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UNIVERSITY OF CALIFORNIA . UCRL 2177

Radiation Laboratory
Berkeley; California

‘Particle Acceleration and Phase Stability
'in a Linear Accelerator

, ' LECTURE X
March 4y 11, and 18, 1953

Wo Mo Brobeck
(Notes by: Ko Mirk and %o DuBois)

i‘o Comparison of phase stability in g Synchrotron and in a Linear Accelerator.
See Page 13 for definition of symbols.
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radius increases more rapidly than
the velocity so w decreases and,

Particle .
YecTor |

Voltage N\Reference oH-aqé - ,
Vector Particle Point _ . Vectop Pmr& 4

Vector .
(Figure 2a) (Figure 2b)

Qaf— erence



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California. :



. | 2= UCRL 2177

The following derivations pertain to ions in the non relativistic region in
a cavity of constant voltage gradient.

IT. Significance of w in a Linear Accelerator.

C Drif-t Tubes
—=BA

(Figure 3)

During the time a synchronous particle travels from the center of one gap to
the center of the next gap the R.F. voltage vector has gone through one cycle.
Therefore, the particle in traveling this distance (1 in Figure 3) has gone
the equivalent of one revolution in a circular machine and one can define an
equivalent particle angular velocity, oo, which is the velocity of the particle
vector (see Figure 2b).

- w=2rf - (1)
o = 21T']vj' = "‘l—q . » (2)

IIT. Velocity of phase oscillation.

48, = wydt
de =adt

= Q‘.Q = a_g'_t..‘.
dn = S =% (4)
df = de - de, . )

Combining Equations (4), (5) -

af _ de - de, _ de - de,

dn  dn T adt
ar
dd - 27 (adt = apdt)
dn " AT
dg - 2r (o = 030) (6)

dn )
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And from Equations (2}, (3)

dd _ 27(B - By) ‘ (7)
dn " B .

IV, Ehergz gain per gape
If we assume a large number of drlft tubes the energy gain per gap can be

expressed in the differential form.

4 - ovsingd (see Figure 1b)

dn
but
V=X%X1=XBg\
80 _
dE _ .
dn = © X Bg A Sin I's
since- .
© E=E R
dE = dEj
we can write
dEy, B _ .
Tan e X Bg \ Sin # (8)

Vo Relation between particle energy and particle velocity.

=1 w? (9)
2
for non relativistic region M = My
and
E, = MC? (Einstein)
80

By = ,% ‘Eo B? (10)

VI, Drift tube number.

Equation (8) may be rewritten as

. dBy,. -
dn = ~
€ XB,\ Sin 4. .

Considering the synchronous particle

_ g
dn =X Bg » Sin gg

from Equation (10)
E, B, d Bg
e X Bg A Sin gg

dn. =
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- B
Ep d B - E B
n = 5 =208 (11)
feXxSinﬂf; e X\ Sin gg '

(o)

Note -that n is zero at B = 0, therefore n is larger than the.
actual number of the drift tube in the machine counting from
the 1nject10n end.

VIil. General differential equatlon describing the path of the particleo

We have obtained the following four equations relatlng the five variable
B9n9¢9¢’andEk

7y dé _ 2r (B - Bg)
dn B
dFE;

(8) -Ei-{i—eXBsxSlngf
(10) B =% g B2

' E Bg

11 o
(1) e X\ Sin ﬂ

{

These Equations'can be combined to yield the following differential

Equation:
dzg o
n< dn) _ =
dn " Sin 4 Sin #g = Sin 4

This Equatlon is similar in form to that of a pendulum with a constant
torque (see below) for which a solution already exists.

da (1 %%2

T -G Sin 4

G = restoring moment due to
force of gravity on mass M

I= moment of inertia of the
pendulum

T = torque caused by the
inertialess weight

time

: Inerticless
L N\=ST Weight

(FigprQAﬁ
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Pendulum analogous to Linear Accelerator
G - --m-mmmmm--- Siz.gn .
) i n?
T @ em e e e e e e e = 2rn
Tt e et e e - - - - - n

for small gmplitudes of oscillation, the pendulum frequency is:

£ =L /8008 Apg
P 2r I
and by analogy
2 o
f&%-= 5# ‘ s‘nngs 0s ¢ cycles/drift tube
£lg = L f=2r cycles/drift tube ‘ (12)

2ry n tan 4

as ' is less than one its reciprocal, drift tubes/cycle,
is more convenient to use

_f - L
fy=lo [f=2W :
4 v n ten ¢s cycles/second (13)

VIII. Amplitude of phase oscillation.

In our analogy I and G represent terms which vary with time. Provided

I and G change slowly it can be shown, by application of the ®Adiabatic
theorem®; that the amplitude of the pendulum oscillation varies with

[I G}]“J'AQ Therefore, by apalogy the amplitude of phase angle oscil=

lation in a linear accelerator is:

=1/4

(Brax = #nin) ~ Enz) G gnn ﬂ‘s)‘)j
=1/4

, o>
(Fnax = fnin) inn?‘s]

\

1
Sin / l’¢s

(bnex = Fuin) ~ o372 (14)
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or from Equations (10), (11)

1 |
Si '
(Bax = Puin) ~ ;k\378ﬂs' ‘ ' (15)

IX. Energy oscillations.

¢ma)a-r—

bt

From Figure 5 it is apparent that
A8 = Adpx Sin @' g n
\ y

this function has its maximum value when

-cosw'dn:'l _

« 14 y = t
[—df] = e o'y
max

from Equation (12)

then
d - =2 ,
G = Mhx )/ T, (16)
B-B, AB
"B~ B
By --%is - A‘Ei.‘,

23 By
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Since

~/o,
4B
B

wl% o
zop—-*

and, for small amplitudes,

As_1 Ag
"B

2 B
therefore
B-Bg 1 AR
B2 B
substituting‘ into Equation (7) a
ABg,
| —é =or (3 k)\
and A
| : m :
| & = ——-—%—M (17)
| max ’

combining Equations (16), (17)

. | *Lé—ﬁ-k%-—m—a—h Y
or
AEkmax‘Ay'(max Ek\/;l_—{ar—z;[; (18)

for sma,'_l.’l 'amplitudes only.

X Pha_se and Energy oscillation for large amplitudes.

The .expression for change in energy as dérived for large amplitudes is-the game
as for the synchrotron

l&Ek

— =2 17-;;8?—% /(.'n'-g{'-gfs) Siny!s-Cos;&-Cosy!s

Eyx (19)

Ax |
_—Ek-l-{’ = maximum when g = g

Js this maximum excursion from the synchronous energy is:

B e Vi m B gy /2 As) Sindy =2 Cos 4 (20)
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.‘/f

the maximum departure from the syﬁchronous phase angle occurs
when E = E5 or AE =0

+AE= o
By
and - :
'Vr(vr-;d:-yf)Sin;&-Gosgf—Cos;&S:O (21)
This Equation is satisfied when ¢ = foin @nd when 4 = ¢ By inspection

of the pendulum analogy it can be seen “That Pmin =T - gaxand max can be
obtained by trial from Equation (21). Tabular and graphical solutions of
equation (19) appear in Table 1 and in Figure 6.

}¢s | ¢min; '»¢max. ¢m§t. min| %E%a .‘ﬂnsmA 8
% | 50 90 o o

100 | 80 | 20 | 40 £.07

o | 70 130 60 £, 15
120 60 I50 90 .33

(Table 1)
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Shaded area represents stable particles
when svynchronous phase angle is 100?

: (Figureo)

If Figure 6 is replotted for the particular conditions at injection
(Figure 7a) and if the energy spectrum of the injection beem is plotted
(Figure 7b), one can graphically determine the resulting stable beam
current as shown in Figure 7c. '
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XY. Graphical solution for drift tube spacing.

l. Assume X; Ay and ¢s or obtain from design basis.
2. Calculate B =i//§;§-zgz-§iﬂ-é and plot Bx as a function of X
: o

(distance along the CaV{£y)o

3. Starting at the origin draw a straight line of Slope 2.

4o The ordinate at the intersection of the straight line and the curve
indicates the proper length of the first drift tube.

5. Repeat steps 3 and 4 as shown in Figure 8 for subsequent drift tubes.
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X (Fe)

(F‘sc_.)urz 6)

This results from the fact that the value of B\ at, or near the center
of each drift tube, must equal the drift tube spacing.

As shown by the sketch below, if the distance between gaps is equal to
B\ or an integral multiple of B) the particle will be accelerated at each
gap. However, if this distance is a non-integral multiple value of B
the particle may be alternately accelerated and decelerated.

x:‘::g:@@@@@@@@%@@@? PODS DO % ® e ® %

TH 4+ ITL I+ ITL le
. . | . .
, | ! ! |

| |

4+l ' ~L 11 J=1 _

I
. I
Y J4H - .JTI

(Figure 9)
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If 1 is an integral multiple of %} accelergtion is possible if the drift
tubes are excited 180° out of phase. This cannot be done in the resonant
cavity type design but is possible with other RF geometry. Three phase
linacs, etc., are conceivable.

A1l the derivations have been made for 1 = 1B).

Transit time factor.

The electric field at the gap is changing with time; therefore, the energy
gained by a particle is slightly dependent upon the time required for it

to cross the gap and thus upon the ratio % To include this effect a transit-
time factor, T, is introduced where:

- 5’%1 d x
X1

then
dE
dn

If the electric field gradient is constant across the gap at any given
time (i.e.varies with time but not with distance):

=e X1T8in '

| T = Sin (2r % )

il
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Dbfinition_of terms

3
i

phase angle measured as shown in Figure 2b

rest enefgy of particle

total energy of particle

kinetic energy of particle

linear velocity of the particle.
angular displacemént of a vector
angular velocity in radians/second
angular velocity in radiaﬁé/drift tube
frequency in cycies per second
frequency in‘cyc;es per drift tube
velocity of light

drift tube number

Re Fo wave length

maximu@ voltage between drift tubes

maximum voltage gradient along the cavity

4 designates the particle

o designates the oscillator

P designates.thelpendulum

s designates the synchronous value

UCRL 2177
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Numerical Example

Sample Caleulations for Linac Building No. 10, University of California
Radiation Laboratory.

Particle ¢ . proton (Eo"é 937 MeV charge, e = 1)
Voltage gradient, X = 0.81 MV/ft. (practical volts)
R.Fs wave length, N = 146 CM. (4.8 ft.)

Synchronous phase angle, gy = 30° + 90° =120°
Particle energy at injection, Ey =’4‘MeV

Exit energy, E, = 32 MeV

ﬁInjection

Drift tube number.
“,Eb Bg

vn =.e % x,SinABé Equation 11
2 _p2 _g2
Bg "ELfEEEQ— R (Lecture V, Page 3)
or
B-82 = (E + Eo) (E - Eo})
B 2 =[941 +937) (941 - 937)
s (941)2
ES = 00092

Substituting in Equation 11

n = (937) (0.092)
(1) (0681) (4+8) (0.86)

n = 26 at injection

This is the number of drift tubes required for particles starting from
rest to attaln a kinetic energy of 4 MeV (injection energy).

Phase Oscillation

n tan Equation 12

. B o _
' 27T n tan 35 tan gy = tan 120° = -1.73
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. ’ _ - 1 .
- Ty /(6028).(56_)_(_—1.7,31}

1 =1 ..
'y = 158
or one phase oscillation occurs in 16.8 drift tubes.

Amplitudes of ener oscillations

Equation 19

B =2t VI - 6 - ho) sin - 0os f - o

OI"
AE
B
— : ,="l/(n‘¢"ﬁ‘s) Sin ;{S-Cosgf-cos ¢s=10°33
2 /R BB | Table I for 4 =120°

8
solving for Ar
AE = (x0-3) @)@ /s

AE = (*0.33)(4)(2) 1/,, (26%(0086)‘ = + 0,31 MeV

if d = 4_ at injection, particles of energies between 4.3l MeV
and 3.69°MeV are acceptede

Exit
Drift tube number.
2
B2 =E -E
S ——'2—0— E
B.2 = (937 + 32)2 - §%37)2
S
937 + 32
BS = 0625

- 37) (0625 —
B = T1)(0.81) (4-8) (0.86) = '°
E _z
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This is the number of drift tubes required for particles starting from rest
to attain a kinetic energy of 32 MeV. However, since the particles sre
injected at 4 MeV (26 tubes) the actual number of drift tubes required is
70 -~ 26 or 44. This number is less than the actual number, (47), of drift
tubes in the Building 10 linac since relativistic effects and the transit
time factor were neglected in the calculations.

Phase Bscil;ations

',='_-..L.. - 21 ’ . :
fyf 2",]/ m | Equation 12

00

nn
9

| 1 1
flg = 1/- (6.28) (70) (-1.73) - 28.5

“or one phase oscillation occurs every 28 1/2 tubes.

Maximum amplitude of energy variations

¢max - "ﬁiin ~ ‘—m—s Equation 14

or Sinl VA 4 and si nl y/A 4

by~ M~

solving for Ag,

= o DL 3/4 ' ' m z 26
Ben b "1 K K% Z0<90°
A¢2 = 90° (%)3/4?:_400 (Table I, g{s = 120°)

From Table I for g range = 40°

A
5

=:0007

—
2 /F n Sin Bs
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- A% ax = (+ 0.07)(2) Ek\/.,r"‘—'Tn éin. :

AR, = (£ 0:07)(2) (32)V 7 [0y (gey = & 032 MeV

or the exit energy could vary between 32.32 MgV and 31.68 MeV.
In an actual machine the variance in exit energy would be some-
what less due to the effects of variation of phase angle on
defocusing.





