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‘It was;on]y>af£er a relativistic qudntum theory was developed, largely
by Dirac, that he made his famous statement' in 1929, "...the underlying
laws necessary for the mathematica] theory of a large part of physics and
the whole of chemistry are thus completely known...". But for most of
chemistry one uses nonre]ativistic quantum mechanics:supplemented by the
qualitative rules reléted to the spin quantum number and the Pauli exclusion
principle. These last requifements are an integra1 part of re]ativistic_
quantum mechanics. But an appropriate ekpansion.of the Dirac equation2
yields a set of larger terms which comprise the'Sdhfﬁdinge; equafiﬁﬁmfogether'
with additional terms whose contribution to the energy is small unless -
particle ve]ocitiesvapproach the velocity of 1ight:. Thus, for many
chemical problems it‘is adequate and convenient to solve thé’honre]ativistic,
Schrﬁdinger*equatioh, subject to spin and symmetry or antisymmetry require-
-ments; and then to add the coﬁtributions of thé.smaller terms as pertur-
bations if they are ﬁot completely negligib]e; |

The unique but not always the most iﬁportant of these smaller
terms is that for thé spin-orbit interaction. For light elements it yields
small but readily observed sp]ittings of spectroscopic lines, etc. The
magnitude of this spin-orbit term increases rapidly for heavy elements as
shown in Table 1.

It is the purposé of this paper to considef the effects on properties
of general chemical jnterest arising from the difference between a fully :
relativistic treatment and the conventional tréétment with the nonrelati-
vistic Schrédinger equation and the appended'rﬁ]es for spin, etc. Since
the difference in energy for the'two'apprdaches is of the magnitude of

the spin-orbit term, we may use the latter as an indicator of the region
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Table 1.  Energy Terms for Fourth Group Elements «in Electron Volts.
Element Ionization -~ X2 Bond = - Sgin-grbit
: X - Potential Do Pr-"Pg
C _ 11.26 6.1 0.005
Si _ - 8.15 : 3.2 . .03
Ge 7.88 2.8 ' 17
Sn ‘ 7.34 2.0 .42

Pb 7.42 1.0 1.32
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of interest; A chemical bond energy for relatively large .atoms isurough1y
two electron volts (46 kcal or 190 kJ). From Table 1 we see that the
spin-orbit term for a valence electron is small compared to a chemical
bond energy for fourth-group elements through tin but becomes larger than
the bond energy: for ]ead; Thus we may-expect relativistic effects to
become important for chemical bonding in the last full ron in the periodic
tab1e; Let us seek possib]e anomalies in behavior for the lanthanides and
“for the all of the heavier elements.

3 in their third edition of "Advanced Inorganic

Cotton and Wilkinson,
Chemlstry", do not mention relativisitc effects exp11c1t1y but they do
note (1) the lanthanide contract1on, (2) the 1nert pair effect, (3) the
_unique propert1es of gold (as compared to Ag and Cu), of mercury (as compared

VI VI

~ to Cd and Zn) and of U'*, Np'*, PuVI (as’compared to the corresponding

1anthanides), and (4) the effect on magnet1c propert1es of ‘the large sp1n-
orb1t 1nteract1on in compounds of Os V, etc. Let us cons1der first the

role of re]at1v1ty as compared to other poss1b1e factors for (1) through (3).
The sp1n -orbit effect 1n (4) is purely re]at1v1st1c, and we shall subse-

quently comment briefly on it.

It.1s not our pr1mary purpose to present the mathemat1ca1 formu1at1on
or methods of ca]cu]at1on for re]at1v1s1tc quantum mechan1cs A brief
summary of the equat1ons, orbitals, etc.; 1s'gnven in an Appendixf: Also
we consider first the'conc1USions whioh'can be*drawn’from comparisons'of
re]ativistio and nonrelativistic Calcu1attons for atoms There are comp1ete

tables of se]f—consistent~fie1d calculations™™ -6 yielding orbital energies,
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radii of the various orbitals, and other properties. Also the orbital energies
are approximately related to ekperimenta] fphizatjqn potentiafs;7 Thus it is
convenient to use this information concerning the atoms to a makihum eXtent.
Not very many relativistic calculations have been made, as yet, for
the‘electronic motion in mo]ecu1es; In é second section a few of these
caiculations, hhich yield resu]ts of general chemica1~interest, will be
considered, but we make no pretense of giving a complete acCQUnt of all

relativisitc calculations on the electronic structure of atoms and molecules.

coNCLUSIst'BAsEbth:ATOMIc PROPERTIES

In addition te atomic spectra] data we have complete tables from
Desc]aux4 based on solution of the D1rac equat1on and y1e1d1ng orbital
energ1es, rad11, and other propert1es Comparable nonrelativistic tables

96 Except for 5 orb1tals, where there

are’ ava11ab1e from severa] sources.
1s no orb1ta1_angu1ar momentum, the spin-orbit interaction d1v1des a shell
of a given £ into subshells with total angular momentum j= 2 - %‘end '
J=42+ %3 Relativistic calculations y1e1d separate energ1es and radii for
“each subshe]] The d1fference 1nenergy is just the spin-orbit energy.
Where it is appropr1ate to average the properties of the subshe]]s, they
- are we1ghted as 23 + 1.

E]ectron1c ve]oc1t1es are h1ghest 1n the reg1on c1ose to the nuc]eus
Thus 1t 1s not surpr1s1ng that re]at1v1st1c effects are greatest for S
orbitals wh1ch have the greatest dens1ty near the nuc]eus and in the direction
of decreas1ng the rad1us and 1ncreas1ng the 1on1zat1on potent1a1 The |
_effect on p orb1ta1s is 1n the same d1rect1on but sma]]er . These ‘effects
.on s and p orb1tals increase the sh1e1d1ng of the nuc]ear charge for d and

f e]ectrons, hence the net re]at1v1st1c effect may be reversed Z.e. 1ncreased

radius and decreased ionizatfon'potentfal.'



It is we11 known that the rédii_of the 1anthanide ions decrease_from

La to Lu and that this reduétion in radius Dpersists for the fo]]Owing
elements. This W]anihanide confraction" is cited as the'immgdiate cause
of the near equality of radii (1h cdmparab1e oxidation states) for Hf and
Ir, Ta and Nb, etc., thkbugh Au and Ag and possibly further; The under-
1ying cause is commonly stated as the ihcompTete shie1d1ﬁg of the nucleus
by the fourteen 4f e1ectrons, thus a larger effective core charge contracts
the 5p, 5d, 6s -orbitals. This is the single most 1mportant cause of the
contract1on. But we shall see that the relativistic equation yields smaller
radii than the nonrelativistic equation in some';ases.

 Table 2 gives bofh the re]ativisfic.and noﬁfe]ativistic calculated radii

3

for the 5p shell as well as the experimental ionfc radii~ for lanthanum and

Tutecium and for comparison also for yttrium (4p shell). One would not )

Table 2. Lanthanide Contraction; 5p Mean Radii (4p for Yttrium) and
Observed Ionic Radii, R. - :

observed
~ calculated <r> jonic
._nonre1. av.rel, Py Py, radius
Y 778 774 779 763 .88
La .970  .958 .97 .931 1.061
Lu 774 .745 764 .706 - .848

L

expect that exact agreement of the experimental ionic radius with the mean value

of r for the outer shell of the ion, but there shou]d-be a close re]ationship of
relative values. 1In fact the ionfc radius exceedé the average réiativistic radius
by 0.105 R in all case. The onic rédius of ]utecium is significéntiy less than
that of yttrium. ‘ It is also apparent that there is a re]at1v1st1c contract1on
which is trivial for yttr1um, small for 1anthan1um but s1gn1f1cant for

lutecium. Wh11e the re]at1v1st1c contr1but1on to the tota] contraction from
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La to Lu is oniy"about‘lo%, if is the re]aﬁiﬁistiq effect which reduces the
radius of Lu significantly below that for yttrium. _

In order to measure the effect of the 4f shell for elements following
the lanthanides, nonrelativistic calculations were made8 for pseudo-atoms
in which the nuclear charge was reduced by'14 units and the 4f oribtals
were deleted. These results are compared with the nonrelativistic and the

relativistic results for the real atoms in Tables 3-5. For the radius of

Table 3. Radii <r>in &, Weiohted Averages for Relativistic 5d and 6p.

Pseudo-atom : Real Atom . .Rea1 Atom -

nonre]atiy. nonrelatiy. relativistic
5d 65 6p 5d 65 6p 54  6s 6p

HE 1.325  2.488 1179 2.153 1,263' 1.955

Re 1.076 2.231 952 1.955 992 1.734

AU .912 2,235 | 817 1.958 . .839 1.620

Hg  .849 1.086 758 1.761 e 1,515

o 1.762 2.245 1.570 2.078 1.365 2.036
Pb 1613 1.986 1.442 1.829 ~1.266 1.783

Bi 1.499 1.805 1.373 1.660 1.187 1.614

the 6s orbital. the con£raction caused by the 4f shéll'decreases through the
series Hf to Bi from 0.33 to 0.13vﬂ, while the relativistic effect remains
aboutAconstant at 0.2 K..AThUS, while both effects have the same general
.magnftude and-the same difeqtion, the relativistic effect becomes the more

- important for the heavier eféments; Ih'thé”tage of the 5d orbitals,

" however, the relativistic effect is in the:oppOSite‘direttion;/the,4f shell
contracts the 5d orbital butfre]ativistit effects expand it.. From T1 on thevép
_orbitq]sbeginto bebccupied and one finds that the effects on,thg 6p radii:afe:

similar to those on the 6s orbital but of decreased magnitude.
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‘Table 4. Calculated Orbital Energies and Experimental Ionization Potentials
in eV for Valence Shell Electrons.

S1/p - dy, ’ d %

Au, exp. 9.22 11.22 12.81

: calc. relativ. S 7.94 11.66 - 13.43

rel. wt. av. 7.94 12.37 '
nonrelativ. 6.01 _ _ 14.17
pseudo-atom 5.188% 14.62

Ag, exp. 7.58 12.51 - 13.18

' - calc. relativ.. " 6.45 13.64 _ 14.31

rel. wt. av. 6.45 - 13.91 '

nonrelativ. 5.99 _ - 14,62

| Tab]e‘4 gives energy values for the valence orbila]S'in gold and
siTver The orb1ta1 energ1es calculated on a se]f—cons1stent field basis
are on1y rough approximations to the 1on12at1on potent1als beécause ‘electron
correlation and relaxation effects are omitted. But with these factors
considered, the relativistic values agree well with'ekperiment;' Now
comparing gold with silver, the s.e]ectron is more'tightly'bpund in gold
than in silver by 1.5 eV whereas the dg, electrons are more 1oosely bound
in gold by about the same-amount. But within about ‘0.5 eV the noﬁrelati-
vistic values for gold or pseudo-gold are the same as those for silver
where relativistic effects are not very 1argé Thus this large sh1ft
toward more strong]y bound 's and more loosely bound d electrons is primarily
‘a relativistic effect.v But these shifts exp1a1n very well the d1fferences
in chemical behavior. With the high ionization‘potential for the 6s
electron eyven in the 1arge atom, gold is very difficult to oxidize. But
“in compounds it forms several strong covalent bonds since 5d orb1tals can
be 1nvq1ved as well as 6s and 6p. Not only is the d1fference in energy
between d and s orbitals smaller in gold than 1ﬁ.§f1ver'but the differences

in radii are smaller also.
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This tendenéy toWard strongcovaient bonds is also shown in the diatomic
molecule Auz‘whose dissociation energy,9 2.29 eV exceeds that of either
Agy(1.65 eV) or Cup(1.95 eV). Also note the trend in D, down from Cup to
Ago, which is a horma] pattern, and then anomalously up to Auz. Ah extensive .

theoretical study has been made]O

for Aup and is discussed in the next
section. | »

11

The electron affinities of these atoms are Cu(];226 eV), Ag(1.303 eV),

and Au (2.308g eV); ‘again the anomaly for gold is striking and is understandable
from the relativistic effect -in contracting the 6s orbital and making it more
strongly bound. The compounds CsAu and RbAu are unusual in being nonmetallic

sem1'conduc1:ors12

with the CsCl structure. They are presumably based on an
ionic M*Au~ model, and the high electron affinity of gold is essential to

their nometallic charactér.

In the case of mercury the combiﬁed re]ativistic‘and 4f-shell effect
contracts the 65 orbital and»strengthens ité bonding capacity as was the case
in gold. ThusAmercury'is a more noble metal than zinc or cadmium and its |
compounds show strohger covalent bonding. The unexpected volatility of
mercury ariseé_ffom the increase in 6s to 6p promotion energy as cohpared
to zinc ahd cadmium. ~The 5d orbifa]s play a lesser and the 6p orbitals a
greater rb1e in mercury thah in-gold; . the rejativistic and 4f-shell effects
on radii‘are shown in Tab]e_3;’, The contraction of the 6p orbital in-
thallium is primarily a 4f-shell effect although the relativistic effect
is in the same erection. In.éummary, the: anomalous' properties 6f mercury
arise from the sum of relativistic and 4f-shell contributions which are of

comparable magnitude and reinforce one another “in most respects.
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The appearance of compounds,primari]y in groups IV throth ViI, with
oxidation number two less than the group number is ascribed to an "inert
pair" of s electrons. This effect is enhanced for the 6s, 6p valence shell
“and ié eXtendéd to thallium in group III;. Thus the'enekgy reqﬁifed to
remove the 6s pair of e]eétrons is ﬁﬁch'greater_fqr T1, Pb, anabBi than
for the 5s pair in Ih,vSn, and Sb. The pertinent atomic ofbifa1'energies
for Gé, Sn, and Pb are given in Table 5. On'»a nonre]ativﬁsfic basis,

even with the effect of‘the 4f shell, all of the energies detkease‘along

Tabfé 5. The Inert Pair Effect. Orbital Energies for Ge, Sn, and Pb

in eV.

Element Ge s Pb

s, relativ. 15.52 ©13.88 - 15.41"
s, nonrel. 15.16 13.04 12.49
p, wt.av.rel. | 7.29 6.71  6.48
p, nonrel. 7.33 " 6.76 6.52
fe, relativ. 823 1.7 8.93
Ae, nonrel. 7.83 6.28 -5.97

Ae, pseudo-atom - BT 4.78

this sequence and no grossly anomalous trend is indicated. But on a
relativistic basis, the s electron in Pb is bound as strongly as in Ge
and’much more than in Sn, while the normal trend is maintained for the
weighfed average for the p electrons. Thus the difference in binding
for's.as_compahed to p electrons shows a very ahoma1ous'trend:from'5n to
Pb. Although the 4f shell effect is in the same direction, as indicated
by the value for pseudo-]ead; the major part of the énomé]& arises from
fe1at1§ity 1n‘this case. The data.for the third or fifth group show the
éame pqtterh.' o . | | _

There is also an enhanced inert pair effect for the elements Ge through Br

as compared to those of the elements in the rows above and below, but this is

not a relativistic effect.
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In various d1'scuss1‘ons]3’]4 of the bohdihg'in.the ukany] jon, it ié'Suggested -
that this unique ion has its great stability because 5f,6d,7$ and.7p 6rbita1s’can
all contribute to the remarkably short and'strong U-O bonds. C]eér]y the mean
radius of the 5f orbital is much less than that for the others, but in
contrast to>the 4f orbital, the 5f has a radial‘nodeland has significant
amplitude at radii much beyond the average. From Table 6 it is clear that
re1ativisf1c effects substantially narrow the ranges of orbital enefgies
and radii from 5f thrqugh 7s. Thus it is reasonable to conclude that
5pecia1 properties of oxidation state Vi for U, Np, and Pu arise as least
in large part because of the relativistic effects in making 7s (and 7p)
orbita]é more compact and strongly bound while making 5f orbitals larger

and much more loosely bound.

Table 6.  Valence Orbital Energies in eV and Radii in R for Uranium.

Relativ. ~ Nonrel.

(wt.av.)
e , bf 9.01 17.26
e , 6d . 5.09 - - 7.25
s /S 5.51 4.54
<r> , 5f 0.76 | 0.67
<r> , 6d 1.71 1.52
<>, 7s - 2.30 ' 2.67

We have now shown fhat most of the.anoma]ous.properties of various
heavy e]emeﬁts are to be ascribed in substantial part to re]ativistic
effects and that this conclusion can be based-on simple arguments from. )
data for atoms. Let us now turn t0'ré1ativistip pheqry and_qa]cu]ations
for mo1ecu1és for both confirmation of theSe conc]qsigns and further

insight.
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RELATIVISTIC CALCULATIONS FOR MOLECULES
A full exact fe]ativistic treatment of»e]ectrénic motion in a mo]écu]e‘
is very difficult, and none has been completed for a molecule which
includes heavy, many-electron atoms where the effects wé.have been
considering are chemically significant. But approximate calculations of
useful accuracy have been.made on two different bases. One method]o’]s'17
assumes that the cofe electrons remain unchénged in molecule formation
‘and replaces their detailed influence on valence electrons by effective
10

potentials. This method was used to treat diatomic gold = with the_resu]ts

9,18 of the two excfted

shown in Tab]e 7, which show that thé properties
spectroscopic statés‘Which have been observed as well as those of the
ground state are obtained with.usefu1'accuracy from the relativistic
calculations. Comparison with nonrelativistic caTcu]ations‘for the ground
state indicate that the re]ativiﬁtic effects strengthamthe bond by 1.0 eV
and shorten it by 0.3g R. The anomalous trendfin dissociation energies
in the series Cup, Agz, Rup was stated.above;'if the bond energy in Aug 1is
decreased by 1.0 eV, the anomaly disappears. Thus the anomaly is primarily
caused by the re]atfvistic éffects; | N

Another approximation for re]ativistic“mdjecular ca1cu1étions is the
one-center method of Desc]aux and Pyykko.]g’zO Here all electrons are
. considered but only in orbitals centered on fhe heavy atom. The method
gives useful results for compounds of a single heavy atom with hydrogen;
there are only valence electrons in the vicinity of the protons; These
one-center calculations can be made relativistically as well as nonrela-
tivistically and the‘difference may give a useful measure of the

relativistic effect even where the absolute value of the calculated

property is not very accurate.
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Table 7.  Properties of Aup.

State Re(R) ~ DeleV) Te(eV)
X 0 calc. ' 2.37 .27 0
exp.d 2.47 2.31b 0
Ao calc, 2.51 0.79 2.61
exp.d 2.57 1.00 2.44
B O calc, 2.50 1.38 3.55
. exp. 2 2.51 1.78 3.18

dfrom ref. 18.°
b

from ref.9. '
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Results of one-center ca]cu]ations19 for the series CuH, AgH, and AuH

. , 2 .
are given in Table 8 along with the experimental values. ] The effective potential

14

calculationsof Hay et al. 'fqr AuH are also available and the results are

inc]uded.' The relativistic effective-potential value for the interatomic
distance agrees well with experiment and a relativistic shortening of
'0.285 R is indicated. The calculated bond-energy va]ue‘does not agree as
~ well; hence caution is indicated in drawing further conclusioﬁs. The
results of one-center calculations are evidently very approximate, but
they indicate corretly that there is a subﬁtantiaT relativistic shortenfﬁg
and strengthening of the bond in AuH. One concludes from these results,
as for those from-Cuz,.Agg, and Au2, the'anomélous properties of the gold
compounds arise primarily becaUse'of relativisfic effects."

An examination of the angu}ar properties of relativistic orbitals
indicates22 that while s orbitals remain good Bonding orbitals in the
relativistic domain, Py, and Py, orbitals are not effective in bonding;

It is only by taking‘fhe 1ineér combinations %(byQ) + %(py&) which yield
essentially the nonrelativistic orbitals that éood bondihg properties>are
obtained. When spin-orbit energies are 1arge,'this implies further promotion
energy to yield an effective valence state. Réugh calculations based on

422

this promotion energy have been presented®“ in connection with estimates

of'properties of suber heavy elements in the'réﬁge 1]2-118: Also the .
peculiar propertiés'bf‘radon fluoride are»COhs%aered on this bas-is.23 It
is found that the promotion energy from the lowest state 2P3/2 of Rn+ to a -
valence state %(Py35f+-%(P%@) is so great that an jonic COﬁpound Rn+F' (or

Rn++F§) may be more stable than a covalently bonded structure analogous to

XeF2. For element 18 th1s §ffect'wou1d be even more pronounced;
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‘Table 8. Molecular Constants for CuH, AgH, and AuH.

Cui AgH . AuH :
Re» calc.nonrel.(R) . 1.514% 1.692° 1.744%, 1.807°
calc.rel.(A) o 1.5012 1.6582  1.6592, 1.522P
exp. (R) 1.463C 1.618¢ 1.524C
De» exp.(eV) 2.85° 2.51¢ 3.37°¢
calc.rel.(eV) —-- - 2.660
ADg,(rel.-nonrel.)(eV)  0.05% ©0.358 1.44%, 0.66°

3Ref.19.

bref. 16.

CRef.21.
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These ca1éu1ations assuming full promotion to a bonding valence state |
ére at best a crude approximation; the true state will be a compromise
with only partial promotion. This is 111ustrated by recent results for
‘onefcenter calculations on TIH. Desclaux and Pyy‘kko20 considered the seriés
from BH through T1H. For the molecules where spin-orbit energies are small,
the bonding orbital 15'%(py2) +‘%(p%&) as is expected. But for TIH it is
619 (pyb) andonly 39% (p%E) and thé effect of relativity js to weaken the
bond in TIH. These calculations indicate that the relativistic effects
strengthen the bond in InH by about 0.3 eV whereas they weaken the bond
in TTH by at least 0.5 eV. Thus the qualitative conclusion that relati-
vistic [Lgorbita1$ are relatively ineffectiveAfor-bonding'is clearly |
confirmed. But mokédetai]ed ca]cu]atfons are‘ﬁeeded for various cases to

obtain a quantitative measured of this effect.

DIRECT CONSEQENCES OF SPIN-ORBIT ENERGIES
In addition to the effects on bond energies, there are other consequences

when spin-orbit energies become large. Cotton and WilkinsonS

discuss the relation-
ship of spin-orbit coupling to magnetic properties. If the‘spin orbit §p1itfing
becomes large as compared to thermal energy, paramagnetic effects can be

‘largely suppressed.  Another very important conseduence is the breakdown .

of spin selection fu]es and the enhancement-ofvrates of singlet-triplet
interconversion. Thfs is well known to those W6rking with heavy elements

‘but is sometimes ignored by others. The very strong specfra] Tine of mercury

3

at 2537 & is a “spin-forbidden" P1 ~» ]SO transition; The intensity of this

line is a vivid reminder that spin is not separately quantized in heavy atoms.
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The magnetic properties and the related sﬁ]ittings in the spectra
of many compounds involving heavy atoms;were initially interpreted with
appropriate consideration pf’spin‘orbit energies. For example, Moffitt
et aZ.24 showed that the spectra of the ho]ecules.Rer to PtFg are
‘c1oser to j-j coupling than to L-S coupling but’that 1igand field effects
are even more important. Since most of the literature presently gives

full consideration to the relativistic (spin-orbit) effects for these

properties, there is no need for further comment here.

SUMMARY

Wh11e sp1n orb1t effects have been recognized in interpreting magnetic
propert1es of molecules containg heavy atoms, more e]aborate calculations
~are required to establish the contribution of relativistic terms to bond
energies, ionization potentials, and various chemical properties.
_ReTatiyistic Quantum mechanical ca]éulations have now been made for atoms
and‘for a few.mo]ecﬁ]es; ahd one can show that many of the anomalous
departures from periodic table trends for heavy atoms can be attributed

to relativistic effects.
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APPENDIX

The many-electron relativistic Hamiltonian may be Written2’4’25 a

H o= 2oHp() + 32 [+ (i) (A1)
i i, 1] ' _
where Hp is the Dirac one-electron Hamiltonian including the electrostatic

S

attraction of the nucleus, the 1/r1j is the interelectronic repulsion, and
Hg is the so-called Breit interaction which is small and is commonly

introduced only as a first-order perturbation for the total energy.

Hy = dcgey + 8¢S - /v g (A-2)
where R and B are fourth-order matrices, as follows :
0 g 0. O

. ﬁ and g = , - (A-3)

where, in turn, I is the second-order unit mafrix and g*represents the 2x2

0 -i
ay = =
A E

Pauli matrices , L
0 1 1 0 ‘
OLX = . (A-4)

1 0 0 -1
In atomic units, which will be used hereaftef, h=m =.e_= 1, c.= 137.037.
This choice of B removes the rest-mass energyﬁ

Relativistic wavefunctions are fourth-order vectors. The first two,
“Targe" componenté.can be thought to correspond_to;the ordinary Schrddinger
wavefunctions f0r§+vand - spin, respective1y; The third and fourth, "small"

‘componenté, are purely relativistic and vanish in the nonre1ativistjc 11m{t
c >, This is demonstratedz by an expansidn'of equationv(A—1) in invérée
powers of c, the Pauli approiimation, Now the leading terms yie]d just thé

'nonre]atiVistic’équatioh. If we treat the next terms as a perturbtaion: and

assume spherical symmetry for an atom, their contribution for a given electron

is given by the sum of the -three following expressions:
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0.

& < ?3;7/ ne(OlEn e - V( )] rZdr ' | (A-5)
°r” dRy,p(r)] 2 R

o

ey - Z:] Rﬁ,g(f)[dx,(f)] .rd,,. B - : o (A-7)

Here R(r) is‘the radial factor in the nonrelativistic wavefunction, V(r) the
potential energy, 58,2 the nonrelativistic orbital energy, and k+l=-£ if
j=t+l or k+l=£+1 if j=t-%+ . The first expression is descriptively ca]]ed
the mass—vélocity term and yields the effect of increase in mass as the
elactron velocity approaches c. The second term, called the Darwin term,
and the. fikst both shift energies without regard for spin orientation.

The th1rd or spin-orbit expression has a coeff1c1ent which depends on the
product L s of spin and orbit vectors and is seen to be zero for s orb1ta15
The net effect of epted is to Tower the energy for orbitals with

appreciable densities near the nucleus; this is most important for s-orbitals
as noted above. The spin-orbit term divides orbitals with £#0 into two
categorieS 1owefing the energy for j=£-1 and raising the energy for j=2t§.
The component of j on the selected axis, m, is d good quantum number bdt
does not affect the energy for an atom, Z.e. in spherical symmetry;
PoweHZ6 has given a simple and clear description of relativistic
orbitals for atoms where various properties are discussed. The angular
properties of orbitals are especially important for chemical bonding and
these are shown for Syps P,s and pyzorbitals in Tab]e A;1._ Here various
factors are included within the fuﬁctions g(r) and f(r) which are eigen-
functions of the radial equations for the particular atom and principal
quantum number. Also all small components, f(r) are imaginary, <.e.

contain the factor 1i.
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In the va]ence she11 the small components are re]atlvely un1mportant
Hence one can see that s-orbitals and Py, M = r; orbitals retain the form
given in nonrelativistic treatments with the non-zero Targelcomponent in
the first position for positive spin and.in-the second position for negative
- spin. But for py&>and p%a, m = r% orbifa]s, nefther large component is zero.
In the nonrelativistic Timit the D1y and.p%é energies become equa]land the
linear combinations which restore the Schnodinger solutions are equally
acceptable. But for heavy atoms the‘pyb-p%& energy difference is substan-
tial even in the valence shell. |

The chemical bonding properties can be'ObtaTned from the'angu]ar factors
for the large. components The s-orbitals form good" s1gma bonds: and py R
m = orb1ta1s good pi bonds. But a diatomic mo]ecu]ar orb1ta1 of Py,
atomic orbitals js either 3-51gma bonding andvs-p1 ant1bonding,'or the

reverse; hence, one does not get good bonding from p, orbitals.



Sl/z’ m = +%'

pl/za m= +%
G(r)cose B
g(r)sins e1¢

f(r)

0

|~ R

~ 43
'p3/2: m = +'2'
i

g(r)sing

0

f(r)sindcosH e“b

_f(r)sinze e21¢ .

, e
Paps M = +3

2g(r)cos6

-g(r)sine ei(1>

2

f(r)(cos e-%)

_f'(r‘)sinecose e‘j
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Sl/zs m = ";"

0
g(r) |
¢

f(r)sing €

—f(r)cosé

- 1
Pl/z’ ms= -z

A}

[ . -i
g(r)singe’
-g(r)cose

0

ta(r)sine g!

f(r)

P M = -3

10

¢

2, 21

f(r)sin“e e

-f(r)sinacose e!

- .1
_P3pe m=-3
[ g(r)sine gi?
2g(r)coso

~f(r)(cos%6-1)

f(r)sinecoss e"‘d)

Table A-1. Dirac Atomic Orbitals. The Angular Factors are Shown Explicitly:
Other Factors are Included 1in g(r) and f(r) in Each Case.

¢
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