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Abstract

Franck-Condon overlap integrals have been calculated which
predict within experimental error the intensity distribution of
the sixty measured lines in the visible fluorescence spectrum of
molecular iodine, B°I 4, (V! =15, 16 or 26) =X Ly  (v"=0 to 69).

Rydberg-Klein-Rees potentials were used for both e%ectronic states,

and exact vibrational eigenfunctions were obtained by direct

" numerical solution of the radial ‘Schrddinger equation, including

vibration-rotation interaction., The electronic transition moment
was assumed to be independent of internuclear distance. Overlap
integrals derived in the same way for Morse potentials fail to
give even qualitative agreement with experiment for lines W1thjw
v" 310. Because of the rapid oscillation of the vibrational wave-
functions for high/é} and v", a shift in the potential of only

0.002 & 1s found to alter appreciably the calculated intensity
_distribution; thus the agreement obtained provides a very severe

test of the RKR potentials and'the'Franck-Condon principle. The

| radiative lifetime of the B state has also been calculated from
- the absolute intensity of a single line and the 1ntegrated intensity

of the band system, and the results compare favorably with.direc%~

' 11fetime measurements.

Support received from the U. S. Atomic Energy Commission is
gratefully acknowledged.

fNational Science Foundation Predoctoral Fellow, 1961-83. - Present
address: Department of Chemistry, Harvard University, Cambridge,
Massachusetts.



FrachwCondon factors, computed to as high vibrational
quantum numbers v! and v" as are consistent with spectroscopic
data, are ofiimportance for every major molecular band system,
since they eﬁter'into the calculation of radiative lifetimes,
vibraﬁional femperatures, and kinetice of energy transfer, among
‘other applications. Although ﬁhevFranck-Condon Principle is
known to account for the main features of the vibrational intensity
dietribution in an electronic transitiong there have'been
relatively few quantitative comparisons between theory and exper-
- iment. In large part this is due to the difficulty of obtaining
- 'peliable intensity data and the labor involved in performing a’
realistic numerical caleulation from theory. |
| The B I oh ~’xlzo+g electronic transitioﬁlof Iz, extending

from 5000 & in the visible to about 13,000 & in the infra-red,
' 'is one of the most extensively studied band systems of molecular ;
ISpectroscopyco The resonance spectrum, which may be excilted by

2

' any of several atomic lines,“ consists of a long serles of

_ fluorescence doublets. in which the intensity fluctuates

| ©  irregularly from. line to line,. The intensity fluctuations arise

primarily from the overlap of‘the wavefunctions characterizing

' the ?1bfational leVels of the upoer and lower electronic states.

| For high vibrational levels, the/ wavefunctions are rapidly
"varying osoillatory funotions within the range of the classlcally

allowed motion. The overlap 1ntegrals thus depend critically

- on the phase relation of the initial and final wavefunctions.

This specifically non-claesicgl‘effect has been called "internal

" diffraction™ by Condon.® Fox the v' = 15, 16 and 26,fluorescence



.series of I2; for which, 60 line 1ntensities have been measured.
the internal diffraction patterns are quite complex. For no %
other molecular system does data exist for transitions at such ?
high vibrational quantum numbers.

Previouslcalculations of Franck~-Condon féctors4 have made
use of a wide'variety‘of analytic potential functions and
approximations which allow'relatively easy evaluation of the
overlap integrals. The results, particularly for the iodine
‘spéctrum; have usually been disheartening, except for transitions
involving small vibrational quantum numbers (v'; v" ¥ 10). 1In
‘this papefla calculation basod'oo exéct vibrational wavefunctions
derived from'Rydberg-Klein-Rees potentials is descfibed and the .
predicted internal dlffraction patterns for the iodine resonanoe _'

series are shown to be at least as aoourate as the intensity

measurements aver the full range of vibrational quantum numbers.

THEORY

The intensity emitted in the line v',J' -v", J" in an

=‘electronic transition is given'by

;,..J.,- (64n®/3) (st .J./(?.J +1)]cv"‘[fwv».5.§e(r)wv.f‘,..dr]2 (2)

where Sgn is the rotational lineistrength given by the H3n1~

Londons formula, N Vg is the population of the initlal state,
v is the frequency in wave numbers of the 1line, and w is the
rotational-vibrational wavefunction characterizing the (V,J)

state. The function R (r) inf,;{:'.q. (1) is called the electronic

transition moment and is giv?ﬁ by
' /



Ry(r) = [ ¥ (ag.7) My(agur) ¥1(ag,r) dq;_ | (2)

in which A designates the'eiectrohic coordinates, Vo an
electronic wavefunction, and yé 1s_that part of_the electric
dipole fransition moment which depends only on the coordinates
of the electrons. | |

No explic;t evaluation of Eq; (2) has yet been made for a
' mapyeelectron molecule. However, 1t'appears'reasonable to
éQppose that ge(r) will be a slowly.varying function of r over
the small range of v in which the vibrational wavefunctions have
appreciable value. By replacing ge(r)Ain Eq. (2) by an average
or effective value, ﬁ;, it may be}taken outside the integral to

give | ' _ j
¥ = (sen®/3) T, ,J-,7<23!!+1)1c_v""ﬂ“2(fw gy '.Jndr)z (3)

where the square of the overlap lintegral, (fw gtV uJudr) , 1s

.,known as the Franck~-Condon factor. ;
. When dealing with each vmbrational band as a whole it is
customary also to neglect the/effects of rotationnvibration

interaction.  Summation over- all lines of the band 1eads to
b M 4 o .
1YV = (6an®/3)N, v R z(fw ynar)® (4)

'.'ﬁheré now the frequency v eharacterizes‘the band as a whole (it
"is usually taken as the band origin)”and the wavefunqtioné are
those for the rotationless (J==O)’§ibrational states. The

assumed separation of rotation and vibration is usually a good

6

approximation,” but it should be noted that the calculations



i T = 2 S

b

made in this paper do ﬁot make thls assumptlon. Instead relat%gg ,
intensities‘arg calculated-diredtlylfrom Eq. (3) by numerical g
methods. | o

We proceed now to the stfaightforward evaluation of Eq. (3).
Potential cur?es‘for thg upper,and-iower electronic states wili
be determined from spectroscopic data by the RKR method. These
will be used in numerically,solvihg the rédial Schrodinger
equaiion for each rotationalmvibraﬁional level., The elgenfunctions
8o obtained will thén be used ﬁo-evaluate the overlap integrals.
The final'result, with the frequéncy factor v taken into |
account,'will be presented és rélativé intensitles for the
v' = 15, 16 and 26 fluopescence/series of the B - X transition

inliodine. Following some brief remarks oﬁ the individual stepé

¥
!

"in this procedure, a detailed/comparisqn of the calculations
with experiment will be made//

CONSTRUCTION OF POTENTIALS

In the Rydberg-Klein-~Rees me'{;hodr"’a’9 the potential function

is derived from experimental vibrational and rotational spectro-

- scopile term values without imposing any assumed analytic form

on the potential. The method determines the classlcal turning

+
expression

rt(U),(f/é_,.fz):;/z“_ﬂ S (s)

points r,_ and r_ for a vibrational level of energy U from the

. where £ and g are given by



G

T : o

. Ty -1/2 TS
£(u) 2;12;3172 j; [vjE(I:K?l ax (6)
and , | | .
g(v) = —-T—-T;-gf U-«E(Lx)] /2 g1 - (‘7;5

Here E(I,x) is8 the sum ef\ﬁhe'vibrational and rotational energles .
for any level up to Us; I = n(v4-~) ig the action variable arising
from the quantizatlion of the radial momentum; X = J(J+l)h /8w "
comes from the quantization of the angular nomentum for a
molecule of reduced mass p; and I=1I' when E=U. The variable
of integration I 1~ not restricted to discrete values and the
integrals-in EqGs. (6) and (7) are to be evaluated for x = O to
tconstruct ‘the effective potentiaf function for the non-rotating
: (Ja 0) molecule. | - | o

The principal difficulty of the RKR mezthod is the accurate
evaluation of the integrals appéaring in Eqs. (6) and (7) for
'which the integrand is singular at the upper limit of 1ntegration.
If E(I,x) 1s a quadratic funcéion of I and %, Rees’ has ‘shown
_uhat Eqgs. (6) and (7) can be exactly expressed in closed form.
But this restriction on the form of E(I,n) is usually too severe
.to represent the energy levels over the whole range of the

_potential. Vanderslice and coworkerslo have 1mproved upon the'

. Rees treatment by using a series of quadratics over the range

of the potential 80 thau a“ best least squares choice of the
spectroscoplce parameters wig wxi, Bi? ai 1s used for each
vibrational level. Recently Jarmainl; has used the approach of

direct numericalvinteération of Egs. (8) and (7) on an IBM 650.



'adopted.

T 1x1o”

R

~1/2 was employed to ;;t

iz

An analyticgapproximation to [U-E{I,x)]

'oVercome thé difficulty at the upper limit. Kasper has further

investigated this method, diacarding entirely the use of an
analytlc appyoximation and adding refinements in accuracy made;
possible through the use of an IBM 7090.

.. | Table I shows a test of the variant RKR procedures of
Vanderslice and Kasper. Potent{al functions were constructed by
each meﬁhod using the'éame.set éf observed spectroscopic term
values and then each function was employed in turn in a numerical
solution of the radial Schridinger equation. Since the results
derived from hils pfogram agreéiwith the observed term values

/

within Verma's error oflmeaa ement, Kasper's procedure was

As an additional check on the accuracy of the RKR procedure,

T dhe wavefunctions generated by numerical solution of the radial

equation were used to computevthe expectation Values of (l/r?)
and hence B values. For the first thirty Vibrational levels
tested, the B values calculated in this way differed at most by

/
6 1 from the input B values derived from Verma's

B reported rotational constants. The observed Bv values are not
- known to this accuracy, but these tests show that the accuracy .
‘of thé RKR method for Iz}is:limiﬁed oniy'by the uncertainties
in the épectfbscopic data. Thése ﬁeéts also serve as a useful

- . check on the method for numerical solution of‘ﬁhe radial equation. .



Table I: Comparison of calculated and observed

G(v) values for ground state of I,. -

Observed® G(v) (V) a1en " 00V )ops.  OV)aa1e. = G(V)gps.

cm -1 - Kasper RKR S Vanderslice RKR

0 107.08 ~0. 01 . 3.34

1 . 520,39 -0, 02 : ‘ 3.96

2 v B32.44 - 0.01 - 0.44

3 5 T43.24 , ' 0.02 -2.93

4 952, 90 -0,02 -3.47

5 116 040 "T’Oo 07 o ""2.0 72

6 . 1368.60 : 0. 06 : =1.25

7 1574.40 10,02 - o.72

8 17783 95 - : '_"00 Ol ] . Et 81

9 1982.13 - ©0.01 f4.T3
10 2184.06 : ~0.01 ' 6,24
11 2384.74 -/ =0,06 - K - i T.03
12 n 2584. 04 . "“O- 02 - . 7' 32

; 13 : 27820 09 . ”’Oo 02 ' 1‘ 70 26
14 N 29780 82 . ) ""Oo 04 . 7. 23
16 3368, 24 -0, 03 . ' 8.46
1T 3560.9T7 -0, 07 9,50
18 3752.28 - -0, 06 ; 10.64
19 3942,24 . . =0,0T - - ’ 11,44
20 4130.71 , ~0,02 o 1l.82-
. 21. . ’ 43170 78 : . "'On Ol . 11080
To22 4503,49 . -0, 05 " 11.45
23 4687.70 : ~0.04 : .- 1x.12
24 - 4870.44 S -0. 01 ‘ 11.02
25  5051.78 -0. 05 f 11.08
26 5231.63 -0.09 ‘ 11.38
27 ' 5409, 91 v -0,07 11.92
28 - 5586,69 . -0.04 - ' 12,49

29 5761.92 ~0,05 = 13.00

e e e

From reference 13.



- - points are given in Table II.

Potential Curve for the X State

Sk
Labs,

Vérmalsshas given a thorough aﬁalysis of several ultra- o

violet resonénce'series which he had followed nearly to the
dissociation aimit.v From his values of Ag(v) and B, we have’
cdnstructed the.turning points.fér the first'YO vibratidnal
- levels of the}ground electronie Ttate, Some of the turning
The'potential fuﬁction emp;oyed in our calculations is
obtained by conngcting the_turq&ng polnts with a smooth éurve
_.generated4by seventh order~Lagfang1an interpolation.lé
B ;

estimate the potential outside the central region derived from

To

Verma's data, repulsive and attractive segments are smoothly
joined to the central portion;' In these regions (wnich, as
shown later, do not contribute noticeably in the intensity

calculation) the potential is assumed to have the form

Lol2. - ' :
Vrep ==a/? + b : : B : (8)
and
[ : ‘ - :
Vagr = a'/rb . C / (9)

whefe the two cénstants were determined from the last RKR turning -
pointé ry for v" = 68 and 69. Finally the rotational contribution
"is'added to the non-rotating botential'v(r) to givé the effective
radial potential U(r,J) |

U(r,J) = V(r) + —iiiilﬁ-.

'ﬂ’u.l"

appropriate to the molecule with rotational quantum number J.



~7;u
Table IX. Results of caleculations for the potential
energy curve® fo#‘the ground gtate of I2

/
(J = 0 rdtational state).

e o S it et i e

Turning Polnts

‘Turning Points

v (k) r (k) v r(h)  r(R)
0 2.6178 - 2.7T175 33 - 2.3587 33,2575
‘1 " 2,.5850 - 2.7T580 35 2.35621 3,2846
2 2.5634 - 2.787T3 37 . 2.3459Q 3.3120
3 - 2.5484 2.8120 39 2.3400 - 3.3399
& 2.5321 2.8340 - % 2.3343 3.36886

"5 2.5197 2,8542 : 43 2.3290 = 3.3978
6 2.5086 . :2,8731 45 T 2.3240 - 2. 42TT
7 = 2,40984 2,8911 - 47 2.3193 3.4586

9 2.4805 12,9248 49 245149 - 3.4905
1l 2.4650 . 2.9564 - B8l 2.,3108° 3.5236
13 2.4511 2.9864 53 2.3069 5.5583
15 . 2,43886 3.0154 55 2.3033 35.5946
17 2.4271 - 3.0434 57 2.3000 3.6328
19 - 2.4165 3.0709 . 59 2,2970 3.6730
21 2,4067 3.0980 S 8l - 2.28942 - 3.T7155
23 2.397T4¢ . 3.1247 63 2.2919 3. 76086
25 2.3888 3.1%12 - - .- 65 . 2.2899 - 3.8088
a7 2.3806 3, 1TT7 ' 67 . 2.2882 35,8605
29 2.3729 3.2042 , 68 2.2875 3.8877

31 2.3656 3., 2307 - 68 2.2869 3. 91860

,f'/

P

@mhe values of the constants in Eqs. (8) and (9) are:

& =5,881x10% b = -3.012x10% a' = 1.529x10%, b' = 8.507.



Potential Cﬁrve;for the B State - 4 | a;

P NS SR

.series (v' = 286) to the lodine absorption spectrum, Loomis

0,76 em”

«10-

Although the molecular constants of the ground state have ;:

been repeatedly remeasured by different investigators, knowledgé

of the upper'state is not nearly so extensive nor precise. It
is based almost solely on the pioneering experimental work of

Mecke15 who first measured the iodine-absdrption band heads 1in-

16 fluorescence

17

the region 5000 Kk to 7000 £, By relating Wood's

re-analysed Mecke's data and established the correct vibrational

numbering. The vibrationai energy levels can be fepreséhted;

within the anen;aihty'of 0,5 cm"’-l in-Mecke's;meaeurements,}byf
A 1. 102 13 S ey
P a(v) - wé.(.v-l- z)- cgezfé(v-f- 5) + oy (v+ 2) ‘ .o {11)
18 |

K ' IR o
the values Wy = 127.35 cm T, WX, =
1 ,

for the vibrational parameters.

where we have adopted
-1

' " 7 ‘.‘-:’ -
and WVg = 0.0033 cm

The rotational ahalysis,‘however,{which is sunmarized In
Table III, is less satisfactory. . Only the first two terms |

- have been determined in the expansion of the rotatiohalvconétant

‘Bﬁ

~and the uncertainty in thesévvalues is considerable., Mecke

studied the individual lines of four bands (4,7), (4.8), (5,7)

© . and (5,8) which lle in the red. From the difference between.
| corresponding lines, Loomis determined the rotational constants
from Mecke's data. ILoomis also determined the rotational constant

~ of the 29th“vibrational level from analysing plates;of.the iodine

absorption spectrum produced by the Mercury green line. From

| 1 L1025 . 123 -
= Bémaé(v+§)+'yé(v+_§) +oé(v+§) 4 oeen (12)4 |



d | B |
Tablq ITII. Rotational parameters for the B state.

Source . o Te (%) B; (em ) a, {cm ).
Mecke® 3,022 0.02909 0.00015
Loomis® 3.016 0.02920 0. 00017

Values uged® 3.022 0. 02909 . 0.0001T

L T e e

gReferenée 15. Mecke only determined aé, The

values given for r, and B} are based on his al.

beeferencé/lY. The a shown 1s a weighted mean of
é = 0.000175 em™* for the difference of the
(5,7)=(4,7) band lines and a! = 0.000156 cm”l
the (5,8)-(4,8) band lines. Loomis glves r} =
' 3.01 & for the internuclear distance but the value
' = 3,016 &, based on his value of By, 1s

for

e .

commonly cited in the literature in lieu of a more
precise measurement. From analysing new plates by
Wood and Klingaman of the absorption spectrum,
Loomis determined Bjg = 0.023368 ¥ 0.000005 cm™t.
He had planned to carry out a more definite
analysis of the rotational constants of the B
state but this was never published.

Cuith ¢} = =1.0x10"° em™! estimated from Loomis'
value of Bog. o -



-12-

this value, %e have estiméted-vé = «1.0x10"% em™t. However, 1%
is doubtful %hether Lobmis made centrifugal distortion correctéons
in evaluating Bage .Furthermore, it is possible that a 6é termZ?
would be requ;réd to represent the BV values through theAZch |
}1eve1; and Gé‘capn5€ be calculated without additional data.’

If the rotational cbnstants determined by Loomis are used
to obtaiﬁ’the‘upper‘stafé potential, the calculated intensity

distribution gives reasonable,agreementlg

with experiment for
only the lower v" members (up to about v" = 18). Instead we have
used the values of Bé, aé and vé given in Table IIT to constFict
the turning points for the upper state shown in Table IV. The
only change from Loomis is in thé vaiué of Bé, which has been
' adjustéd,to,shift the upper state potential curve to the left by
about 0.006 &. This change could be échieved equally as well
in a number ofldther ways for'these high vibrational levels, such
as small Qorrectibns“inIValues of aé or véland the inclusion of a
'6é term.. But these rotational constants lie within the béunds .
of the experimental uncertaintj (r' = 3,016 ¥ 0.010 &) and give
excellent agreement with the observed intensity distribution._ o
The errors 1ntroduced 1nto the RKR turning points by
inaccurate rotational constants are rather small for the lower
" vibrational levels but rapidly build -p. For the higher vibra-
tioﬁaillevels, the potential energy function is quite sensitive
to the rotational conéﬁaﬁts.' The width o;\%he potential curve

r, - r_ = 2£(V), given by Eq. (6), depezds on th;\V1brational

4
. constants alone. However, the slant of the central axls of “the

potential curve, 1.e., how much each pair of turning points are



i
k]

Table iv.' Results of calculations for the potential

. energy curve® of the B state of I,

(7 = 0 rotational state).

ety iy e~ et s e

O SO Uy o SR s et Il Sy A S

Turning Polnts

e i e Sy e pe e i e e oy e e

Turning Points

v r_ (k) r, (R) \'4 r_ (&) r, (R)
0 2,9609  3,0904 . 16 2.7503 3.5701
1 . 2.9203 3.1457 | 18 °  2.7393 - 3,6206
2 2.8942 -  3.1868 20 . 2.7292 3.6717
3 2.8741 = 3.2222 .22 . 2.7199 3.7239
4 . 2.8575 3.2543 24 2,7111 3.7774
5  2.8432  3,2843 26 2.T026  3.8326
6 2.8307  3.3129 28 2.6944 .  3.8898
8 2.8092  3.3672 30 2.6865 = 3.9494
10 2,7913 3.4192 32 . 2.6781 4,0118
12 2.7759  3.4699 N3¢  2.6697T  4.0776
14 2.7624 - 3.5201 3 2,.6654 .  4,1119

&Me values of the constants in Egs. (8) and-(9) are:
& = 4.117x10%, b = -4.293x10%; a' = -1.215x10%,p!=6.590.
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. the,rad;al Schrodinger equation. Recently Cooley

;.14..

displaced to the left or right of rys is mainly determined by

the rotational constants. For high vibrational levels, Yoo for

example, plays a significant role as can be seen from Table st

which gives ‘the turning points for the v' = 26 level for diffe;ent
values of ?é§  Tab1e V shows that the turning points are shifped
linearly to the right with incfeasingly negative Yo+ A 15% error
in Y Will produce an uncertainty of 4+0.005 £ in the turning
points of the v! = 26 level. Such a shift will be shown to alter
markedly the intensity pattern. The same error in.wéyé would be

unnoticed. ‘Consequently accurate.rotational constants are of

~ importance for relative intensity calculations.

COMPUTATION OF THE VIBRATIQfﬁf;\WKVEFUNCTIONS -

Once the potential is constructed,~the vibrational wave=

functions approprlate to this potential are obtained by solving
\

ZO.QEE oeecribed
a rapld and accurate numerical method for this purpose which has

21

been reviewed in detail elsewhere, * ‘Briefly, the one-dimensional

second order differential equation |
2 | S
acy. . - | -
vJ - :
7+ By nUnd) ] vy = 0 - (3)

. 'is replaced by an equivalent finite difference equation. This

is iteratively solved for the eigenvalueEVJ of the total energy

22 llethod of

and the wavefuncﬁion WVJ oy employing a Numerov
integrationg‘together with a second-order iteration-variation

procedure due to Ldwdin.>> In Eq. (13) U(r,J) is the effective



'
\

Table V. Sensitivity of turning points

to vé for v' = 26.

 -nox107®  s.esze 2.7026
-1.2 3.8374  2,T0T4
-1.4  “s.dze o 2.7122

-6 - :5.#470' 2,7270

i



=16~

.potehtial funetion of Eq. (10)? including the rotational
contribution, length is measured in Bohr radii a,, and the unit
' of energy is equivalentlto h Nb/ewzcazu = 0.948844:»cm"1, where -
N is Avogadro's number (physical scale) and u is the reduced
mass in Aston units. ‘

Cooley has made available a SHARE program embodying these
procedures for the IBM 704, . This has . been made compatible with

the IBM 70920 and some useful modifications have been added.Zl

Additional tests of this program have been conducted by Cashion24‘
who finds”thét 1t requires 0.4 sééonds to compute the eigen-
. function at lOOO‘points and.to cbrrect the trial eigenvalue for
 the next iteration. Furthermo:é; relatively few (often less than
four) lterations are requifedvfn order to obtain'eightﬁfigure |
constancy in the eigenvalue, dven for an initidx trial energy
- several percent .in error. ‘/
| The evaluation of the overlap integrals is accomplished
-by Simpson 5 rule between the 1limits 1.500 & to 6.450 R in steps
of 0.0025 R. This method of iategration as well as the
‘reliability of the wavefunctions were checked by halving the.step}
- size, changing the limits of ihtegration and comparing the
computed expectation value of <l/r?>'With the exact expression
for the Morse potential. Theae tests show that ihtegrals of
these numerical wavef@nctions are accurate beyond five significant.
figﬁres. : |

| Figure 1 shows the vibrational wavefunctions obtalned by
this mefhod for the v' = 26 level of the upper state and the
v" = 10 and 25 levels of the ground state of I,. The sensitivity

‘of the overlap integrals to the pelative location of the potential



1T
~curves may be illustrated with these wavefunctions. As v"
increases,‘t%e widening of the potential makes room for ﬁewmioope
in the wavef@nction at about the same rate as they appedar; thus'f
for v? ? 20, fhe length of a loovp remains almost constant at |
about 0.03 £, The corresponding length for the v' = 26 level of
the upper state 1s 0.04 X. _The‘value,of the overlap integral
for vl = 26, v" = 25 will be determiéed almost entirely by the
narrow interval AX, which contains about 15 nodes of the upper
state anq'lT nodes of the lower. For the two,wagefunctions to

be less than a quarter wavelength out of step with each_other,

| the wavefunctions and hence the turning points of the potential

"curves huét be known to better than 0.01 .

COMPARISON OF CALCULATED AND OBSERVED
INTENSITY DISTRIBUTION

!

Relative intensity fmeasurements for the B-X transition of

12 are avallable for»only three v" band progressions: the v' =

.2'15 ‘and v' = 16 fluorescence series excited by the Sodium D lines,and

.the v! = 26 fluorescence series exclted by the Mercury green
 ‘line. It the light source is highly monochromatic, it produoes
resonant absorption 1nto,a definite rotational—vibrational level
Twof-the B etate. The subsequeht fluorescence to the different
rotational-vibrational levéls of the ground state produces a
: long serles of closely spaced P and R doublets.

16"

During ‘the first quarter of the century R. w. Wood carried

out an extensive study of the v' = 26, J' = 34 series, which he

25

‘was able to measure out to the 28th membera W. ILenz™ examined
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A

a reproduction of Wood's plates énd roughly éstimatéd the %?ﬁ
relaﬁive intensity of the first 20 members. O. Olde’nberg,26 |
using spécially sensitized plates, éxtended'the observed serigs5
to the 38th member at 8835 R, the upper limit of his plate
sensitivity. Unfortunately, Oldenberg's measuremenés do not
OVeflap with the portion of the series analyzed\bi Ienz. Also,
jbeoauée of intensity limitatlons, Oldenberg had"touagé\a broad
éreen line and low diépersion and consequently his measurements
include some contribution from ffansitions which.originate in
exclted levels other than v' = 26, J' = 34. Neither Lenz nor

© Oldenberg appear to have corrected for variation of f£ilm sensl-
, tivity with wavelength,‘and their intensity data are visual
estimates of plate blackening. Recently, Armot and McDowell®?

have rephotographed‘the first 19 members of the series, using

~ narrow line excitation, and have determined the.peék heights from

densitometerAtracings. Also, Rz:mkz8

has remeasured the position
of the v" = 1 to 13 and v" = 29 to 39 members; although Rank did

" not make intensity measurements, the lines missing from his list

’ serve'to identify transitlons of neglilgible intensity.

Table VI compares the experimental results for the v' = 26
fluorescence series with tﬁosercalbulated from both the RKR and
the Morse potentials. Despite the considerable discrepgncies and
‘uncertainties'in_the experimentalvintensity estimates, the location
of the maxima and minima in the internal diffraction pattern is
'wéll established, and thus offers a severe test of the calculated
intensities. If anything within 50% is regarded as within the

bounde of experimental error, both the RKR and Morse calculations



. Table VI. Calculated and observed relative intensities for the

v'= 26, J'= 34 fluorescence series of I.

Observed Observed  Calculated Calculated

Lenz® Arnot and RKRb Mo b v® gggerged ) Ca;;x;l];at eci _,v}‘“C?l;Sulaged

nz McDowell N rse. _ enberg , orse

o] 10. 10.0 10.00 7.84, 20 e 1.41 0.10

1 9 3.7 9.59 10.00 21 of 0.01 1.63

2 1c 0.0 0.04 ‘ 0.28 22 9 1.36 -0.01

3 9 3,2 5.10 : 4,82 23 2 . 0.20 1.54

4 '3 0.9 . 2.16 2.53 24 3 0.82 ‘0. 02

5 ac d 1.33 o 1.43 25 . g 0.72 - 1.38

6 8 2.2 . 3.55 3.61 26 0 0.21 - 0.10

7 - 2¢ 0.2 0.02 . 0.15 27 . 10 1.06 - 1.18 .

8 9 2.5 ' 3.18 3.48 28 1 0.00 o 0.24 -

9 oc 0.1 0.45  0.05 . 29 9 0.92 0. 94 e
8 1.9 1.82 2.79 30 9 0.28 0.41
3 1.0 1.46 0,42 31 oc 0.42 0.69 e
2¢ 0.6 0.56 1.97 32 10 0.70 0.60 //
7 1.7 2.10 0. 88 33 1c 0.04 - 0. 44 ,
0 0.0 0.01 1.24 34 9 0.81 0.79 /
7 1.7 1.97 1.26° 35 5 0.09 0.22 '
0 0.2 0.26 0.69 36 2 0.51 - 0. 94
2 1.2 1.23 1.51 37 2 0.44 0.086
1 1.0 0.92 0.32 38 c 0.11 1.02/
of - 0.41 1,63 39 e 0.67 " 0.00

\ _ | {footnotes follc/iw)

N
« .
N . - .
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' fTable VI. Footnotes

‘ 2Note that the normalization used bJ Lenz is not related to that of Oldenberg.

PBoth the P(35) and R(35) doublet intensities were evaluated from Eq. {3). Since they

do not differ from each other by more than cp, thelr average normalized to the 26'-0"
transiﬁion is reported above. The RKR potentials ‘used are given in Tables II and Iv;
the Morse potentlal parameters are r" = 2.6666 &, wé = 214,52 cn -1 and Dg' 12554.6
cm -1 for tne X state and P' = 3,022 E wé = 127 35 em -1 and Dé = 4507.0 cm'l for the
B state. ‘

°Indicated as very weak by Rank, reference 28.

dThe observation of this, line is made difficulc by overlapang with the yellow Mercury

line at 5790 K

€The line has been observed but no intensity estimate has been made.

fIndicated as very weak by Wood, reference 16.

U
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" fluorescence series.

-2

are satisfactory up to v" = 10. At higher v" the RKR results
.contlnue to follow the experimental intensity fluctuations
whereas’ abovc v" = 11 the Morse results fall "in and out~of~step..
Various choices of the Morse parameters were tried with similar:
resplts.as Figure 2_shows an éxample in which ré has been
adjusted, within the uncertainty indicated in Table III; again
the Morse results fall "out of'stgp" by v" = 11. The most
satigfactory procedure, which gave results that paralleled the )
RKR results up.to‘v" = 15, was obtained by adjusting the Morse -
potential for the B state to fit the RKR potential near the
v' = 26 level,>?

, The sensitivity of the Franck-Condon factors to changes
in the potential function is 1llustrated in Fig. 3, which compares
several caloulated 1ntensity patterns obtained by displacing .
the RKR potential curve for the B state by increments of A(r ') =
0. 002 X, with the ground state curve fixed in position. Only
.iwhen the rélative iocation Sf the potential curves is correct
| within displacements of this order will the calculated intensify
pattern match the observed one cverla wide range of vibnational
quantum numbers. | |

v Brown has‘recently carried/but a very careful study of

the first ten members of the v' = 15, P(114) and v' = 16, P(45)"

S1. His results are compared with the RKR

calculations in Tables VII ané VIII. BErown measured the
inténsities photometrically and made corrections for the vari-
ation in photomultiplier response with wavelength. For the

measuremnents considered‘in Tab;e VII, he estimated the

i



‘experimental uncertainty as +30% for v'" > 3, and even higher

for the lines with v" < 3, which are subJect %o self~absorption;:
Nevertheless; the agreement between the calculated and experl-
mental intenéaties is quite satisfactéry. In a second set of
measurements ét_tenfdld lower pressure of 1odine (30 microns),
Brown evaluated the selfeabsorptioh corrections experimentally .
and determined intensity ratios for a few lines with an estimated
accuracy: o¢ tlo% Tlese ratios are in excellent agreement with
the calculated values, as shown in.Table VIII.

‘Thus, we f£ind in Tables VI~VIII that, within the experi-~
mental uncertainty present in the spectroscople constants and
ﬁheArelative 1ntgnsity neasurements, the relative intensity |
pattern,calcﬁlated'from RKR potentials matchés the experimental
1ntensity for}thé sixty lineé ofvthe.B-X traﬁsiﬁiéns measured to
date. It is also found that 7 additional lines: (v',v")s= ‘

- (26,2), (26,7), (26,9), (26,12), (26,31), (26,33), and (26,38),— -
indicated as missing by Rank are indeed predicted to have
negligible intensity. | | |

| Table IX gives the calculated relative intensitiles for all
transitions of appreciable intensity in the v % 15, 16 and 26
fluorescence serles. Table IX shows that the primary means of
depopulating the (V'QJ') level of the upper state is by tréns-

. itions %o the first few'vibratioﬁal 1ev¢13vof the gréund,staté..~
However; the fluorescence series extends far into the infra-red
w;th appreciable intensity, and a weaker secondary maxima in the
intensity pattern iz predicted to oceur around v" = 51 and 52

for the v' = 15 and v' = 16 fluorescence series and around



Table VI@; Caleculated and observed relative intensities

'for the v = 15 and’v‘ = 186 fluorescence series of Ia.

B e e e e e e e e e S e e e e ]

) v! = 15 P(144) Series v =16 P(45) Series
0 - a 0.9 I 0.8 1.3
1 a 5.0 -\ 4,0 6.2
2 10.0 10,0 \\\\\\ b 10.0
3 9.2 T.6 5.0 4,9
4 2.4 . 0.7 - 0.0 0.0
5 - 2,9 2.1 . 3.8 S 4.0

6 6.7 5.3 4,0 e
T 2.4 - - 0.0 0.0
8 1.0 .1 2.5 3.0
9 3.7 3.9 2.3 2.6

2 = R e T S IR S
8Not reported. . ' o
- PMasked by scattered sodium light.
- ®scaled arbitrarily. -
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Table VIII. Comparison of intensity_ratios.

. z o= )
- Line Intensity Experimental - . Calculated .
"~ Ratio © Brown RKR

o (15-3)/(15-2) 0.77T % 0.15 ~  0.76
~ (16-0)/(16-1) - 0.22':*"\0.04. - 0.21
(18-3)/(16-1)  0.76 % O\]{ 0,79
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Table IX. Summary of calculated relative-intensities for the vi=15, 16 and 26
fluorescence series. All intensities have been scaled to ten. The
_c'é.lcﬁlated values reported for the v' =26 progression are an
average of the P{35) and R{33) doublet intensities. '

v'=15  v'=16 v'=26 4 v'=15 - v'=16 v'=26 _n v'=15  v'=l6 v'=26
P(114) Pp{45) JI'=3¢ V  p{114) p{45) J'=34 P{114) P{45) " J'=34 .

0.89  1.31 10,00 24 1.01 = 0.04 0.82 48 0.03 0.68 (.18
4.96 6.23 g.8¢ 25 0,04 1.3 0.72 49 0.83 " 0.03 0.47
10.00 10,00 0,04 26 1.33 . -0.68 0,21 50 1.69 0.36 0.00
7.58 4,88 5,10 27 - 0.80 .13 1.06 51 L.69 1.29 0.47
0.68 - 0,01 2,16 28. 0.086 1.23 .0.00 _52 1.08 1.64 0.17
2,09 4.00 1.33 29 1,20 0.46 .0.92 53 0.47 - 1.22 0.19

5.31 3.83 3,55 30 0.7 0.19 0,28 54 0.14 0.59 0.46
1.15 0.01 0.02 31 0.05 1.12  0.42 55 0.03  0.20 0,00

<—

ot bt et b e et ' ‘
MAGN HFOVO~NM UTRUINHO

lo 08 29 9? 50 16 . 32 ’ lc 05 Oc 35 Oo 70 56 a 0005 Oe 49
3.93  2.55 0.45 33 0.71  0.20 0.04 57 . 0.01 0.20
0.80 0.04 1.82 34 0,01 1.02 0.81 58 a 0,18
1005 ) 2-76 la46 55 0087 0053 0309 59 .36,0
3.10 1.45 0.56 36 0.80  0.15 0.51 60 -/ oo
0.38 = 0,30 2.10 37 0.0L  0.93 0.44 &1 /. 0.5T
1.22  2.52 0.0l 38 0.83  0.40 0.11 62 /0.82
2.42  0.63  1.97 39 0.94  0.07 0.67 63 _ 0.01
16 0.21 0.7l 0.26 40 0.11  0.82 0.19 64 Co1.22
17 1.39  2.08 1.23 41 0.31  0.56 0,51 65 - - 2.04
18 1.83  0.16 0.92 42 1.0l  0.00 0.28 66 /o 1,13
19 0,01 1.08 0.41 43 0.48 0.62 0.15 67 ) . 0.25
20 1.46  1.54¢ 1.41 44 0.01L  0.81 0.54 68 / " 0.02
21 1.35 - 0.00 O0.0. 45 0.73  0.00 0.10 69 / a
22 0.01 1.28 1.36 46 1.08  0.25 0.49
25 1.43  1.04 0.20 47 0.36 . 0.95 0.20. |

)

. Negligible intensities for higher members of progression.

“SZ"’
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v" = 65 for the v' = 26 fluorescence series. A calculation of
the radiative'lifetimé of the v' = 15, 16 and 26 level based on
the relative intensities: given in Table VII is presented in the

'Appendix.

/x‘
DISCUSSION
The Rydberg-Klein-Rees potential functions, properly
evaluated; have been shown to reproduce accurately the observed
spectroscopic term values (Table I) and to give Franck-Condon

- “overlap integrals which, within experimental érfor, account for

""" the observed 1nternai'diffraction'pattern of the B-X transition

Y I2 (Tables VI-VIII) over a wide range of vibrational quantum¥f;;'

. ,
w‘numbers. The agreement found for this extreme case encourages

;1the application of these exact numerical methods to other

: 32

N molecular bandvsystems. Unfortunately, for'many'examples of -

" interest, the available spectroscopic data is not sufficient

'J‘to enablé'accurate RKR‘potentials to be constructed, especlally:

o for excited electronic states. In particular, it is necessary

" to have accurate rotational constants in order to determine the

'“"f;_relative position of the potential curves as the overlap integrals

' ave very sensitivef%o'this (Table V and Fig. 3). 1In the'absenceA'

I:'“of the requisite data, recourse must be had to anélytic approx-.
17{ 1mations,'énd it 1s reassuring to find thatoneriap integrals
"ﬁicomputed from Morse potentials closely simulate the RKR resulﬁs
for' low vibrational quantum numbers.

Since our calculations, based on Egs. (3) and (13), have

taken into account the centrifugal distortion of the potential



due to rotation; we may examine the contridbution from this effect;
which has been ignored in previous calculations cf Franck-Condon
factors. It 4s found that the use of Eqd. (4), which neglects
vibratlon~-rotation interaction, gives intensities in error by ;
about *10% for J' = 34, and by 120% for J' = 113; furthermore,
fhe error doea not show a systematic trend but varies irreguiaﬁly
from line to line. If the‘rotaﬁional contribution is neglected,
a systematic error is introduced into the calculated lifetime

for the upper state‘(seé the Appendix), although an error of
10320% 1s well within the experimental uncertainty of most
intensify_measurements._

Equation (3), on which this analysis 1s based, assumes the
Born-Oppenheimer approximation for the separabillity of electronic
and nuclear motion, and the adeqcacy of a constéet electronic
transition moment ﬁ;'independent of r over the entire v" pro-
gression of a fluorescehce serieé, 'The'validity of this ;ast
'assumnticn is a matter of some iﬁpcrtance since the sum rules
'of molecular spectroscopya fron/which (among other consequences)

- radiative lifetimes are deduced, gtrictly obtaﬁn only for a
, . /

/

constant average R ° ]1
Recently it has been possible to calculate exactly the
vaviation of R (r) with r for the oneuelectron molecules H2 by

© . Bates et 21°3

and H H by Arthurs et al. Both these molecules
have only one bound state (1 ¥ o for Hz and 2:§:b for Hel'™) and
the strength of transitions to repulsive electronic states have

_been determined over a wide.range of r.
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For H;“the.calculaﬁions refer to strongly allowed transitions
and the oscillator strength [proportional to Rz(r)] is found to
"‘!be quite constant, varying by no more than 15% from its mean
.; value over a}range of 1 R centered about the ré of the bound
' state. A aiﬁilér calculation. for Hel'' likewise gives a slowly 3
?arying oscillaton strength for the strongly allowed transitioné]gﬂ

but é rapidly varying oscillator strength‘which changes by as
| much as a factor of ten for the weakly allowed charge tréns%ér
”:”“?Q;Jtrahsitions. It 1s not clear whether these results can be
e generalized for many-electron mblecules.
 :§$;f}  MullikenS® has sugmested a relatively rapid variation of
o (r) for the charge trdnsier type B~X transitions of the halogens,:
- :A ;since it is forbidden for separated §~oms and ennanced by case c |
1"f f coupling in. the united atom»l;mlt,-.vsing approximate qalculations :
lﬁ f for ehlorine'and bromine reportédvby.Mulliken's\géboratory,
f1 ;jStafford36 has estimated a change in Rg(r) by no ga?é\thag;a_
‘€ factor of two to four over the ex *emés of the ilodine absorptién
jr;“;:spectrum. It may be noted, however,‘ﬁhat the same molecular
,‘fgf:no#bitél treatment applied to H2 or HeH'™ leads to predicted
‘“ var;ation of R, (r) which are considerably 00 rapid.?3’°4
| . Fraeer ST has suggested that oouerved intensities be used
 'to determine the functional form of R, (r); by .means of "che r-
ccntroid mbthod¢" ¢nis employs the app*ox1matlon [wnich is exact

 for a linear variation of Re (r)]

f VV'R ( ) V 1" dr = R (I‘V ‘,n)f vv. ‘V .4 dl" . u;"r (14)
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.. vhere T oty "E called the r-centroid, is a weighted value of » L

' i encountered;in the v'! —=v" transition, and is defined by

Fign = § g0 @ vyudr/ L v g, ndr. | (15)

i

"*  From Eq. (4), observed band intensities may be used to determine

thg variation of Re(F}?v") with F&}v" from the gffation

— - typ il | . ) ‘
Rg(vl“vgvn) =’IV v /(NV;V‘L[I Wvﬂlfvndrlz) = (16)

”»husing calculated values of the r-centroids and Franck-Condon

.-~ factors involved in each transition.

The r-centroid method has been applied to many molecular

T'band systems.4 Since it ascribes all discrepancies'between'the

' ];¢31cu1ated and obServed intensities to the'vaxiation of

""_RQ(F n) With T it should be emphasized that the results

v v,"r?
. can only be valid if both the experimental intensity and the

' calculated Franck-Condon factors are highly accurate. For I,

L:'Lf'?the uncertainties are such that there is no possibility to assess

'”3;xthe variation of the electronic transition ‘moment with 1nter~'

",fnuclear distance.;_[f‘
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APPENDIX

"Radiative Llfetime for'I Fluorescence

The radiative 1ifetime of a rotational—vlbrational level

(v',J') of tne upper state is defined as

| | | vzl '
TV':J" = [vrlert A "J"] ' o | (17)

g"" ( ' ' '
‘Av where A ngn is the probability of spontaneous emlssion per

‘second from the level (v sJ') to the level (v",J") and the sum
| is taken over all 1evels of the ground state for which the

transition is allowed. Once relative intensities are known, the

CN

radiative 1ifetime may be caleulated from measurement of either

”l, ‘the absolute intensity of a single line or the" integrated

1f1{§£].intensity of the entire band system-

The fluorescence intensity of a spectralvline (in units

VVKfif7probability of spontaneous emission A ngn and the frequency of

. are’ avallable and Avngn has been determined by an absolute
”**;intensity,measurement for the V'J'~—§-V*J* transition, the -

" lifetime of the (v',J') level is simply given by

N vIJ vl
”v:J:"vt%-n[I "J"/v "J"]

S T :‘/‘[ /v *J*J : '

*J*

provided that certain vibrational and rotational sum rules of

.molecular spectroscopy are applicable.sg' Using the relative

"“éf'of energy emitted per seoond) is proportional to the transition =

" the transition v/iJu (in vave mumbers). If relative intensities



*efﬁfreference 43. Iifetimes based on the 8867'K value and the

o 'shown

’“'Wfﬁ‘extinction coefficient measurements of Rabinowitch and Wood~

,ff atintensities listed in Table IX and Einstein A coefzicien*s
’ 'ﬁzﬁkreported by various workers, we have calculated lifetimes for
’v*l"the v = 15, 16, and 26 vzbratlonal levels and the results are ?

| . given in Table X.

Total band absorption measurements provide another means

- of estimating the radiative lifetime, although the theoretical

'”:basis of this formulation is more open to quéstion. It may be

40 that the absorption data can be relaued to the lifetime

. by the following equatlon -

"1 [ ed 1n v, . o (19)

L -9 -
Yt = 2w880310. VeVav ’

where é-is the“decadic’moiar‘ei%iuctidnvcoefficient and v, and
A are the frequencies of fluorescence and absorption in wave
"numbers, The mean fluoregcence frequency factor appropriate to

l,énothe.entire.band system 1s obtained from the expression -

o o T PII4 : . S o
<vf-3> . [Iann/(V "J-ﬂ) ] - L | (20)
[IV"J"/V anJ ‘ .

Ty use of the relatlve intensity data found in Table IX. For
5fff‘the v'\a 26 level the calculated mean fluorescence wavelength

j‘i{ie 8867 R, mis result is 15% higher than the estimate given in

41 .

“"”Vﬂrfor~a pressure broadened spectrum and those of Sulzer and

 wieland

. measured by Brewer, Berg, and Rosenblatt

4zvon superheated Ié vapor are‘also given in Table X.

Recently the lifetime of the v' = 26 level has beeo directly

43 who obtained a value



" s -’\\\\\ _
-

,‘°f (7 2+1 0)x10~ =7 seconds by using a phase fluorometer.\ It 1s
u_'_eeen that thils reported lifetime lies between the lifetime.

‘_calculated from the abeolute line intensity and that from the

hv'integrafed band absorption.' In view cf'the iarge uncertainties

qupossible in absolute intensity measurenents and the approximations

* . made in Eqgs. (18) and (19), the calculaued lifetimes are in.

~vvmoment by

-,;fvsatisfactory agreement with the direct ‘observation.

The- lifetime may be related to the electronic transition

| ‘1/fv:'.-nf'.=='<.‘64w*/3>; ARz ORI @)

Vv"JN

'jwhere the lifetime of tne (v'J') level of the upper state 13

”f'seen %0 depend on. v (and very slightlJ on J') only through the o

" ocube of the frequeﬂey factor. -Consequently one would expect the,_'

'7rlifet;me for the v! = 15 andvv"= 16 levels to be. about 207 gr: ter

:'r;.than the lifetime of the v' = 26 level, provided R (r) does not

7 vary appreciably from transition to transition. This trend to

léuger ¢ lifetimes is' qualitatively . ric out by Table X.

. Ne;directjlifetimes'for the?vf,=‘15‘or vt = 16 levels have"'

R Qf{iyét been determined; 'Tﬁe SQurce-of.the'discrepancy between -

f'elifetires calculated from absolute line intensity or band

, ,\a['absorption data, as well as the possibility of assessing the

‘validity of the rotationalﬁand vibrational sum rules must await. .

- the further comparisonfof caleuleted lifetimes, based on accurate

l ﬁ'f WF?anek-Condon factors, and obeerved'lifetimes, determined by direct

measurements.
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Figure Captions

!

Fig. 1. Potential energy curvés and examples of wavefunctions
' fOl? Izo ‘ ‘ ' _I' '

Fig. 2. Comparison between,calculated and observed relative
1nt%nsities for the v' = 26 fluorescence series. The
Mbrée'parameﬁers uged are the same as given below
Table VI except for rl = 3,016 £,

 'Eig, 3.'. The variation of the internal diffractlion pattern with
- shift in the potential. The parameter A measures the
change of rj = rg for the two potentials.
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, '"person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.





