
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
Aspects of Local Time Processes with Applications

Permalink
https://escholarship.org/uc/item/2vg0d4kn

ISBN
9798189270994

Author
Ding, Qinghua

Publication Date
2026-05-01
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/2vg0d4kn
https://escholarship.org
http://www.cdlib.org/


Aspects of Local Time Processes with Applications

by

Qinghua Ding

A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy

in

Computer Science

in the

Graduate Division

of the

University of California, Berkeley

Committee in charge:

Professor Venkat Anantharam, Chair
Professor Alistair Sinclair

Associate Professor Thomas Courtade
Associate Professor Shirshendu Ganguly

Spring 2026



Aspects of Local Time Processes with Applications

Copyright 2026
by

Qinghua Ding



1

Abstract

Aspects of Local Time Processes with Applications

by

Qinghua Ding

Doctor of Philosophy in Computer Science

University of California, Berkeley

Professor Venkat Anantharam, Chair

This dissertation studies the role of local time in the analysis of random walks and self-
interacting random processes on finite graphs. Local time, which records the time a trajectory
spends at a state, along an edge, or in a prescribed region, appears as a central object across
four interconnected problems: non-reversible extensions of isomorphism theorems connecting
local times to Gaussian and permanental fields; the time needed to achieve a second cover
of a graph after the first; statistical estimation and information-theoretic analysis of edge-
reinforced random walks; and acceleration of Markov chain Monte Carlo via self-repellent
dynamics.

In each setting, local time plays a different but related role. For non-reversible Markov chains,
we develop a density-formula approach that unifies proofs of several isomorphism theorems
and yields a comparison inequalities for permanental processes and a symmetrization bound
on cover times. For the second-cover problem, we combine the Ray-Knight isomorphism
theorem with excursion decompositions to bound the marginal time to the second cover
in terms of the geometry of the graph. For edge-reinforced random walks, we exploit the
random-environment representation to give the first sample-complexity guarantees for pa-
rameter estimation, and to derive explicit formulas for entropy rate and Kullback-Leibler
divergences between reinforced walk laws. For Markov chain Monte Carlo, we show that a
true-self-avoiding-walk mechanism keeps empirical occupation counts close to stationarity at
a rate nearly of order one over the number of steps, strictly improving on the diffusive rate
of standard methods.
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Chapter 1

Overview

The common theme of this dissertation is the role of local time in the analysis of random walks
and self-interacting random processes. Local time records the amount of time a trajectory
spends at a state, along an edge, or in a prescribed part of the state space. In different
chapters, this object appears in different but closely related forms: vertex occupation counts,
continuous-time local times, edge traversal counts, inverse local times, and reinforced edge
weights.

Let V be a finite state space, and let (Xt)t≥0 be a discrete-time random process on V .
For i ∈ V , define the discrete-time vertex local time by

Lt(i) :=
t−1∑
s=0

1{Xs = i}.

Equivalently, Lt(i) is the number of visits to i before time t, and Lt = (Lt(i))i∈V records the
empirical occupation profile of the trajectory.

When the process is a Markov chain with transition kernel P and stationary distribution
π, the vector Lt measures how the trajectory explores the state space. For the continuous-
time simple random walk considered below, one instead uses degree-normalized continuous-
time local times (Lvt )v∈V , defined as integrals of indicator functions of the path with a degree
normalization; see Equation (1.2) for the precise convention used in this dissertation. In
both settings, local times provide a pathwise way to study occupation, recurrence, hitting,
and covering phenomena.

The same basic idea reappears in self-interacting processes. In edge-reinforced random
walks, edge traversal counts modify future transition probabilities. In true self-avoiding
walks, occupation and transition counts are used to discourage overuse of states or transi-
tions. Thus local time is not merely a passive statistic of a trajectory; it can also be part of
the mechanism that drives the future evolution of the process.

The rest of this chapter is organized around the central topic of local time and random
processes. Section 1.1 discusses local times for Markov chains, isomorphism theorems, per-
manental processes, and cover-time questions. Section 1.2 discusses edge-reinforced random
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walks and their random-environment representations. Finally, Section 1.3 discusses true
self-avoiding walks and self-repellent dynamics.

1.1 Local time and Markov chains

Since the discovery of the Dynkin-BFS isomorphism theorem [43, 19], isomorphism theorems
for reversible Markov chains have been an important tool to study stochastic processes
related to Markov chains. Examples of applications of these isomorphism theorems include
the study of large deviations, continuity, and boundedness of local time processes of Markov
processes [46, 78], tight bounds for and concentration of the cover time of random walks
on graphs [36, 110], percolation and level sets of the loop soup ensemble [71], and related
questions in mathematical physics such as random walk loop soups and Brownian loop
soups [63]. The book [78] contains a rather diverse list of such applications.

In the reversible setting, these isomorphism theorems relate local times of Markov pro-
cesses to Gaussian fields. This connection is especially useful because geometric information
about the underlying graph can often be encoded in the covariance structure of the associ-
ated Gaussian free field. Thus questions about random-walk occupation can be transformed
into questions about Gaussian processes, where comparison inequalities and concentration
tools are available.

The continuous-time simple random walk and its local times

We fix the graph and local-time notation used throughout this section. Let G = (V,E) be
a finite connected graph. We write d(v) for the degree of v and u ∼ v when {u, v} ∈ E.
We consider the continuous-time simple random walk (CT-SRW) (Xt)t≥0 with i.i.d. Exp(1)
holding times: when the chain is at u ∈ V , it waits an Exp(1) time and then jumps to a
uniformly chosen neighbor of u. The generator of the CT-SRW acts on functions f : V → R
by

(Af)(u) :=
1

d(u)

∑
v∼u

(
f(v)− f(u)

)
,

and the stationary distribution is

π(u) =
d(u)

2|E|
, u ∈ V.

We write Pv0 and Ev0 for probability and expectation when X0 = v0. Let 0 = T0 < T1 < T2 <
· · · denote the jump times of the chain, and set Yk := XTk for the embedded discrete-time
chain. For v ∈ V and t ≥ 0, the visit count is

Nt(v) :=
∑
k≥0

1{Tk ≤ t, Yk = v}; (1.1)
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this counts the number of jump-time visits to v by continuous time t, including the initial
visit if v = v0.

Since holding times have unit mean, the discrete-time and continuous-time versions of
the random walk differ only by constant factors in asymptotic expressions. We therefore
work throughout in continuous time, for compatibility with local-time methods.

For v ∈ V and t ≥ 0, the degree-normalized local time is

Lt(v) :=
1

d(v)

∫ t

0

1{Xs = v} ds. (1.2)

This normalization gives the identity∑
v∈V

d(v)Lt(v) = t. (1.3)

We also consider stationary-normalized local time in this thesis; for details, see Re-
mark 1.1.2.1. Fix a distinguished vertex v0 ∈ V . The inverse local time at v0 is

τinv(t) := inf{s ≥ 0 : Ls(v0) ≥ t}, t ≥ 0. (1.4)

The stopping time τinv(t) is the canonical time-change at which the generalized second Ray-
Knight isomorphism theorem is naturally stated.

We remark that distinct uses of the base letter L appear in this dissertation. In this
Markov-chain section, Lt(v) denotes the degree-normalized continuous-time local time of
Equation (1.2). In the TSAW section, Lt(i) denotes the discrete-time occupation count∑t−1

s=0 1{Xs = i}. In the ERRW section, Lt(e) denotes the edge local time and dynamic
edge weight Equation (1.14). The superscript type (vertex label vs. edge label) and the
surrounding context always disambiguate these uses.

Green kernel, Gaussian free field, and cover times

We now recall the standard geometric objects attached to G.
Let τhit(v) := inf{t ≥ 0 : Xt = v} denote the first hitting time of v. Associate G = (V,E)

with the electrical network in which each edge carries unit resistance. For u, v ∈ V , the
effective resistance r(u, v) is defined via Thomson’s principle; see [41, 73]. Set

R := max
u,v∈V

r(u, v).

For the embedded discrete-time simple random walk Y = (Yk)k≥0, let

τYhit(v) := inf{k ≥ 0 : Yk = v}.

The commute-time identity states that for all u, v ∈ V ,

EYu [τYhit(v)] + EYv [τYhit(u)] = 2|E| r(u, v); (1.5)
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see [23, 68]. Since the CT-SRW has unit-mean holding times, the continuous-time hitting
times have the same order as their embedded discrete-time analogues. In particular,

thit := max
u,v∈V

Eu[τhit(v)] = Θ(|E|R).

Fix v0 ∈ V . The Green kernel killed at v0 is

Gv0(u, v) := Eu
[
Lτhit(v0)(v)

]
=

1

d(v)
Eu

[∫ τhit(v0)

0

1{Xs = v} ds

]
, u, v ∈ V. (1.6)

If L(v0) denotes the principal submatrix, indexed by V \ {v0}, of the unit-conductance graph
Laplacian, then, with the degree-normalized local-time convention Equation (1.2),(

Gv0(u, v)
)
u,v∈V \{v0}

=
(
L(v0)

)−1
;

see [73, 77].
TheGaussian free field (GFF) pinned at v0 is the centered Gaussian process η = (η(v), v ∈

V ) with η(v0) = 0 a.s. and covariance

E[η(u)η(v)] = Gv0(u, v), u, v ∈ V. (1.7)

The GFF is naturally tied to the resistance metric via r(u, v) = E[(η(u) − η(v))2], and the
explicit formula

Gv0(u, v) =
1

2

(
r(v0, u) + r(v0, v)− r(u, v)

)
(1.8)

holds; see [34, 73]. Set M := E[maxv∈V η(v)]; this quantity does not depend on the choice
of the pinned vertex v0.

The central result of Ding-Lee-Peres [37] (sharpened and extended in [34], with connec-
tions to majorizing measures [98]) states that the cover time satisfies

tcov = Θ
(
|E|M2

)
, (1.9)

with absolute implied constants. A useful comparison between R and M is

R ≤ 2πM2; (1.10)

a proof is included in Appendix B.3 for completeness.
The quantities R and M should be viewed as two complementary measurements of the

geometry of G. The maximal effective resistance R controls worst-case hitting-time behavior,
while the expected GFF maximum M captures the majorizing-measure scale that governs
cover-time behavior.

Tables 1.1 and 1.2 summarize the known orders of magnitude for several classical graph
families.
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Graph tmix thit tcov

Path / cycle on n vertices [68] Θ(n2) Θ(n2) Θ(n2)

2D torus/box (n = L2) [68, 30, 35] Θ(n logn) Θ(n logn) Θ(n(log n)2)

d-dim torus (d ≥ 3 fixed, n = Ld) [6, 13] Θ(n2/d) Θ(n) Θ(n logn)

d-dim hypercube (n = 2d) [68] Θ(log n · log log n) Θ(n) Θ(n logn)

Full b-ary tree (b ≥ 2 fixed, n ≍ bh) [38, 68] Θ(n) Θ(n logn) Θ(n(log n)2)

Star on n leaves (|V | = n+ 1) [68] Θ(logn) Θ(n) Θ(n logn)

d-regular expander (d constant) [68] Θ(logn) Θ(n) Θ(n logn)

Barbell [4, 72] Θ(n3) Θ(n3) Θ(n3)

Lollipop [68] Θ(n3) Θ(n3) Θ(n3)

Table 1.1: Order-of-magnitude summary for the CT-SRW on classical graphs. Here tmix

is the total-variation mixing time to threshold 1
4
, thit := maxu,v Eu[τhit(v)], and tcov :=

maxv0 Ev0 [τcov].

Graph |E| R M

n-path / n-cycle Θ(n) Θ(n) Θ(
√
n)

2D grid/torus (n = L2) Θ(n) Θ(log n) Θ(log n)

Full b-ary tree (b ≥ 2 fixed, height h ≍ log n) Θ(n) Θ(log n) Θ(log n)

d-dim grid/torus (d ≥ 3 fixed, n = Ld) Θ(n) Θ(1) Θ(
√
log n)

Hypercube Θ(n log n) Θ(1/ log n) Θ(1)

Star (|V | = n+ 1) Θ(n) Θ(1) Θ(
√
log n)

d-regular expander (d fixed) Θ(n) Θ(1) Θ(
√
log n)

Barbell Θ(n2) Θ(n) Θ(
√
n)

Lollipop Θ(n2) Θ(n) Θ(
√
n)

Table 1.2: Typical orders of the resistance diameter R and the pinned GFF maximum M
for classical graphs. These are inferred from Table 1.1 together with thit = Θ(|E|R) and
tcov = Θ(|E|M2).

The generalized second Ray-Knight isomorphism theorem

The following isomorphism theorem relates local times at inverse local time to the pinned
GFF.

Theorem 1.1.1 (Generalized second Ray-Knight isomorphism [49, 77]). Let G = (V,E)
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be a finite connected graph and let (Xt)t≥0 be the CT-SRW with Exp(1) holding times. Fix
v0 ∈ V , let Lt(v) be the degree-normalized local times Equation (1.2), and let τinv(·) be the
inverse local time Equation (1.4). Let (η(v), v ∈ V ) be the GFF pinned at v0. Then for every
t > 0, {

1
2
η(v)2 + Lτinv(t)(v) : v ∈ V

}
d
=
{

1
2

(
η(v) +

√
2t
)2

: v ∈ V
}
. (1.11)

Theorem 1.1.1 is one of the main bridges between Gaussian free field and cover-time
estimates. It allows one to study fluctuations of occupation fields at inverse local time
through the pinned GFF, and hence through the effective-resistance geometry of the graph.

Taking the weighted sum
∑

v∈V d(v)(·) on both sides of Equation (1.11) and using identity
Equation (1.3), one obtains

τinv(t) +
1

2

∑
v∈V

d(v) η(v)2
d
=

1

2

∑
v∈V

d(v)
(
η(v) +

√
2t
)2
. (1.12)

Identity Equation (1.12) is the starting point for the following concentration estimate on
τinv(t), due to Ding [34].

Lemma 1.1.2 (Concentration of inverse local time [34, Lemma 2.1]). Let G = (V,E) be a
finite connected graph with a distinguished vertex v0, and let R := maxu,v∈V r(u, v). For any
t > 0 and any λ ≥ 1,

P
(∣∣τinv(t)− 2t|E|

∣∣ ≥ (√
λtR + λR

)
|E|
)

≤ 6e−λ/16.

Remark 1.1.2.1 (CT-SRW rate). We remark that, importantly, there are two continuous-
time local-time normalizations used in the dissertation. In Chapter 2, local time is normalized
by the stationary distribution:

Lπt (v) :=
1

π(v)

∫ t

0

1{Xs = v} ds.

In Chapter 3, local time is normalized by degree:

Ldt (v) :=
1

d(v)

∫ t

0

1{Xs = v} ds.

For the CT-SRW on an undirected graph, π(v) = d(v)/(2|E|), and hence

Lπt (v) = 2|E| Ldt (v).

Consequently, the associated killed Green kernels and pinned Gaussian fields differ by the
same deterministic scaling:

Gv0,π = 2|E|Gv0,d, ηπ
d
=
√
2|E| ηd.

The isomorphism theorem holds for each specific normalization and corresponding GFF.
When the normalization is unambiguous, either from context or because it has been specified
explicitly, we write Lt, η, etc., without a superscript for simplicity.
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Cover time and the double Dixie cup problem

We now define the cover-time objects used throughout the dissertation. The cover time is

τcov := inf{t ≥ 0 : min
v∈V

Nt(v) ≥ 1},

the second cover time is

τ (2)cov := inf{t ≥ 0 : min
v∈V

Nt(v) ≥ 2},

and fixing some v0 ∈ V , the marginal time to the second cover is

∆cov := τ (2)cov − τcov.

We study both ∆cov and its expectation Ev0 [∆cov]; when the distinction is clear from context
or has been specified explicitly, we refer to either simply as the marginal time to the second
cover. is

Ev0 [∆cov] := Ev0 [τ (2)cov − τcov].

We also define the worst-case expected cover time, worst-case expected hitting time, and
mixing time:

tcov := max
v0∈V

Ev0 [τcov], thit := max
u,v∈V

Eu[τhit(v)],

tmix := inf

{
t ≥ 0 : max

u∈V
dTV

(
Pt(u, ·), π

)
≤ 1

4

}
.

Here Pt(u, ·) denotes the time-t transition law of the CT-SRW started at u, and π(u) =
d(u)/(2|E|) is its stationary distribution. See [68] for background on these notions.

The classical coupon collector problem studies the number of i.i.d. uniform draws from
[n] := {1, . . . , n} required to observe each element at least once. The expectation of this du-
ration is n log n+O(n), with logarithm to the natural base. A natural extension is the double
Dixie cup problem, which studies the number of draws needed to collect at least two copies
of each kind; it is known that the expectation equals n log n + n log log n + O(n) [86]. The
corresponding random-walk problem asks for an analogous “second-collection” phenomenon
on a graph: after the walk has visited every vertex at least once, how much additional time
is needed until every vertex has been visited at least twice? When the underlying graph is
an n-star, this reduces exactly to the double Dixie cup problem, and the expected marginal
time to the second cover is of order (1 + o(1))n log log n.

The marginal second-cover problem, therefore, lies naturally at the interface between
hitting-time geometry, cover-time geometry, and local-time fluctuations. Using
Theorem 1.1.1 and Lemma 1.1.2 together with an excursion decomposition of the random
walk, one can show that for any v0 ∈ V ,

Ev0 [∆cov] = O
(
|E|M

√
R
)
= O

(√
thit tcov

)
, (1.13)

where the second equality uses thit = Θ(|E|R) and tcov = Θ(|E|M2). This bound is the
central estimate developed in Chapter 3.
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Non-reversible isomorphism theorems and permanental processes

Non-reversible versions of Dynkin’s isomorphism theorem and the generalized second Ray-
Knight isomorphism theorem were discovered by Le Jan, Eisenbaum, and Kaspi [64, 46, 44].
These isomorphism theorems have been used to study properties of the local time process
for non-reversible Markov chains, such as continuity [75] and boundedness [76], and also to
study the large deviations of local time processes [21].

In the non-reversible setting, the relevant random fields are no longer ordinary Gaussian
fields. Instead, one is led to permanental vectors and permanental processes. For α > 0, a
random vector ℓ ∈ Rn

+ is called an α-permanental vector with kernel K ∈ Rn×n if, for every
diagonal matrix Λ = diag(λ1, . . . , λn) with λi ≥ 0,

E

[
exp

{
−

n∑
i=1

λiℓi

}]
= det(I + ΛK)−α.

Vere-Jones [105] has established necessary and sufficient conditions on the pair (K,α) for
K to be the kernel of an α-permanental vector; see also [45, Sec. 2]. When α = 1/2 and
K is symmetric positive semidefinite, this reduces to the square of a Gaussian process. In
general, the kernel K need not be symmetric, and permanental processes provide a natural
replacement for Gaussian fields in non-reversible isomorphism theorems.

A particularly important class of kernels arises from Markov chains. Let P be an ir-
reducible discrete-time transition kernel on [n] with stationary distribution π, and write
Π = diag(π). The Laplacian is Q = Π(P − I). Introducing a killing rate vector h =
(h1, . . . , hn) ≥ 0 with

∑
i hi > 0, the killed rate matrix is Qh = Q − diag(h), and the

Markovian kernel is
Gh := −Q−1

h .

For such Markovian kernels, the corresponding 1-permanental vector exists; see [105].
This allows us to generalize Ray-Knight isomorphism theorems to the non-reversible case,

with permanental vectors being the non-reversible extension of Gaussian squares in the local-
time isomorphism theory: permanental processes connect non-reversible Markov chains and
local-time fields in precisely the same way that squared Gaussian fields connect reversible
chains to local times.

The density-formula approach developed in Chapter 2 starts from this permanental-
process viewpoint. The goal is to derive density formulas for 1-permanental processes and
conditioned 1-permanental processes, and then combine these formulas with Ward identi-
ties for twisted Gaussian measures, as in [12], to give succinct proofs of the non-reversible
isomorphism theorems, extending the results of [12]. This method also yields compari-
son inequalities for permanental processes, generalizing inequalities of Eisenbaum [44], and
cover-time bounds for non-reversible Markov chains.
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1.2 Local time and edge-reinforced random walks

An edge-reinforced random walk (ERRW) is a random walk on a graph whose transition
probabilities along an edge from a vertex are proportional to the weights of those edges,
and where the weight of an edge increases by 1 whenever that edge is traversed in either
direction. Introduced in the work of Coppersmith and Diaconis [25], the model has since been
studied from several points of view, including partial exchangeability, Bayesian statistics for
reversible Markov chains, and random-environment representations; see, for example, [62,
91, 33, 84, 80]. On finite graphs, a basic structural fact is that ERRW has the same law
as a mixture of reversible Markov chains, or equivalently as a random walk in a random
environment, with explicit mixing measure given by the so-called magic formula [62, 80]. This
representation places ERRW in the broader framework of de Finetti-type results for Markov
chains and reversible processes [31, 33]. The random-environment point of view has also
led to further developments relating ERRW to the vertex-reinforced jump process (VRJP)
and to random Schrödinger operators and the supersymmetric hyperbolic sigma model [92,
93]. We refer the reader to the survey article of Merkl and Rolles [84] for background on
edge-reinforced random walk and its principal structural properties.

In this section, we introduce the two families of reinforced random walks studied in
the dissertation, vertex-reinforced random walks and edge-reinforced random walks, and
summarize the main statistical and information-theoretic properties of ERRW that underlie
Chapters 4 and 5.

Vertex-reinforced and edge-reinforced random walks

Throughout this section let G = (V,E) be a finite connected simple undirected graph, and
fix a starting vertex v0 ∈ V .

Vertex-reinforced random walk. Let Λ0 = (Λi0)i∈V ∈ (0,∞)V be a vector of initial
vertex weights. The vertex local time at state i ∈ V and time t ∈ Z+ is

Λit := Λi0 +
t∑

s=1

1(Xs = i).

The process (Λt)t≥0, where Λt := (Λit)i∈V , is the vertex local time process. The vertex-
reinforced random walk (VRRW) starting at v0 with initial weights Λ0 is defined by

Pv0,Λ0
vrrw (Xt+1 = i | X0, . . . , Xt) =

Λit∑
i′∼Xt

Λi
′
t

, i ∼ Xt, t ∈ Z+.

VRRW can exhibit localization: on Z, given Λ0 = 1 and v0 = 0, for any k ∈ Z there is positive
probability that the walk is eventually confined to the five-vertex induced subgraph {k −
2, k− 1, k, k+1, k+2} [99]. This localization phenomenon generalizes to other graphs [106],
and is in stark contrast with the behavior of ERRW.
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Edge-reinforced random walk. Let A = (ae)e∈E ∈ (0,∞)E be a vector of initial edge
weights, and write av :=

∑
e∋v ae. The edge local time at edge e ∈ E and time t ∈ Z+ is

Lt(e) := ae +
t−1∑
s=0

1
(
{Xs, Xs+1} = e

)
= ae +Ne(X

t
0), (1.14)

where Ne(X
t
0) := Nuv(X

t
0)+Nvu(X

t
0) counts undirected traversals of e = {u, v}. The process

(Lt)t≥0, where Lt := (Lt(e))e∈E, is the edge local time process, or equivalently the dynamic
edge weight process. The edge-reinforced random walk (ERRW) starting at v0 with initial
weights A is the process (Xt)t≥0 with X0 = v0 and

Pv0,Aerrw(Xt+1 = i | X0, . . . , Xt) =
L
{Xt,i}
t∑

i′∼Xt
L
{Xt,i′}
t

, i ∼ Xt, t ∈ Z+. (1.15)

Thus, the edge traversal counts directly determine the future transition probabilities. In this
sense, local time is not only a statistic of the trajectory but part of the mechanism defining
the process.

More results are available for ERRW on infinite graphs: on Zd, ERRW is recurrent when
d ≤ 2, and transient when d ≥ 3 [92, 12]. These results exploit the connection between
ERRW and VRJP [92] and the relation of VRJP to the Anderson localization model [12,
92].

Random-environment representation and the magic formula

The key structural property of ERRW is partial exchangeability: for any t, v0, and A,B ∈
(0,∞)E, conditioned on X0 = v0, L0 = A, and Lt = B, the distribution of the trajectory
(X0, . . . , Xt) is uniform among all trajectories consistent with these constraints. By de
Finetti’s theorem for reversible Markov chains [33, 31], this partial exchangeability implies
that ERRW is a mixture of reversible Markov chains.

The explicit mixing measure is given by the magic formula. Fix a reference edge e0 ∈ E
incident to v0, and work in the pinned space We0 := {w ∈ (0,∞)E : we0 = 1}. Write
wv :=

∑
e∋v we for the vertex sum of conductances. Let T denote the set of spanning trees

of G, and define the spanning-tree polynomial

τ(w) :=
∑
T∈T

∏
e∈T

we.

For v ∈ V , define

bv :=
av + 1− 1(v = v0)

2
. (1.16)
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Definition 1.2.0.1 (Magic-formula mixing measure [80]). The mixing measure µv0,A is the
probability measure on We0 with density

dµv0,A(w−e0) = Z−1
v0,A

∏
e∈E w

ae−1
e∏

v∈V w
bv
v

√
τ(w) dw−e0 , (1.17)

where w−e0 := (we)e̸=e0 and the normalizing constant is

Zv0,A :=
π(|V |−1)/2

21−|V |+
∑

e∈E ae
·
∏

e∈E Γ(ae)∏
v∈V Γ(bv)

. (1.18)

Theorem 1.2.1 (Random-environment representation [62, 80]). Let (Xt)t≥0 be the ERRW
on (G, v0, A). Then there exists a random environment W ∼ µv0,A such that, conditional on
W = w, the process (Xt)t≥0 is the reversible Markov chain on V with transition kernel

pij(w) =
w{i,j}

wi
, i ∼ j.

Equivalently,

Pv0,Aerrw( · ) =
∫

Pv0,w( · )µv0,A(dw),

where Pv0,w denotes the law of the reversible Markov chain with conductance environment w,
started from v0.

The quenched chain Pw = (pij(w)) is reversible with stationary distribution

πwi :=
wi∑
v∈V wv

, i ∈ V.

Since G is finite and connected and all conductances are positive, the quenched chain Pw is
finite and irreducible, and hence visits every state infinitely often. Therefore, by the random-
environment representation, ERRW on a finite connected graph visits every state infinitely
often almost surely.

The quenched likelihood of a trajectory xT0 = (x0, . . . , xT ) with x0 = v0 factors through
the directed transition counts Nuv(x

T
0 ) := |{t : xt−1 = u, xt = v}| and the departure counts

Nu(x
T
0 ) :=

∑
v∼uNuv(x

T
0 ):

Pv0,wsrw (XT
0 = xT0 ) =

∏
u∈V

∏
v∼u

(
w{u,v}

wu

)Nuv(xT0 )

. (1.19)

In particular, for fixed w, the quenched law ofXT
0 depends on the trajectory only through the

directed transition count vector N(XT
0 ) := (Nuv(X

T
0 ))u∼v. This count-sufficiency property

underlies both the statistical estimation theory of Chapter 4 and the information-theoretic
analysis of Chapter 5.
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The random-environment representation has two levels at which local time appears. At
the path level, the edge traversal counts Ne(X

T
0 ) update the reinforced weights Lt(e) and

determine the future transitions of the walk. At the environment level, the same counts
determine the posterior update of µv0,A after observing a path: by the conjugacy property
of the magic formula [33], observing a trajectory of length T ending at some vertex vT
updates the mixing measure from µv0,A to µvT , A+N(XT

0 ), where A + N(XT
0 ) denotes the

componentwise sum of initial weights and undirected edge counts. This posterior-update
structure connects ERRW to Bayesian inference for reversible Markov chains and is a key
input in the information-theoretic analysis.

The Sabot-Tarrès-Zeng field representation

A deeper structural property of ERRW is revealed by the random-field representation devel-
oped by Sabot, Tarrès, and Zeng [92, 93]. In this representation, one begins with independent
edge variables β = (βe)e∈E with βe ∼ Gamma(ae, 1), and, conditional on β, samples a field
ϕ = (ϕi)i∈V in the pinned gauge ϕv0 = 0 according to a hyperbolic Gaussian density depend-
ing on β:

pβ(ϕ) =
1

(2π)(n−1)/2
e−

∑
e={i,j}∈E βe(cosh(ϕi−ϕj)−1)e−

∑
i∈V \{v0}

ϕi

√∑
T∈T

∏
e={i,j}∈T

βeeϕi+ϕj .

The associated conductances and vertex variables are then

Wij := βij e
ϕi+ϕj , ψ̃i :=

1
2

∑
j∼i

βij e
ϕj−ϕi , {i, j} ∈ E, i ∈ V. (1.20)

Since Wi :=
∑

j∼iWij = 2ψ̃ie
2ϕi , it is natural to introduce the normalized edge field

β̃ij :=
βij√
ψ̃iψ̃j

=
2Wij√
WiWj

, {i, j} ∈ E. (1.21)

In this parametrization, the vertex variables separate from the environment. Specifically,
the coordinates of ψ̃ = (ψ̃v)v∈V are independent with ψ̃v ∼ Gamma(bv, 1), where bv is as in
Equation (1.16), and the joint law factorizes as

(W, ψ̃) ∼ µv0,A ⊗
⊗
v∈V

Gamma(bv, 1). (1.22)

The independence and the Gamma marginals are established in Theorem 5.3.3. Equiva-
lently, if ν̃v0,A denotes the law of the normalized field β̃ = (β̃e)e∈E, then (β̃, ψ̃) ∼ ν̃v0,A ⊗⊗

v∈V Gamma(bv, 1).
For the purposes of this dissertation, the STZ field representation is useful for two related

reasons. First, in the (W, ψ̃) parametrization, the ERRW environment W and the indepen-
dent vertex field ψ̃ separate completely. This separation provides coordinates in which the
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random environment can be controlled quantitatively, which is the key technical input for the
sample-complexity bounds in Chapter 4. Second, the same factorization reveals cancellations
in information-theoretic quantities: the KL divergence between two ERRW environment laws
decomposes as a difference of edge-Gamma and vertex-Gamma KL divergences, as described
in the next subsection.

Information-theoretic quantities associated with ERRW

The random-environment representation gives ERRW two layers of randomness: the hidden
environment W ∼ µv0,A and the Markov chain trajectory generated conditional on W . The
information-theoretic quantities studied in Chapter 5 are the entropy rate of the reinforced
walk, the KL divergence between two ERRW environment laws, and the KL divergence
between the corresponding finite-trajectory laws.

Entropy rate. For a finite irreducible Markov chain P with stationary distribution π, the
entropy rate is

r(P ) := −
∑
i∈V

πi
∑
j∈V

pij log pij.

For the ERRW on (G, v0, A) the entropy rate exists and satisfies

r(v0, A) := lim
T→∞

1

T
H(XT

0 ) = E
[
r(PW )

]
, (1.23)

where the expectation is over W ∼ µv0,A. This annealed representation follows from the
count-sufficiency property Equation (1.19) together with a mutual-information bound: the
mutual information I(W ;XT

0 ) ≤ (2|E| − 1) log(T + 1), which is o(T ), so the environment
contributes a negligible fraction of the total entropy per step.

KL divergence between environment laws. Fix two initial weight vectors A(0), A(1) ∈
(0,∞)E, and let µs := µv0,A(s) . Once the graph and starting vertex are fixed, the family
{µv0,A}A∈(0,∞)E forms a canonical exponential family with natural parameter A and sufficient
statistic Te(w) := log(we/

√
wuwv) for e = {u, v}. Consequently, the KL divergence between

two environment laws is the Bregman divergence of the log-partition function Φ(A) :=
logZv0,A, and evaluates explicitly to

DKL(µ0∥µ1) =
∑
e∈E

Λ
(
a(0)e , a(1)e

)
−
∑
v∈V

Λ
(
b(0)v , b(1)v

)
, (1.24)

where b
(s)
v := bv(A

(s)) and Λ(p, q) := log Γ(q) − log Γ(p) − (q − p)Ψ(p) is the KL divergence
between Gamma(p, 1) and Gamma(q, 1), with Ψ = (log Γ)′ the digamma function. Through
the STZ factorization Equation (1.22), this formula admits a probabilistic interpretation: the
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environment-level KL divergence equals the edge-Gamma KL divergence minus the vertex-
Gamma KL divergence,

DKL(µ0∥µ1) =
∑
e∈E

DKL

(
β(0)
∥∥β(1)

)
−
∑
v∈V

DKL

(
ψ̃(0)

∥∥ψ̃(1)
)
.

We prove this probabilistic interpretation of the KL divergence in Chapter 5.

KL divergence between trajectory laws. Let P
(T )
s := Pv0,A(s)

errw (XT
0 ∈ ·) denote the law

of the first T steps of ERRW with weights A(s). By the data-processing inequality,

DKL

(
P

(T )
0

∥∥P (T )
1

)
≤ DKL(µ0∥µ1).

The trajectory-level divergence converges to the environment-level divergence as T → ∞,
and Chapter 5 derives quantitative bounds on the rate of this convergence. The statistical
interpretation is provided by Stein’s lemma: DKL(P

(T )
0 ∥P (T )

1 ) is the optimal type-II error
exponent in testing A(0) against A(1) from a single trajectory of length T at a fixed type-I
error level.

1.3 Local time and true self-avoiding walks

MCMC estimation and occupation imbalance

Let V be a finite state space, let P be an irreducible Markov kernel on V with stationary
distribution π, and let f : V → R be bounded. Writing the vertex local time Lt(i) :=∑t−1

s=0 1{Xs = i}, the empirical integral error decomposes as

1

t

t−1∑
s=0

f(Xs)− π(f) =
1

t

∑
i∈V

f(i)
(
Lt(i)− tπi

)
.

The finite-time quality of the estimator is therefore governed by the discrepancy Lt(i)− tπi
between empirical occupation counts and their stationary targets.

A substantial literature addresses this phenomenon by modifying the base chain to avoid
backtracking or to break reversibility; see, e.g., [32, 85, 7, 65, 104, 24, 74, 100]. Nonlinear
and self-interacting Markov chains [28, 29, 9, 10, 27, 55, 54] provide a general framework
in which the transition rule depends on the occupation history. The closest prior work is
Doshi, Hu, and Eun [40], who prove that a self-repellent random walk achieves a CLT with
improved asymptotic variance, with empirical integral error O(t−1/2).

Chapter 6 studies true self-avoiding walk (TSAW) as a mechanism for reducing occupa-
tion imbalance and achieving a strictly better rate.
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The TSAW transition rule and main result

Fix a repulsion parameter λ > 0. Define the directed transition-count discrepancy

ϵt(i, j) := Nt(i, j)− Lt(i)Pij, (1.25)

where Nt(i, j) :=
∑t−1

s=0 1{Xs = i, Xs+1 = j} counts directed transitions. The TSAW
transition rule is the time-inhomogeneous kernel

P(Xt+1 = j | Ft, Xt = i) = Qt(i, j) :=
Pij exp{−λ ϵt(i, j)}∑
k∈V Pik exp{−λ ϵt(i, k)}

. (1.26)

The softmax weight e−λϵt(i,j) suppresses overused transitions (ϵt(i, j) > 0) and amplifies
underused ones (ϵt(i, j) < 0), performing local row-wise balancing at each vertex i.

The main result of Chapter 6 is the following almost-sure bound: for every state i ∈ V
and every edge (i, j) with Pij > 0,

Lt(i)− tπi = O(
√

log t) and Nt(i, j)− tπiPij = O(
√
log t) a.s. (1.27)

Consequently, for every bounded f : V → R,∣∣∣∣∣1t
t−1∑
s=0

f(Xs)− π(f)

∣∣∣∣∣ = O

(√
log t

t

)
almost surely,

improving the O(t−1/2) rate of [40] by a factor of O(
√
t/ log t).

Local time appears in Chapter 6 in its most direct role: as the primary object being
controlled. The TSAW transition rule is designed to keep the empirical occupation counts
Lt(i) close to their stationary targets tπi, and Equation (1.27) characterizes precisely how well
this is achieved. Unlike the ERRW chapters, where local time is a tool entering indirectly
through cover times and random environments, here local time is the direct output: the
chapter provides almost-sure finite-time pathwise bounds on occupation discrepancy with
an explicit rate that is nearly 1/t, up to the logarithmic factor.

Notation

The five chapters of this dissertation draw on several related but distinct uses of local time:
vertex occupation counts, directed transition counts, undirected edge traversal counts, in-
verse local times, and reinforced edge weights. To avoid ambiguity, we fix the following
notation throughout the dissertation. When a chapter requires a different convention, the
local definition is stated explicitly.
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Table 1.3: Notation used throughout the dissertation.

Notation Meaning

Graphs and state spaces

G = (V,E) A finite graph with vertex set V and edge set E.
|V |, |E| Number of vertices and edges of G.
u ∼ v Vertices u and v are adjacent.
d(v) Degree of vertex v in an undirected graph.
N (i) Out-neighborhood {j : Pij > 0} for a Markov kernel P .
di Out-degree |N (i)|.

Random walks and Markov chains

Xt Random walk or self-interacting process at time t.
P = (Pij) Transition kernel of a Markov chain.
π Stationary distribution of P .
Ft Natural filtration generated by the process up to time t.
Pv0 , Ev0 Probability and expectation for the process started at X0 = v0.

Local times and empirical counts

Lt(i) Discrete-time occupation count
∑t−1

s=0 1{Xs = i}; mainly used
in Chapter 6.

Lt Occupation vector (Lt(i))i∈V in discrete time, or edge-weight
vector (Lt(e))e∈E in the ERRW section.

Lt(v) Degree-normalized continuous-time local time 1
d(v)

∫ t
0
1{Xs =

v} ds; used in the CT-SRW cover-time sections.
Lt(e) ERRW edge local time and dynamic edge weight ae +Ne(X

t
0);

used in the ERRW sections.
τinv(t) Inverse local time at v0, inf{s ≥ 0 : Ls(v0) ≥ t}.
Nt(i, j) Directed transition count

∑t−1
s=0 1{Xs = i, Xs+1 = j}.

Ne(t) Undirected traversal count of edge e, Nuv(X
t
0) + Nvu(X

t
0) for

e = {u, v}.
∆i(t) TSAW vertex discrepancy Lt(i)− tπi.
ϵt(i, j) TSAW directed transition-count discrepancy Nt(i, j)−Lt(i)Pij.
Tk Jump times of CT-SRW, 0 = T0 < T1 < T2 < · · ·.
Yk Embedded discrete-time chain, Yk := XTk .
Nt(v) CT-SRW visit count

∑
k≥0 1{Tk ≤ t, Yk = v}; see Equa-

tion (1.1).

Cover, hitting, and mixing times

Continued on next page
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Notation Meaning

τhit(v) Hitting time of vertex v.
thit Maximal expected hitting time.
τcov First cover time.

τ
(2)
cov Second cover time.

∆cov Marginal time to second cover τ
(2)
cov − τcov.

tmix Total-variation mixing time.
tcov Worst-case expected cover time maxv0∈V Ev0 [τcov].

Electrical networks and Gaussian fields

r(u, v) Effective resistance between vertices u and v.
R Maximal effective resistance maxu,v∈V r(u, v).
η Gaussian free field, usually pinned at v0.
M Expected GFF maximum, M = E[maxv∈V η(v)].

ERRW and random environments

A = (ae)e∈E Initial ERRW edge-weight vector.
av Initial vertex weight av =

∑
e∋v ae.

W = (We)e∈E Random conductance environment, we use w for its realization.
Wv Environment vertex weight Wv =

∑
e∋vWe.

µv0,A Mixing/environment law for ERRW started at v0 with initial
weights A.

T Set of all spanning trees of G.
τ(w) Spanning-tree polynomial

∑
T∈T

∏
e∈T we.

bv Vertex weight parameter bv := (av + 1 − 1(v = v0))/2 in the
ERRW mixing measure.

Pv0,Aerrw ERRW law started at v0 with initial weights A.
Pv0,wsrw Quenched reversible chain law, conductance w, started at v0.

Information quantities

H(·) Entropy.
DKL(P∥Q) Kullback-Leibler divergence.
dTV(P,Q) Total-variation distance.
LLR Log-likelihood ratio.

Linear algebra

1 All-ones vector; also used as an indicator when clear from con-
text.

ei Coordinate basis vector at state i.

Continued on next page
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Notation Meaning

diag(x) Diagonal matrix with diagonal vector x.
tr(A) Trace of a matrix A.
rank(A) Rank of a matrix A.
supp(µ) Support of a measure µ.

STZ field (see Section 4.4 and Section 5.3 for detailed definition)

β = (βe)e∈E Edge field; βe ∼ Gamma(ae, 1) independently.
ϕ = (ϕi)i∈V Hyperbolic gaussian field; sampled from the hyperbolic Gaus-

sian density pβ(ϕ) conditional on β.
Q = (Qe)e∈E Random environment Qe := βee

ϕi+ϕj .
νv0,A Law of the field Q.
ψ = (ψi)i∈V Vertex field in the original STZ parametrization, with an extra

independent Gamma(1
2
, 1) term added at v0.

ψ̃ = (ψ̃v)v∈V Deghosted vertex field; equals ψ with the extra Gamma(1
2
, 1)

term at v0 removed.

β̃ = (β̃e)e∈E Normalized β field; β̃ij := βij/
√
ψiψj.

ν̃v0,A Law of the normalized field β̃.
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Chapter 2

Density Formula Approach for
Non-reversible Isomorphism
Theorems

This chapter develops the density-formula approach to non-reversible isomorphism theorems.
The main technical input is an explicit density formula for a broad class of 1-permanental
vectors, together with its conditioned version. We then combine these density formulas with
Ward identities for twisted Gaussian measures to prove the non-reversible Dynkin, gener-
alized second Ray-Knight, and Eisenbaum-type isomorphism theorems. The same method
also yields comparison inequalities for 1-permanental processes and a symmetrization bound
for cover times of non-reversible Markov chains.

2.1 Introduction

As reviewed in the Chapter 1, isomorphism theorems for reversible Markov chains connect
local times with Gaussian fields and have many applications, including large deviations,
continuity and boundedness of local-time processes, cover-time estimates, and loop soups.
This chapter focuses on the non-reversible analogue, where Gaussian squares are replaced
by 1-permanental processes.

Non-reversible versions of Dynkin’s isomorphism theorem and the generalized second
Ray-Knight theorem were proved by Le Jan, Eisenbaum, and Kaspi. Our aim here is not to
re-survey this literature, but to give a unified density-formula-based proof. We first derive
density formulas for 1-permanental vectors and conditioned 1-permanental vectors, and then
combine them with Ward identities for twisted Gaussian measures.

We then use the density formula to extend comparison inequalities for permanental pro-
cesses, in the spirit of [44]. Finally, we derive a symmetrization upper bound for the cover
time of non-reversible Markov chains using the non-reversible generalized second Ray–Knight
theorem together with the conditional density formula.
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The chapter is organized as follows. In Section 2.2, we prove the density formula for
1-permanental vectors and its conditioned version. Section 2.3 derives Ward identities and
uses them to prove the non-reversible Dynkin, Ray–Knight, and Eisenbaum isomorphism
theorems. Section 2.4 develops comparison inequalities for 1-permanental vectors, including
Kahane-type and Slepian-type inequalities. Finally, Section 2.5 applies the conditioned den-
sity formula and the non-reversible Ray–Knight theorem to obtain a symmetrization bound
for cover times.

2.2 Density of 1-permanental vectors

We start with some basic notational conventions. For a positive integer n, let [n] denote
{1, . . . , n}. Let Mn(R) denote the set of n × n matrices with real entries and Mn(R+) the
set of n× n matrices with nonnegative real entries. We write := for equality by definition.

We say that G ∈Mn(R) is diagonally equivalent to G̃ ∈Mn(R) if there exists a diagonal
matrix D ∈ Mn(R) with non-zero diagonal entries such that G̃ = D−1GD. Given A ∈
Mn(R), its spectral radius is defined as ρ(A) := limk→∞ ∥Ak∥ 1

k , where ∥ · ∥ is any matrix
norm (the choice of the norm does not matter). We say that A ∈ Mn(R) is diagonally
dominant if |Aii| ≥

∑
j ̸=i |Aij| for all i ∈ [n]. It is called strictly diagonally dominant if these

inequalities are strict for all i ∈ [n]. A ∈ Mn(R) is called an M -matrix if it can be written
as sI − B for matrix B with nonnegative entries, and where s ≥ ρ(B), see [90, pg. 176]. It
is known that A is a non-singular M-matrix iff:

1. Aij ≤ 0 for i ̸= j;

2. A is non-singular and A−1 is entry-wise nonnegative.

See [90, Criterion F15, pg. 180].
For any α > 0, a random vector ℓ ∈ Rn

+ is called an α-permanental vector with kernel
G ∈Mn(R) if, for every λ ∈ Rn

+, we have the Laplace transform

E[e−⟨λ,ℓ⟩] = |I + ΛG|−α.

Here, on the right-hand side, Λ := diag(λ1, . . . , λn), and |I + ΛG| denotes the determinant
of I +ΛG. We remark that a 1-permanental vector can correspond to different kernels (e.g.,
arising from diagonal equivalence). Vere-Jones [105] has established necessary and sufficient
conditions on the pair (G,α) for G to be the kernel of an α-permanental vector, see also [45,
Sec. 2].

1-permanental vectors are closely related to non-reversible isomorphism theorems [64,
46], and will be the main object of our study. Our first contribution is a density formula
for a broad range of 1-permanental vectors. The proof is based on characteristic functions,
following an approach similar to that of Brydges-Hofstad-König [20].

In order to state the result, we need to introduce some conventions regarding complex
numbers and vectors. We write i for

√
−1, to distinguish it from a running index i. For a
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complex number ϕ ∈ C, we let ℜ(ϕ) denote the real part, and ℑ(ϕ) the imaginary part. We
write ϕ = u + iv, so that u = ℜ(ϕ) and v = ℑ(ϕ). Then ϕ̄ = u − iv denotes the complex
conjugate of ϕ. For ϕ, ψ ∈ Cn, let ⟨ϕ, ψ⟩ :=

∑n
i=1 ϕiψi denote the (indefinite) real inner

product on Cn. Note that we do not conjugate either argument in computing this inner
product. It will also be convenient to think of ϕ ∈ C as

√
leiθ, so that

√
l = |ϕ| denotes the

absolute value of ϕ and θ denotes its phase. Note that, in one complex dimension, we have
dudv = 2−1dldθ. Also observe that we have, in one complex dimension, the formula

dϕ̄ ∧ dϕ = (du− idv) ∧ (du+ idv) = 2idu ∧ dv = idl ∧ dθ, (2.1)

as an equality of differential forms.
We can now state our density formula for the density of a class of 1-permanental vectors.

Here, for any matrix M ∈ Mn(R), its symmetric part is defined to be 1
2
(M +MT ). The

point of this formula is that it replaces a probabilistic construction of the permanental
vector by an explicit oscillatory integral. This representation is particularly useful because
integration by parts with respect to the twisted Gaussian weight produces Ward identities.
These identities are the main algebraic mechanism behind the isomorphism theorems proved
later in the chapter.

Lemma 2.2.1 (Density of 1-permanental vectors). Let G ∈ Mn(R) have a positive definite
symmetric part. If there exists a 1-permanental process ℓ with kernel G, then the density
ρ(l) can be represented as follows:

ρ(l) =

∫
(0,2π)n

1

(2π)n|G|
e
∑

i,j Qij

√
lilje

i(θi−θj)

dθ. (2.2)

Here Q := −G−1. Also li denotes the i-th component of the vector l, and we write dθ for∏
i dθi.

Remark 2.2.1.1. It is straightforward to check that if G ∈ Mn(R) has a positive definite
symmetric part, then G is invertible.

Remark 2.2.1.2. Lemma 2.2.1 is not completely new. It appeared in [1], but only in the
Markovian setting (defined in Remark 2.2.1.4 below). Using the results derived by Brydges-
Hofstad-König [20], our contribution is to generalize the density formula of [1] to any kernel
with a positive definite symmetric part.

Remark 2.2.1.3 (Infinitely divisible kernels). By the definition of infinite divisibility, a 1-
permanental vector ℓ is infinitely divisible if and only if, for every positive integer n, there
exist n i.i.d. random vectors ℓ1, ..., ℓn such that ℓ̃ := ℓ1+ · · ·+ℓn is equal in distribution to ℓ.
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We say that a kernel G of a 1-permanental vector is infinitely divisible if the corresponding
1-permanental vector ℓ is infinitely divisible. In [46], several characterizations are given of
the family of kernels of infinitely divisible 1-permanental vectors. One such characterization
is [46, Lemma 4.2], from which one can conclude that any kernel G of an infinitely divisible
1-permanental vector is diagonally equivalent to an inverse M-matrix, i.e., the inverse of an
invertible M-matrix A. 1.

We will now prove that any infinitely divisible kernel G of a 1-permanental vector has an
equivalent kernel G̃ with a positive definite symmetric part. To see this, fix some infinitely
divisible kernel G of a 1-permanental vector. By [46, Lemma 4.2], it is diagonally equivalent
to the inverse of a non-singular M-matrix A. Then, using [90, Condition I26] for A, we
know that there exists a diagonal matrix D with positive diagonal terms, such that D−1AD
has a positive definite symmetric part. Therefore, using Lemma A.4.1 the inverse of D−1AD
as D−1(A−1)D should also have a positive definite symmetric part. Since A−1 is diagonally
equivalent to the kernel D−1(A−1)D, and G is diagonally equivalent to A−1, by transitivity
of diagonal equivalence, G should also be diagonally equivalent to the matrix D−1(A−1)D,
which has a positive definite symmetric part.

Remark 2.2.1.4 (Markovian kernels). A sub-family of kernels of infinitely divisible 1-
permanental vectors, which we call the Markovian kernels, is closely related to Markov chains
and plays an important role in the study of local-time isomorphism theorems. Given an irre-
ducible discrete-time Markov chain on the state space [n], let us denote its transition kernel
and stationary distribution by P and π, respectively, where π is thought of as a column vector.
Let Π = diag(π) denote the diagonal matrix with diagonal terms given by π. The Laplacian
associated with this Markov chain is defined as Q = Π(P −I). Consider the continuous-time
Markov process with rate matrix Q (whose stationary distribution would then be the uniform
distribution). We introduce a cemetery state ∆, and a nonnegative killing rates given by
h = (h1, · · · , hn) ≥ 0. Namely, when in state i ∈ [n], there is now a rate hi of jumping to
the cemetery state. The rate matrix associated with the corresponding continuous-time killed
Markov process is defined to be Qh = Q − diag(h). It can be checked that Qh is invertible
when

∑
i hi > 0, and we can define the Green’s kernel associated with it as Gh := −Q−1

h .
Any matrix Gh obtained from such a construction is called a Markovian kernel.

We claim that Gh will have a positive definite symmetric part. To see this, let P ∗ :=
Π−1P TΠ be the time reversal of P . Note that P ∗ is a stochastic matrix. The additive-
reversibilization of P is defined to be the Markov chain with transition matrix M := 1

2
(P +

P ∗), see [5, Lemma 9.20]. Note that π is the stationary distribution of M , since πT P+P ∗

2
=

1If G is a kernel of an infinitely divisible 1-permanental vector then there should be a 1
2 -permanental

vector ℓ with kernel G. This random vector ℓ must be infinitely divisible. On the other hand, if ℓ is a
1
2 -permanental vector with kernel G such that ℓ is infinitely divisible, then the corresponding 1-permanental
vector should also be infinitely divisible, and hence G is an infinitely divisible kernel. According to [46,
Lemma 4.2], if a 1

2 -permanental vector G is infinitely divisible, then its kernel is diagonally equivalent to an
inverse M-matrix. Therefore, if G is an infinitely divisible kernel for a 1-permanental vector, it should be
diagonally equivalent to an inverse M-matrix.
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1
2
πT + 1

2
πTΠ−1P TΠ = πT . Further, M is reversible, since ΠM = 1

2
(ΠP + P TΠ) = MTΠ.

This Markov chain is clearly irreducible, and its Laplacian is Π(M − I), which we denote by
S. Since S is the Laplacian of a reversible Markov chain, −S is nonnegative definite. This
can be seen by observing that S has the same eigenvalues as Π

1
2SΠ− 1

2 , which is symmetric,
and so has real eigenvalues, while S, as the rate matrix of an irreducible continuous-time
Markov chain, has 0 as a simple eigenvalue and all other eigenvalues having strictly negative
real parts.

By the Perron-Frobenius theorem, we know that ⟨v,−Sv⟩ = 0 if v ∈ span(1), and
⟨v,−Sv⟩ > 0 otherwise. But if v ∈ span(1) and v ̸= 0, then vTdiag(h)v > 0. Hence,
for any v, we have ⟨v, (diag(h)− S)v⟩ > 0 if v ̸= 0, i.e. diag(h)− S is positive definite, i.e.
−1

2
(Qh +QT

h) is positive definite. By Lemma A.4.1, we know that −Qh and hence Gh has a
positive definite symmetric part.

It is apparent that G−1
h = −Qh = diag(h) +Π−ΠP has non-positive off-diagonal terms.

We also showed that it has a positive definite symmetric part. Then we can use [90, Condition
I26] to see that −Qh is indeed a non-singular M-matrix. Therefore, Gh is an inverse M-
matrix and hence infinitely divisible by [46, Lemma 4.2].

Remark 2.2.1.5 (Positive definite kernels). Let G ∈Mn(R) be a positive definite matrix. Let
η ∼ N(0, G). One can see from the moment generating function that 1

2
η2 is 1

2
-permanental

with kernel G. Since the sum of two independent copies of a 1
2
-permanental random vector

with a given kernel is a 1-permanental vector with that kernel, it follows that for every positive
definite matrix G ∈Mn(R), there is a 1-permanental vector with kernel G.

Remark 2.2.1.6. One might wonder if the condition that G should have a positive definite
symmetric part is too stringent. It is obvious that any positive definite and symmetric (PSD)
matrix satisfies this condition. Less obvious is that infinitely divisible kernels also fall into
this category up to diagonal equivalence (see Remark Remark 2.2.1.3).

In his classic 1967 paper, Vere-Jones [105] gave necessary and sufficient conditions on
the kernel for the corresponding 1-permanental vector to exist. However, these conditions
are not easy to check. These conditions are known to hold for matrices that are either
diagonally equivalent to a PSD matrix or are infinitely divisible [45]. We already showed in
Remark 2.2.1.3 that any infinitely divisible kernel G is diagonally equivalent to another kernel
G̃ with a positive definite symmetric part. Therefore, both scenarios are included in Lemma
2.2.1 up to diagonal equivalence, in the sense that given any 1-permanental vector with such
a kernel G, we can find an equivalent kernel G̃ that has a positive definite symmetric part
and apply Lemma 2.2.1 to that kernel. We also remark that these two families of kernels are
not inclusive of one another.

To the best of our knowledge, the only known instances of 1-permanental vectors whose
kernel is neither diagonally equivalent to a PSD matrix nor an infinitely divisible one are the
examples constructed in [48, Theorem 7.3], but their construction is very delicate, hence this
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family of kernels is rather restricted. We remark that it is an important open problem to give
an algorithmically checkable criterion that characterizes the set of 1-permanental kernels.

In the discussion following the proof of Lemma 2.2.1 below, and in the rest of the chapter,
we say that a function f : Cn → C has subexponential growth rate if lim∥ϕ∥→∞

log(1+|f(ϕ)|)
∥ϕ∥ =

0. We say that such a function is sub-Gaussian if there exists some c, c′ > 0, such that
|f(ϕ)| ≤ ce−c

′∥ϕ∥2 . Similar definitions apply to functions f : Rn
+ → C. We now proceed to

prove Lemma 2.2.1.

Proof of Lemma 2.2.1. This proof mimics the procedure of Brydges-Hofstad-König [20]. By
the definition of a 1-permanental vector, for any λ ∈ Rn

+, we have the Laplace transform

E
[
e−⟨λ,ℓ⟩] = 1

|I + ΛG|
=

1

|G||Λ−Q|
.

Here we used I +ΛG = (G−1 +Λ)G = (Λ−Q)G. Note that |G| ̸= 0 by Remark 2.2.1.1.
Under the conditions assumed in Lemma 2.2.1, we can write 1

2
(G + GT ) = −1

2
(Q−1 +

Q−T ) = −1
2
Q−1(Q+QT )Q−T , from which we see that, since G is assumed to have a positive

definite symmetric part, so does −Q, and hence so does Λ − Q. Now, consider n complex
numbers ϕi = ui + ivi, ∀i ∈ [n]. Using the formula in [20, Lemma 2.2] for

∫
e⟨ϕ,Mϕ̄⟩du dv for

the matrix M = Λ−Q, we have

E
[
e−⟨λ,ℓ⟩] = ∫

R2n

1

πn|G|
e−⟨ϕ,(Λ−Q)ϕ̄⟩du dv =

∫
R2n

1

πn|G|
e−⟨ϕ,Λϕ̄⟩+⟨ϕ,Qϕ̄⟩du dv.

Using the change-of-variable ϕi =
√
li e

iθi where li ∈ (0,∞), θi ∈ [0, 2π) for all i ∈ [n] and
ϕi ̸= 0 gives

E
[
e−⟨λ,ℓ⟩] = ∫

Rn
+

∫
[0,2π)n

1

(2π)n|G|
e−⟨λ,l⟩+

∑
i,j Qij

√
li
√
lje

i(θi−θj)

dθ dl

=

∫
Rn
+

e−⟨λ,l⟩
(∫

[0,2π)n

1

(2π)n|G|
e
∑

i,j Qij
√
li
√
lje

i(θi−θj)

dθ

)
dl,

where we have used the fact that du dv = 2−ndθ dl. Let us define the measure ρ(l) as

ρ(l) =

∫
[0,2π)n

1

(2π)n|G|
e
∑

i,j Qij
√
li
√
lje

i(θi−θj)

dθ.

We claim that ρ(l) is finite. To see this, by the triangle inequality, we have

|ρ(l)| ≤
∫
[0,2π)n

1

(2π)n|G|

∣∣∣e∑i,j Qij
√
li
√
lje

i(θi−θj)
∣∣∣dθ

=

∫
[0,2π)n

1

(2π)n|G|
e
∑

i,j Sij
√
li
√
lje

i(θi−θj)

dθ, (2.3)
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where S := 1
2
(Q + QT ) denotes the symmetric part of Q. Here, we used the fact that

|G| > 0 is necessary for the existence of a 1-permanental vector whose kernel has a positive
definite symmetric part. (To see this, let Λ = tI and take t > 0 large enough; then the
positivity of the Laplace transform E

[
e−⟨λ,ℓ⟩] implies that |G| > 0.) We have observed

earlier that −S has a positive definite symmetric part. Let λmin(−S) > 0 be the minimum
eigenvalue of −S. Then we know by spectral bounds that

|ρ(l)| ≤
∫
[0,2π)n

1

(2π)n|G|
e−λmin(−S)

(∑
i li

)
dθ =

1

|G|
e−λmin(−S)

(∑
i li

)
<∞.

This shows that ρ(l) is indeed finite. Moreover, since∫
Rn
+

|ρ(l)|dl ≤
∫
Rn
+

1

|G|
e−λmin(−S)

(∑
i li

)
dl =

1

|G|(λmin(−S))n
<∞,

we have ρ ∈ L1(Rn
+). Finally, to see that ρ(l) is in fact real, note that

ρ(l) =

∫
[0,2π)n

1

(2π)n|G|
e
∑

i,j Qij
√
li
√
lje

−i(θi−θj)

dθ

=

∫
[0,2π)n

1

(2π)n|G|
e
∑

i,j Qij
√
li
√
lje

i((−θi)−(−θj))

(−1)nd(−θ1) · · · d(−θn)

=

∫
(−2π,0]n

1

(2π)n|G|
e
∑

i,j Qij
√
li
√
lje

i(θ′i−θ′j)
dθ′1 · · · dθ′n

=

∫
[0,2π)n

1

(2π)n|G|
e
∑

i,j Qij
√
li
√
lje

i(θ′i−θ′j)
dθ′1 · · · dθ′n

= ρ(l),

where in the third equality we used the substitution θ′ = −θ. By the invertibility of
the Laplace transform given the region of convergence, ρ(l) is exactly the density of a 1-
permanental random vector with kernel G, if such a vector exists.

From the proof above, we know that for anyG ∈Mn(R) with a positive definite symmetric
part, ρ(l) is a well-defined real density in L1(Rn

+). Moreover, from its definition, we see
that ρ(l) is infinitely differentiable in the interior of Rn

+.
2 Therefore, the existence of a

1-permanental vector with kernel G is equivalent to the nonnegativity of the density ρ(l).
We remark that Lemma 2.2.1 is implicitly in [1] and [52], but only in the Markovian

setting. To clarify this, we need to define the Markovian loop soups.
For a transient Markov process {Xt : t ≥ 0} on discrete state space V , and any t > 0,

let Ωr,t be the space of right-continuous functions [0, t] → V , with finitely many jumps and
the same value at 0 and t. Also, let Ωr := ∪t>0Ωr,t. We call this the space of rooted loops.

2The integrand in Eq. (2.2), after being differentiated for a finite number of times, would still be inte-
grable, due to essentially the same reasoning as used in the proof of Lemma 2.2.1.
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For any ϕ ∈ Ωr, let ζ(ϕ) be the unique t > 0 such that ϕ ∈ Ωr,t. We identify Ωr with
Ωr,1× (0,∞) via the map (w, t) ∈ Ωr,1× (0,∞) → ϕ(·) = w( ·

t
) ∈ Ωr, and endow Ωr,1× (0,∞)

with the canonical product σ-algebra (where Ωr,1 is endowed with the σ-algebra generated
by the maps Xs, 0 ≤ s ≤ 1, from Ωr,1 into V ). For any x ∈ V , define P t

x,x on Ωr,t such that
for any measurable subset Bt ⊂ Ωr,t,

P t
x,x(Bt) = P (Bt ∩ {Xt = x} |X0 = x).

We then define the rooted loop measure µr on Ωr such that for any measurable subset
B ⊂ Ωr,

µr(B) :=
∑
x∈V

∫ ∞

0

P t
x,x(B)

dt

t
.

The shift operator θs acts on a rooted loop ϕ ∈ Lr,t by cyclically rotating the loop by time
s. The set of unrooted loops, Ω∗, is the set of equivalence classes of rooted loops Ωr under
the equivalence relationship defined by the shifts {θs : s > 0}. The unrooted loop measure
µ∗ on Ω∗ is then induced by the rooted loop measure under this equivalence relationship.

An unrooted loop soup (or Poisson gas of Markovian loops), at level α > 0, is then a
Poisson point process on the space Ω∗ of unrooted loops, with intensity measure αµ∗. We
will be mostly interested in loop soups at level α = 1. Therefore, we will always assume the
level is at 1 unless stated otherwise. Let Φ = {ϕ∗

i : i ∈ I} be a countable collection of loops
generated via such Poisson point process. Then we can define the loop soup occupation
times (or occupation field) as ℓx(Φ) :=

∑
i∈I T

x(ϕi) for any x ∈ V . Here T x(ϕ) represents
the local time the loop ϕ spends at state x ∈ V .

It is shown in Fitzsimmons and Rosen [52] that the Markovian loop soup local time ℓ is
equal in distribution to a 1-permanental vector with the corresponding Green’s kernel, by
using the generalized Le Jan’s isomorphism theorem (non-symmetric version, Theorem 3.1 in
[52]). Moreover, Theorem 2.15(a) in [1] states that for any bounded and continuous function
F : Rn

+ → C, we have
∫

1
(2πi)n|G|F (ϕϕ̄)e

⟨ϕ,Qϕ̄⟩dϕ̄dϕ = EF (ℓ), where ℓ is the Markovian loop
soup local time with intensity α = 1. This provides a connection between the twisted Gaus-
sian density and the Markovian loop soup local time: using the result by Fitzsimmons and
Rosen [52], we know that

∫
1

(2πi)n|G|F (ϕϕ̄)e
⟨ϕ,Qϕ̄⟩dϕ̄dϕ = EF (ℓ) for ℓ being a 1-permanental

vector with a Markovian kernel G as well. A polar coordinate change then reveals the density
of the 1-permanental vector, in the Markovian case, in the form given in Lemma 2.2.1.

In contrast, our density formula also works for non-Markovian kernels with a positive
definite symmetric part, and for this we critically used the results derived by Brydges-
Hofstad-König[20] in the proof above.

Remark 2.2.1.7. A natural consequence of the above density formula is a symmetrization
bound for the density. Let ι := |2G|

|G+GT | , and denote by ρ̃(l̄) the density of a 1-permanental

vector ℓ̄ with the symmetric kernel (−S)−1, where S = 1
2
(Q+QT ), with Q := −G−1. In the

same setting as the previous lemma, it is immediate from its proof that

ρ(l) ≤ ιρ̄(l),
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see equation (2.3).
This symmetrization bound will be used several times in the later sections. Similarly,

one concludes that for any C-valued function f with a subexponential growth rate, we have
|E[f(ℓ)]| ≤ ιE[|f(ℓ̄)|]:

|E[f(ℓ)]| =
∣∣∣∣ ∫

Rn
+

f(l)ρ(l)dl

∣∣∣∣ ≤ ∫
Rn
+

|f(l)|ρ(l)dl ≤ ι

∫
Rn
+

|f(l)|ρ̄(l)dl = ιE[|f(ℓ̄)|].

The integrand above is absolutely integrable for any function of subexponential growth
since ρ̄(l) decays exponentially fast in ∥l∥. Since ρ(l) ≤ ιρ̄(l) and both ρ and ρ̄ integrate to
1, integrating gives 1 ≤ ι.

In linear algebra language, for any matrix G with a positive definite symmetric part, we
always have |1

2
(G + GT )| ≤ |G|. This is a well-known fact called the Ostrowski-Taussky

inequality in the literature [87].
Another consequence of the proof above is the subexponentiality of 1-permanental vectors.

In the same setting as Lemma 2.2.1, for the 1-permanental vector ℓ, we know that

P(ℓ ≥ t) ≤ 1

|G|

∫
∏

i[ti,∞)

e−λmin(−S)∥l∥1dl =
1

|G|(λmin(−S))n
e−λmin(−S)∥t∥1 .

Since for any k ∈ Z+, a k-permanental process with kernel G is equal in distribution to∑k
i=1 ℓi, where ℓi’s are i.i.d. 1-permanental vectors with kernel G, we also have

P
( k∑

i=1

ℓi ≥ t

)
≤ k P

(
ℓ ≥ 1

k
t
)
≤ c e−

1
k
λmin(−S)∥t∥1 .

Here, c > 0 does not depend on t. The subexponentiality of k-permanental vectors will
also be used in later sections.

Density of conditioned 1-permanental vectors

The density formula allows us to study the density of a 1-permanental vector ℓ conditioned
on some coordinate being equal to a fixed value r. Without loss of generality, we will consider
(ℓ2, · · · , ℓn | ℓ1 = r). Let us also assume for now that r > 0, the case r = 0 being trivial, see
Remark 2.2.2.1 below.

To derive the conditional density ρr(l2, · · · , ln) of the conditioned process (ℓ2, · · · , ℓn | ℓ1 =
r), let us decompose the Laplacian as

Q =

(
Q11 QT

1∗
Q∗1 Q∗∗

)
. (2.4)

Similarly, we let ϕ∗ := (ϕ2, · · · , ϕn), and, in general, whenever we use the underscript
∗, we mean the original vector or matrix restricted to [n]\{1}. We then have the following
density formula, for which the rotation symmetry in θi’s plays an important role in the proof.
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Lemma 2.2.2 (Density of conditioned 1-permanental vector). In the same setting as Lemma
2.2.1, the conditional density ρr(l2, · · · , ln) of the conditioned process (ℓ2, · · · , ℓn | ℓ1 = r) is

ρr(l2, · · · , ln) =
∫
(0,2π)n−1

| −Q∗∗|
(2π)n−1

exp
(
⟨(ϕ∗ +

√
rQ−T

∗∗ Q1∗), Q∗∗(ϕ̄∗ +
√
rQ−1

∗∗ Q∗1)⟩
)
dθ∗.

Proof. First, plug in l1 = r in the density formula for ℓ. We know ρ(r, l2, · · · , ln) equals to∫
(0,2π)n

eQ11r

(2π)n|G|
exp

(∑
i,j ̸=1

Qij

√
lilje

i(θi−θj) +
∑
i̸=1

(
Qi1

√
lire

i(θi−θ1) +Q1i

√
lire

i(θ1−θi)
))
dθ.

Now use the change of measure θ′i = θi − θ1, ∀i ̸= 1 and θ′1 = θ1. We know it’s further
equal to∫

(0,2π)

∫
(−θ′1,−θ′1+2π)n−1

eQ11r

(2π)n|G|
exp

(∑
i,j ̸=1

Qij

√
lilje

i(θ′i−θ′j) +
∑
i̸=1

(
Qi1

√
lire

iθ′i

+Q1i

√
lire

−iθ′i
))
dθ′∗dθ

′
1.

But, given any θ′1, the inner integral is invariant whether it’s integrated over (−θ′1,−θ′1+
2π)n−1 or over (0, 2π)n−1, due to rotation symmetry. Hence, we conclude that

ρ(r, l2, · · · , ln)

=

∫
(0,2π)

∫
(0,2π)n−1

eQ11r

(2π)n|G|
exp

(∑
i,j ̸=1

Qij

√
lilje

i(θ′i−θ′j) +
∑
i̸=1

(
Qi1

√
lire

iθ′i

+Q1i

√
lire

−iθ′i
))
dθ′∗dθ

′
1

=

∫
(0,2π)n−1

eQ11r

(2π)n−1|G|
exp

(∑
i,j ̸=1

Qij

√
lilje

i(θ′i−θ′j) +
∑
i̸=1

(
Qi1

√
lire

iθ′i

+Q1i

√
lire

−iθ′i
))
dθ′∗.

Marginally, ℓ1 is distributed as an exponential random variable with mean G11 as is shown
in [47]. Hence, we conclude that

ρr(l2, · · · , ln) = G11e
G−1

11 rρ(r, l2, · · · , ln)

=

∫
(0,2π)n−1

G11e
(Q11+G

−1
11 )r

(2π)n−1|G|
exp

(∑
i,j ̸=1

Qij

√
lilje

i(θi−θj) +
∑
i̸=1

(
Qi1

√
lire

iθi

+Q1i

√
lire

−iθi
))
dθ∗.
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By the decomposition of the Laplacian Q, we have

ρr(l2, · · · , ln) =
∫
(0,2π)n−1

G11e
(Q11+G

−1
11 )r

(2π)n−1|G|
exp

(
⟨ϕ∗, Q∗∗ϕ̄∗⟩+

√
r
(
⟨Q∗1, ϕ∗⟩+ ⟨Q1∗, ϕ̄∗⟩

))
dθ∗.

We claim that Q∗∗ is invertible. To see this, note that by the adjugate formula G =
| −Q|−1adj(−Q), we have G11 =

|−Q∗∗|
|−Q| = |G|| −Q∗∗|. But G11 > 0 and |G| > 0 since |G| is

1-permanental, so we conclude that | −Q∗∗| > 0 and Q∗∗ is indeed invertible. Therefore we
have

ρr(l2, · · · , ln)

=

∫
(0,2π)n−1

G11e
(Q11+G

−1
11 )r

(2π)n−1|G|
exp

(
⟨ϕ∗, Q∗∗ϕ̄∗⟩+

(
⟨QT

∗∗ϕ∗,
√
rQ−1

∗∗ Q∗1⟩

+ ⟨
√
rQ−T

∗∗ Q1∗, Q∗∗ϕ̄∗⟩
))
dθ∗

=

∫
(0,2π)n−1

G11e
(Q11+G

−1
11 −QT

1∗Q
−1
∗∗ Q∗1)r

(2π)n−1|G|
exp

(
⟨(ϕ∗ +

√
rQ−T

∗∗ Q1∗), Q∗∗(ϕ̄∗ +
√
rQ−1

∗∗ Q∗1)⟩
)
dθ∗.

Now, by the block matrix inverse formula, if Q∗∗ is invertible we have

G11 = (−Q11 +QT
1∗Q

−1
∗∗ Q∗1)

−1.

Therefore, Q11 +G−1
11 −QT

1∗Q
−1
∗∗ Q∗1 = 0 and we conclude that

ρr(l2, · · · , ln) =
∫
(0,2π)n−1

| −Q∗∗|
(2π)n−1

exp
(
⟨(ϕ∗ +

√
rQ−T

∗∗ Q1∗), Q∗∗(ϕ̄∗ +
√
rQ−1

∗∗ Q∗1)⟩
)
dθ∗.

One can apply the same arguments as those in the proof of Lemma 2.2.1 to see that the
integrand is absolutely integrable. Hence, the lemma is proved.

Remark 2.2.2.1. We remark that when r = 0, we have

ρ0(l2, · · · , ln) =
∫
(0,2π)n−1

| −Q∗∗|
(2π)n−1

exp
(
⟨ϕ∗, Q∗∗ϕ̄∗⟩

)
dθ∗.

Computing the Laplace transform, we see that the conditioned 1-permanental process

{ℓ2, · · · , ℓn | ℓ1 = 0}

should again be a 1-permanental process with kernel (−Q∗∗)
−1, which has positive definite

symmetric part.
In the Markovian setting, this property has the following loop soup interpretation. A

loop soup conditioned on not visiting some node a is just an unconditioned loop soup on
the loops that do not visit a, by the independence property of the Poissonian point process.
This observation is mentioned in several previous works on loop soup (for example, [97,
52]). However, it is not a priori obvious that every 1-permanental G with a positive definite
symmetric part will also satisfy a similar property, which is what we have established.
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Another interesting observation is that when G is positive definite we have the following
conditional law for squared Gaussian vectors.

Corollary 2.2.3 (Conditioned χ-squared process). For any non-degenerate Gaussian vector
Ũ ∼ N (0, G), let U ∼ N (−

√
rQ−1

∗∗ Q∗1, (−Q∗∗)
−1). We have

(Ũ2
∗ | Ũ2

1 = r)
d.
= U2.

Proof. By Lemma 2.2.2, in the Gaussian case, we have

ρr(l2, · · · , ln)

=

∫
(0,2π)n−1

| −Q∗∗|
(2π)n−1

exp

([(
(u∗ +

√
rQ−1

∗∗ Q∗1) + iv∗
)
, Q∗∗

(
(u∗ +

√
rQ−1

∗∗ Q∗1)− iv∗
)]
µ

)
dθ∗

=

∫
(0,2π)n−1

| −Q∗∗|
(2π)n−1

exp

([
(u∗ +

√
rQ−1

∗∗ Q∗1), Q∗∗(u∗ +
√
rQ−1

∗∗ Q∗1)
]
µ
+ ⟨v∗, Q∗∗v∗⟩

)
dθ∗.

This is exactly the law of
{
(U −

√
rQ−1

∗∗ Q∗1)
2 + V 2

}
, for U, V being independent

N (0, 1
2
(−Q∗∗)

−1) vectors. Since we know that ℓ
d.
= {Ũ2 + Ṽ 2 : i ∈ [n]}, where Ũ , Ṽ are

independent N (0, 1
2
G) vectors, we have

{ℓ∗ | ℓ1 = r} d.
= {Ũ2

∗ + Ṽ 2
∗ | Ũ2

1 + Ṽ 2
1 = r} d.

=
{
(U −

√
rQ−1

∗∗ Q∗1)
2 + V 2

}
.

We claim that

{Ũ2
∗ + Ṽ 2

∗ | Ũ2
1 + Ṽ 2

1 = r} d.
= {Ũ2

∗ + Ṽ 2
∗ | Ũ2

1 = r, Ṽ 2
1 = 0}.

To see this, it suffices to show that, conditioned on ℓ1 = r, ℓ∗ is independent of θ1,
and therefore independent of (U1, V1). This is readily concluded from the proof of Lemma
2.2.2. Indeed, fixing any θ1, the inner integral there does not depend on θ1. Now note that

{Ṽ 2
∗ | Ṽ 2

1 = 0} d.
= V 2. It is immediate that

{Ũ2
∗ | Ũ2

1 = r} d.
=
{
(U −

√
rQ−1

∗∗ Q∗1)
2
}
.

A special version of this corollary, applying to a certain family of Gaussian free fields,
was used earlier in studying isomorphism theorems [97]. Proving this theorem by directly
working with the χ-squared process seems to be hard. Here, the rotation symmetry trick
(i.e., Lemma 2.2.2) helps us circumvent this issue.
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2.3 Non-reversible isomorphism theorems

In the Markovian setting, the 1-permanental process is equal in distribution to the loop soup
local time when the intensity of the soup is given by the loop measure (instead of 1/2 of the
loop measure). In light of this, the following theorem can be seen as a generalization of Le
Jan’s isomorphism theorem that connects the loop soup local time with a certain Gaussian
integral in the scenario when the intensity is 1/2 of the loop measure (see, e.g., Theorem 4.5
in [97]).

Theorem 2.3.1 (Non-reversible Le Jan’s isomorphism theorem). In the same setting as
Lemma 2.2.1, for any real function on Rn

+ with a subexponential growth rate, we have

E[f(ℓ)] =
∫
Cn

1

(2πi)n|G|
f(ϕϕ̄) e⟨ϕ,Qϕ̄⟩dϕ̄dϕ. (2.5)

Here ϕϕ̄ := (ϕiϕ̄i : i ∈ V ). Moreover, for any k ∈ N+, the k-permanental vector ℓ(k)

satisfies

E
[
f(ℓ(k))

]
=

∫
Cn×k

1

(2πi)nk|G|k
f
(
ϕ(1)ϕ(1) + · · ·+ ϕ(k)ϕ(k)

)
e
∑k

i=1⟨ϕ(i),Qϕ(i)⟩
∏
i

dϕ(i)dϕ(i).

Proof. We know that

E[f(ℓ)] =
∫
Rn
+

∫
(0,2π)n

1

(2π)n|G|
f(l) e

∑
i,j Qij

√
li
√
lje

i(θi−θj)

dθdl

=

∫
Cn

1

(2πi)n|G|
f(ϕϕ̄) e⟨ϕ,Qϕ̄⟩dϕ̄dϕ.

Here we used change of variable ϕi =
√
lie

iθi . Now, using the formula repeatedly and the
fact that ℓ(k) is distributed as the sum of k independent 1-permanental vectors proves the
theorem.

Using the distributional equivalence between a 1-permanental vector and loop soup local
time when the intensity of the soup is given by the loop measure, the probabilistic content
of Theorem 2.3.1 can be equivalently stated in terms of loop soup local times. When the
Markov chain is reversible, the right-hand side of equation (2.5) becomes exactly complex
Gaussian density. To see this connection, observe that we have Q = Q⊤ in the reversible
case, and so (π)−ne⟨ϕ,Qϕ̄⟩ can be written as a product of two Gaussians, as

1

(π)
n
2

e⟨u,Qu⟩
1

(π)
n
2

e⟨v,Qv⟩,

where ϕ = u + iv. The theorem therefore implies that ϕϕ̄ where ϕ ∼ CN (0, G)3 and ℓ, the
1-permanental vector, are equal in distribution in this case. This special case is now seen to

3It is standard notation for a complex Gaussian that ϕ := u+ iv ∼ CN (0,Γ) iff(
u
v

)
∼ N

((
0
0

)
,
1

2

(
ℜ(Γ) −ℑ(Γ)
−ℑ(Γ) ℜ(Γ)

))
.
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be a consequence of the reversible Le Jan’s isomorphism theorem, i.e., Theorem 4.5 in [97].
It is in this sense that Theorem 2.3.1 can be seen as a generalization to the non-reversible
case of Theorem 4.5 in [97].

In the rest of this section, we are going to give a unified proof of several non-reversible
isomorphism theorems. There will be two ingredients important in our proof: one is a pair
of Ward identities for twisted Gaussian measure along the lines of those in [12], and the
other is the previously derived density formula in equation (2.2). In this way, we obtain non-
reversible versions of Dynkin’s isomorphism theorem [44, 64], the generalized second Ray-
Knight isomorphism theorem [46], and a non-reversible analogue of Eisenbaum’s isomorphism
theorem.

Ward identities for non-reversible Markov chains

Let P denote an irreducible transition probability matrix for a Markov chain on the state
space [n], and let the stationary distribution be denoted by π. Let Q = Π(P − I) denote the
normalized Laplacian, where Π denotes the diagonal matrix with diagonal entries given by
π. We think of Q as the rate matrix of {Xs : s ≥ 0}, a continuous-time irreducible Markov
chain on the finite state space [n], starting at X0 = a. Define the local time of the Markov
chain as

Lt(i) =
∫ t

0

1{Xs = i}ds. (2.6)

For any r ≥ 0, let the inverse local time be τinv(r) := inf{t : Lt(a) ≥ r}. We will consider
the following unnormalized (since −Q is only positive semi-definite here) twisted Gaussian
measure

dµ(ϕ) = π−ne⟨ϕ,Qϕ̄⟩dudv = (2πi)−ne⟨ϕ,Qϕ̄⟩dϕ̄dϕ.

Although the measure is unnormalized, when g(ϕ) : Cn → C is sub-Gaussian, it is still
integrable with respect to the measure dµ(ϕ). To see this, note that∣∣[g(ϕ)]µ∣∣ ≤ ∫

R2n

π−ne−c(∥u∥
2+∥v∥2)e⟨ϕ,Sϕ̄⟩dudv ≤

∫
R2n

π−ne−c(∥u∥
2+∥v∥2)dudv <∞.

Here [·]µ denotes integration with respect to dµ(ϕ) and

S =
1

2
(Q+QT ) (2.7)

denotes the symmetric part of Q, which we note satisfies S ⪯ 0 in the Loewner partial order.
A function f : Cn → C or f : Rn

+ → C is said to have sub-polynomial tails if for
every d > 0, there exists some constant cd > 0 such that |f(l)| ≤ cd∥l∥−d. We will dub
the functions in C∞(Rn

+) or C
∞(Cn) with sub-polynomial tails for all orders of derivatives

as having property F. Similarly we say that a function g : Cn → C or g : Rn
+ → C has
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polynomial growth if there exist some d > 0, b > 0, and c ∈ (0,∞) such that |g(ϕ)| ≤ b∥ϕ∥d
for all ϕ that is large enough, i.e., ∥ϕ∥ > c. We say that g(ϕ) in C∞(Rn

+) or C∞(Cn) has
property G if for any k ∈ N, there exists some dk > 0, bk > 0 and ck ∈ (0,∞) such that
|g(k)(ϕ)| ≤ bk∥ϕ∥dk for all ∥ϕ∥ > ck, i.e. if every derivative of g has polynomial growth.

In the scenario where one has a killing rate h > 0 at each node, the Laplacian is replaced
by Qh := Q− hI. One can then consider the Green’s function Gh := (hI −Q)−1 since Qh is
invertible. Note that there will be a 1-permanental random variable with such a kernel [46].

Define the differential operator Ti as Tig(ϕ) =
∂
∂ϕ̄i
g(ϕ). Similarly, define Pi as Pig(ϕ) =

∂
∂ϕi
g(ϕ).4 We also define ∂if(l) :=

∂
∂li
f(l) as differentiation in li ∈ R+. We use Ei,l to denote

the expectation with respect to a Markov chain starting at state i with initial local time l.
Similarly, let E∗

i,l denote expectation for the reversed chain starting at state i with initial
local time l. We say that a function f(i, l) : X × Rn

+ → C has property F if it has property
F in l for each fixed first component i ∈ X .

The next lemma is the analytic engine of the chapter. It is an integration by parts
identity for the twisted Gaussian measure. When combined with the density formula, it
converts analytic identities in the ϕ-variables into distributional identities for permanental
vectors and Markov-chain local times.

Lemma 2.3.2 (Ward identities for twisted Gaussian measure). Consider an irreducible
continuous-time Markov chain on discrete space [n] with Laplacian Q. For f(i, l) : X×Rn

+ 7→
C with property F and g(ϕ) : Cn → C with property G, we have∑

i

[ϕig(ϕ)f(i, ϕϕ̄)]µ =
∑
i

[
(Tig)(ϕ)

∫ ∞

0

Ei,ϕϕ̄f(Xt,Lt)dt
]
µ

,

and ∑
i

[ϕ̄ig(ϕ)f(i, ϕϕ̄)]µ =
∑
i

[
(Pig)(ϕ)

∫ ∞

0

E∗
i,ϕϕ̄f(Xt,Lt)dt

]
µ

.

Proof. First note that5

0 =

∫
R2n

(2πi)−nTi(g(ϕ)f(i, ϕϕ̄)e
⟨ϕ,Qϕ̄⟩)dϕ̄dϕ

= [(Tig)(ϕ)f(i, ϕϕ̄)]µ + [ϕig(ϕ)∂if(i, ϕϕ̄)]µ + [g(ϕ)(QTϕ)if(i, ϕϕ̄)]µ.

Summing over all i ∈ [n]. we have∑
i

[(Tig)(ϕ)f(i, ϕϕ̄)]µ = −
∑
i

[ϕig(ϕ)∂if(i, ϕϕ̄)]µ −
∑
i

[g(ϕ)(QTϕ)if(i, ϕϕ̄)]µ

= −
∑
i

[ϕig(ϕ)∂if(i, ϕϕ̄)]µ −
∑
i

[ϕig(ϕ)(Qf)(i, ϕϕ̄)]µ.

4We can take ∂
∂ϕi

:= 1
2

(
∂

∂ui
− i ∂

∂vi

)
and ∂

∂ϕ̄
:= 1

2

(
∂

∂ui
+ i ∂

∂vi

)
.

5Note that the integrals on the right-hand side exist because of absolute integrability, since property F of
the function f and property G of the function g guarantees that given any d ∈ N, terms like |(Tig)(ϕ)f(i, ϕϕ̄)|
will be bounded by rd(1 + ∥ϕ∥)−d for some constant rd > 0.
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Let Q be the generator of the joint process (Xt,Lt), which is a Markov process itself. It’s
not hard to see that we have (Qf)(i, l) = (∂if +Qf)(i, l), and hence∑

i

[(Tig)(ϕ)f(i, ϕϕ̄)]µ = −
∑
i

[ϕig(ϕ) (∂if +Qf)(i, ϕϕ̄))]µ

= −
∑
i

[ϕig(ϕ) (Qf)(i, ϕϕ̄)]µ.

Now we can use Komogorov’s backward equation for the joint process (Xt,Lt), and
deduce that Qft = ∂tft for ft(i, l) := Ei,l(f(Xt,Lt)). Hence letting f = ft, we have∫ ∞

0

∑
i

[(Tig)(ϕ)ft(i, ϕϕ̄)]µdt = −
∫ ∞

0

∑
i

[ϕig(ϕ) (Qft)(i, ϕϕ̄)]µdt

= −
∫ ∞

0

∑
i

[ϕig(ϕ) (∂tft)(i, ϕϕ̄)]µdt = −
∑
i

[ϕig(ϕ) ft(i, ϕϕ̄)]µ

∣∣∣∞
0
.

Now we have ϕig(ϕ)Ei,ϕϕ̄(f(Xt,Lt)) → 0 almost surely. Since the event {∀i ∈ X , Lt(i) →
∞} happens almost surely, we know the r.h.s. is further equal to

∑
i[ϕig(ϕ) f(i, ϕϕ̄)]µ. On

the other hand, we know the l.h.s. is indeed
∑

i

[
(Tig)(ϕ)

∫∞
0

Ei,ϕϕ̄f(Xt,Lt)dt
]
µ
by abso-

lute integrability. The detailed proof of absolute integrability is deferred to the appendix
(Section A.1).

If one starts with the following equation:

0 =

∫
R2n

(2πi)−nPi(g(ϕ)f(i, ϕϕ̄)e
⟨ϕ,Qϕ̄⟩)dϕ̄dϕ

= [(Pig)(ϕ)f(i, ϕϕ̄)]µ + [ϕ̄ig(ϕ)∂if(i, ϕϕ̄)]µ + [g(ϕ)(Qϕ̄)if(i, ϕϕ̄)]µ,

then one would arrive at the second equation. Note that the reversed chain will be
irreducible if the original chain is.

Non-reversible Dynkin’s isomorphism theorem

We have the following theorem, previously proved by Eisenbaum[44] and Le Jan[64], extend-
ing Dynkin’s isomorphism theorem from the reversible case[97]. Here Ea is the expectation
operator associated with the Markov chain started at state a ∈ X .

Theorem 2.3.3 (non-reversible Dynkin’s isomorphism theorem). Consider an irreducible
continuous-time Markov chain on discrete space [n] with Laplacian Q and killing rate h =
(h1, · · · , hn) ≥ 0 such that

∑
i hi > 0. Let ℓ be a 1-permanental process with kernel Gh =

(diag(h)−Q)−1. For u : Rn
+ → C with property F, we have for any a ∈ [n],

E [ℓau(ℓ)] =

∫ ∞

0

Eau(Lt + ℓ)1Xt=ae
−

∑
i hiLt(i)dt =

∫ ∞

0

E∗
au(Lt + ℓ)1Xt=ae

−
∑

i hiLt(i)dt.



CHAPTER 2. DENSITY FORMULA APPROACH FOR NON-REVERSIBLE
ISOMORPHISM THEOREMS 35

We remark that in the equation above, the operator Ea also takes the expectation with
respect to the 1-permanental process ℓ. Note that Gh := (diag(h)−Q)−1 is positive definite
for any h ≥ 0, s.t.

∑
i hi > 0. Hence, the 1-permanental vector indeed exists [46]. According

to Theorem 2.3.1, for any real function on Rn
+ with a subexponential growth rate, we have

E[u(ℓ)] = [u(ϕϕ̄)]µh .

Here [·]µh denotes integration with respect to dµh(ϕ) := 1
(2πi)n|Gh|

e⟨ϕ,Qhϕ̄⟩dϕ̄dϕ, where

Qh := Q− diag(h). Now we prove Theorem 2.3.3 above.

Proof. Take g(ϕ) = ϕ̄b, and f(i, l) := v(l)1i=a for some function v : Rn
+ → C that will be

determined later in the first equation of Lemma 2.3.2, we obtain∑
i

[ϕiϕ̄bv(ϕϕ̄)1i=a]µ =
∑
i

[
(Tig)(ϕ)

∫ ∞

0

Ei,ϕϕ̄v(Lt)1Xt=adt

]
µ

.

Note that Tig(ϕ) = 1 if i = b, and Tig(ϕ) = 0 otherwise. Also note Eb,ϕϕ̄v(Lt)1Xt=a =
Ebv(Lt + ϕϕ̄)1Xt=a. Simplifying the equation above, we have

[ϕaϕ̄bv(ϕϕ̄)]µ =

[ ∫ ∞

0

Ebv(Lt + ϕϕ̄)1Xt=adt

]
µ

.

Now let v(l) := u(l)e−
∑

i hili in the equation above and get

[ϕaϕ̄bu(ϕϕ̄)e
−

∑
i hi|ϕi|2 ]µ =

[(∫ ∞

0

Ebu(Lt + ϕϕ̄)1Xt=ae
−

∑
i hiLt(i)dt

)
e−

∑
i hi|ϕi|2

]
µ

.

Equivalently, after dividing both sides by |Gh|, we have

[ϕaϕ̄bu(ϕϕ̄)]µh =

[ ∫ ∞

0

Ebu(Lt + ϕϕ̄)1Xt=ae
−

∑
i hiLt(i)dt

]
µh

.

We remark that the measure µh is normalizable in this case since Qh has a positive
definite symmetric part. When a = b, we can use Theorem 2.3.1 on both sides of the
integration, and obtain the first equality in the theorem due to the following equations.

[ϕaϕ̄au(ϕϕ̄)]µh = E [ℓau(ℓ)],[ ∫ ∞

0

Ebu(Lt + ϕϕ̄)1Xt=ae
−

∑
i hiLt(i)dt

]
µh

=

∫ ∞

0

Eau(Lt + ℓ)1Xt=ae
−

∑
i hiLt(i)dt.

For the second equality, we use the second equation in Lemma 2.3.2. The rest of the
computation is essentially the same as above.

The general case, when a, b ∈ [n] are not necessarily equal, corresponds to the iso-
morphism theorem as stated in Proposition 1 in [64]. However, when a ̸= b, and Q is
non-reversible, the l.h.s does not have a direct probabilistic meaning.
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non-reversible Ray-Knight’s isomorphism

The following theorem, first proved by Eisenbaum-Kaspi[46], extends the generalized sec-
ond Ray-Knight’s isomorphism theorem to the non-reversible case (the reversible version of
generalized Ray-Knight isomorphism theorem can be found in, e.g., [97]).

Theorem 2.3.4 (non-reversible generalized second Ray-Knight’s isomorphism theorem).
Given a Laplacian Q for an irreducible finite Markov chain, let ℓ be a 1-permanental process
with kernel Gh = (heae

T
a −Q)−1 for some h > 0 and some a ∈ [n]. For u : Rn

+ → C a smooth
compactly supported function and any r ≥ 0,

Ea
[
u(ℓ+ Lτinv(r)) | ℓa = 0

]
= E

[
u(ℓ) | ℓa = r

]
.

Here τinv(r) := inf{s ≥ 0 : Ls(a) ≥ r}.

To see that the symmetric part of Gh is positive definite, refer to the discussion in
Remark 2.2.1.4.

Proof. Directly using the choice of g similar to that in Bauerschmidt’s proof[12] in the Ward
identities will incur some problems, because we are dealing with complex numbers. For
any ϵ > 0, let δ0,ϵ(u) be a smooth approximation of the delta function with support on
{u ∈ R : |u| < ϵ}.

The case r = 0 is trivial since under Pa, we have Lτinv(0) = 0 and the theorem holds.
Hence, we consider from now on r > 0, and any ϵ < r

4
. In the first equation of Lemma 2.3.2,

we take gϵ(ϕ) =
∫ r−2ϵ

2ϵ
1
ϕa
δ0,ϵ(ϕaϕ̄a − s)ds. Note this equation is meaningless when ϕa = 0, so

we simply define gϵ(ϕ) = 0 when ϕa = 0. We also take f(i, l) = u(l)δ0,ϵ(la − r)1i=a. In this
case, we have the integration formula6

[ϕagϵ(ϕ)u(ϕϕ̄)δ0,ϵ(ϕaϕ̄a− r)]µ =

[
(Tagϵ)(ϕ)

∫ ∞

0

Eau(ϕϕ̄+Lt)δ0,ϵ(ϕaϕ̄a+Lt(a)− r)1Xt=adt

]
µ

.

Note that gϵ(ϕ) is nonzero only if ϕaϕ̄a < r − ϵ, which is disjoint from the support of
δ0,ϵ(ϕaϕ̄a − r) since it’s non-zero only if ϕaϕ̄a > r − ϵ. Hence, the left-hand side is always
zero.

Now consider the right-hand side. We have

Tagϵ(ϕ) =

∫ r−2ϵ

2ϵ

1

ϕa
Taδ0,ϵ(ϕaϕ̄a − s)ds =

∫ r−2ϵ

2ϵ

δ′0,ϵ(ϕaϕ̄a − s)ds.

Here the validity of the interchange of integration and differentiation is due to the con-
tinuity of gϵ(ϕ) and Tagϵ(ϕ), which satisfies the Leibniz rule. So in (l, θ)-coordinates, we
have

Tagϵ(ϕ) =

∫ r−2ϵ

2ϵ

δ′0,ϵ(la − s)ds = δ0,ϵ(la − 2ϵ)− δ0,ϵ(la − r + 2ϵ).

6We remark that integral for both sides exists since the integrand inside each bracket is continuous with
bounded support.
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Therefore, we conclude for any sufficiently small ϵ > 0,[
δ0,ϵ(la − 2ϵ)

∫ ∞

0

Eau(l + Lt)δ0,ϵ(la + Lt(a)− r)1Xt=adt

]
µ

=

[
δ0,ϵ(la − r + 2ϵ)

∫ ∞

0

Eau(l + Lt)δ0,ϵ(la + Lt(a)− r)1Xt=adt

]
µ

.

Fix any l ∈ Rn
+ s.t. la ≤ r. We will perform time change using dLa = 1Xt=adt, we have∫ ∞

0

Eau(l + Lt)δ0,ϵ(la + La − r)1Xt=adt

= Ea
∫ ∞

0

u(l + Lt)δ0,ϵ(la + La − r)1Xt=adt

= Ea
∫ ∞

0

u(l + Lτinv(La))δ0,ϵ(la + La − r)dLa

=

∫ ∞

0

Eau(l + Lτinv(γ))δ0,ϵ(la + γ − r)dγ

Now taking the limit ϵ ↓ 0, and using the continuity of γ 7→ Eau(l + Lτinv(γ))7, we get

lim
ϵ↓0

∫ ∞

0

Eau(l + Lτinv(γ))δ0,ϵ(la + γ − r)dγ = Eau(l + Lτinv(r−la)).

Therefore, taking the limit ϵ ↓ 0 in the previous equation, we have[
δ0(la)Eau(l + Lτinv(r−la))

]
µ
=
[
δ0(la − r)Eau(l + Lτinv(r−la))

]
µ
.

Since τinv(r − la) = τinv(0) = 0 when la = r, and τinv(r − la) = τinv(r) when la = 0, we
conclude [

δ0(la)Eau(l + Lτinv(r))
]
µ
=
[
δr(la)u(l)

]
µ
.

Now the left-hand side corresponds to expectation with respect to a conditioned 1-
permanental vector ℓ with kernel Gh = (−Qh)−1, where Qh := Q − heae

T
a , conditioned

on ℓa = 0. The right-hand side, however, corresponds to expectation with respect to ℓ con-
ditioned on ℓa = r. To see this, let us decompose the Laplacian Q as stated in Eq. (2.4)(here

7The continuity follows from the same analysis as [12, footnote 1, pg. 9], which we include for
completeness. By assumption, u is compactly supported, so it suffices to show that for a sufficiently
large T , Ea,lu(Lτinv(γ)∧T ) is continuous. Since u is Lipschitz, it suffices to show that Ea,l∥Lτinv(γ−δ)∧T −
Lτinv(γ+δ)∧T ∥1 → 0 as δ ↓ 0, with ∥ · ∥1 being the 1-norm. Let Jδ be the event that a jump occurs during
the time interval [γ − δ, γ + δ] at a. Then, using the total expectation rule with respect to the event of Jδ
and Jc

δ , we have

Ea,l∥Lτinv(γ−δ)∧T − Lτinv(γ+δ)∧T ∥1 ≤ δPa,l(J
c
δ ) + TPa,l(Jδ) ≤ δ + T ·O(δ) = O(δ).
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we identify node 1 in the decomposition of Eq. (2.4) with node a mentioned above without
loss of generality). Recall that we have Lemma 2.2.2, with l∗ := (li : i ̸= a) here,

ρ(l∗|la = r) =: ρr(l∗) =

∫
(0,2π)n−1

| −Q∗∗|
(2π)n−1

exp
(
⟨(ϕ∗+

√
rQ−T

∗∗ Q
h
a∗), Q∗∗(ϕ̄∗+

√
rQ−1

∗∗ Q
h
∗a)⟩
)
dθ∗.

Here we used Qh
∗∗ = Q∗∗. To apply this formula, note that

[
δ0(la)Eau(l + Lτinv(r))

]
µ
=

1

(2π)n

∫
(0,2π)n

∫
Rn
+

δ0(la)Eau(l + Lτinv(r))e⟨ϕ,Qϕ̄⟩dldθ

=
1

(2π)n

∫
(0,2π)n−1

∫
Rn−1
+

(∫
(0,2π)

∫
R+

δ0(la)Eau(l + Lτinv(r))e⟨ϕ,Qϕ̄⟩dladθa
)
dl∗dθ∗

=
1

(2π)n−1

∫
(0,2π)n−1

∫
Rn−1
+

Eau(l + Lτinv(r))e⟨ϕ∗,Q∗∗ϕ̄∗⟩dl∗dθ∗.

Here we integrated out la and θa using the fact that∫
R+

δ0(la)Eau(l + Lτinv(r))e⟨ϕ,Qϕ̄⟩dla = Eau(l̃ + Lτinv(r))e⟨ϕ∗,Q∗∗ϕ̄∗⟩.

Here l̃ is l under the restriction la = 0. We can use Lemma 2.2.2 with r = 0 as[
δ0(la)Eau(l + Lτinv(r))

]
µ
=

1

| −Q∗∗|

∫
Rn−1
+

Eau(l̃ + Lτinv(r))ρ0(l∗)dl∗

=
1

| −Q∗∗|
Ea
[
u(ℓ+ Lτinv(r)) | ℓa = 0

]
.

Similarly, we know[
δr(la)u(l)

]
µ
=

1

(2π)n

∫
(0,2π)n

∫
Rn
+

δr(la)u(l)e
⟨ϕ,Qϕ̄⟩dldθ

=
1

(2π)n

∫
(0,2π)n−1

∫
Rn−1
+

(∫
(0,2π)

∫
R+

δr(la)u(l)e
⟨ϕ,Qϕ̄⟩dladθa

)
dl∗dθ∗

=
1

(2π)n

∫
(0,2π)n−1

∫
Rn−1
+

(∫
(0,2π)

u(l′)e⟨ϕ
′,Qϕ̄′⟩dθa

)
dl∗dθ∗.
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Here l′ is l restricted to la = r. Similarly for ϕ′ and ϕ̄′. We now continue to compute that

1

(2π)n

∫
(0,2π)n

u(l′)e⟨ϕ
′,Qϕ̄′⟩dθadθ∗

=
u(l′)eQaar

(2π)n

∫
(0,2π)n

exp

(∑
i,j ̸=a

Qij

√
lilje

i(θi−θj) +
∑
i̸=a

(
Qia

√
lire

i(θi−θa) +Qai

√
lire

i(θa−θi)
))

dθadθ∗

=
u(l′)eQaar

(2π)n

∫
(0,2π)n

exp

(∑
i,j ̸=a

Qij

√
lilje

i(θ′i−θ′j) +
∑
i̸=a

(
Qia

√
lire

iθ′i +Qai

√
lire

−iθ′i
))
dθ′adθ

′
∗

=
u(l′)eQaar

(2π)n−1

∫
(0,2π)n−1

exp

(∑
i,j ̸=a

Qij

√
lilje

i(θ′i−θ′j) +
∑
i̸=a

(
Qia

√
lire

iθ′i +Qai

√
lire

−iθ′i
))
dθ′∗

=
u(l′)eQaar

| −Q∗∗|e(Qh
aa+(Gh

aa)
−1)r

ρr(l∗).

In the second step, we used the rotation trick to construct θ′ as in the proof of Lemma
2.2.2. In the third step, we used Qh

ij = Qij unless i = j = a. We also used Gh
aa =

|Gh|| −Qh
∗∗| = |Gh|| −Q∗∗| and the following intermediate step in Lemma 2.2.2:

ρr(l∗) =

∫
(0,2π)n−1

Gh
aae

(Qh
aa+(Gh

aa)
−1)r

(2π)n−1|Gh|
exp

(∑
i,j ̸=a

Qij

√
lilje

i(θ′i−θ′j) +
∑
i̸=a

(
Qia

√
lire

iθ′i

+Qai

√
lire

−iθ′i
))
dθ′∗.

Note that we have Gh
aa = 1

h
since we kill the chain at rate h at state a. Therefore,

Qaa −Qh
aa − (Gh

aa)
−1 = h− (Gh

aa)
−1 = 0. This allows us to conclude that[

δr(la)u(l)
]
µ
=

1

| −Q∗∗|

∫
Rn
+

u(l′)ρr(l∗)dl∗ =
1

| −Q∗∗|
E
[
u(ℓ) | ℓa = r

]
This proves the theorem.

non-reversible version of Eisenbaum’s isomorphism theorem

To the best of our knowledge, the non-reversible version of Eisenbaum’s isomorphism theorem
hasn’t been discovered previously, probably because one cannot interpret one side of the
equation probabilistically in this case.

Theorem 2.3.5 (non-reversible Eisenbaum’s isomorphism). Consider an irreducible
continuous-time Markov chain Xt on discrete space [n] with Laplacian Q. Let ζ be an inde-
pendent exponential random variable with mean h−1 for some h > 0. For any u : Rn

+ → C
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with property F and any a ∈ [n], r > 0, we have[(
ϕa +

√
r√

r

)
u
(
|ϕ+

√
r1|2

)]
µh1

=
[
E∗
a

[
u
(
|ϕ+

√
r1|2 + Lζ

)]]
µh1
.

Proof. In Lemma 2.3.2, we take g(ϕ) = eh
∑

i |ϕi|2−h
∑

i |ϕi−
√
r|2 = e

√
rh

∑
i(ϕi+ϕ̄i)−nrh, and

f(i, l) = u(l)e−h
∑

j lj1i=a.
8 This yields

[
ϕau(ϕϕ̄)e

−h
∑

i |ϕi−
√
r|2]

µ
=

√
rh
∑
i

[
g(ϕ)

∫ ∞

0

Ei,ϕϕ̄
[
u(Lt)e−ht1Xt=a

]
dt

]
µ

.

Now note that g(ϕ)Ei,ϕϕ̄[u(Lt)e−ht1Xt=a] = e−h
∑

i |ϕi−
√
r|2Ei[u(ϕϕ̄+Lt)e−ht1Xt=a]. Hence,[

ϕau(ϕϕ̄)e
−h

∑
i |ϕi−

√
r|2]

µ
=

√
rh
∑
i

[
e−h

∑
i |ϕi−

√
r|2
∫ ∞

0

Ei
[
u(ϕϕ̄+ Lt)e−ht1Xt=a

]
dt

]
µ

.

Make the change of variable ϕ′ = ϕ−
√
r1, and notice that ⟨ϕ′, Qϕ̄′⟩ = ⟨ϕ,Qϕ̄⟩. Dividing

both sides by | −Qh1| = |hI −Q| gives[(
ϕ′
a +

√
r√

r

)
u
(
|ϕ′ +

√
r1|2

)]
µh1

= h
∑
i

[ ∫ ∞

0

Ei
[
u
(
|ϕ′ +

√
r1|2 + Lt

)
e−ht1Xt=a

]
dt

]
µh1

.

Reverse the chain on the right-hand side9, and get

[(
ϕ′
a +

√
r√

r

)
u
(
|ϕ′ +

√
r1|2

)]
µh1

= h
∑
i

[ ∫ ∞

0

E∗
a

[
u
(
|ϕ′ +

√
r1|2 + Lt

)
e−ht1Xt=i

]
dt

]
µh1

= h

[ ∫ ∞

0

E∗
a

[
u
(
|ϕ′ +

√
r1|2 + Lt

)
e−ht

]
dt

]
µh1

.

The change of summation and integral can be justified by the bounded convergence
theorem, due to the sub-Gaussianity of the density of [·]µh1 and property F of the function
u.

Let ζ be an exponential r.v. with mean h−1, independent of the recurrent random walk.
Since we have

E∗
a

[
u
(
|ϕ′ +

√
r1|2 + Lζ

)]
= h

∫ ∞

0

E∗
a

[
u
(
|ϕ′ +

√
r1|2 + Lt

)
e−ht

]
dt,

8The function g does not decay exponentially fast as required in Lemma 2.3.2, but one can check that
the sub-Gaussianity of f will kill any exponential growth in g.

9Recall that the generator for the reverse process is QT , and the transition kernel is P ∗
t (i, j) = (etQ

T

)i,j .
Since the original Markov process has transition kernel Pt(j, i) = (etL)j,i, we know that P ∗

t (i, j) = Pt(j, i)
and they should yield exactly the same bridge measure on paths of length t under path reversal.
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we conclude that[(
ϕ′
a +

√
r√

r

)
u
(
|ϕ′ +

√
r1|2

)]
µh1

=
[
E∗
a

[
u
(
|ϕ′ +

√
r1|2 + Lζ

)]]
µh1
.

Remark 2.3.5.1. There is a generalized version of Theorem 2.3.5 above. Consider any
h1, · · · , hn ≥ 0 such that

∑n
i=1 hi > 0. Take

g(ϕ) = e
∑

i hi|ϕi|2−
∑

i hi|ϕi−
√
r|2 = e

√
r
∑

i hi(ϕi+ϕ̄i)−r
∑

i hi ,

and f(i, l) = u(l)e−
∑

j hj lj1i=a in Lemma 2.3.2. This yields

[
ϕau(ϕϕ̄)e

−
∑

i hi|ϕi−
√
r|2]

µ
=

√
r
∑
i

hi

[
g(ϕ)

∫ ∞

0

Ei,ϕϕ̄
[
u(Lt)e−

∑
j hjLt(j)1Xt=a

]
dt

]
µ

.

Note that g(ϕ)Ei,ϕϕ̄[u(Lt)e−
∑

j hjLt(j)1Xt=a] = e−
∑

i hi|ϕi−
√
r|2Ei[u(ϕϕ̄ + Lt)e−

∑
j hjLt(j)1Xt=a].

Hence,[
ϕau(ϕϕ̄)e

−
∑

i hi|ϕi−
√
r|2]

µ

=
√
r
∑
i

hi

[
e−

∑
i hi|ϕi−

√
r|2
∫ ∞

0

Ei
[
u(ϕϕ̄+ Lt)e−

∑
j hjLt(j)1Xt=a

]
dt

]
µ

.

Making the change of variable ϕ′ = ϕ−
√
r1, and dividing both sides by | −Qh| gives[(

ϕ′
a +

√
r√

r

)
u
(
|ϕ′+

√
r1|2

)]
µh

=
∑
i

hi

[ ∫ ∞

0

Ei
[
u
(
|ϕ′+

√
r1|2+Lt

)
e−

∑
j hjLt(j)1Xt=a

]
dt

]
µh

.

2.4 Comparison inequalities for permanental

processes

Kahane-type inequalities are inequalities between expectations of functions of centered mul-
tivariate Gaussian random variables when one assumes that the covariance matrices of the
Gaussians can be compared in some sense, see e.g. [15, Lecture 5]. Slepian’s lemma [15,
95] is a famous special case. In [44], a Kahane-type inequality and a version of Slepian’s
lemma for 4-permanental processes has been given. However, 4-permanental processes are
not directly related to the isomorphism theorems, which limits the applications of these re-
sults. We use the density-formula approach to derive analogous results for 1-permanental
processes. We remark that Eisenbaum’s method used a lemma of [94], which is not satisfied
by 1-permanental vectors.
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For any function f : Rn
+ → R, we say it has subexponential growth for k ≤ 2 orders

of partial derivatives if (i.)f has subexponential growth; (ii.)both {∂if := ∂
∂li
f, i ∈ [n]} and

{∂ijf := ∂2

∂li∂lj
f, i, j ∈ [n]} exist and have subexponential growth. Recall that any infinitely

divisible kernel G of a 1-permanental random vector has an equivalent kernel G̃ that is an
inverse M-matrix with a positive definite symmetric part according to Remark 2.2.1.3. We
have the following comparison inequality.

Lemma 2.4.1 (Kahane-type inequality for 1-permanental vectors). Consider two kernels for
1-permanental vectors {Gi, i = 0, 1} and an interpolation {Gα, α ∈ [0, 1]} between them such
that Gα is an inverse M-matrix with a positive definite symmetric part for any α ∈ [0, 1],
and α 7→ Gα,ij is of class C1([0, 1]), with d

dα
Gα,ij having a constant sign for any i, j ∈ [n].

Let {ℓα, α ∈ [0, 1]} be the corresponding 1-permanental vectors. Let f : Rn
+ → R be any

function with subexponential growth for k ≤ 2 orders of partial derivatives, such that for any
i ∈ [n], either of the following is true:

1. d
dα
Gα,ii ≥ 0, ∀α ∈ [0, 1], and ∂if(l) + li ∂iif(l) ≥ 0, ∀l ∈ Rn

+;

2. d
dα
Gα,ii ≤ 0, ∀α ∈ [0, 1], and ∂if(l) + li ∂iif(l) ≤ 0, ∀l ∈ Rn

+;

and for any i ̸= j, either of the following is true:

1. d
dα
Gα,ij ≥ 0, ∀α ∈ [0, 1], and ∂ijf(l) ≥ 0, ∀l ∈ Rn

+;

2. d
dα
Gα,ij ≤ 0, ∀α ∈ [0, 1], and ∂ijf(l) ≤ 0, ∀l ∈ Rn

+.

Then we have E[f(ℓ1)] ≥ E[f(ℓ0)].

Proof. Let
Qα := −(Gα)

−1. (2.8)

By Theorem 2.3.1, we know that

E[f(ℓα)] =
1

(2πi)n|Gα|

∫
Cn

f(ϕϕ̄)e⟨ϕ,Qαϕ̄⟩dϕ̄dϕ.

Therefore, we have

E[f(ℓ1)]−E[f(ℓ0)] =
∫ 1

0

( ∂

∂α
E[f(ℓα)]

)
dα =

∫ 1

0

∂

∂α

(∫
Cn

1

(2πi)n|Gα|
f(ϕϕ̄)e⟨ϕ,Qαϕ̄⟩dϕ̄dϕ

)
dα.

Computing the derivative as10

∂

∂α

(
1

|Gα|
e⟨ϕ,Qαϕ̄⟩

)
= tr

(
d

dGα

(
1

|Gα|
e−⟨ϕ,G−1

α ϕ̄⟩
)
dGα

dα

)
,

10Recall that for a
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we know that

E[f(ℓ1)]− E[f(ℓ0)] =
1

(2πi)n

∫ 1

0

∫
Cn

f(ϕϕ̄) tr

(
d

dGα

(
1

|Gα|
e−⟨ϕ,G−1

α ϕ̄⟩
)
dGα

dα

)
dϕ̄dϕdα.

We remark that interchanging the derivative and the integral can be justified by the
absolute integrability of the partial derivative. The detailed justification of this fact can be
found in the appendix (Section A.2).

The Jacobi formula (see, e.g., Section 0.8.2 of [59]) states that for invertible matrix A,
∂

∂Aij
|A| = (adj(A))ji, where the adjugate is adj(A) := |A|A−1. It is then easy to verify that

d

dGα

(
1

|Gα|

)
= − 1

|Gα|2
d|Gα|
dGα

= − 1

|Gα|2
|Gα|(G−1

α ) =
1

|Gα|
Qα.

Using the fact that d
dA
tr(A−1B) = −A−1BA−1, we know that

d

dGα

e−⟨ϕ,G−1
α ϕ̄⟩ = −e−⟨ϕ,G−1

α ϕ̄⟩ d

dGα

tr
(
G−1
α ϕ̄ϕT

)
= e−⟨ϕ,G−1

α ϕ̄⟩G−1
α ϕ̄ϕTG−1

α = e−⟨ϕ,G−1
α ϕ̄⟩Qαϕ̄ϕ

TQα.

Let
dµα(ϕ) := (2πi)−n|Gα|−1e−⟨ϕ,G−1

α ϕ̄⟩dϕ̄dϕ (2.9)

denote the normalized twisted Gaussian density. We know that

E[f(ℓ1)]− E[f(ℓ0)] =
∫ 1

0

∫
Cn

f(ϕϕ̄) tr
(
(Qα +Qαϕ̄ϕ

TQα)
dGα

dα

)
dµα(ϕ)dα.

=

∫ 1

0

∫
Cn

f(ϕϕ̄)
∑
i,j

dGα,ij

dα

(
Qα,ji +

∑
i′,j′

Qα,jj′Qα,i′iϕi′ϕ̄j′

)
dµα(ϕ)dα

=

∫ 1

0

∫
Cn

∑
i,j

dGα,ij

dα

(
Qα,jif(ϕϕ̄) +

∑
i′

Qα,i′i

(
− δi′jf(ϕϕ̄)− ϕi′ϕ̄j∂jf(ϕϕ̄)

))
dµα(ϕ)dα.

In the third step, we used the following integration by parts for any i, j ∈ [n]:∫
Cn

∂

∂ϕj

(
ϕi′f(ϕϕ̄)e

−⟨ϕ,G−1
α ϕ̄⟩)dϕ̄dϕ = 0 ⇒

0 =

∫
Cn

δi′jf(ϕϕ̄)dµα(ϕ) +

∫
Cn

ϕi′ϕ̄j∂jf(ϕϕ̄)dµα(ϕ) +

∫
Cn

ϕi′f(ϕϕ̄)

(∑
j′

Qα,jj′ϕ̄j′

)
dµα(ϕ).

We can simplify by canceling terms and doing another integration-by-parts, and get

E[f(ℓ1)]− E[f(ℓ0)] =
∫ 1

0

∫
Cn

∑
i,j

dGα,ij

dα

(
−
∑
i′

Qα,i′iϕi′ϕ̄j∂jf(ϕϕ̄)

)
dµα(ϕ)dα

=

∫ 1

0

∫
Cn

∑
i,j

dGα,ij

dα

(
δij∂jf(ϕϕ̄) + ϕiϕ̄j∂ijf(ϕϕ̄)

)
dµα(ϕ)dα.
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The integration-by-parts formula used here is that for any i, j ∈ [n],∫
Cn

∂

∂ϕ̄i

(
ϕ̄j∂jf(ϕϕ̄)e

−⟨ϕ,G−1
α ϕ̄⟩)dϕ̄dϕ = 0 ⇒

0 =

∫
Cn

δij∂jf(ϕϕ̄)dµα(ϕ) +

∫
Cn

ϕiϕ̄j∂ijf(ϕϕ̄)dµα(ϕ) +

∫
Cn

ϕ̄j∂jf(ϕϕ̄)

(∑
i′

Qα,i′iϕi′

)
dµα(ϕ).

We remark that the validity of these integration-by-parts procedures is guaranteed by
the subexponential growth conditions. Given that Gα is an infinitely divisible kernel of a
1-permanental vector with a positive definite symmetric part, and ∂ijf(l) is subexponential
for any i, j, using Lemma A.3.1, we know that for any i ̸= j,∫

Cn

dGα,ij

dα
ϕiϕ̄j∂ijf(ϕϕ̄)dµα(ϕ) =

dGα,ij

dα

∫
Cn

ϕiϕ̄j∂ijf(ϕϕ̄)dµα(ϕ) ≥ 0.

On the other hand, for i ∈ [n], by Theorem 2.3.1, we have∫
Cn

dGα,ii

dα

(
∂if(ϕϕ̄) + ϕiϕ̄i∂iif(ϕϕ̄)

)
dµα(ϕ) = E

[
dGα,ii

dα

(
∂if(ℓα) + ℓi ∂iif(ℓα)

)]
≥ 0.

It is then straightforward to check that the conditions on f stated in the lemma imply
that E[f(ℓα)] is increasing with α. Therefore, E[f(ℓ1)] ≥ E[f(ℓ0)] and the claim is proved.

Remark 2.4.1.1 (Sign patterns I). Given any sign pattern {sij ∈ {−1, 1}, i, j ∈ V }, we
know there indeed exist nontrivial functions that satisfy the equations sii(∂if(l)+ li ∂iif(l)) >
0, and sij∂ijf(l) > 0, ∀l ∈ Rn

+, for any i ̸= j ∈ V . Consider the function

f(l) =
∑

(i,j):i̸=j

−sij log(1 + li + lj) +
∑
i

sii(2ne
li).

Then we know that ∀i ∈ V ,

sii(∂if(l) + li ∂iif(l)) =
∑
j ̸=i

− siisij
(1 + li + lj)

+ 2neli +
∑
j ̸=i

siisijli
(1 + li + lj)2

+ 2nlie
li

≥ −(n− 1) + 2n− (n− 1) > 0.

In the first step, we used s2ii = 1. In the second step, we used the fact that 1
(1+li+lj)

∈ (0, 1],
li

(1+li+lj)2
∈ (0, 1], eli ≥ 1, and lie

li ≥ 0. Also, note that ∀i ̸= j ∈ V ,

sij∂ijf(l) =
1

(1 + li + lj)2
> 0,∀l ∈ Rn

+.
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Remark 2.4.1.2. Let us consider the following instance for Lemma 2.4.1. Let P0, P1 ∈
Mn(R+) be two sub-stochastic matrices(i.e., every row sum ≤ 1) such that P0,ij ≤ P1,ij∀i, j ∈
[n]. For any s > 1, consider G0 := (sI − P0)

−1 and G1 := (sI − P1)
−1. They are both

inverse M-matrices according to the definition of an M-matrix [90], since G−1
0 = sI − P0

where ρ(P0) ≤ ∥P0∥∞ := maxi
∑

j |P0,ij| ≤ 1 < s and the same for G−1
1 . Moreover, we

know that {Pα := αP1 + (1 − α)P0, α ∈ [0, 1]} is a family of sub-stochastic matrices, and
{Gα := (sI−Pα)−1, α ∈ [0, 1]} is a family of inverse M-matrices. Using the Neumann series
expansion, we have

d

dα
Gα =

d

dα

∞∑
i=0

s−(i+1)P i
α =

∞∑
i=0

s−(i+1) d

dα
P i
α =

∞∑
i=1

s−(i+1)

i−1∑
j=1

P j
α

( d

dα
Pα

)
P i−1−j
α .

Since d
dα
Pα = P1 − P0 is entry-wise nonnegative, we know that d

dα
Gα,ij ≥ 0,∀i, j ∈ [n]. One

can then plug in any function of interest that satisfies for any i ∈ [n], ∂if(l) + li ∂iif(l) ≥
0, ∀l ∈ Rn

+ and for any i ̸= j ∈ [n], ∂ijf(l) ≥ 0,∀l ∈ Rn
+ to obtain non-trivial comparison

inequalities.

Remark 2.4.1.3 (Sign patterns II). Consider the following family of inverse M-matrices in

Mn(R+), where n ≥ 3. Given 0 < x < 1, let y :=
√

1
n−2

x+ (n−3)
(n−2)

x2. Consider the family

of matrices B := {B : Bii = 1,∀i ∈ [n]; 0 < x < Bij < y < 1, ∀i ̸= j}. This family of
matrices is proved to be inverses of strictly diagonally dominant (both by rows and columns)
M-matrices in [108, Theorem 2]. We claim that any M-matrix A that is strictly diagonally
dominant both by rows and columns has a positive definite symmetric part, since for any
x ∈ Rn such that x ̸= 0,

⟨x,Ax⟩ =
∑
i

|Aii|x2i −
∑
i,j:i<j

(|Aij|+ |Aji|)xixj

>
∑
i

∑
j ̸=i

1

2
(|Aij|+ |Aji|)x2i −

∑
i,j:i<j

(|Aij|+ |Aji|)xixj

=
∑
i,j:i<j

1

2
(|Aij|+ |Aji|)(x2i + x2j)−

∑
i,j:i<j

(|Aij|+ |Aji|)xixj

=
∑
i,j:i<j

1

2
(|Aij|+ |Aji|)(x2i − 2xixj + x2j)

=
∑
i,j:i<j

1

2
(|Aij|+ |Aji|)(xi − xj)

2 ≥ 0.

In the first step, we used the sign pattern of A as an M-matrix. In the second step,
we used strict diagonal dominance in rows and columns, together with the fact that x ̸= 0.
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Therefore, we know that any matrix in the family B, as an inverse of a strictly diagonally
dominant (both by rows and columns) M-matrix, should have a positive definite symmetric
part.

Moreover, for any two matrices G0, G1 ∈ B, we can construct a linear path between them
as Gα := αG1 + (1 − α)G0, ∀α ∈ (0, 1). The whole path will be within family B since this
family forms a convex set. Moreover, the sign of d

dα
Gα = G1−G0 will be constant entry-wise

along the path. We can then vary G0 and G1 to obtain whatever arbitrary off-diagonal sign
pattern we want.

Note that Eisenbaum derived the comparison lemma (Lemma 3.1, [44]) for 4-permanental
vectors by directly working with the Fourier transform, which is very different from our
approach. Also, their lemma requires the function f to be bounded. With the density
formula, we substantially relax this condition to functions with subexponential growth here.

Convolutional tricks can be used to generalize the above lemma to k-permanental vectors
for k ∈ N+ under the condition

G1,ii > (<)G0,ii ⇒ k ∂if + li ∂iif ≥ (≤)0; G1,ij > (<)G0,ij ⇒ ∂ijf ≥ (≤)0.

To see this, let us consider the case k = 2. The general case follows the same idea. Let
ℓi and ℓ′i be independent 1-permanental vectors with kernel Gi, for i = 0, 1. Then ℓi + ℓ′i
will be a 2-permanental vector with kernel Gi, which can be seen by calculating the moment
generating function. Using the Theorem 2.3.1 for both ℓ1, ℓ

′
1 and ℓ0, ℓ

′
0, we have

E
[
f(ℓ1 + ℓ′1)

]
−E
[
f(ℓ0 + ℓ′0)

]
=

∫ 1

0

∫
C2n

1

(2πi)2n
f(ϕϕ̄+ ϕ′ϕ̄′)

∂

∂α

(
1

|Gα|2
e⟨ϕ,Qαϕ̄⟩+⟨ϕ′,Qαϕ̄′⟩

)
dϕ̄dϕdϕ′dϕ̄′dα

=

∫ 1

0

∫
Cn

∫
Cn

1

(2πi)n
f(ϕϕ̄+ ϕ′ϕ̄′)

∂

∂α

(
1

|Gα|
e⟨ϕ,Qαϕ̄⟩

)
dµα(ϕ

′)dϕ̄dϕdα+∫ 1

0

∫
Cn

∫
Cn

1

(2πi)n
f(ϕϕ̄+ ϕ′ϕ̄′)

∂

∂α

(
1

|Gα|
e⟨ϕ

′,Qαϕ̄′⟩
)
dµα(ϕ)dϕ

′dϕ̄′dα.

Now note that the proof of Lemma 2.4.1 shows that for any function g : Rn
+ → R with

subexponential growth for k ≤ 2 orders of partial derivative, and any α ∈ (0, 1), we have∫
Cn

1

(2πi)n
∂

∂α

( 1

|Gα|
e⟨ϕ,Qαϕ̄⟩

)
g(ϕϕ̄)dϕ̄dϕ =

∫
Cn

∑
i,j

dGα,ij

dα

(
δij∂jg(ϕϕ̄)+ϕiϕ̄j∂ijg(ϕϕ̄)

)
dµα(ϕ).

Specifically, if for fixed l = ϕϕ̄, we let g(l) :=
∫
Cn f(ϕϕ̄+ϕ

′ϕ̄′)dµα(ϕ
′) and apply the above

equation to g(ϕϕ̄), we get∫ 1

0

∫
Cn

∫
Cn

1

(2πi)n
f(ϕϕ̄+ ϕ′ϕ̄′)

∂

∂α

(
1

|Gα|
e⟨ϕ,Qαϕ̄⟩

)
dµα(ϕ

′)dϕ̄dϕdα

=

∫ 1

0

∫
C2n

∑
i,j

dGα,ij

dα

(
δij∂jf(ϕϕ̄+ ϕ′ϕ̄′) + ϕiϕ̄j∂ijf(ϕϕ̄+ ϕ′ϕ̄′)

)
dµα(ϕ)dµα(ϕ

′)dα.
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Similarly, we can fix ϕ, ϕ̄ and let g(ϕ′ϕ̄′) :=
∫
Cn f(ϕϕ̄+ ϕ′ϕ̄′)dµα(ϕ). This gives us∫ 1

0

∫
Cn

∫
Cn

1

(2πi)n
f(ϕϕ̄+ ϕ′ϕ̄′)

∂

∂α

(
1

|Gα|
e⟨ϕ

′,Qαϕ̄′⟩
)
dµα(ϕ)dϕ̄

′dϕ′dα

=

∫ 1

0

∫
C2n

∑
i,j

dGα,ij

dα

(
δij∂jf(ϕϕ̄+ ϕ′ϕ̄′) + ϕ′

iϕ̄
′
j∂ijf(ϕϕ̄+ ϕ′ϕ̄′)

)
dµα(ϕ)dµα(ϕ

′)dα.

Therefore, we conclude that

E
[
f(ℓ1 + ℓ′1)

]
− E

[
f(ℓ0 + ℓ′0)

]
=

∫ 1

0

∫
C2n

∑
i,j

dGα,ij

dα

(
2δij∂jf(ϕϕ̄+ ϕ′ϕ̄′) + (ϕiϕ̄j + ϕ′

iϕ̄
′
j)∂ijf(ϕϕ̄+ ϕ′ϕ̄′)

)
dµα(ϕ)dµα(ϕ

′)dα.

Note that ∀i ∈ [n],
∆Gii(2∂if(l) + li∂iif(l)) ≥ 0,

by assumption. Also, for any i ̸= j,∫
C2n

ϕiϕ̄j
dGα,ij

dα
∂ijf(ϕϕ̄+ ϕ′ϕ̄′)dµα(ϕ)dµα(ϕ

′) =

∫
C2n

ϕiϕ̄j
dGα,ij

dα
E
[
∂ijf(ϕϕ̄+ ℓ′α)

]
dµα(ϕ).

Here ℓ′α is a 1-permanental process with kernel Gα. Using Lemma A.3.1, we conclude
that the integral above has a fixed sign. This guarantees∫

C2n

dGα,ij

dα
(ϕiϕ̄j + ϕ′

iϕ̄
′
j)∂ijf(ϕϕ̄+ ϕ′ϕ̄′)dµα(ϕ)dµα(ϕ

′) ≥ 0.

Hence E[f(ℓα + ℓ′α)] is increasing with α ∈ (0, 1), and E[f(ℓ1 + ℓ′1)] ≥ E[f(ℓ0 + ℓ′0)]. This
verifies the case k = 2. The general case where k is any positive integer follows from almost
the same arguments as above.

Slepian’s lemma for 1-permanental processes

We now turn to prove an analog of Slepian’s lemma for 1-permanental processes. To do so,
we first prove a weaker version as below.

Lemma 2.4.2 (Weak comparision of 1-permanental vectors). In the same setting as Lemma
2.4.1, if, further, we have G0,ii = G1,ii for all i ∈ [n] and G1,ij ≥ G0,ij for all i ̸= j, then

sup
i
ℓ0,i ⪰ sup

i
ℓ1,i.
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Proof. Given ϵ > 0, consider the function gϵ : R → [0, 1] as follows,

gϵ(x) :=


1 if x < 0,

1− 6ϵ−5x5 + 15ϵ−4x4 − 10ϵ−3x3 if x ∈ [0, ϵ),

0 if x ≥ ϵ.

We know that gϵ is decreasing and twice differentiable. Given s1, · · · , sn ≥ 0, define
fϵ(l1, ..., ln) :=

∏n
i=1 gϵ(li − si). Note (even though we do not use this property) that for any

i ∈ [n], we have ∂if(l) ≤ 0. And for any i ̸= j, ∂ijf(l) ≥ 0. Hence, by Lemma 2.4.1, we have

E[fϵ(ℓ1)] ≥ E[fϵ(ℓ0)].

Taking the limit as ϵ ↓ 0 on both sides, we have

lim
ϵ↓0

E[fϵ(ℓ1)] ≥ lim
ϵ↓0

E[fϵ(ℓ0)].

By the dominated convergence theorem, since E[|fϵ(ℓ1)|] ≤ E[1] = 1, we can interchange
the integral with the limit and get

E[lim
ϵ↓0

fϵ(ℓ1)] ≥ E[lim
ϵ↓0

fϵ(ℓ0)].

But limϵ↓0 fϵ(l) =
∏n

i=1 1(−∞,si](li). We conclude that

P(ℓ1,i ≤ si, ∀i ∈ [n]) ≥ P(ℓ0,i ≤ si, ∀i ∈ [n]).

Since this is true for any {si ≥ 0 : i ∈ [n]}, we conclude that supi ℓ0,i ⪰ supi ℓ1,i.

Boosting the above lemma using a scaling trick, we have the following Slepian lemma for
1-permanental vectors.

Theorem 2.4.3 (Slepian lemma for 1-permanental vectors). In the same setting as Lemma
2.4.1, if, further, we have G1,ii ≤ G0,ii for all i ∈ [n] and G1,ij ≥ G0,ij for all i ̸= j, then

sup
i
ℓ0,i ⪰ sup

i
ℓ1,i.

Proof. To see this, we scale the 1-permanental vector ℓ0 by c = (c1, · · · , cn) where ci :=
G1,ii

G0,ii
≤ 1(we use the convention that 0

0
= 1). We claim that the new vector c⊙ ℓ0, where ⊙

is the standard Hadamard product between vectors, is also a 1-permanental vector, since for
any λ ∈ Rn

+, we have

E[e−⟨λ,c⊙ℓ0⟩] = E[e−⟨λ⊙c,ℓ0⟩] = |I + ΛCG0|−1.

Here, we defined C := diag(c) and used the moment generating function of ℓ0. Then
by definition, c ⊙ ℓ0 is a 1-permanental vector with kernel G̃ := CG0. Note that ∀i ∈ [n],
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G̃ii = ciG0,ii = G1,ii; and ∀i ̸= j, G̃ij = ciG0,ij ≤ G0,ij ≤ G1,ij. Therefore, we can use Lemma
2.4.2 to conclude that supi ciℓ0,i ⪰ supi ℓ1,i. Here for two scalar random variables X,Y , X
(first-order) stochastically dominates Y , i.e., X ⪰ Y iff ∀x ∈ R, P(X ≥ x) ≥ P(Y ≥ x). Let

c∗ := supi ci = supi
G1,ii

G0,ii
, then we conclude that

sup
i
ℓ0,i ⪰ c∗ sup

i
ℓ0,i ⪰ sup

i
ciℓ0,i ⪰ sup

i
ℓ1,i.

2.5 Symmetrization bound on cover time

Our main result in this section will be a symmetrization bound on the cover time of a non-
reversible Markov chain on a finite set. An important property of this upper bound is that it
coincides with that for a random walk on a graph, i.e. a reversible Markov chain on a finite
set, given in [36], which is tight up to constant factors in the reversible case. To arrive at our
result we apply the density formula, with the generalized second Ray-Knight isomorphism
theorem for non-reversible Markov chains, to study the local time process at inverse local
time.

Let P = (Pij : i, j ∈ [n]) be an irreducible transition probability matrix on the state
space [n], with stationary distribution π = (πi : i ∈ [n]). Let the normalized Laplacian be
Q = Π(P − I), where Π denotes the diagonal matrix with diagonal entries given by the πi.
Let {Xt, t ≥ 0} denote the continuous time Markov chain with rate matrix Q. Note that the
cover time being discussed is defined in terms of the underlying discrete-time Markov chain
with transition probability matrix P , as is conventional in the literature on cover times.

We will decompose Q as in Eq. (2.4). The Green’s kernel associated with killing upon
hitting node 1 is

G̃ = (−Q∗∗)
−1. (2.10)

Recall that the local time process is defined as in Eq. (2.6). For a fixed state a ∈ [n], the
inverse local time for any r ≥ 0 is τinv(r) := inf{t : Lt(a) ≥ r}. We may as well renumber the
states so that a = 1. We will then consider the permanental process with kernel G defined
by

G :=

(
1 1T

1 G̃+ 11T

)
.

One can think of it as the Green’s kernel associated with killing once the process {Xt :
t ≥ 0} has spent an exponentially distributed random time with mean 1 at node 1 [46].
Equivalently, G = (e1e

T
1 −Q)−1 in light of Theorem 2.3.4. Let ℓ be a 1-permanental process

with kernel G. Then from Theorem 2.3.4 we know

{Lτinv(r) + ℓ | ℓ1 = 0} d
= {ℓ | ℓ1 = r}.

Note that {ℓ | ℓ1 = 0} is distributed as a permanental vector with kernel G̃, so we have a
density formula for it. For {ℓ | ℓ1 = r}, we will use Lemma 2.2.2 to bound its density.



CHAPTER 2. DENSITY FORMULA APPROACH FOR NON-REVERSIBLE
ISOMORPHISM THEOREMS 50

We first derive a tail bound for τinv(t), which will be useful when bounding the cover
time.

Lemma 2.5.1 (Tail bound lemma). For an irreducible Markov chain on state space [n], let
S∗∗ =

1
2
(Q∗∗ +QT

∗∗) and denote by σ2 the largest diagonal term of 1
2
(−S∗∗)

−1. Then for any
λ > 0, we have

P
(( n∑

i=1

πiLτinv(r)(i)
) 1

2

−
√
r ≥

√
λσ

)
≤ 5γe−λ/8.

Here

γ :=
|2G̃|

|G̃+ G̃T |
. (2.11)

Proof. First, in light of the proof of Theorem 2.3.4, we have

ρr(l2, · · · , ln) =
∫
(0,2π)n−1

1

(2π)n−1|G̃|
exp

(
⟨ϕ∗ −

√
r1, Q∗∗(ϕ̄∗ −

√
r1)⟩

)
dθ∗.

Also, we have{ n∑
i=1

πiLτinv(r)(i) +
n∑
i=1

πiℓi

∣∣∣∣ ℓ1 = 0

}
d.
=

{ n∑
i=1

πiℓi

∣∣∣∣ ℓ1 = r

}
.

Hence we conclude that {
∑n

i=1 πiℓi | ℓ1 = r} ⪰
∑n

i=1 πiLτinv(r)(i). Let

R := {l :
n∑
i=1

πili ≥ c}.

Then we have the following bound:

P
( n∑

i=1

πiLτinv(r)(i) ≥ c

)
≤
∫
R
ρr(l2, · · · , ln)dl∗

=

∫
R

∫
(0,2π)n−1

1

(2π)n−1|G̃|
exp

(
⟨ϕ∗ −

√
r1, Q∗∗(ϕ̄∗ −

√
r1)⟩

)
dθ∗dl∗

≤
∫
R

∫
(0,2π)n−1

1

(2π)n−1|G̃|
exp

(
⟨ϕ∗ −

√
r1, S∗∗(ϕ̄∗ −

√
r1)⟩

)
dθ∗dl∗

= γ

∫
R

∫
(0,2π)n−1

| − S∗∗|
(2π)n−1

exp
(
⟨ϕ∗ −

√
r1, S∗∗(ϕ̄∗ −

√
r1)⟩

)
dθ∗dl∗.

Note that the integrand is now the density of Z +
(√

r 1
0

)
, where Z = η + iξ is a complex

Gaussian random vector with η, ξ being i.i.d. N (0, 1
2
(−S∗∗)

−1) random variables. Therefore,
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P
( n∑

i=1

πiLτinv(r)(i) ≥ c

)
≤ γP

(
(η +

√
r1)2 + ξ2 ∈ R

)
= γP

(
(η2 + ξ2 + 2

√
rη + r1) ∈ R

)
= γP

( n∑
i=1

πi(η
2
i + ξ2i + 2

√
rηi + r) ≥ c

)
.

From Claim 2.2 of [34], we know for any λ > 0, P(
∑n

i=1 πiη
2
i ≥ λσ2) ≤ 2e−λ/4, where

σ2 = maxi E[η2i ]. The same is true for
∑n

i=1 πiξ
2
i . We also know that

∑n
i=1 πiηi ≺ N (0, σ2),

hence P(
∑

i πiηi ≥
√
λσ) ≤ e−λ/4. Therefore,

P
(∑

i

πiη
2
i +

∑
i

πiξ
2
i + 2

√
r
∑
i

πiηi + r ≥ λσ2 + 2
√
λrσ + r

)
≤ P

(∑
i

πiη
2
i ≥

1

2
λσ2

)
+ P

(∑
i

πiξ
2
i ≥

1

2
λσ2

)
+ P

(∑
i

πiηi ≥
√
λσ

)
≤ 4e−λ/8 + e−λ/4 ≤ 5e−λ/8.

Hence P
(∑n

i=1 πiLτinv(r)(i) ≥ (
√
r +

√
λσ)2

)
≤ 5γe−λ/8.

Let us denote the random cover time as τcov := inf{
∑

i πiLs(i) : s ≥ 0, Ls(i) > 0,∀ i ∈
[n]}11. The cover time tcov is just the maximum expectation of τcov maximized over all
starting states X0 ∈ [n]. We denote the random cover-and-return time as

τ+cov := inf

{∑
i

πiLs(i) : s ≥ 0, Xs = X0, Ls(i) > 0,∀ i ∈ [n]

}
.

Similarly, we can define the cover-and-return time t+cov. We remark that using the Markov
property, one can easily see tcov ≤ E(τ+cov) ≤ 2tcov for any irreducible finite-state chains, with
any starting state. See [36] for a short proof.12 Given j ∈ [n], the random hitting time,
τhit(j), is defined as

τhit(j) := inf

{∑
i

πiLs(i) : s ≥ 0, Xs = j

}
.

Similarly, define the hitting time as thit = supi,j∈[n] E[τhit(j)|X0 = i]. Let us also denote
by t′cov and t′hit the cover time and the hitting time of the symmetrized Markov chain with

kernel Q+QT

2
, respectively.

We now prove the following symmetrization upper bound on the cover time.

11Since we are working with a variable jump rate Markov chain in this section, we need πi-weighted
summation to recover the cover time for a discrete Markov chain.

12They only considered symmetric chains, but their proof holds for any non-symmetric chain as well.
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Theorem 2.5.2 (Symmetrization upper bound on cover time). For an irreducible Markov
chain on state space [n] with generator Q, we decompose Q as in Eq. (2.4). Let S be defined
in terms of Q as in equation (2.7), and decompose S similarly to Q. We write M := E supi ηi
for η ∼ N (0, 1

2
(−S∗∗)

−1), and let σ2 be the maximal diagonal term in 1
2
(−S∗∗)

−1. Then we
have the following upper bound on the cover time

tcov = O(M2 + σ2 log γ) = O(t′cov log γ),

where γ is defined in equation (2.11).

Proof. To give an upper bound on the cover time, we need to

• bound {supi ℓi | ℓ1 = 0} from above asymptotically;

• bound {infi ℓi | ℓ1 = t} from below asymptotically.

Let η, ξ denote independent N (0, 1
2
(−S∗∗)

−1) random vectors. Then by standard results
about Gaussian suprema (see, for example, Theorem 5.8 of [17]), we know that for all λ > 0
we have

P
(
sup
i
ηi > E sup

i
ηi +

√
λσ
)
≤ e−λ/2.

Since X is symmetric, − infi ηi
d.
= supi ηi. Hence we also have

P
(
− inf

i
ηi > E sup

i
ηi +

√
λσ
)
≤ e−λ/2.

By an application of the union bound, we deduce

P
(
sup
i

|ηi| > M +
√
λσ
)
= P

(
sup
i
η2i >

(
M +

√
λσ
)2) ≤ 2e−λ/2.

For any c > 0, let R′ := {l : supi li ≥ c}. Then we have the following bound, where G̃ is
defined as in equation (2.10),

P
(
sup
i
ℓi ≥ c

∣∣∣ ℓ1 = 0
)
=

∫
R′
ρ0(l2, · · · , ln)dl∗

=

∫
R′

∫
(0,2π)n−1

1

(2π)n−1|G̃|
exp

(
⟨ϕ∗, Q∗∗ϕ̄∗⟩

)
dθ∗dl∗

≤ γ

∫
R′

∫
(0,2π)n−1

| − S∗∗|
(2π)n−1

exp
(
⟨ϕ∗, S∗∗ϕ̄∗⟩

)
dθ∗dl∗

= γP
(
(η2 + ξ2) ∈ R′).
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Recall that here η, ξ are independent N (0, 1
2
(−S∗∗)

−1) random vectors. This allows us to
conclude that

P
(
sup
i
ℓi ≥ 2(M+

√
λσ)2

∣∣∣ ℓ1 = 0
)

≤ γP
(
sup
i
(η2i + ξ2i ) ≥ 2(M +

√
λσ)2

)
≤ γP

(
sup
i
η2i + sup

i
ξ2i ≥ 2(M +

√
λσ)2

)
≤ γP

(
sup
i
η2i ≥ (M +

√
λσ)2

)
+ γP

(
sup
i
ξ2i ≥ (M +

√
λσ)2

)
≤ 4γe−λ/2.

Similarly, note that for any t > 0,

P
(
inf
i
ℓi ≤ −2

√
tM−2

√
λtσ + t

∣∣∣ ℓ1 = t
)

≤ γP
(
inf
i

(
(ηi +

√
t)2 + ξ2i

)
≤ −2

√
tM − 2

√
λtσ + t

)
≤ γP

(
inf
i
(2
√
tηi + t) ≤ −2

√
tM − 2

√
λtσ + t

)
= γP

(
inf
i
ηi ≤ −M −

√
λσ
)

≤ γe−λ/2.

Now we take t = 9(M +
√
λσ)2, so that −2

√
tM − 2

√
λtσ + t = 3(M +

√
λσ)2 >

2(M +
√
λσ)2. Therefore, with probability ≥ 1− 5γe−λ/2, we have τ+cov ≤

∑
i πiLτinv(t)(i) for

such t. Also, by Lemma 2.5.1, with probability ≥ 1−5γe−λ/8, we know that
∑

i πiLτinv(t)(i) ≤
(
√
t+

√
λσ)2 = (3M + 4

√
λσ)2.

So in conclusion,

P(τ+cov ≥ (3M + 4
√
λσ)2) ≤ 10γe−λ/8, ∀λ > 0.

Specifically, we have P(τ+cov ≥ 2((3M)2+λ(4σ)2)) ≤ P(τ+cov ≥ (3M+4
√
λσ)2) ≤ 10γe−λ/8.

Since γ ≥ 1, we know that when λ ≥ 16 log γ, we have γe−λ/8 ≤ (γe−λ/16)e−λ/16 ≤ e−λ/16.
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Therefore, we conclude that

Eτ+cov =
∫ ∞

0

P(τ+cov ≥ t)dt

=

∫ 18M2

0

P(τ+cov ≥ t)dt+

∫ ∞

0

P(τ+cov ≥ 18M2 + 32λσ2) · 32σ2dλ

≤
∫ 18M2

0

1 · dt+
∫ 16 log γ

0

1 · 32σ2dλ+

∫ ∞

16 log γ

P(τ+cov ≥ 18M2 + 32λσ2) · 32σ2dλ

≤ 18M2 + 16 log γ · 32σ2 +

∫ ∞

16 log γ

10e−λ/16 · 32σ2dλ

≤ 18M2 + 512σ2 log γ +

∫ ∞

0

10e−λ/16 · 32σ2dλ

= 18M2 + 512σ2 log γ + 5120σ2.

Therefore, we deduce that Eτ+cov = O(M2+σ2 log γ). Since t′cov = Θ(M2+σ2), we obtain
tcov = Θ(Eτ+cov) = O(t′cov log γ).

We remark that when γ = 2O(M2/σ2), i.e., when the chain does not deviate too much from
symmetry, using the remarkable theorem of Ding-Lee-Peres[36], we have tcov = O(t′cov). We
also note that since non-reversibility reduces hitting time, i.e., thit ≤ t′hit(Corollary 3.1 of
[60]), then by Mathews’ bound (see, e.g., Theorem 11.2 of [67]), we know

tcov = O(thit log n) = O(t′hit log n) = O(t′cov log n).

However, this upper bound does not provide a smooth transition between the tight re-
versible bound and the non-reversible scenarios as Theorem 2.5.2.

2.6 Summary

In this chapter, we used a density formula approach to study several problems on non-
reversible finite-state Markov chains and the associated 1-permanental processes, as well
as a larger class of related 1-permanental processes. After deriving a density formula for
this broad family of 1-permanental processes, we used it, together with non-reversible Ward
identities, to give unified proofs of several isomorphism theorems for non-reversible Markov
chains. We then applied the density formulas to derive Kahane-type and Slepian-type com-
parison inequalities for 1-permanental processes. Finally, we applied the technique to bound-
ing the cover time of non-reversible Markov chains. The derived bound becomes tight in the
reversible case [36].

We believe that the twisted Gaussian density is a good substitute for the Gaussian free
field (GFF) in the non-reversible case (it indeed coincides with GFF when the Markov chain is
reversible). In light of this, for many previous results about reversible Markov chains proved



CHAPTER 2. DENSITY FORMULA APPROACH FOR NON-REVERSIBLE
ISOMORPHISM THEOREMS 55

via the GFF, one should be able to give a natural generalization (perhaps suboptimal) in
non-reversible scenarios using the twisted Gaussian density instead.

Another intriguing research question is as follows. In the Markovian case, the coordinates
of the 1-permanental vector corresponding to the kernel with psd symmetric part are the
total loop soup local times, where loops are sampled at rate 1. Is there a similar picture for
the general kernel with a symmetric psd part?
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Chapter 3

The Double Dixie Cup Problem on
General Graphs

Building on the coupon-collector and double-Dixie-cup discussion in Chapter 1, this chapter
studies the corresponding double Dixie cup problem for random walks on graphs. Specifically,
we study the marginal time to the second cover of a simple random walk on a finite connected
graph (V,E): the additional time after the first cover time needed for every vertex to be
visited at least twice.

LetM := E[maxv∈V η(v)] denote the expected maximum of the Gaussian free field pinned
at v0, and let R := maxu,v∈V r(u, v) denote the maximal effective resistance; see Section 3.1
for precise definitions and references. Note that M does not depend on the choice of v0. We
prove that there exist absolute constants C, c > 0 such that

Pv0
(
τ (2)cov − τcov > C

(
|E|M

√
R
)
β + C

(
|E|R

)
β2
)

≤ Ce−cβ
2

for all β ≥ 1, for every finite connected graph G = (V,E) and every starting vertex v0.
On a full b-ary tree of height h (fixed b ≥ 2), starting from the root v0, there exists

Cb <∞ such that
Pv0
(
τ (2)cov − τcov ≤ Cb |E|h log h

)
≥ 1− o(1).

This is proved via a variance analysis for inverse local time in the spirit of [38].

3.1 Introduction

We use the CT-SRW and cover-time notation from Chapter 1. In particular, Lt(v) denotes
the degree-normalized local time, τinv(t) the inverse local time at v0, Nt(v) the jump-time

visit count, τcov and τ
(2)
cov the first and second cover times, and ∆cov := τ

(2)
cov − τcov. We write

f(n) ≍ g(n) or f(n) = Θ(g(n)) to mean c1g(n) ≤ f(n) ≤ c2g(n) for absolute constants
c1, c2 > 0.
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Since holding times have unit mean, the discrete-time and continuous-time versions of
the random walk differ only by constant factors in asymptotic expressions. We therefore
work throughout in continuous time, for compatibility with local-time methods.

Our main theorem gives a general upper bound on the marginal time to the second cover
in terms of classical graph parameters. Let r(u, v) denote the effective resistance in the unit-
resistance network associated with G = (V,E), and write R := maxu,v∈V r(u, v); see [41,
68]. Let (η(v), v ∈ V ) denote the GFF pinned at v0, and set M := E[maxv∈V η(v)]; the
distribution of M does not depend on the choice of v0. See [37, 34] for the role of the GFF
in cover-time analysis and [77] for background on Gaussian processes and local times.

Using the generalized second Ray–Knight isomorphism theorem (Theorem 1.1.1) together
with the concentration lemma for inverse local time (Lemma 1.1.2) and an excursion decom-
position of the random walk, we prove in Theorem 3.2.1 that for any v0 ∈ V ,

Ev0
[
∆cov

]
= O

(
|E|M

√
R
)
.

Since thit = Θ(|E|R) [23, 68] and tcov = Θ(|E|M2) [37, 34], this is equivalently

Ev0
[
τ (2)cov − τcov

]
= O

(√
thit tcov

)
.

For full b-ary trees of height h, we obtain a sharper boundO(|E|h log h) with high probability.
The rest of this chapter is organized as follows. Section 3.2 states the main results.

Section 3.3 contains the proofs, including the excursion decomposition and the inverse-local-
time arguments.

3.2 Main results on marginal cover time

We adopt the notation and conventions of Chapter 1. In particular, Lvt denotes the degree-
normalized continuous-time local time, τinv(t) denotes the inverse local time, and Nt(v)
denotes the jump-time visit count. We also use Gv0 , η, R, and M as in Section 1.1, together
with the standard estimates

thit = Θ(|E|R), tcov = Θ(|E|M2), R ≤ 2πM2.

The generalized second Ray–Knight isomorphism theorem (Theorem 1.1.1) and the inverse-
local-time concentration lemma (Lemma 1.1.2) are the main tools from the Overview used
below.

Throughout this section, (Xt)t≥0 denotes the CT-SRW on a finite connected graph G =
(V,E) with i.i.d. Exp(1) holding times, started from v0 ∈ V .

A general bound for random walk on graphs

Our main theorem gives a sub-Gaussian tail bound for ∆cov at the scale |E|M
√
R, and hence

an expectation bound of the same order. The proof is given in Section 3.3.
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Theorem 3.2.1 (General bound on the marginal time to the second cover). There exist
absolute constants C, c > 0 such that for every finite connected graph G = (V,E), every
starting vertex v0 ∈ V , and every β ≥ 1,

Pv0
(
∆cov > C |E|M

√
Rβ + C |E|Rβ2

)
≤ Ce−cβ

2

. (3.1)

In particular, we have Ev0 [∆cov] = O(|E|M
√
R), which further implies that

Ev0
[
∆cov

]
= O

(√
thit tcov

)
.

Corollary 3.2.2. If thit = o(tcov) along a graph sequence, then we have

Ev0
[
∆cov

]
= o(tcov).

Remark 3.2.2.1. Applying Theorem 3.2.1 for some typical choices of the order of |E|, R,
and M in Table 1.2 yields the following bounds (up to universal constants):

• 2D grid/torus and full b-ary tree (b ≥ 2 fixed): |E| ≍ n, R ≍ log n, M ≍ log n, hence

Ev0 [∆cov] = O
(
n(log n)3/2

)
≪ tcov = O(n(log n)2).

• d-regular expanders and star graphs: |E| ≍ n, R ≍ 1, M ≍
√
log n, hence

Ev0 [∆cov] = O
(
n
√

log n
)
≪ tcov = O(n log n).

• Hypercube (n = 2d): |E| ≍ n log n, R ≍ 1/ log n, M ≍ 1, hence

Ev0 [∆cov] = O
(
n
√

log n
)
≪ tcov = O(n log n).

The same substitutions can be made in the tail bound (3.1) to obtain explicit high-probability
estimates.

We remark that the correct order of Ev0 [∆cov] for d-regular expanders and star graphs
is known to be Θ(n log log n) [86]. So our general bound is not tight for every instance.
However, it applies to every finite-state reversible random walk, and rigorously shows that
Ev0 [∆cov] ≪ tcov for many graph families of interest, so long as thit ≪ tcov (see Table 1.1).

We also have the following improved result for full b-ary trees.

Theorem 3.2.3 (Improved bound for full b-ary trees). Fix b ≥ 2. Let Tb,h be the full b-ary
tree of height h rooted at v0 (so |E| ≍ bh and |V | = (bh+1 − 1)/(b− 1)). Then there exists a
constant Cb <∞ such that, as h→ ∞,

Pv0
(
∆cov ≤ Cb |E|h log h

)
≥ 1− o(1).

The proof of this result for trees is given in Section 3.3.
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3.3 Proofs of the main results

In this section, we demonstrate proofs of the claimed results.

Proof of Theorem 3.2.1

We begin by proving some useful lemmas.

Lemma 3.3.1 (Bounds on the hitting time). In the same setting as Theorem 1.1.1, the
hitting time of the graph random walk satisfies |E|R ≤ thit ≤ 2|E|R.

We include a proof in Section B.1 of the appendix.

Lemma 3.3.2 (Lower bound on the maximum effective resistance). In the same setting as
Theorem 1.1.1, we have dminR ≥ 1, where dmin := minv∈V d(v).

We include a proof in Section B.2 of the Appendix.
Fix v0 ∈ V . Recall that τinv(t) is a stopping time defined in terms of the local time at

v0. Since τinv(t) depends on the continuous holding times, it is not a priori obvious how to
describe the law of the vector of local times Lτinv(t) conditional on the vector of discrete visit
counts Nτinv(t). The following lemma shows that, for each v ̸= v0, the conditional distribution
of Lτinv(t)(v) given N v

τinv(t)
is given by a Gamma distribution.

Lemma 3.3.3 (Excursion decomposition at v0). Consider the continuous-time walk on a
finite connected graph G = (V,E) with i.i.d.Exp(1) holding times. Fix v0 ∈ V and t > 0.
Then for any v ̸= v0 and any k ∈ N,

Lτinv(t)(v)
∣∣ {Nτinv(t)(v) = k} d

= Gamma(k, d(v)),

where Gamma(k, d) denotes the Gamma distribution with shape k and rate d, i.e. the distri-

bution on (0,∞) with probability density function dk

Γ(k)
xk−1e−dx, x > 0. Equivalently, it has

scale parameter 1/d.

Proof. One can construct the continuous walk stopped at τinv(t) via the following procedure:

(a) (Number of excursions) Determine the number of excursions from v0 ∈ V up to τinv(t) as
Q ∼ Pois(d(v0)t). This also pins down the number of visits to v0 as Nτinv(t)(v0) = Q+1.

(b) (Generate excursions) Generate Q discrete excursions (via the excursion measure as-
sociated with v0), which will determine the total number of visits to any other node
v ̸= v0, and hence determine Nτinv(t)(v).

(c) (Holding times) Given the number of discrete visits Nτinv(t)(v) = nv for each v ∈ V ,
generate Lτinv(t)(v) ∼ Gamma(nv, d(v)) for each v ̸= v0 independently.
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Lemma 3.3.3 shows that, for v ̸= v0, the local time Lτinv(t)(v) conditional on the discrete
visit count Nτinv(t)(v) behaves as if we first sampled the discrete path (hence Nτinv(t)(v)) and
then attached i.i.d. exponential holding times at each visit.

Theorem 3.3.4 (Second cover level t). Let η := (η(v), v ∈ V ) denote the pinned GFF,
pinned at v0, i.e. η(v0) = 0. Write R := maxu,v r(u, v) and let M := E[maxv∈V η(v)], whose
distribution does not depend on the choice of v0. Let dmin := minv∈V d(v). Fix β ≥ 1 and set
t := 1

2
(M + β

√
R)2. Then

Pv0
(
min
v∈V

Nτinv(t)(v) ≤ 1
)
≤ 7e−β

2/16.

Proof. Let η′ be an independent copy of η. Define

ERK :=

{
min
v∈V

(
Lτinv(t)(v) + 1

2
η(v)2

)
≥ β2

8
R

}
.

By the generalized second Ray–Knight theorem (Theorem 1.1.1), the random vector(
Lτinv(t)(v) + 1

2
η(v)2

)
v∈V has the same distribution as

(
1
2
(η′(v) +

√
2t)2

)
v∈V . Since

√
2t =

M + β
√
R,

Pv0(EcRK) = Pv0
(
min
v

1
2
(η′(v) +

√
2t)2 < β2

8
R
)

≤ Pv0
(
max
v

(−η′(v)) > M + β
2

√
R
)

≤ e−β
2/8, (3.2)

where the last inequality is Borell–TIS for S− := maxv(−η′(v)) with variance proxy
supv var(η

′(v)) = supv r(v0, v) ≤ R; see [16, 103, 3].
Let v∗ be a minimizer of v 7→ Nτinv(t)(v) (ties broken arbitrarily). Then

Pv0
(
min
v
Nτinv(t)(v) ≤ 1

)
≤ Pv0(EcRK) + Pv0

(
Nτinv(t)(v

∗) ≤ 1, v∗ ̸= v0, ERK

)
+ Pv0

(
v∗ = v0, Nτinv(t)(v0) ≤ 1

)
.

Step 1: the branch v∗ ̸= v0. We split according to Nτinv(t)(v
∗) = 0 or Nτinv(t)(v

∗) = 1.

Case Nτinv(t)(v
∗) = 0. On this event Lv∗τinv(t) = 0, hence ERK forces

1
2
η(v∗)2 ≥ β2

8
R ⇒ |η(v∗)| ≥ β

2

√
R.
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Since v∗ is measurable with respect to the walk (hence independent of η),

Pv0
(
Nτinv(t)(v

∗) = 0, v∗ ̸= v0, ERK

)
(3.3)

≤ Ev0
[
1{Nτinv(t)(v

∗) = 0, v∗ ̸= v0}Pv0
(
|η(v∗)| ≥ β

2

√
R
∣∣ v∗)]

≤ sup
v ̸=v0

Pv0
(
|η(v)| ≥ β

2

√
R
)

≤ 2e−β
2/8. (3.4)

Case Nτinv(t)(v
∗) = 1. On the event {Nτinv(t)(v

∗) = 1, v∗ ̸= v0, ERK} we have 1
2
η(v∗)2 +

Lv∗τinv(t) ≥
β2

8
R. Condition on the walk and on v∗ (equivalently, on the discrete visit counts);

then by Lemma 3.3.3,

Lv∗τinv(t)
∣∣ {Nτinv(t)(v

∗) = 1, v∗} ∼ Exp(d(v∗)),

and this holding-time randomness is independent of η(v∗). Therefore,

Pv0
(
Nτinv(t)(v

∗) = 1, v∗ ̸= v0, ERK

)
≤ Ev0

[
1{Nτinv(t)(v

∗) = 1, v∗ ̸= v0}Pv0
(

1
2
η(v∗)2 + Lv∗τinv(t) ≥

β2

8
R
∣∣∣ v∗)]

≤ sup
v ̸=v0

Pv0
(

1
2
η(v)2 + Zv ≥ β2

8
R
)
, (3.5)

where Zv ∼ Exp(d(v)) is independent of η(v).
For a fixed v ̸= v0, apply a union bound splitting the threshold:

Pv0
(

1
2
η(v)2 + Zv ≥ β2

8
R
)
≤ Pv0

(
1
2
η(v)2 ≥ β2

16
R
)
+ Pv0

(
Zv ≥ β2

16
R
)

≤ 2e−β
2/16 + e−(β2/16) d(v)R ≤ 2e−β

2/16 + e−(β2/16) dminR. (3.6)

Combining (3.5) and (3.6) and then adding (3.4) yields

Pv0
(
Nτinv(t)(v

∗) ≤ 1, v∗ ̸= v0, ERK

)
≤ 4e−β

2/16 + e−(β2/16)dminR. (3.7)

Step 2: the brzanch v∗ = v0. By definition of τinv(t) and the degree-normalization, the
unnormalized amount of time spent at v0 up to τinv(t) equals d(v0) t. While at v0, the walk
departs at rate 1, hence the number of departures from v0 during this time is Poisson(d(v0)t).
Therefore

Nτinv(t)(v0)
d
= 1 + Poisson

(
d(v0)t

)
,

and in particular

Pv0
(
v∗ = v0, Nτinv(t)(v0) ≤ 1

)
= Pv0

(
Poisson(d(v0)t) = 0

)
= e−d(v0)t

= e−
1
2
d(v0)(M+β

√
R)2 ≤ e−(β2/2) dminR.

(3.8)
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Finally, combining (3.2), (3.7), and (3.8) gives

Pv0
(
min
v
Nτinv(t)(v) ≤ 1

)
≤ e−β

2/8 + 4e−β
2/16 + e−(β2/16)dminR + e−(β2/2)dminR.

Using dminR ≥ 1, as stated in Lemma 3.3.2, each term is at most e−β
2/16, hence the right-hand

side is bounded by 7e−β
2/16.

Proof of Theorem 3.2.1. Fix β ≥ 1 and define

t+ := 1
2
(M + β

√
R)2, t− := 1

2
(M − β

√
R)2+.

By the standard exponential concentration for the cover time (e.g. [110]), there exist
absolute constants c1, c2 > 0 such that

Pv0
(
τinv(t−) ≤ τcov ≤ τinv(t+)

)
≥ 1− c1e

−c2β2

. (3.9)

On the other hand, applying Theorem 3.3.4 at level t = t+ gives

Pv0
(
min
v∈V

Nτinv(t+)(v) ≥ 2
)
≥ 1− 7e−β

2/16, (3.10)

and on the event in (3.10) we have τ
(2)
cov ≤ τinv(t+). Therefore, intersecting (3.9) and (3.10),

we obtain
Pv0
(
∆cov ≤ τinv(t+)− τinv(t−)

)
≥ 1− c1e

−c2β2 − 7e−β
2/16. (3.11)

Apply Lemma 1.1.2 with λ = β2 at s = t+, and also at s = t− if t− > 0 (if t− = 0 then
τinv(t−) = 0 deterministically). By a union bound, with probability at least 1− 12e−β

2/16 we
have simultaneously

τinv(t+) ≤ 2t+|E|+
(
β
√
t+R + β2R

)
|E|, τinv(t−) ≥ 2t−|E| −

(
β
√
t−R + β2R

)
|E|.

Subtracting yields, on this event,

τinv(t+)− τinv(t−) ≤ 2(t+ − t−)|E|+ β
√
R (
√
t+ +

√
t−)|E|+ 2β2R|E|. (3.12)

We now bound the two deterministic terms. First, for all β ≥ 1,

t+ − t− ≤ 2Mβ
√
R + β2R. (3.13)

(Indeed, if t− > 0 then t+− t− = 1
2

[
(M +β

√
R)2− (M −β

√
R)2
]
= 2Mβ

√
R; if t− = 0 then

t+ − t− = 1
2
(M + β

√
R)2 ≤ 2Mβ

√
R + β2R.) Second,

√
t+ +

√
t− =

(M + β
√
R) + (M − β

√
R)+√

2
≤

√
2 (M + β

√
R). (3.14)

Plugging (3.13) and (3.14) into (3.12), we obtain

τinv(t+)− τinv(t−) ≤ C |E|
(
Mβ

√
R + β2R

)
(3.15)
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for an absolute constant C > 0.
Combining (3.11) with (3.15) and the inverse-local-time concentration failure probability,

we conclude that there exist absolute constants C, c > 0 such that for all β ≥ 1,

Pv0
(
∆cov > C|E|

(
Mβ

√
R + β2R

))
≤ Ce−cβ

2

. (3.16)

Let g(β) := C|E|
(
Mβ

√
R + β2R

)
for β ≥ 1. Then g is increasing and g′(β) =

C|E|
(
M

√
R + 2βR

)
. Using Ev0 [∆cov] =

∫∞
0

Pv0(∆cov > u) du and the change of variables
u = g(β) on [g(1),∞),

Ev0 [∆cov] ≤ g(1) +

∫ ∞

1

Pv0
(
∆cov > g(β)

)
g′(β) dβ

≤ C|E|(M
√
R +R) +

∫ ∞

1

(
Ce−cβ

2)
C|E|

(
M

√
R + 2βR

)
dβ

= O
(
|E|(M

√
R +R)

)
,

since
∫∞
1
e−cβ

2
dβ <∞ and

∫∞
1
βe−cβ

2
dβ <∞.

Finally, using R = O(M2) (equivalently,
√
R ≤ CM), we have R ≤ CM

√
R, hence

Ev0
[
∆cov

]
= O

(
|E|M

√
R
)
,

as claimed.

Proof of Theorem 3.2.3

Let T be a full b-ary tree of height h (b ≥ 2), rooted at v0 (depth 0), with leaves at
depth h. Each of the bk vertices at depth k ∈ {0, . . . , h − 1} has exactly b children, so

|E| =
∑h

k=1 b
k = b(bh−1)

b−1
, and in particular |E| = Θ(bh) for fixed b ≥ 2.

Fix a leaf v and let π(v) = (v0, v1, . . . , vh = v) be the unique root–leaf path, which we
call the spine from v0 to v. Consider the walk observed only when it is on π(v): whenever
it steps from some vi into an off-spine child subtree, it must return to vi before it can reach
any other spine vertex (since vi is the unique articulation point). Thus, if we record the
successive spine locations at the return times to π(v), the induced chain on {0, 1, . . . , h} is
a lazy nearest-neighbor walk whose non-lazy moves from i go to i − 1 or i + 1 with equal
probability 1/2. In particular, all hitting probabilities on the spine coincide with those of the
simple random walk on the path {0, 1, . . . , h} (self-loops do not change hitting probabilities).

Lemma 3.3.5 (Two-visit level on a full tree). Given a full b-ary tree of size n and height
h. Let v0 be the root of the tree. For any γ ≥ 1, if

t ≥ (log b)h2 + γh, (3.17)

then
Pv0
(
min
u∈V

Nτinv(t)(u) ≤ 1
)

≤ e−γ
(
1 + log b+

γ

h

)
.



CHAPTER 3. THE DOUBLE DIXIE CUP PROBLEM ON GENERAL GRAPHS 64

Proof. Fix any leaf v ∈ V . We will prove the following fact first: at time τinv(t), the number
of root excursions is distributed as

Q ∼ Poisson(b t),

and the number of those excursions that visit v is

Hv ∼ Poisson
( t
h

)
.

To see this, by definition of τinv(t), the (unnormalized) time spent at the root up to τinv(t)
equals d(v0) t = b t. Since the holding times are i.i.d. Exp(1), departures from the root during
its total occupation time forms a Poisson process of rate 1, hence Q ∼ Poisson(b t).

Fix a leaf v and use the spine viewpoint above. A root excursion begins by choosing
one of the b children of v0 uniformly; it enters the unique top-level branch containing v
with probability 1/b. Conditioned on entering that branch, the trace chain on the spine
{0, 1, . . . , h} starts at level 1 and (by the discussion above) has the same hitting probability
as simple random walk on the path, hence

Pv0(hit level h before 0 | entered branch of v) =
1

h
.

Therefore a given root excursion hits v with probability (1/b) · (1/h) = 1/(bh). Poisson
thinning then yields

Hv ∼ Poisson
(
E[Q] · 1

bh

)
= Poisson

( bt
bh

)
= Poisson

( t
h

)
.

Condition on the event that the excursion hits v. In the trace chain on {0, 1, . . . , h}, after
the first hit of h the next move is to h−1, and the probability to return to h before hitting 0
when started from h−1 equals (h−1)/h. Thus the number of additional returns to h before
absorption at 0 is Geometric(1/h) on {0, 1, 2, . . . }, giving the following compound–Poisson
formula for the total number of visits to the leaf v:

Sv
d
=

Hv∑
i=1

(1 +Gi), Gi
i.i.d.∼ Geometric(1/h).

From the representation of Sv,

Pv0(Sv ≤ 1) = Pv0(Sv = 0) + Pv0(Sv = 1)

= Pv0(Hv = 0) + Pv0(Hv = 1)Pv0(G1 = 0) = e−t/h +
( t
h
e−t/h

)1
h
.

There are bh leaves, so by the union bound,

Pv0
(
min
leaf v

Sv ≤ 1
)
≤ bhe−t/h

(
1 +

t

h2

)
.
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Under (3.17), we have bhe−t/h ≤ bhe−(log b)h−γ = e−γ and t/h2 ≤ log b + γ/h, yielding the
claim.

Finally, if u is any internal vertex and v is any descendant leaf of u, then every visit to
v forces a visit to u, hence Nτinv(t)(u) ≥ Sv. Therefore, the same level ensures two visits for
all vertices as well.

On a tree, conditioning on the local time at a vertex w separates the walk into independent
excursion processes into the disjoint child subtrees below w. This gives a natural top-down
(root-to-leaves) generation of {Lτinv(t)(v)}: given Lwτinv(t), the occupation fields in the subtrees
rooted at the children of w are conditionally independent, and their marginal laws are driven
by Poisson counts of excursions. This is exactly the mechanism used in Ding–Zeitouni
(Lemma 3.6 and its proof) [38].

Lemma 3.3.6 (Variance of inverse local time on a full b-ary tree). Let T be a full b-ary tree
of height h. Then for all t > 0,

var
(
τinv(t)

)
≤ C b2h t,

for a constant C = C(b). Equivalently, since |E| ≍ bh,

τinv(t) = 2t |E| ± O
(
|E|

√
t
)

in L2.

Proof. Recall that τinv(t) =
∑

v∈V d(v)Lτinv(t)(v). Fix u, v ∈ V and let w = u ∧ v be their
least common ancestor (LCA), with depth k = depth(w) ∈ {0, 1, . . . , h}.

By the tree Markov property for the excursion decomposition (see the proof of Lemma 3.6
in [38]), conditional on Lτinv(t)(w), the collections of local times in the different child subtrees
of w are independent. Also, for every descendant x of w,

E
(
Lτinv(t)(x) | Lτinv(t)(w)

)
= Lτinv(t)(w).

Thus, whenever u and v lie in different child subtrees of w,

E
(
Lτinv(t)(u) | Lτinv(t)(w)

)
= Lτinv(t)(w) and E

(
Lτinv(t)(v) | Lτinv(t)(w)

)
= Lτinv(t)(w).

Consequently,

E
(
Lτinv(t)(u)Lτinv(t)(v)

)
= E

(
E
(
Lτinv(t)(u)Lτinv(t)(v) | Lτinv(t)(w)

))
= E

(
(Lτinv(t)(w))2

)
= t2 + var

(
Lτinv(t)(w)

)
,

and hence
cov
(
Lτinv(t)(u),Lτinv(t)(v)

)
≤ var

(
Lτinv(t)(w)

)
. (3.18)

(When w = u or w = v this inequality is also immediate.)
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For a vertex w at depth k ≥ 1, the one-dimensional spine reduction implies that

Lτinv(t)(w) ∼ PoiGamma
( t
k
, k
)
,

in the notation of [38]: a compound Poisson sum
∑N

i=1 Yi with N ∼ Poisson(t/k) and

Yi
i.i.d.∼ Gamma(k, 1). (For b ≥ 2 this is the same spine computation as in the binary case;

only constants depend on b.)
Using E[Yi] = k and var(Yi) = k, the compound-Poisson variance formula gives

var
(
Lτinv(t)(w)

)
=
t

k

(
k + k2

)
≤ 2tk. (3.19)

Combining (3.18)–(3.19) and bounding degrees by d(·) ≤ b+ 1,

var(τinv(t)) =
∑
u,v∈V

d(u)d(v)cov(Lτinv(t)(u),Lτinv(t)(v)) ≤ 2t(b+1)2
∑
u,v∈V

k(u ∧ v).

Group ordered pairs (u, v) by k = depth(u ∧ v). There are bk choices of the LCA at depth
k, and for each such LCA the number of ordered descendant pairs is ≍ (bh−k)2. Hence

∑
u,v∈V

k(u ∧ v) ≲
h∑
k=0

k · bk · (bh−k)2 = b2h
h∑
k=0

k b−k ≲ b2h,

since
∑

k≥0 kb
−k < ∞ for b ≥ 2. This yields var(τinv(t)) ≤ Cb2ht for some C = C(b). The

equivalent statement follows from E[τinv(t)] = 2t|E|.

Proof of Theorem 3.2.3. Set

t⋆ := (log b)h2 + γh, γ := 3 log h.

By Lemma 3.3.5,

Pv0
(
min
u∈V

Nτinv(t⋆)(u) ≥ 2
)
≥ 1− e−γ

(
1 + log b+

γ

h

)
≥ 1− h−2,

for all h large enough.
On this event, every vertex has been visited at least twice by time τinv(t⋆), so

τ (2)cov ≤ τinv(t⋆). (3.20)

By the Chebyshev inequality and Lemma 3.3.6, for any a ≥ 1,

Pv0
(∣∣τinv(t⋆)− 2t⋆|E|

∣∣ ≥ a |E|
√
t⋆

)
≤ C

a2
.
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Taking a = log h and using
√
t⋆ = O(h) gives, with probability ≥ 1−O((log h)−2) = 1−o(1),

τinv(t⋆) ≤ 2t⋆|E|+O
(
|E|h log h

)
= 2|E|(log b)h2 +O

(
|E|h log h

)
.

Together with (3.20), we obtain

τ (2)cov ≤ 2|E|(log b)h2 +O
(
|E|h log h

)
with probability ≥ 1− o(1). (3.21)

Now recall that Ding–Zeitouni [38] (proved for b = 2 and stated there to extend to
any b ≥ 3, see Lemma B.4.2 in the appendix.) gives that τcov has the same leading term
2|E|(log b)h2 with a second-order correction of order −|E|h log h. In particular, there exists
C0 = C0(b) such that, with probability 1− o(1),

τcov ≥ 2|E|(log b)h2 − C0 |E|h log h.

Combining with (3.21) yields

τ (2)cov − τcov ≤ O
(
|E|h log h

)
with probability ≥ 1− o(1).

Since |E| ≍ n and h ≍ log n for a full b-ary tree, this is O(n log n log log n), as claimed.

3.4 Summary

The general bound obtained in this chapter is not always sharp, as shown by stars and ex-
panders. Nevertheless, it identifies a broad regime, thit = o(tcov), in which the marginal time
to the second cover is asymptotically smaller than the cover time itself. The sharper estimate
for full b-ary trees further suggests that graph-specific arguments can improve substantially
over the general inverse-local-time bracketing method.
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Chapter 4

On Statistical Estimation of
Edge-Reinforced Random Walks

Reinforced random walks (RRWs), including vertex-reinforced random walks (VRRWs) and
edge-reinforced random walks (ERRWs), model random walks where the transition proba-
bilities evolve based on prior visitation history [79, 50, 99, 106]. These models have found
applications in various areas, such as network representation learning [109], reinforced PageR-
ank [56], and modeling animal behaviors [96], among others. However, statistical estimation
of the parameters governing RRWs remains underexplored. This work focuses on estimating
the initial edge weights of ERRWs using observed trajectory data. Leveraging the connec-
tions between an ERRW and a random walk in a random environment (RWRE) [82, 81], as
given by the so-called “magic formula”, we propose an estimator based on the generalized
method of moments. To analyze the sample complexity of our estimator, we exploit the hy-
perbolic Gaussian structure embedded in the random environment to bound the fluctuations
of the underlying random edge conductances.

4.1 Introduction

Statistical estimation of Markov chain parameters from trajectory data is a well-studied
problem. However, many real-world processes, from animal foraging to web browsing, exhibit
path-dependent behavior that cannot be captured by a fixed transition matrix. Reinforced
random walks provide a natural framework for such phenomena, but the statistical problem
of recovering their governing parameters from observations is far less understood than its
Markovian counterpart. This chapter takes a step in this direction, focusing on the estimation
of initial edge weights in edge-reinforced random walks.

The definitions and structural properties of VRRW and ERRW are reviewed in Sec-
tion 1.2. One key distinction is that ERRW on a finite connected graph visits every vertex
infinitely often almost surely, whereas VRRW can localize. This follows from the random-
environment representation: for any v0 ∈ V and A ∈ RE

++, the ERRW with initial weights
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A is a mixture of reversible Markov chains (Theorem 1.2.1), each of which is irreducible on
G since all conductances are almost surely positive.

ERRW as a random walk in a random environment

Via the random-environment representation (Theorem 1.2.1 and Section 1.2), the normalized
local time of an ERRW converges to the stationary distribution of the random conductance
environment W ∼ µv0,A. The explicit density of µv0,A, i.e., the magic formula, is recalled
here since it is needed for the moment and KL computations in this chapter.

Fix a reference edge e0 ∈ E incident to v0, work in the gauge we0 = 1, and write
av :=

∑
e∋v ae and wv :=

∑
u∼v wuv. Then

dµv0,A(w−e0) = Z−1
v0,A

w
1/2
v0

∏
e∈E w

ae−1
e∏

v∈V w
(av+1)/2
v

√∑
T∈T

∏
e∈T

we dw−e0 , (4.1)

where w−e0 := (we)e̸=e0 and the normalizing constant is

Zv0,A =
π(|V |−1)/2

21−|V |+
∑

e∈E ae
·

∏
e∈E Γ(ae)∏

v∈V Γ
(
1
2
(av + 1− 1v=v0)

) . (4.2)

Here π is the mathematical constant, and T denotes the set of all spanning trees of G.
Since G is finite, connected, and all conductances are almost surely strictly positive,

the quenched chain has a finite cover time, and therefore the ERRW cover time tcov :=
maxv0 EPv0,A

errw
[τcov] is also finite. The finiteness of tcov determines how long a single trajectory

must run before the quenched environment can be reliably estimated, and will be a key input
in the sample-complexity analysis.

The estimation problem

We are interested in the problem of parameter estimation of ERRW using sample trajectories.
Given the graph structure and the sampled trajectories, we want to recover the list of initial
edge weights L0 = A.

Formally, given a connected simple graph G = (V = [n], E), v0 ∈ V and A := (ae)e∈E ∈
RE

++
1, we obtain K ≥ 1 i.i.d. ERRW sample trajectories of length T ≥ 1 on graph G with

starting point X0 = v0 and initial local time L0 = A. We denote these sample trajectories
as
{
X

(k)
t

∣∣ 0 ≤ t ≤ T, 1 ≤ k ≤ K
}
, and we want to find an estimator Â such that the

error criterion d(A, Â) is small enough with high probability. We assume that all the initial
edge weights are bounded above and below by positive constants. We assume that a ≤
mine∈E ae ≤ maxe∈E ae ≤ a for some positive constants a, a that do not scale with n.

1To be precise, G and v0 are observed while A is not.



CHAPTER 4. ON STATISTICAL ESTIMATION OF EDGE-REINFORCED RANDOM
WALKS 70

To be precise, we want an estimator Â that is an entry-wise ϵ-multiplicative approxima-
tion to A, with high probability. This motivates us to consider the following ratio-based
divergence between two entry-wise positive sequences A,B ∈ RE

++:

d(A,B) := max
{i,j}∈E

(
max

{
Aij
Bij

,
Bij

Aij

}
− 1

)
.

It is straightforward to check that we have: (i) d(A,B) ≥ 0; (ii) d(A,B) = 0 if and only
if A = B; (iii) if d(A,B) ≤ ϵ for some ϵ ∈ (0, 1) then A is an entry-wise ϵ-multiplicative
approximation of B, i.e., (1− ϵ)Bij ≤ Aij ≤ (1 + ϵ)Bij for every {i, j} ∈ E.

Informally speaking, whenK and T are large enough, we should be able to recover A with
arbitrarily small error. But fixing the error level ϵ > 0 and a confidence level δ ∈ (0, 1), how
many samples are sufficient for the recovery of A by an estimator Â with error d(A, Â) ≤ ϵ
with probability ≥ 1 − δ (upper bound)? How many samples are needed to do so (lower
bound)?

4.2 Insufficiency of a single trajectory

As stated in section 4.1, fixing G = (V,E), v0 ∈ V and A ∈ RE
++, we observe K ≥ 1 i.i.d.

sample trajectories of length T ≥ 1 from Pv0,Aerrw , and want to estimate A. This statistical
question arises in modeling user website browsing behavior via an ERRW. The vertices of
G are the websites, and the network links between websites form the edges in G, while the
vector of initial local times A encodes the prior preferences of the population: larger weights
correspond to more “preferred” links. Given a segment of users, one assumes each user’s
browsing log is generated by Pv0,Aerrw , with v0 representing a common entry point (e.g., a search
engine). Here ERRW serves as a way to capture the users’ self-reinforcement behaviors.
Given users’ weblogs, which are treated as i.i.d. sample trajectories, we then aim to recover
A. Alternatively, in a personalized context, where we have a single user, multiple contin-
uous browsing sessions can each be viewed as an independent ERRW trajectory, capturing
short-term memory effects within that session, and assuming independence between different
sessions.

Several works in the literature illustrate some similar modeling approaches:

• [79, 109] modeled user browsing with reinforced random walks, then ranked the websites
using certain averaged visitation statistics over multiple observed trajectories.

• [14] employed a variant of ERRW to model taxis’ trajectories, assuming each follows
the same underlying distribution.

• [89] examined potential applications of reinforced random walk variants in model-
ing tumor angiogenesis. To infer the model parameters, one can likely obtain near-
i.i.d. sample trajectories under controlled lab conditions.
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Thus, for a wide range of potential applications, one can frame the task as estimating
the model parameter A given multiple sampled i.i.d. ERRW trajectories.

We now introduce some standard statistical notation. The total variation distance be-
tween two probability distributions on a measurable space (X ,B) is defined, as usual, as
dTV(PX , QX) := supB∈B (PX(B)−QX(B)). Recall that if PX and QX are probability distri-
bution on the finite set X we have

dTV(PX , QX) :=
1

2

∑
x∈X

|pX(x)− qX(x)|.

The Kullback-Leibler (KL) divergence of PX with respect to QX is defined to be ∞ if PX
is not absolutely continuous with respect to QX , and is defined to be DKL(PX∥QX) :=

EPX

[
log dPX

dQX
(X)

]
otherwise. Pinsker’s inequality, see e.g. Theorem 4.19 of [17], relates KL

divergence and total variation distance by

dTV(PX , QX) ≤
√

1

2
DKL(PX∥QX).

We use the notation Xj
i := {Xi, · · · , Xj} for 0 ≤ i ≤ j ≤ T .

When estimating the transition matrix of an irreducible finite Markov chain, given a
single trajectory that is long enough, one can expect to recover the model parameters in
the limit of large trajectory length. However, we will argue in this section that a single
trajectory, even if infinitely long, is not good enough to recover the parameters (i.e. the
initial edge weights) for ERRW.

Consider a scenario where we have a sample trajectory coming from either Pv0,Aerrw or Pv0,Ãerrw ,
with the same graph structure G = (V,E) and the same starting point v0 ∈ V . We want
to test the null hypothesis H0:“the initial weight vector is L0 = A” against the alternative
hypothesisH1:“the initial weight vector is L0 = Ã”. To do so, one designs a testing algorithm
A that takes some trajectory XT

0 of the ERRW (assumed to be generated under hypothesis
Θ ∈ {H0, H1}), and outputs a decision whether XT

0 is generated from Pv0,Aerrw or it is generated

from Pv0,Ãerrw . The testing error of this algorithm is defined as

E :=
1

2

(
P(A(XT

0 ) = H1 |Θ = H0) + P(A(XT
0 ) = H0 |Θ = H1)

)
.

In hypothesis testing language, this is a combination of Type-I error which is defined as
EI := P(A(XT

0 ) = H1 |Θ = H0), and Type-II error which is defined as EII := P(A(XT
0 ) =

H0 |Θ = H1). This testing error E is also referred to as the Bayesian error of the testing
procedure under the uniform prior. E being small is equivalent to both Type-I error and
Type-II error being small. A good testing procedure should make the testing error E as
small as possible.

Let us denote a trajectory generated from H0 as X
T
0 and another independent trajectory

generated from H1 as X̃T
0 . Recall that for any ERRW, one can naturally couple it with
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an RWRE. Let us assume that the random environment for each trajectory is W and W̃ ,
respectively. Under such a coupling, we have Markov chains A→ W → XT

0 and Ã→ W̃ →
X̃T

0 . We then have

DKL(X
T
0 ,W∥X̃T

0 , W̃ ) =

∫ ∑
xT0

pXT
0 |W (xT0 |w)pW (w) log

(
pXT

0 |W (xT0 |w)
pX̃T

0 |W̃ (xT0 |w)
· pW (w)

pW̃ (w)

)
dw.

Since pXT
0 |W (xT0 |w) = pX̃T

0 |W̃ (xT0 |w), as they are both the probability of generating tra-

jectory xT0 from a simple random walk Pv0,wsrw , we conclude that

DKL(X
T
0 ,W∥X̃T

0 , W̃ ) =

∫ ∑
xT0

pXT
0 |W (xT0 |w)pW (w) log

(
pW (w)

pW̃ (w)

)
dw

=

∫
pW (w) log

(
pW (w)

pW̃ (w)

)
dw

= DKL(W∥W̃ ). (4.3)

In the first equation above we used the total probability rule. On the other hand, we
also have pXT

0 |W (xT0 |w)pW (w) = pXT
0
(xT0 )pW |XT

0
(w|xT0 ). Hence,

DKL(X
T
0 ,W∥X̃T

0 , W̃ ) =

∫ ∑
xT0

pXT
0
(xT0 )pW |XT

0
(w|xT0 ) log

(
pXT

0
(xT0 )

pX̃T
0
(xT0 )

·
pW |XT

0
(w|xT0 )

pW̃ |X̃T
0
(w|xT0 )

)
dw

=

∫ ∑
xT0

pXT
0
(xT0 )pW |XT

0
(w|xT0 ) log

(
pXT

0
(xT0 )

pX̃T
0
(xT0 )

)
dw

+

∫ ∑
xT0

pXT
0
(xT0 )pW |XT

0
(w|xT0 ) log

(
pW |XT

0
(w|xT0 )

pW̃ |X̃T
0
(w|xT0 )

)
dw

=DKL(X
T
0 ∥X̃T

0 ) +
∑
xT0

pXT
0
(xT0 )DKL({W |XT

0 = xT0 } ∥ {W̃ |X̃T
0 = xT0 }). (4.4)

Notice that we used
∫
pW |XT

0
(w|xT0 )dw = 1 in the last step, and

DKL({W |XT
0 = xT0 } ∥ {W̃ |X̃T

0 = xT0 })

is the conditional KL divergence between the law of two conditioned random variables
{W |XT

0 = xT0 } and {W̃ |X̃T
0 = xT0 }. Therefore, by non-negativity of KL divergence, combin-

ing Eq. (4.3) and Eq. (4.4), we conclude that

DKL(X
T
0 ∥X̃T

0 ) ≤ DKL(X
T
0 ,W∥X̃T

0 , W̃ ) = DKL(W∥W̃ ).
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By standard results in hypothesis testing, we also know that the best testing error E∗ is

E∗ =
1

2
(1− dTV(X

T
0 , X̃

T
0 )).

Using Pinsker’s inequality together with Section 4.2, we have

E∗ ≥ 1

2

(
1−

√
1

2
DKL(XT

0 ∥X̃T
0 )

)
≥ 1

2

(
1−

√
1

2
DKL(W∥W̃ )

)
.

For some sufficiently small constant ϵ ∈ (0, 1), if we can construct A and Ã such that
d(A, Ã) ≥ ϵ, and DKL(W∥W̃ ) = O(ϵ2), then any algorithm that tests H0 against H1 will
incur error that is at least 1

2
− O(ϵ). The performance is dismal if ϵ is small enough (close

to randomly guessing which hypothesis is correct).
We now plug in the mixing measure, Eq. (4.1), into the KL divergence formula and obtain

DKL(W∥W̃ ) =

∫
log

(
dµv0,A(w)

dw

/
dµv0,Ã(w)

dw

)
dµv0,A(w)

=

∫
log

(
Zv0,Ã
Zv0,A

·
w

1
2
v0

∏
e∈E w

ae−1
e∏

v∈V w
1
2
(av+1)

v

·
∏

v∈V w
1
2
(ãv+1)

v

w
1
2
v0

∏
e∈E w

ãe−1
e

)
dµv0,A(w)

= log
Zv0,Ã
Zv0,A

+

∫
log

∏
e∈E w

ae−ãe
e∏

v∈V w
1
2
(av−ãv)

v

dµv0,A(w). (4.5)

To calculate the second term in the equation above, we need to use some tricks. Fixing
arbitrary e ∈ E and taking the derivative of both sides of Eq. (4.2) with respect to ae, we
obtain

∂

∂ae
Zv0,A =

∫
R|E|−1
++

∂

∂ae

(
w

1
2
v0

∏
e∈E w

ae−1
e∏

v∈V w
1
2
(av+1)

v

)√∑
T∈T

∏
e∈T

we dw−e0

=

∫
R|E|−1
++

(
logwe −

1

2

∑
v∈e

logwv

)
w

1
2
v0

∏
e∈E w

ae−1
e∏

v∈V w
1
2
(av+1)

v

√∑
T∈T

∏
e∈T

we dw−e0

= Zv0,A

∫ (
logwe −

1

2

∑
v∈e

logwv

)
dµv0,A(w).

Here we used the fact that ∂
∂ae
wae−1
e = (logwe)w

ae−1
e . Also, for any v ∈ V \{v0} that

is incident with e, we have ∂
∂ae
w

− 1
2
(av+1)

v = (−1
2
logwv)w

− 1
2
(av+1)

v ; and for v0, we have

∂
∂ae
w

− 1
2
av0

v0 = (−1
2
logwv0)w

− 1
2
av0

v0 .
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Scale the above equation by (ae − ãe) and then sum it up over all e ∈ E. We then have∑
e∈E

(ae − ãe) ·
∂

∂ae
Zv0,A = Zv0,A ·

∑
e∈E

(
(ae − ãe)

∫ (
logwe −

1

2

∑
v∈e

logwv

)
dµv0,A(w)

)
= Zv0,A ·

∫ (∑
e∈E

(ae − ãe) log
we∏
v∈ew

1
2
v

)
dµv0,A(w)

= Zv0,A ·
∫

log

∏
e∈E w

(ae−ãe)
e∏

e∈E
∏

v∈ew
1
2
(ae−ãe)

v

dµv0,A(w)

= Zv0,A ·
∫

log

∏
e∈E w

(ae−ãe)
e∏

v∈V w
1
2
(av−ãv)

v

dµv0,A(w). (4.6)

Here, in the last step, we used the fact that∏
e∈E

∏
v∈e

w
1
2
(ae−ãe)

v =
∏
v∈V

∏
e:v∈e

w
1
2
(ae−ãe)

v =
∏
v∈V

w
∑

e:v∈e
1
2
(ae−ãe)

v =
∏
v∈V

w
1
2
(av−ãv)

v .

Therefore, combining Eq. (4.5) and Eq. (4.6), we conclude that

DKL(W∥W̃ ) = log
Zv0,Ã
Zv0,A

+ Z−1
v0,A

∑
e∈E

(ae − ãe) ·
∂

∂ae
Zv0,A. (4.7)

Recalling the explicit formula for Zv0,A, Eq. (4.2), we have

∂

∂ae
Zv0,A =

∂

∂ae

(
π

1
2
(|V |−1)

21−|V |+
∑

e∈E ae
·

∏
e∈E Γ(ae)∏

v∈V Γ(1
2
(av + 1− 1v=v0))

)
=

∂

∂ae

(
π

1
2
(|V |−1)

21−|V |+
∑

e∈E ae

)
·

∏
e∈E Γ(ae)∏

v∈V Γ(1
2
(av + 1− 1v=v0))

+
π

1
2
(|V |−1)

21−|V |+
∑

e∈E ae
· ∂

∂ae

( ∏
e∈E Γ(ae)∏

v∈V Γ(1
2
(av + 1− 1v=v0))

)
=− log 2

(
π

1
2
(|V |−1)

21−|V |+
∑

e∈E ae
·

∏
e∈E Γ(ae)∏

v∈V Γ(1
2
(av + 1− 1v=v0))

)
+
(
Ψ(ae)−

∑
v∈e

1

2
Ψ
(1
2
(av + 1− 1v=v0)

)) π
1
2
(|V |−1)

21−|V |+
∑

e∈E ae
·

∏
e∈E Γ(ae)∏

v∈V Γ(1
2
(av + 1− 1v=v0))

=
(
− log 2 + Ψ(ae)−

∑
v∈e

1

2
Ψ
(1
2
(av + 1− 1v=v0)

))
Zv0,A. (4.8)

Here we used the notation for the digamma function Ψ(x) := d
dx

log Γ(x) = Γ′(x)
Γ(x)

. In the

third equation, we used d
dx
Γ(x) = Γ′(x) = Ψ(x)Γ(x), and d

dx
1

Γ(x)
= − 1

(Γ(x))2
Γ′(x) = −Ψ(x)

Γ(x)
.
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Plugging Eq. (4.8) into Eq. (4.7), and using Eq. (4.2) again, we derive that

DKL(W∥W̃ ) = log
Zv0,Ã
Zv0,A

+
∑
e∈E

(ae − ãe)
(
− log 2 + Ψ(ae)−

∑
v∈e

1

2
Ψ
(1
2
(av + 1− 1v=v0)

))
= log

(
2
∑

e∈E ae

2
∑

e∈E ãe
·

∏
e∈E Γ(ãe)∏

v∈V Γ(1
2
(ãv + 1− 1v=v0))

·
∏

v∈V Γ(1
2
(av + 1− 1v=v0))∏
e∈E Γ(ae)

)
+
∑
e∈E

(ae − ãe)
(
− log 2 + Ψ(ae)−

∑
v∈e

1

2
Ψ
(1
2
(av + 1− 1v=v0)

))
=
∑
e∈E

(ae − ãe) log 2 +
∑
v∈V

log
Γ(1

2
(av + 1− 1v=v0))

Γ(1
2
(ãv + 1− 1v=v0))

+
∑
e∈E

log
Γ(ãe)

Γ(ae)

+
∑
e∈E

(ae − ãe)
(
− log 2 + Ψ(ae)−

∑
v∈e

1

2
Ψ
(1
2
(av + 1− 1v=v0)

))
. (4.9)

We now construct the following instance. Fix a specific edge ẽ ∈ E that is not incident
with v0 and consider a connected d-regular graph with vertex set V = [n] together with
weights ae = 1, ∀e ∈ E and ãe = 1 + ϵ1(e = ẽ), ∀e ∈ E. We want to test the hypothesis
H0 : L0 = A against H1 : L0 = Ã. We clearly have d(A, Ã) = ϵ. However, by plugging the
values into Eq. (4.9), it is not hard to compute that

DKL(W∥W̃ ) =− ϵ log 2 + 2 log
Γ(d+1

2
)

Γ(d+1
2

+ ϵ
2
)
+ log Γ(1 + ϵ) + ϵ

(
log 2−Ψ(1) + Ψ

(d+ 1

2

))
=− 2 log Γ

(d+ 1

2
+
ϵ

2

)
+ 2 log Γ

(d+ 1

2

)
+ log Γ(1 + ϵ) + γϵ+Ψ

(d+ 1

2

)
ϵ.

Here we used the fact that Γ(1) = 1 and Ψ(1) = −γ, where γ ≈ 0.577 is the Euler
constant. Using the Taylor expansion, it’s not hard to see that log Γ(1 + ϵ) = −γϵ +
1
2
Ψ′(1)ϵ2 +O(ϵ3), and

log Γ
(d+ 1

2
+
ϵ

2

)
= log Γ

(d+ 1

2

)
+Ψ

(d+ 1

2

) ϵ
2
+

1

2
Ψ′
(d+ 1

2

)ϵ2
4
+O(ϵ3).

Using these Taylor approximations, we can compute that

DKL(W∥W̃ ) =

(
2Ψ′(1)−Ψ′

(
d+ 1

2

))
ϵ2

4
+O(ϵ3).

Since Ψ′ is positive on (0,∞) and strictly decreasing, we have 2Ψ′(1) > 2Ψ′(1)−Ψ′(d+1
2
) >

Ψ′(1) > 0 whenever d ≥ 2. This means that DKL(W∥W̃ ) = O(ϵ2). By the previous
discussion and Pinsker’s inequality, we know that any testing algorithm will have test error
≥ E∗ = 1

2
− O(ϵ), which would be close to 1

2
when ϵ is a small constant. Therefore, for any

small enough constant ϵ > 0, there exists an instance where d(A, Ã) ≥ ϵ, but any testing
algorithm will have performance close to random guessing in terms of distinguishing whether
H0 or H1 is true if only given a single trajectory, even if it is infinitely long.
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Remark 4.2.0.1 (Positive-integer-valued edge weights). A special case would be the scenario
when all the initial edge weights are positive integers within some fixed range {a, a+1, · · · , a−
1, a} for some a < a both in N+. In this case, since there are only (a − a + 1)|E| possible
choices of initial edge weights A, one may expect to pin it down given enough samples.

However, essentially the same analysis as above can be used to conclude that a single
trajectory would not be enough in this case either. To see this, note that for any two different
initial weights A, Ã in this case, the optimal testing error is E∗ = 1

2
(1 − dTV(X

T
0 , X̃

T
0 )) ≥

1
2
(1 − dTV(W, W̃ )), where we used data-processing inequality for total variation distance in

the second step. According to the magic formula Eq. (4.1), dTV(W, W̃ ) is going to be some
positive quantity bounded away from 1, because dµv0,A(w−e0) and dµv0,Ã(w−e0) share the same
support and each has a positive continuous density. Therefore, E∗ will be bounded away from
0 and a single infinitely long trajectory will not be able to drive the testing error to 0. □

This suggests that we have to use multiple trajectories if we want to recover the param-
eters A. Based on the coupling with RWRE, we will explore the following natural two-level
learning algorithm:

• From the independent trajectories {X(0)}T0 , · · · , {X(K)}T0 , we construct estimators, de-
noted as Ŵ (1), · · · , Ŵ (K), for the corresponding random environmentsW (1), · · · ,W (K);

• Interpret the estimates Ŵ (1), · · · , Ŵ (K) as approximately i.i.d. samples from the mixing
measure dµv0,A, and recover A from these approximate samples.

To make the algorithm work, we need T large enough so we can estimateW ’s well enough.
At the same time, we also need K large enough so we can then estimate A well enough.
Informally speaking, the above algorithm follows from the philosophy that A→ W → XT

0 is
a Markov chain, so any information we can infer about A from XT

0 is essentially contained
in the information that we know about W from XT

0 . Hence, inferring W given XT
0 first

and then inferring A from W gives a natural algorithm framework for our purpose. The
algorithm we are going to present has a more intricate design than the outlined scheme, but
its core concept still centers on leveraging the random environment inherent in ERRW.

The maximum likelihood estimator

Before discussing our algorithm, we deviate a bit to consider the following maximum like-
lihood estimator and see why it may be difficult to make it work.2 Given K trajectories
{X(k)T0 : k ∈ [K]}, let’s denote the number of undirected edge crossings in the trajectory
k ∈ [K] as {Me(k), e ∈ E}. In other words, we haveMe(k) := LeT (k)−Le0, for any e ∈ E and

2We do not exclude the possibility of using this method in practice. It could still perform well on
empirical data despite dismal performance in the worst case, and many local optimization algorithms like
gradient descent are very efficient.
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k ∈ [K]. For every k ∈ [K] let {Nv(k), v ∈ V } denote the number of outgoing transitions
from vertex v (note that we have

∑
v∈V Nv(k) = T for all k ∈ [K]). Then we have

Pv0,Aerrw(X(k)T0 = x(k)T0 , ∀k ≤ K) =
K∏
k=1

∏
e∈E
∏me(k)−1

i=0 (ae + i)∏nv0 (k)−1

i=0 (av0 + 2i)
∏

v∈V \{v0}
∏nv(k)−1

i=0 (av + 2i+ 1)
.

This is rigorously proved as Lemma 3.5 in [61]. A natural estimator can be obtained
via finding the optimal (a∗e, e ∈ E) that maximizes the log-likelihood. However, finding this
optimizer can be computationally hard, as this log-likelihood function is non-concave in the
parameters {ae : e ∈ E} in general.

4.3 Estimation via a generalized moment method

To recover A, let’s construct some statistics to help the estimation procedure. Note that, by
the magic formula, fixing a special vertex v0 ∈ V and a special edge e0 ∈ E that is incident
with v0, we know that

dµv0,A(w−e0) = Z−1
v0,A

·
w

1
2
v0

∏
e∈E w

ae−1
e∏

v∈V w
1
2
(av+1)

v

√∑
T∈T

∏
e∈T

we dw−e0 ,

with the normalizing factor Zv0,A given as in Eq. (4.2). Recall that in this formula we have
we0 = 1.

Without loss of generality, we can assume that the random walk starts at a vertex v0
that’s of degree deg(v0) ≥ 2.3 Denote the transition matrix induced by the random weights

W by (Pij)i,j∈V . Thus Pij =
Wij

Wi
for any i, j ∈ V . Note that Pij is thought of as a random

variable.
Define the matrix U by

Uij :=

{
PijPji, if e = {i, j} ∈ E,

0, if i ≁ j.
(4.10)

Note that Uij = Uji when i ∼ j, so we can write this common value as Ue, where e = {i, j} ∈
E. We remark that similar quantities are also studied and used in [81] (e.g., Equation (6))
to prove the magic formula. We claim that we then have the following moment formulas
involving Ev0,Aerrw(

√
Ue), Ev0,Aerrw(Ue), etc.

3The case where we start from a degree-one node v0 with initial weights A is equivalent to the case where
we start from the unique neighbor of v0 with initial weights A′ that differ from A only by 1 at the unique
edge that v0 is incident with.
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Lemma 4.3.1 (Moment formulas). Consider an ERRW on a connected graph G = (V,E).
Given a vertex v0 ∈ V with degree deg(v0) ≥ 2 and initial edge weights A ∈ RE

++, we
sample a random environment W according to the mixing measure in Eq. (4.1). Denote by
P = (Pij)i,j∈V the random transition matrix induced by the random conductances W . Let
Ue := PijPji for any e = {i, j} ∈ E. Then we have

Ev0,Aerrw(
√
Ue) =

ae
2

·
Γ(1

2
(ai + 1− 1i=v0))Γ(

1
2
(aj + 1− 1j=v0))

Γ(1
2
(ai + 2− 1i=v0))Γ(

1
2
(aj + 2− 1j=v0))

, ∀e = {i, j} ∈ E;

Ev0,Aerrw(Ue) =
ae(ae + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
, ∀e = {i, j} ∈ E;

Ev0,Aerrw(U
2
e ) =

ae(ae + 1)(ae + 2)(ae + 3)

(ai + 1− 1i=v0)(ai + 3− 1i=v0)(aj + 1− 1j=v0)(aj + 3− 1j=v0)
,

∀e = {i, j} ∈ E;

Ev0,Aerrw(UeUe′) =
ae(ae + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
· ae′(ae′ + 1)

(ak + 1− 1k=v0)(al + 1− 1l=v0)
,

∀e = {i, j}, e′ = {k, l} ∈ E;

Ev0,Aerrw(UeUe′) =
ae(ae + 1)ae′(ae′ + 1)

(ai + 1− 1i=v0)(ak + 1− 1k=v0)(aj + 1− 1j=v0)(aj + 3− 1j=v0)
,

∀e = {i, j}, e′ = {j, k} ∈ E.

Here Γ(x),∀x > 0 is the Gamma function, and in the conditions above we assume that
i, j, k, l are mutually distinct vertices.

Proof. Consider some edge e′ = {i, j}, we know that
√
PijPji =

We′√
WiWj

, and

Ev0,Aerrw(
√
Ue′) =

∫
we′√
wiwj

dµv0,A(w) = Z−1
v0,A

∫
w

1
2
v0

∏
e∈E w

a′e−1
e∏

v∈V w
1
2
(a′v+1)

v

√∑
T∈T

∏
e∈T

we dw−e0 . (4.11)

In the above equation, we let a′e := ae+1(e = e′), ∀e ∈ E. From Eq. (4.2), we know that

∫
w

1
2
v0

∏
e∈E w

a′e−1
e∏

v∈V w
1
2
(a′v+1)

v

√∑
T∈T

∏
e∈T

we dw−e0 = Zv0,A′ ,
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hence we conclude that

Ev0,Aerrw(
√
Ue′) =

Zv0,A′

Zv0,A
=

2
∑

e∈E ae

2
∑

e∈E a
′
e
·
∏

v∈V Γ(1
2
(av + 1− 1v=v0))∏
e∈E Γ(ae)

·
∏

e∈E Γ(a′e)∏
v∈V Γ(1

2
(a′v + 1− 1v=v0))

= 2
∑

e∈E(ae−a′e) ·
∏

v∈V Γ(1
2
(av + 1− 1v=v0))

∏
e∈E Γ(a′e)∏

v∈V Γ(1
2
(a′v + 1− 1v=v0))

∏
e∈E Γ(ae)

=
1

2
·
Γ(1

2
(ai + 1− 1i=v0))Γ(

1
2
(aj + 1− 1j=v0))

Γ(1
2
(ai + 2− 1i=v0))Γ(

1
2
(aj + 2− 1j=v0))

· Γ(ae
′ + 1)

Γ(ae′)

=
ae′

2
·
Γ(1

2
(ai + 1− 1i=v0))Γ(

1
2
(aj + 1− 1j=v0))

Γ(1
2
(ai + 2− 1i=v0))Γ(

1
2
(aj + 2− 1j=v0))

. (4.12)

In the second equality above, we used Eq. (4.2) again. This proves the first equation in
Lemma 4.3.1. Similarly, we also have

Ev0,Aerrw(Ue′) =

∫
w2
e′

wiwj
dµv0,A(w) =

Zv0,A′′

Zv0,A
.

Here a′′e = ae + 2 · 1(e = e′), ∀e ∈ E. We can then use Eq. (4.2) to conclude that

Ev0,Aerrw(Ue′) =
1

4
·
Γ(1

2
(ai + 1− 1i=v0))Γ(

1
2
(aj + 1− 1j=v0))

Γ(1
2
(ai + 3− 1i=v0))Γ(

1
2
(aj + 3− 1j=v0))

· Γ(ae
′ + 2)

Γ(ae′)

=
1

4
· 1

1
2
(ai + 1− 1i=v0) · 1

2
(aj + 1− 1j=v0)

· ae′(ae′ + 1)

=
ae′(ae′ + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
. (4.13)

Here we used the fact that Γ(x+1)
Γ(x)

= x for all x > 0. This proves the second equation in
the lemma.

Now let us fix any two edges e′ = {i, j}, e′′ = {k, l} ∈ E s.t. |e′ ∩ e′′| = 0, and consider
the random variable Ue′Ue′′ . Since |e′ ∩ e′′| = 0, it’s straightforward to compute that

Ev0,Aerrw(Ue′Ue′′) =

∫
w2
e′

wiwj
· w

2
e′′

wkwl
dµv0,A(w) =

Zv0,A(3)

Zv0,A

=
1

4

Γ(1
2
(ai + 1− 1i=v0))Γ(

1
2
(aj + 1− 1j=v0))

Γ(1
2
(ai + 3− 1i=v0))Γ(

1
2
(aj + 3− 1j=v0))

· Γ(ae
′ + 2)

Γ(ae′)

· 1
4

Γ(1
2
(ak + 1− 1k=v0))Γ(

1
2
(al + 1− 1i=v0))

Γ(1
2
(ak + 3− 1i=v0))Γ(

1
2
(al + 3− 1j=v0))

· Γ(ae
′′ + 2)

Γ(ae′′)

=
ae′(ae′ + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
· ae′′(ae′′ + 1)

(ak + 1− 1k=v0)(al + 1− 1l=v0)
. (4.14)
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The intermediate steps are fairly similar to those in Eq. (4.11) and Eq. (4.12), while we

have a
(3)
e = ae+2 ·1(e = e′)+2 ·1(e = e′′) here. On the other hand, if e′ = {i, j}, e′′ = {j, k}

for i ̸= k, i.e., |e ∩ e′| = 1, then

Ev0,Aerrw(Ue′Ue′′) =

∫
w2
e′

wiwj
· w2

e′′

wjwk
dµv0,A(w)

=

∫
w2
e′w

2
e′′

wiw2
jwk

dµv0,A(w) =
Zv0,A(3)

Zv0,A

=
1

16

Γ(1
2
(ai + 1− 1i=v0))Γ(

1
2
(ak + 1− 1k=v0))

Γ(1
2
(ai + 3− 1i=v0))Γ(

1
2
(ak + 3− 1k=v0))

·
Γ(1

2
(aj + 1− 1j=v0))

Γ(1
2
(aj + 5− 1j=v0))

· Γ(ae
′ + 2)

Γ(ae′)
· Γ(ae

′′ + 2)

Γ(ae′′)

=
ae′(ae′ + 1)ae′′(ae′′ + 1)

(ai + 1− 1i=v0)(ak + 1− 1k=v0)(aj + 1− 1j=v0)(aj + 3− 1j=v0)
. (4.15)

Notice that since e′ and e′′ have an intersection, so we have a
(3)
j = aj + 4 in this case,

compared to the previous scenario.
Similarly, we can compute Ev0,Aerrw(U

2
e′) as

Ev0,Aerrw(U
2
e′) =

∫
w4
e′

w2
iw

2
j

dµv0,A(w)

=
1

16

Γ(1
2
(ai + 1− 1i=v0))Γ(

1
2
(aj + 1− 1j=v0))

Γ(1
2
(ai + 5− 1i=v0))Γ(

1
2
(aj + 5− 1j=v0))

· Γ(ae
′ + 4)

Γ(ae′)

=
ae′(ae′ + 1)(ae′ + 2)(ae′ + 3)

(ai + 1− 1i=v0)(ai + 3− 1i=v0)(aj + 1− 1j=v0)(aj + 3− 1j=v0)
. (4.16)

The intermediate steps are again similar to those in Eq. (4.11) and Eq. (4.12).

If we could obtain estimates for each Ev0,Aerrw(Ue), e ∈ E, from multiple trajectories of the
reinforced random walk, then we can try to solve the set of equations

Ev0,Aerrw(Ue) =
ae(ae + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
, ∀e = {i, j} ∈ E,

av =
∑
e:v∈e

ae, ∀v ∈ V.

with Ev0,Aerrw(Ue) substituted for by our estimate for it. However, it is non-trivial to solve for the
initial weights A directly from this set of equations. But from these equations, we know that
if we can approximate the value (ai+1−1i=v0)(aj+1−1j=v0)Ev0,Aerrw(Ue), for e = {i, j}, within
multiplicative factor (1±ϵ), then we can approximate ae(ae+1) within the same multiplicative
factor, and moreover, we should be able to recover ae up to multiplicative error (1± ϵ) since
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(1 − ϵ)x(x + 1) ≤ x̂(x̂ + 1) ≤ (1 + ϵ)x(x + 1), x, x̂ > 0 implies x̂ ∈ (1 ± ϵ)x.4 To estimate
terms like (ai + 1− 1i=v0)(aj + 1− 1j=v0)Ev0,Aerrw(Ue), for e = {i, j}, up to some multiplicative
error, it suffices to approximate {Ev0,Aerrw(Ue), ∀e ∈ E} and {oi := ai+1− 1i=v0 , ∀i ∈ V } up to
some multiplicative error ϵ respectively.

Consider two edges e = {i, j}, e′ = {j, k} such that i ̸= k. Recall that by Eq. (4.13) we
have

Ev0,Aerrw(Ue) =
ae(ae + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
, Ev0,Aerrw(Ue′) =

ae′(ae′ + 1)

(aj + 1− 1j=v0)(ak + 1− 1k=v0)
.

Using these in Eq. (4.15), we obtain

Ev0,Aerrw(UeUe′) = Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′) ·
aj + 1− 1j=v0
aj + 3− 1j=v0

= Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′) ·
oj

oj + 2
,

where we recall that we defined oj := aj + 1 − 1j=v0 . This equation indicates that we can
estimate oj’s via estimating the second moment Ve,e′ := Ev0,Aerrw(UeUe′) and the first moments
Ev0,Aerrw(Ue), Ev0,Aerrw(Ue′). Specifically, ∀e, e′ ∈ E, if e and e′ intersect at one vertex j, then

oj =
2Ev0,Aerrw(UeUe′)

Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′)− Ev0,Aerrw(UeUe′)
. (4.17)

From the moment formulas in Lemma 4.3.1, one can see that Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′) ≥
Ev0,Aerrw(UeUe′), i.e., Ue and Ue′ are strictly negatively correlated. Therefore, we would like to
approximate Ev0,Aerrw(UeUe′) and Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′) − Ev0,Aerrw(UeUe′) up to multiplicative error
ϵ in order to approximate oj up to multiplicative error 2ϵ. This procedure can be used to
estimate oj for any vertex j with deg(j) ≥ 2, since in this case, we can find two distinct
edges that are incident at j. 5

On the other hand, for any vertex j of degree one and the only edge incident with it,
e = {i, j}, we have

Ev0,Aerrw(Ue) =
ae(ae + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
=
aj(aj + 1)

oi(aj + 1)
=
aj
oi
.

Here we used aj = ae since e is the only edge that incident with j. We also used the fact
that j ̸= v0 since deg(j) = 1 while deg(v0) ≥ 2 by assumption. Therefore, if we can estimate
Ev0,Aerrw(Ue) and oi, we can then estimate oj = aj + 1 via

oj = aj + 1− 1j=v0 = aj + 1 = oiEv0,Aerrw(Ue) + 1. (4.18)

4Note that if 0 < x̂ < (1− ϵ)x, then x̂2+ x̂ < (1− ϵ)2x2+(1− ϵ)x < (1− ϵ)x2+(1− ϵ)x, a contradiction.
Similarly, if x̂ > (1+ ϵ)x, then x̂2+ x̂ > (1+ ϵ)2x+(1+ ϵ)x > (1+ ϵ)x2+(1+ ϵ)x, a contradiction. Therefore,
we must have x̂ ∈ (1± ϵ)x.

5In our algorithm, we used an arbitrary pair of such e, e′ to construct an estimator for oj . We remark
that one can incorporate more pairs of e, e′ ∈ E that intersect at j to possibly design a better estimator for
oj .
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Since vertex i must have degree deg(i) ≥ 2 given that deg(j) = 1 (else the graph has only
a single edge and is not of interest), we can indeed estimate oi via the procedure discussed
above.

Fix some small constant ϵ ∈ (0, 1). Assume that for any e ∈ E, we can obtain an ϵ-
multiplicative estimator for Ev0,Aerrw(Ue), denoted as Ûe. Also assume that for any e, e′ ∈ E
such that |e ∩ e′| = 1 we can obtain an ϵ-multiplicative estimator for Ev0,Aerrw(UeUe′) as V̂e,e′ ,
and an ϵ-multiplicative estimator for ∆e,e′ := Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′) − Ev0,Aerrw(UeUe′) denoted as

∆̂e,e′ . We can then estimate the initial weights (ae, e ∈ E) via the following procedure.

Algorithm 1 Estimation via generalized moments

Require: Estimators {Ûe, e ∈ E} and {V̂e,e′ , e, e′ ∈ E}, {∆̂e,e′ , e, e
′ ∈ E};

1: For every node i ∈ V with deg(i) ≥ 2, choose two edges e, e′ that are incident at i. Plug
in estimators of Ev0,Aerrw(UeUe′) and Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′) − Ev0,Aerrw(UeUe′) into Eq. (4.17) to
obtain an estimator for oi as:

ôi =
2V̂e,e′

∆̂e,e′
. (4.19)

2: For every node j ∈ V with deg(j) = 1, let the only edge that is incident with j be
e = {i, j}. Plug in estimators of Ev0,Aerrw(Ue), and oi (obtained in step 1, since i should
have degree at least 2) into Eq. (4.18) to obtain an estimator for oj as:

ôj = ôiÛe + 1. (4.20)

3: For every edge e = {i, j} ∈ E, obtain an estimator for ae by solving the equation

x(x+ 1) = ôiôjÛe. (4.21)

Take the unique positive solution as the estimator for ae:

âe = −1

2
+

√
1

4
+ ôiôjÛe. (4.22)

We note that ∆̂e,e′ is essentially an estimator for the covariance cov(Ue, Ue′), albeit with a

sign flip. Assuming that the estimators Ûe and ôi, ôj are all positive (as will be evident from
Algorithm 2), Eq. (4.21) is expected to yield one positive solution and one negative solution.
Here, we will consider only the positive solution. In the next section, we will see how one
can estimate the moments that we used to construct the above procedure. Specifically, we
will give estimators {Ûe, e ∈ E}, {V̂e,e′ , e, e′ ∈ E}, and {∆̂e,e′ , e, e

′ ∈ E} that entry-wise
approximate the corresponding quantities up to some small multiplicative error, and which
will be seen to satisfy the positivity requirement.
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Estimating the Moments

Let’s now consider the problem of estimating the following moments:

i. Ev0,Aerrw(Ue), ∀e ∈ E;

ii. Ev0,Aerrw(UeUe′), ∀e, e′ ∈ E s.t. |e ∩ e′| = 1;

iii. Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′)− Ev0,Aerrw(UeUe′), ∀e, e′ ∈ E s.t. |e ∩ e′| = 1.

Recall that we are given K independent trajectories {X(k)
t |0 ≤ t ≤ T, 1 ≤ k ≤ K} from

Pv0,Aerrw . Via coupling with RWRE, we denote the random conductance corresponding to the
k-th trajectory as W (k), and the corresponding transition matrix (also a random variable) as
P (k). Let Nij(k) denote the number of directed edge crossings over the edge e = {i, j}, from
i to j, in the k-th trajectory. For any m ≥ 1, let Hij(k;m) represent the number of such
transitions among the firstm outgoing transitions from i in the k-th trajectory. Additionally,
let Ni(k) denote the total number of outgoing transitions from i in the k-th trajectory. A
natural estimator for P (k) is the simple counting-based estimator:

P̂
(k)
ij :=


Hij(k;m)

m
, if Ni(k) ≥ m and i ∼ j;

1
deg(i)

, if Ni(k) < m and i ∼ j;

0, otherwise.

∀i, j ∈ V. (4.23)

Note that P̂
(k)
ij depends on the choice of m ≥ 1, but this dependency has been suppressed

from the notation for readability. Similarly, a natural estimator for U (k) is then

Û
(k)
ij :=

{
P̂

(k)
ij P̂

(k)
ji , ∀i, j ∈ V s.t. i ∼ j,

0, if i ≁ j.
(4.24)

Note that Û
(k)
ij also depends on the choice of m ≥ 1. Also, since Û

(k)
ij = Û

(k)
ji for all i ∼ j, we

can write this common value as Û
(k)
e , where e = {i, j} = {j, i}.

For any e ∈ E, we can average over all {Û (k)
e , 1 ≤ k ≤ K} to obtain an estimator for

Ev0,Aerrw(Ue). We summarize the estimation procedure as follows.

Algorithm 2 Estimating the moments

Require: The trajectories {X(k)T0 , 1 ≤ k ≤ K} and the parameter m ≥ 1;
1: For each trajectory, compute the local times and the corresponding estimator P̂ (k) ac-

cording to Eq. (4.23), as well as the empirical U -matrix Û (k) according to Eq. (4.24);
2: Compute the average empirical U-matrix as

Ûij := K−1

K∑
k=1

Û
(k)
ij ∀{i, j} ∈ E; (4.25)
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Note that since Ûij = Ûji for all i ∼ j, we can write this common value as Ûe, where
e = {i, j} = {j, i}.

3: For any e, e′ ∈ E s.t. |e ∩ e′| = 1, compute

V̂e,e′ := K−1

K∑
k=1

Û (k)
e Û

(k)
e′ , (4.26)

as well as

∆̂e,e′ :=

{
ÛeÛe′ − V̂e,e′ , if ÛeÛe′ > V̂e,e′ ;

1, otherwise.
(4.27)

Note that each Û
(k)
e , Ûe, V̂e,e′ , and ∆̂e,e′ depends on the choice of m ≥ 1.

Given the above two procedures, the overall estimation scheme is just chaining them
together by feeding the outputs of Algorithm 2 to Algorithm 1.6 We denote the average U -
matrix as U = K−1

∑K
k=1 U

(k). (Here the matrix U (k) is defined as in Eq. (4.10).) Informally,

for any e ∈ E, we expect U e to converge in probability to Ev0,AERRW(Ue) as K → ∞. Similarly,

we anticipate Ûe → U e in probability as T → ∞ and m → ∞ with m being sufficiently
smaller than T that the probability of having made at least m transitions out of every
vertex approaches 1 for any fixed trajectory. Consequently, as K,T,m→ ∞, it is natural to
expect that Ûe converges to Ev0,AERRW(Ue) in probability. A non-asymptotic sample complexity
analysis is provided in the next section.

4.4 Non-asymptotic analysis

To obtain non-asymptotic bounds on sample complexity, it is essential to deepen our un-
derstanding of the random conductance associated with ERRWs. In particular, leveraging a
“lifted” magic formula that links the random conductance to the so-called hyperbolic Gaus-
sian densities allows us to derive tighter bounds on the cover time of the graph and hence
yields a sample complexity bound for our estimation problem. The analysis of the cover
time is needed to understand how big we can choose the parameter m as T grows.

The observation we exploit is that, given a connected simple graph G = (V,E), and initial
edge local times A = (ae)e∈E, ERRW starting from node v0 is equivalent in distribution to
the simple random walk with random conductance Q determined by the following process:

1. Generate independent βe ∼ Gamma(ae, 1) for each edge e ∈ E.

6In the analysis later, we use the fact that the probability of {∃ e, e′ ∈ E, |e ∩ e′| = 1, ÛeÛe′ ≤ V̂e,e′} is
eventually smaller than the confidence level δ that we chose (when the parameters K, T , and m are large
enough). So letting ∆̂e,e′ = 1 here is simply a placeholder for an error event.
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2. Given (βe)e∈E, fixing ϕv0 = 0, generate {ϕi : i ̸= v0} according to the following
hyperbolic Gaussian density:

pβ(ϕ) =
1

(2π)(n−1)/2
e−

∑
e={i,j}∈E βe(cosh(ϕi−ϕj)−1)e−

∑
i∈V \{v0}

ϕi

√∑
T∈T

∏
e={i,j}∈T

βeeϕi+ϕj .

(4.28)

3. Perform a simple random walk with initial weights

Qe := βee
ϕi+ϕj , ∀e = {i, j} ∈ E.

We remark that Q is related to the random environment W (Eq. (4.1)) in the sense that
{Qe/Qe0 : e ∈ E} will be equal in distribution to {We : e ∈ E}, as is proven in Section 5
of [92]. Since multiplying all conductances by a common positive scalar does not change the
transition matrix, Q and W induce the same law for the random transition matrix P .

To distinguish the measure on Q from that on W , we use νv0,A to denote the measure on
Q. Note that there is no need to choose any edge e0 incident on v0 in the definition of νv0,A.

The process above directly reflects the probabilistic essence of Theorem 1 and Theorem 2
in [92]. 7 It offers an alternative perspective on the mixing measure, uncovering the indepen-
dent Gamma field (which we dub the β-field) and the hyperbolic Gaussian field (which we
dub the ϕ-field) embedded within the mixing measure. This perspective, highlighting both
the independence and the (hyperbolic) Gaussian nature, provides a more effective approach
to bounding the fluctuations of the random conductance.

In this subsection, let Q represent the random environment coupled with the ERRW. We
assume that β and ϕ are also naturally coupled with Q and the ERRW, consistent with the
process described above.

Before proceeding with the analysis, we introduce the standard notations O, Ω, and Θ
to describe growth rates of functions:

1. f(x) = O(g(x)): f(x) ≤ c ·g(x) for constants c > 0, x ≥ x0 (asymptotic upper bound);

2. f(x) = Ω(g(x)): f(x) ≥ c · g(x) for constants c > 0, x ≥ x0 (asymptotic lower bound);

3. f(x) = Θ(g(x)): c1 · g(x) ≤ f(x) ≤ c2 · g(x) for c1, c2 > 0, x ≥ x0 (tight asymptotic
bound up to constant factors).

Hyperbolic Gaussian measure on a tree

We begin by studying the supremum of the absolute value of the ϕ-field on a tree. Studying
a tree serves as a simple case that illustrates the core idea needed in the case of general

7Theorem 2 in [92] uses a normalization condition that restricts the ϕi’s to the set {ϕ :
∑

i ϕi = 0}, while
we restrict them to the set {ϕ : ϕv0 = 0}. One can deduce the formula we presented here from the one in [92]
by a simple change-of-variable.
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graphs. Consider an arbitrary orientation of each edge, where for any edge e = {i, j}, we
select either the directed edge #»e = (i→ j) or #»e = (j → i). Let

#»

E denote the set of directed
edges under this orientation.

Next, we define the gradient field of the ϕ-field as ∇ϕ :
#»

E → R, where for each directed
edge #»e = (i→ j) ∈ #»

E , the gradient is given by ∇ϕ( #»e ) := ϕi − ϕj. This forms an edge field

{∇ϕ( #»e ) : #»e ∈ #»

E}, which can be shown to be comprised of mutually independent random
variables when the underlying graph is a tree.8 In the following lemma and its proof, we
identify a #»e with ae, where e is the unoriented edge corresponding to #»e ∈ E. Similarly, we
define β #»e to be the same as its unoriented counterpart βe. We use {y #»e : #»e ∈ #»

E} to denote

a realization of {∇ϕ( #»e ) : #»e ∈ #»

E}.

Lemma 4.4.1 (Independence of the gradient field). Consider a tree G = (V = [n], E) with
a root v0 ∈ V , and positive edge weights given by A := (ae)e∈E. Orient all the edges towards

the root to obtain
#»

E. Let the ϕ-field on this graph be {ϕi : i ∈ V } and let the gradient field

be {∇ϕ( #»e ) : #»e ∈ #»

E}. Then the distribution of the gradient field is given by the following
product density:

p(y) =
∏
#»e ∈ #»

E

Γ
(
a #»e +

1
2

)
√
2πΓ(a #»e )

e−
1
2
y #»e (cosh(y #»e ))

−(a #»e +
1
2
), ∀y ∈ R

#»
E .

Proof. The hyperbolic Gaussian density is

pβ(ϕ) =
1

(2π)(n−1)/2
e−

∑
#»e =(i→j)∈ #»

E β #»e (cosh(ϕi−ϕj)−1)e−
∑

i∈V \{v0}
ϕi

∏
#»e=(i→j)∈ #»

E

β
1
2
#»e e

1
2
(ϕi+ϕj)

=
1

(2π)(n−1)/2

∏
#»e=(i→j)∈ #»

E

e−β
#»e (cosh(ϕi−ϕj)−1) · e−ϕi · β

1
2
#»e e

1
2
(ϕi+ϕj)

=
∏

#»e=(i→j)∈ #»
E

√
β #»e

2π
e−β

#»e (cosh(ϕi−ϕj)−1)e
1
2
(ϕj−ϕi).

In the second step above, we used the fact that e−
∑

i∈V \{v0}
ϕi =

∏
#»e=(i→j)∈ #»

E e
−ϕi .

Using the change of variables y #»e = ∇ϕ( #»e ) = ϕi − ϕj, we obtain∏
#»e ∈ #»

E

dy #»e =
∏
i̸=v0

dϕi.

This leads to the following expression for the probability density in the new variables:

pβ(y) =
∏
#»e ∈ #»

E

√
β #»e

2π
e−β

#»e (cosh(y #»e )−1)e−
1
2
y #»e .

8Readers familiar with the Gaussian Free Field (GFF) may recognize similarities to the gradient-GFF
on a tree; the gradient components of GFF on a tree are also independent.
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Integrating out the independent Gamma field {β #»e : #»e ∈ #»

E}, with b #»e denoting the
realization of β #»e , we have

p(y) =

∫
Rn−1
+

( ∏
#»e ∈ #»

E

√
b #»e

2π
e−b

#»e (cosh(y #»e )−1)e−
1
2
y #»e

) ∏
#»e ∈ #»

E

1

Γ(a #»e )
ba

#»e −1
#»e e−b

#»e db #»e

=
∏
#»e ∈ #»

E

(∫
R+

1√
2πΓ(a #»e )

e−
1
2
y #»e e−b

#»e cosh(y #»e ) b
a #»e − 1

2
#»e db #»e

)

=
∏
#»e ∈ #»

E

Γ
(
a #»e +

1
2

)
√
2πΓ(a #»e )

e−
1
2
y #»e (cosh(y #»e ))

−(a #»e +
1
2
).

In the last step above, we used the so-called Gamma integral identity:∫
R+

θθ12
Γ(θ1)

xθ1−1e−θ2xdx = 1, ∀θ1, θ2 > 0, (4.29)

setting x = b #»e , θ1 = a #»e +
1
2
, θ2 = cosh(y #»e ). This concludes the proof.

Using this characterization, it is not hard to get upper bounds on sup #»e ∈ #»
E |∇ϕ( #»e )| and

supi∈V |ϕi|.

Lemma 4.4.2 (Upper bounds on sup #»e ∈ #»
E |∇ϕ( #»e )| and supi∈V |ϕi| ). In the same setting as

Lemma 4.4.1, in particular that the graph is a tree, assume that a ≤ mine∈E ae ≤ maxe∈E ae ≤
a for some positive constants a, a. For any c > 0, we have

Pv0,Aerrw

(
sup
#»e ∈ #»

E

|∇ϕ( #»e )| ≥ 2(c+ a+ 3)

a
n

)
≤ Pv0,Aerrw

(∑
#»e ∈ #»

E

|∇ϕ( #»e )| ≥ 2(c+ a+ 3)

a
n

)
≤ e−cn.

In particular, we also have Pv0,Aerrw

(
supi∈V |ϕi| ≥ 2(c+a+3)

a
n

)
≤ e−cn.

Proof. Using Lemma 4.4.1, we know that for any λ such that λ #»e < a #»e for all #»e ∈ #»

E ,∫
R

#»
E
+

e
∑

#»e ∈ #»
E λ #»e |y #»e |p(y)dy =

∫
R

#»
E

∏
#»e ∈ #»

E

(
Γ
(
a #»e +

1
2

)
√
2πΓ(a #»e )

e−
1
2
y #»e +λ #»e |y #»e |(cosh(y #»e ))

−(a #»e +
1
2
)

)
dy #»e

=
∏
#»e ∈ #»

E

∫ ∞

−∞

(
Γ
(
a #»e +

1
2

)
√
2πΓ(a #»e )

e−
1
2
y #»e +λ #»e |y #»e |(cosh(y #»e ))

−(a #»e +
1
2
)

)
dy #»e

=
∏
#»e ∈ #»

E

∫ ∞

−∞

(
Γ
(
a #»e +

1
2

)
√
πΓ(a #»e )

(
e−y #»e

ey #»e + e−y #»e

) 1
2
(

2

ey #»e + e−y #»e

)a #»e

eλ
#»e |y #»e |

)
dy #»e .
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Using the inequalities e−y #»e

ey #»e +e−y #»e
< 1 and e|y #»e | < ey #»e + e−y #»e , we obtain∫ ∞

0

e
∑

#»e ∈ #»
E λ #»e |y #»e |p(y)dy ≤

∏
#»e ∈ #»

E

∫ ∞

−∞

(
Γ
(
a #»e +

1
2

)
√
πΓ(a #»e )

(
2

e|y #»e |

)a #»e

eλ
#»e |y #»e |

)
dy #»e

=
∏
#»e ∈ #»

E

∫ ∞

0

(
Γ
(
a #»e +

1
2

)
√
πΓ(a #»e )

2a
#»e +1e−(a #»e −λ #»e )y #»e

)
dy #»e

=
∏
#»e ∈ #»

E

Γ
(
a #»e +

1
2

)
√
πΓ(a #»e )

2a
#»e +1 1

a #»e − λ #»e

.

Here, we used the symmetry of the integrand (which is an even function) in the second
step. Using the inequality Γ(a #»e +

1
2
) ≤ 2

√
πΓ(a #»e + 1) for all a #»e ≥ 0, 9 we conclude that

Ev0,Aerrw

(
e
∑

#»e λ #»e |∇ϕ( #»e )|) ≤ ∏
#»e ∈ #»

E

2a
#»e +2 a #»e

a #»e − λ #»e

.

Thus, for any 0 < θ < a, we conclude that

Ev0,Aerrw(e
θ
∑

#»e ∈ #»
E |∇ϕ( #»e )|) ≤ 2(a+2)|E|

(
a

a− θ

)|E|

.

Thus we have the following tail bound for any α > 0 and any 0 < θ < a:

Pv0,Aerrw

(∑
#»e ∈ #»

E

|∇ϕ( #»e )| ≥ α

)
≤ Ev0,Aerrw(e

θ
∑

#»e ∈ #»
E |∇ϕ( #»e )|) · e−θα ≤ 2(a+2)|E|

(
a

a− θ

)|E|

e−θα.

Take θ = a
2
. We get Pv0,Aerrw(

∑
#»e ∈ #»

E |∇ϕ( #»e )| ≥ α) ≤ 2(a+3)|E|e−aα/2 ≤ e(a+3)n−aα/2, where

we have noted that for a tree we have |E| = n− 1. For any c > 0, let α = 2(c+a+3)
a

n. Then

we have Pv0,Aerrw(
∑

#»e ∈ #»
E |∇ϕ( #»e )| ≥ α) ≤ e−cn, as claimed.

Since the graph is assumed to be a tree with the edges directed towards the root v0
and with ϕv0 = 0, the bound on

∑
#»e ∈ #»

E |∇ϕ( #»e )| immediately implies the same bound on
supi∈V |ϕi|.

Remark 4.4.2.1 (Tightness of the bound on supi∈V |ϕi|.). Consider a path that consists of
(n+ 1) vertices, let A = 1, i.e., all edges have initial local time 1. Label the left-most vertex
by v0 and the right-most vertex by vn. Denote their corresponding entries in ϕ as ϕ0 and ϕn,
respectively. Then we have ϕn = ϕn − ϕ0 =

∑
#»e ∈ #»

E y #»e .

9To see this, note that Γ(a) is decreasing for a ∈ (0, µ), where µ ≈ 1.46 with Γ(µ) ≈ 0.8856, and
is increasing for a ∈ (µ,∞). If ae ≥ µ − 1

2 , then Γ(ae + 1
2 ) ≤ Γ(ae + 1); if 0 < ae < µ − 1

2 , then
Γ(ae +

1
2 ) ≤ Γ(12 ) =

√
π, Γ(ae + 1) ≥ Γ(µ) > 1

2 , therefore Γ(ae +
1
2 ) ≤ 2

√
πΓ(ae + 1).
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Note that {y #»e : #»e ∈ #»

E} are i.i.d.. For each #»e ∈ #»

E, we have

Ev0,Aerrw(y #»e ) =

∫
R

1

2
√
2
y #»e e

− 1
2
y #»e (cosh(y #»e ))

− 3
2dy #»e ≈ −0.98.

Also, the second moment is bounded as

Ev0,Aerrw(y
2
#»e ) =

∫
R

1

2
√
2
y2#»e e

− 1
2
y #»e (cosh(y #»e ))

− 3
2dy #»e ≈ 3.00.

Then it is clear from the central limit theorem perspective that ϕn, as the summation of
n i.i.d. random variables, each with mean −0.98 and bounded variance, should be of order
−0.98n+O(

√
n) with high probability when n is large enough. Therefore supi∈V |ϕi| is indeed

Θ(n) with high probability in this example.

Hyperbolic Gaussian measure for a general graph

When the graph is not a tree, the independent structure of the gradient field that was
identified for trees no longer holds, requiring a different approach to establish bounds on
supi∈V |ϕi|. The following observation plays a crucial role.

Lemma 4.4.3 (Generating function bound). Consider a connected graph G = (V,E) with
positive edge weights A := (ae)e∈E. Fix a vertex v0 ∈ V and generate the β-field and ϕ-field

accordingly. Choose an arbitrary orientation of the edges, and let
#»

E represent the set of
directed edges, inducing the gradient field ∇ϕ. For any λ ∈ R

#»
E such that λ #»e < β #»e for all

#»e ∈ #»

E, we have

Ev0,Aerrw

(
e
∑

#»e =(i→j)∈ #»
E λ #»e (cosh(ϕi−ϕj)−1)

∣∣∣∣∣ β
)

≤ max
#»
T ∈ #»T

∏
#»e ∈ #»

T

√
β #»e

β #»e − λ #»e

. (4.30)

Here
#»

T is the notation for a spanning tree with oriented edges, and
#»T is the family of all

such oriented spanning trees. Note that
#»T is just T where the edges are oriented according

to the chosen orientation that is fixed once and for all.

The inequality in Eq. (4.30) becomes an equality if the graph is a tree.
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Proof. Note that

LHS of Eq. (4.30) =

∫
Rn−1

(2π)−
n−1
2 e

∑
#»e =(i→j)∈ #»

E λ #»e (cosh(ϕi−ϕj)−1)

· e−
∑

#»e =(i→j)∈ #»
E β #»e (cosh(ϕi−ϕj)−1)−

∑
k∈V \{v0}

ϕk

·
√∑

#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E

β #»e eϕi+ϕjdϕ−v0

=

∫
Rn−1

(2π)−
n−1
2 e−

∑
#»e =(i→j)∈ #»

E (β #»e −λ #»e )(cosh(ϕi−ϕj)−1)−
∑

k∈V \{v0}
ϕk

·
√∑

#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E

β #»e eϕi+ϕjdϕ−v0 .

Now let β′
#»e = β #»e − λ #»e for #»e ∈ #»

E . Then,

LHS of Eq. (4.30) =

∫
Rn−1

(2π)−
n−1
2 e−

∑
#»e =(i→j)∈ #»

E β′
#»e (cosh(ϕi−ϕj)−1)−

∑
k∈V \{v0}

ϕk

·
√∑

#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E

β′
#»e e

ϕi+ϕj ·

√∑
#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E β #»e eϕi+ϕj∑
#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E β
′
#»e e

ϕi+ϕj
dϕ−v0

≤
∫
Rn−1

(2π)−
n−1
2 e−

∑
#»e =(i→j)∈ #»

E β′
#»e (cosh(ϕi−ϕj)−1)−

∑
k∈V \{v0}

ϕk

·
√∑

#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E

β′
#»e e

ϕi+ϕj ·

√
max
#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E β #»e eϕi+ϕj∏
#»e=(i→j)∈ #»

E β
′
#»e e

ϕi+ϕj
dϕ−v0

= max
#»
T ∈ #»T

∏
#»e ∈ #»

T

√
β #»e

β′
#»e

(∫
Rn−1

(2π)−
n−1
2 e−

∑
#»e =(i→j)∈ #»

E β′
#»e (cosh(ϕi−ϕj)−1)−

∑
k∈V \{v0}

ϕk

·
√∑

#»
T ∈ #»T

∏
#»e=(i→j)∈ #»

E

β′
#»e e

ϕi+ϕjdϕ−v0

)

= max
#»
T ∈ #»T

∏
#»e ∈ #»

T

√
β #»e

β′
#»e

.

The inequality follows from the fact that
∑

i ai∑
i bi

≤ maxi
ai
bi
for positive sequences {ai}, {bi}.

A natural consequence is that for any i ∼ j, |ϕi − ϕj| has a sub-exponential tail, as we
now show.
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Corollary 4.4.4 (Sub-exponential tail of gradients of the ϕ-field). In the same setting as

Lemma 4.4.3, we have ∀ #»e = (i→ j) ∈ #»

E, and ∀s > 0,

Pv0,Aerrw(|ϕi − ϕj| ≥ s) ≤
√
2
(1
2
+

1

4
es
)−a #»e

≤ 22a
#»e +1e−a

#»e s.

Proof. By Lemma 4.4.3, for any λ ∈ R
#»
E such that λ #»e < β #»e for all #»e ∈ #»

E , we have

Ev0,Aerrw

(
e
∑

#»e ∈ #»
E λ #»e (cosh(ϕi−ϕj)−1)

∣∣∣∣∣ β
)

≤ max
#»
T ∈ #»T

∏
#»e ∈ #»

T

√
β #»e

β #»e − λ #»e

.

Fix any #»e = (i→ j) ∈ #»

E , and let λ #»e ′ = 0 for any #»e ′ ̸= #»e . Then,

Ev0,Aerrw

(
eλ

#»e (cosh(ϕi−ϕj)−1)

∣∣∣∣ β) ≤

√
β #»e

β #»e − λ #»e

, ∀λ #»e < β #»e .

Thus, for any α > 0,

Pv0,Aerrw(cosh(ϕi − ϕj)− 1 ≥ α | β) ≤

√
β #»e

β #»e − λ #»e

e−λ
#»e α, ∀0 ≤ λ #»e < β #»e .

Taking λ #»e = 1
2
β #»e gives

Pv0,Aerrw(cosh(ϕi − ϕj)− 1 ≥ α | β) ≤
√
2e−

1
2
β #»e α.

Integrating over β #»e ∼ Gamma(a #»e , 1), we have

Pv0,Aerrw(cosh(ϕi − ϕj)− 1 ≥ α) ≤
√
2

∫ ∞

0

1

Γ(a #»e )
e−

1
2
β #»e αβa

#»e −1
#»e e−β

#»e dβ #»e

=
√
2

1

Γ(a #»e )

∫ ∞

0

e−( 1
2
α+1)β #»e βa

#»e −1
#»e dβ #»e

=
√
2
(
1 +

1

2
α
)−a #»e

.

In the final step, we used the Gamma integral identity of Eq. (4.29) again, with θ1 =
a #»e , θ2 = 1 + 1

2
α. Since

1

2
e|ϕi−ϕj | ≤ 1

2
(eϕi−ϕj + e−(ϕi−ϕj)) = cosh(ϕi − ϕj),

it follows that

Pv0,Aerrw

(
1

2
e|ϕi−ϕj | ≥ α+ 1

)
≤ Pv0,Aerrw (cosh(ϕi − ϕj) ≥ α+ 1) ≤

√
2
(
1 +

1

2
α
)−a #»e

, ∀α > 0.
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By the change-of-variable s = log(2α + 2) ∈ (log 2,∞), this is equivalent to

Pv0,Aerrw(|ϕi − ϕj| ≥ s) ≤
√
2
(1
2
+

1

4
es
)−a #»e

, ∀s > log 2.

Note that the inequality is also true when 0 < s ≤ log 2 since the right-hand side will be
greater than 1. We can further bound the right-hand side as

√
2
(1
2
+

1

4
es
)−a #»e

≤
√
2
(1
4
es
)−a #»e

= 22a
#»e +

1
2 e−a

#»e s ≤ 22a
#»e +1e−a

#»e s.

We are now able to estimate the tail probabilities of supi∈V |ϕi| on a general graph.

Theorem 4.4.5 (Tail probabilities of supi∈V |ϕi| on a general graph). In the same setting
as Lemma 4.4.3, let diam be the diameter of the graph G. Assume that a ≤ mine∈E ae ≤
maxe∈E ae ≤ a for some positive constants a, a. For any δ ∈ (0, 1), we have

Pv0,Aerrw

(
sup
i∈V

|ϕi| ≤ diam ·
(2a+ 1

a
+

1

a
· log n

δ

))
≥ 1− δ.

Proof. Consider the graph with unit distance on each edge e ∈ E. Given any root v0 ∈ V ,
there exists a shortest-path tree Tv0 such that the distance between any vertex i ∈ V and v0
in the graph G is identical to their distance in Tv0 . Hence, the depth of the tree should be no

more than diam. Let
#»

T v0 be the oriented version of the tree such that every edge is oriented

towards the root. For any s > 0, the probability that there exists some #»e = (i→ j) ∈ #»

T v0 ,
such that |ϕi − ϕj| ≥ s is bounded as

Pv0,Aerrw(∃ #»e = (i→ j) ∈ #»

T v0 , |ϕi − ϕj| ≥ s) ≤
∑
#»e ∈ #»

T

22a
#»e +1e−a

#»e s ≤ n22a+1e−as ≤ ne2a+1−as.

(4.31)
In the first step above, we used Corollary 4.4.4 and a union bound over the edges of the tree.
Now, for any δ ∈ (0, 1), to ensure that ne2a+1−as is bounded by δ, we require

s =
2a+ 1

a
+

1

a
· log

(n
δ

)
.

Since with probability≥ 1−δ, we have ∀ #»e = (i→ j) ∈ #»

T v0 that |ϕi−ϕj| ≤ 2a+1
a

+ 1
a
·log n

δ
,

it follows that

sup
i∈V

|ϕi| ≤ diam ·
(2a+ 1

a
+

1

a
· log n

δ

)
,

with probability at least 1− δ.
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An improvement based on (ψ, β̃)-field

Given the beta field and the hyperbolic field

(β, ϕ) ∈ (0,∞)E × RV ,

together with an extra independent γ ∼ Gamma(1
2
, 1) placed at the root v0, define the vertex

field ψ = (ψi)i∈V by

ψi :=
1

2

∑
j:j∼i

βije
ϕj−ϕi (i ̸= v0), ψv0 :=

1

2

∑
j:j∼v0

βv0je
ϕj−ϕv0 + γ. (4.32)

We write B for the n × n symmetric matrix with (i, j) entry Bij = βij if {i, j} ∈ E
and Bij = 0 otherwise, and Bii = 0. Sabot-Tarres-Zeng studied the conditioned ψ-field and
proved that([93, Lemma 1])

pβ(ψ) := p(ψ | β) =
( 2
π

)n/2 e−∑
i ψi+

∑
e βe√

|2ψ −B|
· 1(2ψ −B ≻ 0), (4.33)

with conditional moment-generating function given by

E
(
e
∑

i λiψi | β
)
= exp

( ∑
e={i,j}∈E

βe(1−
√

1− λi
√
1− λj)

)∏
i∈V

1√
1− λi

, (4.34)

for any {λi | i ∈ V } such that λi < 1 for all i ∈ V .
We also define the normalized edge weights β̃ = (β̃e)e∈E by

β̃ij :=
βij√
ψiψj

({i, j} ∈ E). (4.35)

Equivalently, βij = β̃ij
√
ψiψj for all edges.

When βe ∼ Gamma(ae, 1) are distributed as independent Gamma random variables, the
induced measure on ψ, after averaging on β, becomes independent Gamma random variables.

Lemma 4.4.6 (Unconditioned ψ-field). The unconditioned ψ-field is distributed as indepen-
dent Gamma random variables where ψi ∼ Gamma(1

2
(ai + 1), 1).

Proof. We verify it by calculating the mgf. Note that for any {λi | i ∈ V } such that λi < 1
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for all i ∈ V ,

E
(
e
∑

i λiψi
)
=

∫
RE
++

E
(
e
∑

i λiψi | β
)
p(β) dβ

=

∫
RE
++

e
∑

e={i,j}∈E βe(1−
√
1−λi

√
1−λj)

∏
i∈V

1√
1− λi

∏
e∈E

1

Γ(ae)
βae−1
e e−βe dβ

=
∏
i∈V

1√
1− λi

∏
e∈E

(∫
R++

eβe(1−
√
1−λi

√
1−λj) 1

Γ(ae)
βae−1
e e−βe dβe

)
=
∏
i∈V

1√
1− λi

∏
e∈E

(∫
R++

1

Γ(ae)
βae−1
e e−βe

√
1−λi

√
1−λj dβe

)
=
∏
i∈V

1√
1− λi

∏
e∈E

(
1√

1− λi
√
1− λj

)ae
=
∏
i∈V

(1− λi)
− 1

2
(ai+1).

By uniqueness of the Laplace transform, we know that ψ should be distributed as independent
Gamma(1

2
(ai + 1), 1) random variables.

One can then compute the conditional density of β given ψ.

Lemma 4.4.7 (Conditioned β on ψ). The conditional density of β on ψ is:

pψ(β) := p(β | ψ) = 1

ZA
·
∏

e∈E β
ae−1
e∏

i∈V ψ
1
2
(ai−1)

i

· 1√
|2ψ −B|

· 1(2ψ −B ≻ 0), (4.36)

where the normalizing constant is ZA :=
(
π
2

)n/2 ∏
e∈E Γ(ae)∏

i∈V Γ( 1
2
(ai+1))

and β ∈ RE
++.

Proof. Note that by Bayes rule,

pψ(β) =
p(β, ψ)

p(ψ)
=
p(β)pβ(ψ)

p(ψ)
.

Since β and ψ are marginally independent Gamma fields, we know that

p(β) =
∏
e∈E

1

Γ(ae)
βae−1
e e−βe , p(ψ) =

∏
i∈V

1

Γ(1
2
(ai + 1))

ψ
1
2
(ai−1)

i e−ψi .

We then continue to compute that

pψ(β) =

∏
e∈E

1
Γ(ae)

βae−1
e e−βe∏

i∈V
1

Γ( 1
2
(ai+1))

ψ
1
2
(ai−1)

i e−ψi

·
( 2
π

)n/2 e−∑
i ψi+

∑
e βe√

|2ψ −B|
· 1(2ψ −B ≻ 0)

=
( 2
π

)n/2∏
i∈V Γ(1

2
(ai + 1))∏

e∈E Γ(ae)

∏
e∈E β

ae−1
e∏

i∈V ψ
1
2
(ai−1)

i

· 1√
|2ψ −B|

· 1(2ψ −B ≻ 0).
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A key structural input is that, the induced pair (ψ, β̃) factorizes:

(ψi)i∈V ⊥⊥ (β̃e)e∈E. (4.37)

Lemma 4.4.8 (Independence of β̃ and ψ). Condition on a realization ψ ∈ RV
++, and suppose

that β has conditional density pψ(β) as in Eq. (4.36). Then the “normalized” version of β,
defined as β̃e :=

βe√
ψiψj

for all e = {i, j} ∈ E, is distributed as ∀ψ ∈ RV
++,

pψ(β̃) = p(β̃ | ψ) = 1

ZA
·
∏

e∈E β̃
ae−1
e√

|2I − B̃|
· 1(2I − B̃ ≻ 0), (4.38)

with ZA defined in Lemma 4.4.7 and β̃ ∈ RE
++. In other words, β̃ ∼ p1(β). Note that β̃ is

independent of ψ.

Proof. Under the transformation, we know that βe = β̃e
√
ψiψj for all e ∈ E and dβ =

(
∏

e∈E
√
ψiψj)dβ̃. Moreover, whenever 2ψ − B ≻ 0, we also have 2I − ψ−1/2Bψ−1/2 =

2I − B̃ ≻ 0 and |2ψi −B| = (
∏

i ψi)|2I − B̃|. Therefore, we conclude that

p(β̃ | ψ) = 1

ZA

∏
e∈E(β̃e

√
ψiψj)

ae−1∏
i∈V ψ

1
2
(ai−1)

i

· 1√
(
∏

i ψi)|2I − B̃|
· 1(2I − B̃ ≻ 0) ·

(∏
e∈E

√
ψiψj

)
=

1

ZA

∏
e∈E β̃

ae−1
e

∏
e∈E(

√
ψiψj)

ae−1∏
i∈V ψ

1
2
(ai−1)

i

·
∏

e∈E
√
ψiψj∏

i ψ
1
2
i

1√
|2I − B̃|

· 1(2I − B̃ ≻ 0)

=
1

ZA

∏
e∈E(

√
ψiψj)

ae∏
i∈V ψ

1
2
ai

i

·
∏

e∈E β̃
ae−1
e√

|2I − B̃|
· 1(2I − B̃ ≻ 0)

=
1

ZA

∏
e∈E β̃

ae−1
e√

|2I − B̃|
· 1(2I − B̃ ≻ 0).

Note that we used the fact that
∏

e∈E(
√
ψiψj)

ae∏
i∈V ψ

1
2ai
i

= 1 in the last step.

This induces the following interesting way of generating the correlated (β, ψ) field:

• Generate ψ as independent Gamma random variables, i.e., ψi ∼ Gamma(1
2
(ai + 1), 1);

• Generate β̃ as independent random variable that has the law Eq. (4.38);

• Let βe = β̃e
√
ψiψj for all edge e ∈ E.
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One can compute the moments of {βe | e ∈ E} as follows. Given real values Θ := {θe |
e ∈ E} such that θe > −ae, ∀e ∈ E, we compute

E
(∏
e∈E

β̃θee | ψ
)
=

∫
RE
++

1

ZA

∏
e∈E

β̃θe+ae−1
e · 1√

|2I − B̃|
· 1(2I − B̃ ≻ 0) dβ̃

=
ZA+θ
ZA

∫
RE
++

1

ZA+θ

∏
e∈E

β̃θe+ae−1
e · 1√

|2I − B̃|
· 1(2I − B̃ ≻ 0) dβ̃.

This is exactly ZA+Θ

ZA
since the last integral evaluates to 1. Using these nice properties of

the (ψ, β̃)-field, one can eventually improve the previous bounds on supi |ϕi| as follows.

Lemma 4.4.9 (Pathwise telescoping bound). Fix a connected simple graph G = (V,E), a
root v0 ∈ V , and let (β, ϕ, ψ) be the fields defined as in the begining of Section 4.4 and (4.32)
(with the independent γ ∼ Gamma(1

2
, 1) at v0). For each v ∈ V , fix a shortest path

P (v) : v0 = v0, v1, . . . , vk = v,

and write |P (v)| := k. Then

e−ϕv ≤ 2 |P (v)|

√
ψv
ψv0

∏
e∈P (v)

β̃−1
e . (4.39)

Proof. By the definition of ψ in (4.32), for any vertex i′ ̸= v0 we have

ψi′ =
1

2

∑
j:j∼i′

βi′je
ϕj−ϕi′ ≥ 1

2
βi i′ e

ϕi−ϕi′ ,

where i denotes the neighbor of i′ along the fixed path P (v) in the direction towards v0.
Rearranging gives

e−ϕi′ ≤ 2ψi′

βi i′
e−ϕi . (4.40)

Iterating (4.40) along the path vk → vk−1 → · · · → v1 yields

e−ϕv ≤
k∏
r=1

2ψvr
βvr−1vr

=
k∏
r=1

2

β̃vr−1vr

√
ψvr
ψvr−1

= 2 k

√
ψvk
ψv0

k∏
r=1

β̃−1
vr−1vr

,

where in the middle equality we used βij = β̃ij
√
ψiψj, and in the last equality the

√
ψ-factors

telescope. Since k = |P (v)| and vk = v, this is exactly (4.39).
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Lemma 4.4.10 (Endpoint Gamma–ratio control). Assume the setup preceding Lemma 4.4.9.
In particular, the unconditioned ψ-field is independent with

ψi ∼ Gamma
(
si, 1

)
, si :=

ai + 1

2
, ai =

∑
e∋i

ae,

and 0 < a ≤ ae ≤ a <∞ for all e ∈ E. Then for any α ≥ 0,

Pr

(
max
v∈V

√
ψv
ψv0

> nα
√

2(1 + α) log n+ (a dmax + 1) log 2

)
≤ 3n−α. (4.41)

Proof. Fix θ = 1
2
∈ (0, 1). For each v,

Pr(ψv ≥ x) ≤ (1− θ)−sve−θx ≤ 2smaxe−x/2, smax := max
i∈V

si.

By a union bound over v ∈ V ,

Pr

(
max
v∈V

ψv ≥ x

)
≤ n 2smaxe−x/2 ≤ n 2

a dmax+1
2 e−x/2. (4.42)

Choose
x := 2 log n+ (a dmax + 1) log 2 + 2α log n,

to get for any α ≥ 0,

Pr
(
max
v
ψv ≥ 2 log n+ (a dmax + 1) log 2 + 2α log n

)
≤ e−α logn = n−α. (4.43)

By the definition (4.32), at the root v0 we have the extra independent γ ∼ Gamma(1
2
, 1)

term and hence ψv0 ≥ γ. Therefore, for all y > 0,

Pr(ψv0 ≤ y) ≤ Pr(γ ≤ y).

Since γ ∼ Gamma(1
2
, 1) has cdf Pr(γ ≤ y) = erf(

√
y), we use the standard bound erf(t) ≤

2√
π
t to obtain, for all α ≥ 0,

Pr
(
ψv0 ≤

1

n2α

)
≤ Pr

(
γ ≤ 1

n2α

)
≤ 2√

π
n−α. (4.44)

On the intersection of the events in (4.43) and (4.44) (which has probability at least
1− 3n−α), we have

max
v

√
ψv
ψv0

≤
√

2(1 + α) log n+ (a dmax + 1) log 2

n−2α
.

This proves the claim.
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Lemma 4.4.11 (Chernoff upper bound for YP ). Let G = (V,E) be connected, fix a root v0,
and assume 0 < a ≤ ae ≤ a < ∞ for all e ∈ E. For a fixed (shortest) path P from v0 to
some v ∈ V , note that |P | ≤ diam and define

YP :=
∑
e∈P

(
− log β̃e

)
, β̃ij :=

βij√
ψiψj

({i, j} ∈ E).

Then:

(a) The mean is

E[YP ] = −
∑
e∈P

Ψ(ae) +
1

2

∑
i∈V

degP (i)Ψ
(ai + 1

2

)
, (4.45)

where Ψ is the digamma function and degP (i) ∈ {0, 1, 2} counts edges of P incident to
i.

(b) The variance admits the upper bound

var(YP ) ≤
∑
e∈P

Ψ1(ae) ≤ |P |Ψ1(a) ≤ diam ·Ψ1(a), (4.46)

where Ψ1 is the trigamma function.

(c) Let v∗ := Ψ1(a/2). For all t ≥ 0,

Pr
(
YP > E[YP ] + t

)
≤ exp

(
−min

{
t2

2 v∗ |P |
,
a

4
t

})
. (4.47)

In particular, for any α > 0 (with x := (1 + α) log n),

Pr
(
YP > E[YP ] +

√
2 v∗ |P | x+

4

a
x
)
≤ e−x = n−(1+α). (4.48)

Proof. For θ in a neighborhood of 0 (small enough so that all arguments of Γ(·) below remain
positive),

E
[
eθYP

]
= E

[∏
e∈P

β̃−θ
e

]
=
ZA−θ1P

ZA
,

where 1P (e) = 1{e ∈ P} and

ZA−θ1P
=
(
π
2

)n/2 ∏
e∈E Γ(ae − θ 1P (e))∏
i∈V Γ

(ai−θ degP (i)+1
2

) , ai :=
∑
e∋i

ae.

Define the cumulant generating function (cgf)

κP (θ) := logE[eθYP ] =
∑
e∈P

(
log Γ(ae − θ)− log Γ(ae)

)
−
∑
i∈V

[
log Γ

(
ai−θ degP (i)+1

2

)
− log Γ

(
ai+1
2

)]
.
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Differentiate using the digamma function Ψ = Γ′/Γ:

κ′P (θ) = −
∑
e∈P

Ψ(ae − θ) +
1

2

∑
i∈V

degP (i)Ψ
(
ai−θ degP (i)+1

2

)
,

hence κ′P (0) = E[YP ], which yields (4.45).
Differentiate again using Ψ1 = Ψ′:

κ′′P (θ) =
∑
e∈P

Ψ1(ae − θ)− 1

4

∑
i∈V

degP (i)
2Ψ1

(
ai−θ degP (i)+1

2

)
.

Evaluating at θ = 0 gives

κ′′P (0) = var(YP ) =
∑
e∈P

Ψ1(ae)−
1

4

∑
i∈V

degP (i)
2Ψ1

(
ai+1
2

)
≤
∑
e∈P

Ψ1(ae),

which implies (4.46).
For the tail, fix θ ∈ [0, a/2]. Since Ψ1 is decreasing and ae ≥ a,

κ′′P (s) ≤
∑
e∈P

Ψ1(ae − s) ≤ |P |Ψ1(a− s) ≤ |P |Ψ1(a/2) =: v∗ |P | ∀s ∈ [0, θ].

By Taylor’s theorem with integral remainder,

κP (θ)− θκ′P (0) =

∫ θ

0

(θ − s)κ′′P (s) ds ≤
θ2

2
v∗ |P |.

Therefore, by Chernoff/Markov,

Pr(YP −E[YP ] > t) ≤ exp
(
−θt+κP (θ)−θE[YP ]

)
≤ exp

(
−θt+ θ2

2
v∗ |P |

)
, ∀θ ∈ [0, a/2].

Optimizing over θ yields (4.47). For (4.48), set x := (1 + α) log n and t =
√
2v∗|P |x + 4

a
x,

then

min

{
t2

2v∗|P |
,
a

4
t

}
≥ x,

so Pr(YP > E[YP ] + t) ≤ e−x = n−(1+α).

Theorem 4.4.12 (Uniform upper bound for e−ϕ). Assume the setup preceding Lemma 4.4.9
and that 0 < a ≤ ae ≤ a < ∞ for all e ∈ E. Let dmax := maxv∈V deg(v). Then for any
α > 0, with probability at least 1− 4n−α,

max
v∈V

e−ϕv ≤ 2diam nα
√

2(1 + α) log n+ (admax + 1) log 2

exp
(
diam · Λ +

√
2(1 + α)Ψ1(a/2) diam · log n+

4

a
(1 + α) log n

)
,

(4.49)
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where

Λ := −Ψ(a) + log
(a dmax + 1

2

)
.

Note that the upper bound can be simplified as maxv∈V e
−ϕv ≤ poly(n) d

O(diam)
max , assuming

α, a, b to be constant.

Proof. Fix, for each v ∈ V , a shortest path P (v) from v0 to v so that |P (v)| ≤ diam. By
Lemma 4.4.9,

e−ϕv ≤ 2|P (v)|

√
ψv
ψv0

exp
(
YP (v)

)
, YP (v) :=

∑
e∈P (v)

(− log β̃e).

Taking the maximum over v and using |P (v)| ≤ diam gives

max
v
e−ϕv ≤ 2diam

(
max
u

√
ψu

ψv0

)
exp

(
max
v
YP (v)

)
.

For the endpoint factor, Lemma 4.4.10 yields

Pr

(
max
u∈V

√
ψu
ψv0

> nα
√

2(1 + α) log n+ log 2 (a dmax + 1)

)
≤ 3n−α.

Let x := (1 + α) log n. By Lemma 4.4.11(c) and a union bound over the at most n root–
shortest paths,

Pr
(
max
v∈V

YP (v) > max
v∈V

E[YP (v)] +
√
2Ψ1(a/2) diam · x+ 4

a
x
)
≤ n e−x = n−α.

It remains to bound maxv E[YP (v)] deterministically in terms of diam and (a, a, dmax).
From Lemma 4.4.11,

E[YP ] = −
∑
e∈P

Ψ(ae) +
1

2

∑
i∈V

degP (i)Ψ
(ai + 1

2

)
, ai =

∑
e∋i

ae, degP (i) ∈ {0, 1, 2}.

Using that Ψ is increasing, ae ≥ a, ai ≤ a deg(i) ≤ a dmax, and
∑

i degP (i) = 2|P |, we have
−
∑

e∈P Ψ(ae) ≤ −|P |Ψ(a), and

1

2

∑
i

degP (i)Ψ
(ai + 1

2

)
≤ |P |Ψ

(a dmax + 1

2

)
≤ |P | log

(a dmax + 1

2

)
.

Hence, for any shortest path P ,

E[YP ] ≤ |P | ·
(
−Ψ(a) + log

(a dmax + 1

2

))
≤ diam · Λ,

which matches the definition of Λ.
Combining the three displays and intersecting the two high-probability events (probabil-

ity at least 1− 4n−α) yields (4.49).
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To upper bound eϕi , we use the following re-rooting identity. In this lemma, p
(r)
β denotes

the hyperbolic Gaussian density with the same edge field β, but instead pinned at the vertex
r, i.e., with ϕr = 0, and

p
(r)
β (ϕ) =

1

(2π)(n−1)/2
e−

∑
e={i,j}∈E βe(cosh(ϕi−ϕj)−1)e−

∑
i∈V \{r} ϕi

√∑
T∈T

∏
e={i,j}∈T

βeeϕi+ϕj .

Using this notation, p
(v0)
β is the same as what was called pβ earlier, as defined in Equa-

tion (4.28).

Lemma 4.4.13 (Exponential moment). Fix G = (V,E), edge parameters A = (ae)e∈E, and
a fixed edge field β. For any v0, j ∈ V and any real t for which the integrals below are finite,
one has ∫

RV \{v0}
e tϕj p

(v0)
β (ϕ) dϕV \{v0} =

∫
RV \{j}

e (1−t)ϕv0 p
(j)
β (ϕ) dϕV \{j}.

Equivalently,
E
p
(v0)
β

[
e tϕj

]
= E

p
(j)
β

[
e (1−t)ϕv0

]
.

Proof. Write
p
(v0)
β (ϕ) = Zβ e

−Φ(ϕ) e−Lv0 (ϕ)
√
Ξ(ϕ),

where
Φ(ϕ) :=

∑
{i,k}

βik
(
cosh(ϕi − ϕk)− 1

)
, Lv0(ϕ) :=

∑
i̸=v0

ϕi,

and
Zβ := (2π)−(n−1)/2, Ξ(ϕ) :=

∑
T∈T

∏
{i,k}∈T

βik e
ϕi+ϕk .

Fix j ∈ V and set ϕ̃i := ϕi − ϕj for all i. Then ϕ̃j = 0, ϕj = −ϕ̃v0 , and the change of
coordinates ϕ ̸=v0 7→ ϕ̸̃=j has unit Jacobian.

We track the factors in e tϕjp
(v0)
β (ϕ). First, Φ(ϕ) = Φ(ϕ̃), since Φ depends only on differ-

ences. Next,

Lv0(ϕ) =
∑
i̸=v0

(ϕ̃i + ϕj) =
(∑

i̸=j

ϕ̃i − ϕ̃v0

)
+ (n− 1)ϕj,

and therefore, using ϕj = −ϕ̃v0 ,

e−Lv0 (ϕ) = e−
∑

i̸=j ϕ̃i enϕ̃v0 .

Moreover, since every spanning tree has n− 1 edges,

Ξ(ϕ) = e 2(n−1)ϕjΞ(ϕ̃) = e−2(n−1)ϕ̃v0Ξ(ϕ̃),
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and hence √
Ξ(ϕ) = e−(n−1)ϕ̃v0

√
Ξ(ϕ̃).

Finally, etϕj = e−tϕ̃v0 . Multiplying these identities gives

e tϕj p
(v0)
β (ϕ) dϕ̸=v0 = p

(j)
β (ϕ̃) e (1−t)ϕ̃v0 dϕ̸̃=j.

Integrating over the corresponding pinned spaces gives the desired identity.

Remark 4.4.13.1 (Special case t = 1). In particular, at t = 1, the above lemma states that
for any v0, j ∈ V ,

E
p
(v0)
β

[
eϕj
]
= 1.

This equation will be used in the proof of Theorem 4.4.16. We remark that this special case
has previously appeared in [39, Appendix B, Eq. (B.3)].

Bounds on Pij, π∗, and the cover time

Given the bound on the tail probabilities of supi∈V |ϕi| proved in Theorem 4.4.5, we can
establish bounds on the cover time of the ERRW. We accomplish this from the perspective
of RWRE, by deriving high probability bounds on the cover time of the random walk with
respect to the random conductance. To this end, we recall several bounds on the cover time
of a random walk in terms of the underlying conductances.

Consider a connected graph G = (V,E) with edge conductances (qe)e∈E. Let C :=∑
e∈E qe denote the total conductance. Denote the effective resistance between i, j ∈ V as

R(i↔ j), and let
R := max

i,j∈V
R(i↔ j)

represent the maximum effective resistance of the network. For the simple random walk on
this graph, starting at any i ∈ V , define the random hitting time of vertex j ∈ V as τhit(j) :=
inf{t ≥ 0 : Xt = j}, and let the hitting time be defined as thit := maxi,j∈V Ei,qsrw(τhit(j)),
where Ei,qsrw denotes expectations conditioned on starting at i ∈ V with the conductances
given by q. Similarly, the commute time between vertices i, j ∈ V is defined as tcomm(i, j) :=
Ei,qsrw(τhit(j)) + Ej,qsrw(τhit(i)). Define the random cover time τcov as the first time when all
states are visited at least once, and define the cover time as tcov := maxi∈V Ei,qsrw(τcov).

The following bounds on the cover time hold.

Lemma 4.4.14 (Conductance bound on the cover time). Given a connected graph G =
(V = [n], E) with positive edge conductances (qe)e∈E, we have

1

2
CR ≤ tcov ≤ CR log n.
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Proof. Recall that by Matthew’s bound (Theorem 11.2 in [67]) we have thit ≤ tcov ≤ thit log n.
Also, by the commute time identity (Proposition 10.6 in [67]), we know that tcomm(i, j) =
CR(i↔ j). Since we have

thit = max
i,j

Ei,qsrw(τhit(j))

≤ max
i,j

(
Ei,qsrw(τhit(j)) + Ej,qsrw(τhit(i))

)
≤ max

i,j
Ei,qsrw(τhit(j)) + max

i,j
Ej,qsrw(τhit(i))

= 2thit,

and

max
i,j

(
Ei,qsrw(τhit(j)) + Ej,qsrw(τhit(i))

)
= max

i,j
tcomm(i, j) = max

i,j
CR(i↔ j) = CR,

we conclude that thit ≤ CR ≤ 2thit, or equivalently,
1
2
CR ≤ thit ≤ CR. Now using Matthew’s

bound, we finally deduce that tcov ≥ thit ≥ 1
2
CR and tcov ≤ thit log n ≤ CR log n.

This lemma states that, up to a factor of log n, the cover time is of the same order as
CR. Thus, determining the order of the cover time reduces to analyzing the order of the
effective resistance and total conductance. To proceed, we require a comparison lemma.

Lemma 4.4.15 (Comparison of resistive networks). For two resistive networks on the same
graph with respective conductances (qe)e∈E and (q′e)e∈E, if

qe
q′e

∈ [q, q] ∀e ∈ E,

then
R′

R
∈ [q, q],

where R and R′ are the respective maximum effective resistances.

Proof. By Dirichlet’s principle, see Exercise 1, Chapter 3 of [42], the effective resistance
between i and j is

R(i↔ j) =

(
min

v∈RV :vi=1,vj=0

∑
e={k,l}∈E

qe(vk − vl)
2

)−1

,

and similarly for R′(i↔ j) with q′e. Since for every edge e ∈ E we have

q ≤ qe
q′e

≤ q,
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we know q q′e(vk − vl)
2 ≤ qe(vk − vl)

2 ≤ q q′e(vk − vl)
2 for all {k, l} ∈ E, and so

q
∑

e={k,l}∈E

q′e(vk − vl)
2 ≤

∑
e={k,l}∈E

qe(vk − vl)
2 ≤ q

∑
e={k,l}∈E

q′e(vk − vl)
2.

Taking the minimum over {v ∈ RV : vi − vj = 1}, it follows that

qR′(i↔ j)−1 ≤ R(i↔ j)−1 ≤ qR′(i↔ j)−1,

or equivalently,
qR(i↔ j) ≤ R′(i↔ j) ≤ qR(i↔ j).

Now taking the maximum over i, j ∈ V yields the desired result.

We can now demonstrate how to derive bounds on the cover time. Bounds on the order
of the β-field, combined with those on the order of the ϕ-field, provide bounds on the order of
the random conductance W . These bounds on W lead to bounds on the effective resistance
R, which then yield upper bounds on the cover time.

Theorem 4.4.16 (Upper bound on the cover time). Let G = (V = [n], E) be a connected,
weighted graph with positive edge weights A = (ae)e∈E and diameter diam. Let

dmax := max
v∈V

deg(v).

Assume that each ae satisfies a ≤ ae ≤ a, where a, a are positive constants. There exists
a constant g1(a, a) > 0, depending only on a, a, such that for any δ ∈ (0, 1), the random
environment Q coupled with the ERRW satisfies

tcov ≤ n3 log n

(
dmax

δ

)2g1(a,a)diam

with probability at least 1− δ.

Proof. If dmax = 1, then, since G is connected, G consists of a single edge, and the claim is
immediate. We therefore assume dmax ≥ 2. We repeatedly use

n ≤ 1 + dmax + · · ·+ ddiammax ≤ 2ddiammax , |E| ≤ ndmax

2
≤ d2diammax .

The first bound follows by exploring the graph from any vertex up to distance diam, and the
second follows from the handshaking lemma with some simple algebra. Write R := dmax/δ.
Since dmax ≥ 2 and δ ∈ (0, 1), we have R ≥ 2.

We first control the random edge field β. Since βe ∼ Gamma(ae, 1), for 0 < ϵ < 1,

Pv0,Aerrw(βe ≤ ϵ) =

∫ ϵ

0

1

Γ(ae)
xae−1e−x dx ≤ ϵae

Γ(ae + 1)
≤ 2ϵa,
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where we used e−x ≤ 1 and Γ(x) > 1/2 for x > 0. For the upper tail, exponential Markov’s
inequality with λ = 1/2 gives, for every α > 0,

Pv0,Aerrw(βe ≥ α) ≤ Ev0,Aerrw [e
βe/2]e−α/2 = 2aee−α/2 ≤ e−α/2+a.

Choose

ϵβ :=

(
δ

8|E|

)1/a

, αβ := 2

(
a+ log

4|E|
δ

)
.

Then the union bound gives

Pv0,Aerrw(∃e ∈ E : βe < ϵβ) ≤ 2|E|ϵaβ =
δ

4
,

and

Pv0,Aerrw(∃e ∈ E : βe > αβ) ≤ |E|e−αβ/2+a =
δ

4
.

Thus, with probability at least 1− δ/2, all edges satisfy ϵβ ≤ βe ≤ αβ.
Next, by Lemma 4.4.13 with t = 1, Ev0,Aerrw [e

ϕi ] = 1 for every i ∈ V . Hence Markov’s
inequality and the union bound give, for any x > 0,

Pv0,Aerrw

(
max
i∈V

eϕi > x

)
≤ n

x
.

Choosing xϕ := 4n/δ, we obtain

Pv0,Aerrw

(
max
i∈V

eϕi > xϕ

)
≤ δ

4
.

For the negative side of the ϕ-field, choose α0 := log(16/δ)/ log n, so that 4n−α0 = δ/4.
Applying Theorem 4.4.12 with this choice gives

Pv0,Aerrw

(
max
i∈V

e−ϕi > yϕ

)
≤ δ

4
,

where

yϕ := 2diamnα0
√

2(1 + α0) log n+ (admax + 1) log 2

× exp

(
diamΛ +

√
2(1 + α0)Ψ1(a/2)diam log n+

4

a
(1 + α0) log n

)
,

and Λ := −Ψ(a) + log((admax + 1)/2).
By the union bound, with probability at least 1−δ, all four estimates hold simultaneously:

ϵβ ≤ βe ≤ αβ for all e ∈ E, max
i
eϕi ≤ xϕ, max

i
e−ϕi ≤ yϕ.
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On this event, for every edge e = {i, j},

Qe = βee
ϕi+ϕj ≤ αβx

2
ϕ, Qe = βee

ϕi+ϕj ≥ ϵβy
−2
ϕ .

Thus, on this event,
∀e ∈ E, Qe ∈ [ϵβy

−2
ϕ , αβx

2
ϕ]. (4.50)

It remains to compare the four thresholds with powers of R = dmax/δ. Recall that R ≥ 2,
diam ≥ 1, n ≤ 2ddiammax ≤ 2Rdiam, and |E| ≤ d2diammax ≤ R2diam. We also repeatedly use that
logR ≥ log 2. Define

Cϵ :=
6

a
, Cα :=

2a

log 2
+ 10, Cx := 5,

and

Cy := 8 +
log(14 + (log 2)(a+ 1))

log 2
+

|Ψ(a)|+ log(a+ 1)

log 2
+

√
14Ψ1(a/2)

log 2
+

28

a
.

Set
g1(a, a) := max{Cα + 2Cx, Cϵ + 2Cy}.

First,

log ϵ−1
β =

1

a
log

8|E|
δ
.

Since |E| ≤ R2diam and δ−1 ≤ R,

log
8|E|
δ

≤ log 8 + (2diam + 1) logR.

Moreover, log 8 = 3 log 2 ≤ 3diam logR, and logR ≤ diam logR. Therefore

log ϵ−1
β ≤ 1

a

(
3diam logR + 2diam logR + diam logR

)
=

6

a
diam logR.

Hence ϵ−1
β ≤ RCϵdiam.

Next,

αβ = 2

(
a+ log

4|E|
δ

)
≤ 2 (a+ log 4 + (2diam + 1) logR) .

Using diam ≥ 1 and logR ≥ log 2, this gives

αβ ≤
(

2a

log 2
+ 10

)
diam logR = Cαdiam logR = log(RCαdiam) ≤ RCαdiam.

Also,

xϕ =
4n

δ
≤ 8Rdiam+1,
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because n ≤ 2Rdiam and δ−1 ≤ R. Taking logarithms gives

log xϕ ≤ log 8 + (diam + 1) logR ≤ 3diam logR + diam logR + diam logR = 5diam logR.

Thus xϕ ≤ RCxdiam.
It remains to bound yϕ. Recall that

α0 :=
log(16/δ)

log n
, nα0 =

16

δ
.

Hence (1 + α0) log n = log n+ log(16/δ). Since n ≤ 2Rdiam, δ−1 ≤ R, R ≥ 2, and diam ≥ 1,
we have

log n ≤ 2diam logR, log(16/δ) ≤ 5diam logR,

and therefore
(1 + α0) log n ≤ 7diam logR.

Taking logarithms in the definition of yϕ, we get

log yϕ ≤ diam log 2 + α0 log n+
1

2
log (2(1 + α0) log n+ (admax + 1) log 2)

+ diamΛ +
√

2(1 + α0)Ψ1(a/2)diam log n+
4

a
(1 + α0) log n,

(4.51)

where Λ = −Ψ(a) + log((admax + 1)/2).
We now bound the terms on the right crudely. First,

diam log 2 + α0 log n = diam log 2 + log(16/δ) ≤ 6diam logR.

For the logarithmic square-root prefactor, since (1 + α0) log n ≤ 7diam logR and dmax ≤ R,

2(1 + α0) log n+ (admax + 1) log 2 ≤ 14diam logR + (log 2)(a+ 1)R. (4.52)

Using diam logR ≤ Rdiam and R ≤ Rdiam, the quantity on the right-hand side of Equa-
tion (4.52) is at most (14 + (log 2)(a + 1))Rdiam. Thus, after absorbing the constant into
diam logR, half of the logarithm of the left-hand side of Equation (4.51) is at most(

1 +
log(14 + (log 2)(a+ 1))

log 2

)
diam logR.

Next, since dmax ≤ R,

Λ ≤ |Ψ(a)|+ log(a+ 1) + logR,

and hence

diamΛ ≤
(
1 +

|Ψ(a)|+ log(a+ 1)

log 2

)
diam logR.
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For the Gaussian fluctuation term, using (1 + α0) log n ≤ 7diam logR,√
2(1 + α0)Ψ1(a/2)diam log n ≤

√
14Ψ1(a/2) diam

√
logR ≤

√
14Ψ1(a/2)√

log 2
diam logR.

Finally,
4

a
(1 + α0) log n ≤ 28

a
diam logR.

Combining these estimates gives

log yϕ ≤ Cydiam logR,

where one may take

Cy := 8 +
log(14 + (log 2)(a+ 1))

log 2
+

|Ψ(a)|+ log(a+ 1)

log 2
+

√
14Ψ1(a/2)

log 2
+

28

a
.

Equivalently, yϕ ≤ RCydiam.
We have shown

ϵ−1
β ≤ RCϵdiam, αβ ≤ RCαdiam, xϕ ≤ RCxdiam, yϕ ≤ RCydiam.

Combining these with (4.50), we obtain

Qe ≤ R(Cα+2Cx)diam, Qe ≥ R−(Cϵ+2Cy)diam.

Thus, with
g1(a, a) := max{Cα + 2Cx, Cϵ + 2Cy},

we have, with probability at least 1− δ,

∀e ∈ E, Qe ∈
[
R−g1(a,a)diam, Rg1(a,a)diam

]
.

On this event, Lemma 4.4.15 implies that, if R is the maximum effective resistance of
the unit-conductance network and R′ is the corresponding maximum effective resistance
for the conductances Q, then R′ ≤ RRg1diam. Also, C ′ :=

∑
e∈E Qe ≤ |E|Rg1diam. Using

Lemma 4.4.14, we conclude that

tcov ≤ C ′R′ log n ≤ |E|R log nR2g1diam.

Finally, since |E| ≤ n2 and R ≤ n10, we obtain

tcov ≤ n3 log n

(
dmax

δ

)2g1diam

.

This proves the theorem.

10Note that the maximum resistance one could get is the resistance between two endpoints of an n-path.
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We also have the following bound on the entries of the random transition matrix P as
well as the minimum value π∗ := mini∈V πi of the stationary distribution associated with it.

Corollary 4.4.17 (Lower bounds on Pij and π∗). In the same setting as Theorem 4.4.16,
for any δ ∈ (0, 1), the following hold with probability at least 1− δ:

π∗ ≥ (ndmax)
−1

(
dmax

δ

)−2g1(a,a)diam

, min
i,j∈V : i∼j

Pij ≥ d−1
max

(
dmax

δ

)−2g1(a,a)diam

.

Proof. By the proof of Theorem 4.4.16, with probability at least 1−δ, every edge conductance
satisfies

Qe ∈ [B−1, B], B :=

(
dmax

δ

)g1diam
.

On this event, since G is connected, each vertex has at least one incident edge, and hence
Qi :=

∑
j∼iQij ≥ B−1. Also,

∑
v∈V Qv = 2

∑
e∈E Qe ≤ 2|E|B ≤ ndmaxB. Therefore, for

every i ∈ V ,

πi =
Qi∑
v∈V Qv

≥ B−1

ndmaxB
= (ndmax)

−1

(
dmax

δ

)−2g1diam

.

Taking the minimum over i gives the lower bound on π∗. Similarly, for any edge e = {i, j},
we have Qij ≥ B−1 and Qi =

∑
k∼iQik ≤ dmaxB, so

Pij =
Qij

Qi

≥ B−1

dmaxB
= d−1

max

(
dmax

δ

)−2g1diam

.

Taking the minimum over adjacent pairs completes the proof.

A non-asymptotic sample complexity bound

Recall the setup and notation in Section 4.3, where Ue is defined as (Equation (4.10)):

Uij :=

{
PijPji, if e = {i, j} ∈ E,

0, if i ≁ j.

Given K independent trajectories {X(k)
t | t ≤ T, k ≤ K} from Pv0,Aerrw , we want to estimate the

following moment-based statistics connected with {Ue : e ∈ E}:

i. Ev0,Aerrw(Ue), ∀e ∈ E;

ii. Ev0,Aerrw(UeUe′), ∀e, e′ ∈ E s.t. |e ∩ e′| = 1;

iii. Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′)− Ev0,Aerrw(UeUe′), ∀e, e′ ∈ E s.t. |e ∩ e′| = 1.
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Also, recall that we can couple a random conductance Q(k) with the k-th trajectory. We
denote the corresponding transition matrix as P (k). We can assume that each of the K
trajectories is a truncation of an infinitely long trajectory. For any m ∈ N+, let H

∞
ij (k;m)

represent the number of transitions from i to j among the first m outgoing transitions from
i in the original, non-truncated k-th trajectory. The following random variable is always
well-defined due to the ergodic property of irreducible Markov chains:

Θ
(k)
ij :=

{
H∞

ij (k;m)

m
, ∀ i, j ∈ V s.t. i ∼ j,

0 otherwise.
(4.53)

Recall that Ni(k) denoted the number of outgoing transitions from i in the k-th (truncated)
trajectory, and Nij(k) denoted the number of transitions from i to j in this trajectory, see

Section 4.3. Then, on the event {Ni(k) ≥ m} we have Θ
(k)
ij = P̂

(k)
ij for all i ∼ j, where P̂

(k)
ij

is defined in Eq. (4.23).
Given the results on the cover time tcov associated with a random environment that

we have already proved in Theorem 4.4.16 and Corollary 4.4.17, we want to bound the
complexity of approximating the three families of moment-based statistics above, up to a
small multiplicative error, non-asymptotically.

Step 1. Estimating Ev0,Aerrw(Ue), ∀e ∈ E.
The proposed estimator for Ev0,Aerrw(Ue) is Ûe, which is defined in Eq. (4.25). To bound the

estimation error of Ûe for Ev0,Aerrw(Ue), the first step is to bound the estimation error of P̂ (k) for
P (k). For P̂ (k) to achieve a small estimation error for P (k), one must gather sufficiently many
transitions from each state i ∈ V , and then reconstruct the outgoing transition probabilities
of state i based on those transitions.

Let’s first consider the subproblem of statistical estimation for an n-state discrete distri-
bution

p := (p1, p2, . . . , pn)

such as to ensure that each entry is accurate up to a small multiplicative factor η ∈ (0, 1).
Suppose we draw m i.i.d. samples from p, and let p̂i be the empirical estimator for pi, i.e.,
the proportion of times that i appears in the m samples. By Hoeffding’s inequality (see
Theorem 2.8 of [17]), for each i ∈ [n] we have:

Pr
(
|p̂i − pi| ≥ η pi

)
≤ 2 exp

(
−2 η2 p2i m

)
. (4.54)

Taking a union bound over i ∈ [n], it follows that

Pr
(
∃ i ∈ [n] : |p̂i − pi| ≥ η pi

)
≤

n∑
i=1

Pr
(
|p̂i − pi| ≥ η pi

)
≤ 2n exp

(
−2 η2 p2∗m

)
, (4.55)

where p∗ := mini∈[n] pi. Consequently, with probability at least 1 − 2n exp(−2 η2p2∗m) the
empirical estimator {p̂i : i ∈ V } is an entry-wise η-multiplicative approximation of p.
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Fix any δ′ ∈ (0, 1). In the ERRW setting, with probability at least 1−δ′, for each k ∈ [K]

the random environment satisfies Q
(k)
e ∈ [(dmax

δ′
)−g1(a,a)diam, (dmax

δ′
)g1(a,a)diam] for all e ∈ E. Let

Q :=

{
q ∈ RE

++, qe ∈

[(
dmax

δ′

)−g1(a,a)diam

,

(
dmax

δ′

)g1(a,a)diam]
, ∀e ∈ E

}
. (4.56)

Conditioned on Q(k) ∈ Q, we have for all e = {i, j} ∈ E that

P
(k)
ij ≥ d−1

max

(dmax

δ′

)−2g1(a,a) diam

, (4.57)

as established in Corollary 4.4.17.
From Eq. (4.55), for all Q ∈ Q we also have

Pv0,Qsrw

(
∃ j ∼ i, |Θ(k)

ij − P
(k)
ij | ≥ η P

(k)
ij

)
≤
∑
j∼i

2 exp
(
−2 η2 (P

(k)
ij )2m

)
. (4.58)

Then we have

Pv0,Aerrw

(
∃i ∈ V, ∃ j ∼ i, |Θ(k)

ij − P
(k)
ij | ≥ η P

(k)
ij

)
=

∫
Q
Pv0,q(k)srw

(
∃i ∈ V, ∃ j ∼ i, |Θ(k)

ij − P
(k)
ij | ≥ η P

(k)
ij

)
dνv0,A(q

(k))

+

∫
Qc

Pv0,q(k)srw

(
∃i ∈ V, ∃ j ∼ i, |Θ(k)

ij − P
(k)
ij | ≥ η P

(k)
ij

)
dνv0,A(q

(k))

≤
∫
Q

∑
i∈V

∑
j∼i

2 exp
(
−2 η2 (P

(k)
ij )2m

)
dνv0,A(q

(k)) +

∫
Qc

1 dνv0,A(q
(k))

≤
∫
Q
4 |E| exp

(
−2 η2

(
d−1
max

(dmax

δ′

)−2g1(a,a) diam)2
m
)
dνv0,A(q

(k))

+ Pv0,Aerrw(Q
(k) ∈ Qc)

≤ 2ndmax

(∫
Q
1 dνv0,A(q

(k))
)
exp
(
−2 η2md−2

max

(dmax

δ′

)−4g1(a,a) diam)
+ δ′

≤ 2ndmax exp
(
−2 η2md−2

max

(dmax

δ′

)−4g1(a,a) diam)
+ δ′. (4.59)

Here we used the union bound and Eq. (4.58) in the second step, and Eq. (4.57) in the
third step. Also, we used Theorem 4.4.16 in the fourth step. In the last step, we used∫
Q 1 dνv0,A(q

(k)) = Pv0,Aerrw(Q
(k) ∈ Q) ≤ 1.

To obtain m samples per state, we use the notion of the m-cover time tcov(m). To define
tcov(m), we first define the random m-cover time τcov(m) as the first time when each state
has been visited at least m times. Then the m-cover time can be defined as tcov(m) :=
maxv0∈V Ev0,qsrw (τcov(m)).
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For reversible random walks, it is known (Theorem 16, [22]) that there exists a universal
constant g2 > 0 (which does not depend on the size of the connected graph or its structure)
such that

tcov(m) ≤ g2 ·
(
tcov +

m
π∗

)
.

From the discussion that led to Theorem 4.4.16 and Corollary 4.4.17, we know that on the
event Q, which has probability ≥ 1− δ′, we have

tcov ≤ n3 log n

(
dmax

δ′

)2g1(a,a) diam

,

and π∗ ≥ (ndmax)
−1 (dmax

δ′
)−2g1(a,a) diam. Hence, on the event Q we have

tcov(m+ 1) ≤ g2 ·
(
n3 log n+ (m+ 1)ndmax

)
·
(
dmax

δ′

)2g1(a,a) diam

.

Now realize that by Markov inequality, Pv0,qsrw (τcov(m+1) ≥ etcov(m+1)) ≤ e−1. Actually
according to Lemma 5 in [22], we have ∀l ∈ Z+ that Pv0,qsrw (τcov(m+1) ≥ el ·tcov(m+1)) ≤ e−l.

We now use the notation τ
(k)
cov(m) for the m-cover time of the trajectory associated with

the k-th ERRW trajectory. Conditioned on Q(k) = q, the k-th ERRW is simply a random
walk from Pv0,qsrw . The conditional probability of not having at least m+1 visits to each state
is bounded by

Pv0,qsrw (τ (k)cov(m+ 1) ≥ T ) ≤ exp
(
−
⌊

T

e t
(k)
cov(m+1)

⌋)
≤ exp

(
− T

e t
(k)
cov(m+1)

+ 1
)
.

Similar to the procedure in Eq. (4.59), we have

Pv0,Aerrw

(
τ (k)cov(m+ 1) ≥ T

)
=

∫
Q
Pv0,q(k)srw

(
τ (k)cov(m+ 1) ≥ T

)
dνv0,A(q

(k))

+

∫
Qc

Pv0,q(k)srw

(
τ (k)cov(m+ 1) ≥ T

)
dνv0,A(q

(k))

≤
∫
Q
exp
(
− T

e t
(k)
cov(m+1)

+ 1
)
dνv0,A(q

(k)) +

∫
Qc

1 dνv0,A(q
(k))

≤ exp
(
− T

e g2·(n3 logn+(m+1)ndmax)·( dmax
δ′ )

2g1(a,a) diam
+ 1
)
+ δ′. (4.60)

On the event {τ (k)cov(m + 1) ≤ T}, each state has at least m outgoing transitions before

time T , and hence P̂
(k)
ij = Θ

(k)
ij for all i ∼ j. Therefore, combining Eq. (4.59) and Eq. (4.60),
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we conclude that

Pv0,Aerrw

(
{∀i ∈ V, ∀ j ∼ i, |P̂ (k)

ij − P
(k)
ij | ≤ η P

(k)
ij } ∩ {τ (k)cov(m+ 1) ≤ T}

)
= Pv0,Aerrw

(
{∀i ∈ V, ∀ j ∼ i, |Θ(k)

ij − P
(k)
ij | ≤ η P

(k)
ij } ∩ {τ (k)cov(m+ 1) ≤ T}

)
≥ 1− 2ndmax exp

(
−2 η2md−2

max

(dmax

δ′

)−4g1(a,a) diam)
− exp

(
− T

e g2·(n3 logn+(m+1)ndmax)·( dmax
δ′ )

2g1(a,a) diam
+ 1
)
− 2δ′

(4.61)

Here we used the fact that on the event {Ni(k) ≥ m, ∀i ∈ V } we have Θ
(k)
ij = P̂

(k)
ij for all

i, j ∈ V s.t. i ∼ j. Also the condition {Ni(k) ≥ m,∀i ∈ V } is implied by the condition

{τ (k)cov(m+ 1) ≤ T},
We now want to choose T and m appropriately so that with high probability, we simulta-

neously (i) gather at least m samples per state and (ii) achieve the desired η-approximation
of all transition probabilities. We then take

m =
d2max

2η2

(dmax

δ′

)4g1(a,a)diam
· log

(2ndmax

δ′

)
to make the term

2ndmax exp
(
−2 η2md−2

max

(dmax

δ′

)−4g1(a,a) diam)
≤ δ′.

We further take

T = e g2(n
3 log n+ (m+ 1)ndmax)

(dmax

δ′

)2g1(a,a)diam
log
( e
δ′

)

to make the term

exp
(
− T

e g2·(n3 logn+(m+1)ndmax)·( dmax
δ′ )

2g1(a,a) diam
+ 1
)
≤ δ′.

Given this choice of m and T , we have

Pv0,Aerrw

(
{∀i ∈ V, ∀ j ∼ i, |P̂ (k)

ij − P
(k)
ij | ≤ η P

(k)
ij } ∩ {τ (k)cov(m+ 1) ≤ T}

)
≥ 1− 4δ′.

Chernoff bound will be used for bounding concentration over the K trajectories.

Lemma 4.4.18 (Multiplicative Chernoff for bounded variables). Let X1, . . . , XK be i.i.d.
random variables in [0, 1], with mean µ. Then for ϵ ∈ (0, 1),

Pr

(∣∣∣∣∣ 1K
K∑
k=1

Xk − µ

∣∣∣∣∣ ≥ ϵµ

)
≤ 2 exp

(
−ϵ

2

3
µK

)
.
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For later use, define

µ∗ :=
a(a+ 1)

(dmaxa+ 1)2
, c0 :=

a

a+ 1
, P1 := {{e, e′} : e, e′ ∈ E, e ̸= e′, |e ∩ e′| = 1}.

We now fix arbitrary ϵ ∈ (0, 1/2). We first control the bias introduced by using the finite
trajectory estimator Ûe in place of the ideal quantity Ue. As before,

Ev0,Aerrw(Ûe) =
(
Ev0,Aerrw(Ûe)− Ev0,Aerrw(U e)

)
+ Ev0,Aerrw(Ue),

where we used Ev0,Aerrw(U e) = Ev0,Aerrw(Ue). Therefore

∣∣Ev0,Aerrw(Ûe)− Ev0,Aerrw(Ue)
∣∣ ≤ 1

K

K∑
k=1

Ev0,Aerrw

∣∣Û (k)
e − U (k)

e

∣∣.
We next bound the summands. For every k,

Ev0,Aerrw

∣∣Û (k)
e − U (k)

e

∣∣ ≤ 2Pv0,Aerrw

(
|Û (k)

e − U (k)
e | > ηU (k)

e

)
+ η. (4.62)

Indeed, on the event |Û (k)
e − U

(k)
e | ≤ ηU

(k)
e the contribution is at most ηE(U (k)

e ) ≤ η, while

on the complement we use the crude bound |Û (k)
e − U

(k)
e | ≤ 2.

Moreover, if

P̂
(k)
ij ∈

(
1± η

4

)
P

(k)
ij and P̂

(k)
ji ∈

(
1± η

4

)
P

(k)
ji ,

then Û
(k)
e ∈ (1± η)U

(k)
e for every η ∈ (0, 1). Therefore,

Pv0,Aerrw

(
|Û (k)

e − U (k)
e | > ηU (k)

e

)
≤ Pv0,Aerrw

({
∃i ∈ V, j ∼ i : |P̂ (k)

ij − P
(k)
ij | ≥ η

4
P

(k)
ij

}
∪ {τ (k)cov(m+ 1) > T}

)
.

By the transition-matrix estimate above, the last probability is at most 4δ′ provided

m ≥ 8d2max

η2

(
dmax

δ′

)4g1diam

log

(
2ndmax

δ′

)
, (4.63)

and

T ≥ e g2
(
n3 log n+ (m+ 1)ndmax

)(dmax

δ′

)2g1diam

log
( e
δ′

)
, (4.64)

where we write g1 for g1(a, a).
Using this in (4.62), we get

Ev0,Aerrw

∣∣Û (k)
e − U (k)

e

∣∣ ≤ 8δ′ + η.

Taking η = δ′ gives
Ev0,Aerrw

∣∣Û (k)
e − U (k)

e

∣∣ ≤ 9δ′,
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and hence ∣∣Ev0,Aerrw(Ûe)− Ev0,Aerrw(Ue)
∣∣ ≤ 9δ′. (4.65)

From the explicit moment formula,

Ev0,Aerrw(Ue) =
ae(ae + 1)

(ai + 1− 1i=v0)(aj + 1− 1j=v0)
≥ µ∗. (4.66)

If
δ′ ≤ ϵ

9
µ∗, (4.67)

then (4.65) implies ∣∣Ev0,Aerrw(Ûe)− Ev0,Aerrw(Ue)
∣∣ ≤ ϵEv0,Aerrw(Ue). (4.68)

In particular, since ϵ < 1/2,

Ev0,Aerrw(Ûe) ≥ (1− ϵ)Ev0,Aerrw(Ue) ≥
1

2
µ∗.

We now use multiplicative Chernoff instead of Chebyshev. Since Û
(1)
e , . . . , Û

(K)
e are i.i.d.

random variables in [0, 1] and

Ûe =
1

K

K∑
k=1

Û (k)
e ,

the bounded-variable multiplicative Chernoff bound gives

Pv0,Aerrw

(
|Ûe − Ev0,Aerrw(Ûe)| ≥ ϵEv0,Aerrw(Ûe)

)
≤ 2 exp

(
−ϵ

2

3
Ev0,Aerrw(Ûe)K

)
.

Using Ev0,Aerrw(Ûe) ≥ µ∗/2, we obtain

Pv0,Aerrw

(
|Ûe − Ev0,Aerrw(Ûe)| ≥ ϵEv0,Aerrw(Ûe)

)
≤ 2 exp

(
−ϵ

2µ∗K

6

)
. (4.69)

Combining (4.68) and (4.69), we get

Pv0,Aerrw

(
|Ûe − Ev0,Aerrw(Ue)| ≥ 3ϵEv0,Aerrw(Ue)

)
≤ 2 exp

(
−ϵ

2µ∗K

6

)
.

Finally, taking a union bound over e ∈ E yields

Pv0,Aerrw

(
∃e ∈ E : |Ûe − Ev0,Aerrw(Ue)| ≥ 3ϵEv0,Aerrw(Ue)

)
≤ 2|E| exp

(
−ϵ

2µ∗K

6

)
. (4.70)

In particular, since |E| ≤ ndmax/2, it suffices to take

K ≥ 6

ϵ2µ∗
log

(
ndmax

δ

)
≥ 6

ϵ2µ∗
log

(
2|E|
δ

)
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to make the probability in (4.70) at most δ.
Step 2. Estimating Ev0,Aerrw(UeUe′), ∀e, e′ ∈ E s.t. |e ∩ e′| = 1.
Recall that the proposed estimator for Ev0,Aerrw(UeUe′) is

V̂e,e′ :=
1

K

K∑
k=1

Û (k)
e Û

(k)
e′ ,

as defined in Eq. (4.26). We first control the bias of this estimator. As in the preceding step,

Ev0,Aerrw(V̂e,e′) =
1

K

K∑
k=1

Ev0,Aerrw

(
Û (k)
e Û

(k)
e′

)
.

Adding and subtracting U
(k)
e U

(k)
e′ , we get

∣∣Ev0,Aerrw(V̂e,e′)− Ev0,Aerrw(UeUe′)
∣∣ ≤ 1

K

K∑
k=1

Ev0,Aerrw

∣∣Û (k)
e Û

(k)
e′ − U (k)

e U
(k)
e′

∣∣
≤ 1

K

K∑
k=1

Ev0,Aerrw

∣∣Û (k)
e − U (k)

e

∣∣+ 1

K

K∑
k=1

Ev0,Aerrw

∣∣Û (k)
e′ − U

(k)
e′

∣∣,
where we used 0 ≤ Û

(k)
e , U

(k)
e , Û

(k)
e′ , U

(k)
e′ ≤ 1. By Eq. (4.65), under the choices of m,T in

Eqs. (4.63) and (4.64) and with η = δ′,

Ev0,Aerrw

∣∣Û (k)
e − U (k)

e

∣∣ ≤ 9δ′ for every e ∈ E.

Therefore ∣∣Ev0,Aerrw(V̂e,e′)− Ev0,Aerrw(UeUe′)
∣∣ ≤ 18δ′. (4.71)

Next, we lower bound the target moment. By Eq. (4.66), Ev0,Aerrw(Ue) ≥ µ∗ for every e ∈ E.
If e and e′ share the vertex j, then the moment identity in Lemma 4.3.1 gives

Ev0,Aerrw(UeUe′) = Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′) ·
aj + 1− 1j=v0
aj + 3− 1j=v0

.

Moreover,
aj + 1− 1j=v0
aj + 3− 1j=v0

≥ aj
aj + 2

≥ 2a

2a+ 2
=

a

a+ 1
.

Then, for all adjacent edge pairs (e, e′),

Ev0,Aerrw(UeUe′) ≥ c0µ
2
∗. (4.72)

Assume
δ′ ≤ ϵ

18
c0µ

2
∗. (4.73)
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Then Eq. (4.71) implies∣∣Ev0,Aerrw(V̂e,e′)− Ev0,Aerrw(UeUe′)
∣∣ ≤ ϵEv0,Aerrw(UeUe′).

In particular, if ϵ < 1/2, then

Ev0,Aerrw(V̂e,e′) ≥ (1− ϵ)Ev0,Aerrw(UeUe′) ≥
1

2
c0µ

2
∗.

We now apply multiplicative Chernoff. For fixed e, e′, the variables

Û (1)
e Û

(1)
e′ , . . . , Û

(K)
e Û

(K)
e′

are i.i.d. and take values in [0, 1], with average V̂e,e′ . Therefore,

Pv0,Aerrw

(
|V̂e,e′ − Ev0,Aerrw(V̂e,e′)| ≥ ϵEv0,Aerrw(V̂e,e′)

)
≤ 2 exp

(
−ϵ

2

3
Ev0,Aerrw(V̂e,e′)K

)
.

Using Ev0,Aerrw(V̂e,e′) ≥ 1
2
c0µ

2
∗, we get

Pv0,Aerrw

(
|V̂e,e′ − Ev0,Aerrw(V̂e,e′)| ≥ ϵEv0,Aerrw(V̂e,e′)

)
≤ 2 exp

(
−ϵ

2c0µ
2
∗K

6

)
. (4.74)

Combining the concentration event with the bias bound gives, as in Step 1,

|V̂e,e′ − Ev0,Aerrw(UeUe′)| ≤ 3ϵEv0,Aerrw(UeUe′)

outside the exceptional event in Eq. (4.74). Indeed,

|V̂e,e′ − E(UeUe′)| ≤ ϵE(V̂e,e′) + ϵE(UeUe′) ≤ 3ϵE(UeUe′),

where we used E(V̂e,e′) ≤ (1 + ϵ)E(UeUe′) and ϵ < 1.
Recall that P1 is the set of unordered adjacent edge pairs. Since

|P1| =
∑
v∈V

(
deg(v)

2

)
≤ (dmax − 1)|E| ≤ nd2max,

a union bound over P1 gives

Pv0,Aerrw

(
∃(e, e′) ∈ P1 : |V̂e,e′ − Ev0,Aerrw(UeUe′)| ≥ 3ϵEv0,Aerrw(UeUe′)

)
≤ 2|P1| exp

(
−ϵ

2c0µ
2
∗K

6

)
.

(4.75)
In particular, it suffices to take

K ≥ 6

ϵ2c0µ2
∗
log

(
2|P1|
δ

)
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to make the probability in Eq. (4.75) at most δ. Since |P1| ≤ nd2max, a simpler sufficient
condition is

K ≥ 6

ϵ2c0µ2
∗
log

(
2nd2max

δ

)
.

Step 3. Estimating Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′)− Ev0,Aerrw(UeUe′) for adjacent e, e′.
Recall that ∆̂e,e′ , defined in Eq. (4.27), is the proposed estimator for

∆e,e′ := Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′)− Ev0,Aerrw(UeUe′).

We study ÛeÛe′ − V̂e,e′ , which equals ∆̂e,e′ whenever it is nonnegative.

The key point is that no additional variance estimate is needed. Once Ûe, Ûe′ , and V̂e,e′
are multiplicatively accurate, the corresponding estimate of ∆e,e′ is also accurate.

Fix an internal tolerance ϵ0 ∈ (0, 1), to be chosen below. Suppose that for all e ∈ E and
all (e, e′) ∈ P1,

|Ûe − E(Ue)| ≤ ϵ0E(Ue), |V̂e,e′ − E(UeUe′)| ≤ ϵ0E(UeUe′).

Then, for every (e, e′) ∈ P1,∣∣(ÛeÛe′ − V̂e,e′)− (E(Ue)E(Ue′)− E(UeUe′))
∣∣

≤ |ÛeÛe′ − E(Ue)E(Ue′)|+ |V̂e,e′ − E(UeUe′)|.

The second term is at most ϵ0E(UeUe′). For the first term, since Ûe ≤ (1 + ϵ0)E(Ue) and
Ûe′ ≤ (1 + ϵ0)E(Ue′), while also Ûe ≥ (1− ϵ0)E(Ue) and Ûe′ ≥ (1− ϵ0)E(Ue′), we have

|ÛeÛe′ − E(Ue)E(Ue′)| ≤ 3ϵ0 E(Ue)E(Ue′)

for ϵ0 ∈ (0, 1). Therefore,∣∣(ÛeÛe′ − V̂e,e′)−∆e,e′
∣∣ ≤ 3ϵ0 E(Ue)E(Ue′) + ϵ0 E(UeUe′). (4.76)

Since E(UeUe′) ≤ E(Ue)E(Ue′), this gives∣∣(ÛeÛe′ − V̂e,e′)−∆e,e′
∣∣ ≤ 4ϵ0 E(Ue)E(Ue′).

It remains to compare E(Ue)E(Ue′) with ∆e,e′ . From the moment formulas in Lemma
4.3.1, if j is the shared vertex of e and e′, then

∆e,e′ =
2E(Ue)E(Ue′)
aj + 3− 1j=v0

.

Equivalently,

E(Ue)E(Ue′) =
aj + 3− 1j=v0

2
∆e,e′ ≤

admax + 3

2
∆e,e′ .
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Thus ∣∣(ÛeÛe′ − V̂e,e′)−∆e,e′
∣∣ ≤ 2ϵ0(admax + 3)∆e,e′ .

Choose
ϵ0 :=

ϵ

2(admax + 3)
. (4.77)

Then ∣∣(ÛeÛe′ − V̂e,e′)−∆e,e′
∣∣ ≤ ϵ∆e,e′ ∀(e, e′) ∈ P1. (4.78)

In particular, since ϵ < 1, the quantity ÛeÛe′ − V̂e,e′ is positive on this event, so it agrees

with the estimator ∆̂e,e′ defined in Eq. (4.27).
We now invoke the concentration bounds from Steps 1 and 2 with the final multiplicative

tolerance there taken to be ϵ0, equivalently with the auxiliary tolerance ϵ0/3 in the last
Chernoff step. Thus, provided the corresponding bias conditions hold, namely

δ′ ≤ ϵ0
27
µ∗, δ′ ≤ ϵ0

54
c0µ

2
∗,

Steps 1 and 2 give

Pv0,Aerrw

(
∃e ∈ E : |Ûe − E(Ue)| > ϵ0E(Ue)

)
≤ 2|E| exp

(
−ϵ

2
0µ∗K

54

)
,

and

Pv0,Aerrw

(
∃(e, e′) ∈ P1 : |V̂e,e′ − E(UeUe′)| > ϵ0E(UeUe′)

)
≤ 2|P1| exp

(
−ϵ

2
0c0µ

2
∗K

54

)
.

Therefore, by the deterministic implication above,

Pv0,Aerrw

(
∃(e, e′) ∈ P1 : |(ÛeÛe′ − V̂e,e′)−∆e,e′ | > ϵ∆e,e′

)
≤ 2|E| exp

(
−ϵ

2
0µ∗K

54

)
+ 2|P1| exp

(
−ϵ

2
0c0µ

2
∗K

54

)
. (4.79)

Since ϵ0 = ϵ/[2(admax + 3)], it suffices to take

K ≥ max

{
216(admax + 3)2

ϵ2µ∗
log

(
4|E|
δ

)
,
216(admax + 3)2

ϵ2c0µ2
∗

log

(
4|P1|
δ

)}
to make the failure probability in (4.79) at most δ.

Step 4. Piecing it all together.
We now combine the preceding estimates. Let

ϵ0 :=
ϵ

2(admax + 3)
.
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To make the bias terms negligible at the internal tolerance level needed for the ∆-estimate,
it is enough to choose δ′ so that

δ′ ≤ min
{ ϵ0
27
µ∗,

ϵ0
54
c0µ

2
∗

}
.

Equivalently, it is enough to take, for example,

δ′ ≤ ϵ

108(admax + 3)
min{µ∗, c0µ

2
∗}.

With this choice of δ′, and with m,T satisfying Eqs. (4.63) and (4.64) where η = δ′, Steps
1–3 imply the following. For all e ∈ E,

|Ûe − Ev0,Aerrw(Ue)| ≤ ϵ0 Ev0,Aerrw(Ue)

fails with probability at most

2|E| exp
(
−ϵ

2
0µ∗K

54

)
.

For all (e, e′) ∈ P1,
|V̂e,e′ − Ev0,Aerrw(UeUe′)| ≤ ϵ0 Ev0,Aerrw(UeUe′)

fails with probability at most

2|P1| exp
(
−ϵ

2
0c0µ

2
∗K

54

)
.

On the intersection of these two good events, Step 3 gives

|∆̂e,e′ −∆e,e′ | ≤ ϵ∆e,e′ ∀(e, e′) ∈ P1,

where
∆e,e′ := Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′)− Ev0,Aerrw(UeUe′).

Moreover, since ϵ0 ≤ ϵ, the same good event also gives

|Ûe − Ev0,Aerrw(Ue)| ≤ ϵEv0,Aerrw(Ue) ∀e ∈ E,

and
|V̂e,e′ − Ev0,Aerrw(UeUe′)| ≤ ϵEv0,Aerrw(UeUe′) ∀(e, e′) ∈ P1.

Therefore, by the union bound, all three families of quantities are simultaneously ϵ-
multiplicatively approximated with probability at least

1− 2|E| exp
(
−ϵ

2
0µ∗K

54

)
− 2|P1| exp

(
−ϵ

2
0c0µ

2
∗K

54

)
.
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Consequently, for any δ ∈ (0, 1), it suffices to take

K ≥ max

{
54

ϵ20µ∗
log

(
4|E|
δ

)
,

54

ϵ20c0µ
2
∗
log

(
4|P1|
δ

)}
.

Using ϵ0 = ϵ/[2(admax + 3)], this is equivalent to

K ≥ max

{
216(admax + 3)2

ϵ2µ∗
log

(
4|E|
δ

)
,
216(admax + 3)2

ϵ2c0µ2
∗

log

(
4|P1|
δ

)}
.

Since |E| ≤ ndmax/2 and |P1| ≤ nd2max, a simpler sufficient condition is

K ≥ 216(admax + 3)2

ϵ2c0µ2
∗

log

(
4nd2max

δ

)
.

In particular,

K = Oa,a

(
d6max

ϵ2
log

ndmax

δ

)
.

Theorem 4.4.19 (Non-asymptotic bounds). Let G = (V = [n], E) be a connected weighted
graph with initial edge weights A = (ae)e∈E and diameter diam. Assume that a ≤ ae ≤ a for
all e ∈ E, where a, a are positive constants. Fix ϵ, δ ∈ (0, 1). Let

P1 := {{e, e′} : e, e′ ∈ E, e ̸= e′, |e ∩ e′| = 1}.

Define

µ∗ :=
a(a+ 1)

(dmaxa+ 1)2
, c0 :=

a

a+ 1
, ϵ0 :=

ϵ

2(admax + 3)
.

Let δ′ ∈ (0, 1) satisfy

δ′ ≤ ϵ

108(admax + 3)
min{µ∗, c0µ

2
∗}.

Suppose

m ≥ 8d2max

(δ′)2

(
dmax

δ′

)4g1(a,a)diam

log

(
2ndmax

δ′

)
,

and

T ≥ e g2
(
n3 log n+ (m+ 1)ndmax

)(dmax

δ′

)2g1(a,a)diam

log
( e
δ′

)
.

If

K ≥ max

{
216(admax + 3)2

ϵ2µ∗
log

(
4|E|
δ

)
,
216(admax + 3)2

ϵ2c0µ2
∗

log

(
4|P1|
δ

)}
,

then, with probability at least 1 − δ, the estimators simultaneously give ϵ-multiplicative ap-
proximations of

Ev0,Aerrw(Ue), Ev0,Aerrw(UeUe′), Ev0,Aerrw(Ue)Ev0,Aerrw(Ue′)− Ev0,Aerrw(UeUe′)

for all e ∈ E and all (e, e′) ∈ P1. Consequently, the induced estimates of the oj’s, and hence
of the edge weights ae, are O(ϵ)-accurate.
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Remark 4.4.19.1 (Constant-degree graphs). For constant-degree graphs, i.e., when dmax =
O(1), the preceding theorem gives a particularly simple form. For fixed ϵ, δ ∈ (0, 1) and fixed
constants a, a, it suffices to take

K = O(log n), m = exp{O(diam)} log n,

and
T = O

(
n3 log n exp{O(diam)}

)
.

Thus, for bounded-degree graphs, the number of independent trajectories needed is only log-
arithmic in the graph size. The main cost is instead the required trajectory length, which is
governed by the cover-time factor exp{O(diam)}. In particular, if the graph has both bounded
degree and logarithmic diameter, then T is polynomial in n.

Remark 4.4.19.2 (Positive-integer-valued edge weights). In the special case where all edge
weights are integers, one might wonder whether the sample complexity can be significantly
reduced. However, the requirement to cover the graph imposes a fundamental bottleneck on
the trajectory length T .

To see this, consider a path consisting of (n+1) vertices and let A = 1 be the initial edge
local time. Label the left-most vertex as v0 and the right-most vertex as vn. Define Ã as an
alternative hypothesis that matches A except for the right-most edge weight, which is set to
2 in Ã. To obtain any information about the right-most edge, the trajectory must reach it
first, necessitating a traversal of the entire path. This imposes a constraint on T , making it
at least 2Ω(n). The time to reach vn from v0 is asymptotically bounded below like this because
it stochastically dominates the time to reach n from 0 in a biased random walk with negative
drift on the nonnegative integers. So, while the positive-integer valued case is likely to be
easier than the general case as it may require a lower sample complexity for the number of
trajectories K, the dependence on the cover time T is still unimprovable using our current
techniques.

4.5 Summary

In this chapter, we explored how to estimate the initial weights in an edge-reinforced random
walk (ERRW) given a collection of sampled trajectories. We provided lower and upper
bounds on the complexity of these estimation tasks, both in terms of the length of the
trajectories and in terms of the number of trajectories. We expect that the upper bounds
we derived can be significantly improved with more carefully designed algorithms.

We list some other questions that seem to warrant further investigation.
Question 1. Sample-Complexity Upper Bounds for Testing
Consider identity testing: the null hypothesis H0 is A = A0, while the alternative H1

states A is at least ϵ-far from A0 under some metric. An interesting question is whether the
sample complexity of the classical likelihood-ratio tests is competitive with tests that use
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ERRW-specific structure, perhaps along the lines of the ERRW-specific properties we have
used in designing the estimators derived in this chapter.

Question 2. Non-Linear Activation Functions
Beyond the linear activation setting, one can study ERRW with non-linear activation.

The law of ERRW with activation function g : Rn
++ → Rn

++ starting at v0 with initial edge
local time L0 = A can be stated as

Pv0,Aerrw(g)(Xt+1 = i | {X0, X1, · · · , Xt}) =
g
(
L
{Xt,i}
t

)∑
i′:Xt∼i′ g

(
L
{Xt,i′}
t

) , ∀i ∈ V, ∀t ∈ Z+.

Some examples for non-linear activation functions include g(x) = xα (α ̸= 1) and g(x) =
log(x + 1). While such processes have been analyzed in the literature(e.g., see [70, 26]),
their behavior cannot be reduced to a mixture of Markov chains, and no “magic formula”
integration identity is known. Nevertheless, one might still attempt to recover the initial
weights from trajectory data or, alternatively, prove that exact recovery is impossible.
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Chapter 5

Information Quantities Related to
Edge-reinforced Random Walks

The ERRW model, its random-environment representation, and the magic formula are
reviewed in Section 1.2; we refer to [84] for further background. This chapter studies
information-theoretic quantities associated with ERRWs on finite graphs, motivated in part
by the problem of statistically distinguishing between different ERRW models from observed
trajectories. Leveraging structural properties of the random environment [92, 93], we derive
an annealed representation of the entropy rate, a closed-form formula for the environment-
level KL divergence, and quantitative bounds on the convergence of trajectory-level KL
divergence toward environment-level KL divergence.

These information-theoretic quantities are motivated by the two-point hypothesis testing
problem for ERRW trajectories, and in particular by the associated Stein exponent. We also
expect them to play a role in other testing problems for ERRWs, including identity testing
and closeness testing.

5.1 Introduction

Our main results are as follows.

• Entropy rate. The entropy rate of ERRW admits an annealed representation in terms
of the mixing measure. We derive an explicit formula for the entropy rate and an upper
bound expressed via the normalizing constant in the magic formula.

• KL divergence between environment laws. The family of ERRW mixing measures forms
a canonical exponential family, which yields a closed-form formula for the environment-
level KL divergence. Through the STZ field representation [93], this formula has a
probabilistic interpretation as the difference of edge-Gamma and vertex-Gamma KL
divergences; see Section 5.3.
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• Convergence of trajectory-level KL divergence. The trajectory-level KL divergence
converges to the environment-level KL divergence as T → ∞ at a sublinear rate on
general graphs, with a tight characterization in the n-star (Pólya urn) case.

The results support the following general point of view. For ERRW on finite graphs, the
random environment, especially at the level of the STZ field [93], is the natural object in
terms of which entropy and KL divergence are most naturally understood. In this sense,
the random-environment representation is not only a structural description of the model but
also the appropriate framework for its information-theoretic analysis.

Throughout this chapter, let G = (V,E) be a finite, connected, simple undirected graph,
with |V | =: n and |E| =: m. For u, v ∈ V , we write u ∼ v if {u, v} ∈ E, and for v ∈ V ,
we write deg(v) := |{u ∈ V : u ∼ v}|. We fix a distinguished initial vertex v0 ∈ V , and
we equip the edges with positive initial weights A = (ae)e∈E ∈ (0,∞)E. For v ∈ V , let
av :=

∑
e∋v ae. When e = {u, v}, we occasionally write ae = auv = avu.

We recall the mixing measure from Definition 1.2.0.1, using notation adapted to this
chapter. Fix a reference edge e0 ∈ E, work in the gauge we0 = 1, and write wv :=

∑
e∋v we

and τ(w) :=
∑

T∈T
∏

e∈T we. Then

dµv0,A(w−e0) = Z−1
v0,A

w
1/2
v0

∏
e∈E w

ae−1
e∏

v∈V w
(av+1)/2
v

√
τ(w) dw−e0 , (5.1)

where

Zv0,A :=

∏
e∈E Γ(ae)∏

v∈V Γ
(
av+1−1(v=v0)

2

) · π(|V |−1)/2

2 1−|V |+
∑

e∈E ae
. (5.2)

Here Γ denotes the Gamma function. Also note that, since we0 = 1 we sometimes write
dµv0,A(w) for dµv0,A(w−e0), with the understanding that an additional factor of δ(we0 − 1)
has been tagged on.

Conditional on W = w, the transition kernel is pij(w) :=
w{i,j}
wi

, i ∼ j. For a fixed
environment w, the chain Pw = (pij(w)) is reversible with stationary distribution πi(w) :=

wi∑
v∈V wv

, i ∈ V. Indeed, for i ∼ j, one has πi(w)pij(w) = wij/
∑

v∈V wv = πj(w)pji(w). The

random environment representation will be the basis for our analysis of the entropy rate and
KL divergence in the rest of the chapter.

Let w be a fixed environment, and let xT0 be a trajectory with x0 = v0. Under the
quenched law Pv0,wsrw , the probability of xT0 for T ≥ 1 is

Pv0,wsrw (XT
0 = xT0 ) =

T∏
t=1

pxt−1,xt(w) =
∏
u∈V

∏
v∼u

(
w{u,v}

wu

)Nuv(xT0 )

. (5.3)

Equivalently, the quenched log-likelihood for T ≥ 1 is

logPv0,wsrw (XT
0 = xT0 ) =

∑
u∈V

∑
v∼u

Nuv(x
T
0 ) logw{u,v} −

∑
u∈V

Nu(x
T
0 ) logwu. (5.4)



CHAPTER 5. INFORMATION QUANTITIES RELATED TO EDGE-REINFORCED
RANDOM WALKS 126

In particular, for fixed w, the quenched law of the trajectory depends on xT0 only through
its directed transition count vector N(xT0 ) := (Nuv(x

T
0 ))u∼v. We shall use this observation

repeatedly.
For later use, note also that the stationary mass carried by an undirected edge e = {i, j}

in the fixed environment w is 2πi(w)pij(w) = we/
∑

g∈E wg. Accordingly, we consider the
stationary occupation measure on edges under the fixed environment w and denote it by
Xe(w) := we/

∑
g∈E wg, e ∈ E. This quantity will play an important role in the rest of the

chapter.
The rest of this chapter is organized as follows. In Section 5.2, we study the entropy rate

of ERRW. In Section 5.3, we analyze the KL divergence between ERRW environment laws.
In Section 5.4, we study the KL divergence between finite trajectory laws and its relation to
posterior updating. We then conclude with a discussion of several open problems.

5.2 Entropy Rate of ERRW

In this section, we study the entropy rate of ERRW through its random-environment repre-
sentation. Throughout, let (Xt)t≥0 denote the ERRW on (G, v0, A), and letW ∼ µv0,A denote
the random environment from the recalled random-environment representation above, where
µv0,A is defined in (5.1). Conditional on W = w, let Pw = (pij(w)) be the corresponding
quenched transition kernel and let π(w) be its stationary distribution.

Entropy rate and the finite-state Markov-chain formula

We write H(·) for Shannon entropy with logarithms to the natural base. Since X0 = v0 is
deterministic, H(XT

0 ) for T ≥ 1 is the same as the entropy of (X1, . . . , XT ); nevertheless, we
continue to write H(XT

0 ) for convenience.
For each T ≥ 1 and each environment w, define the quenched path entropy by hT (w) :=

HPv0,w
srw

(XT
0 ). Since V is finite, this is well-defined and satisfies 0 ≤ hT (w) ≤ T log |V |. We

define the conditional entropy of XT
0 given W by H(XT

0 | W ) := E[hT (W )], and the mutual
information between W and XT

0 by I(W ;XT
0 ) := H(XT

0 ) − H(XT
0 | W ). Equivalently,

I(W ;XT
0 ) = DKL(PW,XT

0
∥PW ⊗ PXT

0
), where DKL denotes relative entropy. Since XT

0 takes

values in the finite set V T+1, all these quantities are finite.

Definition 5.2.0.1 (Entropy rate). Let (Yt)t≥0 be a discrete-time process on a finite state
space. Its entropy rate is defined as

r := lim
T→∞

1

T
H(Y T

0 ),

provided the limit exists.

The entropy rate of a finite irreducible Markov chain is well known.



CHAPTER 5. INFORMATION QUANTITIES RELATED TO EDGE-REINFORCED
RANDOM WALKS 127

Proposition 5.2.0.1 (Entropy rate of a finite Markov chain). Let P = (pij)i,j∈V be an
irreducible Markov chain on a finite state space V , and let π be its stationary distribution.
Then the entropy rate exists and is given by

r(P ) := −
∑
i∈V

πi
∑
j∈V

pij log pij.

In the present setting, for each fixed environment w, the quenched chain Pw is irreducible
on the finite connected graph G, so Proposition 5.2.0.1 applies.

Annealed reduction through the random environment

We first bound the entropy H(XT
0 ) under the law of the ERRW on (G, v0, A) in terms of an

annealed average of the corresponding quantities for the quenched chains corresponding to
each environment w.

Lemma 5.2.1 (Annealed reduction). For every T ≥ 1,

H(XT
0 ) = H(XT

0 | W ) + I(W ;XT
0 ). (5.5)

Moreover,
I(W ;XT

0 ) ≤ (2|E| − 1) log(T + 2|E| − 1). (5.6)

In particular, T−1I(W ;XT
0 ) → 0 as T → ∞.

Proof. The identity (5.5) is immediate from the definition of mutual information.
To prove (5.6), let N(XT

0 ) := (Nuv(X
T
0 ))u∼v be the directed transition-count vector. By

(5.3), for every fixed environment w, the quenched probability of a trajectory xT0 depends
on xT0 only through N(xT0 ). Thus, if S(n) := {xT0 ∈ V T+1 : N(xT0 ) = n, x0 = v0}, then
Pv0,wsrw (XT

0 = xT0 ) is constant on S(n). Hence, conditional on {N(XT
0 ) = n}, the quenched

law of XT
0 is uniform on S(n), and in particular does not depend on w. Equivalently,

W ⊥ XT
0 | N(XT

0 ).
By the chain rule for mutual information, I(W ;XT

0 ) = I(W ;N(XT
0 )) + I(W ;XT

0 |
N(XT

0 )) = I(W ;N(XT
0 )). Since N(XT

0 ) is discrete, I(W ;N(XT
0 )) ≤ H(N(XT

0 )).
Now N(XT

0 ) has 2|E| nonnegative integer coordinates and total mass T , so its support
is contained in the set of weak compositions of T into 2|E| parts. Therefore

| supp(N(XT
0 ))| ≤

(
T + 2|E| − 1

2|E| − 1

)
,

and hence

H(N(XT
0 )) ≤ log

(
T + 2|E| − 1

2|E| − 1

)
≤ (2|E| − 1) log(T + 2|E| − 1).

This proves (5.6).
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In the special case of an n-star the bound of (5.6) is tight up to a constant, see Ap-
pendix C.1.

We now deduce the existence of the entropy rate of the ERRW on (G, v0, A) and provide
an annealed representation for this entropy rate.

Theorem 5.2.2 (Entropy-rate formula). The entropy rate of the ERRW on (G, v0, A) exists.
More precisely, for µv0,A-a.e. environment w, the quenched chain Pw has entropy rate

r(Pw) = −
∑
i∈V

πi(w)
∑
j∈V

pij(w) log pij(w),

and

r(v0, A) := lim
T→∞

1

T
H(XT

0 ) = E
[
r(PW )

]
. (5.7)

Proof. Fix an environment w. For i ∈ V , define the one-step entropy by

hi(w) := −
∑
j∈V

pij(w) log pij(w) = −
∑
j∼i

wij
wi

log
wij
wi
.

Since under Pv0,wsrw the process is Markov, the chain rule for entropy gives

hT (w) =
T∑
t=1

HPv0,w
srw

(Xt | X t−1
0 ),

and the Markov property yields HPv0,w
srw

(Xt | X t−1
0 ) = HPv0,w

srw
(Xt | Xt−1) = Ev0,w[hXt−1(w)].

Therefore

hT (w) =
T−1∑
t=0

Ev0,w[hXt(w)].

Since Pw is irreducible on a finite state space, its Cesàro averages converge to the sta-
tionary distribution π(w). Thus, for each i ∈ V ,

1

T

T−1∑
t=0

Pv0,wsrw (Xt = i) −→ πi(w).

Multiplying by hi(w) and summing over i, we obtain

1

T
hT (w) =

∑
i∈V

(
1

T

T−1∑
t=0

Pv0,wsrw (Xt = i)

)
hi(w) −→

∑
i∈V

πi(w)hi(w) = r(Pw).

Moreover, 0 ≤ hi(w) ≤ log deg(i) ≤ log |V |, so 0 ≤ T−1hT (w) ≤ log |V | and 0 ≤ r(Pw) ≤
log |V |.
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Now divide (5.5) by T . By Lemma 5.2.1, the mutual-information term is O((log T )/T ) =
o(1). On the other hand,

1

T
H(XT

0 | W ) = E
[
1

T
hT (W )

]
.

Since T−1hT (W ) → r(PW ) almost surely and 0 ≤ T−1hT (W ) ≤ log |V |, dominated conver-
gence gives

1

T
H(XT

0 | W ) −→ E[r(PW )].

Combining these two limits with (5.5) proves (5.7).

Exact formulas and bounds for the ERRW entropy rate

We now rewrite the quenched entropy rate in a form better adapted to the random environ-
ment.

Theorem 5.2.3 (Exact formula and upper bound). Let r(v0, A) be the ERRW entropy rate
from Theorem 5.2.2. Then

r(v0, A) = −
∫  ∑

{i,j}∈E

wij∑
{u,v}∈E wuv

log
wij√
wiwj

µv0,A(dw), (5.8)

where µv0,A is defined in (5.1). For v ∈ V , write bv :=
av+1−1(v=v0)

2
. Then

r(v0, A) ≤
∑

e={i,j}∈E

(
ae
2
· Γ(bi)

Γ(bi +
1
2
)
· Γ(bj)

Γ(bj +
1
2
)

)(
log 2+

1

2
Ψ
(
bi+

1
2

)
+
1

2
Ψ
(
bj+

1
2

)
−Ψ(ae+1)

)
.

(5.9)
Here, for a real number x > 0, we use the standard notation Γ(x) :=

∫∞
0
tx−1e−tdt for the

Gamma function and Ψ(x) := d
dx

log Γ(x) for the digamma function.

Proof. By Theorem 5.2.2, r(v0, A) = E[r(PW )]. For a fixed environment w,

r(Pw) = −
∑
i∈V

πi(w)
∑
j∈V

pij(w) log pij(w) = − 1∑
v∈V wv

∑
i∈V

∑
j∼i

wij log
wij
wi
.

For an undirected edge {i, j}, the two oriented contributions are wij log
wij

wi
and wij log

wij

wj
,

whose sum is 2wij log
wij√
wiwj

. Summing over all edges and using
∑

v∈V wv = 2
∑

e∈E we, we

obtain
r(Pw) = −

∑
{i,j}∈E

wij∑
e∈E we

log
wij√
wiwj

. (5.10)

Averaging over W ∼ µv0,A yields (5.8).
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For the upper bound, define Ye(w) := we√
wiwj

for e = {i, j} ∈ E. Since we ≤ wi and

we ≤ wj, we have 0 < Ye(w) ≤ 1. Also,
∑

g∈E wg ≥
1
2
(wi + wj) ≥

√
wiwj, so

we∑
g∈E wg

≤ Ye(w).

Because − log Ye(w) ≥ 0, (5.8) and (5.10) imply

r(Pw) ≤ −
∑
e∈E

Ye(w) log Ye(w), r(v0, A) ≤ −
∑
e∈E

Eµv0,A [Ye(W ) log Ye(W )].

Fix e = {i, j} ∈ E, and let A(e) := A+ 1e. Comparing the densities (5.1) for A and A(e),
we see that increasing ae by 1 multiplies the unnormalized density by

we√
wiwj

= Ye(w),

while the remaining change is only the ratio of normalizing constants. This remains true
when e = e0: in the pinned gauge we0 = 1, the edge factor we0 is equal to 1, but the two

incident vertex factors w
−1/2
i and w

−1/2
j are still introduced. Hence the multiplier is still

Ye0(w) =
we0√
wiwj

=
1

√
wiwj

.

Thus
dµv0,A(e)

dµv0,A
(w) =

Zv0,A
Zv0,A(e)

Ye(w).

Integrating gives Eµv0,A [Ye(W )] =
Z
v0,A

(e)

Zv0,A
, while multiplying by log Ye(w) before integrating

gives
Eµv0,A [Ye(W ) log Ye(W )] = Eµv0,A [Ye(W )]Eµ

v0,A
(e)
[log Ye(W )].

The first factor on the RHS is computed directly from (5.2):

Eµv0,A [Ye(W )] =
ae
2

· Γ(bi)

Γ(bi +
1
2
)
· Γ(bj)

Γ(bj +
1
2
)
.

For the second factor, the dependence of the density (5.1) on ae is exactly through the factor
Ye(w)

ae , so
∂

∂ae
logZv0,A = Eµv0,A [log Ye(W )].

Differentiating the explicit formula (5.2) then gives

Eµv0,A [log Ye(W )] = Ψ(ae)−
1

2
Ψ(bi)−

1

2
Ψ(bj)− log 2.
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Applying this identity at the shifted parameter A(e) gives

Eµ
v0,A

(e)
[log Ye(W )] = Ψ(ae + 1)− 1

2
Ψ
(
bi +

1
2

)
− 1

2
Ψ
(
bj +

1
2

)
− log 2.

Substituting these identities into the previous bound yields (5.9).

Remark 5.2.3.1. The exact formula (5.8) shows that the entropy rate is determined by the
random environment through the ratios wij/

√
wiwj, while the upper bound (5.9) provides an

estimate for this dependence explicitly in terms of the initial weights.

5.3 KL Divergence Between Environment Laws

Throughout this section, fix a finite connected graph G = (V,E), a distinguished initial
vertex v0 ∈ V , and a reference edge e0 ∈ E. We work throughout in the pinned gauge
we0 = 1. For A = (ae)e∈E ∈ (0,∞)E, let µv0,A be the ERRW mixing measure from Definition
1.2.0.1, let Zv0,A be the corresponding normalizing constant, and write Φ(A) := logZv0,A.

As before, for v ∈ V we write av :=
∑

e∋v ae and bv = bv(A) :=
av+1−1(v=v0)

2
.

For each edge e = {u, v} ∈ E, define Ye(w) :=
we√
wuwv

and Te(w) := log Ye(w). Thus Te is

exactly the logarithm of the quantity that appeared already in Section 5.2.
The starting point is that, once the graph and the initial vertex are fixed, the family

{µv0,A}A∈(0,∞)E forms a canonical exponential family in the standard sense of exponential-
family theory; see, for example, [18, 107]. As a consequence, the KL divergence between two
environment laws is determined by the log-normalizing constant Φ(A), where A denotes the
vector of initial edge weights.

Explicit formula for environment-level KL divergence

We have the following formula for the KL divergence between two random environments.

Theorem 5.3.1 (Exponential-family structure and KL formula). The family {µv0,A}A∈(0,∞)E

is a regular canonical exponential family on the pinned space We0 := {w ∈ (0,∞)E : we0 =
1}, with natural parameter A, sufficient statistic T = (Te)e∈E, and log-partition function Φ.
More precisely,

dµv0,A(w) = exp
(∑
e∈E

aeTe(w)− Φ(A)
)
ν(dw), (5.11)

where the base measure ν does not depend on A. Consequently, for every e, e′ ∈ E,

∂

∂ae
Φ(A) = Eµv0,A [Te(W )],

∂2

∂ae∂ae′
Φ(A) = covµv0,A

(
Te(W ), Te′(W )

)
. (5.12)
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If A(0), A(1) ∈ (0,∞)E, and µs := µv0,A(s) for s ∈ {0, 1}, then the KL divergence is the
Bregman divergence of Φ:

DKL(µ0∥µ1) = Φ(A(1))− Φ(A(0))−
∑
e∈E

(a(1)e − a(0)e )
∂

∂ae
Φ(A)

∣∣∣
A=A(0)

. (5.13)

Define, for p, q > 0, Λ(p, q) := log Γ(q)− log Γ(p)− (q− p)Ψ(p). Then, with b
(s)
v := bv(A

(s)),

DKL(µ0∥µ1) =
∑
e∈E

Λ(a(0)e , a(1)e )−
∑
v∈V

Λ(b(0)v , b(1)v ). (5.14)

Proof. Starting from (5.1), the density of µv0,A is

dµv0,A(w) = Z−1
v0,A

w
1/2
v0

∏
e∈E w

ae−1
e∏

v∈V w
(av+1)/2
v

√
τ(w) dw−e0 .

For each edge e = {u, v}, the dependence on ae is exactly through the factor

waee w
−ae/2
u w−ae/2

v = Ye(w)
ae = eaeTe(w).

Thus
dµv0,A(w) = exp

(∑
e∈E

aeTe(w)− Φ(A)
)
ν(dw),

where
ν(dw) := w1/2

v0

(∏
e∈E

w−1
e

)(∏
v∈V

w−1/2
v

)√
τ(w) dw−e0

does not depend on A. This proves (5.11).
The identities (5.12) and (5.13) are the standard gradient, Hessian, and KL–Bregman

identities for regular canonical exponential families; see, for example, [18, 107]. Indeed,
differentiating the log-partition function in (5.11) gives the mean and covariance identities
in (5.12), while direct substitution of (5.11) into DKL(µ0∥µ1) gives the Bregman formula
(5.13).

To verify (5.14), we compute the following explicit formulas. By (5.2), we have

Φ(A) =
∑
e∈E

log Γ(ae)−
∑
v∈V

log Γ(bv) +
|V | − 1

2
log π −

(
1− |V |+

∑
e∈E

ae

)
log 2.

Differentiating with respect to ae, where e = {u, v}, gives

∂

∂ae
Φ(A) = Ψ(ae)−

1

2
Ψ(bu)−

1

2
Ψ(bv)− log 2. (5.15)

Substituting these expressions in (5.13) yields (5.14).
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Remark 5.3.1.1. The exponential-family structure in (5.11) is already implicit in the magic
formula and in the Bayesian interpretation of ERRW as a prior on reversible Markov chains;
see [25, 62, 91, 33, 80]. The point of Theorem 5.3.1 is to make explicit the associated
Bregman-divergence formula for the KL divergence between two ERRW environment laws,
and to record the resulting closed form in terms of Gamma and digamma functions.

A probabilistic interpretation via the STZ field

The formula (5.14) also admits a natural probabilistic interpretation through the random-
field representation developed by Sabot, Tarrès, and Zeng [92, 93]. In the original STZ
field representation, the pinned field includes an auxiliary “ghost” component: the field
at v0 has an extra independent Gamma(1

2
, 1) factor. We consider a version of the field

with this component removed, and call the resulting reduced representation the deghosted
parametrization. In this parametrization, the underlying field separates into an ERRW envi-
ronment component together with independent Gamma variables on edges and independent
Gamma variables on vertices. The KL identity then appears as the net contribution of these
two Gamma structures.

Let β = (βe)e∈E have independent coordinates with βe ∼ Gamma(ae, 1). Conditional
on β, and in the gauge ϕv0 = 0, let ϕ = (ϕi)i∈V be sampled according to the hyperbolic
Gaussian density

pβ(ϕ) =
1

(2π)(n−1)/2
e−

∑
e={i,j}∈E βe(cosh(ϕi−ϕj)−1)e−

∑
i∈V \{v0}

ϕi

√∑
T∈T

∏
e={i,j}∈T

βeeϕi+ϕj .

We then define, for i ∈ V and {i, j} ∈ E, ψ̃i :=
1
2

∑
j∼i βije

ϕj−ϕi and Wij := βije
ϕi+ϕj . Since

Wi :=
∑

j∼iWij = 2ψ̃ie
2ϕi , it is natural to introduce the normalized field

β̃ij =
βij√
ψ̃iψ̃j

=
2Wij√
WiWj

.

The first point is that the vertex variables separate from the environment.

Lemma 5.3.2 (The ψ̃ vertex field (Section 4.4)). The coordinates of ψ̃ are independent,
with ψ̃v ∼ Gamma(bv, 1) for v ∈ V .

We remark that since the deghosted ψ field differs from the original one only by an
independent Gamma(1

2
, 1) random variable at v0, the proof in Section 4.4, which is carried

out for the original ψ field, applies verbatim to the ψ̃ field.
We next record the basic structural properties of the deghosted parametrization.

Lemma 5.3.3 (Deghosted parametrization, normalized field, and factorization). Fix the
gauge ϕv0 = 0.
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1. Bijection between (β, ϕ) and (W, ψ̃). The map (β, ϕ) 7→ (W, ψ̃) is measurable and
one-to-one onto its image. Its inverse is given by

ϕi =
1

2
log

Wi

2ψ̃i
, i ∈ V,

and βij = Wije
−(ϕi+ϕj).

2. Pinned environments and normalized fields. Let We0 := {w ∈ (0,∞)E : we0 = 1}, and
define

H : We0 → (0,∞)E, H(w)ij :=
2wij√
wiwj

, {i, j} ∈ E.

Then H is injective. Moreover, a vector β̃ ∈ (0,∞)E lies in the image of H if and
only if the matrix B̃ with rows and column indexed by the vertices and with entries β̃ij
has spectral radius 2. In that case, if u > 0 satisfies B̃u = 2u and is normalized by
1
2
β̃i0j0ui0uj0 = 1, then the unique w ∈ We0 with H(w) = β̃ is given by wij =

1
2
β̃ijuiuj.

3. Factorization. Let PA denote the law of (β, ϕ) under parameter A. Then the pushfor-
ward of PA under (β, ϕ) 7→ (W, ψ̃) factorizes as

(W, ψ̃) ∼ µv0,A ⊗
⊗
v∈V

Gamma(bv, 1). (5.16)

Equivalently, if ν̃v0,A := H#µv0,A denotes the law of the normalized field, then

(β̃, ψ̃) ∼ ν̃v0,A ⊗
⊗
v∈V

Gamma(bv, 1). (5.17)

Proof. For part (1), the identities Wi =
∑

j∼iWij = 2ψ̃ie
2ϕi , i ∈ V , determine ϕ uniquely

from (W, ψ̃), since ϕv0 = 0 is fixed. Once ϕ is known, the variables βij are recovered from
Wij = βije

ϕi+ϕj . This proves the claimed bijection.
For part (2), let w ∈ We0 , let W be the matrix with rows and columns indexed by the

vertices and with the entries Wij, and let D := diag(wi : i ∈ V ). Then the matrix associated
with H(w) is B̃ = 2D−1/2WD−1/2. If P := D−1W , then P is the transition matrix of the
reversible Markov chain with conductances w, and B̃ = 2D1/2PD−1/2. Thus B̃ is similar to
2P . Since G is connected and all edge weights are positive, P is irreducible and stochastic,
so ρ(P ) = 1. Hence ρ(B̃) = 2.

Now let ui :=
√
wi. Then

(B̃u)i =
∑
j∼i

2wij√
wiwj

√
wj =

2
√
wi

∑
j∼i

wij = 2
√
wi = 2ui.

Thus u is a positive eigenvector of B̃ for eigenvalue 2. By the Perron–Frobenius theorem,
such an eigenvector is unique up to scale. Since the pinning condition we0 = 1 fixes the scale,
H is injective.
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Conversely, let β̃ ∈ (0,∞)E be such that the matrix B̃ with rows and columns indexed
by the vertices and with entries β̃ij satisfies ρ(B̃) = 2. By the Perron–Frobenius theorem,
there exists u > 0 with B̃u = 2u. Define wij :=

1
2
β̃ijuiuj. Then

wi =
∑
j∼i

wij =
1

2
ui
∑
j∼i

β̃ijuj =
1

2
ui(B̃u)i = u2i .

Hence

H(w)ij =
2wij√
wiwj

=
2 · 1

2
β̃ijuiuj

uiuj
= β̃ij.

If u is normalized by 1
2
β̃i0j0ui0uj0 = 1, then we0 = 1, so w ∈ We0 . This proves the image

characterization and reconstruction formula.
For part (3), part (1) shows that the change of variables from (β, ϕ) to (W, ψ̃) is bijective

onto its image. The STZ representation implies that, after this change of variables, the W -
component has law µv0,A, while the coordinates of ψ̃ are independent with laws Gamma(bv, 1);
see [92, 93]. This proves (5.16). Applying the map H to the W -coordinate yields (5.17).

We may now recover the KL identity from the deghosted factorization.

Theorem 5.3.4 (Probabilistic interpretation of the environment KL formula). Let A(0), A(1)

∈ (0,∞)E, and let µs := µv0,A(s), ν̃s := H#µv0,A(s), and b
(s)
v := bv(A

(s)), for s ∈ {0, 1}. Then

DKL(µ0∥µ1) = DKL(ν̃0∥ν̃1) =
∑
e∈E

Λ(a(0)e , a(1)e )−
∑
v∈V

Λ(b(0)v , b(1)v ). (5.18)

In particular, the environment-level KL divergence is the net contribution of the edge-Gamma
and vertex-Gamma parts of the deghosted field.

Proof. Let Ps be the law of (β, ϕ) under parameter A(s), for s ∈ {0, 1}. Since the conditional
law of ϕ given β does not depend on A, the chain rule for relative entropy gives

DKL(P0∥P1) = DKL(β
(0)∥β(1)) =

∑
e∈E

Λ(a(0)e , a(1)e ),

because the coordinates βe are independent Gamma variables.
On the other hand, by Lemma 5.3.3(1), relative entropy is preserved under the bijection

(β, ϕ) 7→ (W, ψ̃). By Lemma 5.3.3(3), the pushforward law factorizes as

(W, ψ̃) ∼ µv0,A ⊗
⊗
v∈V

Gamma(bv, 1).

Hence
DKL(P0∥P1) = DKL(µ0∥µ1) +

∑
v∈V

Λ(b(0)v , b(1)v ).
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Comparing the two expressions yields

DKL(µ0∥µ1) =
∑
e∈E

Λ(a(0)e , a(1)e )−
∑
v∈V

Λ(b(0)v , b(1)v ).

Finally, by Lemma 5.3.3(2), the map H is a bijection between the pinned environment
and the normalized field. Since relative entropy is invariant under measurable bijections,

DKL(µ0∥µ1) = DKL(ν̃0∥ν̃1).

This proves (5.18).

In light of this, the environment-level KL divergence should be understood as

DKL(µ0∥µ1) = DKL(β
(0)∥β(1))−DKL(ψ̃

(0)∥ψ̃(1)) =
∑
e∈E

DKL(β
(0)
e ∥β(1)

e )−
∑
v∈V

DKL(ψ̃
(0)
v ∥ψ̃(1)

v ).

Indeed, under the deghosted factorization, the raw field splits into an environment component
and an independent vertex Gamma field, while the edge variables (βe)e∈E are themselves
independent Gamma variables. The ghost variable, when included, has the same law under
both parameters and therefore contributes no relative entropy. Thus the KL divergence of
the environment is obtained by subtracting the vertex-Gamma contribution from the total
KL divergence of the independent edge-Gamma field.

5.4 KL Divergence Between Trajectory Laws

We now turn from the hidden environment to the observable trajectory. For T ≥ 1 and
s ∈ {0, 1}, let

P (T )
s := L

Pv0,A
(s)

errw

(XT
0 )

denote the law of the first T steps of ERRW with initial weights A(s). These trajectory
laws are the natural objects in statistical testing problems based on finite observed paths. In
particular, if one observes i.i.d. T -step trajectories drawn either from P

(T )
0 or from P

(T )
1 , then

Stein’s lemma identifies DKL(P
(T )
0 ∥P (T )

1 ) as the optimal type-II error exponent at fixed type-I
error level. The main point of this section is that the difference between the environment-
level and trajectory-level KL divergences is exactly an expected posterior KL divergence.

Trajectory laws, testing, and posterior conjugacy

The relevant posterior update is especially simple for ERRW: after observing a path, one
adds the undirected edge counts to the parameters and moves the distinguished root to
the terminal vertex. This is the conjugacy property underlying the Bayesian approach of
Diaconis and Rolles [33].
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Proposition 5.4.0.1 (Posterior conjugacy and path probabilities). Fix A ∈ (0,∞)E, let
W ∼ µv0,A, and, conditional on W = w, let XT

0 be sampled from the quenched chain Pv0,wsrw .
For a realized path xT0 with x0 = v0, let N = N(xT0 ) = (Ne)e∈E be its undirected edge-count
vector and let xT be its endpoint. Then

Pv0,wsrw (XT
0 = xT0 )µv0,A(dw) =

ZxT ,A+N
Zv0,A

µxT ,A+N(dw). (5.19)

Consequently,

Pv0,Aerrw(X
T
0 = xT0 ) =

ZxT ,A+N
Zv0,A

, (5.20)

and
µv0,A(dw | XT

0 = xT0 ) = µxT ,A+N(dw). (5.21)

Moreover, since the endpoint is determined by the parity rule (C.1), the posterior depends
on the path only through N :

µv0,A(dw | N) = µxT (N),A+N(dw). (5.22)

Proof. See Appendix C.2.

The posterior-gap identity and general bounds

We now compare the environment-level and trajectory-level KL divergences. Let

µs := µv0,A(s) , P (T )
s := L

Pv0,A
(s)

errw

(XT
0 ), s ∈ {0, 1},

and define the gap
GapT := DKL(µ0∥µ1)−DKL(P

(T )
0 ∥P (T )

1 ).

Theorem 5.4.1 (Posterior-gap identity and explicit formula). For every T ≥ 0,

GapT = E
P

(T )
0

[
DKL

(
P0(W | N) ∥P1(W | N)

)]
. (5.23)

Equivalently, if N = N(XT
0 ) and x = xT (N), then

GapT = E
P

(T )
0

[
DKL

(
µx,A(0)+N ∥µx,A(1)+N

)]
. (5.24)

For s ∈ {0, 1}, write a(s)v :=
∑

e∋v a
(s)
e , and let dv(N) :=

∑
e∋vNe. Define

b(s,N)
v :=

a
(s)
v + dv(N) + 1− 1(v = xT (N))

2
, v ∈ V.

Then

GapT = E
P

(T )
0

[∑
e∈E

Λ(a(0)e +Ne, a
(1)
e +Ne)−

∑
v∈V

Λ(b(0,N)
v , b(1,N)

v )

]
. (5.25)
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Proof. Let Qs be the joint law of (W,XT
0 ) under parameter A(s). Since the conditional law

of XT
0 given W = w is the same quenched law Pv0,wsrw under both parameters, the chain rule

for relative entropy gives
DKL(Q0∥Q1) = DKL(µ0∥µ1).

Decomposing in the opposite order yields

DKL(Q0∥Q1) = DKL(P
(T )
0 ∥P (T )

1 ) + E
P

(T )
0

[
DKL

(
P0(W | XT

0 ) ∥P1(W | XT
0 )
)]
.

Subtracting the two identities proves

GapT = E
P

(T )
0

[
DKL

(
P0(W | XT

0 ) ∥P1(W | XT
0 )
)]
.

By Proposition 5.4.0.1, Ps(W | XT
0 ) = Ps(W | N) = µx,A(s)+N , where x = xT (N). This gives

(5.23) and (5.24).
It remains to apply the environment-level KL formula from Theorem 5.3.1. For the

posterior measure µx,A(s)+N , the edge parameters are a
(s)
e + Ne, while the corresponding

vertex parameters are∑
e∋v(a

(s)
e +Ne) + 1− 1(v = x)

2
=
a
(s)
v + dv(N) + 1− 1(v = x)

2
= b(s,N)

v .

Substituting these into (5.14) yields (5.25).

The exact expression (5.25) is convenient because the vertex term is nonpositive, so one
can obtain upper bounds by estimating only the edge contribution. The next proposition
records both an integral representation and a simple upper bound.

Proposition 5.4.1.1 (General bounds on GapT ). Let δe := a
(1)
e − a

(0)
e , let a := mine∈E

min{a(0)e , a
(1)
e }, and let Ψ1 = Ψ′ be the trigamma function. Then

GapT =

∫ 1

0

(1− t)

(∑
e∈E

δ2e EP (T )
0

[
Ψ1

(
a(0)e +Ne + tδe

)]
− 1

4

∑
v∈V

δ2v EP (T )
0

[
Ψ1

(
b(0,N)
v + tδv

2

)])
dt, (5.26)

where δv := a
(1)
v − a

(0)
v =

∑
e∋v δe.

In particular,

GapT ≤ 1

2

∑
e∈E

δ2e EP (T )
0

[
1

Ne + a
+

1

(Ne + a)2

]
. (5.27)

Hence also

GapT ≤ 1

2

(
1 +

1

a

)∑
e∈E

δ2e EP (T )
0

[
1

Ne + a

]
. (5.28)
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Proof. We use the elementary identity

Λ(p, q) = (q − p)2
∫ 1

0

(1− t)Ψ1

(
p+ t(q − p)

)
dt, p, q > 0,

which follows from Taylor’s theorem with integral remainder applied to log Γ. Applying this
to each term in (5.25) yields (5.26).

For the upper bound, discard the nonpositive vertex term in (5.25). Since Ψ1(x) ≤
x−1 + x−2 for x > 0, we obtain

Λ(a(0)e +Ne, a
(1)
e +Ne) ≤

δ2e
2

(
1

me(N)
+

1

me(N)2

)
,

where me(N) := min{a(0)e + Ne, a
(1)
e + Ne}. Since me(N) ≥ Ne + a, this gives (5.27) after

taking expectation. Finally,
1

(Ne + a)2
≤ 1

a
· 1

Ne + a
,

which implies (5.28).

The n-star case

We next consider the n-star, in which ERRW reduces to a Pólya urn. This gives a tractable
model in which the inverse local-time estimates underlying the KL gap can be analyzed
sharply.

Let G be the n-star with center v0 and n leaves, and suppose that all initial edge weights
are equal to a > 0. Fix one leaf edge e. Since each excursion from the center consists of
traversing exactly one leaf edge out and then back, it is natural to index the process by
excursions from v0. For T ≥ 1, let Ne(T ), with a harmless abuse of notation, denote the
number of the first T excursions that use the edge e.

Theorem 5.4.2 (Inverse local-time bound on the n-star). Fix η > 0. Then starting at the
center node v0, as T → ∞,

Ev0,Aerrw

[
1

Ne(T ) + η

]
=


O(T−1), a > 1,

O((log T )T−1), a = 1,

O(T−a), 0 < a < 1,

with constants depending only on a, n, and η.

The proof is based on the beta-binomial representation of Ne(T ) together with a sharp
estimate on the binomial inverse moment gT (x) := E[(Bin(T, x) + η)−1]; see Appendix C.3.

Combining Theorem 5.4.2 with Proposition 5.4.1.1 yields the corresponding decay rates
for the trajectory-level KL gap.
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Corollary 5.4.3 (Gap decay on the n-star). Let G be the n-star, and let A(s), s ∈ {0, 1},
be constant edge-weight vectors with values a(s) > 0. Then starting at the center node v0, we
have

GapT =


O(T−1), a(0), a(1) > 1,

O((log T )T−1), min{a(0), a(1)} = 1,

O
(
T−min{a(0),a(1)}), min{a(0), a(1)} < 1.

Proof. Apply Proposition 5.4.1.1. In the n-star with constant initial weights, all edge counts
are identically distributed under P

(T )
0 , so the right-hand side of (5.28) is bounded by a

constant multiple of E[(Ne(T )+η)
−1], for any fixed η > 0. The stated rates then follow from

Theorem 5.4.2.

The general graph case

We carry out the proof in three steps, followed by a step to try to optimize the bounds.

Step 1: tails of the random environment. We begin by controlling the lower tail of
the normalized environment

Xe :=
We∑
g∈EWg

, e ∈ E,

where W ∼ µv0,A. By [83], the law of X = (Xg)g∈E has a density on the open simplex

∆E :=
{
x = (xg)g∈E ∈ (0, 1)E :

∑
g∈E

xg = 1
}

of the form

ρv0,A(x) = Z̃−1
v0,A

∏
g∈E x

ag−1
g∏

v∈V x
bv
v

√
τ(x), x ∈ ∆E, (5.29)

where xv :=
∑

g∋v xg, bv :=
av+1−1(v=v0)

2
, τ(x) :=

∑
T∈T

∏
g∈T xg, and Z̃v0,A = Γ(|E|) · Zv0,A

is the normalizing constant.
For a nonempty set F ⊆ E, let a(F ) :=

∑
g∈F ag, and let

S(F ) := {v ∈ V : every edge incident to v belongs to F}.

We also write κ(G \ F ) for the number of connected components of the graph obtained by
deleting the edges in F , and define

A(F ) := a(F )−
∑

v∈S(F )

bv +
κ(G \ F )− 1

2
. (5.30)

The key combinatorial input is the following fact.
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Lemma 5.4.4. Assume that ag ≥ a > 0 for all g ∈ E. Then, for every nonempty proper
subset F ⊊ E, one has

A(F ) ≥ a

2
.

Proof. Deferred to Appendix C.4. Note that the claim does not hold if F = ∅ or if F = E,
because A(F ) = 0 in both these cases.

We will also make use of the following lemma.

Lemma 5.4.5 (Ordered small-edge coordinates). Let F ⊊ E be nonempty, write m := |F |,
and fix an ordering π, such that the edges in F is ordered as {g1, . . . , gm} under π. Fix
δ0 := (2|E|)−1, define

Ω(F, π) := {x ∈ ∆E : 0 < xg1 ≤ · · · ≤ xgm < δ0, xh ≥ δ0 ∀h ∈ E \ F}. (5.31)

For x ∈ Ω(F, π), define r := xgm and tj := xgj/xgj+1
∈ (0, 1] for 1 ≤ j ≤ m − 1. Then

xgj = r
∏m−1

ℓ=j tℓ for every 1 ≤ j ≤ m, and

dxF :=
m∏
j=1

dxj = rm−1

m−1∏
j=1

t j−1
j dr dt1 · · · dtm−1.

More generally, for any real numbers (αg)g∈F , if α(F
π
j ) :=

∑j
k=1 αgk , then(∏

g∈F

xαg−1
g

)
dxF = rα(F )−1

m−1∏
j=1

t
α(Fπ

j )−1

j dr dt1 · · · dtm−1.

In particular, if e = gq ∈ F and s ≥ 0, then

x−se = r−s
m−1∏
j=q

t−sj = r−s
m−1∏
j=1

t
−s1(e∈Fπ

j )

j .

Proof. Since xgj = tjxgj+1
for 1 ≤ j ≤ m − 1 and xgm = r, iterating gives xgj = r

∏m−1
ℓ=j tℓ.

Writing yj := xgj , we have ym = r and yj = tjyj+1, so

dy1 · · · dym = (y2 · · · ym) dt1 · · · dtm−1 dr.

Since yk = r
∏m−1

ℓ=k tℓ, the product y2 · · · ym equals rm−1
∏m−1

j=1 t
j−1
j , because tj appears in

exactly j − 1 of the factors y2, . . . , ym. This proves the Jacobian formula.
For the monomial identity, substitute xgk = r

∏m−1
ℓ=k tℓ into

∏
g∈F x

αg−1
g . The exponent of

r from this product is
∑m

k=1(αgk−1) = α(F )−m, while the exponent of tj is
∑j

k=1(αgk−1) =
α(F π

j )− j, since tj appears exactly in xg1 , . . . , xgj . After multiplying by the Jacobian, these
become α(F )− 1 and α(F π

j )− 1, respectively, proving the second display.

Finally, if e = gq, then xe = xgq = r
∏m−1

j=q tj, and raising to the power −s gives the last
identity. The alternative form follows because e = gq ∈ F π

j holds exactly when q ≤ j.



CHAPTER 5. INFORMATION QUANTITIES RELATED TO EDGE-REINFORCED
RANDOM WALKS 142

We may now prove the required negative-moment and tail bounds.

Theorem 5.4.6 (Small-edge tail bound). Assume that ag ≥ a > 0 for all g ∈ E. Fix e ∈ E
and 0 < s < a/2. Let δ0 := (2|E|)−1. For each nonempty proper subset F ⊊ E with e ∈ F ,
define

Bout(F ) :=
∑

v/∈S(F )

bv and Medge(F ) :=
∏

h∈E\F

max{1, δ ah−1
0 }.

Then

E[X−s
e ] ≤ (2|E|)s + 1

Z̃v0,A

∑
∅̸=F⊊E
e∈F

|F |!
√

|T |Medge(F ) δ
−Bout(F )
0

δ
a/2−s
0

(a/2− s)|F | . (5.32)

In particular, E[X−s
e ] <∞. Consequently, if

Ce,s := (2|E|)s + 1

Z̃v0,A

∑
∅̸=F⊊E
e∈F

|F |!
√
|T |Medge(F ) δ

−Bout(F )
0

δ
a/2−s
0

(a/2− s)|F | , (5.33)

then
P(Xe < ε) ≤ Ce,s ε

s, 0 < ε < 1. (5.34)

Proof. Write

E[X−s
e ] =

∫
∆E

x−se ρv0,A(x) dx =

∫
{xe≥δ0}

x−se ρv0,A(x) dx+

∫
{xe<δ0}

x−se ρv0,A(x) dx.

On {xe ≥ δ0}, one has x−se ≤ δ−s0 = (2|E|)s, so∫
{xe≥δ0}

x−se ρv0,A(x) dx ≤ (2|E|)s.

It remains to estimate the integral over {xe < δ0}. For each x in this set, let F (x) :=
{g ∈ E : xg < δ0}. Since δ0 = (2|E|)−1 < |E|−1, not all coordinates of x can be < δ0, so
F (x) is always a nonempty proper subset of E, and it contains e. Thus

{xe < δ0} =
⋃

∅̸=F⊊E
e∈F

⋃
π∈S(F )

Ω(F, π),

where, for F = {g1, . . . , gm} listed in the order π, Ω(F, π) is defined in Eq. (5.31). The union
is disjoint up to null sets.

Fix such a pair (F, π), write m := |F |, and let F π
j := {g1, . . . , gj}. On Ω(F, π), introduce

the coordinates r := xgm and tj := xgj/xgj+1
∈ (0, 1] for j = 1, . . . ,m− 1. By Lemma 5.4.5,(∏

g∈F

xag−1
g

)
dxF = ra(F )−1

m−1∏
j=1

t
a(Fπ

j )−1

j dr dt1 · · · dtm−1.
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For the remaining factors, we use the following bounds on Ω(F, π). First, for h ∈ E \ F ,
since xh ∈ [δ0, 1], we have xah−1

h ≤ max{1, δ ah−1
0 }, and hence

∏
h∈E\F x

ah−1
h ≤Medge(F ).

Second, if v /∈ S(F ), then some incident edge lies outside F , so xv ≥ δ0, and therefore
x−bvv ≤ δ−bv0 . For v ∈ S(F ), all incident edges of v belong to F . Let

mv := max{k ∈ {1, . . . ,m} : gk is incident to v}.

Then xv =
∑

e∋v xe ≥ xgmv
, and since xgk = r

∏m−1
ℓ=k tℓ, we get

xv ≥ xgmv
= r

m−1∏
ℓ=mv

tℓ, so x−bvv ≤ r−bv
m−1∏
ℓ=mv

t−bvℓ .

Multiplying these bounds over v /∈ S(F ) gives the factor δ
−Bout(F )
0 , where

Bout(F ) :=
∑

v/∈S(F )

bv.

Multiplying over v ∈ S(F ) gives the factor

r−
∑

v∈S(F ) bv
∏

v∈S(F )

m−1∏
ℓ=mv

t−bvℓ .

Now fix j ∈ {1, . . . ,m − 1}. The variable tj appears in the contribution of v exactly when
mv ≤ j. Since mv is the largest index of an edge in F incident to v, the condition mv ≤ j is
equivalent to saying that every edge incident to v lies in F π

j = {g1, . . . , gj}, i.e. v ∈ S(F π
j ).

Indeed, we show both implications.
(⇒) Suppose mv ≤ j. By definition, mv is the largest index k such that gk is incident to

v. Hence no edge gk with k > j is incident to v. Since v ∈ S(F ), every edge incident to v
belongs to F , so every edge incident to v must in fact belong to F π

j = {g1, . . . , gj}. Therefore
v ∈ S(F π

j ).
(⇐) Conversely, suppose v ∈ S(F π

j ). Then every edge incident to v lies in F π
j . In

particular, if gk is incident to v, then k ≤ j. Since mv is the largest index of an edge in F
incident to v, it follows that mv ≤ j.

Thus
mv ≤ j ⇐⇒ v ∈ S(F π

j ).

Therefore the total exponent of tj is −
∑

v∈S(F ):mv≤j bv = −
∑

v∈S(Fπ
j ) bv. Combining every-

thing, we obtain ∏
v∈V

x−bvv ≤ δ
−Bout(F )
0 r−

∑
v∈S(F ) bv

m−1∏
j=1

t
−

∑
v∈S(Fπ

j
) bv

j .
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Third, for the spanning-tree factor, fix T ∈ T . Since xh ≤ 1 for h ∈ E \ F , we have

∏
g∈T

xg ≤ r|T∩F |
m−1∏
j=1

t
|T∩Fπ

j |
j .

Indeed, ∏
g∈T

xg =
( ∏
g∈T∩F

xg

)( ∏
h∈T\F

xh

)
.

Since xh ≤ 1 for every h ∈ E \ F , we have
∏

g∈T xg ≤
∏

g∈T∩F xg. Now write T ∩ F =

{gk1 , . . . , gkq}, where q = |T ∩F |. For each such edge gk, we have xgk = r
∏m−1

ℓ=k tℓ. Therefore

∏
g∈T∩F

xg =
∏

gk∈T∩F

(
r
m−1∏
ℓ=k

tℓ

)
= r|T∩F |

m−1∏
j=1

t
#{gk∈T∩F : k≤j}
j .

But #{gk ∈ T ∩ F : k ≤ j} = |T ∩ F π
j |, since F π

j = {g1, . . . , gj}. Hence

∏
g∈T

xg ≤ r|T∩F |
m−1∏
j=1

t
|T∩Fπ

j |
j .

Because a spanning tree must reconnect the κ(G \ F π
j ) components of G \ F π

j , one has
|T ∩ F π

j | ≥ κ(G \ F π
j ) − 1. This can be seen more directly by comparing G \ F π

j with the
spanning subgraph T \ F π

j : since T \ F π
j ⊆ G \ F π

j and both graphs have the same vertex
set, adding edges can only decrease the number of connected components, so κ(G \ F π

j ) ≤
κ(T \ F π

j ). Now T is a tree, so removing k edges from T produces exactly k + 1 connected
components; taking k = |T ∩ F π

j | gives κ(T \ F π
j ) = |T ∩ F π

j |+ 1. Combining these yields

κ(G \ F π
j ) ≤ |T ∩ F π

j |+ 1.

Hence √
τ(x) ≤

√
|T | r(κ(G\F )−1)/2

m−1∏
j=1

t
(κ(G\Fπ

j )−1)/2

j .

Also, by Lemma 5.4.5,

x−se = r−s
m−1∏
j=1

t
−s1(e∈Fπ

j )

j .

Recall that on Ω(F, π),

x−se ρv0,A(x) dx = Z̃−1
v0,A

x−se

(∏
g∈F

xag−1
g

)( ∏
h∈E\F

xah−1
h

)(∏
v∈V

x−bvv

)√
τ(x) dxF dz.
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Using the preceding bounds together with Lemma 5.4.5,(∏
g∈F

xag−1
g

)
dxF = ra(F )−1

m−1∏
j=1

t
a(Fπ

j )−1

j dr dt1 · · · dtm−1, x−se = r−s
m−1∏
j=1

t
−s1(e∈Fπ

j )

j .

Hence

x−se ρv0,A(x) dx ≤
√

|T |Medge(F ) δ
−Bout(F )
0

Z̃v0,A
rA(F )−1−s

m−1∏
j=1

t
A(Fπ

j )−1−s1(e∈Fπ
j )

j dr dt1 · · · dtm−1 dz,

because the exponent of r is a(F )− 1−
∑

v∈S(F ) bv + (κ(G \ F )− 1)/2− s = A(F )− 1− s,

and similarly the exponent of tj is a(F
π
j ) − 1 −

∑
v∈S(Fπ

j ) bv + (κ(G \ F π
j ) − 1)/2 − s1(e ∈

F π
j ) = A(F π

j )− 1− s1(e ∈ F π
j ). Therefore

x−se ρv0,A(x) dx ≤
√

|T |Medge(F ) δ
−Bout(F )
0

Z̃v0,A
rA(F )−1−s

m−1∏
j=1

t
A(Fπ

j )−1−s1(e∈Fπ
j )

j dr dt1 · · · dtm−1 dz.

where dz denotes the remaining simplex coordinates outside F . To make the z-coordinates
precise, fix once and for all an edge h∗ ∈ E \ F (this is possible since F ⊊ E). Write

E \ F = {h∗} ∪H, |H| = |E| − |F | − 1.

For h ∈ H, set zh := xh, and let dz :=
∏

h∈H dzh. Then, on ∆E, the remaining outside
coordinate is determined by the simplex constraint:

xh∗ = 1−
∑
g∈F

xg −
∑
h∈H

zh.

Thus (r, t1, . . . , tm−1, z) gives a coordinate system on Ω(F, π), where z = (zh)h∈H ∈ R|E|−|F |−1.
More explicitly, the admissible z-set is

D(r, t) :=
{
(zh)h∈H : zh ≥ δ0 ∀h ∈ H, xh∗ = 1−

∑
g∈F

xg −
∑
h∈H

zh ≥ δ0

}
.

In particular, since each coordinate satisfies δ0 ≤ zh ≤ 1, we have

D(r, t) ⊆ [δ0, 1]
|E|−|F |−1 ⊆ [0, 1]|E|−|F |−1.

Hence its Lebesgue measure is at most 1:

|D(r, t)| ≤ 1.

Therefore, after obtaining an upper bound that is independent of z, integrating over the z-
variables contributes at most a factor 1. If |E \F | = 1, then H = ∅, there are no z-variables,
and this factor is interpreted as 1.
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By Lemma 5.4.4, every exponent A(F ) and A(F π
j ) is at least a/2. Since 0 < s < a/2, all

the resulting integrals are finite, and∫ δ0

0

rA(F )−1−s dr ≤ δ
a/2−s
0

a/2− s
,

∫ 1

0

t
A(Fπ

j )−1−s1(e∈Fπ
j )

j dtj ≤
1

a/2− s
.

Hence ∫
Ω(F,π)

x−se ρv0,A(x) dx ≤
√

|T |Medge(F ) δ
−Bout(F )
0

Z̃v0,A

δ
a/2−s
0

(a/2− s)|F | .

Summing over the |F |! possible orderings π and then over all nonempty proper F ⊊ E
containing e gives (5.32).

Finally, since E[X−s
e ] <∞, Markov’s inequality gives

P(Xe < ε) = P(X−s
e > ε−s) ≤ εs E[X−s

e ],

and substituting (5.32) yields (5.34).

The preceding theorem has two immediate consequences that will be used later.

Lemma 5.4.7 (Root-mass tail and Laplace consequence). Assume that ag ≥ a > 0 for all
g ∈ E, and fix 0 < s < a/2.

1. Let πW be the stationary distribution associated with the random environment W .
Then, for every ε > 0,

P
(
πW (v0) < ε

)
≤ 2s

(
min
g:v0∈g

Cg,s

)
εs. (5.35)

2. For every u > 0 and every edge e ∈ E,

E[e−uX2
e ] ≤ Cs/2 u

−s/2 E[X−s
e ], Cs/2 := sup

y>0
ys/2e−y =

( s
2e

)s/2
. (5.36)

In particular, E[e−uX2
e ] ≲ u−s/2, with an explicit constant depending only on e and s.

Proof. Since

πW (v0) =
Wv0∑
u∈V Wu

=
1

2

∑
g∋v0

Xg,

the event {πW (v0) < ε} implies
∑

g∋v0 Xg < 2ε. In particular, for every edge g incident to
v0, one has Xg < 2ε. Fix one such edge g0 ∋ v0 that minimizes {Cg,s : g ∋ v0}. Then

{πW (v0) < ε} ⊆ {Xg0 < 2ε}.

Therefore, by Theorem 5.4.6,

P(πW (v0) < ε) ≤ P(Xg0 < 2ε) ≤ 2sCg0,sε
s.

For the Laplace estimate, let Z > 0 and r > 0. Since e−y ≤ Cry
−r for all y > 0, where

Cr := supy>0 y
re−y = (r/e)r, one has e−uZ ≤ Cru

−rZ−r. Taking Z = X2
e and r = s/2 gives

(5.36).
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Step 2: quenched concentration. We now pass from tail bounds on the random envi-
ronment to concentration estimates for the quenched walk. For a fixed environment w, let
Pw be the quenched transition matrix, let πw be its stationary distribution, and recall that
Xe(w) := we/

∑
g∈E wg for e ∈ E. We also write

m(w) := min
e∈E

Xe(w).

For the spectral gap, let λ2(P
w) denote the second largest eigenvalue of Pw, let

γ(Pw) := 1− λ2(P
w). (5.37)

Proposition 5.4.7.1 (Spectral gap and edge-count concentration). For every fixed environ-
ment w, the quenched chain Pw satisfies

γ(Pw) ≥ m(w)2

2
. (5.38)

Consequently, for every 0 < s < a/2,

Pv0,Aerrw

(
γ(PW ) < ε

)
≤
(∑
e∈E

Ce,s

)
(2ε)s/2, 0 < ε <

1

2
, (5.39)

where W ∼ µv0,A and the constants Ce,s are those from Theorem 5.4.6.
Now fix an edge e ∈ E, and let

Ne(T ) :=
T−1∑
t=0

1
(
{Xt, Xt+1} = e

)
be its traversal count up to time T . If the chain starts from stationarity πw, then for every
η > 0 and every T ≥ 1,

Pπw,w
srw

(∣∣Ne(T )− TXe(w)
∣∣ ≥ ηT

)
≤ 2 exp

(
−γ(P

w)

4
η2T

)
+ 4 exp

(
−1

8
η2T

)
. (5.40)

In particular, on the event {γ(Pw) ≥ ε1, Xe(w) ≥ ε2}, one has for every 0 < δ ≤ 1,

Pπw,w
srw

(∣∣Ne(T )− TXe(w)
∣∣ ≥ δ TXe(w)

)
≤ 2 exp

(
−ε1ε

2
2

4
δ2T

)
+ 4 exp

(
−ε

2
2

8
δ2T

)
. (5.41)

Proof. For the spectral gap bound, let Qw(i, j) := πw(i)Pw
ij . Since π

w(i) = wi/
∑

u∈V wu and
Pw
ij = wij/wi, one has

Qw(i, j) =
wij∑
u∈V wu

=
X{i,j}(w)

2
.
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Hence, for every nonempty proper subset S ⊊ V ,

Qw(S, Sc) :=
∑

i∈S, j∈Sc

Qw(i, j) =
1

2

∑
e∈∂S

Xe(w).

Here Qw(S, Sc) is the total stationary flow from S to its complement Sc, where Qw(i, j) :=
πwi P

w
ij , and ∂S := {{i, j} ∈ E : i ∈ S, j ∈ Sc} is the edge boundary of S. Because G

is connected, ∂S ̸= ∅, so Qw(S, Sc) ≥ m(w)/2. Therefore the conductance of the chain
satisfies

Φ(Pw) := min
S⊂V

0<πw(S)≤1/2

Qw(S, Sc)

πw(S)
≥ min

∅̸=S⊊V
2Qw(S, Sc) = min

∅̸=S⊊V

∑
e∈∂S

Xe(w) ≥ m(w).

Cheeger’s inequality for finite reversible Markov chains states that

γ(Pw) ≥ Φ(Pw)2

2
;

see, for example, [69, Theorem 13.14]. Together with the inequality Φ(Pw) ≥ m(w), we
obtain (5.38).

To obtain (5.39), note that

{γ(PW ) < ε} ⊆ {m(W ) <
√
2ε} =

⋃
e∈E

{Xe(W ) <
√
2ε}.

Hence, by the union bound and Theorem 5.4.6,

P
(
γ(PW ) < ε

)
≤
∑
e∈E

P
(
Xe(W ) <

√
2ε
)
≤
(∑
e∈E

Ce,s

)
(2ε)s/2.

We now turn to the concentration of Ne(T ) for fixed w. Define

Yt := 1
(
{Xt, Xt+1} = e

)
, fe(i) := Pv0,wsrw

(
{Xt, Xt+1} = e | Xt = i

)
=

∑
j:{i,j}=e

Pw
ij .

Then 0 ≤ fe(i) ≤ 1, and, under stationarity,

πw(fe) :=
∑
i∈V

πw(i)fe(i) = Pπw,w
srw

(
{Xt, Xt+1} = e

)
= Xe(w).

Therefore Eπw,w
srw [Ne(T )] = TXe(w).

Write

AT :=
T−1∑
t=0

(
fe(Xt)−Xe(w)

)
and MT :=

T−1∑
t=0

(
Yt − fe(Xt)

)
.
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Then Ne(T )− TXe(w) = AT +MT .
To bound AT , we apply Theorem 1 of Léon–Perron [66] to the stationary reversible chain

(Xt) under Pπ
w,w

srw and the function fe : V → [0, 1]. Since

Eπw,w
srw [fe(X0)] = Xe(w),

and, by stationarity,
∑T−1

t=0 fe(Xt) has the same law as
∑T

t=1 fe(Xt), Theorem 1 of [66], with
n = T , µ = Xe(w), and ε = η/2 yields,

Pπw,w
srw

(
AT ≥ ηT

2

)
= Pπw,w

srw

( T−1∑
t=0

fe(Xt) ≥ T
(
Xe(w) +

η

2

))
≤ exp

(
−min{1, γ(Pw)}T

(η
2

)2)
.

To control the lower tail, set ge := 1− fe ∈ [0, 1]. Then Eπw,w[ge(X0)] = 1−Xe(w), and{
AT ≤ −ηT

2

}
=

{
T−1∑
t=0

fe(Xt) ≤ T
(
Xe(w)−

η

2

)}
=

{
T−1∑
t=0

ge(Xt) ≥ T
(
1−Xe(w) +

η

2

)}
.

Therefore, we can apply the previous upper tail inequality to ge, getting

Pπw,w
srw

(
AT ≤ −ηT

2

)
≤ exp

(
−min{1, γ(Pw)}T

(η
2

)2)
.

Therefore, by the union bound,

Pπw,w
srw

(
|AT | ≥

ηT

2

)
≤ 2 exp

(
−1

4
η2T

)
+ 2 exp

(
−1

4
η2γ(Pw)T

)
.

ForMT , note that it is a martingale with respect to Ft := σ(X0, . . . , Xt), because Ew[Yt |
Ft] = fe(Xt). Its increments satisfy |Mt+1−Mt| = |Yt−fe(Xt)| ≤ 1, so the Azuma–Hoeffding
inequality [11, 58] gives

Pπw,w
srw

(
|MT | ≥

ηT

2

)
≤ 2 exp

(
−1

8
η2T

)
.

Since
{|Ne(T )− TXe(w)| ≥ ηT} ⊆ {|AT | ≥ ηT/2} ∪ {|MT | ≥ ηT/2},

we obtain (5.40).
Finally, substituting η = δXe(w) into (5.40) and using γ(Pw) ≥ ε1, Xe(w) ≥ ε2 yields

(5.41).

To pass from a stationary start to a start from the deterministic initial state v0, we
use the following standard comparison estimate. The following lemma is inspired by [88,
Proposition 3.15].
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Lemma 5.4.8 (Transfer from a stationary start to a start from a deterministic root ). Fix
an environment w, and let πw be the a stationary distribution of the quenched chain Pw.
Then, for every event A measurable with respect to (X0, . . . , XT ),

Pv0,wsrw (A) ≤ (πw(v0))
−1/2 Pπw,w

srw (A)1/2. (5.42)

In particular, on the event {πw(v0) ≥ ε0}, one has

Pv0,wsrw (A) ≤ ε
−1/2
0 Pπw,w

srw (A)1/2. (5.43)

Proof. We argue directly on path space. Let XT := V T+1, and for x0, . . . , xT ∈ V , note

Pv0,wsrw (XT
0 = xT0 ) = 1(x0 = v0)

T−1∏
t=0

pw(xt, xt+1)

for the quenched path law started from v0, and

Pπw,w
srw (XT

0 = xT0 ) := πw(x0)
T−1∏
t=0

pw(xt, xt+1)

for the quenched path law started from stationarity πw. Since πw(x) > 0 for every x ∈ V ,
the first measure is absolutely continuous with respect to the second, and

Pv0,wsrw (XT
0 = xT0 )

Pπw,w
srw (XT

0 = xT0 )
=
1(x0 = v0)

πw(v0)
.

Therefore, for every event A measurable with respect to (X0, . . . , XT ),

Pv0,wsrw (A) = Eπw,w
srw

[
1(X0 = v0)

πw(v0)
1A

]
.

Applying the Cauchy–Schwarz inequality, we have

Pv0,wsrw (A) ≤

(
Eπw,w

srw

[(
1(X0 = v0)

πw(v0)

)2
])1/2 (

Eπw,w
srw [1A]

)1/2
.

Now under Pπw,w, one has X0 ∼ πw, so

Eπw,w
srw

[(
1(X0 = v0)

πw(v0)

)2
]
=
∑
x∈V

πw(x)

(
1(x = v0)

πw(v0)

)2

=
1

πw(v0)
,

while Eπw,w
srw [1A] = Eπw,w

srw (A). Hence

Pv0,wsrw (A) ≤ πw(v0)
−1/2 Pπw,w

srw (A)1/2,

which is (5.42). The bound (5.43) follows immediately on the event {πw(v0) ≥ ε0}.
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Step 3: thresholded and refined inverse-local-time bounds. We now combine the
environment tail bounds from Step 1 with the quenched concentration estimates from Step
2. The first estimate is obtained by imposing an explicit lower threshold on Xe; the second
treats Xe directly through its negative moments and Laplace transform.

Theorem 5.4.9 (Thresholded and refined inverse-local-time bounds). Assume that G =
(V,E) is finite and connected, that the ERRW starts from v0, and that the initial edge weights
satisfy 0 < a ≤ ag ≤ a for all g ∈ E. Fix an edge e ∈ E and η > 0. Let W ∼ µv0,A, let P

W

be the quenched chain, let πW be its stationary distribution, and write Xe := We/
∑

g∈EWg.
Also let

Ne(T ) :=
T−1∑
t=0

1
(
{Xt, Xt+1} = e

)
be the traversal count of e up to time T .

(i) Let 0 < s < a/2, and define

Cgap,s :=
∑
h∈E

Ch,s, Cv0,s := 2smin
g∋v0

Cg,s,

where the constants Ch,s are those from Theorem 5.4.6. Then, for every 0 < ε0 < 1/2,
0 < ε1 ≤ 1/2, 0 < ε2 < 1, and every T ≥ 1,

Ev0,Aerrw

[
1

Ne(T ) + η

]
≤ 2

Tε2
+

1

η

[
Ce,s ε

s
2 + Cgap,s (2ε1)

s/2 + Cv0,s ε
s
0

]
+

2

η
ε
−1/2
0

(
e−ε1ε

2
2T/32 + e−ε

2
2T/64

)
. (5.44)

(ii) If in addition 1 < s < a/2, then for every 0 < ε0 < 1/2, 0 < ε1 ≤ 1/2, and every
T ≥ 1,

Ev0,Aerrw

[
1

Ne(T ) + η

]
≤ 2Ce,s T

−1 +
2s/2

η
Cgap,s ε

s/2
1 +

1

η
Cv0,s ε

s
0

+
2 · 32s/2Cs/2Ce,s

η
ε
−1/2
0 (ε1T )

−s/2 +
2 · 64s/2Cs/2Ce,s

η
ε
−1/2
0 T−s/2.

(5.45)

Proof. We prove (i) and (ii) separately.

Proof of (i). Let

B := {Xe < ε2} ∪ {γ(PW ) < ε1} ∪ {πW (v0) < ε0},

where we recall that γ(PW ) is defined in (5.37). Splitting according to B, we write

Ev0,Aerrw

[
1

Ne(T ) + η

]
= Ev0,Aerrw

[
1

Ne(T ) + η
1B

]
+ Ev0,Aerrw

[
1

Ne(T ) + η
1Bc

]
.
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On B, the trivial bound (Ne(T ) + η)−1 ≤ η−1 gives

Ev0,Aerrw

[
1

Ne(T ) + η
1B

]
≤ 1

η
P(B).

By the union bound together with Theorem 5.4.6, (5.39), and (5.35), we have

P(B) ≤ Ce,s ε
s
2 + Cgap,s (2ε1)

s/2 + Cv0,s ε
s
0.

Hence

Ev0,Aerrw

[
1

Ne(T ) + η
1B

]
≤ 1

η

[
Ce,s ε

s
2 + Cgap,s (2ε1)

s/2 + Cv0,s ε
s
0

]
.

We next estimate the contribution on Bc. Fix w ∈ Bc. Then Xe(w) ≥ ε2, γ(P
w) ≥ ε1,

and πw(v0) ≥ ε0. Let

Aw :=

{∣∣Ne(T )− TXe(w)
∣∣ ≥ 1

2
TXe(w)

}
.

Applying (5.41) with δ = 1/2, we obtain

Pπw,w
srw (Aw) ≤ 2 exp

(
−ε1ε22T/16

)
+ 4 exp

(
−ε22T/32

)
.

By Lemma 5.4.8,

Pv0,wsrw (Aw) ≤ πw(v0)
−1/2 Pπw,w

srw (Aw)
1/2 ≤ 2 ε

−1/2
0

(
e−ε1ε

2
2T/32 + e−ε

2
2T/64

)
.

On Acw, one has Ne(T ) ≥ 1
2
TXe(w) ≥ 1

2
Tε2, so (Ne(T ) + η)−1 ≤ 2/(Tε2). On Aw, we

again use (Ne(T ) + η)−1 ≤ η−1. Thus

Ev0,wsrw

[
1

Ne(T ) + η

]
≤ 2

Tε2
+

1

η
Pv0,wsrw (Aw).

Averaging this bound over all w ∈ Bc gives

Ev0,Aerrw

[
1

Ne(T ) + η
1Bc

]
≤ 2

Tε2
+

2

η
ε
−1/2
0

(
e−ε1ε

2
2T/32 + e−ε

2
2T/64

)
.

Combining the estimates on B and Bc yields (5.44).

Proof of (ii). Let
B′ := {γ(PW ) < ε1} ∪ {πW (v0) < ε0}.

Again we split

Ev0,Aerrw

[
1

Ne(T ) + η

]
= Ev0,Aerrw

[
1

Ne(T ) + η
1B′

]
+ Ev0,Aerrw

[
1

Ne(T ) + η
1(B′)c

]
.
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On B′, we use (Ne(T ) + η)−1 ≤ η−1, so

Ev0,Aerrw

[
1

Ne(T ) + η
1B′

]
≤ 1

η
Pv0,Aerrw(B

′).

By (5.39) and (5.35),

Pv0,Aerrw(B
′) ≤ Cgap,s (2ε1)

s/2 + Cv0,s ε
s
0 = 2s/2Cgap,s ε

s/2
1 + Cv0,s ε

s
0.

Hence

Ev0,Aerrw

[
1

Ne(T ) + η
1B′

]
≤ 2s/2

η
Cgap,s ε

s/2
1 +

1

η
Cv0,s ε

s
0.

Fix now w ∈ (B′)c. Then γ(Pw) ≥ ε1 and πw(v0) ≥ ε0. Define

Aw :=

{∣∣Ne(T )− TXe(w)
∣∣ ≥ 1

2
TXe(w)

}
.

Applying (5.40) with η = Xe(w)/2, and using γ(Pw) ≥ ε1, gives

Pπw,w
srw (Aw) ≤ 2 exp

(
−ε1Xe(w)

2T/16
)
+ 4 exp

(
−Xe(w)

2T/32
)
.

By Lemma 5.4.8,

Pv0,wsrw (Aw) ≤ 2 ε
−1/2
0

(
e−ε1Xe(w)2T/32 + e−Xe(w)2T/64

)
.

On Acw, one has Ne(T ) ≥ 1
2
TXe(w), so (Ne(T ) + η)−1 ≤ 2/(TXe(w)). Hence

Ev0,wsrw

[
1

Ne(T ) + η

]
≤ 2

TXe(w)
+

1

η
Pv0,wsrw (Aw).

Averaging over w ∈ (B′)c, we obtain

Ev0,Aerrw

[
1

Ne(T ) + η
1(B′)c

]
≤ 2

T
Ev0,Aerrw [X

−1
e ]

+
2

η
ε
−1/2
0

(
Ev0,Aerrw [e

−ε1X2
eT/32] + Ev0,Aerrw [e

−X2
eT/64]

)
.

Since 1 < s < a/2 and 0 < Xe ≤ 1, one has X−1
e ≤ X−s

e , so

Ev0,Aerrw [X
−1
e ] ≤ Ev0,Aerrw [X

−s
e ] ≤ Ce,s

by Theorem 5.4.6. Also, by (5.36),

Ev0,Aerrw [e
−ε1X2

eT/32] ≤ Cs/2 (ε1T/32)
−s/2 Ev0,Aerrw [X

−s
e ] ≤ 32s/2Cs/2Ce,s (ε1T )

−s/2,
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and similarly

Ev0,Aerrw [e
−X2

eT/64] ≤ Cs/2 (T/64)
−s/2 Ev0,Aerrw [X

−s
e ] ≤ 64s/2Cs/2Ce,s T

−s/2.

Substituting these estimates gives

Ev0,Aerrw

[
1

Ne(T ) + η
1(B′)c

]
≤ 2Ce,s T

−1

+
2 · 32s/2Cs/2Ce,s

η
ε
−1/2
0 (ε1T )

−s/2

+
2 · 64s/2Cs/2Ce,s

η
ε
−1/2
0 T−s/2.

Combining this with the estimate on B′ yields (5.45).

Step 4: optimization. We now optimize the two estimates from Theorem 5.4.9 to obtain
the final polynomial decay rate.

Theorem 5.4.10 (Inverse-local-time decay). Assume that G = (V,E) is finite and con-
nected, that the ERRW starts from v0, and that the initial edge weights satisfy 0 < a ≤ ag ≤ a
for all g ∈ E. Fix an edge e ∈ E and η > 0.

(i) If 0 < a ≤ 4 + 2
√
5, then for every

0 < r < min

{
a

8
,
3

4

}
,

there exists a constant Cr <∞, depending only on G, v0, A, e, η, r, such that

Ev0,Aerrw

[
1

Ne(T ) + η

]
≤ Cr T

−r, T ≥ 1.

(ii) If a > 4 + 2
√
5, then there exists a constant C < ∞, depending only on G, v0, A, e, η,

such that

Ev0,Aerrw

[
1

Ne(T ) + η

]
≤ C

T
, T ≥ 1.

Proof. Set ET := Ev0,Aerrw [(Ne(T ) + η)−1].

Proof of (i). Assume 0 < a ≤ 4 + 2
√
5, and fix any constant r such that

0 < r < min

{
a

8
,
3

4

}
.

Choose any constant s so that 4r < s < a/2. This is possible because r < a/8 implies
4r < a/2.
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Next choose any constant κ > 0 so that

κ <
1

2
, κ <

3

4
− r, κ <

2

s

(s
4
− r
)
.

This is possible because r < 3/4 and r < s/4. With this choice, r < 3/4 − κ and r <
s/4− sκ/2.

Apply Theorem 5.4.9(i) with

ε0 = T−1, ε1 = T−1/2+κ, ε2 = T−1/4.

Then 2
Tε2

= 2T−3/4, εs2 = T−s/4, ε
s/2
1 = T−s/4+sκ/2, and εs0 = T−s. Moreover,

ε1ε
2
2T = T−1/2+κ · T−1/2 · T = T κ, ε22T = T−1/2 · T = T 1/2,

and ε
−1/2
0 = T 1/2. Hence (5.44) gives

ET ≤ C
(
T−3/4 + T−s/4 + T−s/4+sκ/2 + T−s + T 1/2e−cT

κ

+ T 1/2e−cT
1/2
)

for constants C, c > 0 depending only on G, v0, A, e, η, r.
We now compare the exponents with r. By construction, 3/4 > r, s/4 > r, s/4−sκ/2 > r,

and s > r, so each polynomial term on the right-hand side is O(T−r).
It remains to control the exponential terms. We use the elementary inequality that for

every c > 0 and every β > 0,
sup
u≥0

uβe−cu <∞.

Indeed, the function ϕ(u) := uβe−cu is continuous on [0,∞), tends to 0 as u → ∞, and for
u > 0 satisfies ϕ′(u) = uβ−1e−cu(β − cu). Hence its maximum is attained at u = β/c, and
therefore

uβe−cu ≤
(
β

ce

)β
, u ≥ 0.

Applying this with u = T κ and β = (r + 1
2
)/κ, we obtain

T r+1/2e−cT
κ

= (T κ)(r+1/2)/κe−cT
κ ≤

(
(r + 1/2)/κ

ce

)(r+1/2)/κ

.

Thus T 1/2e−cT
κ ≤ Cr,κ,c T

−r for all T ≥ 1.
Similarly, applying the same inequality with u = T 1/2 and β = 2r + 1, we get

T r+1/2e−cT
1/2

= (T 1/2)2r+1e−cT
1/2 ≤

(
2r + 1

ce

)2r+1

,

and hence T 1/2e−cT
1/2 ≤ C ′

r,c T
−r for all T ≥ 1.
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Therefore every term on the right-hand side is O(T−r), and hence

ET ≤ CrT
−r, T ≥ 1.

Proof of (ii). Assume a > 4 + 2
√
5. Choose s so that

2 +
√
5 < s <

a

2
.

This is possible because a > 4 + 2
√
5 implies a/2 > 2 +

√
5.

Apply Theorem 5.4.9(ii) with

ε0 = T−1/s, ε1 = T−2/s.

Then ε
s/2
1 = (T−2/s)s/2 = T−1 and εs0 = (T−1/s)s = T−1. Also,

ε
−1/2
0 (ε1T )

−s/2 = T 1/(2s)
(
T−2/sT

)−s/2
= T 1/(2s) T−s/2+1 = T−( s/2−1−1/(2s) ),

and similarly
ε
−1/2
0 T−s/2 = T 1/(2s)T−s/2 = T−( s/2−1/(2s) ).

We now check that both exponents are strictly larger than 1 in absolute value. First,

s

2
− 1− 1

2s
> 1 ⇐⇒ s− 1

s
> 4 ⇐⇒ s2 − 4s− 1 > 0.

The positive root of s2 − 4s− 1 = 0 is 2 +
√
5, so this holds because s > 2 +

√
5. Second,

s

2
− 1

2s
> 1 ⇐⇒ s− 1

s
> 2 ⇐⇒ s2 − 2s− 1 > 0,

whose positive root is 1 +
√
2; this also holds because s > 2 +

√
5.

Therefore both terms ε
−1/2
0 (ε1T )

−s/2 and ε
−1/2
0 T−s/2 are O(T−1−δ) for some δ > 0, and

in particular are O(T−1). Since the first three terms in (5.45) are already O(T−1), it follows
that every term on the right-hand side of (5.45) is O(T−1). Hence

ET ≤ C

T
, T ≥ 1,

for a finite constant C depending only on G, v0, A, e, η.

Corollary 5.4.11 (Decay of the trajectory-level KL gap). Let A(0), A(1) ∈ (0,∞)E, and let

µs := µv0,A(s) , P (T )
s := L

Pv0,A
(s)

errw

(XT
0 ), s ∈ {0, 1}.

Define

GapT := DKL(µ0∥µ1)−DKL(P
(T )
0 ∥P (T )

1 ), δe := a(1)e − a(0)e , a := min
e∈E

min{a(0)e , a(1)e } > 0.

Then the following hold.
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(i) If 0 < a ≤ 4 + 2
√
5, then for every

0 < r < min

{
a

8
,
3

4

}
,

there exists a constant Cr <∞, depending only on G, v0, A
(0), A(1), r, such that

GapT ≤ Cr T
−r, T ≥ 1.

(ii) If a > 4+2
√
5, then there exists a constant C <∞, depending only on G, v0, A

(0), A(1),
such that

GapT ≤ C

T
, T ≥ 1.

Proof. By Proposition 5.4.1.1,

GapT ≤ 1

2

(
1 +

1

a

)∑
e∈E

δ2e EP (T )
0

[
1

Ne(T ) + a

]
.

Here the expectation is taken under the ERRW law with initial weights A(0). Since E is
finite and A(0) ∈ (0,∞)E, we have

0 < a ≤ a(0)e ≤ a0 := max
e∈E

a(0)e <∞, e ∈ E.

Thus Theorem 5.4.10 applies to ERRW with initial weight vector A(0) and η = a.
Assume first that 0 < a ≤ 4 + 2

√
5, and fix

0 < r < min

{
a

8
,
3

4

}
.

For each edge e ∈ E, Theorem 5.4.10(i) yields a finite constant C ′
r,e, depending only on

G, v0, A
(0), e, a, r, such that

E
P

(T )
0

[
1

Ne(T ) + a

]
≤ C ′

r,e T
−r, T ≥ 1.

Since E is finite, we may define

C ′
r := max

e∈E
C ′
r,e <∞.

Then

E
P

(T )
0

[
1

Ne(T ) + a

]
≤ C ′

rT
−r, T ≥ 1,
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uniformly over e ∈ E. Substituting this into the preceding bound gives

GapT ≤ 1

2

(
1 +

1

a

)(∑
e∈E

δ2e

)
C ′
rT

−r,

which proves part (i).
Now assume that a > 4 + 2

√
5. For each edge e ∈ E, Theorem 5.4.10(ii) yields a finite

constant C ′′
e , depending only on G, v0, A

(0), e, a, such that

E
P

(T )
0

[
1

Ne(T ) + a

]
≤ C ′′

e T
−1, T ≥ 1.

Again, since E is finite, we may define

C ′′ := max
e∈E

C ′′
e <∞,

so that

E
P

(T )
0

[
1

Ne(T ) + a

]
≤ C ′′ T−1, T ≥ 1,

uniformly over e ∈ E. Inserting this into the same bound from Proposition 5.4.1.1 yields

GapT ≤ 1

2

(
1 +

1

a

)(∑
e∈E

δ2e

)
C ′′ T−1,

which proves part (ii).

5.5 Summary

This chapter studies several information-theoretic quantities for ERRW on finite graphs,
including the entropy rate, the KL divergence between environment laws, and the KL diver-
gence between finite-trajectory laws. The random-environment representation makes these
quantities accessible in a rather explicit form, and in particular reduces the convergence
of trajectory-level KL divergence toward environment-level KL divergence to the control of
inverse local times.

A first natural open problem is to obtain a sharp characterization of this convergence in
the general graph case. In the n-star, the Pólya-urn structure yields the precise rates T−1,
(log T )T−1, and T−a. By contrast, for general finite graphs, our argument gives polynomial
upper bounds, but these are unlikely to be optimal for a < 4 + 2

√
5. It would be very

interesting to identify the correct rate, and more broadly to understand how it depends on
the graph geometry and the initial weights.

A second, and perhaps more important, direction is to use these information-theoretic
results to derive quantitative upper and lower bounds for testing problems involving ERRWs.
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The most immediate example is two-point testing, where the trajectory-level KL divergence
governs the Stein exponent. More generally, one may ask about identity testing, closeness
testing, and related minimax testing problems. From this perspective, the quantities studied
here should be viewed not only as intrinsic objects of interest, but also as tools for proving
information-theoretic lower bounds and for designing statistically efficient tests.
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Chapter 6

True Self-Avoiding Walk for
Accelerating MCMC Estimation

This chapter studies a TSAW-based mechanism for improving empirical integral estimation
in Markov chain Monte Carlo. Given a finite irreducible Markov kernel P with station-
ary distribution π, we construct an adaptive walk whose transition probabilities penalize
empirical overuse of directed transitions relative to their target frequencies.

The main result is an almost-sure pathwise discrepancy bound. If Lt(i) denotes the
occupation count of state i, and Nt(i, j) denotes the directed transition count from i to j,
then

Lt(i)− tπi = O(
√
log t), Nt(i, j)− tπiPij = O(

√
log t)

almost surely for every state i and every support edge (i, j). Consequently, for every bounded
f : V → R, ∣∣∣∣∣1t

t−1∑
s=0

f(Xs)−
∑
i∈V

πif(i)

∣∣∣∣∣ = O

(√
log t

t

)
almost surely.

6.1 Introduction

Let V be a finite state space, let P be an irreducible Markov kernel on V with stationary
distribution π, and let f : V → R be bounded. Writing the vertex local time as Lt(i) :=∑t−1

s=0 1{Xs = i}, the empirical integral error decomposes as

1

t

t−1∑
s=0

f(Xs)− π(f) =
1

t

∑
i∈V

f(i)
(
Lt(i)− tπi

)
,

so empirical estimation is directly controlled by the discrepancy between the occupation
counts Lt(i) and their targets tπi.

A substantial literature addresses occupation imbalance by modifying the base chain to
avoid backtracking or break reversibility, and through nonlinear self-interacting dynamics;
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see Section 1.3 for a review. The closest prior work is Doshi, Hu, and Eun [40], who develop
self-repellent random walks on finite graphs, prove almost sure convergence of the empirical
distribution, and establish a CLT whose asymptotic variance decreases with the repulsion
strength. Their estimator achieves the usual t−1/2 scale. The improvement here is not only a
variance-constant effect but a pathwise discrepancy bound at the sharper O(

√
log t/t) scale.

We design a TSAW-based adaptive dynamics in which the empirical transition counts
are balanced row-wise against the target probabilities Pij, giving

Lt(i)− tπi = O(
√

log t), Nt(i, j)− tπiPij = O(
√
log t)

almost surely for every state i and every support edge (i, j), and hence an O(
√
log t/t)

almost-sure bound for empirical averages.
The argument proceeds in three steps. We begin with a warm-up on the star graph, where

the TSAW dynamics admits an exponential-race embedding that allows detailed analysis
of the cover time. We then study a finite-alphabet self-balancing model and construct a
Lyapunov function for the occupation-deficit process, obtaining uniform exponential moment
bounds by a drift argument. Finally, we apply the same balancing mechanism row-wise to
the transition counts of a general finite irreducible kernel, and combine the resulting row-wise
estimates with a Poisson equation for the occupation vector to derive the global almost-sure
bound.

Related Work

The closest prior work is Doshi, Hu, and Eun [40], who study self-repellent random walks
on finite graphs as nonlinear Markov chains targeting a prescribed stationary distribution.
They prove almost sure convergence of the empirical distribution and a central limit theo-
rem for empirical averages, with asymptotic variance decreasing as the repulsion strength
increases. In contrast, our result gives an explicit almost-sure O(

√
log t/t) estimator error

bound through pathwise control of occupation and transition discrepancies.
True self-avoiding walk and weakly self-avoiding walk have a much longer history in

probability theory and statistical physics. Classical works such as [8, 101, 102, 57] study
self-repelling walks mainly through path properties, including scaling limits, recurrence, and
self-repulsion on lattice-type graphs. These works provide the probabilistic background for
TSAW, but they are not formulated in terms of empirical integral estimation for a prescribed
target distribution on a finite state space. Our use of TSAW is different in purpose: the self-
avoidance mechanism is introduced here in order to control occupation imbalance relative to
a target law.

There is also a substantial literature showing that non-backtracking or nonreversible
modifications can improve the efficiency of random-walk-based Monte Carlo methods; see,
for example, [32, 85, 7, 65, 104, 24, 74, 100]. These methods typically improve performance
by preventing immediate reversals or by introducing irreversible flow into the dynamics.
Our setting is different: the transition rule depends on empirical usage accumulated along



CHAPTER 6. TRUE SELF-AVOIDING WALK FOR ACCELERATING MCMC
ESTIMATION 162

the trajectory, and the main quantity of interest is the resulting occupation and transition
discrepancy. In this sense, the present paper is closer to trajectory-dependent self-avoidance
than to nonreversible acceleration.

From a broader perspective, the model studied here belongs naturally to the theory of
nonlinear and self-interacting Markov chains. In this direction, Del Moral and Miclo [28, 29],
Andrieu, Jasra, Doucet, and Del Moral [9, 10], Del Moral and Doucet [27], and Fort and coau-
thors [55, 54] develop general frameworks for Markov dynamics whose transition mechanism
depends on occupation statistics or interacting empirical measures. Our contribution fits
into this history-dependent framework, but focuses on a concrete TSAW-based construction
for which one can prove explicit almost-sure bounds on vertex and edge discrepancies.

Taken together, these works place the present paper at the intersection of self-avoiding
random walks, nonlinear Markov chains, and MCMC variance reduction. Relative to the ex-
isting literature, the main novelty here is the explicit finite-time pathwise control of empirical
occupation and transition errors, and the resulting almost-sure bound of order O(

√
log t/t)

for empirical integral estimation.
The remainder of the chapter is organized as follows. Section 6.2 studies the star-graph

warm-up. Section 6.3 develops the self-balancing framework, first in the finite-alphabet
setting and then for general finite irreducible Markov kernels.

6.2 A warm-up: cover time of TSAW on the star

graph

We begin with a warm-up model that isolates the effect of self-avoidance on exploration. Let
Gn be the star graph with hub 0 and leaves 1, . . . , n. Under TSAW, every jump from the
hub to a leaf is followed by an immediate return to the hub, so the dynamics is completely
determined by the sequence of hub departures. It is therefore natural to study the reduced
process obtained by recording only the successive choices of leaves at the hub.

Fix ρ ∈ (0, 1). For m ≥ 0 and i ∈ [n] := {1, . . . , n}, let

Cm(i) :=
m∑
r=1

1{Ir = i}

be the number of times leaf i has been chosen in the first m hub departures. Here C0(i) = 0
for all i. We define the reduced TSAW dynamics by

P(Im+1 = i | I1, . . . , Im) =
ρCm(i)∑n
j=1 ρ

Cm(j)
, i ∈ [n], (6.1)

with I1 being chosen uniformly at random. This is exactly the hub-departure chain induced
by TSAW on the star graph, after absorbing the deterministic factor coming from the return
step into the parameter ρ. Let

τ (n)cov := inf
{
m ≥ 0 : Cm(i) ≥ 1 for all i ∈ [n]

}
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be the cover time, measured in hub departures. The usual discrete-time cover time differs
only by a factor of 2.

For random variables Yn and a deterministic constant y, we write Yn
P−→ y if for every

ε > 0,
P(|Yn − y| > ε) → 0 as n→ ∞.

We also write Rn = oP(1) if Rn
P−→ 0.

Our main result in this section is the following.

Theorem 6.2.1 (cover time of TSAW on the star graph). Fix ρ ∈ (0, 1) and set cρ :=
1

log(1/ρ)
.

Let τ
(n)
cov be the cover time, measured in hub departures, of the TSAW dynamics on the star

graph with n leaves and effective discount parameter ρ. Then for every ε > 0 and every
δ > 0, there exists n0 = n0(ε, δ, ρ) such that for all n ≥ n0,

P

(∣∣∣∣∣ τ
(n)
cov

n log log n
− cρ

∣∣∣∣∣ ≤ ε

)
≥ 1− δ.

The proof is based on an exponential-race embedding. For each leaf i ∈ [n], let {Ei,k :
k ≥ 0} be independent random variables with

Ei,k ∼ Exp(ρk), i ∈ [n], k ≥ 0,

and assume that these families are mutually independent across i. Define the arrival times

Si,r :=
r−1∑
k=0

Ei,k, r ≥ 1, Si,0 := 0,

and the associated birth processes

Ni(s) := max{r ≥ 0 : Si,r ≤ s}, s ≥ 0.

Let

K(s) :=
n∑
i=1

Ni(s)

be the total number of births by time s, and let

Smax := max
1≤i≤n

Si,1 = max
1≤i≤n

Ei,0

be the time at which the last leaf receives its first birth.
The first lemma shows that this continuous-time system reproduces the discrete TSAW

dynamics exactly.
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Lemma 6.2.2 (exponential-race embedding). The reduced TSAW process (6.1) can be cou-
pled with the birth processes {Ni(s)}ni=1 so that the ordered sequence of births in the merged
timeline {(i, r) : Si,r}i∈[n], r≥1 has the same law as the sequence of hub departures (Im)m≥1.

Under this coupling, τ
(n)
cov = K(Smax) almost surely, where Smax = max1≤i≤n Si,1. For every

ε ∈ (0, 1), if Cε := log(2/ε), then for all sufficiently large n,

P
(
|Smax − log n| ≤ Cε

)
≥ 1− ε.

On the event {|Smax − log n| ≤ Cε}, we have

K(log n− Cε) ≤ τ (n)cov ≤ K(log n+ Cε).

Proof. Suppose that after m births the current birth counts are (c1, . . . , cn). By the mem-
oryless property of the exponential distribution, the residual waiting time to the next birth
in process i is Exp(ρci), independently across i. Therefore the next birth occurs in process
i with probability ρci/

∑n
j=1 ρ

cj , which is exactly the transition rule (6.1). Iterating proves
that the merged birth order reproduces the reduced TSAW dynamics.

For each i ∈ [n], the birth process Ni is non-explosive. Indeed, since ρ
k ≤ 1 for all k ≥ 0,

each waiting time Ei,k ∼ Exp(ρk) stochastically dominates an Exp(1) random variable.
Therefore the partial sums

Si,r =
r−1∑
k=0

Ei,k

tend to +∞ almost surely as r → ∞, and hence Ni(s) < ∞ almost surely for every finite
s ≥ 0. Since Smax = max1≤i≤nEi,0 is the maximum of finitely many exponential random
variables, we also have Smax <∞ almost surely. It follows that

K(Smax) =
n∑
i=1

Ni(Smax) <∞ almost surely.

Since Smax = maxi Si,1 is the time by which every process has had its first birth, the
number of births by time Smax is exactly the number of hub departures required to visit
every leaf at least once. Hence τ

(n)
cov = K(Smax) almost surely. Because K(·) is nondecreasing,

the sandwich bound follows immediately.
To control Smax, note that E1,0, . . . , En,0 are i.i.d. Exp(1), so P(Smax ≤ y) = (1 − e−y)n

for y ≥ 0. If x ∈ [0, log n], then

P(Smax ≤ log n− x) =

(
1− ex

n

)n
≤ e−e

x

,

while

P(Smax ≥ log n+ x) = 1−
(
1− e−x

n

)n
≤ e−x.

Here we used the basic inequalities 1 − u ≤ e−u and 1 − (1 − u)n ≤ nu for u ∈ [0, 1]. Thus
P(|Smax−log n| > x) ≤ e−x+e−e

x
. Taking x = Cε = log(2/ε) gives e−x+e−e

x ≤ ε/2+e−2/ε ≤
ε (note that ue−u ≤ 1 for u > 0), and the claim follows.
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Therefore, to bound the cover time it suffices to study K(sn) for some deterministic
sn = log n+O(1). And furthermore, to study K(sn) =

∑n
i=1Ni(sn), which is a sum of i.i.d.

random variables Ni(sn)’s, it suffices to study the individual distributions. This is reflected
in the following lemmas.

Lemma 6.2.3 (birth process with exponentially decaying rates). Fix ρ ∈ (0, 1) and, for
s ≥ 1, let N(s) denote a generic copy of Ni(s). Define

i∗(s) :=
⌊
log1/ρ s

⌋
+ 1, so that ρ i∗(s)−1s ∈ [1, 1/ρ].

Set

C1(ρ) := e1/ρ, C2(ρ) :=
∞∏
m=0

1

1− 1
2
ρm

,

Aρ := 1 +
C1(ρ)

1−√
ρ
+

2C2(ρ)

1− ρ
,

and

Bρ := 2

(
C1(ρ)

√
ρ(1 +

√
ρ)

(1−√
ρ)2

+ 2C2(ρ)
1 + ρ

(1− ρ)2

)
+ 2

(
C1(ρ)

1−√
ρ
+

2C2(ρ)

1− ρ

)2

.

Then, for every s ≥ 1, the following hold:

(i) For every integer k ≥ 0,

P
(
N(s) ≥ i∗(s) + k

)
≤ C1(ρ) ρ

k(k+1)/2 ≤ C1(ρ) ρ
k/2.

(ii) For every integer k ≥ 1,

P
(
N(s) ≤ i∗(s)− k

)
≤ C2(ρ) exp

(
−1

2
ρ−k+1

)
,

where the event is understood to be empty when i∗(s)− k < 0.

(iii) One has ∣∣∣∣E[N(s)]− log s

log(1/ρ)

∣∣∣∣ ≤ Aρ, Var(N(s)) ≤ Bρ.

This lemma can be proved using moment generating functions. We defer this proof to
Appendix D.1.

Lemma 6.2.4 (concentration of the total number of departures). Fix ρ ∈ (0, 1), set cρ :=
1/ log(1/ρ), and let c ∈ R be fixed. For each n sufficiently large, define sn := log n+ c. Then
for every ε > 0 and every δ > 0, there exists n0 = n0(ε, δ, ρ, c) such that for all n ≥ n0,

P
(∣∣∣∣ K(sn)

n log log n
− cρ

∣∣∣∣ ≤ ε

)
≥ 1− δ.
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The proof of this lemma uses the fact that for any deterministic sequence (sn)n≥1, K(sn)
is the sum of n i.i.d. random variables. The proof of this lemma can be found in Appendix
D.2.

Proof of Theorem 6.2.1. Fix ε > 0 and δ > 0. We must prove that, for all sufficiently large
n,

P

(∣∣∣∣∣ τ
(n)
cov

n log log n
− cρ

∣∣∣∣∣ ≤ ε

)
≥ 1− δ.

Set δ1 = δ2 = δ3 = δ/3 and let C := log(2/δ1). By Lemma 6.2.2, there exists n1 such
that for all n ≥ n1, the event En := {|Smax − log n| ≤ C} satisfies P(En) ≥ 1 − δ1. On En,
we have the deterministic sandwich

K(log n− C) ≤ τ (n)cov ≤ K(log n+ C).

Now define s−n := log n−C and s+n := log n+C. Since C is fixed, both sequences satisfy
s±n = log n+O(1) and s±n ≥ 1 for all sufficiently large n. Applying Lemma 6.2.4 to (s−n ) with
parameters (ε, δ2), we obtain some n2 such that for all n ≥ n2,

P
(∣∣∣∣ K(s−n )

n log log n
− cρ

∣∣∣∣ ≤ ε

)
≥ 1− δ2.

Likewise, applying the same proposition to (s+n ) with parameters (ε, δ3), there exists n3 such
that for all n ≥ n3,

P
(∣∣∣∣ K(s+n )

n log log n
− cρ

∣∣∣∣ ≤ ε

)
≥ 1− δ3.

For n ≥ max{n1, n2, n3}, let

A−
n :=

{∣∣∣∣ K(s−n )

n log log n
− cρ

∣∣∣∣ ≤ ε

}
and A+

n :=

{∣∣∣∣ K(s+n )

n log log n
− cρ

∣∣∣∣ ≤ ε

}
.

Then P(En) ≥ 1− δ1, P(A−
n ) ≥ 1− δ2, and P(A+

n ) ≥ 1− δ3.
Consider the good event Gn := En ∩A−

n ∩A+
n . On Gn, the inequalities defining A±

n give

(cρ − ε)n log log n ≤ K(s−n ) ≤ (cρ + ε)n log log n

and
(cρ − ε)n log log n ≤ K(s+n ) ≤ (cρ + ε)n log log n.

Since En also implies K(s−n ) ≤ τ
(n)
cov ≤ K(s+n ), we deduce that on Gn,

(cρ − ε)n log log n ≤ τ (n)cov ≤ (cρ + ε)n log log n.

Equivalently, ∣∣∣∣∣ τ
(n)
cov

n log log n
− cρ

∣∣∣∣∣ ≤ ε.
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Thus

Gn ⊆

{∣∣∣∣∣ τ
(n)
cov

n log log n
− cρ

∣∣∣∣∣ ≤ ε

}
.

Finally, by the union bound,

P(Gn) ≥ 1− P(Ec
n)− P((A−

n )
c)− P((A+

n )
c) ≥ 1− δ1 − δ2 − δ3 = 1− δ.

Therefore, for all n ≥ max{n1, n2, n3},

P

(∣∣∣∣∣ τ
(n)
cov

n log log n
− cρ

∣∣∣∣∣ ≤ ε

)
≥ 1− δ.

This proves the theorem.

Theorem 6.2.1 shows that even in this simple model, exponential self-avoidance changes
the exploration scale from the classical coupon-collector order n log n to the much smaller
order n log log n. The remainder of the paper turns from cover time to the main theme
of empirical integral estimation, where a related self-avoidance mechanism yields explicit
control of occupation and transition discrepancies.

6.3 TSAW-Based Balancing for MCMC Estimation

Before discussing how TSAW transition rules can be used in a random walk setting, we first
analyze the discrete distribution scenario. This will be the building block of a non-Markovian
random walk we use to accelerate the MCMC estimation.

Fix d ≥ 2, a target distribution p = (p1, . . . , pd) satisfying

pi > 0,
d∑
i=1

pi = 1, pmin := min
i∈[d]

pi > 0,

and a parameter λ > 0.
Let (Xt)t≥1 be an [d] := {1, . . . , d}-valued process adapted to the filtration (Ft)t≥0, where

Ft := σ(X1, . . . , Xt). Define the empirical counts

Lt(i) :=
t∑

s=1

1{Xs = i}, L0(i) := 0,

and the excess/deficit process

∆i(t) := Lt(i)− tpi, ∆(t) := (∆1(t), . . . ,∆d(t)).

Then
d∑
i=1

∆i(t) = 0 for all t ≥ 0.
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The local TSAW sampling rule. Fix λ > 0. For t ≥ 0, define the normalizing factor

Zt :=
d∑

k=1

e−λ∆k(t),

and assume that

P(Xt+1 = i | Ft) = qt(i) :=
e−λ∆i(t)

Zt
, i ∈ [d]. (6.2)

The deficit recursion is then

∆i(t+ 1) = ∆i(t) + 1{Xt+1 = i} − pi, i ∈ [d]. (6.3)

Define the maximum excess and the near-maximum set

M(t) := max
i∈[d]

∆i(t), A(t) := {i ∈ [d] : ∆i(t) ≥M(t)− 1}.

The unit width of A(t) is chosen to guarantee that if Xt+1 /∈ A(t), then after the update
in (6.3), the chosen coordinate still cannot exceed the previous maximizers. The following
theorem is the basic Lyapunov estimate for the maximal deficit.

Theorem 6.3.1 (Exponential drift for the maximal excess). Fix α > 0 and define

M(t) := max
i∈[d]

∆i(t), A(t) := {i ∈ [d] : ∆i(t) ≥M(t)− 1}, V (t) := eαM(t).

Let

cd :=
d

d− 1
, ρ := exp

(
− αpmin

2

)
∈ (0, 1),

and set

R :=
1

λcd
log

(
deλ(eα − 1)

eαpmin/2 − 1

)
, B := exp{α(R + 1− pmin)}. (6.4)

Note that R > 0 and B ≥ 1. Then for all t ≥ 0,

E[V (t+ 1) | Ft] ≤ ρ V (t) +B 1{M(t) ≤ R}. (6.5)

Consequently,

sup
t≥0

E
[
eαM(t)

]
≤ max

{
eαM(0),

B

1− ρ

}
<∞. (6.6)

Proof. Fix t ≥ 0. Since
∑d

i=1∆i(t) = 0 and maxi∆i(t) =M(t), we have

min
k∈[d]

∆k(t) ≤ −M(t)

d− 1
. (6.7)
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Indeed, if mink∆k(t) > −M(t)/(d− 1), then

d∑
i=1

∆i(t) > M(t) + (d− 1)
(
− M(t)

d− 1

)
= 0,

contradicting
∑

i∆i(t) = 0. Therefore

Zt =
d∑

k=1

e−λ∆k(t) ≥ e−λmink ∆k(t) ≥ exp
( λ

d− 1
M(t)

)
. (6.8)

If i ∈ A(t), then ∆i(t) ≥ M(t)− 1, so e−λ∆i(t) ≤ e−λ(M(t)−1) = eλe−λM(t). Summing over
A(t) gives ∑

i∈A(t)

e−λ∆i(t) ≤ |A(t)| eλe−λM(t) ≤ d eλe−λM(t).

Dividing by Zt and using (6.2) and (6.8), we obtain

P(Xt+1 ∈ A(t) | Ft) ≤ d eλ exp
(
− λ

d

d− 1
M(t)

)
= d eλe−λcdM(t). (6.9)

We next compare M(t+1) with M(t). If Xt+1 = j /∈ A(t), then ∆j(t) ≤M(t)− 1, so by
(6.3),

∆j(t+ 1) = ∆j(t) + 1− pj ≤ (M(t)− 1) + 1− pmin =M(t)− pmin.

For k ̸= j, we have ∆k(t+ 1) = ∆k(t)− pk ≤M(t)− pmin. Hence

Xt+1 /∈ A(t) ⇒ M(t+ 1) ≤M(t)− pmin. (6.10)

Also, for every i ∈ [d],

∆i(t+ 1) = ∆i(t) + 1{Xt+1 = i} − pi ≤M(t) + 1− pmin,

so we always have
M(t+ 1) ≤M(t) + (1− pmin). (6.11)

Using (6.10) and (6.11), we get

eαM(t+1) ≤ eα(M(t)−pmin)1{Xt+1 /∈ A(t)}+ eα(M(t)+1−pmin)1{Xt+1 ∈ A(t)}.

Taking conditional expectation and factoring out eα(M(t)−pmin) gives

E[eαM(t+1) | Ft] ≤ eα(M(t)−pmin)
(
1 + (eα − 1)P(Xt+1 ∈ A(t) | Ft)

)
. (6.12)

Applying (6.9) yields

E[V (t+ 1) | Ft] ≤ eαM(t)e−αpmin

(
1 + deλ(eα − 1)e−λcdM(t)

)
. (6.13)
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If M(t) ≥ R, with R given by (6.4), then

deλ(eα − 1)e−λcdM(t) ≤ deλ(eα − 1)e−λcdR = eαpmin/2 − 1,

so the term in the bracket on the RHS of (6.13) is at most eαpmin/2. Therefore

E[V (t+ 1) | Ft] ≤ eαM(t)e−αpmineαpmin/2 = ρ V (t).

If instead M(t) ≤ R, then (6.11) gives M(t+ 1) ≤ R + (1− pmin), hence

V (t+ 1) ≤ eα(R+1−pmin) = B.

Thus on {M(t) ≤ R} we have
E[V (t+ 1) | Ft] ≤ B.

Combining the two regimes proves (6.5).
Finally, set at := E[V (t)]. Taking expectations in (6.5) gives at+1 ≤ ρat+B for all t ≥ 0.

Let 1

C := max
{
eαM(0),

B

1− ρ

}
.

Then a0 ≤ C, and if at ≤ C then

at+1 ≤ ρC +B ≤ C,

since C ≥ B/(1− ρ). By induction, at ≤ C for all t ≥ 0, which proves (6.6).

A direct consequence of (6.6) is the following uniform-in-t exponential tail bound for each
coordinate. Writing C := max{eαM(0), B

1−ρ}, Markov’s inequality gives

P
(
∆i(t) > x

)
≤ P

(
M(t) > x

)
≤ Cαe

−αx, x > 0.

On the other hand, since
∑d

j=1∆j(t) = 0, we have −∆i(t) ≤
∑

j ̸=i∆j(t) ≤ (d− 1)M(t), so

P
(
∆i(t) < −x

)
≤ P

(
M(t) >

x

d− 1

)
≤ Cαe

−αx/(d−1).

Therefore, for every i ∈ [d], every t ≥ 0, and every x > 0,

P
(
|Lt(i)− tpi| > x

)
= P

(
|∆i(t)| > x

)
≤ Cα

(
e−αx + e−αx/(d−1)

)
≤ 2Cαe

−αx/(d−1).

And the empirical counts remain within O(1) of their targets tpi at any finite level of
trajectory length t ≥ 0.

1Since M(0) = 0 and B ≥ 1, we have C = B
1−ρ , but we prefer to write C this way for compatibility with

the version of this calculation that appears when we discuss general graphs rather than just the star-graph.
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Lifting the local TSAW to a random walk

Let V be a nonempty finite set, and let (Xt)t≥0 be a V -valued process adapted to the natural
filtration

Ft := σ(X0, X1, . . . , Xt), t ≥ 0.

Fix a row-stochastic matrix P = (Pij)i,j∈V :

Pij ≥ 0,
∑
j∈V

Pij = 1 for all i ∈ V.

Throughout this subsection, irreducibility is assumed, but reversibility is not.
For t ≥ 0 define the departure counts and directed edge counts

Lt(i) :=
t−1∑
s=0

1{Xs = i}, Nt(i, j) :=
t−1∑
s=0

1{Xs = i, Xs+1 = j}, i, j ∈ V.

This convention counts visits at times 0, . . . , t − 1, so that Lt(i) is exactly the number of
departures from i before time t. Write Lt for the column vector (Lt(i))i∈V and Nt for the
matrix (Nt(i, j))i,j∈V .

Row sums satisfy
Nt1 = Lt, (6.14)

where 1 is the all-ones column vector. Column sums satisfy, for each j ∈ V ,∑
i∈V

Nt(i, j) = Lt(j)− 1{X0 = j}+ 1{Xt = j}, (6.15)

equivalently,
N⊤
t 1 = Lt − eX0 + eXt , (6.16)

where ex is the standard basis vector at x.
Define for t ≥ 0 and i, j ∈ V the edge discrepancy

ϵt(i, j) := Nt(i, j)− Lt(i)Pij. (6.17)

In matrix form,
Nt = diag(Lt)P + ϵt. (6.18)

Each row of ϵt sums to zero:
ϵt1 = 0, (6.19)

since
∑

j Nt(i, j) = Lt(i) and
∑

j Pij = 1.
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The true self-avoiding walk variant. Fix λ > 0. The (time-inhomogeneous) transition
rule is

P(Xt+1 = j | Ft, Xt = i) = Qt(i, j) :=
Pij exp{−λ ϵt(i, j)}∑
k∈V Pik exp{−λ ϵt(i, k)}

. (6.20)

When Pij = 0 the numerator is 0, so (6.20) automatically restricts to the support {j : Pij >
0}.

For i ∈ V define the out-neighborhood and out-degree

N (i) := {j ∈ V : Pij > 0}, di := |N (i)|.

If di = 1 then ϵt(i, ·) ≡ 0 deterministically, so the nontrivial case is di ≥ 2.

For m ≥ 0 define the m-th departure time from row i by

τ (i)m := inf{t ≥ 0 : Xt = i, Lt(i) = m},

with the convention inf ∅ = ∞.
The first step is to isolate a single row i and observe the process only at successive

departure times from that row. The resulting process is closely related to the finite-alphabet
local TSAW studied earlier, allowing us to exploit the results proved there.

Lemma 6.3.2 (Row-wise reduction). Assume di ≥ 2 and pmin(i) := minj∈N (i) Pij > 0.
For m ≥ 0 define the m-th departure time from row i by

τ (i)m := inf{t ≥ 0 : Xt = i, Lt(i) = m},

with the convention inf ∅ = ∞. Thus, on the event {τ (i)m < ∞}, the chain is at state i at

time τ
(i)
m , and exactly m departures from i have occurred before time τ

(i)
m .

On {τ (i)m <∞} define the destination of the next departure from i by

Y
(i)
m+1 := X

τ
(i)
m +1

.

For m ≥ 0 and j ∈ V , define the embedded row-counts

C(i)
m (j) :=

m−1∑
r=0

1{τ (i)r <∞, Y
(i)
r+1 = j}, ϵ(i)m (j) := C(i)

m (j)−mPij,

with the empty sum convention C
(i)
0 (j) = 0.

For j ∈ N (i), define further, for every m ≥ 0,

c̄i :=
1

di

∑
k∈N (i)

1

λ
logPik, ∆(i)

m (j) := ϵ(i)m (j)− 1

λ
logPij + c̄i.

Then the following hold.
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(i) For every t ≥ 0 and j ∈ V ,

Nt(i, j) = C
(i)
Lt(i)

(j), ϵt(i, j) = ϵ
(i)
Lt(i)

(j). (6.21)

(ii) For every m ≥ 0, on the event {τ (i)m <∞},

P
(
Y

(i)
m+1 = j

∣∣∣F
τ
(i)
m

)
=

Pij exp{−λ ϵ(i)m (j)}∑
k∈V Pik exp{−λ ϵ

(i)
m (k)}

, j ∈ N (i). (6.22)

(iii) For every m ≥ 0 and every j ∈ N (i),

ϵ(i)m (j) = ∆(i)
m (j) +

1

λ
logPij − c̄i. (6.23)

Moreover, on {τ (i)m <∞}, ∑
j∈N (i)

∆(i)
m (j) = 0,

and on {τ (i)m <∞} the transition rule becomes

P
(
Y

(i)
m+1 = j

∣∣∣F
τ
(i)
m

)
=

e−λ∆
(i)
m (j)∑

k∈N (i) e
−λ∆(i)

m (k)
, j ∈ N (i), (6.24)

and
∆

(i)
m+1(j) = ∆(i)

m (j) + 1{Y (i)
m+1 = j} − Pij on {τ (i)m <∞}.

Proof. For (i), note that Lt(i) is exactly the number of departures from i before time t, and

the r-th such departure, when it exists, occurs at time τ
(i)
r−1 and goes to Y

(i)
r . Therefore

the number of departures from i to j before time t is precisely the number of indices r ∈
{1, . . . , Lt(i)} for which Y

(i)
r = j, which gives the first identity in (6.21). The second then

follows immediately from the definitions of ϵt(i, j) and ϵ
(i)
m (j).

For (ii), fix m ≥ 0 and j ∈ N (i). First, τ
(i)
m is a stopping time with respect to (Ft),

because for each t ≥ 0,

{τ (i)m ≤ t} =
t⋃

r=0

{Xr = i, Lr(i) = m} ∈ Ft.

Now let A ∈ F
τ
(i)
m
. Then A ∩ {τ (i)m = r} ∈ Fr for every r ≥ 0. Therefore

E
[
1A 1{τ (i)m <∞, Y

(i)
m+1 = j}

]
=

∞∑
r=0

E
[
1
A∩{τ (i)m =r}1{Xr+1 = j}

]
=

∞∑
r=0

E
[
1
A∩{τ (i)m =r}E[1{Xr+1 = j} | Fr]

]
.
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By (6.20),
E[1{Xr+1 = j} | Fr] = Qr(Xr, j).

On the event {τ (i)m = r}, we have Xr = i, and by (i),

ϵr(i, ℓ) = ϵ(i)m (ℓ) for every ℓ ∈ V.

Hence on {τ (i)m = r},

Qr(Xr, j) =
Pij exp{−λ ϵ(i)m (j)}∑
k∈V Pik exp{−λ ϵ

(i)
m (k)}

.

Substituting this back yields

E
[
1A 1{τ (i)m <∞, Y

(i)
m+1 = j}

]
= E

[
1A 1{τ (i)m <∞} Pij exp{−λ ϵ(i)m (j)}∑

k∈V Pik exp{−λ ϵ
(i)
m (k)}

]
,

which proves (6.22) on {τ (i)m <∞}.
For (iii), identity (6.23) is immediate from the definition of ∆

(i)
m . Now fix m ≥ 0 and

work on the event {τ (i)m <∞}. Then the first m departures from row i have all occurred, so

for each r ∈ {0, . . . ,m− 1}, the variable Y (i)
r+1 is defined and takes exactly one value in N (i).

Therefore ∑
j∈N (i)

C(i)
m (j) = m,

∑
j∈N (i)

ϵ(i)m (j) = 0.

Since
∑

j∈N (i) Pij = 1, it follows that on the event {τ (i)m−1 < ∞}, and hence on {τ (i)m < ∞},
we have ∑

j∈N (i)

∆(i)
m (j) =

∑
j∈N (i)

(
ϵ(i)m (j)− 1

λ
logPij + c̄i

)
= 0.

Also,

e−λ∆
(i)
m (j) = e−λc̄i Pij e

−λϵ(i)m (j),

so multiplying the factor e−λc̄i to both the numerator and the denominator in (6.22), we

arrive at (6.24). Finally, on {τ (i)m <∞},

C
(i)
m+1(j) = C(i)

m (j) + 1{Y (i)
m+1 = j},

hence
ϵ
(i)
m+1(j) = ϵ(i)m (j) + 1{Y (i)

m+1 = j} − Pij,

and therefore
∆

(i)
m+1(j) = ∆(i)

m (j) + 1{Y (i)
m+1 = j} − Pij.

Finally, on {τ (i)m < ∞}, the variable Y
(i)
m+1 is well-defined: at time τ

(i)
m , the walk is at i and

exactly m departures from i have occurred, so the next transition is the (m+1)-st departure
from i.



CHAPTER 6. TRUE SELF-AVOIDING WALK FOR ACCELERATING MCMC
ESTIMATION 175

Once the row-wise reduction has been identified, the finite-alphabet drift theorem, The-
orem 6.3.1, applies to the embedded row process on the event that the next departure from
row i is defined. This yields the same exponential-drift inequality as in the local model, with
indicators keeping track of the possibility that the row process may terminate.

Corollary 6.3.3 (Row-wise exponential moment bound). Under the assumptions of Lemma
6.3.2, for every α > 0 there exist constants ρi(α) ∈ (0, 1) and Bi(α) < ∞, depending only
on α, λ, and the row Pi·, such that, writing

M (i)
urn(m) := max

j∈N (i)
∆(i)
m (j), V (i)

urn(m) := exp{αM (i)
urn(m)},

one has, for every m ≥ 0,

E
[
V (i)
urn(m+ 1)1{τ (i)m <∞}

∣∣∣F
τ
(i)
m

]
≤ ρi(α)V

(i)
urn(m)1{τ (i)m <∞}+Bi(α)1{τ (i)m <∞}.

(6.25)

Moreover, with the convention τ
(i)
−1 := 0,

sup
m≥0

E
[
exp

{
α max

j∈N (i)
∆(i)
m (j)

}
1{τ (i)m−1 <∞}

]
<∞. (6.26)

In fact one may take

ρi(α) := exp
(
− αpmin(i)

2

)
, ci :=

di
di − 1

,

Ri(α) :=
1

λci
log

(
die

λ(eα − 1)

eαpmin(i)/2 − 1

)
, Bi(α) := exp{α(Ri(α) + 1− pmin(i))}.

Note that ρi(α) ∈ (0, 1), Ri(α) > 0 and Bi(α) > 1. Also, since we are making the
assumptions of Lemma 6.3.2, we are in a scenario where di ≥ 2, so ci is well-defined.

Proof. Fix m ≥ 0. On the event {τ (i)m < ∞}, Lemma 6.3.2(iii) shows that the vector(
∆

(i)
m (j)

)
j∈N (i)

has zero sum and that the next-step transition rule is exactly the finite-

alphabet softmax rule (6.2) with target distribution pj = Pij on the alphabet N (i). There-

fore, conditional on F
τ
(i)
m

and on {τ (i)m < ∞}, the one-step estimate from Theorem 6.3.1

applies to the row process. This yields (6.25).
Now define

am := E
[
V (i)
urn(m)1{τ (i)m−1 <∞}

]
, m ≥ 0,

with the convention τ
(i)
−1 := 0. Since

∆
(i)
0 (j) = −1

λ
logPij + c̄i,
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we have a0 = eαM
(i)
urn(0) <∞. Taking expectations in (6.25) gives

am+1 = E
[
V (i)
urn(m+ 1)1{τ (i)m <∞}

]
≤ ρi(α)E

[
V (i)
urn(m)1{τ (i)m <∞}

]
+Bi(α)P(τ (i)m <∞).

Since {τ (i)m <∞} ⊆ {τ (i)m−1 <∞}, it follows that

am+1 ≤ ρi(α)am +Bi(α).

Hence

am ≤ max

{
eαM

(i)
urn(0),

Bi(α)

1− ρi(α)

}
for all m ≥ 0,

which is exactly (6.26).

The next step is to pass from urn time along a single row to a deterministic global
time t. The idea is to condition on the realized number of departures from each row up
to time t, invoke the row-wise exponential moment bound, and then take a union bound
over the finitely many rows. It is also natural to record at this stage an explicit choice of
the exponential-moment constant, since that is exactly what enters the later Borel–Cantelli
argument.

Lemma 6.3.4 (Fixed-time tail bound for the global edge discrepancy). Assume that for
every i ∈ V , either di = 1 or di ≥ 2 with pmin(i) := minj∈N (i) Pij > 0. If dmax := maxi∈V di =
1, then M(t) ≡ 0 for all t. Otherwise define

pmin := min
i∈V

min
j∈N (i)

Pij ∈ (0, 1).

Then there exist finite constants

C0 := log
(
1 +

2

pmin

)
, C1 := 1− pmin +

1

λ

(
log dmax + λ+ log 2 + 2 log

1

pmin

)
,

such that, for every α ≥ 1, the quantity

Hα := exp

(
α2

λ
+ C1α + C0

)
results in the bound

P(M(t) ≥ x) ≤ |V | (t+ 1)Hα e
−αx for all t ≥ 0 and x ≥ 0.

Proof. If dmax = 1, then every row has a single possible transition, so ϵt(i, ·) ≡ 0 for every
i, and hence M(t) ≡ 0. We then have ϵt(i, ·) ≡ 0 for every i, and hence M(t) ≡ 0. Thus
suppose dmax ≥ 2.
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Fix i ∈ V . If di = 1, define Mi(t) := 0 for all t. If di ≥ 2, define

Mi(t) := max
j∈N (i)

ϵt(i, j).

Then
M(t) = max

i∈V
Mi(t).

Fix now a row i with di ≥ 2. By Lemma 6.3.2(i),

Mi(t) = max
j∈N (i)

ϵt(i, j) = max
j∈N (i)

ϵ
(i)
Lt(i)

(j).

By Lemma 6.3.2(iii), for every m ≥ 0 and j ∈ N (i),

ϵ(i)m (j) = ∆(i)
m (j) +

1

λ
logPij − c̄i.

Define

Ki := max
j∈N (i)

(
1

λ
logPij − c̄i

)
.

Then for every m ≥ 0,
max
j∈N (i)

ϵ(i)m (j) ≤ max
j∈N (i)

∆(i)
m (j) +Ki.

Therefore, by Corollary 6.3.3,

sup
m≥0

E
[
exp

{
α max
j∈N (i)

ϵ(i)m (j)
}
1{τ (i)m−1 <∞}

]
≤ eαKi sup

m≥0
E
[
exp

{
α max
j∈N (i)

∆(i)
m (j)

}
1{τ (i)m−1 <∞}

]
.

(6.27)

From Corollary 6.3.3,

sup
m≥0

E
[
exp

{
α max
j∈N (i)

∆(i)
m (j)

}
1{τ (i)m−1 <∞}

]
≤ max

{
eαM

(i)
urn(0),

Bi(α)

1− ρi(α)

}
,

where

ρi(α) := exp
(
− αpmin(i)

2

)
, Ri(α) :=

1

λci
log

(
die

λ(eα − 1)

eαpmin(i)/2 − 1

)
,

Bi(α) := exp{α(Ri(α) + 1− pmin(i))}.

Because Pij ≥ pmin on every support edge, every number λ−1 logPij lies in the interval
[−λ−1 log(1/pmin), 0]. Since c̄i is the average of these numbers,

Ki ≤
1

λ
log

1

pmin

, M (i)
urn(0) = max

j∈N (i)

(
−1

λ
logPij + c̄i

)
≤ 1

λ
log

1

pmin

.
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Also, since di ≤ dmax, pmin(i) ≥ pmin, ci ≥ 1, and α ≥ 1,

Ri(α) ≤
1

λ
log

(
dmaxe

λ(eα − 1)

eαpmin/2 − 1

)
≤ α

λ
+

1

λ

(
log dmax + λ+ log 2 + log

1

pmin

)
,

where we used eα − 1 ≤ eα and eu − 1 ≥ u for u > 0. Moreover,

1

1− ρi(α)
=

1

1− e−αpmin(i)/2
≤ 1 +

2

αpmin

≤ 1 +
2

pmin

,

since α ≥ 1. Combining these estimates yields

eαKi max

{
eαM

(i)
urn(0),

Bi(α)

1− ρi(α)

}
≤ exp

(
α2

λ
+ C1α + C0

)
= Hα.

Together with (6.27), this gives

sup
m≥0

E
[
exp

{
α max
j∈N (i)

ϵ(i)m (j)
}
1{τ (i)m−1 <∞}

]
≤ Hα (6.28)

for every row i with di ≥ 2.
Now fix t ≥ 0, x ≥ 0, and a row i with di ≥ 2. Since Lt(i) ∈ {0, 1, . . . , t},

{Mi(t) ≥ x} =
t⋃

m=0

(
{Lt(i) = m} ∩

{
max
j∈N (i)

ϵ(i)m (j) ≥ x

})
,

and these events are disjoint. Therefore

P(Mi(t) ≥ x) =
t∑

m=0

P
(
Lt(i) = m, max

j∈N (i)
ϵ(i)m (j) ≥ x

)
.

If m = 0, then {Lt(i) = 0} implies that no departure from i has occurred before time t,
hence Nt(i, j) = 0 for all j, so ϵt(i, j) = 0 for all j, and therefore Mi(t) = 0. Thus the m = 0
term is zero for x > 0, and is trivially bounded by Hαe

−αx for x = 0.
If m ≥ 1, then

{Lt(i) = m} ⊆ {τ (i)m−1 <∞},
because having m departures from i before time t implies that the (m−1)-st departure time
from i exists. Hence, by Markov’s inequality and (6.28),

P
(
Lt(i) = m, max

j∈N (i)
ϵ(i)m (j) ≥ x

)
≤ e−αxE

[
exp

{
α max
j∈N (i)

ϵ(i)m (j)
}
1{Lt(i) = m}

]
≤ e−αxE

[
exp

{
α max
j∈N (i)

ϵ(i)m (j)
}
1{τ (i)m−1 <∞}

]
≤ Hαe

−αx.



CHAPTER 6. TRUE SELF-AVOIDING WALK FOR ACCELERATING MCMC
ESTIMATION 179

Summing over m = 0, . . . , t, we obtain

P(Mi(t) ≥ x) ≤ (t+ 1)Hαe
−αx for every row i with di ≥ 2.

For rows with di = 1, we have Mi(t) ≡ 0, so the same bound is trivial. Therefore, for all
i ∈ V ,

P(Mi(t) ≥ x) ≤ (t+ 1)Hαe
−αx.

Finally, since M(t) = maxi∈V Mi(t), a union bound over i ∈ V gives

P(M(t) ≥ x) ≤ |V | (t+ 1)Hα e
−αx,

as claimed.

The almost-sure envelope is now obtained by choosing a time-dependent exponential
parameter αt, applying the fixed-time tail bound with target error probability ηt, and then
using Borel–Cantelli.

Corollary 6.3.5. Assume the hypotheses of Lemma 6.3.4. If dmax := maxi∈V di = 1, then
M(t) ≡ 0 for all t. Otherwise define

pmin := min
i: di≥2

min
j∈N (i)

Pij ∈ (0, 1], dmax := max
i∈V

di.

Fix δ > 0 and set

ηt := (t+ 2)−(1+δ), Λt := log
|V | (t+ 1)

ηt
= log

(
|V | (t+ 1)(t+ 2)1+δ

)
, αt := max{1,

√
λΛt}.

Then, almost surely, for all sufficiently large t,

M(t) ≤ C1 + 2

√
Λt
λ

+
C0

αt
, (6.29)

where C0 and C1 are the constants from Lemma 6.3.4.

Proof. If dmax = 1, then M(t) ≡ 0, so there is nothing to prove. Assume dmax ≥ 2. Apply
Lemma 6.3.4 with α = αt ≥ 1. Since Hαt = exp(α2

t/λ+ C1αt + C0), we obtain

P(M(t) ≥ x) ≤ |V | (t+ 1) exp

(
α2
t

λ
+ C1αt + C0 − αtx

)
.

Now set

xt :=
αt
λ

+ C1 +
C0

αt
+

Λt
αt
.

Because Λt = log
(
|V | (t + 1)/ηt

)
, the preceding display becomes P(M(t) ≥ xt) ≤ ηt. Since∑

t≥0 ηt < ∞, Borel–Cantelli implies that almost surely the event {M(t) ≥ xt} occurs only
finitely often. Hence almost surely, for all sufficiently large t, M(t) ≤ xt.

Finally, for all sufficiently large t we have αt =
√
λΛt, so

αt
λ

+
Λt
αt

= 2

√
Λt
λ
.

Substituting this into the definition of xt yields (6.29).
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Vertex and edge discrepancy bounds

The previous subsection gives an almost-sure bound on the edge discrepancy

M(t) := max
i∈V

max
j∈N (i)

ϵt(i, j).

We now convert this bound into control of the vertex discrepancy Lt − tπ. The key point
is that the column-flow identity for Nt yields a Poisson equation whose forcing term is
determined by ϵt, and hence by M(t).

Lemma 6.3.6 (Poisson equation and deterministic control of the forcing term). For each
t ≥ 0, define

bt := ϵ⊤t 1+ eX0 − eXt .

Then
(I − P⊤)Lt = bt, (6.30)

and moreover 1⊤bt = 0. If dmax := maxi∈V di, then for every i, j ∈ V ,

|ϵt(i, j)| ≤ (dmax − 1)M(t),

and consequently
∥bt∥∞ ≤ |V | (dmax − 1)M(t) + 1.

Proof. By (6.16), we have N⊤
t 1 = Lt − eX0 + eXt . Using (6.18), this becomes

Lt − eX0 + eXt = N⊤
t 1 = (diag(Lt)P + ϵt)

⊤1 = P⊤Lt + ϵ⊤t 1.

Rearranging gives (6.30).
Next, 1⊤bt = 1⊤ϵ⊤t 1 + 1⊤(eX0 − eXt) = 0, because ϵt1 = 0 by (6.19) and 1⊤eX0 =

1⊤eXt = 1.
To bound ϵt, fix i ∈ V . If di = 1, then ϵt(i, ·) ≡ 0, so there is nothing to prove. Assume

di ≥ 2. Since the i-th row of ϵt is supported on N (i) and sums to zero, if

Mi(t) := max
j∈N (i)

ϵt(i, j),

then
min
j∈N (i)

ϵt(i, j) ≥ −(di − 1)Mi(t).

Indeed, if some entry were smaller than −(di − 1)Mi(t), then the sum of the row would be
strictly negative. Hence, for every j ∈ N (i),

|ϵt(i, j)| ≤ (di − 1)Mi(t) ≤ (dmax − 1)M(t).

If j /∈ N (i), then Pij = 0 and Nt(i, j) = 0, so ϵt(i, j) = 0. Thus

|ϵt(i, j)| ≤ (dmax − 1)M(t) for all i, j ∈ V.
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Finally, for each j ∈ V ,

|bt(j)| =
∣∣∣∑
i∈V

ϵt(i, j)+1{X0 = j}−1{Xt = j}
∣∣∣ ≤∑

i∈V

|ϵt(i, j)|+1 ≤ |V | (dmax− 1)M(t)+ 1.

Taking the maximum over j gives the stated bound on ∥bt∥∞.

The linear system (I − P⊤)x = b is singular because π lies in the kernel of I − P⊤.
The correct inverse object is therefore the group inverse, which acts on the codimension-one
subspace {b : 1⊤b = 0}.

Let π denote the unique stationary distribution of the irreducible kernel P , and define

L := I − P⊤, Π := π 1⊤.

Lemma 6.3.7 (Group inverse and normalized solution of the Poisson equation). The matrix
L+Π is invertible. Define

L# := (L+Π)−1 − Π. (6.31)

This matrix is the group inverse of L, in the sense that

LL# = L#L = I − Π, L#Π = ΠL# = 0.

Moreover, for every b ∈ RV satisfying 1⊤b = 0, the equation

Lx = b

has a unique solution satisfying 1⊤x = 0, and this solution is given by

x = L#b.

Proof. We first show that L + Π is invertible. Suppose (L + Π)x = 0. Left-multiplying by
1⊤ gives

0 = 1⊤(L+Π)x = 1⊤L︸︷︷︸
=0

x+ 1⊤Πx = 1⊤x,

because 1⊤Πx = 1⊤(π 1⊤x) = 1⊤x. Hence 1⊤x = 0, so Πx = 0, and therefore Lx = 0. Since
P is irreducible on the finite set V , ker(L) = span{π}. Thus x = cπ for some scalar c, and
then 0 = 1⊤x = c1⊤π = c, so x = 0. Hence L+Π is invertible.

Now define L# by (6.31). Because LΠ = 0 and ΠL = 0, we have

(L+Π)Π = Π and Π(L+Π) = Π.

Multiplying by (L+Π)−1 gives

(L+Π)−1Π = Π and Π(L+Π)−1 = Π.
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Therefore

L#Π = ((L+Π)−1 − Π)Π = 0, ΠL# = Π((L+Π)−1 − Π) = 0.

Also,
(L+Π)L# = (L+Π)

(
(L+Π)−1 − Π

)
= I − Π,

and since ΠL# = 0, this implies LL# = I − Π. Similarly,

L#(L+Π) =
(
(L+Π)−1 − Π

)
(L+Π) = I − Π,

and because L#Π = 0, it follows that L#L = I − Π.
Finally, let b ∈ RV satisfy 1⊤b = 0. Then Πb = π(1⊤b) = 0. Set x := L#b. Using

LL# = I − Π, we obtain
Lx = LL#b = (I − Π)b = b.

Using ΠL# = 0, we also have
Πx = ΠL#b = 0.

Since Πx = π(1⊤x) and π has strictly positive entries, this implies 1⊤x = 0.
It remains to prove uniqueness. Suppose x and y both satisfy Lx = Ly = b and 1⊤x =

1⊤y = 0. Then z := x− y satisfies Lz = 0, so z ∈ span{π}. Thus z = cπ for some scalar c,
and 0 = 1⊤z = c1⊤π = c. Hence z = 0, so x = y.

We now apply the previous two lemmas with b = bt and x = Dt := Lt − tπ. The almost-
sure

√
log t envelope for M(t) then immediately yields a corresponding bound on the vertex

discrepancy.

Corollary 6.3.8 (Vertex and edge discrepancy bounds; estimator error). Assume:

1. P is row-stochastic on finite V and the adaptive rule (6.20) holds;

2. for each i ∈ V , either di = 1 or di ≥ 2 with pmin(i) := minj∈N (i) Pij > 0;

3. P is irreducible.

Let π be the stationary distribution of P , define

Dt := Lt − tπ,

and fix δ > 0. Set

Λt := log
(
|V | (t+ 1)(t+ 2)1+δ

)
, αt := max{1,

√
λΛt}.

Then, almost surely, for all sufficiently large t,
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(i) for every i ∈ V ,

|Lt(i)− tπi| ≤ ∥L#∥∞→∞

(
|V |(dmax − 1)

(
C1 + 2

√
Λt
λ

+
C0

αt

)
+ 1

)
; (6.32)

(ii) for every (i, j) with Pij > 0,

|Nt(i, j)− tπiPij| ≤Pij ∥L#∥∞→∞

(
|V |(dmax − 1)

(
C1 + 2

√
Λt
λ

+
C0

αt

)
+ 1

)
+ (dmax − 1)

(
C1 + 2

√
Λt
λ

+
C0

αt

)
;

(6.33)

(iii) for every bounded function f : V → R,∣∣∣∣1t
t−1∑
s=0

f(Xs)−
∑
i∈V

πif(i)

∣∣∣∣
≤ ∥f∥∞ |V |

t
∥L#∥∞→∞

(
|V |(dmax − 1)

(
C1 + 2

√
Λt
λ

+
C0

αt

)
+ 1

)
.

(6.34)

In particular,

Lt(i)− tπi = O(
√

log t), Nt(i, j)− tπiPij = O(
√
log t),

almost surely for every i ∈ V and every (i, j) with Pij > 0, and for every bounded f : V → R,∣∣∣∣∣1t
t−1∑
s=0

f(Xs)−
∑
i∈V

πif(i)

∣∣∣∣∣ = O

(√
log t

t

)
almost surely.

Proof. By Corollary 6.3.5, almost surely, for all sufficiently large t,

M(t) ≤ C1 + 2

√
Λt
λ

+
C0

αt
.

This is exactly the bound recorded in (6.32) after applying the Poisson equation estimates
below.

Next, Lemma 6.3.6 gives
(I − P⊤)Lt = bt,

while (I − P⊤)(tπ) = 0 because P⊤π = π. Hence, with Dt := Lt − tπ,

LDt = (I − P⊤)(Lt − tπ) = bt.
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Also,
1⊤Dt = 1⊤Lt − t1⊤π = t− t = 0.

Therefore Lemma 6.3.7 yields
Dt = L#bt.

Taking ℓ∞-norms and using Lemma 6.3.6, we obtain

∥Dt∥∞ ≤ ∥L#∥∞→∞ ∥bt∥∞ ≤ ∥L#∥∞→∞
(
|V |(dmax − 1)M(t) + 1

)
.

Substituting the bound on M(t) from Corollary 6.3.5 gives (6.32).
For the edge discrepancy, use

Nt(i, j) = Lt(i)Pij + ϵt(i, j),

so
Nt(i, j)− tπiPij = Pij

(
Lt(i)− tπi

)
+ ϵt(i, j).

Hence
|Nt(i, j)− tπiPij| ≤ Pij |Lt(i)− tπi|+ |ϵt(i, j)|.

By Lemma 6.3.6, we have
|ϵt(i, j)| ≤ (dmax − 1)M(t),

so (6.33) follows from (6.32) and the bound from Corollary 6.3.5.
Finally,

1

t

t−1∑
s=0

f(Xs)−
∑
i∈V

πif(i) =
1

t

∑
i∈V

f(i)
(
Lt(i)− tπi

)
,

and therefore∣∣∣∣∣1t
t−1∑
s=0

f(Xs)−
∑
i∈V

πif(i)

∣∣∣∣∣ ≤ ∥f∥∞
t

∑
i∈V

|Lt(i)− tπi| ≤
∥f∥∞ |V |

t
∥Dt∥∞.

Combining this with (6.32) yields (6.34).
The asymptotic statements are immediate from the fact that

Λt = log
(
|V | (t+ 1)(t+ 2)1+δ

)
= O(log t)

and
αt = max{1,

√
λΛt} = O(

√
log t).

It is then a natural consequence of this result that this variant of TSAW on the graph is
indeed recurrent.
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Corollary 6.3.9 (Recurrence of states and directed edges). Under the assumptions of Corol-
lary 6.3.8, almost surely every state i ∈ V is visited infinitely often. Moreover, every directed
edge (i, j) with Pij > 0 is traversed infinitely often.

Proof. Let δ > 0 be as in Corollary 6.3.8. Since P is irreducible on the finite state space V ,
its stationary distribution π is strictly positive: πi > 0 for every i ∈ V .

By Corollary 6.3.8, there is an event Ω0 of probability one on which, for all sufficiently
large t, the bounds (6.32) and (6.33) hold simultaneously for every i ∈ V and every support
edge (i, j) with Pij > 0. Work on this event Ω0.

Let

At := ∥L#∥∞→∞

(
|V |(dmax − 1)

(
C1 + 2

√
Λt
λ

+
C0

αt

)
+ 1

)
.

Then (6.32) gives |Lt(i) − tπi| ≤ At for all sufficiently large t and every i ∈ V . Since Λt =
log
(
|V |(t+1)(t+2)1+δ

)
= O(log t) and αt = max{1,

√
λΛt}, we have At = O(

√
log t) = o(t).

Hence, for every i ∈ V , Lt(i) ≥ tπi − At. Because πi > 0 and At = o(t), the right-hand side
tends to +∞, and therefore Lt(i) → ∞ for every i ∈ V . Thus every state is visited infinitely
often.

Next fix a directed edge (i, j) with Pij > 0. Define

Bt(i, j) := PijAt + (dmax − 1)

(
C1 + 2

√
Λt
λ

+
C0

αt

)
.

By (6.33), |Nt(i, j)−tπiPij| ≤ Bt(i, j) for all sufficiently large t. Again Bt(i, j) = O(
√
log t) =

o(t). Since πi > 0 and Pij > 0, we have πiPij > 0, and therefore Nt(i, j) ≥ tπiPij−Bt(i, j) →
+∞. Thus every directed edge (i, j) with Pij > 0 is traversed infinitely often.

6.4 Summary

This chapter developed a TSAW-based adaptive sampling dynamics for finite irreducible
Markov kernels. The key mechanism is local row-wise balancing: each row penalizes di-
rected transitions that have been empirically overused relative to the target proportions Pij.
A finite-alphabet Lyapunov argument gives uniform exponential control of the row-wise dis-
crepancy, and a Poisson-equation argument then converts this local transition control into
global occupation control.

The resulting almost-sure bounds

Lt(i)− tπi = O(
√
log t), Nt(i, j)− tπiPij = O(

√
log t)

imply an empirical integral error of order O(
√
log t/t) for every bounded observable. Thus,

the chapter gives a concrete example in which a history-dependent self-avoidance mecha-
nism yields pathwise improvement over the usual empirical averaging scale for Markov-chain
trajectories.
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Appendix A

Proofs for Chapter 2

A.1 Absolute integrability for Lemma 2.3.2.

We adopt the setting and notation of Lemma 2.3.2. Write ϕ = u + iv with u, v ∈ Rn, and
set

l(u, v) := (u21 + v21, . . . , u
2
n + v2n) ∈ Rn

+, r(u, v) :=
n∑
j=1

(u2j + v2j ).

Then
∑n

j=1 ϕjϕ̄j = r(u, v) and (2πi)−n dϕ̄ dϕ = π−n du dv. Also, recalling that S := 1
2
(Q +

Q⊤), see (2.7), and using that S is symmetric, we have∣∣e⟨ϕ,Qϕ̄⟩∣∣ = e⟨ϕ,Sϕ̄⟩ = e⟨u,Su⟩+⟨v,Sv⟩.

We first bound Tig. Property G implies that, for each i ∈ [n], the function Tig has
polynomial growth. Since [n] is finite, there exists m > 0 such that for each i ∈ [n] there are
constants ai, bi > 0 with |Tig(ϕ)| ≤ ai∥ϕ∥2m whenever ∥ϕ∥ > bi. Taking maxima over i, and
then enlarging the resulting constant to cover the compact set {ϕ ∈ Cn : ∥ϕ∥ ≤ maxi bi}, we
obtain a constant Cg > 0 such that

|Tig(ϕ)| ≤ Cg(1 + ∥ϕ∥2m), ϕ ∈ Cn, i ∈ [n].

Since ∥ϕ∥2 = r(u, v), this becomes

|Tig(u+ iv)| ≤ Cg(1 + r(u, v))m, u, v ∈ Rn, i ∈ [n].

Next we bound f . Since f has property F, applying the definition with exponent m+ 2
shows that for each i ∈ [n] there are constants a′i, b

′
i > 0 such that

|f(i, l)| ≤ a′i∥l∥−(m+2) whenever ∥l∥ > b′i.

Using again that [n] is finite and that all norms on Rn are equivalent, we find constants
A,B > 0 such that

|f(i, l)| ≤ A
( n∑
j=1

lj

)−(m+2)

whenever
n∑
j=1

lj > B, i ∈ [n].
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Enlarging A if necessary to cover the compact set {l ∈ Rn
+ :
∑

j lj ≤ B}, we obtain Cf > 0
such that

|f(i, l)| ≤ Cf

(
1 +

n∑
j=1

lj

)−(m+2)

, l ∈ Rn
+, i ∈ [n].

Now let

I :=

∫ ∞

0

∑
i

∫
Cn

∣∣(Tig)(ϕ) ft(i, ϕϕ̄)∣∣ (2πi)−n∣∣e⟨ϕ,Qϕ̄⟩∣∣ dϕ̄ dϕ dt.
Passing to (u, v)-coordinates, applying |EZ| ≤ E|Z|, and using the two bounds above, we
get

I =

∫ ∞

0

∑
i

∫
R2n

∣∣(Tig)(u+ iv)
∣∣ ∣∣Ei,l(u,v)(f(Xt,Lt))

∣∣ π−ne⟨u,Su⟩+⟨v,Sv⟩ du dv dt

≤
∫ ∞

0

∑
i

∫
R2n

∣∣(Tig)(u+ iv)
∣∣Ei,l(u,v)|f(Xt,Lt)| π−ne⟨u,Su⟩+⟨v,Sv⟩ du dv dt

≤ CgCf

∫ ∞

0

∑
i

∫
R2n

(1 + r(u, v))m Ei,l(u,v)
(
1 +

n∑
j=1

Ljt
)−(m+2)

π−ne⟨u,Su⟩+⟨v,Sv⟩ du dv dt.

Since the total local time increases at unit rate, we have
∑n

j=1 L
j
t =

∑n
j=1 lj(u, v) + t =

r(u, v) + t. Hence

I ≤ CgCf

∫ ∞

0

∑
i

∫
R2n

(1 + r(u, v))m(1 + r(u, v) + t)−(m+2)π−ne⟨u,Su⟩+⟨v,Sv⟩ du dv dt.

The integrand is nonnegative, so Tonelli’s theorem applies. Therefore

I ≤ CgCf
∑
i

∫
R2n

(1 + r(u, v))m
(∫ ∞

0

(1 + r(u, v) + t)−(m+2) dt

)
π−ne⟨u,Su⟩+⟨v,Sv⟩ du dv

=
CgCf
m+ 1

∑
i

∫
R2n

(1 + r(u, v))−1π−ne⟨u,Su⟩+⟨v,Sv⟩ du dv

≤ CgCf
m+ 1

∑
i

∫
R2n

π−ne⟨u,Su⟩+⟨v,Sv⟩ du dv.

The last integral is finite by the same Gaussian integrability used in Lemma 2.3.2. Hence
I <∞.

Thus the integrand is absolutely integrable, and Fubini’s theorem allows us to exchange
the relevant integrals and the summation.
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A.2 Interchange of Differentiation and Integration in

Lemma 2.4.1.

Recall that

Qα := −(Gα)
−1, dµα(ϕ) :=

1

(2πi)n|Gα|
e⟨ϕ,Qαϕ̄⟩ dϕ̄ dϕ,

see equations (2.8) and (2.9). For every α ∈ [0, 1], let

F (α) := E[f(ℓα)] =
∫
Cn

f(ϕϕ̄) dµα(ϕ) =

∫
Cn

H(α, ϕ) dϕ̄ dϕ,

where

H(α, ϕ) :=
1

(2πi)n|Gα|
f(ϕϕ̄)e⟨ϕ,Qαϕ̄⟩.

Since α 7→ Gα is C1([0, 1]) entrywise, it is a C1 map into Rn×n. The determinant map
A 7→ det(A) is polynomial in the entries of A, hence smooth, and the inversion map A 7→ A−1

is smooth on the open set of invertible matrices. Since each Gα is invertible, it follows that

α 7→ |Gα|−1, α 7→ G−1
α , α 7→ Qα

are all C1([0, 1]). Hence, for each fixed ϕ ∈ Cn, the map α 7→ H(α, ϕ) is C1([0, 1]).
To obtain a uniformly integrable majorant, write

Aα := −Qα = G−1
α , Sα :=

Aα + ATα
2

.

By Lemma A.4.1, Sα is positive definite for every α ∈ [0, 1]. Since α 7→ Aα is continuous,
so is α 7→ Sα. Since the smallest eigenvalue is continuous on the space of real symmetric
matrices, the map

α 7→ λmin(Sα)

is continuous on [0, 1]. As each Sα is positive definite, λmin(Sα) > 0 for all α, and compactness
of [0, 1] yields

c := min
α∈[0,1]

λmin(Sα) > 0.

Now write ϕ = u+ iv with u, v ∈ Rn. Since Aα is real,

ℜ⟨ϕ,Aαϕ̄⟩ = uTAαu+ vTAαv = uTSαu+ vTSαv ≥ c(∥u∥2 + ∥v∥2) = c∥ϕ∥2.

Equivalently,
ℜ⟨ϕ,Qαϕ̄⟩ ≤ −c∥ϕ∥2.

Therefore, ∣∣e⟨ϕ,Qαϕ̄⟩
∣∣ = eℜ⟨ϕ,Qαϕ̄⟩ ≤ e−c∥ϕ∥

2

, ∀α ∈ [0, 1], ϕ ∈ Cn.
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Next, because α 7→ Gα, α 7→ Qα, and α 7→ d
dα
Gα are continuous on the compact interval

[0, 1], there exist finite constants

M0 := sup
α∈[0,1]

|Gα|−1, M1 := sup
α∈[0,1]

∥Qα∥, M2 := sup
α∈[0,1]

∥∥∥ d
dα
Gα

∥∥∥.
Using Jacobi’s formula (see, e.g., Section 0.8.2 of [59]) and

d

dα
Qα = Qα

( d

dα
Gα

)
Qα,

we get
d

dα
|Gα|−1 = |Gα|−1tr

(
Qα

d

dα
Gα

)
,

and

∂αe
⟨ϕ,Qαϕ̄⟩ = e⟨ϕ,Qαϕ̄⟩

〈
ϕ,Qα

( d

dα
Gα

)
Qαϕ̄

〉
.

Hence

∂αH(α, ϕ) =
1

(2πi)n|Gα|
f(ϕϕ̄)e⟨ϕ,Qαϕ̄⟩

(
tr
(
Qα

d

dα
Gα

)
+
〈
ϕ,Qα

( d

dα
Gα

)
Qαϕ̄

〉)
.

Taking absolute values and using∣∣∣tr(Qα
d

dα
Gα

)∣∣∣ ≤ n∥Qα∥
∥∥∥ d
dα
Gα

∥∥∥,
and ∣∣∣〈ϕ,Qα

( d

dα
Gα

)
Qαϕ̄

〉∣∣∣ ≤ ∥Qα∥2
∥∥∥ d
dα
Gα

∥∥∥ ∥ϕ∥2,
we obtain

|∂αH(α, ϕ)| ≤ C |f(ϕϕ̄)|(1 + ∥ϕ∥2)e−c∥ϕ∥2 , ∀α ∈ [0, 1], ϕ ∈ Cn,

for some constant C <∞ independent of α and ϕ.
By the definition of subexponential growth,

lim
∥l∥2→∞

log(1 + |f(l)|)
∥l∥2

= 0.

Fix ε > 0. Then there exists Rε <∞ such that whenever ∥l∥2 ≥ Rε,

log(1 + |f(l)|)
∥l∥2

≤ ε,

and hence
|f(l)| ≤ eε∥l∥2 , ∥l∥2 ≥ Rε.



APPENDIX A. PROOFS FOR CHAPTER 2 199

Since f is continuous, it is bounded on the compact set {l ∈ Rn
+ : ∥l∥2 ≤ Rε}; let

Mε := sup
∥l∥2≤Rε

|f(l)| <∞.

Therefore, for all l ∈ Rn
+,

|f(l)| ≤ Cεe
ε∥l∥2 , Cε := max{1,Mε}.

Applying this with l = ϕϕ̄ = (|ϕ1|2, . . . , |ϕn|2), and using

∥ϕϕ̄∥2 =
( n∑
j=1

|ϕj|4
)1/2

≤
n∑
j=1

|ϕj|2 = ∥ϕ∥22,

we obtain
|f(ϕϕ̄)| ≤ Cεe

ε∥ϕ∥22 .

Choose ε > 0 so small that ε < c/2. Then

|∂αH(α, ϕ)| ≤ C · Cϵ(1 + ∥ϕ∥22)e−(c−ε)∥ϕ∥22 , ∀α ∈ [0, 1], ϕ ∈ Cn.

Since c−ε > 0 and Cn ≃ R2n, the right-hand side belongs to L1(Cn), because any polynomial
times a non-degenerate Gaussian density is integrable.

By the Leibniz integral rule for differentiation under the integral sign (see, e.g., The-
orem 2.27 in [53]), justified here by the dominated convergence theorem, the exchange of
differentiation and integration in the proof of Lemma 2.4.1 is valid.

A.3 Nonnegativity of a certain integral

Consider G, which is an inverse M-matrix with a positive definite symmetric part. Let
A := G−1. Then A also has a positive definite symmetric part, as proved in Lemma A.4.1 in
Section A.4. It follows that the complex measure dµ(ϕ) := (2πi)−ne−⟨ϕ,Aϕ̄⟩dϕ̄dϕ is integrable
(see, e.g., Eq. (2.3)).

Lemma A.3.1. Let G be an inverse M-matrix with a positive definite symmetric part. For
any nonnegative function f : Rn

+ → R+ with subexponential growth, the integral∫
Cn ϕaϕ̄bf(ϕϕ̄)dµ(ϕ) is finite and nonnegative for any a, b ∈ [n].

Proof. To see that the integral is nonnegative, note that∫
Cn

ϕaϕ̄bf(ϕϕ̄)dµ(ϕ) =
1

(2πi)n

∫
Cn

ϕaϕ̄bf(ϕϕ̄)e
−

∑
ij Aijϕiϕ̄jdϕ̄dϕ

=
1

(2π)n

∫
Rn
+

∫
[0,2π)n

√
lalbe

i(θa−θb)f(l)e−
∑

ij Aij

√
lilje

i(θi−θj)

dθdl

=

∫
Rn
+

√
lalbf(l)e

−
∑

i Aiili

(
1

(2π)n

∫
[0,2π)n

ei(θa−θb)e−
∑

i̸=j Aij

√
lilje

i(θi−θj)

dθ

)
dl, (A.1)
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where we have used equation (2.1) in writing the second equality.
Moreover, we have

e−
∑

i̸=j Aij

√
lilje

i(θi−θj)

=
∏
i̸=j

e−Aij

√
lilje

i(θi−θj)

=
∏
i̸=j

∑
kij∈N

(−Aij
√
lilje

i(θi−θj))kij

kij!

=
∑

{kij∈N, i̸=j}

∏
i̸=j

(−Aij)kij(lilj)
1
2
kij

kij!
eikij(θi−θj).

Fix some l ∈ Rn
+. The inner integral in equation (A.1) becomes

1

(2π)n

∫
[0,2π)n

ei(θa−θb)e−
∑

i̸=j Aij

√
lilje

i(θi−θj)

dθ

=
1

(2π)n

∫
[0,2π)n

ei(θa−θb)
( ∑

{kij∈N, i̸=j}

∏
i̸=j

(−Aij)kij(lilj)
1
2
kij

kij!
eikij(θi−θj)

)
dθ

=
1

(2π)n

∫
[0,2π)n

ei(θa−θb)
( ∑

{kij∈N, i̸=j}

(∏
i̸=j

(−Aij)kij(lilj)
1
2
kij

kij!

)
e
∑

i̸=j ikij(θi−θj)
)
dθ

=
∑

{kij∈N, i̸=j}

(∏
i̸=j

(−Aij)kij(lilj)
1
2
kij

kij!

)
·
(

1

(2π)n

∫
[0,2π)n

ei(θa−θb)e
∑

i̸=j ikij(θi−θj)dθ

)
.

Notice that 1
(2π)n

∫
[0,2π)n

ei(θa−θb)e
∑

i̸=j ikij(θi−θj)dθ = 1
(2π)n

∫
[0,2π)n

e
∑

i̸=j iriθidθ where ri :=∑
j ̸=i(kij − kji) + 1(i = a) − 1(i = b). Since 1

2π

∫
[0,2π)

eiriθidθi = 1(ri = 0), we know that
1

(2π)n

∫
[0,2π)n

ei(θa−θb)e
∑

i̸=j ikij(θi−θj)dθ = 1(ri = 0,∀i ∈ [n]). Therefore, we conclude that

1

(2π)n

∫
[0,2π)n

ei(θa−θb)e−
∑

i̸=j Aij

√
lilje

i(θi−θj)

dθ

=
∑

{kij∈N, i̸=j}

(∏
i̸=j

(−Aij)kij(lilj)
1
2
kij

kij!

)
· 1(ri = 0,∀i ∈ [n])

=
∑

{kij∈N, i̸=j: ri(k)=0,∀i∈[n]}

(∏
i̸=j

(−Aij)kij(lilj)
1
2
kij

kij!

)
.

The original integral should be∫
Cn

ϕaϕ̄bf(ϕϕ̄)dµ(ϕ)

=

∫
Rn
+

√
lalbf(l)e

−
∑

i Aiili ·
∑

{kij∈N, i̸=j: ri(k)=0,∀i∈[n]}

(∏
i̸=j

(−Aij)kij(lilj)
1
2
kij

kij!

)
dl ≥ 0.
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Here, we used the sign property of M-matrices, which guarantees −Aij ≥ 0, ∀i ̸= j. We
now justify the series expansions and the integration-summation exchanges, critically using
positive definiteness. Note that we have∫

Rn
+

√
lalbf(l)e

−
∑

i Aiili

(
1

(2π)n

∫
[0,2π)n

∏
i̸=j

∑
kij∈N

∣∣∣∣ei(θa−θb) (−Aij
√
lilje

i(θi−θj))kij

kij!

∣∣∣∣dθ)dl
=

∫
Rn
+

√
lalbf(l)e

−
∑

i Aiili

(
1

(2π)n

∫
[0,2π)n

∏
i̸=j

∑
kij∈N

(−Aij)kij(lilj)
1
2
kij

kij!
dθ

)
dl

=

∫
Rn
+

√
lalbf(l)e

−
∑

i Aiili

(
1

(2π)n

∫
[0,2π)n

∏
i̸=j

e−Aij

√
liljdθ

)
dl

=

∫
Rn
+

√
lalbf(l)e

−
∑

i Aiili
∏
i̸=j

e−Aij

√
liljdl

=

∫
Rn
+

√
lalbf(l)e

−
∑

i Aiilie−
∑

i̸=j Aij

√
liljdl

=

∫
Rn
+

√
lalbf(l)e

−⟨
√
l,A

√
l⟩dl.

Since A has positive definite symmetric part, we know there exists c > 0, such that

⟨
√
l, A

√
l⟩ ≥ c∥

√
l∥2 = c

∑
i

li.

Therefore, the above integral should be less than
∫
Rn
+

√
lalbf(l)e

−c
∑

i lidl. Now f(l) having

subexponential growth guarantees this integral to be finite. Then, the dominated convergence
theorem guarantees the expansion and integration-summation exchanges.

A.4 Miscellaneous supporting results

Lemma A.4.1. Given a non-singular matrix G ∈Mn(R) with a positive definite symmetric
part, its inverse A := G−1 also has a positive definite symmetric part.

Proof. Note that
A+ AT

2
=
G−1 +G−T

2
= G−T G+GT

2
G−1.

Now for any x ∈ Rn such that x ̸= 0, we have〈
x,
A+ AT

2
x

〉
=

〈
x,G−T G+GT

2
G−1x

〉
=

〈
G−1x,

G+GT

2
G−1x

〉
> 0,

where the last step used the assumption that G has a positive definite symmetric part.
Therefore, we conclude that A also has a positive definite symmetric part.
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Appendix B

Proofs for Chapter 3

B.1 Proof of Lemma 3.3.1

Proof of Lemma 3.3.1. Recall R := maxu,v∈V r(u, v), where r(·, ·) denotes effective resistance
in the unit-resistance network associated with G. For any u, v ∈ V , the commute time
identity states that

Eu[τhit(v)] + Ev[τhit(u)] = 2|E| r(u, v). (B.1)

See, e.g., [41, Ch. 9], [6, Ch. 10], or [68, Ch. 10].
By (B.1) and nonnegativity,

Eu[τhit(v)] ≤ 2|E| r(u, v) for all u, v ∈ V.

Taking the maximum over u, v yields

thit = max
u,v

Eu[τhit(v)] ≤ 2|E|max
u,v

r(u, v) = 2|E|R.

Let (u⋆, v⋆) realize the maximum resistance: r(u⋆, v⋆) = R. Then (B.1) gives

Eu⋆ [τhit(v⋆)] + Ev⋆ [τhit(u⋆)] = 2|E|R,

so at least one of the two expectations is ≥ |E|R. Hence thit ≥ |E|R. Combining the bounds
gives |E|R ≤ thit ≤ 2|E|R.

B.2 Proof of Lemma 3.3.2

Proof of Lemma 3.3.2. Let v ∈ V satisfy d(v) = dmin, and let u be any neighbor of v. We
claim that r(u, v) ≥ 1/d(v). Since R ≥ r(u, v), this implies R ≥ 1/dmin, i.e. dminR ≥ 1.

Indeed, we can see that r(u, v) ≥ 1/d(v) for all v ∈ V and all neighbors u of v. To see
this, construct a new network G′ from G by shorting (identifying) all neighbors of v into a
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single vertex u⋆, and in particular identifying u with u⋆. In G′, the only edges incident to v
are the d(v) unit resistors connecting v to u⋆, now in parallel. Hence

rG′(u⋆, v) =
1

d(v)
.

By Rayleigh’s monotonicity principle (shorting vertices can only decrease effective resistance;
see, e.g., [41, Ch. 2] or [73, Ch. 9]), we have

rG(u, v) ≥ rG′(u⋆, v) =
1

d(v)
.

B.3 Proof of the claim R ≤ 2πM 2

Proof. Recall that η := (η(v), v ∈ V ) is the pinned Gaussian free field, pinned by setting
η(v0) = 0, and M := E[maxv∈V η(v)], which does not depend on the choice of v0. Since η is

a centered Gaussian vector, it is symmetric in law: η
d
= −η. In particular,

E
[
min
v
η(v)

]
= −E

[
max
v
η(v)

]
= −M,

and therefore

E
[
max
u,v∈V

|η(u)− η(v)|
]
= E

[
max
v
η(v)−min

v
η(v)

]
= 2M.

For any integrable family of random variables {Zi} one has E[maxi Zi] ≥ maxi E[Zi].
Applying this to Zu,v := |η(u)− η(v)| gives

2M = E
[
max
u,v

|η(u)− η(v)|
]
≥ max

u,v
E
[
|η(u)− η(v)|

]
.

For fixed u, v, η(u)− η(v) ∼ N (0, r(u, v)), hence E[|η(u)− η(v)|] =
√

2/π
√
r(u, v). There-

fore,

2M ≥ max
u,v

√
2

π

√
r(u, v) =

√
2

π

√
R.

Squaring yields

M2 ≥ 1

2π
R, i.e. R ≤ 2πM2.
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B.4 A one-sided first-cover lower bound for full b-ary

trees

Lemma B.4.1 (Ray–Knight/Zhai lower-bound). Let G = (V,E) be a finite connected graph
rooted at v0, and let (ηv)v∈V be the Gaussian free field pinned at v0. Write M := maxv∈V ηv.
Then, for every t > 0,

Pv0
(
τcov < τinv(t)

)
≤ P

(
M ≤

√
2t
)
.

Consequently, if mh, ah are deterministic sequences with ah → ∞ and

P(M ≥ mh − ah) → 1,

then

Pv0
(
τcov > τinv

(
1

2
(mh − 2ah)

2

))
→ 1.

Proof. We use the stochastic domination consequence of the generalized second Ray–Knight
theorem, in the form used by Zhai [110, Theorem 3.1]. It gives(√

Lvτinv(t)

)
v∈V

⪯
(

1√
2
(ηv +

√
2t)+

)
v∈V

,

where x+ = max{x, 0}, and ⪯ denotes stochastic domination for increasing events.
Since

{τcov < τinv(t)} ⊆ {Lvτinv(t) > 0 for all v ∈ V },

and the event on the right is increasing in the local-time field, the stochastic domination
gives

Pv0
(
τcov < τinv(t)

)
≤ P

(
(ηv +

√
2t)+ > 0 for all v ∈ V

)
.

The event on the right is

{ηv > −
√
2t for all v ∈ V } = {min

v∈V
ηv > −

√
2t}.

Since the pinned GFF is centered and symmetric,

P
(
min
v∈V

ηv > −
√
2t

)
= P

(
max
v∈V

ηv <
√
2t

)
≤ P(M ≤

√
2t).

This proves the first claim.
For the consequence, take t = 1

2
(mh − 2ah)

2. Then
√
2t = mh − 2ah, and hence

Pv0
(
τcov < τinv

(
1

2
(mh − 2ah)

2

))
≤ P(M ≤ mh − 2ah) ≤ P(M < mh − ah) → 0.

This proves the consequence.
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Lemma B.4.2 (One-sided first-cover lower bound for full b-ary trees). Fix b ≥ 2. Let Tb,h
be the full b-ary tree of height h, rooted at v0. Then there exists Cb <∞ such that

Pv0
(
τcov ≥ 2|E|(log b)h2 − Cb|E|h log h

)
→ 1

as h→ ∞.

Proof. Let (ηv)v∈V be the Gaussian free field on Tb,h pinned at the root v0, and set Mh :=
maxv∈V ηv. Since Mh ≥ maxv∈Lh

ηv, it is enough to lower-bound the maximum over the
leaves. Restricted to Lh, the pinned GFF is a Gaussian b-ary branching random walk of
height h, with i.i.d. N(0, 1) increments along edges. We apply Addario-Berry–Reed [2,
Theorem 3] to the reflected branching random walk (−ηv)v∈Lh

. In their notation,M−
h denotes

the minimum at generation h, and here

M−
h := min

v∈Lh

(−ηv) = −max
v∈Lh

ηv.

The step distribution of the reflected walk is still N(0, 1), so

Λ(t) := logEetX =
t2

2
.

Taking t = −
√
2 log b < 0, we have

tΛ′(t)− Λ(t) = t2 − t2

2
=
t2

2
= log b, Λ′(t) = t = −

√
2 log b.

Thus Addario-Berry–Reed [2, Theorem 3] gives

EM−
h = −

√
2 log b h+

3

2
√
2 log b

log h+Ob(1),

and exponential tails around the mean. Therefore, choosing Cb <∞ large enough,

P
(
M−

h ≤ −
√

2 log b h+ Cb log h
)
→ 1.

Since M−
h = −maxv∈Lh

ηv, this is equivalent to

P
(
max
v∈Lh

ηv ≥
√

2 log b h− Cb log h

)
→ 1.

Finally, Mh ≥ maxv∈Lh
ηv, so

P
(
Mh ≥

√
2 log b h− Cb log h

)
→ 1.

Applying Lemma B.4.1 with

mh =
√
2 log b h, ah = Cb log h,
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and increasing Cb if necessary, gives

Pv0 (τcov > τinv(t−)) → 1, t− :=
(√

log b h− Cb log h
)2
.

In particular,
t− = (log b)h2 −Ob(h log h).

It remains to translate inverse local time into ordinary time. By Lemma 3.3.6, for the
full b-ary tree,

varv0(τinv(t)) ≤ Cb|E|2t.

Also Ev0τinv(t) = 2|E|t. Applying Chebyshev’s inequality at t = t−, and using t− = Ob(h
2),

gives

Pv0
(
|τinv(t−)− 2|E|t−| ≥ (log h)|E|

√
t−

)
≤ Cb

(log h)2
→ 0.

Since
√
t− = Ob(h), it follows that

τinv(t−) ≥ 2|E|t− − Cb|E|h log h

with probability tending to one.
Finally,

2|E|t− = 2|E|
(√

log b h− Cb log h
)2

= 2|E|(log b)h2 −Ob(|E|h log h).

Combining the preceding estimates and increasing Cb if necessary gives

Pv0
(
τcov ≥ 2|E|(log b)h2 − Cb|E|h log h

)
→ 1.
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Appendix C

Proofs for Chapter 5

C.1 Tightness of the mutual-information upper

bound on I(W ;XT
0 )

In the special case of the n-star, the logarithmic upper bound from Lemma 5.2.1 is sharp up
to the value of the constant. Let G be the n-star with center v0 and leaves ℓ1, . . . , ℓn, and
assume first that the walk starts from the center v0. Write ei := {v0, ℓi}, let ai := aei , set
αi := ai/2, and let α0 :=

∑n
i=1 αi. For the random environment W , define

Pi :=
Wei∑n
j=1Wej

, i = 1, . . . , n.

Then

I(W ;XT
0 ) =

n− 1

2
log T +O(1) (T → ∞),

or equivalently,
1

T
I(W ;XT

0 ) =
n− 1

2

log T

T
+O(T−1).

Proof. Let M := ⌈T/2⌉. Since the graph is a star and the walk starts from the center,
the trajectory is deterministic except when it departs from v0. Let Yr ∈ {1, . . . , n} be the
leaf chosen on the r-th departure from v0, for r = 1, . . . ,M . Then XT

0 and (Y1, . . . , YM)
determine each other, so

I(W ;XT
0 ) = I(W ;Y1, . . . , YM).

Moreover, the law of (Y1, . . . , YM) depends on W only through the vector

P = (P1, . . . , Pn),

since Pi is the quenched probability of choosing leaf ℓi upon departure from the center. Hence
I(W ;Y1, . . . , YM) = I(P ;Y1, . . . , YM).
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Now let Ki(m) :=
∑m

r=1 1{Yr = i}. On the (m + 1)-st departure from the center, the
edge ei has weight ai + 2Ki(m), because each previous excursion using ei contributes two
traversals of that edge. Therefore

Pr(Ym+1 = i | Y1, . . . , Ym) =
ai + 2Ki(m)∑n
j=1 aj + 2m

=
αi +Ki(m)

α0 +m
.

Thus (Yr)r≥1 is exactly a Pólya urn sequence with de Finetti measure Dir(α1, . . . , αn). Equiv-
alently, conditional on P ∼ Dir(α1, . . . , αn), the variables Y1, . . . , YM are independent and
satisfy

Pr(Yr = i | P ) = Pi, i = 1, . . . , n.

In other words, conditional on P , each Yr has the categorical distribution on {1, . . . , n}
with probability vector P . This is the standard de Finetti representation of Pólya’s urn, or
equivalently the usual Dirichlet–multinomial mixture representation; see, for example, [51,
Chapter VII, Section 4].

Let Ki := Ki(M) and K := (K1, . . . , Kn). Since

Pr(Y1 = y1, . . . , YM = yM | P ) =
n∏
i=1

PKi
i ,

the sample enters only through the count vectorK. HenceK is sufficient for P , and therefore

I(P ;Y1, . . . , YM) = I(P ;K).

Let h(·) denote differential entropy. By Dirichlet–multinomial conjugacy, P | K ∼
Dir(β1, . . . , βn), where βi := αi +Ki and β0 :=

∑
i βi = α0 +M . Thus

I(P ;K) = h(P )− E[h(P | K)].

Since P ∼ Dir(α1, . . . , αn), the first term h(P ) is a finite constant independent of M .
For a general Dirichlet law Dir(β1, . . . , βn), one has

h(Dir(β)) = logB(β) + (β0 − n)Ψ(β0)−
n∑
i=1

(βi − 1)Ψ(βi),

where

B(β) := B(β1, . . . , βn) :=

∏n
i=1 Γ(βi)

Γ(β0)
, β0 :=

n∑
i=1

βi,

denotes the multivariate beta function. Using Stirling’s formula log Γ(x) = x log x − x −
1
2
log x+O(1) and the digamma asymptotic Ψ(x) = log x+O(x−1), one computes

logB(β) =
∑

i βi log βi − β0 log β0 − 1
2

∑
i log βi +

1
2
log β0 +O(1),

(β0 − n)Ψ(β0) = β0 log β0 − n log β0 +O(1),

−
∑

i(βi − 1)Ψ(βi) = −
∑

i βi log βi +
∑

i log βi +O(1).
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Summing these three lines and simplifying yields, uniformly over all βi ≥ αi > 0,

h(Dir(β)) = −n− 1

2
log β0 +

1

2

n∑
i=1

log
βi
β0

+O(1).

Applying this with βi = αi +Ki yields

E[h(P | K)] = −n− 1

2
log(α0 +M) +

1

2

n∑
i=1

E
[
log

αi +Ki

α0 +M

]
+O(1).

Set ZM,i := (αi+Ki)/(α0+M). Since P | K ∼ Dir(α1+K1, . . . , αn+Kn), the posterior
mean of Pi is ZM,i = E[Pi | K]. In particular 0 < ZM,i ≤ 1, so logZM,i ≤ 0. On the other
hand, by concavity of log,

logZM,i = logE[Pi | K] ≥ E[logPi | K].

Taking expectations gives E[logZM,i] ≥ E[logPi].
Since the marginal law of Pi is Beta(αi, α0−αi), we have E[logPi] = Ψ(αi)−Ψ(α0) > −∞.

Therefore
Ψ(αi)−Ψ(α0) ≤ E[logZM,i] ≤ 0,

so E[logZM,i] = O(1) uniformly in M . It follows that

E[h(P | K)] = −n− 1

2
logM +O(1).

Finally, since h(P ) is constant,

I(W ;XT
0 ) = I(P ;K) = h(P )− E[h(P | K)] =

n− 1

2
logM +O(1).

Because M = ⌈T/2⌉, we have logM = log T +O(1), and hence

I(W ;XT
0 ) =

n− 1

2
log T +O(1).

If the walk starts from a leaf rather than from the center, then X1 = v0 deterministically,
so I(W ;XT

0 ) = I(W ;XT
1 ), and the same argument applies after shifting time by one step.

C.2 Proof of Proposition 5.4.0.1

Proof. Fix a path xT0 , and write N := N(xT0 ) for its undirected edge-count vector and
xT := xT (x

T
0 ) for its endpoint. Let Nv denote the number of departures from v along the

path. By the quenched likelihood formula,

Pv0,wsrw (XT
0 = xT0 ) =

∏
e∈E

wNe
e

∏
v∈V

w−Nv
v .
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Multiplying this by the magic-formula density of µv0,A, we obtain

Pv0,wsrw (XT
0 = xT0 )µv0,A(dw) ∝

w
1/2
v0

∏
e∈E w

ae−1+Ne
e∏

v∈V w
(av+1)/2+Nv
v

√
τ(w) dw−e0 .

Now set a′e := ae +Ne, so that a′v :=
∑

e∋v a
′
e = av +

∑
e∋vNe. Writing

dv :=
∑

e∋vNe, we have the standard identity

dv = 2Nv + 1(v = xT )− 1(v = v0),

because each departure from v contributes 1 to dv, each arrival contributes 1, and along a
path started at v0 and ending at xT , arrivals and departures differ by 1(v = xT )−1(v = v0).
Hence

av + 1

2
+Nv =

av + dv + 1− 1(v = xT ) + 1(v = v0)

2
=
a′v + 1− 1(v = xT ) + 1(v = v0)

2
.

Substituting this into the previous display gives

Pv0,wsrw (XT
0 = xT0 )µv0,A(dw) ∝

w
1/2
v0

∏
e∈E w

a′e−1
e∏

v∈V w
(a′v+1−1(v=xT )+1(v=v0))/2
v

√
τ(w) dw−e0 .

The extra vertex factor simplifies because

w
1/2
v0∏

v∈V w
(−1(v=xT )+1(v=v0))/2
v

= w1/2
xT
.

Therefore

Pv0,wsrw (XT
0 = xT0 )µv0,A(dw) ∝

w
1/2
xT

∏
e∈E w

a′e−1
e∏

v∈V w
(a′v+1)/2
v

√
τ(w) dw−e0 .

This is exactly the magic-formula density of µxT ,A+N , up to normalization. Restoring the
normalizing constants yields

Pv0,wsrw (XT
0 = xT0 )µv0,A(dw) =

ZxT ,A+N
Zv0,A

µxT ,A+N(dw),

which is (5.19).
Integrating over w gives

Pv0,Aerrw(X
T
0 = xT0 ) =

ZxT ,A+N
Zv0,A

,

which is (5.20). Dividing the previous identity by this path probability yields

µv0,A(dw | XT
0 = xT0 ) = µxT ,A+N(dw),
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which is (5.21).
Finally, for a path started at v0, the endpoint is determined by the parity rule∑

e∋v

Ne ≡ 1(v = v0) + 1(v = xT ) (mod 2). (C.1)

Thus xT is a function of N , and the posterior depends on the realized path only through N .
Hence

µv0,A(dw | N) = µxT (N),A+N(dw),

which is (5.22).

C.3 Proof of Theorem 5.4.2

We retain the notation from Section 5.4: G is the n-star with center v0, all initial edge
weights are equal to a > 0, e is a fixed leaf edge, and Ne(T ), with an abuse of notation,
denotes the number of the first T excursions that use e.

The first ingredient is the standard beta-binomial representation.

Lemma C.3.1 (Beta-binomial mixture). Let b := (n− 1)a. There exists a random variable
X ∼ Beta(a, b) such that, conditional on X = x, one has Ne(T ) | X = x ∼ Bin(T, x).
Consequently, for every γ > 0,

E
[

1

Ne(T ) + γ

]
=

1

B(a, b)

∫ 1

0

xa−1(1− x)b−1 gT (x) dx, (C.2)

where gT (x) := E[(Bin(T, x) + γ)−1].

Proof. The sequence of leaf edges chosen from the center is exactly a symmetric Pólya urn
with n colors and initial weight a in each color. Hence the empirical frequencies are mixed
by a Dir(a, . . . , a) law, and the marginal frequency of one fixed edge is Beta(a, b) with
b = (n− 1)a. Conditional on this frequency X = x, the number of uses of e among the first
T excursions is Bin(T, x). Integrating out X gives (C.2).

For the proof of the theorem, we only need upper bounds on the binomial inverse moment.

Lemma C.3.2 (Upper bounds for the binomial inverse moment). Let cγ := max{1, γ−1}.
Then, for every T ≥ 2,

gT (x) ≤ cγ for 0 < x ≤ 1

2T
,

and

gT (x) ≤
6cγ
Tx

for
1

2T
≤ x ≤ 1.
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Proof. Let K ∼ Bin(T, x). We have (K+γ)−1 ≤ cγ pointwise, so gT (x) := E[(K+γ)−1] ≤ cγ
for all x ∈ [0, 1] and so, in particular, for 0 < x ≤ (2T )−1.

Now assume x ≥ (2T )−1, so Tx ≥ 1/2. Write

gT (x) = E
[

1

K + γ
1{K≤Tx/2}

]
+ E

[
1

K + γ
1{K>Tx/2}

]
.

On {K > Tx/2}, we have (K + γ)−1 ≤ 2/(Tx). On the other hand, (K + γ)−1 ≤ γ−1 ≤ cγ,
so

gT (x) ≤ cγ P(K ≤ Tx/2) +
2

Tx
.

Since EK = Tx, the standard Chernoff–Hoeffding lower-tail bound [58] gives

P(K ≤ Tx/2) ≤ e−Tx/8.

Also, for all y > 0, one has e−y/8 ≤ 4/y because supy>0 ye
−y/8 = 8/e < 4. Applying this

with y = Tx yields e−Tx/8 ≤ 4/(Tx), and therefore

gT (x) ≤
4cγ
Tx

+
2

Tx
≤ 6cγ
Tx

.

We now prove the theorem with explicit constants. Write b := (n−1)a, setMb := 2(1−b)+ ,
and define

C(>)
a,n,γ :=

cγMb

a 2aB(a, b)
+

6cγMb 2
1−a

(a− 1)B(a, b)
+

6cγ 2
(2−a)+

bB(a, b)
,

for a > 1,

C(=)
n,γ :=

cγMb

2B(1, n− 1)
+

6cγMb

B(1, n− 1)
+

12cγ
(n− 1)B(1, n− 1)

,

for a = 1, and

C(<)
a,n,γ :=

cγMb

a 2aB(a, b)
+

6cγMb 2
1−a

(1− a)B(a, b)
+

6cγ 2
(2−a)+

bB(a, b)
,

for 0 < a < 1.

Proof of Theorem 5.4.2. Let

MT := E
[

1

Ne(T ) + γ

]
.

By Lemma C.3.1, we have

MT =
1

B(a, b)

(∫ 1/(2T )

0

xa−1(1− x)b−1gT (x) dx+

∫ 1

1/(2T )

xa−1(1− x)b−1gT (x) dx

)
.
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Using Lemma C.3.2, we obtain

MT ≤ cγ
B(a, b)

∫ 1/(2T )

0

xa−1(1− x)b−1 dx+
6cγ

T B(a, b)

∫ 1

1/(2T )

xa−2(1− x)b−1 dx.

We estimate the two integrals separately. On [0, 1/2], we have (1 − x)b−1 ≤ Mb, where
Mb = 2(1−b)+ . Hence∫ 1/(2T )

0

xa−1(1− x)b−1 dx ≤Mb

∫ 1/(2T )

0

xa−1 dx =
Mb

a 2a
T−a.

For the second integral, split at x = 1/2. On [1/(2T ), 1/2], we still have (1− x)b−1 ≤Mb, so∫ 1/2

1/(2T )

xa−2(1− x)b−1 dx ≤Mb

∫ 1/2

1/(2T )

xa−2 dx.

On [1/2, 1], we have xa−2 ≤ 2(2−a)+ , and therefore∫ 1

1/2

xa−2(1− x)b−1 dx ≤ 2(2−a)+
∫ 1

1/2

(1− x)b−1 dx ≤ 2(2−a)+

b
.

We now distinguish the three regimes.
If a > 1, then ∫ 1/2

1/(2T )

xa−2 dx ≤
∫ 1/2

0

xa−2 dx =
21−a

a− 1
.

Thus

MT ≤ cγMb

a 2aB(a, b)
T−a +

6cγ
T B(a, b)

(
Mb 2

1−a

a− 1
+

2(2−a)+

b

)
.

Since a > 1 and T ≥ 1, one has T−a ≤ T−1. Therefore

MT ≤ C(>)
a,n,γ T

−1.

If a = 1, then b = n− 1 and ∫ 1/2

1/(2T )

x−1 dx = log T.

Hence

MT ≤ cγMb

2B(1, n− 1)
T−1 +

6cγ
T B(1, n− 1)

(
Mb log T +

2

n− 1

)
.

Since log T ≤ 1 + log T and 1 ≤ 1 + log T , this implies

MT ≤ C(=)
n,γ

1 + log T

T
.
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If 0 < a < 1, then∫ 1/2

1/(2T )

xa−2 dx =
(1/(2T ))a−1 − (1/2)a−1

1− a
≤ 21−a

1− a
T 1−a.

Thus

MT ≤ cγMb

a 2aB(a, b)
T−a +

6cγ
T B(a, b)

(
Mb 2

1−a

1− a
T 1−a +

2(2−a)+

b

)
.

Since 0 < a < 1 and T ≥ 1, one has T−1 ≤ T−a. Therefore

MT ≤ C(<)
a,n,γ T

−a.

This proves the theorem.

C.4 Proof of Lemma 5.4.4

Proof. Fix a nonempty proper subset F ⊊ E, and write

S := S(F ).

Partition the edges of F into three classes:

F2 := {g ∈ F : both endpoints of g belong to S},
F1 := {g ∈ F : exactly one endpoint of g belongs to S},
F0 := {g ∈ F : no endpoint of g belongs to S}.

Then
F = F0 ⊔ F1 ⊔ F2.

We have ∑
v∈S

av = 2a(F2) + a(F1).

Therefore

a(F )− 1

2

∑
v∈S

av = a(F0) +
1

2
a(F1). (1)

Next, ∑
v∈S

bv =
1

2

∑
v∈S

av +
1

2
|S \ {v0}|,

so

A(F ) =
(
a(F )− 1

2

∑
v∈S

av

)
+
κ(G \ F )− 1− |S \ {v0}|

2
. (2)

We now estimate the two terms on the right-hand side.
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First term. By (1),

a(F )− 1

2

∑
v∈S

av = a(F0) +
1

2
a(F1).

Since ag ≥ a for every edge,

a(F0) +
1

2
a(F1) ≥ a |F0|+

a

2
|F1|. (3)

We claim that F0 ∪ F1 ̸= ∅. Indeed, suppose by contradiction that F0 = F1 = ∅. Then
every edge in F belongs to F2, so both endpoints of every edge in F belong to S. Since every
vertex in S has all its incident edges in F , there is no edge in E \F incident to any vertex of
S. Hence every connected component of the subgraph (S, F ) is also a connected component
of G. Because F is nonempty, (S, F ) has at least one edge, so G has a connected component
contained in (S, F ). Since F ⊊ E, there is also at least one edge in E \F , hence at least one
vertex not in S. This contradicts the connectedness of G. Therefore F0 ∪ F1 ̸= ∅, and thus
(3) implies

a(F )− 1

2

∑
v∈S

av ≥
a

2
. (4)

Second term. Every vertex in S becomes isolated in G\F , because all incident edges of such
a vertex belong to F and are removed. Hence G \ F has at least |S| connected components
coming from these isolated vertices.

Since F ⊊ E, there exists an edge in E\F . The connected component of G\F containing
that edge is different from all the isolated-vertex components coming from S. Therefore

κ(G \ F ) ≥ |S|+ 1.

Consequently,
κ(G \ F )− 1− |S \ {v0}| ≥ |S| − |S \ {v0}| ≥ 0. (5)

Combining (2), (4), and (5), we obtain

A(F ) ≥ a

2
.

This proves the lemma.
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Appendix D

Proofs for Chapter 6

D.1 Proofs for Lemma 6.2.3.

Proof. Write Sr :=
∑r−1

m=0Em, with S0 := 0, where the Em are independent with Em ∼
Exp(ρm), so that N(s) ≥ r if and only if Sr ≤ s.

To prove (i), fix k ≥ 0 and set r := i∗(s) + k. Since s ≥ 1, we have i∗(s) ≥ 1 and so
r ≥ 1. For any θ > 0, Chernoff’s bound gives

P(N(s) ≥ r) = P(Sr ≤ s) ≤ eθs
r−1∏
m=0

ρm

ρm + θ
.

Choose θ := ρ i∗(s)−1. Then θs ∈ [1, 1/ρ), hence eθs ≤ e1/ρ = C1(ρ). Also, for every m we
have ρm/(ρm + θ) ≤ 1, while for m ≥ i∗(s)− 1,

ρm

ρm + θ
≤ ρm

θ
= ρm−(i∗(s)−1).

Therefore

P(N(s) ≥ r) ≤ C1(ρ)
r−1∏

m=i∗(s)−1

ρm−(i∗(s)−1) = C1(ρ) ρ
∑k

ℓ=0 ℓ = C1(ρ) ρ
k(k+1)/2,

which proves (i).
For (ii), first suppose 1 ≤ k ≤ i∗(s)− 1 and set r := i∗(s)− k ≥ 1. For any θ ∈ (0, ρr−1),

Chernoff’s bound yields

P(N(s) ≤ r) = P(Sr ≥ s) ≤ e−θs
r−1∏
m=0

ρm

ρm − θ
.
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Take θ := 1
2
ρr−1. Then

r−1∏
m=0

ρm

ρm − θ
=

r−1∏
m=0

1

1− 1
2
ρr−1−m ≤

∞∏
m=0

1

1− 1
2
ρm

= C2(ρ).
1

Moreover, since ρ i∗(s)−1s ∈ [1, 1/ρ), we have

θs =
1

2
ρr−1s =

1

2
ρ i∗(s)−1−ks ∈

[
1

2
ρ−k,

1

2
ρ−k−1

)
,

so e−θs ≤ exp(−1
2
ρ−k) ≤ exp(−1

2
ρ−k+1). Hence

P
(
N(s) ≤ i∗(s)− k

)
≤ C2(ρ) exp

(
−1

2
ρ−k+1

)
for 1 ≤ k ≤ i∗(s)− 1.

If k = i∗(s), then N(s) ≤ i∗(s) − k means N(s) = 0, so P(N(s) ≤ i∗(s) − k) = P(E0 >

s) = e−s. Since s ≥ ρ−i∗(s)+1, we get e−s ≤ e−ρ
−i∗(s)+1 ≤ C2(ρ) exp(−1

2
ρ−i∗(s)+1), because

C2(ρ) ≥ 1. If k > i∗(s), the event is empty. This proves (ii).
For (iii), write i∗ := i∗(s). Since N(s) is a nonnegative integer-valued random variable,

we have the pointwise identity

N(s) =
∞∑
r=1

1{N(s) ≥ r}.

Applying Tonelli’s theorem yields2

E[N(s)] =
∞∑
r=1

P(N(s) ≥ r).

For the upper bound on the mean, split the sum at i∗ and use (i):

E[N(s)] =
i∗∑
r=1

P(N(s) ≥ r) +
∞∑

r=i∗+1

P(N(s) ≥ r) ≤ i∗ +
∞∑
k=1

P(N(s) ≥ i∗ + k).

1This actually is ( 12 ; ρ)∞, where (a; q)∞ :=
∏∞

m=0(1− aqm) denotes the q-Pochhammer symbol.
2Here we use Tonelli’s theorem in the form

E

[ ∞∑
r=1

Xr

]
=

∞∑
r=1

E[Xr]

for any sequence of nonnegative random variables (Xr)r≥1, where both sides are allowed to take the value
+∞. Applying this with Xr = 1{N(s) ≥ r} gives

E[N(s)] =

∞∑
r=1

P(N(s) ≥ r).
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Therefore

E[N(s)] ≤ i∗ + C1(ρ)
∞∑
k=1

ρk/2 = i∗ +
C1(ρ)

√
ρ

1−√
ρ

≤ i∗ +
C1(ρ)

1−√
ρ
.

For the lower bound, we again split at i∗:

E[N(s)] =
i∗∑
r=1

P(N(s) ≥ r) +
∞∑

r=i∗+1

P(N(s) ≥ r).

The second term is nonnegative, so

E[N(s)] ≥
i∗∑
r=1

P(N(s) ≥ r) =
i∗∑
r=1

(
1− P(N(s) < r)

)
= i∗ −

i∗∑
r=1

P(N(s) ≤ r − 1).

Reindexing with k := i∗ − r + 1 gives

i∗∑
r=1

P(N(s) ≤ r − 1) =
i∗∑
k=1

P(N(s) ≤ i∗ − k).

Hence

E[N(s)] ≥ i∗ −
i∗∑
k=1

P(N(s) ≤ i∗ − k).

Applying (ii) and then extending the finite sum to an infinite one, we obtain

E[N(s)] ≥ i∗ −
∞∑
k=1

C2(ρ) exp
(
−1

2
ρ−k+1

)
.

Using e−x ≤ 1/x for x > 0, we get

exp
(
−1

2
ρ−k+1

)
≤ 2ρk−1,

and therefore

E[N(s)] ≥ i∗ −
2C2(ρ)

1− ρ
.

Since
∣∣i∗(s)− log s/ log(1/ρ)

∣∣ ≤ 1, combining the two bounds gives∣∣∣∣E[N(s)]− log s

log(1/ρ)

∣∣∣∣ ≤ 1 +
C1(ρ)

1−√
ρ
+

2C2(ρ)

1− ρ
= Aρ.

To bound the variance, let Ys := |N(s)− i∗(s)|. By (i) and (ii), for every m ≥ 1,

P(Ys ≥ m) ≤ C1(ρ)ρ
m/2 + C2(ρ) exp

(
−1

2
ρ−m+1

)
.
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Since Ys is nonnegative and integer-valued, we have the pointwise identity

Y 2
s =

∞∑
m=1

(2m− 1)1{Ys ≥ m}.

Applying Tonelli’s theorem again gives

E[Y 2
s ] =

∞∑
m=1

(2m− 1)P(Ys ≥ m).

Hence

E[Y 2
s ] ≤ C1(ρ)

∞∑
m=1

(2m− 1)ρm/2 + C2(ρ)
∞∑
m=1

(2m− 1) exp
(
−1

2
ρ−m+1

)
.

Using again e−x ≤ 1/x, the second sum is bounded by

2C2(ρ)
∞∑
m=1

(2m− 1)ρm−1.

Note that for |x| < 1, one has

∞∑
m=1

(2m− 1)xm = 2
∞∑
m=1

mxm −
∞∑
m=1

xm =
2x

(1− x)2
− x

1− x
=
x(1 + x)

(1− x)2
.

Applying this with x =
√
ρ and x = ρ gives, respectively,

∞∑
m=1

(2m− 1)ρm/2 =

√
ρ(1 +

√
ρ)

(1−√
ρ)2

,
∞∑
m=1

(2m− 1)ρm =
ρ(1 + ρ)

(1− ρ)2
.

Therefore

E[Y 2
s ] ≤ C1(ρ)

√
ρ(1 +

√
ρ)

(1−√
ρ)2

+ 2C2(ρ)
1 + ρ

(1− ρ)2
.

Finally, since

Var(N(s)) = E
[
(N(s)− E[N(s)])2

]
≤ 2E

[
(N(s)− i∗(s))

2
]
+ 2 (E[N(s)]− i∗(s))

2,

the first term is bounded by twice the previous display, and the second is at most

2

(
C1(ρ)

1−√
ρ
+

2C2(ρ)

1− ρ

)2

.

Combining these bounds yields Var(N(s)) ≤ Bρ.
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D.2 Proof of Lemma 6.2.4.

Proof. Since sn = log n+ c, we have sn ≥ 1 for all sufficiently large n. For each fixed n, the
random variables N1(sn), . . . , Nn(sn) are i.i.d., so E[K(sn)] = nE[N(sn)] and Var(K(sn)) =
n Var(N(sn)).

By Lemma 6.2.3, for every such n,∣∣∣∣E[N(sn)]−
log sn

log(1/ρ)

∣∣∣∣ ≤ Aρ and Var(N(sn)) ≤ Bρ.

Multiplying the first bound by n and dividing by n log log n yields∣∣∣∣ E[K(sn)]

n log log n
− cρ

log sn
log log n

∣∣∣∣ ≤ Aρ
log log n

.

We now compare log sn with log log n explicitly. Since sn = log n+ c, we can write

log sn = log(log n+ c) = log log n+ log

(
1 +

c

log n

)
.

Choose n large enough that log n ≥ 2|c|, so that |c/ log n| ≤ 1/2. Then the elementary
bound | log(1 + u)| ≤ 2|u| for |u| ≤ 1/2 gives

|log sn − log log n| =
∣∣∣∣log(1 + c

log n

)∣∣∣∣ ≤ 2|c|
log n

.

Dividing by log log n, we obtain∣∣∣∣ log sn
log log n

− 1

∣∣∣∣ ≤ 2|c|
log n log log n

.

Fix ε > 0 and δ > 0. Since log log n → ∞ and log n log log n → ∞, there exists n1 such
that for all n ≥ n1,

Aρ
log log n

≤ ε

4
and cρ

2|c|
log n log log n

≤ ε

4
.

For such n, the two previous displays imply∣∣∣∣ E[K(sn)]

n log log n
− cρ

∣∣∣∣ ≤ ∣∣∣∣ E[K(sn)]

n log log n
− cρ

log sn
log log n

∣∣∣∣+ cρ

∣∣∣∣ log sn
log log n

− 1

∣∣∣∣ ≤ ε

2
.

Similarly,

Var

(
K(sn)

n log log n

)
=

Var(K(sn))

n2(log log n)2
=

Var(N(sn))

n(log log n)2
≤ Bρ

n(log log n)2
.
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Since n(log log n)2 → ∞, there exists n2 such that for all n ≥ n2,

4Bρ

ε2 n(log log n)2
≤ δ.

Now let Xn := K(sn)/(n log log n). For n ≥ max{n1, n2}, Chebyshev’s inequality gives

P
(
|Xn − E[Xn]| >

ε

2

)
≤ 4 Var(Xn)

ε2
≤ 4Bρ

ε2 n(log log n)2
≤ δ.

On the event {|Xn − E[Xn]| ≤ ε/2}, the bound |E[Xn] − cρ| ≤ ε/2 implies |Xn − cρ| ≤ ε.
Therefore

P
(∣∣∣∣ K(sn)

n log log n
− cρ

∣∣∣∣ ≤ ε

)
≥ 1− δ

for all n ≥ max{n1, n2}. This proves the lemma.
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