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and Department of Mineral Technology, College of Engineering,
University of Californja, Berkeley, California
September, 1967
ABSTRACT

A theoretical approach to the statistics of cutting randomly ‘

distributed point obstacles is presented, The motion of a dislocation

.can be analyzed in terms of non-uniformities in the breaking away from

obstacles over the whole range of obstacle strengths, The elastic

limit at 0°K is deduced as a function of the obstacle strength.
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'I. INTRODUCTION
Most modéls.for disloéation motion éast chalized obstacles have

been erectéd by assuming thﬁt thé obstacles can 5e représented by an
ordered arrangement oﬁ thé slip plané. In contrast, hdwévef, many types
of obstacles aré actually moré or less randomly distributed over the
v'slip plane. A statistical tréatment of the motion of a dislocation through
a random distribution of penetrable obstacles has beén recently presented
by Kocks (1966)(1967). His analysis revealed that the theoretically
deduced flow stréngth of"métals for cutting randomly disperséd'obstacles
is significantly différent from that expéctéd from a regﬁlar distribution.
The elastic limit at 0°K as calculatéd by Kocks is in falr agreement
with the computer expériments of Foreman and Makin (1966).

- "The latter.authors noted that dislocation motlon is not uniform
‘but oftern takes place by an "unzipping" mechanism involving successive
breakaway from obstacles on the dislocation, Non-uniform dlslocation
motioh has been observed experimentally by Sﬁzuki (1967)., We will
preéent in this paéer a statistical model of the unzipping process
- and from it deduce the elaétic limit ath?K. Some of the basic elements 
of the statistical theory have already been introduced by Kocks (1966)
(1967) ana sevefal_new featurés, not previously‘cqnsidered, emerge from

-~

the present treatment,

II. STATISTICS OF THE MODEL -
The following assumptions are made in an attempt to emphasize

 statistical features without encumbering the model with ancilléry details{
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1. Only one type of simplelobstaclevof width D is congidered and .
ﬁhese are assumed to bé distributéd at random on thé slip plane. Let
22 be the averagévarea of thé slip plané pér obstaclé, where 22 »» D2,

2; Thé forcé to cut an obstacle at 0°K is taken as F = al where a
is the stréngth‘factor of thé obstaclé and ' the avéragé liné tension,
Thié force can. also be éxprésséd in térms of the Bréaking anglé, Yo
between thé arms of thé dislocation arrésted at thé oﬁstaclé as F =
2T cos ¢é/é. |

3. Elastic anisotropy; the elastic ihtéraction Eétwéén thé arms
of the dislocation 1iné and différénces in liné ténston betwéen édgé-

. and screw components of the di:slocation aré negléctéd;

4, Under an appliéd stress, f; a dislocation moves in its slip
plane until it is arrested at néighboring pairs of obstaclés; Each
arrested dislocation segmént is assuméd to bow out to g uniform radius
of curvature

= L
R = 0

regardless of the proximity of other dislocations (Fig, 1).

The obstacle B is a near neighbor of the'randomly chosen obstaclé
A, when there are no obstacles in the cross-hatched area of Fig, 1.

In terms of probability this leads to a distributioﬁ function:

2
-~ (4 - sin ¢ cos )

2
s 2R sin ¢ d(2R sin ¢) (1)

22
S

P(¢) dp = e

- vhere the first term expressés the condition that there are no obstacles

in the bowed-out ares, and the second term is proportional to the
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probability of finding obstaclé B between r = 2R sin ¢ and r + dr
from obstacle A,
: The‘statistics of the motion of a dislcoation through a two dimen-

sional random distribution of point obstacles are now introduced: a

dislocation will cut a contacted obstacle if the force on the latter,

- due to the line tension of the dislocation, exceeds al'. A pdssible cutting

configuration is shown in Fig, 2a. The probability of occurrence of this
cutting configuration is simply to have no obstacle In the cross-hatched

area and therefore is proportional to:

S p2 oy m2 o
) : '
c(¢))=e ° S xe ° o (2)

0, = m = (¢ +¥,)

The average cufting probability,‘Pc,'i.e. the fraction of obstacles
transparent to a dislocation at any given stress, is‘deducéd by averaging
C(¢1) linearly over all pefmissible Valﬁes oqu>1 as outlihed in Appendix
1 (values of ¢) (or ¢2) less than /2 - ¥, lead to cutting configurations
repreéented on Fig. 2b). Therefore P, is equal to: |

i.

2 =Y, g2 .
- B—'(W~Wc)- f ¢ —B—‘[Sin 2¢, - sin 2(¢1+'g)]
T 7 0 - 242 |
e s -] ,d¢1
P, = , (2a)
T~ ¥ .

]
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and_ii.. v . .
C e Cop2 1 . . “R2 3
[ %‘f ¢¢, - B;‘(¢J -~ 5 §in 2¢;) -~ %;'I%g-— 2w¢ -~ 2411
2 [ e B e ° g,
o o - . . ‘
4 ] B )
) - ' 2 .02
- B—-(ﬂ'- ¢c) . f ﬁB—-[sin 2¢; ~ sin 2(\1’c + ¢1)]
1 zgv : 'lr__‘p .222 :
Nkl T T 2 T Tee T T agy S _
= (2p)
: m- ¥

for ¥ < w/2,

P as définéd by.Eqs. (2a) and (2b) is showm in Fig, 3 as a function
of.zs/R = szs/r ovér thé whole rangé.of obgtaclé stréngths. The
variation of Pc with the strength of thé'obstacié is a physical require~ .
mént and constitutés oné of thé principal points of départure from the
' formulation presented by Kocks (1967).

A dislocation is arréstéd at an obstaclé whén the forcé,dué tovits
~line tension is less than ar; Parameters defining these stable config-
urations can be evaluated using the distribution function given by Eq. (1).
As an example, thé geonmetrical average link length, defined as the mean
‘'separation between neighbors averaged over all stable configurations

(from Eq. (1) and Fig. 4), will be estimated by

f f 2RYsin ¢; sin ¢, P(¢)) P(9,) doydes

5= /;I;Z-='stable‘conf1guratlons ' | (3)
] [ Bo1) B(¢2) agra9, |
stable configurations

From the integration limits given in Appendix 1, it follows that:

vhen ¥, > n/2
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: R2 1, 1,
(n - wc)(" _ wc _ ¢2) - 22 (¢1 + ¢2 - 5 sin 2¢1 - 5 sin 2¢2)
' 2R V51 i s . .
(J; : é sin ¢1 sin ¢2 € * sin 2¢1 sin 2¢2 d¢1d¢2 ; v
r = — - - (Lka)
}n - wc)}w -V, - 9,) _ B—z— (¢, + 9, —-é-sin 2¢, - -;_i sin 2¢,)
- s . A :
© o © | R sin. 29, sin 2¢, d¢,d¢,
| ,ﬁheh‘wc < w/2
;o "1r ;jBi(¢ + ¢ Q--]-'-sin2¢ ;isin2¢) \
(27 V%2 - g2 P22 oz S
,/—'.* v S L .
é g 2R §1n ¢l sin ¢, e _ » sin 2¢; sin 2¢1 dq>1d4>2
< | | B2 ' 1. 1.
% (" —y, - wz) | , - gg (qsl + ?2 -5 sin 24, - 5 sin 29,1
: i . o 2R /sin ¢, sin 9, e o sin 2, sin 29, d¢,d9,
vzt o T L
r=— : - - - — (ko)
L (B _u) T 2 o _ o N o
}2 ve) ? - EE-(¢1 + 9, - %-sin 2, - %-sin 2p,] g \
o2 T | |
| 0 Oe | sin 2¢, + sin 29, d¢ld¢2§
T ) R T
- T -9 -9 ‘R I 1l .
+? . ‘e 2 -;—;(4)1 t ¢, -5 sin 2¢) - 5 sin 24, )
\ g-- ¢c0 | € . ' : . sin 2¢>1 sin 2¢, dq)ldcpz )
b » P »
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L Tthe

' Calculated reduced link lehgths as a function of 3? = ——fé-are shown

in Fig. 5>for several obstdcle strengths, As with Pc, the variation of
:5/25 with a is physically reasonable and .is another departure from the

formulation presented by Kocks (1967).

ITI. THE UNZIPPING MECHANISM

The unzipping mechanism is approximéted by the model given in Fig. 6

where a dislocation is shown arrested along a line of obstacles, Under
an applied stress t each dislocation segment bows out with the uniform

badius of curvature R = ?%u We assume thgt the cutting condition

] .

oer coé 7§-= al' is satisfied at some obstacle 5 and that other obstacles

are distributed symmetrically about S, To approximate this situation

we suggest that they be spaced symmetrically at A, B, C,,.,A', B', C%,,

and separated by the averagé link léngth. Oncé thé dislocation cuts
through the source obstacle S, it will_automatically\procééd further
. if the cutting conditions at A, B, C...A'; B‘; C‘...aré consécutively
satisfied, i.e., the dislocation can move by "unzipping",

In the formulation of the unzipping mechanism two distinct cases

. arise:

1. Single Source (or Non-Interferring Sources)
The dislocatién has started to release at the source S and we

consider,'for the time being, ité motion to the right of S, Thé upper

'

- boundary-of the area A? is an arc with radius of curvature R =‘;%-such

B

c v : :
that the cutting condition 2T cos i§-= al' is satisfied at obstacle "A",

Thus "A" will be cut by unzipping if there are no obstacles in the

area A,. The probability of this event is
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~A, /82
P, =e ! 8. oo ' ' (5a)

ul

. : . . . . 5 . ) . .
Similarly, the\area;A: is such that the cutting condition is satisfied

at obstacle "B", The probability that there are no obstacles in A, is

A /4 ,
s (5b)

?uz =€

Therefore, the probability that "B" s cut by unzipping is Pui Pa

Since the same area‘Aé is associlated with the remalning obstacles the

probabilities of succeeding events follow directly., Once the dislocation

cuts the source obstacle, the total number of obstacles cut by unzipping

is:
. ‘ 2 i
i ={1+ 2P |+ 2Pu1Pu2 * QPul?uz + .40l
..AzPui o _ ' .
i= (l h 'i:l;—‘—) : (6)
' : u2 .

.

The factot 6f'2 appears since, once the source acts, the unzipping

can proceed>in’b0th directions with equal probability.

2. Interferring Sources

When sources are a finite distance apart the unzipping of each
can overlap and the number of cut obstacles per soﬁrce is no longer.
given by qu (6). The fraction (Pc/gs) of the obstacles are sources

and therefore the distance between sources along & line is (lS/Pc). The

unzipping mechanism is now based on the model shown in Fig, T, The

probability that A will be cut by unzipping is Pul

* .
The areas A, and A, are evaluated in Appendix 2.
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(i/p, - 2)
u2

when the unzipping originates at S and P P when it

originates at 8', Therefore the probability that A is cut by unzipping

from the source S only, is guJ1 - P 1Pu2(l/P 2)]

Similarly-, the
probability that B is cut by unzipping from S only is P P [l P

. u1 u2
(l/Pc B 3)]. The total number of obstacles cut by unzipping, per source,

now is
: ' 1/P
t=1+2zP PX2 (1 .-p.p ¢
K uj] u2 ul u2
with K = 2’ 3:-0-’ l/PC. ‘ ) v . (7) .

Fractional valués of l/Pc‘aré treatéd by évéraging ovér.ihtegral values
" as outiined in Appéndix 3. For large valués of l/Pc, corrésponding
to‘sources far apart, Eq, (7) reduces to Eq. (6) which applies for
non-interferring sources.

In order to calculaté the total area swept out by g dislocation.pér

source, in addition to unzipping along the line Joining thé sources;
the forward motion of the dislocation has to bé consideréd, As a first
apprpximation we assume that the number of new obstaclés met by each
unzipped dislocation segment resulting from -it's forward motion is

proportional to the ratio of the unzipped arc length divided by the

average arc length. Referring to Fig. 7, the average arc length is 2R¢,"

where ¢ = sin™} (r/2R).

*Unzipping originating at S' reaches A by cutting A" with probability
P, and each of the remaining (l/P ~ 2) obstacles B%, C%,.C, B with
probablllty P

<f_.
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The unzipped arc length associated with a source S 1is R(n.—'wc) =

2R¢c, with a neighboring obstacle of type A, R(¢c + ¢), and with an

obstacle of type B, 2R$. Therefore, from Eq, (7), the total number of

obstacles contacted, per source S, becomes

¢ : . b+ K=1/p
- .c 1/Po=2 ¢7¢ " c. 1/P ~K
J= 5 +2p (1P P, )(—-——24) )+ ,2K E 5 ‘Pulguz(l"PulPuz ™™y . (8)
S Alhg o
In Fig, 8, i and J are plotted as functions of Er-for several obstacle

~strengths, This is another new feature not considered by Kocks that

emerges from this approach: & and J are not constants but vary with o
and the stress. The total area swept out by a dislocation per success—
ful cutting can now be written as

P . (1 v
A= 22 {i+ (JPc)l + (JPC)Z L+ = Z: (3:3§;9 (11) |

the term izg is the area swept out by unzipping along the'linelconnecting.
the sources, The term JPC is the number of new sourceSvambng the J new
obstacles contacted and (JPc)ilg is the area swept out by unzipping that

originates at the JPC new sources. The meaning of the remaining terms

follows directly.

As previously shown by Kocks (1966), yielding occurs when a
dislocation sweeps across the entire slip plane, In terms of this model,

the flow stress at 0°K is then given by JPC = 1, and is readily determined

from Egs. (2) and (8)., Our values for the flow stress (RS/R) = 'Tka/F

at 0°K are shown in Fig., 9 together with the results of Kocks (1967) and

of Foreman and Makin (1966), over the whole range of obstacle strength,
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- IV. CONCLUSIONS

Avnéw formulation bf ﬁhe'statistical theory for fhe glide of a g
dislq¢ation through a random array of point obstacles has been presented.
Thévmacroscopic fléw stress at 0°K 1s deduced on the basis of non- v
unifofmities in thé‘motion of the dislocation, namély an'unzipping‘
' process. The overall agréement with thé computér expériments of Foréman.
and Makin réinforce the following_featurés:

1. The dependence of thé statistical paraméters such as thé cutting
probability, as well as the link length or the number of obstacles
"éut or contacted, on both stréss and strength of thé obstacles is
physically reasonable. -

2., The dislocations aré'éxpécted to rémain ésséntiaily straight
for weak obstaclés-and’to zig~zag bétwéen strongvobstaclés; Our
formulation of the unzipping mechaniém,‘baséd éssentially-bn a straight .
line model, yields éatisfactory-results, ovér the whole range of obstacle- .
strenéths. It seems theréforé that the motion of & zig-zagged dislocation
statistically approximates the motion of a quasi-straight disiocation
(i.e. with obstacles pldced on a line),.implying that zig and zag
configurations are equally probable. |

3. A bowing-out process (introduced through Pc’ when wc < n/2

7

l(Fig. 2b) begins to contribute for strong obstacles (wc < n/2), as
previously observed by Kocks (1967),

i, The small but increasing disagreement with Foreman and Makin
at high obsﬁagle strengths might be attributed to the formationkof

loops around groups of closely spaced obstacles.
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'APPENDIX 1

' The iimiting values of=¢1"and ¢é.are readily obtained from Fig. A.l.

- Equation ¢, =7 - wc - ¢, represents the critical cutting condition.

The shaded areas in Fig. A.l correspond to the bowing~out process

(Fig. 2b) and are forbidden ranges for stable configurations,
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. APPENDIX 2

" The are&s'A1 and A2 are obtained from Fig. A.2..

For{Iwc < n/2
, 3 T ' ..wé ¢é
Ay é Re [mw -~ ijc - 2¢ehv§ sin wc - 2(1 - cosl?;)z cot 5 (A.?.l)
.AZ = R2 [sin 2¢p + 2 sin ¢ cos (¢ + wcq ._'- - (A.2.2)
where ¢ = sin”! T/2R
. For wc > m/2
oy o e o
R R E
 [sin W +¢) - cos 12 cos 5 sin (¥, +¢) |
. '3wc ' .
2 cos (——2—— + ¢) .

A, is still given by Eq. (A.2.2).
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.APPENDIX 3

(a) .For l/Pc.= 1, all sources lie adjacént'to each.dther as shown
in Fig. A.3.1 and théréforé Eq. (T7) réducés to 1 =1,

(p) For l_/Pc = 2, all sources again lie adjacent to éach.other
with the éonfigurdtibn shown in Fig, A.3.2, Equation (7) once more
reduces to i = 1 + 2Pu1 (1 - Pul) = 1, bécause Pu1 = 1. In order to
distinguish between cases (a) and (b) wé will consider all configurations
characterized by 1 f.l/Pé 5_3 as the arithmétié méan of configurations

with 1/P, =1 a.nd‘l/Pc = 3, Thus,

{(j} 3 = {3} 1‘* (l.' £){3}

1< 1/Pc < 1/Pc = 1/Pc =3

with £.1 + (1 - f) 3 = l/Pc.
.In practiée, this averaging procedure is used for 1 <.1/Pc < 3.

In all other cases, graphical interpolation yielded satisfactory results.
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'FIGURE CAPTIONS

A neighboring pair of obstacles.

A

/2, For ¢, less than m/2 ~ ¥
Proﬁability for cutting.

A stablé configuration;

Reducéd avéragé link léngthy
Unzipping modél?

Unzipping model with interferring sources,

The number of obstacles cut (i) and contacted (J) per.

.: unzipping process,

Flow stress at 0°K,
Limiting values of ¢, and ¢,,

Aregs A1 and AZ,
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