepted 

equation x • 2 + y • 2 = B as valid. Ahmed later used the equation x • 2 + y • 2 = B as grounds for 

a different claim, which indicated a shift in position from “claim” to “data,” therefore satisfying 

Criterion 2.  

Summary of NWR 2.1 

 This normative way of reasoning focused on students’ acceptance of the equation with 

three literal symbols (x, y, and B) as valid when only two are needed (x and B). This NWR 

functioned as if shared by Day 4 via Criterion 2 of DCA. The fact that the equation x • 2 + y • 2 = 

B was accepted as valid FAIS on Day 4 was especially surprising because of the re-expression of 

the equation as an equation using two literal symbols FAIS the previous day. However, I noted 

that while the acceptance of an equation with three literal symbols becoming normative was 

neither intended nor desired, students made progress in making meaning of the symbol y in the 

equation x • 2 + y • 2 = B. Specifically, they shifted from conceiving of y as representing any 

numeric value to conceiving of y as a quantity that depended on x. A discussion about why the 

preference for the equation with three literal symbols persisted even after the equation with two 

symbols functioned as if shared is presented in the Discussion section at the end of this chapter.      
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NWR 2.2 Re-expressing an Equation with Three Literal Symbols Using Only Two Literal 

Symbols  

Whereas the section for NWR 2.1 presented evidence that students came to accept an 

equation with three literal symbols, this section for NWR 2.2 will present evidence that students 

re-expressed their equation with three literal symbols using only two literal symbols. As I will 

show, re-expressing the equation x • 2 + y • 2 = B as (x • 2) + (x – 2) • 2 = B came to function as 

if shared in the classroom. In the subsequent sections, I present three arguments: Argument 1.A, 

Argument 1.B, and Argument 2. Arguments 1.A and 1.B take place within the same whole-class 

discussion but are presented separately to highlight an important transition related to the eventual 

acceptance of the re-expression of the equation x • 2 + y • 2 = B as (x • 2) + (x – 2) • 2 = B on 

Day 3. All three arguments occurred back-to-back on Day 3. Afterward, I apply Criterion 2 from 

DCA, making the case that one part of Argument 1.B shifted positions in the subsequent 

argument.   

Argument 1.A 

Preliminary Related Reasoning. As was discussed in the section for NWR 2.1, on Day 

2, more students than expected used three literal symbols rather than two to express Haleemah’s 

and ET’s method. After forming the equation x • 2 + y • 2 = B, they made progress in seeing that 

y depended on x, but they initially did not explicitly state that y was equal to x – 2 and omitted 

quantitative meaning for their symbols (for more detail see the Preliminary Related Reasoning 

subsection for Argument 2 of NWR 2.1). The teacher then showed a video of Haleemah and ET 

where they made explicit the relationship between x and y as y = x – 2 and paused the video just 

before Haleemah and ET re-expressed their equation as (x • 2) + (x – 2) • 2 = B. She then 

facilitated a discussion about the ideas in the video, in which two students revoiced that y was 
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not needed because y = x – 2, suggesting they were ready to re-express their initial equation as (x 

• 2) + (x – 2) • 2 = B.  

However, to the teacher’s surprise, when asked to predict Haleemah’s and ET’s new 

equation, they had difficulty re-expressing the equation as (x • 2) + (x – 2) • 2 = B. Maricruz 

initially wrote “(x • 2)” but was unsure how to express the next term. Aislyn attempted to finish 

the equation and then wrote “(y • 2),” crossed it out, and wrote “(x – 2) + (y • 2)” in the space 

above. It was still not clear whether Aislyn was attempting to write the equation (x – 2) + (y • 2) 

= B, the equation (x • 2) + (x – 2) + (y • 2) = B, or something else entirely. Maricruz eventually 

wrote “(x • 2) + 2(x – 2) = B.” Lastly, Kaelyn wrote another equation with a “y,” namely, “(50 • 

2) + (y • 2) = 196,” as shown in Figure 20. In sum, although Maricruz ultimately formed an 

equation with two literal symbols, the discussion revealed that this way of expressing 

Haleemah’s and ET’s method was not yet functioning as if shared in the classroom. 

 

Figure 20: Students’ Initial Attempts at Re-expressing an Equation with Three Literal Symbols 

Using Two Literal Symbols 

The students’ struggles became more apparent on Day 3 when their descriptions of 

Haleemah’s and ET’s general method revealed they had only developed meaning for isolated 

components (for more detail, see the Preliminary Related Reasoning subsection of Argument 1 
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for NWR 1.1.). For example, in a discussion revolving around negotiating the meaning of the 

algebraic equations they had formed on Day 2, one student claimed all of them because they 

demonstrated not counting the corners twice. This comment indicated that some students viewed 

x – 2 as representing “not counting the corners twice,” which failed to consider the meaning of 

each number and symbol in the pool context. It appeared that without the proper quantitative 

meaning for x – 2, students could not use the idea that y was equal to x – 2 to re-express their 

equation using only two symbols.  

Background. Argument 1.A occurred on Day 3 during the whole-class discussion about 

the meaning of the algebraic equations they had formed on Day 2. Argument 1.A occurred 

immediately after the teacher asked the class whether the second equation, x • 2 +2(x – 2) = B, 

captured Haleemah’s and ET’s method. In the exchange below, Aislyn compares the equation 

written on the top in Figure 21 to the second equation, (x • 2) + 2(x – 2) = B.  

 

Figure 21: Revisiting Initial Attempts at Re-expressing an Equation with Three Literal Symbols 

Using Two Literal Symbols 
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Toulmin’s Scheme. The claim in the exchange presented below is that the equation x • 2 

+ 2(x – 2) = B captures Haleemah’s and ET’s method. The evidence (data) that students present 

for this claim is that when x = 12, x • 2 + 2(x – 2) = B is a true statement. The warrant is that (y • 

2) is equal to 2(x – 2).  

Table 13: Coding for Argument 1.A of NWR 2.2 

Participant Speech Actions Code 
Aislyn The one on the top only shows 

the equation for one side, like 
the bottom side and that one 
illustrates it more.1 I think the 
y times two is equal to two of 
x minus two.2 

 1Claim 
2Warrant 

Teacher Okay, Aislyn said something 
really interesting. Who heard 
what she said? Who wants to 
repeat what Aislyn just said? 
Ahmed do you want to go? 
Could you go? 

  

Ahmed So, what she said was, in this 
equationa, let's say thisb… 
there's this one side that's 12b 
12 times two equals 24, plus 
12, x minus two. x minus two 
equals 10, which equals 
answer.c 3 But if you also just 
remove two, and just put y, y 
equals x minus two.2 

aPoints to the equation 
(x • 2) + 2(x – 2) = B 
  
bGestures an 
imaginary square on 
the bottom left of the 
board  
 
cPoints to each number 
in the equation (x • 2) 
+ 2(x – 2) = B 

3Data 
2Warrant 

  

Aislyn’s first utterance includes a claim that (x • 2) + 2(x – 2) = B better illustrates 

Haleemah’s and ET’s method as opposed to an equation that includes (x – 2) by itself. As 

mentioned previously, “the one on the top” could refer to the equation (x – 2) + (y • 2) = B, the 

equation (x • 2) + (x – 2) + (y • 2) = B, or something else entirely. However, Aislyn’s mention of 

“equation for one side, like the bottom side” suggests that she was referring to an equation 
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including the expression (x – 2), which represents the number of tiles on the bottom side as 

opposed to 2(x – 2), which accounts for both sides. She followed her comment by stating, “that 

one illustrates it more,” which I interpret as functioning as her claim that the second equation, (x 

• 2) + 2(x – 2) = B, is more representative of Haleemah’s and ET’s method. 

 A critical reader may interpret Aislyn’s initial utterance about the top equation to function 

as data. While it may be true that Aislyn is making a separate argument about the comparison 

between the top equation, including x – 2 and the equation (x • 2) + 2(x – 2) = B, Aislyn’s 

acknowledgment of (x • 2) + 2(x – 2) = B as valid also functions as the claim for Ahmed’s 

subsequent argument. This argument focuses on negotiating the validity of (x • 2) + 2(x – 2) = B 

between Aislyn and Ahmed, so I coded Ahmed’s utterance as data.  

 Indeed, when asked to repeat what Aislyn said, Ahmed explained why the second 

equation held with an example of x = 12, which functions as data. His gestures, which include 

pointing to each number and symbol in the equation (x • 2) + 2(x – 2) = B, suggest that he was 

supporting her claim that (x • 2) + 2(x – 2) = B does in fact capture Haleemah’s and ET’s method. 

His empirical evidence demonstrates that the equation yields the correct result with a specific 

value of 12.  

The warrant in the argument is Aislyn’s statement about the relationship between y • 2 

and 2(x-2), which provides a more general justification for why (x • 2) + 2(x – 2) = B is valid. 

Previously, the students had agreed upon (x • 2) + y • 2 = B a valid expression of Haleemah’s and 

ET’s method. They were still negotiating whether (x • 2) + 2(x – 2) = B could be valid, but here, 

make the connection that y • 2 is actually equal to 2(x – 2). For example, Aislyn stated, “I think 

the y times two is equal to two of x times two,” and Ahmed similarly said, “if you just remove 

two, and just put y, y equals x times two.”  
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This exchange is evidence of re-expressing the equation with three literal symbols as x • 2 

+ 2(x—2) = B. Ahmed and Aislyn acknowledged that this equation was valid by saying, “That 

one illustrates it more,” and by substituting a specific value to check its validity. In the following 

argument, which occurs immediately after Argument 1, A, the class negotiates specifically why y  

= x—2 by attaching quantitative meaning to their symbols.  

Argument 1.B. 

Background. The exchange presented in Argument 1.B. occurs immediately after 

Argument 1.A, where the teacher asks Ahmed to elaborate on why he thought y was equal to 

 x – 2.  

Toulmin’s Scheme. In the following discussion, Ahmed claims that y is equal to x – 2. 

Asma supports this claim by explaining that when x is equal to 50, which is illustrated in the 

equation (50 • 2) + (y • 2) = 196, y is equal to 48, which gives the correct answer. Her empirical 

evidence functions as data. Ahmed and Maricruz provide a warrant that y represents taking the 

original side, x, subtracting by two tiles. 
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Table 14: Coding for Argument 1.B of NWR 2.2 

Participant Speech Actions Code 
Teacher Okay, Ahmed said y equals x 

minus two.  
 1Claim 

Kaelyn Wait, can you repeat that? 
Why? 

  

Teacher Yes, could you explain again?   
Ahmed Y equals x minus two1 because 

you’re going to have to 
subtract two from both sidesa, 
two times.2  

aPoints to the top and 
bottom sides of the 
imaginary square  

1Claim 
2Warrant 

Teacher So, what is y?   

Esperanza Y is 40…   

Maricruz The original side, like when 
you had 12 there, you're just 
subtracting two from that.2 So 
you really don't need x in order 
to get y.  
 

 2Warrant 

Asma So, it's 48 even in this 
equation it's 48.3 

 3Data 

Teacher In which equation?   

Ahmed The last one.    

  

This argument concerns the underlying reason that y is equal to x – 2. Therefore, y 

equaling to x – 2 functions as the claim. Asma supports this claim using an example with x = 50, 

which functions as data. She said, “It’s 48, even in this equation, it’s 48.” I interpret this to mean 

that when x = 50, then y = 48, which supports the claim that the relationship between x and y is y 

= x – 2. She referred to “this equation,” which Ahmed later clarified was the equation (50 • 2) + 

(y • 2) = 196. Asma’s substitution of y with 48 indicates that she viewed y and x – 2 as equal to 

48 when x equals 50.  

The warrant in the argument is the quantitative meaning attached to y, which Ahmed 

argued represented taking the original side, x, and subtracting by two tiles. Ahmed said, “y equals 

x minus two because you’re going to have to subtract two from both sides, two times.” By “both 
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sides,” Ahmed likely meant the top and bottom sides of the pool, which would imply that he was 

viewing y and x – 2 as representing the number of tiles on the top or bottom sides subtracted by 

two. I interpret his utterance “two times” to refer to the fact that the subtraction occurs twice, 

once for the top side and once for the bottom side. Algebraically, this action is represented by the 

multiplication of x – 2 by two. Ahmed’s grounding of the symbols in quantitative meaning marks 

a shift from prior reasoning, which focused on the pattern of a numeric difference of 2 (e.g., 

when x is 50, y is 48; when x is 20, y is 18). Furthermore, the idea that y is equal to x – 2 

functions as claim in this argument, whereas it will function as warrant in the following 

argument.  

Argument 2 

Background. Immediately following the previous argument, the teacher showed a video 

where Haleemah and ET wrote the equation x • 2 + (x – 2) • 2 = B, and the following voiceover 

was shown, which summarized the video participants’ work up until that point:  

Haleemah and ET have discovered a lot. The left-hand side of their first equation, x times 

two, plus y times two, involves two variables: x, which represents the number of tiles on 

the left and right side, and y, which was the number of tiles on the top or bottom. The 

lefthand side of their second equation only uses x. Haleemah and ET realized that they 

didn't need the other variable, y because y was just x minus two. They solved this using 

an example of the 50 by 50 pool. Where the number of tiles at the top could be expressed 

as the number of tiles on the side, subtracted by two to not include the corners twice. 

Their new equation, x times two, plus the quantity x minus two times two equals B, 

showed this relationship perfectly. Next, they'll reflect on the meaning of each symbol. 
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The teacher then asked the students to explain Haleemah’s and ET’s equation in the context of 

the video they had just viewed.    

Toulmin’s Scheme. Maricruz’s claim in the following exchange is that x ∙ 2 + y • 2 = B 

can be rewritten as x • 2 + (x – 2) • 2 = B. She asserts that y = x – 2 as grounds for supporting her 

claim, functioning as data.  

Table 15: Coding for Argument 2 of NWR 2.2 

Participant Speech Actions Code 
Teacher Can someone come up and sort 

of explain Haleemah’s and ET’s 
algebra equation. So, I’m going 
to have her come up, and 
someone from your group come 
up and add on to it, and then 
your group, and then your 
group, and then we’ll end.  

  

Maricruz So they basically just figured 
out that y isn’t really needed 
in the equation. Cause the y is 
just x minus two.1 So, you can 
just rewrite it as x minus two, 
times two. Like this, I don’t 
know how to say it. Is it like, 
two times the quantity of x 
minus two.2 

 1Data  
2Claim  

  

Maricruz stated, “so you can just rewrite it as…two times the quantity of x minus two,” 

suggesting that she thought that x • 2 + y • 2 = B could be rewritten as x ∙ 2 + (x – 2) • 2 = B. This 

assertion functions as the claim because it is the primary realization of the video participants, 

summarized in the voiceover. Her claim drew on the idea that y is equal to x – 2 (“cause the y is 

just x minus two”), which functions as data. By contrast, students’ initial explanations on Day 2 

recognized that y was equal to x – 2 but failed to use this equivalence to argue how x • 2 + y • 2 = 

B could be re-expressed as x • 2 + (x – 2) • 2 = B.  
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Fulfilling Criterion 2 

Criterion 2 was satisfied on Day 3 because of a shift in position of a part of Argument 1.B 

changing positions in Argument 2. In Argument 1.B, the claim was that y was equal to x – 2. This 

claim was made as a follow-up argument to Argument 1.A, which discussed the validity of an 

equation using two literal symbols: (x • 2) + 2(x – 2) = B. In Argument 2, the previously 

expressed idea that y = x – 2 functioned as data supports the claim that the equation with three 

literal symbols could be rewritten as an equation with two literal symbols. Therefore, the shift in 

argument position indicates that re-expressing an equation with three literal symbols using only 

two literal symbols became normative in the classroom via Criterion 2.  

Summary of NWR 2.2  

 Normative way of reasoning 2.2 explored students’ re-expression of an equation with 

three literal symbols as an equation using only two literal symbols: (x • 2) + 2(x – 2) = B. The 

NWR functioned as if shared by Day 3 via Criterion 2 of DCA. Students initially struggled to see 

how the equivalence of y and x – 2 would translate into a re-expression of their initial algebraic 

equation. However, it appeared that their re-expression of the equation with three literal symbols 

progressed naturally from the emergent idea that y depended on x, which was voiced on Day 2. 

Additionally, the instructional support of the teacher asking them to explicitly state the 

quantitative meaning of y and x – 2 and watching a video voiceover seemed to help consolidate 

several complex ideas.  

 

 A critical reader may wonder how students could re-express their equation using two 

symbols on Day 3 before verbally stating their general method, which was first articulated by 

Jose on Day 4 (Argument 1 for NWR 1.1). Indeed, by Day 3, students had only grasped pieces of 
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the method and had not yet articulated it in its entirety. However, some evidence suggests that 

students could draw upon emergent ideas before becoming normative. For instance, it seemed 

that students made progress by drawing on the emergent meaning they had developed for pieces 

of the method on Day 2 (e.g., the method does not count the corners twice). It may also be the 

case that stating a general method in its entirety is necessarily a prerequisite to writing a 

mathematically correct, simplified expression with algebra. It is telling, however, that the last 

and most sophisticated normative way of reasoning in this mathematics practice did not FAIS 

until Day 8, a day after stating a general method had become normative, which I explore next.  

NWR 2.3 Expressing a General Method with Literal Symbols that Represent Quantities 

with Varying Values  

This section will focus on the third and final NWR in this mathematics practice, which is 

expressing a general method with literal symbols representing quantities with varying values. As 

stated in the introduction of this mathematics practice, students struggled to appropriately 

express their general method using literal symbols without the foundation of stating a general 

method. Specifically, it was observed in the dataset that one challenge that students faced was 

distinguishing between fixed quantities and quantities with varying values and later expressing 

these quantities with literal symbols. However, as I will show, by drawing on the quantitative 

meaning they had developed throughout the TE, expressing a general method with literal 

symbols that represent quantities with values that vary came to FAIS in the classroom by Day 8.  

I present two arguments on Days 6 and 7 in the following sections. I apply Criterion 1 

from the DCA method, which entails a warrant becoming implicit in a student’s argument. I 

argue that expressing a general method with literal symbols that represent quantities with varying 

values is explicit in Argument 1 and becomes implicit in Argument 2.  
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Argument 1 

Preliminary Related Reasoning. In this subsection, I discuss initial reasoning related to 

the emergence of NWR 2.3 during Day 6 as they worked in the context of the game apps. As 

mentioned in the Preliminary Related Reasoning subsection of Argument 2 for NWR 1.1, 

students applied both the short method (adding the number of apps and multiplying by the cost 

per app) and the long method (multiplying the number of apps by the cost per app for each 

friend, one at a time) to costs per app of $2 and $2.50 but did not agree upon which method to 

generalize. For instance, although students were asked to apply only the short method to a cost 

per app of $2.50, one student shared their solution as (5 + 3) = 8 • 2.50 = 20 (representing the 

short method). Another shared their solution as 5(2.50) + 3(2.50) = 20 (representing the long 

method). Without a statement of these general methods, which would function as if shared by 

Day 7, the students would have difficulty developing adequate quantitative meaning for their 

literal symbols.   

 On Day 6, when asked to express their general method with algebra, several students 

attached quantitative meaning to their symbols. Still, they did not see the need for their symbols 

to represent a quantity with varying values. For instance, when asked to share her ideas, Marisa 

wrote the equation x + x = x, explaining that the equation represented 5 + 3 = 8. Marisa’s 

explanation did not treat x as a symbol that could take on varying values. Instead, she used x to 

represent the fixed quantities of 5, 3, and 8 and argued that x could represent different quantities 

because 5, 3, and 8 each represented a number of apps. Thus, while she attached quantitative 

meaning to the literal symbol x as a number of game apps, she did not yet view her literal 

symbols as needing to represent a quantity that varied in value.  
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Background. Argument 1 occurred after Marisa discussed the equation x + x = x. She 

additionally wrote the equation y • x = B and explained that it represented 8 • 2.50 = 20. (One 

interpretation of this equation is that y represented a number of apps, x represented a cost per 

app, and B represented the total amount spent by the friends, although an evidentiary case is 

beyond the scope of this analysis). The two arithmetic equations, (5 + 3) = 8 • 2.50 = 20 and (5 • 

2.50) + (3 • 2.50) = 20 as well as Marisa’s two algebraic equations, x + x = x  and y ∙ x = B were 

shown (Figure 22).  The teacher asked Felicia to add onto Marisa’s ideas by coming to the board. 

 

Figure 22: Board Work Before Argument 1 

Toulmin’s Scheme. Felicia’s claim in the exchange below is that the methods could be 

represented algebraically by 5x + 3x = 8x. The data is that x represents the cost per app, which is 

the quantity with varying values. Her warrant is that each time a method is applied, the cost per 

app is a different value.  
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Table 16: Coding for Argument 1 of NWR 2.3 

Participant Speech Actions Code 
Teacher Wait, wait, wait. Felicia has an 

idea.  
  

Felicia Could we also put it as five x 
plus three x equals eight x?1 
Does x represent the cost? 
Because the cost kind of 
changes2 since each one will 
be a different cost.3 Could we 
do that instead? Or not instead, 
but is that another way?  

 1Claim  
2Data  
3Warrant 

Teacher Is this another way? Teacher writes “5x + 
3x = 8x” on the board. 

 

Felicia  Yeah.    
  

While Felicia uses the equation 5x + 3x = 8x, I do not interpret this moment as evidence 

that she viewed 5x + 3x and 8x as equivalent expressions. That interpretation is taken up more 

fully in Mathematics Practice 5, where I analyze how students developed quantitative meanings 

for the two equivalent expressions by Day 10. Instead, the focus of the analysis of this argument 

is Felicia’s meaning for the symbol x.   

In response to the teacher’s question of how to represent their method algebraically, 

Felicia offered the equation 5x + 3x = 8x, which functions as her claim. The meaning of the 

literal symbol x as a cost per app that changes functions as data because it supports her use of x 

in place of the changing quantity rather than a fixed quantity (e.g., 5, 3, or 8). By contrast, 

Natalie used x to represent the fixed quantities of 5, 3, and 8 in her equation x + x = x. Lastly, 

Felicia’s justification of why the cost per app was differing functions as warrant. Felicia justified 

why the cost per app varied by stating, “since each one will be a different cost.” When Felicia 

said “each one,” I interpret this to mean each time the method is applied. For instance, they had 

been asked to apply the short method to the cost per app of $2 and $2.50.  
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 Felicia’s comments provide evidence that she viewed the literal symbol x as a quantity 

with varying values. She first named the quantity associated with x as the “cost,” which I take to 

mean the cost per app. She then articulated that x “changes since each one will be a different 

cost.” Her use of the word “changes” to refer to the symbol x suggests she sees x as taking on 

values that vary. This meaning for literal symbols is explicitly stated in the data and warrant. In 

the next argument, expressing a general method with literal symbols that represent quantities 

with varying values will become implicit in a student’s argument.  

Argument 2 

Preliminary Related Reasoning. Following Argument 1, students continued to negotiate 

which method to generalize and how to express their generalizations with algebra, with some 

continuing to agree with the equations x + x = x and y • x = B. Accordingly, on Day 7, the teacher 

made several adjustments. First, she facilitated a discussion on stating the long method, 

culminating in this idea FAIS at the outset of Day 7 (see NWR 1.1). Second, she observed that 

another challenge may have stemmed from students’ focus on the difference in the number of 

apps in the Three Friends Task (i.e., 3, 4, and 2) and the number of apps in the Two Friends Task 

(i.e., 5 and 3) rather than the changing value of the cost per app (e.g., $2, $2.50, $3). Therefore, 

the teacher clarified that in the Two Friends Task, 5 and 3 would always stay the same and 

regularly asked the students questions such as, “What is changing?” to encourage a meaning for 

the literal symbol x as a quantity with varying values. 

Throughout the rest of Day 7, students made progress in their meaning for symbols. For 

instance, when asked to apply the long method to costs per app of $2 and $2.50, students could 

point to the cost per app as the changing quantity. They worked in groups and ultimately wrote 

the equation 5x + 3x = B, where x represented the cost per app, and B represented the total 
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amount spent by the friends. Additionally, when asked “what is changing,” students explicitly 

and frequently responded with the “cost per app.”  

Background. Argument 2 occurred on Day 8. The students spent the first half of the 

session interpreting the quantities associated with each number and term in the arithmetic 

equation (5 • 7) + (3 • 7) = 56 (see Mathematics Practice 3 for more details). In the second half 

of the session, the teacher asked the students to imagine that she was thinking of an unknown 

number representing the cost per app, to which several students called out different numbers that 

it could be, including 8, 26, 7, 10, and 15. The teacher clarified that the number was unknown 

and asked them to explain how to get the total amount spent by the friends.  

Toulmin’s Scheme. The claim in the exchange is that the long method involves taking 

five apps times the cost per app. The data is that the number of apps, 5 and 3, do not change. 

Lastly, the implicit warrant is that the cost per app is the quantity that varies.  

Table 17: Coding for Argument 2 of NWR 2.3 

Participant Speech Actions Code 
Teacher How would you describe how 

to find the total amount spent? 
  

Marisa Person one’s apps times cost. 
So, it’s like, person one’s apps 
times cost. And then like, 
person two.1 Because the apps 
don’t change, right? Or the 
apps do change? 

 1Claim 

Student The apps don’t change.2   2Data 
Teacher They don’t.2  2Data  
Marisa Oh okay, so it’s like five apps 

times cost.1  
 1Claim 

Teacher Times cost, or cost per app?   
Marisa Cost per app.1   1Claim 
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Argument 2 focuses on Marisa’s description of the part of the long method that finds 

Sofia’s total amount spent, involving taking the number of apps she purchased multiplied by the 

cost per app. Marisa initially claimed that the long method took “person one’s apps times cost” 

but later corrected her statement to “five times cost [per app].” I argue that Marisa’s amended 

claim relies on the idea that Sofia’s number of apps, 5, does not change, which is evidenced in 

the back-and-forth exchange between Marisa, the student, and the teacher. Marisa stated, 

“Because the apps don’t change, right?” followed by the student’s statement, “The apps don’t 

change,” and the validation by the teacher when she said, “They don’t.” The exchange serves as 

grounds for Marisa’s use of the number 5 as a fixed, known amount rather than the more general 

“person’s one apps” and, therefore, functions as data.   

 I argue that Marisa’s description of the long method relies on an implicit warrant of the 

meaning of the cost per app as a quantity whose values vary. The implicit warrant is evidenced 

by the presence of a fixed quantity meaning (e.g., “the apps don’t change”) and the absence of a 

meaning where the cost per app represented a quantity with varying values (e.g., “the cost per 

app changes”). Additionally, Marisa’s statement shifted from “person 1’s apps times cost” to “5 

apps times cost,” suggesting that she viewed the fixed quantity interpretation as applying to the 

number of apps but not to “cost.” The absence of an explicit statement clarifying this meaning 

likely reflects that they did not feel the need to fully articulate the warrant.  

Fulfilling Criterion 1 

 Criterion 1 was satisfied on Day 8 due to expressing a general method with literal 

symbols that represent quantities with varying values becoming implicit in Argument 2. In 

Argument 1, students negotiated which quantity could be represented by an algebraic symbol and 

needed to explicitly state that the symbol should represent that quantity that is varying. 
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Following the expression of their method as 5x + 3x = B on Day 7, the meaning for the literal 

symbol as a quantity that varied no longer appeared in their argumentation. In particular, on Day 

8, the implicit warrant of Argument 2 of the cost per app as a quantity with varying values did 

not need to be fully articulated. Hence, Criterion 1 of the DCA method is satisfied.  

Summary of NWR 2.3 

 Normative way of reasoning 2.3 explored students’ expression of a general method with 

literal symbols representing quantities with varying values, which came to function as if shared 

by Day 8 via Criterion 1. Students’ difficulties articulating a general method on Days 2 and 6 

(see Mathematics Practice 1, NWR 1.1 for more detail) made it challenging to appropriately 

express their general method using literal symbols. Students’ initial meaning for symbols did not 

distinguish whether the quantitative meaning for their symbols varied or was fixed (e.g., x 

represents “5 number of apps”). After repeated questioning (e.g., What is changing?), students no 

longer needed to fully articulate that the cost per app represented a quantity that was varying. 

This way of reasoning becoming normative also signaled progress in students’ ability to attach 

appropriate quantitative meaning to their symbols, contrasting previous NWRs where 

quantitative reasoning was absent (as in NWR 2.1) or emerging (as in NWR 2.2).  

Summary of Mathematics Practice 2 

 Mathematics Practice 2 presented evidence for students’ ways of expressing their general 

methods with algebra. While it was intended for the final normative way of reasoning, 

expressing a general method with literal symbols that represented quantities with varying values, 

to become normative earlier in the TE, challenges in students stating a general method along 

with a misalignment of teaching decisions and students’ readiness to symbolize hindered their 

progress. Nevertheless, two less sophisticated normative ways of reasoning emerged over Days 
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2-4, including accepting an equation with three literal symbols when only two were needed 

(NWR 2.1) and re-expressing that equation using only two literal symbols. (NWR 2.2). These 

normative ways of reasoning set the stage for the eventual acceptance of expressing a general 

method using literal symbols that represented quantities with varying values (NWR 2.3).  

 I presented evidence for NWR 2.1 that showed more students than expected using three 

symbols instead of two to write an equation that expressed their general method. Initially, 

students saw y as an arbitrary symbol representing any number but later began to see it as 

dependent on x. In NWR 2.2, students made progress by developing quantitative meaning for the 

symbols y and x – 2. This enabled them to re-express the equation with three symbols using only 

two symbols, which FAIS on Day 3. Surprisingly, even after forming and discussing the new 

equation, some students still defaulted to the initial equation using three literal symbols, leading 

them to accept the equation as valid, which FAIS by Day 4. Finally, in NWR 2.3, they built upon 

the quantitative meaning they had developed throughout the TE and expressed their general 

method by grounding their symbols in quantitative meaning. Specifically, they came to 

distinguish between fixed quantities and quantities with varying values and appropriately related 

their symbols to the quantities they represented.  

Mathematics Practice 3: Interpreting Arithmetic Expressions from Multiple Perspectives 

Mathematics Practice 3 focuses on how students interpreted arithmetic expressions from 

multiple perspectives. According to Sfard and Linchevski (1994), mathematical expressions can 

be conceived of as both procedures to be carried out (processes) and as entities that can be 

operated on (products). Expressions conceived of as processes or products can additionally be 

seen quantitatively, which entails conceptualizing aspects of the expressions as “things that can 

be measured” (Thompson, 1994, p.6). Students used both quantitative process and quantitative 
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product perspectives to interpret arithmetic expressions. Mathematics Practice 3, therefore, 

comprises two normative ways of reasoning (NWRs). The first normative way of reasoning 

(NWR 3.1) demonstrates how students came to adopt a quantitative process interpretation of 

their arithmetic expressions. In contrast, the second normative way of reasoning (NWR 3.2) 

demonstrates how students developed a quantitative product interpretation of arithmetic 

expressions.  

Before the emergence of NWR 3.1 (on Days 6 and 7), students initially interpreted 

arithmetic expressions from a process perspective but omitted the quantitative meaning of the 

expressions. Later, they could connect the process interpretation with its meaning quantitatively 

in context. NWR 3.2 emerged from students’ initial resistance to directly interpreting arithmetic 

expressions (5 • 7) as quantitative products. For example, they first needed to calculate 5 • 7 as 

35 and interpret the quantitative meaning of 35 in the context before assigning the same 

quantitative meaning to 5 • 7. However, over time, students could directly interpret arithmetic 

expressions both as quantitative processes and quantitative products. 

The reader may wonder why there is no evidence of interpreting expressions from 

multiple perspectives from earlier days in the TE. As I will show, students’ interpretations 

appeared to be emerging on Day 2, with these interpretations functioning as if shared on Day 7. 

Data and analysis will be presented to claim that stronger evidence was identified later in the TE 

once students’ interpretations were more explicit in the whole-class exchange and their language 

had become more precise. Similarly, I will present data to claim that students’ interpretations of 

arithmetic expressions as quantitative products emerged on Day 2 with these interpretations 

FAIS by Day 8. However, it may be possible that these interpretations were voiced in small 

groups rather than during whole-class discussions and, therefore, not well-captured by the DCA 
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method. For a more detailed discussion about the limitations of the DCA method, see the 

Discussion section at the end of the chapter.  

NWR 3.1 Interpreting Arithmetic Expressions from a Quantitative Process View  

In this section for NWR 3.1, I will present evidence of the interpretation of arithmetic 

expressions from a quantitative process view functioning as if shared in the classroom. I consider 

a student to be employing a quantitative process interpretation of arithmetic expressions if both 

of the following criteria are satisfied:  

(d) Process Criterion: the student uses a temporal ordering in speech that corresponds to the 

ordering of numbers and operations in an expression (from left to right). 

(e) Quantitative Criterion: the student names or references the quantity associated with each 

number or symbol in the expression.  

The first criterion is an example of an observable behavior that suggests a procedure being 

carried out. However, other definitions may include other observable behaviors, such as 

explicitly mentioning arithmetic operation(s) involved in an expression. For the observed dataset, 

however, the criterion of verbalizing steps of a procedure in sequential order (typically from left 

to right) was deemed sufficient for capturing students’ quantitative process interpretations. The 

second criterion is satisfied if the student names the quantities within the expression (e.g., 

describing 3 • 5 as involving “3 game apps” and “5 dollars”). While other definitions of a 

quantitative process view may require that students have a quantitative meaning for operation(s) 

(e.g., having a “groups of” meaning for multiplication), this requirement was considered too 

restrictive for the dataset. The definition presented here allows for a broader interpretation that 

captures both the process view and quantitative reasoning.  
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I present three arguments that occurred on Days 6 and 7 and then apply Criterion 3 from 

the DCA method (repeated use of an idea as data or warrant). Afterward, I will present a fourth 

argument that occurred on Day 8 and then apply Criterion 2, making the case that the students’ 

quantitative process interpretation of an arithmetic expression shifted positions in the arguments. 

As with Mathematics Practice 1 and 2, I include narrative accounts (rather than an evidentiary 

case) of preliminary reasoning related to each argument.   

Argument 1 

Preliminary Related Reasoning. At the outset of the TE (Days 1 and 2), students 

interpreted arithmetic expressions from a process view but did not provide evidence of 

quantitative reasoning. For example, on Day 1, the students worked in the pool context to find 

the total number of tiles in the border of a pool with 10 tiles on a side. When explaining their 

work at the board, Rodolfo and Ahmed described their equations in terms of the numbers and 

operations involved, such as multiplying 10 by 2 to get 20 and 8 by 2 to get 16 and then adding 

the results. However, neither Rodolfo nor Ahmed demonstrated awareness that their calculations 

had relevance to the pool context, indicating that their reasoning was not yet quantitative.  

On Day 2, students began to associate numbers with quantities but did not seem to 

conceive of the quantities as reflecting a procedure, which is consistent with a process view. For 

instance, when prompted to explain how his equation, (10 • 2) + (8 • 2) = 36, related to the pool, 

Ahmed grounded it in quantities: he stated that 10 represented tiles, while 8 represented one side 

of the pool. Other students, like Maricruz (Figure 23), later followed suit, associating the 

numbers with tiles and sides of the pool. While there was some evidence of a quantitative 

process interpretation, their whole-class descriptions did not acknowledge the ordering of 

numbers and operations in their expressions, which failed to satisfy the process criterion.  
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Figure 23: Maricruz Attaching Quantitative Meaning of “Tiles” and “Sides” to an Equation 

Background. Argument 1 occurred during a whole-class discussion on Day 6 of the TE. 

The students viewed a clip of Haleemah and ET explaining their method for finding the total 

amount spent by the friends on the Three Friends Task with a cost per app of $2 (see Figure 24). 

In the clip, Haleemah made a statement resembling a quantitative process view, after which 

Haleemah was asked to write the arithmetic equation (3 • 2) + (2 • 2) + (4 • 2) = 18. She said, “It 

costs two dollars, so they bought three games, it would be three times two, and same with all the 

other purchases as well. And then we just added it all up, which was 18.” After watching the clip, 

the teacher asked students to come up to the screen and discuss Haleemah’s and ET’s method. 

Esperanza was asked to discuss the screen, where the equation (3 • 2) + (2 • 2) + (4 • 2) = 18 was 

shown (Figure 24). 
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Figure 24: Esperanza Interpreting Arithmetic Expressions in the Equation 

 (3 • 2) + (2 • 2) + (4 • 2) = 18 

Toulmin’s Scheme. In the following discussion of the video clip, Esperanza claims that 

Haleemah’s and ET’s method involves getting a total of 18 by multiplying the number of game 

apps by $2 and adding the results. Esperanza’s interpretations of (3 • 2), (2 • 2), and (4 • 2) as 

quantitative processes function as data to support her claim about Haleemah’s and ET’s method. 

I present evidence for Argument 1 in Table 18, which includes transcript along with gestural and 

other physical actions, and the analytic codes from Toulmin’s scheme. 
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Table 18: Coding for Argument 1 of NWR 3.1 

Participant Speech Actions Code 
Esperanza Okay, so what do you want me 

to do? Explain? 
  

Teacher Yeah, explain how they solved 
the problem, what they were 
trying to show. Okay. Let's give 
Esperanza our attention. 

  

Esperanza So, the 3 times 2 would be ... 
Wait, hold on. Oh, okay, okay. 
The three times twoa would be 
three game apps times two 
dollarsb and then the two 
times two would be two game 
apps times the two dollars and 
then the four times two. It 
would be the four apps times 
two dollarsc1 and then they 
just kind of added them all up 
together and they got 18d2. But 
I think they kind of made it 
complicated. 

aPoints to the “3” in 
“(3 • 2)” and the “2” 
in “(3 • 2)” (see Figure 
24).  

 
bPoints to the game 
app icon showing “3” 
apps and the “$2” 
written in the task 
statement (see Figure 
24).  
 
cSimilar gestures for 
“(2 • 2)” and “(4 • 2)” 
(see Figure 24). 

 
dMakes a sweeping 
gesture across the 
equation from left to 
right when referring to 
adding together the 
expressions to get 18 
(see Figure 24). 

1Data  
2Claim 

 

When Esperanza said, “they just kind of added them all up, and they got 18,” I interpret 

this to be a description of Haleemah’s and ET’s method, where “them” refers to the results of the 

expressions (3 • 2), (2 • 2), and (4 • 2) and “added them all up” refers to the process of adding 

the results to obtain the total. A critical reader might argue that her claim reflects her 

interpretation of the expressions (3 • 2), (2 • 2), and (4 • 2) rather than a description of the 

method. However, her subsequent comment, “I think they made it kind of complicated” suggests 
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that her main goal was to explain Haleemah’s and ET’s method rather than to produce 

interpretations of the arithmetic expressions. Esperanza’s interpretations of the expressions (3 • 

2), (2 • 2), and (4 • 2) function as data because they support her assertion of how Haleemah and 

ET found the total amount of money spent by the friends. Lastly, the implicit warrant in her 

argument is the reasoning for why Haleemah and ET’s method is valid. In other words, the 

implicit warrant is that multiplying the number of game apps by the cost per app for each friend 

and summing the products gives the total amount spent by the friends. 

Esperanza evidenced a quantitative process view in her interpretations of (3 • 2), (2 • 2), 

and (4 • 2). First, she read the equation (3 • 2) + (2 • 2) + (4 • 2) = 18 in temporal order (from left 

to right) in a way that mirrored the visual ordering of the equation, beginning with 3 and ending 

with 18, thereby satisfying the process criterion. Esperanza additionally articulated the meaning 

of (3 • 2), (2 • 2), and (4 • 2) by naming and pointing to each quantity in the expressions. For 

example, when describing (3 • 2), she pointed to the three and the 2 in the equation, explicitly 

stated the meaning as “three game apps times two dollars,” and then pointed to the image of 

three game apps and the $2 in the task statement, suggesting that she was attaching quantitative 

meaning to both the three and the 2 in (3 • 2). Thus, Esperanza’s description of the arithmetic 

expressions satisfies the definition for a quantitative process interpretation and, in this argument, 

functions as data. In the next argument, the quantitative process view will be used repeatedly as 

data but for a different claim.  

Argument 2 

Background. Argument 2 occurred in a whole-class discussion later on Day 6. This time, 

the students worked to apply Haleemah’s and ET’s method to their situation with two friends for 
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the cost per app of $3. After working on the task in groups, Asma was asked to write her group’s 

arithmetic equation and explain what her group thought about the problem. 

Toulmin’s Scheme. In the exchange presented below, Asma claims that 24 is the total 

amount spent by the two friends when the cost per app is $3. Asma’s interpretations of (5 • 3) 

and (3 • 3) in the equation (5 • 3) + (3 • 3) = 24 function as data to support her claim that the 

total is 24.  

Table 19: Coding for Argument 2 of NWR 2.1 

Participant Speech Actions Code 
Teacher Yeah, you can write the 

equation you did how you 
thought about the problem, and 
then we’re going to talk about 
how it’s similar or different to 
Haleemah and ET's. Do you 
want to write your equation? 

  

Asma I can do it.   
Teacher You can add on to her idea. 

Okay. This is Group 2’s idea. 
Go ahead. 

  

Asma 
Like what me and my team said 
was five games times three 
dollars for Sofia’sa.  
 
And then it would be for 
Manuel, three games times 
three dollarsb1.  
 
And that would equal 24c2. 

aWrites “(5 • 3)” 
 
 
 
bWrites “+ (3 • 3)” 
 
 
cWrites “= 24” 

1Data  
2Claim 

 

In the above exchange, Asma read the equation (5 • 3) + (3 • 3) = 24 from left to right, 

suggesting the carrying out of a procedure, which satisfies the process criterion of a quantitative 

process interpretation. She also articulated the quantities associated with each number in her 

expressions as measures of the amount of game apps and the cost per app. For instance, Asma 
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wrote (5 • 3) on the board and said, “5 games times three dollars for Sofia’s,” where five and 

three represented the number of Sofia’s game apps and the cost per app, respectively. She offered 

a similar description of (3 • 3), representing Manuel’s number of game apps times the cost per 

app of three dollars. Therefore, Asma’s description of the arithmetic expressions satisfies the 

definition for a quantitative process interpretation. Similarly to Argument 1, the quantitative 

process view functions once more as data in this argument. In the next section, I present evidence 

of a third instance where the quantitative process interpretation functions as data.  

Argument 3 

Background. Argument 3 took place on Day 7, where students continued to apply the 

same method to their situation with the two friends with different costs per app. At this point in 

the TE, the class had adopted a naming convention of the “long method.” In the following back-

to-back exchanges, two students, Marisa and Diego, were asked to share their group’s work 

applying the long method to a cost per app of $2.50. Marisa had written three equations on the 

board: 2.50 • 5 = 12.50, 2.50 • 3 = 7.50, and 12.50 + 7.50 = 20. 

Toulmin’s Scheme. Much like Argument 2, Argument 3 is about the students’ solution to 

the Two Friends task but now with a cost per app of $2.50. Both Marisa and Diego claim that 

$20 is the total amount spent by the two friends when the cost per app is $2.50. Their 

interpretations of (2.50 • 5) and (2.50 • 3) in the equations (2.50 • 5) = 12.50 and (2.50 • 3) = 

7.50 function as data to support their claim that the total is 20.   
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Table 20: Coding for Argument 3 of NWR 3.1 

Participant Speech Actions Code 
Teacher All right, so Marisa’s going to talk 

about how their group was thinking 
about applying the long method to a 
price of 2.50. All right. Let's give 
Marisa our attention. You want to 
explain your thinking? 

Marisa writes “(2.50 • 
5) = 12.50”,  
“(2.50 • 3) = 7.50”,  
and “12.50 + 7.50 = 
20” on the board 

 

Marisa We did 2.50 times five is the cost 
times the apps1, equals 12.50, and then 
2.50 times three equals 7.501. And 
then you add the costs together and 
then you get the total cost2. 

 1Data  
2Claim 

Teacher Okay, and so the 2.50, is that the total 
cost spent altogether or the cost per 
app? 

  

Marisa The cost per app.1  
1Data 
 

Teacher And then the five, is that—   

Marisa 
The amount of apps Sofia bought.1 

 1Data 
 

Teacher 
Sofia bought? 

  

Marisa 
Yeah. 

  

Teacher 
Okay, let's hear from Group 4. You 
want to add on to their thinking? 

  

Diego 
That's what I got too. I got the same 
thing.2 

 2Claim 

Teacher 
That's what you got too? 

  

Diego Yeah.   

Teacher 
You want to explain it in your own 
words? How do you think this is the 
applying long method? 

  

 

 

 

 



  159 

Table 20: Coding for Argument 3 of NWR 3.1 (Continued)  

Participant Speech Actions Code 
Diego Well, because the 2.50 times 

five is the game…the number 
of games times the price of the 
game.1 And then say for the 
2.50 times three, and then they 
got, or 2.50 times five, that was 
12.50. And then three times 
2.50, they got 7.50, and then 
they added those two together 
to get 20…. which was the 
total cost of all they spent for 
the eight games.2 

 1Data 
2Claim 

  

Marisa’s contribution made progress toward a quantitative process interpretation of 2.50 • 

5 in the equation 2.50 • 3 = 12.50. With teacher probing, Marisa articulated that 2.50 was the cost 

per app and 5 was the number of apps Sofia bought, where the expressions were treated as a 

procedure from left to right (e.g., “we did 2.50 times five is the cost times the apps.”). Her 

utterance suggests that she is seeing the expressions 2.50 • 5 and 2.50 • 3 both quantitatively and 

as processes, therefore satisfying both criteria.  

Her explanation was followed by Diego's more precise description, who articulated the 

quantities associated with 2.50 and 5 and treated 2.50 • 5 as a procedure from left to right. Diego 

explained that 2.50 • 5 was “the number of games times the price of the game.” The ordering of 

his speech, which corresponds with the visual ordering of 2.50 • 5 and his attachment of 

quantitative meaning to each number, serves as evidence of a quantitative process interpretation. 

Additionally, Diego’s description is a more precise description of Marisa’s prior articulation of 

2.50 • 5 as “cost times the apps” and, therefore more strongly satisfies the quantitative criterion.  
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Fulfilling Criterion 3 

Criterion 3 involves repeatedly using an idea as data or warrant across multiple days for 

different claims. In the DCA method, fulfilling Criterion 3 signals that a particular idea functions 

as if shared, meaning that the idea has become a standard way of reasoning in the classroom. 

This was the case with Arguments 1-3, where the repeated use of the quantitative process 

interpretation functioned as data for multiple claims across two days, thereby satisfying Criterion 

3.  In the first argument, the quantitative process view functioned as data in Esperanza’s 

interpretation in her discussion of the video clip. The quantitative process interpretation of 

arithmetic expressions functioned as data again in the second argument, where students applied 

what they saw in the video to the Two Friends Task. Lastly, the quantitative process 

interpretation of arithmetic expressions functioned as data for a third time on Day 7, where 

students applied the same method to another cost per app. 

Next, I will present additional evidence that the interpretation of arithmetic expressions 

using a quantitative process perspective came to function as if shared in this classroom by 

appealing to another criterion from the DCA method for a way of reasoning becoming 

normative—Criterion 2. To satisfy Criterion 2, a part of a previous argument must shift its 

position in a subsequent related argument. Argument 4 will show how the quantitative process 

interpretation shifts from the position of “data” to “claim.” 

Argument 4 

Background. On Day 8, students were asked to apply the long method to one more cost 

per app before generalizing the method and expressing it with algebra. Gisela was asked to share 

her group’s work applying the long method for their situation with a cost per app of $7.  
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Toulmin’s Scheme. Gisela’s primary claim is her interpretations of the arithmetic 

expressions (5 • 7) and (3 • 7) in the equation (5 • 7) + (3 • 7) = 56. The equation itself, (5 • 7) + 

(3 • 7) = 56, functions as data.  

Table 21: Coding for Argument 4 of NWR 3.1 

Participant Speech Actions Code 
Teacher Who wants to come up? Gisela? 

All right, let’s give Gisela our 
attention. You want to explain 
the equation over here? Okay, 
Gisela is going to explain the 
equation. 

Gisela writes 
“(5 • 7) + (3 • 7) 
= 56” 1 on the 
board 

 

1Data  

Gisela Okay, so for this first part, it 
would be Sofia's cost……my 
foot stepped in the 
wire……Sofia's amount, 
including five games and the 
cost of seven. That would be 
one thing. And then the 
amount of games Manuel is 
buying by seven. And that 
would be another equation, 
another answer.2 And the 
numbers add up to 56.1 

 2Claim 
1Data  
 

 

The exchange above provides evidence that Gisela was interpreting (5 • 7) and (3 • 7) as 

quantitative processes. The order in which Gisela interprets the expressions corresponds to the 

visual ordering in the arithmetic expression. When she says, “five games and the cost of seven,” 

this corresponds to the expression (5 • 7), suggesting the carrying out of a process from left to 

right. Hence, the process criterion is satisfied. Gisela also describes the numbers in the arithmetic 

expressions in terms of games and costs (e.g., “five games and the cost of seven”), which 

indicates that she is additionally attaching quantitative meaning.  
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Fulfilling Criterion 2 

  Fulfilling Criterion 2 entails a part of a previous argument shifting position in a 

subsequent related argument. Argument 4 signaled such a shift from earlier arguments because 

instead of Gisela’s interpretations of (5 • 7) and (3 • 7) as quantitative processes functioning as 

data, they instead functioned as claim. This was evidenced by the fact that Gisela did not require 

teacher prompting to interpret these expressions as quantitative processes, and her focus was not 

on the procedure for obtaining the total. In contrast, earlier arguments (such as Argument 3 on 

Day 7) included the teacher probing students to interpret the expressions as quantitative 

processes because the students’ primary goal seemed to be to provide the correct numerical 

answer to the task. Therefore, the shift in position of the interpretation of arithmetic expressions 

from data to claim, satisfies Criterion 2 of the DCA method. 

Summary of NWR 3.1 

NWR 3.1 involved students interpreting arithmetic expressions as quantitative processes. 

The quantitative process interpretation of arithmetic expressions was repeatedly used as data on 

Day 6 and Day 7 for three different claims. By Criterion 3, this became an accepted form of 

reasoning in the classroom. Additionally, a shift in argument occurred on Day 8, satisfying 

Criterion 2.  

Some evidence was presented that students’ interpretations of arithmetic expressions as 

quantitative processes were emerging on Days 2 and 3, but there was insufficient evidence to 

claim that these interpretations FAIS before Day 7. As noted in the introduction of this 

mathematics practice, it is possible that students did, in fact, interpret arithmetic expressions as 

quantitative processes earlier in the TE, but in small groups rather than in the whole-class 

exchange. Although the data did not provide evidence that NWR 3.1 functioned as if shared 
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before Day 7, it appeared as though students’ emergent reasoning on Days 2 and 3 laid the 

groundwork for their interpretations of algebraic expressions as quantitative processes becoming 

normative on Day 3 (see Mathematics Practice 4, NWR 4.1 for more detail).  

NWR 3.2 Interpreting Arithmetic Expressions from a Quantitative Product View 

In this section for NWR 3.2, I will present evidence of the interpretation of arithmetic 

expressions from a quantitative product view functioning as if shared in the classroom. In 

contrast to NWR 3.1, the “product” aspect of a quantitative product view emphasizes the 

perception of the expression as a whole rather than a focus on the procedural steps (as in the 

process view). Research suggests that interpreting expressions as products is more challenging 

for many students than interpreting expressions as processes (e.g., Sfard & Linchevski, 1994). 

The “quantitative” aspect of a quantitative product view entails the interpretation of the whole or 

entity as some measurable aspect of a situation (Thompson, 1990). As the analysis will 

demonstrate, this pattern was reflected in the observed dataset.  

Consequently, I consider a student to be employing a quantitative product interpretation 

of arithmetic expressions if both of the following criteria are satisfied:  

(a) Product Criterion: the student uses gesture or speech to refer to at least one expression as 

a single entity or whole. 

(b) Quantitative Criterion: the student associates the entity identified in (a) with a quantity in 

context. 

 The presence of a process interpretation does not preclude a quantitative product view. For 

instance, an interpretation of 5 • 7 + 3 • 7 as the amount spent by Manuel plus the amount spent 

by Sofia is considered to satisfy a quantitative product view, even with the absence of an 
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interpretation of the entire expression as a quantity (the amount spent by the two friends 

together).  

In the following sections, I will present three arguments: Argument 1.A, Argument 1.B, 

and Argument 2. Arguments 1.A and 1.B occur within the same whole-class discussion but are 

presented separately to highlight an important transition related to the eventual acceptance of the 

quantitative product perspective of arithmetic expressions. The arguments occurred on Days 7 

and 8. Afterward, I apply Criterion 2 from DCA, making the case that two parts of Argument 1.B 

shifted positions in the subsequent argument.  

Argument 1.A 

Background. Argument 1.A occurred on Day 7. Prior to Argument 1.A, students had 

worked in groups on the Two Friends Task with costs per app of $2, $2.50, and $5. They had 

previously discussed their work on costs per app of $2 and $2.50 as a whole class but had moved 

on to verbal descriptions of their general method (see NWR 2.1). In the last minutes of class, the 

students were asked to present their work on the Two Friends Task with a cost per app of $5. 

Aislyn volunteered and wrote the equations shown in Figure 25 on the board [(5 • 5) + (3 • 5) = 

40 and 25 + 15 = 40], where the results of (5 • 5) and (3 • 5), namely 25 and 15, were written 

beneath the two expressions and connected to them via line segments. 

 

Figure 25: Arithmetic Equations for the Two Friends Task for $5 per App 
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Toulmin’s Scheme. In the following exchange, Gisela’s claim is her interpretation of the 

numbers 25, 15, and 40, shown in Figure 25. She interprets 25 as the total amount spent by Sofia, 

15 as the total amount spent by Manuel, and 40 as the total amount spent by all the friends. The 

visual juxtaposition of the numbers 25 and 15 underneath the expressions (5 • 5) and (3 • 5) 

functions as data.  

Table 22: Coding for Argument 1.B of NWR 2.2 

Participant Speech Actions Code 
Aislyn   Writes “(5 • 5) + (3 • 

5) = 40” and “25 + 15 
= 40” on the board 
with line segments 
connecting the 25 to (5 
• 5) and the 15 to (3 • 
5)1 (see Figure 25) 

1Data  

Teacher I noticed Aislyn wrote 25, 15, 
and 40 underneath. Would 
someone mind explaining what 
these mean in terms of the game 
apps? Gisela, do you want to 
come up? 

  

Gisela The 25 is Sofia’s cost, it’s 
Sofia’s amount, the expense 
for her games. And 15 is the 
amount the other person 
spent, and the 40 is the total 
cost of all the games.2 

 2Claim    

Teacher Okay. Do we agree with what 
Gisela said? 

  

Asma Yeah.   
 

I interpret Gisela’s response to the teacher's question, “Would someone mind explaining 

what [25, 15, and 40] mean in terms of the game apps?” as the central assertion of her argument. 

I note here that Gisela’s interpretation of the results of arithmetic expressions (e.g., “25 is Sofia’s 

cost, the expense for her games”) functions as a claim. In contrast, it will later function as a 
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warrant in Argument 2. Aislyn’s written work on the board functions as data because it 

illustrates, how Aislyn obtained the result of 25 by multiplying 5 times 5. The implicit warrant in 

Gisela’s argument is that multiplying the number of game apps by the cost per app for a friend 

gives the total amount spent by that friend. For instance, multiplying five game apps by 5 dollars 

per app will result in the total amount spent by Sofia.   

 Gisela’s description of 25, 15, and 40, while quantitative, does not yet satisfy the 

definition of a quantitative product interpretation. For instance, she explained that 25 represented 

“Sofia’s amount, the expense for her games,” which indicates that she was interpreting the result 

of (5 • 5) as a quantity. However, she has not yet evidenced a quantitative product interpretation 

because she assigned quantitative meaning to a number rather than an expression. In the next 

argument, Gisela will interpret the expression (5 • 5) directly. 

Argument 1.B 

Background. The data presented in Argument 1.B occurs immediately after Argument 

1.A, where the teacher redirects the focus of the discussion to be about interpreting the 

expressions (5 • 5) and (3 • 5).   

Toulmin’s Scheme. The claim in Argument 1.B is Gisela’s interpretation of the 

expression (5 • 5) as the total amount spent by Sofia. The data, like in Argument 1.A, is the 

visual juxtaposition of the result of 25 underneath (5 • 5). The warrant is Gisela’s prior 

interpretation of the number 25 representing Sofia’s total amount spent.  
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Table 23: Coding for Argument 1.B. of NWR 2.2 

Participant Speech Actions Code 
Teacher So, what does five times five 

mean? 
  

Esperanza Five game apps times five 
dollars. 

  

Teacher Gisela said it means something 
else. 

  

Esperanza Oh, what does it mean, Gisela?   
Gisela The total…. The cost of games 

Sofia will have to pay.1  
 1Claim 

 

Unlike Argument 1.A, this argument focuses on the meaning of the expression (5 • 5) 

rather than the meaning of 25. As such, Gisela’s interpretation of (5 • 5) as “the total…the cost of 

games Sofia will have to pay” was coded as the claim. I argue that the written expression (5 • 5) 

with the two line segments connecting to 25 provides evidence that the meaning of (5 • 5) is 

connected to the meaning of 25 and, therefore functions as data to support Gisela’s claim about 

the meaning of (5 • 5). The identification of the warrant is informed by Gisela’s utterance in 

Argument 1.A, where she used an interpretation similar to the interpretation she gave of (5 • 5). 

Namely, in Argument 1.A she interpreted 25 as “Sofia’s cost.” In this argument, she interpreted 

(5 • 5) as “the total…the cost of games Sofia will have to pay.” The parallel between the 

interpretations implies that she relied on the same underlying logic to make a claim about the 

meaning of (5 • 5). Therefore, the warrant is Gisela’s previous interpretation of 25 as “Sofia’s 

cost.”  

 Gisela’s interpretation of (5 • 5) “the total…the cost of games Sofia will have to pay” in 

Argument 1.B marks the first instance of a quantitative product interpretation of an arithmetic 

expression. Gisela’s description satisfies both criteria of a quantitative product interpretation. 

First, she treated (5 • 5) as a single entity by naming it a “total.” Second, she grounded her 
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interpretation in the context of the game apps by specifying that (5 • 5) corresponded to the total 

cost of games Sofia would have to pay. By interpreting (5 • 5) directly, Gisela evidenced a 

quantitative product view rather than naming the quantity associated with the calculational result, 

as she did in Argument 1.A. I note here that the quantitative product interpretation functions as 

claim and will later function as data in Argument 2.  

Argument 2 

Background. On Day 8, the students worked on the Two Friends Task with a cost per 

app of $7, resulting in the equation (5 • 7) + (3 • 7) = 56. The students worked on an activity that 

entailed labeling descriptions to parts of the equation (5 • 7) + (3 • 7) = 56. Similarly to the 

discussion in Argument 1.A, students could assign quantitative meaning to the result of products 

35 and 21 by labeling them as “total cost.” Their labeling suggests that students felt comfortable 

interpreting the results of arithmetic expressions from a quantitative perspective. Still, they felt 

less inclined to assign the same meaning to expressions like (5 • 7) and (3 • 7). Immediately after 

the labeling activity, students worked in groups to write precise descriptions of the quantities 5, 

7, 3, and 56 in the equation (5 • 7) + (3 • 7) = 56.  

Then, the teacher sought to guide students toward a quantitative product interpretation of 

the expressions (5 • 7) and (3 • 7). Specifically, they were given the task, “Why do you multiply 

5 x 7 to find the total amount the friends spent?” (Figure 26). The task was meant to highlight 

that 5 • 7 represents a single entity, namely, the amount of money spent by Sofia. Just before 

Argument 2, Ahmed was asked to write the meaning of (5 • 7) on the board.  
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Figure 26: Day 8 Task to Elicit a Quantitative Product Interpretation of (5 • 7) 

Toulmin’s Scheme. The claim in the following exchange is that (5 • 7) does not give the 

total amount spent by the friends. The evidence supporting the claim is that (5 • 7) only gives 

Sofia’s total amount, which functions as the data element of the argument. Lastly, the warrant is 

that the total altogether is 56, and 5 • 7 equals 35, which only gives Sofia’s total amount spent.  

Table 24: Coding for Argument 2 of NWR 3.2 

Participant Speech Actions Code 
Teacher Okay. So, Ahmed wrote, “Sofia 

has five apps that each cost $7." 
Why does that give you the 
total amount spent by all the 
friends? 

 
 

Esperanza Does... Why does that give us? 
It doesn't.1 

 1Claim 

Teacher Does it?   
Esperanza That... Just that? The five 

times seven doesn't give us a 
total amount spent by all the 
friends.1 

 
1Claim  

Teacher 
What does it give you? 

  

Esperanza 
It gives you the amount Sofia 
spent on games apps.2 

 2Data  

Marisa 
The total amount of Sofia.2  2Data  
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Table 24: Coding for Argument 2 of NWR 3.2 (Continued)  

Participant Speech Actions Code 
Teacher Could someone repeat 

Esperanza’s idea? 
  

Gisela It only gives you the total 
amount that Sofia spent.2 

 2Data  

Esperanza Sofia’s total amount spent? On 
game apps? 

Writes “5 x 7 only 
gives you Sofia’s total 
amount spent on game 
apps” on the board 

 

Teacher Everyone agrees with this?   

Ahmed Yep. Mhmm.   

Kaelyn I thought they like, added up 
each other’s costs spent 
altogether, you know? 

  

Teacher Yeah. What adds up... What is 
the cost altogether? 

  

Kaelyn 56.3  3Warrant  

Teacher 56. And so the 5x7 is?   

Kaelyn 30...   

Ahmed Oh, that's...35. Yeah.3  3Warrant  

Kaelyn How much her games came 
out to.3 

 3Warrant  

Teacher How much her games came out 
to? Or?  

  

Asma 35  3Warrant  

Teacher Or 35?   

Esperanza  Or Sofia’s total amount spent 
on game apps.3  

  

Teacher Or Sofia’s total amount spent on 
the game apps. Okay everyone 
agrees with that?  

  

Students Yes.    
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The essence of this argument is about whether the quantity (5 • 7) does or does not give 

the total amount of money spent by all the friends and why. Therefore, Esperanza’s statement 

“the 5 times 7 doesn’t give us a total amount spent by all the friends,” functions as the claim. The 

evidence she provided for the claim was that “(5 • 7) only gives you Sofia’s total amount spent 

on game apps.” The justification for why (5 • 7) did not give the total amount was expressed by 

Kaelyn and Ahmed, which was that 5 • 7 equals 35, which only gives Sofia’s total amount spent. 

For example, Kaelyn responded that the cost altogether was “56,” and Ahmed replied that (5 • 7) 

is equal to 35 when he said, “Oh, that’s…35. Yeah.” Kaelyn additionally attached quantitative 

meaning to (5 • 7) and 35 by adding that it was “how much her games came out to.” I interpret 

this part of the exchange as Kaelyn and Ahmed, with help from the teacher, justifying 

Esperanza’s initial claim.  

 The above exchange illustrates how students like Esperanza made a breakthrough in 

interpreting (5 • 7) as a quantitative product. Previously, Esperanza had only interpreted 

arithmetic expressions as quantitative processes. For example, in Argument 1.B, she described (5 

• 5) as “5 game apps times $5.” However, when the teacher asked, "Why does that give you the 

total amount spent by all the friends?" Esperanza could express a quantitative product 

perspective, viewing (5 • 7) as "the amount Sofia spent on game apps." She now saw (5 • 7) as 

both a single entity and having quantitative meaning. Instead of interpreting only the result of (5 

• 7) as Sofia's total, she directly interpreted the arithmetic expression as representing Sofia's total 

amount spent. 

Fulfilling Criterion 2 

Criterion 2 was satisfied on Day 8 due to two parts of Argument 1.B changing positions 

in Argument 2. The first shift was the quantitative interpretation of the calculational result of an 
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arithmetic expression shifting from claim to warrant. In the first argument, the claim was that 25 

was the total amount spent by Sofia, 15 was the total amount spent by Manuel, and 40 was the 

total amount spent by all the friends. These are all evidence of a quantitative interpretation of the 

result of arithmetic expressions. In the second argument, the warrant was that 5 • 7 was equal to 

35, the total amount spent by Sofia, whereas the total amount spent by all the friends was 56. 

Similarly, this was evidence of a quantitative interpretation of the result of an arithmetic 

expression, which functioned in Argument 2 as warrant.   

The second shift was the quantitative product perspective of arithmetic expressions 

shifting from claim to data. In Argument 1.B, Gisela claimed that 5 • 5 was the total amount 

spent by Sofia. In the second argument, another student, Esperanza, made an argument where 5 • 

7, representing the total amount spent by Sofia, functioned as data. Hence, the two shifts in 

argument position indicate that interpreting arithmetic expressions as a quantitative product had 

become normative in the classroom via Criterion 2. 

Summary of NWR 3.2  

This normative way of reasoning entailed students interpreting arithmetic expressions as 

quantitative products, which functioned as if shared in the classroom by Day 8 via Criterion 2 of 

DCA. I presented three arguments that occurred across Days 7 and 8 and made the case that (a) 

students’ quantitative interpretations of the calculational result of arithmetic expressions shifted 

position from claim to warrant and (b) students’ quantitative product interpretation of arithmetic 

expressions shifted positions in the arguments from claim to data. Although students could 

interpret arithmetic expressions from a quantitative process view, they initially struggled with 

interpreting the same expressions as a quantitative product. They made progress by interpreting 

the result of an arithmetic expression (e.g., the result of 5 • 5). Through targeted questioning 
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(e.g., why do you multiply in this context?), students treated arithmetic expressions directly as 

whole entities. 

Summary of Mathematics Practice 3 

Mathematics Practice 3 documented how students interpreted arithmetic expressions 

from both quantitative process (NWR 3.1) and quantitative product perspectives (NWR 3.2). 

Students first interpreted arithmetic expressions as a set of procedures with quantitative meaning, 

which laid the foundation for viewing them as a whole or entity in context. The shift from a 

quantitative process to a quantitative product interpretation was evident when students explained 

why multiplication was necessary in context. In the case of the game apps, to find the total 

amount spent by all the friends, one must first find the amount spent by each friend, reflecting a 

quantitative product interpretation. Forming these interpretations with arithmetic expressions 

appears to be an important basis for forming quantitative process and product interpretations of 

algebraic expressions, which is detailed in Mathematics Practice 4.  

Mathematics Practice 4: Interpreting Algebraic Expressions from Multiple Perspectives 

 Mathematics Practice 4 documents how students interpreted algebraic expressions from 

multiple perspectives. Like Mathematics Practice 3 with arithmetic expressions, algebraic 

expressions can be conceived as quantitative processes and products. However, interpreting 

algebraic expressions (e.g., 5c) introduces unique challenges. For instance, the underlying 

operation in 5c—multiplication—is not immediately apparent, nor is it straightforward to 

recognize 5c as representing a total since the multiplication cannot be directly computed as it 

would in arithmetic expressions (e.g., 5 • 3 = 15, representing a total amount spent). Mathematics 

Practice 4 includes two normative ways of reasoning: interpreting algebraic expressions as 
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quantitative processes (NWR 4.1) and interpreting algebraic expressions from quantitative 

products (NWR 4.2).   

NWR 4.1 Interpreting Algebraic Expressions from a Quantitative Process View 

 This section provides evidence of the interpretation of algebraic expressions from a 

quantitative process view functioning as if shared in the classroom. I have adapted the definition 

of a quantitative process interpretation provided in section NWR 3.1 to the interpretation of 

algebraic (rather than arithmetic) expressions. This definition includes two criteria:  

(a) Process Criterion: the student uses a temporal ordering in speech that corresponds to the 

ordering of numbers, literal symbols, and operations in an algebraic expression (from left 

to right). 

(b) Quantitative Criterion: the student names or references the quantity associated with each 

number or literal symbol in the expression.  

I will first present two arguments that occurred on Days 2 and 3. Next, I apply Criterion 2 

from the DCA method, which entails an element of an argument shifting positions in a 

subsequent argument. I make the case that the quantitative process interpretation shifts position 

from “claim” on Day 2 to “warrant” on Day 3.  

It is important to address a potential reader's concern regarding the order in which 

normative ways of reasoning became FAIS. Specifically, I address why the quantitative process 

interpretation of algebraic expressions seems to precede that of arithmetic expressions, which, as 

noted at the end of Mathematics Practice 3, is typically foundational for developing such 

interpretations with algebra. First, it is possible that students interpreted arithmetic expressions as 

quantitative processes but only in small groups, which is not captured by the DCA method. 

Second, on Day 2, algebraic equations were introduced by the teacher prematurely (as was 



  175 

discussed in Mathematics Practice 2). This allowed for more opportunities for discussion in the 

whole-class venue to interpret algebraic expressions, providing sufficient evidence to claim that 

these interpretations FAIS by Day 3. This contrasts data presented for NWR 3.1, where there was 

insufficient evidence to argue that it had become normative before Day 7.  

 However, students also built upon normative ways of reasoning established in previous 

mathematics practices. Specifically, students appeared to draw on emergent interpretations of 

arithmetic expressions evidenced on Day 2, which enabled them to interpret algebraic 

expressions as quantitative processes. Additionally, earlier on Day 3, students’ re-expression of 

an equation with three symbols using only two symbols (NWR 2.2) FAIS. As I will show, their 

discussion of the algebraic expression x – 2 in the context of re-expressing their equation was 

pivotal to interpreting algebraic expressions as a quantitative process becoming normative in the 

classroom on Day 3.  

Argument 1 

Background. As was discussed in previous mathematics practices, on Days 1-2, students 

were still coming to terms with quantitative reasoning. Argument 1 occurred during a whole-

class discussion on Day 2 after almost all the students had formed an equation with three literal 

symbols (e.g., (x • 2) + (y • 2) = B) in the Pool Task context (see Figure 27). They viewed a clip 

of Haleemah and ET forming and interpreting the equation (x • 2) + (y • 2) = B in the Pool Task 

context (see Figure 27). The clip featured Haleemah and ET discussing what they thought the 

expressions (x • 2) and (y • 2) meant. Their meaning was similarly emerging (e.g., regarding x as 

the “two sides on the side” rather than attributing that meaning to x). However, watching the clip 

allowed the students in the class to refine the interpretations of the algebraic expressions they 

heard in subsequent discussions.  
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For instance, following the clip, the teacher engaged the class in a discussion, asking how 

the equation (x • 2) + (y • 2) = B made connections across Size 7, Size 10, Size 20, and Size 15 

pools. The students first discussed this in their groups, and then Marisa was asked to share how 

her group saw the equation connecting the different-sized pools. She shared her ideas at the 

board where the screen in Figure 27 was shown.  

 

Figure 27: Marisa Interpreting Algebraic Expressions in the Equation (x • 2) + (y • 2) = B 

Toulmin’s Scheme. In the following back-to-back exchanges between Marisa, the 

teacher, and Esperanza, the claim is that (x • 2) represents the number of tiles on a certain side 

multiplied by two sides. Esperanza’s example when x = 10 functions as data. In the transcript 

below, there is another argument focused on interpreting (y • 2). However, Argument 1 focuses 

only on Marisa’s and Esperanza’s interpretations of the expression (x • 2) as a quantitative 

process. The following exchange reflects students' use of informal language at the outset of the 

TE. I will provide a detailed analysis and interpretation of this speech for further clarification. 
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Table 25: Coding for Argument 1 of NWR 4.1 

Participant Speech Actions Code 
Teacher Okay. Anyone want to share a 

connection they saw or how this 
equation shows the relationship across 
all the pools that you looked at? Yeah. 
Can you come? Sorry. Or you can 
point, too. You can point. 

  

Marisa  Okay. So for the two, they have the x 
times two, right? So the two are the 
sides.a The two would represent the 
sides for all of the different 
problems. And the x is a certain 
side.b So for each, the x could 
represent any amount of tiles for all 
of the…What is it? For all of the 
squares on each side.1  

aGestures with 
two hands 
parallel to each 
other  
 
bGestures with 
one hand 

1Claim  

Teacher So is x a side or is x a number of tiles?   
Marisa Number…oh sorry, a number of tiles. 

And then the two are the sides.c1  
cPoints to “2” in 
(x • 2) 

1Claim  

Teacher Do people agree with that? Aislyn, 
you want to say something? Just 
thumbs up or you want to say 
something? 

  

Aislyn No.    
Esperanza I’ll go.    
Teacher Esperanza?   
Esperanza So, basically it’s the same thing that 

Marisa said. The y, since it’s a variable 
it’s an unknown number. So, you can 
put any number of tiles in the y. And 
then the times two is just the two sides 
that you’re times’ing it by.  

  

Teacher Okay. Could you give an example 
with one of the…d 

dEsperanza goes 
back to her seat 
to get her 
worksheet with 
Size 10, Size 7, 
and Size 15 
pools shown.  
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Table 25: Coding for Argument 1 of NWR 4.1 (Continued)  

Participant Speech Actions Code 
Esperanza Okay, so for the first one,5 it says 

that there’s 10 tiles on the side. So 
let’s say x times two.e Since it’s 10 
tiles, you can fill in the variable with 
the 10. And then the times two, you 
just leave it there because you times 
it by the sides.2 And then you could 
do the same thing for the y times two.   

5Points to her 
worksheet 
 
eGestures 
toward (x • 2) 
on the board 

2Data  

 

While the exchange above includes interpretations of both of the expressions (x • 2) and 

(y • 2), Argument 1 focuses specifically on the argument about the meaning for the algebraic 

expression (x • 2). Therefore, Marisa’s combined utterances function as the central claim because 

they involve her interpretation of (x • 2), where x was described as the “number of tiles” on a 

side and two sides (“two are the sides”). This claim is a product of Marisa's initial utterance, 

where she described x as “a certain side,” and 2 as “the sides for all the different problems.” A 

critical reader may argue that Marisa’s language is too informal or imprecise to constitute a 

precise statement of the claim. However, after the teacher asked to clarify, Marisa explained that 

x was “a number of tiles,” suggesting that she was interpreting x as the number of tiles on a 

certain side.  

Esperanza’s elaboration with the example of x = 10 functions as data because it supports 

Marisa’s interpretation of (x • 2) but with a numeric example. She said, “So for the first one, it 

says there’s 10 tiles on the side.” I interpret “first one” as referring to the first pool on 

Esperanza’s task sheet that showed a Size 10 pool, which she pointed to as she explained. She 

then said, “Since it’s 10 tiles, you can fill in the variable with the 10,” suggesting that when x = 

10, the 10 indeed represented the number of tiles on one side. Lastly, she explained the 

remainder of the expression (x • 2) by explaining, “The times two, you just leave it there because 
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you times it by the sides.” By connecting the meaning of (10 • 2) to (x • 2), Esperanza supported 

Marisa’s assertion of the meaning of the algebraic expression.  

 Both Marisa and Esperanza provided evidence of a quantitative process interpretation of 

(x • 2). For example, Marisa, at first, interpreted (x • 2) in reverse order, beginning with the two 

and then with x, but later read the equation from left to right in a way that matched the visual 

ordering of the equation. As mentioned earlier in the context of the claim, in her later utterance, 

she explained that x was “a number of tiles and the two are the sides,” thereby satisfying the 

process criterion. The quantitative criterion was also satisfied because she named the quantities 

associated with x (as a “number of tiles”) and with 2 (as “the sides”). Hence, Marisa’s description 

of the algebraic expression satisfies the definition for a quantitative process interpretation and, in 

this argument, functions as claim. In the following argument, the quantitative process 

interpretation will function as warrant.  

Argument 2 

Background. Argument 2 took place on Day 3, during a review of students’ initial ideas 

for expressing Haleemah’s and ET’s method with algebra. This argument, previously presented 

as evidence for the emergence of NWR 2.2 (expressing a general method with two variables), is 

revisited here, emphasizing the students’ interpretation of the algebraic expression x – 2 as a 

quantitative process. The discussion leading up to Argument 2 centered on the validity of the 

equation x • 2 + 2(x – 2) = B (as shown in Figure 28). Ahmed had just argued that x • 2 + 2(x – 2) 

= B was valid because y was equal to x – 2 and was asked to elaborate on his thinking.  
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Figure 28: Discussing Ways of Expressing Haleemah’s and ET’s Method 

Toulmin’s Scheme. In the following discussion, Ahmed claims that y is equal to x – 2. 

Asma supports this claim by providing an example: when x is equal to 50, as shown in the 

equation (50 • 2) + (y • 2) = 196, y is equal to 48, which gives the correct answer. Her empirical 

evidence functions as data. Ahmed and Maricruz provide a warrant that y represents taking the 

original side, x, subtracting by two tiles. Note that this discussion is based on the same table and 

coding presented in NWR 2.2 (Table 14: Coding for Argument 1.B of NWR 2.2). However, in 

this subsection, I focus on the warrant in the argument in light of a quantitative process 

interpretation of an algebraic expression and in relationship to Argument 1 (see Table 26). 

 

 

 

 

 

 



  181 

Table 26: Coding for Argument 2 of NWR 4.1 

Participant Speech Actions Code 
Teacher Okay, Ahmed said y equals x 

minus two.  
 1Claim 

Kaelyn Wait, can you repeat that? 
Why? 

  

Teacher Yes, could you explain again?   
Ahmed Y equals x minus two1 because 

you’re going to have to 
subtract two from both sidesa, 
two times.2  

aPoints to the top and 
bottom sides of the 
imaginary square  

1Claim 
2Warrant 

Teacher So, what is y?   

Esperanza Y is forty…   

Maricruz The original side, like when 
you had 12 there, you're just 
subtracting two from that.2 So 
you really don't need x in order 
to get y.  
 

 2Warrant 

Asma So, it's 48 even in this 
equation it's 48.3 

 3Data 

Teacher In which equation?   

Ahmed The last one.    

  

Although students in the exchange presented in Table 26. use informal and imprecise 

language typical of speech patterns in children, there is additional evidence from their gestures 

and the context of the task (working with a Size 12 pool) of a quantitative process interpretation 

of x – 2. Both Marisa and Ahmed provided evidence of a quantitative process interpretation of x 

– 2. For instance, Marisa interpreted the expression x – 2, first as the “original side” and then as 

“subtracting two,” implying that she saw the expression as carrying out a procedure from left to 

right. Second, she attached quantitative meaning to the expression. Marisa said, “The original 

side, like when you had 12 there,” where I interpret “the original side” to refer to the number of 

tiles on a side. By using the example of 12 in place of x, Marisa provides additional evidence that 

she viewed x as a number of tiles rather than a side. She additionally explained that you “subtract 
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two,” which I interpret to mean two tiles. This speech interpretation at this state of the TE 

becomes more precise later as students have more opportunities to develop precise language for 

their quantities.  

Fulfilling Criterion 2 

 Criterion 2 is fulfilled via Arguments 1 and 2 because there was evidence of an element 

of an argument shifting positions in Toulmin’s scheme. The quantitative process interpretation of 

the expression x • 2 functioned as “claim” in Argument 1, while the quantitative process 

interpretation of x – 2 functioned as “warrant” in Argument 2. In Argument 1, the quantitative 

process interpretation functioned as the central assertion, whereas in Argument 2, the quantitative 

process interpretation was used as evidence for explaining the equality of y = x – 2.  

Summary of NWR 4.1 

 Interpreting algebraic expressions from a quantitative process view became normative in 

the pool context via a piece of an argument shifting positions, thereby satisfying Criterion 2. 

Additionally, a warrant became implicit in an argument, satisfying Criterion 1. Students built 

upon interpretations voiced in the videos and later expressed quantitative process interpretations. 

For instance, in Argument 1, students viewed a video where Haleemah assigned quantitative 

meaning to the expression (x • 2) and afterwards interpreted (x • 2) as a quantitative process. 

Students then used these interpretations as justification for future claims. In Argument 2, for 

example, the quantitative process interpretation of x – 2 was used to justify the claim that y was 

equal to x – 2.  
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NWR 4.2 Interpreting Algebraic Expressions from a Quantitative Product View  

 This section presents evidence of interpreting algebraic expressions from a quantitative 

product view functioning as if shared in the classroom. I have adapted the definition of a 

quantitative product interpretation provided in the section for NWR 3.2 to the interpretation of 

algebraic (rather than arithmetic) expressions. This definition includes two criteria:  

(a) Product Criterion: the student uses gesture or speech to refer to at least one algebraic 

expression as a single entity or whole. 

(b) Quantitative Criterion: the student associates the entity identified in (a) with a quantity in 

context. 

This normative way of reasoning draws upon three related normative ways of reasoning 

discussed in previous mathematics practices. To interpret an expression such as 5c as a 

quantitative product, students first need to express 5c + 3c = T as a generalization of an 

arithmetic relationship (e.g., 5 • 7 + 3 • 7 = 56). As demonstrated in the section for Mathematics 

Practice 1 and 2, both ways of reasoning of stating a general method (NWR 1.1) and expressing 

a general method with literal symbols that represent quantities with varying values (NWR 2.3) 

functioned as if shared by Day 8. Additionally, since expressing quantitative product 

interpretations is more challenging than expressing quantitative process interpretations, it is 

helpful to first interpret arithmetic expressions such as 5 • 7 as a quantitative product. In the 

section for NWR 3.2, I showed that this way of reasoning also functioned as if shared by Day 8. 

These three normative ways of reasoning together became normative on Day 8, establishing a 

strong foundation for interpreting algebraic expressions as quantitative products to become 

normative across Days 8 and 9.  
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In the following sections,, I will present one argument from Day 8 and another from Day 

9. Afterward, I will apply Criterion 2 from DCA, arguing that a piece of Argument 1 shifted 

positions in the subsequent argument. 

Argument 1 

Preliminary Related Reasoning. As was shown in the section for NWR 4.1 (interpreting 

algebraic expressions from a quantitative process view), students could interpret algebraic 

expressions like x – 2 and x • 2 as quantitative processes. However, they struggled to interpret the 

same expressions as quantitative products. Their difficulties are exemplified by a whole-class 

discussion on Day 5 concerning the meaning of x • 2. During this discussion, Asma claimed that 

x • 2 was a number of tiles multiplied by two sides. Felicia offered a different meaning by 

describing x • 2 as the total amount of tiles on two sides of the pool—a quantitative product 

interpretation. However, another student, Esperanza, disagreed with Felicia. Her reasoning was 

that x • 2 could not represent a number of tiles because it represented a number of tiles times a 

number of sides. This argument appeared convincing to the class, with many students voicing 

agreement with Esperanza’s claim. While both Asma’s and Esperanza’s arguments were 

reasonable, their claims prevented Felicia's quantitative product interpretation of x • 2 from 

gaining traction in the class. Therefore, by the end of Day 5, the quantitative product 

interpretation of algebraic expressions had not yet become normative.  

Accordingly, in the second half of the TE, the teacher made interpreting arithmetic and 

algebraic expressions as quantitative products an explicit goal. On Days 6 and 7, students made 

progress interpreting arithmetic expressions as quantitative processes, which functioned as if 

shared on Day 7 (see NWR 3.1 for more details). In contrast to the class’s work in the pool 
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context, this laid a stronger foundation for interpreting algebraic expressions as a quantitative 

product to become normative on Days 8 and 9.    

Background. Argument 1 occurred on Day 8. Earlier that day, the students continued to 

work on stating their meaning for the long method, which became normative in the classroom 

(see Argument 2 of NWR 1.1). Afterward, the students had a breakthrough where they realized 

that 5 • 7 represented the total amount spent by Sofia explaining the reason for multiplication, 

leading to the quantitative product interpretation of arithmetic expressions becoming normative 

in the classroom (see Argument 2 of NWR 3.2). Immediately after that, they successfully 

expressed the long method as 5c + 3c = T, where c represented the cost per app, a quantity that 

varied in value. Similarly, this way of reasoning became normative (see Argument 2 of NWR 

2.3).  

When it came time to interpret the equation 5c + 3c = T, students readily interpreted 5c as 

“5 game apps multiplied by the unknown cost of c” and 3c as “3 game apps multiplied by the 

unknown cost of c.” Indeed, the section for NWR 4.1 showed that interpreting algebraic 

expressions as quantitative processes became normative in the classroom by Day 3 (see 

Argument 2 of NWR 4.1). Immediately before Argument 1, the teacher asked for an additional 

meaning of the expressions 5c and 3c, where the descriptions for 5c and 3c as quantitative 

processes were written on the board (see Figure 29).  

 

Figure 29: Interpretations 5c and 3c as Quantitative Processes 
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Toulmin’s Scheme. The claim in the following exchange is that 5c represents the total 

amount spent by Sofia on game apps, and 3c represents the total amount spent by Manuel on 

game apps. The data is Maricruz’s reference to a previous statement by Esperanza (“Esperanza 

said it”). The warrant is that the same reasoning used by Esperanza applies to 5c and 3c. While it 

is not completely clear what Maricruz refers to in this argument in the data and the warrant, I 

direct the reader’s attention to the statement of a quantitative product interpretation, which is 

coded as claim.  
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Table 27: Coding for Argument 1 of NWR 4.2 

Participant Speech Actions Code 
Teacher Okay. Alright, alright y’all. 

Okay. So here’s a meaning of 5c 
plus 3c. Five game apps…Hey. 
We have one minute, one 
minute. Five game apps 
multiplied by the unknown cost 
of c. Do people agree with this? 

   

Students Yes.    
Teacher Okay. Are there any other ways 

of thinking of 5c plus 3c?  
  

Maricruz Esperanza said it?1 Because 
it’s like the way we did it 
before.2 Like the way…Five 
times…The total amount of 
money spent by Sofia3… 

 1Data 
2Warrant  
3Claim 

Teacher The total amount of money 
spent by Sofia? 

Writes “total amount 
of money spent by 
Sofia on game apps” 
on the board 

 

Maricruz …on game apps.    
Teacher Amount of money spent. Do 

you agree with that, Esperanza? 
Yeah okay, go ahead. On game 
apps? Is that the same as 5c?  

  

Esperanza Oh yeah.    
Teacher  What about 3c?   
Esperanza The total amount of money 

spent…3 
Writes “total amt of 
money spent by 
Manuel” on the board  

3Claim 

Maricruz By Manuel.3  3Claim 
Teacher …by Manuel.    

  

 In this exchange, Maricruz and Esperanza offer additional interpretations of 5c and 3c 

when probed, which function as the claim. First, Maricruz spontaneously offered an additional 

meaning for 5c as the “total amount spent by Sofia on game apps.” Later, Esperanza and 

Maricruz claimed that 3c meant the total amount spent by Manuel. Maricruz likened her 

interpretation to a prior way of reasoning that she attributed to Esperanza (“Esperanza said it?”), 
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which functions as data. While Maricruz did not specify which of Esperanza’s previous ideas she 

was referring to, I argue that she likely meant Esperanza’s prior interpretation of 5 • 7 as “the 

amount Sofia spent on game apps” (see line 5 of Table 24, Coding for Argument 2 of NWR 3.2). 

This is because, of the contributions made by Esperanza on Day 8, her interpretation of 5 • 7 as 

the total amount spent by Sofia was the most notable. Through her breakthrough, the quantitative 

product interpretation of arithmetic expressions became normative. I acknowledge, however, that 

stronger evidence would have articulated that “Esperanza said that 5 • 7 was the total amount 

Sofia spent on game apps.”  

 I coded “because it’s like the way we did it before” as warrant because her utterance 

connects Esperanza’s previously expressed idea to the new situation of interpreting 5c. That is, 

Maricruz connected the data to the claim. As before, I argue that she is likely recalling the 

quantitative product interpretation of 5 • 7 and assigning the same meaning to 5c and 3c.   

 Moreover, this exchange provides evidence of a quantitative product interpretation of 5c 

and 3c. For instance, Maricruz interpreted 5c as “the total amount of money spent by Sofia on 

game apps.” This description satisfies both the quantitative criterion and product criterion. First, 

Maricruz quantified 5c in the game app context as an amount that Sofia spent. Second, Maricruz 

interpreted 5c as a whole entity by describing it as a “total amount.” Thus, her description meets 

the requirements of a quantitative product interpretation. A similar description was given for 3c.  

I note that in this argument, the quantitative product interpretations of 5c and 3c function as 

claim where it will function as data in the next argument.   

Argument 2 

Preliminary Related Reasoning. Before Argument 2 on Day 9, the teacher led an 

activity to connect quantitative process and quantitative product interpretations—something that 
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was challenging for students in the pool context. The activity involved asking students to draw 

arrows from five verbal descriptions to quantities in the equation 5c + 3c = T, as depicted in 

Figure 30. These descriptions were taken from their work on the previous day, with two 

corresponding to the quantitative process view (“5 game apps multiplied by the cost per app” and 

“3 game apps multiplied by the cost per app”) and two corresponding to the quantitative product 

view (“Sofia’s total amount spent on game apps” and “Manuel’s total amount spent on game 

apps”). During their whole-class discussion, students drew arrows from the written descriptions 

to their corresponding symbolic representation in the equation.  

 

Figure 30: Drawing Arrows from Quantitative Process and Product Descriptions to Algebraic 

Expressions 

The teacher then led a discussion where students explicitly articulated the relationship 

between the quantitative process and quantitative product interpretations. For instance, when 

asked why it was okay to have two arrows pointing to 5c and two arrows pointing to 3c, Gisela 

explained that the quantitative process description was “basically the equation” and the 

quantitative product description was “whatever the answer of that equation.” Two other students 

also acknowledged that the quantitative product description corresponded to the result of the 
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procedure exemplified by the quantitative process description. The discussion indicated that the 

students could not only articulate a quantitative product perspective, as in Day 8 but could also 

explain why this interpretation was valid for any algebraic expression.  

Background. Argument 2 occurred on Day 9. Before Argument 2, the teacher asked 

students to view a clip where Haleemah and ET interpreted 3c as the total amount spent by 

Danyal (one of the friends in the Three Friends Task). Following the video, the students 

discussed in their groups why Haleemah and ET would give that description for 3c. The teacher 

revoiced an idea expressed by Aislyn in groups, which was that 3c represented a total because it 

was three game apps that each cost the same amount, which results in the total amount spent by 

Danyal. After discussing, the teacher asked the group presenter from Group 1, Maricruz, to come 

to the board and show how Haleemah and ET would match the verbal descriptions to the 

equation in their situation with the two friends.  

Toulmin’s Scheme. The claim in this exchange is that Haleemah and ET would label 5c 

and 3c as “Sofia’s total amount spent on game apps” and “Manuel’s total amount spent on game 

apps,” respectively. The grounds for this claim is that in the video, they similarly described their 

algebraic expressions as the total amount spent by a friend and the total amount spent by another 

friend, but for their situation with the three friends (“the other way”). The warrant is that their 

way of describing the algebraic expressions works for their situation with the two friends (“it 

works for ours”). The text below reflects the typical speech of children, which includes a casual 

use of language. Following this, I provide a detailed analysis and interpretation.  
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Table 28: Coding for Argument 2 of NWR 4.2 

Participant Speech Actions Code 
Teacher Okay. So now I’m going to ask 

you guys how Haleemah and 
ET would have labeled this. 
How would Haleemah and ET 
label this? I’m going to ask 
your group presenter to come 
up.a  

aPoints to Group 1  

Maricruz Do I underline?   
Teacher It’s on highlight.    
Maricruz Oh okay.b  bHighlights the 

description “Sofia’s 
total amount spent 
on game apps” and 
“Manuel’s total 
amount spent on 
game apps”1  

1Claim 

Teacher Let’s pay attention.    
Maricruz They do…they would put 

these two1 because they just 
said it was the total amount 
spent by Sofia and the total 
amount spent by Manuel—
Oh…the other way.2 Yeah. 
Well it works for ours because 
that’s their names.c3   

cPoints to the board 1Claim 
2Data  
3Warrant 

  

The central issue in this exchange is how Haleemah and ET would link the verbal 

descriptions displayed on the board to the quantities in the equation. Therefore, Maricruz’s 

highlighting of the two quantitative product interpretations and her statement, “they would put 

these two,” function as the claim. When Maricruz mentions that “they just said it was the total 

amount spent by Sofia…the other way,” I interpret this in two potential ways. Either Maricruz 

was referring to a direct quote from the video they watched prior to Argument 2, suggesting she 

meant “the total amount spent by Danyal,” or Maricruz was hypothesizing that Haleemah and ET 

would describe 5c similarly, as “the total amount spent by Sofia.” These interpretations are 
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implied from Maricruz’s abrupt correction (“Manuel—Oh…the other way”), indicating her 

realization of the discrepancy between the video’s content and the descriptions on the board.  

I coded Maricruz’s utterance “they just said…the other way” as data because it explains 

how she views what she heard in the video (“they just said”) in the situation with three friends as 

related to the verbal descriptions written on the board. Namely, the statement suggests she views 

both the ideas from the video and the written descriptions as quantitative product interpretations, 

which supports her claim that Haleemah and ET would identify 5c and 3c as the total amounts 

spent by Sofia and Manuel on game apps, respectively. Maricruz’s statement, “Well it works for 

our situation because that’s their names,” suggests that Haleemah’s and ET’s description of the 

algebraic expression 3c is appropriate for their situation involving Sofia and Manuel. She points 

out that the difference is merely the names. Her utterance functions as warrant, linking the 

quantitative product interpretations to her claim about how Haleemah and ET would match the 

descriptions to the algebraic expressions.  

Finally, this exchange is evidence of a quantitative product interpretation. Maricruz said 

“the total amount spent by Sofia” when referring to 5c and “the total amount spent by Manuel” 

when referring to 3c. These descriptions satisfy both the quantitative criterion and product 

criterion. For example, 5c was quantified in the game app context as an amount that Sofia spent 

and as a whole entity by describing it as a “total amount.”  

Fulfilling Criterion 2 

 Criterion 2 was satisfied on Day 9 because of the shift in positions of the quantitative 

product interpretation of algebraic expression from “claim” to “data.” On Day 8, Maricruz 

claimed that 5c and 3c could be interpreted from a quantitative product perspective as the total 

amount spent by Sofia and Manuel, respectively. On Day 9, the quantitative product 
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interpretation functioned as data to support the claim that Haleemah and ET would link verbal 

descriptions to the quantities in the equation 5c + 3c = T. Hence, Criterion 2 was satisfied. 

Summary of NWR 4.2 

 Because adopting a quantitative product view of algebraic expressions was challenging 

for students in the pool context, the teacher frequently asked students to voice their 

interpretations of algebraic expressions as a whole class in the game context. I presented 

evidence to show that by Day 9, interpreting algebraic expressions as quantitative products 

became normative in the classroom via Criterion 2 of DCA. Interpreting algebraic expressions 

from a quantitative product view is crucial for developing a descriptive equivalence 

interpretation of an equation, which is tackled in NWR 5.2 of Mathematics Practice 5.  

Summary of Mathematics Practice 4  

 Mathematics Practice 4 documented the evolution of students’ interpretations of algebraic 

expressions from both quantitative process (NWR 4.1) and quantitative product perspectives 

(NWR 4.2). The quantitative process interpretation was salient for students in the pool context. 

Once students were explicit about the relationship between the quantitative process interpretation 

and the quantitative product interpretations, they progressed in expressing a quantitative product 

interpretation.  

Mathematics Practice 5: Developing Descriptive Equivalence 

 The focus of Mathematics Practice 5 is students’ ways of reasoning about equivalent 

expressions from a quantitative reasoning approach known as descriptive equivalence. In 

general, a descriptive interpretation of equivalence treats two objects as equivalent if they 

describe, represent, or model the same quantity or situation (Cook et al., 2022). I explore 

descriptive equivalence here as it applies to the equivalence of algebraic expressions (e.g., 5c 
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+3c =8c, which treats two expressions as equivalent if they represent the same quantity. By 

contrast, two expressions are syntactically equivalent if they can be rewritten as the same 

expression by applying properties or theorems that produce simplified or expanded forms 

(Solares & Kieran, 2013). I note that a syntactic interpretation affords little insight into the 

equivalence of algebraic expressions because it does not explain why the expressions are equal. 

On the other hand, a descriptive equivalence interpretation relies on quantities to justify the 

equivalence of expressions in context.  

There are two normative ways of reasoning grouped in Mathematics Practice 5. The first 

normative way of reasoning (NWR 5.1) documents students’ development of descriptive 

equivalence interpretations of arithmetic equations. The second normative way of reasoning 

(NWR 5.2) documents students’ development of descriptive equivalence interpretations of 

algebraic equations. The most important result of Mathematics Practice 5 is NWR 5.2 because it 

was an explicit goal of the TE. However, it is essential to acknowledge that developing 

descriptive equivalence of arithmetic expressions (NWR 5.1) was also observed in the dataset 

and functioned as if shared by Day 3. Because NWR 5.1 emerged in the initial days of the TE, 

the students’ language is less precise than their language towards the end of the TE, where their 

precision of language had improved. For a discussion of how descriptive equivalence of 

algebraic expressions could become normative before interpreting arithmetic expressions as 

quantitative products (which FAIS on Day 8), I direct the reader to the Discussion section at the 

end of the chapter.  

Additionally, it is important to note that the method used to establish NWR 5.2 relies on 

an extension of the DCA method because the whole-class data was insufficient to establish that 

the reasoning had become normative. Instead, additional analysis at the small group level was 
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needed. Consequently, in the section for NWR 5.2, I present data and analysis to show that 

descriptive equivalence of algebraic expressions tentatively functioned as if shared by following 

an emerging methodology introduced by Dreyfus et al. (2023).  

NWR 5.1 Developing Descriptive Equivalence of Arithmetic Expressions   

 This section presents evidence that developing descriptive equivalence of arithmetic 

expressions functioned as if shared. Much of the literature on equivalence has focused on the 

meaning of the equal sign within an equation (e.g., Falkner et al., 1999; McNeil & Alibali, 2005; 

Ralston & Li, 2022). However, recently researchers have established an extension, in the sense 

of Richardson et al. (2024), where they also looked at the sameness of expressions without 

involving the equal sign. The interpretations observed in the dataset of equivalence of arithmetic 

expressions are most closely aligned with Richardson et al.’s (2024) extension. Therefore, I 

associate descriptive equivalence with two observable behaviors: 

(a) Sameness Criterion: The use of words like equivalent, equal, same, common, similar, 

identical, invariant, or shared (or a reasonable synonym) to describe the relationship 

between the expressions in question.  

(b) Quantitative Criterion: The act of pointing to or naming the same quantity when referring 

to the expressions in question. 

This definition includes two criteria: the sameness criterion and the quantitative criterion. An 

alternative definition could require that the sameness criterion and quantitative criterion be 

connected by explaining that two expressions are equivalent because they represent the same 

quantity. Such a definition might require observable behaviors, such as using words like 

“because” or “so” to explain equivalence. By contrast, this definition considers it sufficient to 

acknowledge that the expressions in question represent the same quantity (e.g., by pointing or 
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naming), leaving the implication of equivalence implicit. Given that descriptive equivalence was 

particularly challenging for students in the TE, requiring explicit explanatory words like 

“because” was deemed overly restrictive. A discussion of potential reasons why descriptive 

equivalence posed such challenges can be found in the discussion section at the end of this 

chapter. 

In the next sections, I present two arguments on Day 2 and Day 3. I argue that the naming 

of quantities of two equivalent arithmetic expressions repeatedly functioned as data on Day 2 and 

Day 3, thus fulfilling Criterion 3 of the DCA method. I also present evidence that the exchanges 

in Arguments 1 and 2 satisfy the given definition of descriptive equivalence of arithmetic 

expressions, concluding that this idea functioned as if shared in the classroom.  

Argument 1 

Preliminary Related Reasoning. In this subsection, I provide a narrative account of 

initial reasoning related to NWR 5.1, which involved syntactic equivalence interpretations. 

Students’ syntactic equivalence interpretations emerged from their work on a task from Day 1 in 

the pool context. This task came from a video they watched of Haleemah and ET finding the 

number of tiles in a pool with 10 tiles on a side. In the video, Haleemah initially wrote equations 

using addition, including 10 + 10 = 20 and 8 + 8 = 16, to claim that the total number of tiles was 

36. Then, when prompted to combine her addition equations into a single equation, ET wrote an 

equation using multiplication: (10 • 2) + (8 • 2) = 36. The students were then asked to solve the 

same task as Haleemah and ET, which similarly involved writing an arithmetic equation to find 

the total number of tiles in a pool with 10 tiles on a side. 

When discussing their work, Rodolfo presented his approach using addition, which 

resembled the initial method from the video. However, Ahmed commented that they were 
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supposed to explain “ET’s way” rather than their own, and he wrote an equation with 

multiplication ((8 • 2) + (10 • 2) = 36; see Figure 31). The approach using multiplication was 

henceforth referred to as “ET’s way,” and the approach using addition was referred to as 

“Rodolfo’s way.” In the subsequent whole-class discussion, three students noticed similarities 

and differences between the two approaches, mainly drawing on the idea that (10 • 2) + (8 • 2) = 

36 was a simplified version of the approach using addition. Their comments suggested that they 

appealed to algebraic properties that produced simplified or expanded forms, reflecting a 

syntactic equivalence interpretation.  

 

Figure 31: Discussing Rodolfo’s Way and ET’s Way 

Background. Argument 1 occurred on Day 2. Students reviewed their work from the 

previous day and continued discussing the similarities and differences between Rodolfo’s and 

ET’s ways. Several students disagreed, with some claiming that the two ways were different 

because they represented different quantities. For example, just before Argument 1, Felicia had 

argued that the two arithmetic expressions 8 + 8 (from Rodolfo’s way) and (8 • 2) (from ET’s 

way) were different in the context of the pool. She reasoned that 8 + 8 only added tiles, while in 

(8 • 2), the “2” represented two sides. While Felicia offered an explanation that appealed to the 
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pool context, she did not view the two expressions as representing the same quantity, which 

failed to satisfy the definition of descriptive equivalence. The teacher then probed the class to 

think of the expression (8 • 2) as two groups of eight. Afterward, Maricruz was asked to come to 

the board to write the meaning of (10 • 2). The following argument compared the meanings of 10 

+ 10 and (10 • 2).  

Toulmin’s Scheme. The claim in the following exchange is that 10 + 10 and 10 • 2 

represent the same quantity in the pool. The data is that 10 • 2 represents two sides of ten tiles, 

and 10 + 10 represents two sides of ten tiles, which is indicated by Maricruz’s gesturing. I direct 

the reader to Figure 32, showing Maricruz’s board work to follow her inscriptions and gestures.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  199 

Table 29: Coding for Argument 1 of NWR 5.1 

Participant Speech Actions Code 
Maricruz How would I write it? Like, this 

representsa two groups of eightb. 
And it’s the same for thatc too 
because two groups of 10… 

aDraws an arrow 
pointing to “(8 • 2)”  
 
bWrites “2 groups of 
8” next to the arrow 
(see Figure 32)  
 
cPoints to “(10 • 2)”1  
 

1Data 

Teacher Is it?   
Maricruz  Yeah, because there’s…d two 

sides. 10.1  
dGestures both hands 
parallel to each other 
in front of the two 
vertical sides in the 
pool1 

1Data 

Teacher Of 10 what?   
Maricruz 10 tiles. Okay, do I write that?   
Teacher Yeah, go ahead and write it.e  eAdds “tiles” to “2 

groups of 8” and 
writes “2 groups of 
10 tiles” above (10 • 
2) with a line 
segment connecting 
them1 

1Data 

Maricruz  Okay. And then thatf, I don’t 
know how to explain it well, 
but each equation just 
represents like, the side… like 
the side of 10 plus 10. The 
whole equation represents 
these two sides.1g It’s not in the 
equation how many sides there 
are, but it just represents the 
whole thing.  

fPoints to the side of 
the screen where the 
equations “10 + 10 = 
20” and “8 + 8 = 16” 
are written  
 
gGestures both hands 
parallel to each other 
in front of the two 
vertical sides in the 
pool1  

1Data  
 
 

Teacher So even though the two is not in 
the equation, it still represents 
the same thing in the pool2? 

 2Claim  

Maricruz Yes.2   2Claim  
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Figure 32: Describing the Meanings of 10 + 10 and 10 • 2 

The exchange above features multiple arguments, but I focus the reader's attention on the 

argument completed by the teacher, which centers on the assertion that 10 + 10 and 10 • 2 

represent the same quantity in the pool. Initially, Maricruz argued that 10 • 2 meant “two groups 

of ten” because there are “two sides” of “10 tiles.” She then separately stated that 10 + 10 also 

represents the “two sides.” While these arguments could be viewed as distinct, they are 

interpreted here as collectively supporting the idea that 10 + 10 and 10 • 2 represent the same 

quantity in the pool. With this perspective, the central claim of Argument 1 is that 10 + 10 and 10 

• 2 represent the same quantity in the pool. This is evidenced by Maricruz's affirmative response, 

“Yes,” to the teacher's question, “It still represents the same thing in the pool?” Maricruz's 

descriptions of 10 + 10 as “two sides” and 10 • 2 as “two sides” of “10 tiles,” together with her 

consistent hand gestures, function as data.  

A critical reader might argue that Maricruz's statements focus more on distinguishing 

each expression's meanings rather than asserting their equivalence. However, her use of identical 

gestures for both expressions (i.e., placing her hands in parallel lines to represent the two vertical 

sides of the pool) indicates that she aims to demonstrate that the expressions convey the same 
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meaning in this context. Further evidence of Maricruz's focus on the equivalence of the two 

expressions is her disagreement with Felicia's earlier argument that 8 • 2 and 8 + 8 do not share 

the same meaning. For example, Maricruz clarified, “It’s not in the equation how many sides 

there are, but just represents the whole thing,” suggesting that she rejected the notion that 

including the number of sides in 10 • 2 makes it different from 10 + 10. 

 This exchange satisfies the two criteria for descriptive equivalence. The first criterion was 

satisfied by the teacher’s use of the word “same” when referring to the meanings of 10 + 10 and 

(10 • 2) in the pool. The second criterion was satisfied because Maricruz gestured to and named 

the same quantity for 10 + 10 and for (10 • 2). Namely, she used the same gesture to describe the 

two expressions 10 + 10 and (10 • 2) as representing two groups of tiles on the pool’s left and 

right sides.   

Argument 2 

Background. Argument 2 occurred on Day 3, during a whole-class discussion in which 

the students reviewed their work from the previous day. The students were asked again to 

compare Rodolfo’s and ET’s ways in small groups. Marisa, the presenter for Group 2, was asked 

to share her group’s ideas.  

Toulmin’s Scheme. Marisa’s claim in the following exchange is that ET’s and Rodolfo’s 

ways are the same. Her evidence for the claim is that the expressions 10 • 2 and 10 + 10 

represent two sides of 10 tiles. The warrant is that ET’s way and Rodolfo’s way include the 

quantity of two groups of 10 tiles.  
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Table 30: Coding for Argument 2 of NWR 5.1 

Participant Speech Actions Code 
Marisa  We just agreed and said the 

same thing, that…I forgot what 
we decided if they were the 
same or if they were 
different…I think we said the 
equations were the same 
thing.1  

 1Claim  

Teacher So Group 2 says that they’re the 
same and Group 1 says that 
they’re different.  

  

Marisa I thought Aislyn said that they 
were different.  

  

Teacher Why do you think it’s the same?   
Marisa Because you get the same 

answers. So, for herea how it 
has the two sides…The two 
would be the two 10s.b 2 

aPoints to “(10 • 2)”2  
 
bPoints to “10 + 10”2  

2Data  

Teacher Two what of 10?   
Marisa Two groups. So, like for thisc 

how we said the “2” would be 
the two different groups.  

cPoints to “(10 • 2)”  

Teacher And where do you see the two 
groups in the pool? 

  

Marisa The sides, so this would be 
one groupd and group two.d 2  

dPoints to the left 
side of the pool2 

 
ePoints to the right 
side of the pool2 

2Data  

Teacher Could you point one more time?   
Marisa Right heref and right here.g7 fPoints to the left side 

of the pool2 

 
gPoints to the right 
side of the pool2 

 

Teacher Are they two groups of eight or 
two groups of 10? 

  

Marisa Two groups of 10.    
Teacher Okay. Do people agree with 

that? Okay, so you see ET’s 
way the same as Rodolfo’s way 
because why? 
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Table 30: Coding for Argument 2 of NWR 5.1 (Continued)  

Participant Speech Actions Code 
Marisa Because they both…you both 

get the same answers and 
because that’s the two 
groups.3 

 3Warrant 

Teacher Of?   

Marisa Of 10.2  3Warrant 

Teacher Of 10 what?   

Marisa  10 tiles.2  3Warrant 

 

Marisa claimed that the “equations were the same thing,” where “equations” refers to two 

expressions—10 + 10 from Rodolfo’s way and (10 • 2) from ET’s way. Marisa supported this 

claim by explaining the sameness of 10 + 10 and (10 • 2), which functioned as data. For instance, 

she first connected the two expressions by saying “for here [points to (10 • 2)]…how it has the 

two sides…the two would be the two 10s [points to 10 + 10].” She later clarified that the “two 

10s” were, “two groups of 10.” Marisa further elaborated by grounding the meaning of the two 

expressions in the pool context. She pointed to the two groups of 10 on the left and right sides of 

the pool and explained that these were the two groups. Marisa’s final statement is that both 

Rodolfo’s and ET’s way show the two groups of 10 tiles functions as warrant. Initially, Marisa 

said “You get the same answers,” however, her subsequent explanation appeared to focus more 

on the quantitative meaning of the two expressions. 

 Marisa’s explanation satisfies the two criteria of descriptive equivalence. A critical reader 

may argue that Marisa’s mention of “same answers” suggests a common characteristic 

interpretation of equivalence, which requires a justification involving the identification of some 

common feature between two mathematical objects. However, the rest of Marisa’s explanation 
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did not focus on the answers to the expressions 10 + 10 and (10 • 2) as being equal to 20. Instead, 

she focused on the meaning of 10 + 10 and (10 • 2) in the pool context. Therefore, I interpret 

“same answers” as evidence of the sameness criterion and her subsequent explanation as 

evidence of the quantitative criterion for descriptive equivalence. Specifically, she articulated the 

meaning of 10 + 10 and (10 • 2) as two groups of 10 tiles, which she then associated with the left 

and right sides of the pool via pointing. Thus, the second criterion of descriptive equivalence was 

satisfied.  

Fulfilling Criterion 3 

 For NWR 5.1, I apply the third criterion of the DCA method, the repeated use of an idea 

as data or warrant for more than one argument across multiple days. In Argument 1, Maricruz 

named the quantities for 10 + 10 and (10 • 2) as two groups of 10 tiles, which functioned as data 

for the claim that both expressions represented the same quantity in the pool. In Argument 2, 

Marisa similarly named the quantities for 10 + 10 and (10 • 2) as two groups of 10 tiles, which 

also functioned as data. In Argument 2, however, the data supported a different claim. The 

repeated use of the meanings for 10 + 10 and (10 • 2) as data fulfills the third criterion of the 

DCA method. Additionally, in both arguments, I made the case that the definition for descriptive 

equivalence of arithmetic expressions was satisfied. Thus, I conclude that descriptive 

equivalence of arithmetic expressions became normative in this classroom.  

Summary of NWR 5.1 

 On Day 2, students began to view the arithmetic expressions 10 + 10 and (10 • 2) as 

equivalent in the pool context, each representing two groups of ten tiles. Their understanding 

deepened on Day 3 when this equivalence of the expressions was used as evidence to support the 

claim that Rodolfo’s way and ET’s way were equivalent. Even though developing descriptive 
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equivalence of arithmetic expressions was not an explicit goal of the TE, this normative way of 

reasoning highlighted students’ ability to move from a syntactic equivalence interpretation to a 

descriptive equivalence interpretation by attaching quantitative meaning to their arithmetic 

equations. Although NWR 5.1 tackled interpretations of expressions rather than equations,  

this type of reasoning about expressions is likely an essential foundation for interpreting an 

arithmetic equation like 10 + 10 = (10 • 2) from a descriptive equivalence perspective.  

NWR 5.2 Developing Descriptive Equivalence of Algebraic Expressions 

This section on developing descriptive equivalence of algebraic expressions will be 

distinct from other normative ways of reasoning in this chapter. This case differs because 

additional analysis of small group interactions was needed to establish that it had become 

normative on Day 10. I present data and analysis to argue that developing descriptive 

equivalence of algebraic expressions tentatively functioned as if shared by following an 

emerging methodological extension of the DCA method introduced by Dreyfus et al. (2023). 

This extended methodology includes an analysis of both whole-class data and small-group data. 

According to Dreyfus et al. (2023), extending the DCA method to small-group interactions 

provides valuable insights into how mathematical progress is made.  

This approach was chosen because there was not substantial evidence at the whole class 

level to claim that descriptive equivalence of algebraic expressions FAIS. Specifically, further 

investigation into this idea was motivated by several factors: (a) time constraints in discussing 

descriptive equivalence of algebraic expressions at the whole-class level, (b) the expression of a 

syntactic equivalence interpretation immediately preceding a descriptive equivalence 

interpretation, (c) the brevity of a descriptive equivalence argument in the whole-class, and (d) 

the notable progress observed in small groups. The data and analysis presented in the subsequent 
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sections will highlight a complex story of mathematical progress, including descriptive 

equivalence of algebraic expressions functioning as if shared within one small group and 

emerging in the three remaining small groups.  

This normative way of reasoning entailed students interpreting the algebraic equation 5c 

+ 3c = 8c from a descriptive equivalence perspective. Unlike the definition provided in NWR 

5.1, in this context, the expressions 5c + 3c and 8c are presented within an equation where the 

equal sign denotes equality. To demonstrate evidence of the sameness criterion, a student would 

use terms such as “equivalent” or “same” to articulate the relationship between the expressions in 

the equation. Therefore, in this case, the sameness criterion aligns with a relational interpretation 

of the equal sign, where the symbol “=” means “the same as” (Knuth et al., 2006).   

The development of descriptive equivalence of algebraic expressions was complex in part 

because it built upon ideas from the previous four mathematics practices. First, students needed 

to express 5c + 3c and 8c as generalizations of an arithmetic relationship. Specifically, 5c + 3c = 

T expressed the “long method,” where the number of apps each friend purchased was multiplied 

by the cost per app (c), and the results were summed to find the total cost (T). In contrast, 8c = T 

expressed the “short method,” where the total number of apps was combined first and then 

multiplied by the cost per app. Second, students worked to interpret c as a symbol that represents 

a variety of numerical values rather than a physical object, like apps. Third, they interpreted each 

expression from both quantitative process and quantitative product perspectives. In particular, 

from a quantitative product perspective, 5c + 3c = 8c could be interpreted as the amount of 

money spent by Sofia and the amount of money spent by Manuel equals the total amount spent 

altogether by the two friends. Such a description aligns with the criteria of a descriptive 

equivalence interpretation.    
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In the following sections, I first present one argument that occurred on Day 10 during a 

whole-class discussion and explain why additional analysis was warranted at the small-group 

level. I then shift to the small-group data analysis. First, I detail how I applied the method from 

Dreyfus et al. (2023). Next, I present evidence to claim that Group 1 negotiated and elaborated 

the idea of descriptive equivalence of algebraic expressions before the whole class discussion. I 

then present evidence to make the case that Groups 2-4 were close to establishing the idea. 

Lastly, in light of the small-group analyses, I apply a variant of Criterion 1 (no member of the 

classroom issues a challenge) to argue that descriptive equivalence of algebraic expressions was 

FAIS in Group 1 and was close to FAIS within Groups 2-4 to conclude that this idea tentatively 

FAIS in the whole-class by the end of the TE.  

Argument 1 

Background. Argument 1 occurred in the last minutes of Day 10. Just before Argument 

1, several students initially appealed to a syntactic interpretation of equivalence. First, Maricruz 

formed the equation 5c + 3c = 8c, and the teacher asked the class why 5c + 3c was equal to 8c. 

Next, rather than naming the quantities associated with 5c, 3c, and 8c in context, Ahmed and 

Aislyn provided explanations that appealed to syntactic properties of combining like terms by 

using words like “simplify” and circling 5 + 3 and 8 in the equation. In response, the teacher 

asked students to explain why the expressions were equivalent by appealing to the context of 

Sofia and Manuel. She had the class work on a task in groups meant to elicit a descriptive 

equivalence interpretation (Figure 33). After working in groups, the teacher asked Fatima to 

present her group’s ideas.  
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Figure 33: Equivalence Task 

Toulmin’s Scheme. In the following exchange, the claim is that 5c plus 3c equals 8c. The 

explanation that 5c is Sofia’s amount spent, 3c is Manuel’s spent, and 8c is the total amount 

spent for both friends functions as data.  
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Table 31: Coding for Argument 1 of NWR 5.2 

Participant Speech Actions Code 
Teacher Okay guys. So, do people want to 

share? Okay, I asked you guys to 
share, and this group to share. And 
you guys want to share too? Do you 
want to do the…with the price per 
app of two dollars? Okay. Alright, so 
first we said five c plus three c 
equals eight c1, because five plus 
three equals eight. Then what did I 
say? What did I ask you to do? 
Yeah…what did I ask you to do? 

 1Claim  

Felicia Oh, explain the context in that 
equation…in the context of Sofia and 
Manuel.  

  

Teacher To explain it in the context of Sofia 
and Manuel. So, let’s see how 
this…Did you want to..? Okay. Let’s 
listen to how Fatima explains it. 
Alright, Fatima is going to explain.  

  

Fatima Five c is Sofia’s amount spent. 
Three c is Manuel’s amount spent. 
Eight c is the total amount Sofia 
and Manuel spent for both friends.2  

 2Data  

Teacher Yeah. Do people disagree with that?   
Several students No.    
Teacher No?   
Gisela That’s all we were supposed to do?   
Teacher Does that make sense?   
Gisela That’s all we were supposed to do…   
Teacher Yeah, Gisela do you want to add onto 

that? 
  

Gisela No.    
Teacher No? Okay. Did people agree with 

that? 
  

Marisa Yeah.    
Maricruz I approve.    
Felicia We approve.    

 

In this argument, the teacher first repeated the students’ claim from before, that “5c plus 

3c equals 8c.” While Aislyn had previously argued that 5c + 3c was equal to 8c because 5 + 3 = 
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8, Fatima shared an alternative explanation in this argument. Her alternative explanation, which 

functions as data, was that “5c is Sofia’s amount spent, 3c is Manuel’s amount spent, and 8c is 

the total amount spent for both friends.”  

 The teacher’s revoicing of “5c plus 3c is equal to 8c” meets the first criterion for 

descriptive equivalence by using the word “equal” to describe the relationship between 5c + 3c 

and 8c. Fatima’s statement satisfies the second criterion by explicitly linking the quantities 

associated with 5c, 3c, and 8c to the game app context. She described 5c as “Sofia’s amount 

spent” and 3c as “Manuel’s amount spent.” While Fatima did not directly interpret the element 

5c + 3c, I argue that due to the students’ extensive work with the long method (expressed by 5c + 

3c = T), Fatima was likely seeing 5c + 3c as equivalent to the total amount spent by both friends. 

She then described 8c as “the total amount spent for both friends,” suggesting that Fatima viewed 

5c + 3c and 8c as the same quantity in the context of the game apps. Fatima’s explanation 

therefore satisfies the second criterion for descriptive equivalence.  

 I acknowledge that Argument 1 was brief and lacked elaboration due to time constraints. 

Notably, Fatima did not mention sameness or equality and did not explicitly articulate an 

interpretation of 5c + 3c as representing the total amount spent by both friends. Stronger 

evidence of descriptive equivalence would have articulated that 5c + 3c = 8c because 5c + 3c 

represents the total amount spent by Sofia and Manuel together. Similarly, 8c represents the total 

amount spent by both friends. Because the two expressions have the same meaning in the game 

app context, the two are equivalent. In the next section, I provide data and analysis from small-

group discussions that occurred before Argument 1 to bolster my claim that descriptive 

equivalence of algebraic expressions tentatively functioned as if shared in the classroom.  
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Small Group Arguments  

Small Group DCA Analytic Method  

 The DCA method has traditionally been applied exclusively to whole-class data. 

However, recent studies by Dreyfus et al. (2023) and Rasmussen et al. (2024) have expanded its 

use to include small-group settings. This extension was motivated by the desire to provide a 

more comprehensive view of how mathematical ideas are coordinated across both classroom 

contexts. The researchers recognized that the whole-class setting is not the only venue for 

negotiating mathematical ideas. In many cases, small groups are the primary setting for debating 

and justifying ideas, while whole-class discussions often serve merely to report ideas that have 

already been established. By applying DCA to both small-group and whole-class discussions, the 

method seeks to offer a more complete picture of how knowledge functions as if shared within 

the classroom. 

In the present study, I follow the methodological approach detailed in Dreyfus et al. 

(2023) and specifically follow their DCA analysis of data related to the idea that “area goes to 

zero” (p. 703-709). In general, their method involved transcribing video data for six whole-class 

discussions and five episodes of small-group work for both groups. They then created 

argumentation logs for both sets of data and identified ways of reasoning that functioned as if 

shared in the whole class setting or in one of the two groups for which they had a full record of 

discussions. They did this by applying DCA criteria to small-group and whole-class discussions.  

Three ways of reasoning were then selected because they were methodologically 

complex. In the case of one of the ways of reasoning (“area goes to zero”), they found that the 

idea FAIS in one small group via Criterion 2, and was emerging in another small group. On the 

other hand, the evidence in the whole-class discussion that the idea functioned as if shared was 
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not strong (the argument was brief, and it was also a conversation between only two members of 

the class who were in the same group). However, coupled with the evidence from the small 

groups, the authors elected to apply a variant of Criterion 1 to claim that the idea tentatively 

functioned as if shared. 

The variant of Criterion 1 refers to a weaker version of the traditional Criterion 1, which 

requires multiple arguments to show that a warrant or backing has become implicit in an 

argument (Rasmussen and Stephan, 2008). Because Dreyfus et al. (2023) only had evidence for 

one argument at the whole class, they could not claim that a warrant had dropped off. However, 

they felt there was enough evidence to claim that no member of the classroom community 

offered a rebuttal in response to the argument, which they attributed to the idea being negotiated 

prior to the whole-class discussion in Group 1, and somewhat negotiated in Group 2. The lack of 

strong evidence led them to claim that the idea tentatively functioned as if shared. Had the small-

group analysis not been coordinated with the whole-class analysis, this idea would likely not 

have been identified as FAIS. 

In general, the use of the variant of Criterion 1, which relies on one argument, is not 

sufficient to make claims about an idea becoming normative in the classroom. Indeed, students 

may not issue a rebuttal or question the result for various reasons, including confusion about the 

mathematics or fatigue. Despite the presence of social norms that would encourage 

disagreement, it is possible that the use of this variant may not be a strong enough indicator that 

an idea has been accepted. However, as I will argue, using the extension of the DCA method with 

and applying the variant of Criterion 1 to the observed dataset sufficiently reveals the complexity 

of the emergence of descriptive equivalence in this classroom.  
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Following Dreyfus et al. (2023), I transcribed small-group data and analyzed the 

transcript using Toulmin’s Scheme and the DCA method. Specifically, I transcribed 10 minutes 

of audio of students working on the Equivalence Task (Figure 33) in small groups. I then 

identified arguments related to descriptive equivalence in Groups 1, 2, 3, and 4. I applied 

Criterion 1 to two arguments in Group 1 (their small-group argument and the whole-class 

argument) and identified emergent ways of reasoning in Groups 2-4. Lastly, I used the small-

group data to bolster claims about the descriptive equivalence of algebraic expressions 

tentatively FAIS in the whole class by applying a variant Criterion 1.  

Group 1 Argument  

Background. Before forming the equation 5c + 3c = 8c, the teacher had asked students to 

interpret the equation 5c + 3c = T in their own words. Her goal was to have students become 

more comfortable with interpreting 5c and 3c as quantitative products to be able to then interpret 

the equation 5c + 3c = 8c from a descriptive equivalence perspective. In this discussion, Jose 

described 5c as “the amount of money she wasted on apps,” which the teacher commended as a 

creative way of describing the meaning of 5c. The rest of the session involved forming the 

equation 5c + 3c = 8c, where Ahmed and Aislyn initially provided syntactic interpretations. As 

the class worked on the Equivalence Task in groups, she monitored the group discussion. Just 

before Group 1’s argument, Felicia initially shared a syntactic explanation, drawing on the fact 

that 5c and 3c were like terms. In response, the teacher prompted the students in Group 1 to draw 

upon Jose’s idea of the amount of money “wasted” on apps.  

Toulmin’s Scheme. Group 1’s claim is that 5c plus 3c is the same as 8c. The data to 

support this claim is that 5c is Sofia’s amount “wasted,” 3c is Manuel’s wasted, and 8c is the 

total combined that Sofia and Manuel both wasted. The warrant is that 5c + 3c is equivalent to 8c 
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because it separates the total amount spent by both friends into Sofia’s amount spent and 

Manuel’s amount spent, but adding them together results in the quantity 8c, which also 

represents the total amount spent by both friends. 

Table 32: Coding for Group 1’s Argument 

Participant Speech Code 
Teacher Okay, but what about using this idea of wasted?  
Felicia Is it because it combines the total amount they wasted 

together? 
 

Jose Yeah…  
Felicia I don’t know…  
Jose Yeah. We should use Felicia’s [idea]. She’s smarter 

than me, like way smarter.  
 

Teacher I like your idea. What’s the meaning of five c?  
Jose & Felicia  The total amount Sofia wasted.1 1Data  
Teacher And three c?  
Jose & Felicia Total amount Manuel wasted.1 1Data  
Teacher And eight c?  
Jose & Felicia The total combined they both wasted.1 1Data  
Teacher So it’s the same?2 2Claim 
Jose Yes.2  2Claim 
Teacher Why? Yeah. Talk to each other.   
Felicia Because if it was five c by itself it’d be the total cost 

Sofia’s wasting, but you’re putting it together with 
another person. That’s why it’s the same1… 
When the equation is separated or like, broken 
down, five c still represents the total Sofia has and 
the total Manuel has. But when you add it together, 
that’s how you get eight c.3 That represents eight c. 
The total amount they’re going to spend together. 
That kind of make sense?  

3Warrant 

 

When probed to utilize the quantitative product perspective (“What about using this idea 

of wasted?”), Group 1 could articulate the quantities associated with 5c, 3c, and 8c, which 

functioned as data to support their claim that 5c + 3c was equal to 8c. Felicia’s final explanation 

functions as a warrant by explaining that 5c + 3c was a “separated” or “broken down” way of 

representing the total amount spent by both friends. She also explained that 8c resulted from 
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adding the two quantities and that this expression similarly represented the total amount spent by 

both friends. For instance, she said, “When the equation is separated or, like, broken down, 5c 

still represents the total Sofia has, and [3c is] the total Manuel has.” I interpret her statement to 

mean that the left-hand side of the equation (5c + 3c) is a breakdown of the total amount spent 

into Sofia’s share (5c) and Manuel’s share (3c). Her statement, “When you add it together, that’s 

how you get 8c,” indicates that she views 8c as representing the combined total of Sofia’s and 

Manuel’s amounts. Felicia viewed this as an explanation for why 5c plus 3c is equal to 8c, as 

evidenced by her statement, “That’s why it’s the same.” Thus, her explanation functions here as 

warrant.  

 Felicia’s statement, “That’s why it’s the same,” satisfies the first criterion of descriptive 

equivalence because she used the word “same” to describe the relationship between 5c + 3c and 

8c. Felicia explicitly quantified 8c as “the total amount they’re going to spend together,” which 

she explained as representing the same quantity as 5c + 3c. Hence, Felicia’s description satisfies 

the second criterion.  

 A critical reader may argue that Felicia is viewing 8c as the result of the sum of 5c and 3c 

on the left-hand side rather than seeing both expressions 8c and 5c + 3c as representing the same 

quantities. However, her use of the words “separated” and “broken down” indicates that she 

viewed 5c and 3c as parts of a whole, namely, the whole quantity represented by 5c + 3c. She 

then separately interpreted 8c as representing the total amount spent by both friends. This is 

further supported by the class’s extensive work interpreting the long method, expressed by 5c + 

3c = T, making it more likely that Felicia saw 5c + 3c as representing the total amount spent by 

both friends. The general statement of the long method already functioned as if shared in the 

classroom by Day 7, suggesting that Felicia’s grasp of this idea was already well-established by 
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Day 10. I note that Group 1 provided an elaborated explanation of why 5c + 3c was equal to 8c, 

which will contrast with the meanings provided by Groups 2-4. 

Group 2-4 Arguments  

Overview of Arguments within Groups 2-4. In general, articulating descriptive 

equivalence was challenging for Groups 2, 3, and 4. However, with teacher probing, all three 

groups could name the quantities associated with 5c, 3c, and 8c as a justification for why 5c + 3c 

was equal to 8c. Namely, each group argued that 5c + 3c was equal to 8c by naming 5c as Sofia’s 

total amount spent, 3c as Manuel’s total amount spent, and 8c as the total amount spent by 

everyone. Their arguments, therefore resembled Argument 1 at the whole-class level voiced by 

Fatima, where the claim was 5c + 3c was equal to 8c, and the data was the quantities associated 

with the expressions 5c, 3c, and 8c. Below, I present evidence from the small-group discussion 

within Group 4.  

Table 33: Example with Group 4’s Argument 

Participant Speech Code 
Gisela  Explain it in a different way…than five plus three 

equals eight…How do you do it? 
 

Teacher What about using the total cost? What does five c 
represent? 

 

Diego What? I’m lost.   
Teacher So what does five c represent?  
Gisela  Sofia’s cost.1  1Data 
Teacher What does three c represent?  
Gisela Manuel’s cost.1 1Data 
Teacher What does eight c represent?  
Gisela The total amount.1  1Data  
Teacher So how would you say it in one sentence? So, Sofia’s 

total cost with Manuel’s total cost is the amount spent 
by both friends? Are those equal? 

 

Gisela 
 

Okay so, Sofia’s cost plus Manuel’s cost equals the 
total amount spent2 but worded differently.  

2Claim 
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Emergence of Descriptive Equivalence within Small Groups  

  Group 1’s small group discussion provided evidence that descriptive equivalence was 

negotiated before the public exchange. In contrast to Fatima’s final statement in Argument 1, 

Group 1’s discussion of descriptive equivalence was well-elaborated. For instance, Felicia was 

able to explain why 5c + 3c was equal to 8c by describing 5c and 3c as parts of a whole, where 

5c represented Sofia’s total, and 3c represented Manuel’s total, and together they represented the 

total amount spent by both friends. She explained that this was equivalent to 8c, representing the 

total amount spent by both friends.  

In contrast, Groups 2-4 made progress in naming the quantities associated with 5c, 3c, 

and 8c but did not provide as strong evidence that descriptive equivalence was functioning as if 

shared. For instance, in Group 2, Asma struggled to articulate a product perspective of 8c (e.g., 

referring to it as “total times the cost”), suggesting that descriptive equivalence was still 

emerging within this group before the whole class discussion. In Group 4, Gisela evidenced a 

descriptive equivalence interpretation. However, Diego’s expression of confusion (“I’m lost”) 

and Aislyn’s earlier syntactic explanation indicated that descriptive equivalence was likely still 

emerging within this group. Thus, while Group 1’s discussion provided stronger evidence that 

descriptive equivalence was established before the whole class discussion, it appeared that this 

understanding was emerging but not yet fully developed in Groups 2 through 4. 

Tentatively Fulfilling Criterion 1 

I first apply Criterion 1 to Group 1, which was satisfied due to the warrant elaborating the 

interpretation of 5c + 3c = 8c becoming implicit in the whole-class argument. Specifically, the 

warrant articulated in Group 1’s argument was that 5c + 3c and 8c were equivalent because the 

left-hand side represents separating the total amount spent by both friends into Sofia’s amount 
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spent and Manuel’s amount spent, but adding them together results in the right-hand side, which 

also represents the total amount spent by both friends. In the whole-class argument, no member 

of Group 1 made the warrant explicit, evidenced by Maricruz’s statement, “I approve” and 

Felicia’s statement, “We approve.” I infer that because Group 1 negotiated descriptive 

equivalence prior to the whole-class exchange, they did not feel the need to articulate the warrant 

in response to Fatima’s statement. Hence, Criterion 1 of the DCA method is satisfied.  

I apply a variant of Criterion 1 to Argument 1, following Dreyfus et al. (2023). Using this 

characterization, I coordinate the evidence from small-group analysis together with the whole-

class exchange. In small groups, there is evidence to suggest that Criterion 1 was fulfilled in 

Group 1, and descriptive equivalence was emerging in Groups 2 through 4. In Groups 2-4, I 

showed that students provided evidence of a descriptive equivalence interpretation. On the other 

hand, their discussions did not provide evidence that descriptive equivalence had been 

sufficiently negotiated or elaborated, as was the case with Group 1. I conjecture that members of 

Groups 2-4 recognize descriptive equivalence as a conclusion from their prior work and hence 

accept Fatima’s statement. However, they did not explicitly elaborate this interpretation of 

equivalence in their groups.  

As noted previously, descriptive equivalence directly builds upon ideas that Groups 2-4 

expressed previously and functioned as if shared within the class (as shown in NWR 4.2, 

interpreting algebraic expressions from a quantitative product perspective). Furthermore, no 

members of Groups 2-4 challenged Fatima’s claim, providing evidence that descriptive 

equivalence is functioning as if shared for some, if not all, members of Groups 2-4. Furthermore, 

no student in the class rejected Fatima’s claim, despite the presence of social norms, which 

would make that an expected course of action if someone objected to the statement or had some 
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confusion about the mathematics. This serves as further evidence that the idea was functioning as 

if shared by some, if not all, classroom members.  

 In conclusion, the DCA analysis of the whole-class discussion and the four small-group 

discussions tentatively identified descriptive equivalence of algebraic expressions as an idea that 

functions as if shared in the classroom. It was tentative because the given arguments are brief, 

and the arguments within Groups 2-4 are not well elaborated. I follow Dreyfus et al. (2023) in 

electing to identify the idea as tentatively functioning as if shared in part since no class members 

issued a rebuttal or questioned the result. It appeared that Group 1 had already established the 

idea before the public exchange, while Groups 2-4 were close to establishing the idea.  

Summary of NWR 5.2  

The second normative way of reasoning (NWR 5.2) documented students’ development 

of descriptive equivalence interpretations of algebraic equations. This normative way of 

reasoning took time to develop, as it drew upon many related ways of reasoning presented in this 

chapter. The method used to establish NWR 5.2 relied on an extension of the DCA method 

because the whole class data was insufficient to establish that the reasoning had become 

normative. However, there was enough evidence to claim that this idea tentatively functioned as 

if shared in the classroom when the whole-class discussion occurred, guided by teacher probing 

during small-group work. I acknowledge that students’ understanding of descriptive equivalence 

was likely still emerging at this stage.  

Discussion 

 This section offers reflections on the results of this chapter, which addressed the research 

question: What is the evolution of the collective mathematics practices of 13 Grade 9 students 

over the course of a TE about algebraic expressions and equations from a quantitative reasoning 
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approach? I organize this section into three areas of discussion. The first area addresses the 

discrepancies between an initial ambitious plan for the TE and the messy reality of the results. 

The second area reflects on how these results extend our knowledge in the field of algebraic and 

quantitative reasoning. Finally, I reflect on the use of the DCA method in the context of my 

study.  

Ambitious TE Meets Reality  

 In this TE, my initial plan was more ambitious than what was feasible for this specific 

classroom community. There were at least two areas where I miscalculated. First, I had planned 

for students to be ready to form their general method and express it with algebra by Day 2. 

However, by Day 3, students had only grasped pieces of the general method. As a result, stating a 

general method (NWR 1.1) did not become normative until Day 7 and expressing a general 

method with literal symbols that represented quantities with varying values (NWR 2.3) did not 

become normative until Day 8. I suspect that prematurely introducing algebra on Day 2 before 

they were ready likely hindered the evolution of a more natural progression of reasoning.  

 Second, I anticipated that students’ interpretations of arithmetic expressions from 

multiple perspectives (Mathematics Practice 3) would become normative earlier in the TE. 

Instead, interpreting arithmetic expressions from a quantitative process view (NWR 3.1) did not 

become normative until Day 7 and interpreting arithmetic expressions from a quantitative 

product view (NWR 3.2) did not become normative until Day 8. I attribute this phenomenon to 

one of the challenges of using a quantitative reasoning approach, which is dependent on students’ 

precision of language. Specifically, students struggled to describe the quantities associated with 

particular numeric values and arithmetic expressions. This may be due in part to the fact that 

students are not typically exposed to quantitative reasoning in traditional instruction (Thompson 
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& Thompson, 1995). Consequently, evidence for Mathematics Practice 3 didn’t come until later 

in the TE, despite the early introduction of quantitative reasoning.  

 These observations highlight a difference between my study and previous research on 

learning trajectories at the collective level. Prior research uses design-based research 

methodologies, which often involve multiple iterations (e.g., Tondorf & Prediger, 2022; 

Walkinton, 2017). Undergoing several iterations can allow for refined instructional sequences 

based on accumulated insights. In contrast, this TE represents a first attempt, which may explain 

some of the misalignments observed between my hypothetical learning trajectory and the actual 

learning trajectory. My reflections on how I may build upon the results for a future iteration are 

presented in the Chapter 6.  

Reflections on the Results  

  Despite facing numerous conceptual challenges, the students were able to eventually 

engage in productive algebraic and quantitative reasoning in the TE. Furthermore, each 

mathematics practice presented in the Results Section contributes to the literature on generalizing 

via figural patterns, making meaning of literal symbols, interpreting expressions from process 

and product perspectives, and reasoning about equivalence. I discuss each contribution next.   

 Many studies on generalizing figural patterns have focused on students deriving general 

rules, often overlooking the potential for quantitative reasoning to promote meaning making. An 

exception is Harel and Soto's (2017) concept of process pattern generalization, which emphasizes 

the use of logic with explanatory power. In this TE, students evidenced statements of their 

general method that were aligned with this type of generalization, as seen in Jose’s description 

within the pool context (see Argument 1 of NWR 1.1). This finding contributes to the field by 

illustrating the potential of a quantitative reasoning approach to offer more meaningful 
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descriptions of generalizations, for instance by consistently connecting elements of a general 

method back to the context. Nevertheless, as mentioned in the previous section, developing this 

reasoning was challenging. Instructional supports such as the use of novel tasks (see Comparing 

Visualizations Task: Same Method) and attention to the precision of language seem to have 

facilitated students’ progress in stating a general method.  

 The literature has documented students’ struggles with interpreting literal symbols in 

algebra, often treating them as objects or placeholders without quantitative meaning (Lucariello 

et al., 2014; Stacey & MacGregor, 1997). In this TE, an unexpected pattern emerged where many 

students used three literal symbols to form an equation when only two were needed (see 

Mathematics Practice 2). This finding is significant as it highlights a previously under-

documented use of symbols, extending our understanding of students’ use of symbols when 

implementing a quantitative-reasoning approach to algebra.  

Using more symbols than needed may have stemmed from students’ reliance on intuition 

rather than number patterns, leading them to express different quantities in the context with 

different symbols. For example, suppose students been asked to make sense of the number 

pattern 10 • 2 + (10 - 2) • 2 = 36, 7 • 2 + (7-2) • 2 = __, 15 • 2 + (15 - 2) • 2 = __, etc. and then 

express the pattern with an algebraic equation. They likely would have formed an equation with 

only two literal symbols such as x • 2 + (x - 2) • 2 = B, where x and B take the place of the 

changing values. However, the latter approach is devoid of quantitative meaning, suggesting that 

using a quantitative reasoning approach may foster meaning making, but comes at the cost of an 

initial surplus of symbols. Additionally, the assumption that fewer literal symbols is more 

desirable was not made explicit to them. Not making this assumption explicit together with the 
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fact that Haleemah and ET used three literal symbols possibly contributed to this way of 

expressing the general method functioning as if shared.  

 Another focus in research on the learning of algebra has been the interpretation of 

expressions from process and product perspectives (e.g., Sfard, 1992). Yet, researchers have yet 

to take a quantitative reasoning lens (with a notable exception being Thompson, 2011). In 

Mathematics Practice 3 and 4, this gap was addressed by illustrating that interpreting expressions 

with both quantitative process and product perspectives can promote meaning-making. The study 

confirmed the conjecture that quantitative process interpretations typically precede quantitative 

product interpretations, though a notable challenge emerged when dealing with algebraic 

expressions, where students struggled to reconcile these two interpretations.  

Specifically, I found that students struggled to view an expression like x • 2 as 

representing both the number of tiles times the number of sides (associated with a quantitative 

process view) and the total number of tiles in two sides of the border (associated with a 

quantitative product view). Following Thompson (2011), to conceive a quantity, a person must 

conceive of a measurement unit and measurement process, where implementing the process 

produces a value for the quantity. However, with algebraic expressions, it is not straightforward 

to recognize an expression like x • 2 as representing a total, since the multiplication cannot be 

directly computed as it would in arithmetic expressions (e.g., 8 • 2 = 16, representing a total 

number of tiles). In sum, utilizing a quantitative reasoning approach brought richer 

interpretations but also added complexity in recognizing both process and product interpretations 

as valid. Progress was made when students were prompted to explain the rationale behind the 

multiplication (e.g., Why do you multiply?), which helped to elicit a quantitative product 

interpretation. 
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Lastly, the vast majority of research on equivalence has focused on meanings for the 

equal sign as operational (i.e., as a “to do” sign) or relational (i.e., indicating equal amounts on 

both sides of the sign). A novel construct proposed by Cook and colleagues (2022) introduces 

descriptive equivalence as a quantitative interpretation of equivalence. This TE aimed to develop 

an understanding of descriptive equivalence by building upon quantitative product interpretations 

of algebraic expressions (see Mathematics Practice 5). Initially, students demonstrated a 

syntactic interpretation of equivalence, which was surprising given their prior development of 

quantitative reasoning in other practices. The prevalence of syntactic interpretations suggests that 

students might have benefited from more explicit guidance on identifying and comparing 

quantities on both sides of the equation in addition to interpreting algebraic expressions as 

quantitative products. It may also been helpful to have an explicit instructional focus on 

developing descriptive equivalence with arithmetic (NWR 5.1). Furthermore, the syntactic rule 

of combining like terms by adding the coefficients appeared to be salient for students, indicating 

a need for additional support in transitioning from syntactic to descriptive interpretations of 

equivalence. 

Reflections on the DCA Method 

 This study used the DCA method to document the evolution of students’ algebraic and 

quantitative reasoning over time. There were at least three aspects of the dataset that were not 

well-captured by the DCA method. First, this TE used a quantitative reasoning approach, which 

meant that crucial ideas often emerged before students could articulate a precise statement 

grounded in quantitative meaning. Therefore, it is possible that other methodologies such as a 

fine-grained discourse analysis may have better captured students’ meanings earlier in the TE. 

Second, while learning progressions using the DCA method typically follow a linear progression, 
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evidence from this TE suggests that students could draw upon emergent ideas before becoming 

normative. This aspect suggests that DCA may overlook critical moments of reasoning in 

transition by focusing primarily on moments when ideas become normative. Lastly, as discussed 

in the section for Mathematics Practice 5, certain stories of mathematical progress may be more 

complex than the DCA method can capture analytically. For instance, the idea of descriptive 

equivalence seemed to nearly function as if shared in the whole class due to the rich discussions 

that occurred in small groups. Recent advancements by Dreyfus et al. (2023) and Rasmussen et 

al. (2024) have extended the method to include small-group data, which may address some of 

these analytical challenges.  
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Chapter 5: Instrumental Orchestrations 

The aim of Research Question 2 is to identify the instructional supports for the normative 

ways of reasoning, specifically supports related to the use of the unscripted dialogic math videos. 

In the results that I follow, I do not attempt to provide an exhaustive account of all factors that 

may have influenced students’ reasoning, as is common in other studies documenting collective 

mathematics trajectories (Lobato & Walters, 2017). Rather, this research question homes in on 

how the dialogic videos, as the primary instructional tool, were used by the teacher to support the 

emergence of normative ways of reasoning. Given that the videos were not merely a supplement 

to the unit’s design, but a centerpiece of the learning environment, this approach provides insight 

into how teachers could support reasoning about these topics in general.  

To address this question, I drew on the theory of instrumental orchestration (IO), which 

describes how teachers deliberately organize and manage the use of technological artifacts to 

support students’ mathematical learning (as presented in Chapter 2). First introduced by Trouche 

(2004), the concept draws on the metaphor of the teacher as a conductor, not of musical 

instruments, but of classroom activity, where the “instruments” are technological artifacts used in 

instruction. There are three components of the IO framework: the didactical configuration, which 

refers to the physical and digital arrangement of tools and participants; the exploitation mode, 

which describes the teacher’s planned approach to using this configuration for instructional 

purposes; and the didactical performance, which encompasses the real-time enactment of the 

orchestration, including on-the-fly decisions and interactions. This research question only 

analyzes didactical performance because it is the only component that is not determined a priori.  

IO is grounded in the theory of instrumental genesis, which describes the process by 

which an artifact moves from being a human-made object to something that is meaningful to the 
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learner. Within a mathematical context, a mathematical artifact becomes a mathematical 

instrument (i.e., the artifact becomes valuable and useful) as the learner develops the skill to 

express mathematical ideas with it. While it is beyond the scope of this dissertation to present 

direct evidence for the instrumentation of the dialogic videos for the study participants, readers 

can get a sense for how the videos mediated the arguments that became normative (see Chapter 

4).  

Tackling this research question also addresses two significant gaps in the literature. First, 

existing studies on dialogic videos have primarily focused on student learning without a focus on 

the support of learning from the videos as an object of analysis. As a result, more studies are 

needed to understand how dialogic videos can be used to support learning in a classroom setting. 

Second, while current literature using an IO framework has focused on teachers’ use of 

manipulable technologies like applets, researchers have not considered the role of videos (Song, 

2021). Therefore, this study extends theoretical understandings of IO by investigating how 

videos can be meaningfully and systematically managed by a teacher.  

Answering this question required a means of analyzing and categorizing the ways in 

which the teacher managed the dialogic videos to support the emergence of students’ ideas 

becoming normative in the classroom. To examine the relationship between teaching actions and 

the emergence of specific NWRs, I conducted a two-phase analysis. For the first phase, I 

identified classroom episodes that were significant for the emergence of each of the ten NWRs 

reported in Research Question 1 and analyzed these moments using an a priori coding scheme. 

This scheme was based on established IO types from Drijvers et al. (2010), Drijvers (2012), and 

Tabach (2013), as described in Chapter 2 and summarized in Table 1.  
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Because a video-based technological environment had not previously been analyzed 

within the IO framework, I needed to follow an adaptation process when applying the codes a 

priori. First, I assessed whether existing IO types could be directly applied to my data. In many 

cases, this was possible because the didactical configuration in my study, technology displayed 

on a shared screen, aligned with the contexts in which many of these IOs were originally 

developed. Furthermore, the exploitation modes and didactical performances described in prior 

literature were often general enough to apply across different technological contexts. As a result, 

seven IO types were applied without modification.  

When a code was conceptually relevant but did not fully align with the video context, I 

adapted it to fit the observed classroom interactions. This was necessary in the case of Sherpa-at-

Work, which originally described a student manipulating a technological tool in front of the class 

while others observed. In my study, students could not directly interact with the video, so I 

reinterpreted this orchestration to capture moments when the teacher asked students to explain 

their work on a digital task at the board during a whole-class discussion, where the screen is 

displayed (see subsection Sherpa-at-Work for details and evidence). This characterization served 

as a proxy for student-driven technological work.  

Finally, in cases where none of the existing IOs captured the teacher’s intentional 

orchestration of the video, I induced codes. This was anticipated, as dialogic videos introduce 

distinct affordances, such as the ability to pause, fast-forward, and rewind, which are not inherent 

in the manipulable technologies considered in prior IO research. Through this process, I 

identified three novel orchestrations: Rewatch-to-Review, Pause-and-Predict, and Skip-to-

Screen. In total, the first phase of analysis yielded a list of 11 IOs, summarized in Table 34.  
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In the second phase, I identified whether each of the IOs were productive or unproductive 

in supporting the emergence of normative ways of reasoning. An IO was deemed productive if 

there was evidence that it contributed meaningfully to the emergence of one of these NWRs. 

Conversely, an IO was considered unproductive if, immediately following its use, (a) student 

confusion emerged in ways that were unexpected given their prior engagement, or (b) students 

did not interact with the video as the teacher had intended. Table 34 indicates which IOs I claim 

to be productive or unproductive in relation to these criteria.  

Table 34: Intrumental Orchestrations 

Orchestration 
types 

Productive or 
Unproductive Characterization Origin of 

Code 

Discuss-the-
Screen 

Productive The teacher action of guiding a whole-class 
discussion for the purpose of eliciting a 
normative way of reasoning 

Drijvers 
et al. 
(2010) 

Pause-and-
Predict 

Productive The teacher actions of pausing the video and 
asking students to predict what will happen 
next.  

Induced 
Code 

Not-Use-Tech Productive Instances where technology is available, but 
the teacher chooses not to use it.  

Tabach 
(2013) 

Rewatch-to-
Review 

Productive The teacher action of asking students to 
rewatch a previously viewed video for the 
purpose of reviewing prior material. 

Induced 
Code 

Explain-the-
Screen 

Productive A whole-class explanation by the teacher, 
guided by what happens on-screen.  

Drijvers 
et al. 
(2010) 

Link-Screen-
Board 

Productive The teacher action of establishing links 
between mathematics as it is represented in 
the technological environment and 
mathematical representations and techniques 
on the board.  

Drijvers 
et al. 
(2010) 

Discuss-Tech-
Without-It 

Productive The teacher action of discussing the 
technology without the technology being 
physically present 

Tabach 
(2011) 
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Table 34: Intrumental Orchestrations (Continued) 

Orchestration 
types 

Productive or 
Unproductive Characterization Origin of 

Code 
Work-and-
Walk-By  

Productive The teacher action of walking among 
working students, monitoring their 
progress, and providing guidance as 
the need arises. 

Drijvers 
(2012)  

Sherpa-at-Work Unproductive The teacher action of asking a student 
to explain their work on a digital task 
at the board during a whole-class 
discussion, where the screen is 
displayed. 

Trouche 
(2004) 

Skip-to-Screen Unproductive The teacher action of responding to a 
students’ idea by skipping to a video 
clip that she identified as relevant for 
further discussion. 

Induced 
Code 

Technical-
Demo 

Unproductive The teacher uses a learning 
management system by giving 
guidance to students. 

Tabach 
(2013) 

 

 Because reporting the orchestrations relevant to all ten normative ways of reasoning was 

not tractable, I narrowed my focus to two normative ways of reasoning, stating a general method 

(NWR 1.1) and developing descriptive equivalence of algebraic expressions (NWR 5.2). These 

two were selected because, together, they accounted for the full range of IOs identified in the 

study. Figure 34 illustrates the occurrence of the 11 IOs across the ten sessions of the TE in 

relation to the development of NWR 1.1 and NWR 5.2. Note, that the novel orchestration 

Rewatch-to-Review appeared on both Day 4 and Day 7. In the figure, productive IOs are 

outlined in green, while unproductive IOs are outlined in black, providing a visual summary of 

the relationship between IOs and the emergence of normative ways of reasoning.  
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Figure 34: IOs and Evolution of NWR 1.1 and NWR 5.2 

In the following results section, I present evidence for the 11 IOs. Within each section, I 

characterize the IO, describe the background relevant to the use of the IO, present evidence of 

the teacher’s use of the IO, followed by evidence that the use of the IO was productive in 

supporting (or unproductive in supporting) the emergence of students’ normative ways of 

reasoning. The first six IOs I present are those which I claim to have been productive for 

supporting the emergence of NWR 1.1, stating a general method. After that, I present two IOs 

that I claim were productive for supporting the emergence of NWR 5.2, developing descriptive 

equivalence of algebraic expressions. Next, I present three IOs that I argue were unproductive in 

supporting the emergence of NWR 1.1, stating a general method.  

Discuss-the-Screen IO 

In this section, I present evidence to claim that Discuss-the-Screen was a productive IO 

for supporting the emergence of NWR 1.1—stating a general method. Drijvers et al.’s (2010) 

original characterization of Discuss-the-Screen entails the teacher guiding a whole-class 

discussion to enhance collective instrumental genesis, meaning the transformation of a 

technological tool into a meaningful instrument for learning. Because providing evidence of 

instrumental genesis is beyond the scope of this thesis, I adapt Drijvers et al.’s (2010) 

characterization to refer to the teacher action of guiding a whole discussion for the purpose of 
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eliciting a normative way of reasoning. First, I present evidence the teacher employed a Discuss-

the-Screen IO, followed by evidence that using Discuss-the-Screen played a role in articulating 

the relationship between the number of tiles in the top and the side, a key element of their 

general method in the pool context.  

Evidence of a Discuss-the-Screen IO 

 I begin by summarizing the relevant background for the use of Discuss-the-Screen on 

Day 2. Prior to the discussion, the students had been working to apply the video participants’ 

(Haleemah and ET) general method for finding the total number of tiles for different-sized pools 

(e.g., Size 10, Size 7, Size 20). The teacher aimed to guide students towards articulating 

Haleemah’s and ET’s general method, which involved adding the tiles on the left and right sides 

and the tiles remaining on the top and bottom after the corner tiles had been removed. A key 

element of this method, the consistent difference of two tiles between the tiles on the side and the 

top, was highlighted in a particular video. In the video, Haleemah and ET demonstrated this 

relationship using a Size 15 pool, where there were 15 tiles on the side and 13 tiles on the top. 

They explained how they got 13 from 15 by saying, “After I counted the tiles, assuming that 

there’s 15 on this side and then I subtracted two, which would be the corner tiles, to make sure I 

had 13.” Before playing this video, the teacher directed the students’ attention to this 

relationship, preparing them for a focused discussion afterward.  

 The subsequent discussion was evidence of a Discuss-the-Screen IO. After showing the 

video, the teacher initiated the discussion by asking, “What did you guys notice?” Gisela noted 

that Haleemah and ET “used the same method as the last one,” referring to Haleemah’s and ET’s 

way of finding the number of tiles for different-sized pools. To guide the class toward an 

articulation of the method, the teacher asked, “And what was their method?” After hearing from 
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Gisela, she called on another student, Esperanza, to further develop their ideas. By guiding a 

targeted discussion about the video and specifically asking students to describe Haleemah’s and 

ET’s method, the teacher’s actions were evidence for Discuss-the-Screen. Next, I argue that the 

students’ contributions to this discussion supported the emergence of stating a general method 

(NWR 1.1).  

Evidence of Discuss-the-Screen Supporting NWR 1.1   

Gisela’s and Esperanza’s contributions to the whole-class discussion marked progress in 

clarifying a specific component of their general method. For instance, in response to the teacher 

question “What was their method?” Gisela acknowledged the distinction between the number of 

tiles on the side and on the top using the Size 15 pool. She noted that for 15 tiles on each side, 

“you have to just include the two tiles, meaning the corners as well,” indicating that she 

understood that the method accounted for corner tiles on the left and right sides. Following 

Gisela’s input, the teacher prompted Esperanza, who further clarified that the two corner tiles 

were being subtracted. She stated, “once they get the [left and right] sides, the middle [of the top 

and bottom sides], you automatically know that you have to take away two because you’re not 

counting the corners.” Together, Gisela’s and Esperanza’s contributions suggest that they grasped 

that the corner tiles needed to be included on the left and right sides and omitted from the 

remaining sides, a key structural element of the method.    

This meaning was important for the eventual articulation of Haleemah’s and ET’s method 

by Jose on Day 4, as detailed in Argument 1 of NWR 1.1. Specifically, he successfully linked the 

relationship between the number of tiles on the sides, top, and bottom to other components of the 

method, resulting in a single verbal statement, “Like the method that they counted the ones on 

the side with the corners and the ones on the top and bottom were counting…. which were the 
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ones that were left out without counting the corners.” As discussed in the section for Argument 1 

of NWR 1.1, Jose’s statement was interpreted as adding the number of tiles on the left and right 

sides to the tiles remaining on the top and bottom, while excluding the corner tiles. His reference 

to “the ones on the side with the corners” and “the ones that were left out without counting the 

corners” suggests that his explanation was built upon the meaning that Gisela and Esperanza 

developed during their discussion on Day 2. The evolution of reasoning from Day 2 to Day 4 

shows how Discuss-the-Screen on Day 2 helped solidify a key component of Haleemah’s and 

ET’s method, thereby, supporting a full articulation of their general method on Day 4.  

Pause-and-Predict IO 

This section provides evidence and analysis demonstrating that Pause-and-Predict was 

another productive IO for supporting the emergence of stating a general method. I define Pause-

and-Predict as the teacher actions of pausing the video and asking students to predict what will 

happen next. Pause-and-Predict was identified as a new orchestration type, although it shares 

similarities with the previously documented Predict-and-Test (Bozkurt & Ruthken, 2018). 

Predict-and-Test refers to teaching actions of encouraging students to make predictions, test their 

ideas in the technology, and then confirm or modify them in light of the results. Pause-and-

Predict similarly asks students to make predictions, however, in this case, the teacher’s goal was 

not for students to test and adjust their reasoning afterward, but rather, to elicit emergent ideas 

before continuing the video. Other uses of Pause-and-Predict may include a “test” component, 

which could involve comparing predictions to the video and modifying them afterward, but this 

aspect was not evidenced in the dataset. For this reason, Pause-and-Predict was identified as a 

novel IO rather than a variant.  
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Evidence of a Pause-and-Predict IO 

I begin by providing the relevant background for the use of the Pause-and-Predict IO on 

Day 2. The video that is the focus of this IO showed Haleemah and ET expressing their method 

with algebra. In the video, Haleemah and ET initially wrote an equation with three literal 

symbols (x • 2 + y • 2 = B), where x represented the number of tiles on each side, y represented 

the number of tiles on the top or bottom, and B represented the total number of tiles in the border. 

However, they later re-expressed it as an equation with two literal symbols (x • 2 + (x – 2) • 2 = 

B), recognizing that the third symbol was not needed. In the case that students might also start 

with three symbols, the teacher had planned to use the video to guide them toward the algebraic 

expression using only two symbols. In practice, however, students did not generalize at the same 

pace as Haleemah and ET. Subsequent analysis revealed that by the time the teacher asked the 

class to write an algebraic equation, the class had only grasped fragments of Haleemah’s and 

ET’s method, leading more students than expected to use three literal symbols. Suspecting that 

the class were reasoning at a different pace than Haleemah and ET, the teacher adjusted her 

approach. 

The teacher’s on-the-spot decision to modify her initial plan, specifically choosing to 

pause the video early and ask students to predict Haleemah’s and ET’s new equation, was 

evidence of a Pause-and-Predict IO. Instead of letting the video play through to the end, she 

paused the video just before Haleemah and ET re-expressed the equation x • 2 + (x – 2) • 2 = B, 

prompting students to generate their own predictions. She asked, “so what do you think their new 

equation’s going to look like?” and had students write their ideas on the board to bring their 

emergent ideas into the public exchange (see Figure 35). Hence, her actions satisfy the definition 

of a Pause-and-Predict IO.  
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Figure 35: Pause-and-Predict IO 

Evidence of Pause-and-Predict Supporting NWR 1.1  

By creating an opportunity for students to predict the video participants’ equation before 

watching the resolution, Pause-and-Predict uncovered a key difficulty in articulating Haleemah’s 

and ET’s method. Prior to this moment, students had identified some structural elements, such as 

the consistent difference of two tiles between the top and side (see Discuss-the-Screen) and the 

need to avoid double-counting corner tiles. However, they had not yet articulated the general 

method in its entirety. As a result, when asked to predict the equation, several students struggled, 

as detailed in Argument 1.A of NWR 2.2 (see Figure 20).  

First, Maricruz wrote “(x • 2)” to represent the number of tiles in the left and right sides 

but was unsure how to express the next term representing the number of tiles in the top and 

bottom. Aislyn similarly did not know how to express the number of tiles in the top and bottom, 

writing “(x – 2) + (y • 2)” in the space above. Finally, Maricruz wrote the desired equation, “(x • 

2) + 2(x – 2) = B,” although this was shortly followed by Kaelyn writing another equation 

focusing on the Size 50 pool (“(50 • 2) + (y • 2) = 196”). Both Maricruz’s and Aislyn’s 

uncertainty in how to express the second term in the equation, (x – 2) • 2, appeared to be related 
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to a difficulty putting elements of the general method in relation to one another (the structure 

criterion for stating a general method; see Chapter 4). Additionally, Kaelyn’s reliance on the 

empirical example of a Size 50 pool indicated a potential problem with generality (the generality 

criterion).  

Exposing the students’ emergent ideas was pivotal in initiating a shift in the teacher’s 

approach from closely following the videos to being more responsive to student thinking. Had 

the teacher let the video play in full, she likely would not have recognized the extent of the 

students’ struggles, as they would have simply observed Haleemah and ET re-express their 

equation without an opportunity to make their emergent ideas public. Instead, the teacher paused 

at a critical moment and assessed students’ thinking in real-time. The opportunity for students to 

share their ideas appeared crucial for NWR 1.1 to emerge because it revealed students’ 

difficulties with two key criteria for articulating a general method, enabling the teacher to 

recalibrate subsequent instruction. In particular, the use of Pause-and-Predict set the stage for the 

introduction of a novel task on Day 4, which is explored in the next section for Not-Use-Tech. 

Not-Use-Tech IO  

I present evidence that Not-Use-Tech was a productive IO for supporting the emergence 

of stating a general method. Not-Use-Tech refers to instances where technology is available, but 

the teacher chooses not to use it (Tabach, 2011). I begin by presenting evidence that the teacher 

employed the Not-Use-Tech IO, followed by evidence that this decision supported students in 

articulating a general method in the pool context.  

Evidence of a Not-Use-Tech IO 

 The use of Not-Use-Tech on Day 4 stemmed from the need to focus students’ attention on 

the structure of Haleemah’s and ET’s method, rather than on isolated components. Evidence of 
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structure understanding would entail students describing multiple elements of the method and 

how they relate (e.g., evidence of structure understanding of Haleemah’s and ET’s method would 

involve describing how the number of tiles on the left and right sides related to the number of 

tiles on the top and bottom sides, including the corner tiles). However, through the use of Pause-

and-Predict IO at the end of Day 2, the teacher recognized that students had only articulated 

isolated components rather than the method as a whole.  

Despite the teacher’s attempts to clarify these ideas on Day 3, students still struggled to 

grasp the structure of Haleemah’s and ET’s method. In one instance, the teacher showed students 

a video voiceover in which the narrator stated Haleemah’s and ET’s general method verbatim, 

which resulted in student confusion (see the Sherpa-at-Work section below). The teacher then 

asked students to apply the method to another pool size and then use their work to identify 

patterns across different-sized pools on the screen. However, this led one student to focus on the 

commutative property rather than the elements of the method and how they relate. The teacher’s 

unsuccessful attempts indicated that neither hearing the method stated verbatim in a voiceover 

nor applying the method to an additional pool size was effective in fostering structural 

reasoning.  

 Recognizing these challenges, on Day 4, the teacher chose to forgo technology and 

instead designed two tasks to focus students’ attention on the structure of Haleemah’s and ET’s 

method. The first task (Task 1) required students to compare Haleemah’s and ET’s method to a 

different method, emphasizing their structural differences (see Figure 36). Students had to select 

if one, both, or none of the visualizations captured Haleemah’s and ET’s method. The second 

task (Task 2) asked students to compare Haleemah’s and ET’s method to itself but in a different 

orientation, highlighting structural similarities. Like the first task, students were asked to decide 
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whether one, both, or none of the visualizations captured Haleemah’s and ET’s method. These 

tasks were designed to help students discern essential features of the method by engaging in 

direct comparisons rather than attempting to abstract structure from repeated applications to 

pools of different sizes. The intentional choice to use non-digital tasks, even when the 

technology was available, serves as evidence of the Not-Use-Tech IO.  

 

 

Figure 36: Not-Use-Tech IO 

Evidence of Not-Use-Tech Supporting NWR 1.1  

 I argue that Not-Use-Tech played a crucial role in supporting the emergence of stating a 

general method. Specifically, it enabled students such as Jose to focus on the overall structure of 

Haleemah’s and ET’s method rather than on isolated components. For example, in his response 

to Task 1, Jose articulated Haleemah’s and ET’s method in its entirety, stating “like the method 

that they counted the ones on the side with the corners and the ones on the top and bottom were 

counting…. which were the ones that were left out without counting the corners.” As detailed in 

Argument 1 of NWR 1.1, Jose’s statement was interpreted as adding the tiles on the left and right 

sides and the tiles remaining on the top and bottom, while excluding the corner tiles. Notably, 
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this marked the first instance of stating a general method. This suggests that, unlike previous 

attempts to elicit such a statement, Not-Use-Tech effectively directed the class’s attention to the 

essential features of the method and how they related to each other, ultimately supporting the 

articulation of Haleemah’s and ET’s method.  

Rewatch-to-Review IO 

 In this section for Rewatch-to-Review, I present evidence to claim that the teacher’s use 

of this IO was productive in supporting the emergence of stating a general method in the pool 

context and the game app context. I identified Rewatch-to-Review as a novel IO, specific to the 

technological environment used in this TE. I define Rewatch-to-Review as the teacher action of 

asking students to rewatch a previously viewed video clip for the purpose of reviewing prior 

material. I begin by presenting evidence that the teacher used Rewatch-to-Review, first in the 

pool context (Day 4) and again in the game app context (Day 7). Then, I make the case that 

Rewatch-to-Review supported the emergence of stating a general method in both the pool 

context and the game app context.  

Evidence of a Rewatch-to-Review IO 

Before presenting the evidence, I describe the relevant background for the use of the 

Rewatch-to-Review IO on Days 4 and 7. The teacher’s actions on Days 4 and 7 stemmed from 

the sequence of events occurring the days before, on Days 3 and 6. Because the TE held sessions 

twice a week, this meant that in between Days 2 and 3 and Days 5 and 6, there was a four-day 

gap in between sessions. This meant that while the class demonstrated progress during Day 2, for 

example, they did not remember certain ideas by Day 3. Similarly, certain ideas discussed on 

Day 5 were not repeated or built upon on Day 6. This student forgetting hindered students’ 

progress in stating a general method (see NWR 1.1 for details and evidence).  
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The teacher’s use of video to revisit how Haleemah and ET formed their general 

methods, first in the pool context (Day 4) and later in the game app context (Day 7), was 

evidence of the Rewatch-to-Review IO. In the pool context, the teacher replayed a video on Day 

4 after noticing that students had forgotten aspects of Haleemah’s and ET’s method on Day 3. 

This video was the first clip that students watched on Day 1, showing Haleemah’s and ET’s 

initial formulation of their method of finding the total number of tiles in a pool with ten tiles on a 

side. She introduced the video by saying, “I just wanted to refresh everyone's memory on 

Haleemah’s and ET’s method. So now you can work on this task.” The teacher’s emphasis on the 

students’ “memory” suggests that she was using the video as a review rather than to generate 

new ideas, for instance, as with Discuss-the-Screen.  

In the game app context, the teacher replayed a video on Day 7 in response to student 

difficulties on Day 6. The teacher showed the video right after introducing the naming 

convention of the “long method” and the “short method” (see Link-Screen-Board section below). 

This video, which she had first shown on Day 6, demonstrated Haleemah’s and ET’s initial 

formulation of the “long method” to find the total amount of money spent by three friends on 

game apps. She similarly introduced the video by saying, “So I'm going to just remind you guys 

of Haleemah’s and ET’s long method, and then I'm going to ask two group presenters to come up 

and explain what they saw in the video.” Similarly to the use of the video in the pool context, the 

teacher framed the video to “remind” students, suggesting that the purpose of showing the video 

was to remind students of prior material. Thus, in both instances, the teacher’s use of the video 

serves as evidence of Rewatch-to-Review.   
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Evidence of Rewatch-to-Review Supporting NWR 1.1   

 The use of Rewatch-to-Review in both the pool and game app contexts supported 

students in articulating their general methods. This is evident from the fact that, on the days 

Rewatch-to-Review was implemented (Days 4 and 7), students produced statements that met all 

three criteria of stating a general method. In the pool context, for example, Jose articulated 

Haleemah’s and ET’s general method shortly after the video review, during his work on the 

Comparing Visualizations Task (see section on Not-Use-Tech). Similarly, in the game app 

context, Gisela articulated the long method immediately following the Rewatch-to-Review clip. 

The close temporal connection between these articulations and the video reviews suggests that 

Rewatch-to-Review, by addressing students’ difficulty in recalling previously discussed ideas, 

played a role in supporting the emergence of stating a general method. 

Explain-the-Screen IO 

In this section for Explain-the-Screen, I present evidence that the use of this IO was 

productive in supporting the emergence of stating a general method. Explain-the-Screen is 

characterized in Drijvers et al. (2010) as a whole-class explanation by the teacher, guided by 

what happens on-screen. These explanations may involve specific mathematical content, such as 

using a technological feature to explain why square roots are nonnegative, or a clarification of 

how tasks can be solved, for instance, by drawing students’ attention to features of an applet 

before they start a task. Drijvers et al. (2010) specify that this explanation must move beyond 

explaining the technical aspects of the technology. This distinguishes Explain-the-Screen from 

the related IO, Technical-Demo. Furthermore, in this characterization, “screen” can refer not 

only to the physical projection of the technology onto a shared screen, but also to a digital task or 

any other aspect of the technological environment. I present evidence that the teacher 
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implemented Explain-the-Screen, followed by evidence that the use of Explain-the-Screen 

supported student reasoning about the two general methods in the game app context, by 

clarifying the relationship between the task they are working on and the task in the video.  

Evidence of an Explain-the-Screen IO 

 Before presenting evidence, I provide relevant background on the use of the Explain-the-

Screen IO on Day 6. This orchestration was implemented in the game app context, which 

presented a unique instructional challenge. In this context, students watched videos of Haleemah 

and ET working on the Three Friends Task, while the class worked on a related but different 

task: the Two Friends Task. Additionally, the videos showed Haleemah and ET generalizing two 

methods. Meanwhile, students were expected not only to apply ideas from the video to their own 

work, but also to articulate the two general methods in the context of their situation with two 

friends, resulting in four methods to coordinate. This complexity compelled the teacher to play a 

more proactive role in helping students make sense of the video content.  

 Prior to employing Explain-the-Screen, the teacher prematurely asked students to write 

an algebraic equation that expressed one of the methods. This led to some students using 

symbols in problematic ways (see NWR 2.3 for details and evidence). The teacher’s original plan 

was to show a video of Haleemah and ET expressing one of their methods with algebra and then 

use Discuss-the-Screen to facilitate a conversation about the meaning of their literal symbols. 

However, her initial attempt to spark discussion was met with one student expressing fatigue by 

saying he was “tired,” followed by prolonged silence, and a request for clarification from Gisela 

(“Wait…can you ask the question again?”).  

 To address the class’s fatigue and potential confusion, the teacher adjusted her approach 

and clarified the four methods more explicitly, which was evidence of the Explain-the-Screen IO.  



  244 

 Teacher:  Yeah…Okay, so there’s Haleemah’s and ET’s situation, there’s Sofia and 

   Manuel, which you guys are doing. There’s Esperanza’s method and 

   there’s this method [gestures to the video screen]. So, there’s a lot going  

   on, right? 

The exchange above illustrates how the teacher clarified two confusing aspects of the video. 

First, she distinguished the context in the video from the context the students were working on 

(“Haleemah’s and ET’s situation” and “Sofia’s and Manuel’s”). Second, she distinguished the 

two methods that students were meant to generalize. First, she mentioned “this method” while 

gesturing to the video screen, which referred Haleemah’s and ET’s way of finding the total 

amount of money spent by the friends. Second, she mentioned “Esperanza’s method,” which 

referred to another way of finding the total amount of money spent by the friends, which had 

been previously expressed by Esperanza. The teacher’s aside clarified the relationship between 

the task they are working on and the task in the video, thus serving as evidence of Explain-the-

Screen.   

Evidence of Explain-the-Screen Supporting NWR 1.1   

There is evidence to suggest that the use of Explain-the-Screen supported student 

reasoning about the two general methods in the game app context. For example, shortly after the 

use of Explain-the-Screen, Ahmed responded to the teacher probe, “Esperanza’s method was 

what? Can you say it again?” by saying, “Esperanza’s method was to add all the apps together 

and then multiply by the cost.” Ahmed’s statement satisfied the three criteria of stating a general 

method, as defined in NWR 1.1, indicating that the explanation of the screen helped clarify some 

confusion. The next day, Gisela’s statement of the other general method, which involved adding 

together the total amount each friend spent one at a time, would appear in an argument, as 
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detailed in Argument 1 for NWR 1.1. The timing of these articulations in close proximity and the 

teacher’s clarification indicates that Explain-the-Screen, by distinguishing the class’s task from 

the task from the video, played a role in supporting the emergence of stating a general method.  

Additionally, Explain-the-Screen laid the foundation for more intentional scaffolding the next 

day (Day 7) using Link-Screen-Board, which is explored in the next section.  

Link-Screen-Board IO 

 I present evidence to claim that Link-Screen-Board was a productive IO for supporting 

the emergence of stating a general method. Link-Screen-Board is defined as the teacher action of 

establishing links between mathematics as it is represented in the technological environment and 

mathematical representations and techniques on the board (Drijvers et al., 2010). Link-Screen-

Board moves beyond clarifying or explaining aspects of the technological environment, as is the 

case with Explain-the-Screen. While Link-Screen-Board may also serve the purpose of helping 

in explaining video content, this orchestration type explicitly involves linking video content to 

the board, for instance, by re-presenting mathematical representations from the video on the 

board. In this characterization, “board” can refer to any representation of conventional 

mathematics such as paper, book, or a whiteboard. In this section, I present evidence that the 

teacher used the Link-Screen-Board orchestration. Then, I provide evidence that the Link-

Screen-Board supported students in interpreting a method demonstrated in the video, which was 

pivotal for stating a general method becoming normative.  

Evidence of a Link-Screen-Board IO 

 As mentioned in the section for Explain-the-Screen, the game app context posed initial 

challenges in connecting video content to the students’ task. In the pool context, students 

watched videos of Haleemah and ET tackling the same tasks as them, making it more 
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straightforward for the teacher to establish a link between the on-screen mathematics and their 

work. The teacher asked students to watch and discuss the videos (see the Discuss-the-Screen 

section) and then apply the ideas to their tasks. In contrast, in the game app context, the video 

participants worked on the Three Friends Task while the students worked on the different but 

related Two Friends Task. Therefore, there were initial challenges in connecting video content to 

the students’ work, as evidenced on Day 6 when the teacher did not provide sufficient support to 

distinguish between two methods demonstrated in the video (see the Skip-to-Screen section 

below for details and evidence). 

The teacher’s subsequent actions to address the confusion in the game app context (Day 

7) are evidence of a Link-Screen-Board IO by naming the two methods demonstrated in the 

video and strategically organizing the board. She introduced distinct names for the two methods 

featured in the video—the “long method” and the “short method”—and noted these on the board, 

as depicted in Figure 37 in the case of the long method. Her statement, “So I’m going to be 

giving names to the methods we’re going to be generalizing, just so that it doesn’t get confusing” 

illustrated her intent to focus the viewer’s attention on the two methods. Since both the long 

method and short methods constituted general methods, naming them helped connect the 

mathematical work in the video to the desired way of reasoning, stating a general method, as 

defined in NWR 1.1.  

She additionally connected ideas from the video to the board via her organization of the 

board into two sections (see Figure 37). On the right side, she displayed recreated images that 

mirrored the video participants’ drawing of the friends’ names and the number of game apps. 

Namely, the drawing included a rectangle for each of the three friends, labeled with the friend’s 

name, and a circle inside each rectangle for each game app the friend bought. In contrast, the left 
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side depicted the students’ Two Friends scenario. The teacher strategically designed the spatial 

arrangement on the board to provide a dedicated area for students to note ideas from the video 

before applying them to their own tasks. By strategically organizing the board, naming the video 

participants’ methods, and re-using imagery from the video, the teacher established a link 

between the mathematics featured in the video and the board.  

 

Figure 37: Link-Screen-Board IO 

Evidence of Link-Screen-Board Supporting NWR 1.1   

I now present evidence to show how the Link-Screen-Board IO supported NRW 1.1 

(stating a general method). Specifically, using Link-Screen-Board facilitated the translation of 

mathematical ideas from the video onto the board and enabled students to articulate a general 

method using the previously established naming convention. For instance, after viewing the 

video where Haleemah and ET demonstrated the “long method” by writing the arithmetic 

equation “(3 • 2) + (2 • 2) + (4 • 2) = 18,” Maricruz successfully recreated the arithmetic 

equation on the right side of the board, as shown in Figure 37. This replication, made possible by 
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the board organization, provided a concrete example from which students could further interpret 

the long method, independent of the technological interface.  

Subsequently, Gisela built upon this example. Using the “long method” terminology, she 

articulated its meaning by explaining, “the longer method…it means that you multiply the 

number of games each person has by the price, one at a time.” This explanation by Gisela, 

detailed in Argument 2 of NWR 1.1, established a criterion for the DCA method, which signified 

that the idea had become normative in the classroom. In sum, the Link-Screen-Board 

orchestration, through both the strategic organization of the board and the use of naming 

convention, not only facilitated Maricruz’s ability to connect ideas from the video to the board 

but also provided Gisela with the proper foundation to deepen her meaning of the method, which 

she articulated by leveraging the established terminology.  

Discuss-Tech-Without-It IO 

This section and the next (Work-and-Walk-By) are distinct from previous sections in this 

chapter because they present evidence of IOs supporting a different NWR, developing 

descriptive equivalence, an interpretation which treats two expressions as equivalent if they 

represent the same quantity (NWR 5.2). Specifically, in this section for Discuss-Tech-Without-It, 

I present evidence to claim that the IO was productive in supporting the emergence of 

developing descriptive equivalence. Discuss-Tech-Without-It refers to the teacher action of 

discussing the technology without the technology being physically present (Tabach, 2011). I 

begin by presenting evidence that the teacher used this IO on Day 9, followed by evidence that 

the use of Discuss-Tech-Without-It supported students’ precision of language, which played an 

important role in the articulation of a descriptive equivalence interpretation on Day 10.  
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Evidence of a Discuss-Tech-Without-It IO 

I begin by summarizing the relevant background on Day 8 prior to the use of Discuss-

Tech-Without-It on Day 9. Discuss-Tech-Without-It was used in the game app context, where 

students were asked to interpret quantities in context. For instance, one instructional goal was for 

students to interpret an expression like 5 • 3 as the total amount a friend spent on game apps. A 

central challenge in supporting these interpretations was fostering students’ use of precise 

mathematical language to clearly articulate quantitative referents. To address this, the teacher 

facilitated a discussion around a video clip that highlighted the importance of precision by 

specifying a quantity to the individual involved, Danyal. In the clip, Haleemah initially offered 

an imprecise interpretation of the quantity 15, referring to it as the “total amount spent.” When 

asked if he agreed, ET responded by suggesting they “specify it to Danyal,” prompting them to 

revise their interpretation to “the total amount spent by Danyal.” Haleemah and ET’s use of 

precise language became the focal point of the subsequent class discussion.    

During the discussion, two students noted that, without specifying the friend who spent 

the money, the phrase “total amount spent” could be ambiguous, possibly referring to the total 

spent by all the friends (“all the money wasted on game apps”) or by someone else (“it could be 

for another friend”). Building on this insight, the teacher invited students to apply the idea of 

precision to their own work. They were tasked with interpreting each quantity in the equation 5 • 

7 + 3 • 7 = 56, which represented the “long method” applied to the cost per app of $7. In doing 

so, students practiced articulating each quantity with greater precision (see NWR 3.2 for details 

and evidence). 

On Day 9, the teacher evidenced Discuss-Tech-Without-It by referencing an idea from 

the video without replaying the clip. The class tackled a similar task, which asked them to 
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interpret each quantity in the equation 8 • 7 = 56. Instead of showing the clip again, the teacher 

harkened back to the video by saying, “Do you guys remember when ET asked Haleemah to 

specify it to Danyal? Okay, I want you guys to be precise and with your group, make sure you're 

being precise about what things mean.” By invoking ET’s suggestion to revise “total amount 

spent” to “total amount spent by Danyal,” the teacher reinforced the importance of using precise 

language when interpreting quantities. This exchange served as evidence of Discuss-Tech-

Without-It because the teacher revisited an idea from the video without the direct use of the 

technology. In the next section, I argue that this IO supported students in articulating precise 

quantitative interpretations, which in turn contributed to the emergence of developing descriptive 

equivalence (NWR 5.2).  

Evidence of Discuss-Tech-Without-It Supporting NWR 5.2   

 Immediately following the use of Discuss-Tech-Without-It on Day 9, the class used 

precise mathematical language to interpret the quantities in the equation 8 • 7 = 56. For instance, 

after completing the group task, Felicia defined 8 • 7 as the “total combined cost of Sofia’s and 

Manuel’s game apps” (see Figure 38). Felicia’s phrasing of 8 • 7 as the “total combined cost of 

Sofia’s and Manuel’s game apps” rather than “total game apps” suggested an awareness of the 

teacher’s intentional focus on the precision of language during Discuss-Tech-Without-It.  

  

Figure 38: Discuss-Tech-Without-It IO 

Developing students’ precision of language played a key role in eliciting the first instance 

of a descriptive equivalence interpretation of the equation 5c + 3c = 8c on Day 10, as detailed in 

Argument 1 of NWR 5.2. Specifically, a descriptive equivalence interpretation entails 
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interpreting equivalence of 5c + 3c and 8c as the total amount Sofia spent (5c) together with the 

total amount Manuel spent (3c) was the same as the total combined amount the two friends spent 

together. Precise language is particularly important for a descriptive equivalence interpretation 

because it relies on the clear articulate quantitative referents. Fatima interpreted 5c + 3c = 8c as 

“Five c is Sofia’s amount spent. Three c is Manuel’s amount spent. Eight c is the total amount 

Sofia and Manuel spent for both friends.” Her interpretation mirrored the precise interpretations 

offered the day before. For instance, her interpretation of 8c as “the total combined cost of 

Sofia’s and Manuel’s game apps” used precise and detailed language, much like the 

interpretation of 8 • 7 on Day 9 as “total combined cost of Sofia’s and Manuel’s game apps.” 

Specifically, both interpretations specified that the total cost was associated with Sofia and 

Manuel.  

The consistency between these interpretations suggests that Fatima’s interpretation was a 

natural extension of the interpretations developed following Discuss-Tech-Without-It. The class’s 

continued use of precise language following the use of Discuss-Tech-Without-It indicates that it 

enabled Fatima in offering a detailed articulation of a descriptive equivalence interpretation. Had 

the teacher not implemented Discuss-Tech-Without-It, Fatima may have interpreted an 

expression like 8c simply as the “total amount spent.” Hence, Discuss-Tech-Without-It was 

important for the emergence developing descriptive equivalence interpretation on Day 10.  

Work-and-Walk-By IO 

 In this section for Work-and-Walk-By, I present evidence to make the case that this IO 

was productive in facilitating NWR 5.2, developing descriptive equivalence. I follow Drijvers’s 

(2012) characterization of Work-and-Walk-By to refer to the teacher action of walking among 

working students, monitoring their progress, and providing guidance as the need arises. 
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However, this IO is distinct from others presented in this Chapter because of its didactical 

configuration. Because the technology in this classroom was presented on one central screen, I 

adapt Drijvers’s (2012) characterization with respect to the didactical configuration to refer to 

students working in groups of 3 to 4 on tasks related to the videos (as opposed to students 

working individually or in pairs with computers). Specifically, I present two examples with 

Group 1 and Group 4 as evidence that the teacher’s guidance during small-group work supported 

developing descriptive equivalence in tentatively functioning as if shared among these groups by 

the end of Day 10.  

Prior to the use of Work-and-Walk-By on Day 10, students had been working to make 

sense of the equation 5c + 3c = 8c. The teacher’s goal was to elicit a descriptive equivalence 

interpretation, which entailed interpreting equivalence of 5c + 3c and 8c as the total amount 

Sofia spent (5c) together with the total amount Manuel spent (3c) was the same as the total 

combined amount the two friends spent together. Such an interpretation relies on quantitative 

interpretations of 5c, 3c, and 8c, which the teacher worked to refine before interpreting 

equivalence. When first presented with the equation 5c + 3c = 8c, however, students justified the 

equivalence using a syntactic interpretation, relies on syntactic algebraic properties. For instance, 

one student claimed that 5c + 3c = 8c because the coefficients added together (5 + 3 = 8). The 

teacher then asked the class to work on the Equivalence Task in groups (see Figure 33), during 

which she worked to guide students toward a descriptive equivalence interpretation.  

Evidence of a Work-and-Walk-By IO 

 The teacher’s tailored scaffolding to each group demonstrated evidence of a Work-and-

Walk-By IO. For instance, during the small-group discussion within Group 1, the teacher used a 

previously voiced interpretation of the video by a group member to guide their work. Earlier that 
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day, the teacher asked students to interpret the idea of the quantitative product interpretation 

demonstrated in a video in their own words, where Jose interpreted 5c as representing “the 

amount of money she wasted on five apps.” This interpretation was written on the board and 

accepted in the classroom (see Figure 39).  

 

Figure 39: Jose’s Interpretation of 5c 

In the exchange below, the teacher uses Jose’s language of “wasted” to guide the group in 

their transition from a syntactic interpretation of equivalence to descriptive equivalence.  

 Teacher:       I like this idea of wasted. So why would this be true?  
 Jose:   Wait, what would be true? 
 Felicia:  Speaking of like terms…speaking of like terms, this would be the cost, 
   right? This would automatically equal this. So like, in like terms cause 
   since there’s no number for c yet, you would just add them. When you add 
   them, basically just 5 and 3. Like, the c’s not there.  
 Teacher:  Okay, but what about using this idea of wasted?  
 Felicia:  Is it because it combines the total amount they wasted together?  
 

The exchange provides evidence that the teacher used Jose’s language of “wasted” to guide 

students away from a syntactic interpretation and toward a descriptive equivalence interpretation, 

therefore evidencing the Work-and-Walk-By orchestration.  

Evidence of Work-and-Walk-By Supporting NWR 5.2   

The teacher’s scaffolding appeared to support the group’s articulation of a descriptive 

equivalence interpretation. Felicia initially interpreted 5c + 3c = 8c syntactically, by relying on 
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the algebraic rule for combining “like terms.” However, after the teacher asked the group to rely 

on a quantitative product interpretation, via her reference to Jose’s language using “wasted,” 

Felicia shifted to a descriptive interpretation. She said, “because it combines the total amount 

they wasted together,” which seemed to refer to an interpretation of both 5c + 3c and 8c. This 

suggests significant progress toward interpreting 5c + 3c = 8c as combining the total amount 

Sofia spent with the total amount Manuel spent to equal the total amount they spent together. 

Indeed, as detailed in Group 1’s Argument in NWR 5.2, Felicia later elaborated on this idea to 

provide strong evidence of a descriptive equivalence interpretation (see corresponding section in 

Chapter 4).  

 Another instance of Work-and-Walk-By was evidenced when the teacher revoiced certain 

questions posed in the video to Group 4 to guide them toward the desired interpretation. When 

students got stuck, evidenced by commenting “What? I’m lost,” the teacher responded by asking 

“What does 5c represent?”, “What does 3c represent?”, “What does 8c represent?” As a result, 

the students named the quantities associated with 5c, 3c, 8c and mentioned equality, providing 

evidence (albeit less strong evidence than for Group 1) of a descriptive equivalence 

interpretation (see subsection Group 2-4 Arguments of NWR 5.2 for details and evidence).  

Sherpa-at-Work IO 

In the following sections, I present evidence of three cases of IOs that I characterize as 

unproductive in supporting students’ stating a general method (NWR 1.1). I direct the reader to 

the Discussion section at the end of this chapter for possible explanations for why these IOs were 

less effective. There is precedent for analyzing ineffective IOs. For instance, Moore-Russo et al. 

(2012) identified three qualities of ineffective orchestrations in a technological environment 

using digital games. Although their specific criteria did not align with my dataset, I adopt their 
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analytical approach in identifying three unproductive orchestrations that were evidenced in my 

dataset and relevant to the emergence of stating a general method (NWR 1.1).  

In the first section for Sherpa-at-Work, I present evidence to support the claim that this 

IO was unproductive in fostering students’ articulation of a general method (NWR 1.1). 

Trouche’s (2004) original characterization of Sherpa-at-Work involves asking a student to 

explain their work within a technological environment (in their case CAS calculators) in front of 

the class for the purpose of whole-class discussion. Trouche referred to the student as a “Sherpa” 

to evoke the figure who both guides and carries the load during Himalayan expeditions. This 

definition was not directly applicable to my dataset, as video does not constitute a technological 

environment in which students can actively work on tasks.  

However, the teacher actions observed in the dataset align conceptually with Trouche’s 

(2004) orchestration. Therefore, I adapt Trouche’s (2004) Sherpa-at-Work to refer to the teacher 

action of asking a student to explain their work on a digital task at the board during a whole-class 

discussion, where the screen is displayed. By digital task, I mean a task that is either the same or 

related to the tasks demonstrated in the video (for an example of a non-digital task, see the 

section for Not-Use-Tech). When students explained their thinking related to digital tasks while a 

video screen was displayed, it functioned as a proxy for working within a technological 

environment. I note that other characterizations of Sherpa-at-Work in video-centered context 

may consider students’ sharing of work on digital tasks, even without the video screen visible, as 

a sufficient proxy.    

Moreover, this orchestration is distinct from others such as Discuss-the-Screen or Link-

Screen-Board, which are primarily aimed at helping students make sense of the video content to 

apply ideas to their own tasks. In contrast, Sherpa-at-Work, as defined here, emphasizes the 
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reverse direction: students explain their previously established ideas, which are intended to serve 

as a basis for making connections to the ideas presented in the video. In the sections that follow, 

I first present evidence that the teacher implemented Sherpa-at-Work, then present evidence that 

this IO was not productive in supporting students in articulating their general method in the pool 

context.  

Evidence of a Sherpa-at-Work IO 

Before presenting the evidence, I describe the background relevant to the use of Sherpa-

at-Work on Day 3 in the pool context. As detailed in the Preliminary Related Reasoning 

subsection of Argument 1 for NWR 1.1 (in Chapter 4), during the review of students’ work from 

Day 2, much of the prior meaning developed in the previous session was not repeated or 

spontaneously offered. In response, the teacher played a voiceover clip summarizing Haleemah’s 

and ET’s general method. As the narrator described the method, three different-sized pools were 

shown (see Figure 40), and segments were illuminated to highlight key elements of the method. 

Even though the clip explicitly stated Haleemah’s and ET’s method, asking the students whether 

they remembered the method did not elicit any similar statements by students. The teacher, 

attempting to provide additional support, made an on-the-spot decision to ask students to apply 

the method again, this time to a Size 12 pool in groups. Her goal was to provide additional 

practice while helping students make connections across different-sized pools, as was expressed 

in the voiceover clip.  

The teacher’s subsequent actions serve as evidence of Sherpa-at-Work. Before inviting 

groups to share their ideas with the class, she chose to keep the screen from the voiceover clip 

displayed, which showed three pools of different sizes (see Figure 40). The teacher called on two 
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students, Diego and Felicia, to come to the board, where the screen remained visible, and explain 

the method in their own words using their work on the Size 12 task (see Figure 40). The teacher  

said, “Okay, so, I'm actually going to leave this thing up and I'm going to have Felicia and Diego 

come up and explain Haleemah and ET's method in their own words. You can pick whatever 

pool that's up here and just think about your ideas with the Size 12.” This exchange illustrates the 

teacher’s intentional action of keeping the screen displayed (“I’m actually going to leave this 

thing up”) while asking students to explain their work on the digital task (“think about your ideas 

with the Size 12”) to the whole class. Thus, her actions are evidence of Sherpa-at-Work. 

 

Figure 40: Sherpa-at-Work IO 

Evidence that Sherpa-at-Work was Unproductive in Supporting NWRs   

 The students’ responses immediately following Sherpa-at-Work serves as evidence that 

Sherpa-at-Work was not a productive IO in eliciting a statement of Haleemah’s and ET’s general 

method. Specifically, Diego and Felicia answered a different question than was asked. For 

instance, when explaining her ideas at the screen, Felicia explained the associative property of 
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the addition in the method rather than offering a statement of the general method itself (“with the 

cumulative property…it could be switched”). Afterwards, Diego shared his ideas at the screen 

(see Figure 40), but he too did not articulate Haleemah’s and ET’s method. Instead, he described 

how he found the number of tiles in the border of the Size 12 pool using a different method 

entirely. These responses suggest not only the absence of a statement of the general method, but 

also a confusion of the question they were being asked by the teacher. Hence, this IO was not 

productive in facilitating an articulation of Haleemah’s and ET’s general method.  

Skip-to-Screen IO 

In this section for Skip-to-Screen, I provide evidence to argue that the teacher’s 

implementation of the IO was unproductive in facilitating the emergence of stating a general 

method (NWR 1.1). Skip-to-Screen, like Rewatch-to-Review and Pause-and-Predict, was 

identified as a new orchestration type, which I define as the teacher action of responding to a 

students’ idea by skipping to a video clip that she identified as relevant for further discussion. 

This IO assumes that the teacher has pre-existing knowledge of the content of the videos that 

would enable her to intentionally skip ahead.  

Skip-to-Screen shares similarities with the previously identified Spot-and-Show, which 

refers to the teacher bringing up previous student work within the technological environment that 

they had identified as relevant for further discussion (Drijvers et al., 2010). Skip-to-Screen 

similarly identifies a relevant idea (spot) and uses the idea as a catalyst for discussion (show). 

However, there are two key different differences. First, rather than “spotting” previous student 

work, the teacher responds to a student idea and selects a clip that is related to that idea. Second, 

rather than “showing” the students’ prior work, the teacher shows the clip that is related to the 

idea. These distinctions highlight the fact that in a video-centered environment, students cannot 
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actively solve problems within a video as with applets or computer programs. Therefore, this IO 

was identified as a novel IO. In the following sections, I present evidence that the teacher 

employed Skip-to-Screen, followed by evidence that Skip-to-Screen was unproductive in 

supporting stating the short method in the game app context.   

Evidence of a Skip-to-Screen IO 

Before presenting the evidence, I provide relevant background for the use of Skip-to-

Screen on Day 6 in the game app context. In this context, videos showed participants working on 

the Three Friends Task while the students worked on the different but related Two Friends Task 

(see Figure 11). The teacher intended for the class to follow a certain trajectory: (a) watch 

Haleemah and ET develop the “long method” to state a generalization for finding the total 

amount spent on game apps in the Three Friends Task, (b) apply the “long method” to the Two 

Friends Task, (c) watch Haleemah and ET develop the “short method” in the Three Friends Task, 

and (d) apply the “short method” to the Two Friends Task. In practice, however, the teacher 

struggled to respond to an unexpected student idea, resulting in a disruption of the trajectory.  

First, the teacher showed the video of Haleemah and ET developing the long method in 

the Three Friends Task, as planned. Unexpectedly, however, when asked to explain the method, 

Esperanza commented that Haleemah and ET had made it “complicated” and proposed the 

alternative short method. The teacher’s initial response was to acknowledge that the short 

method would be revisited later in the TE, and she moved forward with asking the class to apply 

the long method to the Two Friends Task. Instead, several students adopted Esperanza’s method 

(i.e., the short method). The use of both methods indicated confusion about which method the 

students were meant to apply and ultimately generalize. To direct the class’s focus to just one 

method, the teacher asked the class whether they wanted to generalize Esperanza’s shorter 
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method or the original method they had viewed in the video. The class agreed to use Esperanza’s 

method.  

The teacher’s on-the-spot decision to skip to a later video showing the short method in 

response to Esperanza’s idea was evidence of Skip-to-Screen.  

Teacher:  Okay, we're actually going to watch Haleemah and ET do Esperanza’s  

   method and then we'll talk about the connections between your ideas and  

   their ideas. Okay. Okay. Okay, we're jumping a little bit.  

The teacher’s mention of “Esperanza’s method” suggests that she was responding to Esperanza’s 

idea expressed earlier in the TE. She also said, “we’re jumping a little bit,” indicating that she 

was skipping to another clip in response to Esperanza’s idea. Lastly, she framed the video as a 

source of further discussion by saying, “and then we’ll talk about the connections between your 

ideas and their ideas.” In sum, the exchange provides evidence that she was responding to a 

students’ idea by skipping to a video clip that she identified as relevant for further discussion, 

thereby satisfying the definition of Skip-to-Screen.  

Evidence that Skip-to-Screen was Unproductive in Supporting NWRs   

A sequence of student actions immediately following the use of Skip-to-Screen was 

evidence that this IO was unproductive in facilitating the articulation of the short method. First, 

after asking students to apply Esperanza’s method (the short method) to a cost per app of $2.50 

in the Two Friends Task, both methods were presented. For example, both equations (5 • 2.50) + 

(3 • 2.50) = 20 (representing the long method) and 8(2.50) = 20 (representing the short method) 

were written on the board. Additionally, when asked about the difference between the two 

methods, the students were unable to distinguish the two. When asked “Is this [(5 • 2.50) + (3 • 

2.50) = 20] the same as Esperanza’s method or different?”, one student responded, “the same.” 
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These responses indicated a confusion about which methods the students were meant to apply 

and generalize, suggesting that Skip-to-Screen was not ultimately productive in facilitating a 

statement of Esperanza’s method (the short method). I direct the reader to the discussion section 

at the end of the chapter for an argument as to why this IO seemed to introduce confusion.  

Technical-Demo IO 

This section for Technical-Demo presents evidence to claim that the teacher’s use of this 

IO was unproductive in supporting the emergence of any normative ways of reasoning. 

Technical-Demo is characterized by the teacher explaining the technical details for using the tool 

(Drijvers et al., 2010). The technical details of a video tool are simple because they are limited to 

pausing, fast-forwarding, and rewinding. The features of the TE further constrained students’ use 

of these functionalities because the teacher controlled the technology on one central screen 

throughout the TE. The teacher intended to give students the ability to manipulate the video 

technology by giving them the option to signal that they wanted to pause or rewatch a video via 

placing color-coded sticky notes on their desk corresponding to each action. I first present 

evidence the teacher employed a Technical-Demo IO by explaining this intended use of the 

video. Then, I present evidence to claim that the Technical-Demo was unproductive in that in no 

instance after its implementation did students make use of the video as intended.  

Evidence of a Technical-Demo IO 

 The teacher employed the Technical-Demo IO at the outset of the TE on Day 1. The 

teacher’s explanations of the mechanism by which students could interact with the video are 

evidence of a Technical-Demo IO. She began by outlining how videos would be used during the 

TE sessions, noting that although she would primarily control the videos, students would also 

have opportunities to interact with the videos:  
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Teacher:  In these sessions we’re going to be working on problems and watching  

   videos, and I will be controlling the videos up here. But I wanted you guys 

   to also have some control over the videos.  

She then distributed two stacks of sticky notes to each student, pink for “pause/stop” and blue for 

“rewatch,” and explained their intended functions. By explaining how standard video actions 

(pause and rewatch) would operate in the TE, the teacher enacted a Technical-Demo IO.  

 She additionally demonstrated how students could use the sticky notes, specifically the 

pink sticky note representing the “pause” action, by showing a video that might warrant pausing 

the video. She began the demonstration by asking students to read the Pool Task (Figure 12), 

which asked them to find the number of tiles in a square pool with ten tiles on a side. She then 

framed the first video by saying, “We’re going to watch a video and when you see something 

that’s confusing or surprising to you, why don’t you go ahead and put a red or pink sticky note 

on the desk to let me know you want to pause the video. If you don’t find anything surprising or 

confusing, that’s okay, too, okay? So, we’re going to watch Haleemah and ET work on the same 

problem.” The teacher not only explained how the sticky notes could be used but modeled their 

intended use in the context of watching a particular video, thus serving as evidence of a 

Technical-Demo IO.   

Evidence that Technical-Demo was Unproductive in Supporting NWRs   

Despite the teacher’s intentional efforts to promote student interaction with the videos 

through the Technical-Demo IO, the orchestration proved unproductive in supporting the 

emergence of normative ways of reasoning. For example, after framing the video intended to 

prompt spontaneous use of the “pause” action, no students used the sticky notes. The clip 

featured Haleemah and ET incorrectly counting 40 tiles around the border of the pool, a moment 
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the teacher anticipated would be sufficiently surprising or confusing to elicit a pause. When no 

one responded, she paused the video herself and asked whether students agreed with Haleemah 

and ET. Upon hearing disagreement, she followed up by asking, “I’m just curious, is there a 

reason no one put the sticky notes up?” but received no response. She reiterated the intended use: 

“In the future, if you want to stop or you see something that is different than what you thought, 

just let me know and you can put the sticky note.” Despite this clarification, students did not use 

the sticky notes for the remainder of the session, indicating that this IO was unproductive in 

facilitating their mathematical reasoning.  

Discussion 

The findings presented in this chapter address the researcher question: What IOs of the 

artifact of unscripted dialogic mathematics videos support the emergence of secondary students’ 

normative ways of reasoning? In particular, the study documents 11 distinct IOs enacted by one 

teacher, including eight that are adaptations of IOs from existing literature and three novel 

orchestrations that leverage the unique affordances of video. In this section, I reflect on three key 

contributions that these findings make to the literature: (a) conceptualizing video as an 

orchestrable technology, (b) examining dialogic mathematics videos as an instructional tool, and 

(c) advancing knowledge on supporting students’ quantitative reasoning.  

Video as an Orchestrable Technology  

Researchers working within the IO framework have emphasized that the management of 

technology in classrooms is non-trivial (Drijvers & Trouche, 2008). From this perspective, the 

use of video in mathematics instruction should move beyond simply showing clips and assigning 

tasks. By extending research on the orchestration of other technological tools (e.g., dynamic 

geometry software, graphing calculators), this study illustrates how video can also be 
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productively orchestrated to support mathematical reasoning. Rather than discussing all 11 IOs in 

detail, I focus here on three that were particularly productive, each illustrating how the teacher 

moved beyond the superficial use of video to engage students in meaningful mathematical 

activity: Pause-and-Predict, Discuss-the-Screen, and Link-Screen-Board.   

Pause-and-Predict 

The first case of a highly productive IO in this study was Pause-and-Predict, in which the 

teacher strategically paused before key moments and asked students to predict what would 

happen next. Many of the IOs presented in existing literature focus on teachers’ use of 

manipulable technologies, such as applets. As a result, they were not applicable to my TE, 

because the interactive features of video are limited to pausing, fast-forwarding, and rewinding. 

Moreover, a critical reader may argue that videos are not capable of being orchestrated in ways 

similar to other technologies because of the passive nature of watching video. However, the 

teacher’s use of Pause-and-Predict illustrates how video afforded viewers a way to participate 

actively in learning mathematics. In this TE, the teacher leveraged the technological feature of 

pausing to engage students in making predictions, which not only disrupted passive viewing but 

also engaged students in important mathematical sense-making. This finding therefore challenges 

the assumption that videos are inherently passive and instead positions them as interactive tools 

that, when paired with pedagogical moves, can elicit student reasoning.  

The effectiveness of Pause-and-Predict was evidenced by a noticeable shift in student 

participation. Rather than watching passively, students were actively engaged and offered a wide 

range of predictions. One reason this IO may have been so productive is that the teacher’s 

strategic use of pauses created a “cliffhanger effect,” which prompted an authentic need for 

students to share their thinking. However, it is important to note that Pause-and-Predict was 
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productive given the didactical configuration of the video being displayed on a central screen and 

controlled by the teacher, which allowed her to select key moments to pause the video. On the 

other hand, the IO Technical-Demo, in which students were expected to pause the video 

themselves, was unproductive. It may be the case that the didactical configuration constrained 

other types of interactions with the video, suggesting that other configurations may afford 

learners with different opportunities to interact with the technology.   

Discuss-the-Screen 

 Another case of a highly productive IO was Discuss-the-Screen, where the teacher 

facilitated discussion to support collective reasoning. While previous IO research has 

characterized this orchestration as an extension of general teaching practice, this study made the 

Discuss-the-Screen IO a central feature of its design. Specifically, students in this classroom 

often interpreted the same video in different ways, which is consistent with earlier findings on 

students’ varied interpretations of video (Weinberg & Thomas, 2018; Foster et al., 2025). As a 

result, Discuss-the-Screen was not only productive, but essential for eliciting students’ 

interpretations and building towards a shared understanding. This finding suggests that video-

centered environments may especially benefit from this orchestration, as it provides a 

mechanism for establishing shared meaning after watching video.  

In this study, the Discuss-the-Screen IO was implemented each time the class viewed a 

video, although some discussions were more productive than others. The orchestration was most 

productive when clips featured the everyday language of video participants. For instance, on Day 

2, students were observed repeating and building on key ideas heard in the video during whole-

class discussion. In contrast, a discussion centered on a clip with more formal narration, 

categorized in this chapter as a part of the Sherpa-at-Work IO, was unproductive. One possible 
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explanation is that the formal register of the narration was misaligned with students’ emergent 

reasoning, making it more difficult for them to connect with the content. These findings suggest 

while Discuss-the-Screen is well-suited to video-based learning environments, its effectiveness 

may depend on the intentional selection of clips that align with students’ language and reasoning.  

Link-Screen-Board 

 Finally, Link-Screen-Board was a productive IO, in which the teacher strategically linked 

the mathematics represented in the video to mathematics on the board. Previous research has 

shown that students often struggle to transfer mathematical understanding from digital 

environments to paper-and-pencil contexts (Billington, 2009; Bretscher, 2009; Kieran & 

Drijvers, 2006). However, instructional videos differ from other technologies in that they 

frequently feature paper-and-pencil techniques, raising the question of whether such a transfer 

would occur more naturally in a video context. In this study, the need for Link-Screen-Board 

emerged later in the TE, when students were asked to work on tasks different from those shown 

in the videos. This suggests that while the video format may afford more natural connections to 

traditional mathematical representations, explicit linking is still necessary, particularly when 

tasks diverge from the scenarios presented in the video.    

The teacher’s use of Link-Screen-Board in this study was characterized by a strategic 

organization of the board that created a designated space for interpreting the video task and a 

separate space for working on the assigned task. This IO was productive, as evidenced by a stark 

shift from confusion about an idea to the acceptance of the idea in the classroom. One reason this 

IO was particularly productive may be because the teacher created a visual structure that allowed 

students to offload cognitive work. In contrast, other efforts to connect student work to the video 

were apparently unproductive, as seen with the use of Skip-to-Screen where the teacher showed 
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a relevant clip in response to a student idea. In this case, the teacher did not reduce students’ 

confusion, but added to it, suggesting that the IO may have been more productive when used 

together with Link-Screen-Board. Thus, Link-Screen-Board may be especially valuable in 

moments of cognitive overload, providing the clarity and structure needed to support students in 

bridging video content with their own tasks.  

Dialogic Mathematics Videos as an Instructional Tool  

 In addition to its contributions to the current literature on IO, this study extends the 

emerging literature on dialogic videos to consider their use in a classroom setting. Specifically, 

this study builds directly upon a prior interview study about how pairs of Grade 9 students made 

sense of the same set of dialogic mathematics videos used in my TE (Foster et al., in press). I 

now turn to discuss two significant insights into the use of dialogic videos for a pedagogical 

purpose.  

 Foster et al. (in press) found that while some student pairs evidenced changes in their 

thinking and expressed mathematical meanings consistent with those presented in the video, 

others evidenced a variety of meanings and an unreceptiveness to certain ideas. Based on these 

findings, I designed the TE to incorporate additional instructional supports such as facilitating 

whole-class discussions (aligned with the Discuss-the-Screen IO) and connecting the videos to 

students’ own tasks (aligned with the Link-Screen-Board IO). Surprisingly, this study revealed 

that another category of orchestration, often described in the IO literature as “teacher-centered,” 

was also productive in supporting students’ reasoning. IOs characterized as teacher-centered are 

typically ones in which the teacher’s ideas drive the classroom discourse. Specifically, two such 

orchestrations, Explain-the-Screen and Rewatch-to-Review, appeared to be productive. This 

finding is significant in that it challenges the common assumption that student-centered 
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pedagogies are inherently more productive. One possible explanation is that unscripted dialogic 

videos, by design, are already deeply student-centered. As such, teacher-centered IOs may serve 

as valuable complements, helping to clarify, consolidate, or reframe ideas introduced in the 

video. In this way, teacher-centered orchestrations can enhance, rather than detract from, student 

learning in environments anchored by dialogic videos.  

 The dialogic videos used in this study are not only student-centered but also capture a 

learning trajectory of the video participants over time. However, it was initially unclear whether 

a classroom community would follow the trajectory featured in the videos because studies 

investigating students’ engagement with dialogic videos over time have not had an explicit focus 

on comparing the learning trajectories of the students using the videos versus the video 

participants (Foster, 2023; Lobato et al., 2019; Lobato et al., 2023, Lobato & Walker, 2019). 

Entering the study, I hypothesized that both the teacher and the students would stay close to the 

trajectory modeled in the videos, but this was not always the case. For example, the teacher’s use 

of Not-Use-Tech, an IO in which she intentionally decided to depart from the trajectory, was 

nevertheless productive in supporting students’ reasoning of stating a general method. On the 

other hand, for other ideas, students did closely follow the trajectory depicted in the videos. 

While a detailed analysis of this alignment is beyond the scope of this thesis, these findings 

suggest that the video trajectory can serve as a helpful guide for instruction but need not be 

strictly followed to foster the desired mathematical reasoning.  

Instructional Supports for Quantitative Reasoning  

 Previous research on algebraic reasoning has identified various instructional supports for 

helping students navigate specific challenges, such as encouraging non-sequential ordering when 

generalizing figural patterns (Kuchemann, 2010). In contrast, considerably less attention has 
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been devoted to instructional strategies that promote quantitative reasoning. Specifically, there 

has been less focus on the precision of language required to distinguish between subtly different 

quantitative interpretations (e.g., “total amount spent” versus “total amount spent by Sofia”). 

This study addresses this gap by highlighting the productive role of fostering precision of 

language when developing quantitative meaning. In the Discuss-Tech-Without-It orchestration, 

the teacher emphasized distinctions in student language that were productive in supporting 

students’ descriptive equivalence interpretation of the equation 5c + 3c = 8c. This finding 

suggests that motivating students to use precise language is a useful instructional support for 

fostering quantitative reasoning in algebra classrooms.  

 Recent studies on quantitative reasoning have also examined the role of teacher moves 

that help students engage in quantitative reasoning by attending to each number and symbol in 

context (White et al., 2023; White et al., 2024). In particular, White et al. (2024) investigated the 

effect of the teacher move known as unfolding, the act of breaking down compacted conceptual 

facets into their more elementary facets. Their study provided some evidence that unfolding 

moves, such as asking students what their numbers or points meant in context, were influential in 

supporting students’ development of quantitative reasoning. This study extends that work by 

illustrating how unfolding can be embedded within a classroom orchestration, like Work-and-

Walk-By. In this case, the teacher asked students to interpret the meaning of their expressions 

within the game app context (e.g., “What does 5c represent?”, “What does 3c represent?”, “What 

does 8c represent?”) These findings provide additional evidence that unfolding moves, in 

conjunction with the use of dialogic videos, can support students in articulating descriptive 

equivalence interpretations of algebraic expressions. Taken together, these findings affirm the 
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value of both fostering precision of language and unfolding as productive instructional supports 

for fostering quantitative reasoning in algebra. 
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Chapter 6: Conclusions 

This dissertation pursued two research aims: (a) to explore how a classroom community 

develops meaning of algebra topics in context over time, and (b) to identify the instructional 

supports for the algebraic reasoning that functioned as if shared by the classroom community, 

specifically supports related to the use of dialogic mathematics videos. The first aim was 

grounded in a need to reframe algebra not as a set of procedures to memorize, but as a means of 

reasoning about quantities. The second aim responds to a need to better understand how to 

support this type of reasoning by using an innovative instructional approach, and specifically, 

one that leverages technology. At the heart of this study was the use of a novel digital tool: 

unscripted dialogic videos that depict authentic student problem-solving. On the surface, the 

design and investigation of this study may seem straightforward: create a learning environment 

in which students view the videos and engage in similar tasks and then document how their 

reasoning develops in parallel with the learners featured on screen. Yet, the findings revealed the 

nuanced complexities involved not only in students’ emergence of meanings for algebraic 

expressions and equations but also in the teacher’s facilitation of dialogic videos to support their 

emergence.  

 The study followed a classroom TE methodology in which 13 Grade 9 students worked 

together over the course of ten one-hour sessions, facilitated by the teacher-researcher (myself). 

To address the first research aim, I grounded the TE in a quantitative reasoning approach 

(Thompson, 1990), which emphasizes interpreting quantities in context. In contrast to much of 

the existing research that often examines algebraic topics in isolation (e.g., Blanton et al., 2017; 

Tondorf & Prediger, 2022), this study investigated the interrelatedness of four core algebraic 

ideas: (a) generalizing via figural patterns, (b) making meaning of literal symbols, (c) 
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interpreting expressions as both processes and as products, and (d) developing interpretations of 

equivalence. Chapter 4 presents an analysis of the collective mathematical progress of the 

classroom, using the emergent perspective (Cobb & Yackel, 1996) and the Documenting 

Collective Activity (DCA) method (Rasmussen & Stephan, 2008). The DCA method treats the 

classroom community as the unit of analysis and conceptualizes learning as a process that 

emerges through collective argumentation. The resulting five-part learning trajectory documents 

how mathematics practices (i.e., clusters of related normative ways of reasoning) about these 

core algebraic ideas developed over time and ultimately, became accepted within the classroom 

community.  

 To address the second research aim, I integrated dialogic mathematics videos from 

Project MathTalk (www.mathtalk.org) as a central feature of the learning environment. The 

design efforts included intentional planning related to the arrangement of the classroom and the 

video technology, as well as specific teaching actions. In this study, the didactical configuration 

involved projecting the dialogic videos on a shared screen at the front of the classroom (see 

Figure 7), while students worked individually on paper worksheets on tasks related to the video 

content. This arrangement was intended to foster whole-class argumentation and aligned with the 

IO research tradition, where such configuations are commonly used. There were three categories 

of design decisions related to teaching actions: (a) routine teaching actions, informed by 

literature on algebraic and QR, dialogic videos, and classroom technology use, (b) episode-

specific decisions, such as selecting which video to use, determining its length, and deciding 

when to pause, and (c) guidelines for task selection, including whether to use the same task 

featured in the video or introduce a related but distinct task.  

http://www.mathtalk.org/
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Chapter 5 explores how I, as the teacher-researcher, leveraged this video tool to support 

students’ reasoning about the unit’s focal topics. To guide the analysis, I used the instrumental 

orchestration framework, which focuses on the teacher’s role in intentionally and systematically 

using technology in a classroom setting (Trouche, 2004; Drijvers et al., 2010). This framework 

comprises three components, the physical arrangement of the classroom and the technological 

tools (didactical configuration), the teacher’s planned approach for using the tool (exploitation 

mode), and teacher’s in-the-moment teaching actions (didactical performance). Prior studies 

using the IO framework have identified a range of instrumental orchestrations based on these 

components. Using a combination of a priori codes from the literature and inductive coding, I 

identified 11 instrumental orchestration types, eight of which appeared to be productive in 

supporting students’ algebraic reasoning and three of which seemed to be unproductive.  

In the remainder of this chapter, I summarize the main findings of the study, discuss their 

significance and implications, discuss limitations of the study and future research directions, and 

finally reflect on my experience as the teacher-researcher.  

Summary of the Findings  

 Findings from Chapter 4 resulted in a five-part learning trajectory: (a) stating a general 

method, (b) expressing a general method using literal symbols, (c) interpreting arithmetic 

expressions from quantitative process and quantitative product perspectives, (d) interpreting 

algebraic expressions from quantitative process and quantitative product perspectives, and (e) 

developing interpretations of descriptive equivalence. This trajectory was complex. While many 

of the conjectured ways of reasoning (see Chapter 2) were eventually accepted by the classroom 

community, the order in which ways of reasoning emerged and became accepted did not follow a 

linear sequence. Instead, the evolution of ideas overlapped, which both demonstrated the 
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interrelatedness of ideas and suggested that students could draw upon emergent ideas before 

becoming accepted. Additionally, certain ideas were particularly challenging for students. 

Descriptive equivalence of algebraic expressions, for instance, defined as treating two 

expressions as equal if they represent the same quantity, showed only partial evidence of FAIS in 

the classroom by the final day of instruction.  

Findings from Chapter 5 identified eight productive and three unproductive 

orchestrations of the dialogic video tool by the teacher. Productive orchestrations, such as 

Discuss-the-Screen, Pause-and-Predict, and Link-Screen-Board, provided evidence of use of the 

video as an interactive tool that supported students in interpreting, predicting, and sense-making. 

Unproductive ones, such as Technical-Demo and Sherpa-at-Work, provided evidence of 

instances where use of the video seemed to introduce confusion or impose unnecessary cognitive 

demands. Taken together, the study offers insights on the evolution of complex algebraic 

reasoning over time and how a teacher’s use of dialogic videos can support students’ reasoning.  

Theoretical and Practical Contributions 

 This subsection is organized into the theoretical and practical contributions that this study 

makes to three bodies of literature: algebraic and quantitative reasoning, instrumental 

orchestration, and learning from dialogic videos.  

Contributions to Algebraic and Quantitative Reasoning  

 A key theoretical contribution of this study is its focus on descriptive equivalence. 

Recently introduced by Cook and colleagues (2022) as a part of a broader framework for 

understanding equivalence across middle school, high school, and undergraduate mathematics, 

descriptive equivalence extends beyond the traditional dichotomy of operational and relational 

views of the equal sign that has dominated the literature. This construct was central to the present 
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study because it aligns with Thompson’s (2011) notion of quantitative reasoning. However, 

despite its theoretical promise, empirical investigations of descriptive equivalence remain 

limited. This study is among the first to intentionally design for the emergence of descriptive 

equivalence through a sequence of interrelated mathematics practices.  

One exception is a recent study by Tondorf and Prediger (2022), who documented the 

learning processes of fifth graders coming to understand descriptive equivalence of arithmetic 

expressions such as 3(10 + 5) = 3 • 10 + 3 • 5. Building on this work, this study extends the 

construct to algebraic expressions. In doing so, it revealed four additional layers of reasoning, 

captured in Mathematics Practices 1-4, that appeared to be necessary precursors. However, 

findings also indicated that additional supports may be needed for interpreting equivalent 

algebraic expressions, as there was only partial evidence to claim that descriptive equivalence of 

algebraic expressions became normative in the classroom. In sum, the study contributes to 

theoretical understanding by identifying a trajectory towards descriptive equivalence in algebra 

as well as highlights the challenges of extending this interpretation from arithmetic to algebraic 

contexts.  

 A practical implication of this study is that precision of language can be a beneficial 

support for developing descriptive equivalence. While the importance of precise language in 

mathematics is widely acknowledged, it remains underexplored in the context of algebraic and 

quantitative reasoning. One notable exception is the work of Czocher et al. (2024), who identify 

“using precise and detailed language to refer to referents” (p. 13) as a scaffold for quantitative 

reasoning. This study adds empirical evidence to that claim, demonstrating that developing 

students’ precision of language, particularly evident in the Discuss-Tech-Without-It section, 

appear to strengthen students’ reasoning about descriptive equivalence. These findings suggest 
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that precision of language may be a crucial and underutilized instructional support for promoting 

descriptive interpretations of equivalence.  

Somewhat unexpectedly, students’ precision of language developed gradually, 

contributing to the non-linear nature of the learning progression. For example, while students 

were able to express their general methods using literal symbols relatively early on, they did not 

consistently interpret arithmetic expressions as quantitative processes until later in the unit. Had 

precision of language been made an explicit instructional focus from the outset, the trajectory 

toward descriptive equivalence might have appeared more linear. These results suggest that 

educators using a quantitative-reasoning approach to foster interpretations of equivalence, or 

other algebraic topics, may benefit from deliberately foregrounding precision of language early 

in instruction.  

Contributions to Instrumental Orchestration  

This study contributes to the theory of instrumental orchestration by expanding the 

application of the framework to include the use of video, a tool that could be perceived as 

passive and non-interactive. Most orchestrations in the literature focus on the use of dynamic, 

manipulable technologies (such as graphing calculators or dynamic geometry software), where 

students engage directly with the tool. In contrast, video offers a narrower set of technical 

affordances, namely pausing, fast-forwarding, and rewinding. However, this study challenges the 

assumption that video lacks interactivity by providing a model of how deliberate pedagogical 

moves can reposition it as a tool for active learning. A key contribution was the identification of 

a novel orchestration, Pause-and-Predict, in which the teacher paused the video at key moments 

to prompt students to make predictions about what would come next. This move not only 

disrupted passive viewing but also engaged students in active meaning making. These findings 
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suggest that when paired with orchestration, video can support interactive student engagement 

and should be considered a legitimate technology within the instrumental orchestration 

framework. 

These findings also offer implications for teaching practice in how video technology can 

be orchestrated to support student reasoning. While some orchestration types identified in this 

study, such as Discuss-the-Screen and Link-Screen-Board, align with those found in research on 

other technologies (e.g., Drijvers et al. 2010), this study also identified three novel orchestration 

types specific to video: (a) Pause-and-Predict, (b) Rewatch-to-Review, and (c) Skip-to-Screen. 

Rewatch-to-Review emerged as a productive orchestration type in which the teacher prompted 

students to rewatch a previously viewed video for the purpose of reviewing prior material. In 

contrast, Skip-to-Screen was identified as unproductive in this context. This orchestration 

involved skipping ahead to a clip that the teacher identified as relevant for further discussion. 

While there was evidence that this orchestration introduced additional confusion in this study, 

with more intentional scaffolding, this move may be more effective in other classrooms. 

Together, these novel orchestration types offer concrete examples of how teachers can 

strategically use video in their classroom by leveraging its unique affordances (pausing, 

rewinding, and fast-forwarding).   

While Pause-and-Predict may be a useful IO for any video-based tool, it highlights a 

unique affordance of dialogic videos: the visual display of students’ reasoning and strategies. In 

this TE, the teacher used Pause-and-Predict to make these strategies the focal point of classroom 

engagement. At key moments, the teacher paused the video and asked students to predict how 

the video participants might approach the task. Had a lecture-style video been used instead, 

student predictions would likely have centered on teacher explanations or worked examples. In 



  278 

contrast, dialogic videos allowed the teacher to engage the class in predicting and interpreting 

peers’ thinking. In sum, beyond basic video functions, this orchestration demonstrates how 

teachers can leverage the visual display of student thinking in dialogic videos to support 

students’ mathematical reasoning and engagement.   

Contributions to Learning from Dialogic Videos  

This study expands our understanding of vicarious learning (learning by observing 

others’ reasoning; Chi et al., 2008) by extending the research setting to a classroom. Most prior 

work has examined individuals or pairs of students engaging with dialogic video with minimal 

instructor intervention (Chi et al., 2017; Foster, 2023; Muller et al., 2007). In contrast, this study 

investigated how a classroom community, guided by a teacher, reasoned over time while 

engaging with dialogic videos. There were at least two notable differences from previous 

research. First, students did not progress at the same pace as the video participants. For instance, 

even after the video participants articulated a general method, the class was still grasping pieces 

of the method, as evidenced in Mathematics Practice 1. Second, students often forgot ideas from 

the video in between sessions, unlike in prior studies where pairs appeared to remember and 

build upon ideas they gleaned from videos across consecutive sessions. 

These findings highlight two realities of using dialogic video in classrooms. First, 

introducing more students into a shared learning environment brings greater variability in the 

pace at which students process ideas. Second, with less control of students’ attention to the 

videos compared to one-on-one or paired settings, there is a natural tendency for ideas to be 

forgotten over time. In this context, teacher facilitation played a crucial role in addressing both 

challenges, by pausing for discussion (Discuss-the-Screen), and facilitating rewatching the video 

(Rewatch-to-Review).  



  279 

Currently, there is no established use model for dialogic videos in mathematics 

instruction. Consequently, the findings of the study can be a starting point for teachers interested 

in integrating such tools into their practice. A key, and perhaps counterintuitive, finding is that 

certain teacher-centered orchestrations (IOs where teacher ideas drive the classroom discourse) 

were effective when paired with dialogic videos. Specifically, the orchestrations Explain-the-

Screen, Rewatch-to-Review, and Link-Screen-Board, appeared to be productive in this context. 

These moves seemed to help clarify and reinforce video content, especially when students 

struggled to remember or make sense of what they had seen. This challenges a common 

assumption that student-centered pedagogies are inherently more productive. One explanation is 

that dialogic videos are inherently student-centered, allowing teacher-led orchestrations to 

function as supportive complements rather than as dominant modes of instruction. As such, this 

study offers an initial model for how teachers might integrate dialogic videos into their 

instruction in ways that include both student-centered and teacher-centered orchestrations.  

Limitations  

 There are at least three limitations to this study that should be considered when 

interpreting its findings. First, the study followed a classroom TE design that took place in an 

after-school setting, which limits the generalizability of the results. While the long-term goal is 

to explore these research aims in typical classrooms, this intermediate step was important given 

how little is currently known about the use of dialogic videos in instruction. Typical classrooms 

often lack the inquiry-oriented norms that were foundational to this study, and even when such 

conditions are present, instruction may not align with the specific content focus of this study. 

Moreover, most classroom teachers are likely unfamiliar with dialogic videos, meaning that a 

classroom setting design may have required additional training. Taken together, these aspects of 
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typical classrooms would have made it more difficult to maximize students’ learning potential 

and to interpret how the instructional environment shaped the evolution of their reasoning.  

Second, the original design of this teaching experiment was more ambitious than what 

proved feasible for this particular classroom community. While some of the complexity in the 

findings can be attributed to the mathematical content itself, other challenges emerged from 

instructional decisions and implementation. For instance, there were several areas where I 

miscalculated. I introduced literal symbols before students had formed a general method, and I 

waited until the latter half of the TE to make precision of language an explicit instructional goal. 

I also had to navigate how best to balance time across video viewing, whole-class discussion, 

small-group work on tasks, and building toward collective understandings. These tensions 

suggest a need for further iteration, likely through multiple classroom teaching experiments, 

before moving toward a classroom study.  

Third, the DCA method, while useful for tracing evolution of reasoning, may have 

overlooked critical moments of reasoning in transition by focusing primarily on moments when 

ideas become normative. For instance, it is possible that students did evidence quantitative 

meanings earlier in the TE before ideas became normative, but in small groups rather than in the 

whole-class exchange. However, recent advancements by Dreyfus et al. (2023) and Rasmussen et 

al. (2024) have extended the method to include small-group data, which may address some of 

these analytical challenges. 

Future Research  

 This dissertation explored the evolution of students’ algebraic reasoning through 

orchestrated classroom interactions involving dialogic mathematics videos. However, it did not 

directly investigate the relationship between the video tool and students’ reasoning. Looking 
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ahead, I plan to make this a central analytic focus by investigating the ways in which the video 

tool shaped students’ reasoning identified in the learning trajectory. Drawing on the framework 

of instrumental genesis and the construct of mediation, I aim to explore how features of the video 

shaped, supported, or constrained students’ reasoning (Rabardel, 1995; White, 2008). Evidence 

of mediation may include students referencing ideas from the videos, attributing them to the 

participants, and applying them in their own work. Using thematic analysis, I will trace the 

patterns in which elements such as inscriptions, language, or strategies introduced in the videos 

mediate students’ reasoning throughout the TE. This work will offer insight into which features 

of dialogic videos are meaningful for learning.  

 Another avenue of future research is a second iteration of the TE, in which several 

refinements would be made. First, more time would be devoted to interpretations of arithmetic 

expressions (Mathematics Practice 3) and articulating a general method (Mathematics Practice 1) 

before introducing literal symbols (Mathematics Practice 2). This adjustment could provide a 

stronger conceptual bridge from interpreting arithmetic expressions quantitatively to forming a 

general method to expressing that method with algebra. Second, descriptive equivalence of 

algebraic expressions would be scaffolded earlier and more explicitly. Rather than assuming that 

students would naturally transition from interpreting algebraic expressions quantitatively to a 

descriptive equivalence interpretation, I would provide tailored prompts such as asking students 

where they see the quantity on the left and right sides of the equal sign. Finally, precision of 

language would be emphasized from the outset. Given how crucial language became in helping 

students articulate quantities, future iterations would incorporate routine opportunities for 

students to articulate their mathematical descriptions with precision. Together, these adjustments 
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would aim to provide a refined instructional sequence that could be the basis for instructional 

and curricular recommendations for supporting students’ reasoning about these topics.   

Reflections and Concluding Remarks  

 In this section, I reflect on several aspects of the TE that were not fully captured by the 

two research aims of this dissertation. I offer a set of reflections drawn from my experience as 

the teacher-researcher. I begin with reflections on algebra as a subject of instruction, then 

consider the broader role of video in the classroom and conclude with thoughts on the specific 

affordances and challenges of teaching with dialogic videos.   

Learning Algebra with Meaning Is Messier Than Anticipated  

 I began this TE with an ambitious vision: to reframe algebra not as a series of step-by-

step procedures, but as a space for constructing quantitative meaning. Inspired by scholars 

working in the tradition of quantitative reasoning, I sought to support students in shifting from 

symbolic manipulation to reasoning grounded in context. But the reality was more complex than 

I anticipated. Their progress did not develop in a predictable sequence (according to the 

trajectory expressed in the videos) but deepened gradually through repeated opportunities to 

voice and refine their ideas. For example, although I had anticipated that students would be ready 

to articulate a general method and express it algebraically by Day 2 of the TE, these did not 

become normative until the Day 8. 

This experience brought into focus a central tension in algebra instruction. Teaching 

algebra through a quantitative reasoning approach, one that emphasizes meaning and context, 

can be generative, but also cognitively demanding and logistically difficult. In contrast, 

traditional approaches to algebra, which often strip away context, can feel more accessible but 

offer less opportunity for meaningful learning. This tension was highlighted in a classroom 
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moment, when Esperanza expressed confusion after hearing a student’s quantitative 

interpretation of an arithmetic equation. After a pause, Esperanza admitted that it “took [her] a 

minute to process it” and later reflected, “when people really look at [the equation] without like, 

seeing the game apps, they would just think that it doesn’t symbolize anything, that it’s just 

numbers.” Her comment shows both the challenge and the value of a quantitative approach: it 

can be confusing at first, but it invites deeper sense-making. At the same time, it points to a 

major drawback of traditional instruction. As she put it, without context, equations “do not mean 

anything,” they are “just numbers.” This raises an important question: What should be the role 

and purpose of algebra in schools? 

For over three decades, the role of algebra in school mathematics has been the subject of 

national debate (e.g., Kaput, 1995; Kilpatrick & Izsák, 2008; Eddy et al., 2015). Recent opinion 

pieces like “Is Algebra Necessary” (Hacker, 2012) and “Is It Time to Kill Calculus?” 

(Rockmore, 2020) have questioned its gate-keeping status and real-world relevance. More 

recently, Walkington et al. (2025) investigated how career scientists use algebra in practice, 

finding that the mathematical practices central to their work were very distanced from the 

symbolic manipulation emphasized in school algebra. Their findings suggest that algebra 

instruction should reflect the complexity of mathematics needed in the workplace. This TE 

sought to contribute to that conversation by arguing that a quantitative reasoning approach to 

algebra, though cognitively demanding, better reflects the complex thinking required in real-

world settings, offering a promising direction for curriculum reform.  

 Yet, implementing this vision also revealed the instructional patience it demands. For 

instance, it wasn’t until the third week of the unit that students began to use precise language like 

“total amount spent by Sofia.”  Although the idea had been introduced early on, it took explicit 
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instructional support for this language to become normalized. This pacing highlights an essential 

point: developing quantitative meaning takes time. If we want students to engage in algebra 

meaningfully, we must design classroom environments that support the messy work of meaning 

making.  

Are Mathematics Educators Using Video Technology All Wrong? 

Video technology has been hailed as a transformative force in education, and 

accordingly, I sought to incorporate the regular use of videos in my teaching experiment. In 

mathematics education, three dominant models of video use have emerged: flipped classrooms, 

individualized video-based instruction (e.g., Khan Academy), and MOOCs (Massive Open 

Online Courses). Flipped classroom models typically involve students watching instructional 

videos at home and engaging in practice or dicscussion in class. Individualized video-based 

instruction, such as Khan Academy system, is designed for self-paced learning, including videos 

and mastery-based quizzes. MOOCs are large-scale online courses that deliver pre-recorded 

video lectures to massive audiences. Despite their differences, these models share a common 

feature: a focus on mathematical procedures and traditional expository instruction (Klinger & 

Walter, 2022). As a result, the use of video in these models often reinforces conventional modes 

of teaching rather than reimagining instruction in ways the support deeper learning (Chen et al., 

2025).   

This concern is especially relevant now as generative AI tools enter classrooms. Like 

video, AI promises personalization and scalability, but it too risks reinforcing traditional models 

of instruction. Many teacher-facing AI tools in mathematics education, such as Khanmigo (the 

AI chatbot developed by Khan Academy) are designed to make incremental improvements to 

existing approaches or enhance the efficiency of content delivery, rather than supporting more 
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transformative pedagogies (Walkington, 2025; Meyer, 2024). As Muller (2025) observed, much 

of the rhetoric around AI in education echoes the hype around video in earlier decades. Both 

technologies have the potential to transform learning, but only if integrated with thoughtful 

pedagogy.  

The dialogic mathematics video-based instructional approach presented in this study 

offers a compelling alternative for several reasons. First, the content featured in dialogic 

mathematics videos align with decades of research advocating for student-centered meaning 

making in mathematics. Second, designing for dialogic video use involved deliberate, episode-

by-episode design decisions, including the intentional selection of clips, determining where to 

pause for discussion, and preparing follow-up questions that could extend or challenge students’ 

thinking. It also required careful planning of the structure of the classroom: balancing time spent 

viewing videos, engaging in whole-class discussions, working in small groups on tasks, and 

building toward shared understanding. In this context, video fundamentally transformed how 

students engaged with mathematical ideas rather than reinforcing traditional modes of 

instruction.  

Moreover, this approach reflects broader trends in educational technology, which are 

increasingly oriented toward tools that promote dialogue. For instance, the rise of educational 

podcasts and recent AI innovations like NotebookLM, which have the capabilities of turning 

content (e.g., PDFs, text files, YouTube videos) into podcast-like conversations, illustrate a 

growing appetite for tools that center conversation. These trends suggest that an instructional 

approach that leverages dialogic videos may offer one promising direction for the use of videos 

in mathematics instruction that is in tune with global shifts in emerging educational technologies.  
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Benefits and Constraints of Using Dialogic Videos  

When I began this TE, I was new to teaching and apprehensive about the uncertainty of 

inquiry-oriented instruction. Dialogic videos became a powerful support, not just for students, 

but for me. In many ways, the videos acted as a co-teacher. While I introduced tasks and 

attempted to follow up on students’ ideas, the dialogic videos, and particularly the voice of the 

facilitator off-screen, echoed and reinforced those same moves. During the Work-and-Walk-By 

orchestration, for example, I found myself restating prompts I had heard in the video. The 

presence of the dialogic video felt like having my own personal teaching assistant.  

Another key affordance was the predictability the dialogic videos offered. One of the 

biggest challenges of inquiry-based instruction is the uncertainty it introduces because student 

ideas evolve in unexpected ways. I recall one moment in which a disagreement between students 

spiraled in an unanticipated direction. I wasn’t sure how to resolve it without prematurely 

shutting down the conversation. Turning to the dialogic video offered a way back to the intended 

trajectory. In that moment, it felt like bowling with guardrails: having the freedom to explore, 

with enough guidance to stay on track.  

Over time, I came to see dialogic videos as more than an instructional supplement, but as 

a tangible representation of broader reform goals. In my graduate training, I have encountered 

research calling for classrooms built around collaboration, argumentation, and equitable 

participation. These ideals were hard to imagine in practice, until I saw them depicted in video. 

Dialogic videos modeled the kinds of mathematical learning we hope to cultivate. While the 

learning in the dialogic videos didn’t automatically replicate itself among viewers, it expanded 

my sense of what is possible in mathematics teaching and learning.  



  287 

Still, there were moments when the dialogic videos constrained instruction. At times, the 

mathematical ideas in the video were misaligned with the needs of my classroom. In one 

instance, during the Not-Use-Tech orchestration, I found that a non-digital task better supported 

students in articulating a general method than rewatching or extending video-based tasks. This 

revealed that the dialogic videos, while powerful, are not responsive to the needs of specific 

classrooms. It falls to the teacher to decide when the video supports the moment and when it 

doesn’t.  

There were also moments when the videos introduced unnecessary cognitive load. 

Because dialogic videos reflect authentic student reasoning, including initially incomplete or 

incorrect ideas, they can be difficult to follow. While research suggests this aspect leads to 

deeper learning than traditional expository videos (e.g., Muller, 2008), it also means that teacher 

intervention is sometimes needed to scaffold understanding. In moments where the conceptual 

richness led to additional confusion, teacher-centered orchestrations like Explain-the-Screen or 

Rewatch-to-Review helped anchor students’ understanding. In conclusion, I learned that despite 

these constraints of dialogic videos, they can serve as powerful instructional tools for collective 

meaning-making, when intentionally orchestrated.  
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 Appendix A: Screening Instrument 

Write your answers and explanations below.  

If you cannot answer a question, write “not sure” or “don’t know.”  

 

 
1. Do you agree or disagree with 
Angelo?  
 
Answer: _________________ 
 
 
Explain why:  

 

 

 
 
 
 
 

2. Describe a real world situation that can be represented by 4c.   
 
 
 

 

 
 
 

3. Write down all the numbers you can think of that each letter shown below (a, b,  
g or x) can stand for:   

 
 

a 
 

 
-b 
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4g = 3 

 
 

 

 
3x = -6  

 
4. The picture below shows a garden with a pathway made from yellow tiles. One 

segment of the pathway has 7 tiles.  
 

 

A. What is the total number of tiles in the whole pathway?   
 
Answer: _____________________ 
 
Describe how you found the answer. You can label the picture.  
 
 
 
 
 

B. Apply your method to find the total number of tiles in a pathway with 5 tiles in 
one segment.  
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Answer: _____________________ 
 
Write an arithmetic equation that shows your method for finding the total 
number of tiles in the pathway, when there are 5 tiles in one segment:  
 
 

C. Apply your method to find the total number of tiles in a pathway with 20 tiles  
in one segment. Show your work.  
 
 
 
 
 
 
 

D. Write an algebra equation that generalizes your method for finding the total 
number of tiles in the pathway (y), when there is an unknown number of tiles 
(x) in one segment.  
 
 

 
 
 

 
 5. A car is traveling at speed of 60 miles per hour for n number of 

hours. Two friends, Jorge and Kiyana, think that the situation can 
be represented by 60n. But they see the meaning of 60n 
differently:   
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Who is correct – Jorge, Kiyana, or both of them?  

Answer: ____________________________________ 

Explain why:  

 

 




