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We introduce the concept of neutron-proton two-particle units (np-Weisskopf units) to be used in the 
analysis of the (3He,p) and (p,3He) reactions on nuclei along the N=Z line. These are presented for the 
conditions relevant to the (n, j, �) orbits expected from 16O to 100Sn. As is the case of the Weisskopf 
units for electromagnetic transitions, the np-WU’s will provide a simple, yet robust, measure of isoscalar 
and isovector np pairing collective effects.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

In 1958, Bohr, Mottelson and Pines [1] suggested a pairing 
mechanism in the atomic nucleus analogous to that observed in 
superconductors [2]. Since the publication of that seminal paper, 
a wealth of experimental data have been accumulated, supporting 
the important role played by neutron-neutron and proton-proton 
“Cooper pairs” in modifying many nuclear properties such as de-
formation, moments of inertia, alignments, etc. [3–5]. Driven by 
advances in experimental techniques, the development of sensitive 
and highly efficient instruments and the availability of radioactive 
beams, the study of pairing correlations in exotic nuclei is a sub-
ject of active research in nuclear physics. Of particular interest is 
the competition between isovector and isoscalar “Cooper pairs” ex-
pected to occur in N ≈ Z nuclei [6].

The dominant pairing in almost all known nuclei with N > Z 
is that in which “superconducting” pairs of neutrons (nn) and pro-
tons (pp) couple to a state with angular momentum J = 0 and 
isospin τ = 1, known as isovector or spin-singlet pairing. How-
ever, for nuclei with N ≈ Z, neutrons and protons occupy the same 
single-particle orbits at their respective Fermi surfaces and pairs, 
consisting of a neutron and a proton (np), may form. These types 
of pairs couple in either isovector or isoscalar (spin-triplet with an-
gular momentum J = 1 and isospin τ = 0) modes, the latter being 
allowed by the Pauli principle. Since the nuclear force is charge in-
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dependent, we expect to observe the effects of the standard τ = 1
pairing on an equal footing between the τz = 0 (np) and |τz| = 1
(nn and pp) components. Furthermore, given that the nuclear force 
is stronger in the T = 0 channel, a priori arguments suggest the ex-
istence of correlated isoscalar np pairs. However, the effectiveness 
of the in-medium T = 0 correlations in giving rise to a “deuteron-
like condensate” remains a controversial and fascinating topic in 
nuclear structure physics [6,7].

2. The experimental probe

Two-neutron transfer reactions such as (p, t) and (t, p) have 
provided a unique tool to understand neutron pairing correlations 
in nuclei [8–10]. Based on the formal analogy between pairing 
distortions and quadrupole shape fluctuation [10–12], where an 
important measure of collective effects is provided by the reduced 
transition probabilities (i.e. B(E2)’s), one can associate a similar 
role to the transition operators 〈 f |a†a†|i〉 and 〈 f |aa|i〉 in the two-
particle transfer mechanism between the initial |i〉 and final | f 〉
states.

Thus, it seems natural to consider the transfer of an np pair 
from even-even to odd-odd self-conjugate nuclei as a sensitive 
probe to study np correlations [13–15]. Of the possible direct reac-
tions we could envision, the (3He,p) and (p,3He) are perhaps the 
best choice since both isoscalar and isovector transfers are allowed. 
As schematically showed in Fig. 1, exclusive forward center of mass 
angles (L = 0) cross sections, dσ I T /d�(θ) populating the lowest 
Iπ (T ) = 0+(1), 1+(0) states in the final odd-odd N=Z nuclei could 
provide a robust observable to quantify the nature of and interplay 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Fig. 1. Schematic of the reactions.

between spin-triplet and spin-singlet superfluidity. Specifically, the 
ratio R01 = dσ 01/dσ 10 is appealing since experimental systematic 
uncertainties and, to some extent, kinematic conditions of the re-
action cancel out.

The ultimate goal for these studies is to explore the region of 
superfluid nuclei between 56Ni and 100Sn. Initial measurements 
of these reactions with radioactive beams in reverse kinematics 
done at ATLAS/ANL [16] and at GANIL [17], showed the feasibil-
ity of such a program which will be featured prominently at new 
rare isotopes accelerator facilities. Recently, systematic measure-
ments of these reactions in N=Z sd-shell nuclei were carried out 
at RCNP [18] under the same experimental conditions. The experi-
mental data together with a detailed DWBA analysis established a 
valuable baseline for further studies beyond 40Ca.

3. The np two-particle units

The question we would like to address in this work is how to 
(empirically) assess, from the measured cross-sections and/or R01, 
the collective effects due to pairing correlations?

The single-particle units (WU) introduced by Weisskopf [19] for 
electromagnetic transitions offer an effective way to gauge col-
lectivity in shape degrees of freedom. The famous example of 
measured B(E2)’s in WU clearly reveals the regions of the nu-
clear chart where quadrupole deformations develop [11]; in these 
regions the measured transition rates could be up to several hun-
dred’s WU. In Ref. [20] two-particle units relevant for two-neutron 
transfers in (t, p) and (p, t) reactions were discussed. Here, in line 
with the above, we introduce the np two-particle units to be used 
in the analysis of the (3He,p) and (p,3He) reactions.

Let us start by recalling that in superfluid nuclei, where the 
BCS theory provides a good representation of the ground states, 
the cross-section for two-neutron transfers from the nucleus A0 to 
A0 ± 2 is given approximately by [8]:

dσ/d� ≈ |
∑

j

U j V j|2(dσ/d�)2sp = (
�

G
)2(dσ/d�)2sp (1)

where U j and V j are the probability amplitudes for the orbit j to 
be empty and occupied respectively, � is the pairing gap and G is 
the strength of the pairing interaction. Eq. (1) explicitly shows the 
enhancement due to the coherent contributions of the correlated 
nn pairs. With typical values of � ∼ 12/

√
A MeV and G ∼ 20/A

MeV, the enhancement factor is ∼ A/4, obviously increasing with 
A as expected from the larger number of available orbits for the 
pairs to scatter into.

For the case at hand, we look at the experimental ratio R01 in 
terms of two-particle units:

R01

R01,2sp
= dσ 01/dσ 01

2sp

dσ 10/dσ 10
(2)
2sp

2

Table 1
Common factors entering in Eq. (4).

Reaction (I, T ) (C Jτ
3 He,p

)2 S Jτ
3 He,p

(C Jτ
A,B )2

(3He,p) (0,1) 1
3

3
2 1

(1,0) 1 3
2 1

(p,3He) (0,1) 1
3

3
2

1
3

(1,0) 1 3
2 1

as a relative measure to signal possible enhancement effects be-
tween the two isospin channels. For a single np pair transfer, the 
cross-section factorizes in a structure part, S , and a DWBA reac-
tion part usually calculated with codes such as DWUCK [21] or 
FRESCO [22],

dσ/d�2sp = SσDW (3)

Let us assume that the npτ J pairs are constructed from a given 
single-particle orbit with (n� j) orbit quantum numbers, appropri-
ate for the case under study, and that A and B are respectively the 
initial and final nuclei. Since we start from an even-even nucleus 
with I A = 0 and T A = 0, it follows from the selection rules that 
I B = J and T B = τ , then the structure factors are:

S±(I) = (C Jτ
3 He,p

)2 S Jτ
3 He,p

(C Jτ
A,B)2 S Jτ

A,B (4)

where

C Jτ
3 He,p

= 〈1/2 − 1/2τ0|1/2 − 1/2〉
and depending on the case for:

• Pair addition A(3He,p)B

C Jτ
A,B = 〈00τ0|τ0〉

• Pair removal A(p,3He)B

C Jτ
A,B = 〈τ0τ0|00〉

are the corresponding isospin projection Clebsch-Gordan coeffi-
cients. Within the context of two-particle units, we further assume 
transfers of 2 nucleons in a j2 configuration to a given core, and 
the spectroscopic amplitudes used are S Jτ

A,B = 1 with a center of 
mass correction equal to ((A + 2)/A)2n+� as usually needed in 
Shell Model calculations [23]. In Table 1 we give the common fac-
tors entering in Eq. (4).

Being interested only in L = 0 transfers we consider the limit 
θ → 0 for the DW cross-sections. It follows from the Eqs. above 
that

R±
01,2sp = S±(0+)

S±(1+)

σ
n� j,01
DW

σ
n� j,10
DW

, (5)

which we introduce as the np two-particle units (or np-Weisskopf 
units). The unit cross-sections and the WU’s as a function of the 
target mass A are shown in Fig. 2. The calculations were performed 
in second-order DWBA [24] with the code FRESCO [22] at 25 MeV 
for the (3He,p) reaction and 65 MeV/A for the (p,3He) reaction, 
with conditions relevant to the filling of the different (n, j, �) or-
bits at the N=Z line, from 16O to 100Sn. Optical potentials between 
the counterparts of the reactions were chosen to be CH89 for 
protons [25], Daehnick for deuteron potentials [26], and Bechetti-
Greenlees for the 3He potentials [27]. For the calculation of these 
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Fig. 2. Left axis: Unit cross-sections for the 0+ (red) and 1+ (black) states and Right 
axis: np Weisskopf Units (blue) as a function of the target mass. The results from 
the approximation of Eq. (8) is shown in a dashed (blue) line. The corresponding 
orbits being filled are indicated at the top. Experimental data points from Refs. [16–
18] are also included.

potentials we have used the code FR2IN [28]. A final important in-
gredient for the kinematics is the Q-value which depends on the 
masses and the energy of the final 0+ and 1+ states. For this pur-
pose we have used the experimental value when available or that 
from the systematics otherwise [6,29].

A simple analytical expression for the np-WU’s can be obtained 
from the following approximation. Since the energy difference of 
the T = 0 and T = 1 low-lying states in the odd-odd final nucleus 
is small compared to the reaction and binding energy scales, it is 
expected that the reaction kinematics part will cancel out, leaving 
only the different probabilities of finding in the (n� j)2 configura-
tion, an np pair in relative 3 S1 or 1 S0 states entering in the pair 
form factor.

Following [30], the cross sections for stripping (3He,p) or pick-
up (p,3He) can be reduced to the same formula:

dσ

d�

∣∣∣∣
stripping

= k f

ki

2I B + 1

2I A + 1

dσ

d�

∣∣∣∣
0

(6)

dσ

d�

∣∣∣∣
pick−up

= k f

ki

2 jp + 1

2 j3He + 1

dσ

d�

∣∣∣∣
0

(7)

where:

dσ

d�

∣∣∣∣
0
= μpμ3He

(2π h̄2)2

∑
L S Jτ

(C Jτ
A,B)2b2

Sτ

∑
M

∣∣∣∣∣
∑

N

G N L S
Jτ B M

N L

∣∣∣∣∣
2

.

Here, b2
Sτ collects all spectroscopic factors and isospin coeffi-

cients of Table 1 for the light ions. In this case is always 1/2 as it 
absorbs an extra (2S + 1)−1 factor [30]. Notice also that L = 0 re-
duces all summation to one unique term except that of N . B M

N L is 
an integral of the corresponding distorted waves, the wavefunction 
of the particle transferred and the interaction responsible of the 
transfer. This is so, as this calculation is a no-remnant calculation 
and can be understood as an approximation of the full second-
order calculation shown here. Furthermore, this integral includes 
all the reaction kinematics part that we will assume to be identi-
cal in both T = 0 and T = 1 cases.

The remaining ingredient: G N L S
Jτ englobe all the structure infor-

mation from the heavy ion. As we assume a single j2 configura-
tion, this factor can be retained proportional to:
3

Fig. 3. Left axis: Unit cross-sections for the 0+ (red) and 1+ (black) states and Right 
axis: np Weisskopf Units (blue) as a function of the beam energy plus the Q-value 
to the 1+ state. Solid (dashed) lines correspond to 28Si (20Ne) for (3He,p) and 32S 
(20Ne) for (p,3He).

G N0S
Jτ ∝ (2 j + 1)

√
2S + 1

⎧⎨
⎩

� 1
2 j

� 1
2 j

0 S J

⎫⎬
⎭ 〈10N0;0|n�n�;0〉

where {} is a 9- j coefficient and 〈|〉 is a Talmi-Moshinsky bracket 
[31,32], where N = 2n + � due to selection rules so that it will also 
be unique. Notice that this Talmi-Moshinsky bracket is the same 
for both T = 0 and T = 1 cases.

Taking into account all these factors, one can arrive to the result 
that:

R+
01,2sp ≈ R−

01,2sp ≈ 1

9

⎧⎨
⎩

� 1/2 j
� 1/2 j
0 0 0

⎫⎬
⎭

2

⎧⎨
⎩

� 1/2 j
� 1/2 j
0 1 1

⎫⎬
⎭

2
(8)

the estimates from this approximation are also shown in Fig. 2, 
to compare with those from Eq. (5). Approximated ratios find an 
overall agreement with calculated ones. It could be noted that 
R+

01,2sp and R−
01,2sp , which are approximately equal, are different 

due to kinematical aspects not included in the approximation. Fur-
thermore, an inspection of Fig. 3, where we present cross-sections 
and np WU’s as a function of the bombarding energy plus the 
Q-value to the 1+ state, for the representative cases of the s1/2
and d5/2 orbits, confirms that the ratios are stable even when 
the cross-sections change by factors of 10-100, and thus reflect a 
measure of the structural properties. At this point it is important 
to mention that we have not explicitly consider the difference in 
the single-particle wave functions of neutrons and protons due to 
the Coulomb interaction. While these effects are expected to grow 
with mass number, our rationale is based on the well established 
validity of isospin symmetry for nuclei near the N = Z line [33]. 
To lowest order the Coulomb force changes the energy in a given 
multiplet but T z is conserved. Furthermore, since the units involve 
a ratio of structure amplitudes, the effects will enter similarly in 
the radial form-factors of both 0+ and 1+ states, and will not af-
fect the ratio. To some extent, this assumption is validated by the 
comparison with results of FRESCO, which include the appropriate 
wavefunctions in the calculation of the form factors.

A related aspect is the well known strong manifestation of al-
pha clustering competing with pairing close to 100Sn, and a com-
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parison between np-pair and α-transfer reactions along the lines 
discussed in this paper will be of interest. Relevant to this is the 
work in Ref. [34], where alpha decay single-particle units where 
introduced as a measure of collective alpha-like correlations in the 
nuclear ground state.

4. Summary

Inspired by the works of Refs. [19,20] we have introduced the 
concept of np two-particle units (or np-Weisskopf units) to em-
pirically assess, from the measured cross-sections and/or ratios, 
enhancement effects due to np-pairing correlations and the com-
petition between the isoscalar and isovector channels.

Unit cross-sections and ratios were presented for the conditions 
relevant to the expected filling of the different (n, j, �) orbits along 
the N=Z line, from 16O to 100Sn. We believe that these units, used 
in the analysis of the (3He,p) and (p,3He) reactions, will provide a 
simple and robust measure of np pairing collectivity, much in the 
same way as the Weisskopf units for electromagnetic transitions.
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