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I n c r e m e n t a l  Env is ion ing :  T h e Flexibl e U s e o f  M u l t i p l e 

R e p r e s e n t a t i o n s i n C o m p l e x P r o b l e m So lv in g 

Malcol m I .  Baue r Bria n J .  Reise r 

Cognitiv e Scienc e Laborator y 
Princeto n Universit y 

Abstract ;  I n thi s pape r  w e describ e tw o prop -
ertie s o f  mos t  psychologica l  an d A I  model s o f  scien -

tifi c  proble m solving :  the y ar e one-peiss ,  an d feed -

forward .  W e the n discus s th e result s o f  a n ex -
perimen t  whic h suggest s tha t  expert s us e proble m 

solvin g representation s mor e flexibly  tha n thes e 

model s suggest .  W e introduc e th e concep t  o f  incre -

menta l  envisionin g t o accoun t  fo r  thi s flexible  be -

havior .  Finally ,  w e discus s th e implication s o f  thi s 
wor k fo r  psychologica l  model s o f  scientifi c  proble m 

solvin g an d fo r  A I  program s whic h solv e problem s 

i n scientifi c  domains . 

1 Introduct io n 

Complex problem solving often involves the use of 

severa l  representations .  Fo r  example ,  whe n prob -

le m solvin g i n scientifi c  domains ,  peopl e ofte n us e 
forma l  mathematica l  equations ,  m a n y type s o f  di -

agrams ,  an d informa l  conceptua l  intuition s i n th e 

cours e o f  reasoning .  I n thi s paper ,  w e conside r 
peopl e ho w coordinat e th e us e o f  severa l  repre -

sentation s whil e solvin g a  proble m i n a  scientifi c 

domain . 

2 T h e Traditiona l  V i e w 

In his book. How to Solve It, Polya (1945) de-

scribe d wha t  h e believe d wer e th e fou r  phase s o f 

proble m solving :  1 )  understandin g th e proble m 
2)  developin g a  pla n t o solv e i t  3 )  carryin g ou t 

th e plan ,  an d 4 )  checkin g ove r  th e solution .  Mos t 

psychologica l  model s o f  mathematic s an d scienc e 

proble m solvin g (e.g. ,  Larkin ,  McDermott ,  Simon , 

& Simon ,  1980 ;  Chi ,  Feltovich ,  &  Glaser ,  1981 ;  Ri -

ley ,  Greeno ,  &  Heller ,  1983 )  an d program s i n A I 
whic h solv e problem s i n scienc e (d e Kleer ,  1975 ; 

Skorsta d &  Forbus ,  1989 )  m a y b e considere d in -

stantiation s o f  thi s vie w withi n specifi c  domains . 
For  example ,  Larki n e t  al .  (1980 )  propos e tha t 

physic s expert s solvin g mechanic s problem s wil l 

begi n b y sketchin g a  pictur e o f  th e describe d prob -

le m an d selectin g a  se t  o f  principles .  Fro m thes e 

the y construc t  a  representatio n o f  th e proble m 
containin g relevan t  physica l  entitie s (i.e .  under -

standin g th e problem) .  Thi s conceptua l  represen -

tatio n o f  th e proble m i s  the n re-represente d a s a 

set  o f  physic s equation s (constructin g a  plan) .  Fi -

nall y th e equation s ar e solve d algebraicall y (carry -

in g ou t  th e plan) .  I n AI ,  d e Kleer' s (1975 )  New -
ton  progra m solve s simpl e kinematic s problem s i n 

a simila r  manner .  Give n a  descriptio n o f  a  phys -

ica l  scenari o an d a  questio n abou t  tha t  scenari o 

(e.g .  "Ho w fas t  wil l  th e bloc k b e travelin g a t  poin t 
A? " ) ,  Newto n first  construct s a n envisionmen t  o r 
representatio n o f  wha t  wil l  happe n i n th e scenario . 

Second ,  i t  construct s a  genera l  pla n o f  wha t  mus t 

be don e t o solv e th e problem .  Finall y i t  accesse s 

th e relevan t  mathematica l  knowledg e an d solve s 
associate d equation s unti l  th e desire d quantit y i s 
found . 

In both models, as in most subsequent models 

of  scientifi c  proble m solving ,  proble m solvin g i s ac -
complishe d b y proceedin g sequentiall y  throug h th e 

phase s describe d b y Polya .  Firs t  som e sor t  o f  gen -

era l  conceptua l  mode l  o f  th e proble m situatio n i s 
constructe d (i n th e cas e o f  Newton ,  thi s concep -

tua l  mode l  i s calle d a n envisionment) .  Second ,  a 

genera l  pla n fo r  solvin g th e proble m i s constructed , 

embodie d eithe r  a s th e genera l  principle s operatin g 

or  a s th e crucia l  state s tha t  mus t  b e solve d for .  Fi -
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nally ,  th e pla n cue s th e relevan t  equations ,  whic h 

ar e the n solved .  Polya' s fourt h phase ,  checkin g 

ove r  th e solution ,  i s  rarel y included .  T o s u m m a -

rize ,  thes e model s ca n b e characteriae d a s com -

prise d o f  som e o r  al l  o f  th e followin g phases . 

1. Construct a conceptual understanding of 

what  i s occurrin g i n th e problem . 

2. Develop a plan to solve the problem. Typi-

call y thi s involve s decidin g wha t  principle s ar e 

relevan t  an d whic h equation s wil l  b e used . 

3. Construct and solve the relevant equations. 

4. Check the solution. 

The models have two key properties. First, the 

model s ar e feed-forwar d becaus e informatio n flow s 

fro m earlie r  phase s t o late r  phcises ,  bu t  neve r  i n 

th e othe r  direction .  Fo r  example ,  inference s m a d e 

whil e solvin g equation s ar e neve r  passe d bac k t o 

earlie r  phase s t o enhanc e conceptua l  understand -

ing . 

Second ,  th e model s ar e one-pas s serial .  Al l  pro -

cessin g withi n eac h phas e i s complete d befor e th e 

nex t  phas e i s initiated .  Ther e i s a  bloc k o f  process -

in g usin g t o understan d th e proble m conceptuall y 

followe d b y a  plannin g phase ,  whic h i s followe d b y 

a solvin g phase .  Thi s propert y i s distinc t  fro m th e 

firs t  on e i n tha t  i t  i s  possibl e t o hav e a n iterativ e 

model  rathe r  tha n a  one-pas s mode l  whic h woul d 

stil l  b e feed-forward .  Suc h a  mode l  woul d loo p 

throug h th e phase s severa l  time s bu t  onl y passin g 

informatio n "forward, "  fo r  example ,  neve r  usin g 

phas e 3  inference s i n late r  phas e 1  processing . 

For  fairl y  simpl e problems ,  ther e i s  psychologi -

cal  evidenc e tha t  exper t  proble m solvin g fits  thi s 

one-pass ,  feed-forwar d mode l  (Larki n e t  al. ,  1980) . 

Similarly ,  i n AI ,  thi s mode l  ha s bee n use d t o solv e 

severa l  type s o f  physic s problem s (Skorsta d &  For -

bus ,  1989 ;  d e Kleer ,  1975) .  However ,  ther e ar e 
severa l  reason s t o believ e thi s mode l  doe s no t  com -

pletel y characteriz e ho w expert s solv e al l  type s o f 

problems .  Similarly ,  ther e ar e reason s t o believ e 

tha t  thi s kin d o f  A I  architectur e wil l  no t  b e abl e 

t o solv e m a n y kind s o f  problems . 

First ,  fo r  comple x problems ,  short-ter m m e m o r y 

restriction s m a y requir e peopl e t o cycl e throug h 

th e pheises ,  solvin g piece s o f  th e proble m eac h 

time ,  t o pu t  togethe r  a  coheren t  complet e solu -

tion ,  rathe r  tha n doin g al l  th e require d reasonin g 

i n eac h phas e befor e initiatin g th e nex t  phase . 

Second ,  m e m o r y consideration s aside ,  fo r  dif -

ficult  problems ,  expert s m a y nee d t o us e severa l 

kind s o f  representation s simultaneousl y t o char -

acteriz e a  proble m conceptually .  Thi s m a y in -

clud e particula r  equations ,  theoretica l  model s fro m 

physics ,  an d commonsens e intuitions .  Roschell e 

and Green o (1987 )  giv e anecdota l  evidenc e t o sup -

por t  thi s i n protocol s wher e exper t  physicist s us e 

bot h Newtonia n physic s model s an d commonsens e 

intuition s abou t  a  physica l  situatio n t o ho w ob -

ject s wil l  behave . 

Third ,  d e Klee r  (1975 )  describe s a  clas s o f  prob -

lem s h e term s indefinit e tha t  hi s  progra m i s un -

abl e t o solve .  H e claim s i t  can' t  solv e thes e prob -
lem s becaus e th e progra m lack s flexibility.  I t  need s 

t o acces s informatio n fro m differen t  pheae s o f  it s 

proble m solving ,  bu t  canno t  becaus e i t  i s  a  one -

pas s feed-forwar d model .  Fo r  example ,  certai n 

problem s m a y requir e som e calculation s b e per -

forme d (phaus e 3 )  i n orde r  t o complet e conceptua l 

understandin g (phas e 1) . 

Finally ,  recen t  wor k i n qualitativ e reasonin g 

(Sacks ,  1988 )  ha s focuse d o n interpretin g forma l 

symboli c solution s qualitatively .  I n m a n y scien -

tifi c  disciplines ,  comin g u p wit h a  forma l  symboli c 

solutio n t o a  proble m (th e resul t  o f  phas e 3 )  i s no t 

th e final  goal ,  a s i t  i s  i n th e model s above .  Instea d 

th e goa l  i s t o understan d wha t  th e solutio n mean s 

at  a  conceptua l  leve l  (phas e 1) .  Th e wor k i n quali -

tativ e reasonin g focuse s o n interpretin g th e result s 

of  phas e 3  i n term s o f  th e conceptua l  representa -
tion s utilize d i n phas e 1 .  I n one-pas s feed-forwar d 

models ,  thi s i s  impossibl e a s passin g bac k result s 

fro m phas e 3  t o phas e 1  doe s no t  occur . 

3 An Empirical Investiga-

tio n o f  Mul t ip l e Rep resen -

tation s 

The present research is concerned with under-

standin g exper t  performanc e i n situation s tha t 

expert s find  mor e challenging .  Th e psychologi -

cal  model s describe d abov e wer e typicall y derive d 

fro m exper t  performanc e o n problem s requirin g lit -

tl e effor t  fo r  th e experts .  Fo r  th e reaison s above , 
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we sugges t  tha t  a  one-pas s feed-forwar d mode l  wil l 

be inadequat e t o completel y characteriz e exper t 

performanc e o n mor e comple x problems .  W e ex -

amin e exper t  performanc e o n moderatel y difficul t 

mechanic s problem s i n physics .  Exper t  perfor -

mance o n "easy "  problem s ha s bee n studie d exten -

sivel y i n mechanic s s o thi s provide s a  goo d basi s 

fo r  comparison .  W e ar e intereste d i n investigatin g 

whethe r  one-pas s feed-forwar d model s ar e inade -

quat e t o explai n exper t  behavior ,  an d i f  not ,  wha t 

i s i t  tha t  expert s d o beyon d thes e model s i n thos e 

situations . 

3.1 Design and Materials 

We selected four hard mechanics problems. Three 
of  th e fou r  wer e take n fro m a  revie w tex t  (Well s & 

Slusher ,  1983) .  Th e fourt h wa s create d b y on e o f 

us.  Simplifie d version s o f  eac h o f  th e hard  prob -
lem s wer e constructed .  Thes e use d th e sam e prin -

ciple s necessar y t o solv e th e har d problems ,  bu t 
th e physica l  scenario s i n whic h thos e principle s ha d 
t o b e use d wer e greatl y simplified .  Example s ar e 

shown i n Figur e 1 . 

Subject s wer e graduat e student s draw n fro m th e 
Mechanica l  Engineerin g an d Physic s department s 
at  Princeto n University .  Ther e wer e 1 6 subject s 
i n total ,  althoug h th e analyse s i n thi s pape r  fo -

cus o n th e first  6  subjects .  Eac h subjec t  solve d 
fou r  problems ,  tw o eas y an d tw o hard .  N o subjec t 

was give n a  har d proble m an d it s correspondin g 
easy problem .  Subject s wer e aske d t o "thin k ou t 
loud "  whil e solvin g th e problems .  Th e session s 

wer e videotaped .  W e transcribe d al l  subjects '  ac -

tion s whic h include d verba l  statements ,  writin g a n 
equation ,  drawin g a  diagram ,  modifyin g a n equa -

tio n o r  diagram ,  an d pointin g t o a n equatio n o r 
diagram .  Becaus e w e wishe d t o examin e th e tran -

sition s amon g th e kind s o f  representation s used ,  w e 
code d protoco l  statement s accordin g t o th e kin d o f 

informatio n use d an d th e typ e o f  actio n bein g per -

formed .  Ou r  analyse s conside r  onl y th e informa -
tio n heede d b y th e subject ,  rathe r  tha n attemptin g 

t o categoriz e th e actua l  processe s whic h ar e actin g 

upo n tha t  informatio n (Ericsso n &  Simon ,  1984) . 

Recognizin g th e transition s wa s als o facilitate d b y 

th e fac t  that ,  i n additio n t o th e verba l  protocols , 

th e transcript s als o containe d al l  case s wher e sub -

ject s modifie d o r  pointe d t o a n equatio n o r  dia -

gram .  Protoco l  statement s wer e classifie d int o on e 

of  th e eigh t  basi c categorie s describe d below : 

Categorization: Subject states a category to 

whic h th e proble m belongs . 

Rehearsal: Subject reads or re-reads problem, or 

restate s a  fac t  previousl y found . 

Physical Reasoning: Subject identifies a partic-

ula r  physica l  quantit y i n problem ,  o r  state s 

what  occur s i n th e scenario ,  withou t  th e us e 

of  equations . 

Diagram Use: Subject draws, labels, or points 

t o a  diagram . 

Miscellaneous: This category includes explicit 
statement s involvin g planning ,  an d statin g 
bcisi c physic s principles . 

Mapping: Subject explicitly maps information 
fro m on e representatio n t o another . 

Formal Symbolic Manipulation: Subject re-

calls ,  write s down ,  o r  perform s an y operatio n 

on a n equation . 

Qualitative Mathematical Reasoning: 
Subjec t  consider s a n equatio n an d reason s 
abou t  i t  qualitatively . 

Setting Goals, Hitting Impasses: 
Subjec t  state s a  goal ,  o r  make s a  statemen t 

tha t  h e o r  sh e \ia & hi t  a n impass e (e.g .  "I' m 
stuck." ) 

Each general category wais divided in several sub-
catgorie s t o cod e th e kin d o f  actio n performed ,  i f 

one wci s explicit .  Fo r  example ,  Diagra m Us e ha d 
thre e subcategories :  writin g dow n par t  o r  al l  o f  a 

diagram ,  pointin g t o a  diagram ,  an d labelin g par t 

of  a  diagra m wit h a n equatio n o r  symbol . 

3.2 Analyses 

First, subjects indeed found the hard problems 
mor e difficul t  tha t  th e eas y problems .  O n averag e 

i t  too k th e subject s 4. 3 minute s t o solv e th e eas y 

problem s an d 1 8 minute s t o solv e th e har d prob -

lems .  I n term s o f  th e codin g scheme ,  transcript s 

fo r  th e ecis y problem s containe d a n averag e o f  38. 3 

step s an d fo r  th e har d problems ,  122.3 .  Al l  o f  th e 
eas y problem s wer e solve d correctly ,  bu t  onl y 7 5 % 

of  th e har d problems . 
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Figur e 1 :  A  har d proble m (left )  an d it s correspondin g eaa y proble m (right ) 

Ther e ar e severa l  analyse s whic h ca n b e use d t o 

evaluat e th e type s o f  proble m solvin g sequences . 
As a  first  ste p toward s investigatin g thes e reason -

in g events ,  w e divide d eac h protoco l  int o quarter s 
accordin g t o th e tota l  numbe r  o f  code s i n th e pro -

tocol ,  an d plotte d th e averag e percentag e o f  eac h 

categor y o f  actio n withi n a  quartile .  Th e grap h i n 

Figur e 2  i s a  quartil e plo t  fo r  th e mos t  prevalen t 
codes . 

The most dramatic effect is the rise in the per-

centag e o f  forma l  symboli c manipulation ,  startin g 

at  1 3 % i n th e first  quartil e an d risin g fairl y linearl y 
t o 6 0 % i n th e fourt h quartile .  I n addition ,  th e 

physical ,  diagrammatic ,  an d rehearsa l  code s star t 

at  aroun d 2 0 % i n th e first  quartile ,  an d slowl y dro p 

unti l  the y ar e al l  abou t  4 % i n th e las t  quartile . 

Thi s overal l  tren d o f  th e increas e i n forma l  m a -
nipulatio n an d decreas e i n action s o f  wit h concep -

tua l  understandin g i s generall y i n keepin g wit h th e 

one-pas s feed-forwar d model .  However ,  th e fac t 

tha t  ther e i s eve n 1 5 % forma l  manipulatio n i n th e 

first  quartil e an d som e action s o f  conceptua l  un -

derstandin g i n th e las t  quartile s suggest s tha t  th e 

one-pas s feed-forwar d mode l  o f  phase s doe s no t  tel l 

th e whol e story .  I n fact ,  som e solvin g o f  equation s 

(associate d wit h phas e 3 )  occurre d befor e physi -

cal  reasonin g (associate d wit h phas e 1 )  thu s th e 

stric t  orderin g o f  th e phase s i s no t  bein g followe d 

completel y (th e "one-pass "  property) . 

Anothe r  wa y t o evaluat e th e mode l  i s t o exam -

in e th e numbe r  o f  transition s betwee n th e forma l 

and conceptua l  representations .  A  one-pjis s mode l 

woul d predic t  ver y few .  Transition s woul d occu r 

onl y whe n creatin g th e forma l  equation s fro m th e 

conceptua l  representation .  Fo r  th e eas y problem s 

th e averag e numbe r  o f  transition s wa s 4 ,  whil e fo r 

th e hard ,  14 .  Thi s agai n i s evidenc e whic h sup -

port s th e clai m tha t  subject s ar e no t  strictl y  "one -

peiss. "  Lookin g a t  th e step/transitio n ratio ,  w e 

find  tha t  thi s i s approximatel y 1  transitio n fo r  ev -

er y 9  steps ,  whic h seem s t o b e m a n y mor e tha n 
woul d b e expecte d i f  proble m solvin g occur s a s 

a lon g episod e o f  conceptua l  wor k followe d b y a n 

episod e o f  planning ,  followe d b y a n episod e o f  for -

mal  symbo l  manipulation .  Instead ,  i t  appear s tha t 

subject s shif t  betwee n phas e 1  an d phas e 3  rela -

tivel y frequently . 

Ther e i s als o evidenc e tha t  subject s wer e no t 

strictl y feed-fo r  war d (propert y 1 )  whil e solvin g 

thes e problem s a s well .  I n m a n y instance s subject s 
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Figur e 2 :  Quartil e Plo t  o f  Proble m Solvin g Action s 

actuall y interpre t  derive d equation s t o enric h thei r 
conceptua l  understandin g i n th e cours e a  problem . 

Thi s backwar d mappin g violate s th e feed-forwar d 
propert y describe d above .  A  typica l  exampl e o f 

thi s typ e o f  episod e occurre d whe n on e subjec t  wa s 
solvin g a  proble m abou t  a  fallin g rope : 

"Here's an old equation: V^ = Vq^ + 2as 

[subjec t  write s equatio n down ]  Thi s i s 0 

[subjec t  crosse s ou t  V q leavin g th e equa -

tio n V ^  =  2as] ,  s o th e velocit y a s i t  hit s 
th e tabl e [point s t o rop e i n diagram ]  i s 

gonn a b e a  functio n o f  ho w fa r  awa y fro m 

th e tabl e i t  was. " 

Here the subject has recalled an equation, applied 
some know n quantitativ e informatio n (V q =  0 ) 
and the n interprete d th e meanin g o f  th e expres -
sio n conceptually ,  updatin g hi s conceptua l  under -

standin g o f  th e problem .  Th e subjec t  ha s don e 

some wor k whic h woul d b e classifie d a s phas e 3 , 

but  the n applie d i t  t o wor k whic h woul d b e clas -

sifie d £i s phas e 1 .  Fo r  har d problems ,  thi s typ e 

of  backwar d mappin g occurre d a n averag e o f  3. 6 
time s pe r  problem .  Thi s typ e o f  shif t  canno t  oc -

cur  i n an y mode l  whic h i s purel y feed-forward .  A 

mor e flexible  mode l  o f  reasonin g i s required . 

4 D i s c u s s i o n 

We have presented evidence that suggests that 
ofte n peopl e d o no t  completel y follo w th e one -

pas s feed-forwar d model .  Thei r  behavio r  i s  no t 
strictl y  one-peiss :  the y shif t  betwee n understand -

in g (phas e 1 )  an d solvin g (phas e 3 )  m a n y time s 
i n th e cours e o f  reasonin g abou t  a  problem .  Sim -
ilarly ,  thei r  behavio r  i s  no t  strictl y feed-forward : 
ofte n the y wil l  us e th e result s o f  solvin g aspect s o f 

a proble m (phas e 3 )  t o enhanc e thei r  conceptua l 
understandin g o f  th e proble m (phas e 1 )  whic h wil l 

i n tur n enabl e the m t o solv e othe r  part s o f  th e 

problem .  Interestingly ,  ther e ar e differen t  repre -

sentation s associate d wit h eac h phase .  Phas e 1 

i s associate d wit h buildin g a  conceptua l  under -
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standin g o f  a  problem .  I n previou s models ,  con -

ceptua l  understandin g i s  represente d a s a  men -

ta l  mode l  (Roschell e &  Greeno ,  1987 ;  Hegarty , 

Just ,  &  Morrison ,  1988) ,  o r  a n envisionmen t  o f 

what  coul d happe n (d e Kleer ,  1975 ;  Roschell e & 

Greeno ,  1987) .  Th e representatio n use d i n th e so -

lutio n phas e (phas e 3 )  i s a  se t  o f  forma l  symboli c 

equation s (Larki n e t  al ,  1980) .  I n thi s section ,  w e 

discus s ho w expert s coordinat e thes e representa -

tion s i n problem-solving . 

I n mos t  model s o f  scientifi c  proble m solving ,  al l 

of  th e understandin g phas e occur s a t  th e begin -

ning .  Expert s rea d th e proble m description ,  con -

struc t  a  representatio n o f  what' s goin g on ,  an d 

the n se t  abou t  t o solv e th e problem .  Instead , 

we propos e tha t  expert s perfor m incrementa l  en -

visioning :  the y successivel y refin e thei r  conceptua l 

understandin g o f  a  proble m a s the y wor k throug h 

it .  Ther e ar e tw o genera l  way s i n whic h subject s 

shif t  fro m on e representatio n t o th e other .  Th e 

first  i s a  shif t  fro m envisionin g t o a  representatio n 

associate d wit h anothe r  phase .  Th e secon d i s a 

shif t  fro m workin g o n th e equation s bac k t o in -

creasin g th e conceptua l  understandin g o f  a  prob -

lem . 

We propos e tha t  th e first  kin d o f  shif t  occur s 
largel y t o reduc e th e loa d o f  workin g memory . 

Her e subject s wil l  b e thinkin g abou t  what' s go -

in g o n i n a  proble m an d discove r  somethin g rele -

van t  t o on e o f  th e othe r  phase s -  eithe r  a n equa -

tio n wil l  b e cued ,  a n importan t  subgoa l  discov -

ered ,  o r  a n importan t  physica l  insigh t  gained .  Th e 
subjec t  wil l  the n sto p developin g thei r  conceptua l 

understandin g an d shif t  t o preserv e tha t  relevan t 

piec e o f  information ,  eithe r  b y writin g dow n th e 

equatio n an d doin g som e forma l  symboli c manip -
ulation ,  b y addin g th e physica l  insigh t  t o a  dia -

gram ,  o r  b y statin g clearl y wha t  tha t  ne w goa l 

is .  I n thi s typ e o f  shift ,  envisionin g i s  m o m e n -

taril y  halte d an d th e importan t  ramification s o f  i t 

ar e propagate d t o othe r  representation s an d pre -

served .  The n envisionin g i s  resumed .  Thi s i s  stil l 

feed-forwar d i n tha t  wor k i n th e othe r  representa -

tion s doe s no t  affec t  th e envisioning ,  however ,  i n 

contras t  t o th e one-pas s model s describe d earlier , 

th e proces s i s  incremental .  B y propagatin g ne w 

relevan t  informatio n t o othe r  representations ,  th e 

othe r  representation s ar e buil t  u p a s th e envision -

ment  progresses .  I n thi s way ,  neithe r  th e entir e 

envisionment ,  no r  it s  ramification s fo r  th e othe r 

representations ,  hav e t o b e hel d i n memor y al l  a t 

once . 

To investigat e thi s kin d o f  incrementa l  envision -

in g mor e precisely ,  w e constructe d th e transitio n 

tabl e containin g th e probabilit y o f  eac h kin d o f 

actio n directl y followin g a  physica l  reasonin g (en -
visioning )  even t  (se e Tabl e 1) .  I t  i s  clea r  fro m th e 

transitio n tabl e tha t  al l  th e physica l  reasonin g doe s 

not  occu r  i n on e block ,  bu t  instea d shift s t o othe r 

kind s o f  action s quit e regularly .  Th e probabilit y o f 

shiftin g t o workin g o n diagrams ,  shiftin g t o work -
in g o n equations ,  an d shiftin g t o settin g goals ,  ar e 

al l  clos e to ,  i f  no t  greate r  tha n th e probabilit y o f 

continuin g wit h th e physica l  reasoning . 

Categorizatio n 

Rehearsa l 

Physica l  Reasonin g 

Diagra m Us e 

Miscellaneou s 

Mappin g 

Forma l  Symboli c Manipulatio n 

Qualitativ e Mathematica l  Reasonin g 

Settin g Goals ,  Hittin g Impasse s 

0.01 5 

0.07 3 

0.18 8 

0.27 2 

0.01 9 

0.04 2 

0.22 6 

0.00 4 

0.15 3 

Tabl e 1 

The following examples demonstrate these feed-

forwar d shifts : 

Physica l  cuin g Forma l : 

we have the man..of mass M ..on the lad-

der  whic h i s a  forc e Mg. . 

Here the subject began to describe the scenario 

(ma n o n ladder )  an d shifte d t o writin g th e sym -

boli c expressio n fo r  th e weigh t  o f  th e m a n (forc e 

Mg) . 
Physica l  cuin g D i a g r a m : 

that's the force needed to keep that thing 

goin g i n th e circle. ,  [subject s add s arro w 

t o diagram ] 

In this example, the subject envisioned what a par-

ticula r  forc e i s goin g t o do ,  an d the n preserve d tha t 
inferenc e b y addin g a n arro w (draw n i n a  circle ) 
t o a  diagram . 

physica l  cuin g goals : 

...we remain on the same circle, but I am 

movin g o n th e circl e an d he' s not..s o th e 
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m a x i m u m tim e it' s  goin g t o tak e i s th e 

tim e I  nee d t o mak e a  complet e circle , 

an d tha t  wil l  b e th e wors t  case...s o al l 

I  kno w hav e t o kno w i s th e tangentia l 

speed.. . 

Her e th e subjec t  reasone d conceptuall y abou t 

what  wil l  happen ,  an d the n recognize d a  ne w goa l 

t o b e acheive d (phas e 2) . 

I n secon d kin d o f  shift ,  th e conceptua l  under -

standin g phas e i s resume d becaus e o f  a n even t  tha t 

occur s i n on e o f  th e othe r  representations .  Often , 

thoug h no t  always ,  th e subjec t  return s t o phas e 1 

t o hel p resolv e a  difficult y arisin g i n anothe r  phase . 

Envisionin g migh t  b e resume d becaus e o f  th e real -

izatio n tha t  th e proble m canno t  b e solve d fro m th e 
curren t  equations ,  fo r  exampl e th e subjec t  realize s 

tha t  ther e ar e to o fe w equation s fo r  th e numbe r  o f 

unknowns .  Thi s kin d o f  shif t  als o m a y b e neces -

sar y t o solv e indefinit e problems .  Ofte n i t  involve s 

interpretin g th e result s o f  symboli c manipulatio n 
(phas e 3) ,  M i n th e rop e exampl e give n i n th e pre -

viou s section .  Thi s m a y b e don e t o chec k th e va -

lidit y o f  th e derive d equation ,  (i f  th e interprete d 

equatio n make s sens e conceptuall y it' s  mor e likel y 

t o b e true) .  Occasionally ,  thi s kin d o f  shif t  occur s 

simpl y t o updat e th e conceptua l  understandin g o f 

th e problem ,  no t  t o resolv e an y particula r  diffi -

culty .  However ,  thi s m a y caus e th e subjec t  t o gai n 

ne w insigh t  int o th e problem .  Again ,  th e rop e pro -

toco l  abov e i s a n exampl e o f  this .  Eac h o f  thes e 

case s i s a n exampl e o f  iterativ e refinemen t  a s th e 
understandin g o f  th e proble m i s update d wit h eac h 
retur n t o envisioning .  Som e example s o f  thi s sec -

ond typ e o f  shif t  are : 
T o o fe w equations : 

that' s fo r  tha t 
equatio n s o that' s tw o equation s tw o un -

knowns. ,  n o wai t  a  minut e tw o equation s 

fou r  unknowns<laughs > bu t  w e hav e tw o 
mor e equations. ,  whic h ar e th e uhhh.. . 

wai t  a  minute ,  [point s t o proble m dia -
gram ]  wh y doe s /  interfer e here?... .  uh -
m m m ..  wel l  let' s  se e physicall y wha t  hap -

pens ? I f  w e star t  a t  thi s point... . 

Her e th e subjec t  wa s workin g o n th e equation s 

when h e realize d ther e ar e to o fe w equation s fo r 

th e numbe r  o f  unknowns .  I n tryin g t o com e u p 

wit h th e othe r  tw o equations ,  th e subjec t  shifte d 

bac k t o thinkin g abou t  th e proble m conceptually . 

Shif t  afte r  finding  impossibl e results : 

and we don't want a negative because 

we hav e t o tak e a  squar e root.. .  an d I 

screwe d u p th e sig n somewher e here. .  A 

minu s B.. .  [point s a t  minuse s i n equa ^ 
tions ]  that' s a  minus ,  minus ,  minus ,  mi -

nus 2... .  b....wher e di d I  los e m y sign?. . 

[pointin g a t  equations ]  T  zer o minu s mi -

nus minu s . .  di d I  . .  mes s up...m y force s 

whil e o n thi s littl e thing ? [point s 

t o diagra m an d check s equation s agains t 
diagrams ]  wher e ar e m y force s goin g 

here?..tension... .  m u M g . . . m u M g that' s 

gott a b e th e opposit e o f  tha t  one.. .  tha t 

one goin g tha t  way.. . 

Here the subject, in the course of solving the 

proble m cam e u p wit h th e squar e roo t  o f  a  neg -

ativ e number .  I n tryin g t o trac k dow n th e error , 
he switche d bac k t o reasonin g conceptuall y abou t 

what  happen s i n th e physica l  scenario . 

To summarize ,  incrementa l  envisionin g occur s 

i n tw o mai n ways .  Th e first  i s  don e t o preserv e 

th e result s o f  envisionin g an d involve s propagatin g 

eac h ne w resul t  t o othe r  representations .  I n th e 

second ,  a n even t  i n phas e 3  cause s envisionin g t o 
be resume d ofte n t o hel p resolv e a  difficult y arisin g 

i n phas e 3  processing .  I n thi s case ,  result s fro m 

phas e 3  ar e propagate d bac k t o phas e 1 . 

5 Conclus ion s 

In this paper we have described a class of scien-
tifi c  proble m solvin g model s calle d one-pas s feed -
forwar d models .  W e the n describe d a n experimen t 
whic h suggeste d tha t  exper t  proble m solvin g be -

havio r  involve d mor e tha n coul d b e accounte d b y 

thes e models .  Finally ,  w e propose d tha t  expert s 

perfor m incrementa l  envisionin g a s a  wa y o f  de -
scribin g th e kind s o f  behavior s no t  characterize d 

by one-peis s feed-forwar d models .  I n thi s section , 
we briefl y elaborat e th e implication s o f  thi s wor k 

fo r  A I  an d psychology . 
At  first  glance ,  th e first  typ e o f  incrementa l  en -

visioning ,  feed-forwar d shifts ,  m a y no t  see m use -
fu l  fo r  A I  program s tha t  solv e scientifi c  problems . 

We suggeste d thi s first  typ e i s  use d t o overcom e 
short-ter m memor y constraint s i n humans .  How -

ever ,  computer s hav e n o suc h limitations ,  s o ther e 
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i s  les s nee d t o preserv e th e representationa l  rami -

fications  o f  envisionin g i n th e cours e o f  performin g 

envisioning .  Instead ,  th e entir e envisionmen t  ma y 

be saved ,  an d use d a s a  whol e t o hel p i n plan -

nin g an d solvin g th e problem .  Indeed ,  mos t  sci -

entifi c  proble m solver s wor k thi s wa y (d e Kleer , 

1975 ;  Skorsta d &  Forbus ,  1989) .  However ,  ther e 

ar e man y scientifi c  problem s i n whic h a  complet e 

envisionmen t  nee d no t  b e performed .  Creatin g 

one,  withou t  referenc e t o wha t  mus t  b e solve d fo r 

i n th e problem ,  i s inefficien t  i n thes e cases .  Also , 

ther e ar e man y problem s fo r  whic h i t  i s  impossi -

bl e t o construc t  a  complet e envisionmen t  fro m th e 

give n information ,  ye t  th e problem s ar e solvabl e 

fo r  th e pMticula r  questio n bein g asked .  I n thes e 

cases ,  creatin g partia l  envisionment s an d propa -

gatin g th e result s o f  envisionin g durin g th e cours e 

of  envisionin g i s essentia l  t o derivin g a  solution . 

The importanc e o f  th e secon d typ e o f  incremen -

ta l  envisioning ,  backwar d mapping ,  i s clear .  I n 

many cases ,  i t  ma y b e necessar y t o solv e par t  o f  a 

proble m i n orde r  t o complet e a n envisionmen t  t o 

solv e th e res t  o f  th e problem .  D e Kleer' s indefinit e 

problem s fal l  int o thi s class .  Similarly ,  i n othe r  cir -

cumstances ,  i t  ma y b e desirabl e t o interpre t  equa -

tion s conceptually .  Wor k i n A I  alon g thes e line s i s 

alread y bein g don e (Sacks ,  1988 ;  se e Forbus ,  198 8 
fo r  comprehensiv e review) . 

For  psychologica l  models ,  thi s wor k demon -

strate s tha t  expert s us e representation s mor e flexi-

bl y tha n ha s bee n thought .  Model s o f  exper t  prob -
le m solvin g mus t  tak e int o accoun t  thi s adde d flex-

ibility .  W e ar e currentl y developin g a  computa -

tiona l  mode l  o f  incrementa l  envisionin g i n proble m 
solving .  Roschell e an d Greene' s (1988 )  relationa l 

model  i s a  ste p i n thi s directio n a s well . 
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