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Abstract

Quantum Operators in Gravity: from Geometric Entropies to Group-Averaged

Observables
by

Molly Elizabeth Kaplan

In this thesis, we first study the action of Hubeny-Rangamani-Takayanagi (HRT) area
operators on the covariant phase space of classical solutions in Einstein-Hilbert gravity.
We find that this action is a boundary-condition-preserving kink transformation, which
introduces a relative boost between the entanglement wedges on either side of the HRT-
surface but preserves the asymptotically Anti-de Sitter (AdS) boundary conditions. We
then perform a similar analysis for the ”geometric entropy”, i.e. the bulk dual to bound-
ary entanglement entropy, in topologically massive gravity (TMG). Here, the geometric
entropy is given by the HRT-area plus an anomalous contribution. We find that the
action of this geometric entropy on the covariant phase space of classical solutions agrees
precisely with the action of HRT-area operators in Einstein-Hilbert gravity.

In Einstein-Hilbert gravity, we show that HRT-areas do not generally commute. This
poses an obstruction to constructing random tensor networks (RTNs), which are most
analogous to fixed-area states of the bulk quantum gravity theory, with mutually commut-
ing HRT-areas. We probe the severity of such obstructions in pure AdS3 Einstein-Hilbert
gravity by constructing networks whose links are codimension-2 extremal-surfaces and
by explicitly computing semiclassical commutators of the associated link-areas. We find
a simple 4-link network for which all link-areas commute, but the algebra generated by
the link-areas of more general networks tends to be non-Abelian.

In the final chapter, we switch gears and explore perturbative quantum gravity around

viil



de Sitter space, where gauge-invariant observables cannot be localized and, instead, local
physics can arise only through certain relational constructions. In particular, we describe
a class of gauge-invariant observables which, under appropriate conditions, provide good
approximations to certain algebras of local fields. Our results suggest that, near any
minimal S¢ in dS;.;, this approximation can be accurate only over regions in which
the corresponding global time coordinate ¢ spans an interval of order At < InG™!. In
contrast, however, we find that the approximation can be accurate over arbitrarily large
regions of global dS;y; so long as those regions are located far to the future or past of

such a minimal S This in particular includes arbitrarily large parts of any static patch.
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Chapter 1

Introduction

Physics has born witness to many paradigm shifts throughout history. Just over a hun-
dred years ago the theory of general relativity upended Newtonian gravity, and, over the
past century, quantum mechanics has been reconciled with special relativity, producing
quantum field theory. Still eluding us, however, is a theory of quantum gravity—the
weaving together of general relativity and quantum mechanics—which promises to trans-
form our current understanding of the nature of spacetime.

Despite the great difficulty of formulating a theory of quantum gravity, there has
been much progress made in recent years, even just over the course of my PhD. One
of the most fundamental advances during this time was a potential resolution to the
long-standing black hole information paradox: black holes radiate [6] and can eventually
radiate away into a thermal gas, losing information about the initial state of the black hole
and violating quantum-mechanical unitarity. In [7, [8, 9], a resolution was found in which
unitarity was restored. In particular, in [9], the calculation proceeded by introducing
special types of wormholes into a calculation of the black hole’s entropy (the “replica
trick”). These wormholes can be thought of as a calculational tool, but there was also

progress made over the last five years in understanding the stability and relevance of
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Introduction Chapter 1

physical wormbholes, in, e.g., [10, 1T}, 12}, 13| 4], 15, 6], 17, 18, 19]. There has also been
significant progress made in understanding, for example, low-dimensional gravitational
theories (see [20] and references therein, especially [21), 22] 23] 24 25| 26, 27] among many
others); the application of tensor networks to holography (e.g., [28, 29, [30, BT, 82, [33]), as
will be reviewed in Section [1.1.2} and, most recently, algebras of observables in different
gravitational backgrounds, as in, for example, [34, 35l 36, 37, 38, B39, 40, 41, 42, 43, [44)
45, [46]. This list is non-exhaustive, but gives a flavor of the amount of growth the field
has seen in recent years.

In this thesis, I present my work about different types of quantum operators in grav-
itational backgrounds. We first focus on the area operator, or more generally the “geo-
metric entropy” operator. To understand why these geometric entropies are important,
we will introduce in Section [I.1] the Anti-de Sitter/Conformal Field Theory (AdS/CFT)
correspondence, where, in the semiclassical limit of AdS/CFT, entropies of boundary
regions are described by this geometric entropy operator. In Chapters [2H4], we explore
the properties of this operator, studying commutators with this operator and the way
that the operator acts on semiclassical bulk geometries. The goal is to provide new (and
more geometric) tools with which to study entropy in quantum gravity.

Though the bulk of my work takes place in Anti de Sitter space, Chapter [5| of this
thesis is about quantum operators in de Sitter (dS) space. We will investigate the Hilbert
space of observables in dS, which must be defined relative to some reference state and
where we must carefully consider the effect of gauge symmetries in spacetime. We seek to
understand where the states in the observable Hilbert space can no longer be described
by the framework of QFT in curved spacetime, i.e. where leading-order quantum gravi-
tational effects become important. This gives important intuition behind the physics of
quantum operators in perturbative gravity about a dS background, with potential impli-

cations for the study of quantum operators in cosmology. To preface this work, in Section
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[1.2] we will take a brief look into the importance and challenges of quantum gravity in

ds.

1.1 The Holographic Principle

The holographic principle is a proposal that the information contained in a region
of spacetime is completely reproduced on the boundary of that region. This principle is
known to be true for certain spacetime regions in (quantum) gravity. For example, it
has been known since the 1970s that the entropy of a black hole is given by the area of
its horizon: Spy = % [47, 6]. It was then conjectured that the holographic principle
should hold more generally [48], [49] [50]. A few years later came a concrete instance of
this principle, in which [51] conjectured a duality between an eleven-dimensional theory
of quantum gravity and a particular limit of a matrix quantum mechanics. Soon after
came the AdS/CFT correspondence [52], which is of vast importance to our field as it is
the only UV-complete theory of quantum gravity.

Starting with some number N of D3-branes, [52] showed that one can take a large N
and small string coupling limit to either get Type IIB string theory in AdSs;x S®, or N = 4
supersymmetric Yang-Mills, a conformally invariant gauge theory. AdS is a spacetime
with an asymptotic boundary, and we can think of the CFT as being contained on this
boundary. This correspondence has also been shown to hold for AdS and CFTs in other
dimensions, and is expected to hold in general for AdS,,; (times some hypersphere) dual
to CFT,. This is especially motivated by the fact that the isometry group of AdSy,; is
the same as the conformal group in one lower dimension. The conjecture is also expected
to hold for general string coupling and N, though we often taken the large N limit,
where Newton’s constant GG goes to zero. This gives us semiclassical gravity, where we

treat spacetime as classical but quantize any matter fields present. In this thesis we
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Introduction Chapter 1

consider the semiclassical gravity approximation, or, in Chapter [5, we take the further
approximation of QFT in curved spacetime.

The Hilbert spaces of the theories on both sides of the duality should match, H 45 =
Herr, but this does not a priori tell us which elements within each Hilbert space should
be equivalent. However, it has been shown that there is a dictionary between bulk fields
in AdS—or correlators of these fields—and (correlators of) boundary CFT operators,
though the boundary operators can only be reconstructed using bulk fields in certain
regions of spacetime [53] (54} [55, [56, 57, 58, 59, [60]. Additionally, like the Bekenstein-
Hawking entropy of black holes, it has been well established that there is a more general
duality between boundary entanglement entropies and areas of surfaces in the bulk theory,
which we will review shortly. Relatedly, another important tool for understanding the
mapping between spacetime geometry and boundary entanglement are tensor networks,

which we discuss in more detail below.

1.1.1 Geometric Entropies

The duality between bulk areas and boundary entropies started with the Ryu-Takayanagi
(RT) formula. Restricting to a time-symmetric slice of AdS, we have a boundary subre-
gion R, and a family of bulk surfaces which are anchored to the boundaries of R and are
homologous to R. If we use 7 to label the bulk surface with minimal area, then the RT
formula states that the entanglement entropy of R is directly proportional to the area of
v [61], 62]:

S[R] = %}. (1.1)

See Figure [I.1] for a diagram of an example R and .
The RT formula was then made covariant in the Hubeny-Rangamani-Takayanagi

(HRT) formula [63], in which we are no longer restricted to one achronal slice ¥ of AdS.

4
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OR

OR

Figure 1.1: For R on the boundary of an AdS; constant-time slice, the RT surface is
given by 7, the surface with minimal area that is anchored to OR. The surface v divides
the slice into two regions, and we label the region between + and the boundary as 7.

Now, we find the surface v by minimizing the surface’s area over some ¥ containing R,
then maximizing its area with respect to different 3 [64]. Thus, the HRT surface is called
an extremal surface. The RT formula was proven by [65], using the same replica trick
we mentioned earlier, and in [66] the authors used a Lorentzian version of this trick to
prove the HRT formula.

If we are more careful, it turns out that the entanglement entropy of a boundary
subregion is not simply given by the area of an extremal surface. Instead, there are
quantum corrections to this formula, given by the entanglement entropy of quantum
fields in the region 7, bounded by v and R (as shown in Figure . There are also
so-called “Wald-like” corrections, which will be important when we consider a higher-
derivative theory of gravity in Chapter [3| In [67] the authors showed S[R] is dual to the
area of the extremal surface plus these quantum corrections; this was then revised in [68],
where it was shown that one must take the extremization after the quantum corrections
are included.

In this paper, and especially in Chapter [3| we will often call the bulk dual to bound-

ary entanglement entropy the “geometric entropy.” In situations where the quantum
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corrections are unimportant, we will instead refer to these bulk duals as HRT-areas.

1.1.2 Tensor Networks

Tensor networks (TNs) have played an important role across many disciplines in
physics and beyond. In our field, they can be used to model the AdS/CFT correspon-
dence. There have been many types of TNs that have been used to model AdS/CFT
(see, e.g., [69, [0, [T1], [72]), but they all follow a version of the RT formula called the
“Swingle bound” [73], [74] where there exists a minimum area bulk graph that bounds the
entanglement entropy of a boundary subregion. TNs also have similar quantum error
correction properties to AdS/CFT, where bulk operators are protected from errors by
their encoding in the CFT.

Despite the similarities between tensor networks and the AdS/CFT correspondence,
[75] noted there is a potential obstruction to taking TN models too seriously: TNs have
a flat entanglement spectrum, i.e. their Renyi entropies S, (p) = —ﬁlog Tr(p") for
any quantum state p are independent of n. This is not what is expected for typical
gravitational states. There are, however, less typical gravitational states that do have
a flat entanglement spectrum, as shown by [76] [77]. These are fixed-area states, where
the area of a surface in the bulk (e.g., an RT-surface) has been fixed to a certain value.
Taking this relationship between TNs and fixed-area states seriously, as in [78] 28], one
can construct a network of surfaces on a Cauchy slice, which then serves as the dual graph
to a tensor network. Each leg of the TN corresponds to a contracted index, determined
by the (exponential of) the area of the corresponding dual surface.

A drawback of this construction is that we must specify the area of many surfaces
at once, and this will not always be possible: if we take the area of these surfaces to

be a quantum operator, there may be nontrivial commutation relations between areas of
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different surfaces. The commutation relation between two HRT-areas will be computed
in Chapter [2 Then, in Chapter [4] we look at the commutation relations of more general
surfaces in gravity, particularly ones that make an intersecting network of surfaces that
could be used to define a tensor network. We find that these commutation relations

indeed pose a significant hurdle to constructing area networks.

1.2 Quantum Gravity without Holography

In Chapter B, we will no longer rely on the AdS/CFT correspondence, and will instead
consider quantum operators in de Sitter (dS) space. Though quantum gravity in dS is
not as well understood as quantum gravity in AdS, it is much more relevant to our own
universe. In the distant past, our universe underwent a period of exponential expansion,
called inflation, which is well-modelled by dS. Additionally, our universe’s cosmological
constant is positive [79], indicating that we are approaching a de Sitter-like phase in the
future. It is thus important to understand quantum gravity in dS, despite the fact that
we do not have a well-established holographic principle in dS.

Though there have been many attempts to apply the holographic principle to de Sitter
180, 81, [82], 83, 84!, [85], [86], 87, [88), [89L 00, 011, [92], there has yet to be a widely accepted,
string-theory derived proposal for a non-gravitational dual to dS space. The lack of a
timelike boundary makes this especially difficult. Furthermore, besides the absence of
a holographic principle, there are other hurdles to overcome in understanding quantum
gravity in de Sitter. Whether one can construct dS vacua in string theory remains an
open question [93, 04, 05], though there has been recent progress constructing candidate
vacua [90]. Additionally, a form of Gauss’s Law applies in perturbative gravity about
dS: since dS has compact Cauchy surfaces, there is nowhere for flux to escape, and so

the charges associated with the spacetime symmetries must vanish. This then means
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states have to be invariant under these symmetries, but since the symmetry group is
non-compact this leaves only the vacuum state.

Moreover, if we wish to consider a Hilbert space of observers and observables in de
Sitter, we run into two issues. The first is that dS observers cannot be separated from
the gravitational system (this is unlike in AdS when we can take observers to live on
the boundary, in the non-gravitating region). Second, at late times in dS, a virtual
observer can thermally fluctuate into existence and make an observation. This is called
the Boltzmann brain phenomenon [97, 08, 99| [100], and it means local observables are
not well defined as the Boltzmann brains will cause their two-point functions to diverge
[101], [102].

In Chapter |5, we introduce a framework that avoids many of these hurdles. To
create dS invariant states besides the vacuum, we use a technique called group averaging.
Additionally, we include an observer in our framework, and we make the observer non-
local to avoid the Boltzmann brain problem. Our research is part of a renewed interest in

the field to understand quantum observables in de Sitter and cosmology [39, 45|, 46| [T03].

1.3 Outline

In Chapter [2] we study HRT-area operators and their action on the surrounding
spacetime. It has been previously proposed that this action generates a transformation
which, roughly speaking, boosts the entanglement wedge on one side of the HRT surface
relative to the entanglement wedge on the other side. We give a sharp argument for a pre-
cise result of this form in a general theory of Einstein-Hilbert gravity minimally coupled
to matter, taking appropriate care with asymptotically Anti-de Sitter (AdS) boundary
conditions. The result agrees with direct computations of commutators involving HRT

areas in pure 2+1 dimensional Einstein-Hilbert gravity on spacetimes asymptotic to pla-
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nar AdS. We also clarify the sense in which this transformation is singular in the deep
UV when the HRT-surface is anchored to an asymptotically AdS boundary.

Then, in Chapter [3| we consider geometric entropies in topologically massive gravity
(TMG), a higher-derivative theory which is the gravitational dual to a chiral boundary
CFT. Due to the presence of a gravitational anomaly in TMG, the geometric entropy is no
longer simply the Hubeny-Rangamani-Takayanagi (HRT) area; instead, it is given by the
HRT area plus an anomalous contribution. We study the action of this geometric entropy
on the covariant phase space of classical solutions for TMG with matter fields whose
action is algebraic in the metric. We show that the action agrees precisely with the action
of HRT-area operators in Einstein-Hilbert gravity given in Chapter [2] Furthermore, we
show our result to be consistent with direct computations of semiclassical commutators
of geometric entropies in pure TMG spacetimes asymptotic to planar AdS, as computed
in [104].

In Chapter {4, we build on the results of Chapter [2, in which we showed area oper-
ators do not necessarily commute. As reviewed above, standard random TNs are most
analogous to fixed-area states of the bulk quantum gravity theory, in which quantum
fluctuations have been suppressed for the area of the corresponding HRT surface. This
is due to their flat entanglement spectra when discussing a given boundary region R and
its complement R. However, such TNs have flat entanglement spectra for all choices of
R, R, while quantum fluctuations of multiple HRT-areas can be suppressed only when
the corresponding HRT-area operators mutually commute. We probe the severity of
such obstructions in pure AdS3 Einstein-Hilbert gravity by constructing networks whose
links are codimension-2 extremal-surfaces and by explicitly computing semiclassical com-
mutators of the associated link-areas. Since d = 3, codimension-2 extremal-surfaces are
geodesics, and codimension-2 ‘areas’ are lengths. We find a simple 4-link network defined

by an HRT surface and a Chen-Dong-Lewkowycz-Qi [105] constrained HRT surface for
9
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which all link-areas commute. However, the algebra generated by the link-areas of more
general networks tends to be non-Abelian. One such non-Abelian example is associated
with entanglement-wedge cross sections and may be of more general interest.

Chapter [5|is quite different from the rest of this thesis, as we switch from considering
Anti-de Sitter to de Sitter. In de Sitter (dS), observers cannot be treated as separate from
the rest of spacetime, and hence observables are inextricably linked to their observers. We
emphasize here that observers must also be treated using QFT. We then explore how well
spaces of states and observables, each defined relative to a QFT observer, approximate
standard non-gravitating QFT in a fixed dS background. We take into account that
perturbative gravity in global dS requires states to be invariant under the dS isometries.
This, however, leaves too few states, and so we build a new Hilbert space using group
averaging. We study 141 dS with a one-particle observer in each static patch, where the
observers lie on a minimal S*. In this context we find that QFT in curved space is only
a good approximation in a spacetime volume proportional to 1/G. Adding additional
particles along a timelike path does not seem to increase the size of this “good” region,
and we find similar results in general dimensions. However, if we consider regions far to
the future or past of a minimal S% in dS,,;, then we find that the approximation can be
accurate over arbitrarily large regions of global dS;y;.

Finally, Appendix [G] details two artistic projects related to my research, both sub-
mitted to UCSB CSEP’s Art of Science competition. The first, A Wormhole Lullaby,
is a painting and musical composition following some of the calculations computing the
entropy of a black hole in [9]. The second, The Dance of the Qutrits, is a painting and
musical composition on the three qutrit code [106], which is a simple quantum error

correcting code.
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1.4 Permissions and Attributions

1. The content of Chapter 2 and Appendix A is the result of a collaboration with Don-
ald Marolf, and has previously appeared in the Journal of High Energy Physics [3].
It is reproduced here with the permission of the International School of Advanced

Studies (SISSA): http://jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf.

2. The content of Chapter 3 has previously appeared in the Journal of High Energy
Physics [2]. It is reproduced here with the permission of the International School of

Advanced Studies (SISSA): http://jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf.

3. The content of Chapter 4 and Appendices B, C and D is the result of a collaboration
with Jesse Held, Donald Marolf, and Jie-qiang Wu, and has been accepted to
appear in the Journal of High Energy Physics [1]. It is reproduced here with
the permission of the International School of Advanced Studies (SISSA): http:

//jhep.sissa.it/jhep/help/JHEP/CR_OA.pdf.

4. The content of Chapter 5 is a work-in-progress, and is the result of collaboration

with Donald Marolf, Xuyang Yu, and Ying Zhao.
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Chapter 2

The Action of HRT-Areas as

Operators in Semiclassical Gravity

2.1 Introduction

A fundamental aspect of gauge-gravity duality is the relation between gauge the-
ory entropies and the areas of codimension-2 bulk extremal surfaces described by the
Ryu-Takayanagi (RT) correspondence [61, [62] and its covariant Hubeny-Rangamani-
Takayanagi (HRT) generalization [63]. The quantity Apgrr|[R] defined by computing
the area of the HRT surface associated with an appropriate boundary region R may thus
be expected to be of great interest in the bulk theory, even without reference to the gauge
theory dual.

At the classical level in the bulk, we can think of this Agrr[R] as a function on the
space of solutions or, equivalently, on either the canonical or covariant phase space. At
the quantum level, it should define a corresponding quantum operator. The purpose of
this work is to better explore the commutation relations of such operators, either with
themselves or with other objects of interest. We will work at leading order in the bulk
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semiclassical approximation, where such commutators are described by Poisson brackets,
or equivalently by Peierls brackets [I07] up to the usual factor of i.

There is in fact a lengthy history of suggestions that taking brackets with Aggrr[R)
should generate a transformation closely related to the boost symmetry of a Rindler
wedge in Minkowski space. Indeed, long before the days of gauge/gravity duality it was
noted in various contexts that the area of black hole horizons seemed to generate such
transformations; see especially [108], but similar observations are implicit in [109 110,
111].

Later, in the context of gauge/gravity duality, analogous suggestions for general HRT-
areas Agrr|R| were motivated in [112] 113| 44, 114], 1T5] by comparison with modular
Hamiltonians, as the latter are again known to act as boosts in appropriate circum-
stances; see in particular [I16] and [I05]. In many cases this analogy was based on
the Jafferis-Lewkowycz-Maldacena-Suh (JLMS) relation explicitly relating bulk areas to
modular Hamiltonians in the gauge theory [I17]. Furthermore, in a parallel series of
developments, various related results [I18], 119, 120] were established in contexts where
boundary conditions are imposed at finite-distance boundaries. In particular, when the
boundary is an appropriate bifurcate null surface, the area of the bifurcation surface is
known to generate a boost-like symmetry of the associated gravitational system.

Nevertheless, despite the long list of closely related results and arguments given above,
it appears that a direct analysis of the action of Aygy[R] on the gravitational phase space
has yet to be performed. Here we are explicitly interested in the case where the relevant
HRT surface vi is determined dynamically and lives in the interior of the system, as
opposed to being specified by hand to live on a finite-distance boundary. Our work will
fill this gap and then study the implications for simple commutators involving HRT-areas.

In doing so, we will also give proper consideration to the asymptotically AdS boundary

conditions that are of primary interest in the RT and HRT correspondences. In partic-
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ular, in the presence of an asymptotically AdS boundary, the area of a codimension-2
surface anchored to the boundary will generally diverge. In order to discuss finite quan-
tities, in that context we use Ayprr below to denote the renormalized HRT-area given by
introducing a cutoff €, subtracting an appropriate covariant counterterm from the naive
area, and then sending ¢ — 0. Since the counter-term is a c-number, this object gen-
erates the same Hamiltonian flow as the naive (unrenormalized) HRT-area. One should
also be aware that, as a result of this renormalization, in even boundary dimensions our
Agrr will transform anomalously under conformal transformations. In contrast, when
the boundary anchors are the empty set, no renormalization is needed and we use Ay gy
to denote the naive area of the HRT surface.

We begin in section with a direct computation of the flow generated by Aggrr[R]
using the canonical formalism of Einstein-Hilbert gravity with arbitrary minimally cou-
pled matter. We study the action of this flow on the initial data on a Cauchy slice ¥ that
runs through the HRT surface vg, showing that it leaves the induced metric unchanged
and that it shifts one component of the extrinsic curvature by a delta-function at vg.
This result was predicted in [114], [115], where it was argued to correspond to an operation
that, in an appropriate sense, boosts the entanglement wedge of R relative to that of the
complementary region R. As a result, on such Cauchy surfaces HRT-area flow also agrees
in the bulk with the ‘kink transformation’ introduced in [IT5], though (as we review) the
two act differently in both the past and future of the HRT surface vg.

The above results and relations are then used in section [2.3|to derive explicit formulae
for the action of HRT-area flow on the AdS3 Poincaré vacuum, and in particular to study
the action on the boundary stress tensor and on other HRT areas evaluated on that
solution. A particular result is that, while an explicit such flow can be defined for any
HRT surface g, the flow turns out to cause the total energy to diverge when vz has

non-trivial anchors on the AdS boundary. This is a concrete manifestation of the UV
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issues foreshadowed in [113], 44], [114].

For comparison, section then provides an independent computation of the asso-
ciated commutators evaluated on general solutions of pure 2+1 Einstein-Hilbert gravity
asymptotic to Poincaré AdS;. Instead of using the canonical commutation relations in
the bulk, this latter approach is based on the fact that the above solutions can be con-
structed by acting on the Poincaré vacuum with boundary conformal transformations.
From this it follows that any observable can be expressed in terms of the boundary stress
tensor, so that the stress tensor algebra can be used to compute general commutators.

We close with some final comments and future directions in section 2.5

2.2 HRT-area flow as a boundary-condition-preserving
kink transformation

We now derive the Hamiltonian flow generated by HRT-area operators by directly
computing Poisson/Peierls brackets in asymptotically AdSp Einstein-Hilbert gravity. In
the rest of this work we refer to such brackets as “semiclassical commutators” despite
the lack of a factor of i = v/—1. The commutators for which such computations are
straightforward will in fact describe the effect of HRT-flow on certain Cauchy data for
the solution, whence the action on the full solution is to be determined by solving the
equations of motion. We thus begin by studying the effect on the desired Cauchy data
in section [2.2.1] Section then addresses details of the boundary conditions which
determine the full solution. Finally, section will discuss the relation to the kink
transformation of [I15], which will be useful in deriving further explicit results in section
2.3

As usual, we take the HRT surface g to be defined by some region R on the asymp-
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totically AdSp boundary. In particular, R is an achronal surface on the boundary and vg
is a codimension-2 extremal surface in the bulk that is anchored to the boundary OR of
R. Since vg is an HRT surface, it is in fact the smallest such extremal surface satisfying
the homology constraint of [I21]. The area of g thus defines a function on the space of
solutions that we may call Aggrr|R).

Equivalently, we may think of Aypr[R] as a function on the covariant or canonical
gravitational phase space. To maximize accessibility to most readers, we will take the
canonical perspective below. Since our argument in this section is based solely on the
canonical commutation relations of Einstein-Hilbert gravity, all results in this section

remain valid in the presence of arbitrary minimally-coupled matter fields.

2.2.1 HRT-area flow on a Cauchy surface containing ~»

The object Ay rr|R] is of course fully determined by the spacetime metric g. However,
in practice it can useful to evaluate Aygr[R] in two steps, first finding the extremal
surface vz and then computing the area of yz. In reference to this two-step process,
we will write Aggrr[R] = A[yr, g]. In particular, in this way we can think of Agrr|R]
as a special case of a more general functional A[y, g] which would compute the area of
an arbitrary surface , and where Aggr is obtained from A[vy, g] by choosing v = 7 as

defined by the given metric g. We can make this very explicit by writing

Anrr[R] = A, 9]l =yrlg)- (2.1)

The fact that vz is an extremal surface means that, if we fix the spacetime metric g
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and vary Alvy, g] with respect to 7, the result vanishes when evaluated at v = ~yx:

bl (22)

The relation (2.2)) will enter in a critical way into our derivation of HRT-area flow
below. The key point that allows it to be useful is that semiclassical commutators are
defined by the Poisson Bracket (or equivalently by the Peierls Bracket [107]), which

satisfies the Leibniz rule

{B,C}=B,C,{¢", ¢}, (2.3)

where the ¢! are any set of coordinates on phase space and where B; and C ; denote
appropriate (perhaps functional) derivatives of B,C with respect to such coordinates.
Setting B = Apgrr|[R], we may evaluate its ¢! derivatives by first separately varying
Al, g] with respect to v and g and then using the chain rule to relate variations of v and

¢ to variations of the ¢!. We thus write

) 0Aly, ) 0AlY, )
¢ v v="7rl9] ¢ g v="7rlg] S

The notation implies an appropriate summation over the degrees of freedom associated
with the surface v and the spacetime metric g. In particular, the last term in ([2.4)
includes both a sum over components of g at each spacetime point and an integral over
spacetime points.

Since the first term in (2.4 vanishes due to , we are left only with the second.
This is precisely the statement that semiclassical commutators of Ay gy can be computed
as if the surface v were fixed and did not in fact depend on the phase space coordinates
¢!, In other words, it suffices to compute commutators with Ay, g] for some fixed 7

(say, given by certain coordinate conditions) and then to simply set v = ~g at the
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end of the calculation. Note that the final result after setting v = vz will describe a
flow generated by a diffeomorphism-invariant observable, and will thus necessarily map
solutions to solutions, even if this is not manifest in the intermediate steps. In particular,
in the language of the Hamiltonian formalism, the final flow will necessarily preserve all
constraints.

Indeed, since g is spacelike, in the canonical formalism we are free to simply suppose
that we are given a Cauchy surface ¥ and a fixed submanifold v C 3. We may then take
our phase space coordinates ¢! to be the induced metric h;; on ¥ and the (undensitized)
gravitational momentum I1¥ = —L_ (K% — Kh¥), where K% is the extrinsic curvature of

167G

¥ and K = K%h;;. Such phase space coordinates have the standard Poisson Brackets

{hkl(x)> hlj<y>} =0,

3 1 (2.5)
{Pua(), 119 (y)} =—==06(,0),6" "V (@ — y),

V)

where z* (or equivalently 3’) denotes D — 1 coordinates on ¥ and we have used the
standard Dirac delta function in terms of the coordinates z, .

Since we choose 7 C X, our A[y, g] will be independent of TI¥ and will depend only
on h;j. Thus Aly, g] commutes with h;; at leading order in the semiclassical expansion,
and the leading semiclassical commutator of Ay, g] with any function is determined by
{Aly, g], T}, or equivalently by {A[v,g], K”}. We shall keep only such leading-order
terms below.

Let us consider the bracket with K%, as it will turn out to yield a geometric inter-
pretation of the flow generated by Aypr[R]. Using

. . 1 .
KY = 167G IIY + ——I1hY 2.6
T ( + 5_D ) ( )
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with IT = I1% h;;, one finds
167G i < 1 msn ij
(o) £0)) =200 3) (48] = g i o))
(2.7)
167TG o 1 g
(D-1) Y ij
TR =) (Rt - g O))

We then need only combine this with a computation of derivatives of A[y,g] with
respect to the induced metric. Proceeding in steps, we introduce the induced metric gap

A

on v and D — 2 coordinates w* on 7 to write

Aprr = | d°72wy/q(w). (2.8)

Taking functional derivatives yields

0Aurr _ 1 [ p s a, \9qaB(w)
=— [ d"“wy/q(w w)————. 2.9
Now, since gap(w) = %%hij(m) (with derivatives computed along 7), we can

rewrite gap as

_ Ox' Oxt N _ .
qap(w) = /dD s o= his (2 ()05 (w, )
7 S B (2.10)
= [ S o) 8PP w0 (0) 35(3. )
where 5§D_2) (w,w(x)) is a d-function on the HRT surface that satisfies
[0 )P w,0) = f0), (2.11)
gl

and where dx(7v,x) is a d-function on the Cauchy slice that localizes = to the HRT
surface according to [y, d” "'z f(2)dx(v,2) = [, d" *wf(z(w)). We have also arbitrarily
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extended w and % to smooth functions of the z* defined on all of ¥, though due to the

delta-functions the result does not depend on the particular extension chosen. We thus

find

dqap(w) _ oxk Ox! 5(0-2)
(Shkl(l') 8@2}A 81173 K

Finally, combining equations ({2.7)), (2.9) and (3.10)) yields

(w,w(z)) ds(y, x). (2.12)

Aprr i -~ q(w(z)) AB( Oz’ Ox? ij
{Ft ko) = 2n I o) (o2 0) i s~ 100 ) (213)

= —27mby(y,x) L7117 (2.14)

where 17 is the unit normal to v in ¥ and b5 (7, z) = \q/(;b(_(g;)) ds.(7y, z) is a one-dimensional

Dirac delta-function of the proper distance between x and vy measured along geodesics
in 3 orthogonal to ~.

Equation (2.13) is our main result. Since the Poisson Bracket with h;; vanishes, and
since the right-hand-side of is the same for all solutions when expressed in terms
of proper distance, it is easy to integrate the above to yield the effect of a finite flow
by a parameter A. We see that the Hamiltonian flow generated by Aggrr changes the
initial data on any Cauchy surface > that contains 7 by adding to the normal-normal
component K+ of the extrinsic curvature a delta-function given by the right-hand-side
of multiplied by A, but that this flow leaves unchanged both the induced metric
h;; and all other components of K%.

The effect on the rest of the solution is then determined by the equations of motion.
Note that since there is no change in the initial data on 3 away from the HRT surface vg,
causality then implies that there can be no change in the part of the solution within the
entanglement wedge on either side of vg. Instead, the solution can change only within

the past and future light cones of . In these regions, the change in the solution is
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also influenced by boundary conditions. We thus now discuss the required boundary

conditions in detail.

2.2.2 Boundary Conditions for HRT-area flow

The result fully defines the flow generated by Apyrr. However, as is often
the case, the precise connection to boundary conditions can be subtle. We thus take a
moment to explore such issues here.

To this end, recall that describes a flow within some particular notion of the
gravitational phase space. We have described this phase space in terms of a Cauchy
surface . The bulk geometry and extrinsic curvature of ¥ are dynamical and so can
change under HRT-area flow. But since ¥ represents a definite instant of time, in a
context with an asymptotically AdS boundary M on which the boundary metric has
been fixed, the intersection 9% of ¥ with OM will remain fixed. This is in precise analogy
with the familiar statement that the flow generated by a Hamiltonian on the phase space
at t = 0 does not actually change the value of ¢ but, instead, changes the initial data in
the manner dictated by time-translations. As a result, the boundary conditions require
that neither the metric induced on 9% by the boundary metric nor the corresponding
extrinsic curvature can change under the flow generated by Ay grr. And this must be true
despite the transformation of the initial data in the bulk.

The above may at first seem like a paradoxical state of affairs. However, any relation
between the extrinsic curvature of the surface ¥ in the bulk M and the extrinsic curvature
of 9¥ in the boundary OM will certainly depend on how OM is attached to M. This
allows extra degrees of freedom. In short, we believe that the situation is much like the
famous issue discussed in [122] 123 65] wherein one may have conical singularities in the

bulk that end on smooth boundary metrics. We thus believe that there is an appropriate

21



The Action of HRT-Areas as Operators in Semiclassical Gravity Chapter 2

sense in which HRT-area flow is a well-defined transformation. Indeed, we will show this
explicitly below for spacetimes asymptotic to AdSs, though we leave full discussion of
the higher dimensional case for later work. In particular, the forthcoming work [124] will
show that our issue is precisely equivalent to whether one can have Lorentz-signature
bulk conical singularities in the presence of general smooth boundary metrics.

We also pause to warn the reader that, while we believe that HRT-area flow can be
defined, there is a sense in which it will be rather singular in the UV. In particular, we
will see in section that in AdSs it leads to a boundary stress tensor that involves
the square of a Dirac delta-function. The transformed solutions will thus have infinite
energy. If we are inspired by [117] to think of Agxrr/4G as the leading semiclassical
term in the modular Hamiltonian of the dual CFT state, this UV-divergence is a con-
crete manifestation of the singular behavior predicted in [I13] using results in algebraic
quantum field theory. (Though see [125] for further comments.) As noted in [113] (and
as further developed in [114 [I15]), the UV behavior can be improved by simultaneously
acting with a second transformation associated with the (right) vacuum modular Hamil-
tonian. Following [I15], we refer to the combined smoother transformation as the ‘kink
transform,” whose details we describe below. See also the closely related discussions in

[112] and [44].

2.2.3 Relation to the kink transformation

As a brief but useful aside, we now discuss the relation of the flow generated by Appgr
to the kink transformation introduced in [115]. Indeed, the kink transformation was ini-
tially defined in [I15] by using precisely the action (2.13) on Cauchy data, scaled by a

factor that controls the amount of the transformation to be applied[] The transformation

1 We will discuss such normalizations in appendix Performing a finite transformation by an amount
A simply adds A times the left-hand-side of (2.13) to the extrinsic curvature. However, the astute reader
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on solutions then followed by solving the equations of motion. However, for asymptot-
ically AdS spacetimes the solution is unique only after boundary conditions have been
fully specified, and the boundary conditions chosen to define the kink transformation in
[TT5] turn out to differ from the HRT-area flow boundary conditions described in section
[2.2.2] While the flow generated by Apgrr preserves any boundary metric and leaves 0%
invariant in OM, the kink transform of [115] was fully defined only when the metric
on OM has a Killing field & that vanishes on the anchor set R of the HRT surface,
and where &5 acts locally as a boost about OR. In this setting the kink transformation
was declared to leave the boundary metric invariant, and also to leave the surface 0%
invariant in the region spacelike separated from R. However, in contrast to the HRT-
area flow described above, the kink transformation moves the part of 0¥ in the domain
of dependence of R. In particular, it shifts 0% toward the past along the orbits of &y
by a Killing parameter 2w \/k, where k is the surface gravity of £ at OR. In all cases
below we take D(R) to be the right wedge and describe the left wedge as D(R) for some
complimentary achronal surface R to R. See appendix |A| for verification of the above
sign and normalization factors.

In the presence of the boundary Killing field £y, the kink transformation differs from
the flow generated by Agrr/4G only by whether or not 9% is distorted relative to the
fixed boundary metric. We may thus refer to the flow generated by Aggrr as a boundary-
condition preserving kink transform. Again, because this flow preserves the boundary
conditions precisely, it can be defined for any boundary metric. In particular, it does
not require the existence of the boundary Killing field £y that was needed to define the
original kink transform.

Since the above distortion involves a boost operation in the right (R) wedge but

will notice that the form of the normalization factor given in [I15] is somewhat different. This difference
in presentation will be discussed at the end of appendix E}
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(a) (b)

Figure 2.1: The conformal boundary of our spacetime, showing the domains of depen-
dence D(R) of R and D(R) of R. The boundary metric has a Killing field &, that acts as
a boost near OR. (a) The boundary 0% of a smooth bulk Cauchy surface ¥ in the original
spacetime. The surface 0¥ and all boundary observables on that surface are preserved
by the flow generated by AgrrR. (b) The kink transformation with parameter A\ moves
the part of 93 in D(R) by sliding it toward the past along orbits of £y through a Killing
parameter 2w\ /k. Near R this acts as a past-directed boost with rapidity 27wA.
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trivial action in the left (R) wedge, it was called a (boundary) one-sided boost in [115].
Note, however, that the action on observables in the future and past wedeges is again
determined by solving the equations of motion. If we let IC[y] denote the generator of
the kink transformation by A, then we can define the difference Hp := Af—é?T — K[v] to be
(27 times) the generator of the boundary one-sided boost (taken to generate flow toward
the future in the right wedge). In the context of AdS/CFT, Hg can be interpreted [115]
as the right modular Hamiltonian of the Hartle-Hawking statef] for the CFT associated
with the boundary Killing field £. Furthermore, the term Af% was argued in [I15] to
correspond at leading order to the modular Hamiltonian of the boundary dual of the
bulk spacetime. As a result, the kink transform was conjectured to be dual to a so-called
Connes cocycle flow in the CFT (generated by the difference between the right modular
Hamiltonian of the bulk state and the right modular Hamiltonian of the Hartle-Hawking
state for £y). Some refinements of this correspondence will be discussed in [125].

It is useful to note that, even in the absence of a bulk Killing field, the action of Ay gy
or K] in the bulk can again be described in terms of a one-sided boost. This relationship
was described in detail in [115], having been foreshadowed in [112], [113| 44, 114]. The
essential point is to recall from [126] that the original solution can be reconstructed
from four pieces of data: boundary conditions as defined by the boundary metric, the
restriction of the solution to the left wedge, the restriction of the solution to the right
wedge, and the way that affine parameters along the future and past null boundaries of
each wedge are identified with those along the past and future null boundaries of the
other wedge. The idea is that if we are given the last three, the remainder of the solution

is uniquely determined by solving the equations of motion subject to the given boundary

conditions (the first ingredient above).

2There will be cases where Hp is unbounded below as a CFT operator. In such cases the Hartle-
Hawking state is not well-defined, but the flow still exists. Such cases are the analogue of what occurs
for Kerr black holes in asymptotically flat spacetimes.
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The fourth piece of data above can be said to define the relative boost with which
the two wedges are attached. The desired operation is then defined by changing these
identifications in precisely the same way that they would be changed if there were an
appropriate bulk Killing field, and if we were to transform the right wedge by flowing
toward the past through a Killing parameter 27w\ /k along the orbits of this Killing field.
As verified in appendix [A] on a Cauchy surface through ~ this generates precisely the
desired transformation on initial data .

Again, the transformed initital data can be extended to a full solution by choosing
boundary conditions and solving the equations of motion. And again, the result gives the
flow generated by either Ayrr/4G (if one preserves the way that each wedge attaches to
the asymptotically AdS boundary), or by K[v] (if there is a boundary Killing field £ and
one flows the right wedge appropriately under £y). In all cases the solution in the past
and future of v is determined by solving the equations of motion with an appropriate

choice of boundary conditions’

2.3 Explicit results in vacuum Poincaré AdS;

We will now use the above relations to give a simple geometric description of the
flow generated by some Apgr[R] in pure 2+1 Einstein-Hilbert gravity (with negative
cosmological constant but without matter) for spacetimes asymptotic to Poincaré AdS;
that do not contain black holes. After deriving this description in section [2.3.1] explicit

results for the action of the transformation on the boundary stress tensor and on other

HRT-areas are given in sections [2.3.2/ and [2.3.3|

3In particular, since the boundary metric is not dynamical, the boundary metric to the future and
past of OR cannot be determined by solving equations of motion. It must simply be specified by hand.
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2.3.1 Representation as a boundary conformal transformation

Bulk spacetimes of the specified form are always diffeomorphic to Poincaré AdSs. Let
us thus focus on obtaining explicit results when the spacetime is exactly Poincaré AdSs
with metric

ds® = ; (—dt® + da® + d2*) = % (—dudv + dz=?) . (2.15)
Here we have set the AdS scale £ 445 to one and introduced u = t—x and v = t+x. Results
for any other spacetime in the above class can then be obtained by applying an appropri-
ate boundary conformal transformation. At least for infinitesimal such transformations,
this generalization will be described in section

Now, any two HRT surfaces in Poincaré AdSs are related by an AdSs isometry. Thus
we may further simplify the discussion by taking the boundary region R to be the half-
line x € [0,00) at t = 0 on the boundary at z = 0. We will refer to this half-line as Ry.
The HRT surface g, is then the bulk geodesic given by z =t = 0 for all z.

The geodesic g, is invariant under the manifest boost isometry & = x0; 4 t0, in the
x,t plane, and it is clear that £ induces a related Killing field £y on the boundary at
z = 0. This feature makes it easy to apply the kink transformation K[yg,], as boosting
the right wedge leaves invariant all data in that wedge. The kink transformation also
leaves the boundary metric unchanged, though we remind the reader that it nevertheless
‘moves each Cauchy surface with respect to that metric’ as shown previously in figure
2.1l As a result, solving the equations of motion must precisely reproduce the original

spacetime (2.15)). We conclude that the action of K[yg,] leaves Poincaré AdSs invariant.ﬁ

A similar conclusion clearly holds for Poincaré AdS, for any d. But what is special

4This is consistent with the conjecture of [I15] that the kink transform is dual to the Connes cocycle
flow generated by the difference between the one-sided modular Hamiltonian of the dual CFT state
and the one-sided modular Hamiltonian of the CFT vacuum. Since Poincaré AdSs is dual to the CFT
vacuum, the above difference clearly vanishes for this state and hence has trivial action. As usual, we
refer the reader to [125] for further comments
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about d = 3 is that we can also find a simple form for the transformation generated by the
Hp, of section[2.2.3] Combining this with the above will then give a closed-form expression
for the boundary-condition-preserving kink transformation defined by our HRT-area flow
on Poincaré AdSs.

To establish the desired result, recall first that Hgr generates a transformation that
leaves invariant the boundary metric. And since all solutions to pure 2+1 Einstein-
Hilbert gravity with such boundary conditions are diffeomorphic to Poincaré AdS;, Hg
can act only by a boundary-metric-preserving diffeomorphism. In an asymptotically AdS
spacetime, this must be a boundary conformal transformation. Our task is thus simply
to identify the unique conformal transformation that acts on the right wedge of the
boundary as a boost of magnitude 27\ and of the appropriate sign[]

For each A we will describe this conformal transformation as a map (u,v) — (U(u), V(v))
on the boundary spacetime and an associated Weyl rescaling. After acting with the trans-

formation, our boundary conditions require the boundary metric to be

ds3 = —dUdV, (2.16)

so that the Weyl rescaling is determined by comparing with —dudv.

In the left wedge we know that Hr must act as the identity. And in order to undo
the action of K[y] on a Cauchy slice (shown in figure [2.1)), our conformal transformation
should boost the right wedge toward the future with rapidity 27 A. Since it must preserve

continuity of each Cauchy slice, this uniquely singles out the transformation at each finite

A to be

U = ue 200w 17 — 4?0, (2.17)

5While this conformal transformation is not smooth on the boundary spacetime, it nevertheless
corresponds to a diffeomorphism that is smooth at every point in the bulk.
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Since ud(u) = 0 = vd(v), (2.17)) yields

—dUdV = - W2 V) dudy (2.18)
with 20WU) — o=2mAO(-U) - 26(V) _ 2mA0(V) (2.19)

Thus we have —dUdV = —dudv in both the left and right wedges. But this is not
the case in either of the future or past wedges, so the ¢ and & define a non-trivial Weyl
rescaling relating (2.19)) to (2.16]).

On any solution, Hg will be the generator of the boundary conformal transformation
(2.17). But since the kink transform acts trivially on Poincaré AdSs, we can also take
to give the full finite-A action flow of this solution under Aggrr/4G. This in
particular allows us to explicitly compute the action of this flow on both the boundary
stress tensor and other HRT areas. We record these results below in sections 2.3.2] and

for later use in comparison with section

2.3.2 HRT-area flow of T;

The action of a general finite conformal transformation on the stress energy tensor of

a 1+1 dimensional conformal field theory is well known (see e.g. [127]) to give

Tabdxadxb — T;)bl"iginaldxadxb+ é |:8(?[0-+ (8U0)2:| dU2 + é |:a‘2/a, + (av&)2:| dv2, (220)

where c is the central charge. For the boundary stress tensor of AdSs3, we have ¢ = 3/2G.

Since we are computing the effect on the planar vacuum, we have ngiginal = 0. The
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remaining terms in (2.20) then give

Toy = (A'(U) +7X*[5(U))%) , and (2.21)

0 (070]
&l —&| -

Tyy = (A (V) +7X2[0(V)]?) . (2.22)

The final terms in and are sensible only in the presence of a UV reg-
ulator. This is consistent with comments in [I13] on the singular nature of one-sided
modular flow. Interestingly, however, there is no problem at linear order in A. This
makes clear that the infinitesimal action of HRT-area flow is well-defined on solutions
that are sufficiently smooth, but that flowing a finite distance under this transformation
creates UV divergences when the HRT surface 7 is anchored to an asymptotically AdS
boundary. In all cases we nevertheless emphasize that the action of the flow on the bulk

solution is nevertheless given in closed form.

2.3.3 The action of the low on other HRT-areas

Despite the divergence it creates in the boundary stress tensor components ([2.21)) and
(2.22), the finite flow generated by Appgr[Ro|/AG yields a well-defined action on other
HRT areas. To write explicit formulae, recall that our Axgr denotes the renormalized

HRT-area, which in AdS3 with £445 = 1 may be written

AHRT = Lgeodesic + Z Lct> (223)

anchors

where L. is an appropriate c-number counterterm. In particular, in vacuum Poincaré

AdS3; we may introduce a regulated boundary at z = € and write the renormalized area
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as [12§]

vac = liH(l)[—QIHE +In[(z1 — 29)® — (11 — £2)%] + 21n(2¢)]
€—>
(2.24)

=In[(u; — ug)(vy —v1)] + 2102,

where we have identified L. = In(2¢). Since the endpoints of the HRT surface must be
spacelike separated on the boundary, without loss of generality we may take u; > us and
v1 < vy (i.e., we number the endpoints left-to-right as opposed to past-to-future).

Furthermore, under a Weyl rescaling ds? ..., = €27ds? ,,; we have

Appr = A+ Y o (2.25)

anchors

We can now apply the conformal transformation to the Ayrr anchored at
(U1, V1) and (Us, Va), which we write below as Aggrr(Uy, Vi, Us, Va). First, however, it is
useful to note that any Aggrr evaluated in the Poincaré vacuum remains invariant under
the conformal transformation defined by constant rescalings U = e**u,V = e*v of the
null coordinates. This is because the explicit expression shifts by —a, — a, under
(u,v) — (U, V), but this is then cancelled by the conformal anomaly term in since
o= %(au + ) at each anchor point. This result is of course clear for the case o, = —a,
(which describes a boost), but it also holds for e.g. a,, = «, (which describes a dilation).

Since is piecewise constant, the above observation makes it easy to apply the
conformal transformation to Agrr(Ui, Vi, Uy, V). Non-trivial effects can occur
only when U; and U, have opposite signs or when V7, V5 have opposite signs so that the
end points correspond to distinct values of 6 and/or 0. When opposite signs do occur,

we can evaluate the effect of (2.17)) by computing (2.24)) at the new endpoints and adding

the anomalous term from (2.25)). Again using spacelike separation of the anchor points
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to take U; > Uy and Vi < Vi, we may write the transformed result in the form

AHRT,)\(Uh ‘/17 UZa ‘/2) - AU<U17 U2> + AV(‘/M ‘/2) + 2111 27 (226)
with
ln(Ul—Ug), Ul,U2<OOF Ul,U2>O
Ay = (2.27)
11’1(6_27r)‘U1 — UQ), U, <0< U
and
111(‘/2—‘/1), ‘/1,‘/2<OOI"/1,‘/2>0
Ay = (2.28)

In(Vy — V), Vi <0< Vs

As a result, we find

1
{EAHRT[ROLAHRT(Uh‘/laU27‘/2)} (229)
d

:_AHRT,A(U17‘/17U27%) (230)

dA\ =0

U,0(-=UU;) | ViO(=ViV3)

_ . 2.31
T ( 0, -0, = W%-W (2:81)

2.4 Commutators from stress tensors

The previous section transformed the general arguments of section into explicit
results in AdS3 for the particular choice of boundary region Ry given by the half-line
at ¢ = 0 and when the area-flow acts on the Poincaré AdS; vacuum. We now present
an independent calculation both to check the above results and as a means of general-
izing them to allow arbitrary boundary regions R and more general solutions of pure
2+1 Einstein-Hilbert gravity with negative cosmological constant and planar boundary.

In particular, the generalization will allow planar black holes. The key ingredients in
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this computation are (again) that all such solutions are related by boundary conformal
transformations, and that any two spacetimes with the same boundary stress tensor are
considered to be completely equivalent. Thus we may in principle express any observable
in terms of the boundary stress tensor and use the well-known 2-dimensional stress tensor
algebra to compute any commutators. This alternate technique may also be of interest
in its own right as a means of studying commutators of general quantities for which an
elegant geometric description of the flow is not known.

To follow this approach, one might like to proceed by finding an explicit expres-
sion in terms of the boundary stress tensor for the conformal transformation (u,v) —
(U(u),V(v)) that constructs an arbitrary solution in our class from the Poincaré AdS;
vacuum, and in particular for the associated conformal factor o[T;;]. One could then
use the relevant conformal anomaly to write any observable in terms of ¢ and simply
substitute o[7};] to write the observable as a functional of the stress tensor. However,
it is not clear that a useful such closed-form solution o[T;;] will exist. Luckily this work
focusses on semi-classical commutators, for which such an explicit relation will not be
needed. As in section the key point is that the semiclassical commutator (aka the
Poisson or Peierls bracket) is a derivation, meaning that for any observables B and C' we

may write the bracket in terms of the stress-tensor algebra using

B o o 9o OB do(x2) . oo(xh)  oC
_/dazld ads d% o) Ty (), g (@) g s =2 (232)
20,20 O o(xy), ot o
- [ End o w). o) s

It is thus sufficient to know the functional derivatives of B, C' with respect to ¢ and the
functional derivatives of o with respect to the stress tensor, which in practice turns out

to be a manageable task.
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After computing such functional derivatives in section [2.4.1] we warm up with some

relatively simple commutators involving o and 7;; in sections [2.4.2|and [2.4.3| before finally

studying commutators of HRT areas in section [2.4.4

2.4.1 Functional derivatives of o with respect to 7;;(z)

Recall that our basic strategy will be to think of the boundary stress tensor T;;(U, V)
as the fundamental observable in terms of which we will write all others. In particular,
we will define an observable o as the conformal factor in that generates T;;(U, V)
from the vacuum (in which 7;; = 0), and which satisfies certain boundary conditions.
In practice, we will then write general observables in terms of o, which then implicitly
expresses them in terms of T;;.

To this end, let us thus consider the boundary metric
ds? = —dUdV = —e* Y dudy, (2.33)

with o(u,v) = o(u) + (v) and

dU = > ™y,
(2.34)
dV = ¥ Wy,

and where o and ¢ are chosen so that T;;(U, V') can be written in the form with
Toriginal(y) = (0 = Teriginal(y), Note that the coordinates u,v defined by are
dynamical objects that will also be functions of the stress tensor Tj;y. In particular,
we should think of the functions u(U) and v(V) as being defined by integrating the

above equations subject to some boundary condition. These functions have range u €

(—00, Umaz) and v € (—00, Upmaz ), Where Upar = Umar = 00 when solutions asymptote to

34



The Action of HRT-Areas as Operators in Semiclassical Gravity Chapter 2

Poincaré AdSs, and w4z = Umer = 0 when solutions instead asymptote to an M > 0
planar black hole.
When solutions asymptote to Poincaré AdSs, it will be convenient to choose the

boundary conditions to be simply

wU=0)=0, v(V=0)=0, (2.35)
allowing us to define
wU) = [ dU’e2 @) (2.36)
o(V)y= [ dV'e 20V, (2.37)
We note in passing that u = 400 does not generally correspond to U = 4oo. In

particular, at this stage the SL(2, R) x SL(2, R) isometries of the Poincaré vacuum allow
us to introduce poles in the function «(U). When solutions asymptote to an M > 0

planar black hole, we will instead choose our boundary conditions to be

u(U =00) =0, vV =o00)=0, (2.38)
allowing us to define
w(U) = fOU dU'e=27U) — [ qU’e=27(U") (2.39)
(V) = fOV dV'e=2 V) — [ qVie=20(V), (2.40)
Again we note in passing that ©« = —oo may not correspond to U = —o0.

Since the trace of Tj; vanishes, the only non-trivial stress tensor components are
Ty (U) and Tyy (V). For the moment, let us focus on Ty since corresponding results
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for V' will satisfy analogous expressions.

S0 (u(U))

The functional derivative oo (0

can be computed by studying the variation of Tyy:

5T :%(0@50 + 20y00,60)
CW (2.41)
__ - 20 20
_1271'6 GU(e 8(](50).
].2 U 1" U” !
So(U) = T”( / e 20U / U §Tyy (U dU' dU”
Yo Yo (2.42)
. .
+01/ e 2 Wau’ + 02),
Uo

for any finite Uy, and constants ¢; and c¢,. This parametrization is somewhat redundant,
as changes in Uy can be absorbed into changes in ¢; and c,.

The constants ¢; and ¢ are arbitrary and cannot influence the physics of our com-
putation. But it will be convenient to fix them by recalling that, as previously noted,
an overall scaling preserves the Poincaré vacuum. We are thus free to fix o(U) to be
independent of the stress tensor for any one value U. We will choose this to be true
at U = Up, which imposes do(Uy) = 0. Additionally, the Poincaré vacuum is invariant
under special conformal transformations, allowing us to fix dyo(U) to be independent
of the stress tensor for any one value U; we will again choose U = Uy, which imposes
Oyoo(Up) = 0. Implementing these boundary conditions sets ¢; = ¢o = 0, and estab-
lishes that our definition of o depends on U,. As a result, we now change notation to
do(U) = ooy, (U), to make explicit the Uy dependence. We similarly take o(Uy) = 0 (and
o(U) = oy, (U))F

Rewriting slightly, we have

6 Additionally, u(U) depends on oy, (U) through either Eq. (2.36]) or (2.39), so we make explicit this
Uy dependence as w(U) = uy, (U). Similarly with v(V) = vy, (V).
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12 [ / v "
doy, (U) :Tﬂ'/ AU e20v0 (U )@(U —UeU’ - UO)(STUU(U/>/ dU" e=200,(U")
127 > 1 20y, (U") / / / v ", —2oy,(U")
+ =0 autern WU — UYO(Uy — UNoTuw(U') | dU”e 2700 U™,
¢ J_ o U

(2.43)
which yields

5UUO(U) . 127

ST = o ¢ () —un (U[OW U)W~ U) = (U ~0)(Uy=U").

(2.44)

We now use the above results to compute a series of semiclassical commutators below.

2.4.2 A first warm up: {0, 7T};}

We begin by studying the semiclassical commutator

(o0 ). Tow@)} = | ) dv'%{wv’),%y@}. (2.45)

oo )

Since our CFT is 2-dimensional, the stress tensor algebra can be determined from the

familiar relations

c 2

{Lm, Ly} =i(n —m) Lyt — Em(m — 1)0m+n.0, (2.46)
where L,, and Ty are related by
1 iUm
Lm = —— dUe TUU(U)
27T S1
o0 ' (2.47)
Tyu(U)= > e V"L,
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These relations are well-known to yield

{Tyu (U), Ty (U} = 2Ty (U (U = U") = T}, (UNS(U = U') — ﬁé'"(U —U'). (2.48)

We can now compute the right-hand side of (2.45)) using (3.88). After some manipu-
lation, (2.45)) becomes

(0 0). T (00} = | 2T 000

c doy, (U>
9, .
T <5TUU<U/))1U’:U,

where we have used ([2.44)) to integrate by parts and to show that the associated boundary

Sou,(U) ) by, (U)

Ty (U)) Tow (V) Tyu(U) (2.49)

terms vanish at U = +o00. Using Eq. (2.44) then yields

fou (0), Tou ()} =, (D)0 — T) — 58U - D)
— a7, (Uo)[urry (U) — sy (Uo)}6(U — Up)
+ oy, (Uo) [uwy (U) — uwy (Up)]8" (U — Up) (2.50)
oty (Ua)5(T — Ug) — %5/(0 — )
1

+ g luwy (U) = gy (U))6" (T — Th).

We will use this result to calculate the commutator {o(X), o(X’)} in the next section, and
we will use it again in Section to calculate the commutator between an HRT-area

and the stress-energy tensor.
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2.4.3 The 0 commutator

Our next step will be to compute {o(X),o(X’)}. By the Leibniz rule as expressed in

Eq.(2.32)), we have

(o U)o 0} = [ a0 S, @) T ) (251)

where Uy is finite. Inserting (2.50) and manipulating the result yields

(000,00} = 0@ - 1)

+2(0p, (U) = o (U))e*70 P ug, (U) — ug, (0))OU —U)  (2.52)

+ug, (0) f1(U) + fo(U) +ury(U)g1(U) + g2(U) |,

with an analogous expression for {dy; (V),&VO(V)}, and we also note that any o, (U)
commutes with any 6y, (V). The functions fi5(U) and ¢1(U) can depend on U and
Us, and can be computed explicitly. However, we will not do so here, as we will show
that their contribution can be ignored. This helpful, because the above expression ([2.52])
is rather cumbersome. At least some part of this is due to the dependence on the
unphysical parameters Uy, Uy associated with the boundary conditions that define U,
and o, . But physical observables cannot depend on these parameters, so the dependence
on Uy, Uy must cancel completely when computing . This suggests that for physical
observables B, C' in , it should suffice to use a simplified version of that is
manifestly independent of U, Us.

In particular, let us recall that, on the space of solutions we choose to study, any
physical observable can be written as a functional of the boundary stress tensor. Com-

paring the three lines of (2.32) then shows that we will obtain the correct commutator

{B,C} so long as we include some subset of terms from (2.52) that gives the correct
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expression for {T;;(z1), Ty (x})}.
In the simple case where Uo = Uy and f/o = Vp, it turns out that the following effective

commutators suffice for this purpose:

{o,(U),00,(0)}ess = &O(U ~ D), (2.53)

{6v(V), 00 (V)}eps = =0V =V),. (2.54)

C

This is straightforward to verify by simply taking appropriate derivatives of (2.53) and

using (4.2) to compute

(o0 TouO))ugy = ot (0,00 (O )ers + e (0) Ao (), 00,0y
_ %ﬂU—UyH@ﬂ%&U—U% (2.55)

and thus

(Too(V), Too(0)ers = ilgﬁwmanfmmbhﬁ+6<w4w§§w%wmnm@ﬂdf
= 59"(0 = U) + 550, (0)8"(U = U)
—-é%%ﬂDMW‘U) =01, (0)ay, (0)8'(T -~ U). (2.56)

Recall now the following easily verified identities that hold for any smooth functions

f1(U,U) and fo(U,U) that vanish at U = U:

AU =U) = =2(9501)056(U —U) — (9% f1) 6(U —U) (2.57)

L0 ~U) = —(0p12) 80~ U). (2.58)
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Using (2.57) with f, = 900, (U) — dyoy,(U) then yields

oo @), Too(D}egs = 5=0"(0 = U) = (01,(0)) 850(0 —U)
— = (o(0)) 00 = U) = oy, (U)o, (0)3'(T = V)
- ﬁa’“@ —U) — 2Ty (0)056(T — U)
——— (ot () 80 = V)

< (Iob, (O = 013, (U)o, (D) ) (0 = 1)

6m
_ ﬁé”’(ff —U) = 2Ty (0)056(U — U)
45z (oth(@)) 80 - 0)
i (206,(0)9,(0) = o, V)1, (0)) 6T — 1)
- 2; O —U) — 2Ty (0)056(U — U)

where the third step used ([2.58) with f, = [0500,(U)]> — dyou, (U)dz0u,(U). Since the
final term in (2.59) vanishes, we see that (2.59)) gives the standard stress tensor algebra

as desired.

2.4.4 The HRT-area algebra

We now we turn to the commutator of HRT-areas. Using the results from Sec-
tions and [2.4.3] we can compute the semiclassical commutator of an HRT-area
operator with the boundary stress tensor, as well as that between two area operators
Anrr(Ur, Vi, Us, Vo) and Appr(U{, V{, U5, V3). As in section [2.3.3] the arguments denote
the coordinates of the two anchor points that define 0R. We again use the renormalized
area operator whose dependence on ¢ is given both by the explicit term in ([2.25))

and the dependence of (2.24) on o through U(u) and V(v). Using Agpr to denote the
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renormalized area in the conformal frame where the stress tensor vanishes (and where

the boundary metric is —dudv), the second of these takes the explicit form

Aprr(Ui, Vi, Us, Vo) =In[4(u; — us)(va — v1)]
Ur Va ) (2.60)
=In {4 / dUe27W) / dVeZ"(V)l.

Uz |41

Taking functional derivatives with respect to o yields

6Aprr (Ui, Vi, Us, Vs 2¢~20(0) .
HRT(5U1<U1) 2, V2) _ € O(max(Uy, Us) — U)O(U — min(Uy, Us))

fg; dU"e—20(U")

2¢—20(U)
= e — G eV ) = DO = min(l, U)),

(2.61)

with an analogous expression for the functional derivative of the area with respect to &.

The area operator and stress-energy tensor commutator

We will now use the above results to understand the commutator of an HRT area
operator with the boundary stress tensor. We introduce the notation AHRT = AUO,VO,
where Uy and Vj are the finite points at which o, (U) and v, (V') are independent of the
stress tensor. From Eq. , we find

U1 (SAU()’VO(UI;V'D UQv‘/2>

(vasalh Voo U Vo) Tew U0} = U= gy Lol T (0]
- m /U " AU e 2000 U) (o0, (U"), Tuu (U)}.
(2.62)
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Using Eq. (2.25]), we see the full commutator is given by

{Avo1o (U, Vi, Ua, Va), Ty (U)} = { Avy v Tow (U) }4{ou, (U1), Tow (U) }+{ow, (Ua), Tyu (U) }.
(2.63)
Using the explicit form of {oy, (U’), Tyy(U)} as given in Eq. (2.50]), most of the resulting

terms cancel among themselves after insertion into (2.63]). The result reduces to

2 o ! —20 4 /
{Anpr (U, Vi, U, Vo), Tyu(U) } = — m/U dU’e™? UO(U){UUO(U>7TUU<U)}phys

+ {ov, (U1), Tow (U) }phys + {ov,(U2), Tow (U) bphys-

(2.64)

where

{00 (V). T (V) hyngs = o4, (U)6(U" ~ U) = 28"~ 1), (2.65)

Plugging Eq. (2.65)) into Eq. (2.64)) gives the final results

{AHRTWZ gl,Ug,Vz)’TUU(U)} _
4G[u(U1)1— e = ) = e 5 (U, — U)
4 "&i—g])a(m _U)— %5'(@ — )
+ 2D s, ) -~ Law,-v),
{AHRT(UZC‘;laU%%),TVV(V)} -
4wa§—va@ﬂ€%%mwua—Vw—f%%wwﬂé—vﬂ
Rl s —v) = (i - v)
+ %i—éwa(% V) - %5’(% -V).

(2.66)
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While the right-hand side appears to depend on Uy, the Uy dependence of oy, (and thus of
u(U)) is determined by and the boundary conditions that both oy, (U) and its first
U derivative vanish at Uy. Using this result, a careful calculation shows the right-hand
side to be independent of Uj.

Note that for the special case Uy = 0 = V}, Uy = —o0, Vo = 0o with oy, (U) =
oy, (V) = 0, our reduces to the A-derivatives of and evaluated at
A = 0. This establishes the consistency of the above with the results of sections and
23

The commutator between two area operators

Our final task will be to write the semiclassical commutator of two HRT area operators

in a similar fashion. As in section [2.3.3] we write any Ayrr(Uy, Vi, Us, Vo) in the form

Appr(Uy, V1, Us, Vo) = Ay (Ur, Us) + Ay (Vi, Vo) + 21n 2, (2.67)

and similarly Appr = flU(Ul, Us) + flv(Vl, V,) + 21In 2. However, to make manifest the
dependence of the renormalized HRT-area on Uy and Vj as functionals of the stress tensor,
we will instead use the notation Ay = flUO and Ay = Ay,, where Uy and V; are defined
as above. Noting that the U parts are functionals of the right-moving stress tensor while
the V' parts are functionals of the left-moving stress tensor, we see that the U and V
parts commute with each other. We may then focus on the commutator between two U
parts with the understanding that results for the V' commutators can be recovered using

the symmetry U <= V.
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For two HRT surfaces anchored respectively at (Uy, Us) and (Uj, Uj), we have

{Auv (U1, Us), Au (U7, Uy)} ={ Ay, (U1, Un), Ay (U7, U3) }
+{ Ay, (U1, Un), o5 (U1) }
+{ Ay, (U1, Us), o (V) }
+ {ou, (W), Ay (U1, U) } (2.68)
+{ou,(U2), Ay (U3, Uy)}
+{ov, (Uh), oy (UD)} + {00, (U1), 00 (U3) }

+{ou,(Us), 003 (UD)} + { 0w, (U2), o (U3) }-

The first term in the above expression is given by

{AUO(Ula UQ)? AU’(U{7 Ué)} -

2.69)
,514(]0 Ul,UQ) 5AU’(U1aU2) ’ (
/ aw / W ey o U)oy ),

and the next four terms will have forms analogous to

A A
{AUO(U17U2)7O-U6(U/>} = dUM

v, sou o) () ou (U} (2.70)

We can evaluate (2.69) and ([2.70)) using the effective o-commutators ([2.53]) and ( -

as well as Eq. . We then use these results to solve for the full HRT are commutator
(2.68). Due to the step functions in and , it is convenient to divide the
calculation into cases. Let us first consider the cases shown at left in figure 2.2 where
the intervals (U, Us,) and (U7, Us) either have no intersection or where one interval is
fully contained in the other. These two situations are equivalent due to the symmetry

under interchange of R with R. For this case, one finds that the various terms cancel to
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Planar boundary Planar boundary

i1

Figure 2.2: Various possible relative configurations for the anchor points of HRT surfaces.
In the left panel, the U coordinates of the anchors of 7, define an interval that is fully
contained in the corresponding U interval for v, while the anchors of 3 define a U
interval that does not intersect that defined by ;. In such cases the U parts of the
HRT-areas commute. The same statements hold with U replaced by V. In contrast, in
the right panel the U intervals defined by 7; and s intersect without one being fully
contained in the other. In this case the commutator of the U parts of the HRT-areas will
not vanish.

give

{Ap(Uy, Us), Ap (UL, U} = 0. (2.71)

This should be no surprise as, depending on the V-values of the anchor points, this case
allows the two HRT surfaces to be spacelike separated.

The remaining case occurs when the intervals (Uy, Usz) and (U}, U}) overlap without
having one fully contained in the other; see right panel of figure 2.2 For notational

simplicity we let u; = u(U;), w, = u(U]) and we take both U; > Uy and Uy > Uj. In this
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case we find

g (1 - _2<U1—ua><u2—_u’z>), Uy <Uy < Uj < U,

(u1—u2)(u) —uj)

{AU(UlvUQ)JAU( {7Ué>} = (272)
bm <1 — —2(“1_"1)(”2_“2)>, U, < Uy < U < U,

(u1—u2)(u) —uj)

again with analogous results for the V' parts. We see there is no remaining dependence
on Uy or Uy,

Let us now further explore this result by studying special cases. We begin by noting
that choosing U; = 0, V; = 0 and Uy = —o0, Vo = oo sets Aygr(Up, Vi,Us, Vo) =
Apgrr[Ro], which is the case studied previouslyﬂ in section . Combining expression
with the corresponding result for V' then yields

/ / / /
Uy — Uy Uy — Uy

WYY, "O(—v' )
{Aurr(Ro), Aurr(Uy, V{, U3, V) } = —81G (ul@( thty) + 2 ( vlv?)) . (2.13)

To evaluate this on the AdS3 vacuum we set u; = U], v; = V;'. The result then agrees with
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(2.31). We thus conclude that (2.72)) is the generalization of (2.29)) to general intervals

and to arbitrary solutions in our phase space.

Another interesting special case arises where we again evaluate the commutator on
the AdS3 vacuum (thus setting u; = U;,u, = U/), but where we take all of the anchor
points to lie on a t = constant slice of the boundary. Choosing this slice to be ¢t = 0, this
is equivalent to setting u; = U; = —V; = —u;, v, = Ul = —V/ = —v]. As a result, if the U
term gives the upper result on the right-hand-side of , then the V' term gives the
analogue of the lower result and the two cancel; i.e., when Ry, Ry are both subsets of the

t = 0 slice on the boundary we find

Section [2.3]in fact defined Ry only in the Poincaré vacuum, but here we generalize the definition so
that in any spacetime Ry is the region between (U, V) = (0,0) and (U, V) = (—o0, 00).
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{Anrr[R1], Aurr[Re]} = 0. (2.74)

This result is to be expected from the fact that commutators of real functions must
change sign under time reversal (as indicated in the quantum mechanical context due
to the required factor of ¢ in the commutator), while the specified configuration and
background are manifestly invariant under time-reversal. Indeed, for this reason the
leading semiclassical commutator of HRT-areas will always vanish on a background that

enjoys a time-reversal symmetry that leaves invariant both R; and R,.

2.5 Discussion

The goal of our work was to study the flow on phase space generated by HRT-
areas Appr[R] in Einstein-Hilbert gravity, filling in various gaps in the literature. In
particular, we showed that the canonical commutation relations can be used to evaluate
this flow on any bulk Cauchy surface > passing through the HRT surface yz. On such
surfaces, the flow leaves the induced metric invariant but shifts the extrinsic curvature
by a delta-function as described by . As predicted in [115], this effectively boosts
the entanglement wedge of R relative to that of the complementary region R. However,
the effect on the region to the future or past of vg must be determined by solving the
bulk equations of motion in the presence of appropriate boundary conditions.

Such boundary conditions lead to a difference between HRT-area flow and the kink
transformation of [115]. This difference was again predicted in [115]. For vacuum AdSs
spacetimes one can compute this difference and use it to obtain explicit formulae for the
action of our flow on both the boundary stress tensor and other HRT-areas. Results

were presented in section for quantities evaluated on the Poincaré AdS; vacuum.
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Section then used a different approach to evaluate the associated commutators on
general vacuum solutions asymptotic to AdS;. This latter approach was based on the
fact that, since all such solutions can be generated from the Poincaré vacuum by acting
with boundary conformal transformations, any observable in this context can in principle
be written as a functional of the boundary stress tensor. This method may also be of
interest in its own right for computing other commutators for which the action on initial
data is more complicated than that of Aygr[R].

We note that [114] also studied the effect of applying the transformation at
non-extremal codimension-2 spacelike surfaces «v. Again, this corresponds to boosting the
initial data in what one might call the right wedge relative to that in the complementary
(left) wedge. It was noted in [114] that when 7 is non-extremal the resulting initial data
fails to satisfy the constraint equations of Einstein-Hilbert gravity. From our perspective,
this is no surprise. For extremal v our is generated by a diffeomorphism invariant
observable, which necessarily commutes with all constraints. But more generally we
would expect this to fail. In particular, while the flow generated by any diffeomorphism-
invariant A[y] must also preserve the constraints, for non-extremal v there will be a
non-trivial contribution from the first term in , so that the flow would no longer be
given simply by . In this case the contribution from the first term in must
precisely cancel the contribution from the constraint-violating part of .

Some of our results may have further implications for holography, especially in con-
nection with tensor network models of quantum error correction [69, [71]. One such
result is that the commutator of two HRT-areas vanishes at leading semiclassical order
when evaluated on a background where both HRT-surfaces lie in a common surface of
time—symmetryﬁ As a result, such HRT-areas may be specified simultaneously with high

accuracy. This observation may be useful in constructing bulk analogues of the above

8This in fact follows directly from time symmetry and did not require detailed computation.
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tensor networks (e.g. as in [78] 28]) which appears to require bulk states in which such
areas are sharply peaked [129] [75].

Another result that deserves further investigation was the observation in section [2.3.2]
that HRT-area flow produces states of infinite energy. As argued in [113] [44], [1T4], the
development of a UV singularity should be no surprise. But note that any sharp quantum
eigenstate of Aygrr[R] will be invariant under the flow that this operator generates. In
particular, the expectation value of the energy will not change under this flow. We thus
conclude that the expected energy in such states must be divergent, or at least set by
some UV regulator. This may again have implications for the use of tensor networks in
holography. More generally, this feature may be relevant for understanding the sense in
which holographic quantum error correcting codes decompose into superselection sectors
defined by Apgrr[R] [60]. The point here is that the relevant code subspace is often taken
to be states of low energy in the dual gauge theory [58], while we now see explicitly that
states in any given such superselection sector must have energies set by the UV cutoff.
However, as we see from the 241 dimensional case, this need not cause large curvatures
in the bulk.

With regard to future directions, we recall that our work focussed on Einstein-Hilbert
gravity. But it is natural to expect similar results to hold in the presence of higher
derivative corrections. This will be explored in the forthcoming work [124], which will

also comment further on the relation of Ay gr[R] to the modular Hamiltonians on R and

R.
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Chapter 3

The Action of Geometric Entropy in

Topologically Massive Gravity

3.1 Introduction

The study of entanglement entropy has contributed crucially to progress across theo-
retical physics. For instance, entanglement entropy has played an integral part in under-
standing the nature of quantum field theories [130], as well as understanding topological
order in quantum many-body systems [I31], [132]. Additionally, in holography, a funda-
mental outcome of the Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspon-
dence is the relation between entanglement entropies in the CFT and geometric entropies
o of codimension-2 extremal surfaces in the AdS bulk. This relation is described by the
Ryu-Takayanagi (RT) correspondence [61], 62], or by its covariant generalization, the
Hubeny-Rangamani-Takayanagi (HRT) correspondence [63]. In the limit where the bulk
is described by Einstein-Hilbert gravity, the geometric entropy o is just A/4G where A
is the area of the surface, though higher derivative terms in the action provide additional
corrections to o [76].
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Given an HRT surface defined by a boundary region R, the area Aygrr[R] of this HRT
surface is hence of great interest (even without reference to its CFT dual). In particular,
one can think of Aggr[R] as a quantum operator in the bulk by promoting it from its
classical role as a function on the gravitational phase space. The action of this operator in
semiclassical gravity was studied directly in [3], which is reproduced in Section , where
it was found to generate a boundary-condition-preserving kink transformation. As will
be described in more detail in Section below, this transformation acts as a relative
boost between the entanglement wedges on either side of the HRT surface. Prior to the
explicit study of the action of Aygr[R] in [3], there were many closely related results in
various contexts [108] 109, 110, 11T], 118, 119} 120], which suggested a similar form for
the transformation. Most relevant to our work here are [112] [1T3], [44], 114} 115], which
suggested that the HRT area action would generate this boost-like transformation based
on comparison with modular Hamiltonians. These modular Hamiltonians are given by
the expression K = — log p for some state p.

In Section [2| we determined the action of Aygrr[R] in the gravitational phase space,
working in AdSp Einstein-Hilbert gravity and including arbitrary minimally coupled
matter. To understand the action on the phase space, we calculated Poisson brackets
between Apgr[R] and certain gravitational data. Semiclassically, these Poisson brackets
correspond to commutators, up to a factor of i. We also computed explicit Poisson
brackets between HRT areas defined by different boundary regions R in the Poincaré AdS
groundstate for 2 + 1 Einstein-Hilbert gravity. This calculation proceeded by starting
with the boundary stress tensor algebra, then extending it to an area commutator via
the Leibniz rule. The goal of the current work is to extend the results of Section [2] to
2+ 1-dimensional asymptotically AdS spacetimes with a chiral boundary CFT, by which
we mean a CF'T with unequal left and right central charges.

The present work is inspired by [104], where the authors find an explicit expression for
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the modular commutator [I33, 134] in 1+ 1D chiral CFTs. This modular commutator is
defined as J(A, B,C), = ([Kag, Kpc|), where K4p and Kpc are the boundary modular
Hamiltonians associated with regions AB and BC| respectively, p = papc is some state,
and (...) denotes expectation values in that state. For contiguous CFT intervals A, B,

and C on a Cauchy surface ¥, the authors of [I04] find a modular commutator given by

J(A,B,C)q = %(zm 1) - %(% —1) (3.1)

where ¢y, cg are the left and right central charge, respectively, |2) is the vacuum state on

(u1—u2)(ug—ua4)

Y, and u = t—x and v = t+x are light cone coordinates. Additionally, n, = (o) (s —u)

%, where (u1,v1) and (ug,vy) are the anchor points of region A,

and 7, =
(ug2,v7) and (us,vs) are the anchor points of region B, and (ug,vs) and (u4,v4) are the
anchor points of region C'.

We would like to compare Eq. to bulk area commutators for general pure states
in the bulk. By the Jafferis-Lewkowycz-Maldacena-Suh (JLMS) relation [117], we have

Kgr = ﬁ"‘é* + Kk +Secorrections, where Ay is the area of an extremal surface corresponding
to the boundary region R, Ky, is the modular Hamiltonian of the bulk region enclosed by
the extremal surface, and Sioprections arise when computing quantum corrections. These
include Wald-like terms and higher derivative corrections, allowing for terms built from
extrinsic curvatures. In semiclassical gravity, we can safely ignore Ky, giving o[R] ~
Kpr, where ¢ may include the higher derivative corrections found in Seorrections. However,
this introduces a potential subtlety: o[R] &~ K is true in any state, whereas the modular

commutator is given by a commutator of vacuum modular Hamiltonians.

We can remedy this issue by noting that, in the bulk semiclassical approximation,

€7 ) m e [1)) (3:2)
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for a modular Hamiltonian K, defined by the holographic pure state |¢)), and some
arbitrary parameter )ﬂ This is enough to compute expectation values of commutators.
In particular, we find ([Kap, Kpc|)a = ([0[AB],0[BC]])q for Kap, Kpc defined in the
state |2). In Einstein-Hilbert gravity, o is an HRT area. In this case, Eq. reduces
to J(A, B,C)q = %(ny, — ). This is exactly the area commutator computed in [3].

We now wish to extend the derivation of area commutators to find agreement with
the full modular commutator in Eq. . To do this, we need to modify our bulk space-
time so that it is dual to a boundary CFT with ¢, # cg. This can be accomplished
by adding to the Einstein-Hilbert action a gravitational Chern-Simons term, which is
a higher-derivative term that preserves bulk diffeomorphism invariance, but which in-
troduces a gravitational anomaly in the dual CFT. This anomaly manifests as either
a non-conservation of the boundary stress tensor or, equivalently, as an anti-symmetric
part of the boundary stress tensor, thus allowing for chiral behavior in our boundary
CFT. This anomaly arises due to the theory’s sensitivity to the choice of coordinate sys-
tem at the boundary. In 2 + 1 bulk dimensions, the resulting bulk theory is known as
topologically massive gravity (TMG); see [135] [136, [137] for original references. Previous
work studying TMG in a holographic context includes [138], 139, 140} [14T].

In TMG, due to the presence of the bulk Chern-Simons term, the geometric entropy
is no longer given by just the HRT area. Instead, the geometric entropy is given by
the HRT area plus an extra term, as derived from the bulk perspective in [142] (using
methods based on those in [65]). We will call this the TMG geometric entropy, and
denote the corresponding quantum operator as oryg[R]. We can gain more intuition
about the TMG geometric entropy by comparing with Einstein-Hilbert gravity, where
we can think of the HRT area as the action of a massive particle propagating in the

bulk. In contrast, in TMG, the geometric entropy is given by the action of a massive

!This approximation will be explained in detail in the forthcoming work [125].
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spinning particle in the bulk. See [143, [144] for other studies on entanglement entropy
in the presence of gravitational anomalies.

Using the TMG geometric entropy computed in [142], we derive vacuum expecta-
tion values of commutators of o7y, which indeed match the modular commutator in
Eq. . We also derive the Hamiltonian flow generated by or,;¢ in semiclassical gravity.
This direct calculation is a first step in understanding the action of geometric entropies
in general higher-derivative gravitational theories. References [115, B] suggest that geo-
metric entropy flow should remain a boundary-condition-preserving kink transformation,
even with the inclusion of higher-derivative corrections to the Einstein-Hilbert action.
This conjecture will be studied further in [124]. Our work here is an explicit verification
of this hypothesis for TMG.

As a final comment before proceeding with an outline of the paper, we note that [145]
showed that chiral CF'T's admit no lattice regularization due to the gravitational anomaly.
That reference also argued that this is an obstruction to defining and interpreting en-
tanglement entropy of subregions in chiral CFTs. A potential resolution is that one can
define entanglement entropy in another way, perhaps by topological-regulation (thinking
of the chiral CFT as induced on some boundary by a higher-dimensional non-chiral CF'T)
or via a lattice-continuum correspondence (see, e.g., [146]). Or, it is possible entangle-
ment entropy cannot be defined, but that derivatives of the entanglement entropy still
make senseE] We will not attempt to resolve this issue in this paper. We simply note
that it is subtle and remains an open question in the literature.

In Section [3.2.1] we reformulate the derivation of the phase space flow generated by
HRT areas in the language of Peierls brackets [147], which are equivalent to the more
familiar Poisson brackets but are more convenient for our purposes. We then use this

same Peierls bracket method to compute TMG geometric entropy flow in Section [3.2.2]

2We thank Jon Sorce for his insight on the lattice regularization issue and its potential resolutions.

%)



The Action of Geometric Entropy in Topologically Massive Gravity Chapter 3

The result is a boundary-condition-preserving kink transformation, which is exactly the
transformation found for HRT area flow [3]. This result holds in spacetimes without
matter. More generally, it holds to first order in the flow parameter for spacetimes
with matter fields whose action is algebraic in the metric. This includes the usual two-
derivative scalar, Yang-Mills, and Proca fields.

In Section 3.3 we compute the algebra of TMG entropy operators. We use the bulk
perspective throughout this calculation, taking special care to include the Chern-Simons
contribution to the boundary stress tensor in Section [3.3.1] and computing o7y for
general states in Poincaré AdS; in Section [(3.3.2l In Section [3.3.3] we calculate the
ormg algebra in the vacuum using TMG geometric entropy flow, and in Section we
calculate the o7y algebra in general states using the stress tensor algebra. We provide
this calculation to make contact with [3], and as an independent check on our main
result in Section [3.2.2] In Section [3.3.4] we extend the work of [104] by finding the TMG
entropy algebra for disjoint boundary regions A, B, and C. Finally, in Section [5.6] we

conclude with some comments and possible future directions.

3.2 Geometric entropy flow

This section derives the geometric flow induced by the TMG geometric entropy orpq-
The result applies to asymptotically AdS3 spacetimes with negative cosmological constant
A and without matter. It also holds to first order in the flow parameter X in spacetimes
with matter fields whose action is algebraic in the metric, i.e., "standard matter”. In
order to quantify the entropy flow, we compute Peierls brackets between the geometric
entropy and data on a particular Cauchy slice. In the bulk semiclassical approximation,
Peierls brackets describe commutatation relations between operators (up to the usual

factor of 7). Importantly, a Peierls brakcet {A, B} is only well-defined if both A and B
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are gauge-invariant.

In the dual CFT, we consider the entanglement entropy of an achronal region R. In
semiclassical Einstein-Hilbert gravity, the associated geometric entropy is given by 1/4G
times the area of the corresponding HRT surface, which is the minimal codimension-2
extremal surface anchored to OR that satisfies the homology constraint of [121]. As we
will see, in TMG the geometric entropy is instead given by 1/4G times the area of some
surface v (which lies in a Cauchy slice X), plus an additional term related to other data
on Y. The surface v is the one which extremizes the entropy functional oryg. The
surface vy generally differs from the HRT surface one would find for ¢, = cg, but they are
the same when matter is not present [142].

Our Peierls bracket analysis will focus on the effect of geometric entropy flow on
Cauchy data on . One can then solve the equations of motion to find the action on
the rest of the spacetime. In particular, we compute the bracket between the geometric
entropy o and K%, the extrinsic curvature of the codimension-1 surface ¥. Readers
unfamiliar with the Peierls bracket may wish to consult [148] (and references therein) for
background information.

The procedure to compute Peierls brackets starts by adding o as a source to the
action. Then, we solve the new equations of motion to find the retarded and advanced
solutions for the extrinsic curvature, denoted as D~ K,?, and D*Kzgt, respectively. The
rest of the data on ¥ remains unchanged. Finally, the desired Peierls bracket is defined
by

{0, Kij(x)} = D_Ktigt(x) - D+Ktigt(x). (3.3)

Section computes {Aygrr[R]/4G, K" (x)} in Einstein-Hilbert gravity to illustrate
the Peierls bracket method. We then compute {o7rpc[R], K¥(x)} in Section [3.2.2]
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3.2.1 Revisiting HRT area flow in semiclassical Einstein-Hilbert
gravity

In this section, we directly compute Peierls brackets in asymptotically AdSp Einstein-
Hilbert gravity with standard matter. This commutator was previously computed in
Section using the canonical commutation relations of Einstein-Hilbert gravity; here,
we instead use the ADM formalism [149] and the Peierls bracket method. We perform
this calculation as a simple illustration of this method, before applying it to the more
complicated case of TMG. As we will show, our result here matches the previous result.

In the ADM formalism, we decompose the metric according to
ds® = (—N? + N;N")dt* + 2N'dzdt + h;dx'da’, (3.4)

where 2" are coordinates in a Cauchy slice 3 and h;; is the induced metric on 3. Using

this decomposition, up to boundary terms the action can be written as [150]

= /M dtd”'xy/—g [ﬁ(R —20)+ EM} (3.5)

1 -
= [ dtd°'zNVh — K?4+ K;; K% — 2A
/M T \/_LMG(r + K )+LM],

where M is the entire bulk manifold, r is the Ricci scalar on ¥, £, is the matter
Lagrangian, and K% is the extrinsic curvature on X. The extrinsic curvature is defined
as

1 .

Kij = ﬁ(hij — DiN; — D;N;), (3.6)

with D; the covariant derivative on X. We write the trace of K;; as K = h;; K.
Following the Peierls bracket method, we now add the geometric entropy defined by

a boundary region R as a source to the action. For semiclassical Einstein-Hilbert gravity,
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the geometric entropy is given by 1/4G times the area of the HRT surface 7 corresponding
to the boundary region R. Additionally, we choose ¥ so that it contains . The HRT

area is given by [3]

Annr(h] :%/WdDQw\/M

4G
1 (3.7)
:E/Mdth1x\/q(:v)5z(%$)5(t—tz),

where g4p is the metric on the HRT surface, ds (7, x) is a one-dimensional Dirac delta-
function on the Cauchy slice which localizes = to 7, and ty is the time associated with

the Cauchy slice. Adding this to the action in Eq. (3.5) with (infinitesimal) weight A

gives the modified action

I'= /M dth_1$<16]7\r[G Vh(a, t)[r(z, ) — K2(2,1) + Ky (2, ) KV (2,1) — 2A]

) (3.8)
+ N/ h(x, t)Los(z,t) + E\/q(x)ég(’y, x)o(t — t2)>.

Next, we set 61’ = 0 and solve the resulting equations of motion. The modification
of the action introduces a new term containing 0(t — tx), and so, to cancel this term
in the equation of motion, we need another term proportional §(t — tx). As we will
show, this can be achieved with an ansatz in which advanced and retarded solutions of
the induced metric remain continuous but in which advanced and retarded solutions for
K% involve terms proportional to a Heaviside-function ©(¢ — t5). We will denote the
retarded solution by D~ K}7, and the advanced solution by DT K7, Below, we will focus
only on "relevant” terms in the equation of motion. This simply means we will only keep
terms proportional to §(¢ —tx) which, with the above ansatz, are simply those containing
time-derivatives of D*K}7,.

To find 0I', we need to understand the functional derivatives of h;; and ¢;; with
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respect to h;;. These are given [3] by

Shy(x i < _

5 = 006" V(@ —y) (3.9)
d x i 9yl o(D-2 -
aaslt) — D 202637 (@, #())dn(7, 9)- (3.10)

We also need to understand the variation of K;; with respect to h;;, which is

Shij(y) Wa’f(ahij(y))’ (3.11)

and which can be evaluated fully using Eq. (3.9). Finally, we need the variation of

Aprr[R] with respect to h;;, which is given by

0Anrr(R] 1 D_lxéqAB(x) AB, sl
e = 2 M Gy €O, (222

where, when the metric and Kj; are evaluated at t5, we do not write their explicit ¢-
dependence. We will evaluate this fully by inserting Eq. (3.10)). This provides all of the
pieces needed to evaluate the variation of the modified action.

Keeping only the relevant terms, we have

51! —;/dtmdhij(ty) (at[K(t,y)h”(t,y) — KY(t,y)]

el 16mG
Va@(y)) AB(3(y) dy* Oy’ (t—tg)fsz(%y))’

h(y) 014 938

(3.13)

+ 27

Notice that £, does not factor into our calculation as long as it does not contain any
extrinsic curvature components. This is true for standard matter, as defined above. We
will now solve for the effect of the new source term at first order in A about a background

solution of the A = 0 theory. For source strength A\, we write the extrinsic curvature at
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this order in the form
K'(t,y) = K9(t,y) + ADTK,(t,y), (3.14)

where K is the original extrinsic curvature of the A = 0 background. As discussed
above, D* K}, must contain terms with ©(t — ty), but it can also contain continuous

terms. Thus, we can write DK}, = D*K% + D*KY . where D*K% contains all

cont)

Heaviside-function terms and DTKY . contains all continuous terms. Since the contin-
nt

CO’

uous terms in the advanced and retarded solutions must agree on ¥, their difference

vanishes in the Peierls bracket, and we can rewrite Eq. (3.3)) as
{AHRT[R]7 Kij(tEa y)} - D_Kij(t27 y) - D+Kij(t27 y) (315)

We now wish to solve for the advanced and retarded solutions to evaluate this Peierls

bracket.

Plugging Eq. (3.14) into Eq. (3.13]) and setting 61/, = 0, we have

alij:I(ij(t7 y) - hkl(t7 y)atDiKkl (tv y>hU (ta y) =

Q(Z(Y) ap,~, \\ Oy' Oy (3.16)
W{JA (#(1) 523 52505 (1, 9)5(E — ).

3The calculation of HRT area flow is unaffected by the smoothness of K% which is important for
including matter in the background spacetime. This is explained in more detail at the end of this section.
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Integrating over tim(ﬂ and performing a trace reverse gives our two solutions

DK(ty) = 2m ¥ Gl )0t ~ ) (qAB<az~<y>> oty — h”’(y)) (3:17)

DKV (t,y) = —2w—%az<v,y>e<tz—t>(qAB<:z<y>> gi%é—h“(w)- (3.18)

Finally, using the Peierls bracket definition in Eq.(3.3]), we arrive at our result

{ Al st ) | ~2r LI (22 () 5 52— 1700 .

V)

where L is the unit normal to  in &2, and dx (v, y) = ) L5 (7,y) is a one-dimensional
Dirac delta-function of the proper distance between x and v measured along geodesics in
Y orthogonal to 7. Since h* remains unchanged under the addition of the source term
o, the Peierls bracket {Aggr[R], h"(ts,y)} vanishes. The flow thus adds a d-function
(times —27\) to K1+, but leaves all other initial data on ¥ unchanged. This precisely
matches our previous result for the HRT area flow in [3], which we arrived at using the
standard Poisson brackets of phase space variables on the Cauchy slice.

How can we understand this result geometrically? We can integrate Eq. to
yield the effect of a finite flow by a parameter A, and we see that the flow induced by
the HRT area introduces a relative boost in X, on either side of v. This "kinks” the data
on the Cauchy slice in the bulk, as shown in Figure [3.1a] and the rest of the solution
is determined by the equations of motion. However, we must take special care with

boundary conditions. In particular, since Y represents a definite instant of time, the

4Because the induced metric hi; depends on time, our expressions for D*K% are not the exact
results of these integrals. Instead, Eq. and give only the discontinuous terms. If we expand
each metric as a power series in t, then our expressions for D* K% come from considering only the term
proportional to 6(t —tx); higher-order terms in the metric give continuous terms which do not contribute
to the Peierls bracket.
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Corig

= C’new
)

o)

OR

(b)

Figure 3.1: The geometry of the boundary-condition-preserving kink transformation.
Figure shows the transformation of the Cauchy data on ¥ in the bulk, from C,;, to
Chew- The flow induces a relative boost with parameter 27\ between the left and right
sides of X. Figure depicts the transformation induced in the boundary, showing
the domains of dependence D(R) of R and D(R) of R. OR is the intersection between
the boundary and v, and 0% is the boundary of a smooth bulk Cauchy surface ¥ in the
original spacetime. On the surface 0%, Corig = Cpew. All boundary observables on that
surface are preserved by the flow generated by Aygr|R)].

boundary of ¥ (0X) must remain fixed due to the asymptotic AdS boundary conditions.
This is shown in Figure m Following [3], we refer to this transformation as a boundary-
condition-preserving kink transformation.

The treatment of boundary conditions is in contrast to the original kink transfor-
mation introduced in [I15]. Defining K[y] as the generator of this original kink trans-
formation by A, then K[y] has the same bulk action as Aggr[R]/4G but has different
boundary conditions as K[y] would instead introduce a relative boost on either side of
OR, the boundary of ~. In particular, this K[v| also acts as a relative boost at the
boundary. Then, defining Hg to be (27 times) the generator of the boundary one-sided
boost (taken to generate flow toward the future in the right wedge), the relation can be
expressed in the form A%CS[R] = Hp + K[y]. This notation will be useful in Section @

As a final comment, we note that integrating the flow to finite \ requires an un-
derstanding of the Peierls Bracket evaluated at certain background solutions that are

non-smooth as well as at those that are smooth. This is because, if we take a smooth
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background solution and apply HRT area flow, then the solution immediately becomes
non-smooth due to the kink transformation. In the analysis above, we allowed for non-
smooth K% so there is no obstruction to integrating to finite A. However, as we will see,

integrating to finite A is more difficult for TMG entropy flow.

3.2.2 Entropy flow in TMG

We now apply the Peierls bracket method to TMG in spacetimes asymptotic to AdSs

with standard matter. In this theory, the bulk action is

I'=1Igy — Blcs, (3.20)

where Iy is the Einstein-Hilbert action and Iog is the Chern-Simons action, defined as

2
Ics = / Tr [Pdf + —r3]. (3.21)
M 3

The constant § measures the anomaly coefficient. It is defined as

Cr, — CR
= 3.22
p 96m (3:22)

and we can use this to write the left and right central charges as ¢, = co + 487 and
cr = c¢g — 4873, where ¢y = 3/2G is the central charge in the absence of the Chern-
Simons term. For more information on the notation used above, we refer the reader to,
e.g., [138].

Again, we have a boundary region R and its corresponding HRT surface v. We are
interested in calculating the Peierls bracket between oryg[R], the geometric entropy

determined by R, and K%, the extrinsic curvature of a Cauchy slice ¥ containing 7. To
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do so, we add ory¢ as a source to the action, take the variation, and solve the equations

of motion. Thus, we are interested in solutions to the equation
(SIEH — B(SIC’S + )\(SO'TMg[R] =0. (323)

In Section we calculated the relevant terms of 0/gy. As we will show, these terms
will again be the only relevant terms in our TMG calculation. We are left with computing
the relevant terms in 6/cg and doryg|R).

In what follows, we will fix our gauge so that N = 1 and N* = 0. As we mentioned
above, this gauge-fixing is allowed because a Peierls bracket {A, B} must have gauge-

invariant A and B.

Calculating dorp¢[R)|

In TMG, the geometric entropy is modified by an additional term, and so is no longer
given by the HRT area. Instead, by Equation (3.26) of [142], the TMG geometric entropy

defined by a boundary region R is given by

1 ..
ormc|R| = ¥Te /ds(\/gWX“X” — 327Gpv - VU), (3.24)
gl

where v is the curve in spacetime that extremizes orpg. The first term in the expression
gives the area of v. Without matter, v is the HRT surface one would find for ¢;, = cg, and
so the first term is the usual HRT area term. However, with matter present, v generally
differs from the HRT surface. At each point of v the vectors v#, v* define an orthonormal
frame in the orthogonal plane. Now, the exact Poincaré AdSs solution has the metric

1
ds® = = (—dt? + dz® + d2?), (3.25)

z
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where we set [4495 = 1. Our spacetime is asymptotically AdSs, so we can take our metric
to asymptote to Eq. and use the corresponding coordinates (t, z) to specify vectors
on the boundary. We define the normal frame at the boundary as vy = 9; and 7y = 0,.
We choose a Cauchy slice 3 so that it contains . The surface v has two endpoints, and,
in general, they do not have the same ¢-coordinates but they do lie on the same spacelike
line on the boundary. We are free to choose ¥ to asymptote to that line, which is a boost
of the constant ¢ slice by some boost parameter a. Then, we can define the boundary

vectors,

nfy = (cosha, —sinha,0) (3.26)

15="(—sinha, coshe,0) (3.27)

where n# is the vector normal to ¥ and _L* is the vector normal to v in ¥, and nfy and

15 are the boundary values of these vectors. Thus, in the bulk, we must have

v, = cosha(n, +tanha 1)) (3.28)

vt = cosha(tanh ant+ 1H). (3.29)

Plugging into the last term in the action, we have

Vy, = 110K,
(3.30)
= ' K..

ijs

where, since L* and v* lie within ¥, we denote them with Latin indices.

Let us define the area of a surface & as A[¢, g], where ¢ is the spacetime metric. Using
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our above result in Eq. (3.24), we get

A
ormc|R) :% - 87rﬁ/ds 1R 0 Ky(s)
y

(3.31)
:%ég] - 8#6[/dx\/q(x) 1P o K ().

We now wish to vary the geometric entropy. In general, there are two components to this
variation: the variation with respect to the surface and the variation with respect to g.
However, because v extremizes o1y, the variation with respect to the surface vanishes
when evaluated at 7. So, we need only consider variations with respect to the metric,

and can treat v as fixed '] This yields

sornalR) =S w5 [ o/ [ L K@) + (L o) Ku(z)

5\/ q(z) ko
+ — 1% Kkl<£lj'>
valz) ] (3.32)

:5A4[2 g] — 873 /M dtd? A /q(x) { |k UléKkl(fI}) + 5(J_k UZ)KM(:C)

+ @ 1* UlKkl<I>} Is (v, 2)0(t — tx),
V(o)

where 0 A [, g] is the variation of the area at fixed v, as given by Eq. H As before,

when the metric and K;; are evaluated at t5;, we do not write their explicit ¢-dependence.

We also have expressions for § K/ and dg;;, so all that is left to understand is the variation

of L*v!. We have

0=0(hy L") =1"17 6hyy +2 L; 0 LY, (3.33)

5For a more detailed argument on why we treat v as fixed, we refer the reader to the discussion at
the start of Section 2.1 in [3].

6While Eq. was defined as the HRT area variation, it holds more generally as the variation of
an area A[, g] with respect to the metric.
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which gives

. 1 . )
§ L= -3 LR 1 Shyy + ¢, (3.34)

where ( is an unknown constant. Similarly, we can write
0 = 6(hijv'v?) = "0/ hy; + 2v;00", (3.35)

which gives

' = —§vzvkvl(5hkl +n 1Y (3.36)

where 7 is a constant. Since we can treat v as a fixed surface, the only components of

dv* we need are those which keep it normalized. Hence, n = 0, so
Sv' = —%Uivkvléhkl. (3.37)
To solve for (, we now use
0=0(hy L' o) =1"v/6h;; + ¢, (3.38)
yielding ¢ = — L7 v76h;;. Thus, we have
1

§ L= -5 LiLP 1 Shyy — o' LF 0'Shyy. (3.39)

We can now use Eq. (3.12)) for the area variation, Eq. (3.37)) for the variation of v*,
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and Eq. (3.39)) for the variation of 1°in Eq. (3.32)). This gives

Sorac|R] = / dt\/q(z(y)) ( —AnB LT oIS (t — ty)

£ L) 2 54 )~ st Kia(y) L35t — 1)
8G 0xA 0B (3'40)
—4nB LF O Ky (y) L' L9 6(t — ty) — 4nB LF o' Ky (y)v' i 6(t — ts)
. oyt Oy’
B 0(0) S o L )i~ ) ) ).

As in Einstein-Hilbert gravity, the source variation includes terms proportional to a Dirac
delta function, §(t — tx). However, unlike the previous case, the first term in Eq.
contains a time derivative of a delta function, denoted as ¢'(t — ty). We thus need
other terms in the equation of motion to be proportional to d-functions and J-function
derivatives, so they can cancel these new terms. As we will show in Section there
will be terms in the equation of motion containing afDingt, so we can use the same
ansatz as before. Namely, we will choose the advanced and retarded solutions of the
induced metric, D¥h¥, to be continuous, but choose solutions of the extrinsic curvature,
DEK?,. to have discontinuous terms proportional to a Heaviside-function.

As before, we will focus below only on "relevant” terms in the equation of motion. In
this case, the relevant terms are ones containing 9, DK, or 8t2DiKth; with our ansatz,

these will give the necessary §(t — tx) and §'(t — tx) terms.

Calculating /-5

The variation of Icg, as given in [139)], is

5]05 = —2/ dtd2x\/ﬁC“l’59W, (341)
M
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where C'* is the Cotton tensor. In 3-dimensions, the Cotton tensor is

CP =7V, <R:; - iayz)
(3.42)

1
=7 0u Ry + TRy — T RY — 2 Vo R,

It is of course important that all equations of motion are satisfied. However, for the
purposes of this calculation, we need only consider the equations involving the y = 17,
v = 7 components of the Cotton tensor, where 7, j are spatial indices. This is because
variations of orye[R] depend only on the induced metric, and not on any other met-
ric components. Thus, these are the parts of the equation of motion changed by the
introduction of the source, and all the other equations are constraints. The Bianchi iden-
tities guarantee that if the constraints are satisfied on any surface (e.g., to the past in
a retarded solution) and if the equations of motion studied in this section are satisfied,
the constraints will continue to hold on any surface. As a result, we need not explicitly
check that the constraints are satisfied, and we may focus our attention on the remaining
equations of motion.

After some cancellations, the spatial components of the Cotton tensor are
cY = 5 (em"ﬁaRf, + em"Fi/\Rﬁ + €0, R, + e]a”Pg/\Rﬁ), (3.43)

where we made explicit the symmetry under exchange of 7 and j. As above, we are
only interested in contributions containing a time derivative of the extrinsic curvature.

Evaluating Eq. (3.43)) in the gauge N =1 and N’ = 0, and keeping only relevant terms,
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we arrive at

1 . ) . . . .
o, =5¢ etk (aEK,g — 40,( Ky KY) + 0,(KK}) + K{ 0, K}, — K,gatK)
1 (3.44)
+ 563'““ (aEK; — 40,( Ky K" + 04K K}) + K9, K., — K;atK) :
Using Eq. (3.9) and the identity
dhij(z)
Shij(x) = —2"25h 4
we plug into Eq. (3.41)), yielding
5ICS,rel = - / dt V h<ta y)eitk (atQKIJC (ta y) - 48t(Klk(t7 y)Klj (ta y))
+ 0K (ty)Ki(ty) + K] (t,9)0 5,1 y)
— K(t,9)0,K (t,y) |0hi;(t,y)
(3.46)

/dt\/ (t, y)e™( 07Ky (t, y) — 40,(Ku(t, y) K" (t,y))
+ (K (t,y) Ki(t,y)) + K] (t, )0 K (t, )
We now have equations for the relevant terms in d/¢cg, dorpe[R] from Eq. (3.40), and
dIpy from Eq. (3.13)). In the next section, we combine these equations together to solve
the equation of motion.
Solving the modified equations of motion
To find the Peierls bracket, we start by using our expressions for 01gy, doryc|[R],

and 0lcg in Eq. (3.23). As in Section [3.2.1 we write K% = K% + AD*K}?, where K%

71



The Action of Geometric Entropy in Topologically Massive Gravity Chapter 3

is the extrinsic curvature before introducing the source Aoy |R]. As stated above, the
modified extrinsic curvature, D*K}7,, has terms proportional to a Heaviside-function. It
can also have terms containing (¢ — t5)©(t — tx) (i.e., a sharp corner), which, under two
time derivatives, becomes a d-function. We will thus write

D*Ky, = D*KV + D*KY + D*K_,

other»

(3.47)

where D K contains all ©-function terms, D* K% contains all corner terms, and D* K Zher
contains any other continuous terms that come along for the ride (which, of course, will
not contribute any d-functions, even under the action of second derivatives). To find the
Peierls bracket we use Eq. 7 and hence we do not need to find the explicit expression
for any continuous terms.

In contrast to the calculation of HRT area flow in Section [3.2.1] the flow calculation
in this section does depend on the smoothness of K. For the remainder of this section,
we will take K to be smooth. This generally suffices to derive the flow only at first order
in A around smooth solutions (see the comments at the end of Section [3.2.1]). Without
matter, the extension to all orders turns out to be trivial, since these spacetimes are
always locally AdSs, and the kink is just a coordinate artifact. While we expect our
result to hold when matter is present, we save a proof of this for future work. At the

moment, our results hold only at first order in A when matter is present.

Using our new expression for K% in Eq. (3.48) and taking A small, we obtain an
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equation relating the terms proportional to §(t — tx),

0=-— TonC h(t,y)[0:D* K" (t,y) — O, D*K(t,y)h" (t,y)]
+ Bv/h(t, y)e™* (@QDiI_(g(t, y) — 4KY (t,9)0,DF Ky (t, y)
— 4Ky (t, y)0: DK (t,y) + Ki(t,y)0.D* K (t,y) + K (t,y)0,D*K](t,y))

+ KY(t,9)0,D* Ki(t,y) — K{(t, )0, D*K (¢, y>)

N (afDifff;(t, y) — AR5 (4, )0D* Kult, )
(3.48)
- 4Klk(t7 y)atDiKlZ(tv y) + Klzc(ta y)atDiK(ta y) + K(tv y>@tDiKlZc(t7 y))

+ K“(tv y)atDiKlk(t7 y) - Klzf(t’ y)atDiK(t’ y))

Va3l 1) 5 G e o

sG! 0iA 9B
—A4nB 1" Ky (y) L' L7 —4xB L% o' Ky (y)v'e?
oyt Oy

— 87Bv v Ky (y) LY v + dnBg*P (3 (y))

st K

and another equation relating terms proportional to ¢'(t — t5),

(" DEKI(t,y) + d*DEKi(t,y)) = 47%52(% y) LO0)§'(t —tg).  (3.49)
y

Integrating the latter equation twice on both sides, we get an equation for the retarded

and advanced solutions, respectively:

“*DTK(ty) + DK (hy) = AnY 7o (y,y) LC 0O — 1), (350)
Yy

" DYK(t,y) + d* DT K (t,y) = —47T—qu((y)”52(fy,y) 1L0)O(ty —1t).  (3.51)
Y

N

For now we will work with the retarded solution, saving the advanced solution for later.
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Contracting Eq. (3.50) with 1,1 ; and v;v;, we find
1F D K{(t,y) =0 and % 1; D”K](t,y) = 0. (3.52)

To obtain the above equation, we used L, €** = v* and v;¢!* = — 1*. To derive these,
we note that, due to the normalization and orthogonality constraints of L, v?, and n%,

we have

1; €% = 4oF, (3.53)

This then gives 1, v,e®®* = +1, and so L v;¢°* = 1. We then have
v = 17 (3.54)

In what follows, we choose the plus sign in Eq. and so we have the minus sign in
Eq. . We choose these signs so that our result in the limit ¢, = cg matches what
we find for Einstein-Hilbert gravity. This choice of sign appears to be consistent with
standard conventions, e.g. in [151].

Now that we have derived these useful identities, let us contract Eq. with

Livj+wv; Ly, yielding

(vvj— LiL;)D™ K" (t,y) = 2m 52 (7, )0(t — tx). (3.55)

q(z(y))
Vh(y)
These are thus the only components of the solution that survive. We can therefore write

the solution as

q(7(y))
V()

D™ K"(t,y) = 2n (7, 9)0(t — ts)(c,v'v? + e L'1), (3.56)

with ¢, — ¢, = 1.
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We now must solve for ¢, and ¢, . We start by contracting Eq. (3.48) with L, L; +v;v;.

Under this contraction, many terms will cancel out, and we are left with

1
0=-— W h(t,y)(J_l_L] +Uin)at KU t y + —\/ @D K t y

+ ﬂ\/ h(y)(J_ZJ_] —{—Uivj)ﬁitkKlj (t, y)atD*Klk(t, y)
+ ﬂ\/ h(t, y)(J_lJ_j +’Uin)EjtkKli<t, y)@tD*Klk(t, y)

%\/q(i(y))éz(%yﬁ(t—tz — 4B/ q(E(y)) L* o' Ki(y)os (v, y)0(t — tx).

(3.57)
Substituting the right-hand side of Eq. (3.56|) into the equation above, we find
—(cy +¢,) +4nBe, —ci) LFoFKy(y) = ——= + 478 L7 o' Kjy(y). (3.58)
8G 8G
Since ¢, — ¢, = 1, the equation above reduces to ¢; + ¢, = —1. Then we have ¢, = —1

and ¢, = 0. Using Eq.(3.56)), we obtain the retarded solution

VAEW) 5 et - ty) LiL)

h(y) (3.59)
= — 2105 (7, y)O(t — t) L1 L7 .

D K'(t,y) = —2m

To solve for the advanced solution, DK%, we start from Eq. (3.51)) and follow the

same steps as for the retarded solution. We thus obtain

DYKY(t,y) = 2mds(v,y)O(ts —t) L1 17 . (3.60)

Combining Equations (3.59)) and (3.60)) yields the Peierls bracket

{ormc[R], K9(ts,y)} = —2mds(y,y) L'17 . (3.61)
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This is our main result, and it agrees exactly with Eq. , the result for Einstein-
Hilbert gravity. The action of o7y [R] is thus the same as the HRT area action, gen-
erating a boundary-condition-preserving kink transformation as shown in Figure In
particular, we can write the relation oryg[R] = Hgr + K[y] as before, where Hp is the

generator of the boundary one-sided boost and K[v] is the kink transform.

3.3 (Geometric entropy commutators

In this section, we aim to reproduce the modular commutator result of [104], but
from the bulk perspective. We do this in two ways: by using the results above, and by
using the boundary stress tensor algebra. We indeed find agreement between our results
and [I04]. In addition, the nature of our calculation allows us to easily extend the results
of [104] to disjoint boundary regions. This is difficult in their setting as the modular
commutator is defined only for three contiguous boundary regions.

We work in topologically massive gravity with negative cosmological constant and
without matter, for spacetimes asymptotic to Poincaré AdS;. Spacetimes of this form
are always diffeomorphic to TMG in Poincaré AdSs. Thus, if we start in TMG in vacuum
Poincaré AdS3, we can obtain any other spacetime of this form via a boundary conformal
transformation. Defining u =t —x and v = t+ z, the Poincaré AdS3 metric of Eq.
becomes

1
ds* = ;(—dudv + dz?). (3.62)

Then a boundary conformal transformation will be a map (u,v) — (U(u),V(v)), such

that the boundary metric becomes
ds? = —dUdV = —e* -2+ dydy. (3.63)
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20_(U) ,204(V)

We see the flat boundary metric is rescaled by some conformal factor e e :

We start in Section by deriving the change of the boundary stress energy tensor
due to this conformal transformation. Then, in Section [3.3.2] we write the renormalized
geometric entropy in this theory. In Section we calculate the effect of TMG entropy
flow on the stress energy tensor. We then use the geometric flow given by Eq.
to calculate, in vacuum Poincaré AdS; and with a specific choice of boundary region R,
commutators between TMG entropies defined by different boundary regions. In Section
we generalize these results to include general R and all spacetimes diffeomorphic
to vacuum Poincaré AdS; (which, in particular, include planar black holes). Finally, in

Section [3.3.4l we use our results to understand the entropy algebra with disjoint boundary

regions.

3.3.1 The boundary stress energy tensor

We write the full boundary stress energy tensor in TMG as Tij =T — Tgs , Where
T;; is the stress tensor in Einstein-Hilbert gravity and Tgs represents the contribution
from the Chern-Simons term to the stress tensor. If we know the variation for the Chern-

Simons term in the action, then Tgs can be found by evaluating

1

(SICS 25 / TC?S(SgZJ\/EdQI
oM
1

(3.64)
:_—/ ﬂ?ségij\/ngx.
2 Jom
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We know 6log from Eq. (3.41]), however we will instead use the form of the variation

found in [138]. Hence, the variation takes the form

§Ics =23 d*x\/gR"™, 0g:;¢"" + B d*z\/g2K} Ky — T)0T), ] €”
oM oM (365)
-8 / w9V 5(R,) €M 5 g 5.
M

In our work below we will use a Fefferman-Graham expansion, writing the metric as

ds® = dn* + g;jdx'da?, (3.66)

where we define g;; as an expansion about the boundary metric gl-(;-)): gij = " gg) )+ gl(j2 ...

For Poincaré AdS in 2 + 1-dimensions, we have the Minkowski metric on the boundary,

and

9 = KTy (3.67)

In vacuum Poincaré AdSs all terms in Eq. independently vanish, and so dI/cg = 0.
The first term vanishes since RZi x (5i for large n, and the last term vanishes since the
curvature is covariantly constant. The vanishing of the second term is not as obvious,
but it is due to that fact that gg»)) = 1;;, and Tj; = 0. We thus see that the original T
(i.e., before the conformal transformation) is zero.

We will now apply a conformal transformation to Eq. , then extract the stress

energy tensor. Since we are perturbing about a flat boundary metric, all terms vanish

except the extrinsic curvature term (we refer the reader to [I38] for more details):

KféKkje g(z)gh 591(;;)623
(3.68)

—'%Tkzg )5gkl Z]—i_
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Using Eq. (3.64)), we can extract T®, yielding
T = —4H5Tki9§lo)€ij- (3.69)

(This verifies that TS® = 0 when Ty; = 0 in the vacuum.) Now, under the conformal

transformation in Eq. (3.63)), the stress tensor will transform as [152]

Topdada® — TZ9 drtdzt + —2 (020 — (9,0)2|du2 + —>[0%0 — (8,0)2|dv2.  (3.70)

127 127

Hence, applying this transformation to Ty; in Eq. (3.69), we get

TG da dab — — 4/4:6( g e (920 — (0,0)%du®

(0) e 2 . 2 2
12 ——¢,, €’ [0;0 — (0y0) ]dv)

(3.71)
—48([020 — (0,0)%]du® — [0%0 — (0,0)?]dv?)

S 4B([0%0 + (Byo)2)dU? — [020 + (dyo)2]dV?).

where we used the fact that the original stress tensor is zero. To obtain the second line

of the equation, we use the convention €% = —1 to get

~ Oudv o Ou Jv
oot 8:5 Ox Ot

uv

¢t = —2. (3.72)

Finally, under a conformal transformation from the vacuum, the full stress tensor in
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this theory becomes

- S 1
Tyda'da? ——=—(co — 4875)[0f0 + (9y0)*)dU?
m

1
+ E(Co + 487 B3)[0%0 + (Oyo)?]dV? (3.73)
R 1020 + (Oyo)]dU? + —= (020 + (Byo)?]dV2.
1277 127
We define the TMG stress tensor components as Ty (U) = L [0f0 + (0yo)?] and
Tyy (V) = & [0%0 + (0v0)?]. By comparison with Eq. (3.70), we see that Tyy(U) =

Cc—gTUU(U ) and Ty vv (V) = i—fTvv(V)- We note that these relations are more obvious from
the CFT perspective, where, under Wick rotation, we can relate the v and v terms of
the stress tensor to holomorphic and anti-holomorphic parts 7'(z) and T'(Z), respectively.
Then we replace ¢y with cg in T'(2) and with ¢z in T'(Z). Here, however, we wished to

understand the stress tensor transformation from the bulk perspective.

3.3.2 Geometric entropy in TMG asymptotic to Poincaré AdS;

The geometric entropy of TMG is given by Eq. , as proven by [142] using the
replica trick. Now suppose we have a 1 + 1D chiral CFT region R anchored at (uy,v;)
and (ugz,v9). We take R to be the straight line segment between the anchor points. In
vacuum Poincaré AdS;, the non-renormalized TMG entropy can be written as [144]

guee R = L 1n (M) + By (M) (3.74)

12 €uy €uy

where €,, and €,, for ¢ = 1,2 are the cut-offs in the v and v directions for each anchor point.
To maintain translation invariance we can choose €,, = €,, = €, and €,, = €,, = €,. Then,

to renormalize the TMG entropy, we follow the standard approach of adding counterterms
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and taking the limit € — O:

iR =l (35617 + e, + ine,) (3.75)

¢ c
:ELln 1 — 0| + = In [uy — uy).

6

The renormalized entropy is not invariant under the conformal transformation (u,v) —
(U(u),V(v)) given in Eq. (3.63). This conformal transformation consists of two parts:
a diffeomorphism taking v — U(u) and v — V(v), and a Weyl rescaling of the metric.
The metric is invariant under such a transformation, but Eq. is not, because the

cut-offs transform as

€, — e2+Vie, (3.76)

€, — e2-Wie, . (3.77)

7

If one wishes to use the same cut-offs before and after the conformal transformation,
then the renormalized entropy is defined via the same subtraction, and so transforms by
adding o

o116l =036l + Lo (4) + 01 (Vo) + F o (U1) + o4 (U)].

:%L In|vg —v1| + %L In |ug — ug| (3.78)

+ %[‘H(W) + o (Va)] + %R[UJr(Ul) + o (Us)].

This is the renormalized TMG entropy, which is of course similar to the result for the
renormalized HRT area under a conformal transformation, except with ¢y replaced by ¢y,

in anti-holomorphic terms and by cg in holomorphic terms.
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In particular, in Poincaré AdS; in Einstein-Hilbert gravity, we instead have

AHRT [R]

o = 5 A4 Ye) + A (Us, 1) (3.79)

up to a possible constant term which will not factor into our analysis, with

Av(Vi, V) = Info(Va) —o(Vi)| + 04 (V1) 4+ 04.(V2), (3.80)

AU(Ul, Ug) = In |U(U1) — U(U2)| + U_(Ul) + U_(UQ). (381)

Hence, we can write the TMG entanglement entropy in terms of the U and V' pieces of

the HRT-area as as simple rescaling:
c c
ormc|R] = gLAv(Vl, Va) + FRAU(Uly Uy). (3.82)

In what follows, we will use this expression to rewrite the entropy commutators in [3].

3.3.3 Entropy algebra from geometric flow

We will now use the geometric picture of TMG entropy flow to compute the action
of orae[R] on the stress tensor, and the commutator between the TMG entropies of two
different boundary regions. As discussed above, this entropy flow kinks ¥ in the bulk, but
preserves 0. In this section, we work in asymptotically Poincaré AdS; TMG without
matter and without black holes, although we will later generalize to spacetimes allowing
planar black holes. We follow the same approach as in Section 3 of [3], and refer the
reader to the discussion there for more details. Our goal here is to review the essential
parts of that calculation, and to note any differences (or lack thereof) between TMG and

Einstein-Hilbert gravity.
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Our result for the geometric action of the ory¢ flow agrees precisely with that for
(1/4G times the) HRT-area flow in Einstein-Hilbert gravity. In particular, {o[R]/4G, K (y)}
has not changed with the addition of the Chern-Simons term, and we still have o[R] =
Hpr+ K[y]. The kink transform K[7] introduces a relative boost between the two sides of
7, and so leaves v invariant. In asymptotically Poincaré AdS; TMG, the action of K[]
on the boundary introduces a gravitational anomaly, but this anomaly does not change
the equations of motion: the equations of motion change by the addition of the Cotton
tensor, which vanishes in Poincaré AdSp. Nor does K[y] change the boundary metric in
the boosted wedge. Hence, the action of K[y] leaves TMG invariant, and we need only
consider the action of Hg, which must be a boundary conformal transformation. This is
the transformation which "undoes” the boundary action of the kink transformation, and
so is a boost with a rapidity we will denote as 27 A\.

As in [3], we take the action of Hgr to be a map (u,v) — (U(u),V(v)) defined by
EI We can specify the conformal factor explicitly by taking a boundary region R,
which is the half-line z € [0,00) at t = 0 on the boundary at z = 0, and considering the
extremal surface corresponding to Ry. Without matter, this extremal surface is the HRT

surface 7yg,, and it is the bulk geodesic at x = ¢ = 0 for all z. Then

U =ue ™00 v = yemolv), (3.83)

giving

o_(U)=—-mX\O(=U), o.(V)=mA0(V). (3.84)

"Note, however, that the purpose of this conformal transformation is different than the purpose of
the transformation introduced in Eq. ([3.63))
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Plugging into Eq. (3.73]), the stress tensor under the action of orpa[Ro] is

Tov = L\ (V) +a)2B(V)]?) (3.85)
Tyr = E(\(U) + w2 [5(U)]2). (3.86)

We can also calculate the effect of ory[Ro] on another TMG entropy defined by a
different boundary region R. This is the same calculation as in Einstein-Hilbert gravity:
we write o7y [R] under the conformal transformation defined in Eq. (3.83)), thus giving

it explicit A dependence. We write this transformed entropy as o7y a[R]. Then

d
{ormc|Rol, ormc R} ZEUTMG,A[R]
A=0 3.87
_ TCy, ‘/1@(—‘/1‘/2) _ TTCR Ul@(—UlUQ) ( )
B 3 V-V 3 U—-U

In the next section, we generalize this result to spacetimes diffeomorphic to subregions
of vacuum Poincaré AdSs; in particular, we will now be able to include planar black
holes. We also generalize to commutators between TMG entropies defined by arbitrary

boundary regions.

3.3.4 Entropy algebra from stress tensors

Now, we consider spacetimes diffeomorphic to subregions of vacuum Poincaré AdSs.
By allowing for certain singular conformal transformations from the vacuum, i.e. ones
where we specify the boundary conditions v(V = o0) = 0 and u(U = o0) = 0, our
solutions asymptote to M > 0 planar black holes. Otherwise, for solutions that asymptote
to Poincaré AdSs, we choose v(V = 0) = 0 and u(U = 0) = 0. Let us now proceed with a
calculation of the commutator between the geometric entropies of two different boundary

regions. We do this by starting from the stress tensor algebra (i.e, the Virasoro algebra
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with the appropriate chiral central charge), then use the Leibniz rule to get the TMG
entropy algebra. We mainly include this section as an independent check on our TMG
entropy flow calculation in Section We also include it to make contact with [3]: in
[3], we calculated the geometric entropy commutator in Einstein-Hilbert gravity following
this same method of starting from the stress tensor algebra.

The boundary stress tensor algebra in Einstein-Hilbert gravity is [127]

"

{Tyv(V), Tyv(V')} = 2Ty (V) (V =V =T (VHS(V = V') — 22—[;5 (V=V"), (3.88)

and similarly for the algebra of Ty . Suppose we have the boundary region R anchored
at (Up, V1) and (Us, V3), and the boundary region R’ anchored at (U, V() and (U, V5).
Without loss of generality, we take Uy > Us,, Vi < V,, Uy > Uj, and V| < V4. Then, the

Leibniz rule is used to obtain the HRT area algebra from the Virasoro algebra:

{AHRT[R] AHRT[R/]} —
4G 4G
/ dVdV’dVdV’%&;:j‘:/[?] 8?63/;((‘\//)’) {Tvv (V'), Tyv (V')}
00+(V) 1 E)AHRT[R']
S 0T (V) AG 90,(V)
+ / dUdU’dUdU’%agX;Rg][?] aaTZ;([[]]),) {Tvu(U"), Tuu(U')}
80,((_]) 1 GAHRT[R’]
X Ty (0 4G 9o (D)

(3.89)

In TMG, using the stress tensor components defined after Eq. (3.73)), the Virasoro

algebra becomes

{Tvv(V), Tyw(V')} = E{Tyy(V), Tvv (V') e (3.90)
{Tou(U), Tyu (U} = {Tyu(U), Tou(U")}5-n. (3.91)
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where the E-H subscript stands for Einstein-Hilbert. The other terms in the integrals

are related to their Einstein-Hilbert counterparts as

aO'TM(;[R] . Cy, 8AHRT[R] d 60—TMG[R] . CR E)AHRT[R]

= = .92
do (V) 4Gey o (V) o do_(U) 4Gey do_(U) '’ (3:92)
and
0~0+(V) _ G 80+(V)/ and 0:L(U) _ G 8(L(U)/ ' (3.93)
aTvv(V/) Ccr aTVV(V ) (9TUU(U’) CR aT1UU(Uv )
Putting this all together, Eq. (3.89) becomes
1
{orualR) omolR]} = Ay (Vi, Va), = Ay (W, 3)
4G 4G (3.94)

C 1 1 ! !
—+ R{4GAU(U1,U2) 4GAU<U17U2)}

In Einstein-Hilbert gravity, we had

2n, — 1, Vi<Vi< Vi<V,

{ v ot = o, vi<y<u<y G
0, otherwise

2n, — 1, Uy < Uy, < U <Uy
{4GAU(U1=U2) 41GAU(ULU§)} = 91 -2n, U<U,<U <U (3.96)

0, otherwise,

(v1—v})(va— Uz)

(o —v2) (] = So, plugging

(n—u )z ) g

where we define the cross ratios 7, = (o) (=)
1 2
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these into Eq. (3.94)), the entanglement entropy algebra in TMG is given by

{orma(R], orma[R]} =
)
2n, — 1, Vi< Vi< Vi<V, 2n, — 1, U< Uy, < U <U;

TCy, TCR
6 YL 20 Vi<Vi<Va<Vy+ ("

(3.97)
1—27]u, U2<Ué<U1<U{

0, otherwise 0, otherwise.
\ \

This agrees with the result of [104], given in Eq. (3.1). In vacuum Einstein-Hilbert
gravity, the entropy commutator vanishes when we restrict all anchor points to lie on a
constant time slice on the boundary. However, in TMG@G, this configuration instead gives

a non-vanishing result. For 2| < 27 <z}, < x,

TC_

{orma|R], UTMG[R,]} = 7(277 - 1), (3.98)

(z1—')(z2—75)

(e (7 =2 This again agrees with [104].

with c. =¢p —cgpand n =

Disjoint intervals

We can also apply our results to slightly more general situations than those considered
in [I04]. In particular, in the semiclassical approximation, their result calculates the
commutator between oy a[AB] and orye[BC], the geometric entropies of boundary
regions AB and BC, respectively, where A, B and C' are contiguous. See Figure for
an illustration. By contrast, the commutators calculated in this work can be defined for
disjoint intervals A, B and C. This is because, in Eq. , the TMG entropy is defined
as an integral over the extremal surface. Hence, if we have a disconnected surface, the
integral splits into two, and the contributions from each piece are additive.

For instance, take B and C to be disjoint. We take the anchor points of A to be
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Planar boundary

Figure 3.2: For contiguous CFT regions A, B, and C, we can draw 7, the extremal
surface corresponding to region AB, and s, the extremal surface corresponding to region
BC. This is the configuration studied in [I04], where the authors find the modular
commutator J(A, B, C)gq, equivalent to the commutator between the TMG entropies of
AB and BC.
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Planar boundary, Planar boundary,

Figure 3.3: For contiguous CFT regions A and B, and disconnected region C, we can
draw 7, the extremal surface corresponding to region AB, and s, the extremal surface
corresponding to region BC'. We label the region between B and C' as region D. As
opposed to the contiguous case, 7, splits into two surfaces. In the left figure, v, is the
HRT surface corresponding to region B combined with the HRT surface corresponding
to C'. In the right figure, v, is the HRT surface corresponding to region BDC combined
with the HRT surface corresponding to D. This is a configuration we can now study

using Eq. (3.97).
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(U1, V1) and (Us, V3), the anchor points of B to be (Us, V5) and (Us, V3), and the anchor
points of C to be (U, Vy) and (Us,Vs). Additionally, we will define a new region D
between B and C, that is anchored at (Us, V3) and (Uy, V). Then the bulk extremal
surfaces corresponding to boundary region BC' have two possible configurations, as shown

in Figure Thus, orpe[BC| is given by the configuration with minimal entropy:
O'TMg[BC] = min O'TMg[B] + O'TMg[C], O'TMg[BDC] + O'TMg[D] . (399)

We can hence define o7)¢[BC] in terms of TMG entropies defined by contiguous bound-
ary regions, and thus compute o7;¢ commutators.
In particular, in the disconnected phase (the left diagram in Fig. [3.3)), both o7u¢[B]

and o7)¢|C] commute separately with the orpyg[AB]. Then,

{UTMG [AB]v UTMG[BC]}disconnected =0. (3100)

In the connected phase (the right diagram of Fig. [3.3)), we see that o7p¢[D] commutes
with oryg[AB], but oryg[BCD] and oryg[AB] do not commute. Without loss of

generality, we choose U; > Us, V; < V3, Uy > Us, and V, < Vi, This yields

{OTMG [AB]> OTMG [BC] }connected =

( (
2n, — 1, Vo< Vi< Vs< Vs 2n, — 1, Us < U3 < U; < Uy

TCy, TCR
o Y1 2m Vi<Va<Va<V3t+ ("

(3.101)
1—-2n, Us<Us;<U <Us

0, otherwise 0, otherwise.
\ \

Thus, we have a generalization of Eq. (3.1) to disjoint boundary intervals.
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3.4 Discussion

This work began by studying the flow on the covariant phase space induced by geo-
metric entropy in topologically massive gravity, computed in spacetimes asymptotic to
AdS; with standard matter. In terms of Cauchy data on a Cauchy slice ¥ containing the
HRT surface, we found exactly the same result as in [3] for HRT area flow in Einstein-
Hilbert gravity. In particular, the flow leaves the induced metric invariant but shifts the
extrinsic curvature by a d-function as described by Eqg. , essentially boosting the
entanglement wedge of R relative to that of the complementary region. Without matter,
this result holds to all orders in the flow parameter A; with matter, our result holds only
to first order in A. We save the generalization to finite A for future work.

After deriving the geometric entropy flow, we used it to explicitly compute the com-
mutator between TMG entropies defined by different boundary CFT regions. We also
derived this commutator by extrapolating from the stress tensor algebra. Our commu-
tators agree with the modular commutator found in [104], the original motivation for
this work. We concluded with a short discussion about applying our results to disjoint
boundary regions, which is difficult to do with the modular commutator.

It is perhaps surprising that geometric entropy flow in TMG is precisely the same
as HRT area flow in Einstein-Hilbert gravity. Arriving at this result through the Peierls
bracket method was rather complicated, and required many cancellations between terms.
This suggests there may be a more elegant way to approach this calculation, which would
make the physical mechanisms behind these cancellations more obvious. Understanding
this result more fully could allow generalizations to higher dimensional theories with
boundary chiral CFTs, and potentially to theories with other types of higher derivative
terms. Geometric entropy flow in higher derivative theories of gravity will be explored in

[124]. Our work here is an important first step to understanding geometric entropy flow
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more generally.

In the same vein, our Peierls bracket calculation could be extended to higher di-
mensional theories with boundary chiral CFTs. Explicit formulas for the corresponding
geometric entropies have been computed in, for example, 3+ 1, 4+ 1, and 6 + 1 bulk di-
mensions [143], 153]. The Peierls bracket calculation for geometric entropy flow in higher
dimensions would then follow the same steps as in our work here (expect would be con-
siderably more complicated). As already mentioned, it would thus be helpful to have a
more elegant understanding of our result instead of resorting to an explicit calculation.

It would also be interesting to compute explicit TMG entropy commutators in more
general configurations, e.g. with matter present or in higher dimensions. Indeed, this
has not yet been done for HRT area commutators in Einstein-Hilbert gravity. Addition-
ally, area commutators may have further implications tensor network models, as will be
explored in Section 4] and in the forthcoming work [I54]. We would also like to under-
stand the implications of our TMG entropy commutator on tensor network constructions,

especially since TMG is an example of a higher derivative theory.
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Chapter 4

Link-Area Commutators in AdS;

Area Networks

4.1 Introduction

Over the last decade, tensor networks have played a key role in developing our under-
standing of the AdS/CFT correspondence [52]. They were first proposed as toy models
of AdS/CFT in [73] [74], based in part on the observation that the entanglement entropy
of a boundary subregion is bounded by an area law that agrees with the Ryu-Takayanagi
(RT) formula [61], 62]. It was then shown that certain tensor network constructions sat-
urate this bound [69, [71]. Tensor networks can also model other important aspects of
AdS/CFT, including quantum error correction properties [58] of the holographic dictio-
nary; see e.g. models in [69} [70] [72].

The random tensor networks of [71] have been of particular interest. However, their
qualitative properties differ from those of familiar semiclassical bulk states of AdS/CFT
as the entanglement spectrum is flat for any boundary region R. By this we mean that
the Renyi entropies S,, are approximately independent of n. The same feature arises in
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the HaPPY code [69].

In the AdS/CFT context, for a given boundary region R, and as described in [129, [75],
producing a state with flat entanglement spectrum requires suppressing fluctuations in
the area of the associated Hubeny-Rangamani-Takayanagi (HRT) surfacd'| [63] relative
to those in standard semiclassical states. Bulk states with such suppressed fluctuations
are known as fized-area states.

For a given HRT-surface (associated with a given boundary region R), fixed-area
states can be produced by projecting more general states onto appropriately-sized win-
dows of HRT-area eigenvalues, perhaps with the window width scaling as G'/2*¢ for some
small € > 0 in terms of the bulk Newton constant GG. However, given a set of regions
R;, the corresponding collection of entanglement spectra can be rendered flat only if we
simultaneously suppress area fluctuations for all of the relevant HRT-surfaces ;. This in
turn requires the associated HRT-area operators to approximately commute.

Unfortunately, as emphasized in [78], commutators of HRT-areas can be large even
when all regions R; lie in a single Cauchy surface of the asymptotically-AdS boundary.
This is in part because the HRT-surfaces 7; generally fail to lie in a single Cauchy surface
of the bulk; i.e., points on ; can be causally separated from points on ;. The mixing of
operators under time-evolution then makes it difficult to avoid sizeable commutatorsﬂ

One way to address this issue is to modify the notion of a tensor network model
following e.g. [155, B3]. However, it is also natural to ask whether the issue can be
ameliorated by using the collection of regions R; to construct a network of HRT-like
surfaces that do in fact always lie in a single bulk Cauchy surface, and which thus might

potentially have area operators that commute. Here the use of the term ‘network’ reminds

T.e., for the covariant generaliztaion of the RT surface.

?In a time-symmetric context, the expectation values of HRT-area commutators generally vanish. But
the commutators still do not vanish as operators, even if their properties are non-trivial to compute in
the semiclassical approximation.
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Figure 4.1: An example area network and its corresponding tensor network, modelled off
of the networks in [78]. The area network is shown in blue. The tensors are black nodes,
and tensor index contractions are shown as red edges. See [78] for explanations.

us that a collection of codimension-2 surfaces lying in a (codimension-1) Cauchy surface
will generally intersect. One might in particular hope such a network to be related to the
tensor network constructions of [78] 28]; see e.g. figure below. We emphasize that
both the precise notion of what is meant by an HRT-like surface and the extent to which
they are useful in producing flat entanglement spectra or the networks of [78, 28] remain
to be investigated.

The present work addresses the first of these steps by considering various constructions
of such networks in semiclassical bulk geometries and computing commutators of the
areas of the HRT-like surfaces comprising these networks. We will require our “HRT-like
surfaces” to be extremal away from points where they intersect other surfaces in the
network. The work below is exploratory, and our goal is merely to investigate a few such
networks and collect results that may inform future constructions.

We will analyze the area-operators associated with our network in the semiclassical
approximation. In this context, the operators are described by observables on the classical
phase space and their commutators become ¢ times Poisson brackets. It is then interesting
to study the flow generated by such an operator on the classical phase space. Throughout

this work we will use the terms “operator” and “observable” interchangeably. For HRT-
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area operators, studies in this direction include [112) 113, [44], 114, 115, B]. Much of
this work made use of the JLMS formula [I17] relating the HRT area to the boundary
modular Hamiltonian, though see [3] for a self-contained bulk analysis. The phase space
flow generated by an HRT-area in Einstein-Hilbert gravity turns out to take a simple
geometric form that acts as a boundary-condition-preserving kink transformation (see
[3] for refinements of the discussion in [114], 1T5]). Extensions to topologically-massive
gravity in AdS3; were studied in [2]. While studies of geometric flow can be of great
use, the present work will simply focus on computing commutators associated with our
networks and will save analysis of geometric features for future worlf]

We focus on pure Einstein-Hilbert gravity in AdS3; when the boundary metric is
141 Minkowski space. In this context we expect that all operators can be expressed in
terms of the boundary stress tensor. An explicit such expression would then allow us to
use the boundary stress tensor algebra to compute arbitrary commutators. While such
explicit expressions are difficult to obtain, at the semiclassical level it suffices to work
with ¢mplicit expressions as described in [3]. The point here is that since the Poisson
Bracket {A, B} of observables A, B is defined in terms of derivatives of A, B on the phase
space, using the chain rule one can use the stress-tensor algebra to compute { A, B} even
if one knows only the derivatives of A, B with respect to each component of the stress
tensor. Following [3], expressions for such derivatives turn out to be straightforward to
construct in the sector of our theory given by acting on Poincaré AdS; or a planar black
hole with boundary conformal transformations.

We will consider only this sector below. We will also refer to these Poisson bracket
calculations as “semiclassical commutators” despite the lack of a factor of 7. Our main

results are as follows:

3Since we consider areas of surfaces with boundaries, the flow generated by these areas may have a
non-trivial effect extending to the boundary, similar to what is found in [T48].
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e [t is generally difficult to construct arbitrarily fine discretizations of the bulk with

commuting areas.

e We do, however, find a simple 4-link network (analogous to the extremal surface
configuration building the four-tensor network of [78]) for which the link-areas all

commute.

The outline of our paper is as follows. Section reviews the formalism of [3] for
computing Poisson brackets of observables in the above sector of vacuum AdS3. In Section
4.3] we analyze a 4-link constrained geodesic network defined by choosing a single HRT
surface and two additional boundary-anchor points. We then follow [105] in adding a
second surface defined by extremizing the length of a curve connecting the additional
two anchors with the constraint that the curve intersects the above-chosen HRT surface.
This is the constrained geodesic. The resulting network is an analogue of the four-tensor
network of [78], and we find that all of its areas commute. Appendix [Bfthen analyzes an
extension of this simple network, though we find non-vanishing area commutators.

Since the entanglement wedge cross section (EWCS) has been of particular interest
in the recent literature [150, 157, 158, 159, 160], we turn to the study of an associated
network in section [£.4l Again, this network has non-vanishing area-commutators. In
particular, the EWCS area fails to commute with other areas in the configuration. We

conclude with a brief summary and discussion in section

4.2 Commutators from the boundary stress-energy
tensor

The work below will consider pure 241 Einstein-Hilbert gravity with negative cos-

mological constant, and we will restrict attention to solutions that can be obtained from
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Poincaré AdS3 or an M > 0 planar black hole by acting with boundary conformal trans-
formationg’] Furthermore, since solutions in the above classes are equivalent when their
boundary stress tensors agree, we may express all observables in our theory in terms of
the boundary stress tensor. This section is a brief review of the commutator framework
considered in Section 2.4

In Poincaré AdS;, the metric is given by Eq. 2.15] All of the solutions we consider
can be generated from by acting with boundary conformal transformations. In
particular, any such transformation can be described by two functions, U(u) and V(v),
such that the boundary metric in the solution of interest takes the form ([2.33), with

o(u,v) = o(u) + &(v) so that dU and dV are given by Eq. ([2.34), i.e.

dU = 2>y,
(4.1)

dV = 20 qy.

The action of a general finite conformal transformation on the stress-energy tensor of
a 141 dimensional conformal field theory is well known, and is given by Eq. . We
will choose U(u), V (v) so that the transformation (4.1) maps the (vanishing) boundary
stress tensor T(f,figinal = 0 of to the boundary stress tensor T, of the desired

solution. We then have

TUU = # [812]0'(] + (8U0U)2] (42)

TVV = ﬁ [8‘2/6"/ + (8‘/&‘/)2] (43)

We also define the functions u(U) and v(V') to be the solutions of (2.34]) subject to

4As described in e.g. [161], the full theory consists of a direct sum of disjoint (superselected) phase
spaces, each of which can be generated by acting with boundary conformal transformations on any point
in the phase space. The methods used here should thus also be applicable to more general sectors, where
one expects them to yield similar results.
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certain boundary conditions. And, for a given Ty, oy and &y are solutions of and
, respectively. We will specify the boundary conditions for and for and
at different locations. All boundary conditions will be the same as those chosen
in Section [2.4] and we remind the reader now of those choices. To define boundary
conditions for and we choose some Uy, V and define oy, (U), 6y, (V') to be the
solutions of that satisfy

ov,(U)|lv=v, = Ovou,(U)|ly=v, =0
ove(Wlv=y, = voy,(V)|y=y, = 0. (4.4)

In contrast, to define boundary conditions for we simply note that U(u), V(v) will
be defined on intervals u € (—00,Umaz) and v € (=00, Upay). We will take e, =
Umaz = 00 for solutions asymptoting to Poincaré AdSs; and 4z = Vmaee = 0 for solutions
asymptoting to an M > 0 planar black hole. We choose our boundary conditions to
be u(U = 0) = 0, v(V = 0) = 0 for solutions asymptoting to Poincaré AdS;, and
u(U = o0) =0, v(V = o0) = 0 for solutions asymptoting to an M > 0 planar black

hole. In either case, uy,(U) and vy, (V) can be written in the form

gy (U) = fy dU'e™00@) 4 ¢, (4.5)

v (V) = fy avieo) e, (4.6)

where, as a consequence of our choice above, ¢, = ¢, = 0 when solutions asymptote to

Poincaré AdS3, while for solutions asymptoting to an M > 0 black hole we have

Cy = _/ dU,e_ggUO(Ul)v Cy = _/ dv,e_zﬁVO(V,)' (47)
0 0

As described above, the objects oy, oy, are functionals of T}, determined by solving
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(4.2) and (4.3). While a closed form solution is not available, we can differentiate (4.2))

with respect to oy, (U) to obtain a linear differential equation for %. That linear

equation can then be solved to find % and %, as given in Eq. (2.44). Since

commutators between boundary stress tensors are given by the Virasoro algebra, the
result (2.44]) can be used to compute the Poisson Bracket algebra of conformal factors
o(U, V). Doing so yields a commutator of the form ((2.52))), which can be reduced to the

effective commutator in Equations (2.53)) and (2.54)), reproduced here for convenience:

{ov,(U), 00, (D)}ess = FOWU ~ V), (4.8)

{6w(V), 6% (V)}ess = —FO(V V). (4.9)

C

Now, for any two observables B and C, we can compute their semiclassical commu-

tator using Eq. (2.52)):

(B.C} = / P 552){0(@),0—(3;'2)} 5;5,), (4.10)

2

in terms of the functional derivatives of B and C' with respect to o(U, V). Using the
effective commutators (2.53)), (2.54)), we may thus write the commutator between areas

A; and A, in the form

0 A 0 A B
(A1, A5} :6—”/ dUd—{/ awY e -
Cc — 00 (SO'UO<U) —0o0 50U0(U>

LY U / a4

¢ ) 005(V) ) o d0g(V)

(4.11)

oV —V).
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Planar boundary

Figure 4.2: A constrained geodesic network, with HRT surface v = 7, U 7., and two
additional links % and 'yf that together form a constrained HRT surface v# = 47 U 7# .
The anchor points of v are (Uy, Vi) and (Us, V3), while 4# is anchored at (U,, V,) and ~;*
at (Ub, %)

4.3 A simple constrained-surface network with van-
ishing commutators

As mentioned in the introduction, we will construct networks of surfaces by extremiz-
ing areas subject to constraints that require them to intersect in various ways. The first
such networks will be based on the constrained HRT-surfaces of [105]. Such codimension-
2 surfaces v# are defined by first choosing an HRT surface v and choosing an anchor
set for v# on the AdS boundary. The constrained HRT-surface 4# is then defined by
extremizing its area subject to the usual requirements that its anchors remain fixed and
that it satisfy the homology constraint [121], but where we also impose the additional

constraint that v# must intersect v; see figure .
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The locus of the intersection is then determined by the extremization. In AdSs,
extremal codimension-2 surfaces are geodesics and the intersection occurs at a single
point. In any dimension, the intersection divides v into two half-infinite links 71, 7o, and
it also divides v# into v#, 4. This configuration thus defines a network with a single
vertex (at the intersection) and 4 links y1, vz, 77,77 -

Section below computes the renormalized areas of 7 ,'yz% . Commutators be-
tween the renormalized areas of 7, vya, V7, 7,?& are then computed in section , where

they are shown to vanish.

4.3.1 Area-operators for half-infinite links

Our task in this section is to compute the areas of v#, ’yf , V1, Ve for given boundary
anchors. We first focus on % ,7# . We take the anchor points of v to be (U, Vi) and
(Uy, V), while 4# is anchored at (U,, V,) and v at (U, V3).

It will be convenient to begin with a simple case in Poincaré AdS; where 7 is in fact
defined by the boundary region Ry given by the half-line = € [z1,00) at some ¢t = ¢; on
the boundary at z = 0. Since we are Poincaré AdSsz, we use the coordinates of
given by lower-case roman letters. The associated HRT surface 7g, is then just the
line of constant w,v with v = u; = t; — 21 and v = vy = t; + 21 for all z. We then
define an associated constrained geodesic 5% by choosing two boundary points (ug, v,)
and (up, vp), where without loss of generality we assume u, < u; < u, and v, > v1 > .
The intersection point then breaks % into two half-infinite links 5%, 37 .

Since the intersection point lies on vg,, it must be of the form (uy, vy, z). But for any
half-infinite link 74 anchored to (u;,v;) on the boundary and the point (uq,vq,2) in

the bulk, the renormalized area in planar BTZ coordinates with horizon at z = zy was
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Planar boundary

YRy

! / u
v \
Figure 4.3: A simple HRT surface g, in the vacuum (Poincaré AdS;), along with two

additional links 7 and f_yf defined by extremizing the area of ¥# U f_yf )

found in [128§] to be

2 t—t; —
A = ln( — % [\/z?{ — 22 cosh( le > — 2y cosh(xIZHx >]> (4.12)

In the limit zy — oo, the BTZ metric becomes Poincaré AdS. Taking this limit, we find

the geodesic length

Yhal f >

Ave —1n (22 4 2 wi)(os - ”1)). (4.13)

We now take 7% to be the half-infinite link with boundary anchor (ug, v,), and "yf to
be the half-infinite link with boundary anchor (uy,v,). We wish to extremize the total
length Afy‘;f + A:ﬁ;if of 4% over possible intersection points on vg,. Since the points on g,

b

a

are labelled by the value of z in (4.13)), a short computation yields:

Zewt = [(u1 — Ua) (va — v1) (up — ug)(vy — v3)] /. (4.14)
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Inserting this result into (4.13)) gives

1/4
;g; = In [2 (%) (v (u1 — ug)(va — v1) + /(up — up) (01 — vb))] (4.15)

1/4
;ic = In [2(%) (v (w1 — ug)(va — v1) + /(up — uy)(vg — vb))} (4.16)

We will now use the above above results to compute similar areas for the general
configuration shown in figure [£.2] As usual, the idea is to apply an appropriate bound-
ary conformal transformation as in (3.25)). This transformation generates a non-trivial
boundary stress tensor, and in that sense takes us out of the vacuum state. For any

half-infinite link area it yields

A = ALe  + UUO(Ui) + a-Vo(‘/i>7 (417>

Yhal f Yhal f

where U; = U(u;) and V; = V(v;).
Note that AFYZEH depends on the vacuum coordinates u;, v; of all three anchor points.

Since we wish to fix the physical coordinates U;, V; of the anchors, we should regard u;, v;
as functions of U;, V; that depend on some oy, oy, via and . Thus, all three
terms in Eq. can contribute to our commutators.

The last generalization we will need is to transform g, into a general HRT-surface
v anchored at arbitrary spacelike-separated boundary points (U, V1) and (Us, V3). This
will also move the other links, transforming our 4# to some v# and taking our "yfé to
some VZ# . See Figure , which shows the result of this transformation. Without loss
of generality, we take U, < U; < U, < Uy and V, > V; > V, > V5. We perform
this generalization by taking a fractional linear transformation which brings the second

anchor point of v, back from infinity, i.e. we take u — w%u and v — W%v Under this
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transformation one finds
o, (U(u;)) = ouy (U(us)) + In(ug — w;), (4.18)

with analogous results for &y, (V). As a result, in the general configuration given in

Figure [4.2) the link areas take the form

—In (U1 - Ua)(?la - 01) (Ub - u1)(01 - Ub)
i = l\/ (2 — ) (00 —v2) \/ ]
In [(Ul — ) (Ve — v1)(ug — up) (vp — v2) (ug — g ) (vy — U2)3] (4.19)
(ug — up)?(v1 — va)?(up — uy)(v1 — vp)

and

e = =

N l(wy —up) (01— vp) (ug — up)® (vy — v2)° (ug — ) (va — vg)} (4.20)
"1

(U2 - Ul)z(% - 02)2(161 - Ua)(va - Ul)

+ O'UO(Ub) + 6VO(%> + In 2.

Our ultimate goal in this calculation is to understand commutators between the
areas of the four links v#, fyf , 71, and 2. Here 41 runs from (U, V) on the boundary
to the intersection point in the bulk, and -, runs from (Us, V3) on the boundary to the
intersection point in the bulk. It thus remains to compute the areas of v and 7, by first
calculating the renormalized areas of each piece of vyg,, performing the fractional linear

transformation u — u2+u and v — W%v to find A,, and A,,, and finally applying the
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above conformal transformation. Doing so yields the renormalized areas

1 0 (u1 — ua) (Ve = v1) (up — ur) (V1 — vp) (U2 — ur)*(v1 — v2)?
An =7 ( (u2 = ta) (Ve — v2) (U2 — up)(vp — v2) ) (4.21)
+ oy, (Uh) + 01, (V1) + In 2,
and
_1 0 (u2 — ua) (Ve — v2) (U2 — up) (V5 — v2) (U — ur)*(v1 — vp)?
An =7 ( (w1 = ta) (Ve — v1)(up — ur)(v1 — vp) ) (4.22)

+ O'UO(UQ) =+ 6VO(V2) + 21In 2.

As a check, adding the above two results one finds the renormalized area of the full

geodesic v = v, Uy, to be
A,y = ln[2(u1 — ua)(va - Ul)] + UUO(UI) + 6—V0<‘/1) + O'UO(UQ) + 6—V0(‘/2) + 21n 2, (423)

which agrees with [3]. As another check, although the above area expressions are written
in terms of oy, (U) and v, (V'), a short computation shows that derivatives of these areas
with respect to both Uy or V} give zero. This is the correct result since Aﬁ, Aﬁv Ay,
and A,, are physical observables whose definitions do not depend on our arbitrary choice
of Uy, Vp.

In order to calculate commutators, one must take care to express u, v as o-dependent

functions of U, V. After doing so, one may compute the relevant functional derivatives
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for use in (2.32):
552%) =5(U — U,) + e~ 200©) { _ 2(2?__20%)@((]1 _vew - u,)
_ 2&;—_21)@(@ —0)O(U —U,) 2(11;—_2(;)@(% _vew -
b (U~ D) ) + e~ U)o - U],
(4.24)
sy =00 =0 20 [ =2 et - o -
. 2(22——_22)@((]2 — U)o - U,) - 2(31;—_2(;)@(% 0O - 1)
_ 2(11;—_20%)@(% U)OW — Uh) + e B(U = D)O(U ~ Ul)}
(4.25)
552?5) =0(U = Uh) e [ m@(m — e - U,)
+ m@(@ DO - U - 5o L —6(U~ U)e(U - U)
+ s U = VB — Uy) = ———0(U: ~ V)0 = 1)
(4.26)
50(5;12?]) =0(U = V) + >0 [ - m@@ ~0)O(U ~ Uy)
. m@(@ — U)o - U,) + m@(% e - v
1

_ —2(u2 — Ub)G)(UQ -U)oU -U,) — —

O(U: - U)e(U - 1),
(4.27)
with analogous expressions for functional derivatives with respect to (V). In the above
we have defined the quantity
(u1=ua)(Va=v1)

C _ (u2 ua)(Ua U2) (428)
\/(u1 Uq) va v1) + \/ up—u1) Ul Ub
(u2—uq)(va—v2) (u2—up)(vp—v2)
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4.3.2 Vanishing commutators for the 4-link constrained HRT-

surface network

We now use the above results and to compute the desired commutators. First,
as a check on our results above, let us compute {A_#, A,} and {Aﬁa, A.}. Each of these
must vanish since the flow generated by A, is known to introduce a relative boost between
the entanglement wedges on either side of 4 but to preserve the geometry of each wedge
separately; see e.g. [3] which builds on [IT4) [15]. Since v# and 7} each lie entirely
in one of these wedges, the relative boost has no effect on their areas. Thus their area
operators must commute with A,. Combining the above equations does indeed yield this
result.

We next examine commutators between any two of 7%, 'yf , V1, and 9. A priori, we
have no argument for the form that these should take. However, direct calculation shows

that all terms cancel. In particular, the U-parts alone give a result of the form
c1+ CQC, (429)

with constants ¢; and ¢o. For example, {A#, A Yo —component = %(1—0). The calculation
of the V-components then follows immediately: The functional derivatives with respect
to V are direct analogues of those with respect to U, but with the ordering of the anchor
points reversed. However, we must also take into account the various signs that arise in
comparing the U- and V-dependent pieces in . The changes inside the step-function
are just those associated with the above reversal in the order of the anchor points, but
there nevertheless remains an overall difference in sign. The result of the computation
of the V-parts is thus identical to that for the U-parts up to this overall sign. Since

C is invariant under u — v, this means the V-parts of the commutator take the form
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—c1 — coC so that they precisely cancel the contributions from the U-parts. We thus find
that the areas of v, fyf , 71, and 7, mutually commute.

This is an intriguing result. One may then wonder whether similar results hold for
other simple networks. We explore a 6-link example in Appendix [B| obtained by adding
a further constrained HRT-surface to the network above. However, in that case we find

link-area commutators that fail to vanish.

4.4 Link-area algebras for the cross section network

It is interesting that the link-area commutators vanished for the constrained HRT-
surface network of figure [4.2] However, following our original motivations requires us to
ask whether the same result can hold in a more complicated network. While there are
clearly many options that one can consider, we focus here on a network associated with
the entanglement wedge cross section (see figure , for which the resulting link-area
operators may be of interest in their own right. As before, we begin by finding expressions
for the areas of the entanglement wedge cross section and the four half-infinite HRT-
surfaces in section [4.4.1 We then compute the various area commutators in Section
[4.4.2] In contrast to the previous section, we find that some of these commutators do

not vanish.

4.4.1 Area operators

Our goal in this section is to find expressions for the areas of all of the links in the
network shown in Figure [£.4a] but in the context of a general spacetime in our phase
space (i.e., with a general Ty, in the allowed class) and with general positions of the
anchor points. We consider in detail only cases where the cross section yog is spacelike

(though we briefly comment on the case when the cross section is timelike in Appendix@.
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The network is defined by first choosing two HRT surfaces, 74/ and 7, and constructing
the associated cross-section v¢g, defined as the codimension-2 surface whose boundaries
lie on the above HRT-surfaces and which has extremal lengthﬂ In particular, this ex-
tremization condition fixes the locations of the cross-section boundaries on the original
HRT-surfaces. When the region between the HRT-surfaces is an entanglement wedge,
this construction defines an entanglement-wedge cross section (though our computation
holds more generally).

As before, we will generate general configurations by acting on simple ones with
boundary conformal transformations. We start in the Poincaré AdS; vacuum and choose
two boundary subregions, R, and Rj,. Both regions are to be defined by straight line
segments on the boundary, though they need not lie in any t = constant slice. However,
we can simplify the configuration by acting with boundary conformal transformations
that act on the boundary as fractional linear transformations in either u or v, as such
boundary conformal transformations preserve the vanishing of the boundary stress tensor.
The resulting 6-parameter group can generallylﬂ be used to move both R, and R to line
segments that are symmetric about the origin (u,v) = (0,0) of the boundary Minkowski
space; see figure [£.4b]

These conditions fix a 4-parameter subgroup of the above symmetries, but they still
allow further action by both boosts and dilations. It is convenient to use the boosts to

place the segment R, in the surface t = 0.

5As usual, if there is more than one such surface we would choose the minimal one. We should
also enforce a homology constraint. However, neither of these details are relevant in the simple context
studied here.

5The only exceptions correspond to cases where R, and R, define a common Lorentz frame but fail
to share a common time-slice. Such exceptions can be treated as degenerate limits of the more general
case studied explicitly.
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t=20 _
80
Ycs
,—y/
T
_1 _xa (0, O) xa 1
(a)
¢=0 RV

(b)

Figure 4.4: A simple example of a cross-section network. Panel (a) shows the ¢ = 0 slice,
which we take to contain two HRT surfaces 4/ and %,. Although the figure shows z, less
than 1, any value xz, > 0 is allowed. Panel (b) shows the z = 0 boundary for a more
general configuration in which R, and R, are boundary regions respectively homologous
to 4, and 73, but with R, (and thus also 7,) now boosted relative to R;, and 7, (which
continue to lie in the ¢ = 0 slice).

Indeed, it will be useful to begin with an even simpler class of configurations in which
all anchor points lie in a constant time slice as shown in Figure [f.4a] We emphasize
that this configuration is no longer related by symmetries to the most general ones, but
we will see that it is nevertheless useful starting point for our analysis. We choose the

anchor points of the first HRT surface, 7., to lie at * = +x,, with , > 0. The anchor
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points of the second HRT surface, 7,, are fixed at x = £1. Given any 4 values of z one
can define a useful cross-ratio (see also (4.39) below) which for these anchor points takes
the value

= A2 (4.30)

To+ 1)%
From this we can compute the area of the cross section, either directly or by using

results from [162), [158]. We find

1 1-— 1
Acs = In <+— VX) = S, (4.31)

VX

Notice that, since the cross-section y¢og does not extend to the AdS boundary, its renor-
malized area is just its (finite) area. As a result, for any solution in our phase space (with
general Tp;,) the cross-section area Acg continues to be given by so long as u, v are
expressed in terms of the physical coordinates U, V.

We would now like to generalize the configuration in Figure [£.4a] by boosting R,, the
boundary region that defines 7/, relative to R}, as shown in Figure m We will denote
the resulting HRT surface by 7,, with anchor points at (u,, —0,) and (—14, 0,). We take
g > 0 and v, > 0.

Note that the cross-section itself is invariant under this boost. Since the result of any

boost satisfies

T2 = 1,0, (4.32)

we can write (4.31)) in terms of the anchor points in this new configuration to find
L.
Acs = Z_L‘ In @,0,|. (4.33)

We can also write down the vacuum values of the areas of the four half-infinite links in
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our network. For any HRT surface with anchor points (@, —v) and (—u,v), the vacuum
area of each half-infinite link is given by Eq. with (ug,v2) = (0,0) and 2z = \/uv.
This yields

Az, = 3 ld(a = (~a) @ = (<o), (439

Yhalf 2

where we have made manifest the contributions from each anchor point. Thus, the

vacuum areas of the links cut from 4, and 4, are

vac 1 — — — —
A%,hmf = 5 111[4(ua - (_ua>>(va - (_Ua))]a (4.35)
vac 1 — — — —
Ay = 5 4@ — (=) (@ — (=)}, (4.36)
where we have 4, = 1 and v, = 1. Writing A2  in the somewhat awkward form above

Vb, hal f

will turn out to clarify later calculations. We can now apply the conformal transformation
(3.25)), under which the vacuum areas above transform as in . This gives the area
of the half-infinite links cut from 7, and 4, in any solution.

We can now move our anchor points into an almost fully general configuration in the
Poincaré AdS; vacuum by acting with an SL(2,R) x SL(2,R) transformation. We wish to
find the transformation that takes two general HRT surfaces, v, and =, into the previous
configuration, transforming =, into 9, and 4, into %,. If v, has anchor points (a1, v41)

and (ugz, V42), then we have the constraints

Ay Uql + bu = Ay Ug2 + bu o _ AyVqal + b'u o _ (Va2 + bv

— - =y, 2T 5 (437
CyUal + du CyUg2 + du CyUq1 + dv CyUg2 + dv ( )

a — Wa,
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Additionally, if , has anchor points (uy, vp1) and (upe, Up2), then we have
aylpt +by ayupe + by _
T T gy =1, w20 g = 1,
CyUp1 + du CyUp2 + du (4 38)
ayUp1 + bv _ AyUp2 + bv _ ‘
T o fy=—1, 2 o= 1,
CyUp1 + dv CyUp2 + dv

We are also free to impose the additional constraints a, =

a, = 1. We can then solve for

u, and v, in terms of the four anchor points of our general HRT surfaces. In terms of

the cross ratios

(Uaz - ual)(ub2 - Ub1) (%2 - Ua1)(Ub2 - Ubl)

e (a1 — up2) (Up1 — Ua2)’ o= (Va1 — vp2) (Vb1 — Va2)’ (4.39)
we find(]
o= (L), (LI
w- () e () (1.40)

Since Y, X» < 1, the expressions for u,, v, are realﬂ Using these definitions in (4.33))
then yields

A =

VXu VXu
where we have dropped the absolute value sign since the expression is manifestly positive
(the arguments in the logarithms are greater than one since x,, x, < 1). Note that
this reduces to the result when all anchor points lie on a slice with time-reversal
symmetry, since in that case x, = Xu-
The four half-infinite links are now 7,; anchored to (u1, va1), Va2 anchored to (g2, Va2),
Writing the constraints with

Y1 anchored to (up1,vp1), and 7 anchored to (upg, vpe).

parameters by ,, ¢y, and d,, expressed in terms of the anchor points, and using the

"The constraints (4.37) and (4.38)) admit two solutions, differing by a sign in front of the square root
term in the numerator. We choose the sign consistent with the case where both intervals lie in the t =0
surface.

8The cross-ratios can be written as y, = (u +1 —ta and x, = . +1)2, which are less than 1 for any

e # 1 and v, # 1, respectively. This can also be argued directly from the form of x, , in Eq. (4 .
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conformally transformed versions of Equations (4.35) and (4.36)), we obtain the final

expressions for the areas of the half-infinite links

1 [ (tar — upr) (a1 — Up2) (Va1 — Vo1 ) (Va1 — V2)
Aal =—1In
4 | (up — ta2) (us2 — Ua2) (V51 — Va2)(Vh2 — Va2) (4.42)
1
+3 In [4(ua1 — Ua2) (Va2 — Va1)| + 00y (Ua1) + ovy (Var),
1 (upr — ua2) (U2 — Ua2) (Vs — Va2) (Vb2 — Va2)
Aa2 =—1In
47 | (a1 — ) (tar — w2) (Va1 — 1) (Va1 — vi2) (4.43)
1
+3 In [4(ua1 — Ua2) (Va2 — Va1)| + 00, (Ua2) + ovy (Vaz),
1 [ (tar = wpr) (Va1 — p1) (Up1 — Ua2) (Vb1 — Va2)
Abl =—1In
4 ] (a1 — wp2) (Va1 — ve2) (Up2 — Uaz) (Vb2 — Va2) (4.44)
1
+ 5 In ‘4(’&1,1 — ubg)(vbz - Ubl)‘ + UUO(Ubl) + oy, (%1)7
1 (a1 — up2) (Va1 — ve2) (Wb — Ua2) (Vb2 — Va2)
Abg =—1In
47 [ (a1 — upn) (Va1 — 1) (U1 — ta2) (Vo1 — Va2) (4.45)

5 4 — ) (02— vu0)| + 005 (Vi) + vy (Vi)

Having found these results, it is also useful to note that, if we had been satisfied
with less detailed knowledge of the above functions, we could have obtained certain
information about these areas by following a much simpler route. In particular, since
each half-infinite HRT-surface has a single anchor point, it is manifest that each such area
transforms covariantly under boundary conformal transformations, and that it transforms
as the logarithm of a local operator that has conformal weight 1 at its anchor point.

In particular, these areas must transform in this way under the SL(2,R) x SL(2,R)
group of fractional linear transformations. Since any SL(2,R) x SL(2,R)-invariant func-

tion of four anchor points is a function of the cross-ratios ., xv, for e.g. ~v,1 we must
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have

A =t ((ual — Up1) (V51 — Va1) (Ua2 — Uup1) (Vb1 — va2)>

2 (Ua2 — Uq1) (Va1 — Va2) (4.46)

+ for (Xus Xo) + 0y (Upt) + ovy (Vi)

where fy1(Xu, Xv) 1S some (separable) function of the cross ratios that can be found by
comparing with . The areas of the other three half-infinite links take similar forms.
This form turns out to be useful in simplifying some of the commutator calculations since
all functions of u-coordinates commute with all functions of v-coordinates so that we also
have {Xu, fo1 (Xu, Xv)} = 0.

It is now a straightforward exercise to compute functional derivatives of link areas
with respect to o(U, V'), after first expressing the area operators in terms of coordinates
U,V using and . We can do this for the half-infinite link areas as well as for
the cross-section area. We save detailed expressions for Appendix [C| but note here that
for the area Acg of the cross-section yog, we can write

0Acs _aAcs O Xu

Sop(U) — Oxy op(U)
B 1 O Xu

o 4Xu\/1 _Xu(SO-U(l])7

(4.47)

and similarly for 6%%5/). As in section , such formulae can be combined with (2.32)) to
0

compute the desired semiclassical commutators. We discuss the results in section [4.4.2

below.

4.4.2 Results

We now compute commutators between (i) any two half-infinite link areas and (ii)

the cross-section area and any of the half-infinite link areas. In general, commutators of
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type (i) vanish, but those of type (ii) are non-zero.

Let us start by computing commutators of type (i). Commutators between half-
infinite links on the same HRT surface must vanish since these are equivalent to com-
mutators between a half-infinite link and the HRT surface containing it. HRT area flow
leaves the HRT surface invariant, and so it should leave the link area unaffected. How-
ever, to understand commutators between half-infinite links on different HRT surfaces,
we must perform a calculation. We do this by first taking the link-area functional deriva-
tives given in Equations —, then using them in Eq. . We find that all
such commutators vanish. And, unlike the link-area algebra of Section the U- and
V-components of these commutators vanish individually.

The commutators between Acg and the half-infinite link areas are more interest-
ing. We will focus on {Acg, Ap}. Since Agg depends only on x, and y,, we can use
Eq. for Ay and ignore the x-dependent piece fy(Xu, Xv), since this commutes
with all functions of y, and y,. We choose the ordering Uy; < U,; < U,z < U and
Vir > Vi1 > Ve > Vio. Using the functional derivative of A, in Eq. , and the

functional derivative of Agg in Eq. (C.3) (and their V-dependent counterparts), we find

3 3
{ACS,Abl}:2—0\/1—Xu—2—c\/1—xv. (448)

A similar non-vanishing result is of course obtained when b1 is replaced with any other
half-infinite links (the result will be the same up to an overall sign). The relative sign
difference between U-components and V-components appears for the same reason as
described in Section [£.3.2] We will hence always have a difference in overall sign between
commutators with x, and x,; otherwise, they will be the same up to a replacement of

all instances of x, with x,.
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Furthermore, one may check that indeed

{ACS’ A'Yblu’YbQ} - {ACS’ A'Ybl} + {ACS’ A%z} =0, (4'49)

as is required by the fact that v, U e is an HRT surface relative to which vog lies
entirely in one of the associated entanglement wedges. In particular, since the action of
the HRT area is just to introduce a relative boost between the two entanglement wedges,
the area Acg is unaffected. The same result holds for v,1 U 742. As an aside, we note
that these HRT areas will fail to commute with Acg if we allow the cross section to be

timelike. We elaborate on this result in Appendix D]

4.5 Discussion

Motivated by a desire to improve the understanding of tensor-network models of
holography, our work above probed the feasibility of simultaneously fixing the areas of
all surface segments in an area-network. We studied several such area-networks in the
context of pure AdS3 Einstein-Hilbert gravity (where the areas are in fact lengths and
extremal codimension-2 surfaces are geodesics) and computed the relevant commutators
at leading order in the semiclassical approximation.

Our first network contained precisely 4 links and was defined by a single HRT surface
and a single constrainted HRT-surface. All link-area commutators in this network were
found to vanish at leading semiclassical order. While higher-order effects remain to be
considered, they would necessarily be small. We thus conclude that, at least in the pure-
AdS3 context, this network is one for which fluctuations of all areas can be simultaneously
suppressed relative to the O(\/@) fluctuations found in typical semiclassical states.

However, such results are not generic. In particular, Appendix [B] analyzed a 6-link
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generalization of the above model defined by adding an additional constrained geodesic.
For this network we found non-vanishing commutators.

We then moved on to study a network with two HRT surfaces and their cross-section
vos. When the region between the two HRT surfaces is an entanglement wedge, this o
in the associated entanglement-wedge cross-section. Here we again found non-vanishing
area commutators.

The present work was exploratory and did not seek deeper understanding of the
results. It is thus far from clear that we have exhausted the space of interesting construc-
tions, though it is also unclear which additional area-networks would be of significant
interest for further study. On the other hand, it would clearly be of interest to under-
stand whether the area-link algebra found for the 4-link constrained-HRT network of
section remains Abelian in theories with matter and/or in higher dimensions. If it
does, the result would then call out for an explanation or interpretation in terms of a
dual CFT.

Another issue to which we expect to return is the question of obtaining a more
geometric understanding of the commutators described above and the flows generated by
them. The fact that HRT areas are known to generate flows on phase space described
by geometric operations [I14], 1T5] B] that something similar may be true of the HRT
area-links studied in the present work. And since such links have boundaries, it is natural
to expect the flow generated by these areas may have a non-trivial effect extending to
the boundary, as in [148] for similar operators associated with codimension-1 surfaces.
Such an understanding might be particularly useful in the context of entanglement-wedge
cross-sections, where the cross-section area is associated with reflected entropy [158] and
has been related to entanglement of purification [156] [157]. These issues will be addressed

in forthcoming work.

119



Chapter 5

De Sitter quantum gravity and the

emergence of local algebras

5.1 Introduction

It has long been recognized that the physics of quantum gravity will involve at least
some degree of non-locality, with familiar local physics emerging in the perturbative
limit G — 0. While some such effects may stem from topology-changing processes in
the gravitational path integral, we will focus here a form of non-locality that is directly
associated with diffeomorphism-invariance (see e.g. discussions in [163], 164, 165, 166], 167,
168, 169, [170], 10T, 171]), and which are expected to be arise even when topology-change
is absent.

In addition, recent progress on understanding gravitational entropy in this limit |37,
39, 38, 40}, [172], [46], [45] has emphasized the importance of the emergence of an algebra
of local fields. Our goal here is to perform the next steps in investigating just how
such algebras appear as G — 0 by exploring a construction advocated in [102] for the
interesting-but-tractable context of perturbative gravity around global de Sitter (dSp)
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space, with metric

ds® = —dt® + (* cosh®(t/)d23, (5.1)

where d = D — 1, £ is the de Sitter scale, and d)? is the round metric on the unit sphere
S

As emphasized in [I71], perturbative quantum gravity is manifestly local when for-
mulated around a background that completely breaks diffeomorphism-invariance. In
particular, in that context it can be described by gauge-invariant operators that satisfy
exact microcausality. But this is not the case when the background leaves a subgroup
of gauge diffeomorphisms unbroken; i.e., when the Cauchy surfaces of the background
are compact (so that all diffecomorphisms are gauge) and when there is an isometry that
also leaves invariant any matter fields that may be present. In this more subtle context,
even at the perturbative level any gauge invariant observable must be invariant under the
unbroken isometries.ﬂ As a result, a gauge-invariant observable in perturbative gravity
can be supported in a small region of spacetime localized near a single point p only if p
is a fixed point of every unbroken isometry.

When expanding around global de Sitter, such observables must be invariant under
the full de Sitter group and are thus maximally delocalized. Nevertheless, we expect
to recover a notion of local physics by making use of relational constructions; see e.g.
[163, 164, 165 166, 167, 168, 169, 170, 101, 102]. Indeed, in an appropriate limit we

should obtain the usual local algebra of quantum fields on a fixed spacetime background.

IThis is, of course, just the gravitational version of a general fact about gauge symmetries and
perturbation expansions. Given a gauge transformation g that acts on fields ¢ via ¢ — ¢4, we may
choose a classical background ¢ and define the perturbative field 6¢ := ¢ — ¢ and the perturbative
gauge transformation (d¢)y = ¢4 — #. When gi_>g #+ ¢, the space of small perturbations is preserved
only when g — 1 is of order d¢, so that dropping terms of order (§¢)? yields ¢, ~ ¢ + g?)g and thus
0pg = d¢ + (gb?g — ¢). On the other hand, for a family of transformations with q_Sg = ¢, we may take g
arbitrarily large. Furthermore, the action of g on d¢ is then essentially the same as the action of g on
¢. In particular, in the gravitational case the unbroken diffeomorphisms act as finite diffeomorphisms
on the perturbative fields d¢.
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Related issues were recently addressed in [45], which explored how a rolling inflaton
field could replace the clock used for the construction described in [39] of a type II von
Neumann algebra for the static patch of dS. However, our treatment differs from that
of [45] in three important ways. The first is that [45] assumed that a definition of a
preferred static patch P of their de Sitter space had already been given in a gauge-
invariant manner. This then left only the isometry associated with time translations
within P to be treated explicitly. One might thus say that they took locality in space as
a given and focussed instead on issues associated with the emergence of locality in time.
In contrast, we treat all de Sitter isometries on an equal footing and explicitly study the
emergence of locality in both space and time. A second difference is that, in addition
to understanding the limiting algebra, we will also characterize the departures from the
G = 0 limit that arise at small-but-finite values of G. Finally, a third difference is that we
consider perturbations around a stable de Sitter space, and in particular one in which all
matter fields (including any field that might be called an ‘inflaton’) has a stable vacuum.
We expect this to be a good starting point for discussion of more interesting scenarios
that involve eternal inflation with a small probability of ending inflation in each Hubble
volume; see e.g. [93] 96] for progress on embedding such constructions in string theory.

Our focus on stable (or nearly-stable) dS,;y; vacuua has important implications for
our construction of gauge-invariant observables. To explain the details, it will be useful to
refer to the theory at order G° as quantum field theory on a fixed de Sitter background
(dS QFT), where we take this to include the theory of linearlized gravitons. In con-
structing perturbative observables, it may then seem natural to follow [164] and consider

observables of the form

0= [ V=5 (5.2)

for some local scalar field A(x) in our dS QFT. This approach has been shown to be
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successful in certain simple models of quantum gravity [173,[174] 170, T01]. The analogous
construction was also used in [45] (where the integral was only over static patch time
translations since, as noted above, that work assumed that a preferred notion of a static
patch had already been given), and in [39, 40, 46] (though with an ad hoc observer clock
instead of just local quantum fields). However, since local correlators in any stat ‘\If}
are well-approximated by correlators in the vacuum M at late times, the integral in (5.2))
will diverge when acting on any state |\If] in the dS QFT Hilbert space Hgpr [101], 102].

In particular, for any |\IJ] and for O as in (5.2)), in a computation of the norm-squared

’(9|\If]’2 = [W‘OO’\D} = /da:dy\/—g(x)\/—g(y) [\P’A(x)A(y)’\IJ}, (5.3)

the leading term at large separations between x and y is given by the norm-squared of

the state

[ v=aaw)o) (5.4)

But by dividing the integral over dS;,; in into an infinite number of large-but-finite
regions, and using the decay of dS correlators at large separations, we may write (|5.4)
as an infinite sum over approximately-orthogonal states. This representation thus makes
manifest the divergent nature of its norm. An equivalent observation was also mentioned
in [39, 45] using the static patch language that every state in dS will thermalize at late
times. As noted in [I02], the issue may be considered to be an operator-realization
of the so-called ‘Boltzman brain’ problem since, no matter how complicated we make
the operator A(x) (perhaps in an attempt to make the operator respond only to large
and complicated excitations of |0]), our A(z) will still fail to annihilate the vacuum |0]

and will thus respond to virtual (or, in the thermal static patch description, Boltzman)

2Due to our introduction of the group averaging inner product in section we use square brackets
to denote bra states [\I/| and ket states ’\I/] of dS QFT.
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versions of such excitations with at least some small probability p per unit spacetime
volume. For any p > 0, integrating over the infinite volume of dS,,; then gives the
divergence described above.

The success of the use of in [45] was thus directly tied to the assumption in of
a rapidly decaying inflaton field made in that work. Since we take all matter fields to
be stable, we will require a different approach. In particular, we choose to follow [102]
in replacing the local observable A(x) with a distinctly non-local operator A that does
in fact annihilate the dS vacuum (though the actual form of the operators we will use is
rather different from that described in [102]). Since A is not a local field, there is then
no meaning to A(x), and thus no direct analogue of . However, we can still apply
a de Sitter transformation ¢ to the operator A by computing U(g)AU(g™!), where U(g)
is the unitary representation of g on the Hilbert space of the associated quantum field
theory on a fixed de Sitter background (dS QFT). We may then again follow [102] in

constructing de Sitter-invariant observables by writing

o- | dgU(g) AU (™). (5.5)
9€S00(D,1)

The expression (5.5)) uses the Haar measure dg to integrate over all elements g of the
subggroup SOy (D, 1) CSO(D, 1) of isometries of dSp = dS,;; that are connected to the
identity (i.e., over the orthochronous Lorentz group).

In the main text below we will consider a context with two independent fields, ¢
and v, so that our dS QFT Hilbert space takes the form Hopr = ”H% @ Hg e Here
¢ and 1) need not be scalars and, in particular, we can include linearized gravitons in
our dS QFT by taking them to be part of the field ¢. We then choose a local operator
A(z) on HZFT and a vaccum-orthogonal state [t € HgFT (so that [0]¢g] = 0). Taking
A

= fl(a:) & ‘77/)0] [@/JO‘ for any fixed x will then define a finite O with the desired properties
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for appropriate choices of |¢0} . In effect, as will be made manifest in section , we will
use the state |1/10} to define a quantum version of a reference frame with respect to which
positions and directions in de Sitter space can then be Speciﬁedﬂ . In particular, despite
the integral over de Sitter transformations in , we will see explicitly below that the
definition of the observable O depends on the choice of the point x. Note that what is
really needed is just an origin for this reference frame, together with a way to specify
directions emanating from that origin, as one can then use the background de Sitter
metric to construct e.g. a set of Riemann normal coordinates (or any other coordinate
system on dSp) with respect to which the point = can be specified. Below, we will thus
refer to Wo} as a reference state. We emphasize that the associated reference field v is a
part of the dS QFT and, in particular, that it will backreact on the geometry at higher
orders in perturbation theory.

For the above non-local operators A, we will see explicitly in section that the
operators act like local quantum fields in any limit where [¢0|U (g)|¢0} becomes
d(g), the Haar-measure delta-function on the de Sitter group supported at the identify.
Such limits are straightforward to construct when we take G — 0 so that |¢0} may
contain arbitrarily large energies and momenta without inducing a large gravitational
backreaction.

In contrast, if we want to approximate QFT on empty de Sitter space, at finite G
the backreaction effects from the state WO] prevent us from taking a strict delta-function
limit. As a result, the integration over g in ([5.5)) causes our gauge-invariant observables
to be somewhat-smeared versions of local quantum ¢-fields, so that the desired local

algebra is recovered only approximately.

3There is a vast literature on so-called quantum reference frames; see e.g. [175} [176] for foundational
works, [I77, [I78] for recent works including broad reviews, and [179, [I80] for relations to [39] [40, [45], 46].
This literature addresses themes that strongly overlap with our current discussion, though often with a
slightly different emphasis and formalism.
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> O[ln(G™1)]

(a) (®)

Figure 5.1: A sketch of global dS,; indicating regions (shaded pink) where we construct
good approximations to dS QFT at non-zero G. (a): Regions that contain a minimal S¢
can span only global time intervals At < O[ln(G™!)]. (b): Regions far to the future (or
past) of a minimal S? can span arbitrarily large global time intervals.

As we will see, the accuracy of this approximation is far from uniform across the de
Sitter background. Instead, it is typically best in a region near where the reference objects
in the state Wo] are well-localized. The approximation then degrades as one moves to
more distant regions of the spacetime. Our results also indicate that it is difficult (and
likely impossible) to engineer settings where the dS QFT approximation holds to high
accuracy over regions that span a global time interval of more than O(¢£In G™!) that is
symmetric with respect to the past and future of global de Sitter or, more generally,
which contains a minimal S¢ that we may call t = 0 ; see figure (a). On the other
hand, because such minimal spheres describe the most fragile regions of global dS, we
find that we can nevertheless obtain a good approximation to dS QFT over arbitrary
spans of global time, so long as we take the associated regions to be far to the future (or
far to the past) of the associated minimal S%; see figure (b).

It will be useful to begin by describing the Hilbert space of gauge-invariant states
on which the operators will act. We review this construction in section m,
using the group-averaging construction of [I81] [182]. We then apply this formalism to

dSi4+1 in Section [5.3] While Einstein-Hilbert gravity is trivial in two-dimensions, it is
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nevertheless useful to analyze dS;.; as a toy model of the higher dimensional casesﬂ
We first consider a reference state Wo} for which the classical limit describes having a
single particle in each of two complementary static patches. We identify the regions of
spacetime in which the dS QFT approximation breaks down, and we estimate the size
of the region in which the dS QFT approximation holds. We then introduce additional
reference particles, localizing at additional events, such that these events all lie on a
single pair of antipodally-related timelike geodesics. However, we find that the size of
the allowed region remains the same (or becomes slightly smaller). We then demonstrate
analogous results for higher dimensions in section before finally arguing in section
that dropping the requirement of time-symmetry does in fact allow us to approximate
dS QFT well over arbitrary intervals of global time (so long as they are sufficiently far
to the future or past). We then conclude in Section with comments on cosmological

interpretations of our results and outlook for the future.

5.2 Group averaging and perturbative dS gravity

In a perturbative analysis of any quantum theory, one expands both the operators
and the quantum states in powers of a small parameter e. The expansion is typically
performed about a background classical solution sy, in which case the leading term in
any quantum state |¥) is generally expected to be a state |¥;) of the linearized theory
around sg. However, subtleties arise when the background sy leaves some of the gauge
symmetries unbroken.

The issue can be explained simply by using the Hamiltonian formalism of the classical

theory. In this formalism, the phase space is subject to constraints C' which generate

4While one can also study dS;;; in Jackiw-Teitelboim (JT) gravity, the JT dilaton always breaks
the de Sitter isometry group to a smaller (one-dimensional) group. However, constructions analogous to
those below could be studied for the case where the remaining gauge group is noncompact.
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gauge transformations by taking Poisson Brackets. When sq leaves a gauge symmetry
unbroken, there will be a corresponding constraint C' such that all Poisson Brackets
{C, A} vanish at sy (regardless of whether A is gauge invariant). This is of course
equivalent to requiring all first order variations dC' to vanish at sg; i.e., sg is a stationary
point of C.

As a result, the leading term in the equation of motion C' = 0 is of second (quadratic)
order at sg. In particular, when passing from linear to quadratic order in perturbation
theory, one encounters this new equation of motion even though it has no analogue in the
linear theory. Such new quadratic equations of motion are called linearization stability
constraints. This terminology refers to the fact that solutions to the linearized theory can
be perturbatively corrected at higher orders of perturbation theory only if they satisfy
such constraints. Solutions of the linearized theory that fail to satisfy such constraints
are simply spurious and do not represent linearizations of solutions to the full theory. See
e.g. [183], 184] [185, [186, [187] for discussion of such issues in classical general relativity.

A classic example of this phenomenon occurs in Maxwell theory coupled to charged
fields on S¢ x R (where the R factor is the time direction). The linearized theory will
admit general linearized solutions for the charged fields. But since the charge-density is
typically quadratic in the charged fields, at quadratic order the charged fields will source
the Maxwell field. And since S¢ has no boundary, there is no way for electric flux to
leave the sphere. As a result, the Maxwell Gauss law requires the total electric charge
to vanish; see figure |5.2] It is thus only linearized solutions with vanishing net electric

charge that can be linearizations of solutions to the full theory.
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N/

Figure 5.2: A positive charge (red) sources a flux of electric field (arrows) as shown.
However, if the charge lives on a sphere (say, at the north pole), the resulting field lines
are forced to cross again at least at one other point (at the south pole in the example
shown here). The Gauss law then requires the resulting convergence to coincide with the
location of a negative charge (blue). As a result, only configurations of charges with zero
net charge can consistently source electric fields on S%.

In the Maxwell example above, it is straightforward to impose the linearization sta-
bility constraints at the quantum level as well. After constructing the states of the
linearized theory, one need only truncate that Hilbert space to the sector with vanishing
total charge. Charge conservation then prohibits such states from mixing with the states
that have been discarded. Since no new constraints arise at higher orders, we can then
proceed to arbitrary orders in perturbation theory without further obstacles.

The gravitational case is qualitatively similar in many ways. Consider in particu-
lar gravitational perturbation theory around global dSp. The SO(D, 1) isometries are
unbroken diffeomorphisms and, since the Cauchy surfaces of global dS are compact, all
diffeomorphisms are gauge symmetries. The associated SO(D, 1) generators must there-
fore vanish and, at quadratic order, this simply sets to zero all de Sitter charges of the
linearized theory. At the classical level it is then straightforward to select linearized
solutions with vanishing charges and to correct them at higher orders.

However, a subtlety arises in the quantum theory. Since SO(D, 1) is non-compact, the
spectra of its generators are generally continuous. As a result, in the linearized theory,

the only normalizable state with vanishing SO(D, 1) charges is the de Sitter-invariant
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vacuum |0). Restricting to this state would then forbid the study of any excitations at
all.

Nevertheless, a so-called group-averaging approach to constructing a larger Hilbert
space for the perturbative theory was described by Higuchi in [I8T) [182]. In essence, the
idea is to first note that the linearized theory does contain states with vanishing charges,
though they are non—normalizableﬂ Since states that are annihilated by the de Sitter
charges must be invariant under the de Sitter group, we will henceforth refer to these
as de Sitter-invariant states. It turns out that one may then usefully renormalize the
inner product of the linearized theory to yield a well-defined Hilbert space Hppg of de
Sitter-invariant states satisfying the linearized stability constraints. We will refer to this
Hrpc as the Hilbert space of linearized perturbative gravity in the expectation that each
state in Hppg is indeed the linearized description of a state in the full quantum gravity
theory.

In particular, we will see that operators of the form ([5.5)) are densely defined on H p¢.

The general theory of the Hilbert space Hypg has been discussed in [173, [188), 189 190,

191] under a variety of names. It will be reviewed briefly in sections [5.2.1] and [5.2.2|

below, after which we analyze special observables of the form ([5.5) in section [5.2.3] It is
useful to mention that the group averaging construction has also been called the method
of coinvariants in [39, 45]. See also [103] for a recent discussion of such constructions in

the context of the gravitational path integral.

5.2.1 Review of group averaging

It is natural to expand perturbative quantum gravity in powers of G. As a result,

the first-order theory will consist of linearized gravitons together with a matter quantum

®As described in [45], these non-normalizable states may be better thought of as well-defined weights
on an appropriate algebra.
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field theory on a fixed de Sitter background. As mentioned above, we refer to the Hilbert
space of this matter-plus-graviton theory as Hgpr. The matter quantum field theory
can in principle be strongly coupled, though we will restrict to free theories below for
simplicity.

The group averaging construction of [I81] [I82] can then be described as follows. For

a state |\IJ] € Horr, consider the formal integral

7y = / _dgUlg)|v]. (5.6)

where G is the orthochronous de Sitter group SOy(D, 1), U(g) gives the unitary repre-
sentation of GG, and dg is the Haar measure on . Since GG is non-compact, the states
|W) are not normalizable using the standard inner product on Hgrr. Let us therfore

introduce a new group-averaged inner product,

(V1) o= [T - [ W) = / dg[0|U(g)| ], (5.7)

geG

which removes one integration over g. The inner product thus effectively divides
the old inner product by the (infinite) volume of the de Sitter group. The Hilbert space
Hrpc of de Sitter invariant states (which provide the linearized (L) description of valid
perturbative gravity (PG) states) is then defined by choosing a useful linear space of
states V' C Hgpr with finite group-averaged inner products and completing the
space spanned by their linear combinations (modulo null states).

We note that the expression plays only a formal role in this construction and
that one may alternately consider as a new inner product on the original states |\IJ] .
With respect to this new inner product, states of the form (U(g) — 1)|¥] are null states

for all g, |\I/] Using this description of the group-averaging inner product, the above
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construction was called the method of coinvariants in [39] 45].

The group-averaging construction is useful when V' C Hgpr results in a finite and
positive semi-definite inner product . Since clearly diverges for a de Sitter-
invariant vacuum ’O], our V' can only contain states orthogonal to |0} This is not to
say that there can be no well-defined state of quantum gravity associated with ‘O}, but
merely that the inner product on ‘O] should not be renormalized. Furthermore, since
}0} is the unique normalizable de Sitter-invariant state in Hgpr, any well-defined de
Sitter-invariant operator whose domain includes !0} can only map |0} to a multiple of
itself. Thus such observables cannot mix the state }0} with states defined from the above
domain V. As a result, unless one has good reason to introduce additional de Sitter
invariant observables, it suffices to treat ‘O] separately from all other states; see [192] for
general discussion of this issue.

In a theory with well-defined particle number (say, in the sense of being positive
frequency with respect to global time), one might thus like to find that is both
finite and positive definite for a natural space V' that is dense in the space of states with
N > 1 particles. As explained in appendix [E] the full story is more complicated, and
there remain holes in the existing literature associated with light scalar fields and fields
with spin. However, at least for gravitons on dS3,; and for scalar fields in any dimension
with mass M > (D —1)/2¢, there is strong evidence that the above is essentially correct,
though there are three subtleties.

The first subtlety is that, as written, is in fact ill-defined for N = 1 particle states
but, as explained in [E] one should nevertheless define it to be zero for such states. This
result is natural quantum analogue of the observation that single point-particles in dS
always have at least one non-vanishing dS charge and, as a result, that a single particle
never satisfies the linearization stability constraints described in the introduction. It

would be interesting to understand whether this feature might be related to complications
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described in [39] when they attempted to introduce an observer in only one static patch.

The second subtlety is that two-particle states again have divergent group-averaging
norm. As described in appendix this appears to be associated with the fact that
all classical 2-particle configurations with vanishing dS charges continue to leave a non-
compact subgroup of SO(D, 1) unbroken and, as a result, well-defined de Sitter-invariant
operators again cannot cause 2-particle states to mix with standard Fock states having
N > 3 particles.

Finally, the third subtlety is that, while positivity for 3 + 1-dimensional linearized
gravitons was checked explicitly in [I82], there is not yet a complete proof that the group
averaging inner product is positive semi-definite for all states of N > 3 particles of scalar
fields with the masses indicated above. See appendix [E| for discussion of the current

status of this issue.

5.2.2 Group averaging with a Reference

Let us now divide our de Sitter QFT into a target system and a reference system.

For simplicity we will assume that Hgpr takes the form of a tensor product,

where ”Hé #r describes a system to be used as a reference and 7—[% pr describes the target
system whose physics we wish to more actively probe. We will imagine that, before
imposing de Sitter invariance, the system induces a definite pure state }1/10} € Hé s SO
that we need only consider states of the full system of the form ‘a} ® Wo] € Hopr for

some ‘Oz] € ’HgFT. Group averaging such states produces de Sitter-invariant states of
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the form

la: LPGY) — / dgU(9)|a] ® |o], (5.9)

which then live in the space of allowed states for perturbative gravity (PG) at order
G" (at which the gravitational theory is linear (L)). We will use Hppg.y, to refer to the
Hilbert space defined by states of the form ([5.9)) using the group-averaging inner product.

We expect to be able to take a limit in which |1/10} serves as a sharp reference within
our de Sitter space, and with respect to which at least certain observables can be well-

o] could describe a

localized. For example, for the right fields, and in the correct limit,

very classical planet Earth equipped with all manner of laboratories and marked reference
points with respect to which one could classically construct relational gauge-invariant
observables (e.g., the average value of the Higgs field in the city of Paris during the
opening ceremonies of the 2024 Olympics). We therefore expect that, under the right
conditions, we can also construct relational quantum observables which are well-described
by local quantum field theory on a fixed de Sitter spacetime.

Before turning to the observables themselves, it is useful to further investigate the
Hilbert space structure associated with the states . The group-averaging inner prod-

uct of two such states takes the form

(6; LPG||a; LPG) = /dg[wo\U(g)Wo] [8|U(9)]a]. (5.10)

The expression is a convolution over the group of a state-dependent factor [ﬁ ! U(g) !a}
and a factor [@bO‘U (9) ‘@DO} that will remain fixed so long as our reference system is undis-
turbed. We will refer to the fixed factor [¢0|U (9) |¢0} as the group averaging kernel.

If there were a normalizable state |¢0} for which this kernel was a Dirac delta-function,

[¢0|U (g)|¢0} = 0(g), then the inner product (5.10) would reduce precisely to the inner

134



De Sitter quantum gravity and the emergence of local algebras Chapter 5

product on Hg, i.e. we would have (3, vo| |a, ¥o) = [6|o¢}. While this seems unlikely to
be the case for any normalizable state, it is nevertheless true that for any state WO} with

absolutely-convergent group-averaging norm

(olwn) = [ dglun|U(6) o). (5.11)

the appearance of this group-averaging kernel in (5.10) will tend to localize the integral
over g to a region surrounding the identity. This follows from the fact that, since U(g) is
unitary, we must have [wo‘U (g)‘lpo] < 1 with equality only for U(g) = 1. Furthermore,
if converges absolutely, then the kernel will suppress contributions far from the
identity.

Of course, this region may be very large for a general state ’7/10]- But we will study
limits in which [@ZJO‘U (g)‘@/)g} becomes sharply peaked, so that the associated region is
small. The inner product will then be given by the usual dS QF T inner product on
7—[% pr with small corrections associated with the finite width of the peak of [1/10 ‘ U(g) ‘@ZJO] )

We will characterize these corrections more precisely in sections and for par-
ticular choices of reference state Wo] . In particular, we will see there that the associated
corrections to correlation functions are not uniformly small across the entire de Sitter
space, but that their size depends on the location of the arguments of such correlators in
relation to structures defined by Wo}.

Let us now consider the case where ¢ and 1 describe independent local quantum
fields with no mutual interactions. For the moment, we will still allow both ¢ and
to have self-interactions. Furthermore, we can in fact allow ¢ to denote a collection of
mutually-interacting quantum fields, and similarly for v, so long as the fields of ¢ and

the fields of v do not interact with each otherﬁ.

6We expect the inclusion of perturbative interactions between ¢ and v will be straightforward, but
we will not pursue it here. We thus see no obstacle to including linearized gravitons in either ¢ or .
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5.2.3 Relational Observables for perturbative dS gravity

Since operators can be built from bra- and ket-states, and since limits where [ ‘ U(g) WO]
is sharply peaked make Hpp¢q,y, canonically isomorphic to ’Hg #r, we should also expect
there to be an algebra of gauge-invariant (i.e., de Sitter-invariant) observables that re-
duces in this limit to the algebra of local ¢-fields. The construction we will use is a direct
analogue of our construction of quantum states. Given a local field QEQ rr that acts

on 7-[% 1, for any point x in global dS we simply define the operators

burc(e) = [ dgUg) (darrla) @ ] [ba])U(o ™)
_ /dg <¢QFT(gg; ® U(g)|vo] [t U( —1) (5.12)

where gr denotes the image of the point x under the de Sitter isometry g. Note that,
even for a fixed value of z, we can use the fact that the Haar measure is invariant under
g — gog to write U(go)QngG(ﬁ) = Qngg($)U(g[)). The operators are thus de Sitter-
invariant and represent observables of the linearized perturbative gravity (LPG) theory
for each fixed value of x.

As forshadowed in the introduction, this construction makes use of non-local elements
both in the integral over the group of de Sitter isometries and also through the explicit
use of the global quantum state ‘wg]. This feature will play a critical role in ensuring
that the operators are well-defined and, in particular, that they have finite matrix

elements between states of the form (5.9)). Such matrix elements take the form:

<ﬁ; LPG| <ZA>LPG(131)<£LPG($2) e (ZBLPG(mn> |Oé; LPG>

= /dgl dga .. dgn+1< [4o|U (g1) |tho] H 1/)0‘U(gkgk_i1)|¢0])
k=1

x [Bloorr(9121) - . - dorr(9nma)U (gni1)| o], (5.13)
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where we have used the fact that dg,,; is invariant under g,.; — 9;41-1- Convergence
of the integrals in is guaranteed by the absolute convergence of . Again,
it is manifest that reduces to the ¢ correlators of dS QFT in limits where our
group-averaging kernel [1/10|U (g)|1/10} approaches §(g).

In the particular case where either ’&} or | B} is the de Sitter-invariant ¢-vacuum
}0; gb], the factor of U(g,+1) can be dropped from the final line. Since it will be natural

to focus on this case below, we define the notation

0)Lpg = /dg U(g)( 0%¢} ® Wo])- (5.14)

Thus we may also define

ngLva<J]1) e gszpg<l’n) = <0, LPG| qupg(xl) . gngg(l‘n) |0, LPG>
= /dgl dga ... dgn+1 ( [£o|U (g1) |tho] H ¢0‘U(9k9ki1)|¢0}>
k=1

X [0; ¢‘¢3QFT(91$1) e QgQFT(gn%MO; qﬂ. (5.15)

However, we emphasize that the state is only vacuum with respect to ¢, and that
the 1 field is in a group-averaged version of the state |¢0}. In particular, the state
|0); p defined above still contains our reference and is thus not the vacuum of the full
perturbative gravity theory. It will thus induce non-trivial backreaction at higher orders
in G.

Since states ‘77/)0] with absolutely-convergent group-averaging norm will define group
averaging kernels WO‘U (g)‘@bo} with finite width, choosing some of the points x; to lie
on each other’s light-cones will cause to differ infinitely from the corresponding

correlator in dS QFT. However, this strong difference is clearly associated with very high
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energies. It is thus useful to describe the manner in which (5.15) approximates correlators
of dS QFT by studying smeared correlators (which are sensitive only to the physics below
an energy scale set by the smearing function). For example, in a free theory it suffices to

study smeared two-point functions of the form

/ davdas Py (21) Fy() b ppe (@) drpa(2) (5.16)

for appropriate smearing functions Fi, F5. We will focus below on the case where F}, I3
are members of a family of functions Fj(z) that are well-approximated by Gaussian
functions of both the global time ¢ and of the location on the sphere S? at fixed ¢ that
are peaked at the point y in global dS. We will take the width of these Gaussians in both
global time ¢ and in location on the sphere to be identical as measured in terms of proper
time and distance. For example, when y lies at the north pole of the sphere S¢ at some

time ¢,,, and for an appropriate normalization factor N we may take

(tfty)2 [cos(6)—1] 1 [(tfty)2+ 292

Fy(x) — Ne_ 2052 ecosh2(t/2)o'2 ~ Neiﬁ coshz(t/é)]’ (517)

where ¢, 6 are the global coordinates of the point x with € being the polar angle on S,
and where the final approximation holds for < 1. We note for future reference that the
final exponent on the right-hand-side defines an effective flat Euclidean-signature metric

with line element

ds% = dt* + a5 + o dQ) (5.18)
e cosh®(t/¢) ~ cosh?(t/() b '
so that
lz—y|%;
Fy(z) me 27, (5.19)

where |z — y|p is the Euclidean distance between z and y defined byl (5.18).

"The astute reader will not that, if we wish to define F}, for general y away from the north pole by
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We also note that the effect of convolving smeared dS QFT correlators with our group
averaging kernel will depend on the extent to which F,(z) differs from F,(gx), and thus
the extent to which the exponent on the right-hand-side of differs between x and
gx. Since the triangle inequality bounds the change in |z — y|g in terms of |gx — z|g,
we see that for |z — y|p < o the change in the smearing function F, is small when
lgr — x| < 0. The question of whether this small change in the smearing function
can cause a significant change in smeared correlators can be studied by using a standard
partition of unity to divide the domain of integration into subregions based on whether
subsets of the x; are close together or far apart. For example, when studying the smeared
two-point function (5.16)), we divide the domain of integration into a region with (Lorentz-
signature de Sitter distance) |r; — x2| < € and a region with |x1 — 23] 2 €. In the former
region, the integral is well-approximated by a smeared Minkowski-space correlator. Since
the Wightman axioms require Minkowski-space correlators to be tempered distributions
[193], and since tempered distributions are continuous linear functionals on the space of
test functions, the integral over this region will change by only a small amount under
a small change in the smearing functions Fj. Here it is important to that we consider
Wightman correlators rather than their time-ordered counterparts. Similar continuity
follows for the integral over the region |z; — 23] 2 € since the correlator is bounded
in that region and the smearing function changes by a function of integrable norm;
(i.e., by a function in L'(dS))F} As a result, when |gz — z|p < o for all g within the

peak of the group-averaging kernel, a given set of smeared dS QFT correlators will be

rotating , then the analogue of in fact depends on the location of 3 on the sphere S¢. While
this fact is not explicitly indicated by the notation | — y|g, it will not play an important role in our
analysis.

8For free fields on dS, one may alternatively proceed by writing the field operator as an expansion
in global dS mode functions that solve the equation of motion. Integrating any given mode against
a smooth function of time yields a result that must vanish faster than any polynomial as the angular
momentum of the mode becomes large. It thus follows that the relevant mode sums converge absolutely.
The desired result then follows from the fact that the above convolution makes negligible change in the
high-frequency components of F.
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well-approximated by the correspondingly smeared versions of the perturbative gravity

correlators ((5.15]).

5.3 Reference states in dS;;

The above section described our general framework for using perturbative gravity to
approximate the algebra of local observables in dS QFT. There we saw that a central
role is played by the group averaging kernel [1/)0‘(] (g)‘i/}o}, and that comparison of the
perturbative gravity and dS QFT correlators is controlled by i) the width of the peak of
[wo|U (g9) |¢0} about the identity and ii) by the effect of those isometries g that lie within
the above peak on the points x at which we wish to evaluate such correlators.

We thus now turn to a detailed investigation of this kernel for interesting classes of
states. In this section we consider the simple-but-illustrative case of 1+1 global de Sitter,
taking the field ¢ to be a collection of free scalar fields with mass M > 1/2¢ (so that the
one-particle states lie in principal series representations of SO(2,1) [194] [195]). Thinking
of ¥ as a collection of fields allows us to choose each particle to be associated with a
distinct scalar field. We may thus treat the -particles as distinguishable, which provides
a slight simplification of the calculations. While Einstein-Hilbert gravity is trivial for the
case D = 2, our goal is to use D = 2 as a toy model of higher dimensional physics.
We thus simply analytically continue certain formulae from higher dimensions to D = 2
in order to discuss versions of D = 2 linerization stability constraints (which are again
solved by group averaging), D = 2 perturbative gravity operators, and a (dimensionless)
D = 2 Newton constant G. However, we will postpone any more involved discussions of

back-reaction to section (where the higher-dimensional case will be addressed).
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5.3.1 Preliminaries

Studying our kernel requires an understanding of how the de Sitter isometries act on
our states. It is useful to begin by recalling that, in global coordinates, the metric on
dS;,; takes the form

ds® = —dt* + (* cosh® tdf?, (5.20)

where ¢ is the de Sitter scale. It will sometimes also be useful to write the metric in
conformal coordinates 7', 6, where cosh(t/¢) = secT with T" € [—7n/2,7/2], so that the
line element becomes

62
cos? T

ds® = (—dT? + d§?). (5.21)

In these coordinates, the generators of the isometry group are

B =& = cosT cos 0 — sin T sin 0y, (5.22)
By =& = cosT'sin @0 + sinT cos 00y, (5.23)
R=¢ =6, (5.24)

where the notation By, By, R classifies the generators of SO(2, 1) according to their action
as either boosts or rotations when one thinks of SO(2,1) as Lorentz transformations on

2+1 Minkowski space. The actions of these Killing fields on de Sitter space is shown in

Figure [5.3] below.

The action of the generators on our states can be understood by defining

1 1
Bi = By +iB;. Hence By = ?(BJr — B_), and By = §(B+ + B_). (5.25)

]
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Figure 5.3: The Killing vector fields By (left), By (center), and R (right), in dS;4;. The
figures are drawn using conformal coordinates T, 0 with —7 < 0 <7, —7/2 <T < 7/2.

We then have the commutation relations [196].

[R,B,]=B,, [R,B.]=-B_, [B_,B,]=2R. (5.26)

The Casimir operator Cy is given by

C,=B,B_+R(1—R)=DB2+B2— R (5.27)

We now let |m] be the 1-particle eigenstate of the R operator with R|m] = m/|m].
In particular, we may take it to be the state created from the -vacuum by acting
with the creation operator associated with the usual mode of the scalar field 1 having
angular quantum number m. For one-particle states, the Klein-Gordon equation gives
Co|lm| = M?¢*|m], where M is the mass of the scalar field and where we consider only

the case M > 1/2¢. It will be useful to introduce the parameter A through

Al —A) = M*2. (5.28)

By convention, we take the imaginary part of A to be positive for M > 1/2¢, so that we
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have A = £ +1iy/M?(> — 1/4. We may thus choose the phases of the states |m] to satisfy

B_|m]=(m—A)m—1], By|lm] = (m+ A)|m + 1], (5.29)
Bi|m] = %l(m—i—Aﬂm—i—l] —(m—A)|m — 1]}, (5.30)
Bs|m] = % [(m +A)m+ 1]+ (m — A)|m — 1]} : (5.31)

Below, we will also use the notation

w=1ImA =~/ M2? —1/4. (5.32)

Let us now conclude our discussion of preliminaries by reviewing the results of [197]
describing the asymptotics of the kernel [@bO‘U (g)‘@/}o] at large g. For this purpose we
will in fact consider scalar fields of any mass M > 0, where we take A to be defined
by with the convention that A < 1/2 for M < 1/2¢. We will take |t to be an
N-particle state and, for each particle, we take the state to be a finite linear combination
of the above states |m].

The results of [197] were expressed by writing a general g € SO¢(2,1) in the form
g = N BeiABigif2R  Gince @), 0, range over a compact space, and since the resulting
rotations simply map any given angular momentum mode to a superposition of other
such modes, the large ¢ behavior is controlled by the behavior of 5! at large A. And
since de Sitter isometries act diagonally on multi-particle states, our group averaging
kernel will contain factors of [m|e*P1|n] for each particle, where n again denotes an
angular quantum number. At large A, the asymptotic behavior of this 1-particle matrix
element was shown to be

i)\B1|,r—i] ~ e—AReA (533)

'[m|e
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so that the group averaging kernel decays exponentially with large boost parameter.
Since the relevant integration measure for dS;;; is sinh Ad\ (see again [197]), we see
that converges absolutely for NRe A > 1. In particular, for M > 1/2¢ we require
N > 3. As discussed in [197], this is also the case for scalar fields of mass M > d/2¢ in

dSg,, for any d € Z7.

5.3.2 A pair of reference particles on opposite sides of dS

Having seen that our kernel strongly suppresses contributions from large g for N > 3
particles with M > 1/2¢, we can now turn our attention to the region near the identity
(g ~ 1) at which the group-averaging kernel is peaked. Though one can certainly engineer
special cases where there are also important contributions from outside this peak, having
a second peak of height near 1 clearly requires fine tuning. Furthermore, if the height of
another peak is not near 1, a different form of fine tuning is required if its contributions
are to be comparable to or greater than those of the unit-height central peak. Since we
do not expect this to occur for generic ‘@/}0], we will defer consideration of this possibility
until introducing the particular states we wish to study. At that point, we will display
numerical results supporting the above expectations.

For the moment, however, we will simply compute the width of the central peak for

MBi+ABa4+0R) and expanding to second

interesting classes of states by writing U(g) = e
order in Aj, Ay, 0. We will in fact focus on the simple case of 2-particle states (with
M > 1/20). As noted above, to control contributions from large g the full state |z/10}
must contain a third particle. But we are free to choose the state of the third particle to
have a much broader peak near the identity (perhaps engineered by smearing an arbitrary

state over a large-but-finite range of de Sitter transformations), so that the width of the

kernel is set by just the first two particles.
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At the classical level, a pair of identical-mass particles can satisfy the linearization
stability constraints in dS}y; only if their de Sitter charges cancel exactly. This requires
the geodesics followed by the two particles to be related by a rotation through an angle
7 for some rotation generator. We will take this to be the rotation e™*. We will thus
choose a quantum state |¢+} for the first particle and then simply take the state of the
second particle to be }@D_] = ei”R‘@ZJ+}, with the full 2-particle reference state being the

tensor product

o] = |v4] ® |v-]. (5.34)

Rather than attempt a general classification of the possible such states ‘¢+] , we will

confine our investigation to a simple choice that facilitates explicit calculations. We take

the first particle to be localized around (T, 0) = (0,0), so that the other is then localized
around (0, 7). In particular, we take Wi] to be of the form

|[vs] = Z (&1)™|m] (5.35)

\/2] +1 ey

for some cutoff j., where the coefficients (+1)" are found by expanding Dirac delta-
functions 0() and 6(6 — ) in terms of rotational harmonics Y;,(0) = ﬁe*ime. This is a
convenient choice, since Equations — give the action of all generators on these
eigenstates. As ju — 00, the particles become perfectly localized at the points 6 = 0, 7
at time ¢t = 0.

Since the magnitude of our kernel is greatest at the identity, we can study the width
of the peak by expanding U(g) to quadratic order in A;, Ay and 6. To this order, the
kernel WO’U (Q)WO] is then determined by the expectation values of By, By, R and the
expectation value of symmetrized products of pairs of generators. However, many of these

moments vanish even in the state |¢+} since ‘@/4] is invariant under § — —6 (which as
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shown in figure maps By, By, R to By, —By, —R). Using [X] to denote the expectation

value of an observable X in the state W+] we thus find
[Bo] = [R] = [ByBy + ByBi] = [RB, + B, R] = 0, (5.36)

so that the only non-vanishing moments in |1, | at this order are [By], [R?], [B3], [RB2+
BsR], and [B}]. Furthermore, since [t] is invariant under the rotation § — 6 + 7
(which as shown in figure maps Bj, Bs, R to —Bj,—Bs, R), the contributions to
[¢0|RBQ + BQRWO} and [wO‘Blh/}o} from Wi] must cancel against each other. Direct

computation of the remaining moments at this order then yields

[£o|U(g)|tho] =04 |U(9)]|104] [v-|U(g9)|0-]
=1 — X} ([B}] = [B1]?) = A3[B3] — 6*[R*] + O([lg — 1]°)

1 4142 85,3 +4jyu + 3+ 1212
=1 — -~y 1+.L2 — a2 R ke
2 (274 +1) 12(2j4 + 1)

~ il + 1)+ Ollg 1),

(5.37)

where p was defined in ((5.32)). Let us therefore introduce the parameters

4412 ) 8y’ + 4y + 3+ 1247 2
) 2 —
3

N CT. : o= Ziu(is+1), (5.38
w=is (14 5 eI = Sislia + ), (538

in order to write the group averaging kernel as an approximate Gaussian
(00| U ()] tho] e 121 /2emaXe/2emxol/2) (5.39)

where we emphasize that x; > 0 for all i € {1,2,0}. The widths of the peak in the

/

various directions are then proportional to x, 12 and, in the y; — oo limit, the Gaussians
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become proportiona]ﬂ to a delta-function that sets A\; = 0 for all 7. In this limit, the inner
product between two physical states reduces to the standard QFT inner product without
additional smearing.

However, the large x; limit requires j4 and/or p to become large. In the presence of
dynamical gravity, either option would induce a large gravitational backreaction. Hence
the x; must remain bounded if we wish to keep such backreaction is small. We will

characterize this backreaction more precisely in section below.

Characterizing backreaction

In order to estimate the bounds imposed on the x; associated with the restriction
to small backreaction, we will need to say more about how this backreaction will be
measured. Gravitational backreaction on (d + 1)-dimensional de Sitter space is generally
highly non-uniform, so that for any classical perturbation of dS one can find some sense
in which the backreaction is large. This is perhaps most simply illustrated by making use
of the Gao-Wald theorem [198], showing that any perturbation satisfying the null energy
condition forces the past (or future) of any timelike geodesic to contain a complete Cauchy
surface. There is thus a sense in which applying a large boost to any spherical cross-
section of the perturbed de Sitter space must give a Cauchy surface of vanishingly small
total volume. This is in sharp contrast to the case of unperturbed dS, where applying
any dS isometry to the S¢ at t = 0 of course exactly preserves its finite volume.

We will choose to measure the backreaction near the round S¢ that passes through
the spacetime points at which our 9 particles are well-localized; i.e., the S¢ at t = 0 with

the coordinates and states defined as above. As discussed in [102], a reasonable measure

9Since we have chosen Wo} to be normalized, we will always find [¢0‘U(1)|1/)0] = 1. So, as written,
the limit x; — oo gives a delta-function with a vanishing coefficient. However, for the same reason,
the norm (a; LPG|a; LPG) also vanishes in this limit for any normalized ’a] € "HZFT. Obtaining
normalized states |o; LPG) thus requires taking [o|a] to scale as \/x1x2xg. Combining this factor with
the Gaussian yields the desired delta-function.
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of the backreaction in this region is the total flux F' of energy through this S, where
F = / VAT ynnt (5.40)
t=0

in terms of the QFT stress tensor Ty, the unit normal n® to the surface t = 0, and the
volume element h of the induced metric on this surface. If we wish to keep the level
of backreaction on the geometry below some fixed cut-off, then in terms of the bulk
Newton constant GG, the maximal allowed value of F' will of course scale as 1/G in the
limit G — 0. While Einstein-Hilbert gravity is not dynamical in 141 dimensions, we can
nevertheless use our investigation of dS;; as a toy model of the higher-dimensional case
by introducing a (dimensionless) parameter G and imposing the restriction F' < 1/GV.
To understand the constraint this imposes on our y;, we will need to estimate the
contributions to F' arising from the mass and angular momentum of our ¢-particles. This
is straightforward due to the fact that the time derivative of the metric vanishes at t = 0.
As a result, the local notion of positive-frequency mode near ¢ = 0 associated with the
standard definition of particles in global de Sitter coincides with the notion of positive

frequency for the static cylinder metric
ds® = —dt* + (*do>. (5.41)

Our F thus coincides with what one would call the energy F on the static cylinder ([5.41])
when computed in terms of the angular momentum m. It is thus clear that, If both

particles were in modes having angular momentum precisely m, we would find
F =2+/M?+m?2/¢2. (5.42)

In order to limit backreaction, we must thus take the mass parameter p and the maximum
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angular momentum j4 to satisfy M{ < 1/G and jx < 1/G as G — 0.

Let us first we examine the ultrarelativistic limit (jx > u, though with 1/G > ju).
The results ((5.38) then simplify significantly to yield

. 2. . 2. .
xi=Jjz+0(1), x2= §J#2 +O00%), Xxo= gJ#2 + O(j#)- (5.43)

We see that the dependence on p disappears at leading order in ju /pu.
As described in section the effect of group averaging on correlation functions
smeared with the global coordinate near-Gaussians F;, of ((5.17) will be small when the

smearing is confined to de Sitter isometries g such that
lgx — z|p < o, (5.44)

where |x; — x9|g is the flat Euclidean distance defined by (5.18]) and we consider all
x located within the peak of each near-Gaussian F,. Since the Gaussian ([5.39)) gives
significant weight only to group elements with A\, < v, Y ?, for large-but-finite y; the

condition ([5.44) is equivalent to
xi léle < o, (5.45)

where ||z is the Euclidean norm of the appropriate vector field from ((5.22))-(5.24)). In

particular, we have

|11%/0% = cos? 0 + sinh?(t/¢) sin® (5.46)
|&|% /0% =sin? O + sinh®(t/£) cos® 6 (5.47)
€)% /0? = cosh?(t/1). (5.48)
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In regions of spacetime where any of the bounds are exceeded, the space-
time resolution of the observables (;BLPG is low, and the dS QFT approximation to per-
turbative gravity breaks down even for correlators smeared with the functions .
The corresponding cutoff contours (at which |§]% ~ x;0?) are shown in Figure [5.4] for
specific values of o and jx. At sufficient depth within the region between these con-
tours, dS QFT correlators smeared with the function will be well-approximated

by correspondingly-smeared perturbative gravity correlators.

ST
Wi
= =
e FESSSV = e

(a) The KVFs and cutoff contours for By (left), By (center), and R (right) are drawn
using conformal coordinates (7, 6) for dS;4;.

(b) The above cutoff contours are displayed on together on a single conformal diagram.
We also show the part of the timelike geodesic at § = 0 (pink vertical line) that is
consistent with all cutoffs.

Figure 5.4: Cutoff surfaces |&| = x;0? are shown for the ultrarelativistic limit of the

reference state given by ((5.34) and (5.35). For illustration purposes we have used the
values 202 = 1 and j4 = 4. At sufficient depth within these cutoffs, our perturbative

gravity correlators provide good approximations to corresponding dS QFT correlators.

Note that at large j» we have x1 < X2, xg. As a result, consulting (5.46)) and taking

t large as well, we see that over most of the spacetime the large jx cutoff will be set by

(5.49)

1 o
t/l| ~=1nj | )
[£/4] 2 g+ nﬂsin@
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However, inside the static patch around either § = 0 or § = 7, the Euclidean norm of &
always satisfies [&|% < 2. Thus, inside such static patches, the cutoff is instead set by

By or R, both of which give
o

[t/€] ~1njy +In ;i

(5.50)

So, for ju ~ 1/G, we have a good approximation to dS QFT only for global times
1t/ S In G714+ O(1), with the actual cutoff being twice as large inside our static patches
as it is at generic points outside. In particular, the spacetime volume of the region where
our approximation is good is of order (1/G).

We can now return to and consider other cases with pjux < 1/G. So long as
p and ju are both in fact of order 1/G, we see that the leading behavior of both x»
and R is always independent of y in the limit G — 0, and that it thus agrees with our
ultrarelativistic analysis above. It is only x; that depends on the ratio p/j at this order.
We see that y; is in fact largest in the non-relativistic limit x> j4. However, if we wish
to make 11/ 7, parametrically large as a power of 1/G, then we must take ju to scale as a
power 1/G* with a < 1, so that xy is no longer of order 1/G?. In fact, analyzing
shows that if we wish to make all y; scale with the same power of 1/G, we should take
p~1/G and jyu ~ 1/G?/3 so that y; ~ 1/G¥3. In any such case, however, the cutoffs on
global time will be logarithmic in G. Adjusting the scalings of p and jx serves only to
alter the coefficient of In G—!, though we see that it does so differently inside the static

patch than it does outside.

5.3.3 Adding more reference particles

For the above reference state, we found that smeared dS QFT correlators are well-
approximated by our smeared perturbative gravity correlators only in a region of de Sitter

space spanning global times of order InG~!. It is thus interesting to explore whether
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this region can be enlarged by considering a more complicated reference state. We are
particularly motivated by a desire to understand whether the region can be enlarged
within a natural static patch of dS, perhaps at the expense of shrinking the allowed
region outside. In this section, we investigate the effect of adding additional reference

particles localized at points along the # = 0 and # = 7 geodesics.

Figure 5.5: Events at which each particle localizes (dots) are shown together with the
light cones of these points.

As before, it will be useful to keep the full reference state WO] properly ‘balanced’
in the sense that it has vanishing expectation values of By, By, R to avoid giving ‘wg] de
Sitter charges that are parametrically larger than those of the ¢-system (as that would
then require group averaging to nearly annihilate the resulting state in order to extract
a state in which the total de Sitter charges vanish).

We will consider states of the form [¢g] = |03 ]®[¢?] with [¢)3] = e™F|¢3], but where
43] now contains three particles that become well localized along the geodesic § = 0 at

times —ty4, 0, and t4. In particular, we take

W3] = (75 p.]) @ i) ® ("5 |us]), (5.51)

where ‘@Z)Jr] is again given by ([5.35)). Thinking of B; as the static patch Hamiltonian, we
see that moments of By, Bs, R in the various one-particle states will be given by moments

of static-patch time-translations of Bi, Bo, R in Wi]' It will thus be useful to compute
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expectation values like

[t | Pri# Ae™ Pt [y ], (5.52)

where A is a linear or quadratic expression in By, By, R. For A = By or A = B?, the time
translation has no effect and ((5.52)) reduces to matrix elements calculated previously. For
By and R, it is useful to define operators L. = R £ B corresponding to lightlike (null)

rotations which have commutation relations

Ly, B)] = Fily, [L.,L_]=—2iB. (5.53)

As a result, under a time translation, these operators satisfy e'Bit#/![ e~ "Bit#/t —
L, eF#/¢ from which we obtain the time translations of R and By:

Bt/ Re=iBit#/t — R cosh(ty /f) — Bysinh(ty/(), (5.54)

B/t Bye~Bite/t =B, cosh(ty /) — Rsinh(ty/0). (5.55)

We can now use the above results to compute the group averaging kernel. Since
our new |¢0} still enjoys the symmetries discussed near , the moments listed in
once again vanish. It thus remains only to compute [B?], [B3], and [R?]. These
moments receive contributions from the corresponding moments of each 1-particle state.
The moment [B?] also receives contributions from cross terms between various pairs of
particles, associated with the fact that [1/1+‘Bl|1/1+} is non-zero in all one-particle states.

Other cross terms vanish since [w+‘82|¢+} = [¢+’RW+] = 0. The final result for our
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kernel is thus

WU (@) =1+ 3X((BAJ? — [B2) — X2 ([B%J(l T 2cosh(t/0) + 2[R Smh2<t#/@>
— 62 ([R2](1 + 2cosh?(ty/¢)) + 2[ B3] sinh® (L4 /6)) +O0(lg — 1)

=1—ATN1/2 — A3X2/2 — 0°X;5/2 + O([g — 1%),

(5.56)
where the coefficients y are
- . 4
=3 1+ —1, 5.57
T ( (2% + 1)2) 557
_ 8ju +4ju + 3+ 1242 4. :
Fo =2t T J# (14 2cosh?(t4 /0) + =jy Gy + 1) sinh®(t4/0),  (5.58)
6(2jx + 1) 3

8j4° +4jy + 3+ 1242

32 1) sinh®(t,/¢).  (5.59)

. 2.
X6 25]#(]# +1)(1+ QCoshQ(t#/f)) +

As in the two particle case, the QFT approximation holds exactly in the limit xy — oo.
The coefficients x still grow with increasing jx and p, but now they also grow with
increasing t4.

Let us thus investigate how large we can take ¢4 while keeping the backreaction small
as measured by ; i.e., for FF < 1/G. Recall that F gives the total energy E that
the state would have if it were placed in a static cylinder spacetime of radius ¢ (keeping
the state unchanged in the Fock basis defined by angular momentum modes). The
particles at t = 0 will contribute to F' according to as they did before. However,
the contributions of the time translated particles are easiest to study by evolving the
particles from ¢t = +t4 tot = 0.

For the particles that localize at 6§ = 0, it is convenient to perform this evolution using

the description provided by the static patch centered at # = 0. The time translation from
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t =0 tot = £ty is then trivial but, as we evolve them back to ¢ = 0, the particles move
to higher energies as they fall away from # = 0 toward the static patch horizon.

Let us first consider the limit jyx > p so that the particles are relativistic, and so
travel along null rays. Such particles rapidly approach the de Sitter horizon and then
blueshift exponentially with respect to the vector field n® in . We thus find that

the total flux of energy through ¢ = 0 is

F = (2+4cosh(ty/0))\/ju? + 2 ~ 2jge#/", (5.60)

where the final right-hand-side gives the leading behavior at large jx and t4.
At leading order in 1/j4 and 1/t, we also find
3 240

- . N 1. . 1.
Xu~ i Xe~ gig e X~ gj#%%#“. (5.61)

The cutoff contours will look very similar to the ones we found before, except that there
is now an extra parameter to vary. Outside the static patch, we expect the cutoffs to
again be set by x; since it remains of order ju (since particles related by static-patch
time-translations must contribute equally to y1). Inside the static patch, estimating the

cutoff time t. using either x5 or yy leads to

1

e (5.62)

1
cosh®(t./0) = gj#ze%#/g ~

so that we again find ¢, < ¢In(1/G) for any allowed choice of ju,tx. We thus see that,
with a given finite energy budget measured by F', adding localized particles along the
geodesics = 0, 7 fails to increase the size of the allowed region. In fact, a careful check
of the coefficients shows that the region in which we find a good approximation to dS

QFT has actually shrunk by a small amount.
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While we have not investigated other choices of reference states in detail, the expo-
nential increase of kinetic energies with static patch time is typical of any particles falling
toward a de Sitter horizon. This suggests that the above behavior is generic when we
require backreaction to be small at t = 0 for our global time ¢; i.e., at a minimal S¢. For
example, the same exponential factors arise in the nonrelativistic limit x> j.. However,
in section we will explore the possibility of allowing backreaction at such minimal
spheres to be large, and thus allowing F' to be large, while requiring backreaction to be
small in other regions of de Sitter space. Due to that fact that it will require a slightly
more involved discussion of backreaction in Einstein-Hilbert gravity, and since our dis-
cussion of ‘backreaction’ for D = 2 was simply a convenient fiction designed to provide
a toy model of well-known results for Einstein-Hilbert gravity in the higher dimensional
case, we postpone that discussion to section and, in particular, until after treating

group averaging in higher dimensions in section

5.4 Reference states in dS;

We will now see that essentially the same results found above for dS;; also hold for
dSp for all D > 1. We begin with a discussion of particle states and the associated action

of SO(D, 1) generators following [197]. To this end, we consider a sphere S?, with metric
ds® = do? + sin? 02d22_,, (5.63)

where 6, is the polar angle and we use coordinates Q41 = (61, ...,604). In global dS we
use the corresponding global coordinates (with global time ¢) in which the metric takes
the form

ds* = —dt* + cosh® t(df? + sin? 0,dQ2%_,). (5.64)
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One-particle wavefunctions on S% can be written in terms of spherical harmonics
labelled by angular momentum vectors j = (Ja,---,J1) with jp > 0 for £ > 2. For
k > 1, we take ji. to be the total angular momentum quantum number for the SO(k + 1)
subgroup of SO(D, 1) associated with the S* sphere at constant 6, for n < d — k + 1.

The above quantum numbers thus satisfy
Jd = Ja-1 > ... > J2 > |71]. (5.65)

In analogy with the construction in section [5.3.2] we begin by considering a reference
state W;l] = ‘¢+] ® W_] where each state describes a particle that is well-localized at
t = 0 at one of the poles of the S?. For simplicity, we take each particle to be invariant
under the SO(d) rotations that preserve the poles. As a result, two particles will not
suffice to break all of the dS isometries, so we will need to add more particles later.
Indeed, we will soon define WO] = Wl] ® W?} ... WD}, where the ‘wz} for i > 2 are
constructed from ’1/11] by applying rotations by 7/2 in d = D — 1 orthogonal directions;
see the discussion below.

In the state Wl] = W+] ® ‘w,], the only non-zero angular momentum will be j4, for
which we henceforth use the simplified notation j = j;. We will again consider a free
scalar field with 1-particle states in the principle series, with A = d/2 + iu. We take the

state of each particle to be of the form
J#
[ve] = N> er|A, 5,0, (5.66)
j=0

where + denotes a particle at the north pole and — denotes a particle at the south pole,
and where N is a normalization constant.

The coefficients c;-t will be given by the spherical harmonic expansion of an S? Dirac
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d-function localized at the relevant pole. It is natural to write this delta function 6(6;)

in the form
X\ 5(01)

0(0)) = ——————, 5.67
( 1) V;l—l Sind_l 81 ( )

where §(6;) is the standard Dirac delta-function associated with the measure df; and
Viog = de_1 dQ2y_1 is the volume of the unit d — 1 sphere. There is an analogous

result for the d-function at the south pole. The d-dimensional spherical harmonics for

Jd—1 = ja—2 = ... = j1 = 0 are given (see e.g.[197]) by
1 d—1
D y.(Q,) = Dy (g (n) O4s1—n 5.68
() W Yol 1)}:[2 Yoo(Od+1-n), (5.68)

where there is no 6, dependence, since the associated harmonic simplifies to 1/v/27. The

other harmonics are given by

1 Cd=1\T@G+d-1)]"*
(d)y). - - J
Yol =g K“ 2 ) G+ ) ] cos'

(5.69)
1—35 d
X9 Fl(—‘%, 5 ‘7; 5 — tan? 1),
and by
() [(n — DT(n — 1)]"/*
Yoo(Oit1-n) = (5.70)

R ECI
where we see the <">y00(0d+1,n) above are independent of 63,1 ,. Thus the relevant
spherical harmonics depend only on ;. We can now determine the coefficients cf in the
expansion of 4(6;) and 6(6; — ) in terms of the spherical harmonics (¥ Y;(61) noting

that, since we will normalize the answer afterwards, we care only about the j-dependent

factors. We find

d—1>F0+d—1qU% (5.71)

Cji:(ﬂ)j{(ﬁ 2 ) TG+
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With these coefficients, the normalizations N for the wi} states are

B QdF(j# + 1)
V= \/ @z + (5 1) (5:72)

The generators of the de Sitter group U(g) consist of the @

rotations J;; about
each spatial direction (with ¢ < j and i,7 = 1,..., D), and D boosts By. It is convenient to
use the embedding space formalism to find the expressions for the corresponding Killing
vector fields in terms of global coordinates. In this formalism, we represent our de Sitter
space as the hypersurface X, X* = 1 in a (D + 1)-dimensional Minkowski space with
metric ds® = —dX§ + dX? + ... + dX3. On the hyperboloid, the Minkowski coordinates
are then related to global coordinates through X, = sinht, X; = z; cosht, where the z;

are functions of the angles on S? that define the standard embedding of SP~! in R”: e.g.

21 = cos by, zo = sin# cos by, etc. The Killing fields are thus

k
By, =20, + Z % tanht cot 0;(cos® 0 — d;x)dp,, and (5.73)
1=1 "1
J

Jij = Z Z;ﬁ cot 0y(cos® 0 + sin® 0;0,; — 0,7) 5y, - (5.74)

2
1= 1

Note that the action of B; is the same as in dS;,; given by Eq. , but with 6
replaced by 0, and with rewritten in terms of global coordinates.

Asin Section , we use the above description of U(g) to compute the group averaging
kernel to order (g—1)? in order to determine its width around the identity. The calculation
of the kernel is greatly simplified by the symmetries of our reference state. First, J;; Wi]
vanishes for i, 7 # 1, since these rotations have no effect on scalar particles at the poles.
Second, the expectation values of all rotation generators J;; also vanish, and so too will

the expectation values of all B; for [ = 2, ..., D due to the invariance of our states under

159



De Sitter quantum gravity and the emergence of local algebras Chapter 5

reflections. In particular, the states |¢i} are each individually invariant under reflections
defined by choosing some ¢ > 2 and mapping X; — —X; while holding fixed all X; with
j # i. Additionally, under the reflection X; — —Xj, the By generator transforms as
By — —Bj. This leads to a cancellation between the remaining terms of order (g — 1)
(since the only such terms were those associated with the expectation value of By).
Finally, we consider the cross terms [Jy;.J1;], [B1B;i], [BiB;], and [ByJy;], for i,7 # 1,
and where the expectation values [...] are taken in either the + or — state. That these all
vanish can be seen by applying the reflection symmetries X; — —X;, under which each
of the above combinations of generators picks up a sign, but under which the states Wi]
are individually invariant. Due to the above vanishing moments and cancellations, the

group averaging kernel defined by Wl] becomes just

(01| U(9)|n] =[v+|U(g)|04] [-|U(g)]v-]

- A - - - Y Cle o).

2 2

(5.75)

The analysis of the above coefficients is somewhat tedious. We therefore relegate the

details to appendix [F| and merely quote the leading results at large ju from (F.21)

d d? 1
B2 . B 2 _ . -2 B2 - -
2 .2 . .
[']zj] = m]# 51',1 for 7 > 1. (576)
For £k = 2,..., D, we now define ‘wk] = ei%"“‘wl], and we use these states to
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—/

AL

Figure 5.6: The state (5.77]) contains 2D particles, each of which localizes at a point
(pink dot) on the S¢ at global time t# along one of the coordinate axes of R”.

construct

Wo} = l_D[ Wk]; (5.77)

see figure [5.6, For the state ((5.77) we find

D
1 1
[£o]U(g)|tho] =1 - 3 Z APxi — 3 Z Aixag + O(lg = 11%), (5.78)
=1 1<i<j<D
with
o d 2
o 2 112 2] o _ 9
w = (Bl -] +,§B’“] {d+2 d+ 1)2} J and
I o
Xi = [yl = F) 2]#2 for j > i. (5.79)

Here [X] still denotes the expectation value of X in the original state WJJ and the
approximation is valid at leading order in j.

We see that all x;, x;; are positive for all d. By the same argument as in dS;y;, our
dS QFT correlators will be well-approximated by our perturbative gravity correlators in
regions where the Euclidean norms (see (5.18))) of the killing vectors are much smaller
than the XQ/Q, Xilj/g. To find the relevant |By|%, we use (5.73). To find the magnitude

of the |J;;|* in Euclidean signature, we can use (5.74)), or we can make direct use of the
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embedding space coordinates. The results are

|Bi|%/02 =22 + (1 — 2})sinh® (t/¢), and (5.80)

| Jij |5/ 02 =(22 + 2]2) cosh? (/). (5.81)

In order to describe the region in which our dS QFT correlators are well-approximated
by our perturbative gravity correlators, let us note that since y; is independent of i, and
since x;; is independent of ¢, j, the region in which our dS QFT approximation holds
to any fixed accuracy e will be invariant under the full SO(D) group of rotations that
preserve the global time t. It therefore suffices to test the conditions |gr — z|p < o
only at the pole where 6, = 0. Furthermore, we may focus on the generators By and Jqo
since, for large t4 /¢, we see from that all other boosts and rotations have equal or

smaller Fuclidean norm at # = 0. Using either By or Ji5 leads to the condition
et < Mo ~ jyo. (5.82)

So, as in our 141 toy model, for j» < 1/G, we find that our dS QFT approximation can

hold only in a region spanning a global time interval of size At ~ In G~

5.5 Reference particles in future dS

In section we found that, with a fixed energy budget measured by the flux F'
through a minimal S! in dS;,;, adding boosted particles in states eiit#&wi} did not
improve our approximation of the local algebra dS QFT in any region of dS;,;. Since
the results in section for particles localized at ¢ = 0 in dS;y; are quite similar to

those in section [5.3.2] it is again clear that with fixed total energy-flux F through a
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minimal S? adding more particles localized at other times will again fail to improve our
approximation of local algebras in (d + 1)-dimensional dS QFT.

However, the key limitation in section [5.3.3| arose from fixing F. Furthermore, as
discussed in section [5.3.2] there is generally no sense in which backreaction can remain
small across all of dS, so one must make a choice of both where, and in what sense, one
wishes perturbation theory to hold. Finally, since global de Sitter space is exponentially
large in both the far future and the far past, the energy carried by perturbations tends
to become extremely diluted in such regions and backreaction tends to be much smaller
than at a minimal S¢.

Let us therefore investigate what we can do if we decide to allow large backreaction
near the minimal S¢ at ¢+ = 0 (thus dropping the constraint on F'), though we will still
require backreaction to be small to the future of some global time slice ¢ =t > 0. We

will do so using the reference state

D
o] = HW}J, (5.83)
k=1
[n] = e Py ] @e Py ], (5.84)
] = eTMm|g,], for2<k <D, (5.85)

where Wi] are again given by ; i.e., we use only particles that become localized
at global time ¢t = tx > 0 and we again impose jx < 1/G in . At time t = 1y,
each particle thus gives only a small perturbation, and the perturbation toward the
future should be even smaller. We will investigate later the extent to which the resulting
perturbations can remain small at times ¢ < t4.

Since each state ‘wk} is invariant under the same set of (spatial) reflection and rotation
symmetries as the similarly-labeled state in section [5.3.3] the non-vanishing moments

that contribute to the group-averaging kernel are again just the expectation values of B}
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and ij, for which will again define squared-widths x; and yx;;. Furthermore, while it
is straightforward to compute these expectation values from the results in section [5.3.3]
the analyses of the previous sections show that we do not in fact need the detailed forms
of the results. Instead, the important point is that, due to the boost transformations of
By, J;j (analogous to those in ), for the particles in state |wk] and for ¢ # k we will
find x; and xy; to be proportional to e?#/! for large ty, though x and x;; for 7,7 # k
will be unchanged by the boost.

As a result, in the full state Wo} we will find all x;, x;; to be proportional to e/t
for large t4. This will then compensate for the fact that the Euclidean norms |B;|%, and
| Jij|% are exponentially large at ¢ = ty, and it will similarly allow these vector fields to
satisfy our criterion for a good approximation to dS QFT for a global time interval of
order InG™! to the future of ¢t = ty. This condition is also satisfied whenever [t| < t4,
so long as we consider a region of dS in which backreaction is small.

It thus remains only to estimate the backreaction from our state. There are several
pieces to this discussion. First, we may note that at time ¢ = ¢ we have only 2D particles
on a sphere S? of volume cosh®(ty /) Va4, where V; is the volume of the unit sphere.
Furthermore, by construction each particle alone has small backreaction, meaning that
it can be modeled as a Schwarzschild black hole of radius much less than /. As a result,
for all t > ¢ the particles are exponentially far apart, and — in some reference framﬂ —
the region near each particle can be modeled as a Schwarzschild de Sitter solution (again

with Schwarzschild radius much less than £). In this sense the backreaction is small at

OFor ¢ty —t > ¢, the particle will be highly relativistic in the reference frame associated with slices
of constant global time ¢. It should then be described as a de Sitter version of the Aichelberg-Sexl
solution [199]. In 2+1 dimensions there is no curvature away from the particle, and for d > 4 the
Aichelberg-Sexl solution decays at long distance. But in 3+1 dimensions the Aichelburg-Sexl metric
grows logarithmically. Of course, curvatures still decay and, more importantly, the gravitational field is
entirely confined to a shock wave in a null plane. As a result, for ¢ > ¢ the vast majority of de Sitter
space remains exponentially far from such shock waves and, indeed, the total probability for an object in
dS to encounter such a shock wave between global time ¢ and global time ¢ = oo is exponentially small.
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t = t4 unless one probes the small region very close to one of the particles. Recalling that
metric perturbations can in principle be included in the field we call ¢, such comments
can be promoted to statements about gauge-invariant operators of the form if
desired.

It is important to realize, however, that there are small perturbations to de Sitter at
t =ty even far away from the expected locations of the particles. Some of this effect
is due to the fact that, since we cut off the mode sum defining each particle’s state at
some jy, the particles are not perfectly localized and their wavefunctions have long tails
that extend across all of de Sitter space. That, however, is a minor issue as, at large
Ju, those long tails correspond to only a tiny net probability for the particles to be far
from their expected location. Furthermore, one could remove the long tails by replacing
each particle by the coherent state obtained by making a unitary transformation of the
Y-vacuum using '/ @7 @) for some compactly-supported f ().

While e/ @7 ig invariant under linearized gauge-transformations, it will not be
gauge-invariant at the higher orders in perturbation theory used to compute backreac-
tion. Instead, as usual, it must be ‘gravitationally dressed’. In the present context, the
only structure to which such operators can be dressed is the background itself. This
is simply a set of words which means that the backreaction need not vanish in regions
that are causally separated from the support of f, and that one must instead solve the
gravitational constraints to analyze what happens in such regions.

It is reasonable to expect that the overall effect on the expansion/contraction of
the spheres S¢ will be well-approximated by smearing the particles over the sphere.
By this we mean that we will simply solve the Friedman equations for homogeneous
isotropic cosmologies using the homogeneous energy density p that gives a flux F; =
I VRT,bn*n® = pcosh®(ty/0) Val? of energy through the given sphere S? that agrees

with the flux F; computed perturbatively for our 2D particles. Since angular momentum
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is conserved, assuming that 1 and ju are of the same order in 1/G, once t is signifcantly
less than t, the particles will be relativistic and we will have

2Djy

F, ~ et (5.86)

Replacing our particles with a uniform energy density

t*—t

p(t) ~ Fem =@ g e 7 (5.87)

and comparing this with the energy density py = % associated with the de Sitter

cosmological constant, we find that p(t) < pa for

v GI# 1
et > gd—_let#/ ; (5.88)
i.e., the backreaction from our homogeneous p will be small whenever ¢ exceeds ;—i —

ﬁ In (g;;) by at least a few e-folding times.

Now, since the state WO] contains only a smll number (2D) of particles, it is clear
that the actual energy density is far from homogeneous. Some of the issues involving the
inhomogeneous part of p were discussed above and relate to probing the local spacetime
near each particle. However, additional effects arise when, e.g. by random chance, some
subset of the particles finds themselves closer together than other subsets. It is then
natural to model such circumstances by a p that is again smooth, but where the local
energy density in that region is larger than in other regions. Comparing with our analysis
above, we see that this will then increase the backreaction in such regions, though this
can only be the case in small regions of spacetime. Qualitatively, then, this is similar to

the comments above about probing small regions near each particle. In this sense, then,

we expect backreaction to be small over the vast majority of the region of our de Sitter
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space at global times

t# 14 (-1
> — 1 . 5.89
d+1 d+1 " (Gj# (5.89)
As a result, our perturbative gravity correlators will be a good approximation to our dS

QFT correlators over the vast majority of the region satisfying

j#O' t# 14 (-1
te+ln (227) >4 Y . 5.90
#+n<£)> T a1 d+1n(Gj# (5.90)

Taking o = €14, jx = €041 /G then yields

A t
t# + In (6162—) >t > —# + In €9. (591)

G d+1 d+1

Taking t4 large (say, with ¢; and €, small but with €, Ggéd% large) then allows us to make
our approximation highly accurate over a region with arbitrarily large spacetime volume

and which spans an arbitrarily large interval of global time.

5.6 Discussion

Our work above studied the use of the perturbative gravity observables in
approximating algebras of local quantum fields on a fixed de Sitter spacetime dSg. ;. In
the limit G — 0, one can approximate such local fields well over arbitrarily large regions of
dS. However, if the region of interest includes a minimal S¢, we found this approximation
to fail at small G when the region spanned a global time interval significantly larger
than In(¢?~!/G) (plus subleading corrections). On the other hand, we argued that the
approximation could hold to high precision in regions spanning arbitrarily large global
time intervals so long as they are located far to the future (or far to the past) of the

associated minimal S¢. This in particular includes arbitrarily large regions of any static
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patch of the de Sitter space.

Although our analysis of the possible constructions was far from exhaustive, and
although our detailed computations were performed only for free scalar fields with masses
M > 2/dl, we saw that the main results depended only on the presence of certain
exponential behaviors that follow from basic de Sitter kinematics. We therefore expect
our conclusions to be quite robust. It would nevertheless be useful to make the analysis
more complete with respect to possible choices of reference Wo]; and to incorporate
perturbative interactions, gravitational or otherwise. Similarly, for simplicity we treated
our -particles as distinguishable but, since no two -particles occupy the same mode,
it is clear that symmetrizing/antisymmetrizing over particles in WO] will not affect our
results.

We emphasize that our interest here concerned algebras of local fields. In particu-
lar, we may consider arbitrary products of the perturbative gravity observables &pg(x)
defined in (5.12). While there are subtleties related to the fact that our qug(x) are un-
bounded, this is easily remedied by replacing the operators QBQ pr(x) in the integrand of
with bounded functionals of ¢gpr ().

Of course, our dS QFT approximation does not hold uniformly for all elements of the
resulting algebra, nor does it hold uniformly in all states. In particular, at any fixed value
of G, operators formed by taking sufficiently large products will create states with large
back-reaction. Nevertheless, it is clear that as G — 0 one can choose parameters such
that the approximation holds for a larger and larger subset of elements of the algebra,
and such that it holds well over a larger and larger set of states. Thus as G — 0 one
should recover the entire algebra of local quantum ¢-fields, though filling in the technical
details and characterizing the various rates of convergence remains a project for future
investigation.

In contrast, had we been interested only in computing vacuum correlation functions
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(without first constructing an algebra), we could have approximated the results of dS
QFT to much higher precision. At the physical level, this relates to the point often made
by cosmologists that, since the vacuum is de Sitter invariant, if one wishes to compute
the vacuum two-point function [0|¢(z)¢(y)[0], then there is no need to sharply define
the location of both points x and y so long as the geodesic distance between the two is
sharply defined. Mathematically, we may note that we can construct a de Sitter-invariant

perturbative-gravity observable

O(z, y) r—/dgcb(gx)(b(gy ) @ Ul(g)|wo] [to|U(g™") (5.92)

whose expectation value in our ¢-vacuum state |0; LPG) is

(0; LPG|O(z,y)|0; LPG) = [0]6(x)s(y)|0] (/dg‘[wol ®U(g)]¢o]‘2) L (5.93)

so that it ezactly reproduces the two-point function of dS QFT at all z,y for any value
of G. However, since is not the product of two perturbative gravity observables
, the result says nothing about the accuracy of approximating the algebra of
local fields.

Our interest in local algebras was in part motivated by recent works constructing
type II von Neumann algebras of local fields [39, 38, [172] 140, 45, [46]. Specifically, we
wished to investigate the way in which the static patch algebra of [39] could emerge from
perturbative gravity observables. In this regard, there are several aspects of our approach
on which we wish to remark.

The first of these is that the algebra of perturbative-gravity observables generated
by QZA)pg(ZE) does not directly reproduce the full algebra of dS QFT, but only the algebra

of ¢-fields. In particular, it does not include the algebra of i-fields which can change
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our reference state W)O} . Nevertheless, this precisely matches the structure of the Hilbert
space used in [39] in the sense that that work assumed the existence of a so-called observer,
and that the operator algebra was not allowed to either create or destroy such observers.
Furthermore, while the observer’s clock operator was used at an intermediate point of the
construction, the observables constructed in [39] can be described as what we would call
¢-observables defined at times relative to the observer’s clock. This is clearly in direct
parallel with our perturbative-gravity observables, which describe ¢-fields relative to our
reference state Wo}-

However, there should be no problem with including additional operators that allow
the creation/annihilation of i)-quanta which are not to be considered part of our refer-
ence state; e.g. which act on modes with much smaller angular momentum on each S¢.
Indeed, to the extent that we can treat iy-particles as distinguishable, one may simply
consider a space of states that is the tensor product of a high-angular-momentum |¢0}
state with arbitrary low-angular-momentum states of the ¢-field, and one may then de-
fine perturbative-gravity observables that act on this space in direct analogy with .
Taking into account that ¢-particles are identical then involves a formal symmetriza-
tion/antisymmetrization depending on the bosonic/fermionic nature of the i-particles
but, as usual, this has little effect when the relevant two sets of particles occupy very
different modes.

A more interesting point is that, while they clearly reproduce a local algebra in the
limit G — 0, from the perspective of the dS quantum field theory that acts on the
Hilbert space Horr = Hg r ® ”Hé pr the operators ¢pe are highly non-local even before
they are group-averaged. This is due to the fact that, in contrast to the constructions

used in [163] 170, 10T, 171 45], the integrand in (5.12)) contains a factor of ‘@/}0} [’17[)0

Y

which is an operator not contained in the local algebra of quantum -fields for any

subregion of dS which cannot describe a complete Cauchy surface. As discussed in the
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introduction (following [102]), this property is absolutely essential if the group averaging
integral in is to converge in the presence of a long-lived de Sitter vacuum state.
While it naturally viewed as a surprise, and perhaps in fact a distasteful one from the
perspective of local quantum field theory, we emphasize that perturbative gravity about
a background that fails to break all diffeomorphism gauge symmetries is not a local
quantum field theory. In particular, since observables in perturbative gravity about
dS must be invariant under the entire de Sitter group (see again the discussion at the
beginning of section , they are in some sense necessarily as far from local operators
as one can get. In any case, whatever the philosophical issues may be regarding our
construction, we see that it does in fact reproduce local quantum field theory in the limit
G — 0.

The idea of using highly non-local ingredients like quantum states to define observ-
ables which, in some limit, nevertheless reproduce local physics seems likely to be ex-
tremely useful in in quantum gravity more generally, and especially in attempts to go
beyond perturbation theory. The point here is that the path integral is naturally taken
to define an inner product on quantum states that projects onto gauge-invariant states,
and which can then be used to build a gauge-invariant Hilbert space; see e.g. the dis-
cussions in [200} 192, 201]. As a result, this path integral inner product automatically
implements group averaging when expanded perturbatively (see e.g. the recent discus-
sion in [I03]). Thus, to the extent that we understand how to compute gravitational
path integrals, we already have the desired Hilbert space of states at hand. We may
thus use such states |¥1), |W¥s) to directly construct gauge-invariant operators |W¥y)(Ws|
rather than take on the technical challenge of attempting to perform an integral over
the diffeomorphism group of some more local operator expression (and then needing to
worry further if e.g. topology-changing processes further enlarge the gauge group in the

non-perturbative quantum theory; see e.g. the discussion in [202]).
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Our work also reported some technical progress regarding the de Sitter group-averaging
inner product that underlies our analysis. Appendix A proposed a potential alternate
formulation of this inner product that, based on the uniqueness theorem of [190] and
the freedom to tune a parameter (a)) to make the result finite and non-zero, we expect
(for some value of a) to be equivalent to group averaging. However, the alternate inner
product is manifestly positive semi-definite. We also argued that any inner product for
perturbative gravity on dS must map one-particle states of our Hgpr to null states. The
argument was a direct quantum analogue of the fact that classical one-particle states can-
not satisfy the linearization stability constraints. Finally, we argued that the divergence
of group averaging for Fock-basis 2-particle states of massive scalar fields is related to the
fact that all classical 2-particle solutions preserve a notion of static-patch time-translation
symmetry and thus, like the de Sitter-invariant vacuum ‘O], leave a non-compact gauge
group unbroken. The fact that the unbroken gauge group is now only R is then naturally
associated with the fact that group-averaging diverges only linearly for such 2-particle
states, while it diverges exponentially for ‘0} While it would be useful to sharpen this
last argument, and also to rigorously prove equivalence of group-averaging with our al-
ternate inner product, for heavy fields in dS (e.g., for scalars with M > d/2/), this gives
a rather complete understanding of the group averaging inner product.

This technical progress again has implications for the construction of local algebras
and the connection between our work and that of [39, 40, 45, 46]. In particular, the two-
particle states with linearly-divergent divergent group-averaging norm naturally play the
role of a clock-less version the observer assumed in [39] 40}, [45] [46]. Indeed, without a
clock, group-averaging would again diverge linearly in the context studied in those works.
Adding an appropriate clock degree of freedom, whether realized as the relative motion
of a 3rd particle or as the addition of infinitely many internal states that mix under time

evolution, will thus cause group averaging to converge. The resulting states can then be
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used as a reference WO] in precisely the manner described here.

Finally, some readers may be surprised that we have focused so heavily on the study
of global de Sitter space. In contrast, many treatments of de Sitter or inflation discuss
only the inflating patch of de Sitter. Since the inflating patch has noncompact Cauchy
surfaces, its Killing fields are not normally treated as generating gauge symmetries. In
effect, one typically assumes (perhaps implicitly) that boundary conditions are imposed
at the upper corner of the inflating patch such that the associated diffeomorphisms are
non-trivial asymptotic symmetries rather than gauge. However, we are not aware of a
complete technical specification and treatment of such boundary conditions and, perhaps
as a result, many longstanding questions and confusions remain regarding the detailed
relationship between analyses of global dS and analyses in the inflating patch. Nev-
ertheless, it seems likely that, as discussed briefly in [203], the physics of global dS
linearization stability constraints is directly related to large logarithms that arise when
studying gravitational perturbation theory in the inflating patch; see, e.g., [204] and ref-
erence therein, [205, 206]. It would thus be very interesting to better understand the
implications of constructions described here for physics in the inflating patch and, in
particular, to understand if (despite the seemingly different time-dependence involved)
the above-mentioned large logarithms might be related to the fact that our perturbative
gravity correlators become highly smeared versions of dS QFT correlators at late times.

We thank Xi Dong, Gary Horowitz, and Geoff Penington for useful discussions. This
research was supported by NSF grants PHY-2107939 and PHY-2408110, and by funds
from the University of California. Y.Z. was supported in part by the National Science
Foundation under Grant No. NSF PHY-1748958, by a grant from the Simons Foundation
(815727, LB), by Heising-Simons Foundation award-6950153, and by David and Lucile
Packard Foundation Fellowship-2749255.
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Chapter 6

Concluding Remarks

Through the work in this thesis, we have gained a better understanding of operators in
quantum gravity in both AdS and dS spacetimes.

In Chapters we considered geometric entropy operators in semiclassical AdS (or
AdS with an added Chern-Simons term), which are of great importance as the bulk
dual to boundary subregion entanglement entropy. First, we studied the flow generated
by the HRT area operator in Einstein-Hilbert gravity, as well as the algebra of these
operators. We then showed in Chapter [3|that this flow is preserved for geometric entropy
in 3D gravity with a gravitational anomaly, a first test at understanding the action of
geometric entropy in higher-derivative theories of gravity. In Chapter [, motivated by
the connection between networks of intersecting bulk surfaces and random holographic
tensor networks, we computed commutators between areas of these bulk surfaces. We
were successful in constructing a four-link area network where all area commutators
vanish, but showed it is generally hard to construct larger commuting networks.

In Chapter |5, we considered quantum observables in global de Sitter. Since the
only dS-invariant state is the vacuum, we used a group averaging procedure to find a

usable basis of dS-invariant states, and these states included both an observable degree
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of freedom and the reference state wavefunction. For a reference state localized near
a minimal S% of dS4, 1, we showed that the observables become smeared once they are
far enough in the future or past from the chosen reference system (in particular, the
observables are unsmeared only within the region where the global time coordinate spans
an interval of order At < InG™'). This means these observables can only be modeled by
the physics of QFT in curved spacetime in a rather limited region of global dS. However,
if we do not restrict to reference states near a minimal S¢, observables can be modelled
accurately by QFT in arbitrarily large regions of dSy.;.

There is much that remains to be understood about operators in quantum gravity. For
instance, what is the action of geometric entropy operators in general higher-dimensional
theories, and can this be derived in a simple way using the boundary modular Hamil-
tonian? And what about the action of areas of other surfaces in the AdS bulk, like the
links of the entanglement wedge cross section? Are there ways to construct arbitrarily
fine discretizations of the bulk where every link-area commutator vanishes, or is it better
to consider tensor network constructions that do not rely on suppressing fluctuations of
all areas simultaneously? And finally, for quantum observables in global de Sitter, what
is the cosmological interpretation of the “allowed” region where these observables expe-
rience minimal smearing? What significance does this effect have for quantum gravity in

our own universe?
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Appendix A

Normalizations and the One-Sided

Boost

As discussed in section [2.2.3] both the flow generated by Aygrr and the kink transfor-
mation can be described as a sort of one-sided boost. This appendix verifies the details
of this relationship, and shows in particular that such a transformation leads precisely
to with the stated normalizations. We perform an explicit computation below
for spacetimes that admit a bulk Killing field £&* which acts locally like a boost near
v. We also study the effect on initial data defined for particularly convenient Cauchy
surfaces. But since the flow clearly does not affect initial data within either wedge, the
delta-function terms in can depend only on the local structure near . It will thus
be clear that the same normalizations continue to hold for the more general transforma-
tion described in section [2.2.3] (and originally defined in [I15]), where we allow arbitrary
Cauchy surfaces through v and where the boost operator is defined only in the local
approximation where one replaces each plane orthogonal to v with flat Minkowski space.

We will call our one-sided boost 7n,. Before proceeding, recall that + defines two
entanglement wedges, one on each side of the surface, and that £* is past-directed in one
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(which we call the left wedge) and is future directed in the other (which we call the right
wedge). In the left entanglement we take 7, to be the identity. In the right wedge we
instead take 7, to be the diffeomorphism generated by moving points along the orbits of
the KVF £ by a Killing parameter a//k, where k is the surface gravity of £*. Thus 7, is
a diffeomorphism in each entanglement wedge, though it is not smooth at v and we have
not defined its action at points that lie insideﬂ the chronological future or past of ~.

We thus examine the action of 1, on Cauchy surfaces that contain . Note that 7, will
map any such Cauchy surface ¥ to another such surface 3. To simplify our discussion,
we will make a special choice for the Cauchy surface >, or at least for the part of that
Cauchy surface near v. We begin by choosing a unit spacelike vector field m® normal to
~ and defined smoothly everywhere on v. We then extend m® to some region near v by
taking m® to be the unit affinely-parameterized tangent to a congruence of geodesics. At
least near v, these geodesics will generate a hypersurface. We take this to coincide with
the part of ¥ near our HRT surface ]| The normal n® to ¥ then satisfies m®n, = 0 in the
region near v. We then further extend both m® and n® off of the original slice ¥ in an
arbitrary smooth manner that preserves the conditions nm, = 0 and n,n® = —1. Thus

we have the useful relations

m'Vem® = 0 (A1)
1

mnyVen® = §m“va(—1):0 (A.2)

mmyVaen? = m®V,(mbny) = 0. (A.3)

We also use s to denote proper distance along geodesics in the original congruence, with

1On the boundary of the future or past of v the action of 1, can be defined by continuity.

2Had we started with a generic hypersurface, we could consider the family of spacetime geodesics
which happen to be tangent to the hypersurface at v. The analysis would then be identical to leading
order near 7, and in particular would give precisely the same delta-function terms in .
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s =0 at ~.

Let us now construct a second Cauchy surface ¥ by applying a map 7, to ¥. The
map 17, is almost a diffeomorphism, except that it is not smooth at . Before proceeding,
note that v defines two entanglement wedges, one on each side of the surface, and that £*
is past-directed in one (which we call the left wedge and in which we take s < 0) and is
future directed in the other (which we call the right wedge and in which we take s > 0).
In the left entanglement we take 7, to be the identity. In the right wedge we instead take
7o to be the diffeomorphism generated by moving points along the orbits of the KVF ¢
by a Killing parameter «/k, where « is the surface gravity of £*. As a result, the normal
A% to X satisfies

n® = cosh(a®©(s))n® 4+ sinh(aO(s))m®. .., (A.4)

where ... denotes terms that are smooth but which depend on the way that our vector
fields were extended off of the original Cauchy surface ¥. Similarly, the normal m to
in 3 satisfies

m® = cosh(aO(5))m® + sinh(a©(8))n*. .., (A.5)

where we have used the fact that Y is isometric to ¥ to introduce a coordinate § that

measures proper distance from ~ along > in the same way that s does along ¥. Note

that the conditions m,m®* = —n,n* =1 and n,m* = 0 give
mpVan® = 0 (A.6)
myVem® = 0.

Let us now recall that the extrinsic curvature of ¥ can be described by a degenerate
tensor K, = —hSV.n, whose indices range over all coordinates of our spacetime (and

not just those on ¥). Although it is not manifest from the definition, this tensor is
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symmetric. From (A.4)), we thus see that the extrinsic curvatures K,, and f(ab of ¥ and
3 are related everywhere by the action of 7, except for the component m®m?K,, which

will be sensitive to derivatives of the theta-functions in (A.4)):
YRP K = mmbV . (A.7)

Such derivatives introduce d-function terms in f(ab that are not present in the imag
s Kap of Ky under the flow n,.

Furthermore, since when acting on scalars we have m*V, = 0;, we may write
MV ity = ad(3)my, + (sinh(aO(8))m*m’V,n, + cosh(aO(8))m*m’Vemy + ... ), (A.8)

where the final step uses (A.6]). Since the final ... terms in (A.8)) are smooth, they are
determined by their values in the left and right wedges and must thus be a part of ) K.

We therefore conclude that the extrinsic curvatures of ¥ and ¥ are related by
Koy = 05 Koy + ad(8) mm?, (A.9)

which agrees with if we set @ = —2m and take the bracket with Ay gr/4G to give
d/dA.

As mentioned in footnote , the form of the normalization factor in differs from
that presented in [I15]. This difference arises from the fact that the results of [115] were
expressed using coordinates that are not smooth on 3, and thus which introduce signif-

icant dependence on regulators. In contrast, even though it is not smoothly embedded

3Since Kgyp is defined only on ¥, there is no need to define this flow in the causal past or future of
~. Furthermore, since the extrinsic curvature K, of ¥ is smooth at -, we can define 0} K, at v by
requiring it to be a smooth tensor on 3 when expressed in terms of coordinates on 3 obtained by acting
with 7, on smooth coordinates for X. We emphasize that 3 can be regarded as an intrinsically-smooth
manifold whose embedding in the bulk happens not to be smooth.
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in the bulk, we emphasize that 3 has the intrinsic structure of a smooth manifold, so
that the corresponding proper distance coordinate § is smooth on . This turns out to

remove detailed dependence on regulators found in [115] and leads to the elegant result

(A9).
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Appendix B

Adding Additional Constrained

HRT Surfaces

We now generalize the network of Figure by adding an additional constrained HRT
surface as shown in figure [B.1] and which is associated with the links .,v,. We again
start with an HRT surface 7, which is now taken to be anchored to the boundary at
(U1, V1) and (Us, V). We then add two constrained geodesics: one anchored to (Uy, V)
and (Uy, V), and the other anchored to (U, V.) and (U, V). See Figure B.1} The two
intersection points divide the original HRT-surface v into the three segments: 74, 73, and
Y2

Since the network of figure contains the network of figure 4.2| as a sub-network,
the results of section yield

{A’Ym A’Yb} = {A’Ya,lﬂ A’Yl} = {A'Ya,b7 A’YQU’Yg} = {A'YN A’mU’Ys} =0, (B'l)
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Boundary

(UC,VC) (Ua7va)<U17V1) (Ub>%) (Udvvd) (U27V2)

Figure B.1: For visual simplicity, we show the configuration projected into a time slice.
We start with an HRT surface, shown in black and given by v = v, + 72 + 3. We then
add two constrained geodesics, one in blue (v, 4+ ) and one in red (. + 74), which each
intersect the HRT surface.

and, analogously,

{A%J A’Yd} = {A%,d7A’Yz} = {A'Yc,d7 A71U73} = {A’Yw A'YlU'YS} =0. (B'Z)

As a result, only three classes of commutators remain for direct computation:

{A’Ya,b,c,d7 A’73}= {A’Ya,w A%,d}7 and {A’Y1,27 A“/3}' (BS)

Note that we can also obtain {A,,, A,,} from {A

B).

Our present goal is not to obtain a full analysis of this network, but rather only to

2> Aqy b using the final commutator in

find a case where commutators fail to vanish. As a result, we will focus on the first class
of commutators, where we will indeed find a non-vanishing example.

Without loss of generality, we take U. < U, < U; < U, < Uy < U,, and hence
Vo>V, > Vi >V, >V, >V, to ensure spacelike separation of the anchor points. We

will calculate {A,,, A,,}. For simplicity, we rewrite the commutator as

{Avw A%} = {A'Ya7 AMU% - A'Yl} = {A’Ya7 A’HU’B}? (B-4)
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where we used {A,,, A, } =0 from (B.I). The functional derivatives of A, and A,
with respect to oy, (U) are given in Eq. (4.24), respectively. One can also find the
analogous expressions for functional derivatives with respect to oy, (V).
Combining these results with the effective o-commutators in and , we
find
(s A} =50+ 3 - 10 (i + 5 )

8 (B.5)

3 (v 1w 1 % %
- _Xglgc - _XI(Jd2)1 + ne Xélczc + XZ()d2)1 ’
8 8 4
where we define the cross ratios
vy (w = uy)(up — ) vy (v —v)(op — )
Xz(‘jk)l = ( ’ and Xz(jk)l = ( ’ (B.6)

u; — ug)(uj — ) vi = vp) (v —v)

In (B.5)), C is given in Eq. ([£.28)). Clearly, this result does not vanish in general, though it
does vanish in the limit where (U, V.) and (U, V) approach (Us, V3) so that ., 74 recede
to infinity and our current network reduces to the one studied previously in section |4.3.2]
Similar calculations show that other link-area commutators also generally fail to vanish,

including commutators between links on different constrained geodesics (e.g. 7, and 7).
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Appendix C

Link-Area Functional Derivatives for

the Cross Section Network

In this section we record the functional derivatives for the link areas in the (entanglement
wedge) cross section network. First, we find the functional derivatives of the cross ratios

Xu and X,; xu and x, are given in Eq. (4.39). Their functional derivatives are hence

X 9
Xu e 20| 2 (U, — U)OU — Usy)

UUO(U) Up2 — Uqgl
2 2
+ m@(Ua2 —U)OU — Uy) — MG(U“Q —UO(U — Uy)
2
B MG(UM —U)OU — Uy)|,
(C.1)
5Xv 20y (V) 2
=Xve Y O(Vyy —V)O(V =V,
Oy (V) X Vp2 — Vgl ( b2 ) ( 1)
2 2
+ —@(Va2 - V)@(V — ‘/bl) — —@(VaZ _ V)@(V - Va1> (CQ)
Va2 = U1 Va2 — Val
2

O(Vez = V)O(V = Vi) |,

V2 — Vsl
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and using these and Eq. (4.47)), the functional derivative of the cross section area Acg

immediately follows

= 20| 29U, -U)OU - U,
o, (U) 4\/1—Xue Up2 — Uql (Ui )6t 1
2 2
b OUsp — U)OU = Uy) = ————O(Uny — U)O(U — Uyy)
Ug2 — Upl Ug2 — Uqal
2

— ———0(Uy - U)O(U — Ubl):| ;

Up2 — Up1

(C.3)

and similarly for the functional derivative with respect to ay, (V). Next, we wish to find
the functional derivatives of the half-infinite link areas, as given in Equations (4.42])-

(4.45), with respect to oy, (U):

5 Aa1 _ 1
T =0(U = Uny) + 20| ——————O(Uny — U)O(U — U
o, (U) ( ) re 2(Uaz — up1) (Uea o g
1
+——OUp—-U)OU - U,
Z(UbQ—UaZ) (b2 ) ( 2)
1
Y AU, -U)OU -U C.4
2(Uq1 — Up1) Uar )9 ) .
1

_ m@(Ub2 —U)O(U — Uyn)
_ ;@(Uag — U)@<U - Ual) )

Ug2 — Uqgl
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: ;SUA(;J) S U + ¢ 2 ®) mall—_w@w&l — U)O(U — U)
N m@((]& —U)O(U — Uy)
_ m@w&2 —U0)O(U - Uy) (C.5)
_ mG(Uw —U)O(U — Uy)
_ ﬁ@(mﬁ ~ e - Ual)],
535?1(%) —5(U — Uyy) + e~ 270®) [wa—l_ual)@(zjb2 —U)OU - Un)
N m@(mﬁ —U)O(U — Uy)
_ mgwﬂ D)0 — Uy) (C.6)
_ m@(uﬂ —U)0(U - Un)
1
_ M@(Ub2 ~U)0(U — Ubl)} ,
R
N m@wﬁz —U)O(U — Uy)
_ m@@g — )O(U — Un) (C.7)
1

_ m@(UbQ —U)O(U — U,a)
_ ;G(sz - U)o(U - Ubl)] :

Up2 — Upl
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and analogously for functional derivatives with respect to ay, (V). Also useful are the
functional derivatives for the half-infinite link areas as expressed in the simpler form

given by Eq. (4.46)) for A,;, with analogous expressions for the other link areas. We thus

have
5 Ay 8 for (Xu; Xv)
[ — :(5 — -
So(@) U D)
1
+e 2| = QU — U)OU — Uy)
Ug2 — Ugl (C 8)
1 .
_ m@(Ual —U)0OU — Uy)
1

— ——————0OU, —U)OU — Uy )

Uq2 — Up1

and similarly for the functional derivative with respect to gy, (V).
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Appendix D

Failure of HRT Area Commutation

for a Timelike Cross Section

In considering the cross section network of Section [£.4] we restricted to the case where the
cross section o is spacelike. We now briefly discuss the case when 7¢g is timelike. This
can be achieved if we take, for instance, the anchor point ordering Uy; < U, < Ups < Uga
and Vi > Vi1 > Vi > Ve, We will consider in detail the commutator between A, ,,,
i.e. the area of HRT surface v, U7, and the cross section area Acg. A similar result will
hold for the commutator between A, .., and Acg. In the case where vcg is spacelike,
we expected this commutator to vanish because the flow induced by the HRT area leaves
vcs unaffected. We indeed showed this was true via an explicit calculation. However,
when vog is timelike, we do expect it to be affected by the flow induced by the HRT
areas in the network. We show this explicitly below.

We begin with a calculation of {xy, A+, uy,}- As in all previous calculations, we
perform this calculation by integrating over the functional derivatives of the area opera-
tors and the effective o-commutators in Equations and . The x, functional
derivative is given by Eq. (C.1), and the HRT area functional derivative can be found
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either directly (by differentiating the HRT area) or by adding UéUAE’;J) and UgAé’f]) as given
0 0

in Equations (C.6]) and (C.7)), respectively. We find

{XW A’YmU’YbQ} = T(l - XU)' (Dl)

As explained in Section [4.4.2] commutators with x, will be the same up to a sign and

replacement of y, with y,, yielding

127

{XU? A'Yblu'Yb?} - - c (1 - Xv)' (D.Q)

We can now use Eq. (4.47)) to calculate the commutator with Acg. We find

- Xu 1_ v
STVl =Xu  3TVI—Xe (D.3)

{ACS? A"/bIU’leZ} = - - Yu c Yo

A similar result holds for {Acs, A, Uy, }- As expected, this does not vanish.
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Appendix E

Group averaging and its extensions

This appendix addresses the finiteness and positivity properties of the group averaging
inner product. We begin in section with a summary of results in the existing
literature. We then propose a family (labeled by a single parameter «) of potential
alternative inner products in section [E.0.2l The uniqueness theorem of [207] to argue
that, if there is a value of o such that this alternate inner product is well-defined on
the space V' C Hgpr of states on which group-averaging converges absolutely, then the
two inner products must coincide on V, so that the alternate inner product is in fact an
extension of the group-averaging inner product. The extended definition is manifestly
positive semi-definite and, as discussed in section [E.0.3] it assigns vanishing norm to all 1-
particle states. One may also independently show that any allowed extension must assign
vanishing norms to these states. For scalar fields with masses M > d/2¢, this would thus
suffice to show that the extended inner product is finite and positive semi-definite for
seed states in a dense subspace of the space that is both orthogonal to the dS-invariant
vacuum ‘O] and orthogonal to all 2-particle states. Finally, the case of 2-particle states is
discussed in section [E.0.4] where we suggest that their divergent group-averaging norm

is related to the fact that the corresponding classical solutions leave unbroken a non-
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compact subgroup of SO(D,1).

E.0.1 Summary of previous results

The case of linearized gravitons on dS, turns out to be exactly solvable, and
was shown in [I82] to be finite and positive semi-definite when V' is the space spanned by
Fock basis-states with N > 2 particles associated with the standard linearized graviton
modes on global dS,. While it was not obviously finite for N = 1 particle states, we will
return to that case in section [E.0.3] below.

For general massive free minimally-coupled scalar fields, the group averaging integral
(5.7) was shown to be finite in [208] for standard Fock states that contain a sufficient
number of particles. For scalar fields in the so-called principal series of SO(D, 1) repre-
sentations (having M? > (D — 1)?/4¢* where ¢ is the de Sitter length scale), this result
holds for N > 2 particles. The threshold particle number for scalar fields is higher than
for the free gravitons studied in [I82] because convergence is aided by adding angular
momentum and because there are no gravitons with angular momentum quantum num-
ber j;—1 (as defined in section [5.4) satisfying j;_1 < 2. The reader may think of this
result as a generalization of Birkhoff’s theorem (which immediately excludes gravitons
with js_1 = 0).

Larger numbers of particles are required for fields with smaller masses. The required
number N diverges as m — 0 due to the fact that massless fields on dS have a zero
mode, though sufficient excitations of this zero-mode also provide convergence; see [209]
for discussion of the dS;,; case. For smaller numbers of particles the integral fails
to converge absolutely, though for the N = 1 particle case this can be dealt with as
described in section [E.0.3] below.
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E.0.2 An alternate definition?

An important part of justifying the group-averaging inner product is that it
satisfies a certain uniqueness result [207]. We will now use this uniqueness to outline an
argument that is positive semi-definite when it converges absolutely. The argument
involves the introduction of an alternate inner product which, if it is finite and non-zero
on any state in the space V' on which group-averaging converges absolutely (and for which
the group-averaging norm is non-zero), must agree with group-averaging on all of V' by
the argument of [207]. We in fact introduce a one-parameter family of potential alternate
inner products in the expectation that there will be a value of this parameter which gives
a finite no-zero result on V. Unfortunately, however, the alternate inner products are
difficult to compute. We thus leave detailed investigation of this expectation for future
work.

Translating to the language of the current paper, the uniqueness theorem of [207]
shows that if V' C Hgpr is a space of states on which converges absolutely, then

there is an associated algebra Ay of de Sitter-invariant linear operators defined by

Gy = / dgU () vn] [a|U (™) (E1)

for 11,19 € V. Since the Haar measure dg is invariant under ¢ — g~!, these operators

map V to itself and also satisfy

[(bl ‘a¢1,¢2¢2] = [a¢2,¢1 ¢1‘¢2] (E.2)

for all ¢1, o € V. Here as usual we have defined |a¢,] := a|¢1} . The theorem then shows

that, up to an overall normalization, (5.7]) is the unique product on V that satisfies
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linearity with respect to the 2nd argument, the complex conjugation condition

(D1|¢2)" = (2] 1), (E.3)

the s-representation conditionﬂ

(D1]ay, yyP2) = (@yy yy 1]02), (E.4)

and with respect to which (U(g) — 1)|¢] is a null vector for all ¢ € SOy(D, 1) and all
o] € V.

As a result, if we can find another inner product satisfying the above properties on the
same domain V', it must be equivalent to ([5.7]) up to an overall normalization (though we
must then check that this normalization constant is finite and non-zero). Let us therefore
think of dSp as embedded in D 4+ 1 Minkowski space so that, choosing a standard set
of inertial coordinates X°,..., X? on that Minkowski space (with Minkowski metric
nw = diag(—1,1,...,1)), we can write the generators of the de Sitter group as the
generators J,, = —J,, of Lorentz transformations on Minkowski space and define the

operators
D—1 D-1
P =30 B=> T3 (E.5)
ij=1 i=1

For any real parameter @ we may then consider the inner product

1 ,
(¢1|¢2) = [¢1‘ ’B‘Q(S(BQ)HLP:O‘@} = %/ dA [¢1| \B’ael’\B2HJ2:0’¢2], (E6)
AR
where |B|* := (B?)*? and where Il 2 is the projection onto states with J? = 0;

!The theorem of [207] is stated in terms of so-called rigging maps which are analogues of (5.6). In
that language, the main result is that the rigging map commutes with all ¢ € Ay. But the reality
property of rigging maps together with (E.2) makes this equivalent to (E.4)).
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i.e., onto states that are invariant under the rotational subgroup SOq(D) C SOq(D,1).
This inner product is written with round brackets to distinguish it from the other inner

products used in this work. Expression ([E.6)) satisfies the complex conjugation condition

(E.3]) since

* 1 a1 2
(o) = 5= | ax([on] BIe P Tesolon] )
1 —1
- o / (16l Bl P o] ) = (@al). (B
Furthermore, since B% commutes with all rotations, and since IT 2y = fr €500(D) U(r)dr

(where dr is the normalized Haar measure on SOy(D)), we see that the factors |B|*, e*F’,
and TI ;2 (or equivalently |B|*, §(B?), and II2_y) all commute with each other. In the

same way we see that if the integral in (E.6) converges, then we have

(¢1]Jw2) =0 (E.8)

for all SO(D, 1) generators J,,,. For rotations this follows immediately from II,2_¢J;; = 0,
while for boosts it follows from the fact that §(B%) = 5= [, d Ae*B” is the € — 0 limit of
projectors onto the part of the spectrum of B? in the range [0, €]. Since B? is a positive-
definite quadratic combination of the Jy; (see (E.5|)), this implies that at finite € it also
restricts the spectrum of any Jy; to the interval [0,+/€]. For (u,v) = (0,4), expressions

like (E.8|) then contain an extra factor of \/e and thus vanish as e — 0. As a result, for
|61],

| € V and any g € SOo(D, 1) we have

(01][U(9) = 1]¢2) = 0. (E.9)
We can also show that the alternative inner product (E.6|) satisfies the x-representation
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condition (E.4)). To do so, we simply note that ay, 4, commutes with all U(g), and that

it thus commutes with II2_g, | B|*, and ¢*2*. We may then use (E.2) to write

(@0 P1102) = [D1 ]y /d)\|B\Q€MBZHJ2=0|¢2] = (P1]ay, y,®2), (E.10)

as desired.

As a result, if we can find a value of a for which is finite on the domain
V' spanned by global dS Fock basis states which contain enough particles for group
averaging to converge absolutely, and if is finite non-zero for that a and any choice
of ‘gbl], |¢2} € V then, up to an overall normalization, for that o and all |w1}, ‘@Dz} eV
the alternative inner product (1, 1)5) must agree with the group averaging inner product
. Moreover, since §(B?) can be expressed as a limit of spectral projections, the
alternative inner product is manifestly poistive-definite. Finding the above o would
then also establish positive semi-definiteness of group averaging on V.

The existence of such an « is certainly plausible, but the inner product appears

difficult to compute. We thus leave further investigation of this issue for future work.

E.0.3 One-particle states for free fields

In section [E.0.2] we suggested that the inner product (for some «) provides an
alternative way of writing the group-averaging inner product on the original domain
V. However, it can happen that expression (5.7 is well-defined for states where is
not. If the alternate and group-averaging inner products do in fact agree on V' for some
a, this would then suggest that is well-defined on a domain V,; that is strictly
larger than the original domain V. It would then be tempting to define the desired de
Sitter invariant Hilbert space Hpg using on the full domain V,;;. In this context,

we could refer to (E.6) as an extended group-averaging inner product.
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Of course, doing so immediately raises the question of the extent to which this sup-
posed extension would be unique. We now will answer this question for the case of N =1
particle states for any free field. This is an interesting case since, when combined with
the results reviewed in section and with the discussion of section below, it
provides a rather complete picture of group-averaging for both 341 gravitons and free
scalar fields with M > d/2¢.

The alternate inner product is well-defined for 1-particle states of any free field
and, in fact, defines any 1-particle state to be a null state. To see this, note that the factor
II2—¢ in (E.6) means that the only 1-particle state that could possibly have non-zero
norm is the state |7 = 0) associated with the zero angular-momentum mode of the field.
Yang-Mills fields and gravitons have no such modes, so this completes the analysis for
such cases. Similarly, for minimally-coupled massless scalars the zero angular-momentum
mode is also a zero-frequency mode and so does not have particle excitations. While it
would be interesting to return to states of that zero mode in the future (in order to
extend the 141 analysis of [209]), this again completes the analysis of 1-particle states
for such fields.

It thus remains only to consider fields with minimally-coupled masses M? > 0. The
1-particle states of such fields are irreducible representations of SO(D, 1) with values of
the quadratic Casimir B2 — J? = u? for u? > 0. As a result, the rotationally-invariant
one-particle state |j = 0] is an eigenstate of B* with eigenvalue y? > 0. Thus §(B?)
must annihilate ’j = 0}, so that m is a null state under the inner product .

Furthermore, the above argument also shows these definitions to be unique. Indeed,
let us consider a basis of one-particle states that are eigenstates of J2. If J2|<;5] = )\‘(ﬂ

then, unless ‘qﬁ] is proportional to the rotationally invariant state |j = 0}, the fact that
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J? is a sum of squares requires A > 0. We may thuswrite

9] Z Jij ( | ] ) (E.11)

3,7=1

But since (U(g) — 1)|¥] must be a null state for all ¢, the same must be true of J;;|¥].
Thus (E.11)) must be null as well. It then remains only to discuss the rotationally-invariant
one-particle state |j = 0}. But it was shown above that this state is an eigenvector of

B? with eigenvalue 2 > 0. It is thus of the form

Dzl Joi (JOZ 7= 0}) (E.12)

i,7=1

The same argument used above then shows that }j = O] must be null in Hypg.

The statement that one-particle states map to null states in H pg is a direct analogue
of the classical statement that any single particle in dS has at least one non-vanishing
de Sitter charge. In particular, for free particles with mass M > 0, if one considers the
static patch associated with the particle’s geodesic, then the corresponding static-patch
energy takes the value M. There are thus no classical single-particle states for which all

de Sitter charges vanish.

E.0.4 The divergent group-averaging norm of 2-scalar-particle

states
We now briefly address the case of 2-particle states of scalar fields. The asymptotic
expansions of [209] show that the group averaging norms of such states fail to converge

absolutely and, in fact, that they in fact diverge linearly. This is a slower divergence

than the exponential divergence one finds for the group-averaging norm of the de Sitter-
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invariant vacuum |0} , but it is a divergence nonetheless. In fact, it is precisely the degree
of divergence one would expect if such states left unbroken a 1-dimensional subgroup of
SO(D, 1) generated by some boost transformation.

While the 2-particle states |\I!] do not appear to leave such a group unbroken, the
corresponding classical solutions do exhibit an unbroken such symmetry. Indeed, setting
the de Sitter charges to zero forces a pair of classical particles to travel along antipodally-
related geodesics (as in the particle approximation to the Schwarzschild-de Sitter solu-
tion). Such solutions clearly leave one boost symmetry intact. Some quantum version of
this residual symmetry thus appears to be associated with the above divergence, though
it would be useful to understand the relationship in more detail. In particular, follow-
ing similar discussions in [I88], one might expect to be able to use an improved such
understanding to argue that no well-defined de Sitter-invariant operator can cause such

2-particle states to mix with states having N > 3 particles.
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Generator moments in general

dimensions.

We now compute and analyze the coefficients in (5.75]) associated with the expectation
values of By, B, ij in the state ‘1/14 for all D. Our goal is to extract useful expressions
for these moments at leading order in large jx.

Let us start by computing the expectation value [B;] = [¢+|B1W+]~ On the states

W)i], the action of By is

Bufus] :Nz#cfbﬂ&jﬂ,@] +Nibj|A7j_1,(ﬂ, (F.1)
with
[ Hd=-D)G+ DG +d—-A) G+ A) 1/2
b; _{ (2j+d—1)(2j +d+1) } , and (F.2)
(G +d=2)jj—1+d—-A)(j—1+A) 1/2
bj_[ (2j+d—3)(25+d—1) 1 . (F.3)
(F.4)
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Utilizing b; = bt |, this yields

Jj—1

Jx—1
(s |Bi|ths] = £2N* > cFefy b (F.5)

Jj=0

As we will find with most of our other moments, a simple closed-form expression for
this sum is not readily available. However, we are mostly interested in the asymptotic
behavior at large jg, since in this limit the group averaging kernel will approximate a
Gaussian with shrinking width. In particular, given our results in dS; 4, it is natural to
take the ultrarelativistic limit j» > p. However, for now we will proceed with computing
the remaining expectation values; we will then return later to the question of asymptotic
behavior.

For [B}], we find the result

J# J# J#—2
[V B eoe] =N> ()2 (b)) + N> Y (¢ (0] +2N* Y efef,bibf,.  (F.6)
j=1 j=0 j=0

Similarly, calculating [J?] gives

S i, &
[wal Plos] = N2D 5 +d=1)e] = ik + i (F.7)
j=0

Finally, to find the expectation value of B? for k > 1, we use the Casimir equation
Cy = B} + B — J?, (F.8)
where we have used the notation B := >?_, B2. Since we have

[Ve|Colvos] = A(d = A), (F.9)
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we can easily compute [B?].

We now return to the question of asymptotic behavior. For [B;] and [B7], it is natural
to assume that keeping only the leading terms in the summands will give the correct
large ju behavior at leading order in 1/j,. We will then check this assumption. The
leading order behavior of the normalization constant is, using Stirling’s approximation,

N? =dju 14+ O(1/j4)]. And, in the limit j >> d and j >> A, we have

bt :%[1 +O(1/5)), (F.10)
cf =i+ 0(1/5)], (F.11)

(which have the same leading order asymptotic behavior for j — 7+ 1 or j — j + 2).
While this large j limit will not hold for the terms in the sum where j is small, we will
shortly show that the terms where it fails do not contribute significantly in the limit of
large j4. For convenience, we consider only [¢+‘Bll¢+}; which differs from [w_|B1|¢_}
only by an overall sign. For [w+|B1 W+}> we have

d
[¢+’Bl‘¢+] = mj# +0(1), (F.12)

. J#T by 1 o dty+l
where we have used Faulhaber’s formula for the sum: » 7" TV = prun g S

O(j4*) for the cases x = 0,1,2 and y = 0, 1. Similarly, for [B?] we find

[0l B2 o] = a® + Ol (F.13

Applying the Casimir equation (F.8|), we find [@Di}BiWi} is zero at order ji. At next

to leading order, there are contributions from ¢;, b7, N*, and Faulhaber’s formula, the
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latter of which becomes

J#—T
1
vy — At (172 — )50 4+ O30, F.14
;%J . +(1/2 = 2)juY + O ) (F.14)

Taking these contributions at next to leading order into account, we find

d ., d2d*+d—2)

4 : 0 F.1
527 Taar narzt T OUR): (F.15)

[vs|BY[¥2] =

and so by the Casimir equation

(04| BT 0] = ju + O(j4°). (F.16)

d
2(d+ 1)

We may now verify that the above guess indeed gives the correct large j behavior
of the desired moments (despite the fact that we used Equations (F.10) and (F.11]) in

regimes where they were not fully applicable). For our summands f(j), we have

b+1

b b
| f@arY i< [ s, (F.17

since f(j) is increasing with j. In particular, for [B;] we find

ON? [T f(2)da B IN2? [7# f(1)d
Tim f—ld ,f< ) < lim M < lim ) f(x)dz (F.18)
The lower bound evaluates to
9 [+ #(2)de 2F(i. — 1
lim fll ,fd<+1) = lim Ld) = 1. (F.19)
J#—r00 ﬁj# J#—>00 J4
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We can see that the upper bound will also evaluate to 1. Thus, we must have

lim [@Di‘flhﬁi}

| —l— 1 (F.20)
e Ry

The same argument holds for [B?], proving we have the correct asymptotic behavior of
our sums.

We will also need to find [Bf] for [ > 2 and [J2]. The symmetry of || requires all
[Bf] to be equal for I > 2. Additionally, all [J7}] with i = 1 (or j = 1) must be equal,

while all others must vanish. At leading order in the 1/j4 expansion, we thus find,

d d? 1
21 2 _ . -2 21 _ -
2] = d_Hj#Q@J for j > 1. (F.21)
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The Art of Science

Art, in many forms, has always played an important role in my life. Though my scientific
and artistic interests are often distinct—but never completely separate—there have been
a handful of times where they have become entwined. For instance, in 2022 and 2023,
I created two projects for entry into UCSB’s Art of Science Competition, held by the
Center for Science and Engineering Partnerships (CSEP). As I believe these projects to

be a valuable part of my graduate school experience, I describe them briefly below.

G.1 A Wormbhole Lullaby

As discussed in Chapter [1], the black hole information problem saw important devel-
opments in the last five years. Inspired by this new research, and in particular by the
calculations in [9], I created A Wormhole Lullaby. In [9], the authors consider a black
hole in a simple 2D model of gravity, with an asymptotic boundary. This black hole has
a so-called ”end-of-the-world” (EOW) brane behind the horizon. The authors compute
the entropy of the Hawking radiation produced by this black hole; in particular, they

compute the Renyi entropy, which is given by ﬁTr(p”) for integer n and where p is the
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Figure G.1: A spacetime configuration that contributes to the Renyi six-entropy.

density matrix of the radiation. To compute this quantity, one can use the replica trick,
where one takes n copies of the asymptotic boundary conditions, then sums over the
partition functions for all possible configurations of the interior. Many of these configu-
rations will include connections between different boundaries, creating wormholes. Then,
taking the limit of n — 1 gives the von Neumann entropy of the radiation.

The painting in Figure shows an example configuration with a three-sided worm-
hole, a two-sided wormhole, and a disconnected black hole. The EOW branes follow the
white lines (though for the 3D black holes and wormbholes depicted they should instead be

2D sheets). Of course, one should not take this rendering too seriously. The musical por-
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tion of the project can be found at https://www.youtube.com/watch?v=5P_Zagp-jZg.
It follows the calculation of the Renyi entropy with n = 6, starting with no wormholes
between the boundaries (and one EOW brane) and ending with one wormhole connecting
all six asymptotic boundaries (and six different EOW branes). The calculation includes
a normalization constant, which is represented by the background piano chords. Each
piano melody on top of that represents a wormhole configuration connecting a particular
number of boundaries, with a string harmonizing for every copy of that type of worm-
hole. And, for each new EOW brane, a new instrument is added. For example, the
configuration in Figure has three different melodies, no string harmonies, and four
extra instruments.

[ am especially interested in this type of music, that transcribes equations into pieces
of a song. The music in this next project also falls in this category, though now using

lyrics to represent quantum states.

G.2 The Dance of the Qutrits

This work is based on a toy model of a quantum error correcting code, called the
three qutrit code [106]. A qutrit, as opposed to a qubit, is realized by a three-level
system. The three qutrit code has two parts: first is the encoding, where the quantum
state of one qutrit (the “message”) is copied into the state of three qutrits. Next is the
decoding, where one can act on the three qutrit state in a clever way to get back the

original message. The original state is 1)) = ¢y |0) + ¢; [1) + ¢2|2). This get encoded as
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Figure G.2: The Elwood bluffs in Goleta, CA, affected by the quantum information
exchange between three qutrits.

the state 1) = o |0) + ¢1 |1) + ¢ |2), where

~ 1
0) =—=(1000) + [111) +[222) (G.1)
~ 1
1) =—=(012) + 1120) + |201)) (G.2)
~ 1
2) =—=(021) + [102) + [210)) (G.3)

To get back the original state |¢) from |¢}), we can use an operator that only acts on
two of the three qutrits in [). Say this map is Uj,, acting only on the first two qutrits.
Then we have

Ty 1
Ul |¥) = [¥), ® \/§(|00>23+|11>23+|22>23)- (G.4)

and we can extract the original state from the state of the first qutrit. Notice that, since
the decoding map only acts on the first two qutrits, it is immune to any errors that may

have occurred in the third qutrit.
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The musical component of this project can be found at https://www.youtube.com/
watch?v=LK5LvfkE__U. The lyrics are shown below, and we see they follow the three-
qutrit code in detail, with the words “tangle”, “space”, and “bound” (and variants
thereof) representing the states 0, 1, and 2, respectively. States of multiple qutrits
have overlapping lyrics, with one line sung and two spoken. The visual component of the
piece, shown in Figure [G.2] symbolizes the effect of quantum information on the world
around us. I was motivated to create this project by recent results that show that, in the
AdS/CFT correspondence, the operator encoding between bulk and boundary acts like
a quantum error correcting code. This is why the qutrits in Figure look like gravita-
tional objects, bending spacetime around them—the exchange of quantum information

is a key part of understanding quantum gravity.
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Dance of the Qutrits

The state
|[¢) = co |This web is something tangled)
+ ¢ [the space between my thumb and pointer finger)
+ c2 |filled with unbounded halfways.)

becomes _ _ _ ~
|¢> =co |0) + 1 1) + e |2)

with

1
untangled just yesterday and

3 now entangled, inseparable at the pillowcase edge.

Or at the theory’s edge, where spacetime uncurves>

My bed head hair tangled and retangled but >

|0y —

S

+ |like pixels in the spaces between the letters.
Black space full of almost everything,.
Unbounded like the ocean, does it really ever meet the sky?
+ |Or, my extra dimensions bound and squeezed, > s
bound to be here, there, everywhere.

Fungal lattice tangled up, the birch trees intertwined
|1> = talking to each other across gaps in space >
3 their white bark boundaries transparent, become one.

—+ |all bound to err, correct, err again.
Are we really so different, tangled together like this?

My boundary, my skin, a suggestion >

Separate beings in time and space but >

+ |entangled with the air and maybe
dust lost in space and sunlight streaming through fall leaves.

and

An untangled worm living locally at dawn
|§> =— but slowly unbound, non-locally a seagull soaring >
3 and maybe spatially spread into a red dwarf, the milky way,

even the space inside a black hole horizon
+ |tiny particle pings entangled with whoever lies outside

an information matrimony, forever bound

and so, unbound, no longer you and me but amorphous us>

+ [spacetime has handed you your fate and it’s
capital letters F-A-T-E, past and future all tangled up.

Then
Spun and unspun, done and undone.
A hidden code in the universe, pulling apart the fabric and
ot weaving it back together,
12 7 | a repeating message because she is clumsy, the great big sky,
coding and recoding and encoding and decoding.
Someday (I think) she’ll reveal her secrets.

decodes

1/;>, giving
Ut |1/;> — ), ® 1 This web is something tangled
12 1= /3 \|my grandmother’s quilt, why would I detangle 23
the space between my thumb and pointer finger,
+ S .
nothing more than spacetime herself 23

filled with unbounded halfways
(as we are all bound to be) o3/
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