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CLOSED-FORM SOLUTION FOR COASTAL AQUIFER MANAGEMENT

By H. A. Loáiciga,1 P.E., Member, ASCE, and R. B. Leipnik2

ABSTRACT: Ground-water management is posed as the maximization of the expected value of net revenue
accruing from the sale of ground water, subject to hydrogeologic, climatic, and environmental conditions. The
market price of ground water, the cost of ground-water extraction, and the discount rate are economic factors
included in the development of long-term aquifer management policies. Closed-forms solutions were derived
for the optimization problem, and the sensitivity of solutions to the market price of ground water, the cost of
ground-water extraction, climate conditions (wet or dry), and the initial hydraulic heads was determined. The
optimization method was applied to a coastal aquifer and long-term management policies were obtained under
a variety of climatic, economic, and hydraulic scenarios.
INTRODUCTION

California’s waterscape evolved significantly as a result of
the 1987–1992 drought (Loáiciga and Renehan 1997). Water
agencies have aggressively looked for alternative, sustainable
sources of water. Those sources include water conservation,
sewage effluent reclamation, ground water banking, ocean wa-
ter desalination, and water marketing. With the growth of wa-
ter markets in California and elsewhere as a background, this
work poses the withdrawal and sale of ground water as a long-
term revenue maximization problem subject to climatic, hy-
drogeologic, economic, and environmental constraints. The
unique feature of the proposed approach to ground-water man-
agement is its reliance on closed-form solutions of the asso-
ciated optimization problem. The approach presented herein is
applicable to relatively homogeneous aquifer systems of lim-
ited size, wherein climate and environmental conditions are
approximately uniform. The writer’s approach is structured to
provide flexibility in the assessment of output sensitivity to
important factors such as climate change, initial aquifer heads,
discount rate, cost of ground-water pumping, and the market
price of ground water. The closed-form solutions to the
ground-water management problem derived in this work are
intended to serve as guidelines for investigating long-term wa-
ter policy options under a variety of scenarios. In this respect,
they differ from operational or real-time aquifer management
schemes devised for relatively short time horizons. More com-
plex, numerical approaches to ground-water management are
found, e.g., in Willis and Yeh (1987) or Pelmulder et al.
(1996).

AQUIFER STORAGE DYNAMICS IN COASTAL
AQUIFER

Hydrogeologic Setting

Fig. 1 shows a vertical geologic profile of the main aquifer
(called storage unit I) which underlies the city of Santa Bar-
bara, California (from Martin and Berenbrock 1986) and
which constitutes the focus of this study. Storage unit I has an
estimated ground storage capacity between 9.9 3 106 and 12.3
3 106 m3, and it is delimited by several semipermeable faults.
It discharges to the Pacific Ocean along an off-shore fault,
which is permeable to ground-water flow. The hydrogeology
of storage unit I has been analyzed in Martin and Berenbrock
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(1986), Freckleton (1989), and McFadden et al. (1991). Stor-
age unit I contains the most productive wells in the study area
and is susceptible to seawater intrusion.

Fig. 1 depicts five aquifer layers, here called ‘‘zones.’’
Zones 1 and 2 have similar hydraulic properties and constitute
the upper (unconfined) aquifer. Zones 3, 4, and 5 are where
most of the well screens are located, and they constitute the
principal source of ground water in storage unit I. Zones 3, 4,
and 5 are lumped into a single production zone for the purpose
of analysis in this study. The average hydraulic properties of
the unconfined and production zones have been determined
from pumping tests in water wells that fully penetrate them
(Loáiciga 1997). Ground-water recharge to storage unit I orig-
inates from fracture flow in consolidated formations that are
part of the mountain range located along the northern aquifer
boundary. A smaller amount of recharge stems from seepage
in Mission Creek, the main drainage in storage unit I.

Tank Model for Ground Flow in Storage Unit I

Fig. 2 presents a simplified ‘‘tank’’ model of the ground-
water flow system in storage unit I. The production zone
(formed by zones 3, 4, and 5 in Fig. 1) is a semiconfined
aquifer with a hydraulic head h2, which is overlain by an un-
confined aquifer (zones 1 and 2 in Fig. 1) whose water table
is at an elevation h3. The storage coefficients of the unconfined
and confined aquifers are S3 and S2, respectively. The hydraulic
connection between the unconfined and confined aquifers is
modeled by an aquitard of thickness b2 and hydraulic conduc-
tivity K2. The unconfined and confined aquifers are recharged
by a bedrock aquifer that has a hydraulic head h1 and a storage
coefficient S1. A vertical aquitard of thickness b1 and hydraulic
conductivity K1 separates the bedrock aquifer from the uncon-
fined and semiconfined aquifers. The situation depicted in Fig.
2 is a simplified parameterization and representation of the
hydraulic interaction and ground-water recharge observed in
the study area. Fractured rocks serve as a conduit for deep
ground-water recharge to semiconfined and unconfined aqui-
fers, where the latter, in addition, receive recharge from chan-
nel seepage (represented by R3 in Fig. 2). The bedrock aquifer
is recharged by percolating precipitation in the highlands (R1

in Fig. 2). The semiconfined aquifer, due to its better water
quality, is the source of the water supply. The pumping rate
of the confined aquifer is represented by Q in Fig 2. The rel-
ative magnitudes of the hydraulic heads in the unconfined and
semiconfined aquifers determine the direction of water
exchange among them. Discharge is typically from the coastal
aquifers to the ocean (of water density rS = 1.025 g/cm3, while
the density of freshwater r = 1.0 g/cm3), which has a mean
sea level elevation hS, although the oceanward direction of
flow can be reversed by low hydraulic heads in the aquifers.
The Darcian flows between the coastal aquifers and the ocean
are regulated by the intervening hydraulic heads and the thick-
NT / JANUARY/FEBRUARY 2000
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FIG. 1. Vertical Cross-Section of Aquifer System and Main Hydrostratigraphic Units (After Martin and Berenbrock 1986)
ness (bS) and hydraulic conductivity (KS) of the ocean bottom
sediments. The dimensions of the aquifers are denoted accord-
ing to the notation of Fig. 2, where it is assumed that the width
of aquifers perpendicular to the plane of the figure is W.

The following system of differential equations describes the
time evolution of the hydraulic heads (h) in the various aq-
uifers of Fig. 2 (obtained by applying the equation of conser-
vation of mass in each of the aquifers, i.e., the change of
storage equals the difference between inputs and outputs to
each aquifer, in conjunction with Darcy’s law and the defini-
tion of the storage coefficient as the volume of water released
per unit area of aquifer per unit of hydraulic head drawdown):

ḣ a b c h n1 1

ḣ = d e f h 1 p (1)2 2F G F G F G F G
ḣ g k m h q3 3

in which = dhi /dt denotes the rate of time change of the ithḣi

hydraulic head (i = 1, 2, 3) and the coefficients a, b, c, d, e,
f, g, k, m, n, p, and q are given the following:
JOURNAL OF WATER RESOURCE

 J. Water Resour. Plann. Manag
a = 2K L /(S L b ) 2 K L /(S L b )1 V2 1 1 1 1 V3 1 1 1

b = K L /(S L b )1 V2 1 1 1

c = K L /(S L b )1 V3 1 1 1

d = K L /(S L b )1 V2 2 2 1

e = 2K /(S b ) 2 K L /(S L b ) 2 K L /(S L b )2 2 2 1 V2 2 2 1 S V2 2 2 S

f = K /(S b )2 2 2

g = K L /(S L b )1 V3 3 2 1

k = K /(S b )2 3 2

m = 2K /(S b ) 2 K L /(S L b ) 2 K L /(S L b )2 3 2 S S 3 2 S 1 V3 3 2 1

n = R /S1 1

p = K L r h /(S L b ) 2 Q/(S L W)S V2 S S 2 2 S 2 2

q = K L r h /(S L b ) 1 R /SS S S S 3 2 S 3 3
S PLANNING AND MANAGEMENT / JANUARY/FEBRUARY 2000 / 31
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FIG. 2. Conceptual ‘‘Tank’’ Model of Aquifer System
TABLE 1. Values of Hydrogeologic Parameters (See Fig. 2)

Parameter
(1)

Value
(2)

Dimensions
(3)

K1 182.5 m/yr
K2 36.5 m/yr
Ks 36.5 m/yr
S1 0.125 —
S2 0.05 —
S3 0.05 —

rs /rw 1.025 —

TABLE 2. Aquifer Geometry Data (See Fig. 2)

Parameter
(1)

Value
(2)

Dimensions
(3)

b1 10 m
b2 5 m
bs 5 m
hs 75 m
L1 103 m
L2 2.5 3 103 m
Ls 20 m
Lv2 50 m
Lv3 variable m
W 5 3 103 m

Table 1 shows the value of all the hydrogeologic parameters
used in this work. Table 2 contains aquifer geometry data. All
other data are presented in the following sections.

Closed-Form Solution for Ground-Water Flow

The system of differential equations in (1) can be written in
compact form in vector/matrix notation as follows:

ḣ = Ah 1 B (2)

with the initial condition h(t = 0) = h0, where h is a 3 3 1
vector of hydraulic heads: A is a (3 3 3) matrix of coefficients
32 / JOURNAL OF WATER RESOURCES PLANNING AND MANAGEMEN
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(i.e., aquifer parameters and geometry); and the (3 3 1) vector
B is, in addition to hydrogeologic parameters and geometry
parameters, a function of aquifer stresses such as pumping and
ground-water recharge.

Letting li, mi, and ni denote an eigenvalue and the (3 3 1)
right and left normalized column eigenvectors of the matrix
A, respectively, for i = 1, 2, 3, it is known that the solution
of (2) is given by the following expression:

3 3 l tie 2 1l t T Tih(t) = e m n h 1 m n B (3)i i 0 i iHO J HO Jli1 1

in which T denotes the transpose of a (column) vector. Eq. (3)
gives a closed-form solution for aquifer hydraulic heads as a
function of time, initial conditions, aquifer recharge, and
pumping rate.

FORMULATION OF GROUND-WATER MANAGEMENT
MODEL

The pumping rate Q (in m3/yr) is the decision or manage-
ment variable in the writers’ formulation of the ground-water
extraction optimization problem. Q is the annual pumping rate
that maximizes the expected present value of the net revenue
stream that is generated from ground-water extraction over an
indefinitely long period of time. Q is subject to the aquifer
recharge and ground water flow dynamics, dictated by (3), plus
prescribed constraints that ensure the long-term viability of the
ground-water resource. Aquifer recharge is largely driven by
rainfall. The annual rainfall (R, in mm/yr) has been fitted with
a two-parameter (a and b) gamma distribution (where G de-
notes the gamma function) as follows:

b11 b 2ara r e
f (r) = (4)R

G(b 1 1)

with a mean (b 1 1)/a (=0.46 m/yr) and a variance (b 1 1)/
a2 (=6.25 3 1022 m2/yr2). The ground-water recharge by rain-
fall percolation in the bedrock aquifer, R1, is equal to a fraction
T / JANUARY/FEBRUARY 2000
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fR of annual rainfall, i.e., R1 = fRR, in which fR = 0.15 (Freck-
leton 1989). Likewise, seepage recharge along Mission Creek
channel to the unconfined aquifer, R3, is a fraction of annual
rainfall, i.e., R3 = fSR, where fS = 0.04 (McFadden et al. 1991).
The other source of statistical uncertainty is the (annual) real
discount rate S, which, following Arrow and Intriligator
(1986), is modeled by a two-parameter (w and g) gamma dis-
tribution with mean (g 1 1)/w (=0.10) and variance (g 1 1)/
w2 (=2.5 3 1023). The real discount rate considers the joint
effect of the nominal interest rate and the rate of inflation (the
latter increases the price of water over time).

The market price of ground water is denoted by P (in $/m3

of ground water). The cost of ground-water extraction, C (in
$/m3 of ground water) is given by C = d* 2 b*h2 in which
d* = 2 ($/m3) and b* = 1.25 3 1022 ($/m3 ?m) are parameters,
and h2 (in m) is the hydraulic head in the production zone
(semiconfined aquifer). The head h2 is the second row of the
vector solution (3) and it depends, among other things, on the
pumping rate Q. The parameter b* represents the slope of the
cost function C. The net revenue that accrues from the sale of
one unit of ground water is P 2 [d* 2 b*h2]. The number of
annual units of ground water pumped is Q (in m3/yr), so that
in any one year the net revenue from ground-water sales is
Q?{P 2 [d* 2 b*h2]}. The present value (i.e., in year t = 0)
of the net revenue accruing in year t is Q?{P 2 [d* 2

Therefore, the expected present value of the net2Stb*h ]}?e .2

revenue stream generated by the pumping rate Q is obtained
by integrating over time t (a long2StQ?{P 2 [d* 2 b*h ]}?e2

time period, in years) and weighing it by the probability dis-
tribution functions of ground-water recharge and discount rate
[fS(s)], the latter two integrated over their respective domains.
Specifically, the objective function of the ground-water man-
agement problem is given by

` ` `

2stF = max {P 2 (d* 2 b*h )}Qe f (s)f (r) dr ds dt2 S RE E E
w ? r ? tQ 0 0 0

(5)

The optimization problem embodied by (5) is subject to the
expected value of aquifer dynamics and to constraints on hy-
draulic heads, which are not allowed to fall below the fresh-
water equivalent of the ocean mean sea level [=(rS /r)hs, in
which r is the density of freshwater = 1.0 g/cm3]. Specifically,
(5) is subject to

¯H Hh = Ah 1 B (6)

and

rS
h̄ $ h (7)S

r

in which the overbar denotes expected value.

SOLUTION TO OPTIMIZATION PROBLEM

The solution, Q*, to the optimization problem embodied by
(5)–(7) was obtained by incorporating the constraint [(6)] into
the integral equation [(5)], followed by integration and maxi-
mization of the resulting expression. The following solution
was obtained (in which d1 = 77.4, e1 = 23.95 3 1027, and f1

= 0.491):

r b 1 1S
h 2 f 2 dS 1 1

r a

e1

Q* = smaller of ;
(if Q* > 0) 1 P 2 d* b 1 1 *2 1 L 1 L1 0H J*2L b* a2

else Q* = 0 (8)
JOURNAL OF WATER RESOUR
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Prior to defining L0, and in (8), let us introduce the* *L , L1 2

following terms [in which the constants k11 = 20.00268; k12 =
0.506; k13 = 20.500; k1 = 20.229; k21 = 20.339; k22 = 0.187;
k23 = 0.191; k2 = 22.89; k31 = 0.343; k32 = 0.308; k33 = 0.309;
and k3 = 274.3 arise from the integration of (5), and h01, h02,
and h03 represent the initial hydraulic heads in aquifers 1, 2,
and 3, respectively]:

3

a = k H 1 k (i = 1, 2, 3) (9)i ij oj iO
j=1

and [letting li, i = 1, 2, 3, represent the eigenvalues of the
matrix A in (2); while w and g are parameters in the distri-
bution of the discount rate and equal 40 and 3, respectively]:

`

21 2ugI = (u 1 wul u) u e du (i = 1, 2, 3) (10)i iE
0

L0 is defined by
3

g
L = d 1 a I (11)0 1 i iOG(g 1 1) i=1

The expressions for and are as follows (in which the* *L L1 2

following constants are required: = 22.69 3 1029; =* *b b1 2

14.7 3 1029; = 378 3 1029; c1 = 0.00134; c2 = 0.0124;*b3

and c3 = 20.505):
3

g*L = f 1 c I (12)1 1 i 1OG(g 1 1) i=1

3
g* *L = e 1 b I (13)2 1 i iOG(g 1 1) i=1

Eqs. (8)–(13) show the dependence of the optimal pumping
rate Q* on all economic (P, b*, d*, g, w) and climatic (a, b)
parameters, as well as on initial hydraulic heads (h01, h02, and
h03).

RESULTS AND CONCLUSIONS

Data

Hydrogeologic and aquifer geometry data are presented in
Tables 1 and 2, respectively. The current market price of
ground water, P, is $1.0/m3. Two other values are considered
in this work, $0.5/m3 and $1.5/m3, to assess the impact of price
on management policies. The cost of ground-water pumping
depends primarily on the cost-slope parameter b*, and this is
allowed to vary between slightly below 0.0124 and slightly
above 0.0127 to assess its impact on optimal pumping rates.
The parameter b* has a value of 0.0125 in the study area. Two
sets of initial hydraulic heads are considered in this study. The
first set corresponds to so-called ‘‘high’’ initial conditions (h01,
h02, h03 equal to 150, 135, and 130 m, respectively) character-
ized by high hydraulic heads in the three aquifers and steep
hydraulic gradients that drive ground-water flow among the
aquifers. The second set of initial conditions, termed ‘‘low,’’
consists of low hydraulic heads ((h01, h02, h03, equal to 125,
120, and 120 m, respectively) and associated hydraulic gra-
dients. The set of initial conditions labeled high is used as a
baseline case, since it represents conditions currently occurring
in the study area. Solutions are found for a number of com-
binations of economic, climatic, and initial hydraulic heads.

Results for Baseline (High) Initial Hydraulic Heads
and Current Climate

Fig. 3 shows the optimal pumping rate Q* obtained for a
range of values of the cost-slope parameter b*, and for three
levels of ground-water prices (P = $1/m3, the current price; P
CES PLANNING AND MANAGEMENT / JANUARY/FEBRUARY 2000 / 33
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FIG. 3. Pumping Rate Q* as Function of Cost-Slope and
Ground Water Price under Current Climate and High Initial Hy-
draulic Heads

= $0.5/m3; and P = $1.5/m3). Hydraulic heads start at a high
level, and the climate is characterized by the current mean
annual rainfall of 0.46 m/yr with a standard deviation of an-
nual rainfall equal to 0.25 m/yr. The parameter b* measures
the rate of change of pumping cost as a function of the hy-
draulic head in the productive aquifer, h2. Notice that as the
cost-slope parameter increases, the cost of pumping decreases.
The value of the cost-slope parameter under current conditions
is b* = $0.0125/m3 ?m, for which the optimal pumping rate is
Q* = 1.01 3 106 m3/yr, as shown in Fig. 3. The parameter b*
is allowed to vary between slightly below 0.0124 and 0.0126
in Fig. 3 to illustrate its impact on the optimal pumping rate.
When P = $1/m3, as b* approaches its lower limit, the cost of
pumping increases to the point where the optimal strategy is
not to extract any ground water (i.e., Q* = 0). As b* increases,
the cost of ground extraction diminishes and, thus, Q* in-
creases to a maximum of Q* > 1.9 3 106 m3/yr, the largest
rate at which the aquifer can be pumped without inducing sea-
water intrusion. Notice how the line corresponding to a price
of ground water of $1/m3 (labeled P = 1 in Fig. 3) shows a
nearly linear relationship between the optimal pumping rate
Q* and the cost-slope parameter b* in the feasible range of
pumping rate (i.e., in the range of 0 to 1.9 3 106 m3/yr). Fig.
3 shows also the optimal pumping rate as a function of the
cost-slope parameter when the market price of ground water
P = $1.5/m3 or P = $0.5/m3. In the former case, the marginal
net revenue per unit of extracted ground water is so large that
the pumping rate equals its maximum feasible value of 1.9 3
106 m3/yr for all levels of the cost-slope parameter b*. In the
latter case, the net revenue turns out to be negative for all
levels of pumping cost considered. Thus, the optimal pumping
strategy is to not extract any ground water, i.e., Q* = 0 when
P = $0.5/m3.
34 / JOURNAL OF WATER RESOURCES PLANNING AND MANAGEME
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FIG. 4. Pumping Rate as Function of Cost-Slope for Both High
and Low Initial Hydraulic Heads under Current Climate and
Price of Water = $1/m3 (I.C. Initial Hydraulic Head Conditions)

Impacts of Changes in Model Parameters and Initial
Conditions

Table 3 shows the optimal pumping rate Q* and associated
expected net revenue for a range of values of the cost-slope
parameter b* and for three mean annual rainfall conditions:
(1) mean rainfall equal to present value (=0.46 m/yr); (2) a
wetter rainfall scenario (mean annual rainfall 10% higher than
the current mean value); and (3) a dryer rainfall scenario
(mean annual rainfall 10% lower than the current mean value).
The price of ground water is P = $1.0/m3 in the calculations
results shown in Table 3. It is seen in Table 3 that the varia-
tions in the cost-slope parameter b* induce changes in the
pumping rate Q* and the expected net revenue F* that are
much larger than those due to the changes in the mean annual
rainfall. The pumping rate and expected revenue in a wetter
climate increase relative to those achieved in the current cli-
mate for all levels of the cost-slope parameter. In a dryer cli-
mate, the pumping rate and expected revenue decrease relative
to those calculated for the current climate for all levels of the
cost-slope parameter. Evidently, the aquifer recharge increases
in a wetter climate, which leads to higher pumping rates rel-
ative to the present climate, provided that the cost of pumping
and the price of ground water remain constant. Diminished
aquifer recharge in a dryer climate produces the opposite ef-
fect, thus leading to lower pumping rates than those achieved
under the current climate when all other factors remain fixed.
It can be seen in Table 3 that the present value of net revenue
obtained under the present cost (b* = $0.0125/m3 ?m), water
price, and climate is $63,500.

Fig. 4 shows the impact of changes in the initial hydraulic
heads on the optimal pumping rate for a range of values of the
cost-slope parameter and for a price of ground water P = $1.0/
m3. Two sets of initial hydraulic heads are considered herein,
TABLE 3. Pumping Rate (Q*) and Expected Net Revenue (F *) as Function of Annual Rainfall: High Initial Hydraulic Heads and Water
Price = $1/m3

Cost slope
(b* 3 1022)

(1)

Mean Rain

Q*
(m3/yr)

(2)

F*
($/yr)
(3)

110% Rain

Q*
(m3/yr)

(4)

F*
($/yr)
(5)

210% Rain

Q*
(m3/yr)

(6)

F*
($/yr)
(7)

1.2389 0 0 37,000 86 0 0
1.240 148,000 1,360 176,000 1,920 119,000 880
1.245 580,000 20,900 608,000 23,000 551,000 18,900
1.250 1,010,000 63,500 1,036,000 67,120 979,000 59,900
1.255 1,433,000 128,900 1,461,000 134,000 1,404,000 123,700
1.260 1,855,000 216,800 1,882,000 223,000 1,826,000 210,000
NT / JANUARY/FEBRUARY 2000
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i.e., ‘‘high’’ and ‘‘low,’’ whose values and meanings were dis-
cussed earlier in the section concerning data specification. The
two curves depicted in Fig. 4 are drawn for the range of cost-
slope parameter for which the pumping rates meet the feasibility
criteria in each case. It is apparent from Fig. 4 that, for any
given value of the cost-slope parameter b*, the pumping rates
in the case of high initial hydraulic heads exceed those asso-
ciated with low initial hydraulic heads. This follows from the
larger water fluxes that occur in the aquifer system when initial
heads are high compared with those that take place when initial
hydraulic heads are low. In addition, Fig. 4 indicates that the
curve corresponding to low initial hydraulic heads is shifted
right relative to the curve associated with high initial heads.
Thus, to achieve the same level of optimal pumping rate, the
cost of pumping under low initial conditions must be lower than
that which prevails under high initial hydraulic heads (notice
that a lower pumping cost is synonymous to a larger cost-slope
parameter). In fact, for the current cost of pumping, exemplified
by b* = 0.0125, the pumping rate under low initial conditions
drops to zero. Therefore, it would not be profitable to extract
ground water were the initial hydraulic heads to drop to the low
level considered herein.

ACKNOWLEDGMENT

This research was partially funded by grant ATM-9711491 from the
National Science Foundation.
JOURNAL OF WATER RESOUR

 J. Water Resour. Plann. Ma
APPENDIX. REFERENCES

Arrow, K. J., and Intriligator, M. D. (1986). Handbook of mathematical
economics, Vol. 2, North Holland Publishing Co., Amsterdam.

Freckleton, J. R. (1989). ‘‘Geohydrology of the foothill ground-water
basin near Santa Barbara, California.’’ Water Resour. Investiga-
tions Rep. 89-4017, United States Geological Survey, Sacramento,
Calif.
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