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·particle Acceleration and Phase Stability 
in a Linear Accelerator 
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Wo Mo Brobeck 
(Notes byg _ ~o -~r~ ~~ Pro DuBOis) 

io Comparison· of phase stability in a Synchrotron and in a Linear Accelerator .. 
See Page 13 for definition of symbolso 

_synchrotron 
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(Figure io.) 

If E '> E'8 then V>Vs but the orbit. 
radius increases more rapidly than 
the velocity so ro decreases and, 
therefore~ p decreaseso Since ~<~s · 
the gap voltage is less than that 
seen ~ a synchronous particle and 
/l E.< f::.E'so 
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(Figure 2a.) 

Linear Accelerator 
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If E'>E's then V > V ~ and, since the 
path length is independent of the 
energy of the ~article, ~ increaseso 
Since tf>tfs the gap voltage is less 
than that seen by a synchronous . · 
particle and L.\E'<.6Es .. 
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The following derivations pertain to ions in the non relativistic region in 
a cavity of constant voltage gradient. 

!Io Significance of co in a Linear Acceleratore 

c5,~~I Lorif+Tu~s 
(Figure 3) 

During the time a synchronous particle travels from the center of one gap to 
the carter of the next gap the R.F. voltage vector has gone through one cycle. 
Therefore, the particle in traveling this distance (1 in Figure 3) has gone 
the equivalent of one revolution in a circular machine and one can define an 
equivalent particle angular velocity, co, which is the velocity of the particle 
vector (see Figure 2b). 

ro = Zrrf 

.. v 27TBC 
{1) = 21Tf' = ~ 

ro . = ZrrVs = 27rByC :co 
s 1 0 

IIIo Velocity of phase oscillation. 

dG = axit 

dn= dG=~ 
Zrr Zrr 

dp = d9 - d9
0 

~ombining Equations (4), (5) · 

gi = d9 - dG0 _ d9 - d90 
dn · · dn ":'" · ~t 

·01" 

gi = Zrr "(ro - roo) 
dn ro · · 

'- :·-..·· 
. \ 

(1) 

(2) 

(3): 

(4) 

(5l 

( 6 )' 
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And from Equations (2), (3} 
. . 

gi = 2Tr(B .,. B8 ) 

dn B 

IVo Energy gain per gapo 

If we assume a large number of drift tubes the energy gain per gap can be 
expressed in the differential; form: 

but 

so 

since 

dE 
dn = e V Sin ~ (see Figure lb) 

dE'=exs· >..Sin..t dn s 'P 

E =Eo + -~ 

dE:= dE1c 

we can write 
dEk 
dn = e X B6 >.. Sin p 

Vo Relation between particle energy and particle velocityo 

for non relativistic region M = M0 

and 
E

0 
= MC2 (Einstein) 

so 

V!o Drift tube numbero 

Equation (8) may be rewritten as 

dn - . dE!t::. 
. - .e r Bs >.. Sin l~ 

Considering the synchronous particle 
dEJcs 

dn = e X Bs >.. Sin ~s 

from Equation (10) 

d.n = EoBs d Bs 
e X B6 >.. Sin Ps 

(7)' 

(8) 

(9) 

(10)' 
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Note ·that n is zero at B = 0, therefore n is larger than the 
actual number of the drift tube in the machine counting from 
the injection endo 

VIIo General differential equation describing the path of the particleo 

We have obtained the following four equations relating the five variable 
B, n~ p, ~S' and Eko 

(8) 

(10) 

'(11) 

~ _ 21r (B - Bs) 
dn- B 

dE'k . - = e X B A. Sin -' dn s 10 

Ek = l E B2 
2,0 

n = Eo Bs 
e X A. Sin 1/ s 

These Equations can be combined to yield the following differential 
Equation~ 

d (n
2 ~} -··-21m [Sin ~.s - Sin p] 

dn - Sin #s 

This Equation is similar in form to that of a pendulum with a constant 
torque (see below)' for which a solution already exists~ 

\ 
\ 

I \ 

\~ 

gi 
d (I dtl = T = G Sin # 

dt 

I ne.ll"tlc.\ \e<SS 
WeiCjh+ 

G = restoring moment due to 
force of gravity on mass M 

I = moment of inertia of the 
· pendulum 

T = torque caused b,y the 
inertialess weight 

t =time 

(Fi9ure4) 
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Pendulum analogous to 

G - - - - - - -·- - ·- - - - -

I -·-------------

T ------ -.-------

t - - - - - - - - - - - - - -

Linear Accelerator 

21Tn 
Sin ¢s 

n2 

n 

for small amplitudes of oscillation, the pendulum frequency isg 

f = ..1) -G Cos ~ps 
P 21T r 

and by analogy 

f '. • = J. I sfr:'f;t Cos P ,,,;J 21T ' 
. 'P n cycles/drift tube 

f:'.¢ = ..lj -21T cycles/drift tube 
· 21T n tan Is 

(
as f' is less than one its reciprocal, drift tubes/cycle,) 
is more convenient to use 

. fp = fo j-2rr ' cycles/second 
21T · n tan Ps 

VIIIo Amplitude of phase oscillation~ 

In our analogy I and G represent terms which vary with timeo Provided 
I and G change slowly it can be shown, by application of the .n Adiabatic 
theorem~/. that the amplitude of the pendulum oscillation varies with 
[I G] -1· 4, Therefore·, by analogy the amplitude of phase angle oscil= 
lation in a linear accelerator is: 

1/4 
Sin t5s 

n'J/4 

=1/4 

UCRL 2177 . 

(12) 

(1.3) 

(14) 
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or from Equations {10), (11) 

IX. Energy osci11ationso 

¢~~.~~,_~ __ _L __ _ 

~· cb~-

W ·n ,. 
(F' i '3U.re. '5) 

From Figure 5 it is apparent that 

/i ~ = ~ fi.S'max Sin ro' ~ n 

d ( A J) = Si = /1 -' ro' Cos co' " n 
dn dn _ Pmax ~ JU 

this function has its.maximum value when 

·cos ro'p.S' n = 1 

from Equation (12) 
,......-----

) 
-2m 

001# = n tan f/.S'
8 

then 
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(15) 

(16) 
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Since 
B-~ 

dB< l<iF;k -,..._,--
B 2 E}c 

and, for small amplitudes 9 

AB· 1 ~Ek 
-~--' B 2 ~ 

therefore 
B - Bs 1 fiE:k 

B~ =2Ek 

-7~ 

substituting into Equation (7) 

~ = zrr (~ ~k} 
and 

(gi) _ Tr A Ek max 
dn - Ek 

max 

combining ~q~ations (16), (17) 

Tr A Ek max = b. P ·/ -zrr E1c max n tan Ps 

or 

for sma1~ ·amplitudes onlyo 

X'o Phase and Energy oscillation for large ampli tudeso 
r ' 

UCRL 2177 

(17) 

(18) 

The ;.expression for change in energy· as·· d~r.ived· for large · 8.nlplitud'es is the same 
as for the synchrotron 

~Ek I 1 ;· . E;" = 2 7r n Sin Ps (Tr - p - Ps) Sin p9 - Cos p - Cos p9 (l9 ) 

~Ek - = maximmn when $D = p 
·~ s 

.. o ~ this maximum excursion from the synchronous energy is; 

( 1E) = 2 / 1 1Tr.- 2 Ps) Sin Ps =2 Cos Ps 
k max vTi n Sin Ps v \ (20) 
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the maximum departure from the synchronous phase angle occurs 
when E = E8 or !J.E =0 .. 

• ~E'- 0 •• E:k -

and 
vf(v - p ~ p9 ) Sin Ps - Cos p - Cos Ps = 0 

This Equation is satisfied when p = Pmin and when p = P~xo By inspection 
of the pendulum analogy it can be seen that Pmin = v = p>~ and Pma:x can be 
obtained by trial from Equation (2l)o Tabular and graph1cal solutions of 
equation (19) appear in TaOle 1 and in Figure 6 .. 

c/Js ¢min. <Pmax. ¢m;;.¢min b.E_. cfrr ~ 
El< • _ - Y\ Sin~~ 

--

90 90 90 0 0 
·-

100 eo 120 40 ±.07 

110 70 I !>0 (60 + 25 ~ 0 , 

120 ~0 1'50 90 .t. 0~ 

(Table 1) 

(21) 
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Shaded area represents stoble pal'"t'icles 
whe.n synchronous phase o.nqle i5 100~ 

(Fi~unz.t>) 

If Figure 6 is replotted for the particular conditions at injection 
(Figure 7a) and if the energy spectrum of the injection beam is plotted 
(Figure 7b), one can graphically de~ermine the resulting stable beam 
current as shown in Figure 7co · 
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XIG Graphical solution for drift tube spacingo 

lo Assume X, >,., and $Ds or obtain from design basiso 

2.. Calculate B = j 2 e X Ex Sin i and plot B>.. as a function of x 
. 0 . 
(distance along the cavity) o 

3o Starting at the origindraw a straight line of Slope 2o 

4o The ordinate at the intersection of the straight line and the curve 
indicates the proper length of the first drift tubeo 

5., Repeat steps 3 and 4 as shown in Figure 8 for subsequent drift tubeso 
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This results from the fact that the value of BA at, or near the center 
of each drift tube, must equal the drift tube spacing. 

As shown by the sketch below, if the distance between gaps is equal to 
BA or an integral multiple ef BAthe-particle will be accelerated at each 
gapo However, if this distance is a non-integral multiple value of BA 
the particle may be alternately accelerated and deceleratedo 

I 
I 
+~,------1-------~-~~--------~--------~ 

I 

Cl)9(!) 1 
+ 
I 
I 
I 

I 
I+ 

I 
I 
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If 1 is an integral multiple of ~ acceleration is possible if the drift 
tubes are excited 180° out of phaseo This cannot be done in the resonant 
cavity type design but is possible with other RF geometry.. Three phase 
linacs, etco, are con~eivableo 

All the derivations have been· made for 1 = 1B,_ .. 

XII'~ T;ransi t time factoro 

The electric field at the gap is changing with time; therefore, the energy 
gained by a particle is slightly dependent upon the time required for it 
to cross the gap and thus upon the ratio f .. To include this effect a transit
time factor, T, is introduced where8 

then 

T = IXf d X 

Xl 

~! = e X 1 r, Sin ~ 
If the electric field gradient is constant across the gap at any given 
time (iceovaries with time but not with distance) : 

T = Sin (2JT f ) 
21Tf 
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Symbols 

= 
Eo = 
E = 

= 

= 
= 
= 

CQ' 

f = 
f' = 
c = 
n = 

= 
= 

= 
Subscripts 
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D'efini tion of terms 

phase angle measured as shown in Figure 2b 

rest energy of particle 

total energy of particle 

kinetic energy of particle 

linear velocity of the particle . 

angular displacement of a vector 

angular velocity in radians/second 

angular velocity in radians/drift tube 

frequency in cycles per second 

frequency in cycles per drift tube 

velocity of light 

drift tube number 

R. F. wave length 

maximum voltage between drift tubes 

maximum voltage gradient along the cavity 

~ designates the particle 

o designates the oscillator 

· p designates the pendulum 

s designates the synchronous value 

UCRL 2177 
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Numerical Example 

Sample Calculations for Linac Building Noo 10, University of California 
Radiation Laboratory. 

Particle ·: . proton (E
0 

-= 937 MeV charge, e = 1) 

Voltage gradient, X = Oo8l MV/fto (practical volts) 

RoFo wave length, >.. = 146 CMo (4o8 fto) 

Synchronous phase angle, Ps = 30° + 90° = 120° 

Particle energy at injection, .EJc = 4 MeV 

, Exit energy, Ek = 32 MeV 

.. InJection 

Drift tube number. 
Eo Bs 

n = .~ x >... Sin Ps Equation 11 

B 
2 _ E2 - E 2 

s - 0 E2 (Lecture V, Page 3) 

or 
B 2 = (E + E"0 ) (E - E0 ) 

s ·E2 

B 2 = .(941 ~ 937) (~41 - 937) 
s (941) 

F = Oo092 s 

Substituting in Equation 11 

n = 26 at injection 

This is the n~ber of drift tubes required for particles starting from 
rest to attain a kinetic energy of 4 MeV (injection energy). 

Phase Oscillation 

f'" = ..!. I_ zrr 
'P 2JTV- n tan Ps Equation 12 

or 
' n = 26 

UCRL 2177 

I f'p =/- 2JT n
1 

tan Ps tan Ps ~ tan 120° = -lo73 
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r• .J = I ~ 1 .· 
'P }/- (6o28) (26}(-lo7~) 

r• - 1-p ~ IO:lr 

or one phase oscillation occurs in 16.8 drift tubes. 

Amplitudes of energy oscillations 

UCRL 2177 

t = 2/ir n sin ~s !<'IT - p - Ps) Sin Ps - Cos p - Cos Ps 
Equation 19 

or 

2 -/7i- n ~in p 
= - / (n - p - Ps) Sin p - Cos p - Cos p = + 0.33 v \ s s -

. s 

solving for 8 E 

Table I for p == 120° s 

8 E = (.! o.33) (4) (2) .j 'IT (26J(o ... s6). =.! 0.31 MeV 

if# =p at injection, particles of energies between 4.31 MeV 
and 3o69~eV are accepted. 

Drift tube numbero 

B 2 = ~- Eo2 
s E2 

~ 2 = (937 + 32)2 - ~~37)2 
s (937 + 32 

B8 = 0.25 

- (937) (0~25) -
n - (1) (0.81) (4.8)(0.86) ·~ 70 

I 
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This is the number of drift tubes r~quired for particles starting from rest 
to attain a kinetic energy of 32 MeVo However, since the particles are 
injected at 4 MeV (26 tubes) the actual ~umber of drift tubes required is 
70 - 26 or 44o This number is less than the actual number, (47), of drift 
tubes in the Building 10 linac since relativistic effects and the transit 
time factor were neglected in the calculations. 

Phase bscillations 

flp = ~- {6e28)(~0){-1o73) 1 
= 28o5 

Equation 12 

or one phase oscillation occurs every 28 1/2 tubeso 

Maximum amplitude of energy variations 

or 

· $in1/ 4Ps 
Pmax - Pmin ""' n'J/4 

• /J.pl :... n23/4 
• • /J.p2 - n13/4 

solving for A p2 

/J.p2 = A r/Ji {~)3/4 

A .J = 90o (2£)3/4 ,.._, 
£1 "'2 70 =40~ 

From Table I for p range = 40° 

AE: 
"Yk 

2./ I 
V 1r n Sin ;s 

=.:!:, Oe07 

Equation 14 

n1 = 26 
n = 70 
A2p1 = 90° 

(Table I, p
8 

= 120°) 
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:. ~~ax = (! 0.07) (~) E.k~ n ~in ~ s 

i1Ekax = C!: 0.07)(2)(32)/:r,- (70) (.,B6) =! Oo32 MeV 

or the exit energy could vary between 32.32 MeV and 31.68 ~eVo 
In an actual machine the variance in SX:i. t energy would be some
what less due to the effects of variation of phase angle on 
defocusing. 

/ 




