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A NEW K1r PARTIAL WAVE ANALYSIS 
BELOW 1 GeV K1r MASS;'< 

A. Barbaro-Galtieri, M. J. Matison, M. Alston-Garnjost, 
S. M. Flatt"e, t J. H. §Friedman, :1: G. R. Lynch, 

M. S. Rabin, and F. T. Solmitz 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94 720 

ABSTRACT 

The K1r scattering for M(K1r) < 1 GeV has been studied 
in the reaction K+p - .t!.++K+1T- at 12 GeV / c incident K+ 
momentum. Both the moments of the Krr angular distribu
tion and the K1r cross section are extrapolated to the pion 
pole, and the results are used in a partial wave analysis. 
For the s wave we have done both an energy-independent 
and an energy-dependent partial wave analysis. We find 
that only the so-called 11 down" solution is compatible with 
our data; that is, a phase shift ~B slowly increasing from 
zoo at 800 MeV to 60° at 1000 MeV. No evidence for an 
s-wave resonance near the K*(890) mass is found, al
though a resonance with r < 7 MeV cannot be excluded by 
the data. The 11 down" solution is well represented by an 
effective range formula with a~= - 0.33 ± 0.05, in gDod 
agreement with a current algeora calculation. 

I. INTRODUCTION 

. * The interest in K1T scattering in the energy region of K (890) lies 
in the fact that some theoretical models predict the existence of an 
s-wave resonance at this mass. Experiments so far have failed to 
prove or disprove conclusively the existence of this state. Partial 
wave analyses of K1r scattering in the K*(890) region have been done 
by various authors. 1-5 The most recent analyses found two solu
tions for the s -wave phase shift in this mass region: a slowly 
varying "down'' solution with 6~ rising from zoo at 800 MeV to about 
60° at 1000 MeV, and a rapidly rising 11 up" solution corresponding 
to a slowly varying s -wave background plus a narrow resonance 
(r :s 30 MeV). 

* Work done under the auspices of the U. S. Atomic Energy Com-
mission . 
tPresent address: University of California-Santa Cruz, Santa 
Cruz, California. 
:I:Present address: Stanford Linear Accelerator Center, Stanford, 
California. 
~Present address: University of Massachusetts, Amherst, · 
Massachusetts. 
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Table I and Fig. 1 summarize the data used and the results ob
tained in these analyses. Table I shows the total number of events 
q.vailable to each analysis in the KlT mass interval indicated. The 
number of events in the KlT mass region below 1 GeY is much 
smaller, but this information is not readily available to us. It also 
shows the events in the incident K+ momentum regia~ PK+ > 8 GeV/c. 
This is done because events with larger incident K+ momentum have 
smaller four -momentum transfer to the K+lT- system and therefore 
are more valuable in extrapolations to the pion pole. Figure 2 
shows the relation trp.in versus P.K_ for different values of K+lT
masses for the reactwn K+p - L:l++K+lT-. Figure 1 shows the 6~ 
p~ase shift solutions up to a mass of 1. 7 GeV. In the region of 
K'•c(890) the two ambiguous s0lutions are shown as obtained by the 
different authors. 2-5 This paper will only deal with KlT scattering 
below 1 GeV, therefore the second ambiguity (at M ~ 1. 5 GeV) will 
not be discussed here. 

_________ • BINGHAM 72 _j_ 1
-----

• MERCER 71 : I 
~ YUTA 71 I -+-

+ondrFIRESTONE72 : --::::J""'""~I=I 

XBL 732- 2324A 

Fig. 1. Phase shift results of Bingham 
et al. ,3 Mercer et al., 2 Yuta et al., 4 and 
Firestone et al. 5 The curves represent 
possible paths connecting the ambiguous so
lutions as drawn by Firestone et al. 

Trippe et al. 1 have extrapolated the total cross se_ftion to the 
pion pole and found only the 11 down" solution in the K"" (890) region; 
however, they suggested an s-wave resonance at about 1100 MeV. 
Mercer et al. , 2 who have used the World Data Summary Tape 
(WDST) compilation, 6 have extrapolated theY~ moments to the pion 
pole and found both solutions. However, they eliminated the 11 up" 
solution, because it was not in agreement with the extrapolated 
total cross section. Bingham et al. 3 have also used the WDST 
compilation6 when it included a larger number of events. They 

,, 
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Table I. Data used in the partial wave analysis performed by the authors indicated. The column '--' 

labelled solutions refers to solutions obtained for the s wave in the K>:<(890) region. 
• .. , .. 

Momentum Final Number of Events in 
c .. 

Interval of Solutions Authors 
(GeV /c) states events PK> 8 GeV K TT mass ,~ 

......... 

7.3 ++ + -6. K TT 1 363 0.6-2.0 Down Trippe et al. 1 (.. 

b,.++Ko TTO 219 ...c 

3.0-12.7 6.++K+ TT- 23 244 5 449 0.6-3.5 Down 
2 6 ,. 

Mercer et al. ' ·~ 
6.++K> -rP 3 967 1148 (, 

2.5-12.7 6.++K+K- 31122 12 812 0.6-3.5 Up, down 
. 3 6 

Bingham et al. ' w -~ 

b,.++K> TTO 4 845 2 667 ., 
12.0 6.++K+ TT- 11 073 11 073 0.6-3.5 This experiment (,;~ 

5.5 + -n K TT 2 875 0.65-1.3 Up, down Yuta et al. 4 

p J{O TT- 2 086 

12.0 + -K TT p 2 479 2 479 0.7-2.0 Up, down Firestone et al. 5 
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0.05 

Fig. 2. Minimum momentum transfer, 
tmin• vers.fls inc~~en~ :rs:+ momentum £or the 
reaction K p-!:::. K 1r • The thr+e~ curves 
refer to the indicated values o£ K 1r invari
ant mass. 

found two solutions but disagreed with Mercer et al. , 2 because 
they found that with larger statistics the "up" solution could not be 
eliminated by the total cross section. The next two experiments 
listed in Table I have used reactions different from those of Refs. 
1-3. Yuta et al. 4 used a one meson-exchange model neglecting ab
sorption effects to analyze the off-mass shell KTr scattering. They 
found two solutions, one of which required an s -wave resonance at 
.- 850 MeV. Firestone et al. 5 extrapolated the moments and the 
total eros s section to the pion pole and performed a partial wave 
analysis which yielded two solutions as shown in Fig. 1. Recently 
a new method of analysis has been applied to analyze 9430 events 
of the reaction K-p- K-Tr+n at 4 GeV/c by Chung et al. 7 They 
studied the mass dependence of each partial wave in the physical 
region without making any assumption about the nature of the pro
duction mechanism. They found that their data can accommodate 
little if any narrow width daughter state in the K>:C(890) region. 

II. THE DATA 

The analysis described in this paper is based on 11 073 events of 
the type 

(1) 

with a K+ incident momentum of 12 GeV / c, obtained in an exposure 
of the 82 -in. Hydrogen Bubble Chamber at SLAC. These events 
are part of the 4-prong topology of which details have been given 

8 9 . 
elsewhere; ' we only show here some important features of the 
data. 

.. 
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Figure 3 shows the K1r invariant mass for events of reaction (1), 
where .6.++ is defined to be 1.16 < M(1r+p) < 1.36 GeV; it shows that 
the distribution is dominated by K*(890) and K*(1420). Figure 4 
shows the momentum transfer distribution tp.6. for events of reac
tion (1) in the K1r mass interval 0.8 < M(K1r) < 1.0 GeV. These 
events are the ones to be used in the partial wave analysis reported 
in this paper. The t:rnin for these events is about 0.015 (see Fig. 2); 
that is, they are relatlvely closer to the pion pole than most of the 
events used in previous analyses with the same reaction (see Table 
I and Fig. 2). In particular, a comparison with the sample of 
Bingham et al. 3 shows that we have a number of events comparable 
with their sample with PK+ > 8 GeV / c; however, tmin is smaller 
(see Fig. 2) for most of the events in our sample. · Another ad
vantage of this experiment is that all of the events come from one 
exposure at one momentum in one bubble chamber, in contrast with 
the WDST compilation6 which includes data from 14 different beam 
momenta, analyzed at 11 different laboratories, so that data may 
be subject to large uncertainties when combined. 

Fig. 3. Invariant mass distribution for the 
K+1T- system o£ the reaction K+p-- ll.++K+1T-. 
The ~+=t-is defined by 1.16 < M(1T+p)< 1.36 
GeV. 
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400 K+ p -tt+ K+ ,.-

0.8 <M(K+,.-) <1.0 GeV 

(3267 events) 

1\1 300 
> cu 
~ -0 

~ 200 
(/) -c: 
cu 
> w 

100 

Fig. 4. Distrioution of the 

00 
momentum transfer squared for 
e"+ents ~t t~e .:reaction+ _ 

-tp6 (GeV 2 ) K p--6. K 7T with K 7T mass 
XBL736·3073 in the interval 0.8-1.0 GeV. 

In order to study K7T scattering we want to investigate the one
pion exchange process shown in the diagram of Fig. 5a. The co
ordinate system used to investigate reaction (1) is shown in Fig. 5b. 
If the one -pion exchange mechanism were dominant in our data we 
would expect the distributions of <11:<7T and cj>7T angles (Treiman and 
Yang angles) to be isotropic. These two dis~ributions are shown in 
Figs. 6 and 7 for events of the reaction K+p - 6. ++K"'~ in various 
momentum transfer intervals. We notice that for small t the two 
distributions are consistent with isotropy, whereas at large t they 
become anisotropic. This could be explained as the effect of back
ground which, as expected, is larger for larger values of It I . By 
doing an extrapolation to the pion pole we should be able to reduce 
the background to the one-pion exchange mechanism even further. 
We will discuss the extrapolation in the next section. 

Finally, Fig. 8 shows the cose distribution for the events that 
we will use in the partial wav:e analysis; that is, events of reaction 
(1) with 0.8 < M(K1r) < 1.0 GeV. The moments of the cosO distribu
tions for these events as well as for other K1r mass intervals and 
for I t'l < 0.1 GeV are shown in Fig. 9. We notice that Y 3 = Y 4 = 0 
for M(K1r) < 1 GeV, therefore only s and p waves are involved at 
these energies. 

... 

~ 
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VI 
Ql 
Ql ... 
QD 
Ql 

'tl 

co .... 
k 
Ql 
,;:>. 

VI .... 
I': 
Ql 
;> 
~ 2 0 

diagram, (b) t-channel coordi
nate system (Jackson frame) 
for the K1r vertex. <I>K1r is the 
Treiman- Yang angle. An anal
ogous frame can be defined for 

XBL736- 3049 the 71p system. 

•5 

(d) 

" 

- 1 0 0 

<I>Kn (de g) (de g) 

XBL 7212-5669 

Fig. 6. Treiman and Yang angle <!>K1rin the 
K+1T- center of mass for K+p-+.6.++K*(890) 
events. (a) Events with It I< 0.1 Gev2 (1551); 
(b) events with It I= 0.1 to 0.2 GeV2 (460); 
(c) events with rt I= 0.2 to 0.3 Gev2 (198); 
(d) events with It I= 0.3 to 0. 5 GeV2 ( 156). 



200 .... 
0 
.... 
(1) 
p.. 

!/) , 0 0 ,._) 

1=: 
(1) 

~ 

0 
- , . 0 

8 

.. .. ., ., .. 
bO ., 

't:l 

IX) -.. ., 
'" Q. 

(d) .. .... 
1:: ., 
~ 

' 0 

20 

.. 

- ' 0 0 ' 0 0 -too too 

(de g) t/>,p (deg) 

XBL 7212-5668 

Fig. 7. Treiman and Yang angle for cj>1rp 
in the 1T+~ center of mass for 
K+p -+ D. + K>'.c (890) events. (a) Events 
with I tl < 0.1 (1685); (b) events with 
ltl = 0.1 to 0.2 (3701; (c) events with 
ltl = 0.2 to 0.3 GeV (185); (d) events 

with ltl = 0.3 to 0.5 GeV2 (131). 

0 . 0 , . 0 

XBL 7212-5666 

Fig. 8. Angular distribution of 
the K:rr sca~tering+~ng~e _for the 
reac~1~n K p __.. D. K 1T for 
M(K 1r ) = 0 ·~ to 1 .0 GeV and 
It I< 0.1 GeV (2038 events). 

" 



9 

0.4 -
-+--

1\ 0.2 ++ --+-
~ + t -v + ----o.o +-- -

-0.2 

I 

0.4 
---+----1\ 0.2 .... ON 

~ + --v 
..l. ----o.o 

-0.2 

0.4 -
-+-- -

1\ 0.2 -
~ -v + ---+-

0.0 T 

-
-0.2 

0.4 -
1\ -
~ 

0.2 

"" -v 
i --0.0 l -... 

-
-0.2 

0.8 1.0 1.4 1.8 2.2 

M(K+n-) GeV 

XBL 72J2-5657 

Fig. 9. + -Moments of the K 1T 

angular distribution ve~ su~~+lT 
mass for the reaction K p-+.6: ~ 1r-

for events with It' I< 0.1 GeV . 
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III. EXTRAPOLATION TO THE PION POLE 

A. Moments Extrapolation 

If the differential cross section is expanded in terms of the 
spherical harmonics as 

i. 
da a max 
dn = --=--- ~ 

fu ao J. = 0 

0 
ai. Y i. (cos8), 

then the expansion coefficients ai. are proportional to the "moments'', 
i.e. , the expectation values of the spherical harmonics 

a 
(Y~) =-.R.-

.J4; ao 

We can calculate (Y~) for the N events in a given interval of rr + p 
and K+rr- mass and a g;iven interval of It I by estimating the expec
tation value: 

For a chosen interval in rr + p and K+ w- mass we calculate the values 
of (Y~) in different It I intervals. We then fit a linear t de
pendence a + bt for the moments in the physical region and use the 
parameters a and b to evaluate the moment at t = fl.2 = + 0.018, 
that is, at the pion-pole. The value so obtained will be referred to 
as the extrapolated (Y~) moment. A quadratic extrapolation has 
also been done and discarded because it was not required by the 
data. 

As a check of the extrapolation procedure v:,_e first extrapolate 
the rr+p moments for the reaction K+p--+- rr+p K'~ of which we have 
10 278 events. The extrapolated moments are shown in Fig. 10 with 
their errors; also shown are the experimental moments for events 
with It' I< 0.1 GeV. 2 We notice that both fit quite well to the curve 
calculated from on-shellrr+p scattering10 in the mass region 
M(rr+p) < 1.4 GeV. Above 1.4 GeV the calculated moments depart 
considerably from the extrapolated moments. As discussed pre
viously by Schlein, 11 this effect is probably due to background 
arising from the large Kmr production at K*rr and Kp thresholds, 
the Q. Figure 11 shows the scatter plot of K*rr versus rr+p mass 
squared in different t intervals. 8 We notice that the Q is produced 
at every rr+p mass; however, it appears to be less important at 
small.rrp masses, especially in the .t:.++ region. Figure 11c shows 
the scatter plot for events with I t' I < 0. 05 GeV2 ; we notice that the 
Q is still present and that outside the .t:.++ region is dominant. This 
is again consistent with the hypothesis that the Q is the cause of the 
discrepancy between calculated and extrapolated moments for 
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M(rr+p) > 1.4 GeV. The validity of this hypothesis has been checked 
in a reaction where there are no strong diffraction phenomena like 
pp--+ prr+n and ,agreement between the high-mass rr+;f moments and 
the on-shell moments was f?und to be very good. 1 

For the Krr moments an analo'gous situation could arise due to a 
D. ++rr- threshold enhancement. The Dalitz plot for the K+p--+ D. ++K+rr
events is shown in Fig. 12 for all events and for different It' I in
tervals. Although the D. ++71'~ enhancement is less dominant than the 
Q, we observe the same effect: the D. ++71'- enhancement is less 
prominent for small K'Tl' masses and small It' I, and we expect it to 
produce small distortion of the extrapolated Krr moments for K'Tl' 

/1 
0... 

>-v 

/1 
CC\1 

>-v 

/1 .,.., 
~ 

0.6 

0.4 

0.2 

0.0 

-0.2 

0.4 

0.2 

0.0 

-0.2 

0.4 

---T-7 
0.2 

0.0 t+ 
-0.2 

0.4 

---+-
0.2 . 

- o'.2 L_,___L__,....__j-:-'~--'-~::-'"--'---'---::::-'---J 
1.0 1.4 1.8 2.2 

M(n+p) GeV 

XBL 736-3047 

Fig. 1 0 -i- Extrapolated moments 
of the 71' ~ angular distribution 
versus 71' p ma.f s for eyents of 
the reaction K p-- np K'''(890). 
The dots represent the unex
trapolated v1:lues; the points at 
the lowest 71' p mass are the un
extrapolated values because the 
statistics were not enough for 
an extrapolation. 
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K rr system. 
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masses below 1.4 GeV. In this paper we will be considering only 
Krr masses below 4.0 GeV, where only Y? andY~ are different from 
zero, as noted in Secti~n II. The small I tj and extrapolated (Y~) 
and (Y~) moments are shown in Figs. 13 and 14 respectively. 
More details on the extrapolation can be found in Ref. 9. Note that 
in Figs. 13 and 14 we have used overlapping Krr bins, 20 MeV wide, 
whose centers are separated by 10 MeV; therefore, only one-half 
of the points are statistically independent . 

0.4 

II 0.2 -tF* -H----l=t, 
>:' Lt-
v ~ 

0.0 +. 

~ 
-0.2 

0.80 0.90 1.00 

,..... .... 

0.4 

II 0.2 

~ 
v 

0.01----------~---~ 

-0.2 L.......~_.__.~ ......... ~~..L.....~._._~....__,:--:---.........., 
0.80 0.90 1.00 

M(K+n-) GeV 
XBL 7212-5651 

. + -F1g. 13. Moments of the K rr 
angular dis tributi~ for events 
with It I< 0.1 GeV • Values 
for overlapping mass intervals 
are shown. 
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B. Cross-Section Extrapolation 

+ -Fig. 14. Extrapolated K Tr 

mome~ts_: Values for overlap
ping K 1r mass bins are shown. 

For the extrapolation of the total cross section we have used the 
Chew-Low extrapolation method13 with the introduction of DU.rr and 
Pilkuhn14 (DP) form factors and the slowly varying factor G(t) intro
duced bY. Wolf. 15 This procedure was first used successfully by Ma . 
et al. , 16 who obtained lT+p eros s sections in the A ++n data, in agree-
ment with the measured lT+p cross sections. . 

For one -pion exchange the differential cross section, modified by 
Dlirr-Pilkuhn and Wolf form factors, is 

dmdMdt = 1 

4 3 2p2 
lT mp L 

m2q(l;'n)O' (m) M2Q(M)O' (M) F( M t) 
2 2 m, ' ' 

(t-f.L ) 

(2) 

• 
. 
~ 
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where F(m, M, t) is a form factor which is 1 at the pion pole and has 
the form 

with 

F(m, M, t) = (DP) + X (DP)K t X G
2
(t) TI ver ex 

TI p vertex 

for s wave, 

r qt (m, t)] 
2 

(DP)KTI = L q (m) 

2 
(M+m ) -t 

(DP) + = 2 
TI p (M+m ) -fl. 

p 

2 
-~ G(t) - c-t 

2 2 
1 + RK* q (m) 

2 2 
1 + RK* qt (m, t) 

for p wave, 

1 + R 2 
Q

2
(M) ,6. 

(3) 

(4) 

Here the symbol DP is used for the DU.rr -Pilkhun form factors and 
G(t) for the slowly varying additional factor introduced by Wolf. 15 
The remaining symbols used in Eqs. (2)-(4) are as follows: 

m = proton mass 
p 

PL = lab beam momentum 

+ -m = M(K TI ) 

+ M = M(TI p) 

+ -a (m) = K TI cross section fl. = pion mass 

a (M) = TI + p cross section 

q(m) is the outgoing K+ momentum in the KTI c. m. 

Q(M) is the outgoing proton momentum in the TI + p c. m. 

qt (m, t) is the virtual TI momentum in the K TI c. m. 

Qt(m, t) is the virtual TI momentum in the TI + p c. m. 

The values of the numerical constants are taken to be: 

-1 
RD. = 3. 97 ± 0.11 GeV , 

-1 
R *= 1.25 ± 0.20 GeV , 

K 
2 

c = 2.29 ± 0.27 GeV . 

R,6. ·and c were obtained by Wolf, 15 who fitted many reactions over 
a large energy range. The value R * has been obtained bY. Trippe 
et al. 1 b~ fitting data of the K reactions K+p ..... ,6. ++ K* and 
K -p ..... K On at various momenta between 3 and 14 GeV / c.1 7 
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For each !(1T m.ass interval and t interval we define a quantity 

II()" II 

(do- I dt) . 
= experimental 

(do- /dt)DP-OPE 
(5) 

m, t 

where (do- /dt)DP-OPE stands for the integration of the right-hand 
side of Eq. (1) over the 6. ++mass region, over the K1r mass 
interval and t interval: 

(do- /dt)DP-OPE = 

X f(m, M, t), (6) 

with 0" (M) taken to be the on- shell 1T + p cross section and 0" (m) set 
equal to one. For each K1T mass interval we calculate 11 0" t" for m, 
several t intervals, fit a straight line throu~h these points, and 
calculate a value of the cross section at t = tJ.. This value, O"T' 
should be the on-shell K1T eros s section averaged over the mass in
terval under consideration, assuming that there are no rapid varia
tions within the interval. The extrapolated cross sections, for K1r 
masses below 1 GeV, are shown in Fig. 15. Also shown is the p
wave unitarity limit. 

150r----.----.---.----,,---,---~ 

,.0 100 a 

50 + 
-+-

-+-
-+-

-+-
-+-

-+=t- -¥-
0.80 0.90 1.00 

M(K+1T-) . GeV 

XBL7212- 4920 

+ -Fig. 15. Extrapolated K 1T 
total cross section versus K1T 
mass. Values for overlapping 
K1r mass bins are shown. The 
curve is the p-wave unitarity 
limit. 

We have also derived the p-wave cross section from the data. 
Since there is no evidence for d wave at energies below 1 GeV we can 
write the total cross section and moments in terms of only s and p 
waves as follows: 
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C1 T = 41T ~ 2 ( I s 12 + 3 I p 12) = C1 s + C1 p' 

(YO) =/3 Re(sp*) = (31T3 lsi !PI cos<j>sp 

1 v ;;:- I s 12+31 pI 2 .J ;;:- I s I 2+31 pI 2 

3 (Y~) = 
,.,[5-IT 

I P 1
2 

· 

(7) 

The p-wave cross section is then 

( 8) 

We have extrapolated to the pion pole the quantity (Y~) C1 T' with 
the method described earlier for C1 T' and obtained tlie CJp shown in 
Fig-. 16. The curve shown is a fit w1th a Breit-Wigner resonance of 
the type 

161T ~2 . 201 (9) C1 = -3- s1n 
1

, 
p 

withcoto!= (mR-m)/(r/2) 

and 2 mR 
3 2 2 q (m) 1 + R qR(mR) 

r=r 3 1 + R 2 q
2

(m) R mR+m 
qR(mR) 

150r---.----.---.----.---.---~ 
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Fig. 16. Extrapolated p-wave 
cross section versus K1r mass. 
The curve is a Breit- Wigner 
fitted to the data. M = 896± 2 
MeV and r = 47± 3 MeV. x2::: 5.5 
for 6 degrees of freedom. 
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The values obtained for the parameters a:r.e 

mR = 896±2 MeV, 

rR = 47±3 MeV, 

R = 2 fermi, 

in good agreement with the world average 18 values M = 896. 7±0. 7 
MeV and r = 51.7 ± 1.0 MeV for the neutral K':'. 

IV. PHASE SHIFT ANALYSIS 

Below 1 GeV the Krr phase shift analysis requires only s and p 
waves as already mentioned in Section II. The expression for O'T' 
(Y~) and (yO) in terms of s and p have been given in Eqs. (7). 

Since we are sludying the K+rr- channel, the isospin decomposition 
gives 

s = 2 
3 s1/2 + 

1 
3 s3/2 , 

( 1 0) 
2 
3 P1j2 + 

1 
3 p3/2 . p = 

In terms of the phase shift o ;r each partial wave is written as 

·s::2I 
2! lU J. • 2! 

T 1 = e s1n o 1 (11) 

Using only data of one charge state we do not have information on 
both isospin components. The I = 3/2 partial waves are best studied 
in K±rr± charge states which are pure isotopic spin states. Varioy~ 
authors have measured cross sections for the I = 3/2 Krr system; 
others have attempted phase shift analyses. 20 We refer to the re
view by Trippe19 for a detailed discussion and use here the results 
of the analyses: the P3/.2 was found to be very small or consistent 
with zero for M(Krr) < 1 GeV; the s3;2 wave was found to be con
sistent with a constant cross section, therefore with a phase shift of 
the form 

3 4rr 2 3 a 0 = - 2- sin o 
0 

= 1. 8 mb.· 
q 

(12) 

This is the form used by Bingham et al. 
3 

and is the form we use. 
Using the.extrapolated (Y~) , (Y~) and 0" T values and Eqs. (7) 

and (10) we can perform a partial wave analysis. For the four ampli
tudes involved we assume that: 

a) S3/2 is given by expression (12) with a negative sign for the 
phase shift, relative to the s1j2 wave, as determined in Refs. 2 and 
3.21 

' b) P3/2 = 0, as discussed above; 

·~.) 
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c) P1/2 is parametrized as the Breit-Wigner form given by Eq. (9), 
as discussed in Section III-B; 

d) s1/2 is the only unknown. 
9 A study of other production channels in our experiment shows 

that below 1 GeV the elasticity can be assumed to be one. This has 
also been discus sed by other authors. 19 For a pure elastic ampli
tude the phase shifts of Eq. (11) are real, therefore we have only 
one parameter to determine, 61. We have made both an energy-in
dependent and energy-dependen~ phase shift analysis, which will be 
dis cussed next. 

A. Energy-Independent Partial Wave Analysis 

To perform the partial wave ana10sis of the Krr system we use as 
input the extrapolated quantities {Y1 ), {Y2) and O'T, shown in 
Figs. 14 and 15. Therefore at each Krr mass we have three physical 
qy-antities as input and only one unknown, 66. For a given value of 
6 0 we calculate a chi-square (x 2) and search for a minimum of this 
quantity as a function of 66. At most Krr masses only one minimum 
is foy-nd, at others two minima are found. Table II shows the values 
of 6

0 
corresponding to these x 2 minima. More details can be found 

in Ref. 9. 
The results of the analysis are shown in Fig. 17 for all Krr mass 

intervals, including overlapping con-secutive bins. Here we show 
the values of 66 corresponding to all the X 2 minima, including the 
points with large X 2. The values of 6 a for M(Krr) 2:: 910 MeV are 
plotted for the 11 down" solution as well as for a "down + 180° solu
tion. Figure 17 shows a continuous slowly increasing "down" solu
tion at every one of the 20 points where the analysis has been done, 
whereas the "up" solution is present only at two overlapping points 
at 890 and 900 MeV. We will discuss the two solutions separately. 

1. The "down" solution has a smooth behavior in agreement with 
the solutions found by other authors1-5 (see Fig. 1). This solution 
can be parametrized by an effective range formula 

1 k cot o 
0 

= _!__ + !. 1 k2 
1 2 ro ' 

ao 
(13) 

where k is the K+ momentum in the K+TT- center of mass, a6 is the 
scattering length, and r1 is the effective range. We have done a fit 
to the phase shifts of Tabl1e II, using every other entry starting at 
810 MeV and found 

0. 31±0.05 fermi, 
(14) 

1.4±0. 5 fermi. 

The fit is reasonably good, the chi-square being 10.6 for eight de
grees of freedom. The phase shifts and the fitted curve are shown 
in Fig. 18. The value of the scattering lenfzth is in agreement with 
the current algebra calculation of Griffith, who found a=- 0.22±0.02 
fermi. 
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Table II. + - phase shift o 1 
fit to extrapolated (~) , (~) and aT~ K rr 

0 

"Down" 2 "Up" 2 
Krr Mass solution X solution X 

1 
(ND = 2) o1 (degrees) (ND = 2) (GeV) o (degrees) 

0 0 

0.790-0.810 30 ± 7 1.0 

0.800-0.820 19+10 
- 4 

1.0 

0.810-0.830 24±4 4.6 

0.820-0.840 23 ±4 5.3 

0.830-0.850 29 ± 5 2.4 

0.840-0.860 37± 5 0.1 

0.850-0.870 48±6 3.0 

0.860-0.880 43±6 1.7 Shoulder at 
0.870-0.890 38 ± 5 0.6 100 33.7 

0.880-0.900 36±4 2.7 133 ± 5 2.3 

0.890-0.910 39 ± 5 3.7 151 ± 5 3.2 

0.900-0.920 45±4 0.9 163 ± 5 10.3 

0.910-0.930 54± 5 0.1 164± 5 21.3 

0. 920-0.940 48 ± 5 3.6 179 + 7 
- 6 

21.8 

0.930-0.950 40±6 1.3 

0.940-0.960 31 + 8 
2.4 - 16 

187 + 8 
0.950-0.970 45±8 3.5 6.6 

- 6 
0.960-0.980 56± 7 0.4 

0.970-0.990 58± 9 0.1 

0.980-1.000 56± 9 2.5 

We searched the complex energy plane for poles of the scattering 
matrix and found a pole in sheet II, defined by the convention of 
Frazer and Hendry, 23 at M = 1062 MeV and r = 470 MeV. It is rea
sonable to expect such a pole, since the phase shift of Fig. 18 would 
cross 90° if it were to increase with the same energy dependence. 
However, since we have not used data above 990 MeV, this result is 
not conclusive. 

2. The 11 up" solution is obtained only at two overlapping points, 
at 890 and 900 MeV. In this mass region the phase for the p-wave 
resonance, K*(890), goes through 90°, and Eqs. (7) show that we ex---pect a phase ambiguity intrinsic to the analysis. In fact both s· p 

and J ~~ would be the same for a phase o6 = 90-cj> and 
(6 b)'= 90 + <l>sp· If s3/2 were zero this would resu~P in a twofold 

~ 

. 
v 
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ambiguity for S1/2· ln practice we expect an ambiguity for s 1;2 be
cause s3/Z is small, and the statistical accuracy of our data 1s 
limited. 

Our results show that the "up" solution is reduced to only two 
overlapping points where an ambiguity intrinsic to the analysis is ex
pected. In addition the distributions of ( Y~) , ( Y2) and 0' T as a 
function of K'TT mass do not show any sharp variations, which in gen
eral are associated with a narrow resonance. Therefore, there is no 
evidence in our data for an 11 up" resonant solution. However, one 
can still draw a continuous 11 up" solution by connecting the two points 
at 890 and 900 MeV with the 11 down" solution below 890 MeV and the 
"down+ 180° 11 solution above 900 MeV. This would correspond to 
a very narrows-wave resonance at this mass. The resolution of 
this experiment at the K*(890) mass is r /2 = 5 MeV;24 however, we 
have chosen to analyze the data in 20-MeV intervals in order to have 
sufficient statistical accuracy for the extrapolation. In order to in
vestigate for what width an s-wave resonance is incompatible with 
our data, we perform next an energy-dependent partial wave analysis. 

270 

~-tit 
180 (+l+) )(2=7 

(-++-) x2=22 + x2~1o.21 
... 0 + '0 

90 

~y* y 
Fig. 17. I=1/2, s-wavephase 

0 shift, o{,, from an energy in-
0.80 0.90 1.00 dependent fit to the extrapolated 

M(K+n-) GeV ( Y~) , ( Y~) , and <TT • 

XBL 7212-5656 

90 

g. 60 
:g. 

-0 
<() 

30 

0 
Fig. 18. Effective range fit to 

800 900 1000 the phase shifts of the "down" 
M ( K,.) (MeV) solution. 

XBL736·30SO 
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B. Energy-Dependent Partial Wave Analysis 

We parametrize the s1/2 amplitude as 

1 (15) 

Since the amplitude is elastic, a simple way to combine a background 
and resonant amP.litude preserving unitarity is to add the two phase 
shifts as follows :2 5 

(16) 

where o 8 is given by Eq. (13), which fits the down solution very 
well, and oR is the phase of an s -wave resonance of the form 

M -m 
cotoR 

s 
= r/z 

2M 
(17) 

r =r 
s _g_ 

s M +m qs s 

Here Ms and r s are the mass and width of the resonance, m is the 
KTI mass, and q s is the momentum of the KTI system at the mass 
Ms. 

If we include a resonance the s -wave amplitude has four param-
eters: a()' r6, Ms, and r s· We have 30 data points as input, 

(Y~) , (Yg) and O"T at 10 different non-overlapping KiT mass 
values, wh1ch we use for an overall fit. Since the data points are 
average values over 20-MeV mass intervals, we calculate an aver
age of the function over 20-MeV bins and in addition we fold in the 
mass resolution as a Gaussian with a± 5-MeV width at half maxi
mum. 24 For each data point we calculate in this way the expected 
value of the func~ion and then calculate a chi-square. We minimize 
the sum of the X over the 30 data points to find values of the pa
rameters. 

We find that the non-resonant hypothesis, that is oR=O in Eq. (16), 
fits as well as the resonant hypothesis. However, the width of the 
resonance for the best resonant fit is r s < 1 MeV, which we cannot 
detect since we have 20-MeV bins and± 5 MeV resolution. At two 
standard deviations from the best resonant fit the width is r s = 7 MeV. 
The data used in the fit are shown in Fig. 19, where the solid curve 
represents the scattering length fit, oR = 0 in Eq. (16), and the 
dashed curve represents the fit for r s = 7 MeV. A resonance with 
this width could produce a detectable effect especially in the Y~ and 
O'T distributions. The non-resonant fit gives a6 =- 0.33, r6 = -1.1, 

X 2 = 36.0 for 26 degrees of freedom, with parameters in agreement 
with the ones obtained in the energy-independent fit [Eq. (14)]. 



"" 

' "" 

·--1 
I 
I 
I 

1\ l 
--1 

O...o 

>-
v 0 

-0.2 

I 
I 

1\ I 
! 

ON 

-~-L >- I v +-J_ 
0 

100 

-..0 
E 

1- 50 
b 

XBL736-3072 

Filb. 19. Extrapolated ( Y~), 
( Y 2) and <rT· The curves are 
the results of energy-dependent 
fits. The solid curve repre
sents the best fit for the non
resonant hypothesis; the dashed 
curve is the fit for an s- wave 
resonance with r = 7 MeV added 
to an effective range back
ground. 

V. CONCLUSIONS 

We find no evidence in our data for an s-wave resonance near the 
K~!<(890). In both the energy-independent and energy-dependent par
tial wave analysis we find that the 11 down" solution fits our data 
adequately. However, since we have limited statistics and a mass 
resolution of± 5 MeV we cannot exclude an s1j2 resonance with 
r < 7 MeV. 

The analysis of Bingham et ·al. , 3 who used the WDST compilation 
data, 6 found two solutions that fitted the data equally well: a 11 down" 
solution similar to ours and an 11 up" solution corresponding to a 
resonance added to background with r ;S 30 MeV. In our experiment 
we have a better mass resolution, and in addition we have included 
the total cross -section measurements in the fit, thus adding con
straints in the fit. We found no 11 up" solution, but could not exclude 
one corresponding to a resonance with r s < 7 MeV. The other anal
yses listed in Table I with two solutions had fewer statistics than our 
analysis. Chung et al., who used a different method of analysis, 
agree with our conclusions. 7 
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In conclusion, we find that the s -wave Krr scattering in the 0. 8- to 
1.0 GeV mass region is adequately represented by a phase shift slowly 
varying from 20° to 70~. Its energy dependence is well represented 
by an effective range formula with a scattering length a 0 =- 0.31±0.05 
fermi and an effective range ro = - 1.4±0.5 fermi. The scattering 
length is in agreement with the current algebra calculation of 
Griffith:22 a= - 0.22±0.02 fermi. ' 
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