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~ ABSTRACT

This report describes an IBM 650 computer program which makes a
least-squares fit to any number of data points (x,y) exact-in x .and uncertain

in y to a function of the form
n
yix) = Z  a ¢ (x),
~ x=p K 'k

where ¢, (x) is an arbitrary function of x .only, and 0 < n < 10. It computes
the fitted parameters, a,, and makes tables of y(x) for a range of values of x.
It gives the error matrlxkfor the fit, and uses it to propagate errors in the .
It also calculates the quantities necessary to make

calculated quantities.
‘a statistical test of the _goodness of fit of the function to the points. o
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‘1. INTRODUCTION .

A problem frequéntly encountered in an’alyzirig experimental results’
is to fit the data points with an arbitrary function by the method of least

*squares. This report describes an IBM 650 computer program of sufficient

generality to handle the numerical work involved in many specific instances.

The program fits any number of data points, (x,y), to a series of the

form ) _
yix)=. Z a, ¢ (x), § T e a _ R (1)
k=0 KK | < | ,
where ¢ (x) is an arbifrary-function of x only. The program was originally

~. written to fit data to a powér series, ¢, (x) =x, or a Legendre polynomial

series, &, (x) =P, (x) . Thes'e two functions and a few others are already
contained in the program. In addition, provision is made for the inclusion of
subroutines which allow any other programmable function, ¢ (x), to be used.

The order of the fit, n, can be chosen to be -any number up to 10, this upper

limit being set by inherent rounding errors.
The data points are assumed to be of the form Yi = Ay at x., where
the experrnental point Y; has an error Ay;, and xj is taken to be éxact.

: The program determines the parameterq of the fit, , and produces
tables of calculated values of y(x) by using the fitted parameters. It also
gives the error matrix associated with the fit and uses it to assign errors to

- the calculated values of a; and y(2 It produces in addition the information

necessary to make a chi- square (X ) test of the fit when approprxate

B g o e S
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11. THEORY

Most of the theory of least-squares fitting employed here is developed

+in simple form by Cziffra and Moravesik, * A more general explanation has

been given in lucid form by Deming, & The following is a summary of the
formulae employed in the program )

A least-squares fit is made by defmmg the wexghted sum, S, of the
squares of the residuals, { y(xl) - yll. as '

Qs-%[ 2, 2 o .
- CAREA SR N

i=1

.

where y(x) is obtained from Eq. (1), and P is the number of data points.
The values of the parameters a, that minimize this sum is found by solving
in turn the set of n+l s1mu1tane0us equatlons

8S/8a, =0, I o (3)
where_ k=0, 1,2 +++, n, and where the cohditi.on P> n+t 1 must hold.

"

The solution to Eq. (73)‘mé.y be written in the form

7 a, = ; ck }% -Sr.'cp.(x.)/Ay‘.z, o - 4y
j=0 ¥ 4=y TR )R t o '

where c,, is the error matrix for the fit, a symmetrical n+ 1 - square.

matrix.

- The value of XZ for the fit is defined as
xZ=s/0?, o | T (5)
where ¢ is the standard deviation error for a measurement of unit weight,

and S has its minimum value. The degrees of freedom for the fit, d, are
the number of pomts minus the number of parameters,

d=p-n-1. o | ‘ | ) - (6)

The off-diagonal elements of the error matrix, ¢, are the correlation '
coefficients between the corresponding par%mete‘rs.' In general, the error:
Af(x) in any function of x, f(x) is given by o S
Af(x) - 0’2“ > .. af(x)‘ df(x) ) K m
i=0 j=0 M 8a oa; T o -

‘In particular, the error Aak on. ak is given by,

Aakr-: o'v (ckk) 1/2 r v o o ' (8)

2
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3

and the error Ay(x) on y(x) is g‘ven by -

ay?s 0 £ B &y &0 & (x) - L

i=0  i=0 e ' n

When the errors Ay, on the datz points y, are in standard dev1at1€)ns,

2'm Eq. (5) becomes umf% , and the minimum value of S is then equal tof§
x‘ . In this ind¥lince, a y “test may be made to find the probability that .

chd’sen function adequate"y fits the data. The probability that ¥ 2 would exgeed

the value found in a random sample of data can bé obtained from tables of 22
probabilities for d degrees of freedom.! This probability is a test of the®

goodness-cf it of the function. 23y fitting the data points to *ncreasmg orde;s

n, the lowest order necessary to give an adequate fl.. may be foun

When the errors Ay, on the data points y, are only relative errors,’
tut the function chosen, y(x)l, is assumed to be the proper cne to fit the points,
an estimate may be made of the magnitude of ¢. Thais external estimate,
fog , is obtained by setting yx 2 equal to its most probable value, 4, the
degrees of freedom. From Eq. (5) tnere then results for 0' ext the value

B

~

This value may then be used in Egq. (7) to find the error Af(x) on any
f.mctlon of x, f(x). o . o :
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II. HOW TO USE THE GENERAL LEAST-SQUARES PROGRAM

A, Program Cards |

* A printout of the program deck is given in Appendix A, It includes

.~ adrum-zeroing card, a load routine, and a transfer card that initiates the
program. A program deck can be prepared from this printout, or a copy

of the program deck may be obtained from the Lawrence Radiation Laboratory
- Computer Group. How to run th1s program is discussed in Section C below.

B. _Input Cards

. Instructions and data are contained in a set of three types of input
_ data cards. These three types of cards are dlstmgmshed by -a card number
rom 1 to 3 in column 10 of word 1, as shown in Fig. .l. 4

4 Card‘l
P Word 1 of card 1 must have the number 1 in column 10. Only one of
these cards is used in each input-card set. It serves to instruct the program
what order of fit, n, is to be made, and what form the function q;k(x) 1s to take.

Word 2 of card 1 must have the order of the fit, n, on its right side
{columns 19 and 20). Any order from 0 to 10 may be used. If an order
greater than 10 is used it w1ll be replaced with 10, and the fit made to this
order. S

Word 3 of card 1 must have a function code number on 'its right-hand
side. This code number consists of from one to ten nonzero digits. The form
of the function, ¢, (x), is determired by these digits according to the following -
scheme. The meanings of the digits from 1 through 6 are already conta.med o

in the program. They are the fo‘lowmg




x (flt. )

‘. . * . | ‘.
Word 1 Word 2 Word 3 Word 4 Word 5 Word 6 |Word 7
INPUT CARDS
| 4000000'00'01_ 000000000n | funct. code
0600"006002 X, (ﬁt.) yi,(m‘) Ay, (n.t..)
0(500000003 % i t. ) A)ér(.th. ) X.rn-ax ;(ﬂt‘ ) » ‘error code )
B OUTPUT VCARDS
0000000064 | n (fit.) p (fit.) - d (fit. ) S (fit. ) \/S/d (1)
OO(;OQOOQOP} o_op'bodqoo:; ; {fit. ) Ba (ilt.) — )
504_00000000{3 9000"60.000_1' 'ooo'oooodo; oy (it
ooooodooq'} y(x) (fit. ) Ay(x) (A1)

|

Fig. 1. Format of input and output cards.

€£926~T¥DN
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Digit Fﬁnc;ional Meaning

0(x) = | x (1dent1ty Operatmn)

1'(%) = (x ) ('kth power of x) .

2 (x) = ~ cos (x) (where ‘x must bé in radians)
| 3(x) = (Tr/18_0) (x) (changes degrvges in to radians)

4 (x). = P (x)'where -1 <x <+ 1 “(.Legénd're polynomial)
5 .(X) = | sin (x) (where__ x must be in radians) |

(; (x}y = { lxl )1/2" (square'rdo't of abéolutg vélue)

‘These digits may be combined to give combinations of these functions. In this-

.case, the operation indic:.tedéby the right digit are performed first, followed
‘'by the remaining digits in order from rzght to left. A zero terminates this
procedure, For example, : - '

0000000123 (x} = [ cos (mx/180) ] ¥
0000000423 (x) = Pk[ cos {mx/180) ] .
T}‘e remaining d*gr‘s, 7,8, and'9, transfer the program to empty drum space
whic¢h may be used to program other desired functions. The method for doing

this is discussed in Appendix B.

‘Words 4 through 8 of card 1 may be used for any desired numerical
information.. All columns must be.filled with’ some number; if not otherwise
indicated they should be filled with zeros. -

Card 2

: ‘Word 1 of card 2 must have the number 2 in column 10." One of these
cards is used for each data point., Any numoer of these cards may be used

in a given input-card set following a type 1 card. They contain the individual

values of x. v Yy and Z.\y-1 in machine floating-point number form. (A machine
floating-point number is in the following form. The left-hand eight digits

constitute the number, expressed with a decimal point to the left of the left

digit.. The right-hand two digits are the power of ten by which this elght place
number must be multiplied plus fifty., For example, :

3760000054 = 0.376 X.lO = 3.76 X 103 ,

0.976 X 10™* = 976 x 1075 )

]

9670000046

. Word 2 of card 2 contains a value of X in floating point,

VWord 3 of card 2 contains the corresponding value of Y3 in floating point.

Word 4 of cerd 2 cortams the corresponding value of Ay in floatmg po:.nt
This value cannot be ze*o, or an overflow \mll result. -
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A type 3 card must follow the end of the series of type 2 cards in
any input-card set to indicate the end cf the data points. .

Card 3

Word 1 of card 3 must have the number 3 in column 10. Any numbep of

these cards may be used. They serve to indicate the end of the data-point cards

gi

of type 2, and to instruct the program to make tables of y(x) = Ay(x) for a j
range of values of x, from x min B0 Xinas? in’ steps Ax wide. They als%%‘.-
mchcate the value of ¢ to ase m the error propagation. !

y

- -ﬂr’

- Word 2 of card,3 has the value of x_. in floating point.

- Word 3 of card 3 has the value cf A&x in floating point.

Word 4 of card 3 has the value of X ox in ﬂoating peint.

Word 5 of card 2 has an error code number which determines the value-

of 0 to beused. When word 5 is zero, O = ! will ke used. When word %
is any nonzero Hmber (it is convenient to use 0000000001), is (S/d) /
the value of - for a proper function.

C. How to Run the Program

1. Insert standard ''80-80 flops' board'in the Readﬂ-Punch unit.

2, Load the prod ram deck, foliowed by any number of sets of mput
cards in the R.eaa Feed of the Read Punch unit.

3. On the ccnsole set 70 1951 1951 + on the Storage Entry Switches.

4. On the console set the Programmed, Half Cycle, and Control
switches on the Run position. - S .

: 5. On the console set the Ovex flow and Error swﬁches on the Stop
position. (All other set*mgs are arbltfary )

6. On the console press the Compater Reset key.

7. On the console press the _P:rogram Start key, |

8. On vthe Read.—-Pun‘ch:unit press the Read Start key.

9. On the Read-Punch unit fill the Punch Feed with blank cards.
i0. On he Read Dunc"x unit press the Punch Start key.

11, Vf‘men the “"na of- FJ.’ Lxght lights cn the Read- Punch um», press
the End-ci-File key e

e b ek e e £ I = PRI R
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D Output Cards’

The output of the program is contained on four types of output data

" cards. These four.types of cards are dxstmgulshed by a card number from
4 through 7 in column 10 of word 1, as shown in Fig. 1. These cards have the '

follow1ng format.

Word 2 of card 4 has the order of the fit, ri, in ﬂo’ating point.
Word ‘3.of’card 4 has the' nur_nﬁer of data points, p, in floating poinf:.-
Word 4 of card 4 has the degrées. o‘f freedom, d, in floating point..

Word 5 of card 4 has the minimized sum of the residuals, S, in floating |
point.. : S : SO :

Word 6 of card 4 has the square root of the minimized value of the sum.
of the residuals divided by the degrees of freedom, (S/d)l 24, in floating point.

These cards have the values of tne Ltted parameters, a,k
Word 2 of card 5 has the index number, k, in column 20.

‘Word 3 of card 5 has the value of the fitted parame_ter, 2y, in
floating point.. ' _ IR

Word 4 of card 5 has the value of the error on the fitted parameter,
A.ak, in floau.l”ld peint. ' '

Card 6 ‘
| These cards hav.e fhe elements of the ei-r;)r r;iatrix, Cij' .

Word‘ Z of card 6 has the i‘ndéx .qumber:\ 1, in cblumn 20.

Word 3 of card 6 ha.s the mdex. number, J, in column 30

Word 4 of card 6V‘has theler.ror matrix eler_nent, _61_)' in ﬂoatlng point.
Card 7 | | | |

The cé.rdsv ar;a the comp\;tedltab'le cards.

Word 2 of card 7 has a value of x in ﬂo"a‘Lting point.

Word 3 of car‘d 7 h.ails the ‘cbrrespondin'g value of y(x) in-flo-atir;g point.

Word 4 of card 7 has th\. cc>rrespond1ncr value of Ay(x) in floating point.




7 UCRL-9263

IV. SAMPLE PROBLEMS |

A, A Power-Series Fit

Problem: Fit the follpwing..poi-nts - ] ke - o
1 A 9
< 2 3 !
3 5 o
. i
4 T
5 6

to the functicn

: .2
y=a,t axtax

and calculate the fitted values of y ‘at the given values of x.

Answer: Since no errors are given, assume equal weights on all points,
The power series is obtained by the
function ctde number 00000C000).. Tables of the output points can be obtained

i.e., Ay, =1,

by'using-the external estimate of the error,

wbr‘d 1

2

3

The order is n = 2.

gy

- word 2

2
1000000051
2000000051

3000000051

- 4000000051

5000000051

1000000051

word 3

1
19000000051 - -

3000000051

5000000051

7000000051
6000000051

1000000051

Uext *

word 4

1000000051

1000000051 =

1000000051

1000000051

1000000051-

. 5000000051 .

with the following data cards

-}word 5_

The output of the pr'og'i'é.m will be as shown on the printout. given in Fig. 2.
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300C0CCC51
4£QC0CO0CH1
5000000051

2000C0C0U51L

—

CCC00051

NéeX®

1

103080005
23C0u00051

gCO000C31
400C0CCC51
50CC00¢CC51

Fig.

<

N NN

116080052
4485714351
7142857150

182E8571C51
5485714C51
4571428051

508571405
7028571051

s

5000

1000000051 .,

1000000051 ‘
1800000051 =~ - ... 7
1000000051 = ¢ -
1880000051 - \

2000CC0051 1245714352

53527383031
4079115451
&670067150 7

4600000051

3300000051= _
2671428651 o e

5000000050

42857146350~ . .
7142857149 -

000051

2348773051
1521008¢51

1739338451

1521006151

‘2348771351

L

2. Printout of answer to sample p'rc"}b'le_m' A,

i

ki

2495710651
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B. Legendre Polynomial Fit

Problem: Given the mevésurgd" 7 - P 'difﬁer’enti.al crossi‘sections,

B3

c.m. angle, 8° - ao/ae’e™) o

| (deg) | A o (mb/sr ) . , - . ‘

3.0 . 345017 | ‘
70.0 o L . 1.4520.06
110.0 . 1.06%0.05
150.0 |  2.1120.07

tancard deviations. Are S and P waves
re, what are the extrapolated forward
the total integrated cross sect::.onf>

&

}

where the errors are exsres s
sufficient to fit the data? As sumi.kg t a
differential cross section, dc/dQ"‘(O), and

Answer: S and P waves m,xy thas ‘the data fit -a function of the form

. 2 . ;
do/aQ (8 )= = = = B .
Legendre pzolynomials are chosen, since the total integrated cross section, §
O » is then simply - . ' ‘ . /

f

Gop © : o’
laa) Ak . ) . . .
lables of resu.is s‘.ar:mrf with § = 0 will give the forward differential cross
section, /QQ Y, by extranolztion of the fitted curve. The errors are in
stancard cevzauons. so we use G = 1 in the program. Then S = XZ' , and

& XZ ‘test may be made for ‘d . defr“ees of freedom to test the goodness of fit.

4
N

. : The values of & are in degress. We convert to radians, take
the cosine, and then the Legendre nolynomlaﬂ by 1..smo the function code number
0000000423, The order, n, is 2, so the data.-mput cards take the form »

word 1 - word 2’ | , ~ word 3 v'f\\\word 4 ' wox;d'.S
1 g 2 423 \'
1 3000000052 3140000051 1700000050
2 7000020052 1453000051 6000000049
2 1103000052 1050000051 5090000049 |
2 1500000053 . 2110000051 . 7000000049
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forward cross section is do/d Q™ (0) = 3.74£0.17 mb/sr .

‘1 4. - | UCRL-9263

1

The output of the program is as shown on the printout givexn in Fig. 3.
As can be seen, the fit is quite good, so that S and P waves will {fit the data
adequately. The value of the total cross section is ¢ T = 21.6%0.5 mb, and the

3

Cmes

£
i
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A, The Program Deck ’

o - .~ Following Fig. 3 is a printout of the program deck. It includes a drum-
zeroing card, a load routine, :and a transfer card to initiate the program (to
C300). All columns not containing a digit must be filled with zero when th1s , |
Wt ~ printout is being cop z.\.d ’CO make a program deck. - ' F |
R - N |
. o e ;«‘ .;..,4",_ e ' - ~ . ,
S
|
|
;""
- :
L 4
™
L .



wmUwm £ NN

ocooco oo

2
3000000052

7000000052
11060000051
2110000051

1100000053

Fﬁg. 3.

i

- o
A

1500000053
2000000051

NN R

o w23
3140000051

1450000051

4000000051

1721385351

5832994050

1434595151

.

3739279851

Printout of answer to sample problem A.

©1700000050
6000000049,
. 5000000049

7000000049

1000000051

3884179349

L T7T74063249

9129615849

1508684948

1515541948
6043605948
1368337748
3521357948
8334988548

1694041250

)

UCRL-9263

2491000049 1578290250



6019541953
6519521953
2419981998
2419911998
2419971998
2619151998
26191919986
2619231998
2419351998
.. 2419401998
| 2419441998

2419481998

2419621998
2419661998

2419701998 -

2619741998

2419781998
2419851998

2419931996
70000
70007

70014 -

70021
. 70028
70035
70062
70049

U 70056

70063
70070
70077
70084
70091
70098

5000011957

6919581957
6919541953
8280031999
6959511990
6980071970

8280021924

2439271938
6580051964
6580061916
8280011950
4019211925
8080011967
3020001975
2419831939
2419811914
€163638474
6919591962
6719511994
2400780099
3300100037
1180030096
6000780022

8717829161

4400390040
6900450048
21008900590
2000240052
2100280064

- 4000230075

6000280033
6000240080
3400830044

2100830049

6919561955
1019548001
2419868003
2419928003
2419998003
2419168003
2419208003
2415248003
2419378003
2419418003

2419458003

26419498003
2419638003
2419678003
2419718003
2419758003
2419798003
26419868003

6700540059
3900240063
2100890050
4400770034

. 3200090085

3200890015
1000000051
6000030007
6980050013
6000680065

7200000043~
2100240021
6900280088
2100930051

2420001952

6919561955
4419918001

5100011997

5040001992
6915271947
2119291942
2219271980
2019591972

6580061949 .

6919591917
1619601965
5200011918
5280011973
6980051974
2019361943

8808000888

1680020012

© 7000000051
-3500020073

6000780047
3900830034

2100030006

3400830094
2000540057
3280020067
3800280066

3400780030
6000830038
2102300285
2401040111

8000008003
2419938002
2419898002
2419948002
2419138002
2419178002
2419218002
2419258002
2619388002
2419428002
2419468002
2419508002
2419648002
2419688002
2419728002
2419768002
2619808002
2419878002

2000000051
6900430046
3600000043~
6000240029

4400410092

200
2000830055
8080020017
4600180014
1500260058 -
3200430020
5100010081

2100830095
2401040107

FUNCTION LEAST SOQARES FIT PROGRAM IN 7 WORDS PER CARD LOAD FORM

2400001958

16919521951

4219921996
8080021995
3000041919
5280011941
6940001923
7119401945
5100011943
2319601913

8080011926-

119501950
3500041924
8180021984
6540001987

888888888
3000041937
4519401941

6000890093
8080020070
6000280097

3400780079

3900280082
4600420040
2400280081
3400240025
5080020081
2100090001

2100280031
4000840086

2400830090
6700560011
3500010159

, 2029758003

2419968001
2419901996
2419951996

2419141996 .
2419181996
. 2419221996

2419261996 -
2419391996
2419431996
2419471996
2419611996
2419651996
2419691996
2619731996
2419771996
2619841996
2419981996

4000080096

. 2000030056

2100240027
58

3400030053

3200430019
3400100061

|
2100240097 .
1000000010

" 6000430096
72100280087

2834798950~
3500830098
6780030132

o

7019511951

-7019931993

5300011998
3500061988
6980061969
4619721935
6919811946

6919821944 ..

7119771920
5300011948
2319271985
6780001971
4619681922
241982191%
6519761966

. 6975646587

1519591963
2420001989

3200090035
2400450002
2100240032
3200430069
2100830036
6000280091

‘8080010004

6700540062
4500160067

3432000054

6700540060 .

5100010005

3900240074
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70105

70112
70119
70126
70133
70140
70147

‘70154,

70161
701638
70175

70182
70189 .

70200
70208

70215
70222

70230

70237
- 70244
. 710252

70259
70266
70273
70300

70307 -

70314
70321
70328
70335

40342

70349
70356

70363

70371
70378

70388

70400
70407

3500010112
2101170120
3600000140

4601300142

1001360141
6780020149
5100510152

5100010113

6080020129
6001220155
5000500180
1101360141
6580030150
1080030208
1080010214
3000050224
2402250228
6480010202
6580030252
1902010269
1002090263

137300182
6902190222

1.6080030204

6003030307
3420000309

6903170321

8280010327 -

5800010334
8080010342
8880010300

- 2403060326

1680060363

4503730367
. 1603780355

1

6980060381,

2404030406
2104420545

3000020184
1901170109
6001370108
6980050187
6080030151
3100010148
6080020157

1901620102

3600000131

. 6001790183

1901390175

3162277660

8080010226
6580020232
2102380241

51

59500413
146000171

°1002700277

2002290237

6020000308

3403150316

5200010327
6920000349

- .6903430350

8280010374

3000040364

8280030376

1680060330
2403850388

8080010382
3000010407

16901100118

3500020126
2001770103
6580030191
3000010142
4601460147
8080020158

3100020114 .

171
6780030178

2101390144
1401450160
3500010211

"1580030217
‘3000020223

1902330206
3500020240
2402510210
6902510216
78300317
154200162
4602680272
3000010231
6103060311
2403150323

£ 2140000322

2140000314
2303410336
1603410346
2460000338
8080010357
2403120392
2103700352
5200010328
6903850389
6980070383
6004030457

8000030113
4401190129
1570796318
6901920195

1
4101500189
3120100121
2101620115
4101850168
6701770141
1501810191
6001620167

1580010267

1502290236

10000

11002450200 -

. 93100268
6080020278
3600010276
6580030234
1000000051

6503170372 .

2160000360
6580060339
6503430356

2160000313
1980060354.

2003700336
6580070337
6903770335
2403860390
8280010384

5100020716

3500010116
1021220134

. 645963711~

5180030135

. 151484
6780020153
4001540155
5100040164
2001770188
6801770133
6366197722
6580030156

1502090213
4402650266

1502290234

3100020243
1180010248
3500010205
-105900236
1680020271
25
1980020274
6903170320
3940000318
3220000345
8280010334
6580060340
1603430348
4503040305
6103060361
5800010366
6503700375
1603780333
6903860391
6980050379
2104080461

2001770103

79689679
8080020186
4001430150

4

1680050161
6080030169
8180030176
6801770141
3500020138
2401920106

2002090212

1180030221
1080010275
6480010225
3500010242

- 8080030249

6022520215

117200213
4402688001
3000030227
1002380246
6903170325

5200010326
5000010331
4503590380
1603430347
4503010304
1580050362
3403150324
2303430310
3000040365
2403870369
8880010312
3965500750
8280010468

6901650118

2401210127
4673765~

1501360191

5000510152
3500020166
1001638003

1980010105

6701770182

: 2
4601700128
8080010104
1902090273
1080010220
3500040230
1180030235

- 6080020244

3500020262

- 127300196
6902180222
2402260279
6980050239

5800010319

8280010329
5000010332
6940000344

4503020353
1580060368
2303170371
2103770351

6903870393

2004110414
1004160471

. =81~
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10414
70421
- 70428
70435
70443
70450
70457
70464 -
70471
70478
70485
70492
70499

70511

70518

710525
70537

70544
70650
70657
70665
70671
70678
70685
70693
70700
70707
70714
70721

- 70729

~ 707386
70743
70750
70757
10764
70771
10779
70786
70795

2104180421
6980050677
5900010704
6080020443
3304460673

. 2406530456

6904300483
6004080463
1980060695

3500040690
6080020426,

6780030499

- 6080020758

702
2604190472
6904280450
6980050543
6909350738
6904090412
3405040406
6906670441
6045500405
1580050985
3408220872
2405290682
3230000777
5900010713
2405270980
5300010877

. 8080020437

6905020855
1680070751

3230000827
© 4807130661

6004440549
5100010927
5100010445

.4009900541
- 8800000651

6904032513
2104260429

6004190423

2405270730
6504090864
15800010721

12104260479

16004190473
6005030657
2430000903
6904200923
: 452
26404190772
1680020485
4204910492
1180030453
6907040450

- 6980050714

8080010771
2104260679
6004190523
2405280731

+ 5000010841 |

8000060658
2105300834
6907560759
2104260729
6907330686
6980070693

4508540705

6907110264
8080010971

2104260829
6908330450

6904090964

3
3904760426

6004400445
4004480426
6006840790
6904620450
2105300883
6904260100
5800020486

6904900264

652
1200

8000040745

6080020906

‘6906540908

2607620465
5200010922
46052604177
6930000953
6905400450
1580070703
6905030460
6907620665
4008000670
6080020431

6006840689

8080010494
6980050451

4008100860.

2430000454
2510

8080020481

1680020739

8100090954

y

3230000727

6904260264
6906540907
1000000025
3000090773
2404360940
2108220425
5200010480
6004340489
2405280831
6004420447

2404190722
1400

6730000655,

6904090962

4608150865
6504090863
8800000780
6904840450
1680020797
2405270832

8080020653

8100070895
69042060823
5200010795

4208850736

2005320785
2405020710
5300010459
2404090915
6005030808
2126000958
2409350688
8200000795

2405300783
3307330809
2404420495
4404010402
4208070458
6904640450
8880010474
6906540957
6980060488
1504110415
6504090914

2404190672
1600

1680020699

800000000

7005000951
6906710450

6908350441

2105290432

1509010856
6930000754
2105300884
5200010524

4008430544
7105260676
2405290482
3205020929
5200010674

6904090812
3204400867

6904360439

1000000051 -

3904190469
2105310734
6004080663
2104240427
1745329349
8080010418
2104440497
2105320735

2404190422
69046260101

3905300981
6080020763
8280010668
6904090662
6980050782
2407620715
1507930697

6580060913
8280010718

8100090982
6508220977
5000010895

3946000950

6030000905
7105260726
6904090712

800000#000
6780035435
2104030495
2404960747
3905300930
6004090413
3980030417
1580050478
6004240779
6904400493

5300010547

3754
- 8840000681

2605270880

5300018459
3945500700
8100070895
2404300433

7005008802 °

2006846887
5300610668
5900010669
6008730678

. 2130000753

6904388441

6904669264

2130000803
2004640735

3966000851 .
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70802
70809
70817
70827
70834
70841
70850
70857
70864
70871
70879
70887
70895
70903
70910
70917
70927
70934
70943
70950
270957
70964
70971
70979

70989 -

500

8100070895

| 3304400467

S 2
2130000853
4805250538

‘2025360891

6906560857
2405360539
1508170921
6030000755
6080020487
8101990943
6925080911
6980050659

. 2605360691

2107330836

6980050683

8000070840
2431990752
3205290805
2405360839
8080010720

- 6007740882

4605000934
2007930496

4206560707

5000010943
6908710450

6580060743

3205300708
4008110650
6905020760
6780030879
5840010687

80806010410
2425340937
5800010525

6905010904
4008610900

1680020932
6909330450

6007330837

2405300983
5100010720

6704190723
5100010786

‘5000010954

4408130664

3405040956

5900010737
. 2405280881

3946000801
8280010868

2105020955
6905010960
3305020979

2105300814

2105290732
8280010768

6005310685
3204400917

4207060757
6906540910

2106840787

1580050890

6905020400

908500358

1604090963

2105300664
4007410791

2407560709
8080010766

1680020841

6904090862
6004440449
4507240475
8000050537

8800010701
5800020701
5100010971
8840010525

6005050859
4006940945

2405360789
8000030470

. 3500080989

6904090912

2025360740

-6980060839

5300010877

6907670441

6904090765
8200000845

2405280931

8280010818

6005050909

8800000806
2405360934

8080010972

8800010701
2007330786

- 8100070895

6005040959

8880010918

4407610500

6908930746

2405360939
6030000455
6980050696
1605020660
2007930546

. 1680060821

6906800450

53000108138
i0

1000 -

4407640814

2405360691
6930000804
6508930847

2125500858
4506660717

4508300781,
6905020400
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B. How to Program an Arbitrary Function, 4) (Sc), as a Subroutine

When a f.unc..mn code numbers h 8, or 9 is used the program goes
to the following drum locations ior its next instruction:

3

7 to 1200, : S I :
8 t0 1400, ' : : A P
9 to 1600 . - - B IR

The drum area from 1200 thr0ugh 1800 is empty, and may be’ used to program
any desired function, ¢k(x), or any part thereof.

. Upon’ arrival at the designated drum locdtions, the following are the
contents of the accumulator and distributor.

The upper accumulatof has t‘he exit instruction.

- The lower accumulator has the value of. k in its low-order position
(right side). : ‘

The distributor has the value of x in floating point.

In programmmg the subroutmes. the contents of all mdex accumulators
used must be stored and replaced before the program goes to the exit instruction.
At the end of the subroutine, the value of the function calculated should be placed
in the upper accumulator in normahzed floating peint before the program goes
to the exit instruction. S .

The following standard subroutmes are a.lready in the program translated
by the amount shown,

Subroutine h _ Translated by
sine, cosine ' ‘ 100
square root g 200

matrix inversion 300

The Legendre polynomial subroutine, P, (¥, is located in positions 0000 to

0099. It is entered by storing the next command in the upper accumulator, storing
the order k in the right-hand side of the lower accumulator, storing x in
floating point ( =1 <x <+ 1) in the distributor, and transfemng control to drum
location . 0000. The value of P (x) obtained appears in floatmg point in the

upper accumulator.

After a function subroutine, has been programmed, it may be put in
seven-word-per-card load form and placed in the program deck just before -
the transfer card (the last ca.rd)
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the

Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access

to,

any information pursuant to his employment or contract

with the Commission, or his employment with such contractor.





