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Exact exchange degeneracy, a property of the 

pl.a.nar S matrix, is not a tee. ture of the peysical world. 

G parity, an exact sy'IIIDetry of strong interactions, :tails 

to be maintained by the disconti.Duities of the planar 

S matrix. This IBper examines the connection between 

these two conflicting concepts and shows bow calculations 

of exchange-degeneracy breaking may be based on G parity. 

The relation of G parity to the cyli.Dier &Dd torus 

components of the topological expansion is a central 

feature. We_ apply our arguments tQ P-:A2 splitting 

and justify the use of an unsubtr~cted dispersion 

relation for aA -ap. Our analysis of the dispersion 
2 

relation reveals a dominant role for the ww channel. 

* I Work supported in part by the U.S. Energy Research and 
Development Administration under Contract W-7405 ENG-48, 
and EY-76-S-02-3533. 
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I. ~ODUCTION 

The· planar approximation to the strong-interaction s matrix is 

distinguished by a number 6f characteristic simple features, including 

isospin degeneracy (e.g. p-a,) and f-~) and Regge-trajectory 

excbB.nge degeneracy (e.g. (J·~ and f-<D). At the same time the 

discontinuity formulas that define the planar S matrix--formulas 

sometimes described as hl>laDB.r unitarity" --do not fulfill the general 

requirements of Bose symmetry atd charge conjugation invariance . 

. Conservation of G -parity, in contequence, is not obeyed by the 

intermediate states that appear in planar discontinuities. A striking 

illustration of such G-par~ty violatien bas been discussed in ref. (1] 

where it was pointed out that the planar w has the same 27t decay 

width as the planar p • A:t1 essential task fulfilled by the nonplanar 

compOnents of the topological exp1.nsion is to restore G fS.!'ity, and 

it was explicitly shovn in ref. [1) bow the cylinder eliminates the 

27t width of the w • Quite generally, in the course of rep1.iring 

G JSrity the nonplanar terms produce trajectocy shifts that break 

exchange and isospin d.saeneracy. This p.per exJSDds on the remarks in 

ref. [1] and develops a ptocedure tar calculating the violation of 

exchange degeneracy from G-parity considerations. 

In order to treat ~onpl.B.nar corrections of .trajectories like P --

and ~ that are not iaoeiliglets, one must go beyond the cylinder to 

the torus (single-handle) level of the topological expansion. Other 

authors [2-5] have rec•ntly eonsidtired torus degeneracy-breaking but 

without explicit recognition of the connection with G parity. Our 

approach indicates tba.t ~tant aspects of the torus have been 

-overlooked. In }lB.rticul.a.f', we i'ind p-~ lplitting to be dominated 
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by intermediate channels containing low-mass unnatu:ra.l-pirity mesons--· 

channels ignored in previous calculations. 

II. G-PARITY VIOIAT!ON FOR THE LEADING PLANAR 'mAJECTORIES 

Consider the two-particle channels that contribute to the 

discontinuities of the four degenerate leading natural-parity planar 

trajectories--!, w 
' 

p • All our considerations can be extended 

to Ulllla.Cural-parity mesons through the correspondence p - B, ~ - n, 

::.: - 5, f - r; • The planar t-discontinuity bas the form shown in 

fig. 1, where the bo'l.lll.d.ai-ies i, j each take on two values, cor-

respond 1ng in quark language to ''n" and "p" or "up" and "dovn ''. 

The boundary k is to be summed and we are pr1ncii6Uy concerned with 

the cartribution froiii k "" n and k = p, that is. from nonstrange 

intermediate IIiesons where G plrity can be defined. By appropriate 

s·.1perpositions of (n, l)) canbinations one :may form planar trajectories 

of well-defined isospin, signature and G parity. For example, the 

planar p+ and ~+, both with I= 1 but with opposite signature, 

are 

~ +(Pt) ( ~ :: 2:... -) + 
{2 \.~ 

, even signature, odd G, 

+(Pl.) 1(~ - 6) 1 odd signa. ture, even G , p :: 

/2. ~ p 

while the I =- 0 pl.&.nar f and w are 
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= !J~ 
2 ) p 

D ~ 
·+--+ + ~ 

(r-- ---+ 
n p 

even s18mture, even G 

CJ.) 
(Pt) ~ ~ n~ ~· - 7 - 7'(, odd a:l&mtUre, oid G • 

The neutral p(Pt) and ~Pt) have simUar forms with appropriate 

sign cba.Dges. It is now straightforward to show that the discon

tinuities of ~ pl.a:oar p !2!, pla:oar ~ get contributions from 

two-pu-ticle states in the sixteen combiDations shown in the lett-band 

column of Table I, while the discontinuities of both planar f and 
' - -
planar w get contributions from another se~ of sixteen combinations, 

also shown in Table I. Although isospin is conserved, there is no 

observance of G parity. Only those ccmbiDations indicated in the 

right-band column of Table I are G parity allowed. 

The degeneracy of all four trajectories at the planar level 

correspoDds to the appearance in each pla:oar discontinuity o_f 4 + 4 

channels built from planar particles of the same sig:Dature (++ and --) 

and 4 + 4 from pla:oar particles of the opposite signature (+- and 

-+). Were all signature combinations equi w.lent, overall degeneracy 

lnight be compatible with G JBrity, because the total number of phys+cal 

channels allowed to communicate with each trajectory is seen uniformly 

to be 8. The contributions tram ditferent signature combiDations, 

however, are manifestly different, so the degeneracy is unavoidably 

broken for the physical trajectories. 
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TA:BI.E I 

(a) Two-plrticle pls.nar channels that eontrfbute to dlscontinuities of pls.ne.r trajectories. 

(b) G-JBrity allowed channels. 

(a) (b) 

TraJectories Signature Combinations Planar <;hannP-ls G-Rlritl Allowed _cpa~~].! 

~+) 
+ + ~OA + A,., +Ao (4) 4 ~+f (2) + + tA

2 
, A

2 
r, fA

2 
, 

2 ' '~ 

+ + 0 + + 0 { lt.) + + 
(2) mp.' p (J)' p p ' p p c.up ' pru 

0 + + 0 + ~: (4) o~+ +A o (2) - + P~, p A? ' P r, p 1 p 2 
L. 

~+0 0 + + + (4) -1· 0 ~Op+ (2) + - p ' A2 P ' fp ' A2 c.u Af"). P , 
c:.. 

+ (.) + + ( 4) ~oA + 
2 ' 

~+~0 (2) 

( 4) 0 + + 0 (2) p p , p p 
II 

(4) + ~+ (2) - + p f, 

(4) + ~ +c.u (2) + - fp , 

Table I continued. 
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Tra.Jec!ories 
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(.1) 

TABLE I ( Cont • ) 
-0 

Signature Combinations.:;..._ __ _ 
(a) (b) o 

..... __ '!:_l!...l!:l" Cl'!lnnels ____ _g-~rity All·~~~~~~!!:.. __ 

+ + 

+ -

- + 

+ + 

+ -

- + 

rr, A2 1~ -, ~ -A2 +, ~ o~ o (4) rr, ~ ·~ -, A2 -~ +, ~ o.\2.~ 

+ - - + 0 0 cn:.o, p p , ~ p , p p 

+ - - + 0 0 
~, ~ P , A2 P ' A2 p 

rut, P -./\..) ·'·, 
"-

+ - 0 0 
p ~I p ~ 

" 

(4) 

(4) 

(4) 

(4) 

(4) 

+ - - ~- 0 0. 
OW: 0 p 1 p ~ ~ p P 

--i 

) + - - + 0 0 
( 4 ftll, A2 p , "'·: r , -~ P 

(4) rot, p-~+, p ... A
2

··,. P0~ 0 

r· 
'f'i>.:n 

(4) c~ 

.A::. 

(4)0, 

(o)C 
,._...,,,, 

""'· 
(0) 0• 

f...:. I 
0\ 
I \C)o-. 

(0) 

(I•) 

(4) 

:=====::=======================- ._ .... -- _._....., __ .. ·--==========::: -- --·· . --···· ·---·-··- -
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One sees f'rom Table I that there is no illmediate breaking of 

p-~ degeneracy. The first-order effect will be t~ shift t and co. 

Within the topological expansion such a distinction corresponds to the 

cyliDder's communicating only with isosingl.ets. Let us now identif'y 

the precise correspondence between the cylinder and the right-hand 

column of Table I. 

In ref. [6) there was introduced a cylinder "operator" .in the 

sp3.ce of planar trajectories, an operator whose matrix elements may 

be represented by the diagram 1n fig. 2. The diagonal elements 

correspond to trajectory shifts 1f we ignore flavors beyond isospin. 

The cylinder operator vanishes when applied to isatriplets such as p 

and A
2 1 while the diagonal elements corresponding to f and co 

are equal but opposite in sign, at t = 0 being positive for f and 

negative for w • Thus, in the notation of ref. [6] 1 the cylinder-

induced trajectory shifts are 

L aA (t) = ~ a (t) = 0 cyl. 
2 

cyl. o 
(l) 

= - ~ a,,( t ) = 2k ( t ) , 
cyl. "" 

(2) 

where k(t) ls real and positive near t = o. At the same time k(t) 

is an analytic .function with threshold branch points on the positive 

t axis [7]. The two-particle discontinuity of k(t) may be written 

schematically as 

(3) 

where 410
Pt _ A Pt _ Tpt nd. Pt _ pt _ __pt 

~ - - a co - P - ~ 1 2 
corresponding to the 

• )J twisted. p:JAnar .link in fig. 2 •hose pole residues carry a factor \-1. • 
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The discontinuity of k(t) implies a corresponding discon

tinuity in trajectory :f'\mctions. Compu-ing formulas (1 ), (2) and (3) 

to the differences 1n the right-band column of Table I shows that the 

cylinder is correcting the G-parity defect of the planar discontinuity 

thro·Ygh a planar aJ:·p:-oxilration to the i.Dtermediate particles. That is, 

to the extent that intermediate physical particles are approximated by 

their planar counterpl.rts, one calculates fran column (b) of Table I 

- a ) = o , 
p 

- disc (o-- - a ) t w p 

in precise correspondence with eqs. {1), (2) and (3). 

(4) 

(5) 

So long as p-:.,;.;. and f-~ degeneracy is me.intai.Ded in the 

intert!iedjc.te :.•..ates_. G ,P>.rity recru.ires no relative displacement 

be't·w~en p and A__ trajectc-ries. Once the cyliDder bas shifted f 
i:: 

and .:.;;. , however, S p;.rit;)· demands a sE-cond-order splitting betwee:l 

,_. and ;.. __ • (There will Cl.lso be sec:ond -order shifting of f and w, 
c 

1::! ad.ditioi! to the cylinder shift. ) These "second. order" shif'ts tend 

to be small even if the first-order shifts are large because of the 

lew sta.t:::::t L:a.l weight cf isosinglets comp;.red to isotriplets. f; 
.n. 

glance at column (b) of Table I shows that only one state 1n four 

inYol ves f or <l:i. {Thic is Veneziano's l/F? factor, with N = 2. 

Se= refs. [8,1).) We sllE:o.lJ. see, however, that there is another, more 

in::po~~t! rea son for the secoi!d -order shifts to be small. 

i--."1 th f split f'1·um A:. and u.• s:pli t fran p1 Table 1 
~ 
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+ (A2 - p)[(f- ~) + (P- w)J, 
(6) 

disct(af + aw- ap- a~) = [(p- w)- (f- ~)]((p- w)- (1'- ~)]. 

(8) 

Although these three discontinuity formulas superficially lc8.r~ 

similar to one another, according to the principle of asymptotic 

planarity [6,7) there are qualitative differences between eqs. (6), 

(7) and (8). Asymptotic planarity implies tbat the poles on the A., 
.:. 

trajectory becom~ more and more closely degenerate with the f-trajectcry 

poles as their mass increases ( isospin degeneracy). A s1m.ilar trend 

is s·u.pposed to occur fer the :poles on the w and p trajectories. 

In co:::J.trast, although the A
2 

and p trajectories become asymptot

ically more and mere closely degenerate, t.he poles on the two 

trajectories never coincide--the one sequence being at odd J a:::J.d the 

other at even J. A similar remark applies to the ~ and w 

trajectories. So the canbimtions (f-~) and (p~) tend smoothly 

to zero with increasing me.ss while the comb1Dations (~-p) and (f-:,,) 

oscillate indefinitely, being ~(-) according to whether the particle 

s18oa.ture is +(-) • The discontinuity of formula (8) is built free 

the product of two strongly-converging combinatiO:::J.s, the discontinuity 

of formula (7) fran pr-oducts of the osc1llat1ng type ani the discon

till\llty of formula (6) f':om a product .or the two types. It can be 
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* ** shown that the inclusion of cl:annels 1Dvolv1Jlg K 8Zld K Vill alt.er 

this pattern tor the discontinuity ot formula (8) but (up to second 

order) not tbat of tOl'mUl.a (6). Weare le:f't then ~th a qualitative 

difference between the cylinder t discontinuity--the type appeariDg 

1n formulas (3) and (7)--and the type appearing 1n eq. (6), which we 

sbs.li see later is the torus discontinuity. 

lt is well kno·WD that, when a discontinuity or an analytic 

:f'un~tion osc1ll.ates with a large amp11tud.e1 the ana.lytic continuation 

of the function my be large 1n certain reg1oll6 away from the cut. 

Such a sitUEa.tion obtains tor the cylinder :runction k(t), ·vh1ch bas 

been shtr.m t.o be large tor t ~ 0 even though it decreases strongly 

for t growing in the positive direction. The torus t discontinuity 

(e.g., formula (6)) from intermediate na.tural-pu-ity mesons is, however, 

eve~ornere soall because alrebdy for the lowest physical states (1-

and 2+) iscspin degeneracy is accurate to a tev percent. Therefore 

we c-oo,.::lude.. eveo for t ~ 0 , that the ccmtribution to p-~ 

splitting frCJD interoed.iate na.turs.l-p:~.rity mesons is extremely small. 

In contrast, beca.:J.se isos;·i~ degeneracy is bE&.d.ly broke::~. far the low-

signific-ant tc~ ccntri"tn.o.tion. It is proposed, then, tbat p-~ 

splitting s!J.~ul.d be CG.lcuiatei not :trcn fc:rmul.e. (6) 'but rather from 

- 0 ' P' : l ( Tl - "' ) + (B - H) + (t - ~ ) + ( p - w) Jf ( 1t - B ) + ~ - p) ] 

-.. l(1r- !) • (~- p)j~(T}- :r) + (B- B) 

+ (! - A.., ) + ( p - w )} • 
c. 

(9) 
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Here we have added the \lllllE.tural-pt.rity contriJmtions, ant1c1J8.ting a 

near 'VB.nishi.ng of the canponents p -cJ and t -A,.., 
c. 

We do this 1r. t'u.ll. 

aw.reness that unnature.l-p?.rity caotributions to f am w shifts are 

less important than those from purely :ae.tural parity. The cylicder E-nd 

torus shifts must be recognized a.s bavillg different origins. 

nr. Fm'IY.ATE OF P-A... SP.k""TT'IID AT SwiALL t 
c 

Although the cylinder t"unction k( t) ca.c.not in pract~ce be 

calculated fro= its discontinuity through a straightforward disP£r~ion 

relation, it ~Y be hoped that the difference a~ - ap , whose 

discaotinuity we have shown to be better behaved, is amenable to the 

elemezrta.ry approach fer small It J • If' such is the case we ~ 

estimate the sign s.nd the order of magnitude of the dif'f'erence fret:: 

the lowest-lying co~tribut1ons to the disc~tinuity. 

According tc formula (9) the first contribution tc the discon-

tinuity of aA,, - a:=: i~ negati:~re .• arising f'roo: the 21r cha!mel which 
.::. 

coo:m1unica.tes w.! th ~· (n~t with A,-.) and Vhc.ee threshold is a.t 
&. 

F.ra!l the 21i Widths of the o(J.- ), I -· am &\.3 _i 

me&oiW, together vith standard threshold ccns1de:-s.t1ons, one may de:l".lc~· 

:t.he 2n .contributioo to the imS.ginary pe.rt. o:f' a.\ - a -that is sll~'-''Tl 
""2 p 

in fig. 3. The next co::ot::.·ib·uticr..l is ,t.-ositi Vl:!, arising f'ra:n the nT) 

che.uneJ. that ca:rr.'Uilics.t.es -with A.:, (not -w~th p). The n; car.t.rib\.',-
' 

tion .• as e~ ii! fia. 3 1 is much a:De.ller in. va.gL.!.tud(; t~n the 

"ri , r.e:-tly beczusG the higher '!1 mass reduces the pba.ee Slft"e r.:;;.! 

~l.y becauf.-.e the !I ccr.J:r,:l;Lug~ · mve been strongly shi:rted &w.y 

f'ru:a iC.aal by ttu:: cylinder. The thirct tilret.ibold is associat.ei -w:!.tt: 

ffC az:rl ::uc cba.nncl:.:: E.nc'i. gh~s a net poe:;~ 't1~ c:;ontric~;tion, ·but the 

total d!z:~ontl:nuity re~!.ll~ uege.ti~· for 
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contributions which we know are negative, even though we have here no 

E-xperimental da. ta. The mr chal:mel prew.ils throughout this low t 

interval, tem.ing to ra!se the p trajectory above the ~· An 

~part of p-~ splitting is thus a secom-arder consequence 

of a large f'irst-order 2r-T} .splitting. Were the physical T} as 

nearly degen~te with the 2r as the physical w is with p , the 

P-~ difference at l.ow rt I would be even SIIBl.ler ttan tl:Bt observed. 

Assuming tbat the JDB.Ximum in lrm (a~ - ap) I r.ched near 

t = l Ge.; as a consequence of the 2t1t channel is not exceeded at 

hi8her t , we may est~'Lt: the real p.rt of' a~ - ap near t = 0 

tbro-~ a dispersion relation. Cutting off the integral at t = 2 Gev2 

leads to a.A__ (0) - a (0) .... -o.o6. This number probably is smaller in 
-~ p . 

absolute w.lue tban the tul.l integral because the next contributions 

are known to be negative. The experimentally measured w.l.ue for this 

difference is -0.11 t 0.01 [9]. 

lhd. we constructed Im(af' - a(}) 1n the low-t region, this 

quantity would 'bave l.ooked similar to f'ig. 3 , but once JBst the PP 

aDd. ~ thresholds, large oscillations are expected O'om ~bannels 

built out of natural-parity mesons, oscillations which 1nvs.J.1date an 

unsubtracted dispersion relation. According to formula (6) these 

nature.l.-pt.rtty contributions are very 8IDBl.l in Im(a~ - ap) • 

An interesting aspect of' 2t2t clan' na.nce of the ~ - p 

di.f'f'erence, pointed out to us by c. SclD..id, is tbat the deri"V&.tive ot 

the d1f'ference near t -= 0 has the same sign as the d1f'1"erence itself. 

In other words the difference becomes smaller 1n absolute w.lue as t 

becanes negative, 1.rJ agreement With experiment. From f'ig. 3 we predict 

the deriva-tive of the dif'ference at t • 0 ~ be -0.14 GeV-2 •. The 
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ex:perim~te.l.ly mees-u.rec1 derivative~ -0.14 ± 0.07 f9J. Although the 

absolute w.J.ue of the diff~!"~!!~~ wiD inc:-ee.ae temporarily as t 

!::.;;zoee:H:e~ :1L tb.e pos1ti.ve directioo, once }:est the rur peak 1r. the 

d.iscontiDuit:,r there vlll be e. chE.::.g~ iL dg:1 of the real part of th~ 

di:f'f'e:-ence.. followed by e. smoot!': ap:pros.ch to-oJS.rd zero 1D accord Vith 

asymptotic planarity. 

It bas been verified in sec. n above that the cylinder 

produces the major devis:tions f'l'ctl pl.c.us.rity needei tc restore G }Rriey. 

Let us now see bow the torus corresponds to shit'ts of the next order. 

It w'"ill. suffice to use a notation ~sed or: natural p;.rity trajectories, 

e.s 1n .Tuble I, even though V!: ha-ve: found the dcniDant torus contr~.b"J~ 

tions to invulve unne.t~l :;nrity. Our tE.sk is to understand for:ii.l65 

( 6 ) .• · ( 7) and (8) frro the torus v'"ie-•'J)C;int. 

11:: the sense 1D -w·hlcb fig. 2 repr€-aents e. ·cylinder o:pere.tcr, we 

may associate a tor-us "operstor ·: w1 th fig. 4, the die.gona.l elements of 

this (\~r&tor e:arrespm.l..l.i.og to tr&jector:r .shl.fte. T'.r.u;. ·~e, rr lw'"h.ich 

such e.· tor-...1.s trodu•:!es a ccc:r:ml')::. sLift ~f" s.D. trajectories. 

~e of the most import.ant propertier. of' the cylinder is the.-c 

i"t represents the 'i:fferei.;.•.!e between the flml .• :hi:f't.ed states and the 

r, , ru.ana.r s.pproxia&tion the!'etCl Lb, ll,l2 J. Si.nce tne cylinder coa::::u-

nicateF. only with 1so91nglets its contribution ~ be written as 

(10} 
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The lower branch of fig. 4, being twisted pl.a.nar, has the structure 

( )
Pt , · 

T - V • ~us, if we represent the torus of fig. 4 as a twist 

operator times a tuncticm j""(t), we have 

Pt Pt. 
+ (T - V) ( (f - c.o) - (T - V) J, (ll) 

a formula whicl: should be contrasted vith forur.Jl.a (3) for the discon-

tinui ty of the cylinder. 

Incluiillg bot!! cylinder aDd toru.s, the bree.ki:cg of exchange 

degeneracy is gi ve:n by 

af - a - 4k(t) ~ ·Jj(t) + 
(.!; 

(12) 

CXA.:-, - a = J'.,(t) + ... 
r . ...J .... 

c; 

(13) 

Let u:: no• s~e .....,.bether the d.is:ontin"J.ity formulas (;) and (ll), for 

the cylinder and torus, resJ.J<=cti;rely, are consistent with form-ulas 

pt pt Pt ,.,Pt = PPt = ,JPt 
1 
~e (6) a.!!! (7). Since f = A2 = T ~ ...., ¥ ~ 

veri~ies immediately that the disco~inuity of formula (1;), using 

fcmnuls. (ll), is a consister.t approxi.m6.tion to 1"orm.:J.a {6). ·'rhe 

correspondil>z mt~:tching of ~ontula (l2) v:i.th i'ormule. {7}, usillg both 

eqs. (3) &DO. (U.), is acbieve.1 !! w~ recognize that the seconcl tem o:n 

' • IJ.J / 
,r,Pt 

- ' ' . ..L ' 

··-· -, ·-' -· 

-- --·- ......... -- - ·-·· -·-· -- - ... 
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the remairlder being of higher order. Including the higher o!"der te..-m 

corresponds to representing all intermediate f am w states by 

their cylinder-shif'ted. approxiDBtions. 

What about fort1ul..a (8)? The effect here is ~ua.d..."'"ati·:· i:::;. f:.r2t-

order s.tl!f'ts &nd ~onseq.uently will not ap~r et til~ si::..,.;lr~. :-~·-~5l-:: 

(simple torus) level of the topological exp:msion. Goe :wcJ.ld. !:c:_ •.-e i::-1 

examine tvo-ha.Ddlc ccxnponents in order to fitld the sL.i ... -t>t g::..ven -~ ... ~ - . 14' ~· 
-~ ... 

(8). We have resoo.rked already tmt a much larger cont.rib;.;ti::t·. :,::> tt·is 

particul.ar shift will arise f'rom off -d.i.E:.gcnal el Sllents cf t. h~ ·::.-:;. i~•:l cr 

o}'erator ccrrespo::ldin.g to intt:L-med.iate ch.e:me.l.:;. with st~·.f~ p:.:: ~ :: .:}.~s. 
'-

Spea.k.1.!l@· of strar~e pe.rticle8.. t-7tc.t ab~ut t.he br.:'>'.l::i;.:f o~· 

-IH· 
excha.;og~ degenera.c.y betw~el! 1':* a.nd K t Since 'the lE.tt.er t:rs.:·~c-

tories do not m ve well-define! G p:..ri ty, we cannot di.sc...1ss t:.e=i~· 

• .J+ ** purs~e the K -K shift 1n this JE.per ~:cept to point o'.!: th.::.. t. -:;h<:. 

nr. c:.barmel w.s fou.'"!d tc b~ fc.:: th€ ;:.·-A., !i!'fere!.lce. 
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t~iscontinuity approach exploits more effectively the phenomenon of 

"precocious eyli.Dder quenc~ " v'hich leads to relatively accurate 

isospin degeneracy ~or !!!_ physical ];articles in the leading D&tural.

JS.l'i ty family. This rema.rkable phenomenon is awkward to incorporate 

into an e~iscontinuity calculation, .although it is tr1v1al. ~or the 

t discontinuity. 

For the case of the cyli.D:ler it bas proven possible 16, 7] to 

construct a model :fOr k(t) based on s-cbulnel unite.rity which at the 

same time exhibited the t-cbamlel unit6.rity properties we be.ve referred 

to in previous sections. Th-e reason 'W!:I.S the simple s-cbannel discon-

tin'.li.ty structure of the cyliDder operator as shown in fig. 5.- The 

cm.ly noxrva.nishing s discontinuity is that labE:led #l. More complicated. 

a-channel discontinuities such as that l.a"beled #2 ~nish because one 

is cutting through a twisted reggeon. Furthermore, because all 

ve..."""tices are pla.oar there will be no reggeon-reggeon cut. Neither of 

ther;e t'l'iJ!I,t;li.tying conditions is present 1n the cae ()f the torus. 

Di.rtcont:lnu1t1es thr·:;,ugh the cylinder in fig. 4 are nonvanishi!Jg and, 

beca.us~ the cyl:i!lier reggeor.-reggeon ve.-tex is nonplanar, we bave 

reggeu:n cute. T'nese phEmCIIlena complicate s-chamel models and obscure 

the coll:lection vi t!:. a t ·Cbi:.Dilel descr iptior... Only for the eyl1Dder is 

1.he strllcture c~flci~ntl:,· r.on.:a:ple~ as to permit simul:taneously 

bimj?l.e s- aul t-c~el descriptions. 

There M"Jle 'bt:!e:J. various attempts to Cfllculate s discontinuities 

:)f" thrc t.o~•ls, e~cL employir.g d1f':f'P-rent app.rox.imticm. Jejor dif-

i'iC!~1ties btive been to estimate the sign ~:X! me.gr.itude of tixed pole 

-- ···~-~- ·~-· - -----.-- -.-.... .,.... 
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trajectories the various canponents would, according to our results 

has been the real!::e+.jon that the cylinder is not just the J:·h:r·si~al f 

or but also contains a negat1 ve :planar piece ( se:: -=.,;,.. • 

Froo: the point of vie.,. of the topological expansion ther-e ~:-"" t·.;c. 

!'s.ctcr. F··.~t l.n ad.d.i tion 

c:,rlind.er-shif"'.;ed. e.nd pl.a:uar olje.c.ts c.re of -:.rde:r Lmity t!'lnt hand.:Le 
tj 

..:o:·re.;ti;;.ns wiLL even be l:'.S l.a.rge r:.::: -1/.\..:.. 

SJre.ll. :t 1& only th'.: ..... ., 
·'·;; : 

significent, that can m::d.s:E- co~t:ri'c.:Llti 01:.:.::. ~s large es l/~ • 

The chief new j.£iea iD. tb1c p:aper 1-..f.:;; be-:!!1 cn;.r cc:mjecture. ti;:; ~-

unsubt:rhcted t-d.ispe:.·~io:; re:a t'i.on. AJ tbougb we were led tc- thts 



) 
r 

J. 

3 8 

by straightforward toi>Oioiical48XJansion analysis, coupled with the 

p-inciple of asymptotic l)ianarity. One striking physical consequence 

is that isotriplet trajectory spli.ttirigs such as p-~ , that are 

controlled by the torus o* ti.g. 41 shOuid app-oe.ch zero at both large 

positive t and large nege.tive t • The maximum difference should 
I 

occur at moderately small P,siti ve t where the 7Ut channel plays a 

daninant role; at iargttr »ositive t the difference should change 

sign. In contrast, at1 !lodnglet trajectory splitting such as f~ , 

that is controlled by tha C!ylinc1et; srows indefinitely as t ... -oo 

even though it decree.aes as t ~ +CD. 

Our conjectU%'e U enc~ed by the low-t discontinuity of 

a.A_ - a , which bas a mximum in the 7(fi dominated region, 
-~ p . 

t ~ 1 Gel. This maximum bas the appropriate magnitude-and sign to 

explain both the p~~ lplitting and the t derivative of the 

splitting nee.r t c o, 
.. ' . ' 

An historical caliilent may be ln order. For ma.ny years attempts 

were made to explain the p ·as a dYD&mical 7Ut · eanposite, but the 

attempts were qua.ntitatiV&1.y uiiwcceestul., and recently it bas cane to 

be be1ieved that cbamuala IUch t.s pp are mare important than 7t11: 

Roughly speaking, what we are •ugest1Dg in this JBper is that the 7t11: 

contribution, p-eseilt in the t> but not in the ~~ is largely 

responsible for p-~ l~itt~. the observed smallness of this 

splitting confirmS tli&t the ;r;t contribution to p dynamics is 

relatively unimportant. At the eame,time it is ~eeable to .discover 

that in the experlmetttai 4oma1n of iaotr1plet exchange-degeneracy 

breaking the extensi 'ri thecxreticai investment in nn dynamics seems 

to be rele'VB.Ilt • 
) 

. -- ... ·- -- - -~-- ... ·.- . -· ..... . 
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There have been previous, qualitative attempts to explain 

deviations from exchange aegeneracy in terms of t-channel 

dispersion relations [13], Our investigation has put this 

approach on a firm theoretical and quantitative footing. The 

use of an unsubtra~ted dispersion relation for p-A2 splitting 

was justified and satisfactory numerical results that are in 

accord with recent experiments were found. We have seen that 

the t~channel approach ls hot well ~bited for the f-w ~plitting, 

but we have previously given a satisfactory treatment of this 

problem from an s~hannel pbint of view [6]. The topological 

expansion provides a coherent and consistent framework for 

discussing both aspects of the problem and correctly describes 

the observed pattern of btbken exchange degeneracy. 
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FIGURE tAPTI 01~S 

1. Two-particle planar discontinuity diagram. 

2. Diagram of the cylinder Operator. 

3. The low-t contribution£ to the discbntinui ty .of aA -a . 2 p 

Interpolation between the experimental points at the 

resonanc~·masses was done by using standayd centrifugal 

barrif'r anc thre~hola factors • Tr.e thresholds for the 

~o,nA~ and nf contributions are alsu in~icated. 

4. Diag,.am Gf tl~~ t.JrU!' that break~ eJCchange degeneTar.y; 

5. Two different disc~~linUit~es 0i the ~ylind~r cpcra~o~. 
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