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MULTIPLE MESON Pf{ODUCTION IN NUCLEON-ANTINUCLEON ANNIHILATIONS 

LeRoy F. Cook. Jr. and Joseph V. Lepore 

Lawrence Radiation Laboratory 
University of California 

Berkeley. California 

December Z, 1959 

ABSTRACT 

A two-parameter model is proposed for treating complicated production 

problems in a relatively simple way. It is aazumed that the interaction may be 

characterized by a ranse of interaction and by a coupling strength. After the 

model is developed. it is applied to the problem of pion production in N-N 

annihilations. The two parameters are fixed by the experimental data for the 

multiplicity and energy spectra. It is £ound that all the data can be satisfied if one 

choosee>'i: the radius of interaction to be one pion Compton wavelenath. Under certain 

reGtrictions the model reduces to the Fermi model. 
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MUJ....TIPLI. lviFSON PRODUCTION IN NUCLEON-AN1'INUCLEON ANNIHILATIONS• 

.LeRoy F. Cook, Jr. tl and Joseph V. l..epore 

.Lawrence Radiation Laboratory 
University of California 

Berkeley, California 

December Z., 1959 

INTRODUCTION 

1 Since the discovery of the antiproton in 1955, a large amount of experimental 
~5 , 

work has been devoted to its interaction with nucleons. The results of these 

investigations present two conspicuous features: (a) cross sections that are large 

compared to similar N-N interactions and (b) multiplicities that appear large in 

Ught of calculations baaed on the Fermi m.odel6 if a radius of interaction ie chosen 

to agree with current ideas of nuclear structure, i.e. 1/JA. 1 

8-10 Recently, several authors have attempted to understand one or both 

of these features on the basis of phenomenological models that preserve our 

present understanding of the nucleon structure, and of these, two have been 

moderately successful, vi&. , those of Koba and Takeda 8 and of Ball and Chew. 9 

• Thie work was performed under the auspices of the U.S. Atomic EneriY 

Commission. 

t Submitted in partial satisfaction of tAe requirements for the degree of Doctor 

of Philosophy at the University of California, Berkeley, California. 

Pre•ent addres •: Palmer Physical Laboratory, Princeton Uni vereity, 

Princeton. New Jersey. 
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The model of Koba and Takeda attempts to describe both of the salient 

features by means of two distinct interactions. It is assumed· that the actual 

N-N annihilation occurs between the cores, producing pions, and in auch a 

short time that the pion clouds are unaffected. The resulting ''unattached" clouds 

then disperse, producing additional pions. .by assigning an effective core rac:liue of 

i/3J.t, they are able to fit the total and absorptive erose sections as well as the 

pion multiplicity fairly well. However, it is clilficult to understand the available 

energy-spectra data on this basis. Thus if we assume th~t all the pions emitted are in 

S states, relative to the barycentric vstem o! the N·N system, we have kR. ~ 0, 

where k is the wave number and R is the radius of interaction. Accordingly, we 

should expect for the 1na.ximum contribution, kR....v 2 or .k-v 400 Mev/ c. 11 On this 

basis we would obtain a momentum spectra peaked around 400 Mev/c. Although 

this is in agreement with an average value of i~0j5, it is rather large with respect to 

the experimental value, viz., k /1,) 300 Mev/ c. Koba and 'fakeda point out that 

interactions in the annihilation region can change the energy spectra and that their 

actual numhrical value for the effective core radius ia not to be taken seriously, 

but one wonders whether any reasonable effective core radius, producing half 

of the pions, will lead to the correct spectra. This is particularly true if the 

cross-section data is still to be satisfied. 

The approach of .Ball and Chew, although along the same lines, eliminates 

this problem. They treat only the problem of cross sections and assume that the 

"cores" annihilate in the sense that an ingoing•wave boundary condition is present 

to represent the large probability o£ annihilation if the particles come close together. 

On this basis they are able to obtain the low-energy experimental data for the erose 

sections. Further, the results of their calculations, as expected in the considered 

energy range, are very insensitive to the location of this boundary. 
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Considering the success of Ball and Chew, it is not unreasonable to hope that 

the pion multiplicity can aleo be treated without attaching special characteristics 

to the nuclear core and pion cloud. However, attempts along this line of reasoning. 

e. g. • by the Fermi model and modifications to it, 11• 13• 14 have not lead to 

favorable results. Present results show, nevertheless, that a similar approach 

will reproduce the experimental data il one includes (a) the approximate energy 

dependence of the matrix elements, which are neglected in the .Fermi model, and 

(b) the results of the calculation of Ball and Chew vrith respect to the partial waves 

involved in annihilation. 'I'he present rnod.el cannot be con•idered a statistical 

model in the .F'ermi eenee, but under certain restrictions reduces to it. 

II. THf"' INTERACTION MODEL. 

A. FormulatiC?n o£ the Proeosed Iv!odel 

In this section we will develop a model, the interaction model, for treating 

complicated production problema in a relatively simple way. As the essential 

physical approxima.tion. we assume that the primary features of a given process 

are produced by ~u'l interaction confined to a small volume in coordinate space and 

further characterized by a parameter givins the coupling strength. In order to 

implement this approximation, we begin by writing the scattering amplitude in the 

coordinate representation. The ro-.ulting integral equation is re'f'l"itten in terms 

of some complete set of atate:J. theBe otatell being chosen for their convenience in 

describing the process. The coefficients ol these states, the partial-wave scattering 

amplitudes, are coordinate integrals over the interaction operator, and we introduce 

tho above apiJrox.huation by restricting the limits of the integrals to a small volume 

of space. Of cou1·se, these contdbutions must be such that the appropriate 
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quantum nambere are conserved. This physical approximation iB closely related 

to that in the Fernli model, a.nd in fact we shall 11how that under certain restrictions 

the interaction model reduces, essemtially, to the Fermi model. 

We begin by constructing the states to describe a given system of particles. 

Proceeding in the usual way, we describe physical one-particle states by a 

complete orthonormal set of one-particle state vectors in a Hilbert subspace. The 

subspace describing a state of n particles of different types, i.e. t nucleons 

pion•. etc. , is given by the direct product of n one-particle subepaces 

corresponding to the appropriate type of particle. The total Hilbert space is given 

by the sum of all sach subspace&. We may choose as the basis set for the one• 

particle state vectors the coordinate eigenvectora, and the n-particle subspace 

ba.eis set for particle types i •... , j, is therefore 

0£ courae, depending on the nature of the particles, we must symmetrize the 

stnte vectors appropriately. 

In the follo-wing, we shall confine ourselves to nucleons and pions for 

which we will use i r ) and 
' / \ ~ I , respectively. A syetem of nucleons and 

pions is thus given as 

( a: 
iN " ) r:; .E 

n=O 

• 
~ 

p=O ~r .. 
~~· .. 

(1) 

where ..y (r
1 
••• r ; ,

1 
•.• ~ ) represents the probability amplitude f.o1· finding u np n p 

nucleons and p pions at their respective positions, r 1, .•• , rn; t. 1, •••• ip· If 

( N n ) represents a system of noninteracting pa1·ticles, then, of coul'se, we have 

~ (r 1 ••• {, ) = 41(r
1

) ••• lj.l(r ) q.( ~ 1 ) ••• +(' ), where 1jJ(r1) and +( ~.) repreeent np p n p J 

the appropriate one-particle wave functions for del!lcribing nucleons and pions, 

respectively. 



UCRL-8841 Rev 

In the Schrodinger picture, the time development of such a. syste.ln of 

particlee !o given by the Schrodinger equation. 

(H + V) -o ""' 
& ! ) - I .jJ , 
at 

where· l'P ) ie the state vector for the system and ,J;!o is the Hamiltonian 

operator !or a system of noninteracting nucleons and pions. The interaction operator~ 

V, contains all of the interaction and can include the creatiofl and dest:DUction o! ,_ 
particles. 

If "ve consider this as a stationary-state scattering problem in which there 

is a continuous incoming and outgoina flux of particles, we have 

which gives 

(E - H ) 
0 ..-0 

\ 
,/ . 

I ' V f ~J):: 
' . .--. I~) . 

and we apply the usual scatterin3 formalism. We thus have the formal solution, 

I~)== (2.) 

where and i 0 CE0 ) are defined by the equations, 
;j 

= 0 (3) 

and 

and "~ is the identity operator. AJJ seen fro1n Fq. (3), the state vector 4>o 

represents a free particle stat~ of nucleons and pions with a total energy £
0

, and 

from E:q. (4), 
0

fF
0

) ie the free many-particle Green's OJ:..Crator for the 
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For definiteness. we can take f '>o ) to represent a state of n • nucleons 

and p' pions for which we have 

Thu~ the probability an'lplitude £or fit1dinu a state of n nucleons and p pions is 

given by the scalar product of j 1J1 ' with the subspace describing th¢ systen1 of 

n nucleons and p pions. I£ we ·~tUI tlle coordinate basi& set fo1· this proJection, 

then we lind, from .Eq. (Z), 

/ r r c c , u· ·, ·-' 1••• ~1•••'.1 'ii'-.. n p 

or 

~j.o(r 1 ••• s ) = -~J(r 1 ) ••• +( ~) 6 1 6 , 
P p nn pp 

t \r d3 I ..I)~ f 
1 r 1 ••• 1ii~ 

.~ p 

I 

which is an integral equation to dete:rmine I ~) . 

(5) 

I£ we confine ourselves to the problem of particle production in collisions 

x( r 1 
•••• t ' V 41 > • 
1 j,) "'" 

(6) 

We now introduce a complete aet of states in terms o! the identity operator; these 
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states are energy eigenfunction& with additional quantum nwnbers chosen for 

their convenience in treating a particular problem.. Representing these states 

by v and 11 for the nucleons and pions, respectively, .from Fq. (6) and using 

we have: 

( r 1 •.• gp I~· 1. • • Tlp) 

x J d 3 r 1'. • • d 3 &P' 

wi I '\) • 

{ E 0 - E-: 1_1 __ -.-.-.-_ w 
p 

To be precise, ·we rnulit of course define the Green's function properly, but we 

will take the point of view that the primary effect is to impose ehergy conservation. 

That i:J, we know 

where 

Additional factors will' occur, but in the actual calculations we will work only 

with ratios for which we may assume that these factors balance out. Thus we 

replace the Green' s function by a Kronecker delta and ~ite 

15 
where. 

l' • 'l'j 

·'·( ) J d3 ' d3. '< .., v 1 ••• ~ = . r 1 • • • ~p v 1 ••• ~ ' ')/ ' ·:.' r 1 • • • "'p \ r 1 •.• "'p 

F,)j 

I 
' IV 
I~ ljl) . 

(8) 



·9- UCRL-8841 Rev 

Of course, lfl(v 1 .•• '\) is juet the scattered wave amplitude in terms of another 

complete set. From Eq. (7) we have for the total probability, 

p = E 6E ,r ;,., I i'("1· • .'l_) I Z • 
np "'• '1 . 0'.&:.-1+ •• • +wp p 

(9) 

In the present development we shall propose an approximate method of 

calculating ~(v 1 ..• ),)· Rewriting Eq. (8) we have 

~(vt•••"P) = j d3rl• ••. d3~p·~·~~l (r1') .••• • ~ (~p')<rt' ••• tp' I 'X!~) • 

(10) 

This i& an overlap integral in the uaual fashion if we interpret ( r 1 '. • . ~ p 1 ; y i.jl) 

as an initial state. We will adopt this viewpoint in the sense that ( r 1
1 ••• g 1 

1
: V : ~ '; . p l ...... 

specifies the conserved dynamical variables, remembering that the efiect of the 

interaction operator must also be included. In order to calculate ~(v 1 ••• '\>), we 

approximate the effect of ( r 1 ' •.• ~p' ! Y._ q, ) by assuming that the essential 

features of the problem are given by considering only the contributions from a 

small volume of the coordinate space. We will always consider ourselves to be 

working in the barycentric system, and then we will take 

< r 1' ••• ~p' ! v i ~ > = ON nc, p t (r 1 I ••• tp' ) 

(11) 

where CN and G, are of the nature of dimeneionlees coupling constants, C 

is a constant determined by our interpretation of the initial state,. i.e., 

rl~ 

) 
, -.' 1 (r , e. 1 ) .. - : I t ... ~P 

d ) I d}t f 1 
r 1 .. • ~p = ' (12) 
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and Y(~ 1 , •••• tp' ), S(N), and I(N 1t) are angular, mechanical spin, and 

isotopic spin iunctione, respectively. We take ON' G,.., and R aa characterizing 

the interaction leading to a given final state, "'(v1 •• •'\>). In order to distingW.eh 

this approximation from the form in .Eq. (10) we wW write, 

(13) 

Although we represent the effect of the interaction by the factor a ON and 

U'R" UQ W8 interpret p (r l t • o • ~pI) &8 &n initial 8t&te t .P (r 1l • • • ~pI) CaD 

possibly have other properties that a.re related to the int•raction. From a field

theoretic viewpoint, we would expect )L itaelf to be composed ~;of particle fields 

combined to produce current term.8. It is not unreasonable tbu• to expect 

S(v1 ••. ~)to have acklitional eneray dependence. In general, this is unknown, and 

il suppressed in Eq. (13). However, since pions are involved in the process, 

pion field operatort should occur in V. We can at least inc:lude the normalization 
""' 

of this field and write, inetead of Eq. (13), 

d 3 I d3 ~ I .1.. ( I ) A. (,.. I ) rl •.. . ~ "" rl ••• 't" q, 
p "1 '), p 

• (14) 

where we include the factor R for dimensional rea eon•. Instead of Eq. (9) we 

have 

(15) 

t' 

{! 
J 

r 
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In the above. 'f (r 1
1 
••• ~p 1 ) has been taken to be a etep function in the 

radial coordinates. but this ie not necessary and other forms could be chosen. 

However, if this model is at all meaningful, the results should be practically 

independent of such variations. In the present case involving nucleons and piona, 

we should expect from other consideration•, e. g., Fermi model or static model, 

that R should be at moat of the order of a pion Compton wavelength. U the 

nucleons are considered nonrelativistic, then the free-particle we.ve functions do not 

have violent changes for r <.... R, and we would not expect the results obtained by using 

a step function to vary appreciably from those resulting from another choice. 

B. Relation to the Fermi Model 

Before considering the problem of N-N annihilations, we shall show that, 

with additional restrictions, the interaction model essentially reduces to the .Fermi 

6 model. Consider the came where the complete set consists of plane waves. Then 

from Eq. (13), we write 

-iR1 . r1• 
X _e _____ _ 

1TV 

-tit . r · 
e P P 

rv 
ij) ( I • I) .L r 1 • •. ~p • 

We neglect the possible :mechanical and isotopic spin dependence of iJ: (r 1 ' •.. ~p 1 ) 

and take an isotropic anauJ.ar distribution. Then from Eq. (11) we have 

'f (r 1 
1 
••• (:,P 1 ) = C 8(R - r 1 • ) ••• O(R - ~P 1 ) , 

where c. determined lrom Eq. (lZ), ie 

c = (4; 
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Typical integrals are of the form, 

j 3 . ill"_ - 3 j 1 (fiR) 
l(IS) = d p e ·lp• p O(R·p) = 4w R • 

~R 

where jl (ISR) is the uaual spherical Bee eel function. ·rhus, we can write 

3 ...- ili p (~3,.. R3 \,;· -(n+p)/Z (411' a3
tl+p 

S(Al ••• ltp) = ON O,. 
y(n+p)/Z 

and 

(417 R. 3)n+p3n+p 

vn+p 

... J,z<keR) 

(k R)2 
p 

J1Ck R) p ... ---
kR 

p 

(16) 

with the condition that the momentum values muat be auch that momentum is conserved. 

Now let us impose the condition that the kinetic energy available to the 

particles ia small ao that ~R<< 1 and k1R « 1 for all i. Uains the relation, 

we have 

p 
np 

0~ 
3 

411' 
- n+p 
~ ml) 

c--~~ ~ 
yn+p 

and the matrix element is independent of the momenta. Paeaing to a continuous 

spectrum and setting ON = 0
11 

c 1, we obtain Fermi' • result, 

\ 
\ 

\., 
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with the additional constraint that momentum be conserved. Of course, one 

could certainly take the point o£ view that in the Fermi model only the product 

l "" 3 . G .,.- R is 1mportant. Thus U kR « 1, then a two-parameter model, the 

interaction model, reduces to a one-parameter model, the Fermi model. 

If we had macle the reduction in terms of angular momenta, the result 

would not have been aa clear, but since we take k.R << 1, it fOllow• that.pnly 

S waves will contribute, and thua the matrix element is independent of the momenta. 

As pointed out in the introduction, in the case of N-N annihilation, the 

Fermi model yield• a eurprisinpy large value for the interaction radius to give 

the correct pion multiplicity. The above remark~ show that this is not 

surprising, for in N-N annihilation, if we chose R ..J l/11 , we would have 

kR .N 1 to 7, and the restriction k.R. << 1 would certainly not be satisfied. 

However, it is still posoible to use a very crude approximation in the case of 

plane wave• to arrive at a rough idea of the interaction radius. We notice from 

Eq. (16) that we are summing (or integrating) over a product of similar functions. 

One should expect that the main contribution to the sum should occur when these 

functions are all near their maximum values, i. e. , kR -v z. Thus we consider 

the average value of k, 'k , in a aiven process and estimate R. In N-N 

annihilations, we can write 

+ .,.z 
M 

where M is the experimental multiplicity. Considering the relevant quantities. 

this gives R ,..; (0. 7) .!. . This number does not include the effects of momentum 
I' 

conservation or of the wave-function symmetrization, and a somewhat better 

1 estimate leads to R /\) (0. 9) - • 
tl· 
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W. APPUCATION TO NUCLEON-ANTINUCLEON ANNIHILATION 

A. Analysis in Terms of Anear Momenta 

In this section we Will treat the problem ofamultiple meson production in 

N-N annihilations. In order to accompliah this, it ia convenient to uae aa our 

complete set of atatea those which are eiaenfunctions of the energy and angular 

momenta. Ball and Chew9 have ahown that only certain partial ~aves in the 

N-N ayetem annihilate to produce meaone, thus we wish to impose the conclition 

that the meson system form only these angular momentum states. This is moat 

eaeily done by uain& angular-momentum eigenfunctions. 

We are interested in the acattered·wave amplitudes for a system of p 

pions (we shall consider K-particle production later), and from Eq. (14) we have 

Since we wish to uae a complete set of angular momentum states, we take 

~ 
where x 1 

1(i) is an isotopic-spin wave function, and D is the radius of the 

normalization volume. 

Lf (~i ••• tp) 

I Zc..~l R ••• zw;R 
(17) 

(18) 
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which becomes, in the limit D - ib 

p = 
p 
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(19) 

Thus, in order to determine the probability for a state of p pions, it is neceeaary 

to determine the !('11 ••• ~). However, before proceeding to that calculation, we 

must first recognize that the pions are bosona and symmetrize the wave functions. 

We accomplish this approximately in the ueual way by juat including the normalization 

factor. Using Eqe. (17) and (18), we find 

(ZO) 

where N is the number of times a particular state, (k l m fl), occurs. This 
~ ' 

approximation has the effect of neglecting possible cross termt in I"'!/ z, but 

again since we will always work with ratios we may assume that this effect is small . .. 
Now consider q; ( ~ 1 ••• ~ ). From Eq. (11) we have 

- p 

~ (~1" •• ~ ) = C O(R- ~ 1 ) ••• B(R- ::, ) Y(~ 1 •• --~ ) 1 (w) , 
J p ' p p 

(11') 

where Y(~ 1 .•• ;p) gives the angular dependence and is thua a superposition of 

angular momentum atates. Thus let us write, 

(21) 
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U we wiah, we may alao write 

.,.1 """ fJ. p "' ;< Yj (; 1) ••• Yj (~ ) • (23) 
1 p p 

Equations (Zl), (ZZ), and (Z3) allow ua to expreaa the amount of various partial 

wavea in the N .. R ayatem contributina to the annihilation, the possible values o£ the 

pion angular momenta, and their m-value contributions. We write the isotopic spin 

where we have set 

F. • (k1 ••• k ) = 
... 1" •• .It p p 

'Jr(N,'.) 
X _11....._ __ 

p' 
F 1 l. (k1 ••• kp)/

2 

1" • • p 

(ZS) 

(Z6) 
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where we have used the relation, 

At large distances we take the N-N' system to be a plane wave; thus 

only M : 0 values will contribute. Jfurther since we consider an averaging over 

the N-N states, we consider the A and .B terms to be independent of the 

varioua variables and set them equal to one. Finally we impose the results of 

the calculations of Ball and Chew and take a J and b1 to be one or zero 

corresponding to whether a given N-N state, (J ,I), will or will not annihilate. 

The initial charge atate, of course, determines I • Because of the normalization 
z 

of the angular functions, we take c2 : (R3 /3fP, and thus from Fq. (l6) we have 

where iS' 
J,I 

X I:' 

J,I P'· 

means the sum over the states (J, I) leading to annihilations. 

(27) 

This can be caat into a more conveniellt form by conaideriAg summations o£ 

the 1. 1 ••• lp on Fl. • (k1 ••• k ) in Eq. (27). Since the integrals are independent 
1". ·"'p p 

(except for the eneriY delta function) and we integrate over all the momenta, we 

see that F is invariant under such permutations. Thus for a particular selection 

of the 11, ••• , I. , which we shall call the set ~· 1 1 ••• l 1 • F gives the same 
f p ~. p) 

pf contribution. Since there are -
p (N'l ~) 

1l 

possible permutations, we have 
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I F.f I (kl ••• k ) ll. = rJ 
1· • • p P seta 

p'. 

Jf<N,.,'.) 
'l 

I Pf.l • 1. (kl ••• k ) I I l' 1" •• ll. PJ p 

and thua arrive at 

X E• z 
(28} 

J,l 

B. Calculation of the Probabilities 
.. 

In order to calculate the probabilitiea, it ie convenient to inveatigate the 

properties of the quantities F { 
11 

•• • I p) (k1• • • kp) • 

we know 

From the previous section 

..• j I (k ;, ) 9(R - {, l ) ••• e(R - f,p) , 
p p p 

and. thua we have products of integrals of the form, 

k.R. 
1 (1 

jl (k.~.) 8(R- ~1 )::: .......,.-
i l 1 k ;I Jo 

i 

Pizj, (p. )dp. 
i 1 1 

(25 1 ) 

(29) 

z 
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The quantitiea Kt (k1R) have been plotted in Fig. 1 for .t = 0, l,Z. From 
i 

Eqa. (Z8) and (29), we can write 

I< . z(kl R) K1 
2(k R) 

.>< J: z:1 <k-·~1~- p p ... 
J,l sets 4 lw R(k R.)

4 Zw
1
R(k1.k) p p 

16 2 2 2. l z 
This becomes, after introduction of the variable z i = ki R + tJ. R , 

P = (6/w)P 0 Zp 
p 1f 

where 

l:' 
J,I 

A. A1 (z l; J.LR) ••• A. (z ; flR) , 
1 1 p 

p 

K 2 ( f. Z ", ZRZ) J. y zi - ,... 
i 

In Figa. Za and Zb we have plotted A1(z; JLR) for R. = 1/ZtJ. and 

R. = 1/Jl, respectively, for various values of l • 

(30) 

(31) 

Although it ie possible to ~rform the integration• in i;q. (30) explicitly, it 

is more convenient to approximate the functions A
1

. (z1; flR) by Caussia.ns. Thus let us t 
1 

take 

(3.Z) 
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where H1 (JlR), z1 (~R), and a1 (.,._a) are constants inde~ndent of z, and we 

in'lpoSe the condition 

GO 

( dzH1 exp 

J~R 
(33) 

However we notice 

,.-
=Vv H 1 a 1 , 

and thus, from Eq. (33) we obtain 

l -v;-

where A1 (t.LR) ie determined by measuring the area under the curves in Fig. 2 

with a planimeter, and we take 

which occurs lor z = z1 . Thus H1 ( v. R), z-1 ( v. R) and a1 ( fl. R) are determil1ed, 

and AI. (z; tJ.R) is represented by Oauaslan forms. To show that this approximation 

is not a bad one we have plotted the appropriate Oaua eian for I. = 0 and J. = 3 

in Fig. Za ae dashed curves. 

From E:qs. (30) and (32) we thus write 

p p = (6/w)P (Ciw l)p E• r.J l(E
0

R, f.LR; I 1 ••• 1 p) , (34) 

J,l sets 

where 
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This integral can be well approximated (sec App•md.ix) and give& 

AI. (tLR} ••• AI. (tLR) 
1 p 

Table I lista the appropriate quantities for F.. = 1/t~- and 1/Z~. 

The value of l(E0R, ~Jit; 1 1 ••• 1 p) was calculated. on the IBM-650 

computer for various values of I. for R = 1/(lfJ-), 1/(Z~t), 3/(4f.l), and 1/JL. 

FUrther, these calculations were done for an incident antiproton with a laboratory 

kinetic energy of ZOO Mev, and all following resulta are for this energy. 

To arrive at the probabilities, we must impose the various conservation 

laws. For a given J and I of the ayetem, only certain seta of 1 valuee are 

allowed, these l values being determined by the selection rules. The eelection 

17 18 . rules have 'bc!en dhcufJlsed by many authore ' and are g1ven in Table 11. Further, 

a a pointed out earlier, Ball and Chew have shown that not all combinations and 

values of J and 1 will contribute to the annihilation. In 'fable 11 only those states 

with a transmission coefficient of one will contribute. Using the results from the 
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Table I 

Parameters for the Gaussian approximation 

R = 1/v. 

J. A.t(l) a,u) a.f(l) Z,t(l) 

0 0.0939 0.0533 0.992 1.8Z 

1 0.0706 C.OZ77 1.438 3.10 

2 0.0520 0.0170 1. 7 2.5 4.6Z 

3 0.0403 0.0130 1.1150 5.80 

4 0.0320 0.0090 2.007 7.07 

5 0.0258 0.0063 z.:no 8.2.0 

6 o.ozzs 0.0046 2.. 753 9.40 

7 O.OZlO 0.0037 3.205 10.50 

8 o.ozos 0.0035 3.302 11.70 

9 O.OZ05 0.0035 l.lOZ 12..90 

R = 1/Zv. 

l A1(1/Z) H1 (1/Z) a1 (1/Z) z1 (1/Z) 

0 0.1030 0.0533 1.085 1.60 

1 0.0746 0.0277 1.513 3.05 

z 0.0550 0.0170 1.812. 4.60 

3 0.042.0 0.0110 1. 901 5.80 

4 0.0325 0.0090 l.OZ9 7.07 

5 O.OZ58 0.0063 2.310 8.20 

6 0.0225 0.0046 z. 753 9.40 

1 0.0210 0.0037 3.2.05 10.50 

8 0.0205 0.0035 3.302 11.70 

9 o.ozos 0.0035 3.302 1Z.90 
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Table ll 

Table of selection rules. a 

1 

' 

I 
30 0 

1 z 

DCRL-8841 Rev 

3 

I 30 1 
I 1 3 
I 

a'fhe notation employed for 
1 
S L J T is ae follows: S, is the spin state: 

I, the isotopic spin state; L, the oroital angular •:nom.entuin; T, the transmission 

coefficient; J, the total angular rnornentum. 

b For n = 2, the diagonal tern1.s are ren1oved. 

c P'or n = 3, 3 
3 P 0 does not contribute. 
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I.BM 650 and the selection rules as modified by Ball and Chew, we can now 

calculate the probabilitiett, How the states are selected will depend on the initial 

N-N state. "fhe following result& o.re for the case of P- P' annihilations. The 

probabilities are given in Table 111 for the cases when R = 1/(2~), 3/(4JJ.), and 

1/~. where Gtr is adjusted to give a multiplicity of 4.90. 

At this point no mention o( momentum conservation has been made, but 

the quantities 111 Table Ul incluJ.., it in an approximate way.·· Fermi h;ta calc:ulated 

the etatistical weight for n out.going particles without momentum conservation, 

and Lepore and Stuart have calculated the same quantity with momentu.on con-

19 
servation. Call these SnF and Sni..S' respective-ly. By including o.1.0numtum 

conservation, the possible final states are restricted, a.nd thilll, o.f course, !eads 

to a reduction of the .statistical w~ight. Although the statistical weights hav:e 

little meaning in themselvec;, their ratio, S LS/S c:·• should give the fractional n . n&-

reduction of the statistical weis.at in an absolute sense. Since the probabilities 

are proportional to the 'statistical weights, this ratio should give a good apprmti.nate 

evaluation of the reduction of the probabilitj ratios. r·v·en though the Fermi model 

i8 not as general as the present model, the fractional reduction produced should be 

compatible "W"lth the spirit of tb.t? pre~~nt calculation. , 

In order to calculate this fractional reduction, it is convenient to use the 

explicit' fonn.ulas oi Lepore and Stuart which apply only to extremely relativistic 

particles. Of course, in the case of annihilation, J>..ll of the pions are not 

relativistic, but on the othflr hand, the effect is mo:Jt pTonounced for arnall numbers 

of pions, in which case the particlee are at least relativistic. Further for larger 

multil>licitiea, the probabilities are ema.ll and do not gr¢atly influence the value of 

the multiplicity. 'The explicit formulas an: 
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Table Ill 

Probabilities for finding a certain number, p, of pions. 

p P , R = 1/(Ztt) p P , R = l/(4fJ.) p P • R = 1/tJ. p 

z O.OZ4 0.016 0.014 

3 0.151 O.ZZl 0.7.36 

4 0.260 0.213 0.190 

s 0.220 0.208 0.235 

6 0.174 0.179 0.144 

7 0.091 0.100 0.104 

8 0.046 0.046 0.055 

9 0.018 0.014 0.017 

10 0.008 0.004 0.005 



and 

s. LS= a 
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nn-1 (4 ...t) 1 •. ~.ln-4 
;~._ n - , • L 

Zn-2 :.4n-4 (Z l)' (l ')' Tr h. n- • n- ... 

According to the previou& remarks, we ·vr.rrite, 

Pwr:Pwo 
n n 

s ~ 
nl~ 
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(3n - 4)~ 

w wo . 
where P n. and P n represent the probability for finding n particles with 

a..nd without including mo:nentum cm1.aervation, respectively. It h convenient to 

work with, 

pw 
n Rn ~ z 

pw 
2 

where 

Rz 
n snl..S -

5 
nF 

We find, 

Rz 
2. 

1 ::: 

Rz 3 ::: 1..45 

R2,
4 = 4.26 

R., 5 
~ 6.19 

w 

R 6 = 8. 7Z z 

pWO 
n 

-_> wo 
! z 

5
ZF 

8ZLS 

• 

H.z. S :::: 14.09 

R 2
9 = 17.14 

f: .. , 10 = 20.28 
' 
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C. Multi eli city 

As seen in Section Wl:\, the probabilities depend on two parameters. 

k and G. which in Table Ill have been adjunted to give a multiplicity of 4.9. In 

order for the model to have any physical meaning, it should 1atisfy at least 

two aete of data. In the case of P-I> annihilation, these two seta are taken 

to be the pion rnultiplicity and energy apectra. 

The total pion multiplicity, .M, is given a£ 

M(G, R) = 
N p 
2: n ·Il 

n=Z P'? 
N J5 

n 
I; -p-:-

n=Z Z 

where N is the maximum number of pions that can be produced compatible 

with the energy • E
0

• In Fig. 3. the results of the calculations are given by 

plotting the multiplicity against G
2 

!or curvee of constant R. 

Since only charged annihilation events are measv.red experimentally, it is 

of interest to give probabillties for various numbers of prongs and for the charg.ed, 

~ 0 
M , and uncharged, M , rnultiplicity as well as the total multiplicity. In Table IV 

we give the resultl!l for the case when M = 4. 9 with R :e 1/J.L and 1/(ltJ.), where G 

is adjusted appropriately. Column 1 gives the probability of finding a given nuxubex· 

of prongfJ resulting from an annihilation with a certain total number of final particles, 

n. Column II gives the same probability weighted to give the probability of finding 

a certain total number of final particles. At the bottom of Column II, we find 

the probabilities for finding a particular number of prongs. The probabilities tJiven 

for various numbers of prongs are in agreement with the present experimental 

' 
results, although the two-prong annihilation events seem to be somewhat high. The 

' \ 
\. 

fl:'ac::tiona of charged particles resulting from a particular mode are given in Colwnn lll. 

these fractions lead to the final result, 
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R = l/(2.,._) 

and 

R = 1/ .... 

This is in agreement Vlith the present experimental results. Given the total 

:number of charged particles reaulting from a group of annihilations, Column IV 

givH the fraction contributed by annihilations resulting in n final particles. These 

are to be compared with the probabilities given in Section IUB, where a small 

difference is observed. 

0. Energy Spectra 

We have seen in Section IIIC that it is possible to fit the experin1ental 

data £or the pion multiplicity by an appropriate choice of both G and R. In thi• 

section we shall show that the data available on the energy spectra can also be 

described, and leads to definite values of G and R. 

The energy distribution ot the pions is 

i ! 
j t -,-

u•. 
N' • '1. 

(35) 

We have seen from Jdg. 2 that Al. (z 
1

; lJ.f'...) is effectively zero except in a given 
1 

region; thus as an approximation we take 



n I 0 

2 I 0.167 

3 0.100 

4 I 0.033 

5 I 0.014 

6 I 0.005 

7 I 0.002 

8 I 0 

9 0 

10 I 0 

Table IV 

Probabilitiee for various prong multiplicities 

2 

0.833 

0.900 

0.567 

0.338 

0.176 

0.086 

0.10 

0 

0 

a Colunm I 

4 

0 

0 

0.400 

0.648 

0.635 

0.503 

0.10 

0.05 

0 

6 

0 

0 

0 

0 

0.184 

0.410 

0.100 

Oo500 

0.15 

8 10 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0.10 0 

0.450 0 

0.60 0.15 

ai am inde~ed: to .d. Desai, Lawre.ace Radiation Laboratory, University of California, Berkeley 

for supplying these nu.tnbera. 1'hose for n = 8, 9, and 10 are eftirnates. 

)'able IV cont. 

I 
N 

"' • 

c 
(i 
~ 
t-t 
I 

CID 
01) 

• -
~ • < 



Table IV (Continued) 

Column II 

R = 1/(2~) i 
i 

n .-... .., 

., 
4 6 8 10 

! 
0 .. l 0 

i 

i 
z 0.004 0.020 0 0 0 0 I 0.002 1 

I 
l 

3 0;0.15 0.136 0 0 0 0 ! 0.024 l 
I 
I 

4 0.009 0.147 0.104 0 0 0 
: 

0.006 

5 0.003 0.074 0.143 0 0 0 0.003 

6 0.001 0.031 0.110 0.032 0 0 0.001 

7 0 0.008 0.046 O.C37 0 0 0 

8 0 0.005 0.005 0.032 0.005 0 0 
I 
' 

9· 0 0 0.001 0.009 0.008 0 i 0 

10 0 0 0 0.001 o.oos 0.001 0 

Total 

0.032 0.421 0.409 0.111 0.018 0.001 0.036 

R = 1/f.l. 

2 4 6 

v.otz 0 0 

0.212 0 0 

0.108 0.076 0 

0.079 0.152 0 

0.025 0.091 0.026 

0.009 0.052 0.043 

0.006 0.006 0.037 

0 ,~.001 v.oo9 
'· t• 

0 0 0.001 

0.451 0.378 0.116 

'fable IY (Cont. ) 

8 10 

0 0 

0 0 

0 0 

0 0 

0 iJ 

0 0 

0.006 0 

0.007 0 

0.003 0.001 

0.016 0.001 

t 

""' 0 
I 

c: 
n 
!%1 
t-< 
I 
00 
OD 
~ .... 
ll1 .. 
< 



Table IV (Continued) 

--· 
Cohunn Ill 

·-r- ______ ., _____ , _____ 
I 1{ = 1/(lu.) ! R == 1/;.t 
I I 

:n i - _" .. ___ L __ ... 

--~-l 
! . 
I 

u z 4 6 8 10 I 0 2 4 6 8 10 

2 0 0.020 0 0 u 0 (} 0.012 0 0 0 0 
! 

3 !o 0.091 0 0 0 0 0 0.141 l) 0 c 0 
I 

4 lo 0.074 0.104 0 0 0 0 0.054 0.076 0 0 0 
! 

5 i (t 0.030 0.115 !} 0 0 
I ,... 0.03Z 0.122 0 0 0 1,.1 

i 

i 
0.073 0.032 0.060 0.026 ' 6 ;o 0.010 0 {) 0 0.008 0 0 lwW 

i -
7 io 0.002 0.0.26 0.03Z 0 () 0 0.003 0.030 0.037 

I 

0 () 
! 

8 ! ij 0.001 0.003 0.024 0.005 0 i 0 0.002 0.003 O.Ol8 0 0 
l 
I 

9 !O 0 0 0.006 0.008 0 
I 

0 0 0 0.006 0.007 0 ! 

i 
10 !o 0 0 0.001 0.004 0.001 0 0 0 0 0 0 

i -- --- - --- __ j 

Total 
i 
I 

0 0.2ZB 0.321 0.095 · o.ul"l 0.001 0 1).25~ 0.291 0.097 0.015 0 

--- - c 
(l 
;t"~i 

r' 
I 
r;o 
C!'.l 

""' -
~ 
11) 

<: 
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Table IV (Continued) 

Column z--,· 
---..-----------·----·-------·--·-----

R :::: 1/(ltJ) 

--~----------------·-·--

0.010 

0.138 

O.l69 

0.219 

0.174 

0.091 

0.050 

0.021 

0.009 

R ;::: 1/f.J-

0.018 

0.216 

0.198 

0. 2.36 

0.144 

0.107 

0.060 

0.020 

0 
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This allows us to calculate these quantities orj the 1BM-65C computer in exactly 

the same way aa was done for the actual probabilities. ln this case we obtain the 

energy spectra as a superposition of the energy dependences of the val"iouo angular-

momentun1 functions. The coefficient::; <::.re d.!terrnined I}rirnarilt by the values of 

The resulting kinetic·energy distributions, P(J._
0

.n., ;J.R;,,.:), 1irc plotted 

in Fig. 4 for R = l/(2tL). 3/(4p), an.d 1/p.. 'I'he calculatlons bcc,Jme qwte 

tedious for R ) 3/(4~~} a.n.d the curve for .H. ::! 1/!L is estim;;.lted by at:>su.::r1ing that 

the increase in higher <".1-ngular momentum states is tinear. Although this is not 

correct, the curve for R = lht should not be too different from that c~lculated 

explicitly. .For the total spectra, the ar.;teal contributions are 

3F.o 
P(-

4tJ. 

und 

3 

4 

1:" ·-·c 
P(- , 1; w)d~ = 

tl 

w)dc.u :: 

!-

3 

4t-L 

i. 5 su A ( ,. .. ,. 3 l • Q ' 0 -

;__ 4.·U A
0

(w; 1) 1 5.23 A
1 

(w; l} 

-'· 3 "}, A ('"' l) -' 1 oq A <··" . • "to. .. ··~·z ..... . . , ., >o..A'• 

.I 

which are normalized as, j .2(I:..
0

K, ~J..i.~; w)ci~ • l • 

·,• 

3 ) 
4 

dw, 

dw, 
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These distributions are to be c:orr:.parcd \vith the recemt experirnental 

d i l :z- • 1 ZO A Zl d ..... ldh b 1 lZ ' ,.,... 5 ata o ~rWltZ et a • , ti.new, illl uo a <'r et a • ~n .r 1g. • Although 

the experimental data has a range in incident energy of from 0 to 500 ~iev, the 

fractional change in the total energy in the b;~rycentnc system is a:tn<:lll, end it 

ie reaeouable to compare our calculations vvith their data. lt should be pointed 

out that the data presented is the chargfld-pion spectra, while the curv<HJ in 

.Fig. 4 are for botl1 charged ana uncharged pions. Hovv-evcr, aa men.tion.(!d ln 

Section Ill(., the ~):robabilitles for c.no;;.rgE:>d and uncharged pion!i.l <lo nm differ 

appreciably, .an.d thus, \IVithin tile fran1ework of the pre$e:nt n1.o.:l0l, we can expect 

their spectra to be efisentially the sam€,. The data of C<Jlclhaber et al. includes 

mlly- 4- and 6-pron.g events, but the e!fect of the 2-rrong cve11t~ i:iilOl,;ild. be small, 
'•'· 

just raiairtg slightly the inter:rt•ediate section of the histot-.;ram (300 to (,,::;(; Mev). 

The cm::nparison :;.;howa that the results of tht: .cho;.ce H "' 1/i·' 

r(l:preeentatioll of tile data, particularly for that of Coldh.<..ber ct d. , where the 

:.3tatistico are beat. 

It is it'lterestL1g tc) note, however, that the characteriatic feature of the 

lower-energy data is found in the height of the distr5b•..ttivn c;t th•} m.<HiJt probable 

kinetic energy 175 Mev. If this ha.:a statistical aignHicance, it can pCHH,il)ly be 

related to the selection rules in the angular r.nomentum stat.:!'&. lt has been pointed 

out that for annihilations at rest the predominant angular momentu.tn states 

contributing are S or P. 
23 

Thus we. should expect a relative increase in S 

and P state pions which wUl have the effect in the theoretical curves of r2<.iaing 

the maximun1. while reducing the intermediate ar.d ta.H regions. 
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IV. CONCLUSIONS 

AB pointed out in the introduction, the nucleon-antinucleon interaction 

shows two primary effec:te, viz., an "anomalously" large total cross section 

and pion multiplicity. However, the data on the total and elastic cross sections 

can be understood, as shown by the work of Ball and Chew, 9 in much the same 

way as the nucleon-nucleon interaction in the energy range where the use of the 

WKBL approximation ie justified. The present paper shows that it il also possible 

to understand the data available concerning the pion multiplicity ae well as the data 

concerning the energy spectra of the emitted pions, while still maintaining that the 

interaction takes place in a volume characterized by a radius of one pion Compton 

wave length. This is accomplished by making two physical assumptions. The first 

of these is that only those partial waves with a transmiaeion coefficient of one, 

as obtained from the results of the calculations of .Ball and Chew, will contribute 

to the production of pions. This has the effect of restricting the number of possible 

initial states as seen in Table n. The other consists of including, in an approximate 

way, the momentum dependence of the matrix elements involved in the annihilation 

reaction. This momentum dependence strongly influences the probability of 

fin4ing a particular number of pions with assigned values of the angular momentum, 

and thus is the essential feature in obtainin& the theoretical energy spectra. 

In connection with these remarks 1t is of aome int$reet to. estimate the 

relative importance of these two physical characteriatiea, viz. , the matrix element 

is momentum-dependent, and only certain partial waves are annihilated. If we 

ignore the momentum clependence, then in accorclance with the remarks in 

Section D we have a one-parameter model with an effective volume of 
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Q(R, Q) = OZ( .!..,.. R 3). .However, using the curves in Fig. 3, we see that this 
3 

effective volume varies; in !act, to produce a multiplicity of 4.9, we have for 

O(R, G) 

0( 4- ' 8) = 4. z 00 ..... 

nc.! • IZ) = 1.3 o0 
lJL 

1 oc - • 19)=0.4 o0 • 
3 ... 

where o0 = .! 1r (1/ )3• It seems reasonable to assume that these differences 
3 

are primarily due to tho restrictions on the annihilating partial waves, since the 

momentum dependence has been removed. However, using the Fermi model to 

give a multiplicity of approximately five, we must have 0 .....J 10 n
0 

• Because 

we have taken into account approximately the effet:t of the parti.al waves, it appears 

that the discrepancy between 10 o0 and the figures given above is due to the 

inclusion of the momentum dependence of the matrix element. Therefore. we 

see that for R"'-' 1/i-L the two physical characteristics both produce about the 

same effect, i.e., to reduce the effective volun1e, but for Rf:. 3/(4~-t) the 

restrictions on the annihilating partial waves become the predominant feature. 

There remain two problems in meson-producing annihilations which should 

be investigated. Recently, measurements have been made on the angular 

correlation of the pions; in particular, the angles between the emitted pions 

have been measured in two charge combinations. 
24 

On the basi& of momentum 

conservation, it is possible to obtain the angular distribution of these angles, 

·! 

neglecting the charges. In the pairing by unlike charges one finds approximate 

aareement with the theoretical curves, but lor the like char gee a marked dis

aareement appears. It has boen suggested that this phenomena may be the result 

of a final-state pion-pion interaction, but it has also been pointed out that the effect 

of the Bose atatietics should. not be overlooked. This question ie being investigated 
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in order to determine whether or not there is evidence for a " .. "interaction. 

Our calculations do not include such an effect, but one should expect that even a 

final-state interaction would not change the results in Section W in an es•ential 

way since the correlation functions given by Kalogeropouloa are not very different 
. l4 

for the two charge combinations. 

The second problem to be investigated is that of strange-particle production. 

The present experimental data show that approximately S\}t of the annihilations 

involve K particles, this factor depending slightly on the incident energy. Although 

the interaction model can treat K.-particle production, the reeulta would not be 

definitive and have not been treated in this paper. At present, essentially no 

infornaation ie available concerning the energy spectra of pions produced with K 

particles in annihilation. Thus we have only one piece of data to fit two parameters. 

U it were possible to relate the couplins strength, Q, to the various coupling 

constants in field theory, then it would be possible to estimate the effect on the 

basis of present data. For example, if one were to assume some relation between 

the G values and the field-theory coupling constants, and that the form of the 

1r-N and K-N interactions were the same, then OK would be approximately 

known, and the radius !or K-pa.rticle production would then be choaen to agree 

with the experimental data. 

AB indicated in Section 11, the present model can be used to treat any 

production problem, and it may be of some interest to examine the data available 

on pion production in N-N colliaione. It ia known that the Fermi moael does not 

give remarkably good agreement with the experimental data» and it is to be hoped 

that the same parameters would satisfy the .N-N data as have satisfied the N-N data. 
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APPENDIX 
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( dz

1
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r . z. . 
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i 

X H1 ••• Hi exp I 
1 p 

We begin by noticing 

., tO 
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1 

•• 

1 p :f l 
exp"-

-· 

and thus we have 
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1 p 
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[ -(z /a )2 
.. i4(Z + z )1 

p p p p 

1 
=: -

•-it 

H1 ••• H.l J 
211' 1 p 

-.o-ie 

-ia(RE0 - z 1 - •.• - z ) 
ua e p 

A exp [- (~a 1 /l) 2 
- ••• - (11ap/Z)

2 
] 

xJ dz1exp [{:: + l:a1 r ··f dzpex{·(~ 1~) ZJ 

= 

= 

1 

Zn 

1 

211' [ 
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1 
:: -

exp f - R;:=E::.=o=·=Z=l =·=· =· .'F'- z PJ z } 
·l al + ••• +aE 

which ie the desired result. 
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LEGENDS 

Fig. L K1 (kR) ~· kR for 1 c 0, 1, and Z.. 

Fig. l.. (a) A1 (z,l) !!· z for l = 0, 1, Z., and 3 (solid curve) with comparison to 

Gaussian approximation for I. ::: 0 and 3 (dashed curve). 

(b) A1 (z. 1/2) '!!: z for I. = 0, 1, and 2. 

E'ig. 3. Multiplicity!.!· a2 
for constant R values. 

Fig. 4. .Energy spectra as a function of the barycentric pion kinetic energy for 

R = 1/JA., 3/(4JA.), 1/(lJ.L), with 0 values chosen to give a multiplicity of 4. 9. 

Fig. 5. (a) Spectra data o£ Horwitz et al. ; 20 6 events at an average incident 

21 energy of 50 Mev and 75 events at rest. (b) Spectra data of Agnew; 

100 events at an average incident energy of 80 Mev and 30 events at rest. 

2.2 (c) Four- and six-prong spectra data of Goldhaber et al.; 450 events 

at an average incident energy of 450 Mev and essentially no events at re•t. 
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