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ABSTRACT 

A theoretical approach to the statistics of cutting randomly 

distributed point obstacles is presented. The motion of a dislocation 

can be analyzed in terms of non-uniformities in the breaking away from 

obstacles over the whole range of obstacle strengths. The elastic 

limit at OOK is deduced as a function of the obstacle strength. 
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. I. INTRODUCTION 

Most models for dislocation motion past localized obstacles have 

been erected by assuming that the obstacles can be represented by an 

ordered arrangement on the slip plane. In contrast, however, many types 

of obstacles are actually more or less randomly distributed over the 

slip plane. A statiStical treatment of the motion of a dislocation through 

a random distribution of penetrable obstacles has been recently presented 

by Kocks (1966)(1967). His analysis revealed that the theoretically 

deduced flow strength of metals for cutting randomly dispersed obstacles 

is significantly different from that expected from a regular distribution. 

The elastic limit at OOK as calculated by Kocks is :l:n fair agreement 

with the computer experiments of Foreman and Makin (1966). 

The latter authors noted that dislocation motion is not un;l..f6rm 

but ofteri takes place by an "unzipping" mechanism involving successive 

breakaway from obstacles on the dislocation. Non-uniform d:l:slocation 

motion has been observed experimentally by Suzuki (1967). We will 

present in this paper a statistical model of the unzipping process 

and from it deduce the elastic limit at OOK. Some of the basic elements 

of the statistical theory have already been introduced by Kocks (1966) 

(1967) and several new features, not previously'considered, emerge from 

the present treatment. 
... 

II. STATXSTXCS Of THE MODEL 

The following assumptions are mad~ in an attempt to emphasize 

atatistical features without encumbering the model with ancillary qetails: 



1. Only one type of simple obstacle of width D is considered and 

these are assumed to be distributed at random on the slip plane. Let 

R,2 be the average area of the sl'lp plane per obstacle, where R. 2 ;>~ n2 • 
s s 

2.~ The force to cut an obstacle at OOK is taken as F = ar where a 

is the strength factor of th.e obsta.cle and r the average line tension, 

This force can also be expressed in terms of the breaking angle, 1/Ic ' 

between the arms of the dislocation arres,ted at tn:e obstacle as 'F ;::. 

2r cos 1/1 ,/2. c 

3. Elastic anisotropY'~ the elastic ~nteractt~n between the arms 

of the dislocation line and differences in line tensi~n between edge 

and screw components of tn:e dislocation are neglected, 

4. Under an applied stress, T, a dislocation moves :;tn its slip 

plane until it is arrested at neighboring pairs of obstacles.. Each 

arrested dislocation segment is assumed to bow out to a un;i:::form radius 

of curvature 

R = ~ 
Tb 

regardless of the proximity- of other dislocations (Fig .. 1). 

The obstacle B is a near neighbor of the randomly chosen obstacle 

A, when there are no obstacles in the cross-hatched area of Fig, 1. 

In terms of probability- this leads to a distribution function: 

p(cp) dCP a; e 

R2 
~ -- (cp - sin cp cos cp) 

R,2 
s 2Rsin p d(2R sinp} (1) 

where the first term expresses the condition that there are no obstacles 

in the bowed-out area, and the second term is proportional to the 
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probability of finding obstacle B between r = 2R sin p and r +dr 

from obstacle A • 

The statistics of the motion of a dislcoation through a two dimen-

sional random distribution of point obstacles are now introduced: a 

dislocation will cut a contacted obstacle if the force on the latter, 

due to the line tension of the dislocation, exceeds ur. A pdSsible cutting 

configuration is shown in 'Fig. 2a. The probabUity- of occurrence of this 

cutting configuration is simply to have no obstacle in the cross-hatched 

area and therefore is proportional to: 

. ·R2 
.... ....;..;. (cp 

R,2 1 
... sin 

S (2) = e x e 

with 

The average cutting probability,' P , i.e. the· fraction of obstacles c 

transparent to a dislocation at any given stress, is deduced by averaging 

C(4) ) linearly over all permissible values of 4> as outlined in Appendix 
} 1 

1 (values of 4>} (or 4>2) less than n/2 - ~c lead to cutting configurations 

represented on Fig. 2b). 

i. 

e 

Therefore P is equal to: 
c 

po sin 2(CPl+ ~)] 

.. dCPl 
P c = -.------.-----------~~~------~------------------

for ~ ;> 1T/2; c 

(2a) 



and i1. 

'If IjJ 2"":" c 
2 J e 

0 

"R2 ' 
... '-.-. (P-1 

1.2 
s 
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P = ------------------------------------------------------- (2b) c 

for IjJ < 'IT/2. , c 

11 - IjJ 
C 

P as defined by Eqs,. (2aJ and (2b) is, shoWn in 'Fig, 3 as a function c 

of t /R = Tbt /r over the whole range of obstacle strengths. The s s 

variation of P with the strength of the obstacle is a physical requirec 

ment and constitutes one of the principal points, of departure from the 

formulation presented by Kocks (1967). 

A dislocation is arrested at an obstacle when the force due to its 

line tension is less than ar. Parameters defining these stable config-

urations can be evaluated using the distribution function given by Eq. (1). 

As an example, the geometrical average link length, defined as the mean 

separation between neighbors averaged over all stable configurations 

(from Eq. (1) and Fig. 4), will be estimated by 

r = Ir1r2 = stable configurations 

J f P(~l) P(~2) d~ld~2 
stable configurations 

(3) 

'From the integration ljJnits given in Appendix 1, 7:t follows that: 

when IjJ > 'IT/2 , c: 

• 
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co 
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~ 

I 
~ 
~ 
C,) 
::l 

I 
I.r. 
I 

_ R2 (~ + ~ _ 1 sin 2~1 - ~ sin 2~2) 
~2) 122 -(1T lJi )(1T - lJi R,2 c c s f f 2Rlsin ~1 sin ~2 e 

• sin 2~1 sin 2~2 d~ld~2 
0 0 -r = 

lJi )(1T - lJi - <P 2 ) ~ R2 (<PI + ~2 - ~ sin 2~1 - ~ sin 2~2) (1T 
c C 

f f R,2 
0 0 e 

s s~n"2<1>l sin 2~2 d<l> l d<P 2 

when lJi < 1T/2 c 

-2
1T 

(1T - lJi - lJi ) - c 2-

(
-+ f f 2R 

1T 0 
-, 2- lJic 

" 1T 1T 
{ 2" - lJic 2" 

I J 2R 
o 0 

-R2 1 - 1 
- - (<PI + <P2 - 2" sin 2<P1 - 2" sin 2~2) 

R,2 
s 1 

• sin 2<1>1 sin 2<Pl d<P 1d<P 2 i 

-R2 II} 
- - (<PI + <P2 - 2" sin 2<P2 - 2" sin 2~2)1 

R,2 
s ! 

sin 2$1 sin 2<P2 d~ld~2 j 

Isin ~1 sin <P2 e 

Isin <PI sin <P2 e 

-r = --------------__ ------------------------------------~----~-
(2!. - lJi ) .! 
2 c 2 

J J 
o 0 e f 

\-

R2 (~ ~ 1. 2" 1. 2 1 
- - 'f 1 + 'f 2 - 2 s ~n <P 1 - 2 s ~n p 2 -

R,2 
s 

'\ 
.i 
i 

l 1T i 2" (1T - lJi - ~ ) r f f C 2 

R2 . 1 1 sin 2~, • sin 2t2 d~ld~2~ 

- t~ (~, + P2 - 2 sin 2p, - 2 sin 2P2) I 
; _ lJi 0 

c 

" -~ 

e 
sin 2<1>1 sin 2<P2 d~ld<P2 ) 

,. . ../ 

(4a) 

(4b) 
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.t
s 

.'[bt
s Calculated reduced link lengths as a function or If ~ ~ are shown 

in Fig. 5 for several obstacle strengths, As with P , the variation of c 

r/t with a ts phys;l.cally reasonable and ,is another departure from the s 

formulation presented by Kocks (1961). 

IT1. THE UNZIPPING MECHANISM 

The unzipping mechanism is approximated by the 1l).odel given in Fig. 6 

where a dislocation is· shown arrested along a line of obstacles. Under 

an applied stress '[ each dislocation segment bows out with the uniform 

radius 

.2r cos 

.. r 
of curvature R ~ Tb' 
ljJ 
~ ~ ar is satisfied 

We assume that the cutting condition 

at some obstacle S and that other obstacles 

are distributed symmetrically about S. To approximate this situation 

we suggest that they be spaced symmetrica,lly at A, B, C, '" .A t, B t, C~·." 

and separated by the average link length. Once the disloca,tion cuts 

through the source obstacle S, it will automatically proceed further 

if the cutting conditions at A, B~ C ... A t, B t., C', .. are consecutively 

satisfied, i.e., the dislocation can move by "unzip~ing", 

In the formulation of the unzipping mechanism two distinct cases 

arise: 

1. Single Source (or Non~Interferring Sources} 

The dislocation has started to release at the source S and we 

consider, for the time being: its motion to the right of S. The upper 

boundary of the area A! is an arc with radius of curvature R ~ 'rb such 
. '[ 

tP. ' . 
that the cutting condition 2r cos T = ar is satisfied at obstacle "A". 

Thus "A" will be cut by unzipping if there are no obstacles in the 

area AI' The probability of this event is 

• 
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P = e ul 

... A I R,2. 
1 S 

. * 
Similarly, the areaA2. is {3uch that the cutting .cond~tion 1.s satisfied 

at obstacle lIB". The probability' that there are no obstacles in A2. is 

. -A /R. 
P = e 2 s 

u2. 

Therefore, the probability that "B" ;ls· cut by unzipping is P . P 2. 
Ul u 

Since the same a~ea A2. is associated with the remaining obstacles the 

probabilities of succeeding events follow directly. Once the dislocation 

cuts the source obstacle, the total number of obstacles cut by unzipping 

is: 

i = {I + 2P 1 + 2P IP 2. + 2P p2 + } u u u ul u2. ., • 

. . . 2P 1 
i = (1 ... l_p

u 
) 

. U2 

The factor of 2 appears since, once the source acts, the unzipping 

can proceed in both directions with equal probability. 

2. Interferring Sources 

When sources are a finite distance apart the unzipping of each 

can overlap and the number of cut obstacles per source is no longer 

(6) 

given by Eq. (6). The fraction (p IR, ) of the obstacles are sources 
c s 

and therefore the distance between sources along a line is (R, Ip). The 
s c 

unzipping mechanism is now based on the model shown in 'Fig, 7. The 

probability that A will be cut by unzipping is P
UI 

* The areas Al and Az are evaluated in Appendix 2. 
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when the unzipping originates at Sand P P (lire ~ 2)* when it ulU2 . 

originates at S ~. Therefore the probab~ltty that A is cut by unzipping 
, 

. [ (lip -21J from the source S only., is ~l 1 - Pu1 Pu2 c • Stm:tlarly, the. 

probability that B is cut by unzipping from S' only· i13 Pui PU2 II -Pin P
U2 

(l/Pc - 3»). The total number of obstacles cut by unzipping, per source, 

now is 

K 2 l/rc - K 
i ::: I + 2 ~ P P - (1 - P

u1
Pu2 ) 

K Ul U2 

with K::: 2,3, ••• , lip • c 

Fractional values of l/Pc are treated by averaging over integral values 

as outlined in Appendix 3. For large values of lip , corresponding c 

to sources far apart, Eq. (7) reduces to Eq. (6) which applies for 

non-interferring s~urces. 

In order to calculate the total area swept out by· a, dislocation per 

source, in addition to unzipping along the line joining the sources, 

the forward motion of the dislocation has to be considered~ As a first 

approximation we assume that the number of new obstacles met by each 

unzipped dislocation segment resulting from· its forward motion is 

proportional to the ratio of the unzipped arc length divided by the 

average arc length. Referring to Fig. 7, the average arc length is 2R<j>, 

where cp ::: sin-1 
(F/2R). 

*Unzipping originating at st. reaches A by cutting. A ~ with probability 
P 1 and each of the remaining (lip - 2) obstacles B"', C ,.~ "C, B with . 

. p¥obability Pu2 o. c 
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The unzipped arc length associated with a source S is R(~ - ~ ) ~ 
c 

2R<Pc' with a neighbor:i,ng obstacle of tn>e A, RCpc + <j>}, and with an 

obstacle of type B, 2Rp. Therefore, from Eq. (7), the total number of 

obstacles contacted" per source S, becomes 

, ,:t~ 
In Fig. 8, i and j are plotted as functions, of 1r for several obstacle 

strengths. Th;Ls is another new feature not considered by Kocks that 

emerges from this approach,: i and j are not con~tants but vary with a 
, . 

and the stress. The total area swept out by a dislocation per success-

ful cutting can now be written as 

2 ,'" '1 
A = 1 {i + (jP ) i + (jP J2 ;t +... ~ ~2 (. jP ~ 

s c c S l- C 
(11) 

the term i12 is the area swept out by unzipping along the'l;i.neconnecting 
s 

the sources. The term jP is the number of new sources among the j new c 

obstacles contacted and (jP )u.2 is the area swept out by unzipping that c s 

originates at the jP new sources. The meaning of the remaining terms 
c 

follows directly. 

As previously shown by Kocks (1966), yielding occurs when a 

dislocation sweeps across the entire slip plane. In terms of this model, 

the flow stress at OaK is then given by JP ~ 1, and is readily determined 
c 

from Eqs. (2) and (8). Our values for the flow stress (1 IR) 
s = 'Tbl Ir 

s 

at OaK are shown in Fig. 9 together with the results of Kocks (1967) and, 

of Foreman and Makin (1966), over the whole range of obstacle strength. 
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IV. CONCLUSIONS 

A new formulation of the statistical theory for the glide of a 

dislocation through a random array of point obst,acles has been presented. 

The macroscopic flow stress at OOK is deduced on the basis of non-

uniformities in the motion of the d:;tslocation, namely an unzipping. 

process. The overall agreement with the computer experiments of Foreman 

and Makin reinforce the following features: 

1. The dependence of the statistical parameters such as the cutting 

probability, as well as the link length or the number of obstacles 

cut or contacted, on both stress and strength of the obstacles is 

physically reasonable. 

2. The dislocations are expected to remain essentially straight 

for weak obstacles and to zig ... zag between strong obstacles, Our 

formulation of the unzipping mechanism, ba:>ed essentially on a straight 

line model, yields satisfactory results, over the whole range of obstac~e 

strengths. It seems therefore that the motion of a zig-zagged dislocation 

statistically approximates the motion of a quasi-straight dislocation 

(i.e. with obstacles placed on a line), implying that zig and zag 

configurations are equally probable. 

3. A bowing-out process (introduced through P , when ~ ~ ~/2 
c c 

(Fig. 2b) begins to contribute for strong obstacles (~ < ~/2), as 
. c 

previously observed by Kocks (1967). 

4. The small but increasing disagreement with Foreman and Makin 

at high obsta~le strengths might be attributed to the formation of 

loops around groups of closely spaced obstacles·. 
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APPENDIX I 

The iiniiting values ot. ,cp]. and CP2.' axe readily obtained from Fig. A.I. -i 

Equation CP1 = 'IT - iJ!c ... 4>2 represents·the critica.l cutting condition. 

The shaded areas in Fig. A.I correspond to the bowing-out process 

(Fig. 2b) and are forbidden ra.nges for stable configurations. 
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APPENDIX 2 

The areas A} and A2 are obtained from Fig., A. 2 ... 

For 1jJ ..; n/2 . c 

AZ = .Rz [Sin 2$ + 2 sin $ cos ($ + ~c)l 

where 4> = sin- 1 r /2R 

. For 1jJ >n/2 . c 

UCRL-17848 

(A. 2 .1) 

(A.2.2) 

. - 4R2 (A.2.3) 
~.1jJ 

2 cos (2 c + 4» 

A2 is still given by Eq. (A.2.2). 
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APPENDIX 3 

For lip = 1, all sources lie adjacent to each other as shown c 

in Fig. A.3.1 and therefore Eq. (7) reduces to i = 1. 

(b) For liP = 2, all sources again lie adjacent to each other . c 

with the configuration shown inF;tg. A.3.2. Equation (7) once more 

reduces to i = 1 + 2PU1 (1 - PUl) = 1, because PUl = 1. In order to 

distinguish between cases (a) and (b) we will consider all configurations 

characterized by 1 ~ liP < 3 as the arithmetic mean of configurations 
- c 

with lip = 1 and lip = 3. Thus~ c c 

{j}l ~ lip 
c 

with f.l + (l - f) 3 = IIp. c 

= 1 + (1 - f){j}l/P = 3 
c 

In practice, this averaging procedure is used for 1 < IIp < 3. . c 

In all other cases, graphical interpolation yielded satisfactory results. 

, ,. 
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FIGURE CAPTIONS 

A neighboring Vair of obatacles. 

Posaible cutting configurations (a) 1jJ ?' Tf/2; (b) 1jJ <; c c 

Tf/2. Fo~ ~1 less than Tf/2 - 1jJc' 

Probability for cutting. 

A stable configuration, 

Reduced average link length, 

Unzipping model. 

Unzipping model with interferring sourcel'l. 

The number of obstacles cut (1) and contacted (J) per· 

unzipping process, 

Flow stress at OOK. 

Limiting values of 4>1 and 4>2' 

'., 



-17 - UCRL-17 8Lj 8 

r = 2R sin cp B 

Fig. 1 
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Fig. 2 
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F = 2 r cos - = a r 
A 2 
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1/Ic 
F=2rcos"2- = a r 
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