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ABSTRACT OF THE DISSERTATION

Hierarchical Bayesian Modeling of Diploid Chromatin Contacts and Structures
by
Tiantian Ye

Doctor of Philosophy, Graduate Program in Genetics, Genomics & Bioinformatics
University of California, Riverside, December 2020
Dr. Wenxiu Ma, Chairperson

The recently developed Hi-C technique has been widely applied to map genome-
wide chromatin interactions. However, current methods for analyzing diploid Hi-C data
cannot fully distinguish between homologous chromosomes. Consequently, the existing
diploid Hi-C analyses are based on sparse and inaccurate allele-specific contact matrices,
which might lead to incorrect modeling of diploid genome architecture.

Here we present ASHIC (Allele-Specific diploid Hi-C modeling), a hierarchical
Bayesian framework to model allele-specific chromatin organizations in diploid genomes.
We developed two models under the Bayesian framework: the Poisson-multinomial (ASHIC-
PM) model and the zero-inflated Poisson-multinomial (ASHIC-ZIPM) model. The proposed
ASHIC methods impute allele-specific contact maps from diploid Hi-C data and simultane-
ously infer allelic 3D structures.

Through simulation studies, we demonstrated that ASHIC methods outperformed
existing approaches, especially under low coverage and low SNP density conditions. Addi-

tionally, in the analyses of diploid Hi-C datasets in mouse and human, our ASHIC-ZIPM

vi



method produced fine-resolution diploid chromatin maps and 3D structures and provided
insights into the allelic chromatin organizations and functions. To summarize, our work pro-
vides a statistically rigorous framework for investigating fine-scale allele-specific chromatin
conformations.

The ASHIC software is publicly available at https://github.com/wmalab/ASHIC.
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Chapter 1

Introduction

The three-dimensional (3D) organization of chromatin in the nucleus plays an
essential role in gene regulation [5]. The recently developed chromosome conformation
capture coupled with high-throughput sequencing (Hi-C) technique [6, 7, 8] and its vari-
ants [9, 10, 11] have been widely applied to map genome-wide chromatin interactions and
to elucidate the principles of spatial genome architecture. The Hi-C experiment yields a
genome-wide chromatin contact matrix; each entry (i, ) in the matrix represents the contact
frequency between two loci 7 and j in the genome. The mapping and subsequent analyses of
genome-wide Hi-C contact matrices in various organisms have demonstrated that the gene
expression is tightly regulated by chromatin interactions at multiple scales ranging from
active/inactive chromosomal compartments and sub-compartments [6, 10], to topologically
associating domains (TADs) [2], and fine-scale chromatin loops [10, 9].

One hindrance of current Hi-C data analysis is the lack of allele-specific modeling

for diploid genomes. Most mammalian genomes are diploid, in which the genome contains



two sets of each chromosome—a maternal and a paternal copy. Hence, a chromatin contact
observed between two genomic loci in the reference (haploid) genome may correspond to four
distinct yet indistinguishable chromatin interactions in the diploid genome. For example,
a chromatin contact mapped to a loci pair (i,7) on the same chromosome in the reference
genome could be either an intra-chromosomal contact (m;,m;) on the maternal allele, or
an intra-chromosomal contact (p;,p;) on the paternal allele, or inter-homologous contacts
(mg, pj) or (p;, m;). However, the majority of existing Hi-C analyses on diploid genomes do
not distinguish between homologous chromosomes. As a result, current analyses are based
on an aggregated contact matrix generated with mixed signals of maternal and paternal
chromatin contacts, which could result in the false identification of significant chromatin
interactions and an inaccurate understanding of the diploid genome architecture. Therefore,
statistical methods for rigorous and accurate modeling of diploid Hi-C data are needed to
facilitate elucidation of the mechanisms of chromatin organization and gene regulation.
Recently, several methods have been developed to obtain allele-specific chromatin
contact matrices and/or allelic 3D structures from diploid Hi-C data [12, 13, 10, 14, 15, 16,
17]. These methods use heterozygous single nucleotide polymorphisms (SNPs) to identify
the allele identity of chromatin interactions. Specifically, a Hi-C contact is a mate pair with
two read ends representing the two interacting chromatin fragments. If a read end overlaps
with SNPs for which the allele identity can be determined, we term it an allele-certain read.
For example, a read containing maternal-specific SNP(s) is assigned to the maternal allele;
similarly a read containing paternal-specific SNP(s) is assigned to the paternal allele. In

addition, reads without SNPs are allele-ambiguous reads. Based on the allele identity of



the paired ends, we can then categorize diploid Hi-C contacts into three groups: both-end
allele-certain contacts, one-end allele-ambiguous contacts, and both-end allele-ambiguous
contacts.

Without a statistically rigorous allele inference method, many previous studies
applied either an “allele-certain” or a “mate-rescue” strategy to reconstruct the allele-
specific contact maps in diploid genomes. In the allele-certain approach, only both-end
allele-certain contacts are used [10, 14]. However, the both-end allele-certain contacts only
account for a small portion of the total chromatin contacts (Table 1.1). For example, in
the Patski (BL6x Spretus) cell line of which the SNP density is approximately 1 per 75 bp,
the proportion of both-end allele-certain contacts in a typical Hi-C dataset is about 35.6%.
Whereas, in the human GM12878 cell line of which the SNP density is approximately 1 per
1700 bp, the both-end allele-certain proportion drops to 0.14%. Consequently, the diploid
contact matrices obtained by such an allele-certain approach is often sparse and of low

resolution.

SNP Total Both-end One-end Both-end
SNPs
density contacts allele-certain allele-ambiguous allele-ambiguous
Bonora et al.
35,441,735 1/75 365,294,454 35.62% 43.25% 21.14%
(BL6xSpretus)
Rao et al.
1,787,252 1/1700 8,178,930,507 0.14% 5.73% 94.14%
(GM12878)

Table 1.1: Proportion of allele-specific reads in published diploid Hi-C datasets.



To overcome the low-coverage issue of the allele-certain approach, several diploid
Hi-C studies adopted a straightforward mate-rescue strategy to infer the allele identity of
one-end allele-ambiguous contacts, i.e., the allele-ambiguous end of such contact is assigned
to the same allele as its mate-end [13, 15, 18]. This mate-rescue method attempts to recover
one-end allele-ambiguous contacts, which varies approximately from 5.7% (in the case of
GM12878 cells) to 43.3% (in the case of Patski cells) of the total contacts (Table 1.1). How-
ever, one-end allele-ambiguous contacts are all assumed to be intra-chromosomal contacts
in the results of the mate-rescue approach. Such false assumption would lead to inaccurate
contact maps, especially in the regions where inter-chromosomal interactions are observed
across chromosomal territories.

Since the mate-rescue method fails to infer inter-chromosomal interactions from
one-end allele-ambiguous contacts, Tan et al. [16] proposed an iterative two-stage imputa-
tion algorithm Dip-C for modeling single-cell diploid Hi-C data. In the first imputation
stage, one-end allele-ambiguous contacts are phased using an ad hoc voting procedure by
their neighborhood on the contact matrix. In the second imputation stage, the assignment
of allele-ambiguous contacts is refined by the 3D structures. The Dip-C method can be
viewed as an advanced mate-rescue method, as it leverages additional information from
both contact matrices and 3D structures to infer allele-ambiguous contacts. However, the
Dip-C method is specifically designed for single-cell Hi-C data therefore may not adapt
well to bulk Hi-C data. Moreover, Dip-C uses a deterministic voting strategy to assign
allele-ambiguous contacts, which does not provide a probabilistic model of all possible allele

origins.



One common drawback of the allele-certain and mate-rescue methods is that they
do not utilize both-end allele-ambiguous contacts, which represent a substantial proportion
of the total diploid contacts, ranging from 21.1% (Patski) to 94.1% (GM12878) (Table 1.1).
Inferring the allele identity of both-end allele-ambiguous contacts remains a significant chal-
lenge. To date, few methods have been developed to address this problem. The Dip-C
method [16] attempts to impute only inter-chromosomal rather than intra-chromosomal
both-end allele-ambiguous contacts. Thus, it does not produce a fully imputed diploid con-
tact map. In addition, our previously proposed Poisson-Gamma model [12] imputes both
one-end and both-end allele-ambiguous contacts, and estimates the diploid contact matrices
by an iterative expectation-maximization (EM) algorithm. However, the Poisson-Gamma
method does not predict 3D structures nor use the structures to assist the assignment of
allele-ambiguous contacts. As a result, it might not work robustly in fine-resolution analy-
ses. Furthermore, Cauer et al. [17] developed diploid-PASTIS, an extension of the PASTIS
model [19], to infer the diploid chromatin structures. Diploid Hi-C contacts are modeled as
Poisson variables, and the optimal diploid structures are solved by maximizing the likelihood
function with additional structural constraints. The diploid-PASTIS method is specifically
designed to model diploid 3D structures, but does not infer allele-ambiguous contacts to
impute diploid contact matrices.

To tackle the aforementioned challenges, we developed a hierarchical Bayesian
framework for Allele-Specific diploid Hi-C modeling, named ASHIC. Briefly, allele-specific
contact counts are modeled as Poisson-multinomial random variables (referred as the ASHIC-

PM model) and diploid contact matrices and 3D structures are estimated via an EM algo-



rithm. In addition, to overcome the sparsity issue of diploid Hi-C contact maps, we pro-
posed a zero-inflated version of the ASHIC-PM method, namely the zero-inflated Poisson-
multinomial model (in short, ASHIC-ZIPM). Both ASHIC models can completely dissect
all diploid Hi-C contacts into allele-specific contact maps, while simultaneously reconstruct
3D homologous chromosomal structures. To the best of our knowledge, our ASHIC meth-
ods are the first methods that fully impute all allele-ambiguous contacts and infer both the
diploid contact matrices and allelic 3D structures.

We thoroughly evaluated our methods through a series of simulation studies and
demonstrated that our ASHIC methods outperformed the allele-certain and mate-rescue
approaches in various settings of sequencing coverage, SNP density and homologous struc-
tural similarity. We also applied the ASHIC-ZIPM method to two published diploid Hi-C
datasets [18, 10]. First, using the mouse Patski data [18], we successfully confirmed that
the predicted diploid contact maps and 3D structures of the homologous X chromosomes
exhibited distinct conformations, where the inactive X demonstrated the bipartite super-
domains [12]. Furthermore, we studied fine-scale chromatin organizations of the imprinted
H19/1gf2 region at 10 kb resolution and revealed distinct parental-specific chromatin in-
teractions anchored at H19 and Igf2. With the fully imputed diploid contact matrices, we
uncovered a maternal-specific sub-TAD at the H19/Igf2 region. Second, using the human
GM12878 data [10], we further confirmed the maternal-specific sub-TAD structure and
parental-specific chromatin interactions at the human H19/IGF2 imprinting locus. Our
ASHIC-imputed allele-specific contacts maps were consistent with the previously published

chromatin interaction analysis by paired-end tag sequencing (ChIA-PET) results [4].



Chapter 2

Hierarchical Bayesian Models

To model diploid Hi-C data, we propose a hierarchical Bayesian modeling frame-
work for imputing the allele-specific chromatin contacts and reconstructing the allelic 3D
structures. Specifically, we model the generation of allele-specific contacts with either a
Poisson-multinomial process (the ASHIC-PM model) or a zero-inflated Poisson-multinomial
process (the ASHIC-ZIPM model) for the inference of diploid contact matrices and 3D struc-
tures. The ASHIC-ZIPM model is a zero-inflated version of ASHIC-PM and it explicitly

accounts for the excessive zeros observed in Hi-C contact matrices.

2.1 Notations of Allele-Specific Chromatin Contacts

Let m and p denote a homologous chromosomal pair with same length n in a
diploid genome. To construct the diploid Hi-C contact frequency matrix, we partition the
chromosomes into fixed-size non-overlapping bins and count chromatin contacts observed

between each bin pair. In the diploid setting, chromatin contacts between the bins ¢ and



Jj can result from four distinct events: (m;, m;), (s, p;), (M4, pj), or (pi, m;), where (m;,
m;) and (p;, p;) are intra-chromosomal contacts on chromosome m and p, respectively, and
(mi, p;) and (p;, m;) are inter-chromosomal contacts between the homologous chromosomes
(Figure 2.1A). Therefore, the aggregated contact frequency Tj; between the bins i and j can
be calculated as follows: T;; = > > Ty,0,, where T)¢. is the unknown true allele-specific
contact frequency between 7; (bin i on chromosome 1) and 6; (bin j on chromosome ) that
we aim to estimate, 7,0 € {m,p}, 1 <4i,7 <n (Figure 2.1B).

Using heterozygous SNPs, we can classify single-end reads into three categories:
reads containing allele-m-specific SNPs, reads containing allele-p-specific SNPs, and reads
containing no SNPs. We refer to the first two categories as allele-certain reads while the
last category as allele-ambiguous reads. Furthermore, since Hi-C contacts are paired-end
reads, each end of the mated pair can either be allele-certain or allele-ambiguous.

Let Cy,p; indicate the frequency of both-end allele-certain contacts between the
bins 7; and ;. In addition, we specify Cmg; to be the contact frequency between 7; and 0;
where the allele identity of 7; is known but the allele identity of ; is unknown. In other
words, one end of the Hi-C contact is from 6;; however, the read does not overlap with
any SNPs. Therefore the allele identity of ¢; remains unknown. Similarly, we use Cyxg,
when the allele identity of 7; is unknown and C,,;g; when the allele identity of both ends
are unknown.

Hence, the true allele-specific contact frequency T}, equals to the sum of the

following four components:

Tm9j = Cm.gj +C 10 + 077;‘9]. + 077;‘9;_‘ (2.1)
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Figure 2.1: Overview of allele-specific modeling of diploid Hi-C data. (A) Diploid contact
(4,7) is a combination of four distinct allele-specific contacts (m;, m;), (ms,p;), (pi, mj),
and (p;,pj). (B) Reconstruction of allele-specific diploid contact matrix. (C) Observed
allele-specific contacts between bins ¢ and j can be decomposed into observed allele-certain
contacts Cg observed allele-ambiguous contacts Cﬁ . We aim to decompose Cﬁ and infer
the hidden contacts Cg , and impute the true allele-specific contacts Tj;. (D) Illustration
of the hierarchical Bayesian ASHIC-ZIPM model.



In diploid Hi-C data, we cannot directly observe Cypm+ and Cy,p- since the read
end mapped to the bin j is allele-ambiguous and hence, it cannot be distinguished between
mj and p;j. As a result, the observed Hi-C contacts contain the following types of allele-

ambiguous contacts:

Cnizy = Cngmy + Chypy

Co0, = Cmro; + Cpro, (2.2)

Caiz; = Cmy my + Cmij + Cpr mr + Ch: v}
where z indicates that the allele identity of a read end is unknown. We refer to Cj,,, and
Cxigj as one-end allele-ambiguous contacts and Cy,,, ; as both-end allele-ambiguous contacts
(Figure 2.1C).

In summary, we define C° = {C .0,} as the observed allele-specific contact fre-
quencies, CX = {Cnimj70x¢9j7 Cyz; } as the observed allele-ambiguous contact frequencies
(LHS in eq. (2.2)), and CH = {C’mg; NORTE Cnfg;_} as the unobserved (hidden) allele-specific
contact frequencies (RHS in eq. (2.2)). Our goal is to decompose CX and infer CH in order

to impute the true allele-specific frequencies T' = {T},,¢,} by eq. (2.1) (Figure 2.1C).

2.2 Modeling True Allele-Specific Contact Frequencies

We adopt the coarse-grained polymer model [20] to represent the chromosomal
structures. Each bin in the genome is represented as a bead in the 3D space, and each
chromosome can be viewed as a chain of beads. Specifically, we denote X, and X, to be
the 3D coordinates of the homologous chromosomes m and p, respectively, where X,,,, X, €

R3*™. Let Zn, and xg; to be the 3D coordinates of beads 7; and 6;, respectively, where

10



1,8 € {m,p}. According to polymer physics [21, 19], the contact frequency T},s, between 7,

and 6; is inversely correlated with their spatial distance dy,g,, following a power-law decay

(e}

function. That is, Tm.gj x dm(?j’

where o < 0 is the exponent of the distance-decay function,

and d;,¢; is the Euclidean distance between beads 7; and 6;:

dm‘@j = ”wm — Zg; ”2 = \/(xml - x9j1)2 + (xmz - x0j2)2 + (xms - x9j3)2 (2'3)

2.2.1 Poisson Model

Similar to the PASTIS method [19], we model the true allele-specific contact fre-

quency Tj,.¢. as a Poisson random variable:
Ty0, ~ Poisson(Ay,0, = Bdy 4 ), (2.4)

where (3 is a scaling factor corresponding to the sequencing depth, d;,¢; is the Euclidean

distance between beads 7; and 6;, and a < 0 models the power-law decay rate.

2.2.2 Zero-Inflated Poisson Model

Definition 1 Suppose X ~ Poisson(\) and Z is a binary variable. X and Z are inde-

pendent. Let Y = ZX. Then, Y|Z follows a zero-inflated Poisson (ZIP) distribution:
Y|Z ~ ZIP(\, Z).
The probability mass function (pmf) of the conditional distribution' Y given Z is

fap(Y 1 Z) = [L(Y =0)]"" 7 [fp(Y; M),

11



where fp(-) denotes the Poisson pmf, and 1(A) is an indicator function defined as:

1, if A is true;
1(A) :=

0, otherwise.

Proposition 2 Assume Y|Z ~ ZIP(\, Z). Then the conditional expectation of Y|Z is
E(Y|Z) = Z.

Furthermore, to account for the excessive zeros in Hi-C contact matrices, we pro-
pose to use a zero-inflated Poisson (ZIP) distribution to model the contact counts (Fig-

ure 2.1D). We assume that 7,4, follows a ZIP distribution:

0, | Zuso, ~ ZIP(Anyo, = By, Znso,) (2.5)

j

Different from the Poisson model, here we introduce Z,¢,, a latent binary vari-
able to indicate whether 7}, is generated from the Poisson state (ngj =1, Ty, ~
Poisson()\;;,¢,)) or the missing state (Z,,9, = 0, T},,9, = 0). Furthermore, we assume that

Zn,0; follows a Bernoulli prior with a success probability 7,0,
Zn.0, ~ Bernoulli(v,,6;) (2.6)

For intra-chromosomal contacts (where 7 = ), 7,9, is a function of the corresponding

genomic distance. For inter-chromosomal contacts (1 # ¢), ¥y,6; is set to a constant:

Ni—j| = G(li —jl), n=06;
Ynio; = (2.7)

“Yinter n 7é 0.

In other words, the true allele-specific contact frequency 7;,¢, is a mixture of two

states. In the Poisson state (with probability ’ymgj), T}, follows a Poisson distribution;

12



whereas in the missing state (with probability 1 — 7;.¢,), T,6, = 0. The 7,9, parameter
acts as a weight between the Poisson and missing states. Then, the pmf of the conditional

distribution T),¢, given Z;,p, can be written as
_  N11=Zy0, ) Zno,
f(Tm-@j | Z i9j) - []l(TmG'j - 0)] v [fP(Tm@ja )‘771'9]')] " (28)

and the joint pmf of T}, and Z,¢, is

f(TUz‘ij Z77z'9j) = [(1 - 777i9j)]l(Tm9j = 0)]1_Zni9j hm@ij(Tm@j; >‘m9j)]zmej . (2'9)

2.3 Modeling Allele-Identifiable Probability

As discussed in Section 2.1, we cannot directly observe the allele identity of all
diploid Hi-C contacts. A higher SNP density results in a higher probability that our allele-
aware mapping pipeline will be able to identify the true allele source of a read. We use ¢; to
denote the allele-identifiable probability of bin ¢ in the genome, i.e., if a single-end read is
mapped to bin 7, the probability that the read overlaps with SNP(s) (and therefore can be
distinguished between alleles m and p) is ¢;. Consequently, assuming that bins ¢ and j are
independent, the probabilities that a paired-end contact between the bins ¢ and j is both-
ends allele-certain (g;;), one-end allele-ambiguous at bin i (g;;), one-end allele-ambiguous

at bin j (¢;;), and both-end allele-ambiguous (g;;) can be calculated as follows:
q4ij = 4i4;j
45 = ai(1 — q5)
(2.10)
ai; = (1 —qi)g;

g5 = (1 —aq)(1 —qj)

13



2.4 Modeling Hidden Allele-Specific Contact Frequencies

Recall in eq. (2.1), the true allele-specific contact frequency 7, .0; can be expressed
as the sum of one observed allele-certain contact frequency Cy,p;, and three hidden allele-
specific contact frequencies Cm.g;f Chro;s C,ﬁg;. We assume the generation of the decomposed
allele-specific contact frequencies from the true allele-specific contact frequency follows a
multinomial distribution in the ASHIC-PM model, and a zero-inflated multinomial (ZIM)

distribution in the ASHIC-ZIPM model.

2.4.1 ASHIC-PM Model

In the Poisson-multinomial model, we assume that the decomposed allele-specific

chromatin contact frequencies C, ¢

s j,C'mg;,C’m_*gj,and C,ﬁ@;% conditional on the true allele-

specific contact frequency T),, follow a multinomial distribution with the probabilities

Qijs 455 €G5> and gz5. That is,

Cni9j7 Cm@;-‘a Cnfej ) 077;‘9;-(

Ty.6; ~ Multinomial (ngj, {95, 45, Gj %5}) . (2.11)

Proposition 3 Given a multinomial experiment with X trials, where each possible outcome
can occur with probabilities p1,ps2,--- ,pr, suppose X follows a Poisson distribution with
the parameter A. Let X; denote the number of occurrences of the i-th outcomes in X
trials. Then, X1, Xo,--- , X follow mutually independent Poisson distributions with the

parameters pi\, paA, - - , PpA, respectively.

14



Therefore, we can derive Cmgj,Cmg;,angj,and Cngg; as mutually independent

Poisson random variables:
Chi0; ~ Poisson(qijAne,),
Crigr ~ Poisson(q;zAn,0,),
(2.12)

Cyza; ~ Poisson(q;; A6, ),

Crzor ~ Poisson(gz; A6, )-
Proposition 4 Let X1, X5 be independent Poisson random variables with
X1 ~ Poisson(A1),

Xg ~ Poisson(Az).

Then, X1 + Xo ~ Poisson(A1 + Az2).

By eq. (2.2), eq. (2.12), and Proposition 4, we have
Chz; ~ Poisson (¢;5(Agm; + Anip;)) »
Cy,9, ~ Poisson (q;j()\migj + )\pi.gj)) , (2.13)

sz‘xj ~ Poisson (%i()‘mimg’ + Amipj + )\Pimj + )‘Pipj)) )

which implies that Cy,z;, Cy9,,and Cy,,; are mutually independent.

Proposition 5 Let X1 and Xo be independent Poisson random variables with

X1 ~ Poisson(A1),

Xo ~ Poisson(Az).

Then, X1 | X1+ Xa ~ Binomial (X1 + Xz, 53; ).

15



Corollary 6 Let X1, Xs, X3, and X4 be independent Poisson distribution with
X; ~ Poisson(\;). i1=1,2,3,4
Then, X1 | (X1 + Xo + X3 + X4) ~ Binomial (X1 +Xo + X3+ Xa, m) .

Therefore, we can derive the conditional distribution of the hidden allele-specific

contact frequencies CH = {Cy, 07 Cpro;, Oy 0 }, given the observed allele-ambiguous contact

30

frequencies CX = {Cniz;s Cr,0;5 Crya; }» s follows:

An.0,
Cy.0* | Cy,z. ~ Binomial <C’ M
Y T4 T35 )
! )‘nimj + >‘77in

N Anib;
Cmmj ’ Cﬂ?zﬂj ~ Binomial (Cmﬁﬁ )\men_}-J)\pa> ’ (2.14)
1Yy (v}

Ao
Cyrg | Cos, ~ Binomial { Cyoy. - :
n; 67 | Tits ( i )\mim]‘ + )‘mipj + )‘Pimj + )‘pipi)

2.4.2 ASHIC-ZIPM Model

Definition 7 Suppose X = {X1, -+, Xk, -+, Xi} follows a multinomial distribution with
the parameters n and q = {p1,--- ,pk, - ,pr }. That is, X ~ Multinomial(n,q). Further,
suppose that Z is a binary variable and that X and Z are independent. LetY = Z X, that

is, Y, = Z Xy, for all k. Then, Y |Z follows a zero-inflated multinomial (ZIM) distribution.:
Y|Z ~ ZIM(n, q, Z).
The pmf of the conditional distribution Y given Z is
fam(Y | Z) = (LY =0)]" 7 [fu(Yin,q))7, (2.15)

where fy(-) denotes the multinomial pmyf.
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In the zero-inflated Poisson-multinomial model, we assume that conditional on

the true allele-specific contact frequency 7;,p, and the Poisson state latent variable Zy,¢.,

the decomposed allele-specific chromatin contact frequencies Cy,,,

Cm.g]’f, 0777 9]., and anﬂ 9;

follow a zero-inflated multinomial (ZIM) model:

Cmaj’ Cni9;7 anej I CT]:@; T’Ih’@ju Z’I7 9 ~ ZIM ( 7]19 {q1]7 qz]? zja 7,]} Z z ) (216)

That is, Cmgj,cmg;,cnfgj, ;0 | Th.0 ,71.9]. has a mixture distribution. If Zm@j =1, it

i ]’
reduces to the multinomial distribution as in eq. (2.11); otherwise, C, 9, = Crior = Chrg; =

C,ﬁg; = 0. By Proposition 3, we can derive Cmgj,C'mg;,C'n;gj,and CnZij conditional on

Zn.0., as mutually independent ZIP random variables:
i J

Chio, ‘ L6, ~ ZIP(Qij)‘nz'@j’ Zm'@j)v

Crior | Znso; ~ LIP(qi5 00,5 Zn6,)

(2.17)
Cuz0; | Zno; ~ ZIP (a5 7m0, Znio; ),
*9* | Zn.0; ~ ZIP(q55 0,0, Zri6,)-
Therefore, we can factorize the joint distribution as follows:
f(Cni0;5 Crioys Cuzo,, Czor | Zuyo,)
=fz1p(Cr6,3 QijAni0;5 Zni6,) f21P (Crpirs G5 A0, 5 Zni0;) fz1p (Crroys G Ao, Zngo,)-
Jz1p (Crrox: 455 An0,, Znio;) (2.18)

Znso.
|:fp( 7729J7q74] 772 )fP( ﬁze qz] rh )fP( n; 9]’%3 ,,71 )fP( *9* )\7719 ):| 7,
1=Zn;6;
Note that 0772"91' ) Cniej ) Cn;(;j ,and Cm{«g;ﬁ are mutually conditionally independent on

Zn,0; but not mutually independent. When 7,9, = 1, eq. (2.17) reduces to the special case

17



in eq. (2.12), where Cnio; Cm.g;f , Cmmj, and ang;« are mutually independent Poisson random
variables.

Recall that in eq. (2.2), the observed allele-ambiguous contact frequency is ex-
pressed as the sum of the corresponding hidden allele-specific contact frequencies. There-
fore, by Proposition 4, we can derive that the observed allele-ambiguous contact frequencies

C’,Wj7 Cyr.6,, and ij are ZIP random variables and mutually conditional independent

i
given Z:
Coriz; | Znimys Zoyp, ~ ZIP <qi5 ZZW,;_AW;, mej> : (2.19)
o
where a new latent binary variable Z;,.; is introduced and defined as Z,,,,; or Z,;,,. That is,
when Z,.;m, = 1or Z,,. =1, Zy..; = 1 and G5, ~ Poisson (qﬁ(Zm.mj Anim; + Znip; Amip;))
otherwise, Z;,,, = 0 and Cy,,, = 0. Similarly, we have

Cwiej | Zmlﬂj, Zpiej ~ ZIP QZ] Z Zn§9j>‘n;0ja de197 b (220)
77/

where Zy,g, := Zm,0,0r Zp,g,, and
Cxixj | Zmimja Zmipja Zpi’fﬂj? Zpipj ~ ZIP 4;; Z Zn§0; >\77§9;7 Zmimj y (2'21)
,r)/79’
where Zy,o; = Zimm;OT Zm,;p;Or Zpim;Or Zpp; -
Furthermore, by Corollary 6 and eq. (2.17), we can show that conditional on Z =
{Zy:6,} and the observed allele-ambiguous contact frequencies Cy,z;, Cy, 6,,and Cy, 4, the

hidden allele-specific contact frequencies Cmg]*,,Cmfgj,and C’m*g;f are mutually independent

zero-inflated binomial (ZIB) random variables:

Anit;
CﬂiO; ‘ Crh-xj, Znimj7 ZTh'pj ~Y ZIB <Cma:ja m, ZTH@]) . (222)
i g
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. . . A0, .
That is, Cmﬂ; | Chixjs Znimy > Znip; ~ Binomial (C i > if Zy0, = 1;

-
L3 Zim; Angm j+ Znip; Ang

otherwise, Cmg;f = 0. Similarly, we have

Anit;
Cmmj | Cxiej’ Zmﬂj’ Zpiej ~ ZIB <Cﬂ3i6j7 W, Zni9j> B (223)
Coe0t | Covays Zomimys Zomapys Zpsmnss Zpapy ~ Z1B | C A, zZ 2.24
n; 0% | T Amigmygs Lmupyy Lpimgy Lpip; TiTjo En/,g/ Zme})\m{e;a n:i0; | - ( : )

Definition 8 Suppose X ~ Binomial(n,p) and Z is a binary variable where X and Z are

independent. Let Y = ZX. Then, Y|Z follows a zero-inflated binomial (ZIB) distribution:
Y|Z ~ ZIB(n,p, Z).
The pmf of the conditional distribution Y given Z is
fap(Y | Z) = 1Y =017 - [f5(Ysn,p)]”, (2.25)
where fp(-) denotes the binomial pmf.
Proposition 9 Assume Y|Z ~ ZIB(n,p, Z). Then, the conditional expectation of Y|Z is
E(Y|Z) = Znp.
Proposition 10 Assume Y|Z ~ ZIB(n,p,Z). Then, we have

E(ZY|Z) = E(Y|Z) = Znp.
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2.5 Model Summary

Xm R3><n

Xp R3><n

n {m,p}
0 {m, p}

ni0;

Cm'ﬂj

Cnzo;
C”h 9;

(7n;0;

§Q
%
4

Q

T
Zznigj
Tni6;
dmf’j

Amej

length of the structure

maternal structure

paternal structure

i-th bead in structure X,,

maternal or paternal indicator

maternal or paternal indicator

true allele-specific contact frequency between 7n; and 6;

allele-specific contact frequency between 7; and 6; where both n; and 6; are allele-
identifiable

allele-specific contact frequency between 7; and 6; where only 6, is allele-identifiable
allele-specific contact frequency between 7; and 6; where only n; is allele-identifiable
allele-specific contact frequency between 7; and 6; where neither 7; or 6; is allele-
identifiable

observed allele-ambiguous contact frequency between z; (either m; or p;) and 6;
observed allele-ambiguous contact frequency between n; and z; (either m; or p;)
observed allele-ambiguous contact frequency between z; (either m; or p;) and z;
(either m; or p;)

Poisson state indicator for contacts between 7; and 6;

Bernoulli prior for Zy,e;

spatial distance between x,, and To;

Poisson parameter

spatial distance decay exponent

scaling factor

allele-identifiable probability

Table 2.1: Notation used in ASHIC models.
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2.5.1 ASHIC-PM Model

In the ASHIC-PM model, we have
Ty0, ~ Poisson(Ay,0, = Bdy 4 ),

Cme]-,Cmgj,Cn;gj,C’ £0; | Tyi0; ~ Multmomlal( 105 {qw,qm,%,q;]})
Based on the ASHIC-PM model, we can derive
Chi0; ~ Poisson(qijAn.e,),
Chioz ~ Poisson(q;; An;6; )
Cyro; ~ Poisson(q; A0, ),

Crzor ~ Poisson(gz;\,6; )

Cyyz; ~ Poisson (Qz‘j()‘mmj + )\,m,j)) ,
Cy,9, ~ Poisson (q;j(/\migj + )\pigj)) ,

Cy,z; ~ Poisson (qgj()\mimj + Amip; + Apm; + )‘pipj)) ,

k3

. . 0;
Cm.g;% | Cpyz; ~ Binomial C’mx], + By > ,
nzmj iPj

b5 )‘mzb’ +)‘pz

Chro; | Cr,0; ~ Binomial ( & )
C | C Binomial | C. it
0} 9], TiTj Ilwﬂ’ mlm -+ )\ m;p; + )\pzm] + )‘png

2.5.2 ASHIC-ZIPM Model

In the ASHIC-ZIPM model, we have

Zn.0; ~ Bernoulli(v,,g,),

21
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ngj ‘ Z77i9j ~ ZIP()\m'@j = ﬁd%ﬂj?Zm‘o )ﬂ (25)

J

Cnitjs COnioss Cnzey, Cnzor | Tooys Znse; ~ ZIM (Tnio; 93 935 @35> @55} Znso;) - (2.16)

Then, we can further derive

Cm'9j ‘ Zm9j ~ ZIP(QijAT]iGj’ Zm'@j)v

Cm.e;f | Z 05 ™ ZIP(%’E)‘W@;" Zmej)’
(2.17)
Cozo, | Znio; ~ ZIP(qi; M0, Znio,),
Cn;(a;% | Zm-@j ~ ZIP((EE}‘m@j’ Zm‘f’j)’
mej | Znimgs Znip; ~ LIP (%‘ZZ if’;)‘ni@}’ Z”iﬂcj) ’ (2.19)
6/
Cu0, | Zmi0;, Lpi0; ~ LIP %’ZZW;G/\%%’ Zrit; | » (2:20)
T]/
Crz; | Zmimjs Lmip; s Lpimys Lpp; ~ LIP | g5 Z ng;_ )\’7293" Zaiz; | » (221)
n',0'
Coor | Crsars Zopms Znips ~ Z1B | C it g 2.22
w0 | Cnizys Znimgs Zipy ~ e m’ ") 2
Coeo | Coros Zonso s Zo, ~ ZIB [ C At Z (2:23)
*0. 05 105 “p;0; ™ 9~ i0j | > ’
Mi05 1wl =Ml =piv; :B]Zn/Znéej)‘néj "
Cozor | Coass Zmimys Zinipy s Zpsmys Zpy ~ Z1B | C 0, Z 2.24
0105 | Coiays Zmimgs Doy Zpims L e Ly M ) (22

Note that when Z = 1 (that is, Z,,9, = 1,¥n,0 € {m,p},V1l < i,j < n), the
ASHIC-ZIPM model reduces to the ASHIC-PM model. Hence, the ASHIC-PM model is a

special case of the ASHIC-ZIPM model.
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2.6 Incorporating Bias Factors

It has been shown that the raw contact frequencies obtained from a real Hi-C
experiment are affected by various types of systematic biases, including the length of re-
striction fragments, the GC content of ligation junctions, and the sequence uniqueness
(mappability) [22]. These types of biases depend on the DNA sequences, thus can be af-
fected by allelic sequence divergence such as SNPs, especially in high-SNP-density systems.
In addition, depending on the choice of read mapping strategies, there may exist a mapping
bias towards the reference allele. That is, reads containing the reference allele are more

likely to be mapped. Therefore, we consider the bias factors to be allele-specific.

2.6.1 ASHIC-PM Bias-Incorporated Model

According to Imakaev et al. [23], the bias of observing Hi-C contacts between two
chromatin loci 7; and 6; can be factorized as the product of the bias factors by, and by, of

the contacting loci, respectively. Therefore, under the ASHIC-PM model, we have
T}y0, ~ Poisson(by, by, Ap.e;)- (2.26)

Consequently, the observed allele-certain, hidden allele-specific, and the observed
allele-ambiguous contact frequencies follow the modified Poisson distributions:
Chio; ~ Poisson(qi;bny, b, e, ),
Chigr ~ Poisson(q;50,b0, An,6,),
(2.27)

Crro; ~ Poisson(qgjbm be, >‘77i9j)’

Cs o: ~ Poisson(qz;6p,b0; Anio, )
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Chz; ~ Poisson (ql; Z by, beg. /\mﬂ}) ;

6/

Cy,9, ~ Poisson q;ijn;bngngej , (2.28)
nl

Cuz; ~ Poisson | g5 E by, bgr Aoy
n/70,

The conditional distributions of the hidden allele-specific contact frequencies given

the observed allele-ambiguous contact frequencies follow:

Cy.0: | Cne, ~ Binomial | C _ i Amie;
RE it i T )
Y i %5 29' bnib%)‘m@;
by, bo. Ap.o.
Cyro; | Cyy0, ~ Binomial | Cy.g., S L L e N (2.20)
N Y; zi0; iUy 277/ bngbgj )\7729]-

. ) bn.bo; Anio,
Coyo; | G, ~ Binomial | = -
i 05 J J 7 o1 b /bg/)\ 9’
0,0 =20 Y

2.6.2 ASHIC-ZIPM Bias-Incorporated Model

Similarly, under the ASHIC-ZIPM model, we have
T77i9j | Z i0; ™ ZIP(bmbGj)\mij ZmOj)- (2.30)

Then, the observed allele-certain, hidden allele-specific, and the observed allele-

ambiguous contact frequencies follow the modified ZIP distributions:

Chio; | Znio; ~ ZIP(¢ijbn,bo, Ao, Zny0,)
Cmﬂ]’f | Zm'9j ~ ZIP(Qijbm‘bej)‘mejv Znin)a
(2.31)

anej | Zm'ej ~ ZIP(‘Hgbmb%)‘m@ th'ej)’
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C'n?e; Zn0; ~ LIP(qz500,00; M0, Zns0,)-
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Cnmj | meju Zm‘pj ~ ZIP (‘Zij Z Zm%bmb@})‘m@}’ Zm%‘) )
9/

Cat, | Zmioy Zowo, ~ ZIP | @i > Zyyo,byrbo, Ny, Zavo, | - (2.32)
,,7/

C$i$j | Zmimemipj’Zpimijmpj ~ ZIP a5 E anegbn;bag)\nge;» Z:Jciwj
17/70/

The conditional distributions of the hidden allele-specific contact frequencies given

the observed allele-ambiguous contact frequencies and Z follow:

Coov | Crizss Zoym s 2. Z1B | C. 0000, At Z
036 NixT5r Hnimjy Lnip; mzj’Z@’Zm;@;bmb%)‘m@’-’ ni0; | »

Ceo. | Cogis Zmsors Z 7B [ .o, Ao, 7z
n; 05 z;0; m;U; piV; z;0; Zn’ anej bn: b@j A'r]gej NV

bmb9j)‘7h‘9j
Cﬁ;@’v‘ ‘ Czizja Zmimj7Zmipj7 Zpimjy Zpipj ~ ZIB C$i$]'7 9 Z?h‘@j .
’ 2o 0 L by bo A
) [a] [ J (A ]
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Chapter 3

Inference via EM Algorithm

We design an EM algorithm to simultaneously infer 3D structures and estimate
model parameters. Below, we describe our EM algorithm separately for the ASHIC-PM

model and ASHIC-ZIPM model.

3.1 ASHIC-PM Model

In the ASHIC-PM model, the parameter space includes the homologous chromo-
some structures X,, € R>*" and X, € R3*" the distance-decay exponent «, the scaling
factor (3, and the allele-identifiable probabilities g = {qx},1 < k < n.

Recall in eq. (2.4), the Poisson parameter A, is a function of a, 3, X, and
Xp. Here, we fix a and 3 to obtain a unique solution for X, and X,,. Specifically, we use
true estimate of « in simulations and set a = —3 in real data. We set 8 = 1 in both cases.
Note that a = —3 is deduced from the following two relationships based on polymer physics

studies: 1) d ~ sP1 between spatial distance d and genomic distance s, and 2) ¢ ~ sB2
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between contact count ¢ and genomic distance s. As demonstrated by Lieberman-Aiden
et al. [6], chromatin architecture follows a “fractal globule” model, in which d ~ s'/3 and
¢~ s~ 1 hence ¢ ~ d~3. Also it has been shown that the fractal globule model is consistent
with the observations in Hi-C data [6] and 3D-FISH data [24]. The parameter (3 only affects
the scale of the estimated 3D structures. If we set 5 to a larger value, the estimated 3D
structures will scale up; on the other hand, if we set 8 to a smaller value, the structures
will shrink accordingly. Therefore, the choice of 8 does not affect the shape of the resulting
structures.

From the diploid Hi-C data, we can directly observe the allele-certain contacts
co = {C .0,} and the allele-ambiguous contact frequencies cX = {Chiz;> Ci0;5 Oy, }-
The unobserved latent variables are the hidden allele-specific contact frequencies CH =
{C Z.g;,Cni*gj,C’m*g;} according to eq. (2.2).

The goal of the EM algorithm is to find the maximum likelihood estimate (MLE)
of the model parameters, reconstruct the allelic 3D structures X, and X, and decompose
CX and infer CH to impute the true allele-specific contact frequencies T' = {7, igj} from
eq. (2.1).

The complete likelihood of the observed data {C?, CX} and the unobserved

latent data CH is
Lo=L(Xm,Xp,q|CP CX,CH)=p(C% C*,C* | Xn, Xp,q) - (3.1)
The marginal likelihood of the observed data C© and CX is
L(Xm. Xp,q| C%,C*)=p(C°% C* | Xpn, Xp.q)

=> p(C%.CX,C" | Xm, Xp,q).
CH
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To solve the MLE of the marginal likelihood of observed data {CO, CX}, we propose an

EM algorithm which applies the following two steps iteratively:

e Expectation step (E-step):
Q= Q(Xm, Xp,a: Xiil, X, q¥) = (log L)
m,Ap,q; Am, Ap",(q CH|CO,CX,X£:L),X,(,t),q<t) c):
e Maximization step (M-step):

X, X0, g4 = argmax @
XmaXP7q

3.1.1 E-step
We can factorize the complete likelihood function in eq. (3.1) as
Lo=L(Xm,Xp,q|C° C* CH)

=p (C? | X, Xp,q) p (C | X, Xp,q) p (C* | CH) (3.3)

=[[r(CT | Xm.,Xp.q) p (Clf | Xn. Xp.q) p (CX | C]) .
< E’O LH L£X

From eq. (2.12), we can write out
£2 =p (Cij | Xm, Xp,q)

= p (Cm@j ‘ Xmu Xp7 q)
7,0
(3.4)

= H fP(CUi9j ) qij)‘ﬂi9j)
n,0
)Cnﬂj e*qz‘jAniej

_ H (qij )\777;9]‘
7.0 Cﬁzﬂj !
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£ =p (Cll | Xon, Xp, q)

:Hp <Cm€; Xm7Xp7q>p(C1739j | Xm,Xp,q)p (CT]:‘Q;‘ vaXp7q>
7,0
(3.5)
=11 S (Crior: 4i520,) o (Czo;5 @35 Ami0,) S (Crpzor: G5 Ani0;)
7,0
C * .= * —0-. C oxpx  —g
B H (Qij)‘mﬂj) % ¢ %ijAn;6; (%')\mej)cni % e TijAn;6; (QT')‘mGj) 0% o @i An;6;
.0 CmG;* ! C’ﬁ 0, C”Z o3 !
Furthermore from eq. (2.2), we have
X _ X H
LY =p(Cj; | C35)
" ’ (3.6)
= [H I (C’Wj = Cyomy + C”Z'Z’;) [H L(Cr.0, = Cmzo, + Cpro,)
n 0
1(Coia; = Cimgmy + Comtps + Cpims + oty ).
Moreover, the complete log-likelihood function can be written as
log L. = Z (log £° +log £ +log £¥) . (3.7)

1<j
In the E-step, we need to calculate the conditional expectation of the complete log-
likelihood function given the observed data and the current parameter estimation, denoted

by E log ;).

CH'cO,CX7XT(:1>7Xg)7q(t) (

In short, we use Ecm, () to replace E (). We can show that

CH|COo,cX ,XSJ 7Xéf) ,q®
Q :Q (Xma va q,; X’I(Ttl)) XZ(Jt)’ q(t))
=Ecn|, (log L) (3.8)

:Z (log L0 + EcHy, (log L'H) +Ecny, (log EX)) .
1<j
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First, we can write

log £° = Z (Cmg]. log gij + Cy,0; log A0, — qij)\mgj) +c. (3.9)
n,0

Second, we have

log £ = Z [(Cm@j log ;5 +C 30 log A6, — qz‘j)‘mej> +
1,0

3.10
(Cn;g]. log q;; + Cn;*@j log >\77i6j —q; .)\m@j) + ( )
(Cm_*e; log q;; + C’m_*g; log A0, — q;;z\mgj)} +c.
Recall that in eq. (2.14), at the (t+1)-th iteration, we can compute the conditional

expectation of Cm.g]*,, Cypro;, and Cmm]*, given the observed data and the parameters estimated

from the t-th iteration. Specifically, we define

NG
— AG @ b
Co; =B (O | Coasi Ny My ) = S s O
1i0; 105
NG

._ IO
Cyro, = E (Cnggj | Cuo,; )\mej,)\ﬁiej> — W%ej,

1:0; 70

O 0 O ) A

o L\ (t t t £\ _ ni0;

Coo; =B (C”? 05 | Gl Aoy A g, Aﬁﬁf’”\ﬁiéj) O AN OO
7729J 771'0]' 7]19] 17i9j

) Cwiwj 9

(3.11)
where 0 is the opposite allele of 0 ( 0=mif = D 0 = p if @ =m), 7 is the opposite allele
fn(f=mitn=p;q=pifn= da®, =g (a® )"
ofn (f=mifn=p;n=pifn=m),and X} =p(d 4 ) -
Consequently, we have
Criz; :(Cmmj*- + Cmp]*-v
Cxﬂj :Cm;.*e]- + (Cp;r@]., (3.12)
Cmimj :(sz‘m;‘ + (Cm:p; + Cp:m;‘ + (Cp*p;fv

i
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From eq. (3.10) and eq. (3.11), we can show that
EcH o (10g EH)

" (3.13)

(Czo, log gi; + Cyzo; l0g Ao, — a5 Ani0,) +
(C”]fe; log qi; + (Cmm]f log )\mgj — q‘g‘-)\mgj)} +c.
Furthermore, from eq. (3.12), we have
EcH)e (log LX) = 0. (3.14)
Taken together, we have

Q= Z Z {Cmej log g5 + Cmo; log g;5 + Cypro, log g;; + (Cn;fg; log g;;
1<j n,0

+ (Cmej + Chigr + Cyro, + an@;f) log Apg; — Amej} +c

- Z Z Cio; + Cripr ) 1og gi + (Crig; + Cyr;) log g (3.15)
. 9 J
1<J n,

+ (Cmf‘ej + (an‘e;‘_‘) log (1 —¢q;) + ((Cmg;f + C,ﬁg;) log (1 — QJ)
+ (Cmej + Chigr + Cyro, + ane;> log Apg; — Amej} +c,

where Ayg, = (dm@j)a'

3.1.2 M-step

In the M-step, we aim to find the optimal solution of X, , X, g that maximizes

the conditional expectation of the complete log-likelihood:

X,'(,f:_l)’ XI()t+1)7 q(t+1) — arg max Q7
vaxpvq
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where Q = Q (Xm,Xp,q;Xﬁ?,Xg),q(tU = Ecny, (log £ (Xom, Xp, q | CO,CX,CH)).
By setting the partial derivative of Q with respect to g to 0 (i.e., % =0)fork=1,---,n,

we can obtain a closed-form solution of q:

w1y _ Silk)
U TSk + Sa(k)
Sl(k) :Z Z (Cmok +C *Gk + Z ( nk0; + ane*) ’ (316)
no | i<k J>k
Sak) =) D (Cme;; + Cn;e;;) +2 (anej * Cm:@;-‘)
n,0 | i<k J>k

Note that S (k) can be regarded as the sum of the estimated allele-specific contact frequency
between bin k and other bins where the read end at bin k can be distinguished between alleles
m and p; S2(k) can be regarded as the sum of estimated allele-specific contact frequency
between bin k£ and other bins where the read end at bin k are not allele-identifiable. Based
on eq. (3.12), we can simplify eq. (3.16) as follows:

)= 2| 2 Ot 2 G | 2 | 2 Oy +2 Oy |

i<k 7,0 j>k n,0

)=>_ (Zc o + Co; xk) +> (ZCW +kamj> .

i<k n i>k

(3.17)

Note that S1(k) and Sa(k) contain only observed values; therefore, we only need to estimate
q once at the beginning.

There is no closed-form solution for the 3D structures X,, and X,. Therefore,
we use a nonlinear optimizer, the L-BFGS-B algorithm [25] (fmin_1 bfgs_b from the SciPy
package), to iteratively update X, and X,. The L-BFGS-B algorithm only needs the
derivative of a function to determine the direction of steepest descent and obtain an estimate

of the Hessian matrix in each iteration.
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For instance, the derivative of the expectation of log-likelihood with respect to

X is:
09 . 99
Oy, 9Ty
0
oL =922 ... _9Q2 |. (3.18)
8)(WL OTmy, OTm,,q
(619 .. 09
[ 0Tm 3 Tm,,3 |
From eq. (3.15), we have
09 (Tn.gj _1> O0dy,0.
= e — = Bdy | 77— 1<k<n (3.19)
Oy, ; %9: ;0 ) Oxmy,
Here, we define T,,¢, as the estimated allele-specific contact frequency between 7;
and 0;:

Tyig; := Chio; + Crigr + Cyprg; + Crpor. (3.20)

From eq. (2.3), we have

(

T g ==k
m;0;

adnﬂj T
L B 01 ~Tni1 . - R 3.21
O%m,,, Jdme]- , HO=mj=Fk ( )

0, otherwise.
\
Therefore, we have
8Q <ka9j -1 > Ly — Lo

= al —L —-Bd*, | ———. 3.22
O, ]% 29: ot M5 ) " s, (3.22)

Similarly, we can write out the partial derivatives with respect to z,,, and x,,,.
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2

3

10

11

12

Input: observed allele-certain contact counts C© and allele-ambiguous
contact counts CX.
Output: estimated total allele-specific contact matrix T, allelic structures
Xm and X, and allele-identifiable probabilities q.
Compute the allele-identifiable probabilities g with eq. (3.16);

Initialize the allelic structures X, and Xp;

while not converge do
[] E-step
for n,0 € {m,p}, 1 <i<j<ndo
Update hidden allele-specific counts (Cm@;, Chzro;, Cmm; with eq. (3.11);
Update total allele-specific counts T,s, with eq. (3.20);
end
] M-step
Update allelic structures X, and X, by eq. (3.22) with current T;
end

return T, X,,,, X, q

Algorithm 1: EM algorithm for the ASHIC-PM model
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3.2 ASHIC-ZIPM Model

In the ASHIC-ZIPM model, the parameter space contains the homologous chro-
mosome structures X,, € R>*" and Xp € R3*™ the distance-decay exponent «, the scaling
factor B, the hyper parameter v = {~,,¢,} (for the Bernoulli prior distribution of the Pois-
son state latent variables Z = {Z,4.}), and the allele-identifiable probabilities ¢ = {qx},
1 <k < n. Note that in eq. (2.5), the ZIP parameter A, is a function of a, 8, Xy, and
Xp. Similar to the ASHIC-PM model, we fix a and 3 in order to obtain a unique solution
for X, and Xp.

From the diploid Hi-C data, we can directly observe the allele-certain contacts
co = {C .0,} and the allele-ambiguous contact frequencies cX = {Cniz;> Ci0;5 Oy, }-
The unobserved latent variables include the hidden allele-specific contact frequencies CH =
{C ig;,an,*gj,C’m*g;} as defined in eq. (2.2) and the Poisson state latent variables Z. The
goal of the EM algorithm is to find the MLE of the model parameters, reconstruct the
allelic 3D structures X,, and X, and decompose CX and infer CH to impute the true
allele-specific frequencies T' = {79, } from eq. (2.1).

The complete likelihood of the observed data {C?, CX} and the unobserved

latent variables {CH, Z} is

L.=L (XmaXp77>q | Coa CXa CH7 Z)
=D (CO’CX’CH7Z ‘ XmaXZJv’Ya q) (323)

=p(Z|7)p(C° | Z,Xm,Xp.q)p(C? | Z,Xpn, Xp,q) p (C* | CH).
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The marginal likelihood of the observed data C© and CX is

L (Xm, Xp,7,q| C°,C*) =P (C°,C* | Xp, Xp,7,q)
(3.24)
=> Y P(Co%cX,Cc” Z| Xm,Xp,7,9q).
CH Z

To solve the MLE of the marginal likelihood of observed data {C?,CX}, we

propose the EM algorithm, which iteratively applies the following two steps:
e Expectation step (E-step):
t ¢
Q = Q (Xma va v, 4q; X'r(n)7 XZ(J )77( ) q(t)) EcH Z‘Co cX X’S:L>7X< (t)7q(t) (log 'CC) :

e Maximization step (M-step):

X,r(-,tl+1)7ngt+1)77(t+1)7q(t+1) = a,rg max Q
Xm, Xp,Y,q

3.2.1 E-step
We can factorize the complete likelihood function in eq. (3.23) as
Lo=L(Xm,Xp,7.q|C° C* CH, Z)
=p(Z|7)p(C?| Z, Xm, Xp,q) p (C* | Z, X, Xp.q) p (C* | CH) (3.25)

—Hp ’Lj|7 8|Z)Xm7Xpaq)p(C1{;I’Z7Xm7Xp7q)p(C7f’](|C7{_71)’

1<j

£z Lo LH £X

where

:HP (Znioy | vmio;) (3.26)
n,0
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From eq. (2.17), we can write out:
'CO =p (Cg | Za X'm’ Xpu q)

=11 (Cno, | Z,Xm, Xp.q)

n,0
(3.27)
= H fZIP(Cm@j; qijAmeja ZTh'aj)
n,0
Z 0. 1-Z, 6.
_ H [fP(C'mej;qz‘j)\mej)] 7,0, [11 (Cni(,j — 0)} ;6
7,0
and
" =p(Cll | Z, Xm, Xp, q)
~T1» (Coo; | 2. Xim Xp.a) 2 (Cozo, | Z. Xims Xps @) 2 (Cozo; | Z Xim, X )
n,0
=11 Jz1p (Cri015 i3m0, ) fz1p (Cro,5 im0, ) fzip (Crors dighne, )-
n,0
(3.28)

Furthermore, from eq. (2.2), we have the same expression of £~ as in the ASHIC-PM model:
¥ =p(Cf | CF)

[Hp (Cuiz; | CFf )]

n

Hp(Cl’iej ‘ Cg)
0

P(Caya; | Cff)

(3.29)
= [H 1 <C771133j = Cpim: + Cmpj> [H 1(Cu, = Cnzo; + ijaj) :
n 0
1 (C-'Eifl?j = Cm?’”;- + Cm;«pj*_ + Cp?”ﬁ + Cp:p;).
Moreover, the complete log-likelihood function can be written as
log L. = Z (log L7 +1og £O + log LT + log ﬁX) . (3.30)

1<j
In the E-step, we need to calculate the conditional expectation of the complete

log-likelihood function given the observed data and the current parameter estimation, de-
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noted by E log £c). In short, we use Ecu g, () to replace

CcH z|co,cX x1) x ~®) qt) (

E (). We can show that:

CH,z|CO,CX, x}5) X} ~(1),q1)
Q=0 (Xm, Xp. v, @ Xi, X3 4, q(t))
=EcH 7. (log L.) (3.31)
= Z [EZ|. (log EZ) +Ez« (log EO) +EcH, 76 (log EH) +EcH|, (10g EX)} .
1<j
In order to compute Q, we first need to calculate the conditional expectations of
Zni0;s Znio; C 0% Zy0,Cyro; and Zy,g. Cm«g;, given the observed data and current estimations

of parameters.

Conditional expectation of Z,,,

First, we can compute the conditional expectation of Z;,¢,, which is the same as the
posterior probability of Z,,4,, given the observed data observed = {C 055 Cnizyy Czi05, Crya ].}
as shown below:

Lo, :=E (Zp,, | observed)
=P (Zy,6, = 1| observed) (3.32)
=/ (Zp0, | observed) .
Take Zmm; as an example:
[ (Zm;m, | observed) = Z J (Zmimys Zmip;> Zpsmy> Zpip; | observed) . (3.33)
Zmipj 7Zpimj' 7ZP7;pj

The posterior joint distribution of Z can be obtained using Bayes’ theorem:

f(Zmimj’ Zmipjs Lpimys Zpip; | observed)

:f(observed | meuv Zmipj7 Zpimj» Zpipj)f(Zmimj’ Zmipj’ sz‘mj’ Zpipj)
f(observed) ’

(3.34)
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where f(Zmm;s Zmip;> Zpim;» Zpip;) €quals the product of the prior densities:

f(Zmimj7 Zmipj ) Zpimj’ Zpipj)
:f(Zmimj)f(Zmipj)f(Zpimj)f(Zpipj)

Zn.o. 1-Z,.0.
= 105 — Tnib;
[T, ™% (1 ;)
n,0

B T+ 2 2 Zomm:—Zpip oo+ T 2 Zmip:—Zpms
= (Mi—gt) T (L= )T (imter) "R P (1= imer) TS

(3.35)
Additionally, we have:
f (observed)
= Z f (observed ‘ Zmimjv Zmipj7 Zpim]’7 Zpipj) ) f(Zmimj7 Zmipj7 Zpimj’ Zpipj)
Zmimj'yzmz‘pjazpimjzzpipj
(3.36)

For a given pair of loci (4,7), we have 9 observed values in total: Cypm;; Crmip;s
Cpimjs Cpip;s Cmizys Cpizjy Crymyy Crip;y and Cypyy which are conditionally independent

given Zm;s Zmpj» Lpim;, and Zp,p.. Therefore, we have:
[ (observed | Zmm,, Zmip;» Zpim;s Zpip; )

:f(cmimja Cmipj ) Cpimj, Cpipj; Cmimj) Cpil‘j 9y Cximja Cmip]w Czizj | Zmimja Zmipja Zpimja Zpipj)

= Hf(cm'@j ‘ Z i9j) : Hf(cmccj ‘ ZﬁimﬁZm‘pj) ' [H f(CCEz'@j | Zmi€j7Zp7;0j)
n 6

1,0
f(cxiocj ‘ Zmimj ) Zmz'pjv Zpimjv Zpipj)7
(3.37)
where the conditional densities are defined in eq. (2.17)-(2.21). By considering eqgs. (3.32)-

(3.37) together, we compute the value of L0, -
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Conditional expectations of 7, C’mg;, Zn,0,Cnro;.and Zy,p, ang;

From eq. (2.22) and Proposition 10, at the (¢+ 1)-th iteration, we can compute the
conditional expectations of Z,, ¢, C’mg;, Zn6; Cmsgj, and Z,.¢, Cni*g; given the observed data

and the parameters estimated from the ¢-th iteration:

ZCy0; =E (Zy0,Cr;

observed; >‘7(7t)0 , )\7(7?5]_ )

=K E( 1:0; Crpi o: | Zn0; Z77 , , observed; )\7(7)9 ,)\(i)(;) | observed]

=K E (Cmg; | Coizys Zni6;5 2, . Observed; AW )\(? ) \ observed]

R T 0 ’ ) ;650

[ (t)

Z ie-)\ 0.
=E 1 ibs Ch,z, | observed (3.38)
)\(t) )\(t)~ i
0 9j 177;9]‘
)\(t)
n:0; . o
i Wf (Zmej =1, Zm@j =1 observed) +

f (Zmej =175 =0 | observed) ,

—_

where 6 is the opposite allele of # (§ = mif 6 =p; 6§ = pif # = m), A ?79 —B< d® )
and f ( ni0;> Ly, 3, | 0bserved> ZZ, 5 (ngj, Z"?‘éj’ Zii0;+ 2, 3, ] observed>
un 75 7, i

Similarly, we can show that:

ZCyyrg; :=E (Zmejcn;@j | observed; AB A0 )

7719j’ 771'9]
A,
niY;
=Cyr0 7)\(” NG f(Zno, =1, Zs9, = 1| observed) + (3.39)
105

f (Zmﬂj =1,Zz0, =0 Observed)] ,

where 77 is the opposite allele of n (7 =m ifn=p;n=pifn=m).
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Furthermore, we have:

observed; A _ g

Z(Cnl*e;k :]E(anejcnre; ’ Th'ej’ 771‘9]" "7’L6j7 ﬁiej

0, A0 A A0

>\77i0j

Mty + 2 i, TN + Zg g, (340)

:Cxixj

Z”Iiéj ’Zf’igj ’Zfliéj

f (Zm-ej =126 Zni0;» 2,4, | observed)

Consequently, we have

Cy :Zcmm;* + Z(Cmp;fv

i
Cui0; =LCpnro; + ZCpr;, (3.41)
Cuis; :Z(Cm;m]*, + Z(Cm;p; + ZCp;m; + Z(sz‘p;f-
Furthermore, we have
Cono; = Lo, Ciso; - (3.42)
The above is true because of the following:
When C.9, > 0, Zy,0, = E(Zy,6, | observed) = 1. Therefore, Z;,9,Cy,0, = Cp.o;-

When Cy,g, = 0, LHS = RHS = 0.

Conditional expectation of the complete log-likelihood

Recall eq. (3.31):

Q=>" [Ez|. (log £7) + Ezje (log £9) + Egn 7|4 (log £7) + Egay, (log ax)} . (3.31)

i<j

First, we have

log £7 =7 [Zy,0,108 %0, + (1 = Zyyp,) log(1 — 7mi6,)] (3.43)
1,0
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Using the conditional expectation Z,,p;, we can compute Ez|, (log yod ) as

IEZ|’ (log ‘CZ) = Z [Zm@j log Ynit; T (1- Z”]iej) log(1 — 7771'93')] : (3.44)
7,0

Second, we have
log £9 = Z Zn0, (Cno, 108 4ij + Ciyio, 108 Ao, — dijAnio,) + € (3.45)

Ezje (log £°) sz Crio, 108 qij + Crio, 108 Mo, — Gijhia, ) + c. (3.46)
Third, we have

log £ = Z [( mi0; 108 q;5 + Cio7 108 Ayyig qij)\niej) +

3.47
(Cro, log @i + Ciyzo, 10g Ao, — Gijdnie,) + (347)
(Cm%g; log qi; + Cmfg; log /\?71'9]' — qgj)\mej)} +c.
From eq. (3.47) and eqs. (3.38)-(3.40), we can show that
EcH7zl. (log CH)
- Z |:<Z(C7729* log qZJ + Zane* lOg )\771 7719 q’L] )‘m ) +
n,0 (348)
(ZC £0; log @Gj + 7C 1o log )‘m mg q;])\m ) +
(Z(Cmfg; log q;; + Z(Cmmj log )‘771'91' — Zm.@j quAﬂiej)} +c.
Lastly, from eq. (3.41), we have
EcH g (log £X) =0. (3.49)

3.2.2 M-Step

Assume that at the t-th iteration, the current estimations of parameters are

X,(fl), Xz(,t),*y(t), and ¢®. In the M-step, we aim to find the optimal solutions of X, Xp,~,
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and q that maximize the conditional expectation of the complete log-likelihood function:

XD XD 44D g0 = aremax Q,

Xm7Xp77:q

where
Q= Q(Xm, Xp, v, 4 Xia, X5, 40, q)
=Econ g (l0g £ (Xm, Xp,7,q | C°,C*,CH, Z))
From eq. (3.31), we can divide Q into three parts:
Q= Q(Xim, Xp) + Qla) + Q(v) + ¢, (3.50)
where Q(Xm, Xp), Q(q), and Q(«) can be expressed as follows.

Q(Xom, Xp) =3 > |(Zyu0,Coy + ZCu0; + ZCyz0, + ZC;z0:)108 Ao, — Loy My, |-

i<j n,0

(3.51)

Define ZT,,, as the estimated total allele-specific contact frequency between 7; and 6;:

ZTm'@j ::Znigjc 0; T Z(Cm.g; + Z(Cmfgj + ZCU;Q;

(3.52)
:Cm@j + Zcmg}f + ZCmfkgj + Z(C,ﬁg;f.
Thus, we have
Xm’ X Z Z ZTW& log )‘772 Zm@j Am@j) ) (353)
7/<j 777
and
(q) - Z Z [(Zmﬂjc i0; + ZC??ZH;) logg; + (Zm‘9jc 10 + Z(Cm*@j) log q;
e (3.54)
—f—(Z(Cmmj + Z(anm;) log (1 — qi) + (Z(Cm@; -+ Z(Cn;f@;) log (1 — qj)} ,
and
=3 [Znio, 10g 0, + (1= Zyp,) log (1 = y0,)] - (3.55)

i<j n,0

Therefore, we can update X, q, and -« separately.
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Solve q

To update q, set

forall k=1,-

= (3.56)

c N

We can obtain a closed-form solution of g as follows:

where

S1(k)

Sa(k) =

(t+1) Sy (k)
NN 3.57
O S1(k) + Sa(k) (3.57)
Z Z (Zm@ka@k + Z(Cni‘b’k) + Z <Z77k9j anej + ZC%@‘) )
n,0 | i<k >k
i (3.58)

5|5 (2 - 2) + 5 (2, + 26

7,0 _i<k 7>k

From eq. (3.41), Si(k) and Sa(k) can be simplified as follows: note that the re-

sulting equations (eq. (3.59)) are exactly the same as eq. (3.16) in the ASHIC-PM case.

S1(k)

Sa(k)

:Z Zci9k+zcﬂfi9k +Z Zan9j+Zcﬂkrj )
0 n

i<k n,0 j>k \ n,0

(3.59)

3 (Z Oy + ck> +3 (Zg: Crpo, + ij> .

i<k \ 7 >k

Because S;(k) and S2(k) contain only observed values, we only need to estimate g once at

the beginning.

Solve ~

From eq. (2.7), we assume that intra-chromosomal contact counts (7},s;, where

n = ) with the same genomic distance k = |i — j| share the same hyper parameter .
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On the other hand, inter-chromosomal contact counts (i.e. n # ) share the same hyper
parameter Yinter-

To update ~g, set

=0 3.60
O ( )
forallk=1,--- ,n—1.
Similarly for ipter, we set
9Q(7)
=0. 3.61
8")/inter ( )

We can obtain a closed-form solution of v and inter as follows:

(t+1) _ Zj—i:k; ane Zmﬂj

A = , (3.62)
k Zj—i:k ZT]:@ 1

A Zeisi Zngo Doy (3.63)
inter Zi<j Zn;ée 1

Solve X

There is no closed-form solution for the 3D structures X, and X,. Therefore, we
use the L-BFGS-B algorithm [25] to find the optimal solution. To update X, and X, we

take the gradients of Q(Xy,, Xp) with respect to X, and X, and set them all to 0.

09 . [219)
0Ty, 0Tm,, 4
0
99 _ | s . a0 (3.64)
aAXm O0Tmyy OTm,,o
0 ., 09
L OTmyg my,s |

Take the partial derivative with respect to ,,,, as an example:

0Q(Xm, Xp)
B i I

i<j n,0

Od,.g.
a—1 i
— T, Bdmej> . (3.65)
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where

.’Enilffl‘g.l . . .
ngjﬂ if n=m,t= ka
od, 5.
Y% ) xe.. —xn.
— = 1Tl 0 N 3.66
Oy, dyay o HO=m =k (3.66)
0, otherwise.

Therefore, we have

M:Z Q<Z’H‘mmk

Tma, — Ty,
Z ™ ﬂd&—l k1 i1
8xmk1 nimy MM

n dnimk dnimk

(3.67)

i<k
ZT . T — Xy,
S 5B g g ) T T

>k 0 i b
Similar to the process in the ASHIC-PM case, we update X, and X, using
the numerical optimizer fmin_1_bfgs_b from SciPy. We initialize each iteration with the
current estimates of X,, and X, and we use the derivative to determine the direction of
steepest descent and step size in the line search.
The 3D coordinates of each initial structure were randomly sampled from a unit
cube. We first applied the multidimensional scaling (MDS) method [26, 19] to obtain a draft

structure, and then used the draft structure as the starting point for the ASHIC models.
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10

11

12

13
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Input: observed allele-certain contact counts C© and allele-ambiguous
contact counts CX.
Output: estimated total allele-specific contact matrix ZT, Poisson state
latent variables Z, allelic structures X, and X, allele-identifiable
probabilities g, and Bernoulli priors ~.

Compute the allele-identifiable probabilities g with eq. (3.59);

Initialize the Bernoulli priors ~;
Initialize the allelic structures Xy, and Xp;
while not converge do
L] E-step
for n,0 € {m,p}, 1 <i<j<ndo
Update the posteriors ngj,Z(Cmg;, ZCyyrp;, and ZCW;Q;« with
eqs. (3.32),(3.38)-(3.40);
Update the total alelle-specific contacts ZT,,¢, with eq. (3.52);
end
] M-step
Update the Bernoulli priors vy with eq. (3.62) and (3.63) using current Z;
Update allelic structures Xy, Xp by eq. (3.67) with current ZT and Z;
end
return ZT,Z, X, Xp, q,

Algorithm 2: EM algorithm for the ASHIC-ZIPM model
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3.3 Bias-Incorporated Variant

In Section 2.6.1, we discussed the bias-incorporated variant of ASHIC models. In-
ference on the bias-incorporated models via EM algorithm is similar with a few modifications
on the E-step and M-step.

In the ASHIC-PM model, we can update the expectation of the marginal log-

likelihood (eq. (3.15)) as follows:

Q=> > K ni0; +Cme*)long (Crig; + Cyro;) log g

1<j n,0
+ (Cn;(;j + Cni‘(?j) log (1 —gqi) + ((Cmgj + C??ﬁj) log (1 — ¢;)

+ (o, + Coor + Cgo, + Copar ) (108 Mg, +log by, +108bo,) = by b, Mg, | + -

(3.68)
In the E-step, we need to update eq. (3.11) as
0 = 5 Chnizy>
T, bmbe'.A(t.) ,
.7
by bo, A\
Cpro, = "J—"Zcxig., (3.69)
i Vi () J
Z 0; 77’9
(t)
bmbgj)\mg
Cm* ; - TiTje

Z ’9’ b b@’ A(/)6/

In the M-step, we need to plug the bias factors into eq. (3.22) as

mké) a—1 J;mkl - :130.1
axmkl => > a ( — by ba, B3y ) L (3.70)

4k 6 mk 2 dmij

Consequently, we can apply similar modifications to the log-likelihood function,

E-step, and M-step in the ASHIC-ZIPM model.
We can initialize the true allele-specific contact frequencies by treating observed

allele-certain contact frequencies C'© as Poisson parameters, then initialize the bias factors

48



by, for 1 <i < n,n € {m,p} using ICE [23]. Draft allele-specific contact matrices are then
obtained through EM iterations. The final bias factors are estimated on the draft matrices,
following which we refine the estimation of allele-specific contact matrices and structures
through another round of EM iteration with the bias-incorporated model, as described

above.

3.4 Inter-Homologous Optimization

Homologous chromosomes are often organized into separate chromosome territo-
ries [16, 17], which leads to an excessive number of zeros in inter-chromosomal contacts.
These zeros are indeed “true” zeros caused by the long distance of inter-chromosomal con-
tacts. However, such excessive sparsity could result in the underestimation of Poisson state
probability ~inter; in such a case, fewer “true” zeros will be included in the Poisson like-
lihood (a lower constraint in the inter-chromosomal distance). After the iterations of the
EM algorithm, inter-chromosomal distances between homologous pair become progressively
shorter, and in the E-step, more ambiguous contacts will be assigned as inter-chromosomal,
leading to the inaccurate estimation of intra-chromosomal contacts.

To overcome the excessive sparsity problem in inter-chromosomal contacts, we
make the following modifications to our EM algorithm. Recall that in the M-step, we
optimize Xy, and X, jointly to maximize Q(Xy,, Xp). Alternatively, we can divide the
likelihood function Q(X,,, Xp) into three parts: two intra-chromosomal parts Qinra(Xm,)
and Qintra(Xp), as well as one inter-chromosomal part Qinter(Xm, Xp). Accordingly, we

can update the structures with respect to the three parts separately.
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QA Xom, Xp)

- Z Z (ZTW@J' log )‘771‘93' = Lo, )‘711'9,7')

1<j n,0
= Z Z (ZTm@j log )‘mﬁj - Zm9j )‘m@j) + Z Z (ZTniej log )\772‘9]' - Zm‘9j )‘m@j) +
1<j n=6=m 1<j n=0=p
Qimra(Xm) Qintra(Xp)
Z Z (ZTm@j log )‘771‘93' — Lo, )‘m'@j) :
i<j n#0

Qinter (Xm 7XP)

(3.71)

First, during the intra-chromosomal optimization, we consider only the intra-
chromosomal contacts and update the two homologous structures separately to maximize

their intra-chromosomal likelihood functions, Qintra(Xm) and Qintra(Xp):

Xf,(:;—i_l) = arg max Qintra(Xm)v
Xm (3.72)

Xr(zHl) =argmax Qintra(Xp).
Xp

To update the maternal structure X,,, we calculate the gradient of the Qjntra(Xm)
part in eq. (3.71) with respect to X, following which we update X,, iteratively using the

L-BFGS-B algorithm [25] provided in the SciPy package [27]. Specifically, we calculate

8Qintra()('m,) Z <ZTmsz
e —— a —_—

axmkzl

Oy
- Zmimj d?n”}@j> - (373)

i<j dmimj 8xmkl
The paternal structure X, can be updated in a similar manner.
After the individual homologous chromosomal structures are optimized, we update

the relative position of these two structures to maximize the inter-chromosomal likelihood

function. Instead of updating the coordinates of two structures directly with respect to the
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inter-chromosomal contacts, we solve a simplified problem of finding the optimal rotation

matrix R € R3*3 and translation vector v € R3 between the two structures X,,, and Xp:

R, v = argmax Qinter(Xm, Xp)- (3.74)
Rv

Let ., and xp, be the coordinates of the i-th bin on the maternal and paternal
chromosome, respectively. After applying rotation and translation transformations to the
paternal structure, the inter-chromosomal distance between the ¢-th bin on the maternal

chromosome and the j-th bin on the paternal chromosome becomes
dmip; = [|[Tm; — R(zp; =),

while the intra-chromosomal distances remain invariant.
We find the optimal solution of R and v as described below. Specifically, we first
estimate the length of v (i.e., ||v|y, the distance between two homologs) through MLE on

a simplified inter-chromosomal likelihood function:

anter Xma X Z Z ZTT]ZG log )\771 ngj )‘?71'9]-)
1<j n#0

= Z [ZTmipj alog dinter — m;p; ﬁdmter]

The above simplification is performed by assuming that all inter-chromosomal bin
pairs share the same inter-chromosomal distance djnte; instead of dmipj. Then, the length

of v is set to be the maximum likelihood estimate of dipter:

1/a
folly = die — (2 Zlm, ) T (3.76)
Zi,j Ln;p,; B
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We then find the optimized R and v with the constraint on ||v||, to maximize the
inter-chromosomal likelihood function Qinter(Xm, Xp) via the L-BFGS-B algorithm [25].

Another benefit of splitting the intra-chromosomal and inter-chromosomal likeli-
hood is that it expedites the structure optimization process. The original optimization has
a problem size of 2n x 3 (n loci in three dimensions for each homologous chromosome).
We divide it into two (intra-chromosomal) subproblems, each with a size of n x 3, and a
trivial (inter-chromosomal) optimization with 6 unknowns (three Euler angles and a trans-
lation vector in three dimensions). Furthermore, we can run the two intra-chromosomal

subroutines parallelly to increase the optimization speed further.
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Chapter 4

Simulation Analyses

4.1 Simulation Settings

4.1.1 Homologous X Chromosome Structures

First, We considered the human homologous X chromosomes as the ground truth
and simulated diploid Hi-C datasets as described below. We assumed that the allele-specific
chromatin contact frequencies follow the ASHIC-ZIPM model. The true model parameters
O, O, B, 7y, and q were estimated from two published datasets on human GM12878 cells:
the predicted X chromosome structures (X, X, € R3*™) from single-cell Hi-C data by
Tan et al. [16], and the allele-specific contact matrices Cy, and C), from in situ bulk Hi-C
data by Rao et al. [10], both at 100 kb resolution (Table 4.1).

At the default setting, we generated 10 simulated allele-specific Hi-C datasets
with the scale factor 8 = 100%/3 and the average allele-identifiable probability ¢ = 0.5.

Subsequently, we kept other parameters fixed and generated 10 additional datasets for each
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of the decreased 3 values (50%3, 20%03, and 10%3), and another 10 datasets for each of the
decreased g values (0.25, 0.1, and 0.05). In total, 70 diploid Hi-C datasets were generated
in this simulation study. For each simulated dataset, we ran 10 random initializations and
chose the result with the highest observed log-likelihood for performance evaluation and

subsequent analyses.

Reference Type of data GEO accession Notes

Rao et al. (2014) in situ (bulk) Hi-C GSE63525 bulk diploid Hi-C data in human
lymphoblastoid GM12878 cells

Tan et al. (2018) single-cell structures GSE117876 single-cell X chromosomes structure

GSM3271347 (GM12878, Cell 1) predicted from

single-cell Hi-C datasets at 100-kb

resolution
Bonora et al. (2018) in situ (bulk) DNase Hi-C GSE107282 bulk diploid Hi-C data on wild-type
GSM2863686 (WT) patski (BL6xSpretus) cells
Bonora et al. (2018) CTCF ChIP-seq GSE107282 CTCF ChIP-seq data in WT patski
GSM2863715 (BL6xSpretus) cells
Tang et al. (2015) CTCF ChIA-PET GSE72816 CTCF ChIA-PET data in human
GSM1872886 lymphoblastoid GM12878 cells
Tang et al. (2015) RNA Polll ChIA-PET  GSE72816 RNA Polll ChIA-PET data in hu-
GSM1872887 man lymphoblastoid GM12878 cells

Table 4.1: Published datasets used in this study.
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4.1.2 Identical Chromosome Structures

To study the effect of structural differences on the performance of our methods,
we deployed a challenging simulation setting where we simulated diploid Hi-C datasets
using two identical chromosome structures. Briefly, we duplicated the paternal (inactive)
X chromosome structure X, predicted by Tan et al. [16] as the pseudo-maternal structure.
Then we used the two identical chromatin structures as the ground truth and simulated
diploid Hi-C datasets in a similar manner as previously described.

The relative position of these two identical structures was determined by a reversed
structural superposition procedure. Using the original homologous structures X,, and X,
we calculated the optimal translation vector v and rotation matrix R using the Kabsch
algorithm [28], such that the root-mean-square deviation (RMSD) between Xy = R(Xym—
v) and X, was minimized. Then we duplicated X, and reversed the superposition of X,
by ?(; = R_lXp + v. The resulting identical structures /)g and X, was served as the
pseudo-homologous chromosome structures in which the relative position between 3(\; and

X, remained approximately the same as the original homologous pair X, and Xj,.

4.1.3 Simulation Parameter Estimation

We assumed that the maternal and paternal X chromosomes share the same Pois-
son state priors (7) and scale factor (), but might possess different exponents (o, and o)
of the spatial distance decay effect. To estimate o, and «y,, a two-step curve fitting proce-
dure was applied to the maternal and paternal data separately. Consider the example of the

maternal chromosome. First, we fit an exponential function for the relationship between
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Bml

spatial distance (d) and genomic distance (s) as d o s Specifically, the spatial distance

between the bins ¢ and j was calculated as their Fuclidean distance on the maternal struc-
ture X,,. For each genomic distance s; from 1 to n, we calculated the average maternal

spatial distance d; among all bin pairs with genomic distance s;. This resulted in n data

points: (s1,d1),...,(sn,dn). We applied the curve_fit function from SciPy package [27]

in Python to fit the curve and estimate B,,;. Second, the relationship between the contact

frequency (C,) and the genomic distance (s) was fitted in a similar way as C, o sPm2.

From these two curve fitting steps, the relationship between the observed contact frequency

Bm
Bt ®

V]

and the underlying spatial distance could be deduced as C,, o d*", where oy, =

The paternal parameter counterpart oy, was estimated similarly. The empirically derived
exponents are o, = —3.02 and «;, = —3.15; both are close to the theoretical value of —3.
We estimated the scale factor 8 as described below. Unlike the ASHIC-PM model,
the MLE of 8 does not have a closed-form solution under the ASHIC-ZIPM model. To sim-
plify the estimation, we approximated each contact frequency Cy,m; or Cp,;,; as an indepen-

dent Poisson random variable with parameter in the form of 3(dym,;)*™ or B(dp,p,)*?, and

Y ici (Cmym; +Cpip; )
Zi<j ((dmim]' )am+(dpipj )ap) )

calculated the S estimate as ,5’ = To evaluate the performance
of our methods at lower sequencing coverage, we gradually decreased the value of 3 from
100%4 to 50%3, 20%3, and 10%8 to generate simulation datasets.

To estimate the Poisson state priors <, we performed the following spline fitting
procedure. First, we assumed that the contact frequencies with the same genomic distance

were i.i.d. ZIP random variables, then obtained the maximum likelihood estimate (¥) at

each genomic distance using GenericLikelihoodMode from statsmodels package [29] in
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Python. Since the variability of 4 increases with an increase in the genomic distance, we
bin all 4 into K = 200 genomic distance intervals with equal space in the log scale (using
logspace function from NumPy [30]) to facilitate a smooth fitting. We calculated the average
genomic distance (S ), and the average 7 estimate (9;) for each interval k, followed by fitting
a cubic spline using the points (51,71),. .., (Sk, vk ). Finally, we performed an anti-tonic
regression on the spline to ensure that the generated ~ estimates decrease monotonically.

The allele-identifiable probabilities g depend on the SNP density and vary among
different cell systems. For example, in the mouse Patski cells, § is around 0.6, i.e., the
chance that a 70-bp read overlaps with any SNP is 60% on average. Whereas in human
GM12878 cells the q is around 0.04. To simulate the allele-identifiable probabilities, we first
generated g randomly from a Beta distribution: ¢; ~ Beta(2,2), where § = 0.5 that mimics
the mouse Patski cells.

To evaluate the performance of our methods at a lower SNP density, we gradually
decreased the average ¢ value from 0.5 to 0.25, 0.1, and 0.05 by using positively skewed
Beta distributions. For instance, we used ¢; ~ Beta(2,38) such that § = 0.05 mimics the

SNP density in GM12878 cells.

4.2 Convergence and Running Time

The convergence of the EM algorithm is defined as the relative increase of log-
likelihood between two consecutive iterations is less than 107%. We tested our ASHIC
software using a single core on an Intel E5-2683v4 processor with 8 GB memory allocation.

In a typical simulation setting, two X chromosomes were partitioned into 3000+ bins at
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100 kb resolution. With the default sequencing coverage (8 = 100%3) and SNP density
(g = 0.5) setting, both ASHIC-ZIPM and ASHIC-PM converged within 20 iterations (2 h).
Lower coverage or lower SNP density requires more iterations. For example, when g reduced
t0 0.05, the EM algorithm of ASHIC-ZIPM took about 50 iterations (8 h) to converge. When
B decreased to 10%3, the EM algorithm of ASHIC-ZIPM underwent about 90 iterations

(20 h) to converge.

4.3 Evaluation Metrics

Recovery rate (RR): We used recovery rate (RR) to measure the proportion of allele-
specific contacts recovered by each method. For each method specifically, the recovery rate
is defined as follows: Theoretically, both ASHIC-PM and ASHIC-ZIPM can recover 100%
of allele-specific contacts. Recall Ty, and ZT,,, are the imputed estimates of T, by
ASHIC-PM and ASHIC-ZIP, respectively.

_ Z’L<] Zn,@ Tmﬁj
Zi<j Zn,e Tm9j
. ZT, 0.
RR(ASHIC-ZIPM) _ i<i 2no Zlu,
Zi<j Znﬁ Tm9j

. Ch.o.
RR (allele-certain) :ZKJ 20 it
Zi<j Zn,é Tmﬂj

> i< (Zn’g Chio; + 22, Cniz; + 229 Cxigj)
Zi<j 27779 T?’]iej

RR(ASHIC-PM)

(4.1)

RR(mate-rescue) =
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Imputation error rate (IER): Within the recovered intra-chromosomal contacts, we

further computed the imputation error rate (IER) for each method as defined below.

i S [Ty — T,
IER(ASHIC-PM):ZK] 2T, = T |
Zi<j Zn Tnmj

< ZTyn. — Typ.
IER(ASHIC-ZIPM) = ZK] Zn } nin; nin; ‘
z:Z'<J' Zn T77i77j

Note that the allele-certain method uses only both-end allele-certain contacts and does not

(4.2)

impute any allele-ambiguous contacts, resulting in a zero IER score.

Stratum adjusted correlation coefficient (SCC): To measure the similarity of the
imputed contact matrix and the true contact matrix, we computed the stratum adjusted
correlation coefficient (SCC) using HiCRep package [31]. The range of the genomic distance
was set to be 0-5 Mb, and the smoothing window size was set as h = 0. The SCC values
ranged from -1 to 1, where higher values indicate higher similarity between two Hi-C con-
tact matrices. In the original HiCRep paper [31], the authors reported typical SCC values of
pseudo-replicates, biological replicates and non-replicates. Pseudo-replicates have the high-
est SCC values from 0.96 to 0.98; biological replicates have a wider range of SCC values
from 0.87 to 0.98; whereas non-replicates have the lowest SCC values that are typically
smaller than 0.8.

Distance error rate (DER): Given the estimated chromosomal structures X, Xp from
our ASHIC-PM or ASHIC-ZIPM model, we measured their similarity with the ground
truth allelic structures X,,, X, using the distance error rate (DER). Since the estimated
structure and the true structure might be at different scales, we first re-scaled each structure
by dividing the coordinates by the scale of the structure. The scale s of a 3D structure

X € R®™ is defined as the root mean square distance from the points to the structure
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centroid, i.e., s = \/% > llxi — ||3, where T = %ZZ x; is the centroid. After re-scaling,
each structure resulted with the scale equaling 1.

We then calculated the intra-chromosomal Euclidean distance 377”7]’ between loci %
and j on the re-scaled estimated structure X,, (n € {m,p}), and dp,n; between loci ¢ and j

on the re-scaled ground truth structure X,. The distance error rate is defined as

~

Zi<j En ’dnmj B dm‘m‘
Zi<j Zn dnmj

DER = (4.3)

Homologous distance error rate (HDER): In the simulation experiments of two iden-
tical homologous structures, we calculated the homologous distance error rate (HDER) be-
tween the two homologous structures. Since the two estimated homologous structures are
generated with the same scaling factor 3, there was no need for re-scaling. The homologous

distance error rate is calculated as

< | @mim; = dpin,
HDER = — /1 7 ™% (4.4)
Zi<j dpz‘pj

Recall, Precision, and F; score of significant chromatin interactions: To further
evaluate the imputed contact matrices, we called significant interactions on the imputed
chromatin contact matrices using Fit-Hi-C [1] and compared with significant interactions
called from the ground true matrices. We applied Fit-Hi-C to the allele-specific chromatin
contacts between genomic distance of 300 kb and 5 Mb, and filtered significant interactions
with ¢-value < 1076,

Significant interactions called on the imputed maternal and paternal contact ma-
trices were denoted as SI,, and §Ip, and the significant interactions called on the ground

true maternal and paternal matrices were denoted as SI,,, and SI,,, respectively.
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For each method, we calculated the recall, precision, and F} score as follows:

’SAI N SI’
Recall :W
‘SAI N SI‘
Precision =—— (4.5)
st

2

L= Recall ™! + Precision*

Note that when the ground true maternal and paternal structures are different, we
define the true set to be the allele-specific interactions that are unique on the maternal or
paternal allele. That is, SI = SI,,_, — SLyynp, where SI,,,, = Sl U SI,, SLyyqp = SI, N S,
Similarly, we have ST = §Imup — SAImmp, where §Imup = §Im U §Ip, §Immp = §Im N §Ip

On the other hand, when the ground true maternal and paternal structures were
identical, we defined the true set as the common interactions shared between the maternal
and paternal interactions. That is, SI = SL;,n, = SI,;, N SI,. Similarly, we have SI =

Sty = S1, 1 S1,.

4.4 Human Homologous X Chromosome Structures

4.4.1 Default Simulation Setting

We first evaluated the performance of the proposed ASHIC methods on simulated
diploid Hi-C datasets of the homologous X chromosomes in human GM12878 cells. Of the
two X chromosomes, the active X chromosome (denoted as Xa) is the maternal copy and
the inactive X chromosome (denoted as Xi) is the paternal copy. We considered the 3D
structures of Xa and Xi published by Tan et al. [16] as the ground truth and generated

10 simulated diploid Hi-C datasets at 100-kb resolution. Each simulated dataset contained
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two intra-chromosomal contact matrices, one for Xa and one for Xi, as well as one inter-
chromosomal contact matrix between Xa and Xi.

We compared our ASHIC-ZIPM and ASHIC-PM methods with two commonly
used approaches for analyzing diploid Hi-C data. The first approach is the allele-certain
method that uses only both-end allele-certain contacts [10, 14]. The second approach is
the mate-rescue method that combines both-end allele-certain contacts with one-end allele-
ambiguous contacts by assigning the allele-ambiguous read-end to the same allele as the
allele-certain mate-end [13, 15, 18].

To evaluate the imputation of diploid Hi-C contact maps, we first calculated the
proportion of allele-specific contacts recovered by each method (Tables 4.2,4.3). At the de-
fault sequencing coverage (3 = 100%3) and SNP density (g = 0.5) setting, the allele-certain
and mate-rescue approaches recovered evidently smaller proportion of diploid chromatin
contacts (25.65% and 75.55%, respectively) compared to the ASHIC-ZIPM and ASHIC-

PM methods that were able to recover all one-end and both-end allele-ambiguous reads,

thereby achieving 100% full recovery rate.

Average allele-identifiable ~ Both-end One-end Both-end
probability ¢ allele-certain allele-ambiguous allele-ambiguous
0.05 0.25% 9.57% 90.18%
0.10 1.02% 18.14% 80.84%
0.25 6.50% 38.01% 55.49%
0.50 25.65% 49.89% 24.45%

Table 4.2: Proportion of allele-certain and allele-ambiguous contacts of simulated data.
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Average allele-identifiable
ASHIC-ZIPM ASHIC-PM Allele-certain Mate-rescue

probability ¢

0.05 100.00% 100.00% 0.25% 9.82%
0.10 100.00% 100.00% 1.02% 19.16%
0.25 100.00% 100.00% 6.50% 44.51%
0.50 100.00% 100.00% 25.65% 75.55%

Table 4.3: Recovery rate of diploid Hi-C methods of simulated data.

Next, we sought to assess the accuracy of the imputed allele-specific contact ma-
trices. Recent studies have demonstrated that the genomic distance dependence and se-
quencing depth have confounding effects on measuring the similarity between Hi-C contact
matrices [31]. To account for these confounding factors, we computed the stratum adjusted
correlation coefficient (SCC) using the HiCRep package [31] to measure the similarity be-
tween the imputed contact matrices and true matrices (Figure 4.1A). We observed that the
imputed diploid matrices obtained by ASHIC-ZIPM and ASHIC-PM had near-perfect SCC
values of 0.9997 and 0.9996, respectively; whereas mate-rescue and allele-certain meth-
ods demonstrated lower SCC values of 0.9733 and 0.8100, respectively. ASHIC-ZIPM
showed a significantly higher SCC values than ASHIC-PM (p-value = 2.53 x 1073, one-
sided paired Wilcoxon signed-rank test). In addition, ASHIC-ZIPM performed significantly
better than the allele-certain and mate-rescue methods (p-values = 2.53 x 103, one-sided
paired Wilcoxon signed-rank tests). Note that p = 2.53 x 1073 is the smallest possible

p-value given the sample size.

63



0 500 1000 1500
Genomic distance (x100 kb)

(V2]
)
C
L 1 —
o e
% o ——
0.75 S 09
5
Q = 0.8
Q 0.50 %
07
o == ASHIC-PM
0.25 w ASHIC-ZIPM
c 0.6
o mate-rescue
4 == allele-certain
©
(O]
o

0!
AS\‘“C'Z\PM poHICPM mate-esCUg ele-certatl

N
O

0.03
()
-
© 0.75
S
£ 0.02 g
(7]
ot & 0.50
(9} —
c w
8
0 0.25
a 0.01

: 0
ASHIC-ZIPM ASHIC-PM AS\’\\C’Z\PM AS\‘\\C'PM mate_rescug\\e\e_certa'\n

Figure 4.1: Evaluation on simulated homologous X chromosome (Xa/Xi) data. (A)
Stratum-adjusted correlation coefficients (SCCs) and (B) and Pearson’s correlation coeffi-
cients (PCCs) between the imputed diploid contact matrices and the true contact matrices.
The PCC curves are smoothened using the locally weighted LOESS method. (C) Distance
error rates between the predicted allelic 3D structures and the true structures. (D) Fj
scores of the identified allele-specific chromatin interactions.

The SCC statistic is a weighted average of the Pearson’s correlation coefficients
(PCCs) across different genomic distances [31]. To breakdown the effect of genomic dis-
tance, we computed the PCCs between the imputed contact matrices and the true matrices
at different genomic distances (Figure 4.1B). As expected, the PCC values decreased as
the genomic distance increased for all four methods. We observed that the ASHIC-ZIPM

and ASHIC-PM methods demonstrated similar PCC values across all genomic distances.
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In addition, the ASHIC-ZIPM and ASHIC-PM methods outperformed the allele-certain
and mate-rescue approaches by large margin, especially at large genomic distances. Taken
together, the SCC and PCC results showed that our ASHIC methods can accurately im-
pute allele-specific contact matrices. Moreover, the imputation accuracy outperformed the
allele-certain and mate-rescue approaches, especially for long-range contacts.

In addition to imputing diploid Hi-C contact matrices, the ASHIC-ZIPM and
ASHIC-PM methods also predict allele-specific 3D structures. To evaluate the accuracy of
the predicted allelic structures, we calculated the distance error rates between the predicted
structures and the ground truth (Figure 4.1C). We observed that ASHIC-ZIPM yielded
significantly lower distance error rates and thereby, more accurate allelic 3D structures
than those obtained by ASHIC-PM (p-value = 2.53 x 1073, one-sided paired Wilcoxon
signed-rank test).

Furthermore, we investigated whether the imputed diploid contact matrices can
facilitate the detection of allele-specific chromatin interactions. First, we called significant
interactions using the Fit-Hi-C package [1] on the true diploid contact matrices. We subse-
quently defined the maternal-specific interactions as the interactions that were called only
from the true maternal matrix but not from the paternal matrix. The paternal-specific
interactions were defined accordingly. The final set of true allele-specific interactions was
defined as the union of both monoallelic sets, which contained 9061.5 interactions on av-
erage (Table 4.4, § = 100%3). Following the same procedure, we then identified the
allele-specific interactions from the imputed diploid contact matrices resulting from the

four methods, separately. We evaluated the identified allele-specific interactions from each
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method using three metrics: precision, recall, and their harmonic mean F; score (Figure
4.1D, Figure 4.2A B, 8 = IOO%B). ASHIC-ZIPM and ASHIC-PM maintained the highest
Fy scores of 0.9867 and 0.9853, respectively. In addition, ASHIC-ZIPM significantly out-
performed mate-rescue (F; = 0.8940) and allele-certain (F; = 0.6024) in terms of the F}
scores (p-values = 2.53 x 1073, one-sided paired Wilcoxon signed-rank tests). The low F}
scores of the mate-rescue and allele-certain methods were primarily contributed by their

low recall rates (Figure 4.2A,B, 8 = 100%, ), which was a result of their low recovery rates

of allele-ambiguous contacts (Table 4.3, ¢ = 0.5).

Sequencing coverage 8 Bi-allelic Maternal-specific Paternal-specific True set

10% 24.1 1040.1 1096.3 2136.4
20% 69.2 1998.9 2003.0 4001.9
50% 226.9 3464.4 3412.5 6876.9
100% 424.1 4700.9 4360.6 9061.5

Table 4.4: Number of allele-specific interactions in homologous X chromosome (Xa/Xi)
simulations. Chromatin interactions are called using Fit-Hi-C [1] on true maternal (Xa)
and paternal (Xi) contact matrices separately. Maternal-specific interaction set contains
interactions called only from maternal contact matrix but not from paternal contact matrix.
Paternal-specific interaction set is defined in a similar way. The bi-allelic interaction set
contains common interactions called from both maternal and paternal contact matrices.
The true set is defined as the union of maternal-specific interaction set and paternal-specific
interaction set.

Collectively, our comparisons have demonstrated that the proposed ASHIC-ZIPM
and ASHIC-PM methods outperformed the existing mate-rescue and allele-certain ap-
proaches with respect to the recovery rate of allele-ambiguous contacts, the accuracy of

imputed diploid contact matrices and predicted allelic 3D structures, and the ability to
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Figure 4.2: ASHIC-ZIPM-imputed diploid contact maps show high recall and precision of
allele-specific chromatin interactions on the homologous X chromosome simulation data. (A)
Recall and (B) Precision of the identified allele-specific interactions at different sequencing
coverage levels. (C) Recall and (D) Precision of the identified allele-specific interactions at
different SNP density levels.

facilitate the detection of allele-specific chromatin loops. In addition, ASHIC-ZIPM demon-
strated a better performance overall than that of ASHIC-PM, especially in the prediction of
allelic 3D structures. To further evaluate the performance of these methods under different
circumstances, we conducted a series of additional simulation experiments by adjusting three

major factors: sequencing coverage, SNP density, and homologous structural similarity.
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4.4.2 Low Sequencing Coverage Data

The sequencing coverage of Hi-C contact matrices is a major factor that can affect
the performance of the diploid Hi-C methods. An observed zero entry in the Hi-C contact
matrix can be either a “true” zero as a result of no physical contact between the pair of
chromatin fragments, or a “missing” zero as a result of insufficient sequencing coverage.
Lower sequencing depth of Hi-C experiments yields lower-coverage and sparse contact ma-
trices that containing excessive “missing” zeros. As a result, it becomes more challenging
to distinguish the “true” zeros from the “missing” zeros.

While generating the simulation datasets, the scale factor 8 controls the coverage of
simulated contact matrices. We estimated § from the published Hi-C data by Rao et al. [10]
(Section 4.1.3). At the default g = 100% setting, the simulated Hi-C map contained about
4.9 million contacts from the homologous X chromosomes. To evaluate the performance of
our methods on lower-coverage data, we fixed the SNP density § = 0.5 and gradually
decreased the value of 8 from 100%3 to 50%/3, 20%3, and 10%3, resulting in 2.5 million,
1.0 million, and 0.5 million contacts, respectively. We then repeated the assessments of the
ASHIC-ZIPM, ASHIC-PM, mate-rescue, and allele-certain methods with these low-coverage
simulation datasets.

As shown in Figure 4.3A, ASHIC-ZIPM and ASHIC-PM maintained the highest
SCC values across all coverage levels. When the sequencing coverage decreased from 100%5
to 10%/3, the SCC values for both methods only dropped by 0.28%. On the other hand,

when sequencing coverage lowered, the SCC values decreased evidently for mate-rescue

and allele-certain by 1.80% and 10.38%, respectively. These results suggested that our
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ASHIC methods can robustly and accurately infer allele-specific contact matrices under low

sequencing coverage conditions.
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Figure 4.3: ASHIC-ZIPM accurately imputes diploid contact maps and 3D structures on
low-coverage Xa/Xi simulation data. (A) SCCs between the imputed diploid contact ma-
trices and the true contact matrices, (B) Distance error rates between the predicted allelic
3D structures and the true structures, and (C) Fj scores of the identified allele-specific
chromatin interactions at different sequencing coverage [ levels.

Additionally, we observed that ASHIC-ZIPM produced more accurate 3D struc-
tures with smaller distance error rates than those produced by ASHIC-PM across all se-
quencing coverage levels (Figure 4.3B). The improvements of the distance error rates were
significant at coverage levels 100%03, 50%03 and 20%3 (p-values = 2.53 x 1073,2.53 x
1073,6.26 x 1073, respectively, one-sided paired Wilcoxon signed-rank tests).

When the sequencing coverage decreased from 100%3 to 10%3, the true set of
allele-specific interactions decreased from 9061.5 to 2136.4 interactions (Table 4.4). As
shown in Figure 4.3C, when the coverage decreased from 100%/3’ to 10%3, the ability of
the allele-certain method to detect allele-specific interactions was highly impacted as its F;
scores dropped by 35.17% from 0.6024 to 0.3906. The decrease of Fj score for mate-rescue
was less severe, about 8.90% from 0.8940 to 0.8144. The ASHIC methods consistently de-

livered robust results against coverage changes (ASHIC-ZIPM: AF; = 1.26%, ASHIC-PM:
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AF, = 1.14%), and maintained high F| score even at the lowest 10%4 level (ASHIC-ZIPM:
0.9743, ASHIC-PM: 0.9740). The decay in F} scores for the allele-certain and mate-rescue
methods was primarily contributed by their low recall rates (Figure 4.2A,B).

Taken together, our results demonstrated that the ASHIC methods significantly
outperformed other methods in low sequencing coverage conditions, resulted in more accu-
rately imputed matrices and benefited the detection of allele-specific interactions on low-

coverage data.
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Figure 4.4: ASHIC-ZIPM adjusts estimated -« for low-coverage homologous X chromosome
simulation data to account for additional missing zeros. The estimated - of each genomic
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value of v estimated from the 10 simulated datasets. The bottom and top error bars
represent the first and third quartiles of estimated ~ at that genomic distance.

In particular, we observed that ASHIC-ZIPM had better performance than ASHIC-

PM under low coverage conditions. This is owing to the fact that in our ASHIC-ZIPM
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model, the Poisson state probabilities 7y act as weights between the “true” and “missing”
zeros. When the sequencing coverage lowered, the observed diploid matrices contained ad-
ditional “missing” zeros. The zero-inflated model explicitly adjusted the estimation of vy to
model these “missing” zeros, thereby achieving better model fitting results. Consistent with
our expectations, the estimated values of 4 became smaller as coverage decreased, which

demonstrated its ability to account for the additional “missing” zeros (Figure 4.4).

4.4.3 Low SNP Density Data

In addition to the sequencing coverage, the SNP density is another major factor
affecting the performance of the diploid Hi-C methods. The SNP density varies across
different species and cell lines. For example, the F1 mouse cross (BL6x Spretus) has a
relatively high SNP density of approximately 1 SNP per 75 bp. On average, a 70-bp
sequence read has a 60% chance overlapping with SNP(s), thus being allele-identifiable.
Whereas the GM12878 cell line has a low SNP density about 1 for every 1700 bp, which is
corresponding to an average allele-identifiable probability of 0.04 (Table 1.1).

To evaluate the performance of our methods on low-SNP-density data, we fixed
the coverage level at 100%3 and then gradually decreased g, the average allele-identifiable
probability, from 0.5 which mimics the BL6x Spretus cross, to 0.25, 0.1, and 0.05, where
the smallest value mimics the GM12878 cells.

When the SNP density was low, fewer both-end allele-certain contacts but higher
number of one-end allele-ambiguous and both-end allele-ambiguous contacts were observed.
Consequently, as the average allele-identifiable probability § decreased from 0.5 to 0.05,

the recovery rates dropped dramatically from 25.65% to 0.25% for allele-certain and from
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75.55% to 9.82% for mate-rescue (Table 4.3). In contrast, our ASHIC methods were able
to recover all allele-ambiguous reads at the lowest § = 0.05 setting. Among the recovered
contacts, 15.95% for ASHIC-ZIPM and 17.60% for ASHIC-PM were incorrectly imputed

~

(Table 4.5, 8 = 100%43, g = 0.05).

Average allele-identifiable
Sequencing coverage 3 ASHIC-ZIPM ASHIC-PM

probability

10% 0.50 7.88% 8.12%
20% 0.50 7.06% 7.42%
50% 0.50 5.88% 6.43%
100% 0.50 4.84% 5.48%
100% 0.25 9.55% 10.68%
100% 0.10 13.85% 15.50%
100% 0.05 15.95% 17.60%

Table 4.5: Imputation error rates in homologous X chromosome (Xa/Xi) simulations.

Consistent with the high recovery rates and low imputation error rates, the SCC
values also demonstrated robust and accurate imputation of diploid contact matrices by
the ASHIC methods at low SNP density settings (Figure 4.5A). When the average allele-
identifiable probability g decreased from 0.5 to 0.05, the SCC values dropped significantly
from 0.8100 to 0.3959 for allele-certain and from 0.9733 to 0.8719 for mate-rescue, respec-
tively. In contrast, the SCC values remained high at 0.9941 and 0.9922 for ASHIC-ZIPM
and ASHIC-PM, respectively, at the lowest § = 0.05 setting. Moreover, ASHIC-ZIPM sig-
nificantly outperformed ASHIC-PM at the lowest SNP density level (p-value = 8.30 x 1073,

one-sided paired Wilcoxon signed-rank test). The difference between our ASHIC methods
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Figure 4.5: ASHIC-ZIPM accurately imputes diploid contact maps and 3D structures on
low-SNP-density Xa/Xi simulation data. (A) SCCs between the imputed diploid contact
matrices and the true contact matrices, (B) Distance error rates between the predicted
allelic 3D structures and the true structures, and (C) F; scores of the identified allele-
specific chromatin interactions at different SNP density @ levels.

and other methods was also observed on the PCC plot at the lowest SNP density, particu-
larly for long genomic distances (Figure 4.6A). Furthermore, when comparing the predicted
allelic 3D structures with the ground truth, ASHIC-ZIPM outperformed ASHIC-PM signifi-
cantly at all SNP density levels (p-values = 2.53 x 1073,4.67 x 1073,3.46 x 1073, 2.53 x 1073,
for g = 0.5,0.25,0.1,0.05, respectively, one-sided paired Wilcoxon signed-rank tests) (Figure
4.5B).

Next, we questioned whether the ability to detect allele-specific chromatin inter-
actions was impacted by low SNP density levels. Adjusting the average allele-identifiable
probability did not affect the underlying true diploid contact matrices. As a result, the
true set of allele-specific interactions remained the same at different SNP density settings
(Table 4.4, 8 = 100%4). As shown in Figure 4.5C, low SNP density severely impacted the
allele-certain and mate-rescue methods. The F} scores of allele-certain dropped from 0.6024

to 0.0039, recovering only 17.8 out of 9061.5 true allele-specific interactions. Similarly, the

Fy score of mate-rescue dropped from 0.8940 to 0.3666. In contrast, when SNP density
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Figure 4.6: ASHIC-ZIPM accurately imputes diploid contact maps on low-SNP-density
simulation data. Pearson’s correlation coefficients (PCCs) between the imputed diploid
contact matrices and the true contact matrices at the lowest SNP density (g = 0.05) for the
homologous X chromosome (A) and the identical-homolog (B) simulation data. The PCC
curves are smoothened using the locally weighted LOESS method.

lowered, the F; score of our methods decreased only slightly—3.62% for ASHIC-ZIPM and
4.26% for ASHIC-PM. In addition, our ASHIC methods outperformed the other methods
by a notable margin. We observed that decreasing SNP density increased the margin be-
tween ASHIC-ZIPM and other methods. Taken together, our results demonstrated that
the ASHIC-ZIPM method significantly exceeded other methods with high robustness in low

SNP density situations.

4.5 Identical Homologous Chromosomal Structures

In the aforementioned simulation settings, we took the homologous X chromosomes
in GM12878 cells as the ground truth, where Xa and Xi have drastically dissimilar struc-
tures. Unlike the X chromosomes, homologous autosomes often have similar 3D shapes.

Imputing diploid Hi-C contact matrices and allelic structures from homologs with similar
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structures is a more challenging problem than the one from homologs with different struc-
tures. To evaluate our methods in such situation, we duplicated the paternal/Xi structure
as the pseudo-maternal structure to build an identical homologous structure pair (see Sec-
tion 4.1.2). We then generated simulation datasets and evaluated our methods at different

coverage and SNP density settings, similarly as previously described.

4.5.1 Low Sequencing Coverage Data

As demonstrated in previous homologous structure simulations, our ASHIC meth-
ods maintained high accuracy of imputed diploid contact matrices at low sequencing cov-
erage settings (Figure 4.7A). The SCC values were all above 0.9949 for ASHIC-ZIPM and
above 0.9938 for ASHIC-PM at various sequencing coverage levels. On the other hand, the
SCC values of mate-rescue demonstrated a minor decline from 0.9778 to 0.9664 when the
coverage decreased from 100%3 to IO%B . The allele-certain method was the most impacted,
as its SCC values declined by 7.46% from 0.8362 to 0.7738 when the coverage level dropped
from 100%0 to 10%4.

We then evaluated the accuracy of the allelic 3D structures predicted by our ASHIC
methods. Overall, ASHIC-ZIPM generated more accurate structures with smaller distance
error rates than the ones predicted by ASHIC-PM across all coverage levels (Figure 4.7B).
The improvements were significant at 100%3, 50%3, and 10%3 levels (p-values = 2.53 X

1073,1.42 x 1072,2.53 x 1073, one-sided paired Wilcoxon signed-rank tests).
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Figure 4.7: ASHIC-ZIPM accurately imputes diploid contact maps and 3D structures on
low-coverage identical-homolog simulation data. (A) SCCs between the imputed diploid
contact matrices and the true contact matrices, (B) Distance error rates between the pre-
dicted allelic 3D structures and the true structures, (C) Homologous distance error rates
between the predicted maternal and paternal 3D structures, and (D) Fj scores of the iden-
tified bi-allelic interactions at various sequencing coverage 3 levels.

In addition to comparing the predicted allelic structures against the ground truth
structures, we further calculated the homologous distance error rate between the predicted
maternal and paternal structures (Figure 4.7C). For both ASHIC-ZIPM and ASHIC-PM
methods, the average homologous distance error rates were smaller than 0.08, suggest-
ing that both models produced homologous structures with very similar shapes. Further-

more, the ASHIC-ZIPM model had significantly lower homologous distance error rates than
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ASHIC-PM, at sequencing coverage IOO%B and 10%B levels (p-values = 2.53 x 1073, one-
sided paired Wilcoxon signed-rank tests). These results further confirmed that ASHIC-
ZIPM predicted more accurate allelic 3D structures than the structures predicted by ASHIC-
PM.

Next, we investigated the effects of low sequencing coverage on the detection of
chromatin interactions when the homologous structures were identical. Similar to the case
of different homologous structures, we applied Fit-Hi-C [1] to call significant interactions
on the two allele-specific contact matrices separately. Given that the two ground truth
homologous structures were identical, we defined the true integration set as the bi-allelic

interactions shared by both maternal and paternal chromosomes (see Section 4.3).

Sequencing coverage 3 Bi-allelic (true set) Maternal-specific Paternal-specific

10% 759.9 365.7 356.5
20% 1559.8 517.7 520.3
50% 3020.6 601.2 592.9
100% 4103.1 679.1 657.5

Table 4.6: Number of allele-specific interactions in duplicate X chromosome (Xi/Xi) sim-
ulations. Chromatin interactions are called using Fit-Hi-C [1] on true maternal (Xi) and
paternal (Xi) contact matrices separately. Maternal-specific interaction set contains inter-
actions called only from maternal contact matrix but not from paternal contact matrix.
Paternal-specific interaction set is defined in a similar way. The bi-allelic interaction set
contains common interactions called from both maternal and paternal contact matrices.
The true set is defined as the bi-allelic set.

When the coverage dropped from 100%4 to 10%3, the number of interactions in
the true set decreased by 81.48% from 4103.1 to 759.9 (Table 4.6). As shown in Figure 4.7D,

the allele-certain method was the most impacted by the sequencing coverage changes, where
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its F scores decreased by 31.23% from 0.6127 to 0.4214 as the coverage dropped from 100%
to 10%3 . The F} score of mate-rescue decreased to a less extend, by 7.37% from 0.9075 to
0.8406. Whereas our ASHIC-ZIPM and ASHIC-PM methods demonstrated consistent high

Fy scores of 0.9351 and 0.9296, respectively, even under the lowest coverage 10%5 setting.

4.5.2 Low SNP Density Data

When the SNP density lowered, we observed an overall decreasing trend in the SCC
values for all four methods (Figure 4.8A). The allele-certain and mate-rescue methods were
greatly impacted by the low SNP density. When the average allele-identifiable probability
q decreased from 0.5 to 0.05, the SCC values dropped significantly by 46.52% from 0.8362
to 0.4472 for allele-certain and by 9.16% from 0.9778 to 0.8883 for mate-rescue.

Again, our ASHIC methods maintained robustly high accuracy of the imputed
contact matrices; the SCC values decreased only by 0.45% from 0.9996 to 0.9950 for ASHIC-
ZIPM and by 2.38% from 0.9988 to 0.9750 for ASHIC-PM when g decreased from 0.5 to
0.05. The visible difference between ASHIC-ZIPM and ASHIC-PM at the lowest SNP
density level § = 0.05 was also supported by the PCC measures, where ASHIC-ZIPM
outperformed ASHIC-PM by an evidently large margin of PCCs within genomic distance
of 100 Mb (Figure 4.6B).

In terms of structural accuracy, ASHIC-ZIPM also outperformed ASHIC-PM with
significantly smaller distance error rates across all SNP density levels (p-values = 2.53x 1073,
one-sided paired Wilcoxon signed-rank tests) (Figure 4.8B). Furthermore, the allelic struc-

tures predicted by ASHIC-ZIPM demonstrated significantly smaller homologous distance
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Figure 4.8: ASHIC-ZIPM accurately imputes diploid contact maps and 3D structures on
low-SNP-density identical-homolog simulation data. (A) SCCs between the imputed diploid
contact matrices and the true contact matrices, (B) Distance error rates between the pre-
dicted allelic 3D structures and the true structures, (C) Homologous distance error rates
between the predicted maternal and paternal 3D structures, and (D) Fj scores of the iden-
tified bi-allelic interactions at different SNP density G levels.

error rates than the ones predicted by ASHIC-PM (p-values = 2.53 x 1073, at all four g
levels, one-sided paired Wilcoxon signed-rank tests) (Figure 4.8C).

In addition to achieving the highest imputation accuracy of the diploid contact
matrices and 3D structures, ASHIC-ZIPM also demonstrated the best performance with
respect to the detection of biallelic chromatin interactions under low SNP density condi-

tions (Figure 4.8D). When the average allele-identifiable probability g decreased from 0.5
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to 0.05, the F; values dropped by 99.43% for allele-certain, 62.49% for mate-rescue, and
8.32% for ASHIC-PM. The ASHIC-ZIPM model showed the smallest decline in Fj scores,
merely 1.70% from 0.9814 to 0.9647. Moreover, we observed that ASHIC-ZIPM signif-
icantly outperformed all other methods by a large margin across all SNP density levels
(p-values = 2.53 x 1073, one-sided paired Wilcoxon signed-rank tests)

Taken together, we demonstrated that our ASHIC methods significantly outper-
formed the allele-certain and mate-rescue methods under low SNP density conditions when
the homologous structures have identical shapes. In addition, ASHIC-ZIPM evidently out-
performed the ASHIC-PM model by a large margin, especially at the lowest SNP density

level.
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Chapter 5

Real Data Analyses

We used two diploid Hi-C datasets in our study (Table 4.1). First, allelic mapping
results of the wild-type Patski Hi-C dataset published by Bonora et al. [18] were downloaded
from GEO (GSE107282). Second, the raw sequencing reads of the GM12878 Hi-C dataset
published by Rao et al. [10] were downloaded from GEO (GSE63525) and the allele-specific
mapping was performed using HiC-Pro [32]. Briefly, HiC-Pro aligned reads to a masked
reference genome where all SNP sites are N-masked. Then reads overlap with SNP sites were
assigned to either maternal or paternal allele based on the nucleotide at the SNP position.
Reads that do not overlap with any SNPs were labeled as allele-ambiguous. Reads with
conflicting allele assignment or unexpected allele at SNP sites were discarded. For each
genomic region, we ran 20 random initializations with the ASHIC-ZIPM model and chose

the one with the highest likelihood for subsequent analyses.
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5.1 Bipartite Structure of Mouse Inactive X Chromosome

The X chromosomes in mammalian females is a representative example of homolo-
gous structural difference. In contrast to males having only one X chromosome, the females
have two X chromosomes. To compensate for the dosage imbalance of X-linked genes be-
tween females and males, one X chromosomes in female cells is randomly silenced through
the X chromosome inactivation (XCI) mechanism [33]. To study the structural differences
between the active X (Xa) and inactive X (Xi) chromosomes, we applied ASHIC-ZIPM to
a published diploid Hi-C data generated from wild-type Patski (BL6x Spretus) cells [18].
The Patski cell line has completely skewed XCI such that the maternal BL6 X is always in-
active while the paternal Spretus X is always active. Several Hi-C studies conducted on the
Patski cells have demonstrated that the maternal Xi and paternal Xa chromosomes exhibit
distinct morphology and chromatin contact profiles [12, 18]. Specifically, Xi shows a clear
bipartite structure, where the entire chromosome is densely packed into two superdomains.
The hinge region between the two superdomains contains the macrosatellite repeat locus
Dzzj and represents a nucleolus-associated domain [12, 14, 18, 10].

To study the bipartite organization of Xi, we applied our ASHIC-ZIPM model to
the Patski Hi-C data and reconstructed the diploid contact maps and 3D structures of Xa
and Xi at various resolutions (500 kb, 100 kb and 50 kb). As shown in Figure 5.1A, the
contact map of Xa demonstrated a clear plaid pattern representing the alternating A/B
compartments. In contrast, Xi was clearly separated into two superdomains by a hinge
region containing Dzz4. We observed frequent intra-superdomain contacts but sparse inter-

superdomain contacts on Xi.
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Figure 5.1: Bipartite organization of the inactive X chromosome in mouse Patski cells.
(A) ASHIC-ZIPM-imputed allele-specific Hi-C contact matrices of Xi and Xa are shown at
500 kb resolution. The Xi shows a bipartite structure of two superdomains connected by a
hinge region (Dzz4), indicated by an arrow. Gray strips indicate low mappability regions.
(B) Chromosome-wise bipartite index (BI) values for Xi (brown) and Xa (blue) at 500 kb
(left), 100 kb (middle), and 50 kb (right) resolutions. The Xi curve shows an evident peak at
the hinge region (yellow). (C) The Xi structures predicted by ASHIC-ZIPM at 500 kb, 100
kb, and 50 kb resolutions. The first superdomain (centromeric region) is shown in orange,
and the second superdomain (distal region) is shown in brown. The hinge region (Dzz4) is
marked by a yellow ball. The 3D structures are interpolated and smoothed by the Akima
interpolator in SciPy. (D) Box plots of the radius of gyration for the Xi (brown) and Xa
(blue) structures at 500 kb, 100 kb, and 50 kb resolutions.
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To measure how well the two superdomains are separated by the hinge region on
the inactive X (Xi) chromosome, we calculated the bipartite index (BI) score [12] for each
locus k on chromosomes 1 € {Xi,Xa} for both X chromosomes (Figure 5.1B) using the
imputed contact matrices by ASHIC-ZIPM. A higher BI score of bin 7 indicated greater

bipartite separation at the particular hinge region.

Z?:l Z?:l ZTm‘ﬁj E:ll:k+1 Z?:k«rl ZTWM;‘
BI(ny,) = s i Ak (5.1)
92 Zf:l Z;L:Iwrl ZTW"IJ'
k(n—k)

At all three resolutions, we observed an evident BI peak at the hinge region (Dzz4 )
on Xi, confirming the existence of bipartite organization on Xi. In contrast, the BI values
were rather flat across the entire Xa, indicating the absence of bipartite structure. These ob-
servations demonstrated that our ASHIC-ZIPM method can produce robust and consistent
diploid contact maps across different resolutions.

In addition to the existence of two superdomains in the Xi contact map, we also
observed that the predicted Xi structures preserved the bipartite conformation across all
three resolutions (Figure 5.1C). The two superdomains were clearly separated in space, as
each superdomain occupied half of the sphere and there were minimal interactions between
them. In addition, the hinge region (Dzz/) connecting the two superdomains was located
towards the periphery of the Xi structure, which is consistent with previous DNA-FISH
results [12]. While the previously published Xa and Xi structures were at 1 Mb [12] and
500 kb [17] resolutions, our method produced chromosomal structures at 50 kb resolution

and successfully confirmed the bipartite organization of Xi.
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With regards to the overall morphology of the chromosomal structures, we ob-
served that Xi exhibited a more condensed structure than Xa, which is consistent with the
fact that Xi is almost entirely silenced.

In particular, to measure the compactness of the estimated X chromosome struc-
tures, we calculated the radius of gyration (Rgy) [34] (Figure 5.1D), which is defined as the
root mean square distance of the points to the centroid, same as the scale of the structure.
A smaller R, value indicates a more compact 3D structure. Across all three resolutions,
Xi consistently showed a significantly lower R, value than Xa, indicating that Xi was more
tightly packed (p-values = 4.43 x 107°, one-sided paired Wilcoxon signed-rank tests).

To assess the reproducibility of the inferred allelic contact maps and 3D structures,
we randomly split the X chromosome data into two pseudo-replicates and performed ASHIC-
ZIPM analysis on each one separately. At 500 kb resolution, the imputed allelic contact
matrices were highly similar with SCC values of 0.9632 (Xi) and 0.9691 (Xa) between the
two pseudo-replicates (Figure 5.2). Additionally, the allelic 3D structures estimated from
the pseudo-replicates were well aligned with similar global architecture. Moreover, similar
results at 100 kb resolution further confirmed the reproducibility of the ASHIC method
(Figure 5.3).

Collectively, the results obtained on the Patski Hi-C data demonstrated that our
ASHIC-ZIPM method can accurately and robustly detect distinct allele-specific chromatin

organizations of Xa and Xi at fine resolution.
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Figure 5.2: Comparison of ASHIC-ZIPM-imputed allele-specific contact matrices and 3D
structures of Xi and Xa between two pseudo-replicates at 500 kb resolution. (A) Heatmaps
of imputed Xi contact matrices from pseudo-replicate 1 (left) and 2 (right). (B) Predicted 3D
structures of Xi from pseudo-replicate 1 (left) and 2 (right), and the optimal alignment be-
tween them (middle). (C) Heatmaps of imputed Xa contact matrices from pseudo-replicate
1 (left) and 2 (right). (D) Predicted 3D structures of Xa from pseudo-replicate 1 (left) and
2 (right), and the optimal alignment between them (middle).
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structures of Xi and Xa between two pseudo-replicates at 100 kb resolution. (A) Heatmaps
of imputed Xi contact matrices from pseudo-replicate 1 (left) and 2 (right). (B) Predicted 3D
structures of Xi from pseudo-replicate 1 (left) and 2 (right), and the optimal alignment be-
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5.2 Mouse H19/Igf2 Imprinting Region

Imprinting is an epigenetic mechanism that causes a subset of genes to express
exclusively on one allele in diploid cells. The expression of imprinted genes is controlled
by parental-specific epigenetic modifications, such as DNA methylation, at the imprint-
ing control regions. One well-studied example is the H19/Igf2 imprinting region. In the
mouse genome, the paternally expressed Igf2 gene is located approximately 80 kb upstream
(telomeric side) from the long non-coding RNA H19 that is expressed only on the maternal
allele. These two genes demonstrate opposite allele-specific expression yet share a common
set of enhancers located downstream of H19 [35, 36, 37]. It has been shown that the parent-
specific expression pattern of H19 and Igf2 is controlled by the H19 differentially methylated
region (H19-DMR) located 2 kb upstream from H19 [38]. The H19-DMR is methylated only
on the paternal allele, and therefore exhibits methylation-sensitive CCCTC-binding factor
(CTCF) binding. On the maternal allele, the unmethylated H19-DMR recruits CTCF bind-
ings and therefore blocking the interactions between the enhancers and Igf2. As a result,
1gf2 remains unexpressed, while H19 can still access the enhancers and thus is activated.
Whereas on the paternal allele, the methylated H19-DMR inhibits CTCF bindings. Conse-
quently, Igf2 can access the enhancers and being activated; while the H19 silencing is likely
caused by spreading of methylation from H19-DMR [39].

It has been widely speculated that CTCF attains enhancer-blocking insulation
function via the formation of chromatin loops [40]. Using diploid Hi-C contact maps of hu-
man GM12878 cells at 25 kb resolution, Rao et al. [10] examined the H19/IGF2 imprinting

region and identified parental-specific chromatin loops between the H19/IGF2 cluster and
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a distal region which was referred to as the H19/Igf2 Distal Anchor Domain (HIDAD). The
HIDAD-H19 loop was present exclusively on maternal allele; in contrast, the HIDAD-IGF2
loop appeared only on the paternal allele. Additionally, Lleres et al. [41] performed a diploid
4C-seq study on the mouse ESCs and showed that H19-DMR interacted significantly more
with the mouse homologue of HIDAD (mHIDAD) on maternal allele compared to the in-
teractions on the paternal allele. They subsequently performed 3D DNA-FISH experiments
and confirmed that the distances between mHIDAD and H19 were significantly shorter on
the maternal allele than the distances on the paternal allele.

Although the aforementioned 4C-seq study [41] and several other 3C studies [42,
43, 44] have been conducted in the H19/Igf2 imprinting region, diploid Hi-C studies are
still restricted to a rather coarse resolution due to the limitations of low SNP density and
insufficient sequencing coverage. To bridge this gap and provide a holistic view of chromatin
structures on the imprinted H19/Igf2 region, we applied our ASHIC-ZIPM method to the
published diploid Hi-C data in mouse Patski cells [18], and generated fine-scale allele-specific
contact maps and 3D structures of a 5-Mb region (chr7: 140-145 Mbp) around the H19/1gf2
imprinting region at 10 kb resolution.

First, we constructed a differential contact map using log-fold-change values be-
tween the imputed maternal and paternal contacts (Figure 5.4A). Along with the contact
map, we also visualized the allelic CTCF ChIP-seq data [18]. Consistent with previous
studies [45, 46], we observed a clear maternal-specific CTCF binding at the H19-DMR lo-
cus. Additionally, a few bi-allelic CTCF binding clusters were observed at mHIDAD, near

the Syt8 and Lsp! genes, and at the telomeric side of Igf2. As shown in Figure 5.4A, the
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contacts between mHIDAD and H19 were enriched on the maternal allele (box 1), whereas
the contacts between mHIDAD and Igf2 were enriched on the paternal allele (box 2). In
addition to the contacts between mHIDAD and H19/Igf2, H19 and Igf2 demonstrated dif-
ferential contact preferences to the bi-allelic CTCF clusters near Syt8 and Lsp! (boxes 3
and 4). To further characterize the parental-specific chromatin interactions, we identified
chromatin loops with genomic distance of 30-500 kb from the imputed allelic contact maps
using Fit-Hi-C [1] with a strict FDR threshold (g-value < 10~%). The identified chromatin
loops were mostly anchored to the CTCF binding clusters (Figure 5.4A). We further cate-
gorized these chromatin loops into bi-allelic loops that were shared between the two alleles,
or monoallelic loops that are either maternal-specific or paternal-specific. Consistent with
the differential contact map, chromatin loops anchored at H19 and Igf2 were primarily
parental-specific. We observed a distinct pattern of maternal-specific chromatin loops be-
tween mHIDAD and H19 and paternal-specific chromatin loops between mHIDAD and Igf2.
Besides mHIDAD, the region containing bi-allelic CTCF binding clusters near the Syt8 and
Lspl genes also demonstrated parental-specific chromatin interactions with H19 and Igf2.
Specifically, these CTCF clusters interacted preferentially with H79 on the maternal allele
and with Igf2 on the paternal allele. These observations are consistent with the previous
4C-seq results in mouse ESCs [41].

Besides the differential contact map, we also examined the allele-specific chromatin
conformations using the predicted allelic 3D structures (Figure 5.4B). The overall chromatin
organizations of the H19/Igf2 imprinting region appeared to be similar between the two

alleles. However, the relative spatial position among mHIDAD, H19, and Igf2 demon-
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strated parental-specific differences. From the 3D structures, we observed that mHIDAD
was spatially close to H19 on the maternal allele, presumably forming a chromatin loop. In
addition, we observed that Igf2 was much closer to mHIDAD on paternal structure than
on the maternal structure.

For the quantitative comparison, we calculated the pairwise Euclidean distances
of mHIDAD, H19, and Igf2 on the maternal and paternal structures predicted by ASHIC-
ZIPM from 20 random initializations. As shown in Figure 5.4C, the distance between
mHIDAD and H19 was significantly smaller on the maternal structure than that on the
paternal structure (p-value = 4.43 x 1075, one-sided Wilcoxon paired signed-rank test),
which is consistent with the previous DNA-FISH data [41]. In contrast, the distance be-
tween mHIDAD and Igf2 was significantly larger on maternal allele (p-value = 4.43 x 1072,
one-sided Wilcoxon paired signed-rank test), which is consistent with the observation of
paternal-specific HIDAD-IGF2 loop in human GM12878 cells [10]. No significant difference
of the distance between H19 and Igf2 was detected on our predicted allelic structures. These
observations demonstrated that our method can stably predict fine-scale 3D structures that

reflect the distinct parental-specific chromatin conformations.

91



A chr7 D chr7
142.2 142.3 142.4 142.5 142.6 142.7 142.8 Mbp 142.2 142.3 142.4 142.5 1426 1427 142.8 Mbp

e . .
¢ & o

0002 3

. 5%
¢
3

Hi-C

>
N
(maternal)
*

N
Q s log2fold-
. 4 e N change)
? 00' & 3o o 3
> ¢ N
. * ;/ 3 > 20 TN o
o :

$%9
. » 4

e chromatin
H loops
(maternal)
insulation
score

(maternal)

directionality

2
I ool By bl _rsteral) ..
l

‘:l___ Lol | l " “‘ “1 1“ n 1l _J&)Tactzmal)
—

chromatin
loops l

: I(mat)émal)
- J_Mlg_i_L__JL_LLJ.A-_ ..J.?._.L.._.. b lhl___ o (Cr;lrgtFemal)
H L% » e % 0

» ’

a0
o

* H : f
B maternal @ mHIDAD paternal s \ H o i

OH19

s

chromatin
IooFs
(paternal)

insulation

C H19-Igi2 mHIDAD-H19 mHIDAD-Igf2 {paternal)
0.9 directionality

® Inaex

g 0.8 . (paternal)

© 0.7 CTCF

@ * . t |

g 0.6 . * 7 72; (paternal)
0.5 * —— genes

maternal paternal maternal paternal maternal paternal

Figure 5.4: Allele-specific chromatin organizations of the H19/Igf2 imprinting region in
mouse Patski cells. (A) Differential contact map between the ASHIC-ZIPM-imputed ma-
ternal and paternal contacts at 10 kb resolution. Contact counts are normalized separately
on each allele to account for the potential mapping bias towards the reference genome.
The red vs blue color key indicates maternal vs paternal enrichment. Four allelicly enriched
chromatin interacting regions are labeled in boxes 1-4. Maternal-specific CTCF peak (pink)
and bi-allelic CTCF binding clusters (yellow) are highlighted. Chromatin loops are called
using Fit-Hi-C [1] and categorized into maternal-specific (red), paternal-specific (blue), and
bi-allelic (gray). Only loops anchored at H19 or Igf2 are displayed. (B) Allelic 3D struc-
tures of the H19/Igf2 imprinting region predicted by ASHIC-ZIPM at 10 kb resolution. The
maternal (red) and paternal (blue) structures are overall similar, but the relative spatial
positions of mHIDAD (blue), H19 (yellow), and Igf2 (orange) are evidently different. (C)
Box plots of pairwise Euclidean distances between H19-Igf2 (left), mHIDAD-H19 (middle),
and mHIDAD-Igf2 (right). (D) Allelic Hi-C contact maps at 10 kb resolution (top panel:
maternal allele, red color key; bottom panel: paternal allele, blue color key). Maternal-
specific (red), paternal-specific (blue), and bi-allelic (gray) chromatin loops are called using
Fit-Hi-C [1]. A local minimum of the insulation score (IS) is marked by an asterisk. Positive
and negative directionality index (DI) values [2] are shown in red and blue, respectively.
(Sub-)TAD domains derived from IS and DI measures are labeled as triangles on the con-
tact maps, and dashed lines indicate (sub-)TAD boundaries. Panels (A) and (D) are drawn
using pyGenomeTracks [3].
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5.2.1 Maternal-Specific Sub-TAD at Mouse H19/Igf2 Locus

In addition to the formation of chromatin loops, CTCF also participates in the es-
tablishment of higher-order chromatin structures such as topologically-associating domains
(TADs). TADs are sub-megabase genomic regions containing frequent local chromatin in-
teractions, whereas TAD boundaries result in physical insulation between neighboring do-
mains [2]. It has been observed that CTCF bindings are often enriched at TAD boundaries
and play an important role in TAD formation [2, 10]. Since the genome is organized in a
hierarchical manner, smaller domains called sub-TADs are often observed within the large
TADs. Unlike TADs that are mostly invariant between cell types, sub-TADs are more vari-
able and play a pivotal role in mediating cell-type-specific gene regulation [47, 48]. Based
on the presence of monoallelic CTCF bindings at H19-DMR, Lleres et al. [41] proposed a
novel parental-specific sub-TAD model for the regulation of imprinting at H19/Igf2 locus.
Supported by allelic 4C-seq and DNA-FISH data, they speculated that several bi-allelic
CTCF binding sites form a first layer of TAD on both alleles. In addition, the maternal-
specific CTCF binding around H19-DMR hijacks the first layer of TAD and consequently
creates an additional layer of sub-TAD on the maternal allele.

To verify this hypothesis, we calculated the insulation score (IS) [49] and direc-
tionality index (DI) [2] using TADtool [50] to search for possible (sub-)TAD boundaries
around the H19/Igf2 imprinting region. Overall we observed similar IS values on both al-
leles, except at the H19-DMR locus (Figure 5.4D, Figure 5.5). Specifically, we observed a
local minimum of IS values at H19-DMR, only on the maternal allele indicating a potential

presence of a sub-TAD boundary at H19-DMR. Consistently, the DI values suggested simi-
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lar (sub-)TAD pattern (Figure 5.4D). We observed strong positive DIs at mHIDAD on both
alleles, indicating that mHIDAD is highly biased towards interacting with its downstream
loci and serves as a starting position of a TAD. On the other hand, the telomeric-side
flanking region of Igf2 demonstrated negative DIs on both alleles, indicating a likely ending
boundary of a TAD. Furthermore, a negative DI region around H19-DMR appeared only
on the maternal allele, suggesting H19-DMR has a higher tendency to interact with its
upstream loci, possibly indicating an ending position for a maternal-specific sub-TAD.

Both the IS and DI measurements suggested that H19/Igf2 is embedded within
a TAD demarcated by two main boundaries: one near mHIDAD and the other one at the
telomeric side of Igf2. The locations of the two boundaries were in good agreement between
both alleles. However, the (sub-)TAD organization within this TAD region undergoes dras-
tic parental-specific changes. Specifically, we observed a sub-TAD boundary at H19-DMR
locus exclusively on the maternal allele. The TAD and sub-TAD boundaries mentioned
above were all located at CTCF binding clusters. We further examined the allelic chro-
matin loops within this imprinting region (Figure 5.4D). On the maternal allele, chromatin
loops were mostly confined to the mHIDAD-H19 sub-TAD. Whereas on the paternal allele,
we observed several chromatin loops connecting the centromeric side of H19-DMR with Igf2,
indicating the absence of insulation at H19-DMR. These observations of allelic chromatin
loops are consistent with the parental-specific (sub-)TAD structures.

Taken together, these results supported the hypothesis that the maternal-specific
CTCF binding at H19-DMR, forms a chromatin loop with the CTCF binding sites at mHI-

DAD. This mHIDAD-H19 loop creates an additional layer of sub-TAD inside the original
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Figure 5.5: Insulation scores of the H19/Igf2 imprinting region show potential sub-TAD
boundary at the H19-DMR locus on maternal chromosome. Insulation scores of chr7:140-
145 Mb on maternal chromosome (top) and paternal chromosome (middle). Green lines
are the identified (sub)TAD boundaries. Black dashed lines are at the H19-DMR locus.
Insulation scores of the maternal and paternal chromosome are drawn together in the bottom
panel for better visual comparison.

mHIDAD-Igf2 TAD. The maternal-specific mHIDAD-H19 sub-TAD organization mediates
the insulation between the centromeric side of H19-DMR and Igf2, and thereby leading to

the silencing of Igf2 on the maternal allele.
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5.3 Allelic Chromatin Contacts in Human GM12878 Cells

Besides Hi-C, ChIA-PET is another popular technique for detecting genome-wide
chromatin interactions [51]. ChIA-PET incorporates chromatin immunoprecipitation-based
enrichment and focuses on the mapping of chromatin interactions mediated by a specific
protein of interest. Applying an advanced long-read ChIA-PET strategy, Tang et al. [4]
comprehensively mapped the functional chromatin interactions mediated by CTCF and
RNA polymerase II (RNAPII) with haplotype specificity in human cell lines. To further
assess our method, we applied ASHIC-ZIPM to the published Hi-C data in human GM12878
cells [10], and compared the imputed allelic chromatin maps with the phased ChIA-PET
data published by Tang et al. [4].

We first looked at a 4-Mb region (chrll: 1-5 Mbp) around the H19/IGF2 imprint-
ing locus and generated allelic contact maps and structures at 10 kb resolution (Figure 5.6A).
Compared to the 25-kb-resolution mate-rescued Hi-C maps reported by Rao et al. [10], our
ASHIC-imputed allelic contact maps showed much higher coverage and finer interaction
patterns. Similar to the mouse H19/Igf2 region, the human H19/IGF2 imprinting region
also exhibited a maternal-specific sub-TAD organization. The sub-TAD boundary located
at H19-DMR and was enriched with maternal-specific CTCF bindings. In addition, we
observed maternal-specific chromatin contacts between H19-DMR and several loci (includ-
ing HIDAD) at the telomeric side (red boxes), which was in high correspondence with the
maternal-biased ChIA-PET loops mediated by CTCF. On the paternal allele, we observed
enriched chromatin contacts between IGF2 and the aforementioned telomeric-side loci (blue

boxes), which was consistent with our observations with the mouse Igf2 homolog. We did
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not observe the corresponding paternal-biased CTCF ChIA-PET loops, probably due to
the absence of SNPs at the IGF2 locus.

In addition to CTCF-mediated parental-specific chromatin loops, our approach
also revealed RNAPII-mediated allelic chromatin interactions. For example, we studied an-
other 4-Mb region (chr12: 8-12 Mbp) containing the LOC374443, CLEC2D, and CLECL1
multi-gene complex. Previously, Tang et al. [4] discovered paternally biased RNAPII-
mediated interactions between this paternally expressed multi-gene complex and its distal
enhancer (300 kb apart). Consistently, our ASHIC-imputed allelic contact maps showed
paternal-enriched long-range contacts (blue box) between the distal enhancer and the pro-
moters of the three genes, as shown in Figure 5.6B.

Collectively, these results demonstrated that our ASHIC method is capable of im-
puting diploid chromatin maps in low-SNP-density cells such as GM12878 and the ASHIC-

imputed allelic contacts are in high correspondence with the phased ChIA-PET data.
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Figure 5.6: Allele-specific Hi-C chromatin maps and ChIA-PET loops in human GM12878
cells. ASHIC-imputed allelic contact maps are shown at 10 kb resolution (top panel: mater-
nal allele, red color key; bottom panel: paternal allele, blue color key). Phased ChIA-PET
loops and SNPs with haplotype-biased ChIA-PET bindings are obtained from Tang et
al. [4]. (A) H19/IGF2 imprinting region. Maternal-enriched and paternal-enriched chro-
matin interacting regions are labeled in red and blue boxes, respectively. Vertical dashed
lines indicate (sub-)TAD boundaries. (B) Allelic long-range enhancer-promoter interac-
tions at LOC374443, CLEC2D, and CLECLI genes. Blue box indicates the paternal-
enriched chromatin interacting region. The distal enhancer associated with paternal-biased
RNAPII-mediated ChIA-PET loops is highlighted in blue. Both panels are drawn using
pyGenomeTracks [3].
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Chapter 6

Conclusions

In this work, we proposed a hierarchical Bayesian framework for imputing allele-
specific contacts and reconstructing allelic 3D structures from diploid Hi-C data. We de-
veloped two models under this Bayesian framework: ASHIC-PM and ASHIC-ZIPM. To
the best of our knowledge, our ASHIC methods are the first methods that produce fully
decomposed diploid Hi-C contact matrices as well as the allelic 3D structures.

Unlike the existing allele-certain and mate-rescue approaches, our ASHIC meth-
ods utilize all diploid Hi-C contacts, including both-end allele-ambiguous contacts. As a
result, ASHIC methods exceeded the allele-certain and mate-rescue methods, in terms of
producing more accurate diploid matrices and structures as well as facilitating better de-
tection of allele-specific chromatin interactions. We also conducted a series of simulation
experiments and evaluated how the performance of our methods was impacted by various
factors, including sequencing coverage, SNP density, and homologous structural similar-

ity. Overall, our models significantly outperformed other methods, especially under low
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sequencing coverage and low SNP density conditions. The ability of the ASHIC methods
in inferring allele-ambiguous contacts at low-SNP-density setting is critical for analyses in
diploid human cells such as GM 12878, where the existing mate-rescue method [10] was only
able to rescue 5.86% of total diploid contacts (Table 1.1).

In our simulation studies, we did not compare the ASHIC methods with the re-
cently published Dip-C method by Tan et al. [16] as their method was specifically designed
for single-cell Hi-C data. Another reason was that Dip-C does not impute intra-chromosomal
both-end allele-ambiguous contacts. Therefore we expect that its performance would be
close to the mate-rescue method. In addition, our earlier work of the Poisson-Gamma
model [12] imputes diploid contact counts based on genomic distances rather than spatial
distances, and therefore is not computationally stable on fine-resolution (such as 100 kb)
or low-coverage Hi-C data. Lastly, the newly developed diploid-PASTIS method by Cauer
et al. [17] predicts only the allelic 3D structures rather than the diploid contact matrices.
Therefore, we did not evaluate the diploid-PASTIS method in our simulations as most of
our evaluation metrics were based on imputed contact matrices.

The main advantage of the ASHIC-ZIPM model over the ASHIC-PM model is that
ASHIC-ZIPM explicitly accounts for the excessive zeros in Hi-C matrices, by modeling the
probabilities whether each observed zero count is a “true” zero or a “missing” zero. As a re-
sult, we observed that the ASHIC-ZIPM model consistently outperformed the ASHIC-PM
model in all simulation settings. While the performance of the two models were often
similar, the improvements of ASHIC-ZIPM over ASHIC-PM became more evident when

the SNP density decreased. In addition, the differences between the ASHIC-ZIPM and
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ASHIC-PM models were particularly noticeable under the more challenging simulation set-
ting of identical homologous structures. This is owing to the fact that when SNP density
was low, only few allele-certain contacts were observed. The ASHIC-PM model uses the
allele-certain contacts to initialize the EM algorithm and treats all zeros as “true” zeros,
thereby producing less optimal results. In contrast, ASHIC-ZIPM explicitly adjusts the
weights between “true” and “missing” zeros and thereby archiving more accurate models.

Hi-C contact counts could be over-dispersed, thus a Negative Binomial (NB) model
may provide a better fit than a Poisson model. However, our ASHIC models leverage on
two nice properties of the Poisson distribution: the outcomes from a Poisson-multinomial
hierarchical model are Poisson variables; and the sum of Poisson variables is also a Poisson
variable. If we adapt a NB model, we will no longer have such a neat and tractable hier-
archical model and as a result the model fitting will become computationally expensive. In
addition, we would like to point out that the ZIP model can account for over-dispersion to
some extent by fitting a mixture of Poisson state and the zero (missing) state. Furthermore,
the ASHIC methods use the spatial distance rather than the genomic distance between the
contacting pair as the Poisson or ZIP parameter, therefore could be less impacted by the
over-dispersion.

We demonstrated the applications of our ASHIC-ZIPM method in the mouse
Patski cells and in the human GM12878 cells. Previous studies predicted allelic X chromo-
some structures at 1 Mb [12] and 500 kb [17] resolutions. In contrast, our method utilized
all diploid contacts and produced finer-scale allelic structures of the entire X chromosomes

at 50-kb resolution. Our results further confirmed the existence of the bipartite struc-
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ture of Xi. The ability to impute all allele-ambiguous contacts is particularly important
when zooming into local imprinting regions. Since imprinting regions are often small, fine-
resolution allelic contact maps and 3D structures are required for an in-depth study. With
our ASHIC-ZIPM model, we produced the first 10-kb-resolution diploid Hi-C contact maps
of the mouse H19/Igf2 imprinting region, and revealed the existence of the maternal-specific
sub-TAD organization at H19-DMR. This sub-TAD formation creates an insulation between
H19 and Igf2 that likely prevents the activation of Igf2 on the maternal allele. Our study of
the human H19/IGF2 imprinting region further confirmed this parental-specific chromatin
organization. Furthermore, the ASHIC-imputed diploid Hi-C maps offered an informative
view of the (sub-)TAD organizations on the imprinting region, whereas the previous 4C-seq
study [41] was restricted to only few anchor regions.

Currently, only a few limitations can be attributed to our ASHIC methods. First,
our methods provide chromosome-wide modeling of diploid Hi-C data. One possible future
extension is to build a genome-wide model by incorporating an additional estimation step
in the EM algorithm to model the relative position of multiple homologous chromosomes.
We could further parallelize the optimization procedures for each homologous chromosome
pair to speed up the genome-wide modeling. Second, our model is specifically designed
for diploid genomes. Extending the model to polyploid or aneuploid genomes remains a
challenging problem. Third, the computational efficiency of our EM algorithm, especially
the structure estimation step, could be further improved. One possible solution is to adapt
an iterative modeling strategy similar to [16, 34|, starting with coarse-resolution modeling

then through interpolation to gradually refine the structures to finer resolutions. Lastly, it
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is possible to incorporate biological replicates into our models to improve reproducibility.
For example, we can optimize either a single structure or an ensemble of structures to

simultaneously find the best fit for all supplied biological replicates.
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