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Limit theorems for stochastic gradient descent in

high-dimensional single-layer networks*

Parsa Rangriz†‡

Abstract

This paper studies the high-dimensional scaling limits of online stochastic gradient
descent (SGD). Building on the work of Ben Arous, Gheissari, and Jagannath on the
effective dynamics of SGD, we study the critical scaling regime of the step size for
single-layer networks. Below this regime the effective dynamics are governed by
deterministic (ballistic) limits, whereas at the critical scale a correction term emerges
that changes the phase diagram. Near the fixed points of these dynamics, we show
that the diffusive (SDE) limit of the rescaled correlation is an Ornstein–Uhlenbeck
process. More precisely, it is mean-reverting whenever the information exponent is
at least three. At information exponent two the drift has no universal sign, and the
fixed point may become repelling; we show this explicitly for phase retrieval, where
the sign is determined by the step size and the noise level. These results illustrate
the limitations of deterministic scaling limits in capturing stochastic fluctuations in
high-dimensional learning dynamics.
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MSC2020 subject classifications: 60F17.
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1 Introduction

Stochastic gradient descent (SGD) is one of the most widely used algorithms in
machine learning, optimization, and data science. Since its introduction by Robbins and
Monro in the 1950s [24], a main challenge in the theory of machine learning has been to
understand how SGD navigates the non-convex loss landscape to train neural networks.
While early works focused on fixed-dimensional settings, e.g., [21, 5, 6, 12, 15, 19],
recent work has shifted toward high-dimensional regimes, where both the sample size
and parameter dimension grow, e.g., [23, 16, 20, 14, 28].

In fixed dimensions, the behavior of SGD can be studied using classical asymptotic
methods and stochastic approximation theory, introduced by McLeish (1976) [21], in-
cluding pathwise limit theorems such as the functional central limit theorem (FCLT) and
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Limit theorems for SGD in high-dimensional single-layer networks

large deviation principles. In the regime of sufficiently small step size (learning rate) of
the algorithm, with a fixed loss function, the scaling limit of the SGD trajectory has been
shown to converge to the solution of a gradient flow problem, e.g., [2, 10, 22, 25, 27].
There has been also growing interest in higher-order works via diffusion approximations,
including asymptotic expansions of the SGD trajectory in terms of the step size, e.g.,
[1, 16, 17, 18].

By contrast, in high-dimensional settings, tracking the full SGD trajectory is often
infeasible. A common approach is to analyze scaling limits of lower-dimensional sum-
mary statistics under regularity and simplifying assumptions. A major development in
this direction came in the late 1990s, when Saad and Solla [26, 8] introduced order
parameters, such as the overlap matrix in the single-index model, drawing inspiration
from the statistical physics of spin glasses. This perspective, known as dynamical
mean-field theory (DMFT), has since provided a powerful framework for analyzing the
high-dimensional dynamics of SGD, e.g., [7, 13, 9, 29, 11].

Building on this breakthrough, subsequent research has focused on characterizing
the classes of functions that SGD can efficiently learn, in terms of both time and sample
complexity. The dynamics are typically studied in the ballistic phase, where summary
statistics evolve on a macroscopic scale and are well-approximated by an ordinary differ-
ential equation (ODE). In this regime, the macroscopic behavior follows a deterministic
scaling limit akin to the population gradient flow, e.g., [13, 29, 11].

In single-index models, for example, the time required for learning scales with the
dimension, which depends sensitively on the geometry of the loss landscape. To analyze
the dynamics near fixed points of these ODEs, Ben Arous, Gheissari, and Jagannath
[3] introduced the concept of the information exponent, a geometric quantity that
captures how SGD explores the loss landscape. They showed that there are three distinct
behaviors in which the time to weakly recover is linear, quasi-linear, or polynomial,
depending on whether the information exponent is less than two, equal to two, or greater
than two, respectively.

In this paper, we establish a FCLT for the rescaled dynamics of SGD in single-index
models. Specifically, we analyze the diffusive phase, where the summary statistics
fluctuate microscopically around fixed points, and the ballistic approximation breaks
down. In a critical scaling regime for the step size, an additional correction term arises
in the dynamics, leading to significant deviations from the population gradient flow. In
microscopic neighborhoods of a fixed point, the effective dynamics become stochastic
and are governed by stochastic differential equations (SDEs), which may display a wide
range of behaviors, including degenerate cases.

Our main focus is on learning single-index models whose activation has information
exponent at least two. We show that, under random initialization, the high-dimensional
trajectory of SGD with stochastic corrections deviates from the deterministic limit with
no population corrector predicted by DMFT. At the critical step size the correlation stays
at zero along the ballistic limit, so the recovery behavior is visible only in its rescaled
fluctuations. The dynamics converge to an Ornstein–Uhlenbeck (OU) process, and the
information exponent decides the sign of its drift: mean-reverting when the exponent is
at least three, of either sign when it equals two. We illustrate this for phase retrieval.

2 Setting and assumptions

Suppose that we are given a parametric family of distributions, (Px)x∈RN . According
to the teacher-student scenario, the teacher begins by generating a hidden vector
x∗ ∈ RN from a known prior distribution. Based on a statistical model, the teacher then
produces a sequence of i.i.d. observations (Yk)k, each generated conditionally on x∗
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Limit theorems for SGD in high-dimensional single-layer networks

and parameterized by elements in YN ⊆ RN , from PN = Px∗ , which we call the data
distribution. The number of observations is indexed by k ∈ {1, . . . , N}. The teacher then
provides the dataset (Yk)k, along with partial information about the generative model, to
the student. The student’s objective is to infer the hidden variables x∗ using only the
observed data and the provided model information.

Suppose a sequence of parameter iterates (Xk)k lies in a high-dimensional space
XN ⊆ RN , and the training data (Yk)k takes values in YN ⊆ RN . The learning proceeds
via online SGD with respect to a loss function LN : XN × YN → R, and a constant
step-size δN = cδ/N (for a fixed constant cδ > 0 independent of N ), according to the
update rule

Xk+1 = Xk − δN∇LN (Xk;Yk+1),

initialized with a random vector X0 ∼ µN ∈ M1(R
N ), whereM1(R) denotes the space of

probability measures on R. Our goal is to understand the evolution of the sequence (Xk)

in the high-dimensional limit as N → ∞. To this end, suppose that we are given a se-
quence of functions uN ∈ C1(RN ;Rl) for some fixed l, where uN (x) = (uN

1 (x), . . . , uN
l (x)),

and more precisely, our goal is to understand the evolution of uN (X).
To develop a scaling limit, we need some regularity assumptions on the relationship

between how the step-size δN scales in relation to the loss LN , its gradients, and the
data distribution PN . Therefore, we define the sample-wise error as follows

H(x, Y ) := LN (x, Y )− Φ(x) where Φ(x) := E[LN (x, Y )].

In the following, we suppress the dependence of H on Y and instead view H as a
random function of x, which we denote as H(x). We let V (x) = E[∇H(x) ⊗∇H(x)] be
the covariance matrix for ∇H at x.

Consider the following model of supervised learning with a single-layer network1:
Suppose we are given a (possibly) non-linear activation function f : R → R, a set of
feature vectors (ak)k, and additive noisy responses (εk)k of the form

yk = f(〈ak, x∗〉) + εk,

and for the sake of simplicity, we consider quadratic loss functions

LN (x, Y ) = LN (x, (y, a)) = (y − f(〈a, x))2.

Let us focus on the most studied regime, namely where (ak)k are i.i.d. standard
Gaussian vectors in RN ; for the (εk)k we only assume they are i.i.d. mean zero with
variance Cε and finite 4 + δ-th moment for some δ > 0.

Note that we may write the population loss as

Φ(x) = E
[
(f(〈a, x〉)− f(〈a, x∗〉))2

]
+ Cε.

Also, in our case, the sufficient number of summary statistics we need for the single-index
model is two, and let x∗ ∈ SN−1 be a fixed unit vector. Now, we define the following
summary statistics uN (x) = (uN

1 (x), uN
2 (x))

uN
1 (x) := m(x) = 〈x, x∗〉, uN

2 (x) := r2⊥(x) = ‖x‖2 −m2(x),

where the loss distribution only depends on (m, r2⊥) and the population loss is of the form
Φ(x) = φ(m, r2⊥). We call m the correlation of x with x∗. We also refer to r⊥ > 0 as the
radius.

1This model and special cases thereof have been studied under many different names by a broad range of
communities: single-layer neural networks, teacher-student networks, and single-index models.
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Remark 2.1. Note that the model is unchanged by the substitution f 7→ f + c for any
constant c ∈ R. If the teacher’s activation is shifted, the observed responses become
yk = (f + c)(〈ak, x∗〉) + εk, and the student’s loss LN (x, Y ) under the shift is invariant.
Consequently, the loss LN , the population loss Φ, the sample-wise error H, and the
covariance V are invariant under the shift.

To ensure the tightness of the trajectories of the summary statistics, [4] impose
two key assumptions, namely localizablity and asymptotic closability on the triplet
(uN , LN , PN ) and the learning rate δN .

Definition 2.2. A triple (uN , LN , PN ) is δN -localizable with localizing sequence (EK)K
if there is an exhaustion by compacts (EK)K and constant CK (independent of N ) such
that

1. maxi supx∈u−1
N (EK) ‖∇2uN

i ‖op ≤ CKδ
−1/2
N , and maxi supx∈u−1

N (EK) ‖∇3uN
i ‖op ≤ CK .

2. supx∈u−1
N (EK) ‖∇Φ‖ ≤ CK and supx∈u−1

N (EK)E[‖∇H‖8] ≤ CKδ−4
N .

3. maxi supx∈u−1
N (EK)E[〈∇H,∇uN

i 〉4] ≤ CKδ−2
N , and

maxi supx∈u−1
N (EK)E[〈∇2uN

i ,∇H ⊗∇H − V 〉2] = o(δ−3
N )

Definition 2.3. A family of summary statistics (uN ) are asymptotically closable for
learning rate δN if (uN , LN ,H) are δN -localizable with localizing sequence (EK)K , and
furthermore there exist locally Lipschitz functions H : Rl → Rl and Σ : Rl → Rl×l, such
that

sup
x∈u−1

N (Ek)

‖(−AN + δNLN )uN (x)−H(uN (x))‖ → 0,

and
sup

x∈u−1
N (Ek)

‖δNJNV JT
N − Σ(uN (x))‖ → 0

where AN = 〈∇Φ,∇〉 and LN = 1
2 〈V,∇

2〉. We call H the effective drift, and Σ the
effective volatility.

For the sake of simplicity, suppose that not only the asymptotic closability is satisfied,
but each of the two terms ANuN and δNLNuN in Definition 2.3 individually admit
N → ∞ limits: namely there exist F ,G : Rl → Rl such that

sup
x∈u−1

N (EK)

‖ANuN (x)−F(uN (x))‖ → 0,

and
sup

x∈u−1
N (EK)

‖δNLNuN (x)− G(uN (x))‖ → 0,

evidently H = −F + G, and we call F and G the population drift and the population
corrector, respectively.

Then the corresponding (possibly stochastic) differential equation of online SGD [4]
is given by

dut = (−F(ut) + G(ut))dt+
√

Σ(ut)dBt, (2.1)

where Bt is a standard Brownian motion in Rl.
Recall that the Hermite polynomials, which we denote by (hk(x))

∞
k=0, are the normal-

ized orthogonal polynomials of the Gaussian distribution γ(x) ∝ exp(−x2/2)dx. Define
the k-th Hermite coefficient for an activation function f ∈ L2(γ) by

αk := 〈f, hk〉L2 =
1√
2π

∫ ∞

−∞
f(z)hk(z)e

−z2/2dz.
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Also, we define the norm ‖f‖2L2 := 〈f, f〉L2 . As long as f ′ has at most polynomial growth,
the population loss is differentiable, and 2.1 exists.

According to [3], under the regularity conditions previously discussed, in the following
we define a key quantity governing the performance of online SGD.

Definition 2.4. We say that an activation function f : R→ R has information exponent k
if the first non-zero coefficient in its Hermite expansion is the kth coefficient, i.e., αi = 0

for all 1 ≤ i < k and αk 6= 0.

3 Main results

In this work, we focus exclusively on activation functions with an information expo-
nent of at least two. This choice implies that the corresponding sample complexity of
online SGD grows at least quasi-linearly—or potentially polynomially—with the dimen-
sion, placing our analysis squarely in the more challenging high-dimensional learning
regime.

Even with this relative simplicity, we encounter various ODE and SDE limits following
the general form of (2.1). Indeed, we find dynamical phase transitions corresponding
to the aforementioned threshold in our model. Our analysis focuses exclusively on the
most interesting, critical step-size scaling δN = cδ/N corresponding to the proportional
asymptotics regime from the random matrix theory literature.

Before stating our main results, we introduce a notation for the Gaussian functionals
of f that recur throughout, and the mentioned regularity assumptions on f . For r⊥ > 0

and a ∼ N (0, 1), write

a(r⊥) := E[f ′2(ar⊥)], b(r⊥) := E[f(ar⊥)f
′′(ar⊥)], s(r⊥) := E[f ′′(ar⊥)],

t(r⊥) := E[f ′2(ar⊥)f(ar⊥)], q(r⊥) := E[f ′2(ar⊥)f
2(ar⊥)]. (3.1)

Assumption 3.1. Assume that the activation function f holds the following conditions:

(A1) f ∈ L2(γ) is twice-differentiable a.e. and f ′, f ′′ have at most polynomial growth;

(A2) the information exponent of f is at least two.

3.1 Sub-critical scaling regime

We are now ready to present our main results.

Theorem 3.2. Let (XδN
k )k be SGD initialized from X0 ∼ µN for µN ∈ M1(R

N ) with the
learning rate δN for the quadratic loss LN of a single-index model. Suppose that the
activation function f satisfies Assumption 3.1. For the corresponding summary statistics
(correlation and radius) uN = (uN

i )2i=1 = (m, r2⊥), let (uN (t))t be the linear interpolation
of (uN (XδN

btδ−1
N c))t. Then uN are asymptotically closable with learning rate δN = cδ/N .

Moreover, uN = (m, r2⊥) converges as N → ∞ to the solution of the following ODE
initialized from the pushforward of the initial data limN→∞(uN )∗µN ,

dm

dt
= −2Ea1,a2

[a1f
′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))],

dr2⊥
dt

= −4Ea1,a2
[a2r⊥f

′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))]

+4cδEa1,a2
[f ′2(a1m+ a2r⊥)((f(a1m+ a2r⊥)− f(a1))

2 + Cε)],

(3.2)

where a1, a2 are i.i.d. standard Gaussian variables.

We can obtain the following result when we restrict the initialization of the algo-
rithm to be chosen randomly from a gaussian distribution, i.e., X0 ∼ N (0, σ2

N IN ), then
(uN )∗µN → δ(0,σ2) weakly for some fixed σ2.
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Corollary 3.3. Under the conditions of Theorem 3.2, r2⊥ converges as N → ∞ to
the solution of the following ODE initialized from the pushforward of the initial data
limN→∞(uN )∗µN = δ(0,σ2),

dr2⊥
dt

= −4r2⊥ γ(r⊥) + 4cδ n(r⊥), (3.3)

where{
γ(r⊥) = a(r⊥) + b(r⊥)− α0s(r⊥) = Ea2

[f ′2(a2r⊥) + (f(a2r⊥)− α0)f
′′(a2r⊥)]

n(r⊥) := Ea2

[
f ′2(a2r⊥)

(
f(a2r⊥)− α0

)2]
+ a(r⊥)

(
Cε + ‖f − α0‖2L2

)
> 0.

Moreover, m ≡ 0 at all time, where the functionals a, b, s are as in (3.1).

Remark 3.4. Whether the ODE (3.3) admits a fixed point depends jointly on the ac-
tivation f and on the step-size constant cδ. The first term of (3.3) is the confinement
produced by the population drift Fr2⊥

, while the second is the heating produced by the
corrector Gr2⊥

; only the latter carries cδ. Since n(r⊥) > 0, a radius r∗⊥ > 0 is a fixed point
if and only if cδ = Ψ(r∗⊥), where

Ψ(r⊥) :=
r2⊥ γ(r⊥)

n(r⊥)
.

Hence a fixed point exists precisely when cδ lies in the range of Ψ, and in particular
only when cδ ≤ ccritδ := supr⊥>0 Ψ(r⊥); above this threshold the heating dominates at
every radius and r2⊥ diverges.

3.2 Critical scaling regime

Let us consider a rescaling regime of uN in a microscopic neighborhood of the fixed
point m = 0. This captures the initial phase from a random start if µN ∼ N (0, σ2

N IN )

for some fixed σ2 > 0. Then the pushforward satisfies then (uN )∗µN → δ(0,σ2) weakly.

Now rescale and let ũN = (m̃, r2⊥) where m̃ =
√
Nm. Evidently, ν̄ = limN→∞(ũN )∗µN =

N (0, σ2)⊗ δσ2 .

Theorem 3.5. Let (XδN
k )k be SGD initialized from X0 ∼ N (0, σ2

N IN ) for some fixed σ2

with learning rate δN for the quadratic loss LN of a single-index model. Suppose that
the activation function f satisfies Assumption 3.1. For the corresponding summary
statistics (rescaled correlation and radius) ũN = (ũN

i )2i=1 = (m̃, r2⊥), let (ũN (t))t be the
linear interpolation of (ũN (XδN

btδ−1
N c))t. Then ũN are asymptotically closable with learning

rate δN = cδ/N . Moreover, ũN = (m̃, r2⊥) converges as N → ∞ to the solution of the
following SDE initialized from N (0, σ2)⊗ δσ2 ,

dm̃ = −2m̃
(
γ(r⊥)− α2s(r⊥)

)
dt+ 2

√
cδ
(
q(r⊥)− 2(α0 + α2)t(r⊥) + a(r⊥)η

)
dBt,

dr2⊥
dt

= −4r2⊥ γ(r⊥) + 4cδ n(r⊥),

(3.4)
where

γ(r⊥) = a(r⊥) + b(r⊥)− α0s(r⊥) = Ea2 [f
′2(a2r⊥) + (f(a2r⊥)− α0)f

′′(a2r⊥)]

η = ‖f‖2L2 + 2‖f ′‖2L2 + 2〈f, f ′′〉L2 + Cε,

n(r⊥) := Ea2

[
f ′2(a2r⊥)

(
f(a2r⊥)− α0

)2]
+ a(r⊥)

(
Cε + ‖f − α0‖2L2

)
with a1, a2 i.i.d. standard Gaussian, α0 = Ea1

[f(a1)], and α2 = Ea1
[f ′′(a1)] and the

functionals a, b, s, t, q are as in (3.1).
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By Remark 2.1, since the SGD trajectory (Xk)k is driven through ∇LN , every limiting
ODE and SDE derived above is therefore obligated to be invariant as well.

Now, if the information exponent is at least three and the radius term of the rescaled
summary statistics starts from the initial point r∗⊥, then a mean-reverting OU process
appears.

Corollary 3.6. Assume the conditions of Theorem 3.5 hold, except that the information

exponent of f is now at least three, i.e., α2 = 0. If µN ∼ N (0,
r∗⊥

2

N IN ) where r∗⊥
2 is the

fixed-point of the ODE for r2⊥ of (3.4), then m̃ converges as N → ∞ to the solution of the
following mean-reverting OU process, i.e., γ(r∗⊥) > 0,

dm̃ = −2m̃ γ(r∗⊥)dt+ 2
√

cδ
(
q(r∗⊥)− 2α0t(r∗⊥) + a(r∗⊥)η

)
dBt. (3.5)

Remark 3.7. The mean-reverting OU process in Corollary 3.6 is special to information
exponent at least three, and does not necessarily hold at information exponent exactly
two. If α2 6= 0, the drift coefficient becomes θ(r∗⊥) := γ(r∗⊥) − α2s(r

∗
⊥). Then, there is a

competition between γ(r∗⊥) and α2s(r
∗
⊥), i.e., the fixed pointm = 0 can be mean-reverting

or mean-repelling depending on f , with no universal sign.

3.3 Example: Phase retrieval

Phase retrieval, f(x) = x2, makes the dichotomy of Remark 3.7 completely explicit,
exhibiting both signs of the drift within a single model of information exponent two. By
defining u = r2⊥, one gets Ψ(u) = (3u− 1)/

(
2(15u2 − 6u+ 3 + Cε)

)
, whence

ccritδ =

√
5(8 + 3Cε)− 2

4(12 + 5Cε)
,

equal to (
√
10 − 1)/24 ≈ 0.0901 when Cε = 0. Below the threshold the two roots of

Ψ(u) = cδ are a stable fixed point and an unstable barrier; as cδ ↓ 0 the former decreases
to the population value u = 1/3 and the latter escapes to infinity, while at cδ = ccritδ they
merge in a saddle-node bifurcation.

Here α0 = 1, α2 = 2. Also, a(r⊥) = 4r2⊥, b(r⊥) = 2r2⊥, s(r⊥) = 2, t(r⊥) = 12r4⊥,
q(r⊥) = 60r6⊥, so that γ(r⊥) = 2(3r2⊥ − 1) while the drift of the rescaled correlation is
governed by

θ(r⊥) = γ(r⊥)− α2s(r⊥) = 6
(
r2⊥ − 1

)
. (3.6)

Writing u = r2⊥, the RHS of (3.3) becomes 4u
(
2− 6u+4cδ(15u

2 − 6u+3+Cε)
)
, whose

positive zeros are

u± =
(24cδ + 6)±

√
36− 192cδ − (2304 + 960Cε)c2δ

120 cδ
,

with u− stable and u+ an unstable barrier. Initializing at r∗⊥ =
√
u−, the rescaled

correlation is then an OU process,

dm̃ = −12
(
r∗⊥

2 − 1
)
m̃ dt+ 4r∗⊥

√
cδ
(
15r∗⊥

4 − 18r∗⊥
2 + 15 + Cε

)
dBt, (3.7)

whose volatility never degenerates, as 15v2 − 18v + 15 + Cε > 0 for all v ≥ 0. By (3.6)
the process is mean-reverting when r∗⊥ > 1, and evaluating the quadratic above at u = 1

shows that this happens if and only if

Cε > 4 and
1

12 + Cε
< cδ ≤ ccritδ =

√
5(8 + 3Cε)− 2

4(12 + 5Cε)
.
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Limit theorems for SGD in high-dimensional single-layer networks

The two thresholds coincide at Cε = 4, where ccritδ = 1/16. Hence for Cε ≤ 4 the
correlation is mean-repelling at the stable radius for every admissible step size, and in
particular θ(r∗⊥) → −4 as cδ ↓ 0, since u− ↓ 1/3; only in a narrow window of large step
sizes and large noise does the fixed point become mean-reverting. This is precisely the
behaviour that Corollary 3.6 rules out at information exponent at least three, and it is
the single-index analogue of the signal-to-noise dependent drift found for matrix PCA in
[4].

4 Discussion

We showed that, with random initialization, the effective dynamics of SGD deviate
from the trajectories predicted by deterministic limits in high-dimensional settings. As
discussed earlier, DMFT describes a deterministic scaling limit via an ODE approximation
akin to the population gradient flow. However, in the critical step-size regime, diffusive
effects emerge, and the effective dynamics depart from this deterministic description
due to the presence of a stochastic correction, which we refer to as the population
corrector. At the critical step-size δN = cδ/N , and when the information exponent is
at least two, the correlation m = 〈x, x∗〉 stays at zero, which is a fixed point of the
corresponding ballistic limit. This indicates that deterministic limits fail to fully capture
the recovery behavior in this regime.

Near a fixed point of the radius equation, we showed that the rescaled correlation m̃

follows an OU process, and the information exponent decides whether this process pulls
m̃ back to zero or pushes it away. If the information exponent is at least three, the drift
always points back to zero, so m = 0 stays stable even once the stochastic correction
is taken into account. If it is exactly two, the drift may point either way, depending
on the activation function, and the fixed point can then be mean-repelling rather than
mean-reverting.

As an example, we investigated phase retrieval, which shows how much the corrector
can change the dynamics. Its population drift is by itself confining: this drift vanishes at
r2⊥ = 1/3, so the gradient flow of Φ alone would leave the radius bounded. The heating
comes entirely from the corrector, and once cδ passes ccritδ this control is lost and the
radius grows without bound. The two signs of the drift also match what is known about
sample complexity. At information exponent two, a drift that pushes m̃ away from zero
lets the small initial correlation, of size O(N−1/2), grow. This is why weak recovery
needs only quasi-linearly many samples [3]. At information exponent at least three, a
drift that pulls m̃ back keeps the correlation trapped near the origin, so polynomially
many samples are needed instead.

5 Proofs

5.1 Proofs of Theorem 3.2 and Corollary 3.3

Lemma 5.1. In a single-index model, the distribution of the loss LN (x, (a, y)) depends
only on uN = (m, r2⊥). Also, uN is δN -localizable for EK being the centered balls of
radius K in R2.

Proof. We check the items in Definition 2.2. By rotational invariance of the Gaussian
ensemble, we may take x∗ = v where v is the first basis vector of RN . First note that for
every x, since f is differentiable and f ′ is of at most polynomial growth,

∇Φ = ∂mφ∇m+ ∂r2⊥φ∇r2⊥,
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where {
∂mφ = 2Ea1,a2 [a1f

′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))],

∂r2⊥φ = 1
r⊥
Ea1,a2

[a2f
′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))].

Note that, (ak)Nk=1 are i.i.d Gaussian variables as stated in the Introduction, but here
by rotational invariance, we rename a2 such that E[f(〈a, x〉)] = E[f(a1m + a2r⊥)]. In
particular, a2 here does not correspond to the original second coordinate, but to the
component orthogonal to v.

One may express the derivatives for uN as

∇m = v, ∇r2⊥ = 2(x−mv).

Notice that ∇2m = 0, while ∇2r2⊥ = 2(I − vvT ), and ∇lm = ∇lr2⊥ = 0 for all l ≥ 3. It
yields that

〈∇m,∇m〉 = 1, 〈∇m,∇r2⊥〉 = 0, 〈∇r2⊥,∇r2⊥〉 = 4r2⊥.

For part (2), one may write

‖∇Φ‖ ≤ |∂mφ|‖∇m‖+ |∂r2⊥φ|‖∇r2⊥‖,

the bounding quantity is evidently a continuous function of m, r2⊥ and therefore as long
as x is such that (m, r2⊥) ∈ EK , it is bounded by some constant CK .

Recall,

H(x, a) = (f(〈a, x〉)− f(a1))
2 − Φ(x).

Then the derivatives of H are given by

∇H(x, a) = 2af ′(〈a, x〉)(f(〈a, x〉 − f(a1))−∇Φ(x).

Since f ′ has at most polynomial growth, ‖a‖ = Op(
√
N), and ‖∇Φ‖ = Op(1), where Op is

stochastic boundedness, we get

‖∇H‖ ≤ 2‖a‖ |f ′(〈a, x〉)(f(〈a, x〉)− f(a1))|+ ‖∇Φ‖ = Op(
√
N).

Therefore, there exists CK(f) > 0 independent of N such that

E[‖∇H‖8] ≤ CK(f)N4.

Moving on item (3), for every w,

E[〈∇H,w〉4] ≤ E[‖∇H‖4]‖w‖4 ≤ CK(f)N2.

If w = ∇m = v, then ‖w‖ = 1 and if w = ∇r2⊥ = 2(x − mv) then ‖w‖ = 4r2⊥ ≤ cK , for
some constant ck, so in both cases the upper bound is at most CK(f)N2. Furthermore,

E[〈∇2r2⊥,∇H ⊗∇H − V 〉2] ≤ 4E[〈(I − vvT ),∇H ⊗∇H − V 〉2 ≤ 4E[‖∇H‖4].

The quantity E[‖∇H‖4] is at most N2 by the above proved second item in the definition
of localizability. This is therefore Op(δ

−2
N ) = o(δ−3

N ) as claimed.

Proof of Theorem 3.2. Having checked localizability for uN , we apply Theorem 2.3
[4]. To compute F , by the above,{

Fm = 2Ea1,a2 [a1f
′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))],

Fr2⊥
= 4r⊥Ea1,a2

[a2f
′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))].
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We next turn to calculating the corrector. Recall V = E[∇H ⊗∇H], we have that

Vij = E[∂iH∂jH] = E[∂iLN∂jLN ]− ∂iΦ∂jΦ,

where

E[∂iLN∂jLN ] = 4E[aiajf
′2(〈a, x〉)(f(〈a, x〉)− f(a1))

2] + 4E[ε2aiajf
′2(〈a, x〉)]

= 4E[aiaj ]E[f
′2(〈a, x〉)(f(〈a, x〉)− f(a1))

2] + 4CεE[aiaj ]E[f
′2(〈a, x〉)]

+ 4Cov(aiaj , f
′2(〈a, x〉)(f(〈a, x〉)− f(a1))

2) + 4Cov(aiaj , f
′2(〈a, x〉)).

In particular, for δN = cδ/N , we have δNLNm = 0 and

δNLNr2⊥ =
cδ
N

N∑
i=2

Vii =
cδ
N

N∑
i=2

E[(∂iH)2] =
cδ
N

N∑
i=2

E[(∂iLN )2]− cδ
N

N∑
i=2

(∂iΦ)
2. (5.1)

For the first term, one may write

N∑
i=2

E[(∂iLN )2] = 4(N − 1)
(
E
[
f ′2(〈a, x〉(f(〈a, x〉)− f(a1))

2
]
+ CεE

[
f ′2(〈a, x〉)

])
(5.2)

+ 4

N∑
i=2

Cov(a2i , f
′2(〈a, x〉(f(〈a, x〉)− f(a1))

2) + 4Cε

N∑
i=2

Cov(a2i , f
′2(〈a, x〉)).

By the Cauchy-Schwarz inequality,

N∑
i=2

Cov(a2i , f
′2(〈a, x〉(f(〈a, x〉)− f(a1))

2) ≤
√
2(N − 1)Var(f ′2(〈a, x〉(f(〈a, x〉)− f(a1))2),

N∑
i=1

Cov(a2i , f
′(〈a, x〉)) ≤

√
2(N − 1)Var(f2(〈a, x〉)).

This results in the covariance terms being Op(
√
N), which vanishes in terms of the

correction when it is multiplied by the step-size δN = cδ/N . Similarly, the population
term,

∑N
i=2(∂iΦ)

2 = 4r2⊥(∂r2⊥Φ)
2 = Op(1), can be seen to vanish in the corrector as

N → ∞.
Finally, the corrector is given by

Gr2⊥
= 4cδEa1,a2

[
f ′2(a1m+ a2r⊥)

(
(f(a1m+ a2r⊥)− f(a1))

2 + Cε

)]
.

Together, these yield the ODE system for (m, r2⊥),

dm

dt
=− 2Ea1,a2

[a1f
′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))], (5.3)

dr2⊥
dt

=− 4Ea1,a2 [a2r⊥f
′(a1m+ a2r⊥)(f(a1m+ a2r⊥)− f(a1))] (5.4)

+ 4cδEa1,a2 [f
′2(a1m+ a2r⊥)((f(a1m+ a2r⊥)− f(a1))

2 + Cε)].

Now, let us find the fixed point of m in the above system. Recalling the Hermite
polynomials, (hk(x))

∞
k=0, the activation function can be expressed in terms of Hermite

polynomials as follows

f(x) =
∑
k

αkhk(x) where, αk = 〈f, hk〉 =
1√
2π

∫ ∞

−∞
f(z)hk(z)e

−z2/2dz.
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Since E[hk] = 0 for all k ≥ 1, we get E[f(a1)] = α0. Now, evaluating the ODE at m = 0,
we obtain the ODE for m given by

dm

dt
= −2Ea1,a2

[a1f
′(a2r⊥)f(a2r⊥)] + 2Ea1,a2

[a1f(a1)f
′(a2r⊥)].

Then, using Stein’s lemma, one may write

dm

dt
= 2Ea1

[f ′(a1)]Ea2
[f ′(a2r⊥)]. (5.5)

Moreover, f ′(x) =
∑

k βkhk where βk = (k + 1)αk+1. Hence, E[f ′(a1)] = α1 and

dm

dt
= 2α1Ea2

[f ′(a2r⊥)] = 0.

Proof of Corollary 3.3. Since m = 0 is the initial point of the dynamic, one may write

dr2⊥
dt

=− 4Ea1,a2
[a2r⊥f

′(a2r⊥)(f(a2r⊥)− f(a1))]

+ 4cδEa1,a2
[f ′2(a2r⊥)((f(a2r⊥)− f(a1))

2 + Cε)].

Using Stein’s lemma, one may write

dr2⊥
dt

= 4Ea2
[f ′2(a2r⊥)](cδCε + cδ‖f‖2L2 − r2⊥)

+ 4cδEa2
[f ′2(a2r⊥)f

2(a2r⊥)]− 4r2⊥Ea2
[f ′′(a2r⊥)f(a2r⊥)] (5.6)

+ 4Ea1 [f(a1)]
(
r2⊥Ea2 [f

′′(a2r⊥)]− 2cδEa2 [f
′2(a2r⊥)f(a2r⊥)]

)
.

5.2 Proofs of Theorem 3.5 and Corollary 3.6

Lemma 5.2. In a single-index model, the distribution of the loss LN (x, (a, y)) depends
only on ũN = (

√
Nm, r2⊥). Also, ũN is δN -localizable for EK being the centered balls of

radius K in R2.

Proof. By rotational invariance of the Gaussian ensemble, we may take x∗ = v where v is
the first basis vector of RN . We have checked localizability in Lemma 5.1, but the change
from the original variables is in the JN matrix, in which now ∇m̃ =

√
N∇m =

√
Nv. This

does not affect the first two conditions of localizability; for the third condition, notice
that for some C > 0

E[〈∇H,∇m̃〉4] = N2E[〈∇H, v〉4] = N2E[(∂1H)4] ≤ N2C,

and the second part of the third condition is unchanged since ∇2m̃ = 0.

Proof of Theorem 3.5. Most of the bounds assumed in the definition of localizability
are used to establish tightness and to ensure that higher-order terms in Taylor expansions
vanish in the N → ∞ limit.

Having checked localizability for ũN , in a neighborhood ofm = 0, by Taylor expansion,

f(a1m+ a2r⊥) = f(a2r⊥) +
m̃√
N

a1f
′(a2r⊥) +

m̃2

2N
a21f

′′(a2r⊥) +Op(N
−3/2).
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Then the population can be expressed as follows

φ(m̃, r2⊥) = Ea1,a2
[(f(a2r⊥)− f(a1))

2] +
m̃2

N
Ea2

[f ′′(a2r⊥)f(a2r⊥)]

+
m̃2

N
Ea2 [f

′2(a2r⊥)]−
m̃2

N
Ea1 [a

2
1f(a1)]Ea2 [f

′′(a2r⊥)] +O(N−3/2).

Note that, by Stein’s lemma Ea1 [a
2
1f(a1)] = E[f(a1) + f ′′(a1)].

One may write the derivatives for ũN as

∇m̃ =
√
Nv, ∇r2⊥ = 2(x−mv).

Similar to the standard summary statistics, ∇2m̃ = 0, while ∇2r2⊥ = 2(I − vvT ), and
∇lr2⊥ = 0 for all l ≥ 3. It yields that

〈∇m̃,∇m̃〉 = N, 〈∇m̃,∇r2⊥〉 = 0, 〈∇r2⊥,∇r2⊥〉 = 4r2⊥

One may apply Theorem 2.3 [4]. To compute F , by the above{
Fm̃ = 2m̃

(
Ea2

[(f ′2(a2r⊥) + f(a2r⊥)f
′′(a2r⊥)]− Ea1

[f(a1) + f ′′(a1)]Ea2
[f ′′(a2r⊥)]

)
,

Fr2⊥
= 4r⊥Ea2 [a2f

′(a2r⊥)(f(a2r⊥)− α0)].

In particular, for δN = cδ/N , we have δNLNm = 0. Thus, the corrector Gm = 0. Moreover,
in a neighborhood of m = 0, the only term that survives in the limit N → ∞ of Gr2⊥

is the
zeroth-order terms of f and f ′, i.e.,

Gr2⊥
= 4cδEa2 [f

′2(a2r⊥)f
2(a2r⊥)] + 4cδEa2 [f

′2(a2r⊥)]
(
Ea1 [f

2(a1)] + Cε

)
− 8cδEa1

[f(a1)]Ea2
[f ′2(a2r⊥)f(a2r⊥)].

Finally, we consider the volatility of the stochastic process one gets in the limit.
Rescaling JNV JT

N by noticing that the rescaling JN 7→ J̃N multiplies the (1, 1)-entry of
JNV JT

N by N and its off-diagonal entries by
√
N , one may obtain the entries as follows.

Thus,

JN =

(
∇m

∇r2

)
=

(
1 0 · · · 0

0 2x2 · · · 2xN

)
, JNV JT

N =

(
V11 2

∑N
i=2 xiV1i

2
∑N

i=2 xiV1i 4
∑N

i=2 xixjVij

)
.

Again, in a neighborhood of m = 0, the only term that survives in the limit N → ∞ of
JNV JT

N is the zeroth-order terms of f and f ′. The (1, 2)-entry of the volatility is given by

1

2
(JNV JT

N )12 =

N∑
i=2

xiV1i =

N∑
i=2

xiE[∂1H∂iH]

= 4

N∑
i=2

Ea[a1aixif
′2(〈a, x〉)((f(〈a, x〉)− f(a1))

2 + Cε)]

= 4Ea1,a2 [a1a2r⊥f
′2(a2r⊥)((f(a2r⊥)− f(a1))

2 + Cε)],

and since the rescaled volatility is δN (J̃NV J̃T
N )1,2 = cδ

N

√
N(JNV JT

N )1,2, after taking limits,
this term will vanish. We could also say the same reason for the (2, 1) entry.

For the (2, 2)-entry, one may write

1

4
(JNV JT

N )22 =

N∑
i,j=2

xixjVij =

N∑
i,j=2

xixjE[∂iH∂jH]

= 4

N∑
i,j=2

Ea[aixiajxjf
′2(〈a, x〉)((f(〈a, x〉)− f(a1))

2 + Cε)]

= 4Ea2
[a22r

2
⊥f

′2(a2r⊥)((f(a2r⊥)− f(a1))
2 + Cε)].
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Again, the rescaled volatility is δN (J̃NV J̃T
N )2,2 = cδ

N (JNV JT
N )2,2 vanishes when N → ∞.

It means the only surviving entry of the volatility is the (1, 1)-entry that is given by

(JNV JT
N )11 = V11 = E[(∂1H)2] = 4Ea1,a2

[a21f
′2(a2r⊥)((f(a2r⊥)− f(a1))

2 + Cε)].

Hence, the volatility is of the form

Σ11 = 4cδEa2
[f ′2(a2r⊥)](Ea1

[a21f
2(a1)] + Cε) + 4cδEa2

[f ′2(a2r⊥)f
2(a2r⊥)]

− 8cδEa1
[a21f(a1)]E[f

′2(a2r⊥)f(a2r⊥)], Σ21 = Σ12 = Σ22 = 0.

By integration by parts and Stein’s lemma, one may write

Ea1
[a21f

2(a1)] = Ea1
[f2(a1) + 2f ′2(a1) + 2f(a1)f

′′(a1)].

Therefore,

Σ11 = 4cδEa2
[f ′2(a2r⊥)]

(
‖f‖2L2 + 2‖f ′‖2L2 + 2〈f, f ′′〉L2 + Cε

)
+ 4cδEa2 [f

′2(a2r⊥)f
2(a2r⊥)]− 8cδ(Ea1 [f(a1) + f ′′(a1)])E[f

′2(a2r⊥)f(a2r⊥)].

Together, these yield the SDE system for (m̃, r2⊥),

dm̃ =− 2m̃Ea2 [f
′2(a2r⊥) + (f(a2r⊥)− (α0 + α2))f

′′(a2r⊥)]dt

+ 2
√
cδ
(
Ea2

[f ′2(a2r⊥)]
(
‖f‖2L2 + 2‖f ′‖2L2 + 2〈f, f ′′〉L2 + Cε

)
+ Ea2

[f ′2(a2r⊥)f
2(a2r⊥)]− 2(α0 + α2)E[f

′2(a2r⊥)f(a2r⊥)]
)1/2

dBt,

dr2⊥
dt

= 4Ea2 [f
′2(a2r⊥)](cδCε + cδ‖f‖2L2 − r2⊥)

+ 4cδEa2
[f ′2(a2r⊥)f

2(a2r⊥)]− 4r2⊥Ea2
[f ′′(a2r⊥)f(a2r⊥)]

+ 4α0

(
r2⊥Ea2

[f ′′(a2r⊥)]− 2cδEa2
[f ′2(a2r⊥)f(a2r⊥)]

)
.

By (3.1), one may rewrite the dynamics as follows,

dm̃ = −2m̃
[
a(r⊥) + b(r⊥)− (α0 + α2)s(r⊥)

]
dt

+ 2
√
cδ

√
q(r⊥)− 2(α0 + α2)t(r⊥) + a(r⊥)

(
‖f‖2L2 + 2‖f ′‖2L2 + 2〈f, f ′′〉L2 + Cε

)
dBt,

dr2⊥
dt

= 4a(r⊥)
(
cδCε + cδ‖f‖2L2 − r2⊥

)
+ 4cδq(r⊥)− 4r2⊥b(r⊥) + 4α0

(
r2⊥s(r⊥)− 2cδt(r⊥)

)
.

Proof of Corollary 3.6. Since the information exponent of f is at least three, its Her-
mite coefficients satisfy α1 = α2 = 0. Substituting α2 = 0, while keeping α0 6= 0, and
evaluating Theorem 3.5 at the fixed point r∗⊥ gives the stated drift γ(r∗⊥). It remains to
show γ(r∗⊥) > 0.

Recall (3.4), γ(r∗⊥) = a(r∗⊥) + b(r∗⊥)− α0s(r
∗
⊥). If α2 = 0, one may write,

a(r∗⊥)(cδCε + cδ‖f‖2L2 − r∗2⊥ ) + q(r∗⊥)− r∗2⊥ b(r∗⊥) + α0(r
∗2
⊥ s(r∗⊥)− 2cδt(r

∗
⊥)) = 0.

Solving for r∗2⊥ b(r∗⊥) and substituting into γ(r∗⊥), we have

γ(r∗⊥) =
cδ
r∗2⊥

(a(r∗⊥)(Cε + ‖f‖2L2) + q(r∗⊥)− 2α0t(r
∗
⊥)).

Moreover,

q(r∗⊥)− 2α0t(r
∗
⊥) = Ea2

[f ′2(a2r
∗
⊥)(f(a2r

∗
⊥)− α0)

2]− α2
0a(r

∗
⊥),
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and using ‖f‖2L2 − α2
0 = Ea1

[(f(a1)− α0)
2] ≥ 0, we have

γ(r∗⊥) =
1

r∗2⊥

(
Ea2

[f ′2(a2r
∗
⊥)](Cε + Ea1

[(f(a1)− α0)
2]) + Ea2

[f ′2(a2r
∗
⊥)(f(a2r

∗
⊥)− α0)

2]
)
.

(5.7)
On the RHS, the first term is a sum of the noise variance Cε and Var(f(a1)), multiplied
by Ea2 [f

′2(a2r
∗
⊥)] ≥ 0, and the second term is positive, because it is an expectation of

a product of squares, meaning that γ(r∗⊥) > 0. Hence, the rescaled correlation m̃ is
mean-reverting to zero near the fixed point r∗⊥.
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