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. ' ' i 
V. N. Gribov and I. Ya •. Pomeranchuk have argued that there is an 

l V. N. Gribov and I. Ya~ PomeranchukJ in Proceedings of 1962 International 

Conference on HiehEnergy Physics) l?· 522~ 

. . . ' . 
. ' ' 

essential sine;ulari t;r in the. part.ial..,.vrave scatterinr; a."npli tude for the s 

2· 
challi"'lel \>T):'lich is proportional to the Nandelstam double spectral functiqn 

p( t) u). 1 In this note we present an exar.1ple of a nonlocal potential) suggested 
' ' 

by the Mandelstam represe:r:ttation) trhich leads to this behavior at orbital 

angular momentmn minus one. 

Our proof is based on the radial momentu."n. space Schroedinc;er eq_uation 

for the elastic parti,al-tvave ampli tucle at energy k
2 

1 
+ 

k
2 . 2 

+ K + i€ 

( 1) 

* This work was'. performed under the auspices of the U. S. Atomic Energy 
.• ' 

Commission. 
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· In particular, following H. A. Be:the and T. r(inoshi ta, 3 ve consider t.he 

3 !i. A. Be the and. .T. KinoshHa, P.hys. Rev. 128, 1418 ( 1962). ~ · 

·problem of finding Regge· poles for large negative values of ,2 
K • These 

. · are gi veri by finding solutions of the homogeneous part of Eq. ( 1) . . For 

,: ·.' 

the case of a Yukm.,ra potential it is i-iell known that 

(KJ I v I K'J) .. -
r 2" ,2 2 

~ 

I 

QJ 
i K + K + u i 
I 

2KK 1 j I 

L 
( 2). 

vrhere ~£ is the Legendre function of the second kind. A different · 
'! . 

potential is obtained by requiring that in Born approximation the 

potential reproduces that part of the scattering amplit.ude uhich arises 

4 
from the third double spectral function of the Mandelstar11 representation. 

1 

4 
c'ompare, for example, G. F. Chev, S-!v:1atrix Theory of Strong Interactions 

(vl. A. Benjarnin Co., Neiv York, 1961), Ch. 7, p. 39, Eq. (7-21). 

This leads in.nonrelativistic approximation to 

.- l 
·~-... _ 

l 
2 ,2 2 ' ~ K + K + fJ. 

QJ 
I .. 

(K~ I v I K'£) ,;, 2KK 1 .! 

\ 2 ,2 2 
K. + K. + fJ. 

./ 

( 3) 

when is· assumed to be a_delta function in the variables .... . ._ an C. 

u at f.l./2' in the regiori. where itis nonvanishing . 

.\ 
! 

! 
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'"' ·\ 
In• the .folloving paraGraph 1-.re shovr that in the neighborhood of 

\ 
\ 

I 

:. orbital an[tular momen"cum minus one t.hc homogeneous eq_ua tion for the· 

Yukm.;a potential takes the ap::_')roxima tc . form· 

CD 

:I 
_,. A. 

( _,. Kl 
(K£ k) I dK 1 

( K 1 £ I k) 
2K 

.' 
) 

I .2 2 .} l( + l\. 
0 

(4) 

ioThereas in the case of the nonlocal potential of Eq_. ( 3) in the sa::.e 
-·- -~-····.._!...----:------- ··--· .. 

_;,_ ......... -.. · ... --·v:t c:E1ity ~ne finds 
i ~ .... ·-... ---· 

. · .. · 

,.; .· 

.. 

co 
_,. f., ;" 

(K£ k) 
I dK 1 = ·2 2 
I 

.1 k +K _,/ 

i 0 

(K 1 _i 11~) l\. 1 

2 2 2 2K 
K +·l\. 1 + j..1. 

( 5) 

In these e~uations 

= ,..n: cot n:£ ( 6) 

is the eigenvalue that determines the appropriate relation bet\·reen K ahd 

.L
-.,.., .. the first case the kernel of the integral eq_uation is degenerate, 

so that there is only one eigensolution for large k in the vicini-ty of 

minus or ... e. The second equation, \·Thich possesses a nondegenerate kernel, 

has an infinite number of eigensolutions and eigenvalue·s, A. 
n 

l·ihich 

imply the existence of an infinite number of Regge poles accun:ulating 

. at orbital angular momentum minus one; thus, there is an essential 

singularity at this point. 

T.'1e justifica~ion of the foregoing remarl\:s is most easily see:. 

by studying the solution of the homogeneous part of Eq_. ( 1) in the ca.:;;~· 
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! 
i 
j ·of a Yuk<::.i-ra. potential. It is .convenient to change the dependent va::ia'ole 
1 ..:..-· ·:. --~ .. ---· .... ---'-"Zo -----······- ·---· _..;.. __ , ____________ ---. · 
I -·········-·· 

I 
I 
I 
I 

I 
l 
I 

I 
l 

J 
j 
I. 
1 
.j 
1 

i 
i. 

l 
l 
t 
l 
.l 
i 
;; 

~ 

! . 

I· r. 
i f 

j I I 
1.:/ 
'li' 

.· 
( 7) 

so t,hat the integral eq_uation becolnes 

= 
. OJ ( '\£+1 

J. r K 1 
• · 

--:::----:::-- I -- ' 
2 2 ___ 11 K) '2(k + K ) · 

0 . 
( 8) 

The solution of this. eq_uation in the neighborhood of interest is achieved. 

by introducing 

,(<d I X) 
., 
1 

and.' performing a partial integration. This leads to an eq_uation fo:-;,7 

.(K.& I X) 

(ro.& i X)-{i( I'(.C + J.) 

2k r(.e + 3/2) 

-1 
tan K: 

k 

I 
/ K I K I .& ) d.K 1 

( K I .& I X > ) 

vrhere the value of (K.& I X) 
I 

at infinity is a constant and· 

( , "' \ .J.U). 

I<.! 
' 

1-: 1 .2) 

is a 1 -e·~ne" : oro-oo"" .... ~ --:Oal to :r.,_ .!. .... j_ !.t .... • ·V.J..U .l: r(.& + 2) and 1-rith a complicated. cie]encience o:-:. 
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In addition it decreases with increasinG k 

Further) as i-rill be shm-ri.1 in a forthcoming publication) 

'• ., 
,~ 

' i 
\ 

(K£ I I !\.1£) 
I 

(K.e I !\.".e) dK" (K" £ I I Kl£) ,K2 
l K K - ' . -· 

/ .. · (' 

. I ( K.C l I !\.I.e) I 1 

I K < I I < !\.£ K I K".e)jdK"I (K"£ I K I K I.e) I 
2 J 

. ( ll) --······- ·--·- ~. _ .. -~-------:>::< -·····-----· ...... ---_ ..... ·.:-·:..--· ·--·-· .- ........ . 
·. )'· 

; 
! 

::.1;.· 

..... 

I 

As a resulJc) iif Eq. ( 10) is considered as an ir{tior;,ogeneous intec;:cal 

equatiol'l; fo1· ( K£ j X) i·re find that the Neuman:..'l se:cies for the 

solution is convergent and. hence· the solution is unique. In o:cd.er Jchat 

the solution be coris.istent, _vie obtain Jche eigenvalue conC..ition 

, 
.( \ 3/2 "'"'( n 

;( ) l "' 
' ·' l ) 

'T - -1 ) ( 12) 
21<:. r(.e · + 3/2) 

i·ihich leads to a single pole in the. neighborhood of minus one. If one 

noi·i asks vihat approximate equation 1-rould lead to this same result one 

·is led. innned.iately to Eq. ( 4). 

The solution of Eq. ( 1) for the case of the nonlocal potential 

r_.1ay be discussed. by using an approach similar to the Yukm-ra case. T11e 

essential feature of the latter problem is that in the vicinity of 

one the Legendre function becomes approximately constant as a function 

·of its arg-11ment. Making this same a}):proximation in the presen~c. case, i·Te 

find. Eq. (5). This then lead.s to an infinity of solutions in the vicit.ity 

of minus one. 
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