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ABSTRACT OF THE DISSERTATION 

 

Controlled Thermal Transport by Phonons and Photons in Nanoporous Structures 

by 

Ziqi Yu 

Doctor of Philosophy in Mechanical and Aerospace Engineering 

University of California, Irvine, 2020 

Professor Jaeho Lee, Chair 

 

        Intriguing transport phenomena of phonons and photons in nanoporous structures have 

revolutionized the development of materials in recent decades. The particle- and wave-like 

transport of phonons have respectively demonstrated significant thermal conductivity reduction in 

thermoelectrics and backscattering-immune waveguiding in topological insulators; the photon 

transport in nanoporous composites have demonstrated enhanced solar reflectivity for radiative 

cooling. This doctoral research focuses on understanding phonon and photon transport in 

nanoporous structures that will guide optimal designs of thermoelectric energy harvesting systems, 

future phononic circuits, and hierarchical materials for optical and thermal management. 

        Phonon transport can be viewed in the particle-like picture when the phonon wavelength is 

much shorter than the structure’s critical dimension. A good example is heat conduction in solids 

at THz frequencies. Though significant thermal conductivity reduction due to phonon size effect 

has been observed in nanoporous structures, the presence of various geometric parameters 

complicates the understanding of governing mechanisms. To investigate phonon-boundary 

scattering phenomena in Si nanoporous structures with varying pore shapes, alignments, and size 

distributions, we develop a ray tracing technique that is experimentally validated by bulk Si and 

Si nanomeshes. The results show that, with identical porosities, asymmetric pore shapes offer a 



 

xvi 
 

lower thermal conductivity than symmetric ones due to smaller neck sizes that localize heat fluxes; 

asymmetric pores with fully diffuse surface boundaries show possibilities of realizing a thermal 

rectification ratio up to 13 by optimally controlling phonon injection angles. Symmetric pore 

shapes arranged in a hexagonal-lattice provide a lower thermal conductivity than in a squared-

lattice due to the limited phonon line of sight; alternating pore size distributions yield a lower 

thermal conductivity than uniform ones at the same porosity. When phonon wavelength is much 

longer than the structure’s critical dimension, phonon transport is wave-like. One frequently asked 

question in condensed matter physics was if the Quantum Spin Hall Effect observed in electrons 

and photons could be analogously realized for phonons despite their lacking spin-like degrees of 

freedom and transverse polarizations. Here we numerically demonstrate a six-petal holey Si-based 

topological insulator, where simple geometric control enables topological edge states for both in- 

and out-of-plane phonon polarization up to GHz ranges with a submicron periodicity. The unique 

six-petal geometry induces zone-folding to form a double Dirac cone and breaking discrete 

translational symmetry leads to the topological phase transition. Our design supports robust 

backscattering-immune elastic wave transmission up to 90% despite the existence of geometric 

uncertainties. Though the design has not yet been demonstrated by experiments due to 

nanofabrication and measurement challenges, the numerical results clearly show the signature of 

topologically-protected edge transport of phonons, evident by the band inversion and 

backscattering-immunity. The improved understanding of particle- and like-like phonon transport 

in Si nanoporous structures regarding phonon-boundary scattering phenomena and phononic 

topological insulators will pave the way for developing future thermoelectric energy harvesting 

systems and phononic circuits.  
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        As another bosonic particle, photon’s transport can also be modified by nanoporous 

structures. Here we focus on understanding the enhanced solar reflection realized by dielectric 

nanoporous composites, which is important for designing selective emitters that are attractive for 

radiative thermal management. We employ Mie theory and finite-difference time-domain 

simulations to study the solar reflectivity of SiO2 and TiO2 microspheres in a polydimethylsiloxane 

(PDMS) matrix. Our analysis shows that hollow microspheres with a thinner shell are more 

effective in scattering the light, compared solid microspheres, and lead to a higher solar 

reflectivity. The high scattering efficiency, owing to the large interface density, in hollow 

microspheres allows low-refractive-index materials to have high solar reflectivity. The uniform- 

and varying-diameter design of 0.75 µm and 0.5-1 µm provide the highest solar reflectivity of 0.81 

and 0.84, respectively. The effect of varying diameter is characterized by strong backscattering in 

the electric field. The enhanced solar reflectivity and effectiveness of hollow glass microsphere 

composites for radiative cooling have been experimentally demonstrated in our recent work. The 

findings in the current work will guide the optimal designs of microsphere composites and 

hierarchical materials for optical and thermal management systems. 
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Chapter 1 INTRODUCTION 
 

1.1 Phonon Transport in Nanoporous Structure and Thermal Conductivity 
Reduction 

 
        Understanding the thermal transport in porous materials has far-reaching significance in 

applications of thermoelectric energy conversion, thermal energy storage, thermal management, 

and proton exchange membrane fuel cells [1,2]. Reduced thermal conductivity from its bulk value 

has been demonstrated by inducing phonon-boundary scattering on top/bottom surface boundaries 

in Si thin films [3–6]. The thin-film thermal conductivity can be further reduced by introducing 

microporous or nanoporous patterns [7–14]. While the experimental characterization of Si 

nanoporous structures of varying geometries are abundant in the literature, theoretical explanations 

regarding the reduced thermal conductivity and the mismatch between the experimental data and 

predictions based on the classical phonon transport model have not yet come into a conclusive 

agreement. Despite the intensive study of phonon coherence in superlattice thin films with 

atomically smooth interfaces between alternating layers, where coherent phonon transport 

becomes dominant at 300 K for periodicity smaller than 5 nm [15,16]. It has been long debated if 

the phonon coherent effect, or phononic effect, should be responsible for the thermal conductivity 

reduction experimentally observed in periodic Si nanoporous structures, or phononic crystals, at 

room temperature with critical dimension from 10 nm to 100 nm (see Figure 1.1). Such debate 

partially originates from the challenge to fabricate ultrathin patterns with pitches less than 10 nm 

to impact the short-wavelength phonons at room temperature [17,18] and the rough pore edges 

[13,19,20] that destroy coherent phonon phases [21]. Phonon particle effect, where the majority of 

phonon wavelengths is smaller compared to the critical size of the structure, leads to phonon 

scattering on surface boundaries, which can significantly suppress the phonon mean free path and 
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results in lower thermal conductivity. Recent work suggested unimportant phonon coherent effects 

to the thermal conduction in Si nanoporous structures with pitches greater than 100 nm and at 

temperatures higher than 14 K [7]. Early experimental observations [10,22–26] made on Si 

phononic crystals, where potential phonon coherent effects were reported, are now often explained 

by the amorphous pore edges and thermal contact resistance [25,27]. With negligible phonon 

coherence at 300 K in the reported samples acknowledged [7,17,28,29], the observed thermal 

conductivity reduction is expected to be explained by the phonon size effect. Despite the still on-

going debate on the reduced thermal conductivity contributed by coherent and incoherent phonon 

transport and the relevant research progress, the key mechanisms of phonon transport in Si 

nanoporous structures without considering the coherent effect also requires attention. The presence 

of multiple geometrical parameters including the film thickness, pore shapes, and neck sizes 

complicate the understanding of thermal conduction in these structures [30] (see Figure 1.1). 

Simple theoretical models based on Boltzmann-Transport-Equation and kinetic theory assuming a 

constant phonon mean free path are not able capture the complex multi-dimensional phonon-

boundary scattering phenomena in complicated structures. To cope with this challenge and provide 

physical insights into the effects of geometry on the phonon transport in nanoporous Si thin films, 

this work has developed a Monte Carlo ray tracing model, where detailed phonon trajectories are 

tracked, enabling the calculation of phonon-boundary mean free path in complicated pore 

geometries. By systematically investigating varying pore shapes, pore alignments, and pore size 

distributions, we identify key mechanisms that are primarily responsible to thermal conductivity 

reduction in symmetric and asymmetric Si nanoporous structures and discuss the possibility of 

realizing thermal rectification using asymmetric nanopores enabled by the ballistic phonon 

transport at low temperatures and optimal control of phonon injection angles. 
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Figure 1.1 Experimental data for thermal conductivity of bulk Si, Si thin films, and Si nanoporous 
structures vs. the critical dimension of the structure. The classical model based on phonon particle 
effect is not able to capture complex multi-dimensional phonon-boundary scattering phenomena in 
such complicated structures. The presence of multiple geometrical parameters complicates the 
understanding of key mechanisms that are primarily responsible for the thermal conductivity 
reduction. The potential phonon coherence effect cast doubt onto the applicability of the phonon 
particle-based model to explain the thermal transport in Si nanoporous structures when the pitch 
goes sub-100 nm above the cryogenic temperature. 

 

 

1.2 Phonon Transport for Novel Phononic Wave Control 

 
        The discovery of the topological states of matters is one of the most important highlights in 

the development of condensed matter physics [31,32]. The enriched physics underlying the 

electronic topological states, such as Quantum Hall Effect [33], Quantum Spin Hall effect, Valley 

Hall effect, have opened new opportunities for fundamental research and practical applications 

including topological quantum computing. The robust edge states that are immune to the 

backscattering due to the bulk-boundary correspondence [34,35] may benefit applications in low-
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power electronics and spintronics. Since first discovered in electron gases, the Quantum Hall effect 

was demonstrated in graphene [36,37], and then carried over to photonic systems [38–40]. Time-

reversal symmetry can be broken by a static magnetic field for both electrons and photons due to 

their spin nature [41]. The difference is that electrons are charged whereas photons are electrically 

neutral; breaking time-reversal symmetry in photonic systems is done by constructing both static 

and time-harmonic couplings that stimulate the electron’s behavior in a uniform magnetic field 

[40]. The phononic analog of the Quantum Hall effect is indeed challenging as phonons are charge-

neutral (magnetic inert) [41]. Early attempts to mimicking the Quantum Hall effect in phononic 

systems, such as acoustic systems, involved constructing sound vorticity [42], using resonators 

[43], and circulating fluids [44–47]. Though at first sight, these approaches are intuitively obvious 

according to the underpinning mechanism, their practical implementation is difficult due to the 

requirement of high rotating speed which inevitably leads to nonlinear and viscous effects. For 

mechanical systems, available mechanically rotating components including gyroscopes or direct-

current motors can be easily incorporated [48]; another mechanism that is based on centrifugal 

forces in spring-coupled mass systems has also be explored [49]. Though effective, these 

components are bulky and may not be applicable for systems where only constrained space is 

allowed. As an alternative way to introduce spin-like states, by emulating the Quantum Spin Hall 

effect in electronic systems due to strong spin-orbit coupling [50–52], the pseudospin scheme has 

been successfully demonstrated in phononic systems [53,54] to mimic the Kramers pair intrinsic 

for electrons but lacking for phonons. One study [54] used a metallic rod-air configuration and 

demonstrated the pseudospin states induced by the hybridization of a pair of acoustic vortices 

carrying opposite orbital angular momenta. The two pseudospins support the acoustic flux flowing 

along the interface between the two topologically distinct phononic crystals and the propagation 
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of acoustic waves is backscattering-immune. A different scheme based on the zone-folding effect 

has also be developed and demonstrated for phononic topological insulators [55–65]. This effect 

maps the Dirac cone located at the Brillouin zone corners K and K’ points back to the Brillouin 

zone center, and thus form a double Dirac cone with dipole and quadruple modes. These modes 

then hybridize to form vortex states, emulating the Kramers degeneracy. The topological phase 

transition is done by tuning the geometrical parameters that break the symmetry [55]. For elastic 

waves, extra considerations on their polarization are required for realizing pseudospin states as 

these polarizations can mix in most solid materials; other than this, the slow wave speed and high 

density of states poses challenges as well [64]. Detailed understanding and systematic investigation 

of realizing topological edge states for elastic waves of longitudinal, transverse, or both are needed, 

especially in miniaturized platforms, such as nanoscale, where the on-chip applications requiring 

the integration to modern electronics and quantum computing systems can be made possible. My 

research has developed a novel six-petal holey structure using Si, which is one of the most matured 

Complementary-Metal-Oxide-Semiconductor-compatible materials, and numerically demonstrate 

the realization of phononic topological insulators that support backscattering-immune propagation 

of elastic waves in both in- and out-of-plane directions. The work provides insights into the 

relationship between geometries and topological properties. The robustness and unique 

unidirectional propagation capability of the design may benefit potential applications such as 

advanced lossless waveguiding and phononic computing. 
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1.3 Photon Transport in Nanoporous Structures and Radiative Cooling 

 
        Finding a cost-effective and eco-friendly alternative to the widely-used electricity-driven 

cooling methods for human-made structures [66–69], such as buildings, have received great 

attention in recent years due to the aggressive urbanization in response to the population growth  

[66]. Radiative cooling coatings, that efficiently reflects solar irradiation [70] in the wavelength 

range of 0.4 to 2.4 µm and emits in the mid-infrared wavelength [71] between 8 to 13 µm, can be 

a promising candidate thanks to its passive nature that requires no energy consumption and low 

impact to the ecosystem by incorporating environmental-friendly materials [66]. The experimental 

demonstration of radiative cooling based on Si or SiO2-based layered structures [72], dielectric 

pigments-embedded paints [73,74] and polymer-particle composites [75–77] with metal mirrors 

are abundant in the literature. However, they face challenges either due to the cost [76] and 

complicated processing or undesired heating due to limitations of the intrinsic material properties 

of their constituents. Novel solutions have overcome these challenges by developing close-packed 

silica microsphere [78] and nanoporous structures, such as glass bubbles [66] and porous polymers 

[67], which enable simple fabrication and scaling up. Hierarchical coatings [67], in which scatters 

of contrasting sizes are combined in a random media, have shown effective optical scattering 

across the solar wavelength due to the blended optical response of building blocks of varying sizes 

[79].  Though, ultrahigh solar reflectivity over 92% has been achieved by varying-diameter glass 

bubble composites [66] and porous P(VdF-HFP) [67]. Understanding of photon transport in such 

systems and driving mechanisms relevant to the optical properties remains relatively unclear. The 

study focusing on the investigation of photon transport in hollow microspheres with varying 

diameters has only received limited attention, which is in sharp contrast to their success in 

achieving effective radiative cooling. Systematic investigations into the effects of the diameter 
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variation and relevant geometrical parameters are vital for guiding future optimal designs of 

hollow microsphere composites and hierarchical materials for thermal and optical management 

systems. My research has used Mie theory and finite-difference time-domain simulations and 

showed the geometrical parameters of SiO2 and TiO2 microspheres that lead to high solar 

reflectivity, identify the driving mechanisms for the optical property, and discuss the effects of 

varying diameter. 

1.4 Outline of Doctoral Research 

 
        Chapter 2 presents the thermal conductivity calculation based on the Monte Carlo ray tracing 

technique and identifies the key mechanisms of multi-dimensional phonon boundary scattering 

phenomena in symmetric and asymmetric Si nanoporous structures with varying pore shapes and 

identical porosities, varying pore alignments, and varying pore size distributions. Chapter 3 

investigates the possibilities of realizing thermal rectification based on asymmetric Si nanoporous 

structures using the ray tracing simulation and presents the optimal design and strategy for 

maximizing thermal rectification ratio with fully diffuse pore surface boundaries. Chapter 4 

presents a novel six-petal holey Si nanoporous structure for achieving phononic topological 

insulators using finite-element simulations and performs a detailed analysis of the relationship 

between the geometry and topological properties. Chapter 5 shows the Mie theory and finite-

difference time-domain simulation results for achieving a high solar reflectivity driven by the 

photon transport in hollow microsphere composites of varying shell thicknesses and materials 

when the diameter is uniform and varying. Chapter 6 offers concluding remarks on the phonon 

and photon transport in nanoporous structures for controlled thermal transport and opportunities 

for future research advancements. 
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CHAPTER 2: INVESTIGATION OF THERMAL CONDUCTION IN 
SYMMETRIC AND ASYMMETRIC NANOPOROUS STRUCTURES 

 
        Nanoporous structures with a critical dimension comparable or smaller than the phonon mean 

free path have demonstrated significant thermal conductivity reduction and are attractive for 

thermoelectric applications, but the presence of various geometric parameters complicates the 

understanding of governing mechanisms. Here we use a ray tracing technique to investigate 

phonon boundary scattering phenomena in Si nanoporous structures of varying pore shapes, pore 

alignments, and pore size distributions, and identify mechanisms that are primarily responsible for 

thermal conductivity reductions. Our simulation results show that the neck size, or the smallest 

distance between the nearest pores, is the key to understanding nanoporous structures of varying 

pore shapes and the same porosities. When the neck size and porosity are both identical, 

asymmetric pore shapes provide a lower thermal conductivity compared with symmetric pore 

shapes, due to localized heat fluxes. For symmetric nanopore structures, hexagonal-lattice pores 

achieve larger thermal conductivity reduction than square-lattice pores due to the limited line-of-

sight for phonons. We also show that nanoporous structures of alternating pore size distribution 

from large to small pores yield a lower thermal conductivity compared with those of uniform pore 

size distributions in the given porosity.  

2.1 Introduction 
 
        Si nanoporous structures [7,9–14,25,27,80] have demonstrated significant thermal 

conductivity reductions beyond the predictions of classical models [3,81–83]. While the 

possibilities of selectively scattering phonons and reducing the thermal conductivity without 

sacrificing electrical properties are promising for thermoelectric applications, theoretical 

interpretations of thermal transport mechanisms in nanoporous structures are challenging. One of 

the major challenges in understanding thermal transport in nanoporous structures is in modeling 
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the phonon mean free path for multi-dimensional geometries or nanostructures with rough 

boundaries [84] or intersecting channels [83] that induce complex boundary scattering. Though 

having shown successes in capturing thermal transport and explaining size dependencies in simple 

nanostructures [6,86] simple boundary scattering models using constant mean free path values 

without Monte Carlo [85,87] or ray tracing treatment may not be appropriate for studying 

nanoporous structures. Detailed information about phonon trajectories for varying pore shapes and 

alignments is necessary to explain important thermal transport mechanisms. Ray tracing technique 

[7,86,87] can track a transport path of individual phonons, fully accounting for complex phonon 

boundary interactions in nanoporous structures. A recent study of Si nanomeshes [7] presented a 

good agreement between the thermal conductivity predicted by using the ray tracing technique and 

experimental investigations and validated that particle-based BTE models can successfully capture 

thermal transport phenomena in Si nanostructures when the artificial periodicity is larger than 100 

nm and when the temperature is above 14 K. Various physical mechanisms have been proposed to 

explain thermal conductivity reductions in nanoporous structures such as phonon coherence and 

wave-related effects [10,24,25,27], phonon backscattering and multiple boundary scattering 

[84,88], increased defect concentration [89], and native oxide effects [20]. While the thermal 

transport studies have mostly explored the size effects in nanoporous structures, the impacts of 

nanopore shape, alignment, and distribution on phonon boundary scattering have received 

relatively little attention. Hao et al. presented a modified phonon mean free path to replace the 

time-consuming Monte-Carlo (MC) simulation by comparing the latter with the kinetic theory and 

demonstrated good applicability in circular and squared nanopores [90,91]. A weak pore shape 

dependency was found in their observations, motivating a more comprehensive inspection 

comparing other pore shapes.  Accordingly, Romano and Grossman solved the mean-free-path-
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BTE to study thermal transport dependence on pore shapes (squared, circular, and triangular) and 

alignments (squared and staggered) when porosity remains the same [92]. They attributed thermal 

conductivity disparity between different pores to the dissimilar neck size. However, the precise 

understanding of thermal conductivity reduction mechanisms in nanoporous structures is missing 

due to the lack of studies controlling the neck size and the porosity at the same time. It is also 

important to study the effect of temperature on Si nanoporous structures due to their increasing 

relevance to high-temperature thermoelectric generators and low-temperature cooling systems. 

Wang et al. used the 3ω technique and the Debye model assuming a frequency-dependent grain 

boundary scattering to explain the temperature-dependent thermal conductivity of polycrystalline 

materials from 16 to 310 K [93].  Romano et al. solved the mean free path-dependent BTE to show 

the temperature-dependent thermal conductivity of Si nanoporous structures with the periodicity 

of 10 nm from 100 K to 300 K [94]. However, investigations of a wider temperature range, which 

are relevant to both fundamental understanding and technological aspects of thermoelectric 

systems, are still needed. In this study, we use a ray tracing technique as investigation tool and 

systematically identify thermal transport mechanisms in nanoporous structures of various pore 

shapes, neck sizes, pore alignments, and pore size distributions over a wide temperature range and 

provide design guidelines to induce thermal rectification and maximize thermal conductivity 

reductions for the fixed porosity in artificially engineered nanoporous structures.   

2.2 Methodology 
 
        We use the Landauer formalism [95,96] to compute the thermal conductivity by correlating 

the thermal conductance 𝐺𝐺 with the phonon transmission function 𝒯𝒯(𝛺𝛺,ω) as 

𝐺𝐺 =
𝐴𝐴
4
�𝐶𝐶𝑣𝑣〈𝒯𝒯〉𝑣𝑣𝑔𝑔𝑑𝑑𝑑𝑑, (1) 
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where 𝐴𝐴 is the cross-sectional area, 𝐶𝐶𝑣𝑣  is the volumetric heat capacity, 𝛺𝛺 is the solid angle, 𝑑𝑑 is the 

angular frequency, and 𝑣𝑣𝑔𝑔 is the phonon group velocity. We obtain an averaged transmission 

coefficient 〈𝒯𝒯〉 = ∫ ∫ 𝜏𝜏(𝜃𝜃,𝜙𝜙,𝐴𝐴) cos 𝜃𝜃 sin𝜃𝜃𝑑𝑑𝜃𝜃𝑑𝑑𝜙𝜙𝑑𝑑𝐴𝐴/𝜋𝜋𝐴𝐴π/2
0

2𝜋𝜋
0

 using ray tracing simulations with 

Monte-Carlo integration, where 𝜃𝜃 denotes the polar angle, and 𝜙𝜙 is the azimuthal angle. 

        The thermal conductivity 𝑘𝑘 is related to the thermal conductance G in intrinsic materials by 

𝑘𝑘 = 𝐺𝐺𝐺𝐺
𝐿𝐿

, where L is the length. However, to account for a conductance reduction due to material 

removal caused by the patterned nanopores, the above formula needs to be modified by a porosity 

correction factor f as  

𝑘𝑘 = 𝐺𝐺𝐿𝐿
𝑓𝑓𝐺𝐺

. (2) 

        For squared and circular pores, f can be approximated using the classical relation 1−𝜙𝜙
1+𝜙𝜙

[92,97] 

whereas for other shapes we perform a series of numerical simulations using finite-element-

methods and correlate f with ϕ by polynomial fitting [7]. These correction factors are detailed in 

TABLE 2.1.  

        The thermal conductivity is calculated by using the kinetic theory as [98] 

𝑘𝑘 =
1
3
�𝐶𝐶𝑣𝑣𝑣𝑣𝑔𝑔𝛬𝛬𝑑𝑑𝑑𝑑 (3) 

where 𝛬𝛬 is the phonon mean free path and 𝑑𝑑 is the phonon frequency. We use the full phonon 

dispersion relations by taking quadratic fits of each phonon dispersion branch in bulk Si obtained 

from neutron scattering data,[99,100] which derives Eq. (4) considering Eq. (3) as 

𝑘𝑘 = 1
6𝜋𝜋2

∑ ∫𝐶𝐶𝑣𝑣(𝑑𝑑,𝑛𝑛)𝑣𝑣𝑔𝑔2(𝑑𝑑, 𝑛𝑛)𝜏𝜏(𝑑𝑑, 𝑛𝑛)𝐷𝐷(𝑑𝑑,𝑛𝑛)𝑑𝑑𝑑𝑑𝑛𝑛 , (4) 
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where 𝐷𝐷(𝑑𝑑,𝑛𝑛) is the phonon density of states and 𝑛𝑛 is the phonon mode. As suggested by previous 

works of Si nanostructures [101–106], especially the recent study of Si nanomeshes [7] with 

comparable dimensions, the optical branches contribute negligibly to thermal conductivities. 

Hence, in this work, we only consider the longitudinal acoustic (LA) branch and two transverse 

acoustic (TA) branches. The quadratic fits approximating the phonon dispersion relation can be 

expressed as 𝑑𝑑𝑞𝑞 = 𝑑𝑑0 + 𝑣𝑣𝑠𝑠𝑞𝑞 + 𝑐𝑐𝑞𝑞2 [99,100] where 𝑑𝑑𝑞𝑞 and q denote the phonon frequency and 

the phonon wavevector, respectively.  For the LA and TA branches, the fitting coefficients are 

𝑑𝑑0,𝐿𝐿𝐺𝐺 = 𝑑𝑑0,𝑇𝑇𝐺𝐺 = 0 𝑟𝑟𝑟𝑟𝑟𝑟
𝑠𝑠

, 𝑣𝑣𝑠𝑠,𝐿𝐿𝐺𝐺 = 9010 𝑚𝑚
𝑠𝑠

, 𝑣𝑣𝑠𝑠,𝑇𝑇𝐺𝐺 = 5230 𝑚𝑚
𝑠𝑠

, 𝑐𝑐𝐿𝐿𝐺𝐺 = −2 × 10−7 𝑚𝑚
2

𝑠𝑠
, and 𝑐𝑐𝑇𝑇𝐺𝐺 =

−2.26 × 10−7 𝑚𝑚
2

𝑠𝑠
 [99,100]. The group velocities are determined by explicitly expressing 𝑣𝑣𝑔𝑔 as 𝑟𝑟𝑑𝑑

𝑟𝑟𝑑𝑑
 

which can be readily obtained from the above quadratic fits [107,108]. Different phonon scattering 

mechanisms are combined via Matthiessen’s rule under relaxation time approximation, in which 

𝜏𝜏−1 = 𝜏𝜏𝑏𝑏−1 + 𝜏𝜏𝑈𝑈−1 + 𝜏𝜏𝑖𝑖𝑚𝑚𝑖𝑖−1 , where the subscripts denote phonon-boundary, -Umklapp, and -impurity 

scattering, respectively. We use the expressions of relaxation time detailed in the previous study 

[7] to compute Umklapp and impurity scatterings, which are 𝜏𝜏𝑈𝑈−1 = 𝑃𝑃𝑑𝑑2𝑇𝑇exp �− 𝐶𝐶𝑈𝑈
𝑇𝑇
� and 𝜏𝜏𝑖𝑖𝑚𝑚𝑖𝑖−1 =

𝐶𝐶𝐼𝐼𝑑𝑑4, where 𝑃𝑃 = 1.53 × 10−19 s
K

, 𝐶𝐶𝑈𝑈 = 144 K, and 𝐶𝐶𝐼𝐼 = 2.54 × 10−44 s3. Detailed derivation of 

the modeling of the thermal conductivity k can be found in Appendices 1. 

        The phonon coherence and wave effects are neglected in our simulations because the 

geometries of interest in this study are much larger than the length scale where phonon wave-

interference may become significant [7,85]. The validity of combining ray tracing boundary 

scattering with frequency-dependent intrinsic scattering when predicting the thermal conductivity 

[7,109,110] is first assessed and the details can be found in the supplementary material. Hence, the 

mean free path for phonon boundary scattering 𝛬𝛬𝑏𝑏 is determined by comparing Eq. (1) and Eq. (3). 



 

14 
 

We follow the previous work [7] and calculate 𝛬𝛬𝑏𝑏  at the long-length limit where it saturates to the 

diffuse limit. 

Λ𝑏𝑏 =
3𝐿𝐿〈𝒯𝒯〉

4𝑓𝑓
 (5) 

        There has been debate over using 2D or 3D ray tracing; the former significantly reduces 

computational load while the latter reflects more precisely the phonon transport in 3D nanoporous 

structures [111]. In this work, we choose the 2D ray tracing since we are interested in thermal 

transport in laterally confined systems, where boundary scattering phenomena on the top/bottom 

surface boundaries are not very relevant. We select a unit cell based on which the entire geometry 

can be recovered by translational and mirror symmetry. For top and bottom boundaries, we impose 

specular boundary conditions, while for left and right boundaries, we impose periodic boundary 

conditions allowing exit and re-entrance of the phonon. We conduct ray tracing assuming mode-

independent phonon boundary scattering which has been well validated in the previous studies 

[7,112]. If the surface is fully specular, a phonon will undergo specular reflection, whereas, for the 

rough surface, phonon direction is fully randomized after each diffuse scattering. The good 

agreement of calculation with experimental data for Si nanowires [113,114] validated the fully 

diffuse approximation. In each simulation, we launch at least 5 × 105 total phonons to ensure the 

fluctuation of the calculated phonon transmission coefficient is within 5‰. The detailed procedure 

of our ray tracing simulations can be found elsewhere [7]. 

        We have successfully validated our ray tracing simulation and thermal conductivity model 

against previous works of Si nanomeshes [7,85] and bulk Si [81]. The details are presented in 

section 2.3. 

2.3 Validation of Ray Tracing Technique 
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        We first validate our BTE model against the previously reported experimental data of bulk Si 

[81]. We use the same phonon scattering parameters reported in the literature [7] and a good 

agreement between the calculation results and experimental data can be found,  as seen in Figure 

2.1(a). This demonstrates that the model we develop to compute the thermal conductivity in this 

work is valid. 

        We also validate our ray tracing code by reproducing a previous work of Si nanomeshes [85]. 

The nanomeshes have a neck size of 23 nm, periodicity in the direction of heat flow of 34 nm, and 

a thickness of 22 nm. To have a fair comparison, we apply the same phonon dispersion relation 

and phonon scattering rates for Umklapp and phonon-impurity scatterings. We calculate the 

temperature-dependent thermal conductivity of Si nanomeshes using our ray tracing algorithm and 

thermal conductivity model, the results agree well with those predicted by reducing variance 

Monte-Carlo method, as seen in Figure 2.1(b). This indicates that our ray tracing algorithm can 

successfully capture the thermal transport in complex Si nanoporous structures. 

        When modeling the thermal rectification, we assume ballistic phonon transport which 

requires phonon mean free path to be comparable or larger than the critical dimension of the 

nanostructure. This requirement may be violated when the rectifiers involve large base angle 

triangles (e.g., 85 º - 80 º design presented in section 3.2) allowing longer distance for phonons to 

travel before reaching any of the surrounding pore interfaces. In this case, for thermal conductivity 

or conductance to be calculated, we use relaxation time approximation, where Matthiessen’s rule 

is needed to compute the effective phonon mean free path due to different scattering mechanisms. 

Although all simulation results in the following sections only consider boundary scattering, which 

is the dominant scattering mechanism at low temperatures, we validate that the phonon effective 

phonon mean free path predicted by ray tracing considering only boundary scattering is compatible 
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with explicitly including both boundary and Umklapp scatterings in the ray tracing simulations. 

The Umklapp scattering is incorporated by randomly drawing a phonon free path associated with 

each scattering event by the equation −Λ𝑈𝑈ln(𝜁𝜁), where 𝜁𝜁 is a random number between 0 and 1. 

We simulate three designs with base angles being: 60º - 30º, 75º - 60º, and 85º - 80º. The value of 

Λ Λ𝐵𝐵⁄  is computed for Λ𝑈𝑈 Λ𝐵𝐵⁄  ranging from 0.01 to 10, which covers ballistic to diffusive phonon 

transport regimes, by ray tracing (points) and by Matthiessen’s rule (dashed line). The good 

agreement between data points and the dashed curve as seen in Figure 2.1(c) proves that combining 

ray tracing with Matthiessen’s rule is valid. Figure 2.1(d) illustrates representative phonon 

trajectories when the phonon is undergoing ballistic, quasi-ballistic, and diffusive transport. 

        Finally, we also compare our ray tracing results with a recent study of Si nanomeshes [7]. 

The comparisons between reproduced and reported backscattering fraction, thermal conductance 

ratio, and long length limit diffuse boundary scattering mean free path are shown in Figure 2.2 We 

use the same phonon dispersion relation and scattering rates and our results agree very well with 

theirs. The small discrepancies can be attributed to statistical uncertainties. 

        In TABLE 2.1, we summarize the pore-shape-dependent porosity correction factor calculated 

by FEM simulations. These results are developed for the porosity of 25%, matching up with the 

porosity set throughout all the ray tracing simulations. 
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Figure 2.1 (a) The thermal conductivity of bulk Si calculated by our thermal conductivity model as 
compared with the experimental data [81]. The good agreement indicates the validity of our model. 
(b) Thermal conductivities calculated by using the variance-reduced Monte-Carlo simulation [85] 
and ray tracing simulation for Si nanoporous structures with squared and circular pores of aligned 
distributions. The periodicity is 34 nm, the neck size is 23 nm, and the thickness is 22 nm. We find 
a good agreement between thermal conductivities predicted by both methods, validating our ray 
tracing simulations. (c) The ratio of total phonon mean free path to boundary scattering mean free 
path determined by combining the ray tracing simulation and the Matthiessen’s rule is compared 
with that including boundary scattering and intrinsic scattering in ray tracing simultaneously. The 
good agreement between the curve and points demonstrated that combining ray tracing boundary 
scattering with frequency-dependent intrinsic scattering via Matthiessen’s rule is valid. (d) 
Schematics showing the representative phonon paths for ballistic, quasi-ballistic, and diffusive 
phonon transport regimes. 
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Figure 2.2 The reproduction of a recent work of Si nanomeshes [7]. (a)Thermal conductance ratio, 
(b) Phonon boundary scattering mean free path, (3) Phonon backscattering fraction, and (4) 
Thermal conductivity ratio. The three-dimensional nanomeshes have a neck size of 45 nm, a 
thickness of 60 nm, a y-pitch of 100 nm, and a varying x-pitch with an aspect ratio ranging from 
0.5 to 10. The good agreement between the reproduced results and the results from the previous 
study validates both our ray tracing simulation and thermal conductivity model. 

 

 

Table 2.1. Porosity correction factors f(ϕ) for each nanopore shape determined by ANSYSTM  [115]. 
The values are for porosity equals 25%, corresponding to the porosity used in ray tracing 
simulations. 

Pore Shape f (ϕ = 25%) 

Circular 0.623 
Hexagonal 0.554 

Squared 0.577 
Diamond 0.582 
Triangular 0.543 
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2.4 Asymmetric Nanoporous Structures in Reducing Thermal   Conductivity 
 
        In this section, we discuss transport mechanisms in Si nanoporous structures of varying pore 

shapes. We simulate squared, circular, triangular, hexagonal, and diamond pores with aligned 

distributions of the periodicity of 1 µm when the porosity is kept constant at 25%. We take all pore 

interfaces to be fully diffuse, which may underestimate the pore-shape-dependence, giving a lower 

bound of the thermal conductivity reduction. Experimentally, the specularity coefficient of the 

pore interface will depend on the surface quality during the fabrication process. Figure 2.3(a) 

shows the thermal conductivity predicted from 10 K to 1000 K, with a zoom-in box focusing 

around room temperature in the inset. While the neck size of porous structures is generally defined 

as the pitch (p) minus the diameter (d), i.e. n = p – d [7,11–13] we are using the equivalent neck 

size for pores of varying shapes, which is still the smallest distance between nearest pores. The 

neck size defines the smallest phonon transport channel size in the direction of heat flow and is 

the key parameter in describing the thermal conductivity of nanoporous structures of varying pore 

shapes when the porosity is kept the same (Figure 2.3(a)). As expected, the thermal conductivity 

decreases as the neck size becomes smaller. Remarkably at 300 K, compared with bulk Si, we see 

thermal conductivity reductions between 25% and 50 %, depending on the pore shape. These 

results are consistent with recent studies in the literature [116] describing the phonon bottleneck 

effect and explaining thermal conductivity reductions by aligned and disordered circular pores. 

The effect of pore shape reduces with increasing temperatures because the Umklapp scattering 

starts to dominate, leading to diffusive phonon transport, as seen in Figure 2.3(c). Notice that even 

though the diamond and triangular pores have the same neck size, the triangular pores present a 

greater thermal conductivity reduction, which indicates that the neck size is not the sole mechanism 

driving the thermal conductivity reduction. We attribute the greater reduction when having 
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triangular pores to the increased heat flux localization. We solve the heat conduction equation for 

the heat flux distribution, 𝒒𝒒" = −𝑘𝑘∇𝑇𝑇, by using finite-element-analysis method. As shown in 

Figure 2.3(b), the heat flux becomes extremely localized at the tip of triangular pores, hindering 

phonon transport; whereas such effect is less significant at the diamond pore tips. Hence, both neck 

size and pore shape play key roles in the thermal conductivity reduction in Si nanoporous 

structures.  

        While the precise calculation of 𝛬𝛬𝑏𝑏 from Monte-Carlo ray tracing simulations enables the 

thermal conductivity predictions presented above, we can also estimate 𝛬𝛬𝑏𝑏 following the idea of 

mean beam length (MBL). It is a geometric parameter widely used in radiation studies and has 

recently been employed to evaluate the thermal transport in nanoporous structures [90,91]. In 2D 

nanoporous structures, MBL is defined as 𝐶𝐶 𝐺𝐺
𝑖𝑖
, where A is the surface-area of the unit cell excluding 

the pores, p is the pore perimeter, and C is a fitting parameter extracted from ray tracing 

simulations. If we compute the MBL for each pore shape without including fitting parameter we 

will obtain 423 nm, 375 nm, 403 nm, 328 nm, and 375 nm, respectively for circular, squared, 

hexagonal, triangular, and diamonds nanopores. Notice that these values can capture the neck size 

dependence, but not the shape dependence. By comparing them with 𝛬𝛬𝑏𝑏 extracted from the ray 

tracing method, we obtain the fitting parameter C for the above pore shapes as 3.8, 4.5, 3.5, 2.5, 

and 3.1. The value of 3.8 for circular pores agrees well with that of 3.4 found in the previous work 

[91]. Notice that MBL can work as a metric for comparing thermal transport in nanoporous 

structures with varying pore shapes, yet it requires comparison with ray tracing simulations to 

reflect the shape-dependency. Hence, despite the computational cost which can be reduced by 

program optimization, the Monte-Carlo ray tracing simulation is more accurate in modeling 

phonon transport due to its unique capability of precisely tracking individual particle trajectories, 
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which becomes especially imperative for studying thermal transport in complex nanoporous 

structures. 
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Figure 2.3 Thermal transport in Si nanoporous structures of varying pore shapes. (a) Temperature-
dependent thermal conductivity based on the calculations of Si nanoporous structures of pore 
shapes including squared, circular, hexagonal, diamond, and triangular from 10 K to 1000 K. The 
phonon boundary scattering mean free path is extracted from the ray tracing simulation and 
combined with other scattering mechanisms via Matthiessen’s rule; the inset shows the data from 
270 K to 330 K. The porosity is fixed at 25% and the periodicity is fixed at 1 µm, resulting in 
different neck sizes in nanoporous structures with different pore shapes. Notice that smaller neck 
size translates into greater thermal conductivity reductions. The temperature trend responds to the 
scattering mechanisms that dominate at different temperatures. (b) Finite-element-methods 
simulations of the heat flux distribution in diamond and triangular nanopores with the same neck 
size. The necks between adjacent rows of triangular pores present localized heat fluxes that are 
leading to a further reduction in the thermal conductivity. (c) Phonon mean free path as a function 
of frequency for the Si nanoporous structure with squared pores of aligned distribution at 10 K, 100 
K, 300 K, and 1000 K. We consider the phonon-boundary, -impurity, and Umklapp scattering 
mechanisms. At high temperature, Umklapp scattering starts to dominate causing reduced phonon 
mean free path even at low frequencies, whereas at low temperature, phonon boundary scattering 
dominates and phonon mean free path plateaus at low frequencies. 

 

2.5 Squared-lattice Pore Alignment vs. Hexagonal-lattice Pore Alignment 

        In this section, we investigate the effect of pore alignment by comparing squared-lattice 

aligned) to the hexagonal lattice (staggered) pore designs. Previous experimental work [14] of Si 

mesoporous structures showed similar thermal conductivities between aligned and staggered pore 

alignments at room temperature, but a recent study on 1D Si phononic crystals demonstrated 

nonnegligible differences between squared and triangular pore alignments at 4 K and room 

temperature [80]. In particular, the rotational symmetry between squared and diamond pores 

eliminates the pore shape dependence making them suitable for the pore alignment study. 

Changing the pore alignment from aligned to staggered, the neck size between squared pores 

reduces from 500 to 293 nm while that between diamond pores increases from 293 to 500 nm. For 

staggered pores, the neck size is defined as the smallest distance between the nearest pores 

perpendicular to the local heat flow direction, which is assumed diagonal to the global heat flow 

direction. For staggered diamond pores and aligned squared pores of the same neck size at 500 

nm, the thermal conductivities are nearly identical (Figure 2.4(a)). Again, for aligned diamond 
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pores and staggered squared pores of the same neck size at 293 nm, the thermal conductivities are 

nearly identical (Figure 2.4(a)). These results show that the neck size is the key parameter in 

understanding thermal transport in nanoporous structures.  

        We further study circular nanoporous structures of squared-lattice and hexagonal-lattice pore 

alignments when having the same neck size varying from 100 to 800 nm and a fixed periodicity 

of 1 µm (see Table 2.2 for detailed dimensions). For circular pores, we define the neck size (n) as 

the smallest distance between nearest pores given by the pitch (p) minus the diameter (d), i.e., n = 

p – d, which is consistent with previous studies regarding nanoporous Si films of circular pores 

[7,11–13]. Results in Figure 2.4(b) show that the pore alignment greatly affects the thermal 

transport, especially at low temperatures where boundary scattering dominates. Particularly, the 

hexagonal-lattice pore alignment is more effective in reducing the thermal conductivity, which we 

attribute to the blocking of free paths in the direction of the heat flow. Recent work has utilized 

the line of sight (LOS) to interpret phonon propagation in nanobeam with slits [117]. The LOS is 

the direct path along which phonons can propagate from the heat source to the heat sink. 

Comparing the squared-lattice to the hexagonal-lattice pore alignment, the latter blocks the LOS 

paths between adjacent rows of pores, especially as the porosity goes higher. Shorter LOS leads to 

the shortened phonon mean free path, which effectively reduces the thermal conductivity. The 

thermal conductivity difference between two alignments becomes more evident for higher porosity 

structures. These results are consistent with recent studies in the literature [118], in which the low 

thermal conductivity of hexagonal lattice pores is attributed to the blocking of phonon pathways. 

In the inset of Figure 2.4(b), we show that at 300 K, in the limit of large neck sizes, boundary 

scattering is negligible as compared with Umklapp scattering as both thermal conductivities 

converge; in the limit of small neck sizes, boundary scattering becomes much more important and 
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results in different thermal conductivities. Moreover we notice that at 300 K, even with only 

around 3% porosity, nanoporous patterns can lead to a 30% lower thermal conductivity than bulk 

Si handbook value. These results highlight the importance of optimizing pore alignments in 

nanoporous structures for better thermoelectric performances. 

Table 2.2 Dimensions of circular nanoporous structures of squared-lattice and hexagonal-lattice 
pore alignments. 

Alignment Neck Size n (nm) Diameter D (nm) Porosity ϕ 
Squared-lattice 800 200 0.031 

 200 800 0.503 
Hexagonal-lattice 800 200 0.036 

 200 800 0.580 
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Figure 2.4 The effect of pore alignment on the thermal conductivity. (a) Thermal conductivities of 
nanoporous structures with squared and diamond pores of aligned and staggered pore alignments. 
The results show stronger neck-size dependency than pore shape and alignment dependencies, 
giving lower thermal conductivities when the neck size is 293 nm. (b) Thermal conductivities of 
circular nanoporous structures of the squared-lattice and hexagonal-lattice pore alignments with 
similar porosities. Both pore alignments have the same periodicity of 1 µm. The pore diameter and 
the neck size are kept the same when comparing. An evident disparity between thermal 
conductivities is observed in the low-temperature regime where ballistic phonon transport plays a 
key role. The impact of varying the pore alignment is stronger at higher porosities where the neck 
size becomes smaller. 
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2.6 Alternating Pore Size Distributions vs. Uniform Pore Size Distributions 
        Section 2.5 reveals the significance of shortening LOS paths by optimizing pore alignments 

in effectively reducing the thermal conductivity. In this section, we inspect the impact of varying 

pore size distributions. Starting with aligned homogeneous circular pores, we increase the diameter 

of pores in the even columns by √2 while reducing the number of pores by half to keep the porosity 

the same. We compare alternating to uniform pore size distributions, where the former separate 

smaller and larger pores on each side while the latter alternate them column by column. We 

compute thermal conductivities for these two pore size distributions from 10 K to 1000 K with 

fully diffuse pore interfaces when the porosity is kept the same.  We study porosities of 0.1 and 

0.3 and, as seen in Figure 2.5(a), in both cases, we see that nanoporous structure of alternating 

pore size distributions is more effective in reducing thermal conductivity than those of uniform 

pore size distributions and the difference between the two becomes more distinct at higher 

porosities. We attribute this effect to the increasingly complex boundary scattering phenomena by 

alternating from large to small neck sizes and obstructed LOS for phonon propagation. We also 

present in Figure 2.5(b) the distribution of total heat fluxes obtained by FEM simulations, which 

shows greater heat localization between small pores in alternating pore size distributions that may 

constraint the phonon transport. From the LOS point of view, the uniform pore size distributions 

show longitudinal free paths while the alternating pore size distributions completely block these 

pathways. This is easily seen in Figure 2.5(b), where no connected LOS path appears in the 

alternating pore size distributions, which is indicative of a more impeded phonon propagation. 

These findings further validate the relative contributions of limiting LOS in the thermal 

conductivity reductions and more complex phonon boundary scattering due to alternating the pore 

size and the neck size. 
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Figure 2.5 The effects of pore size distributions on the thermal conductivity. (a) The thermal 
conductivity for nanoporous structures of alternating and uniform pore size distributions as a 
function of temperature for porosities of 0.1 and 0.3. The former is more effective in reducing the 
thermal conductivity due to blocked LOS and more complex phonon boundary scattering by 
alternating pore sizes and neck sizes. (b) FEM simulations of total heat flux distribution in 
nanoporous structures of alternating and uniform pore size distributions. Notice the greater heat 
flux localization between small pores when a big pore blocks the LOS of the adjacent neck. The 
shortened LOS drives phonons through more complex paths which may result in exaggerated 
phonon backscattering.  
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2.7 Conclusions 
        We use a ray tracing technique to explain phonon boundary scattering phenomena in Si 

nanoporous structures of varying pore shapes, pore alignments, and pore size distributions over a 

wide range of temperatures. We find that the neck size is the key parameter determining the 

thermal conductivity when the porosity is kept the same. However, with the same neck size and 

porosity, asymmetric pore shapes such as triangular pores will achieve lower thermal conductivity 

than symmetric pore shapes. For symmetric nanopores, a hexagonal-lattice pore alignment is more 

effective in reducing the thermal conductivity than a squared-lattice pore arrangement and 

alternating distributions of large and small pores are more effective in reducing the thermal 

conductivity than nanopores with uniform size distributions due to the limited line of sight for 

phonons and localized heat fluxes. The key factors that govern phonon boundary scattering 

identified in this work provide new insights into understanding the fundamental mechanisms of 

thermal transport in complex nanoporous structures. These findings will enable optimal designs of 

artificial nanostructures for thermoelectric energy harvesting and solid-state cooling systems. 
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CHAPTER 3: REALIZING THERMAL RECTIFICATION USING 
ASYMMETRIC NANOPOROUS STRUCTURES 

 
        Thermal rectification is a phenomenon where heat prefers flowing in one direction than 

another, which could open opportunities for directional thermal management. This work 

investigates the possibilities of realizing thermal rectification using asymmetric Si nanoporous 

structures even with surface boundaries being fully diffuse. Using the ray tracing technique 

discussed in Chapter 2, we optimize the placement of triangular pores and obtain strikingly 

different thermal conductivity in the forward and reverse direction. The optimal arrangements of 

triangular pores show a rectification up to 13 when the phonon injection angle is optimally 

controlled. The significant rectification ratio is attributed to different ballistic phonon-boundary 

scattering events induced by the geometrical asymmetry. The design principle is readily extendable 

to other materials, other than Si considered here if the phonon mean free path is larger than the 

critical distance in the designed asymmetric structures. 

3.1 Introduction 
 
        Thermal rectification is a phenomenon where heat prefers flowing in one direction than 

another, which has potential applications in directional thermal management [119–121] and 

phononic information [122]. Several mechanisms [123–133] have been studied to induce thermal 

rectification. Asymmetric pristine and defect-engineered monolayer graphene nanostructures have 

been reported experimentally to achieve thermal rectification of 10% and 26%. A thermal 

rectification ratio up to 8.3% ± 0.5% has been demonstrated experimentally using Y-junction 

carbon nanotube bundles at a temperature difference of 4 K. Recent work reported a very large 

thermal rectification up to 5 × 104% in ferromagnetic insulator-based superconducting tunnel 

junctions based on the combination of spin splitting and spin filtering, which leads to self-

amplification of the electronic heat diode effect due to breaking of the electron-hole symmetry. 
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Asymmetric nanoporous structures [130,134,135] showed the potential of realizing thermal 

rectification, but the experimental and theoretical evidence is still limited. One study found no 

significant thermal rectification in phononic crystals with Pacman-shaped holes at room 

temperature and only signature of thermal rectification at a cryogenic temperature of 4.2 K within 

the instrumental uncertainty. 

3.2 Results and Discussion 
 
        Here we demonstrate triangular nanopores can induce thermal rectification by incorporating 

a phononic collimator and assuming ballistic phonon transport at the low temperature. From the 

Landauer formalism, we model a thermal rectifier between two blackbody-like [134] reservoirs 

from which phonons are emitted. Miller et al. emphasized the importance of the phonon emission 

distortion to inducing the thermal rectification, which is fulfilled in this work by a phononic 

collimator that can manipulate the phonon injection direction [134]. Our ray tracing simulations 

construct a single unit cell with specular boundary conditions at the top and bottom surfaces and 

periodic boundary conditions at the left and right surfaces to periodically repeat itself to tile the 

entire geometry. Assuming the use of imaginary collimators [132], we fix the injection angles of 

phonons entering the unit cell when the ray tracing begins. Before the simulation terminates, a 

phonon exiting the unit cell form either left or right boundary will re-enter from the opposite 

boundary and its injection angle will depend on its previous collision event. Our thermal 

conductivity calculations use the Matthiessen’s rule to obtain the total mean free path of phonons 

in nanoporous structures, in which the mean free path limited by phonon-boundary scattering is 

obtained through ray tracing simulations and the mean free path limited by Umklapp and phonon-

impurity scattering are obtained by 𝛬𝛬𝑖𝑖𝑚𝑚𝑖𝑖(𝑑𝑑) = 𝑣𝑣𝑔𝑔(𝑑𝑑)𝜏𝜏𝑖𝑖𝑚𝑚𝑖𝑖(𝑑𝑑) and 𝛬𝛬𝑈𝑈(𝑑𝑑) = 𝑣𝑣𝑔𝑔(𝑑𝑑)𝜏𝜏𝑈𝑈(𝑑𝑑), where 

𝑣𝑣𝑔𝑔 is the phonon group velocity, 𝜏𝜏𝑖𝑖𝑚𝑚𝑖𝑖(𝑑𝑑) and 𝜏𝜏𝑈𝑈(𝑑𝑑) are relaxation times detailed in Chapter 2. 
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We define the rectification ratio as 𝑅𝑅 = 𝑑𝑑𝑓𝑓𝑓𝑓𝑓𝑓−𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟
𝑑𝑑𝑟𝑟𝑟𝑟𝑟𝑟

, where 𝑘𝑘𝑓𝑓𝑓𝑓𝑟𝑟  and 𝑘𝑘𝑟𝑟𝑟𝑟𝑣𝑣  denote thermal 

conductivities in the forward (hot to cold) and reverse directions; hence, we need to enhance 𝑘𝑘𝑓𝑓𝑓𝑓𝑟𝑟 

while limiting 𝑘𝑘𝑟𝑟𝑟𝑟𝑣𝑣. As shown in Fig. 3.1.1, we place isosceles triangle with a base length of 80 

nm and base angles θ1 (θ1-triangles) and θ2 (θ2-triangles) in adjacent columns. We set the base 

sides of the triangles to be fully diffuse (𝑝𝑝𝐵𝐵 = 0), which corresponds to the worst case-scenario 

thermal rectification because it increases the phonon transmission in the reverse direction (𝒯𝒯𝑟𝑟𝑟𝑟𝑣𝑣) 

even though no gap exists between adjacent rows. Notice that if we set the legs of the triangles as 

specular (𝑝𝑝𝐿𝐿 = 1), a staggered pore alignment with 𝜃𝜃2 = 2𝜃𝜃1 −
𝜋𝜋
2
 and 𝑔𝑔𝐿𝐿 = 𝐵𝐵

2
tan𝜃𝜃2 will enhance 

the phonon transmission in the forward direction (𝒯𝒯𝑓𝑓𝑓𝑓𝑟𝑟) by letting phonon reflected by θ1-triangles 

pass through the spaces between θ2-triangles without touching them. Ballistic phonon transport 

will not be violated because the average phonon mean free path is larger than distances between 

neighboring triangles. To find an optimal design, we examine the thermal rectification when the 

phonons are injected in the direction of the heat flow (90°) in the nanoporous structure at 100 K 

by fixing 𝜃𝜃1 = 60° and varying 𝜃𝜃2. Fig. 3(b) shows the rectification ratio R when 𝑝𝑝𝐿𝐿 = 0, 0.8, and 

1. For diffuse boundaries, we find a non-impressive R plateauing as θ2 increases until 50° and then 

starting to drop, reaching nearly 0 at 80° . This reduction is due to the increased phonon 

backscattering caused by the diffuse legs of θ2-triangles which deteriorates kfwd and reduces R. If 

we assume specular triangle legs (𝑝𝑝𝐿𝐿 = 1), we notice extremely low values of R at specific 

geometries resulted from phonon trajectories perpendicular to triangle legs. For other θ2, 

rectification ratios are greatly enhanced. Particularly, the highest R is achieved at 70° since both 

θ1- and θ2-triangles will reflect phonons forwardly, while the specular legs of the θ2-triangles are 

not long enough to induce phonon backscattering. Since a perfectly specular surface is not possible 

in nanofabrication, we compute R with 𝑝𝑝𝐿𝐿 = 0.8. In this case, θ2 of 30° achieves the best design 
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with an improved 𝒯𝒯𝑓𝑓𝑓𝑓𝑟𝑟 yielding greater R than those of 𝑝𝑝𝐿𝐿 = 1, which validates the effectiveness 

of the proposed θ1, θ1, and gL relations (𝜃𝜃2 = 2𝜃𝜃1 −
𝜋𝜋
2
 and 𝑔𝑔𝐿𝐿 = 𝐵𝐵

2
tan 𝜃𝜃2). We extend the proposed 

design with fully diffuse boundaries and different θ1. Besides studying the rectification when the 

phonons are injected at 90°, we also study the effect of using the optimal phonon injection angles 

which give the highest 𝒯𝒯𝑓𝑓𝑓𝑓𝑟𝑟 and are detailed in TABLE II.  Using these optimal injection angles 

in the forward direction while keeping a 90° injection angle in the reverse direction, we find 

significantly boosted rectification ratios. We can achieve the highest R of 13 when having 𝜃𝜃1 =

50°  and 𝜃𝜃2 = 70 . We have further studied the reverse-direction phonon transmissions as a 

function of injection angle and find that there can be special injection angles providing minimum 

transmissions depending on the pore arrangement. For the presented triangular pores, the reverse-

direction injection angles around 16°, 90°, and 174° give the lowest transmissions, and the 

differences are considered negligible. Our simulations results are based on the reverse-direction 

injection angle of 90°, which is generally assumed to provide lowest phonon transmissions for 

various pore arrangements, due to phonon scattering mostly perpendicular to the backside of 

triangular pores. Our results imply that optimizing the phonon injection angle using a collimator 

will enable significant thermal rectification in nanoporous structures. 

TABLE 3.1.1. Optimal phonon injection angles that maximize the phonon transmission in the 
forward direction of heat flow for different triangular pore designs (θ1 - θ2). 

Thermal Rectifier Design Optimal Phonon Injection Angle [º] 

50 º - 10 º 26 
55 º - 20 º 32 
60 º - 30 º 42 
65 º - 40 º 50 
70 º - 50 º 58 
75 º - 60 º 66 
80 º - 70 º 74 
85 º - 80 º 82 
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Figure 3.1 (a) Schematics of thermal rectifier consisting of staggered triangular nanopores with a 
base length of 80 nm, gap of zero between the rows, and base angles θ1 and θ2. The phonons at the 
hot and the cold sides are injected through the phononic collimators. (b) Rectification ratio as a 
function of θ2 when θ1 is fixed at 60° and phonons are injected at 90° for triangle legs specularities 
of 0, 0.8, and 1. The best design with a realistic specularity of 0.8 is realized when θ2 = 30° which 
corresponds to θ2 = 2θ1-π/2. (c) Rectification ratio as a function of θ1 when θ2 follows the 
relationship θ2 = 2θ1-π/2 with all surface boundaries set to fully diffuse. Injecting the phonons in 
an optimal angle dramatically increases the rectification of the nanoporous structures up to 13 with 
a θ1 of 50° and a θ2 of 70°. 

 

 

3.3 Further Discussions 

 
        We chose 90° as the injection angle in the reverse direction based on the intuition that 

phonons directed perpendicular to the backsides of triangles would be scattered right back. In 

response to the reviewer’s comment, here we have run ray tracing simulations as a function of the 

injection angle from 0° to 180° in the reverse direction as shown below. The simulation considers 

all diffuse boundaries and θ1 fixed at 60° and we varied θ2 from 30° to 45°. Figure 3.2 (a) shows 

the phonon transmission can be minimized by multiple conditions depending on the specific pore 

arrangement. As expected, the wide range of angles near 90° show very low transmissions (0.3 

%~0.5 % from 80° to 120°).  It is interesting to note that there are two other transmission dips at 

the injection angles of approximately 16° and 174°. These special conditions are due to the unique 

pore arrangement and the geometric details can be explained in Figure 3.2 (b) and (c). For thermal 

rectifiers with various geometries, a 90° injection angle in the reverse direction would generally 

lead to minimal phonon transmissions, while there would be other special injection angles giving 

transmission dips depending on the pore arrangement. Since phonon transmissions corresponding 

to these injection angles are very small, changing phonon injection angle from 90°to those 

geometry-dependent injection angles would not vary the rectification ratio significantly. 
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Figure 3.2 (a) Phonon transmission coefficient as a function of the phonon injection angle for two 
thermal rectifier geometries. All the boundaries are fully diffuse. (b) Schematics and representative 
phonon paths for the injection angle of 16°. (c) Schematics and representative phonon paths for the 
injection angle of 174°. 

 

        For symmetric geometries such as aligned circular pores, the phonon transmission follows 

the same injection angle dependency for the forward and reverse heat flow directions, as shown in 

Figure 3.3. We simulated 10 layers of circular pores with the specularity of pore interfaces 𝑝𝑝𝐶𝐶 

being 0 and 0.8. We choose these two specularity values to explore any potential influences from 

surface roughness, namely fully diffuse and partially specular surfaces. Instead of calculating the 

thermal conductivity, the phonon transmission is enough to demonstrate the identical phonon 

transport dependency on the injection angle in both heat flow directions regardless of the 

specularity when we have symmetric geometries. We can see a peak at 90° due to the horizontal 

free path for phonons between circular pores in adjacent rows directly going from the hot to the 

cold reservoir. This indicates that injecting phonons randomly (between 0 and 180°) or using the 

same injection angle for both heat flow directions will not induce any thermal rectification. Some 

sorts of asymmetry are always needed. Therefore, by simply having two injection angles that lead 

to different phonon transmissions in the forward and reverse heat flow directions, the thermal 

rectification could be achieved. 
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Figure 3.3 Phonon transmission coefficient as a function of the phonon injection angle for aligned 
distributed circular pores. Due to the geometric symmetry, the phonon transmissions in the forward 
and reverse heat flow directions collapse into the same curve (small discrepancies are due to 
numerical uncertainties arising from a limited number of phonons launched for each injection angle 
to lessen computational loads).  

 

 

3.4 Conclusions 
        In this work, we use a ray tracing technique to investigate the potential thermal rectification 

phenomenon in Si nanoporous structures. Our simulation results show the possibilities of realizing 

thermal rectification using asymmetric nanopores, where optimal arrangements of triangular pores 

achieve a thermal rectification ratio up to 13 even for fully diffuse surface boundaries when the 

phonon injection angles are optimally controlled by an imaginary collimator. These findings will 

guide future optimal designs of the nanoporous structure-based thermal rectification system. 
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CHAPTER 4: PHONONIC TOPOLOGICAL INSULATORS BASED ON 
SIX-PETAL HOLEY SILICON STRUCTURES 

 
       Since the discovery of the Quantum Spin Hall Effect, electronic and photonic topological 

insulators have made substantial progress, but the phononic analog in solids has received relatively 

little attention due to challenges in realizing topological states without the spin-like degree of 

freedom and with transverse phonon polarizations. Here we present a holey Si-based topological 

insulator design, in which simple geometric control enables topologically protected in-plane elastic 

wave propagation up to GHz ranges with a submicron periodicity. By integrating a hexagonal 

lattice of six small holes with one central hole and by creating a hexagonal lattice by themselves, 

our design induces zone folding to form a double Dirac cone. Based on the hole dimensions, 

breaking the discrete translational symmetry allows the six-petal holey Si to achieve the 

topological phase transition, yielding two topologically distinct phononic crystals. Our numerical 

simulations confirm inverted band structures and demonstrate backscattering-immune elastic wave 

transmission through defects including a cavity, a disorder, and sharp bends. Our design also offers 

robustness against geometric errors and potential fabrication issues, which shows up to 90% 

transmission of elastic waves even with 6% under-sized or 11% over-sized holes. 

4.1 Introduction 
 
        The concept of topology [31,136], or conserved properties under continuous deformation, has 

attracted much interest in recent years of condensed matter physics since the discoveries of the 

Quantum Hall effect and Quantum Spin Hall effect [50–52]. The topological states have been first 

studied in electronic systems, and topological insulators are characterized by unique attributes of 

insulating bulk bands and conducting edge bands. These conducting bands are robust and protected 

by non-trivial topological states to support unidirectional propagation at the boundary with no 

backscattering even in the presence of defects, offering unmatched tolerance and unprecedented 
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transport capabilities. While most of the interest and efforts have been in topological electronics 

[31,136], and photonics [40,137] due to the intrinsic spinning nature of the particles and the ease 

of breaking the time-reversal symmetry by the external magnetic field. Topological insulators 

based on bosonic systems have not been explored as much because of the lack of spin-like states. 

Moreover, the low group velocity, high density of states, and significantly dissimilar acoustic 

impedance between common materials induce backscattering, resulting in difficulties in achieving 

defect-immune wave propagations. Recently, investigations of topological insulators in 

mechanical [53,138], acoustic [44,139–141], and elastic [63,142–148] systems have shown 

promising progress in tackling the challenges. The breaking of time-reversal symmetry was done 

by circulating fluid flow in the background [44,46], external optomechanical excitation [149], and 

periodically arranged local resonators [143]. Most success made on phononic systems has targeted 

on realizing symmetry protected edge states for acoustic waves possessing only one longitudinal 

polarization. Realizing helical edge states in elastic waves remains outstandingly challenging 

because its three available polarizations (one longitudinal and two transverse) can easily be mixed 

at most solid interfaces precluding the formation of two degenerate states characterized by Dirac 

dispersions [64,150]. And most passive elastic materials generally conserve time-reversal 

symmetry, further impeding the fulfillment of chiral edge states in elastic systems [64,150,151]. 

Recent studies overcame these problems by utilizing chiral interlayer coupling to break the 

inversion symmetry [140] or by emulating the Quantum Valley Hall effect to support edge states 

in artificially engineered elastic structures. The latter concept allows reduced geometrical 

complexities and can be extended to photonic [152], acoustic [153], and elastic systems [154]. The 

elastic analog of the Quantum Valley Hall effect [154], has been numerically demonstrated by 

periodic structures with edge states within the bulk band gaps. Similar to the acoustic topological 
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system realized by a double Dirac cone [54], a recent theoretical study has demonstrated an elastic 

topological system with a double Dirac-cone by using subwavelength meta-structures [64]. Two 

recent studies demonstrated a snowflake porous structure to topologically guide the elastic wave 

at GHz ranges making it favorable for applications of phononic circuits [142,155]. Other studies 

show the possibility of realizing topological insulator by using perforated holes to enable elastic 

pseudospin transport [63] and spiral-shaped pores to guide the flexural waves [156]. While there 

have been notable achievements in theoretical ends, there have been limited studies for elastic 

topological insulators especially in phonon frequency regimes of GHz and beyond and using a 

platform of silicon, which offers significant compatibility to semiconductor devices and 

fabrication feasibility. In this paper, we develop a novel design of elastic wave topological 

insulator based on six-petal holey silicon nanostructures that support topologically protected wave 

propagation at frequencies up to GHz ranges when the unit cell periodicity reaches submicron 

scales even in the presence of geometric defects and potential fabrication issues. The circular pore 

shape provides higher tolerance to rounding effect in fabrication processes, making it competitive 

and desirable for the application of monolithic phononic circuits for information processing. The 

design also offers scalability from low- to high-frequency based on the periodicity, yielding the 

smallest neck size of ~20 nm in our current simulations and has been experimentally achieved in 

previous holey silicon nanostructure for thermal characterization [12], opening up possibilities of 

feasible fabrication and experimental exploration. 

4.2 Methodology 

        Throughout this paper, the numerical simulations are performed by using the commercial 

Finite Element Analysis software COMSOL Multiphysics. The phononic band structure of unit 

cells is computed using the eigenfrequency study in the solid mechanics module. The Bloch 
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periodic boundary conditions are imposed on the boundaries of the unit cell. The backscattering-

immune elastic wave transmissions are computed by using the frequency-domain study in the solid 

mechanics module. Low-reflection boundary conditions are imposed on the boundaries of the 

simulation domain to avoid undesired elastic wave leakage. 

Refer to Appendices 3 for details of calculating band structures in COMSOL Multiphysics. 

4.3 Design of Six-petal Holey Si Topological Insulators 
 
4.3.1 Designing Parameters 
 
        The designed structure is a planar quasi-two-dimensional phononic crystal with a hexagonal 

lattice of vacuum six-petal-shaped pores perforated in a silicon slab [Fig. 4.1(a), left]. Each pore 

consists of a larger circle in the center surrounded equidistantly by six smaller circles [Fig. 4.1(a), 

right]. The radii of the central and corner circles are ri and ro, respectively, and their center-to-

center distance dio follows dio < ri + ro. Previous studies on snowflake-hole-based phononic 

waveguides had reported the edge-rounding effect and sizing errors in the fabrication process 

[157,158]. The rounding of sharp corners may dramatically change the mechanical response 

leading to discrepancies between numerical simulations and experimental data [159]. Our design 

of six-petal pore significantly mitigates the negative effect of such fabrication imperfection by 

incorporating circles as the building block. Porous structures with circular features have been 

widely employed in various photonic and electronic systems. While noncircular or 

nonconventional geometries may provide better topological properties when fabrication 

inaccuracy is precisely controlled, our six-petal design offers excellent solutions against a wide 

range of uncertainties and high transmission via robust optimization, which is a unique approach 

fundamentally different from deterministic optimization. Our design opens up new pathways of 

achieving phononic topological insulators based on conventional platform having circular holes. 
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Figure 4.1  (a) Left: Schematics of the six-petal holey silicon in a hexagonal lattice. Right: The 
original unit cell containing a single six-petal pore (light-red filled) and the enlarged unit cell (gray 
filled) with the original one surrounded by one-third of each its six neighboring pores in real space. 
Each six-petal pore is defined by dimensional parameters (ri, ro, dio). The thickness of the film is 
kept at 100 nm and the periodicity a is 866 nm. The close and open of the bandgap is realized by 
manipulating ro and dio, namely, modifying Δro and Δdio.  When Δro and Δdio are zeros, the original 
hexagonal lattice has a discrete translational symmetry and we expect a double Dirac cone in the 
dispersion curve. When they are not zeros, the translational symmetry will be broken, and we expect 
the double Dirac cone to be replaced by band gaps in the dispersion curves.   (b) Schematic of the 
first Brillouin zone for the original and enlarged unit cells in reciprocal space. The symmetry line 
for the original unit cell is Γ-M-K-Γ whereas the folded symmetry line for the enlarged unit cell is 
Γ-MS-KS- Γ. 

 
 
 
4.3.2 Comparison with the Design in the Literature 
 
        The snowflake crystal structures, which have been realized experimentally for the photonic 

topological insulators, have also been turned into a phononic topological insulator by geometrical 

modifications. The structure consists of three concentric rectangular strips with a length 2r and a 

width w that rotate 60° apart between every two neighbors. Triangular-lattice arrangement of 

snowflake phononic holes form a phononic crystal that exhibits D6h symmetry, which is a six-fold 

rotational symmetry with in-plane and out-of-plane reflections). The phononic crystal possesses 

Dirac cones at high-symmetry points K and K’ in the reciprocal space and by changing r of every 

third snowflake results in the breaking of the original translational symmetry.  While, at first 
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glance, our six-petal holey structure shares some similarities with the snowflake structure, there 

are novel aspects to be pointed out. In particular, the holey design based on circular features 

compared to the snowflake design based on noncircular features holds significant values. Our work 

implies that elastic topological insulators that do not have to have noncircular features or 

nonconventional geometries, and this opens up possibilities of developing topological insulator 

devices on conventional platforms; similar hole patterns exist in various photonic and electronic 

systems. Another important aspect we would point out is that our study addresses a fundamentally 

different optimization procedure; the six-petal holey structure provides the best solution against 

uncertainty via robust optimization, as opposed to deterministic optimization. Due to this novel 

approach, the six-petal holey structure offers robustness as topological insulators against wide 

ranges of geometric variations, which have not been offered or explored by previous studies yet. 

        To further support the above claims, we compare the topological properties of the six-petal 

holey structure and the snowflake structure in the same geometric scale. Figure  4.2 shows that if 

the snowflake structure of periodicity of 500 nm is under-sized by 2%, which is simulated by 

multiplying the snowflake arm length r by and width w by 0.98 and applying the identical periodic 

boundary conditions, the frequency of the double Dirac cone (red line, Figure 4.2(b)) shifts below 

the lower edge of the bandgap (marked by the light-purple box); the topologically protected edge 

states cannot form anymore. While the snowflake structure is unable to resist even 2% under-

sizing, our six-petal holey structure can maintain matched bandgaps and double Dirac cone even 

when the under-sizing reaches 2% (Figure 4.2 (d)-(f), where the double Dirac cone sits inside the 

overlapped bandgaps). 
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Figure 4.2 (a) – (c) The band structure of the snowflake structure with a periodicity of 500 nm 
suffering to 2 % under-sizing. Comparing the frequency of the double Dirac cone with the 
frequency ranges of bandgaps, we can see the double (b) Dirac cone is already below the lower 
bound of the bandgap of the structure with a snowflake radius of 156.8 nm, which is given by 
multiplying the width 160 nm by 0.98. This fails to achieve topologically protected edge states 
inside an insulating bulk bandgap. Therefore, the topological properties are not supported when the 
snowflake structure is under-sized even by 2 %. (d) – (f) The band structure of the six-petal holey 
structure of the same geometric scale with the periodicity of 500 nm and with 2 % under-sizing. 
The double Dirac cone locates within the overlapped bandgaps, indicating topologically protected 
edge states exist due to the design robustness. 

 

        Another key benefit our six-petal holey structure provides is the robustness to the rounding 

effect that is commonly seen in the micro/nanofabrication process. Such rounding effects can pose 

serious limitations on theoretical designs in practice, and the rounded corners of the snowflake 

arms may significantly degrade topological properties. To support this claim, we have tested 

simulations of the snowflake structure using the periodicity of 5000 nm and the dimensions 

described in the previous work. The schematics of the snowflake structures with snowflake r of 

1600 nm (left), 1800 nm (middle), and 2000 nm (right) together with the rounding from 0 to 350 

nm (0 to 50% of the snowflake w) are depicted below each band structure plot, as shown in Figure 

4.3. By adding 50 nm (7% of the snowflake w) rounding to the sharp corners at the end of 

rectangular strips, we can observe an extra band falling under the upper edge of the bandgap which 
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makes it incomplete. As we increase the rounding further, we can see not only the existence of 

extra band inside the bandgap but also the shifting of the double Dirac cone and mismatching of 

bandgaps. When the rounding goes up to 350 nm (Figure 4.3(h)), the extra band completely 

traverses the bandgap in the band structure of the snowflake structure having an r of 1600 nm 

(left); its bandgap shifts up which creates a misalignment with the frequency of the double Dirac 

cone (middle) and the bandgap of the structure having a snowflake r of 2000 nm (right). For the 

six-petal holey silicon structure, the circular holes do not suffer from the rounding of sharp corners 

as in rectangular snowflake arms, and we see that the complete bandgaps, within which the double 

Dirac cone resides, match in frequency. In the scale of 5000 nm periodicity, the rounding effect 

may not reach up to 350 nm for the snowflake cavity, however, when the periodicity scales down 

to 500 nm where the ten-fold higher frequency can be achieved, the impact of rounding effect will 

be more significant, and the subsequently impaired topological performance should be considered. 

        As demonstrated in Figures 4.2 and 4.3, the snowflake structure significantly suffers from 

small geometric variations and the rounding effect, while our six-petal holey silicon design 

addresses these issues by considering circular hole shapes and enables robust topological 

properties. 
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Figure 4.3 Phononic band structures for snowflake structures with a periodicity of 5000 nm (a) 
without any rounding effect and (b) – (h) suffering from the rounding of 50 nm, 100 nm, 150 nm, 
200 nm, 250 nm, 300 nm, and 350 nm. We can see that with 50 nm rounding considered, the 
simulation results already show an incomplete bandgap for the structure having a snowflake radius 
of 1600 nm. With the rounding deteriorates, the frequency supporting the double Dirac cone begins 
to misalign with the frequency ranges of bandgaps, in which a helical edge state supporting 
topologically protected elastic wave transport cannot be formed. (i) The band structure of six-petal 
holey silicon with the periodicity of 5000 nm. 
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4.4 Zone Folding and Band Inversion 
 
        As the first step to designing a topological insulator, we create a single Dirac cone for in-

plane elastic waves, whose existence has been demonstrated previously for the graphene-like 

hexagonal-lattice [150,156]. We choose a hexagonal unit cell containing a single six-petal pore, 

exhibiting a C6 symmetry [blue in Figure 4.1(a)]. To compute the dispersion properties of the unit 

cell, we solve the elastic wave equation for six-petal holey silicon using the finite element method 

in COMSOL Multiphysics with Floquet periodic boundary conditions. By optimizing the 

geometrical parameters to be (ro, ri, dio) = (65, 130, 169) nm, we can obtain a Dirac cone at f = 

14.83 GHz [Figure 4.4(a)]. A thickness of 100 nm for the unit cell is selected to achieve a complete 

bandgap for in-plane waves around the frequency f. To construct a double Dirac cone, we now 

consider an enlarged unit cell [red in Figure 4.1(a)] with the original unit cell encircled by one-

third of each of its six neighbors. This folds the original first Brillouin zone (1BZ) [blue in Figure 

4.1(b)] by a factor of 1/√3 and forms a two-fold degenerate Dirac cone [Figure 4.4(c)] at the Γ 

point by mapping the Dirac cone at K in the original 1BZ to the new one. To realize the band 

inversion, we remain the radii of all the one-third pores (ro) in the enlarged unit cell as they are 

and modify ri and dio. The breaking of the discrete translational symmetry, originally characterized 

by the lattice constant a = 500 nm, makes the enlarged unit cell be the smallest repeating cell with 

a pair of lattice vectors 𝒂𝒂𝟏𝟏����⃑  and 𝒂𝒂𝟐𝟐����⃑  and a larger lattice constant of 500√3 nm (866 nm). Based on 

the geometrical parameters shown in Figure 4.4(e) for the enlarged unit cell, we obtain two 

topologically protected band gaps at the Γ point in the dispersion curves for two phononic crystals 

(PnCs) [Figure 4.4(b) and (d)], with inverted degenerate modes at both gap edges illustrated by 

mechanical displacement [Figure 4.4(e)]. The quadruples (𝑑𝑑𝑥𝑥2−𝑦𝑦2  and 𝑑𝑑𝑥𝑥𝑦𝑦) appear at the high 

frequency in the trivial PnC [Figure 4.4(b)], whereas they move to the low frequency in the non-



 

49 
 

trivial PnC [Fig. 2(d)]. We notice that the neck size, which is the smallest channel size between 

adjacent pores, reaches ~20 nm in the trivial PnC, which may pose challenges to potential 

experimental demonstrations requiring high-frequency (i.e., GHz ranges) mechanical response 

with high-fidelity. The novel design of six-petal holey silicon allows the topologically protected 

edge state to scale from low to high frequencies via geometric control, which enables topological 

insulators to operate over a wide range, which is illustrated in Figure 4.5. The frequency of the 

double Dirac cone and the frequency range of the topologically protected band gaps shown in 

Figure 4.4 can be scaled proportionally with the size of the geometry. In Figure 4.5, if we increase 

the periodicity a from 866 (500√3) nm to 8660 (5000√3) nm, we can observe a 10-time decrease 

in the frequency from 14.83 GHz to 1.483 GHz, at which the phononic band structure shows the 

band inversion. This linear relationship between the frequency and size of the geometry offers us 

great flexibility of matching with the required experimental condition. Additionally, this property 

offers a quick estimation of the frequency range of edge states of the geometry of topological 

insulators of interest. Experiment-wise, piezo-electric transducers have been used to excite MHz-

range elastic waves in out-of-plane38,39. For in-plane elastic waves considered in our simulation, 

interdigital transducer could be a practical candidate. The simulation results presented in the 

current work would still be applicable when experimental conditions are met and realized in the 

future. 
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Figure 4.4 Elastic topological insulator design based on six-petal holey silicon nanostructures, 
which supports the required band inversion process at GHz ranges and offers high tolerance to 
processing defects. The dimensions of the enlarged unit cell are shown where we keep ro the same 
and change ri and dio. (a) Band structure of the original unit cell and the corresponding single Dirac 
cone at the point K. (b)-(d) Band structures of the enlarged unit cell and the corresponding 
topological phase transition from the zone-folding-induced double Dirac cone to bandgaps by 
modifying the geometry. (e) The quadruples (dx2-y2 and dxy) are found at higher frequencies whereas 
dipoles (px and py) are found at lower frequencies, which are trivial. When the band inversion 
occurs, the quadruples move to lower frequencies while the dipoles move to higher frequencies, 
which are considered non-trivial. The lattice constant a is kept at 866 nm. In the simulation, we 
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consider the silicon with Young’s modulus of 170 GPa, mass density of 2329 kg-m-3, and Poisson’s 
ratio of 0.28. 
 
 
 
 
 

 
 

Figure 4.5 The band structure calculated for the geometries scaled up by 10-time compared with 
the ones shown in Fig. 2 in the main texts. A double Dirac cone is formed at a frequency of f’ = 
1.483 GHz, which is 10-time smaller. By modifying the geometrical parameters, we demonstrate 
the opening of topologically protected band gaps around f’. The inverted degenerate bands at both 
edges of the band gaps indicate the band inversion, with the mode shapes labeled as quadruples and 
dipoles shown in the insets. 
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4.5 Emergence of Topological States 
 
        At the interface between two topologically distinct domains, we expect to find the 

topologically protected edge states [31,142,148]. By connecting the trivial and non-trivial PnCs 

discussed above to form an interface, we demonstrate the existence of a topological state. We 

consider a supercell that is periodic along the x-direction and finite in the y-direction [Figure 

4.6(a)]. We first calculate the dispersion curves for the supercells where the topologically identical 

PnCs are present on both sides of the interface. In Figure 4.6(b) and 4.6(c), we can see the complete 

band gaps appearing in the bulk band structure except for bands (light-gray) confined at physical 

boundaries partially traversing the band gaps. They emerge due to the broken symmetry at the 

boundaries of the finite domain, which are neither related to the topological state at the interface 

nor protected by any symmetry [142]. When we have trivial and non-trivial PnCs on each side, the 

above band gaps are replaced by two crossing straight lines [Figure 4.6(d)], indicating the emerge 

of topologically protected edge states highly localized at the interface [Figure 4.6(e)]. The bands 

confined at physical boundaries can also be observed, as displayed in Figure 4.6(f). We further 

calculate the root-mean-square (RMS) displacement of a system comprising of 6 abovementioned 

supercells placed adjacent to each other horizontally, which is shown in Figure 4.6(g). The elastic 

wave excited at a frequency of 14.83 GHz, which is within the range of the bulk bandgap (Figure 

4.6(d)), propagates robustly from the left to the right demonstrating the topological protection. We 

notice that the elastic wave also penetrates the bulk region but decays quickly, and the similar 

penetration has been observed in the previous study [142]. 
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Figure 4.6 (a) The supercell used for computing the bulk band structure which comprises trivial 
(yellow) and non-trivial (green) PnCs separated by an interface represented by the black dashed 
line. The depicted supercell contains 11 enlarged unit cells in total with 5 non-trivial ones on top 
of and 6 trivial ones on the bottom of the interface. (b) Projected bulk band structure of the trivial 
PnC. The extra bands (light-gray) inside the bulk bandgap are localized on top and bottom 
boundaries (Fig. 3(f)). (c) Projected bulk band structure of the non-trivial PnC. (d) Projected bulk 
band structure of a supercell. Edge bands supporting the topologically protected elastic wave 
transport and their crossing at the point Γ is shown by the blue and purple lines. Two representative 
mode shapes associated with (e) the edge bands and (f) bands at physical boundaries. The latter 
bands arise from the breakage of symmetry on top and bottom physical boundaries due to the 
truncated simulation domain and they are not symmetry-protected. (g) Topologically protected 
edge state. 

 

4.6 Robust Transmission against Geometrical Defects 
 
        As the most striking characteristic of topological insulators, the interface between trivial and 

non-trivial PnCs supports robust elastic wave propagation even in the presence of non-spin-mixing 

defects [54,64,160]. As the first case, we introduce a zigzag domain wall functioning as a 

waveguide with two sharp bends of the angles of 60 °, and then we evaluate cases including a 

lattice disorder formed by exchanging trivial and non-trivial unit cells across the interface and a 

cavity formed by filling several six-petal pores [63], schematics of all three cases are depicted in 

Figure 4.7 (lower panel). To avoid any leakage of elastic energy through physical boundaries, we 

apply low-reflection boundary conditions surrounding the simulation domain. We apply point 

harmonic excitations on three points in a unit cell separated by a length of a and having a phase 
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delay of 2𝜋𝜋
3

 between each two at the frequency of 14.83 GHz [144,148,149,155]. Similar multi-

point excitation with carefully engineered amplitudes and phases can launch one-way elastic 

waves, which may favor applications that directional control is desired (See section 4.8 for details). 

We then calculate the elastic energy density and show its distribution. The transmission of the 

elastic wave is quantified by taking the ratio of elastic energy densities at the source and the output. 

For the zig-zag waveguide case in Figure 4.7(a), the elastic wave excited at the source can 

circumvent the sharp bends and arrive at the output with a transmission of 90 % with no obvious 

backscattering. For the cases of lattice disorder and cavity [Figure 4.7(b) and 4.7(c)], the elastic 

wave incident from the source maintains high transmission values of 88 % and 90 %, respectively, 

against these defects. The elastic wave propagation in all three cases localized closely in the 

vicinity of the interface and decays quickly into the bulk, indicating the insulating nature of the 

bulk region. In contrast, the results for the ordinary phononic waveguides with similar defects are 

drastically different. As a support to this claim, we also simulate ordinary phononic waveguides 

which are constructed by involving only the trivial phononic crystals (PnCs) discussed in Figure 

4.4 and by removing the holes along the domain wall. Displayed in Figure 4.8, we can observe the 

occurrence of strong elastic resonances when the elastic wave runs into the cavity and lattice 

disorder, whereas the sharp bends along the zigzag domain wall inhibit significantly the elastic 

wave propagation by backscattering, resulting in a dramatic decrease of transmission down to less 

than 10 %. The elastic transmission supported by the topologically protected edge state at the 

domain wall should theoretically equal to 100 %, while our simulation results show some losses. 

This might be due to the limited simulation domain size we used to keep the computational effort 

manageable.  
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Figure 4.7 Topologically protected elastic wave transmission in (a) a zigzag waveguide, (b) near 
the interface with a lattice disorder, and (c) a cavity. The normalized elastic energy density shows 
high elastic wave transmission from left to right of the domain in all three cases (upper panel). We 
compute the transmission as the ratio between the elastic energy density at the source and the 
output. The quantified transmissions read 90 %, 88%, and 90 % for the zig-zag domain wall, lattice 
disorder, and cavity cases. As a comparison, we also simulate ordinary phononic waveguides with 
similar defects and the results indicate dramatically inhibited elastic wave propagation 
(transmission values are all less than 10 %), which is in distinct contrast to the high transmissions 
achieved by the topological insulators, due to the elastic resonance at the cavity and lattice disorder 
and backscattering at the sharp bends. The schematics depicting the zigzag interface in the 
waveguide, lattice disorders, and the cavity are displayed in the lower panel. 
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Figure 4.8 Ordinary elastic waveguide constructed by having trivial phononic crystals (PnCs) in 
the main text and removing the holes along the domain wall. Simulated distribution of elastic 
energy density for the ordinary waveguide (a) without any geometrical defect, (b) with a cavity 
formed by filling several holes, (c) with lattice disorder by swapping holes on the edge of two 
domains, (d) with a zigzag domain wall having two sharp bends. We can observe large 
backscattering in all four cases with ordinary insulators, which is fundamentally different from 
what we see from topological insulators with the low-loss transmission in the main text. 
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Figure 4.9 Topologically-protected elastic wave transmission in the in-plane that detours 14-bends 
and shows a dependence on the direction of excitation when the frequency is kept the same at 
14.83 GHz. The excitation angles of 0° and 210° show comparably strong elastic energy density 
along the domain wall, whereas that of the excitation angle of 90° significantly reduces and is 
even completed confined at the source when the excitation angle is 150°. Note that the excitation 
angle is measured from the positive x-direction. Such a relationship between the elastic wave 
propagation and the excitation angle may imply the unique pseudospin nature of the excited waves 
in comparison to the domain wall topology. 

 

4.7 Robust Transmission against Potential Fabrication Errors 

        To demonstrate the robustness of six-petal holey silicon to geometric variations and potential 

fabrication imperfections, we study the possibility of sustaining the topologically protected elastic 

wave transmission against sizing errors of holes, and the analysis shows that the six-petal structure 

offers high transmission for sizing errors up to 11 % and -6 %, respectively. The over-/under-sizing 

is simulated by increasing or decreasing the diameters of central (ri) and corner circles (ro) by the 

same thicknesses while maintaining the distance (dio) untouched based on the precisely-sized hole 

dimensions (Figure 4.4). The simulation results of supercells in Figure 4.9 (a) and (b) show that 

the six-petal structure allows an over-sizing up to 7.2 nm or an under-sizing down to 4 nm, which 

are equivalent to an 11 % increase or a 6 % decrease of hole sizes with respect to ro. Previous work 

regarding silicon nanoporous structures has achieved high-precision control on the fabrication 

inaccuracy down to ±2 nm [161], which is well within the allowed range of sizing errors for the 

six-petal design. The topological edge states, indicated by two linear dispersion curves crossing at 

kx of 0, can be observed inside bulk bandgaps (marked by light-purple boxes). We notice that the 

frequency corresponding to the double Dirac cones in both over- and under-sizing cases deviate 

from that of the precisely-sizing case (Figure 4.4). And we could attribute these frequency shifts 

to the excessive or inadequate removal of materials resulted from potential fabrication-induced 

errors such as those in etchings or lithographical expose. The full-field simulations in Figure 4.9(b) 
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and (d) demonstrate robust elastic wave transmissions up to 96.1 % for over-sizing of 11 % and 

under-sizing of 6 % assuming the sizing errors are uniformly distributed. The high elastic energy 

density confined in the vicinity of the interface, which quickly decays into the bulk regions, implies 

the elastic wave propagation is topologically protected. Although our simulation results in Figure 

4.9 (b) and (d) consider the uniform distribution of sizing errors over the entire domain, in practical 

fabrication, the errors of varying percentages could randomly locate. For example, majority holes 

in a domain might be over-sized by 2 % while a few holes might be over-sized by 6 %. The 6 % 

over-sized holes could distribute randomly either near the interface or in the bulk regions. While 

the topological edge states and hence topologically protected elastic wave propagation could still 

be supported even when the randomness is present, the transmission would be impacted and further 

investigation would be desired (See section 4.9 for details). To provide additional insights into the 

evolution of phononic band structure as a result of varying the extent of over- and under-sizing, 

we document the band structures of six-petal holes over-sized by 1% to 10% and under-sized by 

1% to 5%, respectively, in Figure 4.10 and 4.11. In all cases, the double Dirac cones stay within 

overlapped bandgaps (marked by light-purple boxes). The frequency of double Dirac cone shifts 

from that of the precisely-sized case and this could be attributed to the excessive or inadequate 

removal of materials associated with over- or under-sizing errors. 
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Figure 4.9 (a) Projected bulk band structure calculated for a supercell (11 unit cells with 6 trivial 
ones on top and 5 non-trivial ones on the bottom of the interface) consisting of six-petal holes over-
sized by 7.2 nm (an 11 % increase of hole diameters with respect to ro). (b) Full-field simulation of 
elastic wave transmission excited at 15.05 GHz with six-petal holes over-sized by 11 %. The over-
sizing errors are assumed to be uniformly distributed over the entire simulation domain. (c) 
Projected bulk band structure for a supercell consisting of six-petal holes under-sized by 4 nm (a 6 
% decrease of hole diameters with respect to ro). (d) Full-field simulation of elastic wave 
transmission excited at 14.72 GHz with six-petal holes under-sized by 6 %. Again, the under-sizing 
error is assumed to be uniformly distributed. The hole dimensions suffering sizing errors are given 
in the schematics. The yellow and green correspond to trivial and non-trivial unit cells. 
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Figure 4.10 (a) – (i) The phononic band structure for the six-petal holes over-sized by 10 % to 1 %, 
where over-sizing is considered by enlarging all circles in each six-petal hole by 6.5 nm to 0.65 
nm. As the over-sizing increases, the band inversion remains whereas the double Dirac cone and 
the overlapped bandgaps (light purple boxes) shift up with increasing material loss (i.e., less mass 
of the structure). 
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Figure 4.11 (a) – (e) The phononic band structure for the six-petal holes under-sized by 1 % to 5 
%, where under-sizing is considered by shrinking all circles in each six-petal hole by 0.65 nm to 
3.9 nm. As the under-sizing increases, the band inversion remains whereas the double Dirac cone 
and the overlapped bandgaps (light purple boxes) shift down with decreasing material loss (i.e., 
less mass of the structure). 

 

4.8 Multi-point excitations and one-way elastic wave propagation 

        Regarding the excitation we used in this work, apart from launching the wave traveling along 

the interface with geometric defects as shown in Figure 4.7 and 4.9, it is also significantly useful 

for exciting one-way elastic wave. In Figure 4.12 (a) and (b), we show that by carefully engineering 

the amplitudes and phases of point sources, we can selectively excite left- or right-moving waves. 

The amplitudes and phases are based on the supercell analysis of the same hole dimensions. In 

Figure 4.12(c), we show that the wave will go in both directions if we use the same amplitudes 

and phases as in the manuscript, which is not configured for one-way wave transport. Though 

waves in two directions are excited simultaneously, the transmission will not be affected because 

the sources locate close to the left boundary of the simulation domain so that the low-reflection 

boundary condition ensures the absorption of the left-moving wave. 
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Figure 4.12 Full-field simulations of (a) Left-moving elastic wave excited by applying multi-point 
excitations with carefully configured amplitudes and phases at the position marked by the red star. 
(b) Right-moving elastic wave launched by applying multi-point excitations with the same 
amplitudes as in (a) but opposite phases. (c) Elastic waves excited to propagate in both directions 
by using the same three-point excitation scheme (same force amplitudes and phases) as in the 
manuscript. The holes are precisely-sized. 

 

4.9 Discussions 

4.9.1 The Effects of Random Sizing Errors 

        We have assumed uniform size errors of a certain percentage in the previous sections of this 

chapter, to show that the helical edge state can still be supported even when randomly distributed 

etching errors are present, we run full-field simulations containing 367 holes with 2 % over-sized 

holes being as the majority and 6 % over-sized holes being randomly located along the interface 

or in the bulk domains. Since the helical edge state is confined in the vicinity of the interface, we 

expect the 6 % over-sized holes placed at/near the interface to impact more the transmission of the 

elastic wave. As we can see in Figure 4.13(a), when 2 % over-sizing errors are uniformly 

distributed over the entire domain, we observe 92 % elastic wave transmission from the source to 

the output. When four 6 % over-sized six-petal holes are randomly distributed at the interface, we 

can see in Figure 4.13 (b) that the elastic wave propagation weakens when encountering the 6 % 
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over-sized holes, but a fraction of the wave can still circumvent and reach the output, leading to a 

decreased transmission of 37.8 %. If we add another four 6 % over-sized holes base on the four in 

Figure 4.13(b) and place them randomly in the bulk regions, we can observe in Figure 4.13(c) that 

the transmission further deteriorates, and much less elastic wave can detour the 6 % over-sized 

holes to arrive at the output, resulting in transmission only of 34 %. We notice that the effect of 

adding random 6 % over-sized holes in the bulk regions does not affect the transmission at the 

interface significantly (a 3.8 % difference in transmission). This indicates that the robustness of 

our design against randomly distributed etching errors is more sensitive to the randomness induced 

near the interface. Finally, if we gather the eight 6 % over-sized holes in Figure 4.13(c) at the 

interface, as shown in Figure 4.13(d), we find that the transmission of elastic wave significantly 

decreases when encountering the randomly distributed 6 % over-sized holes at the interface with 

only a small fraction detouring those holes and reaching the output. The corresponding 

transmission drops to 11.3 %. The reason why the random distribution of 6 % over-sized holes 

inside the matrix of 2 % over-sized holes is the mismatched bandgaps in the band structure. As 

shown in Figure 4.14, both over-sized holes support the band inversion. However, the bandgap 

which will allow the existence of helical edge states for these hole dimensions does not overlap, 

with the lower bound of the bandgap for the 2 % over-sized hole being above 14.9 GHz while the 

upper bound of the bandgap for the 6 % over-sized hole being below 14.9 GHz. Therefore, when 

6 % over-sized holes and 2 % over-sized holes co-exist at the interface and wave is excited at 14.86 

GHz, which should allow propagation in the 2 % over-sized holes, the elastic wave cannot 

propagate in the 6 % over-sized holes at this frequency. A hypothesis we made is that if the 

different over-sized holes share a frequency range over which the edge state is supported, the 

transmission of elastic wave, compared with the above case, could be improved. To test this, we 
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replace the 2 % and 6 % over-sized holes with 11 % and 10 % over-sized holes and keep all other 

geometries untouched. In Figure 4.15, we first show the band structures of supercells consisting 

of six-petal holes over-sized by 11 % and 10 %, respectively. The edge states, indicated by straight 

lines crossing at kx of 0, embeds inside the bulk bandgaps; the extra bands inside the bulk bandgaps 

are due to the breakage of symmetry at the physical boundaries of the simulation domain, which 

is irrelevant to the topological edge states. To calculate the elastic wave transmission, we do full-

field simulations with 2 % and 6 % over-sized holes in Figure 4.13 replaced by 11 % and 10 %. 

The positions of the 10 % over-sized holes are identical to those of 6 % over-sized holes. Exciting 

the elastic wave at 15.05 GHz, we can see that if the six-petal holes are uniformly over-sized by 

11 %, the elastic wave transmission from the source to output reaches 96.1 % (Figure 4.15(c)). If 

four 10 % over-sized holes randomly replace the 11 % holes at the interface, the transmission drops 

to 55.6 % (Figure 4.15(d)). With four more 10 % holes randomly distributed in the bulk regions, 

as shown in Figure 4.15(e), the transmission is not significantly affected, similar to what has been 

observed in Figure 4.13(c). When all eight 10 % over-sized holes concentrate on the interface, the 

reduction of transmission becomes significant, decreasing to 46.1 %. All transmission values 

enhance compared with the cases where 2 % and 6 % over-sized holes present. 
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Figure 4.13 Full-field simulations of the elastic wave transmission in phononic topological 
insulators with (a) all six-petal holes over-sized uniformly by 2 %, (b) 363 of six-petal holes over-
sized by 2 % and 4 holes at the interface over-size by 6 %, (c) 359 of six-petal holes over-sized by 
2 % and 8 holes over-sized by 6 % randomly distributed at the interface and into the bulk region, 
and (d) 359 of six-petal holes over-sized by 2 % and 8 holes randomly distributed at the interface 
over-sized by 6 %. The transmission for the 2 % uniformly over-sized case is 92 %. When 4 holes 
are over-sized by 6 %, the transmission decreases to 37.8 %. When 8 holes with 6 % over-sizing 
are randomly located at the interface and in the bulk region, the transmission further reduces to 34 
%. When 8 holes with 6 % over-sizing are randomly distributed at the interface, the elastic wave 
propagation transmission drops to 11.3 %. 

 

 

Figure 4.14 The phononic band structures of the six-petal holey silicon over-sized by (a) 6 % and 
(b) 2 %. The frequencies of bandgaps mismatch and thus the helical edge states for these cases do 
not have a shared frequency range. 
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Figure 4.15 The band structure of supercells with six-petal holes over-sized by (a) 10 % and (b) 11 
%. The bulk bandgaps are marked by light-purple boxes. The topologically protected edge states 
are shown by two straight lines crossing at kx of 0. The light-grey bands are confined at the physical 
boundaries due to the breakage of symmetry and are irrelevant to the topological edge states. The 
full-field simulation of elastic wave propagation shows that (c) when the six-petal holes are 
uniformly over-sized by 11 %, the elastic wave transmission from the source to the output reaches 
96.1 %. However, when (d) four 11 % over-sized holes are replaced by 10 % over-sized holes at 
the interface, the transmission drops to 55.6 %. If (e) four more 10 % over-sized holes are randomly 
added to the bulk regions, the transmission is not significantly affected, slightly decreasing to 54 
%. When (f) eight 10 % over-sized holes concentrate at along the interface, the transmission is 
reduced much significantly than in (d) and (e), arriving at 46.1 %. Comparing with the cases with 
2 % and 6 % over-sized holes, the transmission of the field with 11 % and 10 % over-sized holes 
enhances. 

 

4.9.2 Realization of Topological States for Out-of-plane Elastic Waves 

        The six-petal holey Si structure can induce topological phase transition and hence the 

topologically-protected edge states for both in-plane and out-of-plane elastic waves. In Figure 
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4.16(a), a band inversion similar to that in Figure 4.4(b)-(d) demonstrates the topological phase 

transition and the formation of two topologically distinct phononic crystals with their unit cell 

geometries shown in Figure 4.4(b) on the left and right. Note that dimensions in the middle 

correspond to the unit cell that forms the double Dirac cone at a frequency of ~11.8 GHz. The out-

of-plane elastic vibration is immediately obvious by the inset, where the displacement is along the 

z-axis. The backscattering-immune propagation for out-of-plane elastic waves against geometric 

defects is illustrated in Figure 4.17 for a disorder (left), a cavity (middle), and a zig-zag path formed 

by two sharp bends of 60°. The elastic wave displacements are highly localized to the domain wall, 

which demonstrates the topologically-protected edge states immune to defects, whereas quickly 

fade away into the bulk near the vicinity of the domain wall, which evidence the insulating nature 

of bulk regions. Again, we show, in the inset, the displacement is in the z-axis. 

 

Figure 4.16 Topological phase transition for out-of-plane elastic waves. (a) The double Dirac cone 
forms at a frequency of 11.7 GHz for the out-of-plane elastic wave. Breaking the translational 
symmetry induces band inversion that forms two PnCs, one being trivial while the other one being 
non-trivial. (b) The geometric parameters of the unit cells for six-petal holey structures that support 
the trivial PnC, double Dirac cone, and the non-trivial PnC, respectively. The inset shows the 
displacement is in the z-direction, which is the out-of-plane direction. 
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Figure 4.17 Backscattering-immune out-of-plane elastic wave transmission against geometric 
defects including (a) a disorder, (b) a cavity, and (c) a zig-zag path formed by two sharp bends of 
60°. The schematic of each defect is depicted by red-dashed circles in the bottom-panel. The 
transmissions in (a)-(c) are all above 96.1%. The excitation is in the z-direction, which is marked 
by a red star, while the domain wall separating the trivial and non-trivial PnCs is illustrated by 
black-dashed curves. The inset in the up-right corner shows the displacement is in the z-direction, 
which again is in the out-of-plane direction. Note that the light-grey background in the inset is to 
enhance the contrast for better visualization. 

 

4.10 Conclusions 

        This work presents a holey silicon-based phononic topological insulator design that can 

demonstrate the topological states and the directional control of in-plane elastic waves up to 14.83 

GHz when the periodicity of the unit cell is scaled to 866 nm. The six-petal design allows the C6 

symmetry to form a double Dirac cone based on zone-folding and simple geometric control to 

break the discrete translational symmetry to achieve topological phase transition. This phase 

transmission can be easily shifted to low- and high-frequency by scaling up and down the 

periodicity. The simulations show robust elastic wave propagation with a transmission ratio up to 

90 % even in the presence of geometrical defects including a cavity, a disorder, and a zigzag 

domain wall with sharp bends. The six-petal design intrinsically avoids the potential rounding 

effect of sharp geometric features in fabrication which may deteriorate the performance of 

topological insulators. The design is also robust against the potential fabrication-induced errors 
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such as under-sizing and over-sizing up to 6 % and 11 %, respectively; in both cases, we observe 

a shift of bandgap compared with that of the precisely-sized geometry and low-loss elastic 

transmission (up to 90 %). These findings are promising for developing high-frequency phononic 

topological insulators and phononic waveguides and realizing large-scale phononic circuits for 

information processing.  
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CHAPTER 5: REFLECTIVITY OF SOLID AND HOLLOW 
MICROSPHERE COMPOSITES AND THE EFFECT OF UNIFORM AND 

VARYING DIAMETERS 
 

While solid and hollow microsphere composites have received significant attention as solar 

reflectors or selective emitters, the driving mechanisms for their optical properties remain 

relatively unclear. Here we study the solar reflectivity in the 0.4-2.4 µm wavelength range of solid 

and hollow microspheres with the diameter varying from 0.125 µm to 8 µm. SiO2 and TiO2 are 

considered as low- and high-refractive-index microsphere materials, respectively, and 

polydimethylsiloxane is considered as a polymer matrix. Based on Mie theory and finite-difference 

time-domain simulations, our analysis shows that hollow microspheres with a thinner shell are 

more effective in scattering the light, compared solid microspheres, and lead to a higher solar 

reflectivity. The high scattering efficiency, owing to the large interface density, in hollow 

microspheres allows low-refractive-index materials to have high solar reflectivity. When the 

diameter is uniform, 0.75 µm hollow microspheres provide the largest solar reflectivity of 0.81. 

When the diameter is varying, the randomly-distributed 0.5-1 µm SiO2 hollow microspheres 

provide the largest solar reflectivity of 0.84. The effect of varying diameter is characterized by 

strong backscattering in the electric field. 

 
 

5.1 Introduction 
 

        Passive radiative cooling using outer space as the heat sink has revolutionized the thermal 

management of the building [67,162], human body [163,164], and deep space applications [165]. 

Among these materials [76,162,163,166–171], particle-polymer composites are promising due to 

simple and scalable processing [76,172]. Numerous studies have shown effective radiative cooling 



 

71 
 

using polymers with dielectric particle embedment with/without metal reflectors [76–78]. 

Alternative designs incorporating hollow particles achieve higher solar reflectivity due to 

increased interface density [173]. Additionally, such a core-shell structure enables tunable material 

properties. Successful demonstrations of colored pigments [174–176], spectrally-selective 

photonic film [177], climate-control building coatings [178,179], thermal insulation [180], and 

super hydrophobicity [176] have been realized. Recently, structural hierarchy, which already exists 

in nature [181], has been employed as an additional knob to configure the optical properties of 

artificial materials. The size-dependent optical response of hierarchical building blocks provides 

broadband high reflectivity or absorptivity in the solar spectrum, enabling far-reaching 

applications in novel radiative cooling films [67], solar energy harvesting [182], structural 

coloration [183], and photocatalysis [184]. A noteworthy hierarchical cooling film developed by 

Peoples et al. (2019) lately demonstrated broadband-enhanced solar reflectivity by tuning the size 

composition of low-concentration TiO2 nanoparticles of 104 ± 37 nm [79]. The efficacy of size 

hierarchy was supported by Monte Carlo and Mie theory calculations assuming individual 

scattering. The composite with the optimized particle size constitution yields reflectivity higher 

than that of each building block, yet precise control on the particle size could be practically 

challenging. While hollow particles and structural hierarchy have individually demonstrated their 

effectiveness in achieving high solar reflectivity, their combined effect, to our best knowledge, has 

only received limited attention [185]. Our recent work demonstrated radiative cooling enabled by 

hollow glass microspheres with varying diameters but the effect of diameter variation was not 

studied in detail [66]. In this letter, we performed a systematic investigation on randomly close-

packed hollow SiO2 microspheres in poly(dimethylsiloxane) (PDMS) with uniform and varying 

diameters ranging in 0.125 to 8 μm using Mie theory and finite-difference time-domain (FDTD) 
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calculations. By conducting single-particle Mie theory calculation, we identify geometric 

parameters that drive high reflectivity in wavelengths of 0.4-2.4 μm. By performing 2D FDTD 

simulations, which is valid and more computationally-affordable [186] than previous approaches 

[196–198], we investigate the effect of the shell thickness and material. Finally, the effect of 

diameter variation is studied, guiding future optimal designs of radiative cooling composites [199]. 

5.2 Mie theory 
 
        The scattering coefficients of individual hollow microspheres are computed based on Mie 

theory formalism adopted for core-shell particles [190] and the open-source program developed 

by Matzler [191]. The scattering, extinction, and absorption efficiencies are outlined as the 

following 
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2
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𝑄𝑄𝑟𝑟𝑏𝑏𝑠𝑠 = 𝑄𝑄𝑟𝑟𝑥𝑥𝑒𝑒 − 𝑄𝑄𝑠𝑠𝑠𝑠𝑟𝑟 [3] 

The coefficients 𝑎𝑎𝑛𝑛 and 𝑏𝑏𝑛𝑛 are  

𝑎𝑎𝑛𝑛 =
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 [4] 
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 [5] 

where the size parameters are defined for both core and shell as 𝑥𝑥 = 2𝑚𝑚1𝜋𝜋𝑟𝑟1
𝜆𝜆

, and 𝑦𝑦 = 2𝑚𝑚2𝜋𝜋𝑟𝑟2
𝜆𝜆

 with 𝑟𝑟1 

and 𝑟𝑟2 being their radii, respectively. The coefficients  𝐷𝐷�𝑛𝑛 and 𝐺𝐺�𝑛𝑛are given by 
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𝐷𝐷�𝑛𝑛 =
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𝑚𝑚𝐷𝐷𝑛𝑛(𝑚𝑚1𝑥𝑥)𝜒𝜒𝑛𝑛(𝑚𝑚2𝑥𝑥)− 𝜒𝜒𝑛𝑛
′ (𝑚𝑚2𝑥𝑥)

 [8] 

𝐵𝐵𝑛𝑛 = 𝜓𝜓𝑛𝑛(𝑚𝑚2𝑥𝑥)
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 [9] 

with effective optical indices defined by 𝑚𝑚1 and 𝑚𝑚2 for the core and shell, and 𝑚𝑚 = 𝑚𝑚2
𝑚𝑚1

. 

A detailed description of the Mie theory and the related methodology used throughout this Chapter 

is outlined in Appendices 3. 
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Figure 5.1 (a) The scattering efficiency (Qscat) calculated using the Mie theory for individual hollow 
SiO2 microspheres in PDMS background in the wavelength of 0.4-2.4 µm. The outer diameters do 
are varied from 0.5 to 8 µm, over which the scattering efficiency peaks redshift over the wavelength 
of interest. The shell thickness is indicated by the diameter ratio di / do, which corresponds to the 
diameter of the air core and SiO2 microsphere respectively. By changing from a solid SiO2 
microsphere to porous PDMS, the scattering efficiency increases. (b) Qscat as a function of 
wavelength for di / do = 0.9. The diameter do is color-labeled correspondingly. The scattering 
efficiency shows a peak with location and width corresponding to do. For do = 0.5 and 8 µm, the 
scattering efficiency does not show the peak in the wavelength from 0.4 to 2.4 µm. 

 

5.3 Finite-difference Time-domain Simulation 
 
        Convergence tests were performed for different unit cell widths of 20 µm, 50 µm, 75 µm, and 

100 µm, which further translates into width-to-thickness ratios of 0.2, 0.5, 0.75, and 1. Fixing the 

mesh size to 10 nm, no significant difference is observed for both reflectivity spectra and total 

reflectivity in the solar wavelength from 0.4 to 2.4 µm. To reduce computational costs, we chose 

 

    

 

(a)

(b)
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a unit cell size of 20×100 µm. Keeping the unit cell size to 100×100 µm and reducing the mesh 

size to 5 nm, again, no significant difference is seen between the spectral and total solar reflectivity. 

Thus, due to computational constraints, the mesh size of 10 nm was applied which works well with 

the minimum shell thickness down to 25 nm. Note that the mesh size was adjusted correspondingly 

if the minimum structure size decreases throughout this work. 

 
 

Figure 5.2 Convergence test results for 2D FDTD simulations using unit cell sizes of 20×100, 
50×100, 75×100, and 100×100 µm and mesh sizes of 10 nm and 5 nm. Both spectral and total solar 
reflectivity change insignificantly under these different conditions. 

 
5.4 Effects of the Shell Thickness and Material 
 
        We compute the spectral-average solar reflectivity ⟨R⟩λ = ∫𝑹𝑹(𝝀𝝀)𝒅𝒅𝝀𝝀

∫𝒅𝒅𝝀𝝀
 to compare composites with 

varying geometrical parameters.  2D FDTD simulations are performed in a 20 µm × 100 µm unit 

cell periodically repeated in x with perfectly matched layers (PML) in y. Using wider unit cells or 

finer meshes change results insignificantly (See Fig. 5.2). We illuminate the unit cell with a 
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broadband (0.4-2.4 µm) unpolarized plane wave from below. Hollow microspheres are randomly 

generated in the unit cell [192] at the filling fraction (f.f.) of 55 vol%, which approaches the 

packing density of typical self-assembly structures [193,194]. The refractive indices of PDMS, 

SiO2, and TiO2 are from previous work [195,196].  To investigate the effect of shell thickness, we 

fix do of hollow SiO2 microspheres to 1 µm (see the schematic in Figure 5.3). In Figure 5.3(a), 

⟨R⟩λ increases from 0.04 to 0.77 by changing di / do from 0 to 1. When di / do = 0.9, ⟨R⟩λ peaks at 

0.77, which outperforms that of solid microspheres and the porous PDMS. This could imply a 

significant reduction of coating thickness offered using a hollow microsphere structure. From 

refractive-index-contrast, ⟨R⟩λ depends strongly on the air (nglass - nair is the largest contrast in this 

system) core size, di, where larger di offers greater interface-to-volume ratio and thus enhanced 

scattering efficiency. The propagation of light is randomized due to repeated scattering by the air 

core which shortens photon transport mean free path [197] and hence strengthens reflection. To 

compare, we replace SiO2 with TiO2. The increased refractive-index-contrast lifts ⟨R⟩λ 

significantly, ranging from 0.84 to 0.93 when varying di / do from 0 to 0.9. ⟨R⟩λ of 0.93 at di / do = 

0.7 is not only a 20.5% enhancement than that of hollow SiO2 microspheres with di / do = 0.9 but 

also an 21.5% increment than porous PDMS. We attribute the increased ⟨R⟩λ to the additional light 

scattering induced by high-refractive-index shells. Interestingly, ⟨R⟩λ of hollow SiO2 microsphere 

with di / do = 0.9 is only an 8.3% reduction from ⟨R⟩λ of solid TiO2 microspheres, making the 

former a promising low-refractive-index alternative for the latter considering its strong ultraviolet 

(UV) absorption and potential safety concerns [186]. Moving on to the effect of diameter variation 

(again see Figure 5.2 for schematics of hollow microspheres generated for FDTD simulations), we 

find that ⟨R⟩λ increases with increasing di / do even though do is not uniform (Figure 5.5). In Figure 

5.3(b), for di / do = 0.9, ⟨R⟩λ generally decreases as the diameter variation extends towards larger 
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do and increases as the variation expands to the nanoscale. Notably, ⟨R⟩λ drops by 8.3% from 0.84 

to 0.77 as do varies from {0.5-1} to 0.5 µm; further increasing do to {0.75-1} and 0.75 µm leads to 

slight reflectivity reductions (to 0.825 and 0.815, respectively) while still maintaining the 

advantage of the varying- over uniform-diameter design. Hollow SiO2 microspheres with the 

varying do induce scattering efficiency peaks located differently over the entire solar spectrum 

(Figure 5.1(a)); scattering efficiency dips associated with certain sizes are successfully 

compensated by others. Such a compensation mechanism is immediately obvious by comparing 

the solar reflectivity spectra, which is detailed in Figure 5.4. In 5.4(a), we can observe that hollow 

SiO2 microspheres with varying diameters of 1-2 µm, 1-5 µm, and 1-8 µm show similar steadily 

decreasing solar reflectivity with increasing the wavelength, whereas the 1 µm hollow SiO2 

microsphere exhibits a higher solar reflectivity between the wavelength of 0.4 to 1.3 µm followed 

by a dip that is not recovered until the wavelength near 2 µm. In contrast, the 0.5-1 µm hollow 

SiO2 microspheres achieve comparably high solar reflectivity between the wavelength of 0.4 to 

1.3 µm compared to its 1 µm counterpart and, instead of a dip, shows a broad peak between the 

wavelength of 1.3 to 2.4 µm. This observation implies that solar reflectivity dip existing in 

uniform-diameter hollow microspheres can be compensated by employing hollow microspheres 

with varying diameters. Similar observation is again made in Figure 5.4(b) where the hollow 

microsphere material is changed to TiO2. Notice that the reduced solar reflectivity for hollow TiO2 

microspheres near the wavelength of 0.4 µm is caused by the strong UV absorption, which is well-

known for this material. 

        The diameter variation thus provides broadband solar reflectivity enhancement in the hollow 

SiO2 microsphere composites. Note that the distribution of do is skewed towards smaller sizes 

(inset of Figure 5.3(b)), however, at the filling ratio of 55 vol%, we do not observe a significant 
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effect on the solar reflectivity from varying the current size distribution to a normal one. As shown 

in Figure 5.6, we compare the solar reflectivity for hollow SiO2 microspheres with do of 0.5-1 µm, 

1-2 µm, 1-5 µm, and 1-8 µm. When do is submicron, the normal size distribution and skewed size 

distribution lead to nearly identical solar reflectivity, while as do becomes larger, the discrepancy 

between the solar reflectivity of the two size distributions becomes greater (see Figure 5.6(b)). The 

accrued discrepancy can be readily explained by the reduced solar reflectivity in the wavelength 

range of 0.4 to 1 µm (see Figure 5.6(a)) for hollow microspheres following a normal size 

distribution. The solar reflectivity in this wavelength range is mainly contributed by the small size 

hollow microspheres, which is the minority in normal size distribution as the size is greater (e.g., 

do = 1-5 µm and 1-8 µm). 
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Figure 5.2 Representative schematics of hollow microsphere composites with do of 0.5-1 µm,  1 
µm, 1-2 µm, 1-5 µm, and 1-8 µm generated for the FDTD simulation. The hollow microsphere’s 
filling fraction is controlled to be 55 vol%. Each unit cell has a width of 20 µm and a thickness of 
100 µm. The left and right boundaries are subject to periodic boundary conditions. A plane wave 
source (0.4-2.4 µm) illuminates the unit cell from the bottom with a reflection monitor behind it to 
collect the electromagnetic power that is reflected by the hollow microspheres. A transmission 
monitor is placed on the top boundary to collect the electromagnetic power that transmits through 
hollow microspheres. The microsphere materials are SiO2 or TiO2 (colored blue). The matrix is 
PDMS (colored light-orange). The hollow core is air-filled (colored white). 

 

 

Figure 5.3 (a) Integrated reflectivity ⟨R⟩λ as a function of shell thickness for uniform-diameter 
hollow SiO2 and TiO2 microspheres with do = 1 µm in the wavelength of 0.4-2.4 µm.  (b) ⟨R⟩λ of 
varying-diameter hollow SiO2 microspheres with do ranges in {0.5-1}, {0.75-1}, {1-2}, {1-5}, and 
{1-8} µm. ⟨R⟩λ computed for the uniform-diameter microspheres, {0.5}, {0.75}, and {1} µm, are 
plotted for comparison. The shell thickness defined by di / do = 0.9 is studied.  
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Figure 5.4 Solar reflectivity of hollow (a) SiO2, and (b) TiO2 microsphere composites with di / do = 
0.9 with varying do. The reflectivity spectra are smoothed using a Gaussian algorithm.  

 

 

 

 

Figure 5.5 (a) Solar reflectivity of varying-diameter hollow SiO2 microspheres-PDMS composites 
with do from 1 to 8 µm and shell thickness from 5% to 45% of do. The reflectivity spectrum 
decreases in thickening the SiO2 shell. (b) Integrated solar reflectivity of hollow SiO2 microspheres 
with corresponding shell thickness in (a). 
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Figure 5.6 (a) Solar reflectivity spectra and (b) the total solar reflectivity for varying-diameter 
hollow SiO2 microspheres whose sizes follow a normal or skewed distribution. 

 

5.5 Effect of Diameter Variation 
 
        To explain the trend of ⟨R⟩λ in Fig.2(b), we employ the total-field scattered-field source to 

illuminate randomly distributed hollow SiO2 microspheres with varying do in a 20 µm × 20 µm 

unit cell (f.f. = 55 vol%) surrounded by PMLs. Statistics of do distribution (bottom left inset) are 

close to those in Fig.2(b).  We compute the backscattering ratio Qb / Qf, where Qb and Qf are the 

scattering efficiency in the forward and backward directions defined by angular ranges [0, 180°) 

and [180°, 360°) from +x direction (schematics in Fig.3). We selectively consider varying do 

distributions of 0.5 to 1 µm, 1 to 2 µm, 1 to 5 µm, and 1 to 8 µm, which for brevity will be referred 

to as {0.5-1}, {1-2}, {1-5}, and {1-8} hereafter. Uniform-diameter hollow SiO2 microspheres with 

do of 0.5 and 1 µm (referred to as {0.5 and {1}) are included for comparison. The backscattering 

ratio of the composites {1-2}, {1-5}, and {1-8} with di / do = 0.9 share similar decreasing trend 
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while differing in magnitudes over the entire spectrum. Composites {0.5}, {0.5-1} and {1} yield 

comparable backscattering ratio in the visible spectrum, while in the near-IR range show similar 

major peaks/dips but contrasting amplitudes. Specifically, varying do distribution compensates the 

dip at λ ≈ 1.2 µm and lifts the peak near λ ≈ 1.8 µm. Notably, composites with smaller do achieve 

spectral-average backscattering ratio ⟨Qb / Qf ⟩λ (bottom right inset), which could be due to stronger 

scattering by an increased number of scatterers as do decreases. Importantly, despite higher 

backscattering ratio from around 1 to 1.6 µm for the composite {0.5} than {0.5-1}, the former 

exhibits a significant reduction after 1.6 µm, resulting in higher ⟨Qb / Qf ⟩λ which agrees well with 

the trend in Fig.2(b). We also selectively plot the electric field distribution for composites {0.5-1} 

and {1} at the backscattering ratio peaks and dips to reveal the optical behavior underlying the 

enhanced reflection. At λ = 1.81 and 1.84 µm, greater electric field magnitude |E| in the backward 

direction indicates stronger backscattering, whereas at λ = 1.47 and 2.33 µm, |E| is larger in the 

forward direction which indicates stronger forward scattering.  
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Figure 5.7 Wavelength-dependent backscattering ratio computed for varying-diameter hollow SiO2 
microspheres with di / do. The simulation is performed using 20 µm × 20 µm unit cells illuminated 
by the total-field scattered-field source in the wavelength of 0.4-2.4 µm. The statistical distribution 
of do is similar to those in Fig.2(b). Selected electric fields of uniform- (do = 1 µm) and varying-
diameter (do = 0.5 to 1 µm) hollow SiO2 microspheres with di / do = 0.9.  

 

        Hollow SiO2 microspheres with thicker shells exhibit strikingly different scattering 

properties, as shown in Figure 5.8(a). The backscattering magnitude for the composites {0.5-1}, 

{1}, and {1-2} drop significantly from 0.4 to 1 µm wavelength range by almost an order of 

magnitude. The varying-dimeter hollow SiO2 microspheres show a steadily decreasing 

backscattering ratio with increasing the wavelength, whereas the uniform-diameter hollow SiO2 

microspheres show a major dip (magnitude of the dip is on the order of 10-4 

) in backscattering near the wavelength of 1 µm and climb back up to a peak (magnitude of the 

peak is on the order of 10-2) near the wavelength of 1.6 µm. The backscattering magnitude greatly 

differs from that of the SiO2 hollow microspheres with a thinner shell. In Figure 5.8(b), we again 

selectively plot the electric field distribution for the 1 µm hollow SiO2 microspheres at the 
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frequencies of 1.05 µm and  1.6 µm. The electric field is mostly strong in the forward direction, 

indicating the backscattering strength is weak. Due to the significantly weakened backscattering, 

the thicker shell is not preferable for achieving a high solar reflectivity for SiO2 hollow 

microspheres. 

 

 

Figure 5.8 Backscattering ratio spectra smoothed by a gaussian algorithm and total backscattering ratio 
(inset) for varying-diameter hollow SiO2 with di / do  = 0.1 simulated using 20×20 µm unit cells 
illuminated by a total-field scattered-field source over the wavelength from 0.4 to 2.4 µm. 
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5.6 Identification of the Optimal Design 
 
        ⟨R⟩λ and ⟨Qb / Qf ⟩λ concurrently imply stronger solar reflection achieved by hollow SiO2 

microspheres with nanoscale do. To reduce the computational cost, we compute ⟨Qb / Qf ⟩λ for 

hollow SiO2 microspheres with the varying and uniform diameter in the submicron scale while 

keeping di / do = 0.9. Depicted in Figure 5.9(a), ⟨Qb / Qf ⟩λ for uniform-diameter hollow SiO2 

microspheres peaks at 0.5 µm and quickly decays towards both ends. Similarly, for varying-

diameter hollow SiO2 microspheres in (b), ⟨Qb / Qf ⟩λ reaches comparable apexes for do ranging in 

{0.25-1} and {0.5-1} µm, whereas extending the range further towards smaller and larger sizes 

yields reduced backscattering. Specifically, shown in the inset, the two optimal varying-diameter 

designs slightly outperform the uniform-diameter design (do = 0.5 µm) in ⟨Qb / Qf ⟩λ, which 

highlights the advantage of diameter variation. Yet we notice that in Figure 5.3(b), composite {0.5} 

has the lowest ⟨R⟩λ, differing from ⟨Qb / Qf ⟩λ. We could attribute this to the difference in the 

simulated unit cells, whereas the advantage of varying-diameter over uniform-diameter design in 

offering high ⟨R⟩λ maintains and trends of ⟨R⟩λ and ⟨Qb / Qf ⟩λ for other diameters agree well. When 

do is uniform, the reduced ⟨Qb / Qf ⟩λ could be due to narrowband scattering efficiency peaks at 

specific wavelengths, inferred by Fig.1; when do is varying, scattering efficiency peaks inherited 

to multiple sizes blend to induce a broadband enhancement. The optimal ⟨Qb / Qf ⟩λ in (b) implies 

a competing effect between the increased number of scatterers due to decreased do, which would 

lead to enhanced scattering, and the scattering efficiency, whose peak blueshifts with decreasing 

do. Importantly, we consider only the range of do but not specific combinations, which relaxes the 

stringent requirement of precise control on size compositions that may be practically challenging. 
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Figure 5.9 Spectral-average backscattering ratio  ⟨Qb / Qf ⟩λ of (a) uniform- and (b) varying-diameter 
hollow SiO2 microspheres. Uniform-size hollow SiO2 microspheres induces the highest 
backscattering ratio when do = 0.5 µm; hollow SiO2 microspheres with varying do ranging in {0.25-
1} and {0.5-1} µm provide comparably high backscattering ratios, which slightly outperform that 
of uniform-size ({0.5} µm). The inset plots  ⟨Qb / Qf ⟩λ for hollow SiO2 microspheres with do of 
{0.5}, {0.25-1}, and {0.5-1} µm, respectively. 

 

        The average solar reflectivity ⟨R⟩λ presented in Figure 5.3 is computed based on an 

unweighted spectral averaging ⟨R⟩λ = ∫𝑹𝑹(𝝀𝝀)𝒅𝒅𝝀𝝀
∫𝒅𝒅𝝀𝝀

, where we focus on the wavelength range between 

0.4 to 2.4 µm which accounts for 89% of the total solar irradiation power. The other 11% of the 

solar irradiation falls in ultraviolet wavelength smaller than 0.4 µm by 7% and near mid/long 

infrared wavelength greater than 2.4 µm by 4%. We next predict the weighted average solar 

reflectivity by assuming the solar reflectivity of the hollow SiO2 microsphere composites in the 

UV and mid/long IR region to be from 0 to 1 and using the weighting coefficient of 7%, 44%, 

45%, and 4% for each wavelength that the solar irradiation power spectrum covers. The prediction 

results are presented in Table 5.1. We can observe that the optimal designs that maximize the 
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weighted solar reflectivity ⟨R⟩λ for both SiO2 and TiO2 microsphere materials are the varying 

diameter 0.5-1 µm. These results agree with the unweighted ⟨R⟩λ reported in Figure 5.3 and 

validate our calculation that solely accounts for the wavelength from 0.4 to 2.4 µm, which is our 

main wavelength range of interest. 

Table 5.1 Prediction of weighted average solar reflectivity ⟨R⟩λ  for SiO2/TiO2 hollow microsphere 
composites with uniform and varying diameters based on the solar irradiation power spectrum over the UV, 
NIR, IR, and mid/long IR regions. The percentage of solar irradiation power in each wavelength region is 
7%, 44%, 45%, and 4%, respectively. 

 

 

5.7 Discussions 
 
        To discuss, we do not consider UV or mid-infrared (mid-IR) spectra as they only account for 

11% of solar irradiation [198]. Additional insight into spectral contributions is obtained by 

computing ⟨R⟩λ in UV (7%), visible (44%), near-IR (45%), and mid-IR (4%) by their percentages 

in solar power (100%). For the optimal hollow SiO2 microspheres with do of {0.5-1} µm, we 
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assume ⟨R⟩λ, UV  and ⟨R⟩λ, mid-IR to be from 0 to 1, and yield ⟨R⟩λ, vis = 0.868 and ⟨R⟩λ, near-IR = 0.821, 

respectively, leading to a weighted ⟨R⟩λ from UV to mid-IR ranging from 0.751 to 0.861. For λ  

from 0.4 to 2.4 µm, higher ⟨R⟩λ is expected for composites thicker than 100 µm due to decreased 

transmissivity led by the addition of materials. In this regard, we simulated SiO2 hollow 

microspheres with do ranging in 1 to 8 µm for varying unit cell thicknesses including 50, 100, 150, 

and 200 µm. While the simulation is performed for this specific range of do for reducing the 

computational cost, the conclusion is readily applicable to the microsphere composites with other 

do despite being uniform or varying. Shown in Figure 5.10, as the thickness increases, the spectral 

solar reflectivity decreases steadily with increasing the wavelength. The solar reflectivity 

magnitudes for each thickness are clearly separated, indicating that as more SiO2 hollow 

microspheres are packed into the composite the solar reflection becomes stronger. Because neither 

SiO2 nor PDMS is strongly absorptive in the wavelength range of 0.4 to 2.4 µm, the reflectivity R 

and transmissivity T follow R = 1 – T. Thus, as the SiO2 hollow microsphere composite becomes 

thicker, the solar reflectivity would increase due to the reduced transmissivity, given none of the 

composite materials absorbs significantly in the solar wavelength. 
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Figure 5.10 Spectral-dependent and average reflectivity from the wavelength of 0.4 to 2.4 µm for 
the varying-diameter composite {1-8} with the thickness of the unit cell varying from 50 to 200 
µm. Both the spectral and average solar reflectivity show increased magnitude for the thicker unit 
cell. 

 

        For λ smaller than 0.4 µm, we expect high UV reflectivity from hollow SiO2 microspheres 

thanks to the sizes comparable with λ in varying diameter distributions, whereas TiO2 

microspheres would suffer from strong UV absorption. For wavelengths greater than 2.4 µm, ⟨R⟩λ 

for both SiO2 or TiO2 hollow microspheres would drop significantly due to increased 

absorptivity/emissivity. One could adjust the range of varying diameters to achieve solar 

reflectivity modulation according to the need. Generally, hollow microspheres with varying 

diameters defined by ranges without fine-tuning specific size compositions discussed here will 

benefit applications where broadband optical responses are desired. 
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5.8 Conclusions 
 
        We have studied the solar reflectivity in the 0.4-2.4 µm wavelength range of solid and hollow 

microspheres with the diameter varying from 0.125 to 8 µm using Mie theory and FDTD 

simulations. SiO2 and TiO2 are considered as low- and high-refractive-index microsphere materials 

while the PDMS is considered as a polymer matrix. Our analysis has shown that hollow 

microspheres with a thinner shell are more effective in scattering light, compared solid 

microspheres, and lead to a higher solar reflectivity up to 20 times. The high scattering efficiency, 

owing to the large interface density, in hollow microspheres allows low-refractive-index SiO2 to 

have a high solar reflectivity of 0.77, which is only 8.3% less than that of solid TiO2 microspheres. 

When the diameter is uniform, 0.75 µm SiO2 hollow microspheres provide the largest solar 

reflectivity of 0.81. When the diameter is varying, the random-distributed 0.5-1 µm SiO2 hollow 

microspheres provide the largest solar reflectivity of 0.84.  The effect of varying diameter is further 

supported by the backscattering ratio, where hollow SiO2 microspheres with 0.5-1 µm diameters 

achieve the strongest backscattering among all studied designs.  These findings will guide the 

optimal designs of microsphere composites and hierarchical materials for optical and thermal 

management systems. 
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CHAPTER 6: CONCLUSIONS AND SUGGESTIONS 

 
6.1 Summary 

 
        In summary, this dissertation described the transport of phonons and photons in nanoporous 

structures and demonstrated their potentials for thermoelectric materials, phononic topological 

insulators, and radiative cooling coating materials.  

        Regarding the particle-like phonon transport,  Monte Carlo ray tracing models have been 

developed to understand the phonon-boundary scattering phenomena in complex multi-

dimensional Si nanoporous structures with the presence of multiple geometrical parameters. Ray 

tracing models for both 2D and 3D have been validated against various experimental and 

computational results in the literature. Specifically, the experimental data for periodic and 

aperiodic Si nanomeshes at temperatures higher than 14 K and periodicity greater than 100 nm 

verified the thermal conductivity calculation performed by 3D ray tracing simulations and the 

assumption of phonon particle-like transport in such Si nanoporous structures under such 

conditions. This work highlighted 2D ray tracing simulation results for Si nanoporous structures 

of varying pore shapes, alignments, and pore size distributions and focused on the phonon transport 

in the in-plane direction. The neck size has been identified as the key mechanism for understanding 

thermal conductivity reduction in Si nanoporous structures with identical porosities. Specifically, 

asymmetric pore shapes are more effective in reducing the thermal conductivity due to localized 

heat fluxes at the neck. Hexagonal-lattice pore distribution is more effective in reducing the 

thermal conductivity than the squared-lattice pore distribution due to blocking of phonon line of 

sight; alternative pore size distributions are more effective in reducing the thermal conductivity 

than uniform pore size distributions because of the limited phonon line of sight as well (Chapter 

2). Asymmetric nanopores have shown possibilities of realizing thermal rectification even with 



 

92 
 

fully diffuse pore boundaries. A rectification ratio of up to 13 could be achieved by the optimally 

designed structure and controlled phonon injection angle (Chapter 3). The simulation results 

presented in Chapters 2 and 3 improved the understanding of phonon-boundary scattering 

phenomena in complex Si nanoporous structures and will guide the future optimal design of 

thermoelectric energy harvesting systems and thermal directional control devices. 

        Regarding the phonon wave-like transport, the current doctoral research has developed a 

unique six-petal holey Si design for realizing the intriguing phononic topological insulator. 

Submicron periodicity enabled working frequencies up to the GHz range. By simple geometrical 

modifications, the six-petal holey structure induced the zone-folding effect and demonstrated the 

topological phase transition, evident by the inversion of bands and vibrational modes computed by 

the FEM simulations. The emergence of topologically-protected edge states was confirmed by 

computing phononic band structures of a supercell joining a trivial and non-trivial phononic crystal 

with optimally tuned geometries. The full-scale FEM simulations successfully demonstrated the 

backscattering-immune elastic wave transmission greater than 90% with even with the presence 

of geometrical defects including a cavity, a lattice disorder, and complicated domain walls 

involving up to 14 sharp bends. The six-petal design intrinsically avoids potential fabrication 

uncertainties including the widely-seen rounding effect in the lithographical process. The design 

provided robustness to uniform over- and under-sizing errors up to 11% and 6%, respectively; 

even with randomly distributed and mixed over-sizing errors, the design was proven to be robust 

unless the errors were closed to each other in geometries. The above topological properties were 

successfully shown for both in-plane and out-of-plane elastic waves. The experimental validation 

was highly challenging at the moment due to the limited nanofabrication capability and on-chip 

measurement capability at GHz frequencies. However, the simulation results have clearly shown 
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the signatures of topological edge states and the backscattering-immunity. The experimental 

investigation could be expected to be performed in the future as technology advances. The results 

presented in this dissertation offered a detailed understanding of the relationship between geometry 

and topological properties and will pave the way for the design of future phononic circuits (Chapter 

4). 

        Regarding the photon transport in nanoporous composite materials, the current dissertation 

presented detailed theoretical and numerical computation results for the high solar reflectivity 

achieved by hollow dielectric microspheres embedded in a PDMS matrix. Such disordered media 

have far-reaching applications in the radiative thermal management and the effectiveness of the 

investigated system in radiative cooling had been experimentally verified in our previous work. 

The current doctoral research focused on offering a fundamental perspective to the experimental 

observation of solar reflectivity enhancement realized by combining hollow microspheres with 

varying diameters that form a hierarchical system. The Mie theory and FDTD simulations showed 

that, for SiO2 and TiO2 shell materials,  a thin shell thickness was more effective in scattering the 

light, compared to solid microspheres, and the high scattering efficiency was attributed to greater 

interface density that allows low-refractive-index materials to have high solar reflectivity. The 

FDTD simulations identified optimal designs for achieving high solar reflectivity. Specifically, for 

uniform-diameter hollow SiO2 microspheres, a diameter of 0.75 µm realizes the highest solar 

reflectivity of 0.81, whereas, for vary-diameter hollow SiO2 microspheres, a diameter range of 0.5-

1 µm yielded the highest solar reflectivity of 0.84. The solar reflectivity could be driven even 

higher by increasing the thickness of the composite or introducing other shell materials that 

induces greater refractive-index-contrast. The presented computational results identified the key 

mechanisms of phonon and photon transport in various nanoporous structures and provided 
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physical insights into the controlled thermal and wave transport phenomena. The results will guide 

the future optimal design of optical and thermal management systems (Chapter 5). 

 
6.2 Suggestions for Future Works 
 
        Nanoporous structures have received great attention in controlling the thermal and wave 

transport and are attractive for thermoelectric materials, topological insulators, and radiative 

cooling coating materials. My doctoral work has improved the understanding of multi-dimensional 

phonon-boundary scattering phenomena in complex geometries, the relationship between 

geometry and the topological properties induced by phonon transport in the form of elastic waves, 

and the optical properties of uniform- and varying-diameter hollow microsphere composites that 

lead to a high scattering efficiency of light (photon) and high solar reflectivity. There are, however, 

challenges and unclear understanding remained to be coped with and deciphered. 

 

        6.2.1 Experimental Demonstration of Six-petal Holey Si Topological Insulators 

        An experimental demonstration on the six-petal holey Si-based phononic topological 

insulators discussed in Chapter 4 can be performed. A potential experimental setup for measuring 

the elastic transmission is depicted in Figure 6.1(a).  The setup is consisting of a piezoelectric 

transducer to excite the elastic wave at the input port, and a network analyzer to record the signal 

at the output port. Post-processing will lead to elastic wave transmission, 𝑇𝑇(𝑑𝑑) =

20 log (Φ𝑜𝑜𝑜𝑜𝑒𝑒𝑖𝑖𝑜𝑜𝑒𝑒(𝑑𝑑) Φ𝑖𝑖𝑛𝑛𝑖𝑖𝑜𝑜𝑒𝑒(𝑑𝑑)⁄ ) , where Φ(𝑑𝑑)  represents the elastic power spectral density. The 

piezoelectric transducer can be either a disk connected to a tiny Tungsten probe whose tip will be in contact 

with the topological insulator sample or an on-chip integration realized by nanofabrication. To detect the 

displacement field caused by the elastic wave propagation along the domain way between two topologically 

distinct domains, a laser vibrometer can be potentially included.  
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Figure 6.1 An experimental setup that can be potentially employed to characterize the phononic 
topological insulator. An excitation signal will be generated by a network analyzer, and the 
excitation will be implemented on the sample by a Tungsten probe needle. The vibrational signal 
that carries the information about the displacement field in the sample will be captured by a laser 
vibrometer and recorded by the network analyzer. 
 
 

        6.2.2 Topological Insulators in Three-Dimension 

        It is of great interest to expand the unprecedented transport capabilities and the unmatched 

tolerance to defects of topological insulators from two-dimensional (2D) to three-dimensional (3D) 

systems, where more complex transport phenomena will be involved and will open opportunities 

for controlling the wave propagation in higher dimensions. While in 2D systems the topological 

phase transition featured the formation of Dirac cones and breaking of either time-reversal (T) 

symmetry or parity inversion (P) by even an infinitesimal perturbation, in 3D systems the Dirac 

cone-based phase transition is a robust phase of Weyl points, and the Weyl points can only be 

created or eliminated by pair-annihilations and pair-generations of Weyl points of opposite 

chiralities, which usually requires strong perturbation. The existence of Weyl points in 3D 

photonic crystals was first shown theoretically possible by breaking both the P- and T-symmetry 

and then experimentally demonstrated in a 3D waveguide array structure by breaking the inversion 

symmetry. As preliminary work, we numerically investigate a 3D topological insulators design by 
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implementing a 3D hexagonal lattice structure using acoustic resonators. Figure 6.2 shows 

preliminary results based on polymer-air structures where each resonator is an air-filled six-petal 

cavity with polymer walls being an acoustic hard boundary. The geometrical parameter of each 

resonator is ht = 0.5a and [ri, ro, dio] = [0.26a, 0.13a, 0.34a]. The coupling between each pair of 

nearest-neighboring resonators in the xy-plane is provided by the neck while coupling along z-

direction is offered by a central cylindrical rod with a height hc = 0.25a. By choosing a unit cell of 

two stacked identical resonators as a = 8.7 mm, the calculated phononic band structure shows that 

the projection of bulk bands onto xy-plane is a nodal line along K-H (K, H are high-symmetry 

points) and that a Dirac cone formed at f = 16.7 kHz. To form a double Dirac cone, we expand the 

original unit cell to induce a zone-folding effect. The simulated band structure has two dispersive 

bands meeting at a linear band-crossing point, forming a four-fold degeneracy at the high-

symmetry point H. To open a bandgap, we vary ri to introduce two types of six-petal resonators 

obeying a glide symmetry. By increasing ri1 to 2.64 mm and decreasing ri2 to 1.88 mm when 

keeping all other geometrical parameters the same, we change the coupling strength in the xy-

plane, which leads to the original four-fold degeneracy point to break into two pairs of two-fold 

degenerate bands; this leaves a bulk bandgap open in-between and enables 3D topological 

insulators. 
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Figure 6.2 3D design of phononic topological insulators and preliminary computations of polymer-
air structures that induce a double Dirac cone and open a bulk bandgap. To form a double Dirac 
cone, all four resonators in the expanded unit cell are designed to be the same. To open a bulk 
bandgap, two types of resonators are created by increasing and decreasing ri to ri1 and ri2. For a = 
8.7 mm, the phonon band structures are computed, and the band inversion process is confirmed. 
When there is a unit cell consisting of a monolayer of identical resonators, we observe a nodal line 
with two-fold degeneracy. By expanding the monolayer unit cell to a double-layer one, we induce 
a zone-folding effect and realize a double Dirac cone at 16.7 kHz. By modifying the expanded unit 
cell, a bulk bandgap forms at 16-17 kHz. 
 
 

        To demonstrate the emergence of topologically-protected surface states, we build a supercell 

and simulate its phononic band structure. Figure 6.3 shows the preliminary results with a supercell 

that is finite along the y-direction, containing 11 expanded unit cells with different resonators (e.g., 

with ri1 and ri2). We introduce a domain wall where two bulk phononic crystals on each side exhibit 

a mirror-like symmetry. Periodic boundary conditions are applied on the xz- and yz-plane. The 

simulated band structures show that two pairs of topological pseudospin-valley states are located 

between a bandgap spanning from 16 kHz to 17 kHz. We selectively plot in Figure 6.3(c) the 

acoustic pressure fields for two pairs of frequencies near the high-symmetry point 𝚪𝚪� . The acoustic 

pressure distributions are opposite in phase for the frequencies of 16.64 kHz and 16.68 kHz at 

kxa/π = 1.25, indicating opposite group velocity of the acoustic wave and pseudospin directions. 

Similar opposite acoustic pressure distribution can be seen at kxa/π = 5.25. To demonstrate 

phononic wave transmissions along topologically-protected domain walls, full-field numerical 
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simulations are performed. The preliminary results in Figure 6.3(d) shows that the acoustic 

pressure distribution is highly-localized to the domain wall (yellow-dashed curve) from the source 

(excitation is applied at the red-star mark) to the output (at the end of the yellow-dashed curve on 

the right) when an acoustic wave is excited at 17 kHz. Figure 6.3(e) shows the case where the 

domain wall is a zig-zag path. Again, the acoustic wave propagates in the proximity of the domain 

wall, detouring two sharp bends of 60° in a near backscattering-immune manner. 

 

 

Figure 6.3 Preliminary computations of 3D topological insulators. (a) A supercell consists of 11 
modified expanded unit cells forming an interface (red-dashed line). Periodic boundary conditions 
are applied in xy and yz planes. (b) The projected bulk band structure of the supercell. Two pairs 
of pseudospin-valley states can be observed in the bulk bandgap at 16-17 kHz. These two pairs of 
valley states are topologically-protected and have opposite pseudospin directions. (c) The acoustic 
pressure fields at selected reduced wavenumber kxa/π of 1.25 (near the point 𝚪𝚪�  to the left of point 
𝐌𝐌� ) and 5.25 (near the point 𝚪𝚪�  to the right of point 𝐌𝐌� ). (d) Acoustic wave transmissions along a 
straight domain wall, and (e) a zig-zag domain wall in the xy-plane. The acoustic waves in both 
cases are excited from the sources at 17 kHz, and their transmissions are topologically-protected 
with negligible backscattering to the output.   
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        6.2.3 Higher-order Topological Insulators and the Corner States 

        Higher-order topological insulators have become one of the frontiers in the research of 

topological matters. To explore this new class of topological insulators, the topological corner 

state, which signifies the existence of higher-order topological phenomena, can be investigated 

in the future. Based on the bulk-boundary correspondence, topological insulators of an order 

N are known to have (N-1)-dimensional boundary states, and second-order topological 

insulators are known to have no (N-1)-dimensional boundary states but (N-2)-dimensional 

ones. In other words, a 2D second-order topological insulator will have topologically-protected 

0D corner states. The corner states have been studied in mechanical and electromagnetic 

systems with square lattices exhibiting topological properties based on the quantization of 

quadruple moments. The concept has been extended to Kagome lattices that have a non-trivial 

bulk topology characterized by quantized Wannier centers. To provide a general description 

of the concept, in Figure 6.4, a triangular-lattice with cylindrical air-filled resonators connected 

by thinner cylindrical rods between nearest-neighbors shows the acoustic pressure distributions 

for the (a) corner, (b) edge, and (c) bulk states. The three states are separated by frequencies in 

the phononic band structure. Depending on the bulk topology, all modes will be confined to 

the bulk region if the bulk topology is trivial, whereas edge or corner states will emerge if the 

bulk topology is non-trivial. The positions of the corner states agree well with the Wannier 

centers of the structure.  It is also possible to make the corners be topologically-protected local 

resonance points by changing the shape of corners. The investigation of corner states in higher-

order topological insulators will open possibilities of confining sound, elastic, or even heat 

waves at corners that are attractive for particle trapping or locally enhancing or sensing the 

phononic field. 
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Figure 6.4 A general description of the (a) corner, (b) edge, and (c) bulk state supported by a 
triangular-lattice of air-filled cylindrical resonators connected by thinner cylindrical rods between 
the nearest-neighbors. The acoustic pressure distribution identifies the three states excited at 
varying frequencies and confined at different regions of the structure, where the position of corner 
states agree with Wannier centers. 

 
6.2.4 Complete or Near-complete Solar Reflection 
 
        While it has been experimentally demonstrated recently that composites with varying-

diameter glass bubbles in a PDMS matrix having micrometer thick can achieve a solar reflectivity 

over 90% and show significant radiative cooling temperature reduction, the most optimal cooling 

performance has not yet reached due to the incomplete reflection of the solar irradiation. Though 

increasing the composite thickness may have a marginal enhancement of solar reflectivity, a 

thicker composite also loses the merit of film flexibility which can be important as a coating for 

the non-flat building exterior. Numerically optimizing the distribution and sizes of the glass 

bubbles may not be a feasible approach due to the computational cost. The exploration of other 

bubble materials, those which induce greater refractive-index-contrast and exhibit insignificant 

UV absorption (TiO2 is not a good choice here though it has a much higher refractive index than 

glass), could benefit the development of solar reflector that can reflect solar irradiation completely 

or near completely. 

 
6.2.5 Characterization of Thermal Transport in Symmetric and Asymmetric Si 
Nanoporous Structures 
 
        In-plane thermal conductivity measurements can be performed to demonstrate the key 

findings discussed in Chapter 2. Potential experimental samples are illustrated in Figure 6.5. By 
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comparing the thermal conductivity of squared-lattice circular pores, in (b), and squared-lattice of 

triangular pores, in (c),  with identical porosity, the effect of pore shapes can be shown. By 

measuring the hexagonal-lattice circular pores, in (a), and compare the thermal conductivity of 

that of the squared-lattice pores, the effect of pore alignments can be characterized. The effect of 

pore size distributions of alternating and uniform schemes can be compared by measuring potential 

samples shown in (d) and (e). Out-of-plane thermal conductivity can be characterized using the 

3ω technique as well to complete the understanding of the thermal conduction of Si nanoporous 

structures discussed in this dissertation. The potential experimental setup for the in-plane and out-

of-plane thermal conductivity measurements is shown in Figure 6.6 (a) and (b), respectively. 

 
 

 
 

Figure 6.5 Schematics of potential experimental samples for thermal conductivity measurements 
of Si nanoporous structures having (a) hexagonal-lattice circular pores, (b) squared-lattice circular 
pores, (c) squared-lattice triangular pores, (d) circular pores following a uniform pore size 
distribution, and (e) circular pores following an alternating pore size distribution from small to 
large pores. Note that the dimensions in (a)-(e) are for illustration purposes only and do not reflect 
the real geometries of samples in practice. 
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Figure 6.6 Potential experimental setup for the (a) in-plane and (b) out-of-plane thermal 
conductivity measurements. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

103 
 

Appendices 
 

1. Thermal Conductivity Modeling 
        We start with the internal energy U which can be expressed as 

𝑈𝑈 = � ℏ𝑑𝑑
𝑑𝑑0

0
𝑓𝑓𝐵𝐵𝐵𝐵(𝑑𝑑,𝑇𝑇)𝐷𝐷(𝑑𝑑)𝑑𝑑𝑑𝑑 (1) 

 

where 𝑑𝑑0 is a cut-off frequency, ℏ is the reduced Planck‘s constant, 𝑑𝑑 is the angular-frequency, 

𝑓𝑓𝐵𝐵𝐵𝐵(𝑑𝑑,𝑇𝑇) is the Bose-Einstein distribution 
ℏ𝜔𝜔
𝑘𝑘𝐵𝐵
𝑟𝑟𝑥𝑥𝑖𝑖� ℏ𝜔𝜔

𝑘𝑘𝐵𝐵𝑇𝑇
�

�𝑟𝑟𝑥𝑥𝑖𝑖� ℏ𝜔𝜔
𝑘𝑘𝐵𝐵𝑇𝑇

�−1�
2, T is the temperature, and 𝐷𝐷(𝑑𝑑) is the 

phonon density of states.  

        The volumetric specific heat C is calculated based on U as 

𝐶𝐶 =
𝜕𝜕𝑈𝑈
𝜕𝜕𝑇𝑇

= � ℏ𝑑𝑑
𝑑𝑑0

0

𝜕𝜕𝑓𝑓𝐵𝐵𝐵𝐵
𝜕𝜕𝑇𝑇

𝐷𝐷(𝑑𝑑)𝑑𝑑𝑑𝑑 (2) 

where 𝜕𝜕𝑓𝑓𝐵𝐵𝐵𝐵
𝜕𝜕𝑇𝑇

 is the partial differentiation of the Bose-Einstein distribution for the temperature T. 

        We approximate the phonon dispersion relation by a quadratic form 𝑑𝑑(𝑘𝑘) = 𝑣𝑣𝑠𝑠𝑘𝑘 + 𝑐𝑐𝑘𝑘2 and 

solve the wave vector k such that 

𝑘𝑘 = −
𝑣𝑣𝑠𝑠
2𝑐𝑐

− �𝑣𝑣𝑠𝑠
2

𝑐𝑐2
+
𝑑𝑑
𝑐𝑐

 (3) 

where 𝑣𝑣𝑠𝑠 is the phonon group velocity and c is a fitting parameter. Best fitting to the longitudinal 

acoustic and transverse acoustic modes of the phonon dispersion relation from neural scattering 

experiment yields vs, LA = 9000 ms-1, vs, TA = 5230 ms-1, cLA = -2×10-7 and cTA = -2.26×10-7. 

        The phonon density of states 𝐷𝐷(𝑑𝑑) can then be expressed as 

𝐷𝐷(𝑑𝑑) = 3
4𝜋𝜋2𝑘𝑘2𝑑𝑑𝑘𝑘/(2𝜋𝜋 𝐿𝐿⁄ )3

𝑉𝑉𝑑𝑑𝑑𝑑
=

3𝑘𝑘2𝑑𝑑𝑘𝑘
2𝜋𝜋2𝑑𝑑𝑑𝑑
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=
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 (4) 

        The thermal conductivity based on the kinetic theory can be expressed as 

𝑘𝑘 =
1
3
� ℏ𝑑𝑑
𝑑𝑑0
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(5) 

 

        The phonon-boundary, -impurity, and Umklapp scattering are considered in the thermal 

conductivity calculation in this dissertation, while other phonon scattering mechanisms exist and 

examples are depicted in Fig. A1 for bulk Si. The intrinsic phonon mean free path in bulk Si due 

to phonon-impurity and Umklapp scattering is modified by the addition of nanoporous, as depicted 

in Fig. A1. The effective phonon mean free path accounts for the diffuse phonon scattering at pore 

boundaries and this effect is captured by the ray tracing simulation. 
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Figure A1. Phonon scattering mechanisms in bulk Si and nanoporous Si. The phonon transport can 
be either diffusive or ballistic, depending on the critical dimension of the material. Phonons can be 
scattered by various mechanisms including phonon-boundary, -impurity, -grain boundary, and 
Umklapp scattering. 
 

2. Ray Tracing Simulations 
 

        In this dissertation, the ray tracing simulation is performed in two-dimensional (2D) 

because we focus on understanding the phonon-boundary scattering in lateral directions and 

the Si nanoporous structures considered have through-holes that are uniform along the z-

direction. The pore shapes studied in this dissertation all possess symmetry at least along x- 

and/or y-axis. Therefore, a unit cell is first selected to reduce computational cost. Taking 

squared-lattice circular pores as an example, as shown in Fig. A2, the top and bottom 

boundaries of the unit cell are subject to specular boundary conditions. Phonons hitting these 

boundaries are going to be reflected specularly as if they pass the boundary into an adjacent 

unit cell along the mirror-like direction. Along the heat flow direction, the left and right 

boundaries are set to be periodic, allowing phonon exiting either boundary to re-emerge from 

the opposite boundary with identical y-coordinate and direction. Phonons scattered by the pore 

Nanoporous SiBulk Materials (e.g. Si)

impurity

(grain) boundary

diffusive phonon

Ballistic 
phonon

Umklapp
scattering

boundary
scattering
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boundary can move specularly or diffusely, depending on the surface specularity coefficient 

between 0 and 1. For diffuse phonon scattering at the pore boundary, a new direction is 

determined by randomly assigning an angle between 0 to 180° to the local normal direction, 

emulating the photon emission. The length of the simulation domain, L, along the x-direction 

is multiple of a single unit cell. Phonons are injected into the unit cell from either left or right 

boundary at an angle randomly picked from 0 to 180°, again emulating the photon emission. 

The phonon trajectory is traced and recorded during the simulation. For a single phonon, the 

simulation terminates when the phonon travels L or goes back to the initial boundary. In all ray 

tracing simulations in this dissertation, 5×106 phonons are considered. Among these phonons, 

those traveling L distance will be considered as transmitted phonons and an average 

transmission coefficient 〈𝜏𝜏〉 is calculated by dividing the number of transmitted phonons by 

the total number of injected phonons. The phonon-boundary scattering mean free path in the 

ballistic regime is then computed based on 〈𝜏𝜏〉 and combined with phonon mean free paths due 

to impurity and Umklapp scattering via Matthiessen’s rule. Finally, the thermal conductivity 

is to be calculated using Eq. (4). 

 
 

 
Figure A2. Flowchart of the ray tracing simulation. 

Averaged transmission 
coefficient 𝜏𝜏

𝛬𝛬−1 = 𝛬𝛬𝐵𝐵−1 + 𝛬𝛬𝐼𝐼𝑚𝑚𝑖𝑖
−1 + 𝛬𝛬𝑈𝑈−1

𝑘𝑘 =
1
3�𝐶𝐶𝑣𝑣𝛬𝛬𝑑𝑑𝑑𝑑
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        The main purpose of the Monte Carlo Ray Tracing simulation is to numerically solve the 

Boltzmann Transport Equation for phonon transport in nanoporous structures with varying 

geometrical parameters. The ray tracing algorithm is developed for both 2D and three-dimensional 

(3D) scenarios. The ray tracing algorithm is validated in 3D against the experimental data of silicon 

nanomeshes. The 2D ray tracing algorithm is developed by modifying the equations used in the 

3D scenario. Though no fundamental difference is expected for ray tracing simulations in 2D and 

3D, the 2D ray tracing algorithm is validated against published modeling results for silicon 

nanoporous structures with varying pore shapes and pore configurations.  As shown in Fig. A3, 

the effective thermal conductivity 𝜅𝜅𝑟𝑟𝑓𝑓𝑓𝑓  computed for aligned squared (AS) pores, staggered 

squared (SS) pores, aligned triangular (AT) pores, and staggered triangular (ST) pores by the 2D 

ray tracing algorithm developed in this work and by solving the mean free path-dependent BTE 

(MFP-BTE) are in a good agreement (uncertainties range from 4% to 7%). 

 

Figure A3. Effective thermal conductivity computed for aligned squared (AS), staggered squared 
(SS), aligned triangular (AT), and staggered triangular (ST) pores in 2D by using 2D ray tracing 
algorithm developed in this work and by solving the MFP-BTE in the published literature. The 
results obtained by the two methods agree well (uncertainties are between 4% to 7%). 
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An averaged transmission coefficient for phonons 〈𝒯𝒯〉  is calculated through Monte Carlo 

integration over the polar (𝜃𝜃) and azimuthal (𝜙𝜙) angles and the cross-sectional area (𝐴𝐴) of a unit 

cell of the nanoporous structure, ∫ ∫ 𝜏𝜏(𝜃𝜃,𝜙𝜙,𝐴𝐴) cos𝜃𝜃 sin 𝜃𝜃𝑑𝑑𝜃𝜃𝑑𝑑𝜙𝜙𝑑𝑑𝐴𝐴/𝜋𝜋𝐴𝐴π/2
0

2𝜋𝜋
0 . These three 

variables account for phonons injected into the unit cell at random positions and along random 

directions in 3D space. To minimize the computational cost, a unit cell is chosen and the parallel 

computation is enabled using the parallel-for function family in MATLAB. Using the silicon 

nanomeshes that have been experimentally characterized as an example. The schematic of the unit 

cell in the MATLAB model is illustrated in Fig. A4.  

 

Figure A4. The schematic of the unit cell of Si nanomeshes generated in the MATLAB ray tracing 
model. The pitches along x, y, and z axes are px, py, and pz. The dimension is in nanometers. The 
unit cell is half of a single nanomesh and the plane of symmetry is in yz. The rectangular object in 
the center represents the pore. The object outside the pore represents silicon. 

 

        Phonons are injected into the unit cell from the top surface by emulating the photon emission. 

The position is randomly selected within the top surface and we can define this initial position as 
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[x1, y1, z1]. The initial direction is randomly chosen as well and is defined by 𝜃𝜃 and 𝜙𝜙, respectively, 

as 

𝜃𝜃 = sin−1 �𝑅𝑅1 (6.a) 

𝜙𝜙 = 2𝜋𝜋𝑅𝑅2 (6.b) 

where R1 and R2 are two random numbers between 0 and 1. 𝜃𝜃 and 𝜙𝜙 range from 0 to 𝜋𝜋 and 0 to 𝜋𝜋
2
, 

respectively. The two angle forms a hemisphere with its center aligned with the surface normal 

([0,0,-1]) of the top surface. The next position of the phonon is determined by finding the next 

closed surface along its direction. The distance from the initial position to each surface in the unit 

cell is calculated and the one with the minimum is chosen as the surface the phonon will collide 

on. In general, this procedure is implemented when searching for the next surface for a phonon to 

collide with. Denoting the current direction of the phonon as 𝑑𝑑𝑠𝑠 = �𝑑𝑑𝑠𝑠,𝑥𝑥,  𝑑𝑑𝑠𝑠,𝑦𝑦, 𝑑𝑑𝑠𝑠,𝑧𝑧�  and the 

surface normal of surface 𝑖𝑖 in the unit cell as 𝑛𝑛�⃑ 𝑖𝑖 = �𝑛𝑛𝑖𝑖,𝑥𝑥,𝑛𝑛𝑖𝑖,𝑦𝑦,𝑛𝑛𝑖𝑖,𝑧𝑧�, the direction along which the 

phonon lands on the surface 𝑖𝑖 can be found by  

𝜓𝜓𝑖𝑖 = cos−1�𝑑𝑑𝑠𝑠 ∙ 𝑛𝑛�⃑ 𝑖𝑖� (7) 

        If 𝜓𝜓 is 90° or 270°, the phonon is moving parallel with the surface, so no collision will 

happen. Using the origin [0, 0, 0] as a global reference, the shortest distance between the surface 𝑖𝑖 

labeled by the surface normal 𝑛𝑛�⃑ 𝑖𝑖 = �𝑛𝑛𝑖𝑖,𝑥𝑥,𝑛𝑛𝑖𝑖,𝑦𝑦,𝑛𝑛𝑖𝑖,𝑧𝑧� can be computed by a dot product 

𝐷𝐷��⃑ 𝑖𝑖 = 𝑛𝑛𝑖𝑖,𝑥𝑥𝑥𝑥𝑖𝑖 + 𝑛𝑛𝑖𝑖,𝑦𝑦𝑦𝑦𝑖𝑖 + 𝑛𝑛𝑧𝑧,𝑖𝑖𝑧𝑧𝑖𝑖 (8) 

where [𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖, 𝑧𝑧𝑖𝑖] is one of the vortex points of the surface 𝑖𝑖. 𝜓𝜓𝑖𝑖 and 𝐷𝐷��⃑ 𝑖𝑖 are computed for all the 

surfaces 𝑗𝑗 = 1 …𝑁𝑁 in the unit cell except for the surface 𝑖𝑖 that the phonon is currently on (𝑖𝑖 ≠ 𝑗𝑗). 

Usually, if the surface is flat, a phonon cannot collide with the same surface successively. 
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However, if the surface is concave, for example, if a spherical surface is considered, the algorithm 

will be modified correspondingly to consider the same surface as the next possible surface to 

collide with. Among all the surfaces in the unit cell besides the current surface the phonon locates, 

the surfaces 𝑖𝑖′𝑠𝑠 with 𝜓𝜓𝑖𝑖 = 90° or 270° will not be considered. For other surfaces that are qualified, 

the distance between the phonon’s current position and the surface will be calculated as 

𝐿𝐿𝑖𝑖 = −
𝑛𝑛�⃑ 𝑖𝑖 ∙ 𝑝𝑝𝑠𝑠 + 𝐷𝐷��⃑ 𝑖𝑖

cos𝜓𝜓𝑖𝑖
 (9) 

where 𝑝𝑝𝑠𝑠 = �𝑝𝑝𝑠𝑠,𝑥𝑥,  𝑝𝑝𝑠𝑠,𝑦𝑦, 𝑝𝑝𝑠𝑠,𝑧𝑧� is the current position for the phonon. Note that if 𝐿𝐿𝑖𝑖 is negative, it 

indicates that the phonon’s next direction made an acute angle with the surface normal 𝑛𝑛�⃑ 𝑖𝑖, which 

means the phonon is leaving that surface. The surfaces 𝑖𝑖′𝑠𝑠 with positive 𝐿𝐿𝑖𝑖 will be tested afterward 

to see if their current direction will transverse the area of the surface 𝑖𝑖. For each surface 𝑖𝑖, the 

position that the phonon will land is determined by 

𝑝𝑝𝐿𝐿,𝑖𝑖 = 𝑝𝑝𝑠𝑠 + 𝑑𝑑𝑠𝑠 ∙ 𝐿𝐿𝑖𝑖 (10) 

        Using the right-hand rule, by successively taking the cross product of the vector made by 𝑝𝑝𝐿𝐿,𝑖𝑖 

and each vortex points of the surface 𝑖𝑖  denoted by 𝑣𝑣𝑖𝑖𝑑𝑑 = �𝑣𝑣𝑖𝑖𝑑𝑑,𝑥𝑥, 𝑣𝑣𝑖𝑖𝑑𝑑,𝑦𝑦, 𝑣𝑣𝑖𝑖𝑑𝑑,𝑧𝑧� (𝑘𝑘  is the index of 

vortex points) in a counter-clockwise direction, if 𝑝𝑝𝐿𝐿,𝑖𝑖 stays within the surface 𝑖𝑖 can be determined. 

A specularity coefficient 𝜚𝜚 (0 ≤ 𝜚𝜚 ≤ 1) is used to determine whether the collision is specular or 

not. In the ray tracing simulation, this coefficient is global. Specifically for each collision, a 

random number 𝑅𝑅3 (0 ≤ 𝑅𝑅3 ≤ 1) is generated to compare with 𝜚𝜚. As 𝜚𝜚 indicates the possibility a 

phonon will be scattered specularly, 𝑅𝑅3 ≤ 𝜚𝜚 means the phonon will experience specular scattered 

for sure, and the phonon will be diffusely scattered otherwise.  
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        If a specular scattering happens, the new phonon direction is computed by the law of 

reflection, where the angle of incident is equal to the angle of reflection, as 

𝑑𝑑𝑛𝑛 = 2𝑛𝑛�⃑ 𝑖𝑖 ∙ �𝑛𝑛�⃑ 𝑖𝑖 ∙ �−𝑑𝑑𝑠𝑠�� + 𝑑𝑑𝑠𝑠 (11) 

        If a diffuse scattering happens, the new phonon direction is computed in analog to the photon 

emission using two random numbers, similar to how phonons are injected into the unit cell 

discussed previously. The corresponding polar and azimuthal angles associated with the new 

direction are 

𝜃𝜃𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 = sin−1 �𝑅𝑅3 (12.a) 

𝜙𝜙𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 = 2𝜋𝜋𝑅𝑅4 (12.b) 

where 𝑅𝑅3 and 𝑅𝑅4 range from 0 to 1. Note that 𝜃𝜃𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙  and 𝜙𝜙𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙  are with respect to the local surface 

normal of the current surface phonon resides. The correspondingly local new direction for the 

phonon is computed as 

𝑑𝑑𝑛𝑛,𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 = [sin𝜃𝜃𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 cos𝜙𝜙𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 , sin𝜃𝜃𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 sin𝜙𝜙𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 ,− cos 𝜃𝜃𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙] (13) 

        To translate into the global coordinate cartesian system, a rotation matrix defined by two 

rotation angles, namely rotation polar angle 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒  and rotation azimuthal angle 𝜙𝜙𝑟𝑟𝑜𝑜𝑒𝑒, is required. 

Such a matrix can be expressed as 

𝑹𝑹 = �
cos 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒 cos𝜙𝜙𝑟𝑟𝑜𝑜𝑒𝑒 − sin𝜙𝜙𝑟𝑟𝑜𝑜𝑒𝑒 sin 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒 cos𝜙𝜙𝑟𝑟𝑜𝑜𝑒𝑒
cos𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒 sin𝜙𝜙𝑟𝑟𝑜𝑜𝑒𝑒 cos𝜙𝜙𝑟𝑟𝑜𝑜𝑒𝑒 sin𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒 sin𝜙𝜙𝑟𝑟𝑜𝑜𝑒𝑒

− sin 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒 0 cos 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒
� (14) 

        Then the global new direction for the phonon is computed by the matrix multiplication as 

𝑑𝑑𝑛𝑛 =  𝑹𝑹𝑑𝑑𝑛𝑛,𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 (15) 
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        2D ray tracing algorithm is developed by modifying some of the equations used for the 3D 

scenario. Specifically, the direction of heat flow is set to be along the x-axis. In this case, the 

surface normal for the initial surface is pointed towards 0° (positive x) if the phonon is injected 

from the left boundary. As we do not need to introduce an azimuthal angle to describe the 2D 

coordinate system, only the polar angle θ is considered. The phonon is injected similar to that for 

the 3D case by emulating the photon emission, which is 

𝜃𝜃 = sin−1(1 − 2𝑅𝑅1) +
𝜋𝜋
2

 (16) 

where 𝑅𝑅1 is randomly generated from 0 to 1. The same equation is used to determine the new 

direction of a phonon being scattered diffusely by a pore boundary. The direction vector with 

respect locally to the pore boundary is calculated by 

𝑑𝑑𝑛𝑛,𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 = �sin𝜃𝜃𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙
cos 𝜃𝜃𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙

� (17) 

        Again, to convert 𝑑𝑑𝑛𝑛,𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 to the global coordinate system, a 2D rotation matrix constructed 

based on a rotation  polar angle 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒  is employed. The matrix reads 

𝑹𝑹𝟐𝟐×𝟐𝟐 = �cos 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒 − sin𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒
sin𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒 cos 𝜃𝜃𝑟𝑟𝑜𝑜𝑒𝑒

� (18) 

        The global new direction for a phonon is then calculated as 

𝑑𝑑𝑛𝑛 =  𝑹𝑹𝟐𝟐×𝟐𝟐𝑑𝑑𝑛𝑛,𝑙𝑙𝑜𝑜𝑠𝑠𝑟𝑟𝑙𝑙 (19) 
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3. Simulating Elastic Topological Insulators in COMSOL Multiphysics 
        The band structure for the six-petal holey structure is obtained by solving the eigenvalue 

problem Eq. (20) in COMSOL Multiphysics finite element solver. 

∇ ∙ �𝐶𝐶: [∇𝜓𝜓 + (∇𝜓𝜓)𝑇𝑇]� = −2𝜚𝜚𝑑𝑑2𝜓𝜓 (20) 

where 𝜓𝜓 is the complex 3D wave function, C is the elasticity tensor, and 𝜚𝜚 is the mass density. The 

mechanical displacement field 𝒖𝒖 is related to the wave function 𝜓𝜓 by 𝒖𝒖 = Re�𝜓𝜓 ∙ 𝑒𝑒𝑖𝑖𝑑𝑑𝑒𝑒�. 

        Specifically, the band structure in COMSOL Multiphysics is calculated by sweeping along 

the path enclosing the first Brillouin zone in the reciprocal space. The lattice structure in real space 

and reciprocal space are detailed in Fig. A5. 

 

 

Figure A5. Hexagonal-lattice six-petal holey Si structure in (a) real space and (b) reciprocal 
space. Γ, M, and K are high-symmetry points before breaking the discrete translational 
symmetry, whereas ΓS, MS, and KS are those when the symmetry is broken, leading to the 
zone-folding effect. 

 

        In real space, for a hexagonal lattice, two lattice vectors can be defined as 𝑎𝑎1����⃑ = �√3𝑟𝑟
𝑟𝑟

, 𝑟𝑟
2
� 

and 𝑎𝑎2����⃑ = �√3𝑟𝑟
𝑟𝑟

, 𝑟𝑟
2
�. The corresponding lattice vectors 𝑏𝑏1���⃑  and 𝑏𝑏2����⃑  in reciprocal space can be 

computed based on the relation 

(a) Real Space: (b) Reciprocal Space:
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�
𝑏𝑏1𝑥𝑥 𝑏𝑏2𝑥𝑥
𝑏𝑏1𝑦𝑦 𝑏𝑏2𝑦𝑦

� =
2𝜋𝜋

𝑎𝑎1𝑥𝑥𝑎𝑎2𝑦𝑦 − 𝑎𝑎2𝑥𝑥𝑎𝑎1𝑦𝑦
�
𝑎𝑎2𝑦𝑦 −𝑎𝑎1𝑦𝑦
−𝑎𝑎2𝑥𝑥 𝑎𝑎1𝑥𝑥 � 

(21) 

 

        𝑏𝑏1���⃑  and 𝑏𝑏2����⃑  are therefore � 2𝜋𝜋
√3𝑟𝑟

, 2𝜋𝜋
𝑟𝑟
� and � 2𝜋𝜋

√3𝑟𝑟
,−2𝜋𝜋

𝑟𝑟
�, pointing towards 60° and -60° with 

respect to kx in (b), respectively, with a norm of �𝑏𝑏1���⃑ � = � 𝑏𝑏2����⃑ � = 4𝜋𝜋
√3𝑟𝑟

. 

        Note that in the reciprocal space, the distance between high-symmetry points Γ and M, 

Γ𝑀𝑀����, is half of �𝑏𝑏1���⃑ � (or � 𝑏𝑏2����⃑ �), which is 2𝜋𝜋
√3𝑟𝑟

. The coordinates for M and K are thus � 2𝜋𝜋
√3𝑟𝑟

, 0� 

and � 2𝜋𝜋
√3𝑟𝑟

, 2𝜋𝜋
3𝑟𝑟
�. 

        Sweeping wave vector 𝑘𝑘�⃑  along the path Γ-M-K-Γ produces the band structure with a 

single Dirac cone, as shown in Fig. 4.1 in the main text. 

        The same procedure can be repeated for the folded first Brillouin zone to produce the 

band structure with a double Dirac cone. As the lattice constant in real space is enlarged by a 

factor of √3𝑎𝑎  by breaking the discrete translational symmetry, the corresponding first 

Brillouin zone shrinks by a factor √3𝑎𝑎 in reciprocal space, as shown in Fig. A5(b). 
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4. Effective Optical Properties of Microsphere Composites 
        The scattering matrix elements S1 and S2 are written as 

𝑆𝑆1 = �
2𝑛𝑛 + 1
𝑛𝑛(𝑛𝑛 + 1)

(𝑎𝑎𝑛𝑛𝜋𝜋𝑛𝑛 + 𝑏𝑏𝑛𝑛𝜏𝜏𝑛𝑛)
𝑛𝑛

 (22.a) 

𝑆𝑆2 = �
2𝑛𝑛 + 1
𝑛𝑛(𝑛𝑛 + 1)

(𝑎𝑎𝑛𝑛𝜏𝜏𝑛𝑛 + 𝑏𝑏𝑛𝑛𝜋𝜋𝑛𝑛)
𝑛𝑛

 (22.b) 

 

        The scattering amplitudes of the forward and backward scatterings ignoring the 

electromagnetic wave polarizations are written as 

𝑆𝑆(𝜃𝜃 = 0°) =
1
2

[𝑆𝑆1(𝜃𝜃 = 0°) + 𝑆𝑆2(𝜃𝜃 = 0°)] (23.a) 

𝑆𝑆(𝜃𝜃 = 180°) =
1
2

[𝑆𝑆1(𝜃𝜃 = 180°) + 𝑆𝑆2(𝜃𝜃 = 180°)] (23.b) 

        In Eq. (22.a) and Eq. (22.b), two angular-dependent functions 𝜋𝜋𝑛𝑛(𝜃𝜃) and 𝜏𝜏𝑛𝑛(𝜃𝜃) are defined 

as 

𝜋𝜋𝑛𝑛(𝜃𝜃) =
𝑃𝑃𝑛𝑛1

sin𝜃𝜃
 (24.a) 

𝜏𝜏𝑛𝑛(𝜃𝜃) =
𝑑𝑑𝑃𝑃𝑛𝑛1

𝑑𝑑𝜃𝜃
 (24.b) 

where 𝑃𝑃𝑛𝑛1  refers to the associated Legendre polynomials of degree n and order 1, and 𝜃𝜃 is the 

scattering angle made by the incident and scattered waves. The associated Legendre polynomial 

of degree m and order n has the following property 

𝑃𝑃𝑛𝑛𝑚𝑚 = (1 − 𝜇𝜇2)𝑚𝑚/2 𝑑𝑑
𝑚𝑚𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇𝑚𝑚

 (25) 

        Knowing that 𝜇𝜇 = cos 𝜃𝜃 and substituting Eq. (25) into Eq. (24), yields 
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𝜋𝜋𝑛𝑛(𝜃𝜃) =
√1 − cos2 𝜃𝜃

sin𝜃𝜃
𝑑𝑑𝑃𝑃𝑛𝑛(cos 𝜃𝜃)
𝑑𝑑 cos 𝜃𝜃

=
𝑑𝑑𝑃𝑃𝑛𝑛(cos 𝜃𝜃)
𝑑𝑑 cos 𝜃𝜃

 (26.a) 

𝜏𝜏𝑛𝑛(𝜃𝜃) =
𝑑𝑑
𝑑𝑑𝜃𝜃

�sin𝜃𝜃
𝑑𝑑𝑃𝑃𝑛𝑛(cos𝜃𝜃)
𝑑𝑑 cos 𝜃𝜃

� (26.b) 

        Rewriting Eq. (26.a) and Eq. (26.b) in terms of 𝜇𝜇 gives 

𝜋𝜋𝑛𝑛(𝜇𝜇) = �1 − 𝜇𝜇2
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

 (27.a) 

𝜏𝜏𝑛𝑛(𝜇𝜇) = − sin 𝜃𝜃
𝑑𝑑
𝑑𝑑𝜇𝜇

��1 − 𝜇𝜇2
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

�

= −
1
2
�1 − 𝜇𝜇2(−2𝜇𝜇) �

𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

�1 − 𝜇𝜇2
+ �1 − 𝜇𝜇2

𝑑𝑑2𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇2

�

=
𝜇𝜇𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

− (1 − 𝜇𝜇2)
𝑑𝑑2𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇2

 

(27.b) 

        For forward scattering, substituting 𝜇𝜇 = 1 into Eq. (27), gives 

𝜋𝜋𝑛𝑛(1) =
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

�
𝜇𝜇=1

 (28.a) 

𝜏𝜏𝑛𝑛(1) =
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

�
𝜇𝜇=1

 (28.b) 

such that 

𝜋𝜋𝑛𝑛(1) = 𝜏𝜏𝑛𝑛(1) (29) 

        Realizing that 𝑃𝑃𝑛𝑛 also satisfies the following partial differential equation 

1
sin𝜃𝜃

𝑑𝑑
𝑑𝑑𝜃𝜃

�sin 𝜃𝜃
𝑑𝑑Θ
𝑑𝑑𝜃𝜃
� + �𝑛𝑛(𝑛𝑛 + 1) −

𝑚𝑚2

sin2 𝜃𝜃
� Θ = 0 (30) 
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        Eq. (30) is derived for a spherical object subject to incident electromagnetic waves, as 

illustrated in Fig. A6 

 
Figure A6. Electromagnetic wave incidents on a sphere in spherical coordinate. 

        The governing equation for the electric and magnetic fields are 

𝛻𝛻2𝐄𝐄 + 𝑘𝑘2𝐄𝐄 = 0 (31.a) 

𝛻𝛻2𝐇𝐇 + 𝑘𝑘2𝐇𝐇 = 0 (31.b) 

         Expressing Eq. (27) in spherical coordinate 

1
𝑟𝑟2

𝜕𝜕
𝜕𝜕𝑟𝑟
�𝑟𝑟2

𝜕𝜕𝜓𝜓
𝜕𝜕𝑟𝑟
� +

1
𝑟𝑟2 sin𝜃𝜃

𝜕𝜕
𝜕𝜕𝜃𝜃

�sin𝜃𝜃
𝜕𝜕𝜓𝜓
𝜕𝜕𝜃𝜃
� +

1
𝑟𝑟2 sin 𝜃𝜃

𝜕𝜕2𝜓𝜓
𝜕𝜕𝜙𝜙2 + 𝑘𝑘2𝜓𝜓 = 0 (32) 

        Applying separation of variable yields 

𝜓𝜓(𝑟𝑟,𝜃𝜃,𝜙𝜙) = 𝑅𝑅(𝑟𝑟)𝛩𝛩(𝜃𝜃)𝛷𝛷(𝜙𝜙) (33) 

and Eq. (33) produces three sets of ordinary differential equations 

𝑑𝑑2𝛷𝛷
𝑑𝑑𝜙𝜙2 + 𝑚𝑚2𝛷𝛷 = 0 (34.a) 
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1
sin𝜃𝜃

𝑑𝑑
𝑑𝑑𝜃𝜃

�sin 𝜃𝜃
𝑑𝑑𝛩𝛩
𝑑𝑑𝜃𝜃
� + �𝑛𝑛(𝑛𝑛 + 1) −

𝑚𝑚2

sin2 𝜃𝜃
�𝛩𝛩 = 0 (34.b) 

𝑑𝑑
𝑑𝑑𝑟𝑟
�𝑟𝑟2

𝑑𝑑𝑅𝑅
𝑑𝑑𝑟𝑟
� + [𝑘𝑘2𝑟𝑟2 − 𝑛𝑛(𝑛𝑛 + 1)]𝑅𝑅 = 0 (34.c) 

        Substituting in Θ = 𝑃𝑃𝑛𝑛(𝜇𝜇) and noting 𝑚𝑚 = 0, the above partial differential equation 

becomes 

1

�1 − 𝜇𝜇2
�−�1 − 𝜇𝜇2�

𝑑𝑑
𝑑𝑑𝜇𝜇

��1 − 𝜇𝜇2 �−�1 − 𝜇𝜇2�
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

� + 𝑛𝑛(𝑛𝑛 + 1)𝑃𝑃𝑛𝑛(𝜇𝜇) = 0 (35) 

        Eq. (35) can be simplified to 

𝑑𝑑
𝑑𝑑𝜇𝜇

�(1 − 𝜇𝜇2)
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

�+ 𝑛𝑛(𝑛𝑛 + 1)𝑃𝑃𝑛𝑛(𝜇𝜇)

= −2𝜇𝜇
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

+ (1 − 𝜇𝜇2)
𝑑𝑑2𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇2

+ 𝑛𝑛(𝑛𝑛 + 1)𝑃𝑃𝑛𝑛(𝜇𝜇) = 0 

(36) 

        When 𝜇𝜇 = 1, Eq. (36) reduces to 

−2
𝑑𝑑𝑃𝑃𝑛𝑛(𝜇𝜇)
𝑑𝑑𝜇𝜇

�
𝜇𝜇=1

+ 𝑛𝑛(𝑛𝑛 + 1)𝑃𝑃𝑛𝑛(1) = 0 (37) 

and further to 

−2𝜋𝜋𝑛𝑛(1) + 𝑛𝑛(𝑛𝑛 + 1)𝑃𝑃𝑛𝑛(1) = 0 (38) 

        Noting that 𝑃𝑃𝑛𝑛(1) = 1, rearranging gives 

𝜋𝜋𝑛𝑛(1) =
𝑛𝑛(𝑛𝑛 + 1)

2
 (39) 

        Similarly, for scattering in the backward direction, or backscattering 

𝜋𝜋𝑛𝑛(−1) = −𝜏𝜏𝑛𝑛(−1) = (−1)𝑛𝑛
𝑛𝑛(𝑛𝑛 + 1)

2
 (40) 
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        For a composite made of N particles in a unit cell with permittivity 𝜀𝜀𝑠𝑠 = 𝑛𝑛𝑠𝑠2 embedded in a 

host with permittivity 𝜀𝜀ℎ = 𝑛𝑛ℎ2, then the effective parameters are 

𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 − 𝜇𝜇0
𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 + 2𝜇𝜇0

=
2𝜋𝜋𝑖𝑖𝑁𝑁
𝑘𝑘ℎ3

〈𝑏𝑏1𝑀𝑀𝑀𝑀𝑟𝑟������〉 (41.a) 

𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 − 𝜀𝜀0
𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 + 2𝜀𝜀0

=
2𝜋𝜋𝑖𝑖𝑁𝑁
𝑘𝑘ℎ3

〈𝑎𝑎1𝑀𝑀𝑀𝑀𝑟𝑟������〉 (41.b) 

        The volume fraction f correlates with N by 

𝑁𝑁 =
3𝑓𝑓

4𝜋𝜋𝑟𝑟3
 (42) 

where a is the microsphere radius. 

        Substituting into Eq. (41) yields 

𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 − 𝜇𝜇0
𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 + 2𝜇𝜇0

= 𝑖𝑖
3𝑓𝑓

2(𝑘𝑘ℎ𝑟𝑟)3
〈𝑏𝑏1𝑀𝑀𝑀𝑀𝑟𝑟������〉 (43.a) 

𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 − 𝜀𝜀0
𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 + 2𝜀𝜀0

= 𝑖𝑖
3𝑓𝑓

2(𝑘𝑘ℎ𝑟𝑟)3
〈𝑎𝑎1𝑀𝑀𝑀𝑀𝑟𝑟������〉 (43.b) 

        Denoting 𝛾𝛾 = 3𝑓𝑓
2(𝑑𝑑ℎ𝑟𝑟)3, Eq. (43) finally reduces to 

𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 − 𝜇𝜇0
𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 + 2𝜇𝜇0

= 𝑖𝑖𝛾𝛾〈𝑏𝑏1𝑀𝑀𝑀𝑀𝑟𝑟������〉 (44.a) 

𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 − 𝜀𝜀0
𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 + 2𝜀𝜀0

= 𝑖𝑖𝛾𝛾〈𝑎𝑎1𝑀𝑀𝑀𝑀𝑟𝑟������〉 (44.b) 

        The effective properties 𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 and 𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 can be expressed as 

𝜇𝜇𝑟𝑟𝑓𝑓𝑓𝑓 = 1 + 𝑖𝑖
3𝑓𝑓

2𝑥𝑥3
(𝑆𝑆𝜃𝜃=0 + 𝑆𝑆𝜃𝜃=𝜋𝜋) (45.a) 

𝜀𝜀𝑟𝑟𝑓𝑓𝑓𝑓 = 𝜀𝜀𝑃𝑃 �1 + 𝑖𝑖
3𝑓𝑓

2𝑥𝑥3
(𝑆𝑆𝜃𝜃=0° + 𝑆𝑆𝜃𝜃=𝜋𝜋)� (45.b) 
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where x is the size parameter 𝑥𝑥 = 2𝜋𝜋𝑟𝑟
𝜆𝜆

 and 𝜆𝜆 is the wavelength. 

        Following the Mie theory derivation above and the effective optical properties expression, 

the extinction, scattering, absorption coefficients, real and imaginary parts of the dielectric 

constants n and k, and the absorption lengths in Ref. [76] were reproduced. As shown in Fig. A7, 

A8, and A9, good agreements can be seen, which validated the Mie theory calculation. 

 
Figure A7. The extinction, scattering, and absorption coefficients computed via Mie theory. The 
hollow markers are the results reported in Ref. [76] and the solid lines are the results calculated 
using the algorithms developed in the current doctoral research work. 

 

  
Figure A8. The imaginary and real parts of the dielectric constants k and n for SiO2 microspheres 
with diameters 1 and 8 µm in the TPX polymer matrix at a volume fraction of 6 vol%. The values 
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for d = 1 µm from Ref. [76] and our calculation agrees well, whereas some discrepancy appears 
for the values for d = 8 µm. The discrepancy may be due to the difference in the source of optical 
properties used in Ref. [76] and our calculation. Despite the difference in values, the overall trend 
is well captured. 

 
Figure A9. The absorption length Λ for solid SiO2 microspheres with diameters of 1 and 8 µm in 
the TPX matrix at a volume fraction of 6 vol%. Fair agreements are obtained for Λ for d = 1 µm, 
whereas for d = 8 µm, some discrepancy is observed. The discrepancy may be due to the difference 
in optical properties used in Ref. [76] and our calculation. 

 

        Differing from the Mie theory for the solid microsphere, the Mie scattering coefficients for 

the coated microsphere are expressed as the following 

𝑎𝑎𝑛𝑛 =
�𝐷𝐷�𝑛𝑛 𝑚𝑚2 + 𝑛𝑛/𝑦𝑦⁄ �𝜓𝜓𝑛𝑛(𝑦𝑦) − 𝜓𝜓𝑛𝑛−1(𝑦𝑦)
�𝐷𝐷�𝑛𝑛 𝑚𝑚2 + 𝑛𝑛/𝑦𝑦⁄ �𝜉𝜉𝑛𝑛(𝑦𝑦) − 𝜉𝜉𝑛𝑛−1(𝑦𝑦)

 (46.a) 

𝑏𝑏𝑛𝑛 =
�𝑚𝑚2𝐺𝐺�𝑛𝑛 + 𝑛𝑛/𝑦𝑦�𝜓𝜓𝑛𝑛(𝑦𝑦) − 𝜓𝜓𝑛𝑛−1(𝑦𝑦)
�𝑚𝑚2𝐺𝐺�𝑛𝑛 + 𝑛𝑛/𝑦𝑦�𝜉𝜉𝑛𝑛(𝑦𝑦)− 𝜉𝜉𝑛𝑛−1(𝑦𝑦)

 (46.b) 

where two size parameters are considered for the core and shell as 𝑥𝑥 = 2𝑚𝑚1𝜋𝜋𝑟𝑟1
𝜆𝜆

 and 𝑦𝑦 = 2𝑚𝑚2𝜋𝜋𝑟𝑟2
𝜆𝜆

, 

and effective refractive index 𝑚𝑚 = 𝑚𝑚2 𝑚𝑚1⁄ . The subscripts “1” and “2” correspond to the media 

of the core and shell. 𝐷𝐷�𝑛𝑛 and 𝐺𝐺�𝑛𝑛 are introduced to avoid the singularity at 𝑟𝑟1 = 0 and they can be 

expressed as 
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𝐷𝐷�𝑛𝑛 =
𝐷𝐷𝑛𝑛(𝑚𝑚2𝑥𝑥) − 𝐴𝐴𝑛𝑛𝜒𝜒𝑛𝑛′ (𝑚𝑚2𝑦𝑦) 𝜓𝜓𝑛𝑛(𝑚𝑚2𝑦𝑦)⁄

1 − 𝐴𝐴𝑛𝑛𝜒𝜒𝑛𝑛(𝑚𝑚2𝑦𝑦) 𝜓𝜓𝑛𝑛(𝑚𝑚2𝑦𝑦)⁄  (47.a) 

𝐺𝐺�𝑛𝑛 =
𝐷𝐷𝑛𝑛(𝑚𝑚2𝑥𝑥) − 𝐵𝐵𝑛𝑛𝜒𝜒𝑛𝑛′ (𝑚𝑚2𝑦𝑦) 𝜓𝜓𝑛𝑛(𝑚𝑚2𝑦𝑦)⁄

1 − 𝐵𝐵𝑛𝑛𝜒𝜒𝑛𝑛(𝑚𝑚2𝑦𝑦) 𝜓𝜓𝑛𝑛(𝑚𝑚2𝑦𝑦)⁄  (47.b) 

where An and Bn are respectively 

𝐴𝐴𝑛𝑛 = 𝜓𝜓𝑛𝑛(𝑚𝑚2𝑥𝑥)
𝑚𝑚𝐷𝐷𝑛𝑛(𝑚𝑚1𝑥𝑥) − 𝐷𝐷𝑛𝑛(𝑚𝑚2𝑥𝑥)

𝑚𝑚𝐷𝐷𝑛𝑛(𝑚𝑚1𝑥𝑥)𝜒𝜒𝑛𝑛(𝑚𝑚2𝑥𝑥) − 𝜒𝜒𝑛𝑛′ (𝑚𝑚2𝑥𝑥) (48.a) 

𝐵𝐵𝑛𝑛 = 𝜓𝜓𝑛𝑛(𝑚𝑚2𝑥𝑥)
𝐷𝐷𝑛𝑛(𝑚𝑚1𝑥𝑥) 𝑚𝑚⁄ − 𝐷𝐷𝑛𝑛(𝑚𝑚2𝑥𝑥)

𝐷𝐷𝑛𝑛(𝑚𝑚1𝑥𝑥)𝜒𝜒𝑛𝑛(𝑚𝑚2𝑥𝑥) 𝑚𝑚⁄ − 𝜒𝜒𝑛𝑛′ (𝑚𝑚2𝑥𝑥) (48.b) 

        As a validation, the extinction, scattering, and absorption coefficients of a single SiO2 

microsphere calculated by using the Mie theory for solid microspheres and Mie theory for hollow 

microspheres but with r1 = 0 are compared. And as expected, they lead to the same results, as 

shown in Fig. A10. 

 

 
Figure A10. Comparison of the extinction, scattering, and absorption coefficient of a solid SiO2 
microsphere using Mie theory developed for solid microspheres and Mie theory developed for 
hollow microspheres with r1 = 0. 
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