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Well-posedness of Hibler’s dynamical sea-ice model

Xin Liu* Marita Thomas' Edriss S. Titit

April 20, 2021

Abstract

This paper establishes the local-in-time well-posedness of solutions
to an approximating system constructed by mildly regularizing the
dynamical sea ice model of W.D. Hibler, Journal of Physical Oceanog-
raphy, 1979. Our choice of regularization has been carefully designed,
prompted by physical considerations, to retain the original coupled
hyperbolic-parabolic character of Hibler’'s model. Various regularized
versions of this model have been used widely for the numerical simula-
tion of the circulation and thickness of the Arctic ice cover. However,
due to the singularity in the ice rheology, the notion of solutions to the
original model is unclear. Instead, an approximating system, which
captures current numerical study, is proposed. The well-posedness
theory of such a system provides a first-step groundwork in both nu-
merical study and future analytical study.
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1 Introduction

1.1 The sea-ice dynamic-thermodynamic model

Global climate changes, especially global warming, have large impact on the
Arctic sea-ice, which has, in return, determining effects on not only global
climate but also the local and global ecosystem, human activities etc. (see
e.g., |[14]). However, the theory concerning the mechanic property of sea-ice
remains immature and primitive, as pointed out by [10], and thus remains
mostly open. If the problem is statically determinate, as pointed out in
[13], a sea-ice dynamical model based on the viscous-plastic rheology was
introduced in [5], where the thickness of ice plays an essential role in the
thermodynamics, and characterizes the strength of the ice interaction (i.e.,
ice rheology). The velocity of sea-ice u is described by two-dimensional mo-
mentum balance equations, where the viscosity effect is characterized by a
viscous-plastic rheology, and the strength of viscosity depends on the thick-
ness of ice. The mean ice thickness h and the compactness of ice A are
described by two continuity equations with thermodynamic source terms.
That is, with a simplified ice rheology (see (IL.I1al), below), the above quan-



tities are governed by the coupled system,

m(Opu+u-Vu)+ Vp =divS+ F, (1.1a)
Oth + div (hu) = Sy, (1.1b)
O A + div (Au) = Sa + Adivu - xya>13, (1.1c)
with
ice mass m = piceh, (1.2a)
pressure p := cyhexp(c,A), (1.2b)

Vu+ Vu' divuly

viscoplastic stress S := p |Vu n V’U,T‘ +p |divu| , (1.2¢)

F = —mnut + 7, + T, (1.2d)

air flow stress 7, := paCa|Ug|(Uj cos ¢ + Ugl; sin @), (1.2¢)
water flow stress 7 := pr’W|UW — u| [(Uy —u)cosb

+ (Uy, —u)tsin], (1.2f)

Sp = [f(h/A)A+ (1 = A)F(0)] - xas0 (1.2¢)

Sa = ((£(0))7/ho) (1 = A) + (= A/(2h)) - (Sp)~. (1.2h)

Here x{5>0}, X{a>1} are the characteristic functions of sets {h > 0}, {4 > 1},

defined by
1 h>0, 1 A>1, L.20)
_ = 2
X0t =3 g p<o M2V T 0 A<,
respectively. In addition, v = (—wvg,v1)" for any vector v = (vi,vs)';

Pice, Pa, Pw Tepresent the density of ice, air, and water, respectively; ¢, ¢q, Ca, Cy
are the thermodynamic constants; and Uy, Uy, ¢, 8 denote the velocity and
stress angle of the air and the water, which, for simplicity of presentation,
are assumed to be constant in this paper.

System (1)) is used to simulate the evolution of sea-ice in numerical
study. For instance, the model successfully reproduces many of the observed
features of the circulation and thickness of the Arctic ice cover in [5]. See
[6, 19, [11] and the references therein for further model development and
computational investigation. In particular, see [7] for a review of an elastic-
viscous-plastic sea-ice dynamics model, and [12] for a summary of popular
models.

Despite the high involvement of system (II]) in applications, the fun-
damental problem of well-posedness of solutions is widely open, which is



related to the validity of the model as pointed out by [13]. In [4], a lin-
ear well-posedness theory is developed for an approximating model. We
would like to point out that the main challenge in establishing the well-
posedness theory is the singularity arising in the stress tensor (I.2d) when
|[Vu| — 0%, In fact, among the numerical investigations, such singularity is
usually truncated, i.e. regularized, by replacing it with its strictly positive
approximation (e.g., 1/|Vul|? + £2).

Notably, we would like to point out an investigation of very singular
diffusion equations in [2,[3], where the authors discuss the notion of solutions

to v
. u
(9tu = div <W> .

Similarly, the positive one-homogeneity of the potential related to (I2d)
calls for a subdifferential formulation of the problem, however set in the
Eulerian frame. We leave such investigation to our future study.

In this paper, due to the obstacles mentioned above, we propose to study
the following regularized approximating problem of (LI)): for e,w € (0, 1),

m(Opu+u-Vu) + Vp =divS, + F, (1.3a)
Oh + div (hu) = S, (1.3b)
OrA+div (Au) = Sa, + Adivu - x4, (1.3¢)
where m, p, and F are as in ([.2a)), (2L, and (L.2d)), respectively, and
Vu+ Vu' divul
Se = S:(p, Vu) :=p - +p 22 , (1.4a)
\/‘Vu—i-VuT‘ +e2 \/|divul|” + g2
Shw =[f(h/(A+w)A+ (1= A)f(0)] x{n>0} (1.4b)
_ ()" A VI8hul? T & — Shas
St iA1= ) = . L (140)
(1-A)"

To be more precise, we will establish the local in time well-posedness of
strong solutions to (L3)) in domain €2 := T? C R%:

Theorem 1.1. Consider initial data

(U_, h, A)’t:O = (uina Rin, Ain) € (Hg(Q))g (15)



to system (L3), satisfying
0<h<hp<h<oo, and 0< Ay <1. (1.6)
In addition, we assume that

f<fF<T,

1.7
‘fl‘ +‘f”|+‘f”,| éMf, ( )

for some constants i,f € R, My € (0,00). Then there exists a unique
strong solution (u, h, A) to system (L3)) in [0,T] x Q, for some T € (0,00)
depending on initial data, with
u € L=(0,T; H3(Q)) N L*(0,T; HY(Q)),
h,A € L°(0,T; H*(Q)), (1.8)
opu, Oh, ;A € L=(0,T; L*(Q)),
and
[, by Al Loo (0,753 (02)) + 10l 20,7354
+10pu, O¢h, 04 All Lo 0,1;22(0)) < Cin, (1.9)

0<A<L, o<i@§hg4ﬁ,

where €y, € (0,00) is some positive constant depending only on initial data.
Moreover, the solution is stable with respect to perturbation of initial data.

Now, let us explain our strategy. Instead of directly constructing solu-
tions to system ([L3)), we consider another regularized system, parametrized
by (1, A, 1,v) € (0,1)*:

m(Ou+u-Vu) + Vp =divS, .\ — tA%u+ F, (1.10a)
O¢h + div (hu) = Shw v, (1.10b)
OrA +div (Au) = Sa . + Adivu - x4, (1.10¢)

where m, p, F, and x4 are as in (L3) and (L4]), and

Se,ux = Se + Sy, (1.11a)

Shww = [f(RT /(AT +w))A+ (1= A)f(0)] - xp, (1.11b)
o (f(O))+ A V ‘Sh,w,VP + w? — Sh,w,z/

SA,w,y = h(] Ty (1 — A) — oIt sy . B s (1110)



with S; as in (L3]) and

Spa = p(Vu+ Vu') + Adiv ulb, (1.11d)
v h*

We will construct solutions to system (II0]) through a contraction mapping
argument. That is, we consider a “linearization” of (LI0]), and establish a
contraction mapping with respect to L? topology with bounds in a smooth
function space. Then with a uniform-in-(u, A, ¢, v) estimate, we will be able
to pass the limit (u, \,¢,v) — (07,0%,07,07), and eventually construct
the strong solution to ([3]). The proof of Theorem [I] is then finished
by showing the uniqueness and continuous dependency on the initial data.
We would like to mention that the key ingredient in establishing the well-
posedness of solutions involves showing the monotonicity of S.(-) in Vu,
which is not trivially obvious due to the fact that S.(-) is nonlinear in Vu.
In particular, we will require the inequality of the type

(Se(p1, V) = Se(p2, Vuz)) : (Vuy — Vug) 2 [V(ug —ap)]? + -+ - .

We successfully establish this inequality by writing S¢(p1, Vuy)—Sc (p2, Vus)
in a symmetric form (see ([@29]), below).

We would like to make some remarks before going into details of the
proof. Our ice rheology (L4al) is a simplified version of the one from [5].
For some technical reasons, we are not sure whether Theorem [[.T] will apply
to the original ice rheology from [5]. We have not successfully established a
proper uniform-in-¢ estimates of the solutions to (IL.3]). Therefore, we have
not yet been able to establish a proper notion of solutions to the original sys-
tem (ILT). However, our approximation (L3)) agrees with the most common
numerical approaches to (ILI]), which, as we explain before, is restricted to
a truncated ice rheology. Thus, in this sense, our analytical results provide
a solid ground for current numerical schemes of (LI]). Another issue is that
we only consider the case when h;, > h > 0, i.e., there is no absence of ice
in the domain of study. To carry out the limit A~ — 0", more comprehensive
a priori estimates are required. We leave this to future study.

Recently we have learnt an independent study [1] by Brandt, Disser,
Haller-Dintelmann, and Hieber about similar model. It is worth pointing
out that in our regularized system ([3]) the governing equations for the
evolution of h and A remains hyperbolic, and therefore system (3] is a
mixed type system, while in [1], their regularized system is parabolic in
all its components. In particular, due to the hyperbolicity, system (L3))



is expected to have a completely different long-time dynamics than those
investigated in [1]. Moreover, the additional dissipation introduced in [1]
allows the authors to show global existence for small initial data.

This paper is organized as follows. In the next subsection, we will sum-
marize some notations used in this paper. In Section 2] we will detail the ap-
proximation scheme to (LI0)). In Section B, we establish the well-posedness
of solutions to (LI0) via a contraction mapping argument. Finally in Sec-
tion 4 we establish the uniform-in-(p, A, ¢, v) estimates, and pass to the limit
(p, Ay t,v) — (07,07,07,07) to show the existence of solutions to (L3]). The
well-posedness of solutions is then established in Section [£.3]

1.2 Notations

We use LP(-) and H*(-) to denote the standard Lebesgue and Sobolev spaces,
respectively. For any functional space X and functions 1, ¢, - - -, we denote
by

196, lla = 1l + NIl + -

. v ify>o0 o
¥ '_{o if ¥ <0, voEYT oY

Let 0 € {0,,8,}. For any multi-index (a1, as) € (ZT)?, denote by 0% :=
0310y with o = a1 +ag. Throughout this paper, we use the notation X SV
to represent X < CY for some generic constant C' € (0, 00), which may be
different from line to line. We use C, ... to emphasize the dependency on the
quantities a, b, ---. In addition, by H(---), it represents a generic bounded
function of the arguments.

In addition,

2 An approximation scheme to solve ([.10)

2.1 A “linearization” of (I.10)

Given u?, assumed to be smooth enough, we consider first the following
coupled hyperbolic system

Othm + div (hmu®) = Sp., woos (2.1a)
OrAm + div (Apu?) =S4 wr + Andivu’® - x4 (2.1b)

m

where S, wvy SAmwws Xji., and x4 are defined as in (LIIH), (LIId),
(CLITe), and (L4d)), with h and A replaced by hy, and Ay, respectively.



Here we use the subscript m (short for ‘mapping’) and the superscript o
(short for ‘origin’) to label outputs and inputs in our contraction mapping.

We claim that, at least locally in time, there exists a unique solution
(hm, Am) to (2Ia) and (2.1Db]) with proper initial data, for smooth enough
u®. (hmy, Am) can be arbitrarily regular, provided that u® and initial data
are regular enough. We leave the investigation of the regularity of (hy,, Am)
in the subsequent sections.

We remark that such claims follow from the standard well-posedness
theory of hyperbolic equations (see, e.g., [8]). Hence the proof is omitted.

Let (hm, Am) be the solution to (ZIal) and (2.1h) as above, and consider

the following equation:

PiceNm Oy + LAy, = —picehmu® - Vu® — Vpy, +divS, j xm + Fm, (2.1c)

where pn, S¢ A m, and Fiy, are defined as in (L.2b)), (I.1Tal), and (L2d]), with
h, A, and u replaced by hy, An, and u®, respectively.

To solve the linear equation (2.Id) by, e.g., a Galerkin method, one will
need to deal with the possible degeneracy of hy,. For this, we subsequently
show that for u® smooth enough, with appropriate initial data, h,, and Ay,
satisfy certain non-degeneracy property.

2.2 Non-negativity and uniform bound of A,: 0 < A, <1

In this subsection, we show that 0 < A, < 1 for a smooth enough u®. In
fact, we only require that

divu® € L'(0,T; L°°(Q)), (2.2)

for some T > 0.

Non-negativity of A,:
Taking the L?-inner product of (2ID) with (—Ay,) leads to, after apply-
ing integration by parts in the resultant

d e (L QA Yo
2dt”AmHL2(Q) —/<2 - 4Am)* +o divu |Am| dx
4 [ St = A5) do S i 0 ol 4 By
—
<0

(2.3)

Therefore, applying Gronwall’s inequality to (2.3]) yields

S ecfg ||diVu0(5)||Loo(Q) dS||A1—nH%2(Q) — 0’

141720



which implies
An > 0.

Non-negativity of 1 — A;:
Consider the following equation for 1 — A, derived from (2.1D)):

_ +
0r(1—Apm) = —=Sawy—u’- V(1 —Ay) + Apdivu’ (1= An)

M (2.4)

As before, taking the L?-inner product of 24) with [—(1 — Ay)~], after
applying integration by parts, leads to

1d _ 1. _2 _
510 Aw) ey = [ (Gav a0~ Au) [+ S0~ An) ) o
<

: o (1 B Am)+ —
_/Amdlvu m(l _Am) de?
=0
which yields
d _ N _
L1~ A By S 1 0 im0~ A) By (25)

Then as before, after applying Gronwall’s inequality to (2.35), one can con-
clude
An < 1.

2.3 Non-negativity, lower and upper bounds of A,
Let h,h € [0,00) be the lower and upper bounds of hy,, respectively, i.e.,
—0 < h < hiyn <h < oo (see (L6)). In this section, we will show that

1 _

~h < hy <4h

LS hm <

locally in time. Again we assume that u® has the regularity (2.2]).

Non-negativity of h:

After applying the L%-inner product of ([Z.Ial) with (—h;l) and applying
integration by parts in the resultant, one has

1d

_ 1 124 o o _
iy = = [ Il div? do < Jdivue ooyl 3y, (26)

9



since the term S, ., ,(—hy,) vanishes. Therefore, applying Grénwall’s in-
equality to (2.0]), as before in (2.3]), eventually implies

hm > 0.

Lower and upper bounds of A: B
Since Ay, € [0,1], one has |Sh, w.| < 3(|f| + |f]). Then following the
characteristic method, since hy, > 0, one has

8t(6_ fot [|div 11°||L0<>(Q)(3) dshm) + ul - V(E_ fot ||div U°||L°°(Q)(S) dshm)

< 3(|F| + | f])e o I elloe @ s ds.

Thus, integrating in the above inequation along the characteristic path given
by u? yields

) < (R 3(07] 1) s el @it o)
Similarly, one can show that

im0 2 (5307 + | ) x e Bl lmm g

1 _
Then it immediately follows that Zh < hy < 4h provided that the following

conditions are satisfied:

h

— = ifh>0,
6+
0<t< B
P ao (2.9)
371+ 14

1/2
. 1/2 t o 2
and i v u () ooy ds < 7 (o N0 yay d5) T o

2.4 Non-vanishing total ice mass

Due to the fact that ‘Shm,w,,,| < 3(‘7| + |i|)= one can show immediately
after integrating (2.1al), that

d _
G [mds <37+ 2Dl

10



Therefore,

/hin dx < /hm dx < 2/hin dx, (2.10)

fhinda:
t< = 1 1 -
—6( [+ LDl

N =

provided
(2.11)

2.5 Well-posedness of (2.1d) with strictly positive ice mass

Consider hj, > h > 0. Then we have shown in section 2.3 that hy, > h/4 > 0
locally in time. Then during this local time, (2.1d) is a non-degenerate
biharmonic evolutionary equation. Then following the standard Galerkin
method, one can establish the well-posedness of strong solutions to (2.1d),
provided that u? is sufficiently smooth. We omit the details here.

3 Well-posedness of solutions to (LI0) with i > 0
and ¢ > 0 fixed

In this section, we aim at showing that the map defined by
M :u’ — uy, (3.1)

where uy, is the unique solution to (2.1c) with A, and Ay, being solutions
to (2Ia) and (2.1Dl), respectively, is bounded in X7+ and contracting with
contraction constant 1/2 in L>(0,T*; L?(Q)) N L2(0,T*; H?(Y)), where

Xps = {uju € L>°(0,T*; H*(Q)) N L*(0, T*; H*(2)),

3.2
dpu, Viu € L0, 7% L* ()}, 42

for some T* € (0,00) to be determined. Throughout this section, unless
stated otherwise, the initial data for uy,u® h, and A are assumed to be
Uin, Win, Nin, and Aj,, given in Theorem [I1] respectively.

Consequently, one can apply the Banach fixed-point theorem, i.e., the
contraction mapping theorem, to show the existence of solutions to system

(.10

Let ¢in € (0,00) be the bound of the initial data defined by

HVhin7VAin”L4(Q) + ”uin”Hz(Q) < Cin (3.3)

11



3.1 Uniform bounds

Let u® € X7+ satisfy

t
sup [[0(5) g + /0 (1950 () 22y + I10°(3) By ds < con (34)

with t € [0,T%], for some ¢, € (0,00) to be determined later.

Estimates for h,, and A,, Aside from the point-wise estimates deduced in
Sections and 23] we shall need a uniform H!-estimate for Ay, and hy,.
We record the equation after applying 0 € {0, 0,} to (ZIal), as follows:

0yOhm +1u°-VOohy, + 0u® - Vhy + 0hydiv u® + hydivou® = 0S8y, o0 (3.5)

Then taking the L2-inner product of (3.5) with 4‘8hm|28hm leads to, after
applying integration by parts,

%||ahm||§4(m _ —3/divu°|ahm\4d;n

—4 / (O - Vi + hiydiv 0°) [Ohn| > Ol die + 4 / OShs o |Ohum | g di
SVl e @) VAl 73 (@) + Il e @1V 0° | (o) VR | 1)
+ / |0Sh,. || OB | Ol daz.

Meanwhile, simple calculation shows that

1
‘8Shm,w,y‘ 5 (_
w

)

+ ) |0hn + (1+";—‘;|)|a,4m

where we have used (7). Consequently, one concludes from (3.6]) that

d ) 11
aHthH%AL(Q) S (Ve (o) + o ;)HthH%‘l(Q)

1A | oo (02)

3.7
+ 1+ T)||v14m||m<mIIVlzm\l‘°i4(g> (37

oo o) 19200 ) |V [0

The estimate for VA, is obtained from (2.0) in a similar fashion, we

12



record it here:

L IVl @)

4jva, um (196l +

([ [l oo
+ 1 + — + T) ||VA ||L4(Q (38)
1
+ (ﬁ + ﬁ) ”thHL4(9)|’VAmH%4(Q)

+ V20| a1V Al 240

where we have used the fact that Ay, € [0, 1].
After combining (3.7) and (3.8]) and applying Gronwall’s inequality, one
can derive that

SUD ||V (5), VAm(5)[ 40y < €420

|V hin, VA1n||L4 + Gpan(t)),

0<s<t
(3.9)
where
t
H t = CLUV 1 V ° o hm o
)= Cos [ (4 190 o) + i)
19205 @) + ()] 2 [V20°(9) ) s,
t
Graa®) = [ (14 (o) limio) + IV psgo) ds. (3.11)

On the other hand, in direct consequence of equations (2.1al) and (2.1Dl),
one has

10:Pn; Ot Am| 1140y < C(1+ 1/v + [[VU| 1o

: ) (3.12)
+ || [l Lo () V0| L) + 10| oo (@) [V R, VAl 24(0))

where we have used the fact that 0 < A, <1 and (L7).

Estimates for u,,
Taking the L2-inner product of ([2.1d) with 2uy, + 20,u, — 2Auy, leads

13



to, after applying integration by parts,

1/2

d 1/2
E ”pice hllﬁ’l/2um7 L1/2V2um7 pic/e hrln/2vumH%2(Q)

1/2
+ 2||pic/e h1111/28tum7 L1/2V2um’ L1/2v3um||%2(9)

= /piceathm|um‘2 dr +2 / Pice(th : V)um - Oguy, do

R1 R2

— /pic(ﬁthm|Vum‘2 dx —2/pic0hm(uo -V)u® - (uy + dpuy — Auy,) dx

'Rg R4

-2 / Vpm - (uy + Opuy, — Auy,) do+ 2/fm < (um + Opuy — Auy,) dz

Rs R6

+ 2 / divS; yam - (Um + Opuy — Auy,) do .

Rr
(3.13)
We obtain the following estimates for the R; terms by applying Holder’s
inequality and the Sobolev embedding inequality:

RS Hathm”L2(Q)”um”2L4(Q)7
Ra S 0l 20 [[VumllLa@) | VAm |l 1)
Rs < [0thmll 2oy [Vt 2 0.
Ra S [l Loo () 10 o) VUl 240 |0t Ui, Vam || 20,
Rs < Vol 20 [00tm, wm, V|| 2(0),
Re S (14 0] 20y + [[hmll e @) 0] 22 ) 105 0m; m, V| L2

1 o o
R7 S (ngmHLw(Q)Hvzu 20 + (e + VIVl r20) + [ VPl r20))

X ”atumaumuvzum”[/2(ﬂ)'

To deduce the above estimates, consider h > 0 and let ¢ satisfy (2.9]) and

(2.II). Therefore, the estimates in Section 2.3 guarantee that 0 < 1/4h <
hm < 4h < oo. Consequently, (BI3) yields, after applying the Sobolve

14



embedding inequality and Holder’s inequality,

d
il B v, PV, P00 [ g

+ 2Hpilc/e2hrlr{28tumy L1/2v2um7 Ll/zvgumH%Z(Q)
< Ca,u,)\,@ﬁ(”athmHL‘l(Q) + Htha VAmH2L4(Q))

X (|]p1/2h31{2um,pilc/e2h31{2Vum,L1/2V2umHiz(Q) +1).

ice

(3.14)

Furthermore, consider ¢ small enough such that

t
Hpan1(t) + Graa(t) < C,, 5t 2 (877 + (/0 V0 ()12 ds)'/?)

< Cw,yﬁtl/2 (/2 ¢l <1,

(3.15)

where we have applied Holder’s inequality. Then (B9) and (BI2]) imply
that, after applying the Sobolev embedding inequality,

IV P, V A, Ol O A | o) < Cy e (14 €6/%). (3.16)
Consequently, ([B.14]) yields the following estimate:

t
sup ”um(s)”%p(g) +/ (H(‘)tum(s)H%z(Q) + Hum(s)H%ﬂ(Q)) ds
0<s<t 0

< C _ ( CE,}L,A,W,V,@,E,QH,I
- €,L“U,,A,w,l/,ﬁ,h,qn

2
—1)7(14+ (1 4c)t) + 1]
CE,}L,A,W,V,@,E,Cin,2 - (1 + Co)t

C —
_ e,u,)\,w,y,ﬁ,h,cin,l 2
< Cevprwomhicn [2(2 N 1)"+1],
E AW, V51, 7cin72

(3.17)
provided that ¢ is small enough and where we have made the choice
. C&,u,)\,w,u,ﬁ,ﬁ,cin,l 2
€0 = Cp by wmhcin 2(2 _ —1)"+1f, (3.18)
€7H7>‘7w71j7h7h7cin72

where the right-hand side is as in (BI7). Then (2.9), @II), BI5), and
(BI7) imply that, there exists T € (0, 00) such that

t
(9 oy + | (10005 2+ i 5) ) s < v (3.199)

and

1 — 1
b < < 4R, §/hin dx < /hm dx < Z/hm dz, (3.19b)
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for t € [0, 7*]. In addition, using equation (ILI0)), it is easy to obtain

t
/0 1A% (5) |23 0 45 < G 5 250 (3.20)

Therefore, M, defined in ([B.I]), maps X7+ into itself for such choices of T*
and c,.

We remark here that, ¢g — 0o as ¢« — 0T, i.e., the estimates we obtain
here depend on ¢ > 0. We will remove the dependency of ¢ in Section [l

3.2 Contraction mapping and well-posedness

For j = 1,2, consider uj € Xr- satisfying (B4), and let hmy j, Amj, and
Uy, = M(uf), be the solutions to ([ZIal), @.1b), and ([2.Id), respectively,
with u® replaced by uj and with the same initial data. Then we have the
estimates of Ay, j, Am j, and up, ; as in Sections 2.2 and 2.3, as well as (3.16))
and (3.19al).

In the following, let ¢ € (0,1) be a constant to be determined later.

Denote by
Ohm = hm,l - hm,2y 0Ay = Am,l - Am,27

(3.21)
MUy = Upy,1 — Uy 2, Ou’:=uf —us.
The notations
6pm7 5S€,u,>\,ma 6-Fma 6Shm,w,m 58Am W,V 6X;U1ma
have similar meanings. Then Ay, I Ay, duy, satisfy
O0¢0hm + div (0hmu?) 4+ div (hm 20u®) = 0Sp,, w.vs (3.22a)
00 A + div (0Apu?) + div (A 20u®) = 0S4, wr
' (0dmu) (An2007) = 05, (3.22b)

+0Amdivua] - x4, + Amedivou’ - x4, |+ Amedivug - 0xG,
picehm,lataum + piceéhmatumﬁ + LA25um = _picehm,lu(f - Véu’

—Picehm, 10U - Vug — picedhmug - Vug — Vépy, + div S, ;A m + 0Fm.
(3.22¢)

After taking the L*-inner product of (3.:22al) and (3:22L)) with 4|0hy, ‘25hm
and 4‘(5Am‘25Am, respectively, and applying integration by parts in the re-
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sultant, one has

%\\5hm,5Am\\§4(Q) __ /divuf(‘ahmrl 1A da

Rs

—4 / (60 - V2| han| *0hn + 50 - V A 2|0 A |5 Ary,) di

Ro

—4 / (Pan,2div $U°|§han| *0hn + A 2div 0u° |0 A |*5Ar,) da

Rio

+4 / divud|dAm|*' x4, , du+4 / Ampdiv 0w |64 [*6 A X4, | do

Rll 7'\7,12

+4 / Am2div ug|§ A |*6Am0x4, do + 4 / 08 o |0Tn | 20 de

Ris Ria

+4 / 8 Ao |6Am| 0 A dut

Ris
(3.23)
In the following, we sketch the estimates of the R; terms by applying
Holder’s inequality and the Sobolev embedding inequality:

—

o Lo
Rs+Ri1+Riz S (Hle [z ) + (5 + —3)lldiv U—2HL°°(Q)>
X || 6Pun; 6 A 140 o
Ro < 1180 | o)V im 2, V A 21| 362 [P 6 Aum [ (3:24)
Rio + Riz S (b + 1)|div 6u’| s () 6hm, 6 Aml|74(0
Ria + Ris S Oy 1m0 Al |70,

where we have used the identity

5( 9 >: o9 9209
g+e gt+e (g1+e)(g2+e)

for g = (1 — An)™ = 1 — Ay, in the estimate of 0x%,, in Riz. In view of

17



(B:23) and ([3:24)), one has

d
[0, 6 Am L4y < C.

0,8,w,V,h,c0,Cin

[0hm, 6 Am HL4 +0H5u HH2(Q)

(3.25)
where we have used (34]) and (39). Consequently, applying Gronwall’s
inequality to (3:25]) yields

sup [[6hm (s), 6Am(s)| 740
0<s<t

t _ 1/2
SU</o 159 ()72 0 dS)ecv,s,w,u,h»co»cm(”t )

where we have also employed Young’s inequality.
Taking the L2-inner product of (3.22d) with 2du,, and applying integra-
tion by parts in the resultant yields

(3.26)

plce th/zaum”[ﬂ(g +2L”V25um”L2(Q —plce/at ml‘éum| dz

Rie

—2 / PiceOhm Oy, o - duy, dr —2 / Picehm,1(uf - V)ou® - duy, do

R17 RlS
-2 / picehm,l(auo : V)ug : 5um dx —2 / piceéhm(ug : V)ug : 5um dx
R19 R20

+2 / Opmdiv duy, dx + 2 / div 0S¢y am - Uy dx

'R21 R22

+2/5fm-5umda:.

Ras
(3.27)

In the following, again, we sketch the estimates for the terms R; by applying
Holder’s inequality, the Gagliardo-Nirenberg inequality, and the Sobolev
embedding inequality:

1/2

Ris S 100k sy [ 9m|7 50 150 mHHC(Q
1/2

Rz S 100t 2]l 2 0 16mm | 0 900 | 2%y 160 17

Ris S EHu(l)HHz(Q)HV5uO||L2(Q)||5um||L2(Q)

18



7 012 012 o
Rag S R0 ot 00 377 ) | V08 | 3 0 100 2,
Rao S [10hml| a0y [0S 272 uwsnm |6t | 20y

Ra1 S (1+h)|!5hm7514 L2 [V Oum | 120,

Ra3 S (L4 h+ Z 1uZ |l 720)) (100 2(0) + 16hm [ L2(0))l[00m]| 22(0)
=

To estimate Ro9o, we rewrite it as

Raz =2 / div [p(Véu® + (Véu®) ") + Adiv 6u’ls] - Suyy, do

2/div [pm715< vu? + (Vu?) ) +pm,1(5< divu’l, ﬂ - duy, dx
VIVue + (Vue) T2 + g2 V|div ue|? + g2

+2/5pm[ Vuy + (VHQ) + div uzly } : Vouy, dx.
VIVug + (Vug) T2 +e2  /[divug]? + €2

Therefore, applying Holder’s inequality and the Sobolev embedding inequal-
ity implies

Roz S Cepun(1+h+ [Vhm1, VA llLa@) 100°] g2 o) l16wn || 22 )

2
7 o o 1/2 1 2
+ R Y V20l 12 V60 () | 9m | gy 1500 717
j=1
+ (14 h)[[0hm, 0 Al 12(0) IV OUm]| £2(0)

where we have used the identity

(=) = v
gl + & 91> + €
2
B 926 9|
Vig? +22V1gl? + (Vg + 2 + Vgl +2)
for g = Vu® + (Vu®) " and div u’ly, respectively.

Then, after substituting the bounds in (3.16]) and (3:19al) and applying
interpolation inequalities, one can obtain from (B.27)) that

1/2
”h / 5um”L2 + L”‘Sum”HZ < Coen, co,cm”‘SUmH%Z(Q)

pice
+ Cr(L+ 192120 (16un | ) + 160, S AmF2))  (328)

+ 05022 -
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where Young’s inequality is applied.
Thus, after substituting ([3.20) into ([B.28)) and applying Grénwall’s in-
equality to the resultant, one has

t
sup ||5um(8)”%2(9)+/ |50 () 1520 @5 < 0C, h e wsocin
0<s<t 0 -

t
2 2
<o | Coppnpicssenanlt + )] [ 190 o s

Therefore, after choosing ¢ and ¢ small enough, one can conclude that

t
sup (8 () oy + [ 00m(5) s s
0<s<t 0

1 o Lo
< 2 ((sup 1000y [ 10O ey )
0

0<s<t

(3.29)

Now we update the smallness of T, so that ([8.29]) holds true for ¢ € (0,T*].
Then the map 9, defined in [BI]), is contracting with constant 1/2. By
means of Banach’s fixed point theorem, we conclude that there exists a
unique solution to (LI0) in Xp«.

What is left is to show that such solutions are stable. Namely, they
continuously depend on the initial data. Let (uj,h;, A;) be two solutions
to (LLI0), associated with initial data (Win,j, hin,j, Ain,j), J = 1,2, satisfying
B3). Then it is easy to check that (3.26]) and (B.29]) still hold true with
ou®, du,,, dhym, 0 A, replaced by du := u; —us, 0h := hy —ho,0A := A1 — A,
with additional initial data on the righthand side, i.e.,

t
sup ([h().6A(5) 31 )+ 1(5) (0 + /0 [3u(s) 320y ds

< C. i ncos (1Pin1 = hin2, Ain1 — Ain,2H%4(Q) + [ tin,1 — uin,ZH%Z(Q))-

- (3.30)

Hence, we have established the local-in-time well-posedness of strong so-

lutions to system (LI0). We would like to remind readers that the estimates

obtained in this section depend on (u, A, ¢,v). In the next section, we aim
at removing such dependency.

4 Well-posedness of solutions to (I.3) with h > 0

4.1 (p, A, ¢, v)-independent estimates of solutions to (.10)

We shall only present the uniform-in-(u, A, ¢,v) a priori estimate in this
subsection, based on which the standard different quotient argument can be

20



established.

Throughout this section, we use the notation X <Y to represent X <
CY for some generic constant C' € (0, 00), which may be different from line
to line, and depend on ¢, w, h, h, but is independent of (u, A, ¢, /).

To begin with, let

£0) = s [ h) A + [ Iy ds, (41
0<s<t
and
&(t)i= sup |a(s). h(s), AGs) o
0<s<t

//< V3 (Vu(s) + Vu'(s))[? N |V3div u(s)|? >dmd8.

(IVu(s) +VuT(s)|? +2)3/2 ~ (|divu(s)|? +£2)3/2
(4.2)

One can easily check that £ and € are essentially equivalent in the sense
that estimates on one imply estimates on the other. Indeed, it is trivial that
¢ < £. On the other hand, applying integration by parts yields that

/yv4uy2da;= %/\V?’(Vu—kVuT)lzdaz—/\V3divu\2dx

V3(Vu + Vu')P? V2 div uf”

< (=3 3 |

S(e”+ ”uHH?’(Q))/<(|Vu+ Vu' 2 +£2)3/2 T (|div u/? +52)3/2> dx.
(4.3)

Therefore, we have

Et) S ER) S (L+t+ E2(1)e(t). (4.4)

Estimates for 1 and A

It is easy to check that (23)), (Z3), 26), (Z7), and (2.]]) also hold true with
Am, hm, u® replaced by A, h,u, respectively. Therefore, for s € (0,t) with ¢
satisfying (2.9)), with u® replaced by u, we have

0<A<I, 0<i@§h§4h. (4.5)

Notice that the smallness of ¢ here is independent of (i, A, ¢, v).
Next, we shall establish the regularity estimates of A and h. Indeed, after
applying &% to (LIOD) and (CI0d), one can obtain the following equations:

9 0°h +u-VPh = 9*Sy,.,, — 0°(hdivu)

+(u- Vo*h — 33 (u- Vh)), (4.62)
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HOPA+u-VOPA =084, + P (Adivu - x9)

~93(Adivu) + (u- VO A — 0*(u- VA)). (4.6b)

Then, applying the L?-inner product of ([6al) and (6b) with 20°h and
03 A, respectively, and integration by parts in the resultant leads to

%||83h||%2(9) = /(divu|a3h|2 — 20%(hdiv u)9®h) dz

I

(4.7a)
+2 /(u VOh — 0*(a-Vh))0hdx +2 / OSp 0 hdz,
Zs I3
d : :
EH(??’AH%Q(Q) = / (divu|0®A|* — 20°(Adivu)0*A) dx
T4
+2 / (u- VA -3 (u-VA))dr+2 / Saup0°Ada (4.7h)

Is Ts

+2/a3(Adivu.X°g)a3Adx.

I

Directly applying Hoélder’s inequality and the Sobolev embedding in-
equality leads to the following estimates:

TL+IT+ Ty +Is + I S H([w, hy Al gs )
Hlall sy lhs Alligs -

Similarly,
Zs +Zs S H([|h, All g3 (o)) (4.9)

Therefore, after substituting estimates (48)) and (£9)) into (47al) and
(4.7D)), one can derive that

d
%Ha?’h, O Allf2i) S H(Iw, by Allgs o)) + [[ull g1, Allgs ) -

Similar estimates also hold for lower order derivatives. Hence we have shown
that

d
S lh, Al ) < Ml by Allizsge) + Cop il ol Allds .

22



for some constant C_, 7 € (0,00), independent of ¢ and v. Consequently,
applying Gronwall’s inequality concludes that

t
Sup, [[1(5), A(s) gy < eContli 1o
0<s<t

t (4.10)
><<Hhin~4m|!§{sm>+ / H(Hu(s>,h<s>,A(s)\\m(m)ds).

Estimates for u

After applying 0> to (I.I0a)), one can obtain the following equation:

m(0;0*u + u - Vo*u) + Vo’p = div 9°S. + div 0°S,,.,
— A%+ DPF + [md0Pu — 93 (moyu)) (4.11)
+[mu - Vo*u — 8 (mu - Vu)).

Then, applying the L2-inner product of (&IT]) with 20%u and integration
by parts in the resultant leads to

d .
o2 2003 )+ 20l VO ) + 200+ V)l Pl g

+ 2LHV283uH%Q(Q) = /[piceath + div (picchu)] |83u|2 dx

Is

—2 / %S, : VoPudx +2 / [md;0°u — 93 (mdyu)] - Pudx

4.12
T T1o ( )

+2 /[picehu - V&Pu — 33 (picchu - Vu)] - Pudz

T11

+2/03pdiV83udw —2/82}"-84udw.

T2 Ti3

The estimates of Z;, j € {8, 11, 12}, are standard, which we will record below.
Applying Holder’s inequality and the Sobolev embedding inequality yields
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that

Ts < (10ehll 2 () + Ildiv (hw)]| z2(0y) 10l 20 [10°all g1 (g

<

< (18]l poe ) + HVhHL‘l(Q))Hu”?ﬂ(ﬂ)”uHH‘*(Qy (13

T S |1l s gy lull 75 o llall s .
11 S [l s o) lall s ) lull g

T2 S (HAH?EIB(Q) + D112l g3 (o llall gago) -
To estimate Z73, notice that
10°F| 2 S 0% (10w — u|(Uyw — w) 220 + 112l z2o) lull 20 + Lo,
where l.o.t represents lower order terms of u. Direct calculation yields that

9*(|Uy — u|(Uy —u)) = [Uy — u|0*(Uy, —u)
(Uy —u)-9(Uy —u)

+2 o —ul O(Uy —u)
(Uy —u) - *(Uy —u) 4+ [0(Uy, —u)?
*( U, —ul
((Uy — ) - 9(Uy, — w)°* .
|Uw _ u|3 >(UW )7

which implies

16?(|Uw — u|(Uy — )|l 20) S 0w = ullF20) + [Uw = ullfr2(q)-
Therefore, we have
Tiz S 10*Fll 2@ 10" ull 2y S (allzs oy + 1All720) + D llullaiq). (4-14)

In order to estimate Z;g, we first rewrite Z;g as follows,
Tio = —2/83m8tu -Pudr + 6/8m8t8u -9Mudz, (4.15)

where we have applied integration by parts. Next, we will use equation
(CI0a) to substitute dyu and O du in (AIH). Indeed, after rearranging
(LI0a)), it follows

A2
m m
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' S,
atau:dwassm div 27“7 O + 8_}'_£8
m m
—%ap+vpa —8u-Vu-—u-Vou
A29u  A2u

+ L—am
m?

Then similarly as before, directly applying Holder’s inequality and the Sobolev
embedding inequality leads to,

[0ul[ L4y + 10:0ullr2(0) S H([[ull g3 ), Al a20)) 1hll72(0)
+e(1+ [Pl 2@y [all 25 )
Therefore, one can derive that,
Tio SI0°ml| 2yl Opul| ooy 0%l a0
+ 10m| o (o [10:0ul| 12 ) 10M 0] 12 ()

SHull s 0), 1Al a2 0), 1713 @)l g1

+ (7l s ) + 1Bl ) 1all s o 1l 22 )

(4.16)

Lastly, we will estimate Zg. Notice that,

Vu—I—VuT
_ 3 .93 T
Ty = /8 <p\/| — uT|2+62>.8(Vu+Vu ) dx

-2 [ pdl;u ddivudz.
V|divu|? + €2

Denote by Du € {Vu+Vu',divu}. In this notation, estimating Zy amounts
to determining an estimate for

Du
a3< 7> 9*Dud.
/ p\/|Du|2—|—52 ner

Direct calculation shows that

/83 <p Du > 9 Duds — /p( |03Dul? ~ (Du 93Du) ) e
N VIDuE T2 ([Duf § )7
B 3/p(Du -0Du)(9*Du - #*Du) + (Du - §*Du)(dDu - 93Du)
(|Duf? + £2)3/2

Ly

dx
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dzx

B 3/ (0Du - 9?Du)(Du - 8*Du)
(|Dul|? 4 £2)3/2
Lo
4o /p(Du -0Du)(Du - 8*Du)(Du - #*Du)
(|Dul|? 4 £2)5/2
L3
B 3/p|6Du|2(6Du - 03Du)
(|Dul? + £2)3/2
Ly
g /p(Du -0Du)?(6Du - 9*Du) + |0Du|?(Du - 9Du)(Du - 93Du)
(|Dul? + £2)5/2
Ls

dx

dx

dx

(Du - 9Du)?(Du - 93Du)
—15 d
[P o e
Ls
Du Du
—1—3/[8 52 <7> -93Du + &2 6<7> -63Du] dx
PO/ DuP £ 22 PO\ DuP £ 22
Ly
Du - 9?Du
+ | Pp—————dx.
P Dup + 22
Lsg
Notice that
9?Dul? Du - 93Du)? d3Dul?
2

— € .
[Duf? +2  (|Du*+¢€%)%2 =~ (|Du|? 4 %)%/
Therefore, applying Holder’s inequality and the Sobolev embedding inequal-
ity implies that,
|Lal + 1L5] + |L6| + [L7] + L5 S [Ipll sy (1 + DUz (o)) [0°Dul| 120,

3/2
L1+ 1£2] + 1£3] S 1Pl oy 1D 0 DU -

Therefore,

Du p|9*Dul?

P p—rw—=) - *Dudz > 2/—d
/ (p /_\Du\2+52> uar = ¢ (IDuf? + £2)372 v
— [Pl 3 () (1 + D32 () 10°Du]| 12
3/2 3/2
H? a3

_”PHLOO(Q)HDU-H (Q)HDU-H 3(Q)"
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Thus, we have shown that, thanks to the fact p > ¢,h/4 > 0,

2 3 T2 3 Jiv 12

IgS—E cpﬁ/< |0°(Vu+ Vu')| 49 .]8 div ul >da:
4 ([(Va+VuT)]2 +e2)3/2 " “(|divul? + 2)3/2

3/2

3/2

H([lw, A, Bl s o)) all ) + allzs o lallgiq) -

(4.17)
In addition, notice that, according to (43]),

lall s S lullas@) + IViallrzg) S lullgse)

. . IV3(Vu + Vu')? Vidival 1/2
+ [(e” + Hu||H3(Q)) ([Vu+ vuT|2 +€2)3/2 T (|div u/? _|_52)3/2 v '
(4.18)

To sum up, after substituting estimates (@I3]), (£.14)), (£I06), (£I7),and

([4.18]) into (4.12)), and applying Young’s inequality, one can derive that

d, 1/2
prle / W20%ul|72 ) + 20| V203 ) — 22Vl 72 g

+E2cpﬁ/ |03 (Vu + Vu')? |03div u/? e
8 (|(Va+Vul)2+e2)3/2 " (|divul? + £2)3/2
< H(||u7A7hHH3(Q)7L)’

which implies, recalling ¢ € (0, 1),

t
;pﬂmem@+u—ﬂAHﬁmwm@w
3 T 2 3 12 2
/ / |8 (Vu(s) + Vu' (s))] ) .|8 divu(s)| de ds
)+ VuT( N2+ 62)3/2 (|divu(s)|? + 82)3/2

t
<%MW%mﬁmﬂ/MW®A®ﬂ®meM&

for some constant C_; 7 € (0,00), independent of y, A, ¢, and v.
Similar estlmates “also hold for lower order derivatives. Thus one can
conclude that, for ¢ < 1 small enough,

sup Hu(S)H%{S(Q)

\83 Vu(s) + Vu' (s))[? |03div u(s)|?
< +vm«muwmﬂ %wﬂwW+§wJ¢MS

<C ;HMumHHqQ [ s A )

(4.19)

27



Uniform estimates

The summation of ([AI0) and (£I9) leads to

&
X <Hhm,Am,umH%{3(m +tx ”H(G(t)))

1/2
_41/2(43/2 3
< <ecw’h7ht [13/2 4 €()+¢3 (1) el hh)

X <HhinaAinauinH?;[3(Q) +1x ’H(Q‘E(t))),

where we have applied (4.3]) and Young’s inequality in the second inequality.
Consequently, for ¢ small enough, independent of u, A, ¢, v, one can conclude
that

E(t) < C. o, pn X Pin, Ay Winl[7ps ) (4.20)

and, thanks to (4.3)),
E(t) <&, (4.21)

for some constant €, € (0, 00), depending only on ¢, w, h, h, and
| Ain, Ain, Win || 73 () -

Thus we have established the (u, A, ¢, v)-independent estimates. Therefore,
together with the well-posedness theory in Section [3] and continuity argu-
ments, the existence time of solutions to (LI0) can be extended to some
T** € (0,00), independent of (u, A, ¢,v), which might be larger than 7.

4.2 Limit as (u, A, ¢,v) — (07,07,07,07)

Denote by (W xuus Puxews Aur.w), the solution constructed above to sys-

tem (LI0). With (£1)), (42I), and by comparison in system (LI0), it is

easy to check that we have the following uniform-in-(u, A, ¢, ) estimates:

||u/,l,7)\,L7I/7 hu,)\,L,w Au,)\,b,l/||L°°(0,T**;H3(Q)) + ||uu,)\,b,l/||L2(O,T**;H4(Q)) (4 22)

+||atuu,)\,b,l/7 8thu,)\,L,V7 atAu,)\,L,VHLOO (0,7**;L2(Q2)) < Q:ina

for some constant €, € (0,00), and T** € (0,00), independent of u, A, ¢,
and v. Therefore, applying the Aubin-Lions lemma yields that there exists
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(u, h, A) satisfying (L8] and (L)), such that, as (i, A, ¢,v) — (07,0%,07,07),

Uy, —u in C(0, 7" H3(Q)),

Ryriw — h in C(0,T*; H*(Q)),

Apriw — A in C(0,T*; H*(Q)),

(Wi Ppdiws Apniw) — (w, by A) in L0, T H*()),
Uy, —Uu in L2( T H 4(9)),

(O r s Oty n iy Ot Apasw) — (Opu, 0k, 0, A) in L0, L 2(( ), )

and it is easy to verify that (u, h, A) satisfies system (L3]) in (0,7**].

4.3 Well-posedness of solutions for system (L3

To deduce the well-posedness of solutions to system (L3]), it remains to
establish the uniqueness and the continuous dependency of solutions on
initial data. Indeed, this can be done following similar arguments as in
Section 3.2] which we will sketch below.

Denote by (uj, hj, 4;), j = 1,2, two solutions to system ([L3) with initial
data (Win,j, Pin,j; Ain,j) Within (O,Tj**], j =1,2, as constructed above, respec-
tively. In particular, (L8) and (L9) hold for (uj, hj, 4;), j = 1,2. Further,
let du := uy —ug,0h := hy —hg,0A := A} — Ag, and 175 := min{T7*, T5*} €
(0,00). The triple (du,dh,dA) satisfies the following equations:

Picen10:0U + picedhOrus = div oS, — Vip
—picchiuy - Vou — picehi1du - Vug — picedhug - Vug + 0.F,
0¢0h + div (0huy) + div (hedu) = dSp, (4.24b)
00 A + div (0Auy) + div (Az0u) = 5S4, + dAdivuy - X4,
+Agdivéu - x5, + Aadivuy - 0.

(4.24a)

(4.24¢)

After taking the L?-inner product of ([f24al), (4.24D)), and (Z24d) with
20u, 20h , and 26 A, respectively, and applying integration by parts in the

29



resultant, one has

d
EHPilc/fhi/z‘SUH%?(Q) = _2/555 : V5Ud$+/Piceath1|5u|2 dx

Ti4 115

—Q/piccéhatuQ-5uda:—|—2/5pdiv5ud:n—|—2/5]:-5ud:13

Ti6 Ii7 T1s

-2 / pico(hlul -Véu + hidu - Vuy + dhus - Vuz) -oudr

AT

%Hdh”%Q(Q) = —/divu1\5h\2 dz —Z/div (hodu)dh dx

Zao I

+2 / 58 w0h dz,

—_———
Zao

%||5A||%2(Q) = —/divu1|5A|2 dz —2/div (A26u)dAdz

a3 T4

—|—2/5SA7W5Ad:E—|—2/divu1-X‘Af1|5A|2da:

Ios Ioe

+2 / Aadivéu - x4, 0Adr +2 / Asgdivug - 6x40A dx .

Lo Ios

(4.25)

(4.26)

(4.27)

Then it is straightforward to check that, thanks to the uniform bounds in

(@])7

ST T S (10w, 6k, 5A] 2 g + 11w, 8k, 5A] 12 0 | Vu 120

15<j<28

(4.28)

To estimate 714, we will have to investigate the monotonicity of S, which

is an important ingredient in our proof. Notice that

Vu+ Vu'
VIVu+ Vul |2 + ¢2

20S. : Véu = 5<p

divua

V]divul? + &2

30

+2§ <p ) odiv u.

> :5(Vu+Vu')



For Du € {Vu + Vu',divu}, direct calculation yields that

Du 1 p1 P2 )

Sp——t ) — = + 5Du

<p,/|Du|2 T e2> 2 <\/|Du2|2 T2 JDupPqe
1 ((Duy + Duy) - 6Du) x (p1Duy + poDuy)

2/Dwi[? +e2/[Duzf? + €2(/[Duy[? + €2 + /[Dua[? + £2)

1) D D
A )
2 \V/Du[?+e2  /[Dusf? + €2

(4.29)

Therefore

5(1)71)11 > -0Du = 5_p< Dw + Duy > -6Du
VIDul? +¢2 2\VIDu?+e2  \/[Dupf? + €
+1 M

2/[Dwi? +e2/[Duz? + £2(y/Dui 2 + €2 + /[Dug[? + €2)
with
M := (pl\/W + p2+/|Dug|? + = (\/]Dul\2 + 2 4+ /|Duy? + £?)

x|0Dul|? — ((Du; + Duy) - 6Du) x ((p1Duy + paDuy) - 6Du)

> Che,,e[0Dulf?,

for some constant Cj, ¢, € (0,00) depending on h and €;,. Therefore, one
can derive that

+6h, 6 Al| 2 () lIVoull 22y

for some constant C; p ¢, € (0,00) depending on €, h, and €. In addition,
using integration by parts, one can derive that,

IVoul 72 S IVou+ Vou' |72 ) + [[divoulf7s g (4.31)

Consequently, after substituting (4.28]), (430), and (£3T)) into (Z.25]),
([#24), and ([£27)), summing up the results, and applying Young’s inequality,
one can conclude that

d
gil1oice 6,61, 64|32 o) < Ce, Nl a5, 6h, A2 g,

(4.30)

ice
which, after applying Gronwall’s inequality, yields

sup [|6u(s), 6h(s), 5A(5)|3 ) < Cey 1 0ttn, Ohin, 0w 22y, (4:32)
0<s<Ty3

with some constant Cg,, € (0,00), depending on the initial data. The
uniqueness and the continuous dependence on initial data of solutions to

system ([3)) follow from (4.32]).
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