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Abstract of the Dissertation

Spectral analysis of quasiperiodic Schrodinger operators

By
Shiwen Zhang

Doctor of Philosophy in Mathematics
University of California, Irvine, 2016
Professor Svetlana Jitomirskaya, Chair

We consider discrete quasiperiodic Schrodinger operators with analytic sampling
functions. The thesis has two main themes: first, to provide a sharp arithmetic cri-
terion of full spectral dimensionality for analytic quasiperiodic Schrodinger operators
in the positive Lyapunov exponent regime. Second, to provide a concrete example of
Schodinger operator with mixed spectral types.

For the first theme, we introduce a notion of S-almost periodicity and prove quan-
titative lower spectral/quantum dynamical bounds for general bounded S-almost pe-
riodic potentials. Applications include the sharp arithmetic criterion in the positive
Lyapunov exponent regime and arithmetic criteria for families with zero Lyapunov
exponents, with applications to Sturmian potentials and the critical almost Mathieu
operator.

For the second part, we consider a family of one frequency discrete analytic quasi-
periodic Schrodinger operators which appear in [18]. We show that this family pro-
vides an example of coexistence of absolutely continuous and point spectrum for some
parameters as well as coexistence of absolutely continuous and singular continuous

spectrum for some other parameters.



Introduction

0.1 Discrete Schrodinger operators

Let Q = RZ and T : Q — Q is given by (T0)(n) = 0(n +1). Let f(#) := 0(0) and
Vo(n) :== 0(n) = f(T™0). Consider the following 1-dimensional discrete Schrodinger
operator on [%(Z) given by

(1) (Hu)p = tps1 + tp_1 + Vo(n)u,.

Our main interest is the following situation, when V is actually dynamically de-
fined with a certain underlying ergodic base dynamics (€2, T, v). In particularly, when
T is a rotation on the torus equipped with Lebesgue measure, (1) is called quasiperi-

odic Schrodinger operator.

0.2 Motivation and Background

Singular continuous spectral measures of Schrodinger operators, usually defined by

what they are not, are still not very well understood. The aim of direct spectral theory



is to obtain properties of spectral measures/spectra and associated quantum dynamics
based on the properties of the potential. In the context of 1D operators this is most
often done via the study of solutions/transfer matrices/dynamics of transfer-matrix
cocycles. Indeed, there are many beautiful results linking the latter to either dimen-
sional properties of spectral measures (going back to [51]) or directly to quantum
dynamics (e.g. [61, 33]). There is also a long thread of results relating dimensional
properties of spectral measures to quantum dynamics (e.g. [13, 11] and references
therein) as well as results connecting spectral /dynamical properties to some further
aspects (e.g. [62, 20]). Many of those have been used to obtain dimensional/quantum
dynamical results (sometimes sharp) for several concrete families (e.g. [31]). Howev-
er, there were no results directly linking easily formulated properties of the potential
to dimensional /quantum dynamical results, other than for specific families or a few
that ensure either the mere singularity or continuity of spectral measures (and their
immediate consequences). In particular, we don’t know of any quantitative results of
this type. In [60], we consider discrete Schrodinger operator and prove quantitative
lower spectral/quantum dynamical bounds for general potentials. The result is the
first one with such direct link.

The study of one-dimensional one-frequency quasiperiodic operators with gener-
al analytic potentials has seen remarkable advances in the last two decades, from
the Eliasson’s KAM point spectrum proof for the general class [36], to Bourgain-
Goldstein’s non-perturbative method [16], to Avila’s global theory [4]. In particu-
lar, many results have been obtained in the regime of positive Lyapunov exponents

(dubbed supercritical in [4]). They can be divided into two classes
e Those that hold for all frequencies (e.g. [52, 17, 33, 55, 56, 57])

e Those that have arithmetic (small denominator type) obstructions preventing
their holding for all frequencies, thus requiring a Diophantine type condition

(e.g. [16, 46, 30]) !

INot all results can currently be classified this way, most notable example being the Cantor

structure of the spectrum [47], currently proved for a non-arithmetically-defined full measure set



Results of the first kind often (but not always [17, 74]) do not require analyticity
and hold in higher generality. Results of the second kind describe phenomena where
there is a transition in the arithmetics of the frequency, thus an extremely interesting
question is to determine where does this transition happen and to understand the
neighborhood of the transition. However, even though some improvements on the
frequency range of some results above have been obtained (e.g. [75]), most existing
proofs often require a removal of a non-arithmetically defined measure zero set of
frequencies, thus cannot be expected to work up to the transition. There have been
remarkable recent advances in obtaining complete arithmetic criteria in presence of
transitions [10, 53, 54] or non-transitions [5] for explicit popular Hamiltonians: almost
Mathieu operator and Maryland model, but there have been no such results that
work for large families of potentials. In the first part of the thesis, we prove a sharp
arithmetic criterion of full spectral dimensionality in the positive Lyapunov exponent
regime for analytic quasiperiodic potential. The criterion links in a sharp way a purely
analytic property of the spectral measure to arithmetic property of the frequency.
Such transition in the arithmetics of the frequency is extremely interesting e.g. in
popular Hamiltonians: almost Mathieu operator.

The quasiperiodic Schrodinger operators with intermediate sized potentials are
less understood. Recent work of Avila [4] explains the structure of the spectrum for
typical potentials. But still there are very few concrete examples where one really
can say that there is a mixed spectrum. There are previous works of Bourgain [15],
Fedotov and Klopp [39] that provide such mixed spectra examples in other regimes.
Recently Bjerklov and Krikorian [19] announced an example of this nature. In [78],
we consider a family of one frequency discrete analytic quasiperiodic Schrodinger op-
erators which appear in [18]. We show that this family provides an example of 1-d

discrete Schrodinger operator that has mixed spectral types: coexistence of p.p. spec-

of frequencies, while the statement has no known arithmetic obstructions. Theoretically there may
also be results such as [5] which formally should belong to the first group but the proof requires
argument that highly depends on the arithmetics, so they must be in the second group, in spirit. In

some sense [17] is a result of this type.



trum and a.c. spectrum, as well as coexistence of s.c. spectrum and a.c. spectrum.
We consider the class of potentials introduced in [18]. By combining several recent
results on localization, reducibility and continuity, we provide such concrete examples

of mixed spectra.



Chapter 1

Quantitative continuity of singular
continuous spectral measures and

arithmetic criteria.

1.1 Introduction
Consider Schrodinger operator on [?(Z) given by
(1.1) (Hu),, = tUpi1 + Up—1 + V(n)u,

For 8 > 0, we say a real sequence {V(n)},cz has f-repetitions if there is a sequence

of positive integers ¢, — oo such that

"\ y _BQn
(1.2) max [V(j) = V(£ an)l < e

We will say that {V(n)},.cz has oco-repetitions if (1.2) holds for any § > 0. For
B < 0o, we will say that {V(n)},ez is 5-almost periodic, if, for some € > 0, V(- + kq,)

satisfies (1.2) for any |k| < e /q,,, i.e.,

(1.3) max V(j+kg) —V(ji+ (kt1l)g,)| <e P

1<j<qn,|k|<eBan /gy,
for any n. We will say that {V(n)},ez is 0o-almost periodic, if it is S-almost periodic

for any # < co. We note that # and even oo-almost periodicity does not imply almost

5



periodicity in the usual sense. In particular, it is easily seen that there is an explicit
set of generic skew shift potentials that satisfy this condition.

We will prove

Theorem 1.1.1 Let H be given by (1.1) and V is bounded and B-almost periodic.
Then, for an explicit C = C(e, V) > 0, for any

(1.4) v<1-C/8
the spectral measure is y-spectral continuous.

For the definition of spectral continuity (a property that also implies packing conti-

nuity and thus lower bounds on quantum dynamics) see Section 1.1.1. We formulate

a more precise (specifying the dependence of C' on €, V') version in Theorem 1.1.6.
Our result can be viewed as a quantitative version simultaneously of two well

known statements

e Periodicity implies absolute continuity. Indeed, we prove that a quantitative
weakening (f-almost periodicity) implies quantitative continuity of the (fractal)

spectral measure.

e Gordon condition (a single/double almost repetition) implies continuity of the
spectral measure. Indeed, we prove that a quantitative strengthening (multiple

almost repetitions) implies quantitative continuity of the spectral measure.

Potentials with oo-repetitions are known in the literature as Gordon potentials
! This property has been used fruitfully in the spectral theory in various situation-
s, see reviews [25, 27] and references therein. In many cases those potentials were
automatically 8 or even oo- almost periodic, so satisfied almost repetitions over suf-
ficiently many periods. However, even in such cases, what all those papers used was
the strength of the approximation over one-two (almost) periods based on Gordon

Lemma type arguments. Our main technical accomplishment here is that we find a

"While oo-repetitions are usually used in the definition of Gordon potentials, typically S3-

repetitions for sufficiently large 3 are enough for the applications



new algebraic argument and develop technology that allows to obtain quantitative
corollaries from the fact that the approximation stays strong over many periods, thus
exploring this feature analytically for the first time.

Lower bounds on spectral dimension lead to lower bounds on packing dimension,
thus also for the packing/upper box counting dimensions of the spectrum as a set
and for the upper rate of quantum dynamics. Therefore we obtain corresponding
non-trivial results for all above quantities.

It is clear that our general result only goes in one direction, as even absolute
continuity of the spectral measures does not imply S-almost periodicity for 5 > 0.

However, in the important context of analytic quasiperiodic operators this leads
to a sharp if-and-only-if result.

Let H = Hy v be a Schrodinger operator on [%(Z) given by
(1.5) (Hu)p = Upy1 + tup—1 + V(0 +na)u,, ne€Z, 6T

where V' is the potential, @ € R\Q is the frequency and 6 € T is the phase. Let
i = [tpo De the spectral measure associated with vectors dp, 1 € ZQ(Z) in the usual
sense.
Given a € (0,1), let p,, /g, be the continued fraction approximants to «. Define
log ¢,
(1.6) B(a) := limsup —2 2L ¢ [0, o0].
n Qn
Let S:={F € o(H): L(E) > 0}, where o(H) is the spectrum of H and L(F) is
the Lyapunov exponent, be the set of supercritical energies (or, equivalently, the set of
E such that the corresponding transfer-matrix cocycle is non-uniformly hyperbolic).
S depends on « and V' but not on 6.

Our main application is

Theorem 1.1.2 For any analytic V and any 60, the spectral measure p restricted to

S is of full spectral dimension if and only if f(a) = oo.

Full spectral dimensionality is defined through the boundary behavior of Borel

transform of the spectral measure (see details in Section 1.1.1). It implies a range



of properties, in particular, maximal packing dimension and quasiballistic quantum
dynamics. Thus our criterion links in a sharp way a purely analytic property of
the spectral measure to arithmetic property of the frequency. The result is local (so
works for any subset of the supercritical set, see Theorem 1.1.4 for more detail) and
quantitative (so we obtain separately quantitative spectral singularity and spectral
continuity statements for every finite value of 3, see Theorems 1.1.5 and 1.1.6).

A natural way to distinguish between different singular continuous spectral mea-
sures is by their Hausdorf dimension. However Hausdorff dimension is a poor tool for
characterizing the singular continuous spectral measures arising in the regime of pos-
itive Lyapunov exponents, as it is always equal to zero (for a.e. phase for any ergodic
case [72], and for every phase for one frequency analytic potentials [52]?). Similarly,
the lower transport exponent is always zero for piecewise Lipshitz potentials [33, 57].
Thus those two quantities don’t even distinguish between pure point and singular
continuous situations. In contrast, our quantitative version of Theorem 1.1.2, con-
tained in Theorems 1.1.5 and 1.1.6, shows that spectral dimension is a good tool to
finely distinguish between different kinds of singular continuous spectra appearing in
the supercritical regime for analytic potentials.

The continuity part of Theorem 1.1.2 is robust and only requires some regularity
of V. Besides the mentioned criterion, Theorem 1.1.1 allows us to obtain new results
for other popular models, such as the critical almost Mathieu operator, Sturmian
potentials, and others.

Indeed, our lower bounds are effective for 8 > C'sup pe, () L(E) where L(E) is the
Lyapunov exponent (see Theorem 1.1.6) thus the range of § is increased for smaller
Lyapunov exponents, and in particular, we obtain full spectral dimensionality (and
therefore quasiballistic motion) as long as f(«) > 0, when Lyapunov exponents are
zero on the spectrum. This applies, in particular, to Sturmian potentials and the
critical almost Mathieu operator.

As an example, setting Sy = {E : L(E) = 0} we have

2The result of [52] is formulated for trigonometric polynomial v. However it extends to the

analytic case - and more - by the method of [57].



Theorem 1.1.3 For Lipshitz V', the quantum dynamics is quasiballistic
1. for any B(a) > 0, if Sop # 0
2. for p(a) = oo, otherwise

A similar statement also holds for full spectral dimensionality or packing/box
counting dimension one. The Lipshitz condition can be relaxed to piecewise Lipshitz
(or even Holder), leading to part 1 also holding for Sturmian potentials. This in
turn leads to first explicit examples of operators whose integrated density of state has
different Hausdorff and packing dimensions, within both the critical almost Mathieu
and Sturmian families.

The fact that quantum motion can be quasiballistic for highly Liouville frequen-
cies was first realized by Last [64] who proved that almost Mathieu operator with
an appropriate (constructed step by step) Liouville frequency is quasiballistic. Qua-
siballistic property is a Gy in any regular (a-la Simon’s Wonderland theorem [71])
space [42, 23], thus this was known for (unspecified) topologically generic frequencies.
Here we show a precise arithmetic condition on a depending on whether or not Lya-
punov exponent vanishes somewhere on the spectrum. Thus, in the regime of positive
Lyapunov exponents, the quantum motion is very interesting, with dynamics almost
bounded along some scales [57] (this property is sometimes called quasilocalization)
and almost ballistic along others. For finite values of f(«) in this regime our result
also yields power-law quantum dynamics along certain scales while bounded along

others.

1.1.1 Main application

Fractal properties of Borel measures on R are linked to the boundary behavior of

their Borel transforms [34]. Let

(1.7) M(E +ic) = / %

be the Borel transform of measure p. Fix 0 <y < 1. If for p a.e. F,

(1.8) 111%nf51—7|M(E +ig)| < oo,

9



we say measure p is (upper) «y-spectral continuous. Note that spectral continuity
(and singularity) captures the liminf power law behavior of M(E + ic), while the
corresponding lim sup behavior is linked to the Hausdorff dimension [34]. Define the

(upper) spectral dimension of i to be
(1.9) s(u) =sup {7 € (0,1) : p is y-spectral continuous}.

For a Borel subset S C R, let ug be the restriction of g on S. A reformulation of
Theorem 1.1.2 is

Theorem 1.1.4 Suppose V is real analytic and L(E) > 0 for every E in some Borel
set S CR. Then for any 0 € T, s(us) =1 if and only if f(a) = +oc.

Remark 1 If for p a.e. E,

(1.10) 11%%nfal—7|M(E +ig)| = +o0,

we say measure i is (upper) y-spectral singular. We can also consider
(1.11) 5(p) =inf {y € (0,1): p is y-spectral singular}.

Obviously, s(p) < s(p). The main theorem also holds for s(u).

1.1.2 Spectral singularity, continuity and proof of Theorem

1.1.4

We first study ~v-spectral singularity of . We are going to show that under the

assumption of Theorem 1.1.4 we have:

Theorem 1.1.5 Assume L(E) > a > 0 for E € S. There exists ¢ = c(a) > 0 such
that for any «, 0, if
(1.12) v >

L+ 5@

then pg s y-spectral singular.

10



Obviously, Theorem 1.1.5 implies that if 5 < 400, then

1
1+¢/B

The analyticity of potential and positivity of Lyapunov exponent are only needed

< 1.

(1.13) s(ps) < s(ps) <

for spectral singularity. We now formulate a more precise version of the general
spectral continuity result, Theorem 1.1.1.
For S C o(H) assume there are constants A > 0 and ny € N such that for any

keZ,FE €S andn > ng

(1.14) H E-Vin+k) —1 E-V(k) -1

1 0 1 0

Clearly, such A always exists for bounded V, with ng = 1.
As before we denote ug the spectral measure of H restricted to a Borel set S C

o(H).

Theorem 1.1.6 Let H be given by (1.1) and V satisfies (1.14) and is B-almost pe-
riodic with € > 0. Then, for a C(e¢) = Co(1 + 1/¢€), with A given by (1.14) , if

A
I—7

(1.15) B> Cle)

then pg 1s y-spectral continuous. Here Cy is a universal constant. Consequently, we

have

(1.16) S(ps) 2 s(us) = 1- ()

Proof of Theorem 1.1.4: Under the assumption of Theorem 1.1.4, if § < +oo,
Theorem 1.1.5 provides the upper bound (1.13) for the spectral dimension.

We will now get the lower bound using Theorem 1.1.6. Let Vp(n) := V(0 4+ na).
By boundedness of V' and compactness of the spectrum, there is a constant Ay < oo
such that (1.14) holds uniformly for £ € o(Hy),0 € T. In order to apply Theorem
1.1.6, it is enough to show that for any 5 < 5(«), V(0 + ja) has [-repetitions for any
0 € T,j € Z. Indeed, by (1.6), there is a subsequence g, such that

log an-‘rl/an > 6

11



Since V' is analytic, for any 6,7 and 1 <n < g,,

1

nk,—i-l

V(0 +joa+na)—V(0+jo+naxqg,a)| <Clg,al <C < Ce P

Thus if f(a) = o0, s(us) = s(us) = 1. u

Property (1.14) naturally holds in a sharp way in the context of ergodic potentials
with uniquely ergodic underlying dynamics. Assume the potential V' = Vj is generated

by some homeomorphism 7' of a compact metric space {2 and a function f : 2 — R

by
(1.17) Vo(n) = f(T"0), 0 € Q, n€ Z.

Assume (2,7 is uniquely ergodic with an ergodic measure v. It is known that the
spectral type of Hy is v-almost surely independent of 6 (e.g [21]). In general, however,
the spectral type (locally) does depend on 0 ([58]). If f is continuous then, by uniform
upper-semicontinuity (e.g. [38])

(1.18)
. 1 E—Vp(n) -1 E—Vp(1) -1
lim sup sup — log ’ H <LE), VE
n o n 1 0 1 0

This was recently extended in [57] to almost continuous f. Following [57], we will say
a function f is almost continuous if it is bounded and its set of discontinuities has
a closure of v measure zero. By Corollary 3.2 in [57], if f is bounded and almost
continuous then (1.18) also holds for every E. Moreover, if the Lyapunov exponent
L(F) is continuous on some compact set .S, then, by compactness and subadditivity,
the lim sup in (1.18) will be also uniform in E € S. Since by upper semicontinuity
L(FE) is continuous on the set where it is zero, as a consequence of Theorem 1.1.6, we

obtain

Corollary 1.1.1 Assume the function f in (1.17) is bounded and almost continuous
and L(E) = 0 on some Borel subset S of o(Hy). If Va(n) is B-almost periodic for

some 3> 0,¢e >0, then s(u%) = 1.

12



Proof: For any 0 < v < 1, set A’ = (1 — 7)/2C where C' = C(¢) is given in
Theorem 1.1.6. Since L(E) = 0 on S, by the arguments above, there is ng = ng(A’)
independent of 6 and E such that

H E—Vyn) -1 E—Vy(1) -1

HS@A’”,nZnO, EeS0e
1 0 1 0

Obviously, f > CA’/(1 — ), so Theorem 1.1.6 is applicable and (1.16) holds. There-

fore, s(pusg) > 1 — CTA/ > .. [

Let S = {E : L(E) =0} and S, = {E : L(E) > 0}.

As an immediate consequence we obtain

Theorem 1.1.7 If Vy(n) is given by (1.17) with uniquely ergodic (Q,T) and almost

continuous f, then, for every 6 we have
1. s(us,) =1, as long as 'V is 5-almost periodic with B > 0.
2. s(pus,) =1, as long as V is S-almost periodic with 3 = oo.

Remark 2 1. B > 0 is not a necessary condition in general for s(us,) = 1, for
s(pu*) =1 even if V is not B-almost periodic for any B, and the support of the
absolutely continuous spectrum is contained in (and may coinside with) Sy. It is
a very interesting question to specify a quantitative almost periodicity condition
for s(u?:g) = 1, wn particular, find an arithmetic criterion for analytic one
frequency potentials for s(us,,) = 1 where S,. C Sy is the set of critical energies

in the sense of Awvila’s global theory.

2. According to Theorem 1.1.4, = oo is also necessary if f is analytic and T is
an irrational rotation of the circle (B will depend on T'). In case f has lower

reqularity, it is an interesting question to determine optimal condition on [3.

3If B = oo take any finite 3 instead.
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1.1.3 Relation with other dimensions; Corollaries for the

AMO, Sturmian potentials, and Transport exponents.

If we replace the liminf by lim sup in the definition of upper spectral dimension, we
will define correspondingly the lower spectral dimension which will coincide with the
Haurdorff dimension dimg(u) of a measure p.

Also one can consider the packing dimension of p, denoted by dimp(p). The pack-
ing dimension can be defined in a similar way as in (1.9) through the y-dimensional
lower derivative DY u(E). It can be easily shown that D"u(E) < liminf, o' "7 |M(E+
i€)|. Thus the relation between packing dimension and upper spectral dimension is
dimp(p) > 3(p).* Therefore, the lower bound we get in Theorem 1.1.6 also holds for
the packing dimension.

Lower bounds on spectral dimension also have immediate applications to the lower
bounds on quantum dynamics. Denote by d; be the vector §;(n) = x;(n). For p > 0,
define
(1.19) KB = 7 [T S e o
The growth rate of (|X|§ )(T) characterizes how fast does e "4, spread out. In
order to get the power law bounds for (| X5 )(T'), it is natural to define the following
upper 652 (p) and lower 35 (p) dynamical exponents as

(1.20) B (p) = limsup 250 ) (1)

3= lim inf X 0 1
'—00 plOgT ’ 50( ) Toe

T—so00 plogT
The dynamics is called ballistic if 85 (p) = 1 for all p > 0, and quasiballistic if
ﬁ;) (p) = 1 for all p > 0. We will also say that the dynamics is quasilocalized if
B, (p) = 0 for all p > 0.

In [48], it is shown that the upper and lower transport exponents of a discrete
Schrodinger operator (1.1) can be bounded from below by the packing and Hausdorff
dimension of its spectral measure respectively. Therefore, by [48] we have 6;0 (p) >

s(u), Vp. As a direct consequence of Theorem 1.1.6 we have

4In contrast with the Hausdorff dimension, the relation for the packing dimension only goes in

one direction, in general, unlike what is claimed in [22].
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Corollary 1.1.2 If V(n) is bounded and oco-almost periodic, the upper dynamical
exponent ﬁ;g (p) of the operator (1.5) is one for any p > 0, and the associated dynamics

18 quasiballistic.

This has nice immediate consequences. In particular, consider the almost Mathieu

operator:
(1.21) (H)p.0W)n = Upt1 + Up—1 + 2A cos 27(0 + na)u,, A > 0.

As a consequence of the formula for the Lyapunov exponent and Theorem 1.1.4, one

has:

Corollary 1.1.3 The almost Mathieu operator (1.21) is quasiballistic® for any (and
all) 9 €T

1. For A < 1, for all
2. For A =1, as long as f(a) >0
3. For A > 1, as long as f(a) = o0.

Statement 1 is a corollary of absolute continuity [62, 1] and is listed here for
completeness only. Statements 2,3 are direct corollaries of Theorem 1.1.7.

For A > 1, Hausdorff dimension of the spectral measure of the almost Mathieu
operator is equal to zero [52] and 5~ (p) = 0 for all p > 0 [33]. Thus almost Mathieu
operators with A > 1 and 5(a) = oo provide a family of ezplicit examples of operators
that are simultaneously quasilocalized and quasiballistic and whose spectral measures
satisfy

0 =dimpgy(p) < dimp(p) = 1.

The same holds of course for cos replaced with any almost continuous f as long as
Lyapunov exponent is positive everywhere on the spectrum, in particular for f = A\g
where g is either bi-Lipshitz (as in [50]) or analytic, and A > A(g) is sufficiently large.

Let dN be the density states measure of the almsot Mathieu opeartor and > be

the spectrum. It is well known that in the critical case, A = 1, ¥ has Lebesgue

5And has spectral dimension one and packing dimension one of the spectral measure
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measure zero ([9, 63]). It is then interesting to consider the fractal dimension of the
spectrum (as a set). Since dN = E(dpg) and suppiop(dN) = X, by the discussion

above we have

Corollary 1.1.4 For the critical almost Mathieu operator, A = 1, and f(a) > 0 we
have dimp(dN) = dimp(X) = 1.

Last and Shamis proved in [66] (see also [68]) that for a dense Gy set of a (which
therefore has a generic intersection with the set {a : S(a) > 0}), the Hausdorff
dimension of the spectrum is equal to zero. Thus the spectrum of the critical almost
Mathieu operator with a topologically generic frequency is an example of a set such
that

0 =dimg(X) < dimp(X) = 1.

Moreover, Last [63] showed that if g,,1 > C¢> for all n, (which is the set containing
{a: B(a) > 0}) then dimy(3) < 1/2. Thus critical almost Mathieu operators with
B(a) > 0 and any 6 provide an explicit family of operators that all have spectra
satisfying dimgy(X) < 1/2 < dimp(¥) = dimp(X) = 1.

We note that the question of fractal dimension of the critical almost Mathieu oper-
ator attracted a lot of attention in Physics literature, with many numerical and heuris-
tic results. In particular, Wilkinson-Austin [73] conjectured that dimg(X) < 1/2 for
all a and there were many results rigorously or numerically confirming this for certain

«. Our corollary 1.1.4 provides an explicit example disproving this conjecture.

Another well known family are Sturmian Hamiltonians given by

(1.22) (Hu)n = Uns1 + Un—1 + AX[1—a,1)(na + 0 mod 1)u,,

where A > 0, a = R\Q. If a = \/52’1, it is called the Fibonacci Hamiltonian. The
spectral properties of the Fibonacci Hamiltonian have been thoroughly studied in a
series of papers in the past three decades, see [26, 28] for more references. Recently,

Damanik, Gorodetski, Yessen proved in [31] that for every A > 0, the density of states
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measure dV, is exact-dimensional (the Hausdorff and upper box counting dimension
are the same) and dimg(dN,) < dimg(3,).

Our results show that the exact dimensionality properties of Sturmian Hamilto-
nians strongly rely on the arithmetic properties of . It was shown in [12] that if
« is irrational, the Lyapunov exponent of Sturmian operator restricted to the spec-
trum is zero. Also the spectrum of Sturmian Hamiltonian X, , is always a Cantor
set with Lebesgue measure zero. Moreover, for Sturmian potentials results similar to
thoses for the critical Mathieu operator in Corollary 1.1.4 also hold. Let py be the
spectral measure of Sturmian operator (1.22) and let dN, , be the density states of
measure and X, , be the spectrum. We say that phase 6 is a-Diophantine if there

exist 7 < 00,7 > 1 such that [|6 + ma|[r/z > (

T for all m € Z. Clearly, this is a

full measure condition. We have

Theorem 1.1.8 For Sturmian operator Hy o with f(a) > 0 and X > 0, if 0 is
a-Diophantine, the spectral dimension of g is one.
As a consequence, if f(a) > 0 and X\ > 0, then the packing dimension of dN) ,

and X o are both equal to one.

Previously, Liu, Qu and Wen [70, 69] studied the Hausdorff and upper box count-
ing dimension of ¥, , of Sturmian operators. For large couplings, they gave a criterion
on «a € (0,1) for the Hausdorff dimension of the spectrum to be equal to one. Com-

bining Theorem 1.1.8 with their results, we have

Corollary 1.1.5 Let ¥y, be the spectrum of the Sturmian Hamiltonian with A\ > 20.

There are explicit o such that for a.e. 0,

(1.23) dimp (11,,) < s(41,,) = dimp(p.,) = 1

(1.24) dimp (dNya) < $(dNya) = dimp(dNya) =1

The proof for the Sturmian case is given in Section 1.4.
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The rest of this paper is organized in the following way. After giving the prelim-
inaries in Section 1.1.4 we proceed to the proof of the general continuity statement
in Section 1.2. First we quickly reduce Theorem 1.1.6 to Lemma 1.2.1 where we also
specify the constant Cj appearing in Theorem 1.1.6. We note that we do not aim to
optimize the constants here and many of our arguments have room for corresponding
improvement. Lemma 1.2.1 is further reduced to the estimate on the traces of the
transfer matrices over eventual almost periods, Theorem 1.2.1, through its corollaries,
Lemmas 1.2.2 and 1.2.3. Theorem 1.2.1 is the key element and the most technical
part of the proof. It is of interest in its own right as can be viewed as the quantitative
version of the fact that period length transfer matrices of periodic operators are el-
liptic: it provides quantitative bounds on the traces of transfer matrices over almost
periods based on quantitative almost periodicity, for spectrally a.e. energy. In section
1.2.2 we separate this statement into hyperbolic and almost parabolic parts, corre-
spondingly Lemmas 1.2.4 and 1.2.5. In section 1.2.3 we use the extended Schnol’s
Theorem to study the hyperbolic case and in section 1.2.4 we combine estimates on
level sets of the polynomials, power-law subordinacy bounds, and an elementary but
very useful algebraic representation of matrix powers (Lemma 1.2.9) to study the al-
most parabolic case. Lemmas 1.2.2 and 1.2.3 are proved in Section 1.2.5, completing
the continuity part. In Section 1.3 we focus on the analytic quasiperiodic potentials
and prove Theorem 1.1.5. The proof is based on a lemma about density of localized
blocks (Lemma 1.3.3). Finally, we discuss Sturmian potentials in Section 1.4, proving

Theorem 1.1.8 and then providing explicit examples for Corollary 1.1.5.

1.1.4 Preliminaries
m-function and subordinacy theory

In this part, we will briefly introduce the power-law extension of the Gilbert-Pearson
subordinacy theory [43, 44], developed in [51]. We will also list the necessary related

facts on the Weyl-Titchmarsh m-function. More details can be found, e.g., in [21].
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Let H be as in (1.5) and z = E + ie € C. Consider equation
(1.25) Hu = zu.
with the family of normalized phase boundary conditions:
(1.26) uf cosp +ulsing =0, —1/2 < o <7/2, |ul|]* + |uf|* = 1.

Let Z* = {1,2,3---} and Z~ = {---,—2,-1,0}. Denote by u® = {uf};>o the
right half line solution on Z* of (1.25) with boundary condition (1.26) and by u¥~ =
{uf"" }j<o the left half line solution on Z~ of the same equation. Also denote by v¥
and v¥~ the right and left half line solutions of (1.25) with the orthogonal boundary
conditions to u¥ and u¥~, ie., v?¥ = w2 ¥~ = /2= For any function
u: Z* — C we denote by |lu/|; the norm of u over a lattice interval of length [; that
1s
U "
(1.27) el = | 3 Ju(m)[? + (@ = @) ulll) + DP?]

n=1
Similarly, for u : Z=— — C, we define

(-1

(1.28) Jelle = [ 3 Ju(=n)P + (@ = I~ )]

1/2

Now given any ¢ > 0, we define lengths | = (¢, €, E), by requiring the equality

1
(1.29) Il v lieer = 5

We also define [~ () by u¥~,v¥~ through the same equation. Direct computation

shows that
© © 1
(1.30) [w?lle - [[v*]l > 5([1] —1)

Denote by m,(z) : C* = C* and m_(z) : C* — C* the right and left Weyl-
Tichmarsh m-functions associated with the boundary condition (1.26). Let m = mq
and m~ = my be the half line m-functions corresponding to the Dirichlet boundary
conditions. The following key inequality [51] relates m,(E + ic) to the solutions u¥

and v¥ given by (1.25),(1.26).
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Lemma 1.1.1 (J-L inequality, Theorem 1.1 in [51]) For E € R and ¢ > 0, the
following inequality holds for any ¢ € (=3, 3]

5= VL [ufllee _ 5+ VI

(1.31) : .
ime(E +ie)l — [[v2llipe) — [me(E + ie)]

We need to study the whole-line m-function which is given by the Borel transform
of the spectral measure p of operator H (see e.g., [21]). The following relation between
whole line m-function M and half line m-function m,, was first shown in [29] as a
corollary of the maximal modulus principle. One can also find a different proof based

on a direct computation in the hyperbolic plane in [7].
Proposition 1.1.1 (Corollary 21 in [29]) Fiz F € R and ¢ > 0,
(1.32) |M(E +ic)| < sup|my(E + ic)]

©

This proposition implies that in order to obtain an upper bound for the whole line
m-function, namely, the continuity of whole line spectrum, it is enough to obtain a
uniform upper bound of the half line m-function for any boundary condition.

On the other hand, consider a unitary operator U : [*(Z) — [*(Z), defined by
(U)n = Y_pny1, n € Z. For any operator H on [*(Z), we define an operator H on
12(Z) by H = UHU™. Denote by m, My, u¥ and 1(p), correspondingly, m, me, u?
and I(p) of the operator H. We will need the following well known facts (sce e.g.
Section 3, [52]). For any ¢ € (—m/2,7/2] we have

_ M (2)Mrja—p — 1

(1.33) M(z) = () + Timga o
and
(1.34) ()2 —¢) =1(9), |ulli = |Uull

Similar to Lemma 5 in [52], a direct consequence of relation (1.33) is the following

result.

Lemma 1.1.2 For any 0 < v < 1, suppose that there exists a ¢ € (—7n/2,7/2]

such that for p-a.e. E in some Borel set S, we have that liminf. oe'~7|m,(E +
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i€)] = oo and liminf. o' |Myjo_,(E + ie)] = oo. Then for p-a.e. E in S,
liminf. ,oe'™7|M(E + i€)| = oo, namely, the restriction u(S|()-) is y-spectral sin-

gular.

Transfer matrices and Lyapunov exponents

Although Theorem 1.1.6 does not involve any further conditions on the potential, it
will be convenient in what follows to use the dynamical notations. Let Q = R% and
T :Q — Qis given by (T0)(n) = 6(n+1). Let f(8) := 6(0). Then any potential
V' can be written in the way (1.17), Vp(n) := 0(n) = f(T"0). Thus for a fixed
{Vitnez = 0 € Q, we will rewrite the potential V as Vyp(n) = f(T7T™0) as in (1.17). For
our general theorem we do not introduce any topology, etc; this is being done purely

for the notational convenience. Denote the n-step transfer-matrix by A, (0, E):
(1.35) A,(0,E) = A(T"0, E)A(T" "0, E) --- A(T9,E), n>0

and
Ag=1d, A,(0,FE)=A"LT"9,E), n<0,
where

E—f@) -1
1 0

(1.36) A(0,E) =

The connection to Schrodinger operators is clear since a solution of Hu = Fu can

be reformulated as

Uy Un+1

(1.37) An(6, E) - ,nez.

U Unp,

In other words, the spectral properties of Schrodinger operators H are closely related
to the dynamics of the family of skew product (T, A(6, E)) over 2 x R%. We will often
suppress either 6 or E or both from the notations if corresponding parameters are

fixed through the argument.
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If V is actually dynamically defined by (1.17) with a certain underlying ergodic
base dynamics (€2, T, v) then, by the general properties of subadditive ergodic cocy-

cles, we can define the Lyapunov exponent

(138)  L(E,T)= lim l/mgHAn(e,E)“dy:infl/1ogHAn(e,E)||dy
Q n>0n Q

n—+oo N,

1.2 Spectral Continuity

1.2.1 Proof of Theorem 1.1.6

Throughout this section we assume (1.14) is satisfied uniformly for £ € S, 0 € € (see
Section 1.4.2). Assume V' is S-almost periodic for some € > 0. The proof of Theorem
1.1.6 is based on the following estimates on the growth of the [-norm of the half line

solutions. Let u?, v¥ be given as in (1.25)-(1.27).

Lemma 1.2.1 For 0 < v < 1, assume § > 100(1 + 1/e)A/(1 — 7). For p-a.e. E,

there is a sequence of positive numbers n, — 0 so that for any ¢
2

(1.39) 1/16(Ly)" < |07, < (Le)™"

where Ly = Up(p, i, E) is given as in (1.29).

Proof of Theorem 1.1.6: Fix 0 < v < 1. Set C(e) := 100(1 4+ 1/¢). Lemma 1.2.1
can be applied to any 3 > C’(e)ﬁ. According to (1.39) and the J-L inequality (1.31),

for p-a.e. E and any ¢

1 v¥
iz
(2l lnllve e ) :

(L)
(1/4L))*

myImy(E +iny)| <

< C- =(C <

Since 7 is independent of ¢, for a fixed £ and 7, we can take the supremum

w.r.t. ¢. By (1.32) in Proposition 1.1.1, we have for p-a.e. E,
my M (E +in)| < C
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ie.,

limui)nf e M(E +ie)| < 0o, p-ae. E,

which proves the ~-spectral continuity of Theorem 1.1.6. The lower bound (1.16)

comes from the definition of spectral dimensionality. |

The proof of Lemma 1.2.1 follows from the following estimates on the trace of the

transfer matrix. Let g, be the sequence given in (1.3).

Theorem 1.2.1 If

(1.40) B> 37T+ 11/e)A

then for p a.e. E, there is K(F) such that

(1.41) |TraceA,, (E)| < 2 — e 1% k> K(E).

This theorem is the key estimate of the spectral continuity. It can be viewed as
a quantitative version of the classical fact that period-length transfer matrices of
periodic operators are elliptic on the spectrum. Indeed, we prove that [-almost
periodicity implies quantitative bounds on ellipticity. The proof will be given in the
following two subsections. The direct consequence of Theorem 1.2.1 are the following
estimates on the norm of the transfer matrices. They show that if the trace of the
transfer matrix over an almost period is strictly less than 2, then the there is a sub-
linearly bounded subsequence. We will use this result to prove Lemma 1.2.1 first. The
proof of Lemma 1.2.2 will be left to Section 1.2.5. Let K(FE) be given by Theorem
1.2.1.

Lemma 1.2.2 For any & > 0 set N, = [e*%*] and suppose that, in addition to the

conditions of Theorem 1.2.1
(1.42) B >15A+ (24 1/€)€.

Then for p-a.e. E, the following estimate holds:

Ni-qx

(1.43) Z |An(B)|]? < e®F15Ne - k> K(E)
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Additionally,

Lemma 1.2.3 For 0 < v < 1, assume that in addition to the conditions of Lemma

1.2.2
16A
Then
Ni-q
(1.45) ST HAUE)® < (N -qo)*™, k> K(E).
n=1

Proof of Lemma 1.2.1: It is enough to prove r.h.s. of (1.39) since then the Lh.s.
of (1.39) follows from ||u?|| L, ||v¥||, > 1/4Ly.

For any 0 < 7 < 1, set fy = 100(1 + 1/e)s2-, € = {2, Then (1.40),(1.42)
and (1.44) are satisfied for all § > ;. Therefore, (1.45) holds with above choice of
parameters. Let [, = [e%%] - ¢. Rewrite (1.45) as Z;’;l | A, (E)||> < 1277, Thus for

any ¢, [[v?[? <4177, By (1.30), we have

1 _
(1.46) 1 s [ [l 0%y, <4577
Set
(1.47) (%) .
. ex(p) i= ——
2w o, 1ol
Then,
(1.48) inf ex(p) > —— >0
. =1l €
e = Wb Erlp) = 3. 27

"k
is well defined. Set Li(¢) := (v, mk, E), the length scale satisfies
1

(1.49) Mk =
2wl i) - V2Nl ice)

By (1.48),

2 _
Li(¢) < 4’| ][v%]r, = - 16- 1277
k
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Since 1 < ex(p) and ||u?||;||v?]]; is monotone increasing in I, we obtain for any ¢
(1.50) I < Li(p) <1617

By the definition of [, for large k,
(1.51) U - g < Li(ip) < elE0EHA 200 g

Write Ly(¢) = [Li(¢)] + Li(p) and

(1.52) [Li(p)] = (Nk() = 1) - qe +11(0), Ne(p) €N, 0 <r(p) < qu

where [Lg(p)] is the integer part of Li(p). Define

log NV,
(1.53) () = 28 k()
Ak
We have
(1.54) [Li(p)] = (5% — 1) - gy + 14 (), D% €N, 0 <rip) < g

For large gy, it is easy to check
e(Ek(9)=A/200) 0 (o < (efk(‘P)'Qk —1) - qr < Li(p) < eSrlera . g
Using (1.51), we have for any ¢
(1.55) €—NA/200 < &(p) < (2—7v)&+ A/100 < 26+ A/100
Together with the choice of § and £, we have

B> Bo > 15A+ (2+ 1/€)&()

Now we can again apply Lemma 1.2.2 with parameters 3, () and the length scale

Ni(e)-ax
(1.56) Z 4. (E)|? < e(ﬁk(so)+15/\)qk

n=1
Notice Ly(p) > e&)=A/200)a implies that

1 k@) ( )
—(= A
(L) Z AL (B)|]? < e\mU=mati6h)a

n=1
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By the Lh.s. of (1.55), we obtain

(1 =) (&) +A/200) > (1 —7)§ = 17A

which implies

(1 =)&) > 17A — (1 — 7)A/200 > 16.5A,

and
(1.57) 1 Nkik | AL (E)||? < e Aa/2 < 1
| Lo 2 1A= :
Finally, by Lemma 1.2.3 we have
[Lr]+1 Ni(#)-qr Ny (0)-qx
o, < 3 gl < S (gl 4 EaP) < D0 IALE) < (L)
n=1 n=1 n=1

1.2.2 Proof of Theorem 1.2.1

The proof of Theorem 1.2.1 will be divided into two cases. We will first exclude the
energies where the trace is much greater than 2 infinitely many times using extended
Schnol’s Theorem (Lemma 1.2.6). Then we will estimate the measure of energies
where the trace is close to 2 through subordinacy theory. The conclusion consists of
the following two lemmas. Again let ¢ be the sequence given by (1.3) with certain

B,e > 0.

Lemma 1.2.4 For any 7 > 0, if

(1.58) B> B+1/e)r+(7T+1/e)A,

then for spectrally a.e. E, there is K1(F) such that,

(1.59) | Trace Ag, (E)| <2+ ¢ ™, Vk> K, (E)
Lemma 1.2.5 If

(1.60) B> (254 1/¢)A,

then for spectrally a.e. E, there is Ko(E) such that

(1.61) |Trace A, (E) + 2| > e %% vk > Ky(E)
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With these two lemmas, we will first have the
Proof of Theorem 1.2.1:

Follows immediately by combining Lemma 1.2.4 with 7 = 10A and Lemma 1.2.5. m

Remark 3 It may be interesting to compare Theorem 1.2.1 with the technique Last
used in his proof of zero Hausdorff dimensionality of the spectral measures of super-
critical Liouville almost Mathieu operators [64]. An important step there was using
Schnol’s theorem to show that eventually spectrally almost every energy is in the union
of the spectral bands of the periodic approzimants enlarged by a factor of ¢i. Here
we show that spectrally almost every energy is in the union of the shrinked spectral
bands of the periodic approximants, a much more delicate statement, technically, thus

with more powerful consequences.

1.2.3 The hyperbolic case: Proof of Lemma 1.2.4

We are going to show that if ¢ is an ‘approximate’ period as in (1.3) with certain

B,e > 0 and satisfies
(1.62) |Trace Ay (E)| > 2+ ¢ ™

then the trace of the transfer matrix at the scale €792 will be very large and any
generalized eigenfunction of Hu = Fu will be bounded from below at the scale e7%/2,
If this happens for infinitely many ¢, then any generalized eigenfunction will have al
least a larger than 1/2 power law growth (in index) along some fixed subsequence.
By the extended Schnol’s Theorem, such £ must belong to a set of spectral measure

7€ero.

Claim 1.2.1 Suppose ¢ — oo satisfy |TraceAq(E)| > 2+ ™™ and
1.63 V(j+ka) = V(i + (k£ 1)g) < e, e>0.
(e o max  [V(+ke) =Vt kgl <, ¢

Assume further that

(1.64) B>B+1/e)r+(T+1/e)A
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Then there is xf] € Z,i =1,....4, independent of E, such that |mfz| — 00 as ¢ — 0

and for any |ug|* + |ui|? = 1, max;—1__4 |ufq > 1/16¢?, where uX is a solution with

boundary values (ug, uy).

Lemma 1.2.6 (Extended Schnol’s Theorem) Fiz any y > 1/2. For any se-
quence |zy| — oo(where the sequence is independent of E), for spectrally a.e. FE,

there is a generalized eigenvector u¥ of Hu = Eu, such that
E
|ty | < C(1+ [K])

We can now finish the proof of Lemma 1.2.4.
Proof of Lemma 1.2.4:

Let g be given as in (1.3). Combining Claim 1.2.1 with Lemma 1.2.6 with {z;} =
UZt{z!, } we obtain that the set of E such that there are infinitely many g, with

|TraceA,, (E,a)|> 2+ e " has spectral measure zero. n
J

Claim 1.2.1 is based on the following results. First, we need to estimate the norm
of the conjugation matrix for any hyperbolic SL(2,R) matrix w.r.t. the distance

between its trace and 2:

Lemma 1.2.7 Suppose G € SL(2,R) with 2 < |TraceG| < 6. The invertible matriz
B such that

(1.65) G=B B!

where p*1 are the two conjugate real eigenvalues of G with |detB| = 1 satisfies

1G]]

/| TraceG| — 2

(1.66) 1Bl = 1B~ <

2y/ Gl

v/ |TraceG|—2 "

The proof is based on a direct computation of the conjugate matrices. For the sake

If |TraceG| > 6, then ||B]| <

of completeness, we present it in Appendix A.1.
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Fix 7 > 0 and apply Lemma 1.2.7 to A, satisfying
(1.67) |Trace A, > 2+e ™.

We then have

Claim 1.2.2 For large q,
(1.68) A, =B B!

where p*' are the two conjugate real eigenvalues of A, with p > 1 and B satisfies
|detB| =1 and

(1.69) 1Bl = || B~ < elr/2sa/z00

Second, we need to use the almost periodicity (1.63) of the potential to obtain ap-

proximation statements for the transfer matrices. Set
(1.70) N = [e(T/2+7/100)q]

Under the assumption (1.63) and (1.64) on V' as in Claim 1.2.1, we have for ¢ large

enough (the largeness depend on A and ny),

Claim 1.2.3 Under the conditions of Claim 1.2.1,

(1.71) [ Ang — AY|| < 2e2|p|V < 2e7 | TraceA)|
and
(1.72) [ [ANq]fl — A ngl < deMpV < 46_Aq|TraceAéV|

Let us now finish the proof of Claim 1.2.1.
Proof of Claim 1.2.1: Decomposing A, as in (1.68), we obtain |p| > 1 + e~ 79/2.
Obviously, |TraceA)| > |p|™. By (1.70), N > 2¢™%/% . ¢, thus

[ TraceA) | > (1+ e T2 > ea
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Assume ¢ is large enough so that 2e*¢ < 1/10. By (1.71), we have,

9
(1.73) |TraceAn,| > (1 — 26_Aq)|TraceAéV| > 1—06‘1.

Now consider solution u of Hu = Ewu with normalized initial value

U

X = X =1
U
Then by (1.37):
u U
(1.74) Ayg- X = "), Ay, x=|
UNg U—Ngq

By the Cayley-Hamilton theorem combined with (1.72) and (1.73), we have

9
E|TraceAéV] X < [|Trace Ay, X||

= [ Ang- X + [Ang] - X

IN

2
[Ang - X[+ [[A-ng - X + TOITraCGAfJVI X

Then
7 1
|Ang - X|| + | A-ng - X|| > TO\TraceAéV\ X > §|TraceAéV|

which is equivalent to

UNg+1 H U_Ng+1 ‘
)

maX{H ‘} > 1/4|TraceA)|.

UNg U_Ng

Therefore

max { [uxcg ], [ [ wgn | [uowgl } > 1/16¢7

Let z; = (=1)'Nqg + 1 —[i/3],i = 1,...,4. Then for every ¢ and one of i =
1oy d [y | > 1/16¢7. -

It now remains to prove (1.71),(1.72) in Claim 1.2.3. Set

(1.75) A=A TV E) -~ A(0,E), i=—-N+1,---,N.
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Claim 1.2.4 Suppose (1.14) holds for n > ng and is uniform in E € S. Fix E €
S,0 € Q. If Vy satisfies (1.63) with € > 0, then there is a constant Cy, (depends only

on ng and upper bound of |V ||« ), such that
(1.76) 12:(6, B)|| < |i —1|qCye™P |i| =1,---  [e%/q]

Proof: The proof is quite standard. Suppose 1 < i < [e%??/q]. Then for |k| < 1,
|k|q < eP4. Since Vireg(n) = Va(n + kq), (1.63) implies that for |k| < i the following
holds:

Vrao(7) = Vi (7)) < €77, 1 <5 < q

which implies
|A(T *70) — A(TWHDIHG)|| < e 1 < j <gq, [k <i
By a standard telescoping argument, for any 6’ = 70, |k| < i,
|4,(T90') — 4,(0)] < qCPRe51 = 4, el

where Cy is such that [|A(0', E)|| < Cy, V', E. In the above estimate, if n > ng, we
use the bound (1.14). When n < ng, we use the trivial bound ||4,| < C}°, We have

Aig(0,B) = A (T07199) - A, (T0) A, (9).

Therefore for 1 < i < [e%1/q]

i—1
84 < 3 14, (T476) = 4,(T4190) | < (i = 1)gCoye® 1

k=1

Since (1.63) is symmetric w.r.t. T — T7! (1.76) for i < 0 follows by takeing

T =T71 n
Proof of Claim 1.2.3: Write for any i, A} = B~ P | B so ALl <
0 p
B|l?|p|". Set G(6) = 1A, (f) and G; = G(TU~Y9). By (1.69), we have ||G!|| <
»lq j

| B||? < elm+284+A/100)a - Jnder the assumption (1.64), we have 7/2 + A/100 < €f3 so
by (1.70), Nq < e’4. Then Claim 1.2.4 implies, for j = —N,--- | N and large ¢, that

|G, — G| = 1||Aj|| < chnoe(A—ﬁ)q < e(A+7/2+A+A/50)q
P
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Now we want to apply Lemma C.0.1 to these G, with M = e(T+2A4+4/100)a apq

§ = e(=AFT/2HAHA/50)a - Direct computation gives

NM25 < e(—ﬂ+3T+5A+A/20)q

By (1.64) we have f — (37 + 5A + A/20) > A. Therefore, for ¢ large enough (the
largeness only depends on ng), we have NM§ < NM?§ < e=24. Then Lemma C.0.1

implies that
N
IT]G; — GVl < 2NM?5 < 2e7

j=1
and
N
IT] G-nsj — GV < 2NM?6 < 267
j=1
Therefore
N
(1.77) 1Ang = AN| = 1ol - I T] G5 — GV < 2¢7"|TraceA|.
j=1
establishing (1.71) , and
N
(L.78) | Ang(TN18) — AT @) = oI - || TT G- — GVII < 2679 TraceA]].
j=1

Since
1A_ng(0) = [A7 O] | = | [Ang) (T N90) = [AN(0)] || = | [Ang) (T7N0)— [AY (0)]]]
this implies

1A ng(8) — [AZ1(O)] 7| < 2¢29| TraceAY.

q

Also,
(1.79) I[Ang] ™ = [A717 1 = I[Ang) — [Ad] ",
therefore, by (1.77), we obtain (1.72). n

Lemma 1.2.6 is proved in the same way as the standard Schnol’s Lemma, however
the statement in this form, while very useful, does not seem to be in the literature
(we learned it from S. Molchanov, see the Acknowledgement). For the sake of com-

pleteness, we include a short proof in the Appendix.
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1.2.4 Energies with Trace close to 2: Proof of Lemma 1.2.5

All throughout this section, we will assume again that all ¢ are large enough and

satisfy (1.3) with certain 8,e¢ > 0, i.e.,

(1.80) max  |V(j+kq) —V(G+(kE£1)q)| <e P e>0.

1<j<q)|k|<eP1/q
We are going to show that spectrally almost surely, there are only finitely many ¢
such that TraceA, is close to 2.
In fact, we are going to prove the following quantitative estimate on the measure

of energies where the trace of the associated transfer matrix is close to 2.

Lemma 1.2.8 Let A be given by (1.14) on some set S C o(H). Let
(1.81) Sy ={E: 0< |Traced, £2| < e %},

Assume (1.80) holds and

(1.82) B> (25 + 11/€)A.
Then
(1.83) 1(S,) < 4q - e M5 < g Aa/20

where p = g is the spectral measure restricted to S.

Once we have Lemma 1.2.8, Borel Cantelli lemma immediately implies Lemma

1.2.5. So the main task is to prove (1.83).

In order to estimate the spectral measure of S, first we recall the following results
on the structure of S,. Let P, (R) denote the polynomials over R of exact degree n.

Let the class P,.,(R) be elements in P, (R) with n distinct real zeros.

Proposition 1.2.1 (Theorem 6.1,[55]) Let p € Pp.n(R) with y; < -+ < y,_1 the

local extrema of p. Let

(1.84) C(p) == min [p(y;)|

1<j<n—1
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and 0 < a < b. Then,

(1.85)  |p(a,b)] < 2diam(=(p — a)) max { C&;fa, (C&)_fa)é}

where z(p) is the zero set of p and |- | denotes the Lebesque measure.

Fix any 7 > 0. We apply Proposition 1.2.1 to polynomial TraceA,(E) € P,,,(R), with
a=2,b=2+e" Clearly, diam(z(Traced, — 2)) is bounded from above by some
constant that only depends on ||V|». We also have |((TraceA,)| > 2. Since b—a < 1,
we have (TraceA,) ! (a,b) < Cyv/b—a = Cye "%? where Cy is some constant that
only depends on ||V||«. Since (TraceAd,) *(a,b) contains at most ¢ bands, setting

Sg={E: 2 < TraceA, <2+ e}, we have

q
(1.86) Se=UJ1L. 1L <1S,) < Cye ™2,

j=1
The same analysis works for (a,b) = (2 —e779,2),(—2 — e 7, -2), (-2, -2+ €7 9).
Thus the structure (1.86) also holds for the other three cases.

Denote by
(1.87) el = |I;| < 712+ /2000

If ;NS # 0, pick B; € [, where ¥ = o(H) is the spectrum. Set I; =
(E; —¢€),E; +¢€)). Then I; C fj, so it is enough to estimate the spectral measure of
ul;.

Set N, = [e(7/27A/200)4] For any ¢, > 0, define I, = (¢, &,, E), u?,v¥ as in (1.29).
Write 1, = [l,] + 1, — [l,], and [l,] = K, - ¢ + 14, where 0 < r, = [l;Jmod ¢ < ¢ and
0 <I,—[l;] <1. We need the following power law estimate, which is the key part to

the proof of Lemma 1.2.8.

Claim 1.2.5 Suppose E € S, ¥ and 0 < g, < e(=7/2+8/2004 - Gyppose (1.80) holds.
Assume that 5 > (2+1/e)7+(5+1/€)A and 7 > 10A. Then for every initial condition

'
2 LA
(1.88) [u?]l;, > e10™
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Combining (1.88) with the subordinacy theory, we are ready to estimate the m-

function and the spectral measure.

Proof of Lemma 1.2.8: Take 7 = 10A. Then 5 > (25 + 11/¢)A satisfies the
requirement in Claim 1.2.5. Let E; € [;(X C S, (X . For any ¢, let u¥¥i v?Fi be
the right half line solution associated with the energy E;. According to (1.87), Claim
1.2.5 can be applied to all u#%i.

We have for any ¢,

) 1 .
||U¢7EJ||l2q(j) Z elOAq7 J = 17 4

where l,(j) = l(¢, Ej, €]).
Then by the J-L inequality (1.31) and the definition of [,(j), we have

. . 54+ /24 v 5 24
ch - Imo(By + i) < o VI IV, VR sape
I 2wy, - oo B, [JueFil], 2

Notice that the interval /; is independent of the boundary condition ¢, and so is 5{1'.
Therefore, we can take the supremum w.r.t. ¢ on both sides of the above inequality.

By Proposition 1.1.1, we have

; w 5++v24  _
ey IM(B; +ie)] < ———— - 710

On the other hand, by the definition of M (z) in (1.7), we have

1
%M(E+ie)22—€u(E—5,E+s), EFeR, >0

Therefore,
W(E; — el Ej+el) < 2e0 - |M(E; +igl)| < (5+ v/24)e /10

which implies

L) < plly) < e/

Since in (1.86) there are four cases for S, and each of them satisfies the previous

estimates, the spectral measure of S, will be bounded by 4qe=49/15 < e=A4/20, n
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The proof of Claim 1.2.5 relies on the following estimates on the transfer matrices.
The first one is a formula for the power of a general SL(2,R) matrix. It is elementray
but turned out particularly useful and will be an important part of our quantitative
estimates in both hyperbolic and nearly parabolic cases. As we did not find it in the

literature, we will provide a proof of it as well as of the next Lemma, in the Appendix.

Lemma 1.2.9 Suppose A € SL(2,R) has eigenvalues p*'. For any k € N, if
TraceA # 2, then
Ak _ pk‘ _ p:lki ‘ <A B TraceA . [) + pk + p_k‘
p—p
Otherwise, A¥ = k(A —1)+ 1.

-1

(1.89)

The key to the estimates in the nearly parabolic case is then the following simple

Lemma 1.2.10 There are universal constants 1 < Cy < oo,c¢; > 1/3 such that for
EcS,andl1 <k <N, we have
k —k k —k
+ _
(190) cr < u < 01 s Clk < % < Clk'
2 p—p
Second, since A,(f) is almost periodic (with an exponential error), the iteration of

A,(8) along the orbit will be close to its power. The argument is similar to what we

used in the proof of (1.71) in the previous part.

Claim 1.2.6 Fiz 0 € Q, E € S;(\X and 7 > 0. Suppose (1.80) holds with § >
(24 1/e)r+ (5+ 1/e)A. Then for any 1 <k < N,, we have

(1.91) | Agg — Ab|| < 2e729.

Proof: Set A; = A,(T7710)— A,(6). By the Claim 1.2.4, || A;|| < jqCe=FHMa 5 <
[e%7/q]. Recall that N, = [e(7/274/2004] The condition on 3 guarantees N, < [e%1/q],
therefore we have ||A;|| < e(ZA+7/2HA+A/100)0 for a]l j = 1,---, N,. We need to check

the other requirements of Lemma C.0.1. According to Lemmas 1.2.9, 1.2.10,

TraceA,

143]) < CugllA, — =

||+ C1 < 3C1N,||A,]| < o(T/2+A+A/100)q
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Now apply Lemma C.0.1 to the sequence A,(0),---, A (T9710), -, A,(T*10),

with M = 6(7/2+A+A/100)q and § = 6(—B+T/2+A+A/100)q‘ We have NqM25 < 6(—B+27—+3A+A/40)q‘

Since f > (2+1/e)7 + (5+ 1/e)A > 27 + 5A we have § — (27 + 3A + A/40) > A.
Therefore, for q large enough, N,Md§ < N,M?§ < e~*4.Thus, by Lemma C.0.1, we
have || Ag, — Al = || L=, Ag(T7710) — AL(6)]| < 2¢7M. m

Now we are ready to finish the proof of the most technical part.
Proof of Claim 1.2.5: We first show the following lower bound for K, = [@]:
(1.92) K, > M6 > 180, - A8

Actually, if K, > N,, (1.92) is automatically satisfied since 7 > 10A.

Now assume K, < N,. For any n < [[,] + 1, write n = kq + r, where 0 < k <

cos
Ky 0<r<gq. Set X, = 7 According to (1.89), (1.90), we have for any
—sinp
0, 1<k<K, <N,
TraceA,

|AE - X, || < Cik||A, — |+ Cy < Cik(| Agll +3/2) + &
and by (1.91),
[ Akg - Xoll < AL - Xl + 11(Akg — AL) - X || < Cik(||Aqll +3/2) + C1 + 1

For ng < r < ¢, and for any ¢ € Q, ||A.(¢")|| < e*. For 1 < r < ngy, we bound
|A-(8")|| by C™ as in the proof of Claim 1.2.4. Therefore ||A,(0")] < 2 for all
1 <r < ¢ with ¢ large. Thus,

[Akg4r(0) - Xoll - < [A(TH0)]] - [ Arg(0) - X

IN

e (Cik(ll 4l +3/2) + €1 +1)
M (Clk(eAq +3/2)+Cy + 1)

L . o(2A+A/200)

IN

VAN
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u
Recall that AR A, - X,, direct computation shows

n

llg]+1

< Z [ An - X |
ZHA - X ||2+ZZI|Akq+r X

k=1 r=1

q- e 4 szz (4A+A/100)q

k=1 r=1
q- 62Aq + Kg L q- 6(4A+A/100)q

1?1z,

IN

IN

IN

IN

3. (4A+A/20
K; el /20)q

®
v
Since ¢ is arbitrary, and =4, Xotn/2, ||v“"||12q has the same upper

4
bound. Therefore, |[u?|, [|v#]|, < K3 - e@AA4/294 On the other hand, since g, <

—7/24+A/200
e(=T/24+A/200)a e have

1
(1.93) Hu”“quU‘Pqu = — > (7/2-A/100)g
2¢e4

With 7 > 10A, this implies that K2 > ¢%*/2. Therefore,
(1.94) K, > M6 > 180, - N8

as claimed.

In order to get the lower bound on [[u?[|7 in (1.88), we need to consider two cases.

case I: For ¢ such that

TraceA,

(1.95) (4, - =

I)- Xo|| > e %,

by (1.89),(1.90), for any 1 < k < 18C) - €29/ < N,, we have

k —k k —k
Pt —p TraceA pr+p
147 - Xl = Hﬁ'(/lq——q'I)XsﬂrT'XwH

k_ ok k| —k
Pt —p TraceA, P+ p

> Ll (A - = )X - B
1

> SheeME -G
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Due to (1.91), we have then

4k ol > 145 X~ 1) (Akg — AE) - Xoll 2 k-5 20,
Therefore, for 9C; - e2/8 < | < 18C} - e2/8 we have
(1.96) Ay - X, = Ch > 1

By (1.94) and (1.96) we obtain

[lg]—1 [18C -eMa/8)

1 1
Il 2 5 2 Il Xol* 2 ) 1Ak - X |* > et/
n=1 k=[9C1-eMa/8]41

case II: For ¢ such that

TraceA

(1.97) 1(Aq 5 0) - Xl < e,

by (1.89),(1.90), for any 1 < k < N, we get

k —k k —k
Pt —p TraceA prtp
4G - Xl = ||ﬁ-<Aq—TqI>X@+T-X@||
kL o~k Eo—k TraceA
> - P (4 - ) )

> 1/2 — Cik-e 298

Combining with (1.91), we have

1

| Akg - Xoll = 4G - Xoll = [[(Arg = Ag) - Xl = 7 = Cuk - e M8

Then for 1 < k < ﬁ-eAQ/s < K, < N,, we obtain || Ay, - X, | > %. This implies

[ﬁeAQ/S]
1
Wl 25 D0 A Xl = M.
k=1

1.2.5 Proof of Lemmas 1.2.2 and 1.2.3

Assume that |Trace4,| < 2 —e 7 < 2. Thus in the expression in Lemma 1.2.9,

p=¢e¥ e (—n,m). We have for any 7,

'[> ¢€ (—7T,7T)

. sin g TraceA, cos JY
1. Al = A - ——— 9T
( 98) q Sinw ( q 2 ) +
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Then |2 cos | = |TraceA,| < 2—e 79 implies |sin¢)| > \/1 —(1—ie )2 > Ce ™92,
Therefore,
450 < C e (1A, 4 1) +1

(here q is large enough so that ||A4,|| < e29.) If 7 = 10A, we obtain
||Aj|| < 6(6A+A/100)q.
all =
Now let N = [e%9]. By the same argument as used for the proof of (1.71) and
(1.91) (based on Lemma C.0.1), if 8 > 15A + (2 + 1/¢)&, then for any j < N¢,
HAZ; — Ajll < e(—AHIBAF26+A/20)q - —Aq

As a consequence, we have [|Aj,|| < e@AABP0 and ||A .|| < eTATAS0 for all

0<r<gq 0<j< Nt Therefore

Ngq N¢ ¢
S THAEN® D0 N Argir(6, B < Ng - M0 < (4150
= k=0 r=1
n
Proof of Lemma 1.2.3 Since N > e(6=4/2004 for ¢ large, then for any v < 1,
2 Z ”A H2 ( 7)§+15A)q
vy
If &> 16A , then (1 —~)¢ — (15A) > 1/2A. Therefore,
— Z A, (B)|]?> < e M/ <1
n

1.3 Spectral Singularity

1.3.1 Power law estimates and proof of Theorem 1.1.5

Throughout this section, our potential will be given by Vy(n) = V(0 4+ na),n € Z,
where V() is a real analytic function defined on the torus with analytic extension to

the strip {z : |[Imz| < p}.
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According to Lemma 1.1.2, it is enough to find a ¢ such that both m,, and m,/,_,
are y-spectral singular. The main technical tool to estimate m-function is the sub-
ordinacy theory Lemma 1.1.1. We also need one more general statement about the
existence of generalized eigenfunctions with sub-linear growth in its l-norm (see [65]).
That is, for ug-a.e. E, there exists ¢ € (—n/2,7/2] such that u¥ and ¥~ both obey

. [[ells
(1.99) lu;ris;)lp [logl < 0

This inequality provides us an upper bound for the [-norm of the solution. To apply
subordinacy theory, we also need a lower bound for the [-norm. It will be derived

from the following lower bounds on the norm of the transfer matrices. Denote

(1.100) An(0,FE, o) = A, (0 — o, E, —a)
We have

Lemma 1.3.1 Fiz o € R\Q with § = f(«a) < 0o. Assume that L(E) > a > 0,F €
S. There is ¢ = c¢(a, p) > 0 such that for | > I(E, 3, p), and any 6 € T, the following
hold:

l
(1.101) ST 1A, B, a)|? > 115
k=1
and
! ~ 2
(1.102) > A6, B, a)|* = 115
k=1

Proof of Theorem 1.1.5: For any ¢, we have

l
1
(1.103) [u? |7 + [[v?|]f > 52 | A(0)]”
k=1
and
1~ ~
(1.104) [u?~ |7 + Jo?7[)7 > 52 | A ()]
k=1

Therefore, a direct consequence of (1.101) is the power law estimate for the left hand

side of (1.103), i.e., |[u?||? + |[v*||? > % for I large.
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On the other hand, according to (1.99), for pg-a.e. E, there exist ¢(F) and
C = C(F) < oo, such that for large I,

(1.105) |u?l; < C1Y?logl, |u?~|; < C1Y?logl

Let us consider the right half line estimates for u?, m, first. From (1.103) and (1.105),

we have

0?2 > 15 — Cl(log )’
and then
(1.106) |w#]|; > 11/2F</P

provided 5 < oo and [ > (3, E, p).

Applying subordinacy theory (1.31) to (1.105),(1.106), one has for any v € (0, 1),

any € > 0
1 2 ye
e Nmy(E +ig)| > (5 V2d) ‘|||v¢|||’z( )
u

(2l o 1o o) ©

[l

- 0% —

w7

> Cvl(HC/ﬂ)%l . log_2l

where ¢, > 0 may denote different constants that only depend on 7. Set vy = 7o(5) =

ﬁ < 1, since < oo. We have for any v > 7,

51—v|m¢(E + 25)| > Cvlv/vo—l ) log_gl s

as € — 0.

Using (1.104) and (1.105), the same argument works for u#~, v%~ and m_. There-
fore, for spectrally a.e. E liminf. o e'~|m,(E+ic)| = co and liminf._,o &'~ |m (E+
ie)| = co. According to Lemma 1.1.2, y is v-spectral singular for any 7 > ~,. The

conclusion for the spectral dimension follows from the definition directly. |
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The proof of Lemma 1.3.1 depends on the following lemmas about the localization
density of the half line solution. The key observation is that in the regime of positive
Lyapunov exponents we can guarantee transfer matrix growth at scale ¢, somewhere

within any interval of length ¢,, giving a contribution to (1.101).

Lemma 1.3.2 Assume that L(E) > a > 0,a € R\Q. There are co = ca(a,p) > 0
and a positive integer d = d(p) such that for E € S and n > n(E, p), there exists an

interval A\,, such that

Ca

1.107 Leb(A,) > —

(1107 D) > 2

and for any 0 € A,,, we have °

(1.108) |A4,(0, B, a)||%q > e™LE/E
In the following, we will use || - || for the HS norm || - || zs. Now let ¢ and d be given
as in Lemma 1.3.2. Denote

Codn
1.109 k, = 1
(1.109) 2

where, as before ¢, are the denominators of the continued fraction approximants to

a. Based on Lemma 1.3.2, one can show that

Lemma 1.3.3 Fiz £ € S and a € R\Q. Let k,, be given as in (1.109). Suppose g,
is large enough so that (1.107) holds for Ay,. Then for any 0, and any N € N, there
is jn(0) € [2Ngpn, 2(N + 1)g,,) such that

(1.110) 1455 (0, B, )| > M EENe

We first use Lemma 1.3.2 and Lemma 1.3.3 to finish the proof of Lemma 1.3.1. The

proofs of these two lemmas are left to next section.

SWe denote by || - || s the Hilbert-Smith norm of a SL(2,R) matrix

a b
A—( ) IAllms = Va2 + b2 + 2 + d2
c d
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Proof of Lemma 1.3.1: For [ sufficiently large, there is ¢, such that, [ € [2¢,, 2¢,+1)-
Write [ as
[=2Ngq, +r,

where 0 < r < 2¢,, 1 < N < qz—:l. Suppose ¢, is large enough so that (1.107) holds
for Ay,. Then Lemma 1.3.3 is applicable. Fix 6. Consider A, (0, E,a) first. Let
Jn(0) € 2ngn,2(n+1)g,),n =0,1,--- | N, be given as in (1.110). Direct computation
shows that

ZHAk O = 14RO + 145 O + - + 1A, (O]

> NeknL(E)/16

We have | = 2Ngq,, + r < 4Ngq,, i.e., N > 1/(4q,). (1.109) implies ¢»q,/(5d) < k, <
2/ (4d) for ¢, large, so we have

Z ||Ak ||2 l knL(E)/IG l 616cqn
4gn ~ 4y

where ¢ = ¢(cq, d,a). Then for sufficiently large [, we have

Z | A(0)|? > 1B

We also assume [ large enough (meaning g, large enough), so that logj—:“ < 20, ie.,

1
e™ > ¢, . Then

| ac c
ZuAk O > 1 g0 > 1 (5)F > 15,

For the same 6, repeat the above procedure for A, (0 — o, —«, E'). Notice that
gn(ﬁ, E,a) = A,(0 — a, E, —«). Therefore, we have a sequence of positive integers
Jn(0 — ) € 2Ng,,2(N +1)g,) for any N € N such that

N knL(E)/16
(1.111) 145, (6. B, a)|| > e

The rest of the computations are exactly the same as for A, (6, E, a). Notice that the
constants ¢ and d in Lemma 1.3.2 are independent of the choice of @ or —a and 6.

So k,, and ¢ will be the same for A,, and Kn n
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1.3.2 Proof of the density lemmas

Proof of Lemma 1.3.2: Denote

(1.112) fa(0) = |1 42(0) 125

Obviously, f,(0) is a real analytic function with analytic extension to the strip {z :

|Imz| < p}. For bounded S we have

<" FEefS

fn(2)

(1.113) | full, == sup

[Imz|<p

where C7 = C1(S5,||V]|,) can be taken uniform for all £ € S. Expand f,(#) into its

Fourier series on T as

(1.114) Fal0) = by (ke

keZ
where b, (k) is the k-th Fourier coefficients of f,, () so satisfies

(1.115) b, (K)| < || full, - e 2™ Vi € Z

We split f,,(0) into two parts, for some positive integer d which will be specified a
little bit later

fn(g) :gn(9)+Rn(0), gn(Q) = Z bn(/{?)€2mk0, Rn(e) _ Z bn(k)e%ikze

|k|<dn |k|>d-n
For any 6 € T
R < S a0 < S Wl e
|k|>d-n |k|>d-n
< 2 C1n6727rpdn
— 1 —e2m
Now pick
&
1.116 d=|—]+2
(1116 ]+

With this choice of d, we have 2wpd > C; + 1, so for any 6 € T

2
(1.117) |R,(0)] < me‘” <1, n>no(p)
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Now we assume that the Lyapunov exponent L(FE) of A(, E) is positive. Denote
Ol = {f: f,(0) > e tEVEY
02 = {0:g.(0) > "B/
Q3 = {0: f.(0) > B2}
According to (1.117), we see that if f,(0) > e"“(¥)/2 then

Gn(0) > fu(0) — |Ra(0)] > e"EEV2 1 > nLBVA -y > n(E)
and if g, (0) > e"HE)V/4 ] then

Fa(0) > gu(0) — |Ru(0)] > " BV5, 1 > n(E)

Therefore, we have for large n,
(1.118) e} ce?cel

On the other hand,

omI(E) < 2 / log || A, (6) srsld = / log, £, (6)d0
< Le;T(@f;) log || full, + (1 —TLeb<@i>) log "M P2
< Leb(©)-Cin+ (1 — Leb(©})) - nL(E)/2
which implies Leb(03) > 524 Since L(E) > a > 0,E € S, we have
(1.119) Leb(®3) > 5 C‘?a_ = 0(a,p) > 0
Thus
(1.120) Leb(©2) > cy(a, p) > 0

Since g, () is a trigonometric polynomial of degree 2dn, the set ©2 consists of no more
than 4dn intervals. Therefore, there exists a segment, A,, C ©2, with Leb(A,,) > i

Obviously, A,, is also contained in ©} | i.e., for any 0 € A,,,

1Au (@) 775 > e

and
Ca
Leb(A — E
where d only depends on p and is independent of n. [ ]
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The following standard lemma is proved e.g. in [52]

Lemma 1.3.4 (Lemma 9, [52]) Let A C [0,1] be an arbitrary segment. If |A| >
qi. Then, for any 0; there exists a j in {0,1, -, ¢n+qn_1— 1} such that 0+ jo € A.

n

Proof of Lemma 1.3.3: The case N = 0 is already covered by Lemma 1.3.4. The

proof for the case N > 0 follows the same strategy. Notice that (1.109) implies

|Ag,| > T > qin for large ¢,. Applying Lemma 1.3.4 to 6 + 2N¢,, we have that

there exists a 7 in {0,1,--+ , ¢, + gn_1 — 1} such that 6 + 2Ng,a + ja € Ay, , i.e.,
1Ak, (6 + 2N guor + ja)|| > eknt)/52

Since

AoNgntjtkn (0) = Ap, (0 + 2N gna + jor) Agng, +5(0)

and A; is unimodular, we have that either
| Aong,+5(0)]] > kLB o | AoN gtk ()] = ek IAE)/32
Let jn be 2Ng, + j or 2Ng,, + j + k,, so that jy satisfies (1.110). Clearly,
ONG, < 2Ngn + j < 2Ngn + j + kn < 2Ngn + 24

Therefore, jn € [2N¢n, 2(N + 1)q,,). n

1.4 Sturmian Hamiltonian

Liu, Qu and Wen [70, 69] studied the Hausdorff and upper box counting dimension of

Y5 with general irrational frequencies. For any irrational o € (0,1) with continued

fraction expansion [0; aq, ag, - - -], define
k k
(1.121) K.(a) =liminf(] [ a:)** and K*(a) = limsup Hal )k,
oo g k=eo o

Then (Theorem 1 [70], Theorem 1.1 [69]) for large coupling constant A, dimpy ¥, \ = 1
iff K,(a)=oco and dimpX,y = 1 iff K*(a) = cc.
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The usual way to study Sturmian Hamiltonian is to decompose Sturmian po-
tentials into canonical words, which obey recursive relations. Here we present an
alternative approach to study spectral dimension properties of Sturmian Hamiltoni-

an based on the technics we developed in Theorem 1.1.6.

We will first prove Theorem 1.1.8. Set
(1.122) Vo(n) = Axj1—a,1) (0 + na mod 1)

It is well known that for Sturmian Hy, the restriction of Lyapunov exponent on the
spectrum is zero (see Theorem 1, [32]). By the discussion after (1.18) (see [57]) or
else, specifically for Sturmian potentials, by [67], for arbitrarily small A > 0 and
n > ng(A), [|A.(0, E)|| < e uniformly in 0 and E € o(Hy). Here we will apply
Corollary 1.1.1 directly.

Let g be the subsequence of denominators of the continued fraction approximants
of o such that ||gra|| < eP%*/2 . In order to apply Corollary 1.1.1, it is enough to
verify that Vp(n) given by (1.122) is («a)-almost periodic for a-Diophantine 6 € T.

Fix 7 > 1. If § is a-Diophantine there is v > 0 such that ||§ + ma|/g/z > for

b
(D)

any m € Z. Then for |m| < ¢

dist(0 + ma, {Z,1 —a +7Z}) > | r|riin X 10 + ma||r/z.
m|<q+

Therefore,

L. . Y g
min dist(0 + ma, {Z,1 —a + Z}) > min > :
im|<q ( { ) im|<g+1 (|m|+ 1) = (¢+2)7

Let N = [e#%/4]. Then for |j| < N, ¢ > qo(7, 8) and any |m| < ¢, we have
1
qal < 1j] - laal < e Ph < — T < —dist(6 Z1-a+7Z
Therefore, for any |m| < ¢ and |j| < N, 6 + ma mod 1 and 6 + ma + jga mod 1
belong to one of the same open intervals {(0, 1—a), (1-a, 1)}, which implies that

X[lfa,l) (9 + mao mOd 1) = X[lfa,l)(e + ma +]qa mOd 1)a |m| S q, |J| S N
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Therefore, for 0 < m < g,
Vy(m) = Vyp(m+q) = --- = Vg(m + Nq)

which immediately implies 5(a)-almost periodicity for the sequence g with e = 1/4.
Since the set of a-Diophantine 6 has full Lebesgue measure, the conclusion for the

density of states follows directly from dN = E(dug).

Next we will construct a to prove Corollary 1.1.5. We will define inductively the
continued fraction coefficients a,,n > 1, so a = [ay, -+ ,ap,---]. Fix f > 0. Start

with some ng large. For 1 < i < ng, set a; = 1. Set [a1, -+ ,a,] = pn/gn. Now, for

ePi: n =ny + 1,
k=1,--- define ny = gny + Gn, +- -+ ¢n,_, and a, = {

1 ng +2 <n < ngy,
for k=0,1,---
Set o = [ay, -+ ,an,---]. It is easy to check that
[ ]
log g, log @y, +1qn log g, log 2¢y,
5+ qu: g k+1qk< qu+1<ﬁ+ g 2Qn,,
log q,,
— g4q k+1 N 5
Qn,,
[ ]
(aras - - 'Clnk)l/nk = (Angt1any41- " ank_1+1>1/nk

— (eﬁq"o ePany ... 66‘1%71)1/(‘1"0‘*‘%1"‘”""‘7%71)
= ¢’ <
Therefore, a constructed in the above way satisfies S(«) > 0 while K, (a) < oc.

Then Corollary 1.1.5 follows from [70] and Theorem 1.1.8. n

On the other hand, if we take o = [0;1,2,3,--- | k,-- -], then K,(a) = oo while
f(a) = 0. By [70], for Sturmian Hamiltonian with frequencies « such that K,(a) =

o0, dlmH Za’)\ = dll’Ilp an)\ = 1.
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Chapter 2

Mixed spectral types for the one
frequency discrete quasi-periodic

Schrodinger operator

2.1 Introduction

In [18], Bjerklév considers the following discrete quasi-periodic Schrédinger operator

on 1*(7Z)

(2.1) (HrpoU)n = —Ups1 — Up—1 + V(0 + nw)u,, neZ
where
(2.2) V(0) = e:tp(Kf(@ + w)) + exp( - Kf(9)>

0,w e Tt f:T®— R, is assumed to be a non-constant real-analytic function with
Z€ero mean, fTb f(6)dd = 0 and K € R is any constant. Consider the Lyapunov
exponent L(E) defined as in (1.38). In this explicit example, Bjerklov shows that
for large K we have a situation with mixed dynamics: zero Lyapunov exponent in a
region close to ' = 0 and positive for larger E.

In this chapter, we are going to show that for one frequency case, in Bjerklov’s

example (2.1), mixed dynamics actually lead to mixed spectra: for some parameters
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(0,w), Hk p,., has mixed absolutely continuous and point spectrum, and for some other
(0,w), Hi 9., has mixed absolutely continuous and singular continuous spectrum.

Without loss of generality, we assume that || f||ciry = 1 and f has analytic ex-
tension to the strip [Imz| < h, where h >> K (e.g., f can be taken as any entire
function). It follows from [18] that min{E € o(Hk,,)} = 0 for any K, 6, w. And also
it is not hard to show that max{E € o(H )} < eXlfl=_ For any € > 0 small (w.l.g.
we assume 0 < € < 1), denote I = [e, 4eXfll<]. We have I o (Hg ) # 0. We
say the frequency w € T satisfies the Diophantine Condition (denote by w € DC(k, T))
if

R

lw - nf| > vn € Z\{0}

In|™’
for some k > 0,7 > 0. And denote DC = |J,, DC(k,7) ! for some fixed 7 > 1. It is
well known that DC' has full Lebesgue measure in any box.

The main results are as follows.

Theorem 2.1.1 Let V be given as in (2.2). Fiz wy € DC(k, 7). For any € > 0,
there are K = K(wo, €, f) >0, 6 = 0(wo, €, K) > 0, and for any w € Bs(wy) := {w €
T:|w—wo| <0}, there is 0 < ey = €o(w, K, h, || f||n) < € such that

(a) for a.e. w € Bs(wy) and a.e. 0 € T, Hyy,, has pure point spectrum in Ik
with exponentially decaying eigenvectors and has purely absolutely continuous

spectrum in [0, €.

(b) for a.e. w € Bs(wy), there is a dense Gg set of 0, such that Hy g, has purely sin-
gular continuous spectrum in I. i and has purely absolutely continuous spectrum

m [O, 60] .

(c) for w in a dense subset of Bs(wy) and for any 6, Hr g, has purely singular

continuous spectrum in I g and has purely absolutely continuous spectrum in

Here || - || means the distance to the closest integer. If

(log(|n| +1))*’

for some k > 0, we say w satisfies the Strong Diophantine Condition(denote by w € SDC(k)).
Denote SDC = J,, SDC(x) which also has full Lebesgue measure.
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[O, 60] .

Previously, Bourgain [15] constructed quasi-periodic operator with two frequen-
cies which has coexistence of absolutely continuous and point spectrum. While mixed
spectra are expected to occur for generic one-frequency operators, such examples for
the discrete case have been considered difficult to construct explicitly. Recently Bjerk-
16v and Krikorian [19] announced an example of this nature. For continuous model,
Fedotov and Klopp [39] showed coexistence of absolutely continuous and singular
spectrum for a family of quasi-periodic operators and also gave a criterion for the
existence of absolutely continuous and singular spectrum in the semi-classical regime.

Here we give a short proof which shows that operator (2.1) with potential (2.2)
has mixed spectral types. The mixed nature of spectrum follows from coexistence of
positive Lyapunov exponent and zero Lyapunov exponent which was obtained in [18]
and a combination of several recent results on localization, reducibility and continuity

of Lyapunov exponent..

2.2 Singular spectrum in the positive Lyapunov
exponent region

The transfer matrix A, (0, F) and the Lyapunov exponent L(FE) are defined as usual
in (1.35),(1.38).
In the following, we would like to fix f and consider Lyapunov exponent L(E, w, K)

as function of energy F, frequency w, and parameter K. In [18], Bjerklov proved that:

Theorem 2.2.1 ([18]) Assume that V is as in (2.2), and that w € DC(k, 7). Then
for any € > 0 there is a Ky = Ky(e, f,k,7) > 0 and ¢ = c(f) > 0 such that for all
K > Ky, we have

L(E,w,K)>cK, forall E &]0,¢.

The proof is based on Large Deviation Theorem (LDT)-Avalanche Principle(AvP)
scheme developed by Bourgain, Goldstein, Schlag [16, 45]. Due to some technical
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reasons, the largeness of K depends on the Diophantine Conditions of w in this
theorem, which means the positivity is not uniform for all w. However, we can get
the following local non-perturbative positivity. Bourgain and Jitomirskaya showed
that Lyapunov exponent is jointly continuous in (w, F) at any irrational frequency

(Theorem 1, [17]). The following result is obvious:

Proposition 2.2.1 Fiz any € > 0 and wy € DC(k,T), let Koy = Ko(e, f,wo) > 0 be
given as in Theorem 2.2.1, then for any K > Ky, there is 6 = §(wg, €, K) > 0, such
that for any w € Bs(wy), L(E,w, K) > 0 on Ik, where the lower bound only depends

on wo, €, K, f and is uniform in E and w.

The absence of a.c. spectrum on I x is therefore obvious due to Kotani theory.
What we want to claim is the pure point spectrum or purely singular continuous

spectrum in this region.

Anderson Localization (part (a)) Let Q = SDC () Bs(wp), which is a full mea-
sure subset of Bs(wp). Notice that the positivity of L(E,w, K) is uniform for
E € I, x and w € €. Then according to the non-perturbative localization result
in [16], for any 6 € T, a.e. w € Q, Hg g, exhibits A.L. in I, . Thus by Fubini’s

theorem, Hy 74, has A.L. for a.e. w € Q2 and a.e. § € T.

Purely s.c. spectrum (part (b)) Let Q2 be the same as in the previous part. Gold-
stein and Schlag [47] show that for a.e. w € €, the intersection o(Hg 10.) () L.k
is a Cantor set. Then according to a theorem of Gordon [41], nowhere dense
structure of the spectrum implies the absence of point spectrum for a dense Gy
set of @ (see Theorem 6 in [41]). Therefore, for a.e. w € €, there is a dense G

set of 6 such that Hg g, has purely singular continuous spectrum in I x.

Purely s.c. spectrum (part (c)) Absence of point spectrum in this part is based

on rational approximation. More precisely, denote by

log ¢
f(w) := limsup 8 dni1
n dn
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where f]ﬁ is the n'" rational approximation of w. Notice that

n

1
sup sup —log||A"(0, E)| < 10K.

n (Qw)eT?, EEIS,K‘ |
Then by standard Gordon type argument (see e.g. [40, 24]), if f(w) > 40K,
then for any 6, Hg g, does not have any point spectrum. Combine with the
positivity of Lyapunov exponent in Ik, the proof for purely s.c. spectrum of
part (c) is completed. Notice that for any 5y € [0, 00, the level set Qg, = {w :
B(w) = Po} is a dense set. For later purpose, we would like to pick the dense

subset g, () Bs(wp) with 40K < Sy < h/2.

2.3 Absolutely continuous spectrum near the bot-
tom

Next we are going to show that for any w € T with finite 5(w), if the energy F is
sufficiently small (depends on w), then the Schrédinger cocycle is almost reducible.
This will imply purely a.c. spectrum near the bottom of the spectrum for any phase.
To complete the proof of the main theorem, we first pick some w near wy and some
0 which give us point spectrum or singular continuous spectrum as in the previous
part. Then for these pairs of (w, ), we apply the almost reducibility result to get the
coexistence of two types of spectrum.

The key step to find purely a.c. spectrum near the bottom is the following re-
ducibility result at E = 0, which generalizes Lemma 5.1 in [18] to the case 0 < f(w) <

Q.

Proposition 2.3.1 For any frequency w with f(w) < oo, if h > 203, then there exists
analytic transformation C : T — SL(2,R) such that

C(0 + w)A(0,0)C(0)~! = A,

where



Remark 4 If w is Diophantine or 8 = 0, the proposition has been proved in Lemma
5.1 [18]. If B > 0, we can still find such a transformation C provided h is large.
The only loss is the decrease of the width of the analytic strip. Also the analytic
norm of the transformation and the constant could be very large. Actually, C' has an
analytic extension to the strip [Imz| < h— 283, with ||C||j_as ~ eXWFlIn. We also have

|| ~ eXIfln

Proof: Recall the main steps in the proof of Lemma 5.1 [18], if there are g, h :

T — R satisfying the following equations

(2.3) 90 +w)—g(0) = f(O0+w)
k(f) = —e KoO-w)=Kg®) =} / k(6)de

(2.4) hO+w)—h(0) = k—k(0)
then set
c(6) = 1 h(6) . 0 exp (— Kg(f —w)) c SLE.R)
0 1 —exp (Kg(f — w)) exp (Kg(0))

Direct computation shows that

C(0 +w)A(6,0)C(0) ! =

— T

1
0
which is the desired form.

For real analytic f with zero average, if w is Diophantine, equations (2.3),(2.4)
always have real analytic solutions g, h, which is the case in [18].

If 5> 0, recall for f analytic in the strip |Imz| < h, the Fourier coefficients of
f satisty |fo| < ||f|lne ", therefore, from Fourier series expansion, equation (2.3)
has an analytic solution ¢ in the strip |[Imz| < h — 8 provided h > (5. From the
definition of k, k(f) also has analytic extension to the strip [Imz| < h —  with
|k|ln_p ~ efllgln-s ~ eKliflla - Then for the same reason, equation (2.4) also has an

analytic solution A in the strip [Imz| < h — 2/ provided h — 8 > f3. n
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Then it is easy to see that by applying C' to A(f, E), we have

—-E 0

C(¢9+w)A(0,E)C(9)_1 = A +CO+w) - c)
(2.5) = Ao+ EF(0)
(2.6) = G(0,FE) € SL(2,R)
where
-1 0
F6)=C0+w) C(@)*l.
0 O

From the proof of Proposition 2.3.1, we see that F' has analytic extension to the strip

|Imz| < h — 2 and the largeness of ||Aol|, || F||n—2s depend on w, K, || f||x.

For Diophantine frequency, as Bjerklov mentioned in Remark 2 in [18], one can
show purely absolutely continuous spectrum for sufficient small £ based on KAM
approach as in [35]. Here since we also need to deal with Liouvillean frequency, we

want to prove all cases together with the almost reducibility concept.

We say the skew product system (w, A) is almost reducible if there exist n > 0 and a
sequence of analytic maps B™ : T — PSL(2;R), admitting holomorphic extensions
to the common strip |Imz| < 7 such that B™(z + w)A(z)B™ (2)~' converges to
a constant uniformly in |[Imz| < 1. We need the following result about almost

reducibility:

Proposition 2.3.2 (Corollary 1.2, [2]) Any one-frequency analytic quasi-periodic

SL(2,R) cocycle close to constant is analytically almost reducible.

Proof of purely a.c. spectrum mnear the bottom. According to Proposition 2.3.2,
(w,Ag + EF(0)) is almost reducible for small E. More precisely, consider G in
(2.6) with form (2.5). There exists ¢ = €p(w, ||Aol|, h, || F||n—28) < € such that for
0 < F < ¢, (wG(#, F)) is almost reducible. (Such a quantitative version can be
found in [49, 77].) Therefore, (w, A(f, E)) is also almost reducible for 0 < £ < ¢y. As
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a corollary of almost reducibility [2, 3|, we have that for any 0, Hg ¢, has purely

absolutely continuous spectrum in [0, €. [ ]
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Appendix A

Proof of Lemma 1.2.7:

Suppose that u, v are the two normalized eigenvectors of GG such that
Gu = pu, Gv=p~tv, |ull=]ol|=1

Denote the angle between v and v by . Without loss of generality we assume further

- 5 ' -
that |0| < 7/2. Set B = (u,v), B N Obviously, ||B|| < 1, |detB| = 1, and

detB = |Ju|| - ||v| - sin 6. Therefore,
1
/| sind|

On the other hand, G(u — v) = pu — p~'v, which implies that

1Bl <

p= 7 = pllll = 5ol < llpw = ™ol = |Gl = )] < G- [lu = vl

By the law of cosines, ||u — v|| = 2sin §. Then

QSinQ > p—p" _ V/ (| TraceG| + 2)(|TraceG| — 2)
2l 1G]
|TraceG| < 6 implies that |TraceG|+2 > 2(|TraceG| —2), then 2sin & > %
Therefore,
0> 9 o 1 |TraceG| — 2
sinf > 2sin— - — > ——— 1 °
2 V2 1G]
and
G
Jpm—
| TraceG| — 2
It is also easy to see that if |TraceG| > 6, || B|| < 2V IGll .

\/|TraceG|—2"
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Appendix B

Proof of Lemma 1.2.9 and Lemma

1.2.10

a b
Proof of Lemma 1.2.9: Suppose A = € SL(2,R) has eigenvalues p and
c d
p.
Case I: TraceA # 2. Obviously, p # 1 and
a b 0
(B.1) A= " B!
c d 0 pt
where B is the conjugation matrix. Suppose p # d. We can pick the conjugation
matrix as
R —d 1 -
(B2) B= ) o= 22 p-a
< 1 pP=P ——< 1
p—d p—d

If p = d, it is easy to see that bc = 0. Without loss of generality, we assume

¢ =0,b+# 0. We can pick the conjugation matrix as

B.3 B b L
(B.3) I 0/ Cdt—d | _dat
b b
Direct computation using (B.1),(B.2),(B.3) shows that for any k € N,
ko —k d ko —k
(B.4) Ak:%.<A_a+ .[>+u.[
p=p" 2

Case II: TraceA = 2. Also follows by a (simpler) direct computation, considering

separately a = 1 and a # 1. [ ]
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Proof of Lemma 1.2.10: Now assume £ € S, and 1 < k < N,. Apply (B.4) to
A,(E). First, suppose 2 < TraceA,(E) < 2+ e ™. Then

TraceA,(E) + \/ TraceA,(E))? — 4 _ 24+ e+ \/(2 +e )2 — 4

1 (—7/24A/200)q
9 9 < l+4e

1<p=

There is a universal constant C, such that for any 1 < k < N, < e(7/274/200)¢,
1 < gF < (14 CT/2H0200N0 ¢
Therefore,
(B.5) 1<

On the other hand,

P —P Zpk 2i+1

therefore,
k_ o~k
p—p
Now assume 2—e~ 74 < TraceA,(E) < 2. Then p = ¢ and (B.4) can be expressed

as

-1

p sSinky _ TraceA, cos ki
(B7) A = sin ¢ <Aq 2 I) + 2

We have 1 — 177 < cos¢) < 1. Then [siny| < e7™%/2, and |¢| < Z|sin¢)| < 2 79/2.

As in the hyperbolic case, we set N, = [e(7/274/200)4]  For k < N,
|kap| < 2e~ "9/

Then for ¢ large enough, we have 2|ki| < [sinky| < |ky| < /3/2. Therefore

2k < |25 | < Sk oand 1> cosky > 1/2.
Exactly the same argument works for the case {E : —2 < Traced, < -2+ e*Tq}
and {E i —2—e 7 < Traced,; < —2}. ]
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Appendix C

Some estimates on matrix products

Lemma C.0.1 Suppose G is a two by two matrix satisfying

(C.1) |G7|| < M < 0o, forall0< j <N,

where M > 1 only depends on N. Let G; = G+ A, j=1,---

two by two matrices with

(C.2) 0= max Al
If
(C.3) NM§ < 1/2,

then for anyn < N

(C.4) ITIG; - Gl <2NM?s

j=1

Proof of Lemma C.0.1: Denote by

= max || H G-
1<ki ka<N

j=k1

, N, be a sequence of

Then a simple perturbation argument, as in e.g. [59], one can show that D <

M(6DN +1). Thus D < ——.

n n—1 n
[1ci-¢"=> (I Gi)ArG*
j=1

k=0 j=k+2
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Direct computation shows that for any 1 <n < N,



Therefore,
M?§N

"] < < -
ITIG -Gl < NDoM < —

j=1

Clearly, if MON < 1/2, then || []}_, G; — G"|| < 2N M?4.
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Appendix D

Extended Schnol’s Theorem
(Lemma 1.2.6)

Let y > 1/2 and zxbe any sequence such that |xy| — oo as k — oo. For a Borel set
B € R, denote
tnm(B) =< 6p, xB(H)0m >

and

p(B) = Zaan,n(B) + fns1n41(B))
where
c(1+|k))™%, n=ux
c(1+n|)"%, else
with ¢ > 0 chosen so that > a, =1/2.
Then, p is a Borel probability measure with p(B) = 0 if and only if u(B) = 0, i.e.,

p and p are mutually absolutely continuous. By the Cauchy-Schwarz inequality,
1 1
| tnm(B)| < pinn(B)? fin,m(B)?2.

therefore i, ,, is absolutely continuous with respect to p. By the Radon-Nikodym

Theorem, there exists a measurable density

dptn,m
dp

Eom(E) =] |(E), p—ae E
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with
poan(B) = [ X6(E)Pon(E)AD(E).
Then for every bounded measurable function f, we have that

< G f(H)5n >= [ F(EYPum(E)D(E)

In particular, if ¢ is compactly supported and bounded, we may set f(E) = Eg(FE)

and have

[ 9B (EFun(B)) ()
= < p, Hg(H)op, >
= < Opt1+0n_1+ Vibn,g(H)bp, >
— [ 9B ENE) + [ 9BV ENIOE) + [ g(EWoFnn(E)O(E)
= [ B [Frin ) + Forcsin ) + Voo (E) dp(E)
For any fixed m € Z, let uf(n) = F, ,,(E). Thus we have for any g
[ o®) (= Byt ) m)dn() =0

i.e., {uf(n)}nez is a generalized eigenfunction of Hu = Eu for p a.e. E.

On the other hand, let
1
Bn:{E Fn,nz _}
an

Then
p(Bn) = Zakuk,k(Bn) > Gppinn(Bn) = an/ Fon(E)dp(E)
While k
| Fun(B)0(E) = - p(B,)
Therefore, '

/ (anan(E) _ 1>dp(E) <0

n

Therefore, p(B,) = 0, i.e., for p-a.e. E, F, ,,(E) < i, thus

11
|Fn,m| < a;§a;1§
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Fix m = 0, and let u”(n) = F,;, then according to the previous proof, p — a.e. E,
u is generalized eigenfunction of Hu = Eu and obey the estimate

_1 1
uP(n)| < ag 2an 2
0

By the choice of a,,, we have

[u” ()] < (1+ [k]).
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