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Abstract
Aspects of Local Time Processes with Applications
by
Qinghua Ding
Doctor of Philosophy in Computer Science
University of California, Berkeley

Professor Venkat Anantharam, Chair

This dissertation studies the role of local time in the analysis of random walks and self-
interacting random processes on finite graphs. Local time, which records the time a trajectory
spends at a state, along an edge, or in a prescribed region, appears as a central object across
four interconnected problems: non-reversible extensions of isomorphism theorems connecting
local times to Gaussian and permanental fields; the time needed to achieve a second cover
of a graph after the first; statistical estimation and information-theoretic analysis of edge-
reinforced random walks; and acceleration of Markov chain Monte Carlo via self-repellent
dynamics.

In each setting, local time plays a different but related role. For non-reversible Markov chains,
we develop a density-formula approach that unifies proofs of several isomorphism theorems
and yields a comparison inequalities for permanental processes and a symmetrization bound
on cover times. For the second-cover problem, we combine the Ray-Knight isomorphism
theorem with excursion decompositions to bound the marginal time to the second cover
in terms of the geometry of the graph. For edge-reinforced random walks, we exploit the
random-environment representation to give the first sample-complexity guarantees for pa-
rameter estimation, and to derive explicit formulas for entropy rate and Kullback-Leibler
divergences between reinforced walk laws. For Markov chain Monte Carlo, we show that a
true-self-avoiding-walk mechanism keeps empirical occupation counts close to stationarity at
a rate nearly of order one over the number of steps, strictly improving on the diffusive rate
of standard methods.



Dedicated to my late mother, Qin Zhou.
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Chapter 1

Overview

The common theme of this dissertation is the role of local time in the analysis of random walks
and self-interacting random processes. Local time records the amount of time a trajectory
spends at a state, along an edge, or in a prescribed part of the state space. In different
chapters, this object appears in different but closely related forms: vertex occupation counts,
continuous-time local times, edge traversal counts, inverse local times, and reinforced edge
weights.

Let V be a finite state space, and let (X;);>0 be a discrete-time random process on V.
For ¢ € V', define the discrete-time vertex local time by

t—1

Li(i) = > 1{X, =1}.

s=0

Equivalently, L;(7) is the number of visits to i before time ¢, and L; = (L(7));ev records the
empirical occupation profile of the trajectory.

When the process is a Markov chain with transition kernel P and stationary distribution
7, the vector L; measures how the trajectory explores the state space. For the continuous-
time simple random walk considered below, one instead uses degree-normalized continuous-
time local times (L}),cv, defined as integrals of indicator functions of the path with a degree
normalization; see Equation for the precise convention used in this dissertation. In
both settings, local times provide a pathwise way to study occupation, recurrence, hitting,
and covering phenomena.

The same basic idea reappears in self-interacting processes. In edge-reinforced random
walks, edge traversal counts modify future transition probabilities. In true self-avoiding
walks, occupation and transition counts are used to discourage overuse of states or transi-
tions. Thus local time is not merely a passive statistic of a trajectory; it can also be part of
the mechanism that drives the future evolution of the process.

The rest of this chapter is organized around the central topic of local time and random
processes. Section discusses local times for Markov chains, isomorphism theorems, per-
manental processes, and cover-time questions. Section discusses edge-reinforced random
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walks and their random-environment representations. Finally, Section discusses true
self-avoiding walks and self-repellent dynamics.

1.1 Local time and Markov chains

Since the discovery of the Dynkin-BFS isomorphism theorem [43] |19], isomorphism theorems
for reversible Markov chains have been an important tool to study stochastic processes
related to Markov chains. Examples of applications of these isomorphism theorems include
the study of large deviations, continuity, and boundedness of local time processes of Markov
processes 46| 78], tight bounds for and concentration of the cover time of random walks
on graphs [36], [110], percolation and level sets of the loop soup ensemble [71], and related
questions in mathematical physics such as random walk loop soups and Brownian loop
soups [63]. The book [78] contains a rather diverse list of such applications.

In the reversible setting, these isomorphism theorems relate local times of Markov pro-
cesses to Gaussian fields. This connection is especially useful because geometric information
about the underlying graph can often be encoded in the covariance structure of the associ-
ated Gaussian free field. Thus questions about random-walk occupation can be transformed
into questions about Gaussian processes, where comparison inequalities and concentration
tools are available.

The continuous-time simple random walk and its local times

We fix the graph and local-time notation used throughout this section. Let G = (V, E) be
a finite connected graph. We write d(v) for the degree of v and u ~ v when {u,v} € E.
We consider the continuous-time simple random walk (CT-SRW) (X}):>o with i.i.d. Exp(1)
holding times: when the chain is at u € V, it waits an Exp(1) time and then jumps to a
uniformly chosen neighbor of u. The generator of the CT-SRW acts on functions f: V — R
by

(AN(w) = 2= (f(v) = f(w),

and the stationary distribution is

d(u)

7T<U>:m, uelV.

We write P,, and E,, for probability and expectation when Xy = vg. Let 0 =Ty < T} <Th <
-+ - denote the jump times of the chain, and set Y; := Xy, for the embedded discrete-time
chain. For v € V and t > 0, the wvisit count is

N(v) =Y YT}, <t, Vi = v}; (1.1)

k>0
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this counts the number of jump-time visits to v by continuous time ¢, including the initial
visit if v = vy.

Since holding times have unit mean, the discrete-time and continuous-time versions of
the random walk differ only by constant factors in asymptotic expressions. We therefore
work throughout in continuous time, for compatibility with local-time methods.

For v € V and t > 0, the degree-normalized local time is

Li(v) == %/0 1{X, =v}ds. (1.2)

This normalization gives the identity

> d(w) Li(v) = t. (1.3)

veV

We also consider stationary-normalized local time in this thesis; for details, see Re-
mark [1.1.2.1] Fix a distinguished vertex vy € V. The inverse local time at vy is

Ty (t) := inf{s > 0: Ly(vy) > t}, t>0. (1.4)

The stopping time 7y, (t) is the canonical time-change at which the generalized second Ray-
Knight isomorphism theorem is naturally stated.

We remark that distinct uses of the base letter L appear in this dissertation. In this
Markov-chain section, £;(v) denotes the degree-normalized continuous-time local time of
Equation (1.2). In the TSAW section, L;(i) denotes the discrete-time occupation count
S0 1{X, = i}. In the ERRW section, L,(e) denotes the edge local time and dynamic
edge weight Equation (1.14). The superscript type (vertex label vs. edge label) and the
surrounding context always disambiguate these uses.

Green kernel, Gaussian free field, and cover times

We now recall the standard geometric objects attached to G.

Let it (v) := inf{t > 0 : X; = v} denote the first hitting time of v. Associate G = (V, F)
with the electrical network in which each edge carries unit resistance. For u,v € V, the
effective resistance r(u,v) is defined via Thomson’s principle; see [41, [73]. Set

R := max r(u,v).

For the embedded discrete-time simple random walk Y = (Y} )g>0, let
i (v) = inf{k >0: Y, =v}.
The commute-time identity states that for all u,v € V,

E,, [ (0)] + Ey [rge (w)] = 2| B r(u, v); (1.5)
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see [23, 68]. Since the CT-SRW has unit-mean holding times, the continuous-time hitting
times have the same order as their embedded discrete-time analogues. In particular,

thit 1= ﬂg}éEu[Thit(v)] = O(|E|R).

Fix vy € V. The Green kernel killed at vy is

1

G (u,v) = E, [ﬁmt(vo)@)] - M

E,

Thit (v0)
/ {X, =v}ds|, u,ve V. (1.6)
0

If L(*) denotes the principal submatrix, indexed by V/ \ {vo}, of the unit-conductance graph
Laplacian, then, with the degree-normalized local-time convention Equation ((1.2)),

(Gvo (u, v)) (L(vo))*l;

u,veV\{vo} -
see [73, [77].

The Gaussian free field (GFF) pinned at v is the centered Gaussian process n = (n(v),v €
V') with n(vg) = 0 a.s. and covariance

E[n(u)n(v)] = G*(u,v), u,v € V. (1.7)

The GFF is naturally tied to the resistance metric via r(u,v) = E[(n(u) — n(v))?], and the
explicit formula

G (u,v) = %(r(vo,u) + 7(vo,v) — r(u, v)) (1.8)

holds; see |34} 73]. Set M := E[max,cy n(v)]; this quantity does not depend on the choice
of the pinned vertex vj.

The central result of Ding-Lee-Peres [37] (sharpened and extended in [34], with connec-
tions to majorizing measures |98|) states that the cover time satisfies

teov = O(|E| M?), (1.9)
with absolute implied constants. A useful comparison between R and M is
R < 2tM?% (1.10)

a proof is included in Appendix for completeness.

The quantities R and M should be viewed as two complementary measurements of the
geometry of G. The maximal effective resistance R controls worst-case hitting-time behavior,
while the expected GFF maximum M captures the majorizing-measure scale that governs
cover-time behavior.

Tables and summarize the known orders of magnitude for several classical graph
families.
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Graph tmix thit teov
Path / cycle on n vertices [68] 0O(n?) O(n?) O(n?)
2D torus/box (n = L?) 68, 30, [35] O(nlogn) O(nlogn) | O(n(logn)?)
d-dim torus (d > 3 fixed, n= Ed) 16, [13] O(n?/4) ©(n) O(nlogn)
d-dim hypercube (n = 2%) [68] R ©(logn - loglogn) ©(n) ©(nlogn)
Full b-ary tree (b > 2 fixed, n < b") |38:68] O(n) O(nlogn) | O(n(logn)?)
Star on n leaves (|V|=n+1) [6§] R O(logn) ©(n) ©(nlogn)
d-regular expander (d constant) [68] O(logn) O(n) ©(nlogn)
Barbell [4, 72 O(n?) 0(n?3) O(n?)
Lollipop [68] 0(n?) 0(n?) 0(n?)

Table 1.1: Order-of-magnitude summary for the CT-SRW on classical graphs. Here ¢,
is the total-variation mixing time to threshold }1, thit = maxXy, Ey[mit(v)], and teoy =

max,, Eu, [Teov)-

Graph |E| R M
n-path / n-cycle O(n) O(n) O(yv/n)
2D grid/torus (n = L?) O(n) O(logn) O(logn)
Full b-ary tree (b > 2 fixed, height h < logn) ©(n) O(logn) O(logn)
d-dim grid/torus (d > 3 fixed, n = L%) ©(n) O(1) O(y/logn)
Hypercube ©(nlogn) | ©(1/logn) O(1)
Star (|[V|=n+1) ©(n) (1) O(v1ogn)
d-regular expander (d fixed) ©(n) O(1) O(v/1ogn)
Barbell O(n?) ©(n) O(y/n)
Lollipop O(n?) ©(n) O(y/n)

Table 1.2: Typical orders of the resistance diameter R and the pinned GFF maximum M
for classical graphs. These are inferred from Table together with t,;; = ©(|E|R) and
teoy = O(|E|M?).

The generalized second Ray-Knight isomorphism theorem

The following isomorphism theorem relates local times at inverse local time to the pinned

GFF.

Theorem 1.1.1 (Generalized second Ray-Knight isomorphism [49, |77]). Let G = (V, E)
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be a finite connected graph and let (X¢)¢>o be the CT-SRW with Exp(1) holding times. Fix
vo € V, let Li(v) be the degree-normalized local times Equation (1.2), and let Tiny(-) be the
inverse local time Equation (1.4). Let (n(v),v € V) be the GF'F pinned at vy. Then for every
t>0,

{%'rz(v)2 + Lo () ve V} = {% (n(v) +V2t)* : v e V}. (1.11)

Theorem [1.1.1] is one of the main bridges between Gaussian free field and cover-time
estimates. It allows one to study fluctuations of occupation fields at inverse local time
through the pinned GFF, and hence through the effective-resistance geometry of the graph.

Taking the weighted sum ) ., d(v)(-) on both sides of Equation and using identity
Equation , one obtains

l0) 4 5 S ) () £ 237 dw) (n(o) + V)" (112)

veV veV

Identity Equation (1.12)) is the starting point for the following concentration estimate on
Ty (t), due to Ding [34].

Lemma 1.1.2 (Concentration of inverse local time [34, Lemma 2.1]). Let G = (V, E) be a
finite connected graph with a distinguished vertex vy, and let R := max, ey 7(u,v). For any
t>0and any A > 1,

P(|Tinv(t)—2t’E|| > (\/AtR—kAR)]E[) < 6e M1,

Remark 1.1.2.1 (CT-SRW rate). We remark that, importantly, there are two continuous-
time local-time normalizations used in the dissertation. In Chapter|d, local time is normalized
by the stationary distribution:

1 t
L) =—— [ H{X;=0v}ds.
t (U) 7_[_(,0)/0' { U} S
In Chapter[3, local time is normalized by degree:
d 1 '
= 1 XS = d .
£l = o [ X = opas

For the CT-SRW on an undirected graph, m(v) = d(v)/(2|E|), and hence
L7 (v) = 2|E| Li(v).

Consequently, the associated killed Green kernels and pinned Gaussian fields differ by the
same deterministic scaling:

Gom =2|E|G™Y, " £ /2B,

The isomorphism theorem holds for each specific normalization and corresponding GFF.
When the normalization is unambiguous, either from context or because it has been specified
explicitly, we write Ly, n, etc., without a superscript for simplicity.
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Cover time and the double Dixie cup problem
We now define the cover-time objects used throughout the dissertation. The cover time is

Teoy := Inf{t > 0: mi‘r/l Ni(v) > 1},
ve

the second cover time is

73 = inf{t > 0 : min N,(v) > 2},

cov veV

and fixing some vy € V', the marginal time to the second cover is

. 2
Acov o Tc(ox)/ — Teov-

We study both A,y and its expectation E,,[Acy]; when the distinction is clear from context
or has been specified explicitly, we refer to either simply as the marginal time to the second
cover. is

EUO [Acov] = Evo [7(2) - 7_cov]-

cov

We also define the worst-case expected cover time, worst-case expected hitting time, and
mixing time:

tcov = golg‘}/( ]Evo [Tcov]7 Zfhit = 152%)\3 Eu [Thit (U)]a

=1 >0: . <1 .
Fmix mf{t >0 rgeangv(Pt(u, ),’/T) < 4}

Here P, (u,-) denotes the time-t transition law of the CT-SRW started at u, and w(u) =
d(u)/(2|E]) is its stationary distribution. See [68] for background on these notions.

The classical coupon collector problem studies the number of i.i.d. uniform draws from
[n] :={1,...,n} required to observe each element at least once. The expectation of this du-
ration is nlogn+O(n), with logarithm to the natural base. A natural extension is the double
Dizie cup problem, which studies the number of draws needed to collect at least two copies
of each kind; it is known that the expectation equals nlogn + nloglogn + O(n) [86]. The
corresponding random-walk problem asks for an analogous “second-collection” phenomenon
on a graph: after the walk has visited every vertex at least once, how much additional time
is needed until every vertex has been visited at least twice? When the underlying graph is
an n-star, this reduces exactly to the double Dixie cup problem, and the expected marginal
time to the second cover is of order (1 + o(1))nloglogn.

The marginal second-cover problem, therefore, lies naturally at the interface between
hitting-time geometry, cover-time geometry, and local-time fluctuations. Using
Theorem and Lemma together with an excursion decomposition of the random
walk, one can show that for any vy € V,

EUQ[ACOV] - O(|E’M\/E> - O(\/thit tcov)a (]‘]‘3)

where the second equality uses tn;; = O(|E|R) and t., = O(|E|M?). This bound is the
central estimate developed in Chapter [3]
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Non-reversible isomorphism theorems and permanental processes

Non-reversible versions of Dynkin’s isomorphism theorem and the generalized second Ray-
Knight isomorphism theorem were discovered by Le Jan, Eisenbaum, and Kaspi [64, 46, 44].
These isomorphism theorems have been used to study properties of the local time process
for non-reversible Markov chains, such as continuity [75] and boundedness [76], and also to
study the large deviations of local time processes [21].

In the non-reversible setting, the relevant random fields are no longer ordinary Gaussian
fields. Instead, one is led to permanental vectors and permanental processes. For a > 0, a
random vector ¢ € R” is called an a-permanental vector with kernel K € R™*" if, for every
diagonal matrix A = diag(Ay, ..., A,) with A; >0,

exp{—Z)\i&}] = det(/ + AK)™“.
i=1

Vere-Jones [105] has established necessary and sufficient conditions on the pair (K, «a) for
K to be the kernel of an a-permanental vector; see also [45, Sec. 2]. When a = 1/2 and
K is symmetric positive semidefinite, this reduces to the square of a Gaussian process. In
general, the kernel K need not be symmetric, and permanental processes provide a natural
replacement for Gaussian fields in non-reversible isomorphism theorems.

A particularly important class of kernels arises from Markov chains. Let P be an ir-
reducible discrete-time transition kernel on [n] with stationary distribution 7, and write
IT = diag(w). The Laplacian is @ = II(P — I). Introducing a killing rate vector h =
(h1,...,hy) > 0 with Y. h; > 0, the killed rate matrix is Qp = @ — diag(h), and the

Markovian kernel is

E

Gh = —Q;l.

For such Markovian kernels, the corresponding 1-permanental vector exists; see [105].

This allows us to generalize Ray-Knight isomorphism theorems to the non-reversible case,
with permanental vectors being the non-reversible extension of Gaussian squares in the local-
time isomorphism theory: permanental processes connect non-reversible Markov chains and
local-time fields in precisely the same way that squared Gaussian fields connect reversible
chains to local times.

The density-formula approach developed in Chapter [2] starts from this permanental-
process viewpoint. The goal is to derive density formulas for 1-permanental processes and
conditioned 1-permanental processes, and then combine these formulas with Ward identi-
ties for twisted Gaussian measures, as in [12], to give succinct proofs of the non-reversible
isomorphism theorems, extending the results of [12]. This method also yields compari-
son inequalities for permanental processes, generalizing inequalities of Eisenbaum [44], and
cover-time bounds for non-reversible Markov chains.
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1.2 Local time and edge-reinforced random walks

An edge-reinforced random walk (ERRW) is a random walk on a graph whose transition
probabilities along an edge from a vertex are proportional to the weights of those edges,
and where the weight of an edge increases by 1 whenever that edge is traversed in either
direction. Introduced in the work of Coppersmith and Diaconis [25], the model has since been
studied from several points of view, including partial exchangeability, Bayesian statistics for
reversible Markov chains, and random-environment representations; see, for example, [62]
91}, 33, 184, [80]. On finite graphs, a basic structural fact is that ERRW has the same law
as a mixture of reversible Markov chains, or equivalently as a random walk in a random
environment, with explicit mixing measure given by the so-called magic formula |62} 80]. This
representation places ERRW in the broader framework of de Finetti-type results for Markov
chains and reversible processes [31, 33]. The random-environment point of view has also
led to further developments relating ERRW to the vertex-reinforced jump process (VRJP)
and to random Schrodinger operators and the supersymmetric hyperbolic sigma model |92
93]. We refer the reader to the survey article of Merkl and Rolles [84] for background on
edge-reinforced random walk and its principal structural properties.

In this section, we introduce the two families of reinforced random walks studied in
the dissertation, vertex-reinforced random walks and edge-reinforced random walks, and
summarize the main statistical and information-theoretic properties of ERRW that underlie
Chapters [4] and [5

Vertex-reinforced and edge-reinforced random walks

Throughout this section let G = (V, E) be a finite connected simple undirected graph, and
fix a starting vertex vy € V.

Vertex-reinforced random walk. Let Ag = (Af)icv € (0,00)" be a vector of initial
vertex weights. The vertex local time at state i € V and time t € Z, is

t
Ap=Ap+ ) (X, =)
s=1

The process (At)i>0, where Ay := (AY);ev, is the vertex local time process. The vertez-
reinforced random walk (VRRW) starting at vy with initial weights Ag is defined by
A

Proto(x, 1 =i | Xo,...,X;) =

VITW

= i~ Xy, tEZ,.

Zi’w X, At

VRRW can exhibit localization: on Z, given Ay = 1 and vy = 0, for any k € Z there is positive
probability that the walk is eventually confined to the five-vertex induced subgraph {k —
2,k—1,k,k+1,k+2} [99]. This localization phenomenon generalizes to other graphs [106],
and is in stark contrast with the behavior of ERRW.
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Edge-reinforced random walk. Let A = (a.)cep € (0,00)% be a vector of initial edge
weights, and write a, := Y., a.. The edge local time at edge e € E and time t € Z is

t—1

Li(e) = ac + > 1({Xy, Xo1} = €) = a. + Ne(X), (1.14)

s=0

where N (X}) := Nyp(XE) 4+ Nyu(X{) counts undirected traversals of e = {u,v}. The process
(L¢)¢>0, where Ly := (Li(e))eer, is the edge local time process, or equivalently the dynamic
edge weight process. The edge-reinforced random walk (ERRW) starting at vy with initial
weights A is the process (X;)i>o with Xy = vy and

L{Xtvi}
ngvav(Xt—i-l =1 | X07"‘7Xt> - ! {X:i'}? iNXh t e Z—l—‘ (].].5)
ZZ',NXt Lt K

Thus, the edge traversal counts directly determine the future transition probabilities. In this
sense, local time is not only a statistic of the trajectory but part of the mechanism defining
the process.

More results are available for ERRW on infinite graphs: on Z¢, ERRW is recurrent when
d < 2, and transient when d > 3 [92, |12]. These results exploit the connection between
ERRW and VRJP [92] and the relation of VRJP to the Anderson localization model [12|
92].

Random-environment representation and the magic formula

The key structural property of ERRW is partial exchangeability: for any ¢, vy, and A, B €
(0,00)E, conditioned on Xy = vy, Ly = A, and L; = B, the distribution of the trajectory
(Xo,...,X;) is uniform among all trajectories consistent with these constraints. By de
Finetti’s theorem for reversible Markov chains [33, 31|, this partial exchangeability implies
that ERRW is a mixture of reversible Markov chains.

The explicit mixing measure is given by the magic formula. Fix a reference edge ¢y € F
incident to vy, and work in the pinned space W,, := {w € (0,00)¥ : w,, = 1}. Write
w, = .5, We for the vertex sum of conductances. Let 7 denote the set of spanning trees
of G, and define the spanning-tree polynomial

T(w) == Z Hwe.
TeT ecT

For v € V', define

(1.16)
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Definition 1.2.0.1 (Magic-formula mixing measure [80]). The mixing measure fi,, 4 is the
probability measure on W, with density

ae—l
dprg a(W—ey) = Z,! Heepwe™ V(W) dw_,, (1.17)

voA HUGV wb

where W_c, 1= (We)ete, and the normalizing constant is

g VD2 TlepTar)
v 21 Vitaeepae [[,ey T'(bo)

(1.18)

Theorem 1.2.1 (Random-environment representation [62, 80]). Let (X;)i>o be the ERRW

on (G, vy, A). Then there exists a random environment W ~ f1,, 4 such that, conditional on

W = w, the process (X;)i>o is the reversible Markov chain on V' with transition kernel
Wiigy

p”( ) ot i~

Equivalently,
PLd(c) = [ B g aldu),

where P denotes the law of the reversible Markov chain with conductance environment w,
started from vy.

The quenched chain P" = (p;;(w)) is reversible with stationary distribution

w; ,
= 1eV.

' Z'L)GV wU7

Since G is finite and connected and all conductances are positive, the quenched chain P" is
finite and irreducible, and hence visits every state infinitely often. Therefore, by the random-
environment representation, ERRW on a finite connected graph visits every state infinitely
often almost surely.

The quenched likelihood of a trajectory z! = (zq,...,zr) with xy = v, factors through
the directed transition counts Ny, (2d) := [{t : ;-1 = u,x; = v}| and the departure counts

Nu(@g) = 3y Nuw(g):

Wiy | Vo)
P (X! = 1) = HH( ” ) . (1.19)

ueV v~u

In particular, for fixed w, the quenched law of X! depends on the trajectory only through the
directed transition count vector N(X7) := (Nu(X{))uww. This count-sufficiency property
underlies both the statistical estimation theory of Chapter |4 and the information-theoretic
analysis of Chapter
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The random-environment representation has two levels at which local time appears. At
the path level, the edge traversal counts N (X!) update the reinforced weights L;(e) and
determine the future transitions of the walk. At the environment level, the same counts
determine the posterior update of 1, 4 after observing a path: by the conjugacy property
of the magic formula [33], observing a trajectory of length 7" ending at some vertex vy
updates the mixing measure from fu,a t0 fi,. a4 n(x7), Where A + N(XI) denotes the
componentwise sum of initial weights and undirected edge counts. This posterior-update
structure connects ERRW to Bayesian inference for reversible Markov chains and is a key
input in the information-theoretic analysis.

The Sabot-Tarres-Zeng field representation

A deeper structural property of ERRW is revealed by the random-field representation devel-
oped by Sabot, Tarres, and Zeng [92,93]. In this representation, one begins with independent
edge variables 5 = (5¢)cer with S, ~ Gamma(a., 1), and, conditional on (5, samples a field
¢ = (¢;)iev in the pinned gauge ¢,, = 0 according to a hyperbolic Gaussian density depend-
ing on f:

1

P3(0) = Gy € T MR e 5T T puetrres
)\

TET e={ijteT

The associated conductances and vertex variables are then

‘/I/ij = BU €¢i+¢j, 1;1 = %Zﬁ” €¢j7¢i, {Z,j} € E, 1eV. (120)
i
Since W; := ij‘ Wi; = 2;e2% | it is natural to introduce the normalized edge field

Bi; = By _ 2W {i,j} € E. (1.21)

Jos, VT

In this parametrization, the vertex variables separate from the environment. Specifically,
the coordinates of ) = (¢,),ev are independent with v, ~ Gamma(b,, 1), where b, is as in
Equation ([1.16]), and the joint law factorizes as

(WD) ~ flyg,a @ ® Gamma(b,, 1). (1.22)

veV

The independence and the Gamma marginals are established in Theorem [5.3.3. Equiva-
lently, if #7,, 4 denotes the law of the normalized field 3 = (B.)ecr, then (B,9) ~ Dy @
X ,ery Gamma(b,, 1).

For the purposes of this dissertation, the STZ field representation is useful for two related
reasons. First, in the (W, zﬁ) parametrization, the ERRW environment W and the indepen-
dent vertex field 1/; separate completely. This separation provides coordinates in which the
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random environment can be controlled quantitatively, which is the key technical input for the
sample-complexity bounds in Chapter[d Second, the same factorization reveals cancellations
in information-theoretic quantities: the KL divergence between two ERRW environment laws
decomposes as a difference of edge-Gamma and vertex-Gamma KL divergences, as described
in the next subsection.

Information-theoretic quantities associated with ERRW

The random-environment representation gives ERRW two layers of randomness: the hidden
environment W ~ p,, 4 and the Markov chain trajectory generated conditional on W. The
information-theoretic quantities studied in Chapter |5 are the entropy rate of the reinforced
walk, the KL divergence between two ERRW environment laws, and the KL divergence
between the corresponding finite-trajectory laws.

Entropy rate. For a finite irreducible Markov chain P with stationary distribution 7, the

entropy rate is
= - E T E Pij 10g pij.-
eV jev

For the ERRW on (G, vy, A) the entropy rate exists and satisfies

1 T w
r(vo, A) := jlgrolo TH(X ) =E[r(P")], (1.23)
where the expectation is over W ~ p,, 4. This annealed representation follows from the
count-sufficiency property Equation ([1.19) together with a mutual-information bound: the
mutual information I[(W; XT) < (2|E| — 1)log(T + 1), which is o(T'), so the environment
contributes a negligible fraction of the total entropy per step.

KL divergence between environment laws. Fix two initial weight vectors A® A0 ¢
(0,00)%, and let g := fi,, . Once the graph and starting vertex are fixed, the family
{#vo,4} a€(0,00)F forms a canonical exponential family with natural parameter A and sufficient
statistic Te(w) := log(w,/\/w,w,) for e = {u,v}. Consequently, the KL divergence between
two environment laws is the Bregman divergence of the log-partition function ®(A) :=
log Z,, 4, and evaluates explicitly to

Dir(pollm) =Y Al al) = > A®Y,0), (1.24)

eclk veV

where b = bo(A®) and A(p,q) :=logT'(¢q) —log'(p) — (¢ — p)¥(p) is the KL divergence
between Gamma(p, 1) and Gamma(q, 1), with ¥ = (logI')’ the digamma function. Through
the STZ factorization Equation (1.22)), this formula admits a probabilistic interpretation: the
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environment-level KL divergence equals the edge-Gamma KL divergence minus the vertex-
Gamma KL divergence,

Dt (pollpn) = Y Dia(BO)|8DV) =D D@0 D).
ecl veV

We prove this probabilistic interpretation of the KL divergence in Chapter

KL divergence between trajectory laws. Let P\ = PA” (XT ¢ .) denote the law

errw

of the first T steps of ERRW with weights A®). By the data-processing inequality,

Dir(PS"||PE") < Dicr (ol ).

The trajectory-level divergence converges to the environment-level divergence as T" — oo,
and Chapter [f| derives quantitative bounds on the rate of this convergence. The statistical
interpretation is provided by Stein’s lemma: DKL( HP(T ) is the optimal type-II error
exponent in testing A© against A from a single trajectory of length T at a fixed type-I
error level.

1.3 Local time and true self-avoiding walks

MCMC estimation and occupation imbalance

Let V' be a finite state space, let P be an irreducible Markov kernel on V' with stationary
distribution 7, and let f : V' — R be bounded. Writing the vertex local time L;(i) :=
ZZ;E 1{X, =i}, the empirical integral error decomposes as

t—1

F(X,) — Z £(0) — tm;).

s=0 ZEV

S

The finite-time quality of the estimator is therefore governed by the discrepancy L, (i) — tm;
between empirical occupation counts and their stationary targets.

A substantial literature addresses this phenomenon by modifying the base chain to avoid
backtracking or to break reversibility; see, e.g., |32, 85, |7, 65, 104}, [24) [74, 100]. Nonlinear
and self-interacting Markov chains [28, 29, 9, (10, [27) |55}, 4] provide a general framework
in which the transition rule depends on the occupation history. The closest prior work is
Doshi, Hu, and Eun [40], who prove that a self-repellent random walk achieves a CLT with
improved asymptotic variance, with empirical integral error O(t=1/2).

Chapter [f] studies true self-avoiding walk (TSAW) as a mechanism for reducing occupa-
tion imbalance and achieving a strictly better rate.
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The TSAW transition rule and main result

Fix a repulsion parameter A\ > 0. Define the directed transition-count discrepancy
€t<i7j) = Nt<Z7j) _Lt(z) Pij7 (125)

where Ni(i,7) == S'201{X, = i, X.11 = j} counts directed tramsitions. The TSAW
transition rule is the time-inhomogeneous kernel

B(Xops = | Foy Xi =) = Quli,j) 1= ot a OPIAGLRT)) (1.26)

B Zkev Py exp{—Xe(i, k) } .

The softmax weight e (%)) suppresses overused transitions (e/(i,5) > 0) and amplifies
underused ones (¢(i,7) < 0), performing local row-wise balancing at each vertex i.

The main result of Chapter [0] is the following almost-sure bound: for every state i € V
and every edge (7,7) with P;; > 0,

L(i) — tm; = O({/logt) and N(i,7) —tmiPy; = O(y/logt) a.s. (1.27)

Consequently, for every bounded f : V — R,

o

t—

> F(X) = 7(f)

1
s=0

1
- almost surely,
t t

improving the O(t~'/?) rate of [40] by a factor of O(+/t/logt).

Local time appears in Chapter [0] in its most direct role: as the primary object being
controlled. The TSAW transition rule is designed to keep the empirical occupation counts
L, (i) close to their stationary targets tm;, and Equation characterizes precisely how well
this is achieved. Unlike the ERRW chapters, where local time is a tool entering indirectly
through cover times and random environments, here local time is the direct output: the
chapter provides almost-sure finite-time pathwise bounds on occupation discrepancy with
an explicit rate that is nearly 1/¢, up to the logarithmic factor.

Notation

The five chapters of this dissertation draw on several related but distinct uses of local time:
vertex occupation counts, directed transition counts, undirected edge traversal counts, in-
verse local times, and reinforced edge weights. To avoid ambiguity, we fix the following
notation throughout the dissertation. When a chapter requires a different convention, the
local definition is stated explicitly.
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Table 1.3: Notation used throughout the dissertation.

Notation Meaning

Graphs and state spaces

G=(V,E) A finite graph with vertex set V' and edge set E.

V1], |E| Number of vertices and edges of G.

U~ Vertices u and v are adjacent.

d(v) Degree of vertex v in an undirected graph.

N (3) Out-neighborhood {j : P,; > 0} for a Markov kernel P.
d; Out-degree [N ().

Random walks and Markov chains

X Random walk or self-interacting process at time ¢.

P = (P;) Transition kernel of a Markov chain.

T Stationary distribution of P.

Fi Natural filtration generated by the process up to time t.

Py, Ey Probability and expectation for the process started at Xy = vy.

Local times and empirical counts

Ly(7) Discrete-time occupation count >'_f 1{X, = i}; mainly used
in Chapter |§|

L, Occupation vector (Ly(i));ey in discrete time, or edge-weight
vector (Li(e))ecr in the ERRW section.

Li(v) Degree-normalized continuous-time local time ﬁ f; X, =
v}ds; used in the CT-SRW cover-time sections.

Ly(e) ERRW edge local time and dynamic edge weight a. + N.(X});
used in the ERRW sections.

Tiny (1) Inverse local time at vy, inf{s > 0: Ly(vg) > t}.

Ni(i,7) Directed transition count 32—} 1{X, =i, X, = j}.

N.(t) Undirected traversal count of edge e, Ny, (X{) + Nyu(X() for
e = {u,v}.

A;(t) TSAW vertex discrepancy Ly (i) — tm;.

(i, 7) TSAW directed transition-count discrepancy Ny (i, j)— Ly () P;;.

T3 Jump times of CT-SRW, 0 =Ty, < T} < Ty < ---.

Y. Embedded discrete-time chain, Y}, := Xg, .

Ni(v) CT-SRW wvisit count ), ., 1{Tx < ¢, Y, = v}; see Equa-

tion .

Cover, hitting, and mixing times

Continued on next page
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Notation Meaning

Thit (V) Hitting time of vertex v.

thit Maximal expected hitting time.

Teov First cover time.

&) Second cover time.

Acoy Marginal time to second cover 78— Teov-

tmix Total-variation mixing time.

Leov Worst-case expected cover time max,,cy By, [Teov]-

Electrical networks and Gaussian fields

r(u,v)
R

Ui
M

Effective resistance between vertices v and v.
Maximal effective resistance max, yev 7(u, v).
Gaussian free field, usually pinned at vy.
Expected GFF maximum, M = E[max,cy n(v)].

ERRW and random environments

A= (ae)eeE
Gy

W = (We)eeE
W,

Hug, A

T
7(w)
bv

o, A
Pt

]P)vo ,w

STW

Initial ERRW edge-weight vector.

Initial vertex weight a, = ., .

Random conductance environment, we use w for its realization.
Environment vertex weight W, =" __ W..
Mixing/environment law for ERRW started at vy, with initial
weights A.

Set of all spanning trees of G.

Spanning-tree polynomial » .+ [[.cp we.

Vertex weight parameter b, := (a, + 1 — 1(v = vy))/2 in the
ERRW mixing measure.

ERRW law started at vy with initial weights A.

Quenched reversible chain law, conductance w, started at vy.

Information quantities

H(-)
DxiL(P[|Q)
drv(P, Q)
LLR

Entropy.

Kullback-Leibler divergence.
Total-variation distance.
Log-likelihood ratio.

Linear algebra

1

€;

All-ones vector; also used as an indicator when clear from con-
text.
Coordinate basis vector at state 7.

Continued on next page
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Notation Meaning

diag(x) Diagonal matrix with diagonal vector .

tr(A) Trace of a matrix A.

rank(A) Rank of a matrix A.

supp(p) Support of a measure .

STZ field (see Section and Section |5.3| for detailed definition)

B = (Be)eck Edge field; g, ~ Gamma(a,, 1) independently.

& = (hs)iev Hyperbolic gaussian field; sampled from the hyperbolic Gaus-
sian density pg(¢) conditional on f.

Q= (Qc)eck Random environment Q, := B.e?+%.

Uy, A Law of the field Q.

V= (Vi)iev Vertex field in the original STZ parametrization, with an extra
independent Gamma(z, 1) term added at vo.

) = (@v)’ue\/ Deghosted vertex field; equals ¢ with the extra Gamma(%, 1)
term at vy removed.

B = (Be)eer Normalized 3 field; fi; := Bi;/\/itl;.

1% Law of the normalized field .
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Chapter 2

Density Formula Approach for
Non-reversible Isomorphism
Theorems

This chapter develops the density-formula approach to non-reversible isomorphism theorems.
The main technical input is an explicit density formula for a broad class of 1-permanental
vectors, together with its conditioned version. We then combine these density formulas with
Ward identities for twisted Gaussian measures to prove the non-reversible Dynkin, gener-
alized second Ray-Knight, and Eisenbaum-type isomorphism theorems. The same method
also yields comparison inequalities for 1-permanental processes and a symmetrization bound
for cover times of non-reversible Markov chains.

2.1 Introduction

As reviewed in the Chapter [I} isomorphism theorems for reversible Markov chains connect
local times with Gaussian fields and have many applications, including large deviations,
continuity and boundedness of local-time processes, cover-time estimates, and loop soups.
This chapter focuses on the non-reversible analogue, where Gaussian squares are replaced
by 1-permanental processes.

Non-reversible versions of Dynkin’s isomorphism theorem and the generalized second
Ray-Knight theorem were proved by Le Jan, Eisenbaum, and Kaspi. Our aim here is not to
re-survey this literature, but to give a unified density-formula-based proof. We first derive
density formulas for 1-permanental vectors and conditioned 1-permanental vectors, and then
combine them with Ward identities for twisted Gaussian measures.

We then use the density formula to extend comparison inequalities for permanental pro-
cesses, in the spirit of [44]. Finally, we derive a symmetrization upper bound for the cover
time of non-reversible Markov chains using the non-reversible generalized second Ray—Knight
theorem together with the conditional density formula.



CHAPTER 2. DENSITY FORMULA APPROACH FOR NON-REVERSIBLE
ISOMORPHISM THEOREMS 20

The chapter is organized as follows. In Section [2.2] we prove the density formula for
1-permanental vectors and its conditioned version. Section derives Ward identities and
uses them to prove the non-reversible Dynkin, Ray-Knight, and Eisenbaum isomorphism
theorems. Section develops comparison inequalities for 1-permanental vectors, including
Kahane-type and Slepian-type inequalities. Finally, Section applies the conditioned den-
sity formula and the non-reversible Ray-Knight theorem to obtain a symmetrization bound
for cover times.

2.2 Density of 1-permanental vectors

We start with some basic notational conventions. For a positive integer n, let [n] denote
{1,...,n}. Let M,(R) denote the set of n x n matrices with real entries and M, (R,) the
set of n X n matrices with nonnegative real entries. We write := for equality by definition.

We say that G € M, (R) is diagonally equivalent to G € M, (R) if there exists a diagonal
matrix D € M,(R) with non-zero diagonal entries such that G = D~'GD. Given A €
M, (R), its spectral radius is defined as p(A) := limy_,o ||A¥||*, where | - || is any matrix
norm (the choice of the norm does not matter). We say that A € M,(R) is diagonally
dominant if [A;[ > 37, |A;] for all i € [n]. It is called strictly diagonally dominant if these
inequalities are strict for all i € [n]. A € M, (R) is called an M-matrix if it can be written
as sI — B for matrix B with nonnegative entries, and where s > p(B), see [90, pg. 176]. It
is known that A is a non-singular M-matrix iff:

2. A is non-singular and A~! is entry-wise nonnegative.

See [90, Criterion F15, pg. 180].
For any o > 0, a random vector ¢ € R is called an a-permanental vector with kernel
G € M,(R) if, for every A € R}, we have the Laplace transform

E[e=M) = |T + AG|™.

Here, on the right-hand side, A := diag(\Ay, ..., A,), and |I + AG| denotes the determinant
of I + AG. We remark that a 1-permanental vector can correspond to different kernels (e.g.,
arising from diagonal equivalence). Vere-Jones [105] has established necessary and sufficient
conditions on the pair (G, «) for G to be the kernel of an a-permanental vector, see also [45),
Sec. 2].

I-permanental vectors are closely related to non-reversible isomorphism theorems [64]
46], and will be the main object of our study. Our first contribution is a density formula
for a broad range of 1-permanental vectors. The proof is based on characteristic functions,
following an approach similar to that of Brydges-Hofstad-Konig [20].

In order to state the result, we need to introduce some conventions regarding complex
numbers and vectors. We write i for v/—1, to distinguish it from a running index i. For a
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complex number ¢ € C, we let R(¢) denote the real part, and I(¢) the imaginary part. We
write ¢ = u + iv, so that u = R(¢) and v = J(¢). Then ¢ = u — iv denotes the complex
conjugate of ¢. For ¢, € C", let (¢,¢) := > " | ¢1b; denote the (indefinite) real inner
product on C". Note that we do not conjugate either argument in computing this inner
product. It will also be convenient to think of ¢ € C as v/Ie?, so that v/I = |¢| denotes the
absolute value of ¢ and 0 denotes its phase. Note that, in one complex dimension, we have
dudv = 271dldf. Also observe that we have, in one complex dimension, the formula

do A dp = (du — idv) A (du + idv) = 2idu A dv = idl A d, (2.1)

as an equality of differential forms.

We can now state our density formula for the density of a class of 1-permanental vectors.
Here, for any matrix M € M,(R), its symmetric part is defined to be $(M + M7T). The
point of this formula is that it replaces a probabilistic construction of the permanental
vector by an explicit oscillatory integral. This representation is particularly useful because
integration by parts with respect to the twisted Gaussian weight produces Ward identities.
These identities are the main algebraic mechanism behind the isomorphism theorems proved
later in the chapter.

Lemma 2.2.1 (Density of 1-permanental vectors). Let G € M,(R) have a positive definite
symmetric part. If there exists a 1-permanental process { with kernel G, then the density
p(l) can be represented as follows:

1 i(0;—6.)
l) = ey QuVELET g, 2.2
Pl /<> enma ¢ 22

Here Q := —G~'. Also l; denotes the i-th component of the vector I, and we write df for
I do;. O

Remark 2.2.1.1. [t is straightforward to check that if G € M,(R) has a positive definite
symmetric part, then G is invertible. [

Remark 2.2.1.2. Lemma is not completely new. It appeared in [1], but only in the
Markovian setting (defined in Remark below). Using the results derived by Brydges-
Hofstad-Konig [20], our contribution is to generalize the density formula of [1|] to any kernel
with a positive definite symmetric part. O

Remark 2.2.1.3 (Infinitely divisible kernels). By the definition of infinite divisibility, a 1-
permanental vector £ is infinitely divisible if and only if, for every positive integer n, there
exist n i.i.d. random vectors Uy, ..., £, such that .= {1 +---+£,, is equal in distribution to £.
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We say that a kernel G of a 1-permanental vector is infinitely divisible if the corresponding
1-permanental vector £ is infinitely divisible. In [46], several characterizations are given of
the family of kernels of infinitely divisible 1-permanental vectors. One such characterization
is |46, Lemma 4.2], from which one can conclude that any kernel G of an infinitely divisible
1-permanental vector is diagonally equivalent to an inverse M-matriz, i.e., the inverse of an
invertible M-matriz A. [1

We will now prove that any infinitely divisible kernel G of a 1-permanental vector has an
equivalent kernel G with a positive definite symmetric part. To see this, fix some infinitely
divisible kernel G of a 1-permanental vector. By (46, Lemma 4.2], it is diagonally equivalent
to the inverse of a non-singular M-matriz A. Then, using [90, Condition Iy] for A, we
know that there exists a diagonal matriz D with positive diagonal terms, such that D~*AD
has a positive definite symmetric part. Therefore, using Lemma the inverse of D™YAD
as DY (A™)D should also have a positive definite symmetric part. Since A™' is diagonally
equivalent to the kernel D™Y(A™Y)D, and G is diagonally equivalent to A™', by transitivity
of diagonal equivalence, G should also be diagonally equivalent to the matriz D~'(A™)D,
which has a positive definite symmetric part. [

Remark 2.2.1.4 (Markovian kernels). A sub-family of kernels of infinitely divisible 1-
permanental vectors, which we call the Markovian kernels, is closely related to Markov chains
and plays an important role in the study of local-time isomorphism theorems. Given an irre-
ducible discrete-time Markov chain on the state space [n], let us denote its transition kernel
and stationary distribution by P and 7, respectively, where 7 is thought of as a column vector.
Let 11 = diag(m) denote the diagonal matriz with diagonal terms given by w. The Laplacian
associated with this Markov chain is defined as QQ = II(P —1I). Consider the continuous-time
Markov process with rate matriz QQ (whose stationary distribution would then be the uniform
distribution). We introduce a cemetery state A, and a nonnegative killing rates given by
h = (hy, -+ ,hy,) > 0. Namely, when in state i € [n], there is now a rate h; of jumping to
the cemetery state. The rate matrix associated with the corresponding continuous-time killed
Markov process is defined to be Qn = Q — diag(h). It can be checked that Qy, is invertible
when Y, h; > 0, and we can define the Green’s kernel associated with it as Gp, 1= —Q,‘ll.
Any matriz Gy, obtained from such a construction is called a Markovian kernel.

We claim that Gy will have a positive definite symmetric part. To see this, let P* :=
II-'PTII be the time reversal of P. Note that P* is a stochastic matriz. The additive-
reversibilization of P is defined to be the Markov chain with transition matric M = %(P +
P*), see (5, Lemma 9.20]. Note that 7 is the stationary distribution of M, since 772t =

'Tf G is a kernel of an infinitely divisible 1-permanental vector then there should be a %—permanental
vector ¢ with kernel G. This random vector £ must be infinitely divisible. On the other hand, if ¢ is a
%—permanental vector with kernel G such that / is infinitely divisible, then the corresponding 1-permanental
vector should also be infinitely divisible, and hence G is an infinitely divisible kernel. According to [46]
Lemma 4.2], if a %—permanental vector G is infinitely divisible, then its kernel is diagonally equivalent to an
inverse M-matrix. Therefore, if G is an infinitely divisible kernel for a 1-permanental vector, it should be
diagonally equivalent to an inverse M-matrix.
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sl + pTIPTIL = 7% Further, M is reversible, since IIM = 1(IIP + PTII) = M"1L.
This Markov chain is clearly irreducible, and its Laplacian is IL(M — I), which we denote by
S. Since S is the Laplacian of a reversible Markov chain, —S is nonnegative definite. This
can be seen by observing that S has the same eigenvalues as H%SH’%, which 1s symmetric,
and so has real eigenvalues, while S, as the rate matriz of an irreducible continuous-time
Markov chain, has 0 as a simple eigenvalue and all other eigenvalues having strictly negative
real parts.

By the Perron-Frobenius theorem, we know that (v,—Sv) = 0 if v € span(1), and
(v,—Sv) > 0 otherwise. But if v € span(1) and v # 0, then vldiag(h)v > 0. Hence,
for any v, we have (v, (diag(h) — S)v) > 0 if v # 0, i.e. diag(h) — S is positive definite, i.e.
—2(Qn+ QF) is positive definite. By Lemma we know that —Qy, and hence Gy, has a
positive definite symmetric part.

It is apparent that G,_Ll = —Qp = diag(h) + I1 — IIP has non-positive off-diagonal terms.
We also showed that it has a positive definite symmetric part. Then we can use (90, Condition
Ixs] to see that —Qp is indeed a non-singular M-matriz. Therefore, Gy, is an inverse M-
matriz and hence infinitely divisible by (46, Lemma 4.2]. O

Remark 2.2.1.5 (Positive definite kernels). Let G € M,,(R) be a positive definite matriz. Let
n ~ N(0,G). One can see from the moment generating function that %172 is %-permanental
with kernel G. Since the sum of two independent copies of a %—permanental random vector
with a given kernel is a 1-permanental vector with that kernel, it follows that for every positive
definite matriz G € M, (R), there is a 1-permanental vector with kernel G. [

Remark 2.2.1.6. One might wonder if the condition that G should have a positive definite
symmetric part is too stringent. It is obvious that any positive definite and symmetric (PSD)
matriz satisfies this condition. Less obvious is that infinitely diwvisible kernels also fall into
this category up to diagonal equivalence (see Remark Remark .

In his classic 1967 paper, Vere-Jones [105] gave necessary and sufficient conditions on
the kernel for the corresponding 1-permanental vector to exist. However, these conditions
are not easy to check. These conditions are known to hold for matrices that are either
diagonally equivalent to a PSD matriz or are infinitely divisible [45]. We already showed in
Remark[2.2.1.3 that any infinitely divisible kernel G is diagonally equivalent to another kernel
G with a positive definite symmetric part. Therefore, both scenarios are included in Lemma
up to diagonal equivalence, in the sense that given any 1-permanental vector with such
a kernel G, we can find an equivalent kernel G that has a positive definite symmetric part
and apply Lemma[2.2.1) to that kernel. We also remark that these two families of kernels are
not inclusive of one another.

To the best of our knowledge, the only known instances of 1-permanental vectors whose
kernel is neither diagonally equivalent to a PSD matriz nor an infinitely divisible one are the
examples constructed in [48, Theorem 7.3], but their construction is very delicate, hence this
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famaly of kernels is rather restricted. We remark that it is an important open problem to give
an algorithmically checkable criterion that characterizes the set of 1-permanental kernels. [

In the discussion following the proof of Lemma below, and in the rest of the chapter,
we say that a function f : C" — C has subexponential growth rate if limg|| o W =
0. We say that such a function is sub-Gaussian if there exists some ¢, > 0, such that

lf(o)| < ce~“I9I” . Similar definitions apply to functions f : R? — C. We now proceed to
prove Lemma 2.2.7]

Proof of Lemma [2.2.1. This proof mimics the procedure of Brydges-Hofstad-Konig [20]. By
the definition of a 1-permanental vector, for any A € R}, we have the Laplace transform

1 1
Ele—0] _ _ ‘
C S Vs vel Rl Te [T o]

Here we used I +AG = (G™' + A)G = (A — Q)G. Note that |G| # 0 by Remark [2.2.1.1]

Under the conditions assumed in Lemma , we can write %(G + GT) = —%(Q‘1 +
Q") =—3QHQ+Q")Q™T, from which we sce that, since G is assumed to have a positive
definite symmetric part, so does —(@), and hence so does A — ). Now, consider n complex
numbers ¢; = u; + iv;, Vi € [n]. Using the formula in [20, Lemma 2.2] for [ e/®M?) dudv for
the matrix M = A — ), we have

E[e0] = / L —6.0-Q8) gy gy — / L —6A0+0.00) gy, gy,
R2n 7Tn|G| R2n 7Tn|G|

Using the change-of-variable ¢; = v/I; €% where I; € (0,00),6; € [0, 27) for all i € [n] and
¢; # 0 gives

E[e=™] = / / b s uvEGE T g
n J[0,2m)n (2m)"| G|

:/ 6—<>\,l></ ;GZW Qz’j\m\/l_jei(gigj)dg)dl,
R” 0,2mn (27)"G]

where we have used the fact that dudv = 27"d0 dl. Let us define the measure p(l) as

1 i(0,—6)

_ » i‘\/E\/l_'e v

o(l) = / S VRGN gy
[0,2m)" (2m)"| G

We claim that p(l) is finite. To see this, by the triangle inequality, we have

1 i(0;—6,)
lp()] < / o [e%us QuVii e do
0,2 (27)"|G]
1 i(6,—65)
= —_— ZW'S”'\/E\/EG e 2.3
/H PRREl | 23)
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where S := %(Q + QT) denotes the symmetric part of ). Here, we used the fact that
|G| > 0 is necessary for the existence of a 1-permanental vector whose kernel has a positive
definite symmetric part. (To see this, let A = ¢ and take ¢ > 0 large enough; then the
positivity of the Laplace transform E[e~*#] implies that |G| > 0.) We have observed
earlier that —S has a positive definite symmetric part. Let Apin(—S) > 0 be the minimum
eigenvalue of —S. Then we know by spectral bounds that

1 in(=8) (2 14) L n=s)(20)
l < - min ) ZZ i d@ - mm( ) Zl i .
MN_A%(%HQe o o

This shows that p(l) is indeed finite. Moreover, since

Lo dns)(n) L
pldlg/ — e idl = < 00,
(/;' Oldt= | Ta GO (=)

we have p € L'(R"). Finally, to see that p(l) is in fact real, note that

X0 QuivIin/lie i)
[0,27)" |G|

/

[0,2m)n ’G|
/ eZus QuVEVBE gt
(—2m,0]" (2) |G‘

iy el ((=03)—(=65)) n
=i @/ (~1)"d(=6))- - d(~6,)

=

:/ (1 eZis QuVEVESTD gor gy
[0,27)™

)G
= p(l),
where in the third equality we used the substitution 8 = —f. By the invertibility of
the Laplace transform given the region of convergence, p(l) is exactly the density of a 1-
permanental random vector with kernel G, if such a vector exists. O

From the proof above, we know that for any G € M,,(R) with a positive definite symmetric
part, p(l) is a well-defined real density in L'(R’}). Moreover, from its definition, we see
that p(l) is infinitely differentiable in the interior of R . ﬂ Therefore, the existence of a
I-permanental vector with kernel G is equivalent to the nonnegativity of the density p(1).

We remark that Lemma is implicitly in [1] and [52], but only in the Markovian
setting. To clarify this, we need to define the Markovian loop soups.

For a transient Markov process {X; : t > 0} on discrete state space V', and any t > 0,
let ,.; be the space of right-continuous functions [0,¢] — V/, with finitely many jumps and
the same value at 0 and ¢. Also, let €, := U;0€2, ;. We call this the space of rooted loops.

2The integrand in Eq. (2.2)), after being differentiated for a finite number of times, would still be inte-
grable, due to essentially the same reasoning as used in the proof of Lemma [2.2.1
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For any ¢ € Q,, let ((¢) be the unique ¢ > 0 such that ¢ € €,;. We identify €2, with
Q1 % (0,00) via the map (w,t) € Q1 X (0,00) = ¢(-) = w(;) € Q,, and endow €,.; x (0, 00)
with the canonical product o-algebra (where €2, is endowed with the o-algebra generated
by the maps X,,0 < s <1, from €, into V). For any x € V, define P, on €, such that
for any measurable subset B; C ,4,

P! (B) = P(B,N{X, = 2} | X, = ).

We then define the rooted loop measure pu, on €2, such that for any measurable subset

BcCQ,,
(8= [ PLB) T
zev /0 o t
The shift operator 05 acts on a rooted loop ¢ € L,; by cyclically rotating the loop by time
s. The set of unrooted loops, €., is the set of equivalence classes of rooted loops €2, under
the equivalence relationship defined by the shifts {6, : s > 0}. The unrooted loop measure
15 on §2, is then induced by the rooted loop measure under this equivalence relationship.

An unrooted loop soup (or Poisson gas of Markovian loops), at level a > 0, is then a
Poisson point process on the space {2, of unrooted loops, with intensity measure au,. We
will be mostly interested in loop soups at level & = 1. Therefore, we will always assume the
level is at 1 unless stated otherwise. Let ® = {¢? : i € I} be a countable collection of loops
generated via such Poisson point process. Then we can define the loop soup occupation
times (or occupation field) as ¢*(®) := 3., T%(¢;) for any x € V. Here T%(¢) represents
the local time the loop ¢ spends at state z € V.

It is shown in Fitzsimmons and Rosen [52] that the Markovian loop soup local time ¢ is
equal in distribution to a 1-permanental vector with the corresponding Green’s kernel, by
using the generalized Le Jan’s isomorphism theorem (non-symmetric version, Theorem 3.1 in
[52]). Moreover, Theorem 2.15(a) in [1] states that for any bounded and continuous function
F:R? — C, we have [ WF(gzﬁgz_ﬁ)e@’Q@dggdgb = EF({), where ¢ is the Markovian loop
soup local time with intensity o = 1. This provides a connection between the twisted Gaus-
sian density and the Markovian loop soup local time: using the result by Fitzsimmons and
Rosen [52], we know that | WF((ﬁ(ﬁ)e(‘b’Q@d(Ed(b = EF({) for ¢ being a 1-permanental
vector with a Markovian kernel G as well. A polar coordinate change then reveals the density
of the 1-permanental vector, in the Markovian case, in the form given in Lemma [2.2.1]

In contrast, our density formula also works for non-Markovian kernels with a positive
definite symmetric part, and for this we critically used the results derived by Brydges-
Hofstad-Ko6nig|20] in the proof above.

Remark 2.2.1.7. A natural consequence of the above density formula is a symmetrization
bound for the density. Let 1 := \G‘-Q&-—GGlTV and denote by p(l) the density of a 1-permanental
vector € with the symmetric kernel (—S)™*, where S = 1(Q + QT), with Q :== —G™'. In the

same setting as the previous lemma, it is immediate from its proof that

o) < 100,
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see equation (2.3)).

This symmetrization bound will be used several times in the later sections. Similarly,
one concludes that for any C-valued function f with a subexponential growth rate, we have

[ELf (O] < E[[f(O)1]):

[FD]p(Ddl < L/ [FDlp(1)dl = | f(O)]].

RY

ELf(0 f(l)p(l)dl‘ <[

I-]
R% ¥

The integrand above is absolutely integrable for any function of subexponential growth
since p(l) decays exponentially fast in ||I||. Since p(l1) < tp(l) and both p and p integrate to
1, integrating gives 1 < t.

In linear algebra language, for any matriz G with a positive definite symmetric part, we
always have |3(G + GT)| < |G|. This is a well-known fact called the Ostrowski-Taussky
inequality in the literature |87].

Another consequence of the proof above is the subexponentiality of 1-permanental vectors.
In the same setting as Lemma for the 1-permanental vector £, we know that

1 1
|G J11,,00) |Gl (Amin(=5))"

Since for any k € Z,, a k-permanental process with kernel G is equal in distribution to

Zle l;, where U;’s are i.i.d. 1-permanental vectors with kernel G, we also have

k
1 ~Din(=8) [l
IP’(Z&Et)gkIP’(EE#)gce : .
=1

Here, ¢ > 0 does not depend on t. The subexponentiality of k-permanental vectors will
also be used in later sections. O

Density of conditioned 1-permanental vectors

The density formula allows us to study the density of a 1-permanental vector ¢ conditioned
on some coordinate being equal to a fixed value r. Without loss of generality, we will consider
(b3, -+ L, | €1 =r). Let us also assume for now that r > 0, the case r = 0 being trivial, see
Remark 2.2.2.1] below.

To derive the conditional density p,(ls, - - - ,l,) of the conditioned process (ls, - -+ , €, | {1 =
r), let us decompose the Laplacian as

Qu Q1T>
= ). 2.4
Similarly, we let ¢, := (¢2, - ,¢,), and, in general, whenever we use the underscript

%, we mean the original vector or matrix restricted to [n]\{1}. We then have the following
density formula, for which the rotation symmetry in 6;’s plays an important role in the proof.
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Lemma 2.2.2 (Density of conditioned 1-permanental vector). In the same setting as Lemma

the conditional density p,(la,--- ,1,) of the conditioned process (ly, -+ by |ly =1) is

oot = [ el e (1004 VAQIT0L). Qa6+ VFQLIQ0) 0.

Proof. First, plug in l; = r in the density formula for £. We know p(r, ls, - -

Qu1r
/ (e |G| exp(Zng\/_el(e —0;) +Z O /_61(0 —01) +Q17, /T 61(91 ))
(0,2m)™

-, 1) equals to

i#1

Now use the change of measure 0, = 0, — 0,,Vi # 1 and 0, = 0;. We know it’s further

equal to
telr ( 9 — 6/ ,
o \n( | exp Q'L el( + Q’Ll \/_610

J 27 /< om0 2 @y 2.

+ Qli\/li_Tefigg) > do, ;.

But, given any #/, the inner integral is invariant whether it’s integrated over (—6, —6] +

27)"~! or over (0,27)""!, due to rotation symmetry. Hence, we conclude that

(T l27 )

Qur
/ / e = (25 0V + 3 Vi
0,2m) 027r"1

3,571 i#1
+ Qs lire_19§)> de.de,

eQnT ( —ot) 0
— ex 37\ / e J —'I— i1V ZZ’I“GI i
/(o 2m)n—1 (QW)n G P Z%Q ’ ; (@
+ Qu/ire ™) ).

Marginally, ¢; is distributed as an exponential random variable with mean G1; as is shown

in [47]. Hence, we conclude that

pr<l27 e 7ln) = GlleGl_llrp(Ta l2a e 7ln)

Gype@utGiir ( o o
= exp Qij\/lil;e "% + QuV/ lire™
- 2 Qi 2 (@i
+ Qli\/li—re_iei)>d9*-
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By the decomposition of the Laplacian ), we have

Glle(Qn—&-G’ﬁl)r

el = [ e o (00:Qu) + V(@ 00 + (@6 )b

We claim that Q.. is invertible. To see this, note that by the adjugate formula G =
| — Q™'adj(—Q), we have Gy = 5% = |G|| = Q... But G1y > 0 and |G| > 0 since |G] is
I-permanental, so we conclude that | — Q.| > 0 and Q.. is indeed invertible. Therefore we
have

pr(l% e 7ln)

G116(Q11+Gf11)r - ., »
— exXp ¢*7 Q**¢* + **¢*7 \/7_”@** .
/(o,gﬁ)nl (271')"’1’G| << > (< 1>

+ (VIQII Q1. Quedn) ) o

= exp ({(¢s + VrQu Qu), Quu(dr + VrQL Qu))) db..

Now, by the block matrix inverse formula, if Q.. is invertible we have
Gn = (—Qu + QLA Q)
Therefore, Q11 + G17' — Q1,Q:! Q.1 = 0 and we conclude that

(0,2m)7—1 (2m)

/ Glle(Q11+G1_11_ T Qed Qu1)r
(0,271’)”71

One can apply the same arguments as those in the proof of Lemma to see that the
integrand is absolutely integrable. Hence, the lemma is proved. O]

Remark 2.2.2.1. We remark that when r =0, we have

_ | — Q] -
Po(lz7 R ,ln) = /(07%)”1 W exp (<¢*, Q**¢*>)d9*

Computing the Laplace transform, we see that the conditioned 1-permanental process
{lo, -+ 4y | 41 = 0}

should again be a 1-permanental process with kernel (—Q..)~', which has positive definite
symmetric part.

In the Markovian setting, this property has the following loop soup interpretation. A
loop soup conditioned on not wvisiting some node a is just an unconditioned loop soup on
the loops that do not visit a, by the independence property of the Poissonian point process.
This observation is mentioned in several previous works on loop soup (for example, [97,
59]). However, il is not a priori obvious that every 1-permanental G with a positive definite
symmetric part will also satisfy a similar property, which is what we have established. [
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Another interesting observation is that when G is positive definite we have the following
conditional law for squared Gaussian vectors.

Corollary 2.2.3 (Conditioned y-squared process). For any non-degenerate Gaussian vector

U~N(O,G), let U~N(—vrQitQu, (—Qu)™Y). We have
(U2 0F =r) £ U2
Proof. By Lemma [2.2.2 in the Gaussian case, we have

pr(l2> e 7ln)
= [() ‘ > Q**| €Xp <|:((U* + \/;Q;*l *1) + i'U*)a Q**((u* + \/;Q:*l *1) N lv*)}u) de*

’27-(-)n71 (27‘()”71

— /(;) iy ‘(;T)C?@TJ exXp ([(u* + \/;Q;}Q*l)a Q** (U* + \/;Q;}Q*l)}u + <U*, Q**U*>)d6*

This is exactly the law of {(U —VrQQ.)* + VZ}, for U,V being independent
N(0, 3(—Q+.)™") vectors. Since we know that ¢ L {02+ V2 i € [n]}, where U,V are
independent N(0, 3G) vectors, we have
()b =r} (T2 V2| U2+ V2 =} 2 {(U = VrQZ1Qu)? + V).
We claim that

{O2+ VA OF + V2 = rf {024 V2 OF = 7V = 0}

To see this, it suffices to show that, conditioned on ¢; = r, ¢, is independent of 6,
and therefore independent of (U, V;). This is readily concluded from the proof of Lemma
2.2.2] Indeed, fixing any 6, the inner integral there does not depend on #;. Now note that

(V272 =0} £ V2. It is immediate that
{O210F =} £ {(U - VrQ:1Qu)*}.
[

A special version of this corollary, applying to a certain family of Gaussian free fields,
was used earlier in studying isomorphism theorems [97|. Proving this theorem by directly
working with the y-squared process seems to be hard. Here, the rotation symmetry trick
(i.e., Lemma helps us circumvent this issue.
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2.3 Non-reversible isomorphism theorems

In the Markovian setting, the 1-permanental process is equal in distribution to the loop soup
local time when the intensity of the soup is given by the loop measure (instead of 1/2 of the
loop measure). In light of this, the following theorem can be seen as a generalization of Le
Jan’s isomorphism theorem that connects the loop soup local time with a certain Gaussian
integral in the scenario when the intensity is 1/2 of the loop measure (see, e.g., Theorem 4.5
in [97]).

Theorem 2.3.1 (Non-reversible Le Jan’s isomorphism theorem). In the same setting as
Lemma for any real function on R} with a subezponential growth rate, we have
1 _ o
Ef(0)]= | ——— @Q9 dpdg. 2.5
101 = [ gy 00) e o (25

Here ¢¢ := (¢¢; 1 i € V). Moreover, for any k € N, the k-permanental vector (k)
satisfies

E[f(¢®)] = / !

cnxk (2m1)"k|GF
Proof. We know that

1 i(0;—6;)
E[f(¢ —/ / (1) eZes VI gg g
O] n J(0,2m) (2m)"|G] ©

F(oWo® + -+ ¢® ) e i1 (91,Q6) H dpDdp®.

1 _ o
= | o f(00) €99 dd.
/cn (2mi)"| G|
Here we used change of variable ¢; = v/l;¢!%. Now, using the formula repeatedly and the
fact that £ is distributed as the sum of k independent 1-permanental vectors proves the
theorem. ]

Using the distributional equivalence between a 1-permanental vector and loop soup local
time when the intensity of the soup is given by the loop measure, the probabilistic content
of Theorem [2.3.1] can be equivalently stated in terms of loop soup local times. When the
Markov chain is reversible, the right-hand side of equation becomes exactly complex
Gaussian density. To see this connection, observe that we have @ = QT in the reversible
case, and so (7)"e{*@? can be written as a product of two Gaussians, as

1
L wew 1 wan
(m)2 ()2
where ¢ = u + iv. The theorem therefore implies that ¢¢ where ¢ ~ CN(0, G) and ¢, the
1-permanental vector, are equal in distribution in this case. This special case is now seen to

31t is standard notation for a complex Gaussian that ¢ := u + iv ~ CA(0,T) iff

(£)~2(6) 2 (5 w)))
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be a consequence of the reversible Le Jan’s isomorphism theorem, i.e., Theorem 4.5 in [97].
It is in this sense that Theorem can be seen as a generalization to the non-reversible
case of Theorem 4.5 in [97].

In the rest of this section, we are going to give a unified proof of several non-reversible
isomorphism theorems. There will be two ingredients important in our proof: one is a pair
of Ward identities for twisted Gaussian measure along the lines of those in [12], and the
other is the previously derived density formula in equation . In this way, we obtain non-
reversible versions of Dynkin’s isomorphism theorem [44, 64], the generalized second Ray-
Knight isomorphism theorem [46], and a non-reversible analogue of Eisenbaum’s isomorphism
theorem.

Ward identities for non-reversible Markov chains

Let P denote an irreducible transition probability matrix for a Markov chain on the state
space [n], and let the stationary distribution be denoted by 7. Let @@ = II(P — I') denote the
normalized Laplacian, where Il denotes the diagonal matrix with diagonal entries given by
7. We think of @) as the rate matrix of {X, : s > 0}, a continuous-time irreducible Markov
chain on the finite state space [n], starting at Xy = a. Define the local time of the Markov
chain as

La(i) = /0 1{X, = i}ds. (2.6)

For any r > 0, let the inverse local time be 7, (7) := inf{t : £;(a) > r}. We will consider
the following unnormalized (since —(@Q) is only positive semi-definite here) twisted Gaussian

measure _ o —
du(¢) = 7 "' dudv = (27i) e dpdgp.

Although the measure is unnormalized, when g(¢) : C* — C is sub-Gaussian, it is still
integrable with respect to the measure du(¢). To see this, note that

oo < |

1= clulPH1ol?) (658 gy, gy < / el gy < oo
R2n

R2n

Here [-],, denotes integration with respect to dpu(¢) and

5= 5Q+Q") 2.7

denotes the symmetric part of (), which we note satisfies S < 0 in the Loewner partial order.

A function f : C* — Cor f : R} — C is said to have sub-polynomial tails if for
every d > 0, there exists some constant ¢; > 0 such that |f(I)] < cgl|l]|7%. We will dub
the functions in C*°(R"}) or C*°(C™) with sub-polynomial tails for all orders of derivatives
as having property §. Similarly we say that a function g : C* — C or g : R} — C has
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polynomial growth if there exist some d > 0, b > 0, and ¢ € (0, c0) such that |g(¢)| < b||¢[|
for all ¢ that is large enough, i.e., ||¢[| > c¢. We say that g(¢) in C*(R%) or C*°(C") has
property & if for any & € N, there exists some dj, > 0, by > 0 and ¢, € (0,00) such that
19" (9)] < bi|||% for all ||p|| > c, i.e. if every derivative of g has polynomial growth.

In the scenario where one has a killing rate h > 0 at each node, the Laplacian is replaced
by Qp := Q — hI. One can then consider the Green’s function Gy, := (hI — Q)~! since Qy, is
invertible. Note that there will be a 1-permanental random variable with such a kernel [46].

Define the differential operator 7T; as T;g(¢) = 8%1_9(@. Similarly, define P; as Pig(¢) =

a%ig(gb). We also define 0;f (1) := 8% (1) as differentiation in [; € R;. We use E;; to denote
the expectation with respect to a Markov chain starting at state ¢ with initial local time (.
Similarly, let Ef; denote expectation for the reversed chain starting at state ¢ with initial
local time I. We say that a function f(i,1) : X x R} — C has property § if it has property
§ in [ for each fixed first component i € X.

The next lemma is the analytic engine of the chapter. It is an integration by parts
identity for the twisted Gaussian measure. When combined with the density formula, it
converts analytic identities in the ¢-variables into distributional identities for permanental
vectors and Markov-chain local times.

Lemma 2.3.2 (Ward identities for twisted Gaussian measure). Consider an irreducible
continuous-time Markov chain on discrete space [n] with Laplacian Q. For f(i,1) : X xR%} —
C with property § and g(¢) : C* — C with property &, we have

Z[Qbig(ﬁb)f(ia QbQE)]u = Z _(Tig)(gb) /0°° ]Ei,¢<;3f(Xt,£t)dt- )

7 i = - K

and

S l69(0) .60 = X |(Pa)e) | Erar(xi, o

i i L dp

Proof. First note that]]

0= [ ) To(0) . 00)e oo
= [(T0)(6)1 (3, 00))u + [9:9(D)OLF i 6)) + [9(0) (@7 (1, 60

Summing over all i € [n]. we have

> (Tig) (@) f(i. 00, = — Y _[0ig(0)0:f (i, 60)], — D _[9(&)(QT )i f (i, 60)],

7 7

== D_[6i9(8)2if (i, 60)], — 3 _[0:9(6)(Q) (i, 66)],

()

4 o ._1( 098 _ ;0 9 . 1( 0 490
We can take 55~ := 3 (Bui 1avi> and 75 := 3 (Bui +lam)'

5Note that the integrals on the right-hand side exist because of absolute integrability, since property 3§ of
the function f and property & of the function g guarantees that given any d € N, terms like |(T;9)(¢) f (¢, p¢)|
will be bounded by 74(1 + ||¢||)~® for some constant r4 > 0.
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Let Q be the generator of the joint process (X;, £;), which is a Markov process itself. It’s
not hard to see that we have (Qf)(i,1) = (0;f + Qf)(3,1), and hence

> _(Tg)(@) (i, 60))u = — Z[@ () (Oif + QF) (i, 60))],
= - Z ¢zg ¢¢)]

Now we can use Komogorov’s backward equation for the joint process (X, £;), and
deduce that Qf; = 0 f: for fi(i,1) :=E;;(f(X:, £:)). Hence letting f = f;, we have

/ZTg )1, 60)] /Z@ (QF), 66t
/ 5 (6u6) 0506 69t = = 3 [6:5(6) .60

Now we have ¢;g(¢)E; »5(f(X:, £;)) — 0 almost surely. Since the event {Vi € X', L;(i) —
oo} happens almost surely, we know the r.h.s. is further equal to > [0ig(¢) f(i, )], On
the other hand, we know the Lh.s. is indeed ), [ fo E; s5f Xt,ﬁt)dﬂ by abso-

lute integrability. The detailed proof of absolute mtegrablhty is deferred to the appendix

(Section [AT]).
If one starts with the following equation:
0= [ m) " Pa(0)f(i.06)e @ )dids
= [(Pg)(0) f (i, 99)) + [0:ig(8)0:f (i, 0)], + [9(0)(QD)i f (i, 6]

then one would arrive at the second equation. Note that the reversed chain will be
irreducible if the original chain is. O

Non-reversible Dynkin’s isomorphism theorem

We have the following theorem, previously proved by Eisenbaum|[44] and Le Jan[64], extend-
ing Dynkin’s isomorphism theorem from the reversible case|97]. Here E, is the expectation
operator associated with the Markov chain started at state a € X.

Theorem 2.3.3 (non-reversible Dynkin’s isomorphism theorem). Consider an irreducible
continuous-time Markov chain on discrete space [n| with Laplacian Q and killing rate h =
(h1,-++ ,hn) > 0 such that > . h; > 0. Let { be a I-permanental process with kernel Gp =
(diag(h) — Q)~*. For u:R" — C with property §, we have for any a € [n],

E [lyu(t)] = / Eou(Ly + 0)1x,—qe” 2"t = / Efu(Ly + 0)1y,—ge” 2 Mic@ay,
0 0
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We remark that in the equation above, the operator [E, also takes the expectation with
respect to the 1-permanental process £. Note that G, := (diag(h) — Q) ™! is positive definite
for any h > 0, s.t. >, h; > 0. Hence, the 1-permanental vector indeed exists [46]. According
to Theorem , for any real function on R} with a subexponential growth rate, we have

Efu(0)] = [u(¢¢)],,-
Here [-],, denotes integration with respect to dun(¢) =
Qn := @Q — diag(h). Now we prove Theorem above.

Proof. Take g(¢) = ¢y, and f(i,1) := v(I)1;—, for some function v : R? — C that will be
determined later in the first equation of Lemma [2.3.2] we obtain

me@’@h@ dode, where

7 i 0 1]

S G000 Licely = S [(m)(@ I Ei,wv(ﬁt)lxtadt] .

Note that Tig(¢) = 1 if i = b, and Tig(¢) = 0 otherwise. Also note Ey 450(L:)1x,=0 =
Eyv(L + ¢9)1x,—,. Simplifying the equation above, we have

o0 = | [ Bl 00 Lmutt]

I

Now let v(I) := u(l)e” 2" in the equation above and get
[¢a¢3bu(¢<§)e—2ihi|¢il2]u — K/ ]Ebu(/;t+¢¢)1Xt:ae—2ihict(i)dt)e—Zihildn2] '
0 H
Equivalently, after dividing both sides by |Gp|, we have

[(éaébu(qﬁ(;;)]#h = {/OOO Eyu(L: + qbq—ﬁ)lXt:(Le_ 2 hiﬁt(i)dt}

Hh

We remark that the measure puy is normalizable in this case since () has a positive
definite symmetric part. When a = b, we can use Theorem [2.3.1] on both sides of the
integration, and obtain the first equality in the theorem due to the following equations.

[batatt(0)],n, = E [Lau(0)],

{ / Ebu(£t+¢</§)1xtae_zihiﬁt(i)dt] = / Eou(Ly 4 0)1x,—qe” =i MO qt,
0 0

Bh

For the second equality, we use the second equation in Lemma [2.3.2, The rest of the
computation is essentially the same as above. O

The general case, when a,b € [n] are not necessarily equal, corresponds to the iso-
morphism theorem as stated in Proposition 1 in [64]. However, when a # b, and @ is
non-reversible, the 1.h.s does not have a direct probabilistic meaning.
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non-reversible Ray-Knight’s isomorphism

The following theorem, first proved by Eisenbaum-Kaspi[46], extends the generalized sec-
ond Ray-Knight’s isomorphism theorem to the non-reversible case (the reversible version of
generalized Ray-Knight isomorphism theorem can be found in, e.g., [97]).

Theorem 2.3.4 (non-reversible generalized second Ray-Knight’s isomorphism theorem).
Given a Laplacian Q) for an irreducible finite Markov chain, let £ be a 1-permanental process
with kernel G* = (heqgel — Q)™ for some h > 0 and some a € [n]. Foru:R" — C a smooth
compactly supported function and any r > 0,

Eo[u(C+ Lr, ) | la = 0] = E[u(l) | £, =r].
Here Tiny(r) :=inf{s > 0: Ls(a) > r}.

To see that the symmetric part of G" is positive definite, refer to the discussion in

Remark 2.2.17.4

Proof. Directly using the choice of ¢ similar to that in Bauerschmidt’s proof[12] in the Ward
identities will incur some problems, because we are dealing with complex numbers. For
any € > 0, let dp(u) be a smooth approximation of the delta function with support on
{u eR: |u|] <€}

The case r = 0 is trivial since under P,, we have £, () = 0 and the theorem holds.
Hence, we consider from now on r > 0, and any € < 7. In the first equation of Lemma ,

we take g.(¢) = f;e_ze ééae(qﬁagf_}a — s)ds. Note this equation is meaningless when ¢, = 0, so
we simply define ¢g.(¢) = 0 when ¢, = 0. We also take f(i,1) = u(l)do.c(lo — 7)1i=a. In this

case, we have the integration formula|

1600 (0)u(63)S0 (Guba— )], = {(Tagaw) /0 T Eou(66 + L) ($uda + La(@) — ) Lx,oadt

I

Note that g.(¢) is nonzero only if ¢,f, < r — €, which is disjoint from the support of
80.c(¢pada — 1) since it’s non-zero only if ¢p,d, > r — e. Hence, the left-hand side is always
Zero.

Now consider the right-hand side. We have

r—2e 1

Tage(¢> - /2 ¢_Ta50,6<¢aq3a - S)dS - \/2

Here the validity of the interchange of integration and differentiation is due to the con-
tinuity of g.(¢) and T,¢.(¢), which satisfies the Leibniz rule. So in (I, )-coordinates, we
have

r—

2e
(5676(qbagba — 8)ds.

r—2e
T.g9:(¢) = / 00.c(la — 8)ds = do.c(la — 2€) — Ooe(la — 7+ 2e).
2

€
6We remark that integral for both sides exists since the integrand inside each bracket is continuous with
bounded support.
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Therefore, we conclude for any sufficiently small € > 0,

|:50,6(la — 26) / EaU(l -+ ﬁt)do’e(la + Et(a) — T>]-Xt:adt
0

o

= [5076(% — 7+ 2¢) / Equ(l + L4)do.(lo + Li(a) — 7)1 x,—qdt
0

I3

Fix any [ € R%} s.t. [, <r. We will perform time change using dL® = 1x,_,dt, we have
/0 T Bl + L2001 + L% — 1)1y, _adt
=E, /00O u(l + Ly)do,e(la + L — 1)1x,—qdt
_E, /0 T U+ L))o (1o + L — 1)L
= /OOO Equ(l + L+, (+))00,e(la +7 — 1r)dy

Now taking the limit € | 0, and using the continuity of v — E,u(l + ﬁnnv('y))ﬂ we get

[ee]

hfél Eou(l + Lr ())00,c(la + 7 —r)dy = Equ(l + L+, (r-1))-
€ 0

Therefore, taking the limit € | 0 in the previous equation, we have
[50(la)]Eau(l + LTinv(r_la))}“ = [(SO(Za — T)Eau(l + ETinv("”_la))}“'

Since Ty (r — ly) = Tiw(0) = 0 when [, = 7, and 7y, (r — ly) = Tiny(r) when I, = 0, we
conclude

[00(la)Equ(l + L)), = [0 (la)u@)] -

Now the left-hand side corresponds to expectation with respect to a conditioned 1-
permanental vector ¢ with kernel G* = (—Q")~!, where Q" := Q — he,el, conditioned

a)

on ¢, = 0. The right-hand side, however, corresponds to expectation with respect to ¢ con-
ditioned on ¢, = r. To see this, let us decompose the Laplacian @ as stated in Eq. (2.4]) (here

"The continuity follows from the same analysis as |12, footnote 1, pg. 9], which we include for
completeness. By assumption, u is compactly supported, so it suffices to show that for a sufficiently
large T', Eq u(Ls,  (y)ar) is continuous. Since u is Lipschitz, it suffices to show that Eq | Lr,  (v—sya7 —
L (v+oarllt — 0 as § | 0, with || - ||; being the 1-norm. Let Js5 be the event that a jump occurs during
the time interval [y — §,v + d] at a. Then, using the total expectation rule with respect to the event of Js
and J§, we have

Eoill Loy (v-)AT = Lo (yronz [t < 0P 1(J5) + TPai(J5) < 6 +T - O(3) = O(9).
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we identify node 1 in the decomposition of Eq. (2.4) with node a mentioned above without
loss of generality). Recall that we have Lemma [2.2.2) with [, := (/; : i # a) here,

pa*ua N r) B pT(l*) - /(02 yn—1 % exp (<<¢*+\/FQ;*T Z*>7 Q**(Qg*—i_\/FQ;*l ila»)de*'

Here we used Q", = Q... To apply this formula, note that

1 -
[5O(la)Eau(l + ‘CTinv(T))]M = (27T)n /(0 - 50(la)Eau(l + ,CTinv(r))€<¢’Q¢>dld9

1 —
~ @ /(02) /R 1 ( /( vom /R 50(la)EaU(l+ﬁnnv(r))€<¢’Q¢>dlad6’a)dl*de*
2m)n—t JRYT 2m) JRy
1 _
— —71 / / Eau(l + ‘CTinV(T))€<¢*,Q**¢*>dl*de*-
(27T)n (0,2m)n—1 Ri—l

Here we integrated out [, and 6, using the fact that

/ S0(la)Equ(l + Loy, ()€ ? 9 dl, = Equ(l + Lo, ()P @0,
Ry

Here [ is [ under the restriction l, = 0. We can use Lemma with r =0 as

1 3
[50(la)Eau(l + ETinv(r))]M = = Qu] o Equ(l + ETinv(T))pO(l*)dl*
kk +
1
= Eolu(l + L, )| e =0].
| — Q.. [ ( ( )) | }

Similarly, we know
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Here I’ is [ restricted to I, = r. Similarly for ¢’ and ¢’. We now continue to compute that

1 / i
ZE‘S‘@/T u(l')e'? 9 dh,do,
)" J(0,2m)n

N eQaar
SO oo (@I + 3 Qa0+ Qu/ )
™ (0,2m)"

i,j#a i#a
db,do,
N eQaar o o »
= U((l;;)_n / exp ( Z Qij\/ l,-ljel((h—@j) + Z (Qia\/li_relgi + Qui \/li_re—lei)>d9(/1d9;
(0,2=)" ij#a i#a
" eQaar o N -
— u((QZ—T?_)en—l /( - exp ( Z Qij AV liljel(ei_ej) + Z (Qia\/li_reloi 4 Qai \/li_relai>) d&;
0,2m)"— ij#a vy

u(l' )eQ“ar (L)
_ Prils).
T = Q@ G

In the second step, we used the rotation trick to construct ¢ as in the proof of Lemma
. In the third step, we used Q = Q,; unless i = j = a. We also used G, =
|G| — Q" | = |G"|| — Q.| and the followmg intermediate step in Lemma -

(l ) / GZae(an+(G’ala)_1)7' <Z Q \/ﬁ '(9/ 9/) Z (Q l 0’
Prils) = — exp i/ il e il 4 ia\/ Lirei
©O2mn-1  (2m)"HGh| v

i,j#a i#a

+ Qai \/lz‘_Te_w;)) de.,.

Note that we have G! = %L since we kill the chain at rate h at state a. Therefore,

Qua — QF, — (G")" = h — (G",)~! = 0. This allows us to conclude that

1 1
U py(L)dl, =
u(l')pr (L) o]

[0:(la)u()], = E[u(f)] €, =]

| = Qual Jry

This proves the theorem. O

non-reversible version of Eisenbaum’s isomorphism theorem

To the best of our knowledge, the non-reversible version of Eisenbaum’s isomorphism theorem
hasn’t been discovered previously, probably because one cannot interpret one side of the
equation probabilistically in this case.

Theorem 2.3.5 (non-reversible Eisenbaum’s isomorphism). Consider an irreducible
continuous-time Markov chain X, on discrete space [n] with Laplacian Q. Let  be an inde-
pendent exponential random variable with mean h™' for some h > 0. For any u : R} — C



CHAPTER 2. DENSITY FORMULA APPROACH FOR NON-REVERSIBLE
ISOMORPHISM THEOREMS 40

with property § and any a € [n],r > 0, we have

(727 )utio e vinp)| = [Exluio s vine + 9]

Proof In Lemma 2 2 we take g(¢) = elTildilP-hEloi—Vr? — oVThEi(@itdi)-nrh gy
f(i,1) I This yields

[¢au(¢<f>)e‘h2i'¢i-ﬁl2}u = \/th [g(@ /0 oo [U(Le)e ™ 1y, a}dt] .

Hh1

0

Now note that g(¢)E; s5[u(Le)e " 1x,—o] = e "Ei VTR [u(¢d+ Li)e 1 x,—,]. Hence,

[baulg@)e " EI0vT] oS [e—hzi|¢i—\/77|2 /°° E:[u(96 + £0)e1,_a] dt} .
; 0

0

Make the change of variable ¢/ = ¢ — /71, and notice that (¢, Q¢') = (¢, Q¢). Dividing
both sides by | — Qpn1| = |hI — Q| gives

{(%)u(!qﬁ'—%ﬁl]?)} -ny [/ w(¢! + VLY + L)e My, a]dt]

Reverse the chain on the right-hand sideﬂ and get

(%57t +vem)

Hh1 Hh1

= hz [/ u(|¢ + Vr1)* + Ly)e htlxt:i]dt}
=h l/ﬂw E:[u(]¢' +Vr1]* + Ly)e™] dt}

Hh1 Hh1

Hh1

The change of summation and integral can be justified by the bounded convergence
theorem, due to the sub-Gaussianity of the density of [-],,, and property § of the function
u.

Let ¢ be an exponential r.v. with mean A}, independent of the recurrent random walk.
Since we have

Bxfulle/ + Vi1 + £0] = h [ B fu( + VAP + L) ar

8The function ¢ does not decay exponentially fast as required in Lemma but one can check that
the sub-Gaussianity of f will kill any exponential growth in g.

Hh1

9Recall that the generator for the reverse process is Q7' and the transition kernel is P} (i, j) = (etQT)L j-
Since the original Markov process has transition kernel P;(j,i) = (e'l);;, we know that P;(i,j) = P.(j,4)
and they should yield exactly the same bridge measure on paths of length ¢ under path reversal.
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we conclude that

(%2 g + mF)LM = [B[u(l¢’ + VPP + £9))]

Hh1'

[]

Remark 2.3.5.1. There is a generalized version of Theorem above. Consider any
hi, -+ ,hy, >0 such that Y ., h; > 0. Take

g(p) = X hiloi2 = hilgi—/rI? _ VT Y hi(@itdi)—r hi’

and f(i,1) = u(l)e” 2" 1,_, in Lemma . This yields

[QZSaU(QbQ;)@_ > hi|¢i_\/F|2:|“ — \/FZ h; |:g(¢> /oo Ei,(b(zg [u(ﬁt)e_ > hjﬁt(j)]_Xt:a} dt:| .
i 0

m

Note that g(¢)E Z¢>¢>[ u(Ly)e Ejhjﬁt(j)lxt:a] — e~ Lihildi—VTIPR E;[u (¢¢+£) Zjhjﬁt(j)lXt:a]'
Hence,

[au(@g)e MoV

— \/;Z h; {e_ 2 hi|¢i_\/;2/ E; [U(QXB + Ly)e” > hjﬁt(j)lxt:a} dt} )
: 0

0

Making the change of variable ¢ = ¢ — /r1, and dividing both sides by | — Qn| gives

[(%F)u(w#\/m?)] Zh U u(|¢/ + VP4 L)em 2 e 01y, }dt]

s

2.4 Comparison inequalities for permanental
processes

Kahane-type inequalities are inequalities between expectations of functions of centered mul-
tivariate Gaussian random variables when one assumes that the covariance matrices of the
Gaussians can be compared in some sense, see e.g. [15, Lecture 5]. Slepian’s lemma [15,
95] is a famous special case. In [44], a Kahane-type inequality and a version of Slepian’s
lemma for 4-permanental processes has been given. However, 4-permanental processes are
not directly related to the isomorphism theorems, which limits the applications of these re-
sults. We use the density-formula approach to derive analogous results for 1-permanental
processes. We remark that Eisenbaum’s method used a lemma of [94], which is not satisfied
by 1-permanental vectors.
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For any function f : R} — R, we say it has subexponential growth for & < 2 orders
of partial derivatives if (i.)f has subexponential growth; (ii.)both {0;f := 6%]“,1‘ € [n]} and
{0 f = al?_; f,i,j € [n]} exist and have subexponential growth. Recall that any infinitely

i0lj

divisible kernel G of a 1-permanental random vector has an equivalent kernel G that is an
inverse M-matrix with a positive definite symmetric part according to Remark [2.2.1.3] We
have the following comparison inequality.

Lemma 2.4.1 (Kahane-type inequality for 1-permanental vectors). Consider two kernels for
L-permanental vectors {G;,1 = 0,1} and an interpolation {G, a € [0,1]} between them such
that G, is an inverse M-matriz with a positive definite symmetric part for any o € [0, 1],
and a — Gy is of class C'([0,1]), with LG5 having a constant sign for any i,j € [n].
Let {{,, « € [0,1]} be the corresponding 1-permanental vectors. Let f : R} — R be any
function with subexponential growth for k < 2 orders of partial derivatives, such that for any
i € [n], either of the following is true:

1. £Goy >0, Yo € [0,1], and 9;f (1) + 1; 0, f (1) > 0, VI € R}
2. LGy <0, Va€0,1], and 0;f(1) + ;05 f(1) <0, VI € R";
and for any i # j, either of the following is true:

1. £Go4 >0, Vo€ [0,1], and 95 f(1) > 0, VI € RY;

2. LG, <0, Vo €[0,1], and 9;;f(1) <0, VI € R

Then we have E[f(¢1)] > E[f({y)].

Proof. Let
Qa = _(Ga>71- (28)
By Theorem [2.3.1] we know that

1

P elQad) 14
GG o, (09)0 P dids.

E[f(€a)] =

Therefore, we have

] -iseo) = [ (Zri)do= [ 2 [ o pone 955 o

Computing the derivative aﬂ

0 1 - d 1 1\ dG
- I <¢7Qa¢> — t - _<¢7Ga ¢> _oc
aa(waf ) r(dGa <|Ga|€ ) da )

10Recall that for a
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we know that

Bl ()] - Bl )] = s [ [ steae( o (e o) o )didoda

We remark that interchanging the derivative and the integral can be justified by the
absolute integrability of the partial derivative. The detailed justification of this fact can be

found in the appendix (Section |A.2)).
The Jacobi formula (see, e.g., Section 0.8.2 of [59]) states that for invertible matrix A,

a%j|A| = (adj(A));i, where the adjugate is adj(A) := |A|A™'. Tt is then easy to verify that

d (1N 1 dG. |
d_Ga(|Ga|)“\Ga\2 iG. TG !2|G 16D =16 @

Using the fact that -Ltr(A™'B) = —A"'BA™!, we know that

d _ —17 _ 1 d .
d—Gae (0,Ga"¢) _ —e (6,Go @) dGatr(Ga1¢¢T)

17 — ~13 n
= 06D GIGET G = 06D Q367

Let )
o () = (2m1) |G| e~ D dddep (2.9)

denote the normalized twisted Gaussian density. We know that

dG,
) dita(9)dar.

B )~ B = [ [ 1(60)5(Qu + Qudd" Q)

! n dGa 7
:/ Cnf(gbgzﬁ) 3 <QW+ZQW Qairiir O ) dpia(¢)dox

dGa i - - - -
/ /. > (Qa,ﬁf(cbcb) £ Quin( — 003 f(09) - asi/sbjajf(w)))dua(cb)da.
In the third step, we used the following integration by parts for any 4, j € [n]:

(60 £(68)e# G D) dgp =0 =
C”a¢j
0= [ st @3)dnale) + [ ouisif@ildune)+ [ oufo) (Z@am)dua 5

We can simplify by canceling terms and doing another integration-by-parts, and get

E[f(¢,)] — E[f(¢)] / / ) Z dCayy ( - Z Qo100 d;0; f (cbcz_ﬁ)) dpa(d)da

:A /n Z di(c;,z’j ((Szjajf<¢(l_§) + ¢195J8Uf(¢q_5)> d,ua((b)d@
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The integration-by-parts formula used here is that for any ¢, j € [n],

(@a f(@d)e PG Ndgdy =0 =
on 0

0 :/Cn 6:;0;F (90)dpia () + ¢z¢jazjf(¢¢ dpie (¢ / 0;0; f ¢¢)<2Qa,i'z‘¢i')dua(¢).

Z’/

We remark that the validity of these integration-by-parts procedures is guaranteed by
the subexponential growth conditions. Given that G, is an infinitely divisible kernel of a
l-permanental vector with a positive definite symmetric part, and 0;; f({) is subexponential
for any 4, 7, using Lemma we know that for any 7 # 7,

dGaij | + - dG s B B
/n o *0i00i; f (09)dpa(9) = W’j . $190;0i; f (00)dpia(p) > 0.

On the other hand, for i € [n], by Theorem [2.3.1] we have

dGGf ’L’L

/n%f“@fww+¢@@Jw@}ma@—-{(i (0 (ta) + 6:0:f (L)) | 2 0

It is then straightforward to check that the conditions on f stated in the lemma imply
that E[f(£4)] is increasing with «. Therefore, E[f(¢1)] > E[f({o)] and the claim is proved. [J

Remark 2.4.1.1 (Sign patterns I). Given any sign pattern {s;; € {—1,1},4,j € V}, we
know there indeed exist nontrivial functions that satisfy the equations sy;(0; f (1) +1; 0y f(1)) >
0, and 540, f(I) > 0, VI € R, for any i # j € V. Consider the function

= > —sylog(l+1Li+1;)+ Y su(2ne).
(i-g):is i

Then we know that Vi € V,

SZZS'L S’L’LSZ .
5i(Oif (1) +1:0u f(1) = Z (e —jl—l + 2neli + Z A+l —Jl—l + 2nl;el
J#i

>—n—-1)+2n—(n—-1)> O.

In the first step, we used s%; = 1. In the second step, we used the fact that € (0,1],

(1+ll—+l € (0,1], " > 1, and l;e's > 0. Also, note that Vi # j €V,

1
(14+1;+15)

1 n
sij05 f (1) = m >0,Vl e RY.
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Remark 2.4.1.2. Let us consider the following instance for Lemma [2.4.1 Let Py, P, €
M, (R} ) be two sub-stochastic matrices(i.e., every row sum < 1) such that Py ;; < Py ;;Vi,j €
[n]. For any s > 1, consider Gy := (sI — Py)™! and Gy := (sI — P,)~'. They are both
inverse M-matrices according to the definition of an M-matriz [90], since Gy = sI — P,
where p(Fy) < ||Polloo = max; ), |[Poyl < 1 < s and the same for Gi'. Moreover, we
know that {P, := aP; + (1 — a)Py, a € [0,1]} is a family of sub-stochastic matrices, and
{Gy = (s[—P,)7", a €[0,1]} is a family of inverse M-matrices. Using the Neumann series
expansion, we have

d d S o A nd S el oy
_Ga _ = —(z+1)Pz _ —(H—l)_Pz _ —(i+1) j 2% (—Pa>PZ_1_J.
dov do Z ° @ Z ° da™ Z s *“Nda @

i=0 i=0 i=1 j=1

Since %Pa = P, — By is entry-wise nonnegative, we know that %ij >0,Vi,j € [n]. One
can then plug in any function of interest that satisfies for any i € [n], 0;f(1) + 1; 0y f(1) >
0,Vl € R} and for any i # j € [n], 0;;f(1) > 0,Vl € R} to obtain non-trivial comparison
inequalities.

Remark 2.4.1.3 (Sign patterns II). Consider the following family of inverse M-matrices in

M,(R,), where n > 3. Given 0 < x < 1, let y := \/ﬁx + 52:23 x2. Consider the family
of matrices B := {B : B;; = 1,Vi € [n];0 < x < B;; <y < 1,Vi # j}. This family of
matrices is proved to be inverses of strictly diagonally dominant (both by rows and columns)
M-matrices in (108, Theorem 2]. We claim that any M-matriz A that is strictly diagonally
dominant both by rows and columns has a positive definite symmetric part, since for any

x € R™ such that x # 0,

(@, Az) = [Alz? = Y (|Ay] + | Ajil)zia;

1,7:4<J
1
>33 5(\14@7’ +1A)2? = > (Al + Al
i ki §.§8<]
1
= Z §(|Az‘j| + Azl (2 + %2') - Z ([ As] + Az iz
iji<j §,ji<]
1
=) 5 (Ai| + |Al) (27 = 23325 + 2F)
INEAY]
1
=y 5 (Ai| + 145 (s — z;)? > 0.
1,5:1<J

In the first step, we used the sign pattern of A as an M-matriz. In the second step,
we used strict diagonal dominance in rows and columns, together with the fact that x # 0.
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Therefore, we know that any matriz in the family B, as an inverse of a strictly diagonally
dominant (both by rows and columns) M-matriz, should have a positive definite symmetric
part.

Moreover, for any two matrices Gy, Gy € B, we can construct a linear path between them
as G, = aGy + (1 — )Gy, Va € (0,1). The whole path will be within family B since this
famaly forms a convex set. Moreover, the sign of %Ga = G1—Go will be constant entry-wise
along the path. We can then vary Gy and Gy to obtain whatever arbitrary off-diagonal sign
pattern we want.

Note that Eisenbaum derived the comparison lemma (Lemma 3.1, [44]) for 4-permanental
vectors by directly working with the Fourier transform, which is very different from our
approach. Also, their lemma requires the function f to be bounded. With the density
formula, we substantially relax this condition to functions with subexponential growth here.

Convolutional tricks can be used to generalize the above lemma to k-permanental vectors
for k£ € N4 under the condition

Grii > (<)Goii = kOif + 1,05 f > (X)0; G5 > (<)Goij = 055 f > (X)0.

To see this, let us consider the case k = 2. The general case follows the same idea. Let
¢; and ¢ be independent 1-permanental vectors with kernel G;, for i = 0,1. Then ¢; + ¢,
will be a 2-permanental vector with kernel G;, which can be seen by calculating the moment
generating function. Using the Theorem for both ¢4, ¢} and £y, £j, we have

E[f(gl + 5’1)} —E[f(go + 4 )]

/ /@n

n n

96+ 8¢5 ( ape <¢”Qa$’>)d$d¢d¢’d¢3’da

f(op+¢'¢') ( ¢Q“¢)ch%(¢ﬁd$d¢da—%

<¢”Qa¢3’>)duaw)ddd&da.

. ¢+¢¢) (WI

Now note that the proof of Lemma [2.4.1] shows that for any function g : R’ — R with
subexponential growth for k£ < 2 orders of partial derivative, and any « € (0,1), we have

[ e (gee® )atoaaoao = [ 57T (5,0,0(60)+6:3,05009) ) dro ).
1,J

cn (271" O \ |G|
Specifically, if for fixed | = ¢¢, we let g(1) := Jon f(pp+¢'¢')dia(¢') and apply the above
equatlon to g(¢g), we get

f(6d+d'd) 5 ( | ; | <¢’Qa¢'>>) dpia(¢)dpdeda

n n

dGOéij Y 17 7 7 . /
- /0 /«; B 3 - (5ijajf(¢¢+¢¢)+¢i¢jaij f(¢¢+¢¢)>dﬂa(¢)dua(¢)da-
1,J
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Similarly, we can fix ¢, ¢ and let g(¢'¢’) : = Jen f (60 + ¢'@)dpa(¢). This gives us

n n

f(opp+¢'¢f ) ( <¢’7Qa¢’>> dpa(¢)dd dd' da

|Gl

dGai‘ - = - _ ., /
:/0 /C% Z do; J ((5¢j5jf(¢¢ + ¢'¢') + ¢;950i; f (60 + ¢/ b ))dﬂa(¢)dua(¢ )da.
i,J

Therefore, we conclude that
E[f(er+6)] —E[f(l + )]

! dG.. .. - ) ) -
= [ L ST (ot 06 5 + 05+ 665)0,0 05+ 69))
Y]

dpa(9)dpa(9’)dor.
Note that Vi € [n],
AG(20;f(1) + ;05 f(1)) > 0
by assumption. Also, for any i # j,
¢>2¢J Cosg 2051 (06 + 99 )dpia(@)dpa(d) = czms] Cog LR [0 f(66 + £)] da(@)-

C2n C2n

Here ¢, is a 1-permanental process with kernel G,. Using Lemma |A.3.1, we conclude
that the integral above has a fixed sign. This guarantees

d — _
/C2n ia g <¢z¢] + ¢ ¢ )a”f(gzﬁqﬁ + ¢/¢,)dl~ba(¢>dua<§b/) > 0.

Hence E[f (¢, + £.,)] is increasing with o € (0,1), and E[f(¢; + £})] > E[f(¢o + ¢;)]. This
verifies the case k = 2. The general case where k is any positive integer follows from almost
the same arguments as above.

Slepian’s lemma for 1-permanental processes

We now turn to prove an analog of Slepian’s lemma for 1-permanental processes. To do so,
we first prove a weaker version as below.

Lemma 2.4.2 (Weak comparision of 1-permanental vectors). In the same setting as Lemma
if, further, we have Go;; = G4 for all i € [n] and Gy,;; > Gogj for all i # j, then

sup lo,; = sup y ;.
i i
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Proof. Given € > 0, consider the function g, : R — [0, 1] as follows,

1 if v <0,
Ge(z) := ¢ 1 — 6225 + 154zt — 10323 if z €]0,¢),
0 if x> e
We know that g. is decreasing and twice differentiable. Given sy, ---,s, > 0, define

fe(liy .o 1n) =TI, 9¢(li — s;). Note (even though we do not use this property) that for any
i € [n], we have 0;f(I) < 0. And for any ¢ # j, 0;;f(I) > 0. Hence, by Lemma we have

E[f&(gl)] > E[fe(fo)}-

Taking the limit as € | 0 on both sides, we have
lim E[f(61)] = lim E[fe(6)).

By the dominated convergence theorem, since E|[|f.(¢;)|] < E[1] = 1, we can interchange
the integral with the limit and get

But limyo fe(1) = [ ;-1 1(—s0,s,](li). We conclude that

P(ly; < s;,Vi € [n]) > Ply; < s;,Vi € [n]).
Since this is true for any {s; > 0: ¢ € [n]}, we conclude that sup, €o; > sup, {1 ;. O
Boosting the above lemma using a scaling trick, we have the following Slepian lemma for

1-permanental vectors.

Theorem 2.4.3 (Slepian lemma for 1-permanental vectors). In the same setting as Lemma

if, further, we have Gy < Goy; for all i € [n] and Gy,;; > G,y for all i # j, then

sup fo; = sup {q.
i i
Proof. To see this, we scale the 1-permanental vector ¢y by ¢ = (¢, - ,¢,) where ¢; :=
% < 1(we use the convention that 3 = 1). We claim that the new vector ¢ ® (o, where ®
is the standard Hadamard product between vectors, is also a 1-permanental vector, since for
any A € R}, we have

E[e—o\,c@éo)] _ E[e—<)\®c,€o>] =|I+ ACGO|—1.

Here, we defined C' := diag(c) and used the moment generating function of f,. Then
by definition, ¢ ® {; is a l-permanental vector with kernel G := C'Gy. Note that Vi € [n],
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Gii = ¢iGoii = Gy and Vi # j, Gij = ¢;Goi; < Go5 < Giyy. Therefore, we can use Lemma
to conclude that sup; c¢;{p; = sup, ¢1;. Here for two scalar random variables X,Y, X
(first-order) stochastically dominates Y, i.e., X = YV iff Vo € R, P(X > z) > P(Y > x). Let

G1,ii
oo, then we conclude that

Cy 1= SUp; ¢; = sup;

sup fo; = cxsuplo; = sup cily; = sup fy;.

2.5 Symmetrization bound on cover time

Our main result in this section will be a symmetrization bound on the cover time of a non-
reversible Markov chain on a finite set. An important property of this upper bound is that it
coincides with that for a random walk on a graph, i.e. a reversible Markov chain on a finite
set, given in [36], which is tight up to constant factors in the reversible case. To arrive at our
result we apply the density formula, with the generalized second Ray-Knight isomorphism
theorem for non-reversible Markov chains, to study the local time process at inverse local
time.

Let P = (P : i,j € [n]) be an irreducible transition probability matrix on the state
space [n], with stationary distribution © = (m; : 7 € [n]). Let the normalized Laplacian be
Q = TI(P — I), where II denotes the diagonal matrix with diagonal entries given by the ;.
Let {X;,t > 0} denote the continuous time Markov chain with rate matrix (). Note that the
cover time being discussed is defined in terms of the underlying discrete-time Markov chain
with transition probability matrix P, as is conventional in the literature on cover times.

We will decompose @ as in Eq. (2.4). The Green’s kernel associated with killing upon
hitting node 1 is

G=(—Q.)"" (2.10)
Recall that the local time process is defined as in Eq. . For a fixed state a € [n], the
inverse local time for any r > 0 is 7y, () := inf{t : £;(a) > r}. We may as well renumber the
states so that a = 1. We will then consider the permanental process with kernel G defined

by
1 17
= (1 G+11T>'

One can think of it as the Green’s kernel associated with killing once the process {X; :
t > 0} has spent an exponentially distributed random time with mean 1 at node 1 [46].
Equivalently, G = (e;el — Q)~! in light of Theorem Let ¢ be a 1-permanental process
with kernel G. Then from Theorem [2.3.4] we know

(Lo 016 =0} £ ()0, =71}

Note that {¢| ¢, = 0} is distributed as a permanental vector with kernel G, so we have a
density formula for it. For {¢|¢; = r}, we will use Lemma to bound its density.
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We first derive a tail bound for 7,,(t), which will be useful when bounding the cover
time.

Lemma 2.5.1 (Tail bound lemma). For an irreducible Markov chain on state space n], let
S = 2(Qus + QL) and denote by o the largest diagonal term of %(—S**)_l. Then for any
A >0, we have

P((Zﬂiﬁﬂnv(r)(i)> —\r> \/XU) < 576_>\/8.
i=1

Here ~
2G|
Y= ==
|G+ GT|
Proof. First, in light of the proof of Theorem we have

(2.11)
1 _
ot = [ o o (60— VL Qud V1) .
Also, we have

— €
n—1|G|
{Zﬂ-iﬁﬂnv(r)(i)—{_zﬂ-iﬁi 61 :0} d: {Zﬂ-l& fl :T}.
i=1 i=1 =1

Hence we conclude that {>°7  ml; |6 =r} = > " mLy (7). Let

R:={l: Zmli > c}.
i=1
Then we have the following bound:
P(Z ﬂ-i'CTinv(T') (Z) Z C) S / pr(l2a T 7ln)dl*
i=1 R
1 _
= ——————exp ( (¢ — V11, Qs — /1)) )db,dl,
/72/(0,27r)n1 (2m)» 1G] << ( )>>
1 _
< —————— exp ( (¢ — V7L, Su(ds — /1)) )dO.dl,
/72/(0,271')”—1 (27-[-)n—1|G| (< ( )>>

)

Note that the integrand is now the density of Z + (\/(7«)1)’ where Z = n + i€ is a complex
Gaussian random vector with 7, £ being i.i.d. A(0, 3(—S,.)™") random variables. Therefore,

_ 7/R/(O . |(2_7Ti_1| exp ({9, = V7L, Suu(d = V71)) ) dbdl.
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<Zm o) 2 ) 9P+ VFL? € € R)
= VP((* + € +2v/rn +711) € R)
:wP(im(n?%?Hﬁmw) = c>-
i=1
From Claim 2.2 of [34], we know for any A > 0, P(3°1L, mn? > Ao?) < 2e™M4) where

0? = max; E[n?]. The same is true for >, m&2. We also know that Y ;' mn; < N(0,0?),
hence (3>, mm; > VAo) < e~ Therefore,

]P’(E mn Y mE + 2V ) mm+r2A02+2\/Am+r)
1 1
2 2 2 2
SIP’( g TN, > 5)\0 ) —HP’( g Tl > 5)\0 ) —HP’( E N = \/XO')

< Qe M8 4 M4 < 5e M8,

Hence P( Y1) miLr, /(i) = (VT + VA0)?) < 5ye /5. ]

Let us denote the random cover time as 7o, = inf{> . mL(i) : s > 0, Ls(i) > 0,Vi €
[n] }H The cover time t.,, is just the maximum expectation of 7., maximized over all
starting states Xy € [n]. We denote the random cover-and-return time as

T = 1nf{Z7rZS':s>0X Xo,[,()>0,‘v’z'€[n]}.

Similarly, we can define the cover-and-return time ¢ . We remark that using the Markov
property, one can easily see t.o, < E(7} ) < 2.0, for any irreducible finite-state chains, with
any starting state. See [36] for a short proofH Given j € [n], the random hitting time,

Thit(J), is defined as

Thit (J mf{Zm s(7) :sEO,Xs—j}.

Similarly, define the hitting time as tni, = sup; jepn E[mnic(7)[Xo = i]. Let us also denote
by t.., and t;;, the cover time and the hitting time of the symmetrized Markov chain with
kernel Q+TQT, respectively.

We now prove the following symmetrization upper bound on the cover time.

cov

HSince we are working with a variable jump rate Markov chain in this section, we need m;-weighted
summation to recover the cover time for a discrete Markov chain.
12They only considered symmetric chains, but their proof holds for any non-symmetric chain as well.
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Theorem 2.5.2 (Symmetrization upper bound on cover time). For an irreducible Markov
chain on state space [n] with generator @, we decompose @) as in Eq. . Let S be defined
in terms of Q) as in equation , and decompose S similarly to Q). We write M := Esup, n;
forn ~ N(0,3(—=Sw)™"), and let 0® be the mazimal diagonal term in 5(—S..)~". Then we
have the following upper bound on the cover time

teow = O(M? + 0 logy) = O(t.,, log ),

where v is defined in equation (2.11)).

Proof. To give an upper bound on the cover time, we need to
e bound {sup, ¢; | ¢, = 0} from above asymptotically;
e bound {inf; ¢; | ¢; =t} from below asymptotically.

Let 1, denote independent N (0, %(—S**)*l) random vectors. Then by standard results
about Gaussian suprema (see, for example, Theorem 5.8 of [17]), we know that for all A > 0
we have

P(supm > Esupn; + \/XO') < e M2,
Since X is symmetric, — inf; n; < sup, ;. Hence we also have

IP’( — infn; > Esup; + \/XO’) < e M2,
By an application of the union bound, we deduce

P(sup|n,~| > M + \/X0> = P(sqpn? > (M + \/Xa)2> < 272,

For any ¢ > 0, let R’ := {l : sup;l; > ¢}. Then we have the following bound, where G is
defined as in equation ([2.10)),

b= 0) / po(la, -+, 1)l
///0%” L (2m)n 1va| eXp ((gb*vQ**Qg*))d@*dl*

’_ ** 7
7//0 gy e ((0.5..0.)
=P ((n” +§)€R’)

]P’(supfi >c
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Recall that here 7, £ are independent N(0, 3(—S.) ™) random vectors. This allows us to
conclude that

61:0>

< VP<SQP(771‘2 +&)>2(M + ﬁcf)Q)

]P’( sup {; > 2(MA4V\o)?

< WIP(sup n; +sup & > 2(M + \/XG)Q)
< WP(SL}P ;> (M + \/XU)Q) + W(Sup &> (M + \/X0)2>
< 4’76_)\;2. Z

Similarly, note that for any ¢ > 0,

P(inf& < —IM -2V o + 1

61:t>

< yp(mf (00 + V2 + €2) < —2VIM — 2V\to + t)
< V]P’(inf(2\/z_fm +1) < =2VIM — 2V \to + t)

= 7P(infm <-M — \/XU)
< e M2,

Now we take t = 9(M + VAo)?, so that —2vtM — 2V to +t = 3(M + VAo)? >
2(M +V/Ao)?. Therefore, with probability > 1 — 5ye™/2, we have 75, < 3", m L, ()(i) for
such t. Also, by Lemma[2.5.1], with probability > 1—5ye~*/8, we know that Y, L (i) <
(VE+VAo)? = (3M + 4/ \o)2.

So in conclusion,

P(r, > (3M +4VA0)?) < 107e 5, VA > 0.

cov

Specifically, we have P(7, > 2((3M)2+\(40)?)) < P(1}, > (3M +4v/\0)?) < 10ye /3.

cov

Since v > 1, we know that when A > 161log ~y, we have ye™/8 < (ye=16)e=M16 < g=A/16,
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Therefore, we conclude that

Ert, = / P(rt, > t)dt
0

cov cov

cov cov

18 M2 oo
= / P(75, > t)dt + / P(7.5, > 18 M? + 32\0?) - 320%d)\
0 0

18 M2 16 log o0
< / 1-dt+ / 1-320%d\ + / P(rt, > 18M? + 32)\0?) - 3202d\
0 0 16 log~y

< 18M? + 16log~ - 3202 + / 1016 . 3202d\

16log~y

< 18M? + 51202 log y + / 10e=M16 . 3252d\
0

= 18M? 4 5120? log v + 512002.

Therefore, we deduce that Er; = O(M?+o%log ). Since t.,, = O(M?+0?), we obtain

cov cov

teoy = O(ETE ) = O(t,,, log ). O

cov cov

We remark that when v = 20(M 2/ *) i.e., when the chain does not deviate too much from
symmetry, using the remarkable theorem of Ding-Lee-Peres[36], we have t.., = O(t.,,). We
also note that since non-reversibility reduces hitting time, i.e., tp < #];(Corollary 3.1 of

[60]), then by Mathews’ bound (see, e.g., Theorem 11.2 of [67]), we know
teov = O(tnit logn) = O(ty,, logn) = O(tL,, logn).

However, this upper bound does not provide a smooth transition between the tight re-
versible bound and the non-reversible scenarios as Theorem [2.5.2

2.6 Summary

In this chapter, we used a density formula approach to study several problems on non-
reversible finite-state Markov chains and the associated 1-permanental processes, as well
as a larger class of related 1-permanental processes. After deriving a density formula for
this broad family of 1-permanental processes, we used it, together with non-reversible Ward
identities, to give unified proofs of several isomorphism theorems for non-reversible Markov
chains. We then applied the density formulas to derive Kahane-type and Slepian-type com-
parison inequalities for 1-permanental processes. Finally, we applied the technique to bound-
ing the cover time of non-reversible Markov chains. The derived bound becomes tight in the
reversible case [36].

We believe that the twisted Gaussian density is a good substitute for the Gaussian free
field (GFF) in the non-reversible case (it indeed coincides with GFF when the Markov chain is
reversible). In light of this, for many previous results about reversible Markov chains proved
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via the GFF, one should be able to give a natural generalization (perhaps suboptimal) in
non-reversible scenarios using the twisted Gaussian density instead.

Another intriguing research question is as follows. In the Markovian case, the coordinates
of the 1-permanental vector corresponding to the kernel with psd symmetric part are the
total loop soup local times, where loops are sampled at rate 1. Is there a similar picture for
the general kernel with a symmetric psd part?
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Chapter 3

The Double Dixie Cup Problem on
General Graphs

Building on the coupon-collector and double-Dixie-cup discussion in Chapter [T} this chapter
studies the corresponding double Dixie cup problem for random walks on graphs. Specifically,
we study the marginal time to the second cover of a simple random walk on a finite connected
graph (V) E): the additional time after the first cover time needed for every vertex to be
visited at least twice.

Let M := E[max,ecy 7(v)] denote the expected maximum of the Gaussian free field pinned
at v, and let R := max, ,ev 7(u, v) denote the maximal effective resistance; see Section
for precise definitions and references. Note that M does not depend on the choice of vy. We
prove that there exist absolute constants C, ¢ > 0 such that

Py, (72) = 7o > C(IEIMVE)B + C(|E|R)8?) < Ce”
for all 5 > 1, for every finite connected graph G = (V, E) and every starting vertex vy.
On a full b-ary tree of height h (fixed b > 2), starting from the root vy, there exists

('} < oo such that
Py, (7(2) — Teov < Cy|E| hlog h) > 1—o0(1).

cov

This is proved via a variance analysis for inverse local time in the spirit of [38].

3.1 Introduction

We use the CT-SRW and cover-time notation from Chapter [I] In particular, £;(v) denotes
the degree-normalized local time, 7,,(¢) the inverse local time at vy, N;(v) the jump-time
visit count, 7., and r§§3 the first and second cover times, and A, := 70‘33 — Teov- We write
f(n) < g(n) or f(n) = ©(g(n)) to mean c1g(n) < f(n) < cag(n) for absolute constants

C1,Co > 0.
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Since holding times have unit mean, the discrete-time and continuous-time versions of
the random walk differ only by constant factors in asymptotic expressions. We therefore
work throughout in continuous time, for compatibility with local-time methods.

Our main theorem gives a general upper bound on the marginal time to the second cover
in terms of classical graph parameters. Let r(u,v) denote the effective resistance in the unit-
resistance network associated with G = (V, E), and write R := max, ey r(u,v); see [41]
68]. Let (n(v),v € V) denote the GFF pinned at vy, and set M := E[max,cy n(v)]; the
distribution of M does not depend on the choice of vg. See [37, 34] for the role of the GFF
in cover-time analysis and [77] for background on Gaussian processes and local times.

Using the generalized second Ray—Knight isomorphism theorem (Theorem together
with the concentration lemma for inverse local time (Lemma and an excursion decom-
position of the random walk, we prove in Theorem that for any vy € V,

Eu[Acor] = O(|E| MVR).
Since tyi, = O(|E|R) [23, 68] and t.., = O(|E|M?) |37, |34], this is equivalently
Evo [Tc@ - 7—cov] = O(\/ Uhit tcov)-

For full b-ary trees of height h, we obtain a sharper bound O(|E| hlog h) with high probability.

The rest of this chapter is organized as follows. Section states the main results.
Section contains the proofs, including the excursion decomposition and the inverse-local-
time arguments.

3.2 Main results on marginal cover time

We adopt the notation and conventions of Chapter [I} In particular, £} denotes the degree-
normalized continuous-time local time, 7y,,(¢f) denotes the inverse local time, and Ny(v)
denotes the jump-time visit count. We also use G, i, R, and M as in Section together
with the standard estimates

this = O(|E|R), teoy = O(|E|M?), R < 27 M?2.

The generalized second Ray—Knight isomorphism theorem (Theorem and the inverse-
local-time concentration lemma (Lemma are the main tools from the Overview used
below.

Throughout this section, (X;);>0 denotes the CT-SRW on a finite connected graph G =
(V, E) with i.i.d. Exp(1) holding times, started from vy € V.

A general bound for random walk on graphs

Our main theorem gives a sub-Gaussian tail bound for A, at the scale |E|M \/}_%, and hence
an expectation bound of the same order. The proof is given in Section
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Theorem 3.2.1 (General bound on the marginal time to the second cover). There exist
absolute constants C,c > 0 such that for every finite connected graph G = (V, E), every
starting vertex vy € V', and every 5 > 1,

P,, (ACOV > C|E|MVRS + C|E|Rﬂ2> < Ce, (3.1)

In particular, we have By, [Acoy] = O(|E| MN/R), which further implies that
]Evo [Acov} =0 ( Vit tcov) .

Corollary 3.2.2. If ty, = 0(tecoy) along a graph sequence, then we have
]Evo [Acov] = O(tcov>-

Remark 3.2.2.1. Applying Theorem for some typical choices of the order of |E|, R,
and M in Table yields the following bounds (up to universal constants):

e 2D grid/torus and full b-ary tree (b > 2 fized): |E| <n, R =<logn, M =< logn, hence
E.o[Ac] = O(n(logn)*’?) < teoy = O(n(logn)?).
e d-reqular expanders and star graphs: |E| <n, R <1, M =< \/logn, hence
Evo[Acor] = O(n+/log n) < teoy = O(nlogn).
e Hypercube (n =2%): |E| < nlogn, R=<1/logn, M < 1, hence
Eyy[Acor] = O(ny/logn) < tey = O(nlogn).

The same substitutions can be made in the tail bound (3.1) to obtain explicit high-probability
estimates.

We remark that the correct order of E, [Acoy] for d-regular expanders and star graphs
is known to be ©(nloglogn) [86]. So our general bound is not tight for every instance.
However, it applies to every finite-state reversible random walk, and rigorously shows that
Ey [Acov] K teoy for many graph families of interest, so long as thiy < teoy (see Table .

We also have the following improved result for full b-ary trees.

Theorem 3.2.3 (Improved bound for full b-ary trees). Fiz b > 2. Let Ty,), be the full b-ary
tree of height h rooted at vy (so |E| < b" and |V| = (0" —1)/(b—1)). Then there exists a
constant C, < oo such that, as h — 00,

]P)UO <Acov < Cb’E’hlogh> Z 1_0(1)

The proof of this result for trees is given in Section [3.3]
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3.3 Proofs of the main results

In this section, we demonstrate proofs of the claimed results.

Proof of Theorem [3.2.1]

We begin by proving some useful lemmas.

Lemma 3.3.1 (Bounds on the hitting time). In the same setting as Theorem the
hitting time of the graph random walk satisfies |E|R < tn; < 2|F|R.

We include a proof in Section of the appendix.

Lemma 3.3.2 (Lower bound on the maximum effective resistance). In the same setting as

Theorem we have dypin R > 1, where dy;, := min,ey d(v).

We include a proof in Section of the Appendix.

Fix vy € V. Recall that 7,,(¢) is a stopping time defined in terms of the local time at
vp. Since Ty (t) depends on the continuous holding times, it is not a priori obvious how to
describe the law of the vector of local times L, ;) conditional on the vector of discrete visit
counts N ). The following lemma shows that, for each v # vy, the conditional distribution
of Lr, ) (v) given N} ) is given by a Gamma distribution.

Lemma 3.3.3 (Excursion decomposition at vy). Consider the continuous-time walk on a
finite connected graph G = (V, E) with i.i.d. Exp(1) holding times. Fix vy € V and t > 0.
Then for any v # vy and any k € N,

‘CTinv(t) (U) | {NTinv(t) (/U) = k} i Gamma’(k’ d(v))7

where Gammal(k, d) denotes the Gamma distribution with shape k and rate d, i.e. the distri-

d* k-1, —dx

bution on (0,00) with probability density function it e e > 0. Equivalently, it has

scale parameter 1/d.
Proof. One can construct the continuous walk stopped at 7i,,(¢) via the following procedure:

(a) (Number of excursions) Determine the number of excursions from vy € V up to 7, (t) as
Q) ~ Pois(d(v)t). This also pins down the number of visits to vy as Ny, ) (vo) = Q+1.

(b) (Generate excursions) Generate @) discrete excursions (via the excursion measure as-
sociated with vg), which will determine the total number of visits to any other node
v # vg, and hence determine N, ) (v).

(c) (Holding times) Given the number of discrete visits N, ) (v) = n, for each v € V,

generate L _«)(v) ~ Gamma(n,, d(v)) for each v # vy independently.
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]

Lemma shows that, for v # vy, the local time L, ) (v) conditional on the discrete
visit count Ny, ) (v) behaves as if we first sampled the discrete path (hence N, ) (v)) and
then attached i.i.d. exponential holding times at each visit.

Theorem 3.3.4 (Second cover level t). Let n := (n(v),v € V) denote the pinned GFF,
pinned at vy, i.e. n(vg) = 0. Write R := max,, r(u,v) and let M := E[max,cy n(v)], whose
distribution does not depend on the choice of vy. Let dyy, = mingey d(v). Fiz f > 1 and set
t:=3(M + BVR)?. Then

on(gg‘l} Nnnv(t)(v) < 1) < 7675 /16'

Proof. Let 7 be an independent copy of 7. Define

ErK = {Ivrélxl/l (ETinv(t)(v) + %77(0)2) 2 %2 R} .

By the generalized second Ray—Knight theorem (Theorem [1.1.1]), the random vector
(Lo (v) + %n(v)Q)vev has the same distribution as (3(n'(v) + @)Z)UEV. Since /2t =
M + VR,
Puy (&) = Puy (min (7' (v) + V20 < £R)
<P, <max(—n'(v)) > M + g\/ﬁ)
< e 73 (3.2)

where the last inequality is Borell-TIS for S~ := max,(—7'(v)) with variance proxy
sup,, var(n'(v)) = sup, r(vo,v) < R; see [16, 103} 3].
Let v* be a minimizer of v — N, ) (v) (ties broken arbitrarily). Then

on(mvin Nrinv(t)(v> < 1) < Py, (51%{) + Py, (Nnnv(t)(v*) <1, v" # vy, SRK)
+ IED@O (’U* — ’1)07 NTinv(t)<U0) S 1)

Step 1: the branch v* # v,. We split according to N, ) (v*) =0 or N (v*) = 1.
Case N

e (®) (U*) = 0. On this event £Z;v(t) = 0, hence &gk forces

nw)? > 2R = |nw) > 2VR

N |
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Since v* is measurable with respect to the walk (hence independent of 7),

Puy (Nro () (0*) = 0,0" # vo, Erk) (3.3)
< By [1{ N0 (07) = 0, 0" # 00} By (In(0")] > SVE| 07)]
< sw Py (In(v)] = §VR) < 2070 (3.4)
vF#Vg

Case Ny, )(v*) = 1. On the event {N, ) (v*) =1, v* # vy, gk} we have in(v*)? +

Liinv(t) > %QR. Condition on the walk and on v* (equivalently, on the discrete visit counts);

then by Lemma [3.3.3]

Lo o [ {Nnn (07) = 1, 0*} ~ Exp(d(v"),

and this holding-time randomness is independent of n(v*). Therefore,

PUO (NTimI(t) <U*) = 17 v* 7£ Vo, gRK)
< Eup [N 0(0") = 1, 0" £ 00} By, (300" + £ 2 SR [0")]

< sup P, (%n(v)Q +Z, > ’%ZR), (3.5)
eSO

where Z, ~ Exp(d(v)) is independent of n(v).
For a fixed v # v, apply a union bound splitting the threshold:

P,, (%77(”)2 7, > %QR) <P, (%77(1))2 > ’f—zR) + Py, <Zv > %R)
< 2P0 L B A R < 9e=B/16 4 o=(B/10)dmin B (3 6)

Combining (3.5) and (3.6 and then adding (3.4)) yields
P, (N

e () (V) <1, 0" £ g, SRK) < 4e P16 4 o(B2/16)dmin R (3.7)
Step 2: the brzanch v* = vy. By definition of 7,,(¢) and the degree-normalization, the
unnormalized amount of time spent at vy up to Ty (t) equals d(vg) t. While at vy, the walk
departs at rate 1, hence the number of departures from vy during this time is Poisson(d(vg)t).
Therefore

N.

Tinv

@ (Vo) <14 Poisson (d(vo)t),

and in particular

* JR—
]P)'UO (U - ,007 NTinv

@ (vo) < 1) =P, (Poisson(d(vo)t) = 0) — ¢—dwo)t

= 6_%d(UO)(M+6\/§)2 < 6_(62/2) dminR‘ (38)
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Finally, combining (3.2)), (3.7, and (3.8) gives
on(min Ny,.(v) < 1) < e P8 4 fe=B?/16 | o= (B*/16)dmin R | —(82/2)dminR
Using d,in R > 1, as stated in Lemma each term is at most e/ 16 hence the right-hand
side is bounded by 7e#/16, O
Proof of Theorem |3.2.1 Fix > 1 and define
to:=3(M+BVR?  t =1 (M-BVR)?.

By the standard exponential concentration for the cover time (e.g.|110]), there exist
absolute constants c¢q, co > 0 such that

on (Tinv(tf) S Tcov S 7_inv<t+)) 2 1— 016_0252- (39)

On the other hand, applying Theorem [3.3.4] at level ¢ =t gives

nv

IEDvo(E;%i\l;l Nr, (t+)(v) > 2) > 1- 76_B2/167 (3.10)

and on the event in (3.10) we have 7ia < Tiy(t+). Therefore, intersecting (3.9) and (3.10)),
we obtain ] 2
Puy (Acoy < Tinw(t4) — Ty (t-)) > 1 —cre™% — 777716, (3.11)

Apply Lemma with A = % at s =t,, and also at s =¢_ if t_ > 0 (if {_ = 0 then
Tinv(t_) = 0 deterministically). By a union bound, with probability at least 1 — 12e~#°/16 we
have simultaneously

Tv(t4) < 2t |El+ (BV/t4 R+ B°R)|E|,  mn(t-) > 2t_|E| — (BV/t-R+ 8°R)|E|.

Subtracting yields, on this event,

Ty (t4) — T (E2) < 2(t — )| E] + 6@(\/14 +\/t_)|E| +28°R|E|. (3.12)
We now bound the two deterministic terms. First, for all g > 1,
t. —t_ < 2MBVR+ B°R. (3.13)

(Indeed, if t- > 0 then t; —t_ = 3[(M + BVR)? — (M — BVR)?] = 2MBVR; if t_ = 0 then
ty —t- =3(M+ BVR)? < 2MBvVR + ?R.) Second,

\/E‘i‘ t_:(M‘Fﬁ\/E)‘\"/Q(M—B\/E)JrS\@

Plugging (3.13) and (3.14) into (3.12)), we obtain

(M + BVR). (3.14)

T (t4) — T (=) < C|E|(MBVR + B°R) (3.15)
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for an absolute constant C' > 0.
Combining (3.11]) with (3.15)) and the inverse-local-time concentration failure probability,
we conclude that there exist absolute constants C, ¢ > 0 such that for all g > 1,

P,, (ACOV > C|E|(MBVR + 52}2)) < Ce=, (3.16)

Let g(B) = C’\E|(Mﬂ\/ﬁ + BQR) for 5 > 1. Then g is increasing and ¢'(8) =
C|E| (M VR + Q,BR). Using E,, [Acov] = fooo Py (Acoy > u) du and the change of variables
u=g(p) on [g(1),00),

EulBeo] <910+ [ BB > 9(8) o(9) 3
< C|E|(MVR+R) + /oo (Ce®) O|E|(MVR + 28R) dp

= O(|E|(MVR + R)),

since floo e~P’ dp < oo and floo Be=F* df < .
Finally, using R = O(M?) (equivalently, vVR < CM), we have R < CM+/R, hence

]Evo [ACOV} = O(|E|M\/§)a

as claimed. n

Proof of Theorem [3.2.3

Let T be a full b-ary tree of height h (b > 2), rooted at vy (depth 0), with leaves at
depth h. Each of the b* vertices at depth k € {0,...,h — 1} has exactly b children, so

B =S b = b(zh_—11)’ and in particular |E| = ©(b") for fixed b > 2.

Fix a leaf v and let 7w(v) = (vg,v1,...,v, = v) be the unique root-leaf path, which we
call the spine from vy to v. Consider the walk observed only when it is on 7(v): whenever
it steps from some v; into an off-spine child subtree, it must return to v; before it can reach
any other spine vertex (since v; is the unique articulation point). Thus, if we record the
successive spine locations at the return times to 7(v), the induced chain on {0,1,...,h} is
a lazy nearest-neighbor walk whose non-lazy moves from i go to ¢ — 1 or i + 1 with equal
probability 1/2. In particular, all hitting probabilities on the spine coincide with those of the

simple random walk on the path {0,1,...,h} (self-loops do not change hitting probabilities).

Lemma 3.3.5 (Two-visit level on a full tree). Given a full b-ary tree of size n and height
h. Let vy be the root of the tree. For any v > 1, if
t > (logb) h*> + ~h, (3.17)

then

. — i
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Proof. Fix any leaf v € V. We will prove the following fact first: at time 7,,(¢), the number
of root excursions is distributed as

Q) ~ Poisson(bt),
and the number of those excursions that visit v is
H, ~ Poi (t)
» ~ Poisson|( — ).
h

To see this, by definition of 7, (t), the (unnormalized) time spent at the root up to 7, (%)
equals d(vg) t = bt. Since the holding times are i.i.d. Exp(1), departures from the root during
its total occupation time forms a Poisson process of rate 1, hence () ~ Poisson(bt).

Fix a leaf v and use the spine viewpoint above. A root excursion begins by choosing
one of the b children of vy uniformly; it enters the unique top-level branch containing v
with probability 1/b. Conditioned on entering that branch, the trace chain on the spine
{0,1,..., h} starts at level 1 and (by the discussion above) has the same hitting probability
as simple random walk on the path, hence

Py, (hit level h before 0 | entered branch of v) = %
Therefore a given root excursion hits v with probability (1/b) - (1/h) = 1/(bh). Poisson
thinning then yields

H, ~ Poisson(E[Q] : %) = Poisson(f—i) = Poisson(%).

Condition on the event that the excursion hits v. In the trace chain on {0, 1,..., h}, after
the first hit of A the next move is to h — 1, and the probability to return to A before hitting 0
when started from h — 1 equals (h—1)/h. Thus the number of additional returns to h before
absorption at 0 is Geometric(1/h) on {0,1,2,...}, giving the following compound—Poisson
formula for the total number of visits to the leaf v:

H, N
S, < Z(l +G,), G, K Geometric(1/h).

i=1
From the representation of S,
Puy(Sy £ 1) =Py (Sy = 0) + Py (Sy = 1)

t
= Boy(H, = 0) + By (H, = DBy (G = 0) = " 4 (Tet)

1
h h’

There are b" leaves, so by the union bound,

¢
P,, (bn;ifg S, < 1) < bhe‘t/h<1 n ﬁ)
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Under (3.17)), we have b'et/" < bre=(0eWn=7 = =7 and ¢/h? < logb + v/h, yielding the
claim.

Finally, if u is any internal vertex and v is any descendant leaf of u, then every visit to
v forces a visit to u, hence N, ) (u) > S,. Therefore, the same level ensures two visits for
all vertices as well. O

On a tree, conditioning on the local time at a vertex w separates the walk into independent
excursion processes into the disjoint child subtrees below w. This gives a natural top-down
(root-to-leaves) generation of {Lr, ) (v)}: given L ), the occupation fields in the subtrees
rooted at the children of w are conditionally independent, and their marginal laws are driven
by Poisson counts of excursions. This is exactly the mechanism used in Ding—Zeitouni
(Lemma 3.6 and its proof) [3§].

Lemma 3.3.6 (Variance of inverse local time on a full b-ary tree). Let T be a full b-ary tree
of height h. Then for allt > 0,

V&I"(Tinv(t)) < Cb*t,
for a constant C = C(b). Equivalently, since |E| < b",
Tme(t) = 2t|E| £ O(|E|Vt)  in L2

Proof. Recall that 7, () = > oy d(v) Ly, »(v). Fix u,v € V and let w = u A v be their
least common ancestor (LCA), with depth k& = depth(w) € {0,1,...,h}.

By the tree Markov property for the excursion decomposition (see the proof of Lemma 3.6
in [38]), conditional on L, _«)(w), the collections of local times in the different child subtrees
of w are independent. Also, for every descendant x of w,

E(Lrt)(@) | Loty (w)) = Loy (w).
Thus, whenever u and v lie in different child subtrees of w,
E (L (1) | Loy (W) = Loyy(w) and  E(Ly, () | Lo, (W) = Lo, m(w).

Consequently,

E(Lr ) ()L (v) = E(E(Cnm(t)(u)ﬁnm@) () | Loty (w)))
= E((Lr(w))?) = £+ var (L, o (w)),

and hence
cov (L) (W), Lo (v) < var(Lo, @(w)). (3.18)

(When w = u or w = v this inequality is also immediate.)
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For a vertex w at depth £ > 1, the one-dimensional spine reduction implies that
) t
Lo w(w) ~ PmGamma(E, k),

in the notation of [38]: a compound Poisson sum SV Y; with N ~ Poisson(t/k) and

Y; b Gammal(k,1). (For b > 2 this is the same spine computation as in the binary case;
only constants depend on b.)
Using E[Y;] = k and var(Y;) = k, the compound-Poisson variance formula gives

var (Lo, »(w)) = %(k + k%) < 2tk. (3.19)

Combining (3.18)—(3.19) and bounding degrees by d(-) < b+ 1,

var(Tiny (1)) = > d(w)d(v)cov(Le,, (1), Lr,, @) (v)) < 2t(b+1)* Y k(uAv),

u,weV u,veV

Group ordered pairs (u,v) by k = depth(u A v). There are b* choices of the LCA at depth
k, and for each such LCA the number of ordered descendant pairs is < (0"~*)2. Hence

h h
> k(uAv) S kU 0F? =Y kbF < b
u,veV k=0 k=0

since )50 kb™" < oo for b > 2. This yields var(rin(t)) < Cb*"t for some C' = C(b). The
equivalent statement follows from E[r,,(t)] = 2t|E]. O

Proof of Theorem[3.2.3 Set

t. := (logb) h* + ~h, v := 3logh.

By Lemma [3.3.5]

P (min N_
Vo ueV Tinv

@) =2) = 1—c7 (1+logh+ 1) = 1-h2

for all h large enough.
On this event, every vertex has been visited at least twice by time 7, (4), so

) < (t). (3.20)

cov

By the Chebyshev inequality and Lemma |3.3.6} for any a > 1,

C
]P)vo("rinv<t*> — 2t*‘E|| Z a|E’\/t_*> S ?
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Taking a = log h and using /t, = O(h) gives, with probability > 1—O((logh)™?) = 1—o0(1),
Ty () < 2t,|E| + O(|E| hlog h) = 2|E|(logb) h* + O(|E| hlogh).
Together with (3.20]), we obtain

72 < 2|E|(logb) h* + O(|E| hlogh)  with probability > 1 — o(1). (3.21)

cov

Now recall that Ding—Zeitouni [38] (proved for b = 2 and stated there to extend to
any b > 3, see Lemma in the appendix.) gives that 7., has the same leading term

2|E|(log b)h* with a second-order correction of order —|FE|hlog h. In particular, there exists
Co = Cp(b) such that, with probability 1 — o(1),

Teov > 2|E|(logb) h* — Cy |E| hlog h.

Combining with (3.21]) yields

78 — 7w <O(|E|hlogh)  with probability > 1 — o(1).

cov

Since |E| < n and h < logn for a full b-ary tree, this is O(nlognloglogn), as claimed. [

3.4 Summary

The general bound obtained in this chapter is not always sharp, as shown by stars and ex-
panders. Nevertheless, it identifies a broad regime, tn;; = 0(tcov), in which the marginal time
to the second cover is asymptotically smaller than the cover time itself. The sharper estimate
for full b-ary trees further suggests that graph-specific arguments can improve substantially
over the general inverse-local-time bracketing method.
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Chapter 4

On Statistical Estimation of
Edge-Reinforced Random Walks

Reinforced random walks (RRWs), including vertex-reinforced random walks (VRRWSs) and
edge-reinforced random walks (ERRWs), model random walks where the transition proba-
bilities evolve based on prior visitation history [79, 50, 99, |L06]. These models have found
applications in various areas, such as network representation learning [109], reinforced PageR-
ank [56], and modeling animal behaviors [96], among others. However, statistical estimation
of the parameters governing RRWs remains underexplored. This work focuses on estimating
the initial edge weights of ERRWs using observed trajectory data. Leveraging the connec-
tions between an ERRW and a random walk in a random environment (RWRE) [82, 81], as
given by the so-called “magic formula”, we propose an estimator based on the generalized
method of moments. To analyze the sample complexity of our estimator, we exploit the hy-
perbolic Gaussian structure embedded in the random environment to bound the fluctuations
of the underlying random edge conductances.

4.1 Introduction

Statistical estimation of Markov chain parameters from trajectory data is a well-studied
problem. However, many real-world processes, from animal foraging to web browsing, exhibit
path-dependent behavior that cannot be captured by a fixed transition matrix. Reinforced
random walks provide a natural framework for such phenomena, but the statistical problem
of recovering their governing parameters from observations is far less understood than its
Markovian counterpart. This chapter takes a step in this direction, focusing on the estimation
of initial edge weights in edge-reinforced random walks.

The definitions and structural properties of VRRW and ERRW are reviewed in Sec-
tion [I.2] One key distinction is that ERRW on a finite connected graph visits every vertex
infinitely often almost surely, whereas VRRW can localize. This follows from the random-
environment representation: for any vy € V and A € Rf +, the ERRW with initial weights
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A is a mixture of reversible Markov chains (Theorem [1.2.1]), each of which is irreducible on
G since all conductances are almost surely positive.

ERRW as a random walk in a random environment

Via the random-environment representation (Theorem and Section7 the normalized
local time of an ERRW converges to the stationary distribution of the random conductance
environment W ~ p,,, 4. The explicit density of fi,, 4, i.e., the magic formula, is recalled
here since it is needed for the moment and KL computations in this chapter.

Fix a reference edge ey € F incident to vy, work in the gauge w., = 1, and write

Ay =D oy e a0 Wy ==Y Wy,. Then

B wv He ae—l
Aptyy A (W_e,) = ZUW4 2 Eiﬂ Z H We dW_e,, (4.1)
HUGV U) TeT eeT

where w_g, := (We)exe, and the normalizing constant is

aVI=1)/2 . HeEE I‘(ae)
21*\V|+ZeeE Qe HveV F(%(av +1— ]—vzvo))

Ly, A = (4.2)

Here 7 is the mathematical constant, and T denotes the set of all spanning trees of G.

Since (G is finite, connected, and all conductances are almost surely strictly positive,
the quenched chain has a finite cover time, and therefore the ERRW cover time t.,, :=
max,, EPUO 4[Teov] 1s also finite. The finiteness of t.,, determines how long a single trajectory
must run before the quenched environment can be reliably estimated, and will be a key input
in the sample-complexity analysis.

The estimation problem

We are interested in the problem of parameter estimation of ERRW using sample trajectories.
Given the graph structure and the sampled trajectories, we want to recover the list of initial
edge weights Lo = A.

Formally, given a connected simple graph G = (V = [n], E), vg € V and A := (a,)ecr €
Rfj we obtain K > 11i.i.d. ERRW sample trajectories of length 7" > 1 on graph G with
startmg point Xy = vy and initial local time Ly = A. We denote these sarr}ple trajectories
as {X k |O <t<T1<Ek< K}, and we want to find an estimator A such that the
error criterion d(A, A) is small enough with high probability. We assume that all the initial
edge weights are bounded above and below by positive constants. We assume that a <
min.cg a, < max.cg a. < a for some positive constants a,a that do not scale with n.

1To be precise, G and vy are observed while A is not.
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To be precise, we want an estimator A that is an entry-wise e-multiplicative approxima-
tion to A, with high probability. This motivates us to consider the following ratio-based
divergence between two entry-wise positive sequences A, B € Rf 4

A.. B..
d(A, B) .= UL 1),
(4, 5) ig)eE (max{BifAij} )

It is straightforward to check that we have: (i) d(A, B) > 0; (ii) d(A, B) = 0 if and only
if A = B (iii) if d(A, B) < € for some € € (0,1) then A is an entry-wise e-multiplicative
approximation of B, i.e., (1 —€)B;; < A;; < (1 + ¢€)B;; for every {i,j} € E.

Informally speaking, when K and T are large enough, we should be able to recover A with
arbitrarily small error. But fixing the error level ¢ > 0 and a confidence level § € (0, 1), how
many samples are sufficient for the recovery of A by an estimator A with error d(A, fl) <e
with probability > 1 — ¢ (upper bound)? How many samples are needed to do so (lower
bound)?

4.2 Insufficiency of a single trajectory

As stated in section , fixing G = (V,E), vy € V and A € RY, we observe K > 1 i.i.d.
sample trajectories of length T > 1 from P4 and want to estimate A. This statistical
question arises in modeling user website browsing behavior via an ERRW. The vertices of
G are the websites, and the network links between websites form the edges in G, while the
vector of initial local times A encodes the prior preferences of the population: larger weights
correspond to more “preferred” links. Given a segment of users, one assumes each user’s
browsing log is generated by PY%4  with v, representing a common entry point (e.g., a search
engine). Here ERRW serves as a way to capture the users’ self-reinforcement behaviors.
Given users’ weblogs, which are treated as i.i.d.sample trajectories, we then aim to recover
A. Alternatively, in a personalized context, where we have a single user, multiple contin-
uous browsing sessions can each be viewed as an independent ERRW trajectory, capturing
short-term memory effects within that session, and assuming independence between different
sessions.

Several works in the literature illustrate some similar modeling approaches:

e |79,|109] modeled user browsing with reinforced random walks, then ranked the websites
using certain averaged visitation statistics over multiple observed trajectories.

e [14] employed a variant of ERRW to model taxis’ trajectories, assuming each follows
the same underlying distribution.

e [89] examined potential applications of reinforced random walk variants in model-
ing tumor angiogenesis. To infer the model parameters, one can likely obtain near-
i.i.d.sample trajectories under controlled lab conditions.
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Thus, for a wide range of potential applications, one can frame the task as estimating
the model parameter A given multiple sampled i.i.d. ERRW trajectories.

We now introduce some standard statistical notation. The total variation distance be-
tween two probability distributions on a measurable space (X, B) is defined, as usual, as
drv(Px,Qx) :=supgeg (Px(B) — Qx(B)). Recall that if Py and @ x are probability distri-
bution on the finite set X we have

drv(Px, Qx) : Z Ipx (z) — gx(@)].

xEX
The Kullback-Leibler (KL) divergence of Py with respect to Qx is defined to be oo if Py
is not absolutely continuous with respect to Qx, and is defined to be Dkp(Px||Qx) :=

Ep, [log 4Py (X )} otherwise. Pinsker’s inequality, see e.g. Theorem 4.19 of |17], relates KL
dlvergence and total variation distance by

drv(Px,Qx) < \/%DKL(PXHQX)-

We use the notation Xij ={X;,- X for0<i<;j<T.

When estimating the transition matrix of an irreducible finite Markov chain, given a
single trajectory that is long enough, one can expect to recover the model parameters in
the limit of large trajectory length. However, we will argue in this section that a single
trajectory, even if infinitely long, is not good enough to recover the parameters (i.e. the
initial edge weights) for ERRW.

Consider a scenario where we have a sample trajectory coming from either P24 or ngré,
with the same graph structure G = (V| F) and the same starting point vy € V. We want
to test the null hypothesis Hy: “the initial weight vector is Ly = A” against the alternative
hypothesis H;: “the initial weight vector is Lo = A”. To do so, one designs a testing algorithm
A that takes some trajectory X OT of the ERRW (assumed to be generated under hypothesis
© € {Hy, H,}), and outputs a decision whether X{ is generated from P04 or it is generated

errw
from ]ngr;é The testing error of this algorithm is defined as

£ = L(BLAXE) = Hy |0 = Hy) + BIA(X]) = Ho|© = Hy)).

In hypothesis testing language, this is a combination of Type-I error which is defined as
& = P(A(X]) = H,|© = Hy), and Type-II error which is defined as &; := P(A(X]) =
Hy|© = H;). This testing error & is also referred to as the Bayesian error of the testing
procedure under the uniform prior. &£ being small is equivalent to both Type-I error and
Type-II error being small. A good testing procedure should make the testing error £ as
small as possible.

Let us denote a trajectory generated from Hy as X! and another independent trajectory
generated from H; as ng . Recall that for any ERRW, one can naturally couple it with
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an RWRE. Let us assume that the random environment for each trajectory is W and W,
respectively. Under such a coupling, we have Markov chains A — W — X; Tand A — W —
XT. We then have

PO WS = [ Etiom o s (GENGHE - G5 ) o

Since pXT‘W(xaw) = pXT|W(xOT|w) as they are both the probability of generating tra-
jectory xl from a simple random walk P we conclude that

SsTw )

X 1} w
Dy (X{, WX, W) :/ZngIW(xglw)pW(w)IOg (iw( )> dw

0 w (w)
= w) 10 p—W(w) w
= [ ’fg(mv(w))d
— D (W), (43)

In the first equation above we used the total probability rule. On the other hand, we
also have pxg\w(mg’w)pw(w) = Pxr (%T)pmxoT (wlzg). Hence,

S pXT< g) pW|XT(w|‘T0T)
Dy (XE W XE, W /E pxr(zd)p w|x log( . - dw
KL( 0 H 0 XT 0 W\XT< ‘0) XT< g) pW|5{OT(w|J:g)
T
T T pxg(%))
= Pxr (g ) pw xr(w|z log<— dw
| X psptalms e ios (1
o
T
Pwxr (w|m0)>
pxr(xy)p wlx log(— dw
+f > g v ol o (G
0
=Dyt (Xg | X5) + E pxr (20) D (WX = 23 } [ {W[XG = 2}). (4.4)

g
Notice that we used [ py|xr(w|zg)dw =1 in the last step, and
Dy ({WXg = g} ([ {W|Xg = a5 })

is the conditional KL divergence between the law of two conditioned random variables
(WX = xo} and {W|XT = 2T}, Therefore, by non-negativity of KL divergence, combin-

ing Eq. ( and Eq. ( . we conclude that

D, (X1 XT) < Dy (XE, WX, W) = Dger,(W||[W).
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By standard results in hypothesis testing, we also know that the best testing error £* is
* 1 %
€ =51 —drv(Xy, Xg))-

Using Pinsker’s inequality together with Section we have

1 1 ~ 1 1 ~

For some sufficiently small constant € € (0,1), if we can construct A and A such that
d(A, A) > e, and Dx,(W||[W) = O(é?), then any algorithm that tests H, against H; will
incur error that is at least 3 — O(e). The performance is dismal if € is small enough (close
to randomly guessing which hypothesis is correct).

We now plug in the mixing measure, Eq. , into the KL divergence formula and obtain

D W) = [ 1og (Hemalt) [y g, )

Z - % ae—1 %(&“""1)
_ /10g< vo, A Wayg HeeE We . HUEV Wy

Llap+1) 1 ~
ZUO7A HUEV wg ’ ng HeEE wge—

) Ay, (W)

1

Z ~ wae Qe
= log U—O’A -+ /log HSGE d,uq,o A( ) (45)
ZUO,A Hvev wz(av ay

To calculate the second term in the equation above, we need to use some tricks. Fixing
arbitrary e € E and taking the derivative of both sides of Eq. (4.2) with respect to a., we
obtain

1
o) O [ wi [[epwie
—Zppor = / ( T Z Hwe dw_,
da. e Oae \ 1 w2t )\ il
1 UO HeEE ’LU !
— /REl (logwe —3 Zlong) Tt Z Hwe dw_.,
++ vEe HveV wy TET e€T

1
— UO’A/<logwe—§Zlong>dumﬁ(w).

vee

Here we used the fact that ;2w ™! = (logw.)wt~'. Also, for any v € V\{vp} that

is incident with e, we have aiwv 3t (— 3 (@)

Avg

1 5 log w, )wy ; and for vy, we have

1
9 20vo __
Dae wvo - <_ 2 10g Wy )wvo
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Scale the above equation by (a. — @) and then sum it up over all e € E. We then have

> (ac—ac) - aa A = Zop At Y ( — d / (Inge - %Zbng)duvo,fx(w))

ecE ecE veEe

~ g [ (Tto-a o #)dum,m

eeE vee Wo

(ae—ae)
We
= ZyoA - /logl_I [lecr Ay, a(w)

(ae—ae)
ecE HUEe

He e‘le =
- cE Yy Ay, A(w). (4.6)
vey Wo

Here, in the last step, we used the fact that

H H Llae—ae) H H v% Qe—ic) H w? Sevee 5(ac—ac) H wé(av—dv)'

= Zy.a- [ log

ecF vee veV ewee veV veV
Therefore, combining Eq. (4.5) and Eq. (4.6]), we conclude that
- Zy A . ~ 0
Dy (W[W) = log - Zy'a > (ae—a) - 5 ZuA: (4.7)
vo, ecE €

Recalling the explicit formula for Z,, 4, Eq. (4.2)), we have

J 9 ( az(VI-D) [T.cpL(ac) . W)))

T 4= —— .
da, """~ Bag \ 2" Vs T, T((ay + 1 —

B a( rd0vI-D ) [es(ac)

T Oa \ 2V Eeepae ) T T(2(ay + 1= 1yy,))

. a3(VI=1) B < [T.cnT(ac) >
WV eerae  Ja \ [T,ey T(3(ay +1 = 1ymyy))

3(IVI=D) r
_ log2( 1jVI+Z ' P )
2 cepte [T T(3(ay+1—1yey,))
r2(VI-D [leep lac)

1 1
—i—(\If ae) — —\Il<— ay,+1—1,-, )) .
( ) % 2 2( 0) 21*|V|+266E Qe Hve\/ F(%(av +1— 11):1)0))
1 /1
:( —log2+ ¥(a,) Y 5\11(5(% +1- 1U:UO)))ZUD,A. (4.8)
vee
I ()

Here we used the notation for the digamma function ¥(z) := <L logI'(z) = T - 0 the

third equation, we used LT'(z) = I"(z) = ¥(z)['(z), and Cir(lz) —mf"(x) — T -
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Plugging Eq. (4.8) into Eq. ([£.7), and using Eq. (4.2) again, we derive that
1 1
Dgr,(W||W) —log —1—2 ( log2 + W¥(a) —UZ@é@(é(av—i— 11— 1U:v0)>>
_log (2&@‘? o MepP@) e TGlao+1- 1v:vo>>)
22cen e HvGV F( (G +1—1y)) [Teer T(ac)
1 1
—1—2 < log2 + ¥(a.) — Z§W<§(av+1—1vzvo)>>
eceE vee
~ (%(av +1-— v vo
:Z(ae—ae)log2+210g : Zl
eck veV F(i( +1- 1U UO
1 1
+; ( log 2 + ¥(a,) — ;@EW(i(av—l—l - 1,,:%))). (4.9)

We now construct the following instance. Fix a specific edge ¢ € E that is not incident
with vy and consider a connected d-regular graph with vertex set V' = [n] together with
weights a, = 1,Ve € F and @, = 1 + €l(e = €),Ve € E. We want to test the hypothesis
Hy : Ly = A against H, : Ly = A. We clearly have d(A, fl) = ¢. However, by plugging the
values into Eq. , it is not hard to compute that

(4

i S A
L% +39)

~ d+1
Dg,(W[W) = — €elog 2 + 21og +logT'(1+¢) +6<10g2—\11(1) +\If< 5 >>

d d+1 d+1
=— 2logF<% + 2) + 210gF<%> +1logT'(1+4€) + ve + W(%)e
Here we used the fact that I'(1) = 1 and ¥(1) = —v, where v ~ 0.577 is the Euler

constant. Using the Taylor expansion, it’s not hard to see that logI'(1 + ¢) = —vye +
sU'(1)e + O(*), and

d+1 € d+1 d+1\e 1 d+ 1\ €
log (%5~ +5) =toaT (5= ) + ¥(5= )5 + 5% () 7 +0@)
og 5 +2 og 5 + 5 2+2 5 + O(e”)

Using these Taylor approximations, we can compute that

2
Dgr,(W||W) = (2@’(1) — (%)) GZ + O(é%).

Since ¥’ is positive on (0, co) and strictly decreasing, we have 20/(1) > 20'(1)—¥/(2) >
U'(1) > 0 whenever d > 2. This means that Dk (W|W) = O(e?). By the previous
discussion and Pinsker’s inequality, we know that any testing algorithm will have test error
> & = 1 — O(e), which would be close to 3 when e is a small constant. Therefore, for any
small enough constant € > 0, there exists an instance where d(A,fl) > €, but any testing
algorithm will have performance close to random guessing in terms of distinguishing whether
Hy or H, is true if only given a single trajectory, even if it is infinitely long.
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Remark 4.2.0.1 (Positive-integer-valued edge weights). A special case would be the scenario
when all the initial edge weights are positive integers within some fized range {a,a+1, -+ ,a—
1,a} for some a < @ both in Ny. In this case, since there are only (@ — a + 1)|E‘ possible
choices of initial edge weights A, one may expect to pin it down given enough samples.
Howewver, essentially the same analysis as above can be used to conclude that a single
trajectory would not be enough in this case either. To see this, note that for any two different
initial weights A, A in this case, the optimal testing error is £* = 11— doy(XE, X)) >
%(1 — dpy (W, W), where we used data-processing inequality for total variation distance in
the second step. According to the magic formula Eq. , drv (W, W) 1s going to be some
positive quantity bounded away from 1, because dfi,, a(w_e,) and dqu,A(w_eo) share the same
support and each has a positive continuous density. Therefore, £* will be bounded away from
0 and a single infinitely long trajectory will not be able to drive the testing error to 0. 0

This suggests that we have to use multiple trajectories if we want to recover the param-
eters A. Based on the coupling with RWRE, we will explore the following natural two-level
learning algorithm:

e From the independent trajectories { X @} ... LXENT we construct estimators, de-
noted as W ... W for the corresponding random environments W ... W &K).

e Interpret the estimates WO . W a5 approximately i.i.d. samples from the mixing
measure dfi,, 4, and recover A from these approximate samples.

To make the algorithm work, we need T' large enough so we can estimate W’s well enough.
At the same time, we also need K large enough so we can then estimate A well enough.
Informally speaking, the above algorithm follows from the philosophy that A — W — X[ is
a Markov chain, so any information we can infer about A from X! is essentially contained
in the information that we know about W from XI. Hence, inferring W given X[ first
and then inferring A from W gives a natural algorithm framework for our purpose. The
algorithm we are going to present has a more intricate design than the outlined scheme, but
its core concept still centers on leveraging the random environment inherent in ERRW.

The maximum likelihood estimator

Before discussing our algorithm, we deviate a bit to consider the following maximum like-
lihood estimator and see why it may be difficult to make it WOIkE| Given K trajectories
{X (k)Y : k € [K]}, let’s denote the number of undirected edge crossings in the trajectory
k € [K] as {M.(k),e € E}. In other words, we have M, (k) := L5(k) — L§, for any e € E and

2We do not exclude the possibility of using this method in practice. It could still perform well on
empirical data despite dismal performance in the worst case, and many local optimization algorithms like
gradient descent are very eflicient.
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k € [K]. For every k € [K] let {N,(k),v € V} denote the number of outgoing transitions
from vertex v (note that we have Y  _., N,(k) =T for all k € [K]). Then we have

veV

PoA(X (k)Y = 2(k)L Wk < K) = ﬁ [T T2 (e + 1)

errw Tog (k) —1 ] oo ()= ' .
k=1 Hz:% (avo + 22) H’UEV\{UQ} H (k) (CLU + 27 + ].)

This is rigorously proved as Lemma 3.5 in [61]. A natural estimator can be obtained
via finding the optimal (a}, e € F) that maximizes the log-likelihood. However, finding this
optimizer can be computationally hard, as this log-likelihood function is non-concave in the
parameters {a. : e € E} in general.

4.3 Estimation via a generalized moment method

To recover A, let’s construct some statistics to help the estimation procedure. Note that, by
the magic formula, fixing a special vertex vy € V and a special edge eq € F that is incident
with vy, we know that

-1
w2 [[.cpwie
_ r7—1 vo eGE
g ali-e) = 23ty STt 2 ST
[Loey wd TET e€T

with the normalizing factor Z,, 4 given as in Eq. . Recall that in this formula we have
We, = 1.

Without loss of generality, we can assume that the random walk starts at a vertex vy
that’s of degree deg(vy) > QH Denote the transition matrix induced by the random weights
W by (Pij)ijev. Thus P; = MM/,J for any 4,j € V. Note that P; is thought of as a random
variable.

Define the matrix U by

P P’L? if e = .7 . E7
U, = i fe={ij}e (4.10)
0, ifiney.

Note that U;; = U;; when i ~ j, so we can write this common value as U, where e = {7, j} €
E. We remark that similar quantities are also studied and used in [81] (e.g., Equation (6))
to prove the magic formula. We claim that we then have the following moment formulas
involving Evo.4(y/U,), ELX4(U,), ete.

errw errw

3The case where we start from a degree-one node vg with initial weights A is equivalent to the case where
we start from the unique neighbor of vy with initial weights A’ that differ from A only by 1 at the unique
edge that vg is incident with.
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Lemma 4.3.1 (Moment formulas). Consider an ERRW on a connected graph G = (V, E).
Given a verter vg € V with degree deg(vg) > 2 and initial edge weights A € REJH we
sample a random environment W according to the mixing measure in Eq. . Denote by
P = (Py)ijev the random transition matriz induced by the random conductances W. Let
U := P;;Pj; for any e ={i,j} € E. Then we have

P(3(a; + 1 — Lim )T (3 (a5 + 1 = 1;-,))
B (yVT,) =2 . 22 0o =0 Ve = {i,j} € E;
2 T(3(ai+2— 1)) (5(a; +2 = 1,-,))
1
E(U,) = (0 1 1) Ve = {i,j} € E;

(al +1-— 1i=v0>(a’j +1- 1j=’Uo)’
ac(ae +1)(ac +2)(a. + 3)

EU()A U2 |
errw( 6) (ai +1— ].i:vo)(ai +3 - 1’i=v0>(a]’ +1— 1j=v0)<aj +3— 1j:v0)
Ve = {Za]} S E,
EA(U.U.) = Ge(c + 1) | a(aw + 1) ,
(@ +1—1—p)(a; +1—1;_) (ar+1—1p—p)(ar+1—11—y)
Ve ={i,j},¢ ={k1} € F;
Evo A(U U ) ae(ae + ].)Cl,e/(ae/ —+ ]_)

(@i + 1 = Licyy)(ar +1 = Lpmyy) (a5 + 1 = Ly, )(a; + 3 — Lj—y,)’
Ve={i,j}, ¢ ={j,k} € E.

Here I'(x),Yx > 0 is the Gamma function, and in the conditions above we assume that
1,7, k, 1 are mutually distinct vertices.

. . W,
Proof. Consider some edge e’ = {7, j}, we know that \/P,; P;; = oA and

w] [Tepwée™
Eie}grvé( Ue’) = dﬂv A( ) - ZUIA/ 2 eeE’ E We dw_ e 4 11)
Vi : [Leyw @+ TeTeell .

In the above equation, we let a, := a. + 1(e = €’),Ve € E. From Eq. (4.2), we know that

1
3 a,—1
Wao HEGE We* d _
(al,+1) We w—eo - Uo Ay
[Tev ws TET e€T
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hence we conclude that

EZ&V@(\/U_@) _ ZUO,A’ _ QZEGE a/e . Hvev F( (av +1- 1fu vo>) He
Zg, A 22 e e HeEEF( ) H % (%( 1,= vo))
_ 9 een(ac—al) | [Toev TG00 +1 = 1yy)) [Toep T(a )
[Lev D@, +1—1,my)) I'(ac
P(5(ai + 1= 120))(5(a; +1 = 1))
(3ai +2 = 1ic )T (a5 +2 = Limy))

(4.12)

In the second equality above, we used Eq. (4.2)) again. This proves the first equation in
Lemma [4.3.1] Similarly, we also have

v0,A 2 ZUO:A”
IE:431“rw<[] ) = W+ d:uvo A( ) = Z A :
1Y o,

Here ¢ = a.+2-1(e = €'),Ve € E. We can then use Eq. (4.2)) to conclude that

Evos A(U ) _ 1 . F(%(al +1- 1i:v0))r(%(aj +1- 1j:1)0)) . F(ae’ + 2)
i (U] = L a3 T TR0 + 3~ Lym)) Ta0)
1 1
= — . . ae/(aex + 1)
4 (@i +1—Timy) 5l +1— 1)

CLe/(CLe/ -+ 1)
(ai +1- 1i=vo>(aj +1- 1]'=Uo).

(4.13)

Here we used the fact that F:?L)l) = ¢ for all z > 0. This proves the second equation in
the lemma.

Now let us fix any two edges ¢’ = {i,j},¢” = {k,l} € E s.t. |¢ Ne’| =0, and consider
the random variable Uy U.r. Since |¢/ Ne”| = 0, it’s straightforward to compute that

2/ 2// Zv
B (Uato) = [ 20 My ) = S

w;w;  Wrwy ’ Ly A
1 D50 41— Limy))T(
4 F(i(ai +3—1,-,))(

(¢ +1—1j—)) T(ac+2)
(aj +3 = 1j-y)) I'(ae)
(
(

sla+1-1y,)) T(aw +2)
s +3-1_y))  T(aer)
ae/(aef —+ 1) aen(ae// + 1)
(ai +1=1imy)(a; +1=15—y) (ar +1—Lp—yy)(ar+1—11—y)

(4.14)
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The intermediate steps are fairly similar to those in Eq. (4.11)) and Eq. (4.12), while we
have ol = a.+2-1(e=¢€)+2-1(e = €”) here. On the other hand, if ¢’ = {i,j}, ¢’ = {j, k}
for i # k, i.e., [ené]| =1, then

2

U)2/ w,
IwﬁUUw:/—L~ Gyt 4 ()

w;w;  WiWg

wg/wz// Z’U(],A(S)
= 2 d/J’UO7A (w) = Z
WiW5; Wy v0,A

1 T(3(a 41— Lim )T (3 (ar + 1 — 1i—y,))
‘Témaw+3—umnma%+3—hww
) F( (aj +1—1j=y)) F(% +2) F(aeu +2)
F( (aj +5—1;= vo)) I'(ae) ['(aer)

_ ae (ae + 1)aer(aer + 1)

a1 =Ty (ar + 1= Ty (aj + 1 — Ljmy ) (@ +3 — 1jmy,)
Notice that since ¢’ and €” have an intersection, so we have agg)
compared to the previous scenario.

Similarly, we can compute E2:4(U2) as

(4.15)

= a; + 4 in this case,

EZ&@‘(U?) / wa —5 5[k, A(w)
(%(al +1—-1;2 Uo)>F(%(aj +1- 1]'=U0)) . F(ae’ + 4)
(%(az+5 1= vo)>F(%(aj +5 = 1j=y)) [(ae)
aer(ae + 1)(ae + 2)(ae + 3)

= . 4.16
T VRN C7e B P [ R P [ 7 R v S
The intermediate steps are again similar to those in Eq. (4.11)) and Eq. (4.12)). H

If we could obtain estimates for each E*4(U,), e € E, from multiple trajectories of the

errw

reinforced random walk, then we can try to solve the set of equations

ac(ae. + 1) o]
EvoA U.) = s Ve = 2 € E’
errW( ) (ai +1— 11-:1)0)(6@ +1- 1j=v0) { j}
=Y a wer
ewvee

with E24(U,) substituted for by our estimate for it. However, it is non-trivial to solve for the
initial weights A directly from this set of equations. But from these equations, we know that
if we can approximate the value (a; +1—1;—y,)(a;+1— 1, JEXA(U,), for e = {4, j}, within
multiplicative factor (14€), then we can approximate a,(a.~+1) within the same multiplicative

factor, and moreover, we should be able to recover a, up to multiplicative error (1 =+ €) since
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(1—ez(x+1) <z(z+1) < (1+e)x(zr+ 1) z,2 > 0 implies & € (1 £ €)2f] To estimate
terms like (a; +1 — 1,0, )(a; + 1 — 1] w0 JERA(U,), for e = {i, j}, up to some multiplicative

errw

error, it suffices to approximate {E*4(U,),Ve € E} and {0; := a; + 1 — 1,_,, Vi € V} up to

errw
some multiplicative error e respectively.

Consider two edges e = {i,j}, ¢ = {j, k} such that i # k. Recall that by Eq. (4.13)) we
have

ae/(ae/ + 1)
(CL]' +1-— lj:v())(ak + 1-— 1k:7j0).

ac(ac 1) i (Uer) =

EXA(U,) =
<U ) (ai +1- ]-i:’Uo)(aj +1- ]'j:vo) o

errw

Using these in Eq. (4.15]), we obtain

EX2(UUp) = B8 (U)ELL (Ue) - =20 = EXN(U)ERL (Uy) - —2—,
errw( ) errw( ) errw( ) a] + 3 _ 1j:,UO errw( ) eITW( ) 0] + 2
where we recall that we defined o; := a; +1 — 1,-,,. This equation indicates that we can

estimate 0;’s via estimating the second moment V, . := E%4(U.U,.) and the first moments

errw

EAU,), EA(Uy). Specifically, Ve, e’ € E, if e and € intersect at one vertex j, then

errw errw

R0 (U, U, )

B8 (U ESia (U,) — EXi (U UL
From the moment formulas in Lemma one can see that E04(U,)EA(U,) >

errw errw

EA(U,U,), ie., U, and Uy are strictly negatlvely correlated. Therefore, we would like to

errw

approximate IE;‘;E;W(U Uy) and E2A (U ERA(U,) — E2A(UUy) up to multiplicative error
€ in order to approximate o; up to multiplicative error 2e. This procedure can be used to
estimate o; for any vertex j with deg(j) > 2, since in this case, we can find two distinct
edges that are incident at j. E|

On the other hand, for any vertex j of degree one and the only edge incident with it,

e ={i,75}, we have

(4.17)

Oj:

ae(a. + 1) _aj(a;+1) a;

EXA(U,) = = =
( ) (ai + 1— 1i:U0)<aj + 1-— 1j=’00) oi(aj + 1) 0;

errw

Here we used a; = a. since e is the only edge that incident with j. We also used the fact
that j # v since deg(j) = 1 while deg(vg) > 2 by assumption. Therefore, if we can estimate
Ev.4(U,) and o0;, we can then estimate o; = a; + 1 via

errw
0j=a;+1—1j_y =a; +1=0oEHU,)+ 1. (4.18)

4Note that if 0 < & < (1 —€)z, then 22 +2 < (1 —€)?2?+ (1 —€)z < (1 —€)2% + (1 — €)x, a contradiction.
Similarly, if 2 > (1+¢€)x, then 224+ > (1+¢€)?z+ (1 +¢€)x > (1+¢€)z2+ (1+€)z, a contradiction. Therefore,
we must have & € (1 +¢€)x.

°In our algorithm, we used an arbitrary pair of such e, e’ to construct an estimator for o;. We remark
that one can incorporate more pairs of e, e’ € E that intersect at j to possibly design a better estimator for
0j.
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Since vertex ¢ must have degree deg(i) > 2 given that deg(j) = 1 (else the graph has only
a single edge and is not of interest), we can indeed estimate o; via the procedure discussed
above.

Fix some small constant ¢ € (0,1). Assume that for any e € E, we can obtain an e
multiplicative estimator for E%4(U,), denoted as U.. Also assume that for any e,e¢’ € E

errw

such that |e N e/| = 1 we can obtain an e-multiplicative estimator for E4(U,U,) as Vi o,

errw

and an e-multiplicative estimator for A, = EW4 (U, )EXA(U,) — B4 (U.U.) denoted as

errw errw errw

Am/. We can then estimate the initial weights (a.,e € F) via the following procedure.

Algorithm 1 Estimation via generalized moments

Require: Estimators {U,, e € E} and {V. ., e,¢’ € E}, {Acu, e,¢ € E};
1: For every node i € V with deg(i) > 2, choose two edges e, ¢’ that are incident at i. Plug
in estimators of B4 (U.Uy) and EWo2 (U, )EvA(Uy) — E0A(UUy) into Eq. to
obtain an estimator for o; as:

2‘76 e’
b; = 2ree (4.19)
Ae,e’
2: For every node j € V with deg(j) = 1, let the only edge that is incident with j be
e = {i,j}. Plug in estimators of E¥4(U,), and o; (obtained in step 1, since i should
have degree at least 2) into Eq. (4.18) to obtain an estimator for o; as:

6; = 6,U, + 1. (4.20)
3: For every edge e = {i, j} € E, obtain an estimator for a. by solving the equation
z(z + 1) = 6,6,UL,. (4.21)

Take the unique positive solution as the estimator for a,:

. 1 /r .-
e = —5 + Z + OinUe. (422)

We note that Am/ is essentially an estimator for the covariance cov(U,, Uy ), albeit with a

sign flip. Assuming that the estimators U, and 6;, 0, are all positive (as will be evident from
Algorithm [2), Eq. is expected to yield one positive solution and one negative solution.
Here, we will consider only the positive solution. In the next section, we will see how one
can estimate the moments that we used to construct the above procedure. Specifically, we
will give estimators {U,, ¢ € E}, {V.o, e,¢ € E}, and {A.., e,/ € E} that entry-wise
approximate the corresponding quantities up to some small multiplicative error, and which
will be seen to satisfy the positivity requirement.
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Estimating the Moments

Let’s now consider the problem of estimating the following moments:

i. EvA(U,),Ve € E;

errw

ii. EA(UU), Ve, e € Est. lene| =1,

errw

iii. E0A(U)ERA(Uy) — E9A(UUy), Ve, e € E st. lene| = 1.
Recall that we are given K independent trajectories {Xt(k)]() <t<T1<k<K} from
Puo:2. Via coupling with RWRE, we denote the random conductance corresponding to the
k-th trajectory as W®*) and the corresponding transition matrix (also a random variable) as
P®). Let Ny;(k) denote the number of directed edge crossings over the edge e = {i,j}, from
i to j, in the k-th trajectory. For any m > 1, let H;;(k;m) represent the number of such
transitions among the first m outgoing transitions from ¢ in the k-th trajectory. Additionally,
let N;(k) denote the total number of outgoing transitions from i in the k-th trajectory. A

natural estimator for P*) is the simple counting-based estimator:

H“ffb;m) if N;(k) > m and i ~ j;

Y

P =4 if Ny(k) <mandi~j; Vi jeV. (4.23)

deg(i)’
0, otherwise.

Note that If’igk) depends on the choice of m > 1, but this dependency has been suppressed
from the notation for readability. Similarly, a natural estimator for U®) is then

(k) (k) oo ) )

(k) PP, Ni,jeVisto i~ g,

Uij = ! j . . (424)
0, ifin .

Note that IA]Z-(f) also depends on the choice of m > 1. Also, since (A]i(f) = U](f) for all i ~ 7, we

can write this common value as U¥, where e = {i,7} ={j,i}.
For any e € E, we can average over all {Ue(k)7 1 < k < K} to obtain an estimator for
E2A(U,). We summarize the estimation procedure as follows.

errw

Algorithm 2 Estimating the moments

Require: The trajectories {X (k)I', 1 < k < K} and the parameter m > 1;
1: For each trajectory, compute the local times and the corresponding estimator P ac-
cording to Eq. , as well as the empirical U-matrix U®) according to Eq. ;
2: Compute the average empirical U-matrix as

K
Uy =K' U v{i,j} € B; (4.25)

)
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Note that since ﬁij = Uji for all ¢ ~ j, we can write this common value as Ue, where
e ={i,j} = {j.i}

3: For any e, ¢’ € F s.t. |eNe'| =1, compute

Vo = K71y 000, (4.26)
k=1
as well as o A o A
A /. — / f / /0
Ae o — UeUe ‘/e,e 7 1 UEUe > ‘/6,6 ) (427)
' 1,  otherwise.

Note that each Ue(k), Ue, \7878/, and Aw/ depends on the choice of m > 1.

Given the above two procedures, the overall estimation scheme is just chaining them
together by feeding the outputs of Algorithm [2] to Algorithm [1]] We denote the average U-
matrix as U = K'Y 0 U®. (Here the matrix U%® is defined as in Eq. ) Informally,
for any e € E, we expect U, to converge in probability to EEOPZ{%W(UE) as K — oo. Similarly,
we anticipate U, — U, in probability as T — oo and m — oo with m being sufficiently
smaller than 7' that the probability of having made at least m transitions out of every
vertex approaches 1 for any fixed trajectory. Consequently, as K, T, m — oo, it is natural to
expect that U, converges to IEEOI{?{W(UG) in probability. A non-asymptotic sample complexity
analysis is provided in the next section.

4.4 Non-asymptotic analysis

To obtain non-asymptotic bounds on sample complexity, it is essential to deepen our un-
derstanding of the random conductance associated with ERRWs. In particular, leveraging a
“lifted” magic formula that links the random conductance to the so-called hyperbolic Gaus-
sian densities allows us to derive tighter bounds on the cover time of the graph and hence
yields a sample complexity bound for our estimation problem. The analysis of the cover
time is needed to understand how big we can choose the parameter m as T' grows.

The observation we exploit is that, given a connected simple graph G = (V, ), and initial
edge local times A = (a.)ecr, ERRW starting from node vy is equivalent in distribution to
the simple random walk with random conductance ) determined by the following process:

1. Generate independent 5, ~ Gamma(a,, 1) for each edge e € E.

6In the analysis later, we use the fact that the probability of {Je, e’ € E, [ene/| =1, U.U. < ‘7676/} is
eventually smaller than the confidence level 0 that we chose (when the parameters K, T, and m are large
enough). So letting A, . = 1 here is simply a placeholder for an error event.



CHAPTER 4. ON STATISTICAL ESTIMATION OF EDGE-REINFORCED RANDOM
WALKS 85

2. Given (B.)ecp, fixing ¢,, = 0, generate {¢; : i # vo} according to the following
hyperbolic Gaussian density:

1 (b1 5 Z. -
pﬁ(¢) = W e Ze:{l,j}EE/B (COS (¢l ¢J) 1)6 ZzEV\{UO}¢ Z H /Bee¢l+¢J.
TeT e={i,j}eT

(4.28)

3. Perform a simple random walk with initial weights

Q. := f.e? 1% Ve = {i,j} € E.

We remark that @ is related to the random environment W (Eq. (4.1)) in the sense that
{Qe/Qe, : € € E} will be equal in distribution to {W, : e € E}, as is proven in Section 5
of [92]. Since multiplying all conductances by a common positive scalar does not change the
transition matrix, () and W induce the same law for the random transition matrix P.

To distinguish the measure on () from that on W, we use v,, 4 to denote the measure on
Q. Note that there is no need to choose any edge ey incident on vy in the definition of v, 4.

The process above directly reflects the probabilistic essence of Theorem 1 and Theorem 2
in [92]. E] It offers an alternative perspective on the mixing measure, uncovering the indepen-
dent Gamma field (which we dub the fS-field) and the hyperbolic Gaussian field (which we
dub the ¢-field) embedded within the mixing measure. This perspective, highlighting both
the independence and the (hyperbolic) Gaussian nature, provides a more effective approach
to bounding the fluctuations of the random conductance.

In this subsection, let ) represent the random environment coupled with the ERRW. We
assume that § and ¢ are also naturally coupled with () and the ERRW, consistent with the
process described above.

Before proceeding with the analysis, we introduce the standard notations O, €2, and ©
to describe growth rates of functions:

1. f(x) =0(g(x)): f(x) < c-g(z) for constants ¢ > 0, x > zo (asymptotic upper bound);
2. f(x) =Q(g(x)): f(x) > c-g(x) for constants ¢ > 0, x > x (asymptotic lower bound);
3. f(z) =06(g(x)): c1-9(z) < f(z) < - g(x) for ¢1,¢0 > 0, x > x (tight asymptotic

bound up to constant factors).

Hyperbolic Gaussian measure on a tree

We begin by studying the supremum of the absolute value of the ¢-field on a tree. Studying
a tree serves as a simple case that illustrates the core idea needed in the case of general

"Theorem 2 in [92] uses a normalization condition that restricts the ¢;’s to the set {¢: >, ¢; = 0}, while
we restrict them to the set {¢ : ¢,, = 0}. One can deduce the formula we presented here from the one in [92]
by a simple change-of-variable.
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graphs. Consider an arbitrary orientation of each edge, where for any edge e = {i,j}, we
select either the directed edge @ = (i — j) or € = (j — i). Let E denote the set of directed
edges under this orientation.

Next, we define the gradient field of the ¢-field as V¢ : E - R, where for each directed
edge € = (z — j) € E the gradient is given by V¢(€) := ¢; — ¢;. This forms an edge field
{Vo(€): ¢ € E }, which can be shown to be comprised of mutually independent random
variables When the underlying graph is a treef| In the following lemma and its proof, we
identify az with a., where e is the unoriented edge corresponding to € € E. Slmllarly7 we
define B2 to be the same as its unoriented counterpart 3,. We use {yz: € € E} to denote

a realization of {Vo(?): € € E}.

Lemma 4.4.1 (Independence of the gradient field). Consider a tree G = (V = [n], E) with
a root vy € V', and positive edge weights given by A := (a¢)ecg. Orient all the edges towards
the root to obtain E. Let the o-field on this graph be {¢; : i € V'} and let the gradient field
be {Vo(€): € € E} Then the distribution of the gradient field is given by the following
product density:

a +§ 7; _ 1 B
297 (cosh(yz))~@?T2), vy e RE.

Proof. The hyperbolic Gaussian density is

1 — 2 2—(inie® Be(cosh(op;—a;)— - i
pﬁ(¢) = WT)/QG Ze:(z%g)eEﬁe( h(‘z)z d’]) 1)6 Zzev\{vo}d) H /32 2(¢1+¢]
=(i—j)€
1 L
- o (cosh(¢i—6;)—1) | ,—6i . 32 ,3(di+;)
T 2m)eDe H Ve faer T
e=(i—j)e
_ H /56 —Bz(cosh(¢i—0;)—1) ,3(9;—i)
’/T

e=(i—j)e

—¢i

In the second step above, we used the fact that e™ 2iev\{ug) 0 = Z—(isj)cB €
Using the change of variables yz = V¢(€) = ¢; — ¢;, we obtain

I dvz =[] do:
ek i#vo

This leads to the following expression for the probability density in the new variables:

H 1/65 —,8 (cosh(y )6_%?;?.

ecE

8Readers familiar with the Gaussian Free Field (GFF) may recognize similarities to the gradient-GFF
on a tree; the gradient components of GFF on a tree are also independent.
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Integrating out the independent Gamma field {3z : € € E}, with bz denoting the
realization of S, we have

be _, 1
- Ze ,—bz(cosh(yz)-1) ,—zye peeLe=t% qb-
() /Rn_l < LV 27 ‘ ‘ ) - T(az) ‘
+ €EF €ek
1 1 > 1
_ ( e~ 3V o be cosh(yz) b‘i@f deg)
2eh Ry V 27TF<GE’>
F 1

In the last step above, we used the so-called Gamma integral identity:

0; 01-1 -6
2 y0i-le=0atge 1 g, 6y > 0, 4.29
/ F(Gl)z e X 1,0 ( )
setting x = bz, 6y =ae+ %, 05 = cosh(yz). This concludes the proof. O

Using this characterization, it is not hard to get upper bounds on supz.z |Vé(€)| and
sup;cy |l

Lemma 4.4.2 (Upper bounds on supz.z |[Vo(€)| and sup,ey |¢;] ). In the same setting as
Lemmal{.4.1} in particular that the graph is a tree, assume that a < mingcp a. < MaXecp e <
a for some positive constants a,a. For any ¢ > 0, we have

2(c+a+3) o 2(c+a+3) _

onA <]P)’UOA > < cn

errw(supw )| 2 = n) errw(;; V(@) 2 =———"n ) <e
CAS

eckE =

errw

In particular, we also have PY°; A(supiev || > Mn) <e o,

Proof. Using Lemma we know that for any A such that Az < az for all € € E ,
F(CL—’ + l) 1 1
Yecgrelyel d :/ ( € 2 omayetielye h(vy= —(az‘+2))d >
el ze e cosh(yz 2
/R , p(y)dy - JJE VIl () (cosh(yz)) y

_ 61;[ /oo (1:/(217;? 3) —gy?ﬂglygl(cosh(y?)) (az )dy»

z)
+ 1 —ye 3 az
_ H/ ( az + 5) eV : 2 Al ) dy .
Vil(az) \eve +ev? eve + e—ve €
€Er

t\.’)\»—‘
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—ye — — —y= .
== < 1 and elvel < e¥? 4 e7¥7  we obtain

Using the inequalities =
2 \“7
zlyz| N
(e|y?|) ‘ )dye

Y ecEATlYZ € 2
/ e2ZecE p(y)dy < H/ (
: 1 L\ Varae)

_ > T(ag+%) az+l —(az—A2)ye
I/ (A = Jive

Here, we used the symmetry of the integrand (which is an even function) in the second
step. Using the inequality I'(az + 1) < 2/7['(az + 1) for all az > 0, ﬂwe conclude that

errw

Elod (X 2V < I gawt2_ 4T

Thus, for any 0 < 6 < a, we conclude that

|E|
Evo,A(eezg€E|V¢>(?)|> < 9@+2)|E| (L) .
- 0

errw
Q —

Thus we have the following tail bound for any o > 0 and any 0 < 6 < a:

|E|
Pm,A( Z ‘V(ﬁ(_g” > Oé> < Evo,A(eHZ?GEWd)(E’)U . 67004 < 2(E+2)|E\ (L) efea.
€E

errw errw
a—06

Take 6 = £. We get P2A(3 o 5 |Ve(@)| > a) < 2@F3IElgac/2 < gl@tdn-aa/2  yhere

errw

we have noted that for a tree we have |E| =n — 1. For any ¢ > 0, let a = @n Then
we have P2A(3 o 2 |Vo(€)| > a) < e, as claimed.

errw

Since the graph is assumed to be a tree with the edges directed towards the root v
and with ¢,, = 0, the bound on Y -z |V¢(€)| immediately implies the same bound on

Sup;ey |oil- O

Remark 4.4.2.1 (Tightness of the bound on sup;cy |¢;|.). Consider a path that consists of
(n+ 1) vertices, let A =1, i.e., all edges have initial local time 1. Label the left-most vertex
by vy and the right-most vertex by v,. Denote their corresponding entries in ¢ as ¢g and ¢,
respectively. Then we have ¢, = ¢p — G0 = ) ,2cp Y-

9To see this, note that I'(a) is decreasing for a € (0,u), where p ~ 1.46 with T'(u) ~ 0.8856, and
is increasing for a € (u,00). If ac > p — %, then I'(ac + 3) < Ilac 4+ 1); if 0 < ac < p — 3, then

I(ac+3) <T(3) = /7, [(ac + 1) > T(n) > &, therefore '(a, + 1) < 2y/7T(ac + 1).
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Note that {yz : € € E} are i.i.d.. For each © € E, we have

(NI

Ede) = | 5 e e cosh(ye)) Ry ~ —0.08

Also, the second moment is bounded as

E'A(y%) = / S5 e cosh(ye) e ~ 300

Then it is clear from the central limit theorem perspective that ¢,, as the summation of
n i.1.d. random wvariables, each with mean —0.98 and bounded variance, should be of order
—0.98n+O(y/n) with high probability when n is large enough. Therefore sup;cy @] is indeed
©(n) with high probability in this example.

Hyperbolic Gaussian measure for a general graph

When the graph is not a tree, the independent structure of the gradient field that was
identified for trees no longer holds, requiring a different approach to establish bounds on
sup;cy |¢i]. The following observation plays a crucial role.

Lemma 4.4.3 (Generating function bound). Consider a connected graph G = (V, E) with
positive edge weights A := (ae)ecp. Fix a vertex vg € V' and generate the S-field and ¢-field
accordingly. Choose an arbitrary orientation of the edges, and let E represent the set of
dzrected edges, inducing the gradient field V¢. For any A € RE such that Az < Bz for all
€€ E we have

errw

]Evo VA ( Z?:(i%j)EE A?(COSh(qbi*d)j)*l)

ﬁ) < max 6—€ (4.30)

Here T is the notation for a spanning tree with oriented edges, and T is the family of all
such oriented spanning trees. Note that T is just T where the edges are oriented according
to the chosen orientation that is fixed once and for all.

The inequality in Eq. (4.30)) becomes an equality if the graph is a tree.
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Proof. Note that

LHS of Eq. (£.30) = (27T)7TLT71€ZE’:(iHj)EE' Az (cosh(¢i—¢;)—1)

Rn—1
Z—’e =(i—j)EE Bz (COSh(¢i ¢J) 1) Zkev\{v } Pk
(i—3) 0

> I Beerrdo,
TeT e=(i—j)eE
—/ (277)7717716_ZE’:(i—m')eE’(BE‘—)\E‘)(COSh(¢i—d’j)_l)—zkev\{vo} 73
Rn 1

> Il peerrondo .,

= =, i . —
TeT €=(i—j)ek

&

Now let f% = B2 — Az for € € E. Then,

LHS of Eq. " _ (QW)—%G*Z?:(Hj)egﬁ%»(COSh(dn*¢j)*1)*zke\/\{vo}¢>k
Rnfl

.>€¢Z+¢]
Z H ﬂLe¢z+¢J ' >7e7 ecinger Be io

TeT H =(i—j) EE /Ble editi

TeT 2= (i—j)e

< / (27) 5 e Do B o0~ Ther (o) 9%
Rn 1

- Baebitt;
1ebitd; . =(i=j)€F
Z [T eetotor max oot 1P—vo

TeT
TeT e=(i—j)eE H =(=) EEﬁe

/ 5” (27)=" ¢~ Tomioane B FCoh(6i=6.) )= Thevs ug) 9%
Rn 1

Z H Bleetitoidg_, )
= Inax \/g—?
TTE’GT ¢

TeT 2= (i—j)e €E
The inequality follows from the fact that

\NN

2%

S, < max; 3+ for positive sequences {a; }, {b;}.

A natural consequence is that for any ¢ ~ j, |¢; — ¢;| has a sub-exponential tail, as we
now show.
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Corollary 4.4.4 (Sub-exponential tail of gradients of the ¢-field). In the same setting as

Lemma we have VE = (i — j) € E, and Vs > 0,

errw

I 1 e
Petia (|65 — ¢ > s) < \/5(5 + ZeS) < rawtlemaes,

Proof. By Lemma , for any \ € RE such that Ae < Be forall € ¢ E, we have

=
5

errw

N
=

[Evo-A (62 2B Ae(cosh(gi—¢;)—1)

6) = & ﬁ?ﬁ—?)\?'

eeT

Fix any € = (i — j) € E, and let A= = 0 for any €' # €. Then,

Evo VA (6)\ 2 (cosh(¢;—¢;)—1)

errw

Thus, for any a > 0,

P4 (cosh(p; — ¢;) — 1> a | B) < ¢ , V0 < Az < fBe.

errw

Taking Az = %ﬁg gives

P4 (cosh(p; — ;) — 1> a | B) < V2e 2Pz,

errw

Integrating over Sz ~ Gamma(ag, 1), we have
0 1 - B
Pt (cosh(os — ;) =12 ) < V2 | o Y8ragur—l, sz
o I'(az)
1 & 1
=2 —(zet+1)Be gaz—1, -
\/_F(a?) /0 e’ /86 6

1 \—ae

In the final step, we used the Gamma integral identity of Eq. (4.29) again, with 6,

ag,0p =1+ %a. Since

1 1
§€\¢>r¢j| < §(€¢>F¢j + e*(¢i*¢j)) — COSh((ﬁi _ ¢j>7

it follows that

errw 2

1 1 \-ee
puo:4t (—el@'—% > a+ 1) < P4 (cosh(d; — ¢;) > a+1) < 2(1 + §a) :
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By the change-of-variable s = log(2a + 2) € (log 2, 00), this is equivalent to

1 1 2
Puoa (g — ¢ > s) < \/§<§ + Zes> , Vs >log2.

Note that the inequality is also true when 0 < s < log 2 since the right-hand side will be
greater than 1. We can further bound the right-hand side as

1 1 ez 1 e
Ve(3ge) sva(ye)  mrihen e

We are now able to estimate the tail probabilities of sup;cy |¢;| on a general graph.
Theorem 4.4.5 (Tail probabilities of sup,cy |¢;| on a general graph). In the same setting

as Lemma[{.4.3, let diam be the diameter of the graph G. Assume that a < mineega, <
maXeep Ae < @ for some positive constants a,a. For any § € (0,1), we have

IP’Z&’fé(sup 0 < diam - (0 4 2 10g E)) >1-4

iev a a 0

Proof. Consider the graph with unit distance on each edge e € E. Given any root vg € V/,
there exists a shortest-path tree 7, such that the distance between any vertex : € V' and vy
in the graph G is identical to their distance in 7;,,. Hence, the depth of the tree should be no
more than diam. Let ?vo be the oriented version of the tree such that every edge is oriented
towards the root. For any s > 0, the probability that there exists some € = (i — j) € TUO,
such that |¢; — ¢;| > s is bounded as

]P'L;O,A(El-g _ (Z N ]) c ?1107 |¢1 . ¢j| Z S) S Z 22(1?“1’16*&?5 S n22ﬁ+1efgs S ne2ﬁ+lfgs.

eeT
(4.31)
In the first step above, we used Corollary [£.4.4)and a union bound over the edges of the tree.
Now, for any § € (0, 1), to ensure that ne?**172 is bounded by ¢, we require

2a+1 1 n
5§ = —i——-log(—).
a a d

Since with probability > 1—4, we have V& = (i — j) € T, that |¢i—¢;| < 24+ Log 2,
it follows that I

2a+1 1
Sup|¢i|§diam-( s +—-log2>,
i€V a 4

with probability at least 1 — §. n
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An improvement based on (i, )-field
Given the beta field and the hyperbolic field

(B,¢) € (0,00)" xR,

together with an extra independent v ~ Gamma(3, 1) placed at the root vy, define the vertex

2
field ¢ = (¢);)iev by
1 1
P P ; — 5P —Pug
vi= 3 Z Bije (i#w), =3 Z Buose + 1. (4.32)
2]~ J:j~vo

We write B for the n x n symmetric matrix with (i,j) entry B;; = ;5 if {i,j} € E
and B;; = 0 otherwise, and B;; = 0. Sabot-Tarres-Zeng studied the conditioned -field and
proved that([93, Lemma 1))

2 > n/2 e~ Zl wi"rze Be
V20— D]
with conditional moment-generating function given by

E(cZM | B) = exp ( > B —V1-Ny1- Aj)> 1T ! : (4.34)

e={ij}cE iev i

p(¥) =p(¥ | B) = ( -1(2t) — B > 0), (4.33)

™

for any {\; | i € V} such that \; <1forallieV.
We also define the normalized edge weights = (5¢)cer by

. Bii
Bij = —
Vi;
Equivalently, 3;; = Bm /i1, for all edges.

When 5, ~ Gamma(a,, 1) are distributed as independent Gamma random variables, the
induced measure on v, after averaging on (3, becomes independent Gamma random variables.

({i,j} € E). (4.35)

Lemma 4.4.6 (Unconditioned 1-field). The unconditioned 1)-field is distributed as indepen-
dent Gamma random variables where 1; ~ Gamma(3(a; + 1), 1).

Proof. We verify it by calculating the mgf. Note that for any {); | i« € V'} such that \; < 1
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forall1 € V,

E(ezi Aﬂ/)i) _ E(ezi it

E
++

B)p(8)dp

e2e={i.jyer Pe(1=VI=Aiy/1- ac—1,~Be

gﬁﬂ her e ap

(/ Fe(1=VI=Riy/T0g)
Ryt

I
%\%\

E
++

I
— = <::1

ae—1 _/Bed ;
™ 5)

Ll
€E

H (/ 1 50,67167136\/177)\1'1/1*/\]‘ dﬁ)
€E Ry [(ac)* ’

<

€

.

11 - (\/1—/\1\/1— )
(

1—\)7z

a;+1)

I
:;1

i€V

By uniqueness of the Laplace transform, we know that ¢) should be distributed as independent
Gamma(3(a; + 1), 1) random variables. O

One can then compute the conditional density of 5 given .

Lemma 4.4.7 (Conditioned 8 on ¢). The conditional density of 5 on 1 is:

1 JLegpBe 1
po(B) = p(B | ) = —— - =€ .12y~ B~ 0), (4.36)
ZA Hzevw2( Y 2¢ — B
where the normalizing constant s Z 4 = (%)nﬂ% and B € R
eV ai

Proof. Note that by Bayes rule,
p(B,¢) _ p(B)ps(¥)

el ="y = )

Since § and 1) are marginally independent Gamma fields, we know that

o) =Tl e o) = iyt e

eck I Qe =274 (%(al + 1))
We then continue to compute that
[leer man B e 2\ n/2 ¢~ Ti it T e
o= Tt (2 T sy
s \aq b —
iev raaay ¥ v
_ (z)m Ly PGlait D) Thepf L 0 5. g
T [LcsT(ac) ey ¢§(ai*1) V/|2¢ — B]
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A key structural input is that, the induced pair (v, B) factorizes:

(Wi)iev AL (Be)eer- (4.37)

Lemma 4.4.8 (Independence of B and v). Condition on a realization ¢ € R++, and suppose
that 5 has condmonal density py(8) as in Eq. - Then the “normalized” version of 3,
defined as 3. = \/1_1 for alle ={i,j} € E, is distributed as V1) € RY

_ . 1 Fac—1 .
:7.M.1(2[—B>0), (4.38)
A /121 - B

with Z4 defined in Lemma and f3 € RE. . In other words, B~ p1(B). Note that B is
independent of 1.

Proof. Under the transformation, we know that (£, = 55\/¢iw‘j for all e € F and df =
([Lecr VUb;)dB. Moreover, whenever 2i) — B = 0, we also have 2T — ¢~1/2By~1/2 =
21 — B = 0 and |2¢; — B| = ([, ¢:)|2] — B|. Therefore, we conclude that

(3 9y = A LB/ B2 1 120 - B> 0) - (T] Vit
2o ey o™ JIL ol — B b

_ LHSEE et [Lcn(y/Piny)*! _ [Lecp VViths 1 -1(2I — B > 0)

Lia;—1 % ~
Za Loy w2 [Ly: /|21 B

1 leep(W¥iti)* Tleen % 107 gy g

pr— lai —
24 ey 072 \/ 121 — B

1 HeEE /Bge_l D

A4/12I — B
Note that we used the fact that eV Vi)™ ij = 1 in the last step. ]
Hzev¢2

This induces the following interesting way of generating the correlated (3, ) field:

e Generate 9 as independent Gamma random variables, i.e., 1; ~ Gamma(z(a; + 1), 1);
e Generate § as independent random variable that has the law Eq. 1'
o Let ., = Bew/%wj for all edge e € E.
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One can compute the moments of {3, | e € E'} as follows. Given real values © := {6, |
e € E} such that 0, > —a,., Ve € E, we compute

w):/ - [ 30t \/%-1(2[—B>0)d6
rE, Z4 21 — B

ecE ecl

Z ! ; 3
_ Zave / Hﬂee+ae—1 — . 1(2I - B > 0)dg.
RE

Za 0 ik 121 - B

since the last integral evaluates to 1. Using these nice properties of

A+®

This is exactly

the (1, 3)-field, one can eventually improve the previous bounds on sup, |;| as follows.

Lemma 4.4.9 (Pathwise telescoping bound). Fiz a connected simple graph G = (V, E), a
root vg € V, and let (B, ¢,v) be the fields defined as in the begining of Section[{.4] and (4.32)
(with the independent v ~ Gamma(,1) at vo). For each v € V, fix a shortest path

P(v): vy =g, v1, ..., 0 =,

ob0 < 9IPW) /:fv I1 5" (4.39)
e€P(v)

Proof. By the definition of ¥ in (4.32]), for any vertex ¢ # vy we have

1 1 — D1
Yy = 5 Z Birje®i =% >

Gt

and write |P(v)| := k. Then

Biv €07,

N —

where i denotes the neighbor of " along the fixed path P(v) in the direction towards wy.
Rearranging gives
Wi

74/

Iterating (4.40)) along the path vy — vg_; — - -+ — vy yields

k
29 | ¥ [
— v Ur o k Uk 1
e S - =2 Bv Uy
’IHI 51}7‘—11}7‘ r=1 ﬁvr 1V ¢Ur 1 H T

where in the middle equality we used f;; = Bij \/Vith;, and in the last equality the \/y)-factors
telescope. Since k = |P(v)| and v = v, this is exactly (4.39). O

e % < (4.40)
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Lemma 4.4.10 (Endpoint Gamma-ratio control). Assume the setup preceding Lemmal{.4.9
In particular, the unconditioned -field is independent with

i 1
Wi ~ Gamma(s,-, 1), S; = & + = Zae,

and 0 <a<a.<a<oo forallee E. Then for any a > 0,

Pr

R

max Yo > n%/2(1 + a)logn + (@ dmay + 1) log 2> < 3n~“. (4.41)

veV vo
Proof. Fix § = 1 € (0,1). For each v,

Pr(y, > x) < (1 - 9)_3”6_9’“ < Qomaxp /2 g = MAX s;.
1€

By a union bound over v € V,

Pr (mavx by > x) < 2o /2 < QNI /2, (4.42)
ve
Choose
x:=2logn + (@dmpax + 1) log 2 + 2alogn,
to get for any a > 0,
Pr (max Y, > 2logn + (@dmax + 1) 1log2 + 2alog n) < emalosn — e (4.43)

By the definition (4.32)), at the root vy we have the extra independent v ~ Gamma(3,1)
term and hence 1,, > . Therefore, for all y > 0,

Pr(t,, <y) < Pr(y <vy).

Since v ~ Gamma(s, 1) has cdf Pr(y < y) = erf(y/y), we use the standard bound erf(¢) <
\%t to obtain, for all a >0,
1 1 2
< — ) < < < —n"% .
Pr (v € ) <Pr(v< o) < o= (4.44)

On the intersection of the events in (4.43) and (4.44) (which has probability at least

1 —3n~%), we have
\/ (1+ ) logn+(admax—|—1)10g2
max ,/ -

This proves the claim. O
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Lemma 4.4.11 (Chernoff upper bound for Yp). Let G = (V, E) be connected, fix a root vy,
and assume 0 < a < a, < a < oo for all e € E. For a fized (shortest) path P from vy to
some v € V', note that |P| < diam and define

Ypi=> (—logh),  fBy:= \/w_% ({i,j} € E).

eeP

Then:

(a) The mean is

1 . a; + 1
E[Yp] = =3 W(ae) + 5 degp(i) ("5 ). (4.45)
ecP eV
where U is the digamma function and degp(i) € {0, 1,2} counts edges of P incident to
i.
(b) The variance admits the upper bound
var(Yp) <Y " Wy(ar) < |P|¥y(a) < diam - ¥y (a), (4.46)

eeP

where Uy is the trigamma function.

(c) Let v, :=Wy(a/2). Forallt >0,
t2

Pr (Yp > E[Yp] +t) < exp <— min { TANZL %t}) . (4.47)
In particular, for any o > 0 (with x := (14 «)logn),
4
Pr (YP > E[Yp] + 2o, [Pl + - :v) < e = p-(+e), (4.48)

Proof. For 6 in a neighborhood of 0 (small enough so that all arguments of I'(-) below remain
positive),

o Za-o1
DIPRL :]E[ 60]: e
(7] eleTPﬁ 7
where 1p(e) = 1{e € P} and
n/2 [[.cp(ae —01p(e))
Za-o1p = (%) == 0 —0 dea (i ) a; = Qe-
Define the cumulant generating function (cgf)

kp(0) :=log E[e”?] = Z (logI'(a. — 0) —logI'(a,))

ecP
- Z [logf(—‘“_e d(;gp(i)“) - logF<aiT+1>} :

%
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Differentiate using the digamma function ¥ =T /T":

=2 o —6 Zdegp (M)

ecP zEV

hence £(0) = E[Yp], which yields (4.45).

Differentiate again using ¥; = \If’
1 . a;—0 degp(i
© ) b Sy, (2t
ecP eV
Evaluating at 8 = 0 gives
kp(0) = var(Yp) = Z\I/ ae) — — Zdegp <‘”;1> < Z\Ill(ae),
ecP zGV ecP
which implies (4.46|).
For the tail, fix § € [0,a/2]. Since ¥, is decreasing and a, > a,
)<Y Wi(ac—s) < |P|Ty(a—s) < |P|Uy(a/2) = v, |P| Vs €0,0].
ecP
By Taylor’s theorem with integral remainder,
0 92
kp(0) — 0Kkp(0) = / (0 — s)kp(s)ds < 5 s |P|.
0
Therefore, by Chernoff/Markov,
Pr(Yp—E[Yp] > t) < exp(—@t—F/ﬁp(e)—@E[Yp]) < exp(_9t+§v* |P\), Vo € [0,a/2).

Optimizing over 6 yields (4.47). For (4.48)), set z := (14 a)logn and t = /2v,|P|z + 2,

then
t2
i =t
win{ 51y 1) 2

so Pr(Yp > E[Yp] +1) < e = n~(1+), -

Theorem 4.4.12 (Uniform upper bound for e=?). Assume the setup preceding Lemma
and that 0 < a < a. < @ < o0 for all e € E. Let dpax = maxyey deg(v). Then for any
a > 0, with probability at least 1 — 4n~¢,

max e —ov < odiam e /91 4 a) logn + (Gdmay + 1) log 2
vE

4
exp <diam A+ +/2(1 +a) ¥y (a/2) diam - logn + a(l + a) logn),
B (4.49)
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where ad 1
A= —U(a) + log (“mT>
Note that the upper bound can be simplified as max,cy e~ ?* < poly(n) dﬁéﬁiam), assuming

a,a,b to be constant.

Proof. Fix, for each v € V, a shortest path P(v) from vy to v so that |P(v)| < diam. By

Lemma [£.4.9]
6_¢v S 2|P(”)| //:f_v exp (YP(U))J YP(U) = Z (_ log BE)‘
Vo

e€eP(v)

Taking the maximum over v and using |P(v)| < diam gives

max e~ < gdiam (max /;}ﬁ_u> exp (max YP(v)).
. u v v

For the endpoint factor, Lemma [4.4.10] yields

ueV vo

Pr (max Yu > n%/2(1 4 a)logn + 1og 2 (@ dyay + 1)) <3n "

Let # := (1 + «)logn. By Lemma {4.4.11)(c) and a union bound over the at most n root—
shortest paths,

4
Pr <ma‘3< Ype) > ma@(E[Yp(v)] + \/Q\Ifl(g/Q) diam - = + —x) <ne*=n"°
ve ve a

It remains to bound max, E[Yp(,| deterministically in terms of diam and (a,@, dmax)-
From Lemma [.4.T1]
a; + 1>

E[Yp] = — Z\I/(ae) + % Zdegp(i) \IJ( 5 a; = Zae, degp(i) € {0,1,2}.

ecP eV e

Using that W is increasing, a. > a, a; < @ deg(i) < @dpax, and ), degp(i) = 2|P|, we have
_ZeGP\Ij<a€) < _‘P“IJ<Q)7 and

5 3 desr@)¥ (M) < PO (FE50) < pllon (F255),

Hence, for any shortest path P,
_dmax 1 .
E[Y] < |P|- (= ¥(@) + log (“57=)) < diam - A,

which matches the definition of A.
Combining the three displays and intersecting the two high-probability events (probabil-

ity at least 1 — 4n~?) yields (4.49). O
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To upper bound e?, we use the following re-rooting identity. In this lemma, pg) denotes
the hyperbolic Gaussian density with the same edge field 3, but instead pinned at the vertex
r, i.e., with ¢, =0, and

T 1 — . e(Ccos i— Qi )— — . i . .
H(6) = gmpa & S M e ST ] g
TeT e={i,j}eT

Using this notation, pg’(’) is the same as what was called pg earlier, as defined in Equa-

tion (4.28)).

Lemma 4.4.13 (Exponential moment). Fiz G = (V, E), edge parameters A = (a¢)eer, and
a fized edge field B. For any vy,7 € V and any real t for which the integrals below are finite,
one has
/ e P(gvo)(cb) ddv\(vo} = / et Pg)(cb) ddv (-
RV\{vo} RV\{i}

Equivalentl
quivatently, o [ewﬂ —F . [6(1—t)¢uo}
P — ) '

Proof. Write
p57(0) = Zge "W el /E(g),

where
() == Z ﬁik(COSh<¢i —¢r) — 1), Ly (9) := Z ®i
{i,k} (Z200)
and
Zg:=(2m) 02 E(@) =) [ Buet
TeT {i,k}eT

Fix 7 € V and set g?z = ¢y — ¢; for all i. Then <;~5]~ =0, ¢; = —q;vo, and the change of
coordinates ¢,, — ¢»; has unit Jacobian.

We track the factors in e?®i pgm)(gb). First, ®(¢) = <I>(gz~5), since ® depends only on differ-
ences. Next,

Lu(@) = D (01 + 65) = (32 6i = b ) + (0 = D,

1#£v0 i#j
and therefore, using ¢; = —qum

evag (d)) — ei Zz;ﬁ] ¢~)'L ené;vo .
Moreover, since every spanning tree has n — 1 edges,

(9) = 2" VIE(9) = e DR0E(),

[1]
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and hence
E(¢) = e "0 JE(9).

Finally, e!® = et Multiplying these identities gives

' pi"(9) d s, = pf)(9) €' di .

Integrating over the corresponding pinned spaces gives the desired identity. O]

Remark 4.4.13.1 (Special case t = 1). In particular, at t =1, the above lemma states that
for any vy, j €V,
i1 —
Epg,o) [6 3] = 1.

This equation will be used in the proof of Theorem [{.4.10. We remark that this special case
has previously appeared in |39, Appendiz B, Eq. (B.3)].

Bounds on Pj;, 7, and the cover time

Given the bound on the tail probabilities of sup;cy |¢;| proved in Theorem [£.4.5] we can
establish bounds on the cover time of the ERRW. We accomplish this from the perspective
of RWRE, by deriving high probability bounds on the cover time of the random walk with
respect to the random conductance. To this end, we recall several bounds on the cover time
of a random walk in terms of the underlying conductances.

Consider a connected graph G = (V, E) with edge conductances (ge)ecp. Let C :=
> ecr 4e denote the total conductance. Denote the effective resistance between i,j € V as
R(i +» j), and let

R = gg{/{R(z )

represent the maximum effective resistance of the network. For the simple random walk on
this graph, starting at any ¢ € V, define the random hitting time of vertex j € V as m,;(j) :=
inf{t > 0 : X; = j}, and let the hitting time be defined as ty;; := max; jev EL% (it (7)),
where E4?  denotes expectations conditioned on starting at ¢ € V' with the conductances
given by ¢. Similarly, the commute time between vertices i, € V is defined as tcomm(,7) :=
ES (Thie(4)) + EZ2 (1hi(7)). Define the random cover time 7o, as the first time when all
states are visited at least once, and define the cover time as t.,, := max;cy Eg;%, (Teov)-

The following bounds on the cover time hold.

Lemma 4.4.14 (Conductance bound on the cover time). Given a connected graph G =
(V = [n], E) with positive edge conductances (qe)eer, we have

1
5(372 < teov < CRlogn.
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Proof. Recall that by Matthew’s bound (Theorem 11.2 in [67]) we have tyiy < teoy < thit log n.
Also, by the commute time identity (Proposition 10.6 in [67]), we know that t.omm(Z,7) =
CR(i <> j). Since we have

Pt = max Esd (it (7))
< max (ESZ (i (7)) + EL2 (it (2)))
< max B, (nn (7)) + max B3 (7 (7))
= 2tpis,

and

max (ES% (Thie(7)) + ELL (T (4))) = maxteomm (i, j) = maxCR(i ++ j) = CR,
1,7 2% 2y

we conclude that ty; < CR < 2t,;, or equivalently, %CR < thit < CR. Now using Matthew’s
bound, we finally deduce that t.o, > tpi > %C’R and teoy < tpitlogn < CRlogn. O

This lemma states that, up to a factor of logn, the cover time is of the same order as
CR. Thus, determining the order of the cover time reduces to analyzing the order of the
effective resistance and total conductance. To proceed, we require a comparison lemma.

Lemma 4.4.15 (Comparison of resistive networks). For two resistive networks on the same
graph with respective conductances (¢e)eer and (q.)ece, if

q—f €lg,q Veek,
qe -
then
R/
— € a_u
= l9,q]

where R and R’ are the respective maximum effective resistances.

Proof. By Dirichlet’s principle, see Exercise 1, Chapter 3 of [42], the effective resistance
between ¢ and j is

R(i ¢ j) = ( min > gelvr - UI)Q)_I,

veERV :w;=1,v,=0 e={FT}CE
and similarly for R'(i <> j) with ¢.. Since for every edge e € E we have

q< - <4,

'legs

o~
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we know g g, (v — v1)* < ge(vr — w)* < Gql(vp — vy)* for all {k,1} € E, and so
q Z g (vr —v)? < Z qe(vr —v)* <7 Z q.(vx — v)*.
e={k,l}eE e={k,l}eE e={k,l}eE
Taking the minimum over {v € RV : v; — v; = 1}, it follows that
qR(i ¢ j)7 < R(i > j)7 < qR(i o j) 7,
or equivalently,
qR(i < j) < R'(i < j) < GR(i > j).
Now taking the maximum over 7, j € V' yields the desired result. O]

We can now demonstrate how to derive bounds on the cover time. Bounds on the order
of the -field, combined with those on the order of the ¢-field, provide bounds on the order of
the random conductance W. These bounds on W lead to bounds on the effective resistance
R, which then yield upper bounds on the cover time.

Theorem 4.4.16 (Upper bound on the cover time). Let G = (V = [n], E) be a connected,
weighted graph with positive edge weights A = (a¢)eer and diameter diam. Let

Aax 1= max deg(v).

Assume that each a. satisfies a < a. < @, where a,a are positive constants. There exists
a constant g1(a,a) > 0, depending only on a,a, such that for any 6 € (0,1), the random
environment () coupled with the ERRW satisfies

dl’l’l ax

J

2¢1 (a,a)diam
teoy < N° logn ( )

with probability at least 1 — .

Proof. 1f dy.x = 1, then, since GG is connected, GG consists of a single edge, and the claim is
immediate. We therefore assume d,,., > 2. We repeatedly use

ndmax S d2diam )

max

nS1+dmax+"'+ddiam§2ddiam |E|§

max max ?

The first bound follows by exploring the graph from any vertex up to distance diam, and the
second follows from the handshaking lemma with some simple algebra. Write R := dpax/9.
Since dyay > 2 and 6 € (0,1), we have R > 2.

We first control the random edge field . Since 5, ~ Gamma(a,, 1), for 0 < € < 1,

| €%
IP)UO,A 3 < — ae—1 Ty < < 9
erte (e < €) /0 Ta) © " =Ta.+1) ="
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where we used e < 1 and I'(z) > 1/2 for x > 0. For the upper tail, exponential Markov’s
inequality with A = 1/2 gives, for every o > 0,

PUO’A(ﬁe > Oé) < EUO,A[eﬂe/Q]e—a/Q _ 2aee—a/2 < e—a/Z—i—E‘

errw errw

()" o (a1 100 ]
€g = S‘E‘ y g = a og 5 .

Then the union bound gives

Choose

errw

)
Puoi(3e € E: fe < e5) < 2|E|e§ = T

and 5
P43 € E: B > ag) < |Ble /8 = -

errw 4

Thus, with probability at least 1 — §/2, all edges satisty eg < B, < a;.
Next, by Lemma {.4.13[ with ¢t = 1, Ev:4[e?] = 1 for every i € V. Hence Markov’s

errw

inequality and the union bound give, for any x > 0,

pro4d (max e > £L'> <

errw eV

813

Choosing x4 := 4n/d, we obtain
errw GV

. )
pro4 (Iznax e > x¢> < T

For the negative side of the ¢-field, choose ag := log(16/d)/logn, so that 4n=* = §/4.
Applying Theorem [4.4.12| with this choice gives

)
»A — @5
ngrw (I?GE%/XG ¢ > y¢) < 17

where

Yo i= 2diamnao \/2(1 + Cko) log n —+ (admax + 1) IOg 2

4
X exp (diamA +/2(1 + a) ¥4 (a/2)diam log n + 5(1 + ap) log n) :

and A := —VU(a) + log((@dmax + 1)/2).
By the union bound, with probability at least 1—4, all four estimates hold simultaneously:

eg < Be<agforalleec L, max ebi < T, max e % < Y-
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On this event, for every edge e = {i, j},
Qe = ﬁe€¢i+¢j < 0(51’35, Qe = Be€¢i+¢j > 6534;2'

Thus, on this event,
Ve € F, Q. € [egy;Q, agxi]. (4.50)

It remains to compare the four thresholds with powers of R = dpax/d. Recall that R > 2,
diam > 1, n < 2ddiam < gpdiam and |E| < ¢2diam < p2diam - Yo also repeatedly use that

max max

log R > log 2. Define

o7
c.=2, = 410, Cypi=5,
a log 2
and
C, =8+ log(14 + (log2)(a + 1)) N |U(a)| + log(a+ 1) N 140, (a/2) N @
log 2 log 2 log 2 a
Set
g1(a, @) := max{C, + 2C,, C.+2C,}.
First,
., 1. 8|E]|
loges! = = log 2.
og € . 0g —

Since |E| < R?4am and §-1 < R,

8|E|

log = < log8 + (2diam + 1) log R.
Moreover, log 8 = 3log?2 < 3diam log R, and log R < diam log R. Therefore

1 6
log 651 < o (3diam log R + 2diam log R + diam log R) = adiam log R.

Hence 651 < RCediam
Next,

4 F
ag =2 (d+log%) <2(a+log4+ (2diam + 1) log R) .

Using diam > 1 and log R > log 2, this gives

2a . .
ag < (1 a2 + 10) diamlog R = C,diam log R = log(RC>diam) < RCadiam
0og

Also,
5U<z> — 4771 S 8Rdiam+1’
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because n < 2RY™ and §~! < R. Taking logarithms gives
log x4 < log8 + (diam + 1) log R < 3diamlog R + diam log R + diamlog R = 5diam log R.

Thus z, < RC=diam,
It remains to bound y,4. Recall that

- log(16/0) a0 E

«aQ

o7 logn )

Hence (1 + ag)logn = logn + log(16/4). Since n < 2RYa™ §~1 < R R > 2, and diam > 1,
we have
log n < 2diam log R, log(16/0) < bdiam log R,

and therefore
(1 + ap)logn < 7diamlog R.

Taking logarithms in the definition of y,, we get

1
log y, < diamlog2 + aglogn + 5 log (2(1 + ap) logn + (@dpmax + 1) log 2)
(4.51)

4
+ diamA + v/2(1 + o) ¥, (a/2)diam log n 4+ — (1 + ag) logn,
a

where A = —V(a) + log((@dmax + 1)/2).
We now bound the terms on the right crudely. First,
diamlog 2 + aglogn = diamlog 2 + log(16/§) < 6diam log R.
For the logarithmic square-root prefactor, since (1 + ag)logn < 7diamlog R and dy. < R,
2(1 4 ag) logn + (@dmax + 1) log 2 < 14diam log R + (log 2)(a + 1) R. (4.52)

Using diamlog R < RY@™ and R < RY™ the quantity on the right-hand side of Equa-
tion (4.52)) is at most (14 + (log2)(a + 1))RY8™. Thus, after absorbing the constant into
diam log R, half of the logarithm of the left-hand side of Equation (4.51)) is at most

log(14 + (log2)(a + 1
(1 + 0g(14 + (log 2)(a + ))) diam log R.
log 2

Next, since dpa.x < R,
A < |¥(a)| +1log(@—+ 1) + log R,
and hence

[W(a)| +log(@+1)
log 2

diamA < (1 + ) diam log R.
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For the Gaussian fluctuation term, using (1 + ) logn < 7diamlog R,

/1474 (a/2
V2(1 + )V, (a/2)diamlogn < 1/14V,(a/2) diamy/log R < # diam log R.
0g

Finally,
4

a

28

(14 ap)logn < —diamlog R.
a

Combining these estimates gives

logys < Cydiamlog R,

where one may take

log(14 + (log2)(a + 1 V(a)| + log(a + 1 14W,(a/2) 28
C, 8+ g4+ (log2)(@+1))  [¥(a)|+log@+1) 1(af2) 28
log 2 log 2 log 2 a

Equivalently, ys < RCvdiam,
We have shown

E51 < RCediam. ap < RCodiam 24 < ROwdiom, ys < RCvdiom,
Combining these with , we obtain
Q. < R(Cat2Ca)diam Q. > R~ (Ce+2Cy)diam
Thus, with

g1(a, @) := max{C, + 2C,, C.+2C,},
we have, with probability at least 1 — 9,

Ve € F, Q. € [ R_gl(g,ﬁ)diam’ Rg1(g,a)diam] '

On this event, Lemma implies that, if R is the maximum effective resistance of
the unit-conductance network and R’ is the corresponding maximum effective resistance
for the conductances @, then R’ < RR#4am - Also, ¢’ := Y., Q. < |E|R*™  Using
Lemma 4.4.14], we conclude that

teoy < C'R'logn < |E|R logn R?9rdiam

Finally, since |E| < n? and R < TH we obtain

d 2g1diam
teow < nlogn ( Ig‘“) .

This proves the theorem. O

10Note that the maximum resistance one could get is the resistance between two endpoints of an n-path.
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We also have the following bound on the entries of the random transition matrix P as
well as the minimum value 7, := min;cy 7; of the stationary distribution associated with it.

Corollary 4.4.17 (Lower bounds on P;; and 7,). In the same setting as Theorem
for any § € (0,1), the following hold with probability at least 1 — §:

) —2¢1 (a,a)diam ) —2g1 (a,a)diam

dmax
Te > (Ndmax) <

dmax
5 min Fj; > d-! (

1,jEV ing max )

Proof. By the proof of Theorem [4.4.16 with probability at least 1—9, every edge conductance
satisfies

-1 dmax grdiam
QeeBBl,  B=(- .

On this event, since G is connected, each vertex has at least one incident edge, and hence

Q; = ij' Qi; > B~ Also, Yovey Qv =23 . cp Qe < 2|E|B < ndyaxB. Therefore, for

every i € V|
; B_l dmax —2gidiam
T, = Q > = (ndmax)il .
ZUEV Qv ndmaxB 5
Taking the minimum over 4 gives the lower bound on 7,. Similarly, for any edge e = {4, j},
we have Q;; > B~ and Q; = >, ; Qix < dmaxB, S0

- Bil dm . —2g1diam
py=y B g (e .
Qi dmaxB 0
Taking the minimum over adjacent pairs completes the proof. O

A non-asymptotic sample complexity bound

Recall the setup and notation in Section , where U, is defined as (Equation (4.10))):

PPy, ife={ij}€E,
Uij = oo .
0, ifiney.

Given K independent trajectories {Xt(k) |t < T,k < K} from P4 we want to estimate the

errw’
following moment-based statistics connected with {U, : e € E}:

i. EvA(U,), Ve € E;

errw

ii. EA(UU), Ve, e € Est. lene| =1,

errw

iii. B4 (U )E9A(Uy) — EA(UUL), Ve, e € Est. lene| = 1.

errw errw errw
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Also, recall that we can couple a random conductance Q) with the k-th trajectory. We
denote the corresponding transition matrix as P*). We can assume that each of the K
trajectories is a truncation of an infinitely long trajectory. For any m € N, let Hi‘}o(k; m)
represent the number of transitions from ¢ to j among the first m outgoing transitions from
7 in the original, non-truncated k-th trajectory. The following random variable is always
well-defined due to the ergodic property of irreducible Markov chains:

)

. (4.53)
0 otherwise.

{—H?(’“m) Vi i€V st inj
Recall that N;(k) denoted the number of outgoing transitions from ¢ in the k-th (truncated)
trajectory, and N;;(k) denoted the number of transitions from ¢ to j in this trajectory, see
Section . Then, on the event {N;(k) > m} we have @g?) = 13i(]-k) for all i ~ j, where pi(jk)
is defined in Eq. (4.23).

Given the results on the cover time t.,, associated with a random environment that
we have already proved in Theorem and Corollary [£.4.17] we want to bound the
complexity of approximating the three families of moment-based statistics above, up to a
small multiplicative error, non-asymptotically.

Step 1. Estimating E%(U,),Ve € E.

errw

The proposed estimator for E*%,2(U,) is U,, which is defined in Eq. (4.25). To bound the

errw
estimation error of U, for B4 (U,), the first step is to bound the estimation error of P®*) for
P® For P® to achieve a small estimation error for P®| one must gather sufficiently many
transitions from each state ¢ € V', and then reconstruct the outgoing transition probabilities
of state ¢ based on those transitions.
Let’s first consider the subproblem of statistical estimation for an n-state discrete distri-

bution
P = (plap2a s 7pn)

such as to ensure that each entry is accurate up to a small multiplicative factor n € (0, 1).
Suppose we draw m i.i.d.samples from p, and let p; be the empirical estimator for p;, i.e.,
the proportion of times that ¢ appears in the m samples. By Hoeffding’s inequality (see
Theorem 2.8 of [17]), for each i € [n] we have:

Pr([p; — pil > npi) <2 exp(—2n° p; m). (4.54)

Taking a union bound over i € [n], it follows that
Pr(ﬂi € [n]: |pi —pil > npi) <> Pr(lp—pil = npi) < 2n exp(—29°p2m),  (4.55)
i=1

where p, := mingep, p;. Consequently, with probability at least 1 — 2n exp(—2n®pm) the
empirical estimator {p; : i € V'} is an entry-wise n-multiplicative approximation of p.
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Fix any ¢’ € (0,1). In the ERRW setting, with probability at least 1 —0¢’, for each k € [K]
the random environment satisfies Q) € [(max)—gr(@@diam (dmax )91 (a@)diam] for a]] ¢ € E. Let

. —g1(a,a)diam Ao g1(a,a)diam
Q:=<¢qeRY, q¢€ ( 5 ) ,( 5 ) NVee I/ ;. (4.56)

Conditioned on Q") € Q, we have for all e = {i,5} € E that

_ dmax —2¢1(a,a) diam
Pj e dmax < 5 ) ) (457)
as established in Corollary [4.4.17]
From Eq. (4.55)), for all Q € Q we also have
PR(3j ~i, [0 — P >0 P) <3 2exp(~2n* (PY)?m). (4.58)
Jei
Then we have
Pod(3ieV, 3j~i, |0 — PP >y P
— [P @ievi3i~i 108 — P 2 PP )dvia(a")
Q

+/ P (i eV, 3j ~ i, I@Ef) — P = 0 P dvy, a(q®)

STW

/ZZQGXD( 21 ( )dVvo,A(q(k))Jr/ 1 dvyy a(q™)

zEV Jr~i ¢

o \ —291(a,a@) diamy 2
S/Q4\E| exp( (dméx< S ) > m>dVUO,A(q(k))
+PRa(Q™ € Q)

dmax —4g1 (a,a) diam
S 2ndmax(\/g 1dva,A(q(k)>> eXp( 277 mdmax ( 5 > >

+ ¢
dmax —4g1 (a,a) diam ,
< 2ndpax exp( 2n°md_ 2 ( 5 ) ) + 9" (4.59)
Here we used the union bound and Eq. in the second step, and Eq. in the
third step. Also, we used Theorem [4.4.16] in the fourth step. In the last step, we used
Jo Lty a(g™) = PAQW € Q) < 1.

To obtain m samples per state, we use the notion of the m-cover time t.o,(m). To define
teov(m), we first define the random m-cover time 7., (m) as the first time when each state
has been visited at least m times. Then the m-cover time can be defined as t.o (m) :=
maXy,ev Esrw (TC0V<m>>‘
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For reversible random walks, it is known (Theorem 16, [22]) that there exists a universal
constant go > 0 (which does not depend on the size of the connected graph or its structure)
such that

tcov(m> S g2 - (tcov + 7%) .

From the discussion that led to Theorem [4.4.16| and Corollary [4.4.17, we know that on the
event Q, which has probability > 1 — §’, we have

2g1(a,a) diam
dmax
o ’

teoy < M2 logn (

and m, > (ndyay) " (ues)~201(@@ diam Hence, on the event Q we have

dmax

5/

2g1(a,a) diam
teov(m+1) < go - <n3 logn + (m + 1)ndmax> . ( )

Now realize that by Markov inequality, P%%(Teoy (m + 1) > eteoy(m+1)) < e, Actually

Srw

according to Lemma 5 in [22], we have VI € Z, that P%9(T.oy(m—+1) > el- tcov(m—i- 1) <el

STwW
We now use the notation Tc(fv)(m) for the m-cover time of the trajectory associated with

the k-th ERRW trajectory. Conditioned on Q) = ¢, the k-th ERRW is simply a random
walk from P2%7. The conditional probability of not having at least m + 1 visits to each state
is bounded by

PRA(TN(m+1) > T) < eXP( {—tggz(TmJ)J) < eXp(__etg'ngm;l) + 1)'

Similar to the procedure in Eq. (4.59)), we have

errw COV STW

PE(lm + 1) 2 7) = [ B (rlm 1) 2 )b a(e™)

IP’”O q* )( &) (m+1) > T>dV”0’A(q(k))

SITW COV

_l’_
/exp< t(’“) 1>dVUO,A(q(’“))+/ 1d1/vo,A(q(k’))

< exp(— r £ 1) 0. (460
_exp( 692.(7131ogn+(wr1)ndmx)-(drg#)ggl(g’a)dlamjL * (4.60)

On the event {74a(m + 1) < T}, each state has at least m outgoing transitions before
time 7', and hence P( ) = @(k for all i ~ j. Therefore, combining Eq. (4.59) and Eq. (4.60)),
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we conclude that

PeA({Vie V,Vj~i, |PY — PP < PPy 0 {rE)(m + 1) < TY)

=PRA({Vie V,Vj~i, |08 — PP <n P n {z8)(m + 1) < T))

COV(
dmax —4g1(a,a) diam
> 1 —2ndmnax exp(—Q n*md_ 2, ( 5 ) 1 )

T !
Cexn(— __ 1) — 2
eXP( ega-(n3 logn+(m+1)ndmax)'(d“g#)zgl(g’a) T+
(4.61)

Here we used the fact that on the event {N;(k) > m,Vi € V} we have @ﬁf) = }z(f) for all
i,j € V st. i ~ j. Also the condition {N;(k) > m,Vi € V} is implied by the condition
{78 (m+1) < T},

We now want to choose T" and m appropriately so that with high probability, we simulta-
neously (i) gather at least m samples per state and (ii) achieve the desired n-approximation
of all transition probabilities. We then take

d?nax dmax 4g91(g,a)diam 2ndmax
:2772(5’) '1°g< 5 )

to make the term

dmax —4g1(a,a) diam
2 ndax eXp<—2 n*md_2 (—> > <4

max 5 /

We further take

2g1(a,a)diam
T =ega(n®logn + (m + 1)ndpay) (%) ’ log (E)

to make the term

T /
eXp<_ 2 a,a) diam + 1> S 5 .
e go-(n3 log nt(m+1)ndmax)- (425> ) (e

Given this choice of m and T', we have
P (Vi€ ViV~ i, [P = PP <n PPy {rlil(m +1) < T}) > 1- 45"

Chernoff bound will be used for bounding concentration over the K trajectories.

Lemma 4.4.18 (Multiplicative Chernoff for bounded variables). Let X, ..., Xk be i.i.d.
random variables in [0, 1], with mean u. Then for e € (0,1),

K
1 €2
Pr ( e ]}:1 Xi — pl > e,u) < 2exp (—guK) .
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For later use, define

a(a+1) _a

T et 7T T

L ={{e, €'} e, €E, e#£€, lene| =1}

We now fix arbitrary € € (0,1/2). We first control the bias introduced by using the finite
trajectory estimator U, in place of the ideal quantity U.. As before,

ENA(0.) = (ESAD) - ERAT.)) + ENAUL),

errw errw errw errw

where we used EV:4(U,) = EX4(U,). Therefore

errw errw

‘EU()A ) E’U()A < _ZEUOA

errw errw errw

— U,

We next bound the summands. For every k,

EX2|UP — U®| < 2P (UK — UR)| > qUuk)) + 1. (4.62)

errw errw

Indeed, on the event |U% — UM < nU the contribution is at most E(UM) < 7, while
on the complement we use the crude bound |U" — UF| < 2.

Moreover, if
H (k) n (k) A (k) Ui
PPe (1D PP ana PP e (147)

then U € (1 4+ n)UP for every n € (0,1). Therefore,

pk)

Jt

oy (108 = UP| > U M)
<IP>'“°A({HZ'6V, ji | PP — PO > "P(’“}u{ 78 (m + 1) >T}>.

errw

By the transition-matrix estimate above, the last probability is at most 40’ provided

8d1?nax dmax 491diam 2ndmaX
m > o ( 5 ) log < 5 ) ) (4.63)
and
dmax 2g1diam e
T>eqg (n3 logn + (m + 1)ndmax) ( 5 ) log ((5’) , (4.64)

where we write g; for ¢;(a,a).

Using this in (4.62), we get
Evo VA

errw

U» — Uk <85 +n.

Taking n = ¢ gives
Evo; A|U6(k) . Ue(k)‘ < 95/7

errw
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and hence

errw ) errw

B2 ( B8 (Ue)| < 96", (4.65)

From the explicit moment formula,

ae(ae. + 1)
EwA(U,) = >l 4.66
errw( ) (al + 1 _ 12:7)0)(@] + 1 _ 1j:v0) — /’L ( )
If .
0 < Ghes (4.67)
then (4.65]) implies
[Etne (Ue) — Egtig (Ue)] < e B (Ue). (4.68)
In particular, since € < 1/2,
1

errw errw

Ee A(ﬁe) > (1-eoEx A(Ue) 2 élu*-

We now use multiplicative Chernoff instead of Chebyshev. Since Ue(l), cee U9 are i.i.d.
random variables in [0, 1] and

H
Mw

€:_

??‘

=1
the bounded-variable multiplicative Chernoff bound gives

errw errw errw errw

Pty (10 — B (U )’>€E”°A(Ue))§26Xp( BE“‘)A(U)K)

Using E20:4(U,) > 11,/2, we obtain

errw

. - 2K
(10, — B0 2 (BR(0) < 2emp (-, (4.69

errw errw errw 6

Combining (4.68) and - we get

A 2 JK
P (U, — BLAU,)| > 3¢ ERAU,)) < 2exp (-6 a ) .

errw errw errw 6

Finally, taking a union bound over e € E yields

errw errw errw 6

. 20 K
Pa(3e € B U, — ERA(U)| > 3¢ EA(U.)) < 2|E|exp (-6 o ) : (4.70)

In particular, since |E| < ndyay/2, it suffices to take

6 Nllmax 6 2|E|
K > 1 > 1
_e%og< 0 )_62u*og<5)
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to make the probability in (4.70)) at most 9.
Step 2. Estimating E*2(U.U.),Ve, e’ € E s.t. |ene|=1.

errw

Recall that the proposed estimator for E0A(U, Uy ) is

1 K
A L A (k) A (k)
‘/;’e/ «— _K ];1 e Ue/ 3

as defined in Eq. (4.26])). We first control the bias of this estimator. As in the preceding step,

errw GI'I‘W

Evo, A Z [vo.A U(k U k))
Adding and subtracting uFu e(/k ), we get

‘EUOA(V;@) ]EUOA(UU )

errw errw

Exd| 000 — u®ul

errw

NIH
]~

k=1
1 & 1 &
LS poaipe _pw) L LS ped|p® _ e
§K;Eei’rw Uk - Ut }+K;E63WU —uP|,

where we used 0 < Ue(k), Ue(k), (A](,k), Ue(,k) < 1. By Eq. 1) under the choices of m,T in

e

Egs. (4.63) and (4.64)) and with n = ¢,

EXa|U® —UP| <95 for every e € E.

errw

Therefore
B8 (Veer) — B (UeUe)

errw errw

<184, (4.71)
Next, we lower bound the target moment. By Eq. (| - E20A(U,) > p, for every e € E.

errw
If e and €’ share the vertex j, then the moment identity in Lemma [4.3.1] gives

a; + 1 - 1j=vo

E©d(UU,) = B (U)ERA (U, - P
J - Lj=vo

errw errw errw

Moreover,
a; +1—1;_, a; 2 a

a;+3—1jmy a;+2  2a+2 a+1

Then, for all adjacent edge pairs (e, '),

B0 (UU) > copi (4.72)
Assume

§ < et (4.73)
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Then Eq. (4.71]) implies

[E22(V, E0-dUU)| < eE0A(UU).

errw ) errw errw

In particular, if € < 1/2, then

errw errw

~ 1
EUOA(Ve,e’) > (1- )EUOA(U Ue) > §Coﬂi-
We now apply multiplicative Chernoff. For fixed e, ¢/, the variables

owod, . uBgH

e

are 1.i.d. and take values in [0, 1], with average ‘A/e,e/. Therefore,

errw errw errw errw

P (Ve — Bt (Vo) 2 cEZ (Vi) < 2eXp( BE”‘)A(Vee')K) :

Using B2 (Ve o) > Tcop?, we get

errw

errw errw errw 6

A ) K
Pt (Ve — B0 2 BT, < 200 (- —’”‘) EENCE

Combining the concentration event with the bias bound gives, as in Step 1,

V.o — EA(UUL)| < 3¢ EXA(UUL)

errw errw

outside the exceptional event in Eq. (4.74)). Indeed,
Voo —E(UUy)| < €B(Vee) + €E(UU) < 3eB(UU,),

where we used E(V, o) < (1+ €)E(U.U.) and € < 1.
Recall that P; is the set of unordered adjacent edge pairs. Since

P =3 (5) < e 11E) <

veV

a union bound over P; gives

vo, A / ’ g, A vg, A feopii K
Pzt (e ) € Py s Ve — Bt (UU)| 2 3¢ BIRN(U.U) ) < 2Py exp ( ——— ).
(4.75)

In particular, it suffices to take

6 2|P|
K> 1
~ ey og( 0 )
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to make the probability in Eq. ( - at most 4. Since |P;| < nd?,., a simpler sufficient
condition is 6 o 2
K > log rmex ) |
e2copu} 0

Step 3. Estimating E*/(U, )EIIOHIIAIiU /) — Ew.A(U,U.) for adjacent e, ¢’

v errw
Recall that A, ./, defined in Eq. (4.27)), is the proposed estimator for

Acer =BG (U)ELL (Us) — B (UelUe ).

errw errw errw

We study UGUE/ — Ve,e/, which equals Ae’e/ whenever it is nonnegative.

The key point is that no additional variance estimate is needed. Once Ue, (76/, and ‘A/e,e/
are multiplicatively accurate, the corresponding estimate of A,/ is also accurate.

Fix an internal tolerance € € (0, 1), to be chosen below. Suppose that for all e € E and
all (e,e’) € Py,

U, — E(U,)| < eE(U.), Voo —E(UU)| < eoB(UUw).

Then, for every (e, e’) € Py,

N

(U U e,e’ ) - (E(U6>E(Ue’) - E(UeUe’))l
< NUeUer — E(U)E(Ue)| + Ve — B(UU )

The second term is at most €E(U For the first term, since U, < (1 4 ¢)E(U,) and

i U.).

U, < (14 €)E(Uy), while also U, > (1 — €))E(U.) and U, > (1 — €)E(Uy), we have
U.U, —E(U)E(U,)| < 3¢ E(U)E(U.)

for ey € (0,1). Therefore,

(U = Veo) = Ao < 30 E(U)E(Uy) + €0 E(UU). (4.76)

Since E(U.U. ) < E(U,)E(U.), this gives

(UeUe’ - ‘A/e,e’) - Ae,e’ E<U€)E(U€')‘

It remains to compare E(U.)E(Uy) with A... From the moment formulas in Lemma
4.3.1} if j is the shared vertex of e and ¢/, then

QE(UG)E(Ue’)

AE 6’ - 4 4 -
’ a’j+3_1j:1)0

Equivalently,

aj+3 1. dmax-f—g

E(Ue)E<Ue’> - 92 =t Ae o < Ae,e’-
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Thus o R
(UeUer = Veror) = Deer| < 260(@dimax + 3)Acer-
Choose .
€ = odom 7 3)° (4.77)
Then

(UeUe’ - ‘A/e,e’) - Ae,e’

<€A V(e e') € Py. (4.78)

In particular, since € < 1, the quantity U0, — Ve, 1s positive on this event, so it agrees
with the estimator Aw/ defined in Eq. .

We now invoke the concentration bounds from Steps 1 and 2 with the final multiplicative
tolerance there taken to be €y, equivalently with the auxiliary tolerance €;/3 in the last
Chernoff step. Thus, provided the corresponding bias conditions hold, namely
€

¢ < _COMza

/ €0 0
< —
S Gt = 54

Steps 1 and 2 give

. 2u. K
[Ppro,A (Ele ceE:|U.—EWU.)| > EOE(U6)> < 2|E|exp (— % ) ,

errw
and

on,A <E|(€,€/) € Py |‘A/e7e/ — ]E(UeUe/)| > EoE(UeUe/)> < 2|P1| exp (

errw

ot K
54 '

Therefore, by the deterministic implication above,

v, A / LT T - o K
P 3(e ) € Pr: |(UUe — Vee) = Aeer| > €Aee ) <2|Elexp | — 1

2. 2
_ €Cop K

Since €y = €/[2(@dmax + 3)], it suffices to take

216(a 2 41E|\ 216(a 2 4
KZmaX{ 0(@max + 3) log( | ’>, 6(admax + 3) log( \731|)}

€4l 4y €*copi 0

to make the failure probability in (4.79)) at most 9.
Step 4. Piecing it all together.
We now combine the preceding estimates. Let

€

€ = —Q(deax i 3)
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To make the bias terms negligible at the internal tolerance level needed for the A-estimate,
it is enough to choose §’ so that

4§ < min {;—(;,u*, ;—chi} :

Equivalently, it is enough to take, for example,

€
§ <

. 2
S 08 (e 3) e oM

With this choice of ¢’, and with m, T satisfying Eqgs. (4.63]) and (4.64)) where n = ¢’, Steps
1-3 imply the following. For all e € F,

U, — EXA(U,)| < e EA(U,)

errw errw

fails with probability at most

€2, K

2|E 0 )

|E] exp ( -1 )
For all (e, e’) € Py, )

|‘/e,e’ — EUO7A<UeUe’)‘ S €0 EvO’A(UeUe’)

errw errw

fails with probability at most

edcop? K
o4 '

2|P1| exp <—

On the intersection of these two good events, Step 3 gives
|Ae,e’ - Ae,e’| S GAe,e’ V(e, 6/) S P17

where
Aeo = B U EDNUy) — EA(UUL).

errw errw errw

Moreover, since €y < ¢, the same good event also gives

U, — E2AU,)| < eERA(U,)  VeeE,

errw errw

and

Ve — ERAUUL)| < eBOAUUS) Ve ) € Py

errw errw

Therefore, by the union bound, all three families of quantities are simultaneously e-
multiplicatively approximated with probability at least

2 K 2 2K
| = 9 B exp (fog;l ) 9Py exp <—5—5ﬁ) |
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Consequently, for any § € (0, 1), it suffices to take

54 41FE 54 4
szax{ 5 log< | |>, 5 2log( |PI|)}
€0l 0 ) €xcop 0

Using €y = €/[2(admax + 3)], this is equivalent to
216(ad, oy + 3)2 AE\  216(ddyay + 3)? 4
K > max 6(@ +3) log |£] , 6(@ +3) log ﬂ .
€2 L ) e2copi? 0

Since |E| < ndyax/2 and |Py| < nd?,., a simpler sufficient condition is

216(@dmax + 3) <4nd§nax)
5 log .
€~Co by 0

K>

In particular,
6

dmax ndmax
K:Oaﬁa( 2 log 5 )

Theorem 4.4.19 (Non-asymptotic bounds). Let G = (V = [n], E)) be a connected weighted
graph with initial edge weights A = (a¢)ecr and diameter diam. Assume that a < a. < @ for
all e € E, where a,a are positive constants. Fiz e,0 € (0,1). Let

Pri={{e,d} e, €E, e#¢, lene|=1}.

Define

a(a+1) a €
=" Cop = , €= ——.
P (e + 1)2 0T 1 0 O (@dpa + 3)

Let o' € (0,1) satisfy

!/

§ < ¢
= 108(@dar + 3)

min{ i, cop? }.

Suppose
82, (i \ (@M 8 2nd
() ().
and 291 (a,@)diam
T > ego(n®logn + (m + 1)ndumax) (dr(rsl/ax) log (§> .
If

a 2 4 a 2 4
K > mase | 2160 +3) log |E| | 216(@dmax + 3) log Py | |
€2 fi 6 e2copi? y

then, with probability at least 1 — ¢, the estimators simultaneously give e-multiplicative ap-
prozimations of

Exw(Ue),  EngUle),  ERp(Uo)Bun(Ue) — Edg(UUe)

errw errw errw errw errw

for alle € E and all (e,e’') € Py. Consequently, the induced estimates of the o;’s, and hence
of the edge weights a., are O(€)-accurate.
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Remark 4.4.19.1 (Constant-degree graphs). For constant-degree graphs, i.e., when dya, =
O(1), the preceding theorem gives a particularly simple form. For fized €, € (0,1) and fized
constants a,a, it suffices to take

K = O(logn), m = exp{O(diam)} log n,

and
T = O(n®logn exp{O(diam)}) .

Thus, for bounded-degree graphs, the number of independent trajectories needed is only log-
arithmic in the graph size. The main cost is instead the required trajectory length, which is
governed by the cover-time factor exp{O(diam)}. In particular, if the graph has both bounded
degree and logarithmic diameter, then T is polynomial in n.

Remark 4.4.19.2 (Positive-integer-valued edge weights). In the special case where all edge
weights are integers, one might wonder whether the sample complexity can be significantly
reduced. However, the requirement to cover the graph imposes a fundamental bottleneck on
the trajectory length T .

To see this, consider a path consisting of (n+ 1) vertices and let A =1 be the initial edge
local time. Label the left-most vertex as vy and the right-most vertex as v,. Define A as an
alternative hypothesis that matches A except for the right-most edge weight, which is set to
2.in A. To obtain any information about the right-most edge, the trajectory must reach it
first, necessitating a traversal of the entire path. This imposes a constraint on T', making it
at least 20 . The time to reach v, from vy is asymptotically bounded below like this because
it stochastically dominates the time to reach n from 0 in a biased random walk with negative
drift on the nonnegative integers. So, while the positive-integer valued case is likely to be
easier than the general case as it may require a lower sample complexity for the number of
trajectories K, the dependence on the cover time T is still unimprovable using our current
techniques.

4.5 Summary

In this chapter, we explored how to estimate the initial weights in an edge-reinforced random
walk (ERRW) given a collection of sampled trajectories. We provided lower and upper
bounds on the complexity of these estimation tasks, both in terms of the length of the
trajectories and in terms of the number of trajectories. We expect that the upper bounds
we derived can be significantly improved with more carefully designed algorithms.

We list some other questions that seem to warrant further investigation.

Question 1. Sample-Complexity Upper Bounds for Testing

Consider identity testing: the null hypothesis Hy is A = Ay, while the alternative H;
states A is at least e-far from Ay under some metric. An interesting question is whether the
sample complexity of the classical likelihood-ratio tests is competitive with tests that use
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ERRW-specific structure, perhaps along the lines of the ERRW-specific properties we have
used in designing the estimators derived in this chapter.

Question 2. Non-Linear Activation Functions

Beyond the linear activation setting, one can study ERRW with non-linear activation.
The law of ERRW with activation function g : R, — R"_ starting at vy with initial edge
local time Ly = A can be stated as

{Xtvi}
U 7A o g Lt .
Pe?rw(g)<Xt+1 = Z | {X07X1, “ .. 7Xt}> = Z ( g(L{?Xhi/})’ vZ E ‘/', vt G Z+
i X~/ t

Some examples for non-linear activation functions include g(z) = z* (o # 1) and g(z) =
log(z + 1). While such processes have been analyzed in the literature(e.g., see [70, 26]),
their behavior cannot be reduced to a mixture of Markov chains, and no “magic formula”
integration identity is known. Nevertheless, one might still attempt to recover the initial
weights from trajectory data or, alternatively, prove that exact recovery is impossible.
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Chapter 5

Information Quantities Related to
Edge-reinforced Random Walks

The ERRW model, its random-environment representation, and the magic formula are
reviewed in Section [1.2} we refer to [84] for further background. This chapter studies
information-theoretic quantities associated with ERRWs on finite graphs, motivated in part
by the problem of statistically distinguishing between different ERRW models from observed
trajectories. Leveraging structural properties of the random environment [92, 93|, we derive
an annealed representation of the entropy rate, a closed-form formula for the environment-
level KLi divergence, and quantitative bounds on the convergence of trajectory-level KL
divergence toward environment-level KL divergence.

These information-theoretic quantities are motivated by the two-point hypothesis testing
problem for ERRW trajectories, and in particular by the associated Stein exponent. We also
expect them to play a role in other testing problems for ERRWs, including identity testing
and closeness testing.

5.1 Introduction

Our main results are as follows.

e FEntropy rate. The entropy rate of ERRW admits an annealed representation in terms
of the mixing measure. We derive an explicit formula for the entropy rate and an upper
bound expressed via the normalizing constant in the magic formula.

o KL divergence between environment laws. The family of ERRW mixing measures forms
a canonical exponential family, which yields a closed-form formula for the environment-
level KL divergence. Through the STZ field representation [93], this formula has a
probabilistic interpretation as the difference of edge-Gamma and vertex-Gamma KL
divergences; see Section
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e (Convergence of trajectory-level KL divergence. The trajectory-level KL divergence
converges to the environment-level KL divergence as T' — oo at a sublinear rate on
general graphs, with a tight characterization in the n-star (Pélya urn) case.

The results support the following general point of view. For ERRW on finite graphs, the
random environment, especially at the level of the STZ field [93], is the natural object in
terms of which entropy and KL divergence are most naturally understood. In this sense,
the random-environment representation is not only a structural description of the model but
also the appropriate framework for its information-theoretic analysis.

Throughout this chapter, let G = (V| E) be a finite, connected, simple undirected graph,
with |[V| =: n and |E| =: m. For u,v € V, we write u ~ v if {u,v} € E, and for v € V,
we write deg(v) := [{u € V : u ~ v}|. We fix a distinguished initial vertex vy € V, and
we equip the edges with positive initial weights A = (a.)ecr € (0,00)%. For v € V, let
Ay := D .5, Ge- When e = {u, v}, we occasionally write a, = @y = yy.

We recall the mixing measure from Definition [1.2.0.1] using notation adapted to this

chapter. Fix a reference edge ey € E, work in the gauge w,, = 1, and write w, := ) ., we
and 7(w) := > req [ [oeq we. Then
1/2 ae—1
- Wy, He We*
oy, a(W_cy) = Zy g — €§u+1)/2 V(W) dw_e,, (5.1)
HUEV Wy
where . (V-1
Qe -
ZUO,A — HeGE ( ) ™ (52)

Hvev T (au—&-l—;(v:vo)) . 21*|V|+ZeeEac '

Here I' denotes the Gamma function. Also note that, since w., = 1 we sometimes write
dpty, a(w) for dpiy, a(w_e,), with the understanding that an additional factor of ¢(w., — 1)
has been tagged on.

Conditional on W = w, the transition kernel is p;;(w) := L,”, 1 ~ j. For a fixed
environment w, the chain P* = (p;;(w)) is reversible with stationary distribution ;(w) :=
szj‘iwv, i € V. Indeed, for i ~ j, one has m;(w)p;;(w) = wi;/ > ,cp wo = 7;(w)pji(w). The
random environment representation will be the basis for our analysis of the entropy rate and
KL divergence in the rest of the chapter.

Let w be a fixed environment, and let ] be a trajectory with xy = vy. Under the
quenched law P the probability of o for T'> 1 is

STW 7

T Wiy} v ()
e (cf =)= Lo = T (222) 53

ueV v~u

Equivalently, the quenched log-likelihood for 7' > 1 is

log PY:w (X = 2l) ZZN“” xd )1og wiyvy — ZN zd) log w,. (5.4)

ueV v~u ueV
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In particular, for fixed w, the quenched law of the trajectory depends on x only through
its directed transition count vector N(xl) := (Nyy(2l))uww. We shall use this observation

repeatedly.

For later use, note also that the stationary mass carried by an undirected edge e = {i, j}
in the fixed environment w is 2m;(w)pij(w) = we/ Y cpwy. Accordingly, we consider the
stationary occupation measure on edges under the fixed environment w and denote it by
Xe(w) == we/ Y cpwy, € € E. This quantity will play an important role in the rest of the
chapter.

The rest of this chapter is organized as follows. In Section we study the entropy rate
of ERRW. In Section [5.3], we analyze the KL divergence between ERRW environment laws.
In Section [5.4] we study the KL divergence between finite trajectory laws and its relation to
posterior updating. We then conclude with a discussion of several open problems.

5.2 Entropy Rate of ERRW

In this section, we study the entropy rate of ERRW through its random-environment repre-
sentation. Throughout, let (X;);>¢ denote the ERRW on (G, vy, A), and let W ~ p,,, 4 denote
the random environment from the recalled random-environment representation above, where
fioo,a is defined in (5.1). Conditional on W = w, let P* = (p;;(w)) be the corresponding
quenched transition kernel and let 7(w) be its stationary distribution.

Entropy rate and the finite-state Markov-chain formula

We write H(-) for Shannon entropy with logarithms to the natural base. Since X, = vy is
deterministic, H(X!) for T > 1 is the same as the entropy of (X7, ..., X7); nevertheless, we
continue to write H(X]) for convenience.

For each T' > 1 and each environment w, define the quenched path entropy by hp(w) :=
Hpuow (X{). Since V is finite, this is well-defined and satisfies 0 < hy(w) < T'log|V]. We
define the conditional entropy of X! given W by H(X! | W) := E[hy(W)], and the mutual
information between W and X! by I(W;X[) := H(X!) — H(X | W). Equivalently,
I(W; Xg') = Dxw(Py,xr [| P ® Pyr), where D, denotes relative entropy. Since X takes
values in the finite set V771, all these quantities are finite.

Definition 5.2.0.1 (Entropy rate). Let (Y:)i>0 be a discrete-time process on a finite state
space. Its entropy rate is defined as

o1
r:= lim TH(YOT),

T—o00

provided the limit exists.

The entropy rate of a finite irreducible Markov chain is well known.
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Proposition 5.2.0.1 (Entropy rate of a finite Markov chain). Let P = (p;;)ijev be an
wrreducible Markov chain on a finite state space V', and let w be its stationary distribution.
Then the entropy rate exists and is given by

i€V jev

In the present setting, for each fixed environment w, the quenched chain P is irreducible
on the finite connected graph G, so Proposition |5.2.0.1] applies.

Annealed reduction through the random environment

We first bound the entropy H(X{') under the law of the ERRW on (G, vy, A) in terms of an
annealed average of the corresponding quantities for the quenched chains corresponding to
each environment w.

Lemma 5.2.1 (Annealed reduction). For every T > 1,
HOXT) = HOXT | W) + 100 X7). (5.5)

Moreover,
IW; XD) < (2|E| — 1) log(T + 2|E| — 1). (5.6)

In particular, T I(W; X!) — 0 as T — oc.

Proof. The identity is immediate from the definition of mutual information.

To prove (5.6), let N(X{) := (Nuw(X{))u~w be the directed transition-count vector. By
(5-3), for every fixed environment w, the quenched probability of a trajectory z{ depends
on z} only through N(zl). Thus, if S(n) := {2l € VI : N(al) = n, 2y = vy}, then
Prow( XD = 2l) is constant on S(n). Hence, conditional on {N(X[) = n}, the quenched
law of XI is uniform on S(n), and in particular does not depend on w. Equivalently,

W 1L X | NXD).

By the chain rule for mutual information, I(W;X[I) = I(W;N(XD)) + I(W; X[ |
N(XD) =I(W;N(XT)). Since N(XT) is discrete, I(W; N(XT)) < H(N(X])).

Now N(XI) has 2|E| nonnegative integer coordinates and total mass 7', so its support
is contained in the set of weak compositions of T" into 2|E| parts. Therefore

T +2|E| — 1)

sup(ve < (75 2

and hence

T+2|E|—1

rv(e) < og (1 20

) < (2|E| - 1)log(T +2|E| - 1).

This proves ([5.6)). O
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In the special case of an n-star the bound of (5.6 is tight up to a constant, see Ap-

pendix
We now deduce the existence of the entropy rate of the ERRW on (G, vy, A) and provide
an annealed representation for this entropy rate.

Theorem 5.2.2 (Entropy-rate formula). The entropy rate of the ERRW on (G, vy, A) exists.
More precisely, for pi,, a-a.e. environment w, the quenched chain P* has entropy rate

r(PY)=— Zw, Zp” w) log p;j(w),

eV JeEV
and 1
T w
r(vo, A) _Th—I};o TH(X ) =E[r(P")]. (5.7)

Proof. Fix an environment w. For ¢ € V', define the one-step entropy by

me logpm ) - _Z%log%

Jjev Jri

Since under P2%" the process is Markov, the chain rule for entropy gives

T
he(w) = Hprge (X | X571),
t=1

and the Markov property yields Hpuow (X, | X§7') = Hpuow (X, | Xio1) = E*%[hy, , (w)].

Therefore
T—1

he(w) =Y E™[hx, (w)].

t=0
Since P" is irreducible on a finite state space, its Cesaro averages converge to the sta-
tionary distribution 7(w). Thus, for each i € V,

Z ngww _> ﬂ-’t( )

Multiplying by h;(w) and summing over i, we obtain
int) = 30 (33005 = ) ) —» (o) = ()
eV

Moreover, 0 < h;(w) < logdeg(i) < log|V], so 0 < T 'hp(w) < log|V| and 0 < r(PY) <
log [V].
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Now divide (5.5) by 7. By Lemma the mutual-information term is O((log T")/T') =
0(1). On the other hand,

1 1

TH(XOT |W)=E [?hT(W)] :

Since T~thy(W) — r(PY) almost surely and 0 < T~ *hp(W) < log |V, dominated conver-

gence gives
1
ZHOXT | W) — Elr(P")]

Combining these two limits with (5.5)) proves (5.7)). ]

Exact formulas and bounds for the ERRW entropy rate

We now rewrite the quenched entropy rate in a form better adapted to the random environ-
ment.

Theorem 5.2.3 (Exact formula and upper bound). Let r(vg, A) be the ERRW entropy rate
from Theorem[5.2.2. Then

r(vg, A) = —/ Z Wij log Wij Yoo A(dw), (5.8)

{i,j}eE Z{u,v}eE Wy W W,

where fuy, 4 is defined in (5.1)). Forv € V| write b, := %ﬂ' Then

a. T'(b:) I'(b)) 1 1y, 1 1
T’(Uo,A) S Z (Er(bz—i_%)F(bj—i_%))(10g2+§\1/(b2+§)+§\1/(bj+§)—\I/(ae+1))

e={i,j}€FE
(5.9)

Here, for a real number x > 0, we use the standard notation T'(z fo t*=tetdt for the
Gamma function and ¥(x) := ddm logT'(x) for the digamma functwn
Proof. By Theorem [5.2.2] (v, A) = E[r(P")]. For a fixed environment w,

=2 miw) 3 py(w)logpy(w) = <=3 > wy

icV jev ’UGV VeV jei

For an undirected edge {@ 7}, the two oriented contributions are w;;log =2 and w;;
whose sum is 2w;; log — \/7 Summing over all edges and using ) ., wy, = 2) _p We, We

obtain

{i,jeE
Averaging over W ~ i, 4 yields (5.8)).



CHAPTER 5. INFORMATION QUANTITIES RELATED TO EDGE-REINFORCED
RANDOM WALKS 130

For the upper bound, define Y,(w) := \/;feiw for e = {i,5} € E. Since w, < w; and
W
we < wj, we have 0 < Yy (w) < 1. Also, > pw, > T(w; + w;) > \Jwiw;, so

w
¢ < Y6<w)
ZgEE Wy
Because —log Y, (w) > 0, and (5.10)) imply
r(PY) < — ZY JlogYe(w),  r(vg, A) < =Y B, ,[Ye(W)log Yo (W)].
eclk ecE

Fix e = {i,j} € F, and let A := A +1,. Comparing the densities (5.1)) for A and A
we see that increasing a. by 1 multiplies the unnormalized density by

We

= Y;(w)a

w;W;

while the remaining change is only the ratio of normalizing constants. This remains true
when e = ¢y in the pinned gauge w,., = 1, the edge factor w,, is equal to 1, but the two

incident vertex factors w, 2 and wj_l/ ? are still introduced. Hence the multiplier is still
We, 1
Ye, (’LU) = — .
\/wiwj \/'LUi'LUj
Thus J P
/’Lvo,A(e) (w) _ _“vo,A A Y (w)
dftvy,A Zgy, A©)

z
oalYe(W)] = e AL , while multiplying by log Y. (w) before integrating
’UO,

Integrating gives £,

gives
By o[V (W) log Ye(W)] = By, L[V (W] E, | flogYa(W))

The first factor on the RHS is computed directly from (5.2)):

_a. T(b) '(b;)
Eﬂvo,A[Ye(W)] - E ) F(bl + %) ) F(b] n %)

For the second factor, the dependence of the density (j5.1]) on a, is exactly through the factor
Ye(w)%, so

0
B log Zyy 4 =E

Differentiating the explicit formula ([5.2)) then gives

[log Y (W)].

//'1:0 JA

., 4[log Yo(IV)] = W(a,) — 5W(b) — S(b;) ~ log2.
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Applying this identity at the shifted parameter A(®) gives

1 1
E, log Y.(W)] = ¥(a, +1) — 5@(@ +1) - 5\1:(@ + 1) —log2.

vg,A(€)
Substituting these identities into the previous bound yields (5.9). O

Remark 5.2.3.1. The exact formula (5.8) shows that the entropy rate is determined by the
random environment through the ratios w;;/./w;w;, while the upper bound (5.9)) provides an
estimate for this dependence explicitly in terms of the initial weights.

5.3 KL Divergence Between Environment Laws

Throughout this section, fix a finite connected graph G' = (V, E), a distinguished initial
vertex vy € V, and a reference edge ey € E. We work throughout in the pinned gauge
Wy, = 1. For A = (ac)eer € (0,00)%, let pi,, 4 be the ERRW mixing measure from Definition
, let Z,, 4 be the corresponding normalizing constant, and write ®(A) := log Z,, 4.

As before, for v € V we write a, := )., a. and b, = b,(A) := %“U:”O).

For each edge e = {u,v} € E, define Y, (w) := o and T, (w) :=log Y. (w). Thus T, is
exactly the logarithm of the quantity that appeared already in Section [5.2]

The starting point is that, once the graph and the initial vertex are fixed, the family
{Hvo, 4} ac (0,00 forms a canonical exponential family in the standard sense of exponential-
family theory; see, for example, |18| [107]. As a consequence, the KL divergence between two
environment laws is determined by the log-normalizing constant ®(A), where A denotes the

vector of initial edge weights.

Explicit formula for environment-level KL divergence

We have the following formula for the KL divergence between two random environments.

Theorem 5.3.1 (Exponential-family structure and KL formula). The family {ftv,,4} a(0,00)%
is a reqular canonical exponential family on the pinned space W,, = {w € (0,00)F : w,, =
1}, with natural parameter A, sufficient statistic T = (T.)ccp, and log-partition function ®.
More precisely,

dftg 4 (W —exp(Zaee - ))y(dw), (5.11)

ecE

where the base measure v does not depend on A. Consequently, for every e,e’ € E,

0 0?
S ¥ =B WLV 5 0(A) = cov, (LOVL W), (512)
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If A9 AM ¢ (0,00)7, and p, = fhog At Jor s € {0,1}, then the KL divergence is the
Bregman divergence of ®:

9 pa) . (5.13)

DKL(#OHIM) _ (I)(A(l)) _ CD(A(O)) _ Z(agl) _ a(O)) o o

eck

Define, for p,q > 0, A(p, q) :=logT(q) —log T'(p) — (¢ — p)T(p). Then, with b5 := b,(A®),

DKL ,UDH,ul ZA CLEO ,aél) ZA bg)o ,bq()l . (514)

ecE veV

Proof. Starting from ({5.1)), the density of p,, 4 is

wl/?H Ewac 1

-1 vo e

dﬂvo,A( )= Zv(,A I ;av_,_l)/g VT (W) dw_g,.
veV

For each edge e = {u, v}, the dependence on a, is exactly through the factor

wgew;aeﬂw;ae/? =Y, (w)%* = eteTe(w)
Thus
dpty, A(w) = exp (Z a.T.(w) — @(A)) v(dw),
eck
where
= wl(TTw: ") (T wn2) v/r(w) du-ey
c€E veVv

does not depend on A. This proves .

The identities and are the standard gradient, Hessian, and KL-Bregman
identities for regular canonical exponential families; see, for example, [18, [107]. Indeed,
differentiating the log-partition function in gives the mean and covariance identities
in (5.12)), while direct substitution of into Dxr,(fol|p1) gives the Bregman formula
(5.13).

To verify , we compute the following explicit formulas. By , we have

= Zlogf‘(ae) — Zlog I'(b,) + |V|2_ ! logm — (1 —|V]+ Zae> log 2.

eckE veV eck

Differentiating with respect to a., where e = {u, v}, gives

ai(l)(A) — W(a,) - %\y(b@ - %\I/(bv) ~log2. (5.15)

Substituting these expressions in ([5.13]) yields ((5.14)).
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Remark 5.3.1.1. The exponential-family structure in 18 already implicit in the magic
formula and in the Bayesian interpretation of ERRW as a prior on reversible Markov chains;
see (25, 62, 91, |33, |80]. The point of Theorem 15 to make explicit the associated
Bregman-divergence formula for the KL divergence between two ERRW environment laws,
and to record the resulting closed form in terms of Gamma and digamma functions.

A probabilistic interpretation via the STZ field

The formula also admits a natural probabilistic interpretation through the random-
field representation developed by Sabot, Tarres, and Zeng [92, [93]. In the original STZ
field representation, the pinned field includes an auxiliary “ghost” component: the field
at vp has an extra independent Gamma(%, 1) factor. We consider a version of the field
with this component removed, and call the resulting reduced representation the deghosted
parametrization. In this parametrization, the underlying field separates into an ERRW envi-
ronment component together with independent Gamma variables on edges and independent
Gamma variables on vertices. The KL identity then appears as the net contribution of these
two Gamma structures.

Let 8 = (Be)ece have independent coordinates with §. ~ Gamma(a.,1). Conditional
on f, and in the gauge ¢,, = 0, let ¢ = (¢;);ey be sampled according to the hyperbolic

Gaussian density

1 - » e(cosh(¢p;—;)— -5 i ) ]
Pad) = e e MO Ve B @ [ T] s,

TeT e={i,j}eT

We then define, for i € V and {i,j} € E, ¢; := %ij Bije? % and W;; := B;;e%%. Since
W; =53 i Wi; = 29p;€2% it is natural to introduce the normalized field

B, = By 2Wy
] — .
NOVALOLE

The first point is that the vertex variables separate from the environment.

Lemma 5.3.2 (The ¥ vertex field (Section ) The coordinates of v are independent,
with ¢, ~ Gamma(b,, 1) forv e V.

We remark that since the deghosted v field differs from the original one only by an
independent Gamma(}, 1) random variable at vy, the proof in Section , which is carried

out for the original ¢ field, applies verbatim to the 1) field.
We next record the basic structural properties of the deghosted parametrization.

Lemma 5.3.3 (Deghosted parametrization, normalized field, and factorization). Fiz the
gauge ¢, = 0.
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1. Bijection between (3, ¢) and (W,%). The map (8,¢) — (W,1) is measurable and
one-to-one onto its image. Its inverse is given by
1 W :
i = = log —, 1€V,
¢i = 5 log 20,

and By = Wize™(@iFei),

2. Pinned environments and normalized fields. Let W, := {w € (0,00)F : w,, = 1}, and
define
H:W., — (0,00)F H(w),; = 205 {i,j} € E.
€0 ’ ) 1) \/waj’ )
Then H 1s injective. Moreover, a vector B e (0,00)E lies in the image of H if and
only if the matriz B with rows and column indezed by the vertices and with entries 51]
has spectral radius 2. In that case, if u > 0 satisfies Bu = 2u and is normalzzed by

3 L Biojoliotlsy = 1, then the unique w € W, with H(w) = § is given by w;; = ,szuzuj

3. Factorization. Let P4 denote the law of (5, ®) under parameter A. Then the pushfor-
ward of Py under (B, ¢) — (W,) factorizes as

(W, ) ~ fyy.a @ ® Gammay(b,, 1). (5.16)

veV

Equivalently, if Uy, a4 := Hyjiy, 4 denotes the law of the normalized field, then
(B,%) ~ Dpg,a ® ® Gamma(b,, 1). (5.17)

veV

Proof. For part (1), the identities W; = Y. .W;; = 20;e2% i € V, determine ¢ uniquely

from (W, Q,E), since ¢,, = 0 is fixed. Once ¢ is known, the variables (;; are recovered from
W;; = Bije® i, This proves the claimed bijection.

For part (2), let w € W,,, let W be the matrix with rows and columns indexed by the
vertices and with the entries W;;, and let D := diag(w; : @ € V). Then the matrix associated
with H(w) is B = 2D~ Y2W D=2, If P := D~'W, then P is the transition matrix of the
reversible Markov chain with conductances w, and B = 2DY2PD~Y/2_ Thus B is similar to
2P. Since G is connected and all edge weights are positive, P is irreducible and stochastic,
so p(P) = 1. Hence p(B) = 2.

Now let u; := /w;. Then

(Bu), = Y iy = \/—Zwu—%/ﬁ—?uz

Thus u is a positive eigenvector of B for eigenvalue 2. By the Perron-Frobenius theorem,
such an eigenvector is unique up to scale. Since the pinning condition w,, = 1 fixes the scale,
H is injective.

Jrvi
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Conversely, let B e (0,00)F be such that the matrix B with rows and columns indexed
by the vertices and with entries 3; satisfies p(B) = 2. By the Perron-Frobenius theorem,
there exists u > 0 with Bu = 2u. Define w;; := 3 f;;u;u;. Then

1 ~ 1 -

j~i j~i

Hence v
H(w)y = —— = 2 ottty _ Bij-
/Wi W U; Uy
If u is normalized by %Biojouioujo = 1, then w., = 1, so w € W,,. This proves the image
characterization and reconstruction formula. .

For part (3), part (1) shows that the change of variables from (5, ¢) to (W, ) is bijective
onto its image. The STZ representation implies that, after this change of variables, the W-
component has law y,, 4, while the coordinates of ¢ are independent with laws Gamma(b,, 1);
see |92, 93]. This proves ([5.16). Applying the map H to the W-coordinate yields (5.17). O

We may now recover the KL identity from the deghosted factorization.

Theorem 5.3.4 (Probabilistic interpretation of the environment KL formula). Let A©® A®)
€ (0,00)%, and let pus := fu,, a0, Vs := Hypiy, a0, and b = b,(A®), for s € {0,1}. Then

DKL(#OHP&) DKL I/()“I/l ZA CLEO ,a (1) ZA bq(jo ,bqgl . (518)

eckE veV

In particular, the environment-level KL divergence is the net contribution of the edge-Gamma
and vertez-Gamma parts of the deghosted field.

Proof. Let P, be the law of (3, ¢) under parameter A®, for s € {0,1}. Since the conditional
law of ¢ given [ does not depend on A, the chain rule for relative entropy gives

Diw(Po|P1) = Dict(B)80) = > A(al”, M),

ecE

because the coordinates 3. are independent Gamma variables.
On the other hand, by Lemma m(l), relative entropy is preserved under the bijection
(8,6) — (W,1)). By Lemma [5.3.3(3), the pushforward law factorizes as

(W, D) ~ fhyga @ ® Gamma(b,, 1).

veV

Hence
Dx1(Pol| Py) = D (pollpa) + > ADY, 5.

veV
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Comparing the two expressions yields

DKL MOHMl ZA ag@ 7aél ZA bg)o 7b£)1 :

ecE veV

Finally, by Lemma [5.3.3|(2), the map H is a bijection between the pinned environment
and the normalized field. Since relative entropy is invariant under measurable bijections,

Dy (o]l 1) = Dxi(Pol|71).

This proves (5.18]). O

In light of this, the environment-level KL divergence should be understood as

Dyt (poll 1) = D (B8Y) = Dyer, (0 @Y[b™M) = Dicr,(BV)18) = > D (7 [[0).

eck veV

Indeed, under the deghosted factorization, the raw field splits into an environment component
and an independent vertex Gamma field, while the edge variables (f3.).cgp are themselves
independent Gamma variables. The ghost variable, when included, has the same law under
both parameters and therefore contributes no relative entropy. Thus the KL divergence of
the environment is obtained by subtracting the vertex-Gamma contribution from the total
KL divergence of the independent edge-Gamma field.

5.4 KL Divergence Between Trajectory Laws

We now turn from the hidden environment to the observable trajectory. For 7" > 1 and
s €{0,1}, let
PI) =L o (X])

S
]Perrw

denote the law of the first T steps of ERRW with initial weights A®). These trajectory
laws are the natural objects in statistical testing problems based on finite observed paths. In
particular, if one observes i.i.d. T-step trajectories drawn either from PO(T) or from Pl(T), then
Stein’s lemma identifies DKL(PST) ||P1(T)) as the optimal type-II error exponent at fixed type-I
error level. The main point of this section is that the difference between the environment-

level and trajectory-level KL divergences is exactly an expected posterior KL divergence.

Trajectory laws, testing, and posterior conjugacy

The relevant posterior update is especially simple for ERRW: after observing a path, one
adds the undirected edge counts to the parameters and moves the distinguished root to
the terminal vertex. This is the conjugacy property underlying the Bayesian approach of
Diaconis and Rolles [33].
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Proposition 5.4.0.1 (Posterior conjugacy and path probabilities). Fiz A € (0,00)¥, let
W ~ piy.a, and, conditional on W = w, let X} be sampled from the quenched chain PY;".
For a realized path xl with Ty = vg, let N = N(zl) = (N.)eer be its undirected edge-count

vector and let xr be its endpoint. Then

V0, W Zx VA
PR (X5 = 20) tog.a () = =75 i g (duo). (5.19)
o,
Consequently,
Zy
Pitve(Xg = ag) = =25, (5.20)
vo,A
and
pog,a(dw | Xg = 25) = flzy,arn(dw). (5.21)

Moreover, since the endpoint is determined by the parity rule (C.1)), the posterior depends
on the path only through N :

:uvo,A<dw | N) = ,uacT(N),A—&-N(dw)- (5.22)
Proof. See Appendix O

The posterior-gap identity and general bounds

We now compare the environment-level and trajectory-level KL divergences. Let

Hs = MU07A(S)7 PS(T) = E[onyA(S) (Xg)7 s € {O’ 1}’

errw

and define the gap
T T
Gapy := D, (oll11) — D (PY7|| P,

Theorem 5.4.1 (Posterior-gap identity and explicit formula). For every T > 0,

Gapy = B [Dcc (Bo(W | N) || PU(W | N))]. (5.23)

p{
Equivalently, if N = N(XI) and x = xp(N), then
Gapy = Epéﬂ [DKL (%,A<0>+N | Mz,A<1)+N)} . (5.24)
For s € {0,1}, write al?) = Y esw at and let dy(N) :== .5, Ne. Define

al? + dy(N) +1 —1(v = z7(N))
2

b = ,  wvelV

Then
Gapy = Epm) D MA@ + Neyal + Ne) = CAGEN, b)Y | (5.25)

eck veV
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Proof. Let Q, be the joint law of (W, X') under parameter A®) . Since the conditional law
of X' given W = w is the same quenched law P%:* under both parameters, the chain rule
for relative entropy gives

Dx(Qol|@Q1) = Dxw(pol|p)-

Decomposing in the opposite order yields
Dicw(Qoll@1) = D (Bs " [P”) + Epers [ D (Po(W | X3) || P(W | XT)] -
Subtracting the two identities proves

Gapy = Epin [Dxe (Ro(W | Xo) [ (W | X7))] -

By Proposition [5.4.0.1, Py(W | X)) = Ps(W | N) = i, s, n, Where z = zp(N). This gives
(5.23) and ({5.24]).

It remains to apply the environment-level KL formula from Theorem [5.3.1} For the
posterior measure i, 454y, the edge parameters are at? + N., while the corresponding
vertex parameters are

Yelo? +N)+1-1w=1) o +d(N)+1-1v=1) _,.n
2 2 Y

Substituting these into ([5.14) yields ([5.25)). O

The exact expression (5.25)) is convenient because the vertex term is nonpositive, so one
can obtain upper bounds by estimating only the edge contribution. The next proposition
records both an integral representation and a simple upper bound.

Proposition 5.4.1.1 (General bounds on Gapy). Let d, := agl) aéo), let a := min.cp
min{ago), agl)}, and let W1 = U’ be the trigamma function. Then

GapT:/ 1—t (235 EP(T)[ O +N + td, )]

eckE

—;Zaﬁxapg{\pmbfvaw%)]) " 520
veV
where 0, = oV — ¢ = Y ey Oe-
In particular,
1 1

G < = 2R . 5.27
apr = Z P {N +Q+(N6+Q)2} ( )

eeE

Gapy < ( _)25 EP@){ Q} (5.28)

Hence also
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Proof. We use the elementary identity

Alp,q) = (q —p)Q/Ol(l —t)Ui(p+t(g—p))dt,  p,qg>0,

which follows from Taylor’s theorem with integral remainder applied to logI'. Applying this

to each term in (5.25)) yields (/5.26)).
For the upper bound, discard the nonpositive vertex term in (5.25). Since W;(z) <

x4+ 272 for x > 0, we obtain

where m.(N) := min{ago) + N,V + N.}. Since m.(N) > N, + a, this gives (5.27) after

taking expectation. Finally,
1

(Ne +a)?
which implies ([5.28)). O

1
< =
a

The n-star case

We next consider the n-star, in which ERRW reduces to a Pélya urn. This gives a tractable
model in which the inverse local-time estimates underlying the KL gap can be analyzed
sharply.

Let G be the n-star with center vy and n leaves, and suppose that all initial edge weights
are equal to a > 0. Fix one leaf edge e. Since each excursion from the center consists of
traversing exactly one leaf edge out and then back, it is natural to index the process by
excursions from wvg. For T' > 1, let N (7'), with a harmless abuse of notation, denote the
number of the first T excursions that use the edge e.

Theorem 5.4.2 (Inverse local-time bound on the n-star). Fiz n > 0. Then starting at the
center node vy, as T — 00,

o(r—1), a>1,
1
vo,A — -1 _
Bt | = 0 DT, a=1,
o(r—), 0<a<l,

with constants depending only on a, n, and 7.

The proof is based on the beta-binomial representation of N.(T") together with a sharp
estimate on the binomial inverse moment gr(x) := E[(Bin(T, x) + n)']; see Appendix

Combining Theorem [5.4.2] with Proposition [5.4.1.1| yields the corresponding decay rates
for the trajectory-level KL gap.
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Corollary 5.4.3 (Gap decay on the n-star). Let G be the n-star, and let A®), s € {0,1},
be constant edge-weight vectors with values a'® > 0. Then starting at the center node vy, we

have
o(T™1), a®, a® > 1,

Gapp = ¢ O((logT) T™1), min{a®, eV} =1,

O(T—mima@e™H) - min{a©® oM} < 1.
Proof. Apply Proposition [5.4.1.1] In the n-star with constant initial weights, all edge counts
are identically distributed under P ), so the right-hand side of (| - is bounded by a

constant multiple of E[(N.(T)+n)~ ] for any fixed n > 0. The stated rates then follow from
Theorem [(.4.2] O

The general graph case
We carry out the proof in three steps, followed by a step to try to optimize the bounds.

Step 1: tails of the random environment. We begin by controlling the lower tail of
the normalized environment

_We
ZgGE Wg’

where W ~ p1,, 4. By [83], the law of X = (X,),er has a density on the open simplex

X, = ee€kl,

geE
of the form o
Poo.A(T) = ZU_O}A HI_QIEE xibv T(z), r € Ag, (5.29)
vev Ty
where x, ==} . 2,4, b, 1= G”H_Qﬂ, 7(z) == Yrer [lger 74, and Zood = D(|E|) - Zyy.n

is the normalizing constant.
For a nonempty set ' C E, let a(F) := ) a4, and let

S(F):={v eV : every edge incident to v belongs to F'}.

We also write k(G \ F') for the number of connected components of the graph obtained by
deleting the edges in F', and define

A(F) Z b + M (5.30)

The key combinatorial input is the following fact.
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Lemma 5.4.4. Assume that a, > a > 0 for all g € E. Then, for every nonempty proper
subset F' C E, one has

A(F) =

N |

Proof. Deferred to Appendix [C.4 Note that the claim does not hold if F =) or if F = F,
because A(F') = 0 in both these cases. O

We will also make use of the following lemma.

Lemma 5.4.5 (Ordered small-edge coordinates). Let F' C E be nonempty, write m := |F|,

and fiz an ordering w, such that the edges in F is ordered as {gi,...,9m} under m. Fix
S0 := (2|E|)7t, define
QFm)={relAp: 0<z, <--- <z, <&, x,>00 VheE\F}. (5.31)

For x € Q(F,7), define r := x,, and t; := xy /xy, € (0,1] for 1 < j < m —1. Then
Ty, = TH?L:;I te for every 1 < j < m, and

m m—1
dep = dej = pml H tf_l drdt; - dt,_1.
j=1 j=1

More generally, for any real numbers (oy)ger, if a(Ff) = Zi:l ay, , then

m—1
<H fﬂ?“1> drp = -1 H tja(Fj ar dty - dlp 1.
j=1

geF
In particular, if e = g4, € F and s > 0, then

m—1 m—1 (e FT)
-5 __ ,.—8 -5 __ ,.—58 —s1(e€Fy
T, =7 tj =r tj .
J=q Jj=1
. . . . . —1
Proof. Since x4, = tjz,,,, for 1 < j < m —1 and z,, = r, iterating gives x,, = rl_[znzj ty.
Writing y; := x,,, we have y,, = and y; = t;y;41, 80

dyy - dym = (Yo - -+ ypm) dty - - - dbm_1 dr-.

Since yr = THZ:kl ty, the product ys - -y, equals r™! H;n:_ll tj_l, because t; appears in
exactly j — 1 of the factors ys, ..., ¥n. This proves the Jacobian formula.

For the monomial identity, substitute z,, = r H?L;kl te into [ geF xf;g_l. The exponent of
7 from this product is 327", (a, —1) = a(F) —m, while the exponent of t; is 37 _ (a,, —1) =
oz(FJ?T) — J, since t; appears exactly in x,,, ..., x,. After multiplying by the Jacobian, these
become a(F) — 1 and a(F]') — 1, respectively, proving the second display.

Finally, if e = g4, then z, = z,, =1 H;.':ql t;, and raising to the power —s gives the last
identity. The alternative form follows because e = g, € I holds exactly when ¢ < j. O]
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We may now prove the required negative-moment and tail bounds.

Theorem 5.4.6 (Small-edge tail bound). Assume that ay > a >0 forallg € E. Fire € E
and 0 < s < a/2. Let &y := (2|E|)~*. For each nonempty proper subset F C E with e € F,
define

Bou( Z by and  Meage(F) = [] max{1,55""'}.

V¢ S(F heE\F
Then
Bwtr)__ 057"
E[X.*] < (2|E|)" + Y FIT Meage(F) 65— (5.32)
A pirer (a/2 - s)
ecF
In particular, E[X*] < co. Consequently, if
Bouir) 057
Cowi= QB +z— Y [FI!/|T] Muge(F) 55 70—, (5.33)
vo,A @#FCE (2/2 - 8)
el
then
P(X, <¢e) <C.s¢’, 0<e<l. (5.34)

Proof. Write

BIY = [ atpa@de= [ atppa@des [ atpy (e
AE {:l?e>60}

{:Ee<50}

On {z. > d}, one has z_.° < ¢,° = (2|E|)*, so
/ e pu.a(e) de < (2|E))”.
{ze>d0}

It remains to estimate the integral over {z. < dp}. For each z in this set, let F(z) :=
{9 € E: x, <d}. Since oy = (2|E|)~" < |E|™!, not all coordinates of x can be < dg, so
F(x) is always a nonempty proper subset of E, and it contains e. Thus

{z. <} = | U Q(F

@#FCE 7r€6
ecF

where, for F' = {g1,..., gm} listed in the order 7, Q(F, ) is defined in Eq. (5.31)). The union
is disjoint up to null sets.
Fix such a pair (F, ), write m := [F|, and let T := {g1,...,g;}. On Q(F,7), introduce

the coordinates r := x,, and t; := x, /x,. ., € (0,1] for j =1,...,m — 1. By Lemma W,

m—1
(H 5629_1> drp = r*F)-1 H t?(Fj ar dty - dtp-1.
j=1

geF
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For the remaining factors, we use the following bounds on Q(F, x). First, for h € E'\ F,
since @y, € [0y, 1], we have 29" ~' < max{1, 53" '}, and hence [Themr 29 < Mgge(F).

Second, if v ¢ S(F), then some incident edge lies outside F', so x, > dy, and therefore
x; % < 65, For v € S(F), all incident edges of v belong to F. Let

m, = max{k € {1,...,m} : g, is incident to v}.
Then z, =) ., Tec > g, , and since z, =71 H;:kl te, we get
m—1 m—1
Ty 2 Xg, =T H ty, SO x;b“ < b H t;b“.
l=m, l=m,
Multiplying these bounds over v ¢ S(F') gives the factor o, B°“°(F), where

Bouw(F) =Y by

vgS(F)

Multiplying over v € S(F') gives the factor

m—1
r=eon T Lot

’UES(F) L=my

Now fix j € {1,...,m — 1}. The variable ¢; appears in the contribution of v exactly when
m, < j. Since m,, is the largest index of an edge in F incident to v, the condition m, < j is
equivalent to saying that every edge incident to v lies in F = {g1,...,g;}, i.e. v € S(F]).
Indeed, we show both implications.

(=) Suppose m, < j. By definition, m, is the largest index k such that g is incident to
v. Hence no edge g with k£ > j is incident to v. Since v € S(F'), every edge incident to v
belongs to F', so every edge incident to v must in fact belong to F7' = {gy,...,g;}. Therefore
v e S(FT).

(+) Conversely, suppose v € S(Ff). Then every edge incident to v lies in Ff. In
particular, if g is incident to v, then £ < j. Since m, is the largest index of an edge in F
incident to v, it follows that m, < j.

Thus

m, <j <<= wveS(F]).

Therefore the total exponent of ¢; is — 3~ — > ves(rry bv Combining every-
J

fmvgj bv =
thing, we obtain

m—1 - b
v ™y Ov
iL'ibv < 5fBout(F) T_zveS(F)bv ‘. es(F) '
| | v —= Y0 | I J
j=1

veV
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Third, for the spanning-tree factor, fix T' € T. Since x, <1 for h € E'\ F, we have

H z, < T|T0F| H t|TﬂF7r

geT
Indeed,
H%=(H x)( I1 xh).
geT geTNF heT\F

Since x, < 1 for every h € E'\ F, we have [[ cr 7y < [[,crnp2y- Now write TN F =
{9k:,-- -, g, }, where ¢ = [N F|. For each such edge g, we have x,, =r 175! te. Therefore

H Tg = H ( nﬁw) r|TﬂF|Tﬁt#{gk€TﬁF =

geTNF gR€TNF =k

But #{gr € TN F: k< j} =[TNFJ|, since FT = {g1,...,9;}. Hence

H 2 < TIT0F| H t|TﬁF7r

geT

Because a spanning tree must reconnect the x(G \ FJ') components of G\ FT, one has
TN FT| > k(G \ FT) — 1. This can be seen more directly by comparing G \ F]" with the
spanning subgraph T\ FT: since T'\ FJ C G\ F and both graphs have the same vertex
set, adding edges can only decrease the number of connected components, so (G \ FT) <
k(T \ F'). Now T is a tree, so removing k edges from T produces exactly k + 1 connected
components; taking k = |T'N FT| gives x(T \ F]) = |T'N F| + 1. Combining these yields

K(G\ F) < |TNEf|+ 1.

Hence

m—1

K _ (K(G\FF)—1)/2

/T(x) < /|T| pBE(G\F)=1)/2 H t; J )
j=1

Also, by Lemma [5.4.5]

m—1
s - s]l(eeFTr

J
J=1

Recall that on Q(F,7),

x, °pyy.a(z) de = ZU_O}A xe_s<H xgg_1> ( H xph 1) <H x;b”> V(@) dep dz.

geFr heE\F veV
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Using the preceding bounds together with Lemma

m—1 m—1
a( —sl(ecFT

(H x‘g‘g”) drp = r*)-1 H tj “ar dti---dt,,_1, x, =" t; Heek ).

geF j=1 j=1
Hence

T M, F 5_BOM(F) mol A( F7r —s1(e F
T, Pug,a(z) do < 7] Meage () e T T Gy de,
Zvo,A j=1

because the exponent of ris a(F) =1 =3 cqp by + (K(G\ F) = 1)/2 —s = A(F) — 1 —s,
and similarly the exponent of t; is a(FJ) — 1 — ZUES pry b + (K(G\ FT) —1)/2 = s1(e €
FT) = A(FT) —1—sl(e € FJ). Therefore

-1

*Bout(F) T 7"
|T’ Medge(F) 50 pAFE)—1=s tA(F Jlms L(ee k) drdty---dt,—1dz.

~ J
Zvo,A j=1

3

27 o) di <

where dz denotes the remaining simplex coordinates outside F'. To make the z-coordinates
precise, fix once and for all an edge h, € E'\ F' (this is possible since F' C F). Write

E\F={nh}UH  |H =|E|—|F|-1.

For h € H, set z, := w3, and let dz := [],., dz,. Then, on Ag, the remaining outside
coordinate is determined by the simplex constraint:

Tp, = 1—Z:Bg—z,zh.
geF heH
Thus (7,1, ..., tm_1, 2) gives a coordinate system on Q(F, 7), where z = (23)pen € RIFIZIFIZL,
More explicitly, the admissible z-set is

D(T,t) = {(Zh)heH L Zh Z (50 Yh S H, Th, = 1— Zl’g — Zzh Z 50}

geFlr heH

In particular, since each coordinate satisfies dp < z;, < 1, we have
D(r,t) C [, 1]|EHF\71 C [0, 1]\EHFH_
Hence its Lebesgue measure is at most 1:
|D(r,t)] < 1.

Therefore, after obtaining an upper bound that is independent of z, integrating over the z-
variables contributes at most a factor 1. If |\ F'| = 1, then H = &, there are no z-variables,
and this factor is interpreted as 1.



CHAPTER 5. INFORMATION QUANTITIES RELATED TO EDGE-REINFORCED
RANDOM WALKS 146

By Lemma every exponent A(F') and A(F]) is at least a/2. Since 0 < s < a/2, all
the resulting integrals are finite, and

% a/2-s 1 T —1—s1(eeFT 1
/ A 18 g 3y ’ / AAED—1-s1( EFj)dtj < '
0 a/2—s o’ aj2—s

Hence

VITT Meage(F) 8 o) g2+
[ e ar < YTl c
Q(F,m) Ly, A (a/2 —s)
Summing over the |F|! possible orderings 7 and then over all nonempty proper F' C E

containing e gives ([5.32)).

Finally, since E[X_*] < oo, Markov’s inequality gives
P(X, <e)=P(X_°>e°) <E[X]7],
and substituting yields . O
The preceding theorem has two immediate consequences that will be used later.

Lemma 5.4.7 (Root-mass tail and Laplace consequence). Assume that a, > a > 0 for all
g€ E, and fir 0 < s < a/2.

1. Let @ be the stationary distribution associated with the random environment W.
Then, for every e > 0,

P(x" (v) < £) < 28( min Cg,s)sﬁ (5.35)

gvo€yg

2. For every u > 0 and every edge e € F,

s/2
Ele™] < Cau PEIX"), Cuai=supy2e = (). (5.36)
y>0 €
In particular, E[e’“Xg] < u=s/%, with an explicit constant depending only on e and s.

Proof. Since

W, 1
) = e L3y,
ZUEV Wu 2 Z !

the event {7"(vg) < €} implies ) . X, < 2¢. In particular, for every edge g incident to
g, one has X, < 2¢. Fix one such edge gy 3 vy that minimizes {C,s: g 3 vo}. Then

{7 (vo) < €} C {X,, < 2¢}.
Therefore, by Theorem [5.4.6),
P (vy) < &) < P(X,, < 2¢) < 2°C,, .&°.

For the Laplace estimate, let Z > 0 and r» > 0. Since e™¥ < C,y~" for all y > 0, where
C, :=sup,.qy'e ¥ = (r/e)", one has e < CLu~"Z~". Taking Z = X? and r = s/2 gives
(15.36)). m
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Step 2: quenched concentration. We now pass from tail bounds on the random envi-
ronment to concentration estimates for the quenched walk. For a fixed environment w, let
P" be the quenched transition matrix, let 7% be its stationary distribution, and recall that
Xe(w) :=we/ Y- cpwy for e € E. We also write

m(w) := min X, (w).

eckE
For the spectral gap, let Ay(P") denote the second largest eigenvalue of P, let
Y(P") :=1— X\ (PY). (5.37)

Proposition 5.4.7.1 (Spectral gap and edge-count concentration). For every fized environ-
ment w, the quenched chain P satisfies

m(w)

V(PY) 2 —5 (5.38)
Consequently, for every 0 < s < a/2,
1
P (v(PY) <e) < (3 Ces) (202, 0<e< - (5.39)
eckE

where W~ fi, 4 and the constants C, s are those from Theorem[5.4.6
Now fiz an edge e € E, and let

=
L

N(T) =) 1({Xy, Xi1} =¢)

t

Il
=)

be its traversal count up to time T. If the chain starts from stationarity @, then for every
n >0 and every T > 1,

y pv 1
PL" (| Ne(T) = TXc(w)| > 0T) < 2exp (—%nQT) +4exp (—5772T> - (5.40)

In particular, on the event {y(P") > &1, X.(w) > €2}, one has for every 0 < <1,

2 2
PT (|N(T) — TX,(w)| > 6T X (w)) < 2exp (—%5%) + 4exp<—%262T) . (5.41)

STW

Proof. For the spectral gap bound, let Q* (i, j) := 7*(i) Pj. Since 7 (i) = w;/ Y, wy and
P} = wi;/w;, one has

QU(1,j) = =2— =
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Hence, for every nonempty proper subset S C V,

U8, 8 = Y QU3 ) = ZX

€S, jESC eE@S

Here Q™(S, S) is the total stationary flow from S to its complement S¢, where Q% (i,j) :=
Py, and 08 = {{i,j} € E: i €S, j € S is the edge boundary of S. Because G

is connected, S # @, so Q*(S,5°) > m(w)/2. Therefore the conductance of the chain
satisfies

®(PY):=  min QU5 5 > min 2Q"(S5,S5°) = min Xe(w) > m(w).
Scv T (S) 0A£SCV PASCV -
0<m?(9)<1/2 €0S

Cheeger’s inequality for finite reversible Markov chains states that

@(Pw)Q_
2 )

V(PY) >

see, for example, [69, Theorem 13.14]. Together with the inequality ®(P*) > m(w), we
obtain ([5.38]).

To obtain , note that
{1(PY) < e} C{m(W) < V2e} = [ J{X. (W) < V2e}.

eck
Hence, by the union bound and Theorem
]P( PY) < 5 ZHD 26) < (Z Ce,s> (25)5/2.
eck ecFE
We now turn to the concentration of N.(7') for fixed w. Define
Vo= 1({X Xend =€), fold) =Pl ({X KXo} =e | Xe=i) = )
j:{ivj}:€

Then 0 < f.(i) < 1, and, under stationarity,

=) (i) fe(i) = PLy ({ X0 X} = €) = Xe(w).

eV

Therefore ET Y [N (T)] = T X (w).
Write

A= (LX) = Xe(w))  and  Mp:=) (V;— fo(X))).
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Then N (T) — TX.(w) = Ar + Mr.
To bound Ar, we apply Theorem 1 of Léon—Perron [66] to the stationary reversible chain
(X;) under PT* and the function f.: V — [0, 1]. Since

STW

Eﬂw,w [fe(XO)] = Xe<w)7

STW

and, by stationarity, tT:_Ol fe(X}) has the same law as Zthl fe(Xt), Theorem 1 of [66], with
n="T, u=X.(w), and £ = n/2 yields,

T-1
PQ’“Q@”(AT > %) = Pgr‘;w(;fe(xt) > T(Xe(w) + g))

< exp( ~ min{1,~4(P*)} T g)Q)

To control the lower tail, set g. := 1 — f. € [0,1]. Then E u ,[g.(Xo)] =1 — X(w), and

{AT < —%} - {gfe()(t) < T(Xe(w) _ g)} - {gge()(t) > T(1 ~ X.(w) + g)} .

Therefore, we can apply the previous upper tail inequality to g., getting

P (AT < —%) < exp (— min{1,v(P")} T(g>2> .
Therefore, by the union bound,
P (|AT| > g) < 2exp (—%772T) + 2exp (—}lnzv(Pw)T) :
For Mr, note that it is a martingale with respect to F; := o(Xo, ..., X;), because E,[Y; |

Fi] = fe(Xy). Tts increments satisfy | My 1 — M| = |Y;— fe(X;)| < 1, so the Azuma—Hoeffding
inequality |11} 58| gives

w T 1
IP’;W’“’(|MT| > 777) < 2exp <—§772T) )

Since
{INe(T) = TXe(w)| 2 0T} € {[Ar| = nT/2} UL [Mp| = 0T/2},
we obtain ([5.40)).
Finally, substituting n = 0X.(w) into (5.40) and using y(P") > &1, Xc.(w) > &y yields
(.41). 0

To pass from a stationary start to a start from the deterministic initial state vy, we
use the following standard comparison estimate. The following lemma is inspired by [88],
Proposition 3.15].
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Lemma 5.4.8 (Transfer from a stationary start to a start from a deterministic root ). Fiz
an environment w, and let ™ be the a stationary distribution of the quenched chain P™.
Then, for every event A measurable with respect to (Xo, ..., Xr),

P’ (A) < (7 (v0)) ™2 PL " (A) V2. (5.42)

STW STW

In particular, on the event {m"(vy) > €9}, one has

PUow(A) < g2 PTW(A)Y2, (5.43)

STwW STW

Proof. We argue directly on path space. Let Xy := VT*! and for xg,...,zr € V, note

T-1
Py’ (Xo = 15) = L(zo = v) H P (e, Tey1)
t=0
for the quenched path law started from vy, and
T-1
P (Xg = xg) =7 (20) H P (e, Tes1)
t=0

for the quenched path law started from stationarity 7. Since 7*(x) > 0 for every x € V,
the first measure is absolutely continuous with respect to the second, and

STW

Pvo. w(XT = ZL‘O) . IL(ZL‘O = U())
P (X = 2T) 7 (vg)

Therefore, for every event A measurable with respect to (Xo, ..., Xr),

Pre() =B M=

STW STW T (UO)

Applying the Cauchy—Schwarz inequality, we have

(—“ﬁ? (;;’@)1 ) " (B )"
Now under Py, one has Xo ~ 7, 50
(o) |- o () -

while ET % [14] = ET“(A). Hence

STW STW

P& (A) < (E;lww

ET('LU

STw

Pvos w(A) < 7_‘,w( ) 1/2]P>7r w(A)l/Q’

STwW STW

which is (5.42). The bound ({5.43)) follows immediately on the event {7"(vg) > €o}. O
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Step 3: thresholded and refined inverse-local-time bounds. We now combine the
environment tail bounds from Step 1 with the quenched concentration estimates from Step
2. The first estimate is obtained by imposing an explicit lower threshold on X,; the second
treats X, directly through its negative moments and Laplace transform.

Theorem 5.4.9 (Thresholded and refined inverse-local-time bounds). Assume that G =
(V, E) is finite and connected, that the ERRW starts from vy, and that the initial edge weights
satisfy 0 < a < a, <@ for all g € E. Fiz an edge e € E and n > 0. Let W ~ p, 4, let PV
be the quenched chain, let ©™° be its stationary distribution, and write X, .= W,/ deE Wy.
Also let

N
-

N(T) =) 1({Xy, Xi11} =¢)
t
be the traversal count of e up to time T

Il
=)

(2) Let 0 < s < a/2, and define
ab.s i = E C 85 Cros :=2°minC,, 4,
gp heE " : g

where the constants Cy, s are those from Theorem . Then, for every 0 < gy < 1/2,
0<e<1/2,0<es<1, and every T > 1,

1 2 1
o n} <7ty Ceis 23+ Caaps (221)2 4 Cop 53
N 28—1/2 < —e1e3T/32 | €—E2T/64> (5.44)
n

(i) If in addition 1 < s < a/2, then for every 0 < g9 < 1/2, 0 < g1 < 1/2, and every
T>1,

25/2

EUOA ] <2068T + — Cgaps i/z—i_ C’L)ngo
n

errw |:NE(T> + 77

T 3/2
(5.45)

2.325/20, 5 C. s _ 2. 6452 C, Ces _
+ ” /2 e 801/2(€1T)_S/2+ o /2 1/2

Proof. We prove (i) and (ii) separately.
Proof of (i). Let

B = {X, < e} U{y(P") <er} U{r"(v) < o},
where we recall that v(P") is defined in (5.37). Splitting according to B, we write

1 1
E’UQA :E'UmA —1 +EU0A —1 c| .
errW[Ne(T)Jr?J errW[Ne(T)+77 B] TINT) "
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On B, the trivial bound (N(T) +n)~' < n~! gives

1 1
EZS;@‘{—H}S—PB.
N+ ) < BB

By the union bound together with Theorem (5.39), and (5.35)), we have
P(B) < Ceosey + Caapys (261)"% + Cyp s 5.

Hence

1 1
]Eii?r’ﬁ ~ 7 Lp| < = |Cesey + Caaps (251)8/2 + Cuos €0 -
N(T) +n n

We next estimate the contribution on B¢. Fix w € B¢. Then X .(w) > €9, y(P") > €4,
and 7 (vg) > g¢. Let

A= {8 - T 2 50 |

Applying (5.41]) with § = 1/2, we obtain

P (Ay) < 2exp(—e163T/16) + dexp(—e3T/32) .

Srw

By Lemma [5.4.8]

on,w(Aw) < Ww(Uo)_l/Q Pﬂw,w(Aw)l/Q < 2561/2 <€—61€%T/32 + 6—&%T/64> )

STW

On A¢, one has N.(T)
1

again use (N (T) +n)~

4}

5Tey, s0 (Ne(T) + 1)t < 2/(Tey). On A,, we

1 2 1
Evo,w < Z P (AL).
T S PR

Averaging this bound over all w € B¢ gives

1 2 2 i/ s o
[vo.A 1ol < 24 2 < £162T/32 SQT/64> ‘
errw|:Ne(T>+77 B:| > T€2+7]€O e +e

Combining the estimates on B and B¢ yields ([5.44)).

Proof of (ii). Let
B = {y(P") < e} U {n" () < o}

Again we split

1 1
Eod| —— | =Fo4 | —— 15 D) [— NP I
errw |:N6(T> + 77:| errw |:N6(T) 1 B :| + errw |: (B") :|
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On B, we use (N.(T)+n)~' <n71 so

errw errw

1 1
Ero.A {— 13,} < —PoA(B).
+1 U

By (539 and (535),
s/2

JP’”O’A(B’) < Caap.s (261)5/2 + Cyys €5 = 25/2(Jgap,s el + Cyys€p-

errw

Hence

vg,A 1 25/2 5/2 1 s
Eepiw NT) 1 Ip | < Tcgap,s g+ 500078 £o-

Fix now w € (B’)°. Then y(P") > ¢; and 7% (vg) > €¢. Define
1
Ay, = {\Ne(T) —TX(w)| > 5TXe(w)}.

Applying (5.40) with n = X (w)/2, and using y(P") > &1, gives

P (Aw) < 2exp(—e1 Xe(w)*T/16) + dexp(—X.(w)*T/32) .

STw

By Lemma [5.4.8]

]P)vo,w(Aw> < 2561/2 (eflee(w)QT/?)Z + eer(w)2T/64> )

Srw

On A¢, one has N (T) > 2 TX.(w), so (N(T) +n)~' <2/(TX.(w)). Hence

1
2

1 2 1
Egw < + Z P (A,).
S {Nemm} S TR (w) Tl )

Averaging over w € (B')¢, we obtain

v 1 2 v —
E%% {m 1(8')6} ST Eal X

+ %561/2 <E:§;V’3[6_61X3T/32] + EUO,A[e—XgT/M]) ‘

errw

Sincel<s<g/2and0<X€Sl,onehasXe’lSX;S,SO

EUO,A[Xe—l] S E’UO,A[XE—S] S Ce,s

errw errw

by Theorem Also, by (5.36]),

Evo,A[e—leeQT/?)Q] < CS/2 <€1T/32>—s/2 EUO’A[Xe_S] < 325/208/206,8 (ng)—s/2’

errw errw
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and similarly

EUO,A[G—XgT/Gzl] < 05/2 (T/64)—s/2 EUO,A[XE—S] < 648/205/205,5 T=5/2.

errw errw

Substituting these estimates gives

1
[Evo.A {——{— ]l(B/)“] <20 T
n

errw NE(T)
2-3292C,5C.y
+ ; /2%, e 1/2(€1T)*S/2
2-64°2C;)0C.s
+ /2 ) & 1/2Tfs/2'
n
Combining this with the estimate on B’ yields (5.45)). O

Step 4: optimization. We now optimize the two estimates from Theorem to obtain
the final polynomial decay rate.

Theorem 5.4.10 (Inverse-local-time decay). Assume that G = (V, E) is finite and con-
nected, that the ERRW starts from vy, and that the initial edge weights satisfy 0 < a < ay, <@
forall g € E. Fiz an edge e € E and n > 0.

(i) If 0 < a < 4+ 25, then for every

0<7r<mi a3
r<ming =, — »,
84
there exists a constant C,. < 0o, depending only on G, vy, A, e,n,r, such that

1
Eod| — | <C. T, T>1.
% sy < >

(i4) If a > 4 + 2v/5, then there exists a constant C < oo, depending only on G, vy, A, e, n,
such that

1 C
Erodl — — | <= T>1.
errw{Ne(T)ﬂLn] o

Proof. Set Ep :=E%A[(N(T) +n)71].
Proof of (i). Assume 0 < a < 4 + 2+/5, and fix any constant r such that

0<7r<mi a3
T mins —, — .
84

Choose any constant s so that 4r < s < a/2. This is possible because r < a/8 implies
dr < a/2.
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Next choose any constant x > 0 so that

<1 <3 <2(5 )
K > K 1 T, K -\ r).

This is possible because r < 3/4 and r < s/4. With this choice, r < 3/4 — k and r <
s/4 — sk/2.
Apply Theorem [5.4.9(i) with

Eo — T_l, g1 = T_1/2+H, Eg9 = T_1/4.
Then T%Q = 2T 73/4 g5 =T/, 5i/2 = T—5/*t5%/2 and €g = 17°. Moreover,
g2 = TV E Y2 = T =727 =12
and e, /* = TV2. Hence (5.44) gives
Ep < C<Tf3/4 + Tfs/4 + T78/4+31i/2 LT+ T1/2€ch“ + T1/2670T1/2>

for constants C, ¢ > 0 depending only on G, vy, A, e, n, .

We now compare the exponents with r. By construction, 3/4 > r, s/4 > r, s/4—sk/2 > r,
and s > r, so each polynomial term on the right-hand side is O(7"™").

It remains to control the exponential terms. We use the elementary inequality that for
every ¢ > 0 and every 3 > 0,

—Cu

sup u’e " < 0.

u>0

Indeed, the function ¢(u) := u’e~ is continuous on [0, 00), tends to 0 as u — oo, and for
u > 0 satisfies ¢'(u) = u’~Le (B — cu). Hence its maximum is attained at u = 3/c, and

therefore
ﬂ B
we o < <—> , u > 0.
ce

Applying this with u = 7" and 8 = (r + 3)/k, we obtain

(r+1/2)/x
TrJrl/ZchT"‘ _ (Tn>(r+1/2)/nech"‘ < ((T + 1/2)/"i> )

ce

Thus TY2e=1" < C,.,. . T~ for all T > 1.
Similarly, applying the same inequality with u = 7%/? and 8 = 2r + 1, we get

2 + 1)2r+1

Tr+1/26—cT1/2 _ (T1/2>27‘+16—CT1/2 < (
ce

and hence TV/2¢—<T"? < C. T forall T > 1.
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Therefore every term on the right-hand side is O(77"), and hence
Er <CT™, T2>1.
Proof of (ii). Assume a > 4 + 2+/5. Choose s so that
2+Vh<s< %.
This is possible because a > 4 + 24/5 implies a/2>2+ V5.
Apply Theorem |5.4.9(ii) with
go =175, ey =T7%5.
Then £/% = (T=2/%)%/2 = T~ and ¢ = (T~1/%)* = T~1. Also,

551/2(€1T>—s/2 _ 1/(29) (T_2/ST) —s/2 _ TV (@28) p=s/2+1 _ p—(s/2-1-1/(25))

Y

and similarly
551/2T_s/2 _ 1/@s)p-s/2 _ p—(s/2-1/(2s))

We now check that both exponents are strictly larger than 1 in absolute value. First,

1 1
f_l__>1 = s— >4 < 2 —4s—1>0.
2 2s s

The positive root of s> —4s — 1 = 0 is 2 4+ /5, so this holds because s > 2 + /5. Second,

s 1 1 9
——— >l <= 5s——>2 << s —-25—1>0,
2 2s S
whose positive root is 1 + \/§/ this also holds because s > 2 + /5.
Therefore both terms e, "/*(e1T)~*/2 and ey /*T~/% are O(T~17?) for some & > 0, and
in particular are O(T~!). Since the first three terms in (5.45)) are already O(T1), it follows
that every term on the right-hand side of ((5.45]) is O(T~!). Hence

C
Er < T T>1,
for a finite constant C' depending only on G, vg, A, e, 1. O]

Corollary 5.4.11 (Decay of the trajectory-level KL gap). Let A AWM € (0,00)F, and let

Hs 7= g AGS) PS(T) = EPUOYA(S) (Xg), S € {0, 1}.

errw

Define
Gapyp = Dxr(tol|p1) — DKL(PO(T)HPI(T)), 0. :=all) — a(o), a = min min{a(o) a(l)} > 0.

- ecE e e

Then the following hold.
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(i) If 0 < a < 4+ 2/5, then for every

0<r<mind L3
T mim< —., —
874 ]

there exists a constant C, < 0o, depending only on G, vy, A9, AW r such that

Gap, < C. T, T>1.

(i1) If a > 4424/5, then there exists a constant C' < oo, depending only on G, vy, A©, AD)
such that

Gapp < T>1.

T?
Proof. By Proposition [5.4.1.1],
1 1 1
G < —(1 —) 2E —.
apr > 9 +Q Z e PO(T) NE(T)‘l‘Q
ecE

Here the expectation is taken under the ERRW law with initial weights A©®). Since E is
finite and A®) € (0,00)¥, we have
< 00, e€F.

Thus Theorem [5.4.10| applies to ERRW with initial weight vector A©® and 1 = a.
Assume first that 0 < a <4 + 2\/5, and fix

0 <r < mi a3
T min<g —, — ¢ .
84

For each edge e € E, Theorem [5.4.10(i) yields a finite constant C] , depending only on
G, vy, A9 e a,r, such that

1
E |\ < T ['> 1.
PST){Ne(T)—FQ] - N

Since F is finite, we may define

C’ :=max(C’ < .
' EGE e

Then
1

E — | <7 T>1
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uniformly over e € E. Substituting this into the preceding bound gives
Gapp < £<1 + 1) (Z 52> o
e 2 a ecl ‘ ' ’

which proves part (i).
Now assume that a > 4 4+ 2v/5. For each edge e € E, Theorem |5.4.10(ii) yields a finite
constant C”, depending only on G, vy, A?, e, a, such that

E o|—— | <C"T7! T>1.
PS){Ne(T)JrJ_ S -

Again, since F is finite, we may define

C" := max CY < o0,
eck

SO thal
E — | < C" T—l T>1
P(ST) |:N6(T) —:| , 7

uniformly over e € E. Inserting this into the same bound from Proposition yields
1 1
Gap, < -(1 —)( 52> ",
eckl
which proves part (ii). O

5.5 Summary

This chapter studies several information-theoretic quantities for ERRW on finite graphs,
including the entropy rate, the KL divergence between environment laws, and the KL diver-
gence between finite-trajectory laws. The random-environment representation makes these
quantities accessible in a rather explicit form, and in particular reduces the convergence
of trajectory-level KL divergence toward environment-level KL divergence to the control of
inverse local times.

A first natural open problem is to obtain a sharp characterization of this convergence in
the general graph case. In the n-star, the Pélya-urn structure yields the precise rates 71,
(logT)T~, and T—*. By contrast, for general finite graphs, our argument gives polynomial
upper bounds, but these are unlikely to be optimal for a < 4 + 2v/5. It would be very
interesting to identify the correct rate, and more broadly to understand how it depends on
the graph geometry and the initial weights.

A second, and perhaps more important, direction is to use these information-theoretic
results to derive quantitative upper and lower bounds for testing problems involving ERRWs.
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The most immediate example is two-point testing, where the trajectory-level KL divergence
governs the Stein exponent. More generally, one may ask about identity testing, closeness
testing, and related minimax testing problems. From this perspective, the quantities studied
here should be viewed not only as intrinsic objects of interest, but also as tools for proving
information-theoretic lower bounds and for designing statistically efficient tests.



160

Chapter 6

True Self-Avoiding Walk for
Accelerating MCMC Estimation

This chapter studies a TSAW-based mechanism for improving empirical integral estimation
in Markov chain Monte Carlo. Given a finite irreducible Markov kernel P with station-
ary distribution 7, we construct an adaptive walk whose transition probabilities penalize
empirical overuse of directed transitions relative to their target frequencies.

The main result is an almost-sure pathwise discrepancy bound. If L;(i) denotes the
occupation count of state ¢, and Ny(7,j) denotes the directed transition count from i to j,

then
L(i) — tm; = O(4/logt), Ni(i,7) —tmiPy; = O(+/logt)

almost surely for every state i and every support edge (i, 7). Consequently, for every bounded

f:V-oR,
U3 ) = o mr
s=0

1%

o (Y

; ) almost surely.

6.1 Introduction

Let V be a finite state space, let P be an irreducible Markov kernel on V' with stationary
distribution 7, and let f : V' — R be bounded. Writing the vertex local time as L;(i) :=
S0 1{X, = i}, the empirical integral error decomposes as

t—1

S OG) = w(f) = 3 3 SO (L) — ).

s=0 eV

S

so empirical estimation is directly controlled by the discrepancy between the occupation
counts L;(i) and their targets tm;.

A substantial literature addresses occupation imbalance by modifying the base chain to
avoid backtracking or break reversibility, and through nonlinear self-interacting dynamics;
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see Section for a review. The closest prior work is Doshi, Hu, and Eun [40], who develop
self-repellent random walks on finite graphs, prove almost sure convergence of the empirical
distribution, and establish a CLT whose asymptotic variance decreases with the repulsion
strength. Their estimator achieves the usual t~/2 scale. The improvement here is not only a
variance-constant effect but a pathwise discrepancy bound at the sharper O(y/logt/t) scale.

We design a TSAW-based adaptive dynamics in which the empirical transition counts
are balanced row-wise against the target probabilities P;;, giving

Li(i) — tm; = O(4/logt), N(i,5) — tm Py = O(y/logt)

almost surely for every state i and every support edge (7,7), and hence an O(y/logt/t)
almost-sure bound for empirical averages.

The argument proceeds in three steps. We begin with a warm-up on the star graph, where
the TSAW dynamics admits an exponential-race embedding that allows detailed analysis
of the cover time. We then study a finite-alphabet self-balancing model and construct a
Lyapunov function for the occupation-deficit process, obtaining uniform exponential moment
bounds by a drift argument. Finally, we apply the same balancing mechanism row-wise to
the transition counts of a general finite irreducible kernel, and combine the resulting row-wise
estimates with a Poisson equation for the occupation vector to derive the global almost-sure
bound.

Related Work

The closest prior work is Doshi, Hu, and Eun [40], who study self-repellent random walks
on finite graphs as nonlinear Markov chains targeting a prescribed stationary distribution.
They prove almost sure convergence of the empirical distribution and a central limit theo-
rem for empirical averages, with asymptotic variance decreasing as the repulsion strength
increases. In contrast, our result gives an explicit almost-sure O(y/logt/t) estimator error
bound through pathwise control of occupation and transition discrepancies.

True self-avoiding walk and weakly self-avoiding walk have a much longer history in
probability theory and statistical physics. Classical works such as [8, (101} 102, 57| study
self-repelling walks mainly through path properties, including scaling limits, recurrence, and
self-repulsion on lattice-type graphs. These works provide the probabilistic background for
TSAW, but they are not formulated in terms of empirical integral estimation for a prescribed
target distribution on a finite state space. Our use of TSAW is different in purpose: the self-
avoidance mechanism is introduced here in order to control occupation imbalance relative to
a target law.

There is also a substantial literature showing that non-backtracking or nonreversible
modifications can improve the efficiency of random-walk-based Monte Carlo methods; see,
for example, 32, 85, |7, |65, 104}, 24, 74, [100]. These methods typically improve performance
by preventing immediate reversals or by introducing irreversible flow into the dynamics.
Our setting is different: the transition rule depends on empirical usage accumulated along
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the trajectory, and the main quantity of interest is the resulting occupation and transition
discrepancy. In this sense, the present paper is closer to trajectory-dependent self-avoidance
than to nonreversible acceleration.

From a broader perspective, the model studied here belongs naturally to the theory of
nonlinear and self-interacting Markov chains. In this direction, Del Moral and Miclo [28, 29],
Andrieu, Jasra, Doucet, and Del Moral |9} 10], Del Moral and Doucet [27], and Fort and coau-
thors [55, [54] develop general frameworks for Markov dynamics whose transition mechanism
depends on occupation statistics or interacting empirical measures. Our contribution fits
into this history-dependent framework, but focuses on a concrete TSAW-based construction
for which one can prove explicit almost-sure bounds on vertex and edge discrepancies.

Taken together, these works place the present paper at the intersection of self-avoiding
random walks, nonlinear Markov chains, and MCMC variance reduction. Relative to the ex-
isting literature, the main novelty here is the explicit finite-time pathwise control of empirical
occupation and transition errors, and the resulting almost-sure bound of order O(y/logt/t)
for empirical integral estimation.

The remainder of the chapter is organized as follows. Section studies the star-graph
warm-up. Section develops the self-balancing framework, first in the finite-alphabet
setting and then for general finite irreducible Markov kernels.

6.2 A warm-up: cover time of TSAW on the star
graph

We begin with a warm-up model that isolates the effect of self-avoidance on exploration. Let
G, be the star graph with hub 0 and leaves 1,...,n. Under TSAW, every jump from the
hub to a leaf is followed by an immediate return to the hub, so the dynamics is completely
determined by the sequence of hub departures. It is therefore natural to study the reduced
process obtained by recording only the successive choices of leaves at the hub.

Fix p € (0,1). Form >0 and i € [n] :={1,...,n}, let

Co(i) =Y 1{I, =i}

r=1

be the number of times leaf i has been chosen in the first m hub departures. Here Cy(i) =0
for all 7. We define the reduced TSAW dynamics by

pCm()
Z;‘: L pCm)’
with I; being chosen uniformly at random. This is exactly the hub-departure chain induced

by TSAW on the star graph, after absorbing the deterministic factor coming from the return
step into the parameter p. Let

T =inf{m >0: C,(i) > 1 for alli € [n]}

cov

]P)(Im+1:i ’[17'-->[m>: 1€ [n], (61)
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be the cover time, measured in hub departures. The usual discrete-time cover time differs
only by a factor of 2.

For random variables Y,, and a deterministic constant y, we write Y, z y if for every
e >0,
P(|Y, —y| >¢)—0 as n — 00.

We also write R,, = op(1) if R, Lo

Our main result in this section is the following.
Theorem 6.2.1 (cover time of TSAW on the star graph). Fiz p € (0,1) and set c, == m.
Let TC((?\; be the cover time, measured in hub departures, of the TSAW dynamics on the star
graph with n leaves and effective discount parameter p. Then for every € > 0 and every
d > 0, there exists ng = ng(e, 9, p) such that for all n > ny,

]P’( §8>21—5.

The proof is based on an exponential-race embedding. For each leaf i € [n], let {E; :
k > 0} be independent random variables with

(n)
Tcov
Cp

nloglogn B

Eix ~ Exp(p"), i €n], k>0,

and assume that these families are mutually independent across i. Define the arrival times
r—1
Si,r = Z E@k, r 2 ]., S@Q = 0,
k=0

and the associated birth processes

Ni(s) :=max{r >0: S;, < s}, s> 0.

Let .
K(s) =Y Ni(s)
i=1
be the total number of births by time s, and let
Stnax 1= max Sip = max Fio

be the time at which the last leaf receives its first birth.
The first lemma shows that this continuous-time system reproduces the discrete TSAW
dynamics exactly.
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Lemma 6.2.2 (exponential-race embedding). The reduced TSAW process (6.1)) can be cou-

pled with the birth processes {N;(s)}’_, so that the ordered sequence of births in the merged

timeline {(i,7) : Siy}icin],r>1 has the same law as the sequence of hub departures (Ip,)m>1.

Under this coupling, rc‘;‘v) = K (Smax) almost surely, where Spax = maxj<i<, Si1. For every
€ (0,1), if C. :=1log(2/¢e), then for all sufficiently large n,

IP’(|SmaX —logn| < CE) >1—e.
On the event {|Smax — logn| < C.}, we have
K(logn — C.) <7 < K(logn + C.).

cov

Proof. Suppose that after m births the current birth counts are (¢y,...,¢,). By the mem-
oryless property of the exponential distribution, the residual waiting time to the next birth
in process 7 is Exp(p“), independently across i. Therefore the next birth occurs in process
i with probability p% / Z?Zl p%, which is exactly the transition rule . Iterating proves
that the merged birth order reproduces the reduced TSAW dynamics.

For each i € [n], the birth process N; is non-explosive. Indeed, since p* < 1 for all k& > 0,
each waiting time E;; ~ Exp(p*) stochastically dominates an Exp(1) random variable.
Therefore the partial sums

r—1
Si,r == Z Ei,k
k=0

tend to 400 almost surely as r — 0o, and hence N;(s) < oo almost surely for every finite
s > 0. Since Spax = MaXi<j<y Fjo is the maximum of finitely many exponential random
variables, we also have S, < oo almost surely. It follows that

K (Smax) = Z Ni(Smax) < 00 almost surely.
i=1

Since Spmax = max; S; ;1 is the time by which every process has had its first birth, the
number of births by time S, is exactly the number of hub departures required to visit
every leaf at least once. Hence =K (Smax) almost surely. Because K (-) is nondecreasing,
the sandwich bound follows immediately.

To control Spay, note that E o, ..., E,o are i.i.d. Exp(1), so P(Spax < y) = (1 — e ¥)"
for y > 0. If = € [0,logn], then

P(Smax < logn —x) = (1 - €_> <e

n

while

P(Smax > logn +z) =1— (1 _ ¢ > <e®
n
Here we used the basic inequalities 1 —u < e ™ and 1 — (1 — u)" < nu for u € [0,1]. Thus
P(|Smax —logn| > 2) < e ®+e~¢". Taking z = C. = log(2/e) gives e *+e~¢" < g/2+e % <

¢ (note that ue™ < 1 for u > 0), and the claim follows. O
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Therefore, to bound the cover time it suffices to study K(s,) for some deterministic
s, =logn + O(1). And furthermore, to study K(s,) = > .~ Ni(s,), which is a sum of i.i.d.
random variables NV;(s,)’s, it suffices to study the individual distributions. This is reflected
in the following lemmas.

Lemma 6.2.3 (birth process with exponentially decaying rates). Fiz p € (0,1) and, for
s> 1, let N(s) denote a generic copy of N;(s). Define

ie(s) = [logl/p s|+1, so that p= 9 ls € [1,1/p].

Set .
Crlpyi= e, Calp) =[] 7=
L Ci(p) 2C5(p)
A’)'_1+1—\/_p+ =,
and
o VP +/p) I+p Ci(p) 2C5(p) ?
=2 (T g2 ) 2 (2 )

Then, for every s > 1, the following hold:
(i) For every integer k > 0,
P(N(s) > iu(s) + k) < Ca(p) o472 < Gy (p) 72,
(ii) For every integer k > 1,
P(N(s) < ix(s) — k) < Ca(p) exp(—5p~"""),
where the event is understood to be empty when i.(s) —k < 0.
(iii) One has
log s

E[N(s)] — Toe(1/0) <A, Var(N(s)) < B,.

This lemma can be proved using moment generating functions. We defer this proof to

Appendix [D.1]

Lemma 6.2.4 (concentration of the total number of departures). Fiz p € (0,1), set ¢, :=
1/1log(1/p), and let ¢ € R be fized. For each n sufficiently large, define s, :=logn+c. Then
for every e > 0 and every § > 0, there exists ng = no(e, d, p,¢) such that for all n > ng,

"

K(sy)
nloglogn

<€)21—(5.

Cp
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The proof of this lemma uses the fact that for any deterministic sequence (s,,)n>1, K (sn)
is the sum of n i.i.d. random variables. The proof of this lemma can be found in Appendix
D.2

Proof of Theorem [6.2.1. Fix ¢ > 0 and ¢ > 0. We must prove that, for all sufficiently large

n?
IP’( §€>21—5-

Set §; = dy = 93 = 0/3 and let C := log(2/d;). By Lemma there exists n; such
that for all n > ny, the event E,, := {|Smax — logn| < C} satisfies P(E,) > 1 —§;. On E,,
we have the deterministic sandwich

(n)
Tcov

nloglogn

K(logn —C) < 7" < K(logn + C).

cov

Now define s, :=logn — C and s :=logn+ C. Since C is fixed, both sequences satisfy

st =logn+0(1) and s > 1 for all sufficiently large n. Applying Lemma to (s, ) with
parameters (g, d2), we obtain some ny such that for all n > ns,

P( K(s2)

n
Likewise, applying the same proposition to (s;) with parameters (g, d3), there exists ng such
that for all n > ng,
]P (

nloglogn B
For n > max{ny,ny, ns}, let
An::{ K(s;,) Sg} and AZ:Z{

" < 5} )
Then ]P(En) Z 1-— 51, ]P)(A;) Z 1-— 52, and ]P(A;t) Z 1-— 53.
Consider the good event G,, := E, N A, N Af. On G, the inequalities defining A give

Cp

) el <) > 16
nloglogn

Kish)
P

SE) 21—(53

K(s,)

nloglogn — G

Cp

nloglogn B

(c, —e)nloglogn < K(s,)) < (¢, +€)nloglogn

and
(c, —e)nloglogn < K(s}) < (c, + £)nloglogn.

Since E, also implies K (s, ) < W< K (s;), we deduce that on G,

(¢, —e)nloglogn < ) < (¢, + €)nloglogn.

Equivalently,
o)

S S— <e.
nloglogn
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Thus

Finally, by the union bound,

P(G,) >1—-P(ES) —P((A,)) —P((AH)) >1—86 —dpy—d3=1—04.
Therefore, for all n > max{n,ns, ns},

(n)
I[D( §€>21—5.

Tcov
This proves the theorem. O

(n)

Tcov

nloglogn — %

nloglogn I

Theorem [6.2.1] shows that even in this simple model, exponential self-avoidance changes
the exploration scale from the classical coupon-collector order nlogn to the much smaller
order nloglogn. The remainder of the paper turns from cover time to the main theme
of empirical integral estimation, where a related self-avoidance mechanism yields explicit
control of occupation and transition discrepancies.

6.3 TSAW-Based Balancing for MCMC Estimation

Before discussing how TSAW transition rules can be used in a random walk setting, we first
analyze the discrete distribution scenario. This will be the building block of a non-Markovian
random walk we use to accelerate the MCMC estimation.

Fix d > 2, a target distribution p = (py, ..., pq) satisfying

d
pi>0, Y pi=1,  Puini= nelg]lpi >0,
3
i=1

and a parameter \ > 0.
Let (X¢)t>1 be an [d] := {1,...,d}-valued process adapted to the filtration (F;):>o, where
Fi:=0(Xy,...,X;). Define the empirical counts

t

Li(i) =) X, =i},  Lo(i):=0,

s=1

and the excess/deficit process
A;(t) := Ly(i) — tpy, A(t) == (Aq(t), ..., Ag(t)).
Then
ZAi(t) =0 for all ¢ > 0.
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The local TSAW sampling rule. Fix A > 0. For ¢ > 0, define the normalizing factor

d
Ly = Z e_’\A’“(t),
k=1
and assume that
‘ ' e_AAi(t) .
P(Xi1 =1 | F) = q(i) := 7 i € [d]. (6.2)
t
The deficit recursion is then
Ai(t+1) = Ai(t) + L{ X1 =i} —py, i € [d]. (6.3)

Define the maximum excess and the near-maximum set

M(t) := rlié%;}(Ai(t), A(t):={ied] : Ai(t) > M(t) —1}.

The unit width of A(t) is chosen to guarantee that if X;,; ¢ A(t), then after the update
in ([6.3)), the chosen coordinate still cannot exceed the previous maximizers. The following
theorem is the basic Lyapunov estimate for the maximal deficit.

Theorem 6.3.1 (Exponential drift for the maximal excess). Fiz o > 0 and define

M (t) := max A,(t), A(t):=={ield] : Ai(t) > M(t) — 1}, V(t) = MO,

i€[d]
Let g
Ca = 77 pi= exp(—ap;in) € (0,1),
and set
1 de*(e* — 1)
R = /\—Cd IOg (m), B .= exp{a(R +1-— pmin)}' (64)
Note that R > 0 and B > 1. Then for all t > 0,
E[V(t+1)| F] <pV(t)+ B1{M(t) < R}. (6.5)
Consequently,
B
sup E[eaM(t)} < max{eo‘M(O)7 —} < 00. (6.6)
>0 1—p

Proof. Fix t > 0. Since Z?Zl A;(t) = 0 and max; A;(t) = M(t), we have

, M(t)
< ——F. .
221[5 Ag(t) < T (6.7)
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Indeed, if ming A (t) > =M (t)/(d — 1), then

d

M)y _
;Ai(t) > M(t) + (d - 1)(- ﬁ> — 0,
contradicting > . A;(t) = 0. Therefore
d
A
Zy= 30 e A ) > e (S M(D)). (6.8)

k=1

If i € A(t), then Ay(t) > M(t) — 1, so e 2 < e MME-1) — =AM - Summing over
A(t) gives
Z e —AA;(t) < ’A )’ A 7/\M(t <de)\€f/\M(t).
1€A(t

Dividing by Z; and using and ( ., we obtain

d
P(X,, € A(t) | F) < de exp( A= M(t )) d edePaM(®) (6.9)

We next compare M (t+1) with M(¢). If X,y = j ¢ A(¢), then A;(t) < M(t) — 1, so by

(6.3),
At +1) = A4;(1) +1=p; < (M(1) = 1) + 1 = pain = M(t) = Prmin:

For k # j, we have Ag(t + 1) = Ap(t) — pr < M(t) — pmin. Hence
Xy ¢ A(t) = M(@t+1) < M(t) — puin- (6.10)
Also, for every i € [d],
Ai(t+1) = Ai(t) + H{ Xy =i} —pi < M(t) + 1 = prain,

so we always have
M(t+1) < M)+ (1 — pmin)- (6.11)

Using (6.10) and - we get

e MUHD) < oMW =Pmin) 1 £, 1 ¢ A(t)} + e@MOTHPen) 1 [X, 1 € A1)}
Taking conditional expectation and factoring out e*®)—Pmin) giveg
E[ecMED | F] < e =Pmin) (1 + (e = 1)P(Xyyy € A(t) | ;ft)). (6.12)
Applying yields

E[V(t+1) | F] < e?M®eapmin (1 + de (e — 1)e—ACdM<t>). (6.13)
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If M(t) > R, with R given by (6.4), then
de* (e — 1)6_>\ch@) < deMe™ — 1)e et = eOPmin/2 _ 1
so the term in the bracket on the RHS of is at most e®P=n/2. Therefore
RV (t+1) | F] < e*M® emPmingoPmin/2 — 5/ (1),
If instead M (t) < R, then gives M(t+ 1) < R+ (1 — pmin), hence
V(t+1) < erBF=pmn) — B,

Thus on {M(t) < R} we have
E[V(t+1)| F] <B.

Combining the two regimes proves (6.5)).
Finally, set a, := E[V (t)]. Taking expectations in (6.5)) gives a;11 < pa; + B for all t > 0.
Let [1

B
C .= max{eo‘M(O),—}.
IL—p
Then ag < C, and if a; < C then
a1 < pC+ B < C,

since C' > B/(1 — p). By induction, a; < C for all ¢ > 0, which proves (6.6). O

A direct consequence of is the following uniform-in-t exponential tail bound for each
coordinate. Writing C' := max{e®(®) %}, Markov’s inequality gives

P(A;(t) > z) <P(M(t) > z) < Coe™*, x> 0.

On the other hand, since Z;lzl Aj(t) =0, we have —A;(t) <>, A;(t) < (d—1)M(1), so
P(A(t) < —z) < ]P’(M(t) > %) < Cpemoe/ld=1),

Therefore, for every i € [d], every t > 0, and every x > 0,

P(|L:(i) — tpi| > 2) = P(|As(t)] > z) < Ca (6_” + e‘”/(d—l)) < 20, e—0n/(@=1),

And the empirical counts remain within O(1) of their targets tp; at any finite level of
trajectory length ¢t > 0.

1Since M(0) = 0 and B > 1, we have C' = %, but we prefer to write C' this way for compatibility with
the version of this calculation that appears when we discuss general graphs rather than just the star-graph.
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Lifting the local TSAW to a random walk

Let V' be a nonempty finite set, and let (X;);>o be a V-valued process adapted to the natural
filtration
.EI:O'(XQ,Xl,...,Xt), tZO

Fix a row-stochastic matrix P = (P;;); jev:

. ) _Pyj=1 forallieV.

JEV

Throughout this subsection, irreducibility is assumed, but reversibility is not.
For t > 0 define the departure counts and directed edge counts

t—1 t—1
Li(i)=> YX,=i}, N(i,j)=>» YX,=i, Xen=j}, ijeV
s=0 s=0
This convention counts visits at times 0,...,¢t — 1, so that L;(¢) is exactly the number of

departures from ¢ before time ¢t. Write L; for the column vector (L(i));cy and N; for the
matrix (N(4, 7)) jev-
Row sums satisfy
Nt]_ - Lt7 (614)

where 1 is the all-ones column vector. Column sums satisfy, for each j € V,
SN ) = L(g) — 1{Xo = j} + 1{X; = j}, (6.15)
eV

equivalently,
N'1=1L,—ex, +ex,, (6.16)

where e, is the standard basis vector at z.
Define for ¢ > 0 and ¢,j € V the edge discrepancy

e(i,J) = Ni(i,7) — Lu(2) By (6.17)
In matrix form,
Nt = dlag(Lt) P + €t. (618)
Each row of ¢; sums to zero:
61 =0, (6.19)

since Y _; Ny(i,j) = Ly(i) and ), Py = 1.
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The true self-avoiding walk variant. Fix A > 0. The (time-inhomogeneous) transition

rule is .
Bijexp{—=Ae(i,j)}

Yrev Piwexp{=Ae(i, k)}

When P;; = 0 the numerator is 0, so (6.20)) automatically restricts to the support {j : P;; >

0}.

For 7 € V define the out-neighborhood and out-degree

P(Xip1 =7 | Fiy Xo =) = Quli,]) = (6.20)

N@G)={jeV: P; >0} d; := |N(i)].

If d; = 1 then €(i,-) = 0 deterministically, so the nontrivial case is d; > 2.

For m > 0 define the m-th departure time from row i by
7O =inf{t >0: X, =14, L(i) =m},

with the convention inf () = oo.

The first step is to isolate a single row ¢ and observe the process only at successive
departure times from that row. The resulting process is closely related to the finite-alphabet
local TSAW studied earlier, allowing us to exploit the results proved there.

Lemma 6.3.2 (Row-wise reduction). Assume d; > 2 and pmin(?) := minjeny Py > 0.
For m > 0 define the m-th departure time from row v by

Wi=if{t > 0: X, =1i, Ly(i) = m},

with the convention inf() = co. Thus, on the event {Tm < oo}, the chain is at state i at

time Tr(n), and exactly m departures from i have occurred before time .

On { ) < oo} define the destination of the next departure from i by

Yl =X 0,

m

Form >0 and j € V, define the embedded row-counts

m—1
COG) =Y 1r <o, Y =4} () = COG) - mPy,
r=0

with the empty sum convention C’éi) (7)) =0.
For j € N(i), define further, for every m > 0,

N Y _
G = d Z —long, AW () = egn)(])—xlogP”chZ.
keN (4)

Then the following hold.
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(i) For everyt>0andjeV,
Niij) = Crip (@), alid) = el (). (6.21)
(ii) For every m > 0, on the event {75 < oo},
- ety
P(vi=i|Fy) = cLuoiAa) jENG). (6.22)
" ZkevpkeXp{ >‘€ ( )}

(iii) For every m > 0 and every j € N (i),

) (s Y _
€ (7) = ALG) + Y log Py — & (6.23)

Moreover, on {7y < oo},

> ADG) =

JEN(9)
and on {T,Si) < oo} the transition rule becomes

AL ()

P (Yﬁil —j ‘ J—"Tw) - jeN3), (6.24)

BYNIIOK
keN (i) € (k)

and
AD (=20 + 1y = =Py on {7{) < oo}

Proof. For (i), note that L.(7) is exactly the number of departures from ¢ before time ¢, and

the r-th such departure, when it exists, occurs at time 7'7@1 and goes to Y, Therefore

the number of departures from 1 to j before time t is precisely the number of indices r €
{1,..., Ly(i)} for which YW = = j, which gives the first identity in (6.21)). The second then

follows immediately from the definitions of €(4, j) and el (7)-
For (ii), fix m > 0 and j € N(i). First, 7\ is a stopping time with respect to (Fp),
because for each t > 0,

t
{0 <t} = J{X, =i, L.(i) =m} € F..
r=0
Now let A € F (. Then AN {7 = r} € F, for every r > 0. Therefore
E[14 {7 < 00, ¥}, = j}

- Z]E[]_AQ{TT(,?:T}]'{XT"'l = ]}}
r=0

- ZE[lAﬁ{—rfé):r}E[l{Xr+l =j}| }"T]] .
r=0
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By (6.20),

E{X11 = j} | /o] = Qn(X, ).
On the event {7\ =}, we have X, =i, and by (i),

(i, 0) = €9 (0) for every £ € V.

Hence on {T,Si) =r},

Q)(X,. ) = Py exp{—Aem ()}&

Srev Prexp{=Aen ()}
Substituting this back yields

E[lA 1{r) < 00, YV, = j}] —E|141{r® < o0}

Py exp{—Ae ()}
Swer Prexp{-Ael (k)} |

which proves (6.22)) on {Tr(,f) < o0}

For (iii), identity (6.23) is immediate from the definition of AP Now fix m > 0 and

work on the event {7' ) < o0}. Then the ﬁrst m departures from row ¢ have all occurred, so
for each r € {0, .. — 1}, the variable VAR 11 1s defined and takes exactly one value in N/ ().
Therefore
oW =m, > ) =0.
JEN() JEN (')
Since > cnq) Py = 1, it follows that on the event { 1 < oo}, and hence on {Tm < oo},
we have
> A0 = 3 (40) - oy +a) =0
JEN (@) JEN()
Also,

AA@D G IO
e Ay (5) —e AC; ije Xew (5)

so multiplying the factor e=*% to both the numerator and the denominator in (6.22)), we
arrive at (6.24]). Finally, on {Ty(ri) < o0},

CYL () = CO () + 1Y, =},
hence '
el () = D (5) + 1Y), = 5} — Py,
and therefore ‘
AL G) = ADG) +1{Y) = j} —

Finally, on {T,(,f) < oo}, the variable Y(J)rl is well-defined: at time T,(n), the walk is at ¢ and

exactly m departures from i have occurred, so the next transition is the (m+1)-st departure
from <. O
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Once the row-wise reduction has been identified, the finite-alphabet drift theorem, The-
orem [6.3.1] applies to the embedded row process on the event that the next departure from
row ¢ is defined. This yields the same exponential-drift inequality as in the local model, with
indicators keeping track of the possibility that the row process may terminate.

Corollary 6.3.3 (Row-wise exponential moment bound). Under the assumptions of Lemma
for every o > 0 there exist constants p;(a)) € (0,1) and B;(a)) < oo, depending only
on a, \, and the row P;., such that, writing

M (m) == max AD(j), V.9 (m) = exp{aM® (m)},

urn j eN(l) urn urn

one has, for every m > 0,

urn

E [Vim +1) 1) < 00} | F | < pi) Villh(m) 1) < 00} + Bi(@) riy) < oo},

(6.25)

Moreover, with the convention TE? =0,
sup E [exp {a ma?;)A D (; )} 1{r", < oo}} < 0. (6.26)

m>0 N(i

In fact one may take

QPmin (1) > ’ ' d;

pic) = exp < - 5

eapmm(l)/z — 1

mw:ém(@ﬁiﬁ) Bi(a) = exp{a(Ri(a) + 1 - puini))}.

Note that p;(a) € (0,1), Ri(«) > 0 and B;(a) > 1. Also, since we are making the
assumptions of Lemma |6.3.2] we are in a scenario where d; > 2, so ¢; is well-defined.

Proof. Fix m > 0. On the event {7'7(7? < oo}, Lemma M(iii) shows that the vector
(Affl) (j))je N has zero sum and that the next-step transition rule is exactly the finite-
alphabet softmax rule with target distribution p; = P;; on the alphabet A/ (7). There-

fore, conditional on ]-" O and on { < oo} the one-step estimate from Theorem [6.3.1
applies to the row process. This yields (|6
Now define
an =B |VOm)1{rl, < oo}| . mz0,

with the convention 7{? := 0. Since

i), 1 _
Ay (G) =~y log Py + i,
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(@) : o .
we have ag = e*Mum(0) < 00, Taking expectations in (6.25) gives

e = E [V (m + 1) 1z < 00}] < pi(a) E [V, (m) 1{r® < 00}] + Bi(a) P < o).

Since {7y < 0o} C {7\ | < oo}, it follows that
am+1 < pil@)am + Bi(a).

Hence
Bi(«a)
1—pi(a)

which is exactly (/6.26]). O

(i)
< max {eO‘M‘”"(O), } for all m > 0,

The next step is to pass from urn time along a single row to a deterministic global
time t. The idea is to condition on the realized number of departures from each row up
to time ¢, invoke the row-wise exponential moment bound, and then take a union bound
over the finitely many rows. It is also natural to record at this stage an explicit choice of
the exponential-moment constant, since that is exactly what enters the later Borel-Cantelli
argument.

Lemma 6.3.4 (Fixed-time tail bound for the global edge discrepancy). Assume that for
every i € V, either d; = 1 or d; > 2 with pyin (i) := minjepny Pyj > 0. If dpax := max;ey d; =
1, then M(t) =0 for all t. Otherwise define

min := min min P;; € (0,1).
p i€V jeN (D) / ( )

Then there exist finite constants

2 1 1
C() 210g<1+ ), Cl ::]-_pmin"f'_(1Ogdmax+>\+log2+210g )a

Pmin )\

such that, for every a > 1, the quantity
o2
H, :=exp (7 + Cra + Co>
results in the bound
P(M(t) >z) < |V|(t+1)Hye ** for allt >0 and x> 0.
Proof. 1f dy.x = 1, then every row has a single possible transition, so €,(i,-) = 0 for every

i, and hence M(t) = 0. We then have ¢(i,-) = 0 for every i, and hence M(t) = 0. Thus
Suppose dpax > 2.
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Fix i € V. If d; = 1, define M;(t) := 0 for all ¢. If d; > 2, define

M;(t) == ]renﬁgc) (7, ).

Then
M(t) = max M;(t).
Fix now a row ¢ with d; > 2. By Lemma [6.3.2{1),

M;(t) = = W
0= Jaigy 9 = iy o 0

By Lemma [6.3.2((iii), for every m > 0 and j € N(i),

N oL _
ol () = ALG) + § log Py — &
Define

Then for every m > 0,

3/—\

max €% (5) < max AY(5) + K.

JEN(2) JEN(2)
Therefore, by Corollary [6.3.3],
supE{exp{a max € (j )}1{ 1<oo}]

m>0 JEN(4)

(6.27)
< O‘KlsupE{eXp{a max A (; )}1{ 1<oo}}.

m>0 JEN(9)

From Corollary [6.3.3]

(@) Bi(«)
sup E [ex {a max A(Z }1 T < 00 ] < max {BQM“T"(O), —}7
20 { P g A () g 1oy < o0 1—pi(a)

where

Punin (1) 1 die”(e* — 1)
o) = o (— P2 0). o) = Ltog (A1,

Bi(a) = exp{a(Ri(@) + 1 — puin(i))}-

Because Pjj > pmin on every support edge, every number A~ log P;; lies in the interval
[—= A" og(1/pmin), 0]. Since ¢; is the average of these numbers,

1
Pmin .

1 : 1 1
K, < 3 log M@ (0) = max) (—Xlog P + Ei> < Xlog

urn ; .
Pmin JEN (i
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AlSOa since dz S dmaxa pmin(i> Z Pmin, G Z 17 and « Z ]-7

1 dnaxe™(e* —1) ) _a 1 !
Ri(a) = Xlog ( ePmin/2 _ 1 ) = X + X (logdmax AT 10g2 * 10g min) ’

where we used e* — 1 < e® and e* — 1 > u for u > 0. Moreover,

1 = 1 <1+ 2 <1+ 2
1— pl(a) o 1 — e~ @Pmin(8)/2 — QPmin pmin,

since o > 1. Combining these estimates yields

e max {e“M‘(‘T)"(O), &} < exp (a— + Cia+ Co) = H,.

Together with (6.27]), this gives

sup E {exp {a max e(i)(j)} 1{7‘7(,?_1 < oo}} <H, (6.28)

m>0 jeNG) "

for every row ¢ with d; > 2.
Now fix t > 0, 2 > 0, and a row ¢ with d; > 2. Since L;(i) € {0,1,...,t},

JEN(3)

(Mi(t) > 2} = ﬂp ({Ltm —m}n { max e)(j) > }) ,

and these events are disjoint. Therefore

¢
P(M;(t) > z) = P(Li:m, maxeg,?'Zac).
() 2 ) = 3 B(L0) =m0

If m =0, then {L;(i) = 0} implies that no departure from 7 has occurred before time ¢,
hence N;(i,j) = 0 for all 7, so (i,7) = 0 for all j, and therefore M;(t) = 0. Thus the m =0
term is zero for x > 0, and is trivially bounded by H,e™** for = = 0.

If m > 1, then '

{L(i) =m} € {rLy < oo},

because having m departures from ¢ before time ¢ implies that the (m — 1)-st departure time
from ¢ exists. Hence, by Markov’s inequality and (6.28)),

IP’(L 1) =m, max eg,i) ' >$>
(i) =m, mas () >

< R [exp (o mox 00)} 12400 = m}]

< e K {exp {a max egfl)(j)} 1{7'7(,21)71 < oo}}
JEN(9)
< H,e **.
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Summing over m = 0,...,t, we obtain
P(M;(t) > x) < (t+ 1)Hae ** for every row ¢ with d; > 2.
For rows with d; = 1, we have M;(t) = 0, so the same bound is trivial. Therefore, for all
1eV,
P(M;(t) > x) < (t + 1)Hoe ",
Finally, since M (t) = max;cy M;(t), a union bound over i € V' gives
P(M(t) > x) <|V|(t+1)Hye %,

as claimed. O

The almost-sure envelope is now obtained by choosing a time-dependent exponential
parameter oy, applying the fixed-time tail bound with target error probability 7;, and then
using Borel-Cantelli.

Corollary 6.3.5. Assume the hypotheses of Lemma[06.3.4 If dmax := maxey d; = 1, then
M(t) =0 for all t. Otherwise define

= min min P € (0,1 d = maxd;.
Pmin i di>2 JEN (i) iJ ( ) ]7 max e i

Fiz § > 0 and set

t+1)

n = (t+2)"0F A, = log Vite+1) =log (|V] (¢t + 1)(t +2)'), a; := max{1, V/AA}.
¢

Then, almost surely, for all sufficiently large t,

A
M(t) < Cy + 24/ Tt + @, (6.29)

Qy
where Cy and Cy are the constants from Lemma|6.5.4)

Proof. If dpnax = 1, then M (t) = 0, so there is nothing to prove. Assume dp.x > 2. Apply
Lemma with @ = a; > 1. Since H,, = exp(a?/\ + Cia; + Cp), we obtain

2
P(M(t) > x) < |V|(t+1)exp <% + Cray + Cy — at:v) :

A
Now set o A
«
o= L+ 0 + 2+ 2L
A o oy

Because A, = log (|V| (¢ + 1)/n), the preceding display becomes P(M (t) > x;) < 1. Since
Y >0 M < 00, Borel-Cantelli implies that almost surely the event {M(t) > z;} occurs only
finitely often. Hence almost surely, for all sufficiently large ¢, M (t) < x,.

Finally, for all sufficiently large ¢ we have o, = v/ A\, so

Ot At At
e R YV =
N e VA

Substituting this into the definition of x; yields ([6.29). ]
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Vertex and edge discrepancy bounds

The previous subsection gives an almost-sure bound on the edge discrepancy
M (1) := max max €/(i,7).
() = mas JENT) (@)

We now convert this bound into control of the vertex discrepancy L; — tw. The key point
is that the column-flow identity for NV; yields a Poisson equation whose forcing term is
determined by ¢;, and hence by M (t).

Lemma 6.3.6 (Poisson equation and deterministic control of the forcing term). For each
t >0, define
b =€/ 1+ex, —ex,.
Then
(I —P")L, = b, (6.30)

and moreover 17b, = 0. If dpax := max;cy d;, then for everyi,j € V,
|€t(iaj)’ < (dmax - 1)M(t)7

and consequently
[1belloc < V| (dimax — 1) M (E) + 1.

Proof. By (6.16]), we have N, 1 = L; — ex, + ex,. Using (6.18]), this becomes
Li —ex, +ex, = N,1 = (diag(L)P+¢) 1 =P "L +¢/ 1.

Rearranging gives .

Next, 170, = 17¢/1 + 1T (ex, — ex,) = 0, because ¢1 = 0 by and 1Tex, =
1TeXt =1.

To bound ¢, fix i € V. If d; = 1, then €(i,-) = 0, so there is nothing to prove. Assume
d; > 2. Since the i-th row of ¢; is supported on N (i) and sums to zero, if

M;(t) :== ,7),
(1) = max (i, ])
then
' ,7) > —(d; — 1) M;(t).
Join €1, ) = —(di — 1) M;(?)
Indeed, if some entry were smaller than —(d; — 1)M;(t), then the sum of the row would be
strictly negative. Hence, for every j € N (i),

(i, 7)] < (di = 1)M;(t) < (dimax — )M ().
If j ¢ N (i), then P;; =0 and Ny(i,j) = 0, so €(i,5) = 0. Thus
ler(2,7)] < (dmax — 1)M(t)  for alli,j € V.
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Finally, for each j € V,
()] = ‘ZEt(iaj)‘Fl{Xo = j} - {X, =j}\ <Y ey )+ 1 < V] (dmax — 1) M(2) +1.
ieV eV

Taking the maximum over j gives the stated bound on |[|b; - O

The linear system (I — P")z = b is singular because 7 lies in the kernel of I — PT.

The correct inverse object is therefore the group inverse, which acts on the codimension-one
subspace {b:17b = 0}.

Let m denote the unique stationary distribution of the irreducible kernel P, and define
L:=1-P", M:=71".

Lemma 6.3.7 (Group inverse and normalized solution of the Poisson equation). The matriz
L + 11 is invertible. Define
L# = (L+T) ' —1L (6.31)

This matriz is the group inverse of L, in the sense that
LLY =LFL =111, LA = TIL* = 0.
Moreover, for every b € RV satisfying 17b = 0, the equation
Lr =10

has a unique solution satisfying 1"x = 0, and this solution is given by

x = L*b.
Proof. We first show that £ + II is invertible. Suppose (£ + II)x = 0. Left-multiplying by
17 gives

0=1"(L+x = @x +1 Tz =1"x,

=0

because 1 Ilz = 1T (7 172) = 1T2. Hence 172 = 0, so Iz = 0, and therefore Lz = 0. Since
P is irreducible on the finite set V', ker(£) = span{z}. Thus z = cr for some scalar ¢, and
then0=1"2z=c1"m =¢, so x = 0. Hence £ + II is invertible.

Now define £# by ([6.31)). Because £II = 0 and IIL = 0, we have

(L4+INIT=1T and  TI(L+1I) =1L
Multiplying by (£ + ITI)~! gives

(L+I)'MI=10 and L+ =1L
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Therefore
LA = ((L+I) ' —I)IT=0, L* =M((L+)"—1I) = 0.

Also,
(C+INL* = (L+M)((L+ 1) —10) =1 —1I,

and since IIL# = 0, this implies L£# = I — II. Similarly,
LALHI) = ((L+I)" =) (L+1T) =111,

and because £#1II = 0, it follows that £#£ = I — II.
Finally, let b € RY satisfy 16 = 0. Then IIb = 7(17b) = 0. Set z := L#b. Using
LL# =T —TI, we obtain
Lr=LLFY= (I —T)b=b.

Using IIL# = 0, we also have
Iz = IIL#b = 0.

Since IIz = (1 ") and 7 has strictly positive entries, this implies 17z = 0.

It remains to prove uniqueness. Suppose x and y both satisfy Lz = Ly = band 17z =
17y = 0. Then z := x — y satisfies Lz = 0, so z € span{r}. Thus z = e for some scalar c,
and 0=1"Tz=c1"7 =c. Hence 2 =0,s0 1 =1y. O]

We now apply the previous two lemmas with b = b; and ©* = D, := L; — tw. The almost-
sure y/logt envelope for M(t) then immediately yields a corresponding bound on the vertex
discrepancy.

Corollary 6.3.8 (Vertex and edge discrepancy bounds; estimator error). Assume:
1. P 1is row-stochastic on finite V' and the adaptive rule holds;
2. for each i € V, either d; =1 or d; > 2 with pmin(i) := minjep) Py > 0;
3. P s trreducible.

Let 7 be the stationary distribution of P, define
D, .= L; —tm,
and fix § > 0. Set
Ay i=log (V| (t+ 1)(t +2)'), ay == max{1, VAN }.

Then, almost surely, for all sufficiently large t,
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(i) for everyieV,

A C,
L) — b < [1£F oo (|vy<dmx ) (cl N —0> . 1); (6.32)

Qy

(i) for every (i,j) with P;; > 0,

Ay C
’Nt(Z,j) - tﬂ.ZPZJ’ SPZ] H‘C#HOO%OO (|V’(dmax - 1) (Cl + 2 —t —|— —0) —|— 1>
(6.33)

A oy
N
-1 20—+ — |;
—i—(dmax )<C1+ \ + at),

(iii) for every bounded function f:V — R,

t—1

'%Zf()@) 0

s=0 eV

x|V A C
< —”f”t Vi ||£#||Oo%o<\V|(dmax - 1)<01 +24/ 50+ f) + 1>.
t

In particular,

Lt(l) - tﬂ—i - O( V 10gt)7 Nt(lmj) - tﬂ-i-Pij - O( V 10gt>7
almost surely for everyi € V and every (i, j) with P;; > 0, and for every bounded f : V' — R,

t—1

1 Ao Vgt
S ; f(X,) — iezvmf(z) = O( : ) almost surely.

Proof. By Corollary [6.3.5, almost surely, for all sufficiently large t,

[Ny Ch
M(t) < 0/ — 4+ —.
(t) < Cy+ 3 + o

This is exactly the bound recorded in after applying the Poisson equation estimates
below.
Next, Lemma [6.3.6] gives
(I —P"L, =1,

while (I — PT)(t7) = 0 because P'7 = w. Hence, with D, := L; — t,

LD, = (I —P") (L, —tr) =b,.
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Also,
1'"D,=1"L,—t1'n=t—t=0.

Therefore Lemma yields
Dy = L7b,.

Taking ¢*°-norms and using Lemma [6.3.6] we obtain
IDelloo < I1L# lloomsoo 1Belloo < IIL# loomsoo (IV | (dmax — 1)M () +1).

Substituting the bound on M (t) from Corollary gives ((6.32]).

For the edge discrepancy, use
Ni(i,j) = Le(i) Py + (4, 5),
SO
Ni(i, j) — tmPy; = Py (Li(i) — tm) + (4, ).
Hence
[Nu(i, 3) = tmibi| < Bij [ Lo(i) — tmi| + (i, 7).
By Lemma [6.3.6] we have
(i, 7)| < (dmax — )M (2),
SO follows from and the bound from Corollary
Finally,
1 1
n Z f(Xs) — me(l) — Z f@) (Lt@ - tﬂ-i)a
5=0 eV eV
and therefore

t—1

IS 1) = s )] < Mo 5710,y g < WV

t
s=0 eV eV

Combining this with (6.32)) yields (6.34)).

The asymptotic statements are immediate from the fact that
Ay =log (V] (t+1)(t+2)"*°) = O(logt)

and
a; = max{1l, /AN } = O(y/logt).

]

It is then a natural consequence of this result that this variant of TSAW on the graph is
indeed recurrent.
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Corollary 6.3.9 (Recurrence of states and directed edges). Under the assumptions of Corol-
lary[6.5.8, almost surely every state i € V' is visited infinitely often. Moreover, every directed
edge (i,j) with P;; > 0 is traversed infinitely often.

Proof. Let § > 0 be as in Corollary [6.3.8] Since P is irreducible on the finite state space V/,
its stationary distribution 7 is strictly positive: m; > 0 for every ¢ € V.

By Corollary there is an event €y of probability one on which, for all sufficiently
large ¢, the bounds and hold simultaneously for every ¢ € V' and every support
edge (i, j) with P,; > 0. Work on this event €.

Let
/A, C
Ap = L7 somsoo (]V!(dmax —1) (01 + 2 Tt + a—(]) + 1).
t

Then gives |Ly(i) — tm;| < A; for all sufficiently large ¢ and every i € V. Since A; =
log ([V](t+1)(t+2)'*) = O(logt) and a; = max{1,/AA;}, we have A, = O(y/log?) = o(t).
Hence, for every i € V', Li(i) > tm; — A;. Because m; > 0 and A; = o(t), the right-hand side
tends to 400, and therefore L;(i) — oo for every i € V. Thus every state is visited infinitely
often.

Next fix a directed edge (i, j) with P;; > 0. Define

A C
B(i.3) = R+ (dos = 1) (€1 25+ 1)

By (6-33)), | Ne(4, j)—tm; Pij| < By(i, j) for all sufficiently large t. Again B,(7, j) = O(y/logt)
o(t). Since m; > 0 and P,; > 0, we have m; P;; > 0, and therefore N,(i, j) > tm; P;; — By(i, j)
+00. Thus every directed edge (7, j) with P;; > 0 is traversed infinitely often.

o4

6.4 Summary

This chapter developed a TSAW-based adaptive sampling dynamics for finite irreducible
Markov kernels. The key mechanism is local row-wise balancing: each row penalizes di-
rected transitions that have been empirically overused relative to the target proportions F;;.
A finite-alphabet Lyapunov argument gives uniform exponential control of the row-wise dis-
crepancy, and a Poisson-equation argument then converts this local transition control into
global occupation control.

The resulting almost-sure bounds

L(i) — tm; = O(4/logt), Ny(i,7) —tmPy; = O(+/logt)

imply an empirical integral error of order O(y/logt/t) for every bounded observable. Thus,
the chapter gives a concrete example in which a history-dependent self-avoidance mecha-
nism yields pathwise improvement over the usual empirical averaging scale for Markov-chain
trajectories.
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Appendix A

Proofs for Chapter 2

A.1 Absolute integrability for Lemma [2.3.2]

We adopt the setting and notation of Lemma Write ¢ = u + iv with u,v € R"”, and

set
n

l(u,v) := (uj +vi,...,ul+0v2) € RY, r(u,v) = Z(uf +v7).
j=1
Then Z?:l ¢jp; = r(u,v) and (27i) " dpdgp = 7 " dudv. Also, recalling that S := %(Q +
Q"), see (2.7), and using that S is symmetric, we have
(69| = (65D = s+,

We first bound T;g. Property & implies that, for each i € [n], the function T;g has
polynomial growth. Since [n] is finite, there exists m > 0 such that for each i € [n] there are
constants a;, b; > 0 with |[T;g(#)| < a;|¢||*™ whenever ||@|| > b;. Taking maxima over 4, and
then enlarging the resulting constant to cover the compact set {¢ € C" : ||¢|| < max; b;}, we
obtain a constant Cy > 0 such that

Tig(9)l < Cy(L+[0P™),  $€C", i€ [n].
Since ||¢]|? = r(u,v), this becomes
Tig(u+iv)| < Cy(1 +r(u,v))™, u,v € R", 7 € [n].

Next we bound f. Since f has property §, applying the definition with exponent m + 2
shows that for each i € [n] there are constants a}, b, > 0 such that

1£(i,0)] < al|l) =2  whenever ||I|| > b.

Using again that [n] is finite and that all norms on R™ are equivalent, we find constants
A, B > 0 such that

n

If(i, )] < A(Z lj)_(m+2) whenever Zn:lj > B, i € [n].

Jj=1 Jj=1
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Enlarging A if necessary to cover the compact set {I € R} : > ;< B }, we obtain Cf > 0

such that
(m+2) ]
]

|(zz)|<0f(1+21) . leR", i€

Now let

I _/ Z yTg Fili, 0)| (2m1) 7[99 dg dgp dt.

Passing to (u,v)—coordinates, applying |EZ| < E|Z|, and using the two bounds above, we

get

I= /002/2 |(Tig) (u + 10) | [Bi g (f (X, £0)] w5005 qudo di
i JRE

< / Z /R Qn}(Tig)(u +10)| By | £ (X, £0)] 7 el8S0F050) gy dy dt

(m+2)

<c0r [ Y [ asrtua) ”(M)(sz) PSS gy .
o 7 Jren

Since the total local time increases at unit rate, we have » ., Ll = > li(uv) +t =

r(u,v) +t. Hence

I <C,Cy / Z/ (14 7(u, v))™(1 + 7(u, v) + )~ MFDgneSU+H©S) gy qy dt.

The integrand is nonnegative, so Tonelli’s theorem applies. Therefore

I <C,Cf Z/ (14 r(u,v) (/ (14 r(u,v) +t)~m+2 dt> eSS gy dy
0

c,C
-GS [ (1 e

< % Z/ ﬂ_—ne(u,Su)—I—(v,Sv) du dv.
- m + 1 ; R27

The last integral is finite by the same Gaussian integrability used in Lemma [2.3.2] Hence

I < o0.
Thus the integrand is absolutely integrable, and Fubini’s theorem allows us to exchange

the relevant integrals and the summation.
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A.2 Interchange of Differentiation and Integration in

Lemma 2.4.7].

Recall that q

a ‘= Ga _17 it = Ny
Q ( ) H <¢) (271'1)”|Ga|
see equations (2.8) and (2.9). For every a € [0, 1], let

REXN d(ﬁ do,

F(0) = Ef()] = [ f(00)dna(é) = [ H(a0)dods,

(CTL
where
1
(271)"|Ga|
Since a — G, is C'([0,1]) entrywise, it is a C' map into R™". The determinant map

A+ det(A) is polynomial in the entries of A, hence smooth, and the inversion map A — A~}
is smooth on the open set of invertible matrices. Since each G, is invertible, it follows that

H(a, 0) := CORSa

o |Go| ou—>G;1, a = Qg

are all C''([0,1]). Hence, for each fixed ¢ € C", the map a — H/(«, ¢) is C*([0, 1]).
To obtain a uniformly integrable majorant, write

T
Aa = _Qa == G;17 Sa = —AQ;AQ .

By Lemma , S 18 positive definite for every « € [0, 1]. Since o — A, is continuous,
so is a — S,. Since the smallest eigenvalue is continuous on the space of real symmetric
matrices, the map

o — )\min(Sa)

is continuous on [0, 1]. As each S,, is positive definite, Apin(S,) > 0 for all o, and compactness
of [0, 1] yields

c:= min Apin(Sa) > 0.
a€l0,1]

Now write ¢ = u + iv with u,v € R™. Since A, is real,
R(D, Aad) = u" Agu+ 0" Aqv = u" Squ + 0" Sv > e([Ju]]* + [|v]|*) = c[lo]*.

Equivalently, B
R(d, Qao) < —cllo]*.

Therefore, ) )
’6<¢,Qa¢>‘ — €§R<¢7Qa¢> < 6_0H¢||2, Yo € [O’ 1]’ Qb e C",
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Next, because a — G,, a — Q,, and « +— %Ga are continuous on the compact interval
[0, 1], there exist finite constants

Mo := sup |Ga|_1, My = sup ||Qal, Ms := sup H
a€l0,1] ael0,1] aefo,1) Il da

Using Jacobi’s formula (see, e.g., Section 0.8.2 of [59]) and

S0 -a(La)a.

we get
Gl = 1Gal M tr(Qu i)
and
e (#:Ra®) — ((6:Qad) <¢,Qa< Q)Qa¢3>-
Hence

0uH(0.0) = e f(0)e 099 (tr(@a a)+<¢,c2a<%ca)@aé>).

Taking absolute values and using
d
r(@ug56e)

(6,0u (-G Qui)| < 1Qul?

< nf|Qal

Feat

and

we obtain
0 H (o, 8)] < C1f(60)|(1+ [[¢]H)e= IV, Vae(0,1], ¢ €C,

for some constant C' < co independent of o and ¢.
By the definition of subexponential growth,

log(1 + [f(D])

1]]2—00 1|2

=0.

Fix ¢ > 0. Then there exists R. < oo such that whenever ||{[|s > R.,

log(1+ /(D)) _ _
. =

and hence
()] < el 1]l > Re.
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Since f is continuous, it is bounded on the compact set {l € R" : [|l||2 < R.}; let

M. := sup |f(])] < oc.
lll2<Re

Therefore, for all I € R7,
1£(D)] < Ceflllz €L = max{1, M.}
Applying this with [ = ¢¢ = (|¢1|%, ..., |¢n|?), and using

_ n / n
loalle = (Do) " < D" Il = ol
i=1 j=1

we obtain B
1f(60)] < CoefI9lE,

Choose € > 0 so small that ¢ < ¢/2. Then
0aH (0, 0)] < C - Ce(1+[|¢]3)e 2 Vae[0,1], ¢ € C.

Since c—e > 0 and C" ~ R*", the right-hand side belongs to L!(C"), because any polynomial
times a non-degenerate Gaussian density is integrable.

By the Leibniz integral rule for differentiation under the integral sign (see, e.g., The-
orem 2.27 in [53]), justified here by the dominated convergence theorem, the exchange of
differentiation and integration in the proof of Lemma [2.4.1]is valid.

A.3 Nonnegativity of a certain integral

Consider G, which is an inverse M-matrix with a positive definite symmetric part. Let
A:=G~'. Then A also has a positive definite symmetric part, as proved in Lemma in
Section . It follows that the complex measure du(¢) := (27i) e~ *49) dpde is integrable

(see, e.g., Eq. (2.3)).

Lemma A.3.1. Let G be an inverse M-matriz with a positive definite symmetric part. For
any nonnegative function f : R} — Ry with subezponential growth, the integral

Jon Gatvf (00)du(p) is finite and nonnegative for any a,b € [n].

Proof. To see that the integral is nonnegative, note that
Gatnf (0D Ap(0) = = | b f(9)e™ T Aii%%1 dGde
cn (27)™ Jen

_ 1 / \/Eei(ea—%)f(l)e_ﬂjAij\/liljeiwfg")del
n [0,2m)™

(2m)"

1 . i(0;,—0;
— Vil f(1)e™ 20 Aiili <_/ eA0a—05) o= iy Aigiy Ll " >d0) dl, (A.1)
R? (2m)™ Jio.2mpn
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where we have used equation ([2.1) in writing the second equality.
Moreover, we have

e Ding Aij liljei(gi_ej) _ He—Aij liljei(gi_ej)
1#]

i(0; 9) i
STy e

kw‘

i#j kij€N

2 kij
— E H 611@‘]‘(01'70]').

{kij N, i#j} i#]

Fix some [ € R”.. The inner integral in equation (A.1]) becomes

ﬁ/ ei(gafeb)ef Zi7gj Agj lilj@i(ei_ej)de
™" [0,2m)

1 / i(0 —eb)( 2 oiki (6 9))
_ eil0a a5 ( de
(27-[-)71 [0,27)™ Z H

{kij €N, i#j} i]

Kij (1.7.) 3k
_ (21) / ei(ea—eb)( Z (H (—Aij)k ('MJ)? >62i7€j ikif(é’i—ej))de
)" [0,27)™

{kij €N i#j} ~i#] K
ki‘ . lk‘i‘
. (H (—Ag)ki (L) ) _ ( 1 / i(0a=00) ., iy (0-0) d9>'
{ki €N, i#j} N i) Fis! (2m)" [0,27)™
Notice that (%) f[o . el(0a—=0b) o2 iz, 1his (0i=0;) gg — (271r)" f[o - i 040 where r; =

> jzilki; — kji) + 1(i = a) — 1(i = b). Since = f[O’%) erbidh; = 1(r; = 0), we know that

W Jio.2m el(0a=00) 21 ki (0i=93) 4 — 1(r; = 0,Vi € [n]). Therefore, we conclude that

L / ei(Ga—Gb)e— Zz;ﬁj Aij liljei(91*9j>d9
[0,27)

(2m)"
AL NKiG (1.7 .\ 5k
= § ( I I ( Aw)k.‘(‘l%lj) ) -1(r; = 0,Vi € [n])

{kijeN,i£j} ~i#j E

N )

{ki;EN, i£j:ir;(k)=0Vi€[n]} ~ i#j ij:

The original integral should be
g Gatnf(00)dp(¢)

AR (11) 3R
V0l f(1)e™ 2 il Z (H ( j>kj (' ) )dl > 0.
- -~

{kij€N, ij:r;i(k)=0Yi€[n]} * i#j v
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Here, we used the sign property of M-matrices, which guarantees —A;; > 0,Vi # j. We
now justify the series expansions and the integration-summation exchanges, critically using

positive definiteness. Note that we have
_A.. 7. 0i(0:—05)Ykij
i(0a—0y) (—Aijy/lilje ) d9> di

— 2 Adili 1
[ VibsweEa (o [ TS e o
a1 (—Ai)" (Lil;) 2%
o Vi f(1)e EzAulz(W /[W) 1D — de)dz

" i#j ki; €N

" i#j ki;EN v
1
\/Ef(l)e—zif‘“li<— / HeAm/Ede>dz
R? (271-)71 [0,2m)™ i£]
Viap f(D)em =4l [T e davilidl
R i

\/Ef(l)e‘ S Aiili o= Cine Aig /Ul g
Rn
\/ Lf(l) ~(ViLAVI) 4

Since A has posmve definite symmetric part, we know there exists ¢ > 0, such that

(VLAVD) > | VI[P = e 31

Therefore, the above integral should be less than [;, VIl f(l)e “>i'idl. Now f(l) having
+

subexponential growth guarantees this integral to be finite. Then, the dominated convergence
theorem guarantees the expansion and integration-summation exchanges. O]

A.4 Miscellaneous supporting results

Lemma A.4.1. Given a non-singular matriz G € M, (R) with a positive definite symmetric
part, its inverse A := G~ also has a positive definite symmetric part.

Proof. Note that
A+ AT _ Gl+GT _ G_TG—I—GTG_1
2 2 2
Now for any € R™ such that x # 0, we have
A+ AT G+ GT G+ Gt
x, + x) = :U,G’T—i_—G’l:I; ={G ', + G lz) >0,
2 2 2
where the last step used the assumption that G has a positive definite symmetric part.
Therefore, we conclude that A also has a positive definite symmetric part. n
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Appendix B

Proofs for Chapter 3

B.1 Proof of Lemma [3.3.1]

Proof of Lemma[3.3.1. Recall R := max, yev 7(u,v), where r(-, -) denotes effective resistance
in the unit-resistance network associated with G. For any u,v € V, the commute time
identity states that

Eu[mie(v)] + Ey[muie (v)] = 2|E] r(u,v). (B.1)

See, e.g., |41, Ch. 9], [6, Ch. 10], or [68, Ch. 10].
By (B.1) and nonnegativity,

Eu[mit(v)] < 2|E|r(u,v) for all u,v € V.
Taking the maximum over w, v yields

thit = max E,[mi(v)] < 2|F|maxr(u,v) = 2|F|R.

Let (u*,v*) realize the maximum resistance: r(u*,v*) = R. Then (B.1]) gives
Eos [Thie (V)] + By [0 (v*)] = 2| E|R,
so at least one of the two expectations is > |E|R. Hence t;; > |E|R. Combining the bounds
gives |F|R < tp < 2|F|R. O
B.2 Proof of Lemma 3.3.2
Proof of Lemma[3.3.9 Let v € V satisfy d(v) = duin, and let u be any neighbor of v. We
claim that r(u,v) > 1/d(v). Since R > r(u,v), this implies R > 1/dwyin, i.e. dpnR > 1.

Indeed, we can see that r(u,v) > 1/d(v) for all v € V' and all neighbors u of v. To see
this, construct a new network G’ from G by shorting (identifying) all neighbors of v into a
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single vertex u*, and in particular identifying v with v*. In G’, the only edges incident to v
are the d(v) unit resistors connecting v to u*, now in parallel. Hence

o oy 1
re(u*,v) = a0

By Rayleigh’s monotonicity principle (shorting vertices can only decrease effective resistance;
see, e.g., [41, Ch. 2] or [73, Ch. 9]), we have

1

d(v)

ra(u,v) > re(u*,v) =

B.3 Proof of the claim R < 27 M?

Proof. Recall that n := (n(v),v € V) is the pinned Gaussian free field, pinned by setting
n(vg) = 0, and M := E[max,cy n(v)], which does not depend on the choice of vy. Since 7 is

. o o d .
a centered Gaussian vector, it is symmetric in law: 7 = —n. In particular,

E[minn(v)} = —]E[maxn(v)} =—-M,

v v

and therefore

E[ max |n(u) — n(@)q = E[maxn(v) - mvinn(v)} =2M.

u,veV v

For any integrable family of random variables {Z;} one has E[max; Z;] > max; E[Z;].
Applying this to Z,, := |n(u) — n(v)| gives

2M = E| max (u) - n<v>r] > rgngE[ln(U) —n)l].

For fixed u,v, n(u) —n(v) ~ N(0,7(u,v)), hence E[|n(u) — = +/2/m/7(u,v). There-
fore,
2]\/[>maX\/7\/ r(u,v) \/7\/_

Squaring yields
1
M?* > —R, ie. R < 2mM>
27
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B.4 A one-sided first-cover lower bound for full b-ary
trees

Lemma B.4.1 (Ray—Knight/Zhai lower-bound). Let G = (V, E) be a finite connected graph
rooted at vy, and let (n,),ev be the Gaussian free field pinned at vy. Write M := max,ey 1, .
Then, for everyt > 0,

Puy (Teov < T (t)) < P(M < V2t).

Consequently, if my,, ay are deterministic sequences with a, — oo and

P(M > my, —ap) — 1,

1
]on (TCOV > Tinv (§(mh — 2ah)2)) — 1.

Proof. We use the stochastic domination consequence of the generalized second Ray-Knight
theorem, in the form used by Zhai [110, Theorem 3.1]. It gives

( Lot )UGV = <%(m + \/Q_t)+> ,

veV

then

where z, = max{z,0}, and < denotes stochastic domination for increasing events.
Since
{Tcov < Tinv(t>} - {innv(t) > (0 for all v € V},

and the event on the right is increasing in the local-time field, the stochastic domination
gives

]P)vo (Tcov < Tinv(t)) < P ((771) + \/2—t)+ > (0 for all v € V) .

The event on the right is
{ny,>—v2tforallveV}= {mi‘l/qm > —V2t}.
ve

Since the pinned GFF is centered and symmetric,
P (mi3nv > _@) _p (mavxm < «27) < P(M < V7).
ve ve

This proves the first claim.
For the consequence, take t = %(mh — 2ay)?. Then v/2t = my, — 2ay, and hence

1
P, (TCOV < Tinv (ﬁ(mh — 2ah)2>) <P(M <my, —2a,) <P(M <my, —ay) — 0.

This proves the consequence. O
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Lemma B.4.2 (One-sided first-cover lower bound for full b-ary trees). Fiz b > 2. Let Ty},
be the full b-ary tree of height h, rooted at vy. Then there exists Cy < 0o such that

Pyy (Teow > 2|E|(log b)h? — Cy|E|hlogh) — 1
as h — oo.

Proof. Let (n,)vev be the Gaussian free field on 7}, pinned at the root vy, and set M), :=
maXyey 1y. oince My, > max,er, 1y, it is enough to lower-bound the maximum over the
leaves. Restricted to Lj, the pinned GFF is a Gaussian b-ary branching random walk of
height h, with i.i.d. N(0,1) increments along edges. We apply Addario-Berry—Reed [2]
Theorem 3] to the reflected branching random walk (=, )yer, - In their notation, M, denotes
the minimum at generation h, and here

M, = min(—n,) = —maxn
h vELh( ) veLy v

The step distribution of the reflected walk is still N (0, 1), so

2

A(t) := logEe™ =

Taking t = —y/21ogb < 0, we have

N

tN(t) — A(t) = t* — 53 = logb, N(t) =t=—+/2logh.

Thus Addario-Berry—Reed |2, Theorem 3] gives

3
EM, = —+/2logbh + ———
h 08on+ 2¢/2logb
and exponential tails around the mean. Therefore, choosing C}, < oo large enough,
P <Mh‘ < —\/2logbh + Cblogh> 1

Since M, = — maxyer, 1y, this is equivalent to

(max M > /2logbh — Cylog h)
Finally, M}, > max,cr, 1, SO
P (Mh > \/2logbh — C’blogh> Sl

Applying Lemma with

= +/2logbh, ap, = Cylogh,

log h + Oy(1),
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and increasing () if necessary, gives

Py, (Teoy > Time(t_)) — 1, t_ = <\/logbh — Cylog h)Q.

In particular,

t_ = (logb)h? — Oy(hlogh).

It remains to translate inverse local time into ordinary time. By Lemma for the
full b-ary tree,
var,, (T (1)) < Cy| E*t.

Also E,, i (t) = 2|E|t. Applying Chebyshev’s inequality at ¢ = ¢t_, and using t_ = Oy(h?),

gives
Cy
uy (Irn(t-) = 21Ble-| > (og IEIVE) < o isg 0

Since v/t_ = Oy(h), it follows that

Tinv(t—) > 2|E|t_ — Cy|E|hlog h

with probability tending to one.
Finally,

2
2\E|t. = 2|E| («/logbh ~ Cylog h) = 2|E|(log b)h> — O,(|E|hlog h).

Combining the preceding estimates and increasing C} if necessary gives

Py, (Teov > 2| E|(log b)h* — Cy|E|hlog h) — 1.
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Appendix C

Proofs for Chapter 5

C.1 Tightness of the mutual-information upper
bound on I(W; X!)

In the special case of the n-star, the logarithmic upper bound from Lemma is sharp up
to the value of the constant. Let G be the n-star with center vy and leaves ¢4, ..., ¢,, and
assume first that the walk starts from the center vy. Write e; := {vo, ¢}, let a; = a,,, set
a; = a;/2, and let o := Z?’:l «;. For the random environment W, define

We,

Pi::m, 1=1,...,n.
Then
IW; XD ="""logT+0(1) (T — o0),
or equivalently,
%I(W; xry=" > ! loiT +Oo(TY).

Proof. Let M := [T/2]. Since the graph is a star and the walk starts from the center,
the trajectory is deterministic except when it departs from vy. Let Y, € {1,...,n} be the
leaf chosen on the r-th departure from vy, for r = 1,..., M. Then X! and (Yi,...,Yy)
determine each other, so

Moreover, the law of (Y1,...,Yy) depends on W only through the vector

P=(P,....P),

since P; is the quenched probability of choosing leaf /; upon departure from the center. Hence
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Now let K;(m) := > 1{Y, = ¢}. On the (m + 1)-st departure from the center, the
edge e; has weight a; + 2K;(m), because each previous excursion using e; contributes two
traversals of that edge. Therefore

' aj+2m ap+m

Pr(Ypsr =i | Ya,..., V) =

j=1
Thus (Y;),>1 is exactly a Pdlya urn sequence with de Finetti measure Dir(aq, ..., a,). Equiv-
alently, conditional on P ~ Dir(ay,...,a,), the variables Yi,...,Y), are independent and

satisfy
Pr(Y,=i|P)=P i=1,...,n.

In other words, conditional on P, each Y, has the categorical distribution on {1,...,n}
with probability vector P. This is the standard de Finetti representation of Pélya’s urn, or
equivalently the usual Dirichlet—multinomial mixture representation; see, for example, [51}
Chapter VII, Section 4].

Let K; := K;(M) and K := (Ky,...,K,). Since

Pr(}/vl:ylaayM:yM‘P):HPle7
=1

the sample enters only through the count vector K. Hence K is sufficient for P, and therefore

Let h(:) denote differential entropy. By Dirichlet—multinomial conjugacy, P | K ~
Dir(f4, ..., By), where §; :== a; + K; and By := ), f; = ap + M. Thus

I(P; K) = h(P) —E[h(P | K)].
Since P ~ Dir(ay, ..., a,), the first term h(P) is a finite constant independent of M.
For a general Dirichlet law Dir(fy, ..., ,), one has

n

h(Dix(B)) =log B(B) + (B — n)¥(Bo) — > (B — 1)¥(3),

i=1
where

B(B) := B(fy,....5,) = % By = ZB

denotes the multivariate beta function. Using Stirling’s formula logl'(z) = xlogz — = —
%logzv + O(1) and the digamma asymptotic ¥(z) = logx + O(z™1), one computes

log B(8) = 3=, Bilog Bi — Bolog By — 5 3-,log B + 5 log By + O(1),

(Bo —n)¥(Boy) = Bolog By — nlog By + O(1),
— > (B =)W (B) = = >, Bilog B + 3, log B + O(1).
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Summing these three lines and simplifying yields, uniformly over all 8; > a; > 0,

n—l

h(Dir(f)) =

log o + 5 Zlog +O( ).

Applying this with 8; = a; + K; yields

E[h(P | K)] = — log ag+ M)+ Z]E[logal ]+O( ).

Set Zyr; = (i + K;) /(g + M). Since P | K ~ Dir(oy + Ky, ..., o, + K,,), the posterior
mean of P, is Zy; = E[P; | K|. In particular 0 < Zy;; < 1, so log Zy;; < 0. On the other
hand, by concavity of log,

Taking expectations gives E[log Zy,;] > Ellog P,].
Since the marginal law of P; is Beta(a;, ap—av;), we have E[log P;] = V(a;)—V(ag) > —o0.
Therefore
\I/(Oél) — \II(OZQ) S E[log ZMJ] S 0,

so E[log Zyr;) = O(1) uniformly in M. It follows that

n —

E[A(P | K)] = —"—L1og M + O(1).

Finally, since h(P) is constant,

n —

IW;X!)=I1(P;K) = h(P) —E[h(P | K)] = L log M + O(1).

Because M = [T/2], we have log M = log T + O(1), and hence

—1
I(W; X]) = logT + O(1).

If the walk starts from a leaf rather than from the center, then X; = vy deterministically,
so [(W; XI) = I(W; XT'), and the same argument applies after shifting time by one step. []

C.2 Proof of Proposition 5.4.0.1

Proof. Fix a path xl, and write N := N(xl) for its undirected edge-count vector and
xp = zp(al) for its endpoint. Let N, denote the number of departures from v along the
path. By the quenched likelihood formula,

V0 ,W T N, —N,
P (XD = 2l Hw EHw v

eckE veV
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Multiplying this by the magic-formula density of ji,, 4, we obtain

1/2 ae—1+N,
" wru He w e e
P’ (Xg —mo)ﬂvo, (dw) o< — e(§U+1)/2+Nv

STW

VT (w) dw_,,

veV

Now set a, := a. + N, so that a}, ;= " __ a, = a, + >, Ne. Writing
dy := .5, Ne, we have the standard identity

dy =2N, + 1(v = z7) — 1(v = wvp),

because each departure from v contributes 1 to d,, each arrival contributes 1, and along a
path started at vy and ending at xr, arrivals and departures differ by 1(v = z7) — 1(v = wvp).
Hence

a, + 1 ay+dy+1—1v=ar)+1v=19) a,+1—1(v=uazr)+ Lv=r1)

N: —
+ N 2 2

Substituting this into the previous display gives

1/2 al,—1
Wy [[oep we*
P’ (Xg = 0) Hop,a(dw) o Ilees ,/ w) dw_e,.

(a +1-1(v=z7)+1(v=wvo))
veV

The extra vertex factor simplifies because

1/2

Wwo — w!/?
11 vw( 1(v=a7)+1(v=29))/2
vE v
Therefore
wyl? w? -
]qu)g\;v (Xg = $g) ,uvo,A(dw) T eeli 557 /T dw €o-

veV
This is exactly the magic-formula density of ji,, 41y, up to normalization. Restoring the
normalizing constants yields

) Z:vT,A N
]P)SI(‘J\;V (Xg = Ty ) Hoyg, A(dw) Z—: lul‘T,A—i-N(dw)a
o,

which is ((5.19)).

Integrating over w gives

Zz A+N
PoA(X) = af) = =22
errw( ) Z A Y

V0,

which is ((5.20). Dividing the previous identity by this path probability yields

:u”Uo,A(dw | XT - !E(j;) = /“LHTT,A+N(dw)7
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which is ((5.21)).

Finally, for a path started at vy, the endpoint is determined by the parity rule

Y Ne=1(v=1)+1v=2r) (mod?2). (C.1)

esv

Thus z7 is a function of N, and the posterior depends on the realized path only through N.
Hence

MUO,A<dw | N) = MwT(N),A+N(dw)7
which is (5.22)). O

C.3 Proof of Theorem [5.4.2

We retain the notation from Section [5.4; G is the n-star with center vy, all initial edge
weights are equal to a > 0, e is a fixed leaf edge, and N, (T'), with an abuse of notation,
denotes the number of the first 1" excursions that use e.

The first ingredient is the standard beta-binomial representation.

Lemma C.3.1 (Beta-binomial mixture). Let b := (n — 1)a. There exists a random variable
X ~ Beta(a,b) such that, conditional on X = xz, one has N(T) | X = z ~ Bin(T,z).
Consequently, for every v > 0,

E{Ne(;)ﬂ} _ B(;b) /01 211 — ) gr(a) da, (C.2)

where gr(x) ;= E[(Bin(T,z) + )7

Proof. The sequence of leaf edges chosen from the center is exactly a symmetric Pdlya urn
with n colors and initial weight @ in each color. Hence the empirical frequencies are mixed
by a Dir(a,...,a) law, and the marginal frequency of one fixed edge is Beta(a,b) with
b = (n — 1)a. Conditional on this frequency X = x, the number of uses of ¢ among the first
T excursions is Bin(7, z). Integrating out X gives . ]

For the proof of the theorem, we only need upper bounds on the binomial inverse moment.

Lemma C.3.2 (Upper bounds for the binomial inverse moment). Let ¢, := max{1l,7'}.
Then, for every T > 2,
1
gr(z) <c, for0<x < 5T
and

6& forigxgl.

<
gr(r) < 7 oT
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Proof. Let K ~ Bin(T,z). We have (K +~v)~! < ¢, pointwise, so gr(z) := E[(K+7)!] < ¢,
for all x € [0,1] and so, in particular, for 0 < z < (27)7!.
Now assume z > (27)7!, so Tz > 1/2. Write

1

1
D)=l ——Tigerusor| Bl —— 1 earn/o | .
gr(z) {K o LT /2}} {K o LT /2}]

On {K > Tz/2}, we have (K +~v)~! <2/(Tz). On the other hand, (K +v)™! <y7! <e¢,,
S0

2
QT(I) <c, ]P(K < Tx/2) + o
Since EK = Tz, the standard Chernoff-Hoeffding lower-tail bound [58] gives
P(K < Tz/2) < o Te/8.

Also, for all y > 0, one has e %% < 4/y because sup,.,ye ¥® = 8/e < 4. Applying this
with y = T yields e=7%/8 < 4/(T'z), and therefore

40,y 2 6c,
T G
9r(*) < 5t s S T

[]

We now prove the theorem with explicit constants. Write b := (n—1)a, set M, := 201-0)+

and define ) ,
o) ey M, 6c, Mp2'= 6, 279+

amny T a 2¢ B(a, b) (a — 1)B((Z, b) bB(CL, b) ’

fora > 1,
cy M, Gcy M, 12¢,

T OBMn—1) Bin—1)  (n=1)Bn-1)’

for a = 1, and

o . &M 6, M, 217 6oy 227
“"7a20B(a,b)  (1-a)B(a,0)  0B(ab)
for 0 <a< 1.

Proof of Theorem[5.4.9 Let

By Lemma |C.3.1], we have

1 Ve o b—1 ! 1 b—1
My = / 2 (1—x)"""g xd:c—l—/ 2 (1 —x)" gr(x)dr | .
T B(CL, b) o ( ) T( ) \J(@T) ( ) T( )
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Using Lemma [C.3.2] we obtain

Mp < =S /1/(2T) N1 = 2) e + _bey /1 221 —2)" tde
r= (a,0) Jo T B(a,b) 1/(27) '

We estimate the two integrals separately. On [0,1/2], we have (1 — x)*~1 < M, where
M, = 20-Y+ Hence

1/(21) 1/(21) M,
/ 211 = z) 7 de < Mb/ e = T
0 0

a2e
For the second integral, split at = = 1/2. On [1/(2T), 1/2], we still have (1 — )~ < M,, so
1/2 1/2
/ 27721 —2)" dr < Mb/ 2772 da.
1/(2T) 1/(2T)

On [1/2,1], we have 2972 < 22=9+ and therefore

1 1 2(2—a)+
/ 2721 —2)" e < 2(2_“)+/ (1—2)"tde < )
1/2 1/2 b

We now distinguish the three regimes.

If a > 1, then

1/2 1/2 9l-a

/ 24 2 dx < / 2 2 dy = .

1/(21) 0 a—1

Thus . (2-a)
c M, _ 6¢ My2+—e  2=—a)+
Mp< —22 @ il )
TS 020 Blab) +TB(a,b)( a—1 "% )

Since @ > 1 and T' > 1, one has 7T~% < T~!. Therefore

My < C>) -1,

a’7n7’y

Ifa=1,thenb=n—1 and

1/2
/ z de =logT.
1/(27)

Hence

cy M, 6¢ 2
Mp< 920ty PG (hplogT 4 —— ).
T=9B,n—1) +TB(1,n—1)( bio8 +n—1)

Since logT < 1+ logT and 1 <1+ logT', this implies

1+ logT

My < C) 0
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If0<a<1,then

[ o - QI W 2 g

/(2T) 1—CL - 1—CL
Thus . (2-a)
e, M, ~ 6c My2l=a 92—
M, < 20 p-a 7 T .
TS0 B | TBab) ( 1—a T3 )

Since 0 < a <1 and T > 1, one has T—! < T~ Therefore
Mr < C5) T

This proves the theorem. O]

C.4 Proof of Lemma [5.4.4

Proof. Fix a nonempty proper subset F' C F, and write
S = S(F).
Partition the edges of F' into three classes:

F; :={g € F : both endpoints of g belong to S},
F) :={g € F: exactly one endpoint of g belongs to S},
Fy :={g € F: no endpoint of g belongs to S}.

Then
F = FO L F1 L FQ.
We have
> a, =2a(Fy) + a(F).
veS
Therefore ) .
a(F) — 5 Zav = a(Fy) + §a(F1). (1)
vES
Next,
1 1
va = §Zav + §|S \ {UO}|7
veS vES
” 1 (G\F) =15\ {u}
K —1-— v
A(F) = (a(F) -5 av) + 5 ol 2)
vES

We now estimate the two terms on the right-hand side.
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First term. By (1),
1 1
a(F) - 5 > a, =a(Fp) + Sa(F).

veES

Since ay > a for every edge,

1 a
a(F0)+§a(F1) ZQ!F0!+§|F1\- (3)

We claim that Fy U F; # &. Indeed, suppose by contradiction that Fy = F; = &. Then
every edge in F' belongs to Fy, so both endpoints of every edge in F' belong to S. Since every
vertex in S has all its incident edges in F, there is no edge in E'\ F' incident to any vertex of
S. Hence every connected component of the subgraph (S, F') is also a connected component
of G. Because F' is nonempty, (S, F') has at least one edge, so G has a connected component
contained in (S, F'). Since F' C F, there is also at least one edge in E'\ F', hence at least one
vertex not in S. This contradicts the connectedness of G. Therefore Fy U F} # &, and thus

(3) implies
1
(J,(F) - 5 E ay >

veS

YIS

: (4)

Second term. Every vertex in S becomes isolated in G\ F', because all incident edges of such
a vertex belong to F' and are removed. Hence G \ F' has at least |S| connected components
coming from these isolated vertices.

Since F' C E, there exists an edge in '\ . The connected component of G'\ F' containing
that edge is different from all the isolated-vertex components coming from S. Therefore

kK(G\F)>|S|+ 1.

Consequently,
KRG\ F) =1 =[S\ {vo}| = |S] =[S\ {vo}] = 0. (5)

Combining (2), (4), and (5), we obtain

A(F) =

N

This proves the lemma. O]
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Appendix D

Proofs for Chapter 6

D.1 Proofs for Lemma [6.2.3.

Proof. Write S, := E:n_:lo E,,, with Sy := 0, where the FE,, are independent with FE,, ~
Exp(p™), so that N(s) > r if and only if S, < s.
To prove (i), fix £ > 0 and set r := i,(s) + k. Since s > 1, we have i.(s) > 1 and so

r > 1. For any 6 > 0, Chernoff’s bound gives

P(N(s) > r) =P(S, < s) H

Choose 6 := p™®)~1 Then fs € [1,1/p), hence % < e'/? = Cy(p). Also, for every m we
have p™/(p™ + 0) < 1, while for m > i,(s) — 1,

m

p
pm 0

1% m—(ix(s)—1)
< _ = .

Therefore

r—1

]P’(N(S) > r) < C’l(p) H pm—(i*(S)—l) — 01(0) pzzzoe _ Ol(P) pk(k+1)/2’

which proves (i).
For (ii), first suppose 1 < k <i,(s) — 1 and set r :=i,(s) — k > 1. For any 0 € (0, p" 1),
Chernoft’s bound yields
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Take 0 := %p’"*l. Then

r—1

- " 1 = 1
I1 e I

mZOpm_e 1 -

3
Il
o
[
s
i
T
3
3
Il
o
|
N |—=
i)
3
S
—
>
=1

Moreover, since p™()~1s € [1,1/p), we have

1 1 . 1 1
95 = §p7“—1s — §pl*(s)_1_ks c |:_p—k _p—k’—l) ’

s0 7% < exp(—£p) < exp(—1p~+1). Hence

P(N(s) < iu(s) — k) < Ca(p) exp(—1p~**)

—5P for 1 <k <i,(s)— 1.

If £ =i.(s), then N(s) <i.(s) — k means N(s) =0, so P(N(s) <i.(s) — k) = P(Ey >

s) = e™*. Since s > p (T we get e < e T < Cy(p) exp(—1p~*®*1) because
Cy(p) > 1. If k > i.(s), the event is empty. This proves (ii).

For (iii), write i, := 4.(s). Since N(s) is a nonnegative integer-valued random variable,
we have the pointwise identity

oo

N(s) =Y 1{N(s) > r}.

r=1

Applying Tonelli’s theorem yields?

E[N(s)] = > P(N(s) > ).

For the upper bound on the mean, split the sum at 7, and use (i)

E[N(s)] = Z*IP’(N(S) >r)+ Y P(N(s)>r) <i,+ Y P(N(s) >i.+k).

r=isx+1

!This actually is (%, p)oo, Where (a;q)oo := [[v_o(1 — ag™) denotes the g-Pochhammer symbol.
2Here we use Tonelli’s theorem in the form

E

ZXT] => E[X,]

for any sequence of nonnegative random variables (X, ),>1, where both sides are allowed to take the value
+o00. Applying this with X, = 1{N(s) > r} gives

E[N(s)] = > B(N(s) = 7).
r=1
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Therefore

01( VP Ci(p)

] < k12 — g .
E[N(s)] < i. + Ci(p Zp i, 1_f_*+1_ﬁ

For the lower bound, we again spht at 1,:

:ZZ*IP(N(S)ZT)—F i P(N(s)>r

r=ts+1
The second term is nonnegative, so

Tx T T

E[N(s)] > > P(N(s) >r)=> (1-P(N(s) <r)) =i, — Y P(N(s) <r—1).

r=1 r=1 r=1

Reindexing with & := i, —r + 1 gives

ZIP’ s)<r—1)=Y P(N(s) < i, — k).

Hence

)] > i — Z]P’ s) <, —k).

Applying (ii) and then extending the finite sum to an infinite one, we obtain
E[N(s)] > i — 3 _ Ca(p) exp(—3p7").

Using e™* < 1/x for x > 0, we get
exp(—gzp 1) < 207,

and therefore

2C5(p)
E[N(s)] > i. T,
Since |i.(s) — log s/ 10g(1/p)| < 1, combining the two bounds gives
log s Ci(p) | 2Ca(p)
EIN(Gs)| — —F———| <1+ + =A,.
V) log(1/p) l—yp 1-p g

To bound the variance, let Y; := |N(s) — i.(s)]. By (i) and (ii), for every m > 1,

P(Y, > m) < Ci(p)p™? + Calp) exp(—5p~" ).
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Since Y; is nonnegative and integer-valued, we have the pointwise identity

o0

Y2=> (2m—1)1{Y,>m}.

m=1

Applying Tonelli’s theorem again gives

EZ = 3 (2m - DY, > m).

m=1
Hence ~ N
E[Y]] < Cip) Y (2m —1)p™? + Calp) Y (2m — 1) exp(—3p ).
m=1 m=1

Using again e~* < 1/x, the second sum is bounded by

2C5(p i 2m —1)p
m=1

Note that for |z| < 1, one has

- v x(l+z)
leQm_l —QZm:v Z$ 1_30 T Ao

Applying this with z = /p and x = p gives, respectively,

Dm0 = P S = G
Therefore

B2 < i) M 201

Finally, since

Var(N(s)) = E[(N(s) — E[N(s)])*] < 2E[(N(s) —i.(5))*] +2(E[N(s)] — i.(s))%,

the first term is bounded by twice the previous display, and the second is at most

(255

Combining these bounds yields Var(N(s)) < B,.

219
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D.2 Proof of Lemma [6.2.4.

Proof. Since s,, = logn + ¢, we have s, > 1 for all sufficiently large n. For each fixed n, the
random variables Ni(s,), ..., Ny(s,) are i.i.d., so E[K(s,)] = nE[N(s,)] and Var(K(s,)) =
n Var(N(s,)).

By Lemma for every such n,

B log s,
log(1/p)

Multiplying the first bound by n and dividing by nloglogn yields

<A, and Var(N(s,)) < B,.

(s

E[K (s,)] log s,,

Ap
—= —c
nloglogn  “loglogn

~ loglogn’

We now compare log s,, with loglogn explicitly. Since s, = logn + ¢, we can write

log s, = log(logn + ¢) = loglogn + log (1 + L) )
logn

Choose n large enough that logn > 2|c|, so that |¢/logn| < 1/2. Then the elementary
bound |log(1 + u)| < 2Ju| for |u| < 1/2 gives

c 2|¢|
log ( 1+ < )
logn logn

llog s, — loglogn| =

Dividing by loglog n, we obtain

log sy, 1’ < 2|¢|

loglogn e logn loglogn’

Fix ¢ > 0 and 6 > 0. Since loglogn — oo and logn loglogn — oo, there exists ny such
that for all n > nyq,

A, £ 2|¢| €

— < - and Cp—F—— < —.

loglogn — 4 logn loglogn — 4

For such n, the two previous displays imply
E[K (sp)] E[K (sp)] log sy, log sy, <€
—_— - — —c — —.
nloglogn PI' = Inloglogn ?loglogn ?loglogn -2
Similarly,

K(s,) Var(K (sy)) Var(N (s,,)) B,
Var [ ——5n) ) _ - < ,
nloglogn n?(loglogn)?  n(loglogn)? — n(loglogn)?
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Since n(loglogn)? — oo, there exists ny such that for all n > na,

4B,
e2n(loglogn)? —

Now let X, := K(s,)/(nloglogn). For n > max{ni,ny}, Chebyshev’s inequality gives

P(1x, —Ex,) > 5) < V) o A5

2 2 ~ e2n(loglogn)? —

On the event {|X,, — E[X,]| < ¢/2}, the bound |E[X,,] — ¢,| < /2 implies |X,, —¢,| < e.
Therefore
“(

for all n > max{ny,ny}. This proves the lemma. O

K(3n>

— -
nloglogn ”

35)21—5
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