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ABSTRACT OF THE DISSERTATION

Teachers’ Beliefs Regarding the Generalizationtati&nts’ Learning and
How to Support the Generalization of Students’ beay

by

Jaime Marie Diamond

Doctor of Philosophy in Mathematics and Sciencedation

University of California, San Diego, 2013
San Diego State University, 2013

Joanne Lobato, Chair

The idea that learning generalizes beyond the tiondiof initial learning serves
as a basis for our educational system (Nationaé&eb Council, 2000). That is,
educators hope students will use the learningishgenerated in the classroom to
productively reason about situations they haveagencounter. One body of research
that has examined the generalization of learnirigagesearch on transfer. Traditionally,
transfer has been characterized as “how knowledgeir@d from one task or situation
can be applied to a different one” (Nokes, 2002)p.Transfer has had a rich and varied
history wherein researchers have detailed numeromiseptualizations of transfer as well
as corresponding ideas about how to best suppdButprisingly, an extensive search of

the literature did not yield any studies aimedmeoaver teachers’ beliefs about transfer.
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Consequently, my research addresses the followaegtopn: What beliefs do teachers
have about the generalization of students’ learamayhow to support it?

To answer this two-part question, | asked eighticeag teachers to engage in
two 2-hour clinical interviews (Ginsburg, 1997) u&litative analysis of such data led to
the identification of 5 categories (fitting intcsBpercategories) of teachers’ beliefs
regarding the generalization of learning and 18gaties of teachers’ beliefs regarding
how to support the generalization of learning. lisia of data subsequently collected in
teachers’ classrooms resulted in the elaboratidrebéfs identified via interview data
and to the identification of beliefs not capturgditterview data. The beliefs identified
in this study highlight the importance of bringitegchers into the ongoing conversation
about transfer.

The mathematical topic of slope provided the candemnain in which data on
teachers’ beliefs were collected. Analysis oftlationship between teachers’ beliefs
and their mathematical knowledge for teaching (M&ilyerman & Thompson, 2008)
revealed that with the exception of one teacherethvas alignment between the nature
of the mathematical content teachers believe gépesdi.e., a specific meaning for
slope versus an association, procedure, or fornamd)teachers’ personal understanding
of slope. To help explain these results, two ottwenponents of teachers’ MKT were

examined.

XVil



CHAPTER 1.
The Generalization of Learning

Teachers generally hope that what they do in thescbom matters in terms of
their students’ performance in and understandingtofe situations. In this respect,
teachers may have both short-term and long-terctiges. A short-term objective may
be that teachers want their students to perforrhamedn upcoming exam. Thus, a
teacher might focus her efforts on helping studemtievelop meaning for a specific
mathematical topic. She might do this by presgntiar students with a set of problems
that she views as related to the that topic anad #s&ing her students to develop and
explain strategies that could be used to solves¢hef problems. To see if and how
students are able to generalize their learning@tdpic, the teacher may introduce a new
problem and ask students whether and how it coailsbbbved using their strategies. A
long-term goal may be that teachers want theiresttgito think of the situations that
arise in their future careers in mathematical terifisus, a teacher might help nurture
particular ways of thinking and reasoning. Shehndyp this by providing students with
rich real-world contexts and accompanying questtbas support the development of
those ways of thinking. In addition, she may atihes line of questioning, the nature of
the mathematical tasks she uses, and the parbcypatganization of the classroom in
accordance with her observations of and infereabesit students’ emerging thinking
and reasoning.

The idea that students generalize the learningat@irs in the classroom to
novel situations serves as a basis for our eduttgystem (Bassok & Holyoak, 1989;

Lobato, 2008b; McKeough, Lupart, & Marini, 1995;th@al Research Council, 2000).



In other words, administrators, teachers, and psuaike hope that their students will be
able to extend the learning that emerges and deselithin various classroom situations
to an ever expanding range of situations. Teadt@rsot want, for example, learning to
be bound to the contexts and conditions in whicriges. On the contrary, teachers want
their students to be successful in situations tiaese yet to encounter as a consequence
of their classroom experiences. This vision—tkathing should generalize beyond the

initial conditions of learning—often shapes teaghpmactices in various ways.

Different Perspectives on the Generalization of Leaing and How to Support It
One body of research that has examined the geratiah of knowledge beyond
initial learning situations is the researchtansfer(e.g., Bassok & Holyoak, 1989;
Beach, 1999; Bereiter, 1995; Bransford & Schwdr®99; Campione, Shapiro, &
Brown, 1995; Engle, 2006; Gagne, 1968; Gick & Halyo1983; Lobato, Rhodehamel,
& Hohensee, in press; Markman & Gentner, 2000; I8ing Anderson, 1989; Thorndike
& Woodworth, 1901; Wagner, 2010). Traditionallsgrisfer has been characterized as
“how knowledge acquired from one task or situattan be applied to a different one”
(Nokes, 2009, p. 2)However, there have been many theoretical chadesgrrounding
the construct of transfer. For example, transéer lbeen notoriously difficult to produce
in laboratory studies (Bransford & Schwartz, 1998iterman, 1993; Perkins &
Salomon, 1989). Moreover, the numerous critiquaged against transfer have
contributed to a growing acknowledgment that, “¢hisrlittle agreement in the scholarly
community about the nature of transfer, the extiemthich it occurs, and the nature of its

underlying mechanisms” (Barnett & Ceci, 2002, 261



Transfer has had a rich and varied history. Indke1800s, the doctrine of
formal discipline maintained that the mind was cosgx of a small set of general
faculties; strengthening a faculty via trainingoime discipline would result in transfer to
other disciplines that called upon that facultyhisTview was strongly opposed by
Thorndike’s (1906) theory of identical elements véne the mind was conceived as a
multitude of specialized functions and transferyardcurred to the extent to which
identical functions were invoked in initial leargiand transfer situations. Thorndike’s
view was upheld and reformulated in subsequent straam cognitive approaches to
transfer that dominated the latter half of th& 28ntury. In such cognitive approaches,
Thorndike’s “identical elements” were re-concepzed as shared features of learners’
mental representations of initial learning and $fantasks wherein mental
representations were thought to be the resultlafively transparent perceptual
processes (Singley & Anderson, 1989). Howevegsalisfaction with the mainstream
cognitive approach to transfer gained momenturhenate 1980s with Jean Lave’s
(1988) seminal critique of the culture of such sfen research. Critiques argued that the
mainstream cognitive perspective on transfer: (@)jleged the observer’s point of view
(over the learner’'s) when making determinationgsreig the occurrence of transfer, (b)
ignored the realistic conditions that people enteuwhen faced with solving novel
problems, such as being able to solicit help frahers, and (c) insufficiently accounted
for the role of sociocultural practices, discursaxehanges, and material artifacts in the
generalization of learning (Beach, 1999; Brans&i@8chwartz, 1999; Lobato, 2006,
2008a; Pea, 1989). As aresult, some have ar@paedhie ill-conceived construct of

transfer be abandoned altogether (e.g., Carral#ch8iemann, 2002). Others, however,



have opted to develop alternative conceptualizatairand approaches to the study of
transfer (e.g. Beach, 1999; Bereiter, 1995; Brads€oSchwartz, 1999; Engle, 2006;
Lobato, 2003; Nemirovsky, 2011; Wagner, 2010). &ample, Lobato’s (2008a, 2012)
actor-oriented transfer perspective emphasizepdhsonal and often idiosyncratic
connections learners (actors) make between ihggahing and transfer situations as well
as the ways in which such connections are organiizedractices and artifacts of the
social and cultural environments. These differenoethe way transfer and its
underlying mechanisms are conceived, matter wheonites to teaching practices that
might serve to support the generalization of leagniA brief overview of the teaching
practices forwarded by the four approaches to teamstroduced above is presented
next, followed by a more extensive overview in Gleag2.

One idea regarding teaching for transfer has besineachers should support the
development of students’ general abilities to trankl reason critically. Thus, teaching
geometry is valuable because it helps to develagesits’ critical-reasoning skills, skills
that will be useful in other domains requiring getteeasoning (e.g., playing chess,
programming computers). This idea is attributetidoke who ascribed to the doctrine
of formal discipline wherein the general facultigghe mind needed to be exercised like
muscles (Lyans, 1914; Singley & Anderson, 1989nhdéf this view exertion rather than
content was the primary goal of instruction. Tfansvas thus conceived of as the
influence of the development of a particular apitin performance in domains requiring
said ability.

A second idea stands in stark contrast to the boeea Whereas Locke and some

early educational psychologists believed that fieangas broad and took place at a more



general level, Thorndike and Woodworth (1901) adgimat transfer was a phenomenon
that occurred at a more specific level. In patécuThorndike and Woodworth believed
that it was rare that knowledge generalized beybadonditions of initial learning.
Rather, they believed that if a teacher wantedshetents to be able to do something in
particular, she should train them how to do itclise Thus, showing students how to
solve particular kinds of problem, allowing themmé to practice the demonstrated
strategy, and providing them with material to chéwkr answers were valuable teaching
practices because they supported students in aohiaty associations between particular
items of information and reactions made in respa@aseich information. These ideas
derive from an associationist perspective wheraimvkedge is thought to manifest in
sets of associations, or connections, betweenrettstimuli and behavioral reactions
articulated in response to those stimuli (Resnidka®d, 1981). Transfer is then
conceived of as the influence of training in ongoasation on another and is thought to
occur to the extent that initial learning and tfansasks share identical elements—
generally interpreted as features of the physicalrenment.

A third idea regarding teaching for transfer hasrbthat a teacher should support
her students in noticing the general principletcategy underlying a particular example
problem or problemso that students may be supported in (a) applyiegrinciple or
strategy in novel situations or (b) using the eximproblems as an analog in novel
situations. Thus, asking students to summarizenpl@problems, compare two example
problems, or describe the goals of the examplelpnabare worthwhile teaching
practices because they support the constructiomcagasingly abstract (i.e.,

decontextualized) mental representations of mathieahdasks. This idea is most



commonly found in information processing accoumserein human minds are thought
to extract, manipulate, and store symbols of tliereal environment (e.g., Bassok &
Holyoak, 1989; Genter, Loewenstein, & Thompson,2@ick & Holyoak, 1983;
Markman & Gentner, 2000; Reeves & Weisberg, 199%4gI8y & Anderson, 1989).

Here, transfer is conceived of as the applicatiodmowledge acquired in one setting to a
different setting. And transfer is thought to aocttuthe degree that learners’ mental
representations of learning and transfer task&darsical, overlap, or can be connected
via a mapping or analogy.

A fourth idea regarding teaching for transfer difen an important way from the
three outlined above. The driving force in thiarth conceptualization is a consideration
for how the student or tHearnerconceives of learning situations. Thus, the teach
supported in eliciting student reasoning and, spo&se, choosing mathematical tasks
that attempt to necessitate a focus on productiggifes of the mathematical
environment from among the variety of sources tdrimation that compete for students’
attention. Teachers are further supported in gitierg to influence discursive practices
and mathematical activity in such a way that stislaitention is drawn to and remains
focused on those productive features. Such pesctice worthwhile because they seek to
influence students’ mathematical noticing. Thisadomes from Lobato (2003, 2008a,
2012) whosector-oriented transfe(AOT) perspective draws upon ideas from Piagetian
constructivism and situated cognition. Thus, #ahers’ construal of meaning, the
nature of mathematical tasks and activities, as agelhe participatory organizations
surrounding initial learning and transfer tasks@gcts of investigation. Transfer is

then defined as the generalization of learning eimethe primary processes involved in



generalizing are learners’ construction of similas or differences between initial
learning and transfer situations. More broadignsfer is understood to be “any
influence of prior experiences on learners’ agyivit novel situations” (Lobato, 2008a, p.
291).

The four ideas discussed above are a subset afahs identified in research
from a variety of theoretical perspectives regagdirmat the transfer of learning is and
how it can be supported instructionally. Withie timainstream cognitive perspective, for
example, there are many more conjectures regahdingto support students in
generalizing their learning, each conjecture b@iogpmpanied by slightly different
conceptualizations of the nature of transfer asnditderlying mechanisms. Similarly,
within the alternative approaches to transfer,dlage several different ideas about how
one should teach for transfer, each idea beingcaged with a different
conceptualization of transfer and its underlyinggasses. These and other
conceptualizations of transfer and how to suppadents in transferring their learning
will be discussed in Chapter 2.

Teachers’ Beliefs about the Generalization of Leanng and How to Support It

As noted above, there is a large body of reseagttlighting different
conceptualizations of the transfer of learning all @s how to best support the transfer
of students’ learning. This is not surprising simesearchers have been hypothesizing,
theorizing, and systematically testing ideas fdeast one hundred years. Therefore, one
might assume that because teachers are the peoptdypically associated with student
learning, some portion of the research on trangterd have identified teachers’ beliefs

regarding the transfer of their own students’ leayn However, a search of this literature



yielded no such results. In fact, | could not fardy studies that aimed to identify
teachers’ beliefs associated with the generalinasidearning. Thus, the following
guestion remains: Do teachers even think aboueheralization of learning and, if so,
what is the nature of teachers’ associated belidig®sponse, | have pilot data which
suggest that teachers not only think about thergénation of students’ learning, but that
they have specific beliefs about how it occurs. rdbwer, these data indicate that
teachers’ have specific beliefs regarding how tapsut the generalization of students’
learning. Interestingly, these beliefs appearaxywidely from teacher to teacher.

The pilot data | present below derive from fourctear interviews. Two teachers
were interviewed as part of the screening procasa fesearch study funded by the
National Science Foundation that focused on thaiogiship between teachers’ practices
and the transfer of student learning. The intevgief Joanne, a transfer researcher, and
Bonnie, an experienced teacher, were chosen feeptation here due to the similarity in
their personal understanding of specific matherabtiontent and to highlight differences
in the ways in which a transfer researcher ang@ay classroom teacher think about the
teaching of a particular mathematical unit. Theeotwo teachers were interviewed as
part of a smaller study that | conducted to expteszhers’ beliefs about the
generalization of students’ learning. The intengeof Sally and Kelly were chosen
(from among five teachers participating in the pdtudy) for presentation here because
their teaching experience was comparable to thabahne and Bonnie. Gender-
preserving pseudonyms are used for all participaxtept Joanne. The data presented
below highlight some interesting similarities anfledtences in these teachers’ beliefs

about the generalization of students’ learning.



The Role of the Real World

The real world played a large role in both Sallyfsl Bonnie’s beliefs about the
generalization of students’ learning, albeit irfeliént ways. On one hand, Sally
appeared to believe that students would only be @bfjeneralize their learning of a
particular mathematical topic to real-world sitoas if they could view the real-world
situation in terms of the learned topic. For exeEm@ally explained that Lucy, a

fictitious student whose written explanation oriagps task emphasized slope as the
result of carrying out th:ei% formula, would probably have difficulty generafigi her

understanding of slope to “real world situation[sgcause “she might not be able to
figure out how it connects;” for instance, figuringt “how fast she is swimming, um, is
probably harder to figure out because she mightaohect it with slope.” In other
words, Sally seemed to believe that Lucy would hdiffeculty engaging in a real-world
situation involving speed due to the unlikelihobdttLucy would be able to connect the

rise

notion of how fast one swims to her understanding/ape as defined by t%;

formula.

On the other hand, Bonnie appeared to believesthdents would be able to
generalize their understanding of a particular maidtical topic to a novel situation to
the extent that they could relate the novel, matiteral situation to familiar aspects of
real-world situations or experiences likging out of bed beforeunningto the slopes.
Specifically, Bonnie explained that one of her mgmals in a unit on slope was
“build[ing] on the idea that slope is somethingtttieey ... can relate to.” Thus, she

explained that in order to keep students from ggttiost” in the unit, she would prompt
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students to access familiar real-world experiefgeasking questions like “Where have
you seen this [slope]?” wherein the expectation thas students would reference “bunny
slopes,” “skiing,” and/or “a mountain which hasoa df steepness.” Bonnie then
explained that students would be supported in gdizarg their learning if mnemonics
were created that linked familiar aspects of te&periences to aspects of the slope
formula; for instance, Bonnie explained that sayimggs like “You gotta get out of bed
before you can run to the slopes” and “You camrt out of bed; you have to get up and
then you go out of bed” gave students an image‘thdhe future, [they] could refer back
to.” In sum, Bonnie seemed to believe that stusleniccessful engagement with
“future” situations involving slope occurred to taetent that students could remember
the relationship between familiar aspects of reatlavsituations (e.grjsing out of bed
beforerunningto the slopes) and the associated parts of tipe $tomula (i.e., rise and
run).

Interestingly, Sally’s and Bonnie’s beliefs abdug role of the real world in the
generalization of students’ learning were constsieth their beliefs aboutow to
supportthe generalization of students’ learning. Sathplasized teaching strategies
that would support students in seeing real-wotldasions in mathematical terms.
Specifically, she argued that teachers should $akeific actions to support students’
“ability to transfer their knowledge to real lifeecause “you can like, for example, teach
them, you know, how to find the missing side oight triangle and they go out in the
real world and they don’t realize that they can tins out there.” Thus, she argued,
teachers should make use of “more examples tha¢ ¢am the real world;” for

example, “instead of just saying ‘this is a triamtjland perhaps presenting mathematical
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ideas as separate from the real world, she arduadeaachers should say “this is a
ladder; this is a fence; this is a building,” thp@nting out the shape created by the
merging of real-world objects and making it moreaeito students that mathematical
ideas emerge from the world around us. In othedsicSally emphasized strategies that
she believed would help students recognize matheah&eas as arising out of real
world situations. Similarly, Bonnie appeared ttdxwee that the use of real world
situations facilitated transfer but unlike Sallygrihie emphasized the use of real-world
situations as a means of helping students to reraehdw to carry out specific strategies
and procedures. Specifically, Bonnie emphasizadithg upon real-world situations that
would be familiar to students in order to createemonics, analogies, and images that
could help guide students’ future mathematicalqrentince.
The Role of Concepts versus Procedures

In their beliefs about the generalization of studelearning, Sally and Joanne
emphasized the importance of students having conaypmeaningful understandings
of mathematical topics while Kelly and Bonnie engihad the importance of procedural
accuracy. In particular, Sally explained thataérof change” understanding of slope
would be helpful in making sense of topics thasein future mathematics classes like
when students “eventually take calculus” and ake@so figure out “how the tangent
line changes over time” as well as in making safsarious situations that arise in the
real world like finding the cost of “different phermplans” or “the cost per ride ... [in a]
taxi.” In other words, it seemed that Sally bedidvthat if students could come to
interpret slope conceptually as the “rate of chawgea function, then they may be more

likely to realize that there are “things that tloay solve by using linear functions.”
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Similarly, Joanne emphasized conceptually meaningfderstandings in her
belief about the generalization of students’ laagni Specifically, Joanne appeared to
believe that students generalize their learningthas the mathematical features they
notice during instruction. Thus, she argued thadents should be supported in focusing
on productive features of the mathematical enviremim For her this meant features that
would support students in “forming a ratio” as aultiplicative comparison” of two
guantities (i.e., attributes one conceives of asgomeasureable) rather than features that
would support students in “just looking for numipatterns.” Thus, she explained it was
important to begin a unit on slope by presentinglents with a “real world situation”
and then “problematizing the situation in a wayt ieaconstructive for them”—in a way
that supports a focus on the quantitative relahgssinvolved in a situation.

In contrast, Kelly’s belief about the generalipatof students’ learning appeared
to emphasize the importance of students’ procedw@lracy. In particular, Kelly
seemed to believe that the transfer of learninglirad particularized demonstrations or
replicationsof learned skills. For example, she explained tiea “personal goal as a
math teacher” was to nurture students who couldr&ate” formulas “on the spot ... any
time they see a problem.” Consequently, when ptesewith work by a fictitious
student (Molly) on a slope task, Kelly focused be precise way in which Molly
determined the slope of a line. Specifically, Kedkplained that while Molly had “an
understanding about how to graph points, and tev dréine, and to creatome sort of
triangle,” she was concerned that Molly drew hepsltriangle as representing “a run
first and then a rise (see Figure 1.1).” Thus,est@ained that Molly “might have

difficulty if you change to a negative slope [...]Jdaan indication that that might be
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problematic for her ighis triangle [pointed to Molly’s slope triangle rected in Figure
1.1] ...because she created it in a right-up maftremed the edges of Molly’s slope
triangle in the direction indicated by the arrowswn in Figure 1.1] (emphasis added).”
In other words, when making judgments about Molfyire performance, Kelly
appeared to focus primarily on the fact that Maligt not accurately replicate a particular
skill—the construction of a slope triangle—anddaare the contents of Molly’s written
explanation, which emphasized a rate of changeratadeling of slope and highlighted
the relationship between the quantities in the&andf the slope task. It is not surprising
then that Kelly believed that she could supportgéeeralization of students’ learning by

being “a stickler to students” about the proper svieywhich to carry out specific skills.
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Figure 1.1: Author’s re-presentation of Molly’s slope triangle.

Bonnie also seemed to emphasize the accuracywhitth her students carried
out procedures. As seen in the previous sectionn drew upon students’ experiences

surrounding slope to highlight the order in whible slope formula should be
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implemented, namely that “rise divided by run” @sponds with the image that one
needs to get out of bed (or rise) before one canauhe slopes. Thus, the way in which
Bonnie used her students’ experiences appeareditate that she believed in
supporting the transfer of procedures rather tlwanceptually meaningful
understandings.
Summary of Teachers’ Beliefs about the Generalizatn of Students’ Learning and
How to Support It

The data presented above suggest that these &mlnetes hold different beliefs
about the generalization of students’ learning laod to support it. Sally seemed to
believe that students generalize their learningnithey see a novel situation in terms of
something learned and apply associated ways obmeag further, she seemed to believe
that such generalization could be facilitated by tise of real-world examples. Bonnie
appeared to believe that students generalizeldaining when they can relate a novel
situation to certain aspects of a familiar expergeand thus seemed to believe that the
transfer of students’ learning could be facilitabgydthe use of mnemonics, analogies, and
visuals that relate mathematical procedures toestistexperiences. Joanne believed
that students (almost) always generalize theiniagrand do so on the basis of the
mathematical features they notice during instrugtraoreover, she believed that teachers
should try to influence the nature of the matheoahfieatures students notice during
instruction. Finally, Kelly seemed to believe tsaidents generalize their learning when
they are able to accurately replicate a demonstisk#l in a new situation and believed
that such generalization could be supported byheratenforcement of the particulars

with which students carry out specific skills dgyimstruction.
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Despite these differences, there were also soraegesting similarities. Both
Sally and Bonnie emphasized the role of real-wsitidations in students’ generalization
of learning. For Sally, students’ ability to seeeal-world situation as an instance of
something learned was a primary criterion for tbeuorence of transfer. For Bonnie, the

rise

opposite was true—students’ ability to relate mathtcal procedures (e.g., slope;%g)

to aspects of their personal experience was otimleconcern. In addition, both Sally
and Joanne seemed to emphasize the transfer céoadly meaningful understandings
(i.e., for Sally, “rate of change” and for Joantratio”) while Kelly and Bonnie appeared
to emphasize skills and procedures (e.g., for Kélg particulars of how a slope triangle
was constructed and for Bonnie, the order of egran in the slope formula).
Limitations of the Pilot Data

While the data presented above suggest that heegiety across teachers with
respect to their beliefs about how students geizertiieir learning experiences and how
to support that generalization instructionally,réhes only limited amount of data
regarding teachers’ beliefs about hovbastsupport the transfer of student learning. For
example, Sally expressed that teachers shouldeassvorld examples, but we don't
know whether she believes this is thrdy way or thebest waytransfer can be supported.
We only know that the use of real-world examplesneway in which Sally believed she
could help support her students in generalizing tearning. Furthermore, since Sally
was never asked explicithowthe use of such examples facilitates transfer, anslwers
can only be inferred from Sally’s other responsélus, more work needed to be done to
uncover a broader view of the ways in which teaslhetieve students can be supported

in generalizing their learning.
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Moreover, teachers were never asked explicithuabweir beliefs aboutansfer
or the generalization of students’ learnin@ather, Sally and Kelly were asked questions
like “What would you want your students to be aolelo with their knowledge of
slope?” and “What tasks might be too difficult tarcy/Molly given her work on the
slope task?” to probe their beliefs about tranafet its limitations. While both Sally and
Kelly introduced and used the tetransferin their interviews, the interviewer only used
it one time in response to Sally’'s statement thadents should be able to transfer their
learning to the next math class as well as to¢héworld in order to ask how such
transfer could be supported. In contrast, JoaBoenie, nor their interviewer ever
introduced the term transfer or the phrase gemzatadn of students’ learning into their
interviews. Thus, | wanted to find out what kirafdeliefs emerged when such terms
and phrases were used explicitly.
Research Question 1

The intriguing finding presented above, namely thate is variety across
teachers in their beliefs about the generalizaticstudents’ learning and how to support
it instructionally, coupled with the limitations tfe pilot data previously discussed led to
the development of the following two-part reseagalestion:

What are teachers’ espoused and inferred beligiardeng (a) the

generalization of students’ learning and (b) hoveupport the
generalization of students’ learning?

This question seeks to systematically examine eratkbspoused (i.e., stated) and
inferred (i.e., attributed) beliefs about what gemeralization of learning is and what it
takes to support students in generalizing theinieg to novel situations. In other

words, it seeks to examine teachers’ explicit statgs about transfer and how to support
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transfer. In addition, it seeks to examine theh@ps less conscious, beliefs teachers
hold by posing questions and tasks that providertbans by which teachers’ beliefs
might be inferred (Philipp, 2007). In the contekimathematics courses, or more
specifically a lesson (or set of lessons) on sk linear functions, this question aims to
get atwhatteachers believe generalizes from a lesson o slogd linear functions (e.g.,
a conceptually meaningful interpretation of slop@& @articular formula for slope) and
how that generalization occurs (e.g., when a nsiehtion prompts a learned formula)
Moreover, this question aims to get at the wayshich teachers believe they can
support the current and ongoing construction ofadge (e.g., the interpretation of
slope as a rate of change) so that it comes tatpaen in future contexts (e.g., the next
math course or a real-world situation). For exanfhlly appeared to believe that one
would be able to transfer the conceptually meamuingterpretation of slope as a rate of
change to situations in the real world if one caage those situations (e.g., the cost of a
taxi ride) in terms of their rate-of-change intetation. Thus, Sally espoused a belief
that the generalization of learning could be sufggbthrough the use of real-world
examples. Further inferences of Sally’s beliefsuathow to support the generalization
of students’ learning suggested that she beliewachiers should use real-world examples
to help students develop conceptually meaningtelrpretations of mathematical topics.
A curious reader may wonder: What constituteglgefabout the generalization
of learning or deliefabout how to support the generalization of stusidearning?
Interestingly, there is no consistency in the &itare regarding the way in which the
construct of beliefs is used or the way in whicis itlefined (Calderhead, 1996; Philipp,

2007). While some researchers have used the aohsiterchangeably with notions
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such as attitudes, dispositions, judgments, opgiparceptions, personal theories, and
perspectives, other researchers have discussediis&uct of beliefs without ever
defining it (see reviews by Pajares, 1992 and biygph 2007). When definitions are
given, they are often in terms of other constr(etg., conceptions, values, or
knowledge). For example, Bishop, Seah, and CBD0J) defined beliefs in terms of
values wherein beliefs are considered distinguiehfibm values using the following
criteria: (a) beliefs are associated with a trus&alichotomy whereas values tend to be
associated with a desirable/undesirable dichot@ng,(b) beliefs tend to be context-
dependent whereas values tend to be context-indepenFor instance, “mathematics is
fun” is a belief because it describes a true/fpldgment about a particular subject.
However, when the first criterion is applied toibfd regarding the generalization of
learning, the ability to apply true/false valueantingent upon numerous variables
including the particulars of one’s definition anshceptualization of transfer. For
example, judging the belief that “supporting thensfer of learning involves engaging
students in mentally taxing tasks and activitiestrae may require certain
epistemological commitments such as the facultw\oémind. Similarly, judging the
belief that “supporting the transfer of learningaitves pointing out the strategy or
principle underlying a pair of exemplar problems”teue may require a commitment to
the veridical nature of internal mental represeoat Thus, Bishop et al.’s
characterization of beliefs does not seem suitablen investigating beliefs associated
with the generalization of learning.

In another example, Thompson (1992) defined beireferms of conceptions,

perhaps thinking of beliefs as a subset of conoapti However, she appeared to do so



19

inconsistently using beliefs to define conceptiand at times using the terms
interchangeably, thus, making the practical ussuch a definition difficult. Philipp
(2007) followed Thompson is using conceptions tiingebeliefs, but he distinguished
beliefs from knowledge. Specifically, he definedamception (i.e., a general notion or
view) as a belief if one can respect as intelligerd reasonable others’ views which are
contradictory to said view and a conception as Kaedge if one cannot respect as
intelligent and reasonable others’ views whichametradictory to said view. When this
definition is taken from the point of view of thesearcher, or the observer, and applied
to ideas about the generalization of learningyssfulness is revealed. | (as an observer)
can accept the statement that “supporting the fean$ learning involves pointing out
the strategy or principle underlying a pair of exdsn problems” as reasonable for many
teachers (even though it differs from my own vieksut transfer) given the way in
which traditional mathematics instruction typicallgfolds. Thus, | ground the
exploration of the first research question of thissertation study in Philipp’s (2007)
definition of beliefs. | will elaborate on additial aspects of this definition as well as
discuss other ways in which beliefs have been ceeden Chapter 2.

The Relationship between Teachers’ Beliefs about ¢hGeneralization of Students’

Learning and their Mathematical Knowledge for Teachng
As noted above, there appeared to be some integestnilarities across teachers’

beliefs about the generalization of students’ lemyn While Kelly and Bonnie appeared
to emphasize the transfer of skills and procedBablly and Joanne appeared to
emphasize the transfer of conceptually meaningideustandings. A natural question is

whether these differences reflect associated éffiegs in the teachers’ understanding of
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the mathematics? Is it possible that Kelly andiemnderstood slope in terms of
procedures—slopis what results when one carries out a particulaosailes—while
Sally and Joanne understood slope to have a particonceptual meaning—slofsea
ratio that provides a measure of the rate of chahgefunction?

In fact, data suggest that Kelly understood slopeims of procedures.
Specifically, when discussing her concerns aboutyksowork on a slope task, she said
that “the triangle [Molly drew (see Figure 1.1)presents a run first and then a rise, so
my concern is whether they understand thape is talking about how things change
vertically over horizontallf{emphasis added).” Here, Kelly appeared to im&trglope as

Y2=Y1 rii)

the result obtained when one carries out a matheah@grocedure (i.e5—— or

2y O )
a particular way, namely by placing the numberesenting vertical change “over” the
number representing horizontal change.

However, data from Bonnie’s and Joanne’s intervisuggest that they both held
a more conceptually meaningful understanding. Thwal present data that are
suggestive of a relationship betwemartain aspectsf teachers’ mathematical
knowledge and their beliefs about the generalinadifostudents’ learning. Specifically, |
will show that while Bonnie and Joanne appearadt&rpret the meaning of slope
similarly (i.e., slope is a ratio measuring thesrat change of a function), they did not
seem to have similar understandings of (a) the wawshich students might come to
develop this understanding or (b) the actions theght take to support this

understanding. Further, these differences seerhcated in Bonnie’s and Joanne’s

beliefs about the generalization of learning.
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Teachers’ Understandings of Slope

Joanne’s and Bonnie’s discussions surrounding Asi@gefictitious student’s)
work on The Leaky Bucket Task (shown in Figure In#cated that they both
interpreted the meaning of slope as a ratio meagtine rate of change of a function—
meaning that they interpreted slope to be an ateibf a function that preserves the
relationship between the quantities representettidylependent and independent
variables. (This interpretation of slope as welbthers will be discussed in greater detail
in Chapter 2.) The Leaky Bucket Task involved alat dripping water into a measuring
cup that initially contained 4 ounces of water.e'Mmater level in the measuring cup was
recorded after O, 3, 6, and 12 minutes and Angie agked to plot the points represented
in the table on a graph and then find the slopb®ftesulting line. When graphing the

data, Angie transposatdapsed time@andamount of water in the cuprhus, she arrived at
an answer ol% or% rather thaP;r. Nevertheless, Angie’'s accompanying explanation

exhibited an interpretation of slope as a ratiochtprovides a measure of rate. Joanne
and Bonnie were asked to look over Angie’s workegt score on a scale from 0 — 10,

and then explain their rationale for the score.
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A leaky bucket drips water into a measuring cupe Water level in the measuring
cup is recorded every minute. The table below shbe water level in the cup over
time. The cup started out with some water in fbkeethe dripping began. Plot thesg
points on a graph and then find the slope of the.li

Elapsed Time Amount of Water in
(minutes) the Cup (ounces)
0 4
3 6
6 8
12 12

Angie’s answer: Slope is 1 %

Angie’s explanation: First you graph the points @hdn connect them to make a lirfe.
Now | pick two points (6,3) and (8,6). Two minytassed between 6 minutes and
8 minutes. During that time, the water rose in¢he 3 0z. Three 0z in 2 minute
is the same as 1 %2 0z in 1 minute. So the slop&zswhich is how much the
water rises every minute.

U7

Task to teachersVhat score, on a scale from 0 to 10, would yoe ginis student? I
the student is on the right track, describe theasoning and what is good about
If you deduct points, please explain why and wimayour opinion, was incorrect
in the student’s reasoning.

Figure 1.2: The Leaky Bucket Task.

t.

Joanne. When responding to Angie’s work, Joanne appetrel@monstrate that
she interpreted the meaning of slope as a raticuneg the rate of change of a function.
In particular, Joanne explicitly mentioned ratdistg “What | like about her reasoning
here is that she is thinking about what rate Boanne was then able to elaborate on her
interpretation of rate in the context of the le&kicket explaining that “it’s the, in this
case, the amount of water to time that has pdatrther, Joanne acknowledged and
appeared to appreciate Angie’s ability to attendrtd join the quantities in the leaky-
bucket situation to “form this unit of 3 ounceZiminutes” as well as Angie’s ability to

operate on the unit (via “partition[ing]”) in a walyat preserved the quantitative
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relationship to obtain a unit ratio 0% bunce in 1 minute. Thus, Joanne appeared to

interpret slope as an attribute measuring the eobhsate of change of a function.
Bonnie. When asked to respond to Angie’s work, Bonnieeajped to
demonstrate that she interpreted the meaning péstoa way that was similar to the
way Joanne did. Specifically, Bonnie acknowledtied Angie “graphed the points
backwards” but maintained that “conceptually, jopgsed on her explanation, she really
understands.” This excerpt revealed that firstfaneimost Bonnie had the ability to look
beyond a set of procedures or a numerical answenwiinking about slope. Further,
when explaining what in particular Angie understabdut slope, Bonnie said, “that rise
over run is about change ... how much it would changtere, we see that Bonnie was
focused on “how much” something changes and thpsaed to understand slope as
something more than just a simple counting techaighierein one finds the rise and the
run and then puts one over the other. In addiBmmnie pointed out that “Angie could
relate it to how much of the water [was] rising ¢o¥ime] ... She can explain to me in

terms of the context what slope is in relationhiese numbers [pointed to Angie’s answer

of %] Together, these excerpts suggest that Bommegpreted slope as a ratio relating
two quantities (amount of water and elapsed timeuich a way that a measure of change
is provided. Thus it seemed that Joanne and Bonta@gpreted the meaning of slope

similarly.
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Teachers’ Understanding of The Ways in Wlich Students Might Come to Develop
an Understanding of Slope as a Ratio Measuring Rate

In this section, | present data that appear to shamamne had developed an
understanding of the ways in which students mighte to interpret the meaning of
slope as a ratio measuring rate, while Bonnie tad RBrior to their interviews, Joanne
and Bonnie were asked to create a lesson plarope #r an Algebra 1 class. During
their interviews, they were asked several questionslation to their lesson plans
including: (a) What difficulties do you expect stunds to experience; (b) How will your
lesson help students’ develop an understandinig@éd functions; (c) What is most
important when it comes to teaching slope; and\tdat might students say to indicate
that they have developed an understanding of slofjess, | infer the teachers’
understandings about how students come to develaptexrpretation of the meaning of
slope as a ratio measuring rate from this settefwiew questions.

Joanne Joanne presented evidence that she had an wamténg} of the ways in
which students might come to develop an interpiataif the meaning of slope as a ratio
that provides a measure of rate. With respecet@ldping this interpretation, she
explained her thoughts about the ineffectivenesspdrticular approach to teaching

slope:

For a lot of people slope is a characteristic éha... [or people may
conceive of] slope as height alone, not even bs¢ height... [When]
slope is taught as ‘rise over run’ or s minusy, [wrote y, — y;]
divided or over [wroter, — x4],” this [drew a ring aroung, — y;] can
just be a whole number. This [drew a ring aroupd- x;] can just be
a whole number. Kids can get this right withougexeasoning with
ratios at all.
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In this excerpt, Joanne explained that using algcapcontext and the slope formula as a
means by which to support students’ in developmgngerpretation of slope as a ratio
may actually be counterproductive because it mapau an interpretation of slope as
one whole number over another rather than an irg&ton of slope as a ratio (i.e., a
multiplicative comparison of two quantities).

In contrast, she explained that the use of realdrvayntexts may actually serve
the development of students’ interpretation of slap an attribute of a function. In
particular, she stated that it was important tankhabout the slope as being a property of
the function” rather than a line. For example, sta¢ed that one could “easily think of
slope as measuring speed in a situation in whielgthph isn’t there.” Thus, she
described the associated interpretation she hapedascontext would foster; in
particular, she described wanting kids to be ablédrm a ratio of distance with time but
... form the ratio so that ratio is a measure of ghing—it's a measure of the speed.”
These excerpts suggest that Joanne had an undiengtain the affordances and
limitations of different contexts in developing damts’ interpretation of slope.

Joanne went on to explain how students might cantkevelop a sophisticated
understanding of ratio, moving from an understagdifratio as a composed unit to an
understanding of ratio as a multiplicative companis Specifically, she explained how
using real-world contexts that involve two diffetguantities like distance and time
might lead to the former understanding but thatugh the repeated actions of iterating
and partitioning, they might develop into the latiederstanding. Joanne explained that
when two different quantities are used, studentg actually “jam them together and

form a unit” that they will then iterate (i.e., \egt) or partition (i.e., split into equal parts).
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This, she explained, led to an understanding af fas a composed unit instead of a
multiplicative comparison.” However, she descrilsedh an understanding as a
“natural” place for students to start off when depéng an understanding of ratio. More
importantly, Joanne seemed to have an understandlimgw students might move from
one understanding to the next, namely throughehpeated actions of “iterating and
partitioning.” She explained that through thesigoas students might discover the “unit
ratio,” begin to see all iterates and partitiong®gsressions of some multiple of that unit,
and thus see them all as representations of theatiw. This, she posited, could lead to
the understanding of ratio as a multiplicative cangon. In sum, the data provided here
indicate that Joanne had an understanding of h@wnaght develop an interpretation of
the slope as a ratio.

Bonnie. Despite the fact that Bonnie seemed to have dpedla personal
interpretation of slope as a ratio, Bonnie diddistuss such an interpretation when
talking about her unit on slope and linear funcsiofRather, she spoke about slope in
terms of geometric and physical objects. Spedificavhen asked to describe what
students might say to indicate that they have apesl an understanding of slope,
Bonnie said: “slope involves a lot of directionglitit’s the slant; it's the steepness; it's
rise over run.” She continually referenced sudarpretations of slope throughout the
discussion of her lesson plan and its implemematiéor example, when asked to
anticipate and describe some of the difficultieglehts might have, Bonnie talked about
difficulties associated with graphing and the orolethe slope formula (e.g., students

remembering “run over rise” rather than “rise om@r”). Thus, although it is possible
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Bonnie had developed an understanding of the wawhich students might come to
interpret slope as ratio, the interview yieldedsnch evidence.

Teachers’ Understandings of Actions That Might Supprt Students in Developing
an Understanding of Slope as a Ratio Measuring Rate

In this section | present data that suggest Joaadaleveloped an understanding
of the actions she might take to support studentieveloping an interpretation of slope
as ratio while Bonnie had not. | will present ditan the same set of interview
guestions used in the previous section.

Joanne The actions Joanne described as being partigiiatpful in fostering
students understanding of ratio were (a) usingshme attribute task,” (b) asking
students to explaiwhy (rather tharthat) a particular answer worked, and (c) connecting
the mathematical terslopeto students’ emerging understanding of ratio stFshe
described the details and associated rationaleeo$ame-attribute task. This task
entailed asking her students to find several degdmnme pairs that, when entered into
speed-simulation software, would allow one charact¢ravel at the same speed as a
second character traveling at a given speed (@gentimeters in 4 seconds). Her
rationale for presenting this task to her studeras that the “formation of things [i.e.,
distance-time pairs] that all have the same attilfite., speed] helps lead to the
formation of ratio.”

This is not to say that Joanne claimed the taskealoould promote the formation
of ratio. On the contrary, she claimed that theni@tion of ratio “comes through
[students’] explanation.” She thus spoke abouitrgsker students to explain to their

peers Whysomething is working, not jushatit works.” Further, she said that she
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would “ask all the other kids to keep them [the erplaining] honest.” Her rationale for
asking students to provide such explanations wats‘kids will transition from the
number patterns to actually making an explanatian is quantitatively based.”

Finally, Joanne explained that she would link ttethlematical term slope to
students emerging understanding of ratio. In paldr, she explained that one should
“develop ratio reasoning ... and then introduce émmtslope ... [because] at least they
will have gotten started in the right direction wiéhey're doing some co-variational
reasoning and know that slope is attachetthad” Thus, it appeared Joanne had an
understanding of the ways in which students mighsugpported in developing an
interpretation olopeas ratio.

Bonnie. Despite the fact that Bonnie seemed to persodkypret slope in
terms of ratio, the pedagogical actions Bonnieudised taking in association with her
unit on slope and linear functions did not seersupport the development of such an
interpretation for students. For example, Bonalkdad about beginning her unit by
asking her students to describe what came to mimehwhey heard the term slope. Such
a request is reasonable if one hopes to isolatewbiyday meaning of the term slope as
incline from the mathematical conceptualizatiomaifo. However, as mentioned above,
Bonnie explained that she would “like to hear th&ay” things about bunny slopes,
mountains, and roadways. Again, such images dmilthade useful when developing an
understanding of ratio if one highlighted the qitafitve relationships between the
attributes height and length rather than percesladt; however, there was no evidence
to suggest that Bonnie planned to personally emphas ask students to attend to such

relationships during instruction. Furthermore, B&'s mnemonic devices, analogies,
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and visuals foregrounded physical and algorithnmeevg of slope. Specifically, Bonnie
talked about using the mnemonic “You rise to theftst and then you run” and the
analogy involving having to get up “out of bed hefgou can run to the slopes” to help
students remember the rise over run formula. thteah, Bonnie talked about using
visuals such as real-world “mountain slopes” amahtald “hand gestures” to illustrate the
meaning of “the positives, negatives, undefinedd][aero slope.” These mnemonics,
analogies, and visuals likely serve to backgrolmadquantitative relationships necessary
to develop an interpretation of slope as ratioudfalthough it is possible Bonnie had
developed an understanding of the actions she taklidto support students’ ratio
reasoning, the interview yielded no such evidence.

In sum, both Joanne and Bonnie appeared to intetpgeneaning of slope as a
ratio that provides a measure of the rate of chafgefunction. However, data
suggested that Joanne alone had developed an tamting of (a) the ways in which
another person might come to interpret slope mway and (b) the actions she could
take to support another person in developing tiiexpretation of slope.

Relation between Teachers’ Beliefs and Their Matheatical Understandings

Interestingly, the above understandings seemedaatpt in Joanne’s and
Bonnie’s beliefs about the generalization of stusfdearning. Specifically, Joanne’s
belief—that students’ generalize their learninglos basis of the mathematical features
they notice during instruction—seemed to indicat@a&areness of the relationship
between features in the mathematical environmegt, @ graphical representation of a
linear function or a complex real-world situati@md the associated ways in which

students might come to interpret slope (e.g., @mmber over another number, as a
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composed unit of two quantities, as a multiplicatbomparison of two quantities). Thus,
she emphasized the importance of taking actionstwaiipport a focus on mathematical
features in the environment that have the potetdibke productive in developing
conceptually meaningful mathematical understandfags, through particular task
choices and students’ explanationswbfy something works). Similarly, Bonnie’s
personal understanding of slope coupled with hkefaat the generalization of learning
occurs when a person relates a novel situatioartoliar aspects of real-world
experiences (e.g., skiing down a slope) could béymtive in supporting students in
generalizing an interpretation of slope as ratimwever, the fact that Bonnie did not
show evidence of having an understanding of (a) simtents come to develop an
interpretation of slope as ratio or (b) what totdsupport students in developing an
interpretation of slope as ratio, suggests thadsth@ot know how to use her personal
understanding of slope to support students in gdizarg a slope-as-ratio interpretation
of slope to novel situations.
Limitations

While the data presented here suggest a relatjphgtween certain aspects of
teachers’ understanding of the mathematics and bleéefs about the generalization of
students’ learning, the interviews were not desiigwéh the intention of highlighting
teachers’ understandings of (a) the ways in whigtdents’ might come to develop a
particular interpretation of the meaning of a mathgcal topic like slope or (b) the
actions one might take to support the developmeatparticular interpretation of a
mathematical topic. Thus, it is possible thatititerviews did not tap such

understandings. In other words, it is possiblé Bannie had developed an
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understanding of (a) and (b) but that she was siatcquestions that would reveal these
understandings. Consequently, a systematic irgaggin targeting these specific
understandings is needed to explore the possilalamship between teachers’ beliefs
regarding the generalization of students’ learr@ng these aspects of teachers’
understandings of the mathematics.
Research Question 2

This dissertation study examines the relationskigvben teachers’ beliefs about
the generalization of students’ learning and thpeets of teachers’ mathematical
understandings that were discussed above, by ptdseigllowing question:

What is the relationship between teachers’ beliegmarding the

generalization of students’ learning and their ustinding of (a) a

particular mathematical topic, (b) the ways in whatudents come to

understand that topic and (c) the actions they biigike to support the
development of students’ understanding of thata®pi

In other words, this question probes the relatignblbtween a teacher’s beliefs regarding
the generalization of students’ learning beyontahinstruction and three aspects of
mathematical knowledge for teaching: (a) teacheessonal understandings of the
mathematics, (b) teachers’ understandings of hanesne else might come to hold an
understanding that is similar to their own, andtéachers’ understandings of actions that
might support someone else in coming to hold aretstdnding that is similar to their
own. For example, | presented data that suggésttyl Joanne, and Bonnie held
distinct beliefs about the generalization of studelearning, and that there were
similarities and differences in various aspectthefr understandings of slope.

Moreover, | highlighted some relationships betwtenteachers’ beliefs and various

aspects of their mathematical understandings. dunestion seeks to further understand
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the nature of these relationships when each agpsgstematically investigated and
examined.

Answering this research question is contingent uperway in which one
conceives of teachers’ mathematical understandimpgre have been two main
approaches to the study of teachemsthematical knowledge for teachiigKT), one of
which will be described here (with details regagdihe other influential
conceptualization to be presented in Chapter 2)Silverman and Thompson’s (2008)
conceptualization, MKT entails at least three défe kinds of knowledge: (a)
knowledge of thé&ey developmental understandifg®Us) that exist within a particular
mathematical content area, (b) knowledge of theswayvhich students might come
understand those KDUs, and (c) knowledge of thesvilyvhich students might be
supported in developing said KDUSs. In this conaaptation, MKT is said to be
grounded in particularly powerful understandingsécific mathematical concepts, or
in KDUs. A KDU is a conceptual advance or a “changthe learner’s ability to think
about and/or perceive particular mathematical isrighips” (Simon, 2006, p. 993). A
KDU is particularly powerful because it provideperson with the leverage needed to
develop deeper mathematical understandings. snaty, people who possess a KDU
tend to see relationships between both directlyiadidectly related tasks based on the
tasks’ underlying conceptual similarities (Silverm& Thompson, 2008). Thus,
evidence of such an understanding may be peodidisydo solve a variety of different
but conceptually related problems (Thompson & Theompy 1996). For example,
consider Kelly, who seemed to understand slopering of a particularized set of

procedures for finding the rise and run of a lifidis understanding may allow Kelly to
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view tasks involving graphical representationsimédr functions or physical objects
showing some sort of slant (e.g., a ramp, roadwagygoftop) as related to the topic of
slope but prevent her from conceiving of tasks mwg, for example, speed as being
about slope. On the other hand, a person whapirgesr slope as a ratio may be able to
see all of these tasks as being about slope.

According to Silverman and Thompson, understandikdpU is only the
beginning for teachers. For example, a teacherintaypret slope as a ratio but be
unaware of the utility of such an interpretationdtudents or be unable to use such an
interpretation as a theme around which to orgaclegsroom activity. Thus, the KDU is
said to have pedagogigabdtential. In order for the KDU to have pedagogipaler, the
teacher must construct the associated MKT. Thatioreof MKT involves a
transformation of the KDU from a personal underdiag of a particular mathematical
concept (e.g., ratio) to an understanding of (e)whys in which others might come to
have this understanding and (b) actions a teackghtrake so that her students are
supported in developing this understanding. Wa&pect to Joanne and Bonnie, the data
presented above suggests that Joanne had trandfoen&DU of ratio to MKT while
Bonnie had not. (See Chapter 2 for other concepatains of MKT and, more generally,
teachers’ content knowledge.)

The Relationship between Teachers’ Beliefs about ¢hGeneralization of Students’
Learning and Their Classroom Practices

So far, | have presented some pilot data to sugigasteachers have specific

beliefs regarding the generalization of studemaiting and that these beliefs vary

across teachers. Thus, it is natural to wondetlvénghere is a relationship between
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these kinds of beliefs and teachers’ classroomtipesc With respect to Joanne and
Bonnie, the teachers presented thus far, | do awe data for this directly. However, |
do have related data that are suggestive of amesdtip between these teachers’ beliefs
about the generalization of students’ learning thiedr classroom practices.

To introduce the possibility of a relationship beem teachers’ beliefs about the
generalization of students’ learning and theirsl@aem practices, | draw upon results
published from the larger NSF-funded research stoegtioned previously (i.e., Lobato
et al., in press). In this article, various asp@dtJoanne’s and Bonnie’s classroom
instruction were analyzed in relation to the waysvhich their students reasoned on a
subsequent transfer task. | therefore start Bfligrsummarizing the findings regarding
the ways in which the students in Joanne’s and Bdolass reasoned on a transfer task
after having engaged in 10 hours of instructiorslope and linear functions. | then
briefly present and selectively illustrate the fimgk relating the differences in students’
reasoning and the teachers’ classroom practicastlyl. | discuss the ways in which the
differences in Joanne’s and Bonnie’s practices segsticated in their beliefs about the
generalization of students’ learning.

The Nature of Students’ Reasoning

After participating in either Joanne’s or Bonniatsit on slope and linear
functions, students were presented with a tranasdr called The Pool Task (as shown in
Figure 1.3). The task was set in a novel waterypagicontext, not explored in either
class, and also introduced the novelty of unevecisg between the labeled points on
the line. Qualitative analysis of the interviewaleevealed distinct differences in

students’ reasoning across the two classes. ticplar, 7 of the 8 students in Joanne’s
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class attended to the quantities represented bgathielinate pairs and/or axes, and 5 of
these 8 students also reasoned with a quantitaiggonship to correctly find and
interpret slope in the water-pumping context. éntcast, 8 of the 9 students in Bonnie’s
class ignored the quantities represented by the, éseated the graph as if it were
composed of unit squares or “boxes,” and were @nt@bfind and interpret slope in the

water-pumping context.

Water is being pumped through a hose into a large
swimming pool. The graph shows the amount of wiater
the pool over time.

What is the slope of the line? What does the slelbgou
about the swimming pool situation?
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Figure 1.3: The Pool Task.

Teachers’ Classroom Practices
In order to explain the differences in studenta'saning on the transfer task,

Lobato et al. (in press) examined several featofdéise instructional environments
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including the teachers’ discourse practices anul tise of mathematical tasks. In
Joanne’s class, such features were found to suppuakénts in reasoning about quantities
and quantitative relationships while in Bonnie’asd, such features were found to
support students in reasoning about physical ahjeto illustrate, | will briefly discuss
the way in which graphing was introduced in eacls<l

Joanne’s unit was set within a speed context whesteidents spent several
lessons figuring out how to find and explain whytam collections of distance-time
pairs produced the same speed (e.g., why is tray80 cm in 12 s the same speed as 10
cmin 4 s?). To introduce graphing, Joanne askedtudents to plot one of these
distance-time pairs, namely 30 cm in 12 sec. Aestitithen plotted the pair by locating
“12” on the time axis and tracing vertically upwangith her pen until she reached the
appropriate height for the point (12,30) as indidaby the distance axis (see Figure 1.4).
Joanne then used the mathematical symbols “(12{80¥name the distance-time pair as
“a point,” explaining that one should “write thene first.” In a similar fashion, Joanne
renamed a collection of distance-time pairs alteéspnting the same speed as “a line”
and a speed as “slope.” These acts of renamielylgerved to keep students’ attention

focused on quantities while graphing.
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Figure 1.4: Student’s gestures while graphing the point reprtasg 30 cm in 12 s.

In Bonnie’s class, graphing started out in a @amivay with students attending to
the quantities represented by the axes. Howeweifocus changed when a student
graphed the point (6,19) without attending to tkesa Instead, she navigated from the
previously plotted point (5,16) to (6,19) using ttwordinate grid system explaining that
she could just “mov[e] one more [to the right] ar@three.” Bonnie subsequently
sanctioned this method of graphing exclaiming, “Wgau guys are good ... | just move
over one, and | know to go up to 19 because oplirethree.” Furthermore, Bonnie
went on to link the “over 1 and up 3” pattern witloving “right 1 street and then go[ing]
up 3 streets” on a city map:

So we have a point. Obviously the points all lob& same, right? So

they have to kind of give it a name; it's almokelan address. Okay,

so it's like how to get to your house. So to geyaur house...l can go

right 1 street and then go up 3 streets. So s of helping people
with directions.

In this excerpt, Bonnie renamed the point (6,19p@ation” and related graphing to

navigating using a grid map of city streets. kirailar way, Bonnie renamed several
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attributes of physical objects as slope. For mstaa mountain slope was renamed as
“mathematical slope” and the risers and runneis sthircase were renamed as the “rise”
and “run” values found in the slope formula (segulfé 1.5). These acts of renaming
likely supported students in linking the act ofgrang as well as the mathematical topic

of slope to past experiences with physical objects.

Figure 1.5: Bonnie’s diagram linking mountains, stairs, angslo

In sum, Joanne’s acts of renaming and usage dfensttical tasks served to
support students’ ongoing quantitative reasoningenBonnie’s served to emphasize
features of physical objects. Each teacher’'s pegiagl actions appeared significant in
students’ subsequent reasoning on the transfestaskn in Figure 1.3 as the majority of
the students in each class utilized the associatets of reasoning.

Relation between Teachers’ Beliefs and Their Classom Practices

Interestingly, the teachers’ practices seem toigeglaboration for the beliefs |
inferred regarding the generalization of studel@aining. For example, Joanne’s
practice helped give additional meaning to herdb¢hat students generalize their

learning on the basis of the mathematical feattiveg notice. In particular, it seemed
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that Joanne wanted her students to attend to matiwinobjects (as opposed to physical
objects), meaning that students would notice qtiastimeasurable attributes of
situations), and then form and attend to quanigatelationships, specifically
multiplicative relationships related to slope. #amy, her practice elucidated her belief
that teachers should try to influence the naturgtwdents’ mathematical noticing.
Specifically, it seemed that she thought teacheosilg identify the big ideas they want
students to develop (e.g., slope as a multiplieatmparison between quantities) and
then focus on developing those understandings @gntitative relationships that are
multiplicative in nature) before linking them withathematical terms likelopewhich
could easily be understood by students as slancbnation. Thus, Joanne seemed to
believe that she should enact forms of practicewlnauld help students conceive of
future situations involving slope in terms of matiaical objects rather than physical
objects.

Bonnie’s practice also served to elaborate heefseibout transfer. For instance,
| inferred that Bonnie believed students would ble & generalize their understanding
of a particular mathematical topic to a novel ditwato the extent that they could relate
the novel, mathematical situation to familiar asped real-world situations or
experiences. This belief was inferred from Borsmimmments like the one noted above
wherein she stated that she wanted “to build ondiba that slope is something that they
... can relate to” and that she therefore wantedu® sfudents an image that “in the
future, [they] could refer back to.” The meanirfglos statement became further
elucidated during observations of her practice wétemlinked points on a graph and the

act of graphing with locations and navigationappeared that the images she referred to
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were really experiences that all students coulatedo even if they had not experienced
them personally. Walking around city blocks aresh@n a grid is an experience that is
easily accessible to students. Moreover, theth@se images might play in guiding
future mathematical activity seemed closely alignéti the invoked experience. In
particular, navigation is used to help people ganflocation to location via a sequence
of northern, southern, eastern, and western movendimus, when asked to graph in a
future situation, one merely needs to rememberdtoate pairs as locations or addresses
and graphing as a way to get from one addressdihanaddress via a sequence of up,
down, right, and left movements.
Limitations

While the pilot data presented here are suggesfiaerelationship between
teachers’ beliefs about the generalization of sitaléearning, they are just that—
suggestive. As the data were gathered from a stxdmining the relationship between
teachers’ practices and their students’ subseqaasbning on a transfer task, there were
no questions posed to the teachers explicitly pigpkheir beliefs about the transfer of
students’ learning or the reasons why particulam&of practice (e.g., renaming) were
carried out during instruction. Thus, despiteféne we have data documenting these
teachers’ classroom practices, its relationshijpése teachers’ beliefs about transfer
specifically is highly inferential. Consequentlysystematic investigation of the

relations between various forms of teachers’ pcastand their beliefs was needed.



41

Research Question 3

This dissertation study examines the relationskigvben teachers’ beliefs about
the generalization of their students’ learning #relr classroom practices and therefore
poses the following question:

What is the relationship between teachers’ beliegmarding the
generalization of students’ learning and teachele@ssroom practices?

In other words, this question asks how teachergfseabout the generalization of
learning manifest in the classroom and how teatbelfiefs are elaborated and
constructed via the process of teaching a lesiothe context of a lesson or set of
lessons on slope and linear functions, | seek tergtand the specific beliefs that result
as teachers are given the chance to enact thefdabout the generalization of students’
learning of slope and how to support that geneatibmn instructionally. For example,
when coupled with her inferred beliefs, Joannetfas in the classroom seemed to
create a more complete picture of how she thougbiitethe generalization of students’
understandings associated with slope. In partictha kinds of mathematical features
she hoped she could support students in noticidgsahsequently generalizing became
clearer.

One may wonder how the temnacticeis being used here. As willeliefs the
termpracticehas been used in a variety of different ways Isgaechers in the field of
education (Lampert, 2010). One way in which it hasn used is to refer to a profession
or occupation as a whole. Thus, practiceof teaching refers to a set of activities,
beliefs, identities, and so on that are commoriltoranost teachers. Used in this way,

practice refers to the general culture of teachifgr example, the practice of teaching
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(in public schools in the U.S.) typically involvegeracting with a particular group of
students for a period of approximately 9 monthsualospecific content area or areas.
As my interest here lies in identifying the beliafsd actions particular teachers associate
with the generalization of students’ learning, llwbdt be using this meaning of the term
practice.

A second way in which the term practice has beend usthe education literature
is to refer to the repeated or continuous exemiseskill or profession with the result or
purpose of attaining proficiency. Thus, fhracticeof teaching could be associated with
Kane, Rockoff, and Staiger’s (2008) claim that tesas become more effective after
experiencing 2 years of teaching, perhaps fromtgrag a set of skills or repeatedly
exerting efforts to achieve a particular outcorfer example, teachers may become
more effective at eliciting students’ reasoning whigey become more familiar with
ways to phrase questions and design tasks sottitktnds are provided with an impetus
to explain and justify their reasoning. | will ne¢ referencing this meaning of the term
in my study because my interest is not in the e attaining proficiency in
supporting students’ transfer of learning (althotlghk is an interesting area for future
research).

A third way the term practice has been used igferito the things that teachers
do constantly or habitually. Here, the term cam$ed in the plural (i.e., practices)
wherein theracticesof teaching refer to teachers’ regular rather tidéssyncratic
behavior. For example, a teacher may usually taglesats to explain and justify their
solution strategies; thus, this action may be drhis teacher’'s many core practices.

Since | only plan to observe teachers for at mdes&ons, | will not assume to have a
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clear picture of their habitual ways of teaching anll therefore not invoke this meaning
of the term practice here.

A fourth way practice has been used in the liteeatin education is to simply
refer to what a teachéoesas distinct from what she thinks or knows. Hénepractice
of teaching is a singular noun that refers to th@cément of teaching. For example, on
Monday a teacher might distribute a task, ask stisd® complete it silently and
independently at their desks, and then ask thdests turn in their completed work as
they leave for the day; on Tuesday the same teawigtt distribute a task, ask one
student to read the task aloud, ask another studemxplain the task in her own terms,
ask the class as a whole if there are any questiomst the task, ask the class to work in
small groups, and then, when everyone is readyeask group to present its work one at
a time while the rest of the class is told to dskification questions as they emerge.
Here, practice refers to the distinct ways in whialk teacher performed the work of
teaching despite the fact that there were incagrstses across the two days of teaching.
This is how | will be using the term practice in styudy.

Significance

This section is organized into three parts. Infits¢ part, | discuss the
contribution this dissertation study makes to thgang research on the transfer of
learning and teaching for transfer. In the sequend, | discuss the potential of this study
for providing insight into linkages that exist angaieachers’ beliefs, teachers’ practices,
and the transfer of students’ learning. Finallgiscuss the potential contributions of this

study to teachers’ education and professional dgveént.
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The Ongoing Study of Transfer

Transfer, or the generalization of learning beythreconditions of initial
learning, is one of the longest standing reseampits in psychology and education
(Engle, Nguyen, & Mendelson, 2010). As such, tleeemany conceptualizations in the
transfer literature of what the generalizationaafrhing is and how it can be supported
instructionally. Earlier in this chapter, | dissesl a few of these ideas. For example,
Locke believed transfer occurred at a general lamdlwas the influence of the
development of a particular cognitive ability onfpemance in domains that draw upon
that ability; he thus believed teachers should kaldents to improve their general
cognitive abilities by engaging students in megtahliallenging activities. In contrast,
Thorndike believed transfer occurred at a much rfinegrained level. Specifically, he
believed transfer was the influence of trainingine association on another and occurred
to the extent that learning and transfer tasksesiolntical elements; he thus believed
teachers should support students’ in constructasg@ations between particular external
stimuli and behavioral reactions by thoroughlyrinag students how to perform
individual skills. In Chapter 2, | present addi@d ideas from the transfer literature
regarding the generalization of learning and as¢ediideas about how to teach for the
generalization of learning.

While there are many ideas in the transfer litesmfbout the generalization of
learning, | could not find anything in this liteua¢ base regarding how teachers think
about the transfer of their students’ learning@wiio support it. Investigating how
teachers think about transfer is important for maasons, two of which are discussed

here. First, teachers are among the people vestiedhe responsibility of preparing
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children for successful engagement in future sibnat(e.g., future courses and future
careers). Teachers spend many hours a day engagimgtudents hoping that their
interactions are in some way valuable to studdaotare performance in the world. Thus,
it is important to know how teachers’ beliefs abth& generalization of learning as well
as their beliefs about how to support it fit withime landscape of the transfer literature.
This dissertation study provides the field withamrhation about whether teachers’
beliefs are consistent with those already presetita transfer literature or whether they
are new.

Second, even when teachers’ beliefs turned oue twobhsistent with beliefs that
have been previously articulated by transfer retesas, this dissertation found that
teachers’ beliefs were infused with a level of debet only those who are steeped in the
context of the mathematics classroom environmemjpcavide. For example, Kelly’'s
belief that transfer is supported by teachers pliagi instruction for each skill echoes
Thorndike’s recommendations regarding teachingréorsfer. However, when speaking
about the particular topic of slope Kelly providetevel of detail not present in
Thorndike’s theory, namely that a teacher shoufdrer the particulars with which the
skills are to be carried out. Specifically, Keflgpeared to believe that finding the slope
of a line is a skill involving several sub-skillsciuding the creation of a slope triangle.
For Kelly, it was not sufficient for students taadr a slope triangle; rather, students need
to be able to create a slope triangle in a certainner thereby obtaining a slope triangle
that sitsaboverather tharbelowa line (see Figure 1.1).

Furthermore, Kelly’s belief about the order in wihigtudents create their slope

triangles seemed to be related to her beliefs deggithe specific kinds of activities
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students would and would not be able to succegstuljage in. In particular, the
hypothetical student’s (Molly’s) failure to appragaely construct a slope triangle seemed
to provide Kelly with evidence that Molly would hadifficulty when confronted with
future situations involving negative slope. Irsthiay, teachers bring extant beliefs alive
in nuanced ways.

Linkages among Teachers’ Beliefs, Teachers’ Practs, and Students’ Transfer of
Learning

Emerging research is establishing links betweechis’ practices and their
students’ transfer of their learning experiencasg(g, 2006; Engle, Nguyen, &
Mendelson, 2010; Lobato et al., in press). Thsselitation study connects teachers’
beliefs about the transfer of learning with theei¢hing practices; thus, contributing to a
chain of linkages among teachers’ beliefs, teatlpeastices, and students’ transfer of
their learning experiences.

To introduce Research Question 3, | drew upon Labaal.’s (in press) study
that highlighted relationships between two teach@assroom practices and the transfer
of their students’ learning. For example, one hheas acts of renaming served to keep
students’ attention focused on mathematical objédetsquantities while another
teacher’s acts of renaming served to keep studatiesition on physical objects. When
confronted with a transfer task involving slopes troup of students in the first teacher’s
class reasoned with a quantitative relationshigotoectly find and interpret the meaning
of slope whereas the group of students in the setaachers’ class ignored quantities,
treated the graphical representation containeldariransfer task as if it were composed

of “boxes,” and were unable to find and interphet meaning of slope. Thus, there
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appeared to be conceptual connections betweenetsagnactices and the ways in which
students’ reasoned on a subsequent transfer Tds&.dissertation examines another
relationship in a chain of linkages, namely thatiehship between teachers’ beliefs
about the generalization of students’ learning t®adhers’ practices. Future research
may then focus on connecting the chain, therebyigireg the field with specific insights
about relationships that exist between teachet®@fbeteachers’ practices, and students’
transfer of learning.
Teachers’ Education and Professional Development

One could imagine organizing teacher educationprofissional development
around teachers’ beliefs regarding the generatinaif students’ learning, teachers’
beliefs about how to support the generalizatiostoflents’ learning, and teachers’
classroom practices. Several researchers have ti@gower of reflection in teacher
education and professional development (e.g., Go@ieealy, & Arvold, 1998;
Mewborn, 1999). Thus, teachers and prospectivehega may be encouraged to
articulate and reflect on their beliefs associateétl the generalization of students’
learning and to attend to the ways in which varioeisefs play out in the classroom
and/or to test out various ideas regarding teachatigns in classroom situations. The
instructor may then work with the teachers and peosve teachers in an effort to shape
their beliefs. However, as the previous sectiomted out, the field does not yet have
the data needed to identify the beliefs that agatiost effective in helping students to
transfer their learning. This dissertation stuaystattempts to obtain a baseline of

teachers’ currently-held beliefs so that we may @agbe in a better position to make



conjectures regarding beliefs that appear the ef@esttive in supporting the

generalization of students’ learning
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CHAPTER 2:
Literature Review

This chapter is organized into five main sectiolmsthe first section, | review the
literature pertaining to the transfer of learnifggusing on approaches to transfer that
have articulated suggestions regarding the stepsroght take to support the transfer of
learning. In the second section, | draw upon itleedture to elaborate the
conceptualization of beliefs that will be usedhistdissertation as well as to provide a
rationale for the approach | will use to measureets® In the third section, I review the
literature base on the relationships between teacheliefs and teachers’ practices,
focusing on researchers’ orientations to the isdueconsistency/consistency. In the
fourth section, | review the literature pertaintogeachers’ mathematical knowledge,
emphasizing the various ways in which researchave bonceptualized such knowledge.
In the fifth section, I review literature on the tin@matics relevant to this study. At the
end of the chapter, | revisit my research questiohight of this literature review.

The Transfer of Learning

One of the primary goals of this dissertation ¥eagrobe teachers’ beliefs about
the generalization of students’ learning (and themresponding beliefs about how to
support the generalization of students’ learning$. stated in Chapter 1, the research on
transferconstitutes one body of research that has studeedeneralization of learning
beyond the conditions of initial learning. Tradrtally, transfer has been characterized as
the application of knowledge acquired in one tas&itation to another (Nokes, 2009).
Over the past century, researchers have articuhatagtrous conceptualizations of

transfer as well as its underlying mechanisms,(Bassok & Holyoak, 1989; Beach,
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1999; Bereiter, 1995; Bransford & Schwartz, 1998nione, Shapiro, & Brown, 1995;
Engle, 2006; Gagne, 1968; Gick & Holyoak, 1983; &tbet al., in press; Markman &
Gentner, 2000; Nemirovsky, 2011; Singley & Anderst®89; Thorndike & Woodworth,
1901; Tuomi-Grohn & Engestrom, 2003; Wagner, 201 complete review of this
literature is beyond the scope of this study. dadt | focus on approaches to transfer that
have emphasized ideas about the ways in whichfenamsght be supported. These
approaches are organized into three main sectistsrical approaches to transfer,
mainstream cognitive approaches to transfer, aednaltive approaches to transfer. In
addition, | have included a brief section highlighgtsome of the critiques of the
historical and mainstream cognitive approachesuhanately inspired the
conceptualization and development of some altareapproaches to transfer.
Historical Approaches to Transfer

E. L. Thorndike is often credited as the firsttmduct systematic investigations
of transfer (Singley & Anderson, 1989). Developedesponse to a deep-felt
dissatisfaction with the prevailing view of educatiat the time, namely the doctrine of
formal discipline, his ideas came to dominate ti@nsesearch for the first two-thirds of
the 20" century (Campione et al., 1995). During this timgices of dissension could be
heard offering views of transfer that differed igrsficant ways from those of Thorndike
(e.g., Judd, 1908). However, no voice was as touwak far reaching as Thorndike’s. In
this section, | present an overview of Locke’s doet of formal discipline, Thorndike’s
(1906) theory of identical elements, and Judd’©89heory of general principles.
Within each of these subsections, | include impioses for instruction as well as some

theoretical underpinnings.
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Doctrine of formal discipline. Early psychological ideas about transfer were
based on the doctrine of formal discipline, a notimat has been credited to Locke
(Singley & Anderson, 1989). According to this domt, transfer was a general
phenomenon that occurred via the strengtheningnefsanental musculature. In
particular, training in one muscle was thoughtetad to improvement in one’s ability to
perform all tasks requiring the strengthened mu&etx, 1997; Singley & Anderson,
1989; Tuomi-Gréhn & Engestréom, 2003). Thus, leesweould be able to transfer
learned skills from one situation to another todkegree that the two situations drew on
the same set of mental muscles.

As explained in Chapter 1, educators ascribingpitoview believed that difficult
and taxing subjects like Latin were of significaatue because learners’ general abilities
to memorize, concentrate, and reason would begttrened as a consequence of
studying the language (Bransford & Schwartz, 1998, 1997; Lyans, 1914, Singley &
Anderson, 1989; Tuomi-Grohn & Engestrém, 2003)this way, teachers were
encouraged to choose intellectually challenginggasmd activities so that students were
afforded opportunities to develop general mentditeds. For instance, when teaching
Geometry, teachers would emphasize the developaietddents’ proof-writing skills as
a means to improve learners’ abilities to thinkicaily, reason, and argue. In turn,
improvement in these abilities was thought to heffects reaching into other content
domains, such as chess playing and computer progjiragn

The doctrine of formal discipline emerged out ofegistemological commitment
to the faculty view of mind wherein the mind wasufght to be composed of a set of

general faculties, or abilities, such as the abibtobserve, reason, discriminate,
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concentrate, memorize, and make judgments (Brashgf@chwartz, 1999; Singley &
Anderson, 1989; Tuomi-Grohn & Engestrém, 2003) e Taculty view of mind thus
assumed a fixed and unchanging set of generatiabiwherein mental exercise resulted
in stronger, not new or different, abilities.

Identical elements. In contrast to the emphasis on the transfer négd mental
abilities posited by the doctrine of formal disangl, Thorndike argued that transfer was a
phenomenon that occurred at a specific level (Baads Schwartz, 1999; Cox, 1997,
Singley & Anderson, 1989). In particular, Thorneli&rgued that learners would be able
to transfer their learning of a skill from an ialti learning situation to a novel, transfer
situation to the extent that the two situationgsti@entical elementéThorndike 1903,
1906, 1922, 1924; Thorndike & Woodworth, 1901). &R horndike never clearly
defined the meaning of identical elements, theyelmme to be interpreted as identical
at the level of observable stimuli in the exterpdlysical environment (Brown, 1990;
Cox, 1997; Singley & Anderson, 1989; Lobato, 201Rpr example, Thorndike and
Woodworth (1901) examined the effects of trainimgstimating areas of a certain shape
and size (e.g., rectangles ranging in size from 100 cni) on learners’ performance
while estimating areas similar in shape but difféia size, areas similar in size but
different in shape, and areas different in botlpstend size. They found that the
accuracy learners gained during training decreastidchanges made to the data used
during training (i.e., with changes in size andlbape). Thus, they concluded that “no
change in the data, however slight, is withoutaffen learners’ performance and that as
the data become more and more unlike the datadwgany training “there is always a

point where the loss [of the improvements gainedhduraining] is complete;” in other
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words, Thorndike believed that the “spread of pcacbccurs only where identical
elements are concerned” (Thorndike & Woodworth,1190 92).

According to the theory of identical elementsirireg students and giving them
sufficient time to practice were two important teacresponsibilities. For example, in
one experiment Thorndike and Woodworth (1901) &dilearners with a set of 60
rectangles of varying shapes within a particulae sange and gave feedback after each
of the 60 estimates. This process was repeat¢idh28 before any tests of transfer were
conducted. In another experiment, learners waredd to estimate areas with a set of
102 rectangles and triangles ranging in area fr&&nd12.0 iA. Again, learners were
given feedback after every estimate and the progasgepeated 32 — 41 times, or until a
“certain amount of improvement had been made” (e & Woodworth, 1901, p.
252). In this way, training supplemented by exitengractice were crucial elements in
Thorndike’s theory about how to support transfiéranytransfer was going to occur, it
was imperative that learners first acquire the istguskills. In other words, the idea was
that learners must first become reasonably skdtezstimating, for example, the area of
rectangles ranging in size from 10 — 100 drafore they could be expected to
demonstrate any transfer to the skill of estimatimgarea of rectangles ranging in size
from 140 — 200 cfh Additional teacher responsibilities entailed lgmiag the
curriculum into specific behaviors and then sequenstudents’ training and practice so
that more basic skills came before the more advhsk#s that utilize them (Tuomi-
Grohn & Engestrom, 2003).

Thorndike’s (1906) view of transfer was inspirgddssociationist views of

learning. Under such views, knowledge is conceiaid terms of stimulus-response
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relations. Specifically, knowledge is thought tanmtfest in the form of associations, or
connections, between observable stimuli or eventise external environment and
embodied behaviors articulated in reaction to thstseuli (Resnick & Ford, 1981).
Associations between particular sets of extermalwdi and behavioral responses are
thought to form and subsequently grow stronger wgieen positive reinforcement
(Resnick & Ford, 1981; Gagne, 1965). Thus, a kerawill learn how to estimate the area
of a particular sized rectangle if she is praisedtberwise rewarded every time her
estimates show increased accuracy. In this wayptimary method of instruction for
those ascribing to such views (e.g., Thorndikepheethat ofirill and practicewherein
teachers’ responsibilities included choosing se&imulus-response pairs and then
providing students with enough practice and feekilsacthat when shown particular
stimuli, students were enabled to give the deskesgdonses (Resnick & Ford, 1981).
General principles. Judd (1908, 1936, 1939) disagreed with Thorndike’
assertion that transfer was mediated by exterhgsipal similarities and argued instead
that transfer was mediated by meaningful principl8pecifically, Judd argued that
transfer occurred to the extent that a learneratées to grasp and discern the common
idea or “causal structure” underlying learning arashsfer tasks (Campione et al., 1995,
p. 37). Thus, in Judd’s view transfer required dfitness and did not occur as an
effortless reflex or behavioral reaction to extéstamuli (Tuomi-Gréhn & Engestrom,
2003). In a well-known experiment conducted bydladd Scholckow, Judd provided
evidence for this idea (Judd, 1908). Fifth- andhsgrade boys were asked to throw
darts at a target located 12 in. under water, lathkit requires the thrower to consider

how far the target’s true location lies from wherappears to lie given a form of visual
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deception caused by the refraction, or bendingjgbf rays as they enter the surface of
the water. One group of boys received instrucsi@mounding the principle of refraction
and the other group did not. After an initial adjaent period, both groups performed
equally well while the target remained 12 in. undeter. When the situation was
changed so that the target was only under 4 iwabér, the group of boys that did not
receive instruction became confused and made diratsvere large and persistent. In
contrast, the group who had received instructicapsetl quickly to the new conditions.
This continued when the situation was changed aggathat the target was under 8 in. of
water. Judd concluded that the more successfulpgobboys was able to generalize the
newly acquired under-water-dart-throwing skills/rious situations because all
situations required an understanding of the sanmeipte, namely the principle of
refraction.

According to Judd’s general-principles approahhb,ttansfer of learning is
supported by instruction that targets the princpladerlying various learning situations.
To illustrate this idea, consider the experimestdssed above wherein Thorndike
studied the effects of training learners in estintathe area of rectangles on their
performance while estimating the area of trianglRather than promoting a great deal of
practice with a set of index cards with, for exagal figure on one side and the true area
on the other until a certain amount of improvemsigained, Judd might look at the
learning tasks and the transfer tasks as a whaléaaget an underlying principle or idea
for instruction. For example, instruction mightget the idea that decomposing and
reorganizing a particular shape does not changeets. In this way, a learner may be

supported in mentally reconfiguring triangles sat ey resemble rectangles (see Figure
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2.1a). In addition, learners may be supportec@irg the relationship between
rectangles and triangles, namely that the areartdragle is exactly one-half that of a
rectangle (see Figure 2.1b). As a consequencawfdplearned about the conservation
of area via decomposition and reorganization, kx@may be able to reason about how
to find the area of new shapes (e.g., parallelogyarin other words, Judd (1936) argued
that the “goal of all education is the developna&dystems oideas[emphasis added]
which can be carried over from the situations incllihey were acquired to other

situations” (p. 201).

A— 1
a @

Figure 2.1: (a) Conservation of area achieved through decoriposnd reorganization;
(b) The relationship between the area of a trianglkd the area of a rectangle.

Judd’s views are consistent with later Gestalkisbties that stressed knowledge
as more than the sum of the stimulus-responseiatisos corresponding to a particular
skill or strategy. Specifically, the Gestaltistgwed that learners interpret information in
the environment as organized or structured wholeecordance with certain principles

(as summarized in Resnick & Ford, 1981). To illat this idea, consider Wertheimer’s
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(1945/1959) famous parallelogram problem. Wertleeiraported that he visited a
classroom in which a teacher had given his studestaiction regarding the canonical
method for finding the area of a parallelograme@&ijically, the teacher had told his
students that when presented with a parallelograaraaked to find its area, they should
drop perpendiculars and find the area of the aatamtirectangle (see Figure 2.2a). The
students were able to use this method to succisstiuhplete a set of practice problems
by mimicking their teacher’'s demonstrated strateglge next day, Wertheimer presented
the students with a transfer task, namely the npasllelogram shown in green in

Figure 2.2b. Many of the students explained thay ttould not find the area of
Wertheimer’s new parallelogram because they had@en taught to do so. Others,

however, incorrectly applied the strategy of droygpperpendiculars (see Figure 2.2b).

Figure 2.2:(a) How to find the area a parallelogram: Drop pariculars and find the
area of associated rectangle; (b) Wertheimer'sligtwgram.

In this example, it may be argued that the studeadisnot learned a meaningful
principle that could be used to sensibly orgartieetask environment with respect to its
goal (i.e., find the area of the parallelogram)was illustrated by students’ behaviors
when they were presented with a transfer task (Wéerter’s parallelogram). Rather, the
students had been taught a standard algorithnmatedashion which may have caused at

least some of the students to interpret the botibthe page(as opposed to the bottom of
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the parallelogram) as part of the task environmdregn engaging with the transfer task.
Wertheimer argued that students would not have rmade mistakes had they
understood the relationship between the areardrgie and the area of a parallelogram
(see Figure 2.3), an understanding that would lpav@ded meaning to the algorithm as
well as the meaningful structure students needasetsibly organize the novel-task
environment with respect to the mathematical fest@and properties of a parallelogram

(Resnick & Ford, 1981).

Figure 2.3: Relationship between the area of a parallelograntiaa area of a triangle.

Mainstream Cognitive Approaches to Transfer
During the cognitive revolution, researchers begaview human cognition as

more complex than previous theories had suggestkdy became increasingly
interested in the non-observable processes invehvezhrning and knowing (e.g., the
ways in which humans perceive, remember, planraasbn). Consequently, a view
began to emerge wherein humans were thought todbe like active processors of
symbols than passive responders to external stinuliing the latter half of the $0
century, a new wave abgnitiveapproaches came to dominate transfer researdfisin
section, | will discuss some of the features thate distinct approaches have in

common, associated implications for instructiord ahared theoretical commitments. |
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will also provide specific details for two of thesegnitive approaches. Because these
approaches continue to dominate the research osféral have termed them
mainstream

Mainstream cognitive approaches to transfer gbaittransfer occurs to the
extent that the internal, mental representatioaskrs create of initial learning and
transfer situations match, overlap, or can beedlata a mapping (Anderson, Corbett,
Koedinger, & Pelletier, 1995; Fuchs et al., 2008n@er, Loewenstein, & Thompson,
2003; Gick & Holyoak, 1980, 1983; Novick, 1988; Res & Weisberg, 1994; Singley &
Anderson, 1989). Additionally, transfer is thougihbe supported to the degree that
learners form sufficientlgbstractsymbolic representations, wherein abstraction is
thought of as a process of decontextualizationl{swt al, 2003; Reeves & Weisberg,
1994; Singley & Anderson, 1989). In other wordssteaction is achieved via the mental
deletion of details related to “irrelevant” and p&uficial” contextual features of task
situations (i.e., physical aspects like the reatjuickness with which one’s feet move
when forming the abstraction of “motion through sgga (Bassok & Holyoak, 1989).
These abstract representations are said to “awmitbgtual specificity so they can be
applied to other instances or across situationstlis et al., 2003, p. 294).

As a result, researchers operating within the nti@asn cognitive paradigm have
forwarded a host of teaching recommendations, tbf@ehich will be discussed briefly
here. First, some of these researchers recomrhanduring initial learning activities,
teachers use several problems all sharing the saderlyingstructuralfeature (i.e., a
mathematical strategy or principle) and providelshis with sufficient time to practice

solving those problems (e.g., Anderson, Kline, &a8ey 1979; Brown, Kane, & Echols,
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1986; Carbonell, 1983; Michalski, 1983; Singley &derson, 1989). This idea emerges
from the assumption that “when several problemslairm solution principle are
presented, the cognitive systamtomaticallyjemphasis added] tabulates the degree of
overlap among them and stores the composite ofappEng features as a separate
problem representation” (Reeves & Weisberg, 199888). These automatically
created and stored representations are thouglet neobe abstract as a function of the
number of problems teachers use and students Wwkgh. Second, researchers
recommend that learners explicitly provide a dgdimm or summary of the mathematical
strategy or principle underlying an example probleng., Gick & Holyoak, 1980, 1983).
This teacher move is thought to support learnefeaasing on and subsequently
extracting the underlying structural features @& &xemplar (rather than the superficial
contextual features); thus, this move is thougtsujoport learners in forming
increasingly abstract mental representations. d] ngsearchers recommend using two or
more example problems in conjunction with exploa@tmparisons across those exemplars
(e.g., Cantrambone & Holyoak, 1989; Gentner e28I03; Markman & Gentner, 2000;
Reeves & Weisberg, 1990). In particular, learmeessupposed to talk about the
similarities between exemplars so that learners are assisti\/@loping representations
of the relationships that exist between variousuiess of the exemplars. These
relationships are thought to be useful in the qoietibn of mappings between mental
representations of learning and transfer situations

There are several different strands of researdnimihe mainstream cognitive
approach to transfer. One prominent perspectitigaisof identical cognitive elements,

perhaps best represented in Singley and Ander$b®89) work. They explain their
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formulation of transfer “is in fact a modern versiof Thorndike’s theory of identical
elements” wherein the modern spin is provided bggnitive reinterpretation of
Thorndike’s “elements” (p. 32). Whereas the “elats&of primary concern in
Thorndike’s theory were generally taken to be fesgwf the external, physical task
environment, in Singley and Anderson’s reintergretathey are defined in terms of
internal, symbolic-mental structures. Singley &mdlerson (1989) assert that these
symbolic-mental structures take the form of extemsind integrated networks of
production ruleghat associate mental representations of, foamnts, task situations in
working memory to symbolic operations via conditaetion statements (Anderson,
1996). For example, they posit that a piece ofatative knowledge (i.e., factual
information) such as “the formula for slope is giugy the difference ig-values divided
by the corresponding differencexrvalues” can be converted into the following
production rule for calculating slope:

IF the goal is to calculate slope

and the difference igrvalues isAy
and the difference irvalues isAx

THEN calculateAy + AX.
According to Singley and Anderson, transfer is thaial to occur to the degree that initial
learning tasks and novel transfer tasks triggestime sets of production rules. Thus,
Singley and Anderson (1989) posit that with suéitipractice across a set of structurally
similar problems, transfer from learning tasks reqg a particular set of production
rules to novel situations requiring the same s@rofluction rules is more or less

“automatic” (p. 33).
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A second influential theory is Gentner and collesgy structure-mapping
approach wherein they argue that transfer invoimeappingbetween mental
representations o€lationsrather than, for example, a triggering and subsequ
applicationof a learnegroductionrule (Gentner et al., 2003; Gentner & Medina, 1998;
Gentner & Namy, 1999; Markman & Gentner, 2000) thiair structure-mapping theory
of transfer, Gentner and colleagues assert thatdesi internal mental representations of
situations are highly organized propositional neksaonsisting of entities (e.g., a
person or a building), attributes (i.e., descriptinformation—tall[person]), anaklations
among them (i.e., associations between two or raotiées or attributes—enter[person,
building] or cause[fall(water, person), enter(p@dauilding)]). Such relations are
thought important because of their potential taycarformation about the valuable
associations of a domain such as causal relatipssimd implications.

Markman and Gentner (2000) conducted an experitoesttow that when
making comparisons across situations, learnerakygtraw upon representations that
preserve relationships across elements and agslyather than representations
consisting of these isolated features. To illustissing the representational language of
the structure-mapping approach, consider judgiegéehative steepness of two ramps.
These researchers posit that learners are likedyaw upon representations involving
relations between the height and the length ofdhgps such as
GREATER([ratig(height, length), ratio(height, length)] or GREATER|(rise, run),
my(rise;, runy)] rather than representations involving isolateatf@ires of the task situation
such as goal, steepness of ramps, first ramp, wpadgined plane, length, 3 feet,

height, 2 feet, second ramp, steel, inclined plérgth, 4 feet, height, 3 feet. According
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to Gentner and her colleagues, transfer from legrto transfer situations is thus
supported to the degree that the system of relaadearner acquires during an initial
learning situation correspond to the relationsléaener perceives in a novel task
situation.

In sum, researchers operating within the mainstreagnitive approach to
transfer draw upon cognitive structures, namelyétaionships between learners’
mental representations of initial learning and $fansituations, to provide explanations
of transfer. These perspectives on transfer slhammmitment to a cognitive
architecture that consists primarily of long-terndavorking memory stores wherein
representations (i.e., mental-symbolic structum@gyact to encode, process, and store
information about the external, physical world (&Angbn, 1996; Bruer, 2001, Rittle-
Johnson, Siegler, & Alibali, 2001). The encodirignbormation about the physical
world is thought to occur via relatively transparparceptual processes; thus, under this
view, learners’ “cognitive processes entail operation mental representations, which
are internal mental structures that correspontecstructure of a segment of the world”
(English & Halford, 1995, p. 21).

Critiques

As noted in Chapter 1, Jean Lave’s (1988) critigihe culture of mainstream
cognitive approaches to transfer highlighted aqueaf dissatisfaction with transfer
research. As a result, some researchers deciddzhtalon investigations of the
phenomenon (e.g., Carraher & Schliemann, 2002; Hamiglby, Scherr, & Redish,
2005) while others chose instead to reconceive@phenomenon, its underlying

mechanisms, and ways in which it could be suppdeeyl Beach, 1999; Bereiter, 1995;
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Bransford & Schwartz, 1999; Engle, 2006; Lobatd)@Nemirovsky, 2011; Tuomi-
Gréhn & Engestrom, 2003; Wagner, 2010). WhileehHsve been many critiques of
mainstream cognitive approaches to transfer, dnetwill be discussed here.

First, mainstream cognitive approaches to trartsdige been criticized for
privileging the observer’s point of view over tleatner’'s when determininghat
transfers (Bransford & Schwartz, 1999; Lave, 198%ato, 2008a; Lobato et al., in
press; Lobato & Siebert, 2002). This can be sdegrvexperimenters use expert models
of task performance to define, a priori, what ceuad evidence of transfer (Lobato,
2012). For example, in one experiment Gentnel. €2@03) showed participants two
pieces of written material each exemplifying theaspt of negotiation. They then
presented participants with a novel task “struatugach that three solutions could be
formed” (Gentner et al., 2003, p. 396). Particisawork on the transfer task was then
scored as tavhetherit showed evidence of one or more of the threedgtermined
solutions. In fact, the participants may have mamlenections between the initial
learning and transfer situations that were notwapt by any of the available solutions.
According to Lave (1988), such methods do not aaptive processes that actually occur
as learners “naturally bring their knowledge torbmanovel problems” (Lave, 1988).
Lobato and colleagues echo this sentiment by aggihiat it does not make sense to
privilege expert performance since it is well knotat novices do not make the same
connections that experts do (Lobato, 2008a; Lobta#d., in press; Lobato & Siebert,
2002).

Second, mainstream cognitive approaches to tnrahafee been criticized for the

way in which they view the contexts of initial learg and novel transfer tasks (Lobato,



65

2008a). As described above, mainstream approaehdgo view learners’ mental
representations of task situations as occurringuigin relatively transparent perceptual
processes, and thus they assume a close corresperoktween learners’ mental
representations and the task as it appears ireghevorld. In this way, problem
representations as well as learners’ mental reptasens are treated as unproblematic,
as if production rules or relational networks carplerceived directly (Wagner, 2010). In
the example above, Gentner and colleagues claimeave “structured” the novel task
“such thathree solutions could be formed,” thus, unifyingeenal task representations
with internal, mental representations. Howevemsfer researchers who, for example,
draw upon constructivist notions of learning crgesuch views for not accounting for
theinterpretivenature of knowing (Lobato, 2012; Wagner, 20109r iRstance,
constructivist approaches to transfer that drawsdeom Piaget (1937/1954) and/or von
Glasersfeld (1990, 1995a, 1995b) hold that whatanker “sees” in any situation is
actively constructetdy the learner rather thaassively receivednd that learners
develop increasinglyiable cognitive structures rather than increasingdyidical mental
representations of an outside world. Consequeletiyners may bring many different
interpretational structures to bear when askedakensense of the same situation.
Alternately, learners may construct a myriad oéiptetational structures when engaging
with the same situation. For example, Lobato efialpress) found that the ways in
which students interpreted and subsequently s@vwsalvel slope task were influenced by
the specific kinds of instructional experienced firaceded their engagement with the

slope task.
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Third, mainstream approaches have been critid@ehsufficiently accounting
for the contribution of sociocultural practicessalirsive interactions with other people,
and material artifacts in the generalization ofiéag (Bereiter, 1995; Beach, 1999;
Engle, 2006; Lave, 1988; Lobato, 2008a; Lobatd.etrapress; Packer, 2001; Pea,
1989). In particular, Lave (1988) noted that tapglying knowledge” metaphor
mainstream approaches tend to employ suggest aofikmowledge as separable from
the environments in which it emerges, develops/ansd used. Thus, Lave highlighted
the tendency of mainstream cognitive transfer mebeas to operationalize the notion of
setting or situation in terms of problem conterd &mremain relatively silent about the
encompassing socio-cultural settings in which leesnproblem-solving activities takes
place. However, researchers who draw upon ideas $ituated cognition, for example,
argue that particular ways of knowing emerge, dgvehnd are used as a function of
activity, history, culture, and social interactidesg., Bereiter, 1995; Beach, 1999; Engle,
2006; Lobato, 2006; Tuomi-Grohn & Engestrom, 2003).

Alternative Approaches to Transfer

Several alternative conceptualizations of transére been advanced by transfer
researchers. In this section, | present alteragiarspectives that (a) speak specifically
to the critiques discussed above and (b) emphasys in which transfer may be
supported instructionally. Thus, | present Brargfand Schwartz’'s (199%yeparation
for future learningapproach, Lobato’s (2006&xtor-oriented transfeapproach, Engle’s
(2006)framing approach, and Bereiter’s (199%i¥positionalapproach.

Preparation for future learning. Bransford and Schwartz (1999) point out that

historical and mainstream cognitive approachesatuster have utilized what they call
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sequestered problem solvingherein learners are kept isolated from additioesources
such as textbooks or colleagues during investigataf transfer and, as a result,
prevented from demonstrating their abilities taea novel situations by seeking out
assistance from such resources. They additiopaliyt to the tendency of these
approaches to emphasize transfer as the abildyréatly applysomething that has been
previously learned to a new situation. In contrBsansford and Schwartz (1999) place
an emphasis on the differential preparation learhare to learn in new situations given
the nature of their previous learning environmésée also Schwartz, Bransford, &
Sears, 2005; Schwartz & Martin, 2004; Schwartzy§eaChang, 2007; Schwartz,
Varma, & Martin, 2008). Thus, in thgwreparation for future learningPFL) approach
to transfer, Bransford and Schwartz measure tleetfeness of initial learning
situations by the degree to which the learningasituns have primed or readied learners
to intellectually benefit from other informationgltich situations.

For example, Bransford and Schwartz describe thdteeof data collected by
Singley and Anderson (1989) using a PFL perspectivee driving question was “How
does experience learning one text editor affechla’ abilities to learn a second text
editor?” Thus, the focus was on learners’ absitie learn a second set of skills as a
function of their previous learning experiencesatdindicated that the effects of
learners’ experiences with the first text editoreveot immediately apparent. In other
words, learners’ did not directly apply the produet previous learning when confronted
with the new text editor. Rather, data collectadry the second day of learners’

engagement with the second text editor revealechrmare evidence of transfer than
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data collected during the first, suggesting thaiahés of learning experiences may not be
noticeable until learners are provided opportusitelearn something new.
Consequently, Schwartz and colleagues argue thehées should provide
students with opportunities that will prepare thenhearn from future instruction
(Bransford & Schwartz, 1999; Schwartz et al., 20®&wartz, Chase, Oppezzo, & Chin,
in press; Schwartz & Martin, 2004; Schwartz et2007; Schwartz et al., 2008). One
way in which teachers can do this is to begin atructional unit with an activity
wherein students are asked to compare or analy#easting cases and provide
explanations for their comparisons. For exampddote teaching students about slope,
teachers may ask their students analyze two talblésta (see Figure 2.4) each
representing the amount of soda being bottled twer at two competing companies to
determine whether the companies are bottling sbdaanstant fastness over time or
whether they are speeding up production. Wheniderisg Company #1 alone, students
may reason univariately with the quantity “total@mt of soda,” notice that the
differences between the accumulated quantitiese@ual (i.e., 2.5 truckloads), and
conclude that the company is bottling soda equabyover time. However, when
considering both companies together, students tagcato the fact that data are
collected every day for Company #1 but at irregtitae intervals for Company #2. This
comparison may make time more prominent for stuglant prepare them for instruction
on covariation, ratio, and slope. Alternatelyctears may ask students to generate their
own ideas about phenomena. For instance, rathartesenting them with the tables of
data below, teachers may ask their students to cqwath ideas regarding how to

measure the “fastness” with which a company botiteta. In this case, students may



69

attend primarily to the quantity of time suggestihgt one find out how long it takes for
a bottle to fill with soda or a truck to be loadeih bottles. In response, teachers may
ask students to test their ideas, again providindents with an opportunity to appreciate

critical features of upcoming instruction.

Company #1 Company #2
Time Total Amount Time Total Amount
(indays) |, ?rfuilgngds) (indays) |, 3L§|3g2ds)
1 2.5 1 5
2 5 3 15
3 7.5 4 20
4 10 7 35

Figure 2.4: An example of contrasting cases.

Subsequent to these preparation activities, teachgrlementing a PFL
perspective should either present students widltctaite describing the content students
are supposed to learn or present them with a wagkathple illustrating a particular
strategy or principle (Schwartz & Martin, 2004)orfnstance, teachers may follow up on
the activities described above involving the fasswith which two companies are
bottling their respective brands of soda by telktigdents the slope formula and
explaining the meaning of its various parts. Altgely, teachers may demonstrate how
to solve the question about whether the compange tottling soda equally fast over
time or whether they were speeding up productiondigg the slope formula. The

degree to which the preparation activities succg@ueeadying students to learn the
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slope formula may then be assessed with respstudients’ performance on a novel,
transfer task involving, for example, slope sed isalary context.

The PFL approach to transfer draws upon Broudy83 7). construct oknowing
with (Bransford & Schwartz, 1999; Schwartz et al, 2008howing with is the idea that
learners’ perceptions, conceptualizations, andmetgs in and of novel situations are
shaped by their prior experiences. Thus, learaershought to associate and interpret
aspects of new situations in terms of their papeernces. For instance, the students in
the example above may have associated time witlsumes of “fastness” from prior
experiences involving races wherein the winnehésgerson who finishes the race in the
shortest amount of time; therefore, when the stisdesw or heard the word “fast,” they
may have immediately thought about time. Therefthre PFL approach to transfer
focuses on the kinds of experiences that are eamsf “in” to various learning situations
and ways in which teachers can influence (e.g.theause of contrasting cases) what
students transfer in.

Moreover, PFL draws upon ideas from perceptuahlegrtheories (Bransford &
Schwartz, 1999). In particular, it draws upon @a1(1974) idea that a single stimulus
is perceived, interpreted, and judged in relatma tange of alternatives and that as this
occurs particular features of the stimulus becoreemsalient. For example, when asked
to describe the image on the left in Figure 2.4 oray describe it as a two-columned
table of data. However, when asked to describsdhe image in relation to the image
on the right of Figure 2.4, specific features magdme foregrounded (e.g., the scaling of

the first column and the differences between vailn¢ise second column). Thus, PFL
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offers the use of contrasting cases as a pedadogatdo support students’ noticing of
specific features of upcoming instruction.

Actor-oriented transfer. Lobato (2003, 2006, 2008a, 2008b, 2012) points ou
that the majority of both historical and mainstreapproaches to transfer privilege the
observer’s point of view over the actor’s (i.eareer’s) during investigations of transfer.
Specifically, she points to the fact that studiesolving such approaches generghg-
determine the fact, strategy, principle, or heuridtat needs to be demonstrated by the
learner in order for a learner’s work on a novektt count as transfer. In contrast, in
heractor-oriented transfe(AOT) perspective, Lobato characterizes transfergs
generalization of learning experiences which mayp &le understood in terms of the
influence of learners’ prior activities on theitiagy in novel situations. What this
means is that educators operating within this matsge seek to understand the ways in
which learners have generalized their learning evieen this generalization leads to
incorrect or non-normative mathematical behavionfithe observer’s point of view
(Cui, Rebello, & Bennet, 2006; Hannula & Lehtin@004, 2005; Hohensee, 2011,
Lehtinen & Hannula, 2006; Lobato et al., in prégsbello, Cui, Bennett, Zoliman, &
Ozimek, 2007).

For example, in a study discussed by Lobato (2Q0G3ajlents appeared to
recognize a novel slope task involving the steepoésa playground slide as
necessitating the “rise over run” formula learne@ ipast classroom situation wherein
instruction was dominated by students’ measurenudrtte “risers” and “treads” of
physical staircases. The students appeared to degksions regarding candidates for the

“rise” and the “run” of the slope formula basedtba fact that they noticed physical
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objects like “stair steps” during instruction rathiean mathematical objects like the ratio
of the amount of the change in the riser relatovthe amount of change in the tread.
Therefore, some of the students appeared to gerestheir learning from the classroom
situation to the novel situation via the creatidm 6stair step” connection. As a result,
these students measured the steps contained lexdidier portion of the slide rather than
the steps one might imagine transposing over gepsbr “slanty” portion of the slide.
Consequently, the AOT perspective suggests thahtes attend to the nature of
students’ mathematical noticing during instructidf).for example, the teacher of the
students above were to realize that the studetapneted the meaning of the
mathematical topic of slope in terms of attributéphysical objects (such as the
slantiness of ramps or the constraint that thedizlee risers and treads on any given
staircase do not change), then she may be motitatitlempt to shift the locus of the
students’ attention to a mathematical relationgigfween the heights and lengths of such
objects or to ratio relationships in other situasio Specifically, the AOT perspective
posits that discursive practices, mathematicalstaak well as the nature of mathematical
activities contribute to the nature of studentdiging (Lobato et al., in press). Thus, to
help her students attend to mathematical rather phasical objects, the teacher above
may choose to foster particular forms of discurgikectices over others (e.g., verbal
interactions and diagrams that emphasizertbasureablattributes of situations rather
than thephysicalattributes of situations). In addition, she magagte to use slope tasks
that do not involve physical objects such as taskslving speed or taste. Lastly, she
may make decisions about the nature of the matheahattivity (i.e., the participatory

organization that gives rise to particular roled arpectations that informs students’ and
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teachers’ actions) based on how she wants to imfkiéhe number and nature of the
properties, features, and mathematical objectsestsdotice during instruction.

As noted in Chapter 1, the AOT perspective drapanudeas from Piagetian
constructivism and situated cognition (Lobato, 2QBL2). Constructivist views of
learning hold that learners actively produce knagkevia interpretive engagement with
the experiential world and that such engagemenesdhe development of increasingly
viable cognitive structures, or ways of interprgttheir interactions with the world that
lead to increasingly successful completions of gwanted activity as well as to
evermore coherent conceptualizations (Piaget 19802/2see also von Glasersfeld, 1990,
1995a, 1995b). Due to this emphasis on the irdéx@ nature of knowing, Lobato
argues that rather than using expert models obpadnce to predetermine what counts
as transfer, one should honor the myriad of paéintidiosyncratic ways in which
students conceive of similarities across situatioliserefore, she argues that educators
attempt to make sense of the connectieasnersmake between learning and transfer
situations.

Furthermore, the AOT perspective embraces sityagespectives on learning and
knowing. Such perspectives tend to focus on thevidual as a participant within an
interactive system (i.e., situation) and thus viewwledge as inextricable from the
situations in which it arises. More specificallarningis seen as a continuous process
resulting from one’s socially and contextually embed activity wherein the ultimate
goal is appropriating particular forms of partidipa (Brown, Collins, & Duguid, 1989;
Greeno, 1997). In this way, knowledge is said tdude, or index, aspects of the

situations in which it is learned (Boaler, 1998rBn Peressini, Romagnano, & Knuth,
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2000; Brown et al., 1989; Carraher, Carraher, &i®okann, 1985; Greeno, 1997).
Thus, Lobato (2012) argues that when making sehtde mature of the understandings
students transfer from learning to transfer sitredj educators scrutinize various aspects
of the learning situation including the naturelod discursive practices, mathematical
tasks, and mathematical activity students are akedgage in.

Framing. Engle’s (2006) ideas about how to support stuglengjeneralizing
their learning grew out of a pragmatic concern thainstream cognitive approaches to
investigations of transfer could not be used tdarpvhy and how learnexhooseo
make use of their learning in novel situationsr &wmample, one may know the slope
formula and know that it is applicable in a speedtext, but choose not to make use of
such knowledge (e.qg., for fear that another pemsay not think it appropriate or be
looking for something else). Thus, when conceiray supports for transfer, Engle and
her colleagues emphasize the ways in which teachigis influence students’ decisions
to make use of relevant understandings; in padrctihey posit that teachers can support
the transfer of their students’ learningfbgminginitial learning situations as relevant in
and related to other situations occurring acroassf time, groups of people, physical
locations, and topic areas (Engle, 2006; Engle ydgu& Mendelson, 2010).

Engle and her colleagues thus draw upon Bates®87%2) notion of &rame'—an
explanatory principle used to interpret the meamhtpe activities being engaged in—to
defineframingas the communicative processes that give riseptotacular frame. For

example, consider a professional “meeting” takilage in a conference room. Inside of

! See also Goffman, 1974; 1981; Tannen, 1993; anddra& Wallet, 1987 for elaborations and
expansions on the psychological concept fvthme
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this particular location and amongst this set afjghe, several frames and acts of framing
are likely to be present. For instance, priohi® ‘meeting,” the group may engage in an
activity commonly referred to as “small talk.” D this activity, it may be appropriate
for any participant (e.g., an assistant professospeak to any other participant (e.g., a
dean) about a range of topics. Eventually, ongqgyaant is likely to engage in an act of
framing wherein there may be movement towardsrb bf the room and loud verbal
articulations calling for attention. In responedtis framing move, the other participants
may stop talking, find seats, and begin to engage“listening” activity. During the
“listening” activity, different rules of engagemeae likely to be in effect—only one
speaker talks at a time, talk seems to be cergchizound a singular topic, and the
nature of the talk seems more formal, for examnipkacal items specific to the profession
begin to be used with higher frequencies. Hereseeetwo frames—-“small talk” and
“listening.” Forms of interaction appropriate metformer may not be appropriate in the
latter and vice versa. In addition, we see aroaframing wherein a singular participant
conveyed communicative messages (both verballyhandverbally) to the others that
facilitated the change of frames.

Engle and colleagues draw on these notions of framdeframing when
suggesting that students are more likely to trartefgr learning beyond the conditions of
initial learning if the boundaries of learning sitions are framed a&xpansivdas
opposed to bounded: Engle, 2006; Engle et al., 20COnsequently, they propose that
learning activities be framed (a) temporally ag pAan ongoing activity rather than as
an isolated event, (b) locally as relevant to offlaces (e.g., the encompassing

community) rather than as relevant to only the i learning environment (e.g.,
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classroom), (c) participatorally as involving agar community as opposed to just the
teacher and student, (d) topically as related lterotlasses or curriculum units and as
part of a larger content area rather than as datébidea, and (e) biographically as
emerging out of learners’ reasoning rather tharobtgxtbook writers’ ideas. Specific
framing moves can be used to accomplish such frgmiior example, referring to past
and future activities and using present progressivbs (e.g., “you’re continuing to think
about the speed of the rabbit”) can help estalalisgmporal frame wherein students
interpret their emerging understandings as conddotand relevant in past and future
events. Similarly, asking students to explainrtidgas to parents and classroom visitors
can help establish a participatory frame wheraidestts interpret their developing
understandings as appropriate content to be slaacdiscussed with people outside of
the classroom. Asking students to share their ioas (rather than the textbook’s) and
subsequently crediting students with the authorehipose ideas can also help establish
a biographic frame wherein students interpret thade in situations to be that of a sense-
maker and problem-solver. These and other framtmages that serve to expand the
boundaries of the initial learning situation arsiped to affect the types of future
situations students orient to as being appropaaterelevant sites for making use of
what they have learned.

Engle (2006) draws upon ideas from situated cagmiid offer an explanatory
account of how and why learners choose to makefugeir learning in novel situations.
As noted above, situated accounts of learning terfidcus on the individual as a part of a
larger system or situation and on learning a cootiis process emerging out of the

individual’'s socially embedded activities; thusnased, the goal is appropriating
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particularized forms of participation (Brown et, dl989; Greeno, 1997). Therefore,
Engle argues that if the activities learners engagee socially construed as bounded in
terms of time, place, participants, topic, and bapdpy, the appropriated forms of
participation may be as well. In contrast, shaiasghat if learners’ activities are
socially construed as related to, linked with, anghart of other times, places, etc., then
learners may be more likely to enact appropriatech$ of participation outside initial
learning environments.

Disposition. According to Bereiter (1995), previous approadioesansfer have
emphasized the transfer of facts, strategies, iptas; and/or heuristics, and have ignored
or backgrounded the transfer of dispositions. dntiast, Bereiter foregrounds the issue
of disposition and argues that wheaching for transferdisposition is of primary
concern for the success or failure of a lessonmidpen whether or not students are
supported in transferring their learning of a mantr disposition.Dispositionis used to
refer to “some way of approaching things” andtila@sfer of dispositios used to refer
to the idea that a particular inclination or wayapproaching things carries over into
novel situations (Bereiter, 1995, p. 23).

As an example of the transfer of dispositions, mersBoaler’'s (1998) study of
the ways in which the particular inclinations stadeacquired during instruction were
related to the ways in which the students appraiologel tasks. She found that students
from an instructional environment in which activagnsisted of introducing a
mathematical procedure or technique and then ptiegemrange of problems for which
students could practice the technique tended teldp\a cue-based approach to

mathematical problems. For instance, these stadxplained that they could “get a
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trigger, when [the teacher] says likenultaneous equatiormdgraphs graphically ... it
pushes that trigger, tells you what to do” (Boal&98, p. 56). Thus, a large portion of
these students attempted inappropriately to usatems from trigonometry when they
were presented with a novel task that includecctupe of a house and asked whether the
“angle” of the roof exceeded 70°. In contrastdetuts from a project-based instructional
environment tended to develop a sense-making apiptoamathematical problems. For
instance, these students explained that they ‘t#drnk for [themselves] there and work
things out” and that when “presented with “stuffgy] haven’t actually done before,
[they] try to make as much sense of it as [they] &ad try to understand it as best as
[they] can” (Boaler, 1998, p. 57). Thus, when prasd with the angle task, a large
portion of the students drew upon their prior eigrares with 90° angles to reason that
the presented image represented a 45° angle.

In this way, Bereiter (1995) argues that teachleosilsl focus on the development
of students’ dispositions and think about the kiafigiclinations, or ways of approaching
things, that need to be fostered to support stgtdentcessful engagement with novel
tasks. This means that teachers should creatgisitg in which desirable forms of
thinking and approaching problems take place. example, when aiming to develop a
disposition toward sense-making while teachindharétic, teachers may decide to set
problems in contexts that allow for students to ensénse of the meaning of their
actions. Furthermore, teachers may ask studestste a problem one day that differs
in structure from the problem given the previoug sla that students’ sense-making

efforts are supported over time (e.g., one daydalpm asks for the total number of
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students on the playground and the previous dagittes problem asked students to find
how many students were sent to the playground).

Additionally, Bereiter (1995) argues that teactsrsuld work towards supporting
students in seeing various instances as necesgitag dispositions that have been
developed. For example, students should be swggportseeing novel situations as
instances requiring sense-making. If, for instaao®ther teacher merely asks her
students to replicate strategies, the student valsaleveloped a disposition towards
sense-making must still attend to and act upombligation to understand the meaning
of his actions despite the absence of the extam@dtus. Without the kind of external
support to continue to nurture this dispositionéer suggests that the learned
disposition may not survive. Therefore, the studéould go about creating the
supportive situation himself. This may mean thatstudent assembles a study group in
which he and the other students engage in sensewgnaikthat the student asks to be
switched to another classroom in which he knowseenaking is valued. Therefore,
teachers must progressively work towards develogindents’ abilities to nurture their
own productive dispositions.

Like Engle’s (2006) and Lobato’s (2006) perspexgiBereiter’s view of transfer
is inspired by ideas from situated cognition whelearning is viewed as an ongoing
process resulting from socially and contextuallypbedded activities and learners are said
to appropriate ways of thinking and acting thatagicularized to specific communities
of practice (Brown et al., 1989; Greeno, 1997)ug,ihe argues that teachers should
strive to develop dispositions that are necessaayoa useful outside of the classroom

community. However, unlike Engle who focused oppsarting students to enact
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appropriated forms of participati@trossclassroom and real-world situations, Bereiter
focuses on supporting students in seeking outctsetg and creating situations that
complement their appropriated dispositions; theesfsuggesting a transfer of the
situation itself wherein productive dispositions arewed as reappearing as students
work to recreate desired situations.

In sum, there have been many distinct approachearisfer, each suggesting
different ideas about how to support the genertdinaof students’ learning. Many of
these approaches have been influential in our ¢idneh system. For example,
Thorndike’s emphasis on practice can be seen iwithe-spread appropriation of drill-
and-practice methods of instruction by educatoresscthe country. Similarly,
Anderson’s cognitive tutors have been implememenathematics classrooms. Thus, it
was important to be aware of these views aboutréimsfer of student learning as it was
possible that one or more of them had been addptéide teachers in the present study.
Also, being aware of the range of these ideas ddipdluminate various aspects of the
teacher participants’ beliefs in this dissertastudy, either because they were consistent
with the ideas described above or because theygbt@additional insights and nuances to
the discussion of transfer.

Teachers’ Beliefs

This dissertation examines teachers’ beliefs atimigeneralization of students’
learning and how to support it. Such an examinadiepends on many factors including
the way in which beliefs are conceptualized andahg in which beliefs are measured.
In this section, | elaborate on the definition efiéfs that was put forth in Chapter 1. |

also discuss the main approaches researchersdiaretp the study of teachers’ beliefs
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with the goal of providing a rationale for the apgch taken here. Thus, this section is
separated into two sections: conceptualizing bebeid measuring beliefs.
Conceptualizing Beliefs

As noted in Chapter 1, beliefs have been definedused in many different ways
by researchers. While some researchers view bageindistinguishable from
knowledge (e.g., Beswick, 2011, 2012), | have fouimeblpful to distinguish between the
two for the purposes of this dissertation. Thespreviously noted, | draw upon
Philipp’s (2007) definitions for beliefs and knowtge. In particular, a conception (i.e., a
general notion or view) is said to bédieffor someone if he or she can respect as
intelligent and reasonable a view which differs/andontradicts his or her own. In
contrast, a conception is said tokmmwledgdor someone if he or she cannot respect as
intelligent and reasonable a view which differs/andontradicts his or her own.
However, | use these definitions from the poinviefv of the researcher. Thus, a
conception is a belief for someone {the researcher) can respect the view as intallige
and reasonable even when it differs from and/otredicts my own. Similarly, a
conception is knowledge for someoné dannot. Before | describe my pragmatic and
theoretical purposes for making this change toifpjig definition, | would like to use
these definitions to illustrate the above distioictbetween beliefs and knowledge. To do
this, | will draw upon the espoused and inferreliefeand knowledge of one of the
teachers described in Chapter 1.

Many ideas were espoused in and inferred from Bdmimterview. Some of
these ideas were categorized as beliefs and aibarmathematical understandings or

knowledge. In what follows, | will summarize threEBonnie’s ideas that were
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identified in her interview. | will then use thateria of “intelligent and reasonable”
provided by Philipp’s (2007) definition to expldiow ideas having to do with the
meaning of mathematical topics were categorizddhaws/ledge while ideas having to do
with transfer were categorized as beliefs.

First, | provided evidence in Chapter 1 suggesngnie thought students would
be able to generalize their learning to novel situe to the extent that a novel situation
reminded them of familiar aspects of their real i@xperiences. Second, | provided
evidence that Bonnie espoused a view about howgpast the generalization of
students’ learning, namely, by drawing upon stusteeial-world experiences to create
mnemonics, analogies, or images that could be tasgdide their future mathematical
performance. Third, data from Bonnie’s interviespded evidence that she thought
about the mathematical topic of slope as sometmage than a procedure for placing
one number over the other. Specifically, Bonn@kkxd past an incorrect answer
provided by Angie, a hypothetical student, to mad#ese of the nature of the student’s
accompanying explanation. Data from Bonnie’s comisi@bout the student’s
explanation were taken as evidence that Bonnieadesiope in a conceptually
meaningful way—as a ratio relating two quantitiesuch a way that a measure of
change is provided.

When making judgments about which of Bonnie’s thdeas could be
categorized as beliefs and which could be categdrés knowledge, the content of the
idea was useful. For example, the third idea sunzee above is about mathematics. In
particular, it is about the topic of slope. Whaegorizing ideas about the meaning of a

mathematical topic like slope, the standard of rau#tical correctness can be used to
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assess the reasonableness and/or intelligenceesipamused or inferred idea. In this way,
Bonnie’s interpretation of Angie’s explanation nizg considered mathematically correct
against the standards of the mathematical commuimtgontrast, recall that Kelly's
description of slope—"slope is talking about howngs change vertically over
horizontally"—expressed a graphically bounded intetation of slope. Thus, such an
interpretation may be considered mathematicallytéich(Zaslavsky, Sela, & Leron,
2002). On the other hand, there is no standarfiftyying the reasonableness or
intelligence of ideas related to transfer or hovest support transfer (i.e., the first and
second ideas summarized above). This dissertataynbe viewed as the first step in a
long journey towards achieving such standards.of®esuch standards can be considered
though, one must first gain access to the ideaselto transfer that exist. Thus,
espoused and inferred views related to transfec@msidered beliefs. In the discussion
that follows, | provide additional support for mgaision to consider ideas about transfer
asbeliefsabout transfer.

| now return to my decision to distinguish betwéetiefs and knowledge using
the researcher’s point of view rather than theheds point of view. This decision is the
result of both theoretical and practical concerf@sst, | take an individual’s ideas about
transfer to be beliefs about transfer to indicayeown orientation towards views of
transfer in general. The fact that transfer is ointhe most researched topics in
education and psychology (Engle et al., 2010), Bxlpith the fact that there have been
many different conceptualizations of transfer aerpast 110 years, leads me to believe

that transfer is a complex phenomenon and thaait best be studied as a belief wherein
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| am supported in making sense of differing iddasud transfer and how to support it
rather than casting them aside as unintelligentaanthreasonable.

Second, when using Philipp’s (2007) definitiontasas intended (i.e., from the
actor’s or, in this case, teacher’s point of viemgny factors may need to be considered.
For example, the perceivadithority of audience members may become important when
consideringhowideas are held (Cooney et al., 1998). In othedsjca teacher may hold
an idea as knowledge when engaging in tasks invglsiudents’ reasoning but hold an
idea as a belief when engaging in discussions nvél{the researcher). Thus, the teacher
may be less likely to accept ideas as intelligek @easonable if they come from students
and more likely when they come from a doctoral stud Similarly, many other factors
may become important when | seek to understand/étys in which teachers hold ideas
about transfer. This may create a methodologiealkhole that may be avoided when |
(the researcher) view all teachers’ ideas abouosten as beliefs.

Lastly, my primary concern is not whether a teagesonally orients to his or
her own idea about transfer as a belief or as kedge. Rather, | am primarily
concerned with gaining access to teachers’ ideafuture research, it may become
important to use the teacher’s point of view whestiniguishing between his or her belief
about how to support transfer from his or her kremgle about how to support transfer.
Before doing that, | first want to be able to sysa¢ically investigate the ideas teachers
have about supporting transfer and distinguish tirem teachers’ mathematical
knowledgédor teaching.

Despite my decision to adapt Philipp’s (2007) débn with respect to point of

view, | follow him in assuming that there existsamplex relationship among teachers’
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beliefs, perceptions, and actions. SpecificalpjaRes (1992) noted that beliefs shape
one’s perception of a situation. In other worddjdds serve as filters which bring forth
certain objects, relations, and phenomena whitenétig others to fade into the
background; in this way beliefs influence what otices and thus shape one’s
interpretations (Grant, Hiebert, & Wearne, 1998kt 2002). For instance, a teacher
may believe that learning mathematics involves tigineg conceptually meaningful
understandings of various topics and procedurestargdattend to the nature of a
student’s explanation over the correctness ofinat &nswer. Moreover, beliefs may
serve to position one to act in a certain way (&itited in McGuire, 1969; Rokeach,
1968). That is, beliefs may draw one towards arti@ia over another. For example, the
teacher above may be moved to select tasks andtiastthat support students in
developing understandings rather than activitias tielp students memorize.

Finally, | follow Philipp and others who have coivasl of beliefs as ideas that
can be held with varying degrees of conviction.(éRpkeach, 1968; Thompson, 1992).
For example, some teachers may believe more syroingl a teacher’s primary role is to
support students in transferring their learningdrelthe classroom. This may be
indicated when a teacher responds to a generaliga@bout teachers’ goals with
answers about the transfer of student learnindneieachers may believe this is so but
with less conviction as may be indicated by theeabe of explicit comments about
supporting student transfer and affirmations/elabons of such statements provided to

them.
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Measuring Beliefs

Generally speaking, there have been two main ndetbgical approaches to the
study of teachers’ beliefs: using a beliefs-assessimstrument or using a case-study
methodology (Philipp, 2007). In this section, llwiraw upon the literature on teachers’
beliefs to discuss the ways in which these appresblave been used. In addition, |
present some of the trade offs and benefits of apphoach. | will conclude this section
by discussing a third, less frequently utilizedp@@ch to the study of teachers’ beliefs
wherein | will highlight some of the features iasbs with case-study and beliefs-
assessment approaches.

Beliefs-assessment instrumentsBeliefs-assessment instruments come in
different forms. The most common way in which tesxrs’ beliefs have been measured,
however, has been using a Likert-scale surveyi(®hi2007). For example, Wilkins and
Brand (2004) sought to understand the relationlsbtpreen teacher preparation programs
and preservice teachers’ beliefs. To study tHaimship, they utilized Hart’'s (2002)
30-item Mathematics Beliefs Instrument (MBI) wherall of the items were presented to
preservice teachers on a 4-point Likert scale $¢reangly agree3 =agree 2 =disagree
1 =strongly disagre Sixteen of Hart’'s 30 items came from Zollmaul &fason’s
(1992) beliefs instrument, which was designed tasuee the consistency between a
person’s beliefs related to the teaching and legrof mathematics and the NCTM
Standards (1989). Twelve items were adapted fronoénfeld’s (1989) survey to
measure people’s beliefs about mathematics andematiics education in general. The
last two items were designed to measure a persetiesfs about his or her effectiveness

as a teacher and learner of mathematics. Thuss ibm the test included statements like
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“Good mathematics teachers show you the exact waystwer the math question you
will be tested ohand “I think | will be very good at teaching mathematics

Wilkins and Brand administered the MBI to 89 pregms teachers on the first
and last days of their mathematics methods courddaaind a positive relationship
between the methods course and changes in thenpoeseeachers’ beliefs. In
particular, they found that teachers’ beliefs beganore consistent with the philosophies
underlying reform efforts. In this way, many reséers have used or adapted previously
created Likert-scale assessments, developed thailkert-scale assessment, or created
hybrids (e.g., Fennema, Carpenter, & Loef, 1990tddeh-Ad & McGinnis, 2008, 2010;
McGinnis, 2002, 2003; Peterson, Fennema, Carpefatenef, 1989; Vacc & Bright,
1999).

One of the benefits to using Likert-scale surveymeasure teachers’ beliefs is
that the surveys can be administered to large grotipeachers at a single moment in
time or at several moments over a period of tinmeaddition, teachers can fill out the
surveys without the assistance of a survey admatest thus, surveys can be mailed to
teachers residing at various locations all overcthentry. Furthermore, Likert-scale
surveys are particularly useful when researchert teatest theory (Philipp, 2007). For
example, Wilkins and Brand (2004) hypothesized #figr taking a particular
mathematics methods course, preservice teachdmstsdabout teaching and learning
would become more consistent with the philosopbfegform efforts and were able to
confirm their hypothesis using the MBI described\ah

One tradeoff is that researchers do not have ataelks ways in which teachers

interpret survey items (Philipp, 2007). For exaepph the item “I think | will be very
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good at teaching mathematics” (Hart, 2002; WilldnBrand, 2004), there is no way for
the researcher to know how teachers have intepredehing mathematicsA teacher
may respond differently to this statement dependimgn whether she is thinking about
presenting a mathematical procedure in a coheranter, helping students to develop
sophisticated mathematical understandings, or strdteng productive whole-class
mathematical discussions. Individual teachershataypically provided space in which
to explain their responses to Likert items. Consedy, researchers can only infer
teachers’ interpretations.

A common feature of Likert surveys that contributeshe difficulties researchers
have when attempting to infer respondents’ intégti@ns of Likert items is that Likert
items tend to contain little, if any, context (R, 2007). With respect to the item “I
think I will be very good at teaching mathematiah@re is no way to interpret the topic
or level of mathematics teachers read in the itetesent. Teachers might respond
differently when thinking about their ability toaeh various topics, say the solving of a
linear equation versus the meaning of an algelergdcession, or the teaching of Algebra
| versus Calculus. Again, teachers’ responsesdiitems provide no indication of the
contexts they draw upon in order to answer suclstepres.

Finally, when using Likert-scale assessments rekees cannot access the
relative conviction with which teachers hold thdidfe reflected in test items (Philipp,
2007). For example, when asked to respond toukstopn “What defines a good
mathematics teacher?” teachers may list a varietyadures including teachers’
inclinations to make sense of student responsesdafaking judgments about

correctness, abilities to build upon students’khig, conceptually meaningful
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mathematical understandings, and so on. In otleedsy they may not say anything to
indicate a belief that good mathematics teacheye students “the exact way to answer”
math questions. However, presented with the Likken “Good mathematics teachers
show you the exact way to answer the math quegbarwill be tested on” (Hart, 2002;
Wilkins & Brand, 2004), a respondent may agree ¢joatd mathematics teachers have
the ability to provide students with solution stgies even though the respondent may
never have thought about this characteristic before

To respond to these limitations of Likert-scaleveys, Philipp and his colleagues
developed a beliefs-assessment instrument asanative (Integrating Mathematics and
Pedagogy (IMAP), 2003; see also, Ambrose, Clentgmtipp, & Chauvot, 2004). In
particular, they created a web-based survey tloplinredopen-endedesponses so that
they would have more data with which to infer tesrshinterpretations to assessment
items. In addition, assessment items providedomdpnts with contextually-rich
situations to interpret. Moreover, assessmentstesre ordered and respondents were
prevented from moving backwards once an item had lb@swered. This feature was
thought to address the issue of the relative ingpast or intensity with which one holds a
particular belief. For instance, a teacher magdieed about the characteristics she thinks
make a good mathematics teacher before she is abked the particular characteristic
of showing “the exact way to answer” math questions

Case studies.Case-study methods provide another means by vithidbal with
the tradeoffs of Likert-scale surveys. This isduese case-study methods rely on rich
data sets including (but not limited to) combinai@f surveys, clinical interviews,

stimulated-recall interviews, classroom observatj@mnd responses to either vignettes or
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videotapes of student work. Thus, the data thretallected can be used to provide a
detailed description of teachers’ beliefs. Formegke, Borko and her colleagues, like
Wilkins and Brand above, were interested in thatr@hship between teacher preparation
courses and preservice teachers’ beliefs (Borlab..e£2000). To investigate the
relationship, they employed a case-study methogalogvhich data were collected over
a 1%-year period. Data were collected from thesda a particular group of preservice
teachers engaged in during their preparatory ssudi@ interviews designed to target
issues such as teachers’ mathematically specifitecd knowledge, beliefs, and
pedagogy, and classroom observations during treepriee teachers’ student-teaching
experiences.

As a result of analyzing the data that were cadlécBorko and her colleagues
were able to provide a detailed description ofrélationships between one preservice
teacher’s (Ms. Savant’s) preparatory classes, élegfb about proof, and the practice that
was observed while she was student teaching. ¥amgle, Ms. Savant believed that
when making judgments about the convincing natéieernathematical argument, the
audience and the speaker were of equal importandeshef thought to emerge out of
the fact that teachers engaged in both formal afwdmal mathematical experiences in
their mathematics methods course. As a resultSdgant appeared to have a more
stringent view of “proof” when considering an autie of mathematicians than when
considering an audience of students. Her belief iglected in her teaching practice
when she relaxed the requirements for studentsglaerivations of the area formula for

a circle.
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As a result of using a case-study approach to tigade teachers’ beliefs, Borko
et al. (2000) were able to identify specific bedie¢lated to the teaching of proof. In
particular, they noted that for one teacaediencewas an important factor in
determining what constituted mathematically acdaptaroofs; thus the acceptability of
a proof depended on who was viewing and/or writhmgproof. Furthermore, the
researchers were able to relate such beliefs wfgppreparatory experiences, namely,
the fact that preservice teachers engaged in bothal and informal discussions and
activities surrounding the topic of proof. Forsheeasons, many studies of teacher
beliefs have employed case-study methods (e.gssCR009; Glasson & Lalik, 1993;
Gregg, 1995; Haney & McArthur, 2002; McGinnis, Rark& Graeber, 2004; Mewborn,
2000; Raymond, 1997; Richardson, Anders, Tidwelll&yd, 1991; Roth-McDuffie,
McGinnis, & Graeber, 2000; Skott, 2001; Sztajn, Z00hompson 1984).

The tradeoffs to using case-study methods inclhddéct that they tend to be
more expensive than Likert-scale assessmentsexXeonple, the large amounts of data
that are collected often require various kindschhical equipment and/or extensive
field notes which require many hours of researchene. Furthermore, analyses of the
data collected using a case-study method take deradly more time than the analyses
required by Likert-scale surveys. Lastly, the dethdescriptions that derive from
researchers’ analyses of collected data chroredeliefs of only a small number of
teachers.

Interview studies. Some studies of teacher beliefs have utilizedra tiniethod,
namely that of an interview study (e.g., Bussisift€hden, Aramel, 1976; Pressley et al.,

1991). This approach takes into account both #mefits and the drawbacks of the
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approaches discussed above. For example, Pretsdéy(1991) asked participants to

rate their commitments to a particular type ofrinstion (i.e., strategy instruction) much

in the same way one would use a Likert-scale sutwegte the degree to which
participants agree or disagree with a particulaestent. Pressley and his colleagues
were then able to follow up on participants’ ramanasking them to explain their
associated reasoning. They were also able to alieipants’ explanations for further
elaboration. The interview format thus allowedstheesearchers to better understand the
ways in which participants interpreted intervieenits as well as the meanings
participants associated with their responses.

In this dissertation, | approached the investigatibteachers’ beliefs about the
transfer of students’ learning and how to suppassingclinical interviews A clinical
interview is asemistructured technique for collecting data wherepa#gicipant, here a
teacher, is asked, in an interview setting, to gega and articulate her thinking and
reasoning surrounding carefully designed questamstasks (Ginsburg, 1997). Semi-
structured refers to the responsive quality of kinngl of interview (Bernard, 1988).
While some of the questions are indeed decided bptore the interview begins, others
emerge out of the interaction that takes place éetwhe interviewer and the interviewee
(i.e., the teacher). Much in the same way Presselyhis colleagues posed follow-up
guestions to better understand the rankings anidmesjoons participants provided, much
care is taken by the interviewer during a clinicérview to understand the ways in
which interviewees interpret the interview quessiamd tasks. Once the interviewer is
reasonably certain agreement has been reachedlirggyttre intention and interpretation

of a particular question or task, the interviewegiven a chance to respond. Finally, the
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interviewer works to elicit the meaning underlyingerviewees’ responses. Thus, the
responsive and probing nature of clinical intenseaddresses one of the major
drawbacks to using Likert-scale surveys, namekly résearcher’s inability to infer
respondents’ interpretations of survey items. lamhore, the questions and tasks posed
to interviewees can be ordered in such a way #ssarchers are able to gain better
understanding of the relative importance with whiespondents view specific ideas (cf.,
IMAP, 2003).

In addition, clinical interviews provided a meansvihich | triangulated data
about teachers’ beliefs associated with the geizatadn of students’ learning. In
particular, questions and tasks were posed thavead teachers to espouse or state their
beliefs. Again, the responsive and thus tailoragtire of the clinical interviews allowed
me to probe teachers about their interpretatiorssiof questions and tasks as well as
their responses to such questions and tasks. rBgaading teachers’ espoused beliefs
was then triangulated with data regarding my infees of teachers’ beliefs. In other
words, questions and tasks were designed thatedlame, the researcher, to infer (via
teachers’ interpretations of and/or responsesdartterview tasks) teachers’ beliefs
about the generalization of students’ learning lao it can be supported instructionally
(Philipp, 2007).

For example, imagine a teacher espouses a bebet ahpporting the transfer of
students’ learning that involves helping studeatddvelop meaning for the procedures
that emerge in the classroom. However, the teacherpretation omeaningmay be
very different from my interpretation. Thus, teardi responses to tasks that, for

example, ask about the kinds of situations a hygiatal student would be able to
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successfully engage in given the student’s reagommna slope task helped me
understand the ways in which teachers viewed mgarfior instanceneaningfor a
teacher who explains that the student would natldbe to answer questions involving
negative slope because the student did not pra/aenplete description of the steps she
took to solve the problem may involve a studenb#itst to provide a complete
explanationof thesteps takemo solve a problem. In this way, data that alldwee to

infer teachers’ beliefs were used to gain a cleanage of the beliefs teachers espoused.
Moreover, the semi-structured nature of the ineawallowed me to create tasks and
follow-up questionsn the momentvhich provided me with additional opportunities to
make inferences regarding the meaning of teacbeti&fs (Ginsberg, 1997).

Despite the fact that this interview approach cateoused at the scale of a
Likert-scale survey, it can be used at a largelest@an case-study approaches. As noted
above, case-study methods generally rely on rith skets that are collected over an
extended period of time. Consequently, researdrersnly able to provide detailed
descriptions of, in most cases, no more than qt¥ac In contrast, data from clinical
interviews can be collected in a matter of minwtebours thus allowing more time to
collect data on a greater number of teachers. (iéthods | used to analyze data,
however, require extensive time and effort anddaseribed in Chapter 3; thus, | only
collected data on 8 teachers.)

In sum, the way in which | chose to study teachleesiefs about the
generalization of students’ learning and how gwpport it complements my
conceptualization of beliefs and addresses sortteeadrawbacks one faces when using

beliefs-assessment instruments or case-study metHodgarticular, clinical interviews
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provide the freedom and opportunity to make sefseaghers’ beliefs about transfer as
reasonable and intelligent. In addition, clinicaérviews provide a means by which to
investigate the complex relation among beliefs¢cggtions, and actions. In other words,
| was supported in making sense of the ways in wteachers interpreted questions and
tasks that were posed to them as well as the respdeachers provided. Moreover, the
tasks and questions that were posed were ordecbd!sat | was able to gain some sense
of how important various beliefs were to teachdtmally, as the time required of
interview approaches to the study of teacherselfels considerably less than the time
required of case-study approaches, | was ablelkectaolata from a greater number of
teachers while maintaining many of the same benefitase-study approaches (e.g., a
richer data set from which to infer teachers’ ds)ie

The Relationship between Teachers’ Beliefs and Telaers’ Practices

This dissertation examines the relationship betweachers’ beliefs about the
generalization of students’ learning and teachamacttices. In Chapter 1, | described
several ways in which the term practice has beed useducational research and the
meanings associated with various usages. In gmsept studypracticerefers to the
actions teachers take to perform the work of teagfiLampert, 2010).

Over the years, researchers have become increasiwgre of the influence that
teachers’ beliefs have on their practices (Nesp@8,/; Pajares 1992; Philipp, 2007;
Raymond, 1997; Richardson, 1996; Thompson, 198 ;1Wilson & Cooney, 2002).
For example, Beswick (2012) described one teaclhetisfs about the nature of
mathematics as being consistent with her classquactice. The teacher, Jennifer, held

the belief that mathematics exists in the extewald, independently of humans, and
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that, over time, humans have come to develop isargly better understandings of
mathematics. Observation of Jennifer’s classroevealed slow-paced, whole-class
teacher-directed lessons wherein Jennifer held enadlical authority presenting
strategies, asking students to implement the giegeand assessing students’ answers.
Thus, it appeared that Jennifer’'s belief manifestduer practice as she slowly revealed
to her students small portions of an already acdtat®ed body of mathematical
knowledge (for more on consistencies see Kapla@l;18ewborn, 2000; Peterson et al.,
1989).

Others, however, have reported inconsistenciesdstweachers’ beliefs and
their practices (e.g., Brown, 1986; Cohen, 199(0r&y, 1985; Raymond, 1997; Shaw,
1990; Shirk, 1973; Sztajn, 2003; A. G. Thompsorg4)9 For instance, Cohen (1990)
described Mrs. Oublier’s belief that teaching mathgcs involves building on student
understandings; however, observations of her pasthowed that students were never
asked to explain their thinking or to demonstratgrtstrategies. Instead, Mrs. Oublier
directed student activity even when it was cleatlie researcher-observer) that students
were confused, privileged correct answers by ptatiem on the board, and ignored
incorrect answers. Thus, it appeared that Mrs.li@db belief about teaching
mathematics did not manifest in her practice.

In this section, | draw upon the literature on tlkationship between teachers’
beliefs and their practices for the purposes afidating various approaches to the
consistency/inconsistency issue raised above. \Bedhis issue is more apparent when
inconsistencies are found than when consistencgefoand, | focus on studies like the

second one described above wherein mismatches éretvatiefs and practice are
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explicitly discussed. My goal in this sectionasshow that when researchers assume
consistency between teachers’ beliefs and theatipes, they may see that beliefs and
practices function together and are mutually elatsat and co-constructed.
Explaining Inconsistencies

Researchers have dealt with apparent inconsigtetike the one found in the
case of Mrs. Oublier in several different ways. e@pproach has been to offer
explanations for their existence by scrutinizingeas aspects of the learning
environment. Returning to the case of Mrs. Oubbee can see an example of how this
is done. The story of Mrs. Oublier is the storyadeacher who was inspired by a
professional development workshop (Cohen, 199@foi® the workshop, Mrs. Oublier
reported that her beliefs about teaching were tinginty traditional. For instance,
teaching mathematics meant providing students witksheets and supporting them as
they memorized facts and procedures; thereforsetiaere the actions she took while
teaching. Then, Mrs. Oublier went to a workshagt tbcused on building instruction
around the students’ mathematical understandingshenways in which students
reasoned about mathematical ideas. After the viogksMrs. Oublier’'s espoused belief
had changed. In particular, she stated that tagahathematics meant supporting the
development of students’ understanding; thus, sbgld activities that would engage her
students and put forth effort to relate mathemahtaaics to students’ experiences. Mrs.
Oublier reported being delighted with her new wafyteaching and by her students’
performance.

Moreover, Mrs. Oublier explained that she vieweddi@ssroom as a success in

light of the new mathematics framework that wasmgémposed in her school district.
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Consequently, Cohen (1990) told the story of thatieship between Mrs. Oublier’s
beliefs and her practice against a backdrop odédadfforts to reform the educational
system. He acknowledged the fact that Mrs. Oubl@ractice had indeed changed and
that to some extent it had become aligned witmthwe reform framework. For example,
Mrs. Oublier worked hard to incorporate concretgots and manipulatives into her
lessons. She also worked to create open-endeslttzastkshe thought would help students
to develop mathematical understandings (€gme up with as many addition sentences
as you can such that the sum i9.14owever, Cohen noted that the framework made no
distinction regardingnow concrete objects and open-ended activities shHueiladsed.
Should open-ended activities be accompanied byslssan? If so, what kind of
discussion and who should contribute to the dison8s Without such guidance, Cohen
argued, Mrs. Oublier was free to tell students bowmanipulate objects during
classroom activities and ask that students repsvars only. Furthermore, Cohen
explained that the framework did not explicitly efunderstanding What were the
substantive goals teachers were working towardsbily students to provide a variety
of correct answerg Or were thergleasthat teachers were supposed to be developing?
Therefore, Cohen argued that Mrs. Oublier was tvesct as though understanding
emerged out of students’ physical engagement wathematical tasks and activities.
Cohen thus explained the inconsistency he obsdrgdeen Mrs. Oublier’'s belief and
her practice, by pointing to the missed opportesitf reform documents, for example,
the absence of definitions, elaborations, or medamples.

Another way that researchers have dealt with thensistencies they perceive

between teachers’ beliefs and practices has beasktteachers about the goals and
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purposes that underlie inconsistent pedagogicakes@hilipp, 2007). For example,
Skott (2001) tells the story of Christopher, a rieacher who believed that teaching
mathematics involved instantiating and facilitatingestigative activities and helping
students to become autonomous learners. Howelvegywations of Christopher’s
classroom revealed enactments of practice that egrgadictory to Christopher’s
beliefs. In particular, two students asked fophmh an activity in which they were
supposed to find the area of two rectangles that weawn according to different scales.
In response, Christopher led the students via tiequestioning through a series of
computations wherein Christopher highlighted thedisg of each rectangle, explained
the relationship between representations on pajktheeir real world counterparts, and
asked pointed questions. For instance, after exptathat 1 cm on paper is 2 m in the
real world, Christopher pointed to various lengththe representation of the rectangle
and asked “How many meters is this? ... And this? erefl ... Here?” He then asked
his students what they were going to do with thelbers. When the students said they
would multiply them, Christopher affirmed their véeng answer and then told them to
write it down.

When Christopher was shown video of this teachpigagle, he seemed to
provide explanations about larger non-domain spegdals. The first goal seemed
related to sustaining students’ confidence. Smatly, Christopher explained that one of
the two students he was helping often gets sttitegkthus went on to describe his need to
think of students in broader terms and to showiseitg to the development of students’
overall self-confidence. His second goal seemkda@ to classroom management. In

particular, Christopher stated that, based on s pxperience with the student above,
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he knew that if he did not successfully guide tluelent to the answer the student would
keep “coming and asking questions ... even [if] Itonyget him going on his own” (Skott,
2001, p. 15). Thus, Skott (2001) concluded thatgarticulars of the situations
Christopher engaged in (e.g., the specific studemdstheir associated characteristics)
brought forth different goals at different momeaisl that sometimes those specific goals
cast Christopher’s belief about his general rola &cilitator into the background.

A third way that researchers have approached appia@nsistencies between
teachers’ beliefs and their practices has beerdmme a cluster of beliefs (Philipp,
2007). For example, Raymond (1997) provided amslyd one teacher’s beliefs about
teaching mathematics, learning mathematics, andtabe nature of mathematics. The
teacher, Joanna, seemed to believe that teachitigematics involved the facilitation of
students’ discovery of mathematics and that stideimbuld not be shown the
mathematics. In addition, Joanna believed thatuo8on could be successful without
explicitly following a textbook and that teacheh®ald draw upon multiple sources
during instruction. Moreover, Joanna appearecet@¥e that learning was best
supported through problem solving (which she vieaga “topic” in mathematics).
Finally, Joanna believed that mathematics was méestks and procedures and that these
facts and procedures should be memorized. Sheadidelieve that mathematics was a
creative endeavor. Thus, she saw mathematic$ieasdabody of knowledge that was
certain and absolute.

Observations of Joanna’s class revealed that Wwb#ena’s practice was
inconsistent with her beliefs about the teaching learning of mathematics, it was

consistent with her belief about the nature of rathtics. Students in Joanna’s class sat
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in rows all facing the chalkboard. Joanna preskentaterial in lecture form and
answered any and all questions students poseder@giwere not observed talking or
engaging in discussions with other students. Ruimanna’s lessons, she rigidly
followed her textbook and then assigned probleims fthe textbook for students to work
quietly on at their desks. These forms of practigpeared consistent with Joanna’s
belief that mathematics was not a creative entsgdsut an enterprise consisting of facts
and procedures to be memorized. Raymond was thedafind consistency by opening
up her investigation to include a range of beliefs.
Assuming Consistencies

In contrast, other researchers have suggestedtbeder to better understand the
relationship between teachers’ beliefs and theictices, one should assume consistency
(Philipp, 2007). When Hoyles (1992) viewed teashkeliefs and practices as co-
constructed, she found consistency where she aurelfinconsistency. If we re-
examine Christopher’s belief about the teachinmathematics, namely that teaching
mathematics involved creating and supporting ingaste activities and autonomous
learners, in the moment of his teaching (as desdrdbove), we might find that the
meanings of “investigative” and “autonomous” weexeloped further during the
enactment of Christopher’s practice. It is possthat before teaching the lesson
Christopher viewed investigative activities as\atiis involvingno teacher direction but
that after teaching the lesson he viewed them tagtaes involving minimalteacher
direction. After all, the two students worked ipdadently of the teacher both before
and after the “directive” episode described abdSemilarly, it is possible that

Christopher’s definition of autonomous learner lmeealaborated through his teaching
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actions. Before the lesson, Christopher may halieved that teaching mathematics
meant nurturing students who can solve problenthi@in own, but after the lesson
Christopher’s notion of autonomous learner may laweadened to include developing
students who are confident about their abilitydtwe problems on their own.

| revisit one more of the teachers described ali@eenphasize the ways in which
beliefs and practice might co-construct and muyuglkhborate each other. Mrs. Oublier
espoused a belief that teaching mathematics inddiedping students to develop
understandings of mathematical ideas. Mrs. Oublmactice was teacher-directed,
involved heavy use of manipulatives and other oetecobjects, and was void of student
discussion and explanation. Cohen (1990) thusrreghanconsistencies between her
belief about teaching mathematics and her practit@wever, the responses Mrs.
Oublier gave to questions Cohen asked her aftanpabserved her lesson indicated
that her espoused beliefs were in harmony wittphactice. In particular, Cohen
reported that Mrs. Oublier believed that “manipugtthe materials really helps kids to
understand” and that she “seemed quite convinaadhlese physical experienasised
[emphasis added] learning, that mathematical kndgéearose from the activities” (p.
316). Thus, it seemed Mrs. Oublier’'s practice edro further elaborate her espoused
belief. For herunderstandingvas something that emerged as a consequence misim
usingmanipulativesnot as something that emerged via problem solantcal thinking,
reasoning, discussion, explanation, or justifiaatio

The reinterpretation of Cohen'’s finding leads m&tmder whether there were
unseen consistencies between Joanna’s beliefs sdamliing and learning mathematics

and her classroom practice. For example, | wohder Joanna thought about



103

“facilitation,” “discovering” mathematics, or thdea that students should not be “shown”
mathematics during or after the lesson Raymond{jL8Bserved. Did her beliefs
become elaborated? Were there consistencies betise@na’s beliefs and practice that
were not immediately obvious to the researcher@s&ltoncerns have led me to consider
practice as a means by which teachers’ beliefsrheadearer and more precise both to
me, the researcher, and to the teachers who helodimefs.
Teachers’ Mathematical Knowledge

Research Question 2 examines the relationship eetteachers’ beliefs
regarding the generalization of their studentsiiegy and teachers’ knowledge of the
mathematics. Such examination is contingent upanynfiactors including the way in
which teachers’ mathematical knowledge is concétech Over the years, educational
researchers have conceived of this specific kinkholvledge in a variety of ways (e.g.,
Baumert et al., 2010; Hill, Ball, & Schilling, 200Beinhart & Smith, 1985; Shulman,
1986, 1987; Silverman & Thompson, 2008). In tlEst®n, | review some of the main
conceptualizations and further develop conceptatdins that best fit the goals of my
research question.
Teachers’ Knowledge of the Mathematical Content

There is agreement within the literature on tea€leication that a core
component of teacher competence is a strong uaaelisy of the subject being taught
(Baumert et al., 2010). Thus, one way in whicltheas’ knowledge has been conceived
is in terms of their knowledge of the mathemata@inain—either teachers’ knowledge
of the mathematical content to be taught or teathkaowledge of the mathematical

content learned in mathematics courses. Thisiglazflected in tests of teacher licensure
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that data back to the 1800s (Angus, 2001; HilleBld_ewis, & Ball, 2007; Shulman,
1986). Items on these tests assessed prospesdistects’ proficiency with the subject
matter to be taught. With respect to mathematisss,items assessed teachers’
computational and problem-solving skills. For ex¢éenteachers taking the exam in
1875 in California were asked questions like tHWwing: “divide 88 into two such parts
that shall be to each other as 2/3 is to 4/5” (Blam, 1986, p. 4).

Furthermore, researchers have studied the linkd®at teachers’ performance on
guestions like the one presented above and thelests’ mathematical achievement.
For example, Harbison and Hanushek (1992) admieidtihe same mathematics tests to
fourth-grade teachers and their students. Theayulsed the teachers’ scores to predict
the amount of change they would see in studentsescafter having received Grade 4
instruction. In this case, teachers’ performamckeed predicted gains in student
learning.

However, other studies examining the relationslepvieen teachers’ knowledge
of the mathematical content and their studentsiesgment have shown that the
relationship is anything but straightforward. Téesudies have failed to find any
statistically significant correlation between vairsaeacher attributes (e.g., level of
education, number of post-secondary mathematiasesumajor in mathematics, grade
point average) and student achievement (Begle,,11%¥/9; Eisenberg, 1977; Gess-
Newsome, 1999; Hill et al., 2007; Mewborn, 200Epr example, Begle (1972) showed
students’ achievement was not affected by theohtes’ level of mathematical
understanding; in particular, he showed teacherdetstanding of abstract algebra

(including their knowledge of groups, rings, anelds) had no statistically significant
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correlation with student performance on algebramjgutations or with students’
understanding of ninth-grade algebra, in general.

Similarly, qualitative studies have shown teacheoshputational and problem-
solving skills are not enough to ensure effecthstriction. For example, Borko and
colleagues (1992) showed that despite the factOMdsiels, a student teacher, could
successfully demonstrate and implement the ruléifading fractions, she could not
adequately answer a student’s question regasdimgone must first invert the divisor

and then multiply. In particular, her explanateord accompanying representation
illustrating the meaning 93;f+ % showed the multiplication of fractions rather thha

division of fractions—a fact Ms. Daniels could rgo@e but not remedy (for similar
findings with respect to rates see Thompson & Thawnp1994, 1996). Thus, it appears
clear that although necessary, knowledge of théemaatical content alone is not
sufficient to ensure effective instruction.
Teachers’ Knowledge of Mathematically-Specific Pedgogy

In his influential and transformative work on teacknowledge, Shulman (1986,
1987) introduced the terpedagogical content knowled{feCK) to address the notion
that content knowledge is not sufficient in suppayteffective teaching. In doing so, he
distinguished PCK from teachemlbject matter knowledd8MK). SMK was used to
refer to knowledge of the facts, concepts, ancciires that characterize a particular
domain as well as to the ability to not only defaneoncept but to state and understand
why it is important and how it relates to other cepts in the domain (see also Bruner,
1986 and Schwab, 1961/1978 for similar definitiohsubject-matter knowledge).

Shulman then used PCK to refer to knowledge obtligect matter that is needed in the
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teaching of that subject matter, for example, kreolge of the most powerful forms of
representations, explanations, examples, and cexat@ples as well as knowledge of
what makes learning a particular concept easyfoculi.

This construct of PCK may now prove useful in expteg Ms. Daniels’
instruction surrounding the division of fractionga@ithm. Specifically, Ms. Daniels did
seem to have the more general pedagogical unddnsgatnat a real-world scenario and
accompanying diagram might help her students meksesof the mathematical
algorithm; thus, Ms. Daniels attempted to creategropriate story problem and
diagram. However, Ms. Daniels did not appear teehen understanding of the
relationship between the multiplication and divisf fractions nor did she appear to
have an understanding of specific ways in whicls¢éhgeneral pedagogical tools could be
used to help make the specific mathematical commimiprehensible to her students. In
other words, Ms. Daniels seemed to lack some faih®VIK and PCK. Consequently,
she was unable to support her students in devejapeaning for the algorithm.

Since Shulman’s introduction of the term, many aesieers within the field of
mathematics education have worked to extend atelte the idea of PCK. For
example, Grossman (1990) emphasizes the ways chwdachers’ knowledge of the
instructional setting (e.g., grade level, commun#jues, institutional organization) as
well as teachers’ intellectual and personal digpw®s toward the subject matter
(including their beliefs about how one learns thbjsct) contribute to the choices
teachers make while teaching (see also Grossmaiti&R, 1988; Grossman &
Shulman, 1994; Grossman, Wilson, & Shulman, 1989hers emphasize the need for

teachers to have specrahthematical knowledge for teachilgKT)—or mathematical
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knowledge that is particularly useful in the teachof mathematics (Ball, 1990; Ball &
Bass, 2000; Hill, Ball, & Schilling, 2008; Hill, 8&p, Lewis, & Ball; 2007; Silverman &
Thompson, 2008; Thompson & Thompson, 1996). Akbeilshown below, these
researchers have been particularly helpful in ifi@ng specific kinds of mathematical
knowledge that raise the quality of teachers’ madecal instruction.

Teachers’ Mathematical Knowledge for Teaching

Ball and her colleagues built on Shulman’s conoepdf PCK to define the
specialized kinds of knowledge that contributeffeative mathematics instruction as
measured by student achievement (Ball & Bass, 20003; Ball, Hill, & Bass, 2005;

Hill et al., 2005; Hill et al., 2007). In partiar, Ball and colleagues took as their point of
departure the mathematical behaviors teachers doaog “high-quality” mathematical
instruction. They then asked themselves the folgwuestion: “What do teachers do in
teaching mathematics, and in what ways does wiegtdbh demand mathematical
reasoning, insight, understanding and skill?” (Balal., 2005, p. 17). As a result, Ball
and colleagues were able to categorize produativehier actions and develop an
associated 6-part categorization system of teachi$ (Hill et al., 2008).

The categorization system includgsmmon content knowled@@CK),
specialized content knowled(&CK), knowledge at the mathematical horiZgiMH),
knowledge of content and stude((€S), knowledge of content and teachiCT), and
knowledge of curriculunfKC). Each type of knowledge is thought to comprise vis o
category of teacher actions. For example, SCKi@aWedge that is used while teaching
and encompasses teachers’ abilities to create akd ose of representations, provide

mathematical explanations and justifications far éiigorithms they teach, and make
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sense of students’ strategies. KCS enables teathbéuild on students’ mathematical
thinking, correct students’ errors, and anticipsitelents’ interpretations and
misinterpretations of mathematical concepts. K0dws teachers to purposefully select
examples, representations, and activities andaiagihtfully plan and sequence
instruction.

Using this categorization system, thearning Mathematics for TeachirigMT)
project (e.g., Hill, 2007; Hill, Ball, & Shilling2008; Hill, Schilling, & Ball, 2004)
developed multiple-choice instruments that couldibed at scale to assess teachers’
MKT. Their measures have been the most widely adhtered due to the fact that the
LMT assessment has been shown to (a) locate tesaaluerg a scale corresponding to
their knowledge of particular mathematical contmmd (b) have a positive correlation
with students’ mathematical achievement (Ball et2005). This conceptualization of
MKT is thus particularly helpful for policy makers.

In contrast, Silverman & Thompson (2008) took aeotipproach to the
investigation of MKT. Rather than beginning thewestigation by categorizing teacher
actions, they started by examining the mathematiedéerstandings that give rise to
powerful and effective teacher actions (Silvermafi&®mpson, 2008; Thompson &
Thompson, 1996). In other words, they aimed tavens different question: What
mathematical understandings allow a teacher totapenusly act in a way that is
productive in supporting the development of stuslecinceptual understandings and
how do these understandings develop? Thus, thisepbualization of MKT is viewed as
being grounded in particularly powerful understauggi of specific mathematical

concepts.
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In Chapter 1, | discussed 3 types of knowledgelireain this conceptualization
of MKT: (a) knowledge of th&ey developmental understandifg®Us) that exist
within a particular content area, (b) knowledgéhaf ways in which students come to
develop those KDUs, and (c) knowledge of the astiyat could be taken in support of
the development of those KDUs). Additionally, Mkhtails two other kinds of
knowledge: (d) knowledge of the various ways inahhstudentsnightunderstand that
content area (including student understandingsatetmathematically incorrect) and (e)
knowledge of the ways in which the KDUs might empowstudents to learn other,
related mathematical ideas. For the purposes®fitesertation, | have chosen to focus
on the three types of mathematical understandirsgsisised in Chapter 1. The first type
of understanding—understanding of the KDUs thateulnel specific mathematical
content—is said to develop uiaflective abstractioriSilverman & Thompson, 2008).
Reflective abstraction refers to the process byclvbine’s actions become organized and
coordinated; it is said to occur via the creatiod ge-creation of one’s mental and
physical activities such that properties are dr&em said actions and assimilated to
higher levels of thought (Piaget, 2001; Thomps@851 1994; von Glasersfeld, 1995).
Thus, when a teacher develops a particular KDUgchetent knowledge is said to
become “related” to other content knowledge themtignding the teacher’s web of
connections (Silverman & Thomson, 2008).

A teacher’s KDU is then transformed into its asatexd MKT via a second-order
reflective abstraction. In this case, the teacmest put herself in the place of a student
and conceive of the mental and physical activaiesvell as the constraints that would

have to be in place in order for her students toraa way that is consistent with the
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KDU; thus, conceiving of situations that would affetudents opportunities to develop
the KDU (Silverman & Thompson, 2008). Through thdsivity the teacher is said to
develop an understanding of how a student mightecndevelop the KDU as well as an
understanding of the teacher actions that coulkester facilitate the development of the
KDU.

This conceptualization allows one to investigaerieanings and interpretations
that teachers have of specific mathematics and/étys in which those meanings and
interpretations become useful (or not) in the ¢la@®. This conceptualization appeared
more useful in the current study wherein | attetogink such understandings with
teachers’ beliefs about the generalization of sttgléearning. For example, recall
Bonnie whose understanding of slope as ratio alioler to make sense of Angie’s
explanation (see Figure 1.5) in terms of ratio.wideer, the fact that Bonnie’s belief
regarding the generalization of students’ learrfireg, students will productively
generalize their learning of a procedure to a neitahtion if the novel situations
prompts them to enact the learned procedure ixample, a mnemonic based on a
familiar real-world experience) was inconsistenttmthe development of such an
understanding suggests that she had not engageskicond-order reflective abstraction.
Without an understanding of how students come teeive of slope as a ratio relating
two quantities, Bonnie may have been left thinkabgut the generalization of students’
learning in terms of students mathematically “cotréehavior; thus, her inclination was
to support students in linking mathematical topilos slopeand the fise overrun”
formula to familiar elements of students’ experentike ‘fising out of bedoefore

runningto theslopes’
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Slope

The mathematical topic of slope provides the candemain in which teachers
were asked questions about their beliefs regartti@generalization of students’ learning
as well as their beliefs regarding teaching forgbeeralization of students’ learning. In
this dissertation study, teachers’ beliefs werernmd from a set of questions involving
the teaching artifacts teachers selected from teathing lives as representing instances
in which they had thought about helping studentgetoeralize their learning of slope.
Teachers discussed the artifact (most often amigcitnvolving slope) in relation to other
novel, activities and answered questions like thiewing: As a consequence of
students’ engagement with your activity, what typesovel tasks or future activities do
you think students will be enabled to engage wit/dpctively? Why? What types of
novel tasks or future activities do you think stoidewill experience difficulty engaging
with? Why? What could you do as a teacher to sumtudents in generalizing their
learning to these activities?

Furthermore, slope is the content domain in wheathers’ MKT was assessed.
Teachers’ MKT was inferred from three sets of qoest The first set of questions was
designed to get at teachers’ personal understasiginglope and involved teachers’
engagement in problem solving situations, respottshgpothetical situations,
descriptions of the meaning of various componehteeslope formula, and responses to
guestions like: What does a slope of %2 mean, arat isfone measuring when measuring
slope? The second set of questions was desigrgest & teachers’ understandings of the
ways in which students might come to develop untdedings of slope that are similar to

their own and included questions like: What megsiwould you like students to have
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for slope, how might students develop those meanizgd what sources of difficulties
might arise for students? The third set of questiwas designed to get at teachers’
understandings of the teacher actions that cogda@t development of understandings
of slope that are similar to their own and inclugedmpts like: Explain what you would
do to help a student understand what slope repieaad explain what you would do to
help a student understand the meaning of the $topaula.

In sum, my research questions about teachers’fbetgarding transfer and
teachers’ MKT are set in the context of the mathterabtopic of slope. Thus, in this
section, | provide a brief review of the literatune slope. The review is organized into
two major sections—research on what slope measumesesearch on various
conceptions of slope. Because the literature bagrding students’ understanding of
slope is more exhaustive than that for teachetsgw upon both in this section.

What Does Slope Measure?

Slope is not an isolated concept but is part oftlétiplicative conceptual field
(Vergnaud, 1983). As such, slope lives at thergatetion of ideas related to functions
and graphs, proportional thinking (including ratiad rate), and algebraic thinking.
Unfortunately the way in which slope is typicallgstribed in textbooks does not make
this explicit. In particular, slope is typicallgsicribed in algebra textbooks as a measure
of the steepness or “tilt” of a line and is genlgrptesented as a procedure for finding the
steepness (Lobato, Ellis, & Mufioz, 2003; Stump 1 WWalter & Gerson, 2007). For

example, students are often taught phrases like Gver run” as mnemonics for

calculating the slope of a line using the slopmﬂda,% (Stump, 1999, 2001a, 2001b;
2741

Walter & Gerson, 2007). This treatment of slope &nder slope (a) an attribute of a
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physical object rather than a function, and/orgls)mple counting technique wherein
students use the squares on a coordinate grichsysténd two separate numbers, one of
which gets subsequently placed over the otherKgpee 2.5), rather than an expression

of a multiplicative relationship between two quées (Lobato et al., in press).
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Figure 2.5: A counting technique for finding the slope of &elin

Furthermore, this treatment of slope leads onekondnether the primary function
of slope is to provide a measure of the steeprfesdime (Lobato & Thanheiser, 2002).
If slope does indeed provide a measure of the sesspof a line, then any two lines that
have the same slope should have the same steepth@sgver, as Figure 2.6 shows, this
is not always the case. Consequently, researbla@esnoted that students and teachers
alike experience “cognitive conflict” when the soglof one of the coordinate axes is
changed (Zaslavsky et al., 2002). There are, ofss “fixes” for this problem. For
example, one may set parameters for the scalitigeodoordinate system in which one
measures steepness. However, such fixes do nssdithe question of slope’s primary

purpose.
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Figure 2.6: Two linear functions with the same slope but défé steepnesses.

Inspired by Simon and Blume (1994), Lobato and Tiegser (2002) proposed an
alternate conception of slope as a measure obtlkeof change of two covarying
guantities wherein the amount of change in one tifyds measured with respect to the
amount of change in the other quantity. Quansitysed here to refer to attributes that
one conceives of as being measurable such as hieighth, distance, and time (Smith &
Thompson, 2008). Depending on the quantities waain a situation, slope becomes a
measure of a new attribute and makes sense (afifegmof the scaling of a coordinate
grid system and (b) in situations where lines arepnesent. For example, consider
measuring one’s motion through space. To obtaiacanrate measurement of how fast
one moves through space, one can conceive of th@fahange in distance relative to
the change in time. Thus, slope in this situapimovides a measure of tspeedat which
one moves through space. If one then considerspnigal representation of this
situation, slope remains a measure of the ratbage of the quantity represented by the
vertical axis (i.e., distance) relative to the aam the quantity represented by the
horizontal axis (i.e., time). Thus, meaningful argtandings of slope depend on ones’

ability to make sense of the appropriateness ofgugiratio to measure something and to
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interpret slope as an intensive quantity or radiber than as an extensive quantity or
direct measure of the steepness of a line (Lol2&%08a; Lobato, Clarke, & Ellis, 2005;
Lobato & Siebert, 2002; Lobato & Thanheiser, 2082hwartz, 1988; Simon & Blume,
1994; Stump, 2001a).
Conceptions of Slope

Slope as a formula. Stump (2001a) found that preservice and inse@aehers’
conceptions of slope were dominated by the slopad@. Specifically, when asked to

describe what slope is and what it representsui 5fol8 preservice teachers and 18 out

13/3_3/1’” or

of 21 inservice teachers referenced the slope flarmither as “rise over run,

Xp—X1
both. In contrast, only 3 teachers from each grfogpsed on the quantitative
relationship between the dependent and independeiables when discussing slope.
The dominant conception of slope as a algebraro faynstitutes amstrumental
understandingf slope (i.e., an understanding of a rule andnifgdementation) as a
fraction or simply one whole number positioned abawother, wherein the difference
betweerny-values is the numerator or the number on top hedlifference between thxe
values is the denominator or the number on bot®kerhp, 1976; Walter & Gerson,
2007). For example, the majority of the teacherStump’s (2001a) study could use the
slope formula to correctly solve slope tasks whieermgys, Yo, X, andx,. However, two-
thirds of the preservice teachers and one-thitti@inservice teachers could not find
slope when giveRr,, y1, and the angle of inclination between the linespagthrough Xz,
y1) and thex-axis. The most common response was that thegesmdeeded “another
point in order to determine the change iover the change ix’ (Stump, 2001a, p. 132).

However, this is not the case as information abioeifirst point is already extraneous
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information. For example, one could take the giaagle of inclination as the argument
for the tangent function and thus find the slopéefline. Therefore, this understanding
of slope may background tineeaningof slope while foregrounding the computational
aspects of slope.

Slope as the angle of inclination.Researchers have noted students’ propensity
to interpret slope in terms of angles (Lobato gt2005; Lobato & Siebert, 2002; Lobato
& Thanheiser, 2002; Moschkovich, 1996; Stump, 20@Hslavsky et al., 2002). For
example, Lobato et al. (2005) and Stump (2001bydastudents using the angles at the
tops of various ramps in order to determine thelative steepnesses. However, using
this angle as a measure of steepness may leacdhgudeonclude that shorter, flatter
ramps are steeper as they may have larger angles tmp (see Figure 2.7a). Similarly,
Lobato and Thanheiser (2002) found students usi@@ngle of inclination to determine
the steepness of various ramps (see Figure 2Tt®.fact that this measure can indeed
be used as a valid measure of steepness may adoo@tmp’s (2001b) finding that 15
out of 22 pre-calculus students used the term &rigldescribe slope. The problem
with this conception, mathematically, is tisédpeis not the angle of inclination. Rather,
slope is the tangent of the angle and not the atsgi. In other words, slope is a ratio of
the lengths of the vertical and horizontal sidea odmp that is created as a result of the
ramp having a particular angle of inclination. thermore, this conception of slope may
entail slope as an attribute of a line rather thdmnction which can lead to problems
when the same function is graphed using two diffeceordinate systems (see Figure

2.6: Zaslavsky et al., 2002).
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Figure 2.7: (a) Using the angle at the top to determine stesgr{p) Using the angle of
inclination to determine steepness.

Slope as a ratio. As noted above, an understanding of slope asisapowerful
in that it supports one in interpreting the mearohglope in a variety of situations.
Thus, developing and extending students’ understgraf ratio to include the
mathematical topic of slope is among the Standfardslathematical Practice (Common
Core State Standards for Mathematics, 2010). Heweeveral researchers have noted
the fact that students and teachers alike exhiffitulty conceiving of tasks involving
slope in terms of ratio (e.g., Lobato et al., 200&bato & Siebert, 2002; Lobato &
Thanheiser, 2002; Stump, 1999, 2001a, 2001b; Wal@erson, 2007; Zaslavsky et al.,
2002). This may be due to their tendency to usktiad rather than multiplicative
strategies when making sense of situations asasdheir ability to conceive of ratio as
the appropriate form of measure in a given sitmatiaobato & Thanheiser, 2002; Simon
& Blume, 1994; Stump, 1999, 2001a, 2001b; Thomp4oa4; Walter & Gerson, 2007;
Zaslavsky et al., 2002).

Developing an understanding of slope as a ratimisa trivial matter. It involves
a shift in focus from the additive structures ingad in a situation to the multiplicative
structures involved in a situation (Lobato & Thaiske, 2002; Simon & Blume, 1994;

Thompson, 1994; Walter & Gerson, 2007). To illastr consider a classroom containing
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12 boys and 8 girls. There are many ways in whrod can conceive of the comparison
of boys to girls. If one conceives of the situatadditively, one might say that there are
“4 more boys than girls” or that there are “4 Igsts than boys.” In contrast, if one
conceives of the situation multiplicatively, oneghmi say that there are “one-and-a-half
times as many boys as girls” or “two-thirds as mginlg as boys.” Comparing these
guantities (e.ghumber of boys in the claasdnumber of girls in the cla$s
multiplicatively produces a new quantity, eithatio of the number of boys to the
number of girlsor ratio of the number of girls to the number of b{yspending on the
guantity being used to measure the other) (LobaKElli&, 2010; Thompson, 1994).
Thus, conceiving of the slope of a function in terof a ratio involves asking “How
many times greater is the quantity representethéylépendent variable than the quantity
represented by the independent variable?” (LobaElli&, 2010).

Consequently, an understanding of slope as adapends on one’s ability to
conceive of ratios, or multiplicative comparisoas,the appropriate form of measure in a
given situation. Simon and Blume (1994) noted tieateloping this ability is a complex
process. They further identified some of the diffiies preservice teachers experience in
doing so. For example, preservice teachers wesereed having difficulty interpreting
3:2 as an expression indicating that the heightgimes the length of the base;
consequently, they tended to see ratios as usesarigtions of slope only when being
compared to other ratios.

In summary, slope is a mathematical topic thaelvasive to secondary
mathematics curricula. For example, it appeaedgebra as a measure of the “rate of

change” of a linear function, in trigonometry asi@asure of a relationship between the
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lengths of various sides of a right triangle emlsetich a circle (e.g., the tangent
function), and in calculus as a measure of hownatfan changes over time (e.g., the
derivative function). However, the way in whiclogé is typically presented in
textbooks—as the steepness of a line (as opposedatio describing the multiplicative
relationship between two quantities)—can obscureftitt and lead to the development
instrumental understandings of this foundationalh@aaatical topic. These two
factors—the pervasiveness of slope to the mathealatiirriculum and its ubiquitous
treatment in textbooks—appear to have contributetie¢ emergence of the variety of
conceptions of slope described above.
Reuvisiting the Research Questions
In Chapter 1, the following research questionsevigst presented:
1. What are teachers’ espoused and inferredfeekgarding (a) the

generalization of students’ learning, and (b) hovsapport the
generalization of students’ learning?

2. What is the relationship between teachersel®regarding the
generalization of students’ learning and their MKTeaning their
understanding of (a) a particular mathematicaldpf®) the ways
in which students might come to develop a particula
understanding and (c) the actions they might takeupport
students in developing a particular understanding?

3. What is the relationship between teacherselekegarding the
generalization of students’ learning and teachelessroom
practices?

Each research question is now elaborated using itea the literature presented above.
Research Question 1

Research Question 1 involves an examination oéxpdicit comments teachers
make about (a) the generalization of students’ eradtical learning, and (b) how they

believe the generalization of students’ mathemblgzaning can be supported. For
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example, Sally said that she believed teacherddhuse “more examples that come from
the real world” because “you can like, for exampdach them, you know, how to find
the missing side of a right triangle and they gbiouhe real world and they don't realize
that they can use that out there.” Examinatiooashments like these seemed to indicate
Sally’s beliefs that (a) students generalize tlegirning of a learned topic to novel, real-
world situations when they view those situationsnasiifestations of the learned topic,
and, therefore, (b) teachers should strive to tikmathematical world with the real
world during students’ initial learning. Howevérywas not clear from these comments
alone how Sally believed the real-world examplesusdhbe used or what particular
aspects of the real-world examples should be eny#ths

Thus, Research Question 1 also involves infergaglters’ beliefs about the
generalization of students’ learning and how tgpsupit. Inferring these teacher beliefs
consisted of analyzing the ways in which teachetexpret contextually rich situations
(Grant et al., 1998; Mason, 2002; Pajares, 1982y.example, what relationships do
teachers conceive of between particular learnirthteansfer tasks? Moreover,
inferences relied on analyses of the actions (RdkeE968) teachers said they would
take to support students in a hypothetical sitmatibor example, recall that Sally
predicted Lucy would have trouble when confrontetth weal-world situations involving
rate because Lucy would be unable to connect tdmert procedural understanding of
slope as rise over run. This prediction seemeghéal light on Sally’s belief about the
generalization of students’ learning—conceptualgamngful understandings support
the productive generalization of students’ learriramd her belief about the ways in

which real-world problems should be used in thesaom—to emphasize conceptually
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meaningful interpretations of mathematical formuldethis way, Sally’s beliefs about
the generalization of learning seemed to echo 3ugieheral-principles approach (1908)
wherein transfer is thought to be supported byuesion targeting the mathematical
ideas that underlie mathematical tasks. Intergistimh was able to find new ideas as well
as nuanced variations of the ideas that have alrieaein highlighted in the transfer
literature by (a) explicitly asking teacher papnts questions regarding the
generalization of their students’ learning anddbgons they would take to support the
productive generalization of students’ learning] éo) inferring the beliefs of the teacher
participants from their interpretations of and @sges to hypothetical situations.
Research Question 2

Research Question 2 involves examining the unaledgtgs teachers have of a
specific mathematical topic, namely slope. Thstfstep in this examination was to
uncover teachers’ personal understandings of sldjpés was accomplished during
interviews with the teacher participants whereeytivere asked to respond to a range of
tasks involving slope. For example, some of thasks involved answering straight-
forward questions like “What does slope mean? ean example that illustrates its
meaning” while others involved teachers’ engagenreptoblem-solving situations
(More details about these tasks will be presentgdhapter 3). The second step involved
investigating whether and how teachers have tram&fd these understandings into
MKT. In other words, had teachers thought aboeir tbwn understanding of slope in
relation tohow students might come to also have that understgfidihso, how did they
think students come to develop understandingsrésaimble their own? Furthermore,

had teachers thought about their own understandirgation to the actions they could
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take in support of the development of that undeditey? If so, what actions did they
think support the development of understandingsrés®emble their own? Analyses
carried out in service of these two steps revetdadhers’ MKT as defined by Silverman
and Thompson (2008). Finally, this question ineslvelating analyses of teachers’
MKT to analyses carried out in service of Rese&akstion 1 for the purposes of
answering questions like, what can be said ab@&uvetys in which teachers understand a
particular mathematical topic with respect to hbeytthink about the generalization of
students’ learning of that same mathematical topic?
Research Question 3

In assuming consistencies between teachers’ balrefdeachers’ practices,
Research Question 3 involves a concerted effortew teachers’ actions as
manifestations of their beliefs despite how thetalty appear. This does not mean
forcing consistencies. Rather, it means considdhe possibility that teachers’ beliefs
can be further developed and elaborated throughithations teachers encounter and the
actions they take in the classroom. Thus, actibasseemed inconsistent to previously
espoused and inferred believes could be viewedmsding clarification to an identified
belief. Alternately, the act of teaching was vieMas a means of bringing forth certain
features of beliefs that may had been backgrouddedg discussions that preceded
instruction. Consequently, | attempted to viewwssys in which teachers’ practices can
be seen as: (a) providing the researcher with iaddit information regarding the
meanings of teachers’ espoused and inferred befl®fa means by which the meaning

of various aspects of teacher’ beliefs may becoeerer to the teacher participant, and
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(c) bringing forth aspects of teachers’ beliefs thare backgrounded during interviews

designed to get at teachers’ beliefs.



CHAPTER 3:
Research Methods

In the previous two chapters, | presented and eddbd three research questions,
motivating their emergence from pilot data and fritw@ relevant research literature.
Specifically, | showed that although there is géaresearch base on transfer, there
appears to be nothing in the literature regardeaghiers’ beliefs about the transfer of
learning or how it can be supported instructionallfhus, Research Question 1 examines
(a) teachers’ beliefs about the generalizatiortwdents’ learning and (b) how to support
the generalization of students’ learning. Morepvenade a case for a reflexive
relationship between teachers’ beliefs regardieggneralization of learning and
teachers’ practices, wherein teachers’ practicessaeve to bring forth new facets of
teachers’ beliefs or to elaborate previously idesdifacets. Thus, Research Question 3
systematically examines the relationship betweesdlspecific teacher beliefs and
teachers’ practices.

Lastly, | demonstrated a plausible relationshipveein teachers’ beliefs about the
generalization of learning and teachers’ matherabkicowledge for teaching (MKT), as
defined by Silverman and Thompson (2008). In paldi, | inferred two teachers’ MKT
and showed that while both teachers appeared ® $imilar personal understandings of
slope, only one teacher provided evidence thahakedeveloped the additional
understandings associated with MKT. The teacher dd transformed her personal
understanding of slope into MKT seemed to holdlebeegarding the generalization of
students’ learning that was consistent with hesg@eal understanding of slope. On the

other hand, the teacher who did not show evidehbawng transformed her personal
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understanding of slope into MKT appeared to hdtetlgef that was inconsistent with her
personal understanding of slope. Thus, Researeist@u 2 seeks to explore the
relationship between teachers’ beliefs about tmeigdization of students’ learning and
MKT.

In what follows, | present a research design coostd for the purpose of
answering these three questions. First, | progideef overview of the design. Then, |
zoom in to discuss the particular methods usedamee each research question in turn.
At the end of the chapter, | discuss the issuesl@bility, validity, and disconfirming
evidence.

Overview of Research Design

There research design used in this dissertatiaty $tas two phases, an interview
phase and a classroom phase. The interview pbaBéase |, was used to respond to all
three research questions and the classroom phaBbase I, was used to respond to
Research Question 3 (see Figure 3.1). In whaiial] | describe Phase | and Phase Il of
the research design in more detail.

Phase | is shown in greater detail in Figure 3r2particular, Phase | includes
two 2-hour clinical interviews (Ginsburg, 1997)rid? to the first clinical interview, the
teacher participants were asked to reflect onabketime they taught a unit on slope and
linear functions, go through their teaching matsriand select an item (e.g., a lesson
plan, class activity, a test) they believed shoamdahstance in which they were thinking
about supporting the generalization of their stisidaarning. The particulars of this

Teaching Item Activity will be discussed in furthaetail later. Teacher participants then
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emailed me either a description of the item or @t@topy of the item and it was

discussed during the first clinical interview.

f Research Question 1:
Teachers’ Beliefs about (a) the
Generalization of Students’
Learning and (b) How to Suppot
the Generalization of Students!

—

Learning
Phase | Research Question 2:
Interview Phas The Relationship between RQ1
Teacher Beliefs and Teachers’

MKT

Research Question 3:

The Relationship between RQ1 Phase I
Teacher Beliefs and Teachers’ Classroom Pha

\ Practices

Figure 3.1: Relationship between Phase | and Phase Il of $eareh design and the
three research questions.

At the end of the first clinical interview, teachgrticipants were asked to draw
upon some of their ideas regarding the generatizaif students’ learning that had been
discussed during the interview to create a les$mm @n slope that prepares students to
generalize their learning beyond the specificheflesson. The particulars of this
Lesson Plan Activity will be discussed in furthetail later. Teachers’ lesson plans were
then discussed at the beginning of the seconctalimterview.

In addition to being asked questions about theichang items and lesson plans,
teachers were asked to elaborate various teacbilg gnd respond to questions about
slope and linear functions during both of the PHasterviews (further details about

these questions will be discussed later). The 21isour clinical interview as well as the
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first portion of the second 2-hour clinical inteewi was designed to get at teachers’
beliefs about the generalization of students’ lgwyand how to support the
generalization of students’ learning (see Intervigwand Interview #2 in Figure 3.2).
The remaining portion of the second interview wasighed to get at different aspects of
teachers’ mathematical knowledge for teachingtdaghers’ personal understanding of
slope, (b) teachers’ understandings of how studeidht come to develop an
understanding of slope that is similar to their pamd (c) teachers’ understanding of the
actions they could take to help students developnaierstanding of slope that is similar
to their own (see Interview #2 in Figure 3.2).

Phase Il is shown in greater detail in Figure 3rBPhase Il, teacher participants
were asked to teach the lesson on slope that tkeayed and discussed in Phase |. Due to
constraints involving being able to handle all tla¢a collection and analysis associated
with using all 8 participants for Phase I, halitbé participants were asked to engage in
the second phase of the study. The particularetuifseachers selected for participation
in this phase were selected so that as a setwer@ariety in teachers’ beliefs about the
generalization of students’ learning (as inferredpreliminary analysis of the Phase |
interview data). When it came time for Phase Ibé¢gin, one of the teachers dropped out
of the study. Thus, 3 teachers actually partieigah Phase Il which included (a) a
classroom observation in which the participantsensdyserved teaching their lessons and
(b) a subsequent debriefing in which each partidipeas asked to discuss events that
unfolded during the teaching of the lesson in retato his or her beliefs as espoused and

inferred during Phase I.
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Data collected during Phase Il were designed t&kwoconjunction with data
collected during Phase | to answer Research Queltid/hat is the relationship between
teachers’ beliefs about the generalization of sitgléearning and teachers’ classroom
practices? For example, teachers were remindedgdiire debriefing about statements
made during the Phase | interviews regarding hosupport the generalization of
students’ learning and asked to discuss whethehawtthey enacted the actions
contained in those statements during the teacHititeo lessons. Additionally, specific
pedagogical actions of interest to the researcleee Wighlighted for the teachers and the
teachers were asked to describe the rationale ynethose actions and whether and
how they saw the actions as related to their I=®(efg., | noticed that you illustrated
several real-world contexts for students. What yaas thinking for doing that? What
was your goal? Was this action related to youiebabout the generalization of

students’ learning? If so, how?).
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The Teaching Item Activity

Teachers receive instructions f lm] Teachers send in a description d
copy of the selected teaching iten

- S

v

-

Interview #1: Teachers’ Beliefs \

Question Set ITeaching Item Activity

7

.

Question Set 2: A
Teachersespouse@ndinferredbeliefs

about the generalization of students’

learning and how to support it y

Teachers receive instructions for The Lesson Pletividy

v

Interview #2: Teachers’ Beliefs and Teachers’ MKT

Question Set 3-esson Plan Activity

\

Question Set 4*;
Teachers’ KDUs

Question Set 4**: Question Set 4***:
Teachers’ understandirj¢ Teachers’ understanding
of how students devel actions that support the

KDUs development of KDUs

\J

Figure 3.2: Phase | of research design.

Inside the Classroom

Observation: Debriefing:

Watch teachers teach the

Lesson Plan* enactment of the Lesson Plan*

Ask teachers questions about the

J

Figure 3.3: Phase Il of research design.
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Research Question 1

Research Question 1 asks the following questionatvélle teachers’ espoused
and inferred beliefs regarding (a) the generalmatif students’ learning and (b)
supporting the generalization of students’ learliig Chapter 2, | made a case for using
clinical interviews to study teachers’ beliefs retjag the generalization of students’
learning and how to support it. This section igamized into four main parts:
participants, data collection, instruments, ané @aualysis.
Participants

Since this dissertation examirteachers’beliefs about the generalization of
students’ learning and how to support the genextadin of students’ learning, the
participants in this study were practicing teacheEsght practicing-teacher participants
were recruited from local middle and high schodlée rationale for having eight
teachers is that it provided me with a manageadie skt that was sufficiently large to
allow for variation across teachers.

Selection criteria. Teacher participants were selected based on serégala.
First, participants were recruited based on tbgirentemployment status as a teacher at
an accredited middle or high scho#lracticingteachers were sought out so that when a
subset of the participants were asked in Phasgetdlach a lesson to a group of students
(the details of which will be described later) edting as well as a group of students was
readily available.

Second, participants were recruited based on theenaf the mathematics
courses they taught. As discussed in Chaptepgegirovided the context in which

teachers’ beliefs were examined. Thus, teachers el®sen based on whether or not
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they had the opportunity to develop students’ ustdedings of slope during the 2011-
2012 or 2012-2013 school year. Because slopepiscely addressed as a distinct topic
in Algebra I, | primarily targeted Algebra | teackdor recruitment. However, as noted
in Chapter 2, students’ understanding of slopésis developed in other content areas
like trigonometry and calculus when dealing withr, &xample, tangent functions and
derivative functions, respectively. Thus, | alsoruited one Geometry/Calculus teacher,
one Geometry/Algebra 2 teacher, and one Pre-Algelaicher based on the fact ttiay
saw slope as part of their curriculum.

Finally, | recruited teachers such that as a betgtwas variation in the forms of
practice that were enacted in their classroomsnptimeber of years teaching, the amounts
of training and professional development receieed], the type of school where
employed (charter school vs. non-charter schoble rationale for seeking out such
variation was that | hoped it would give me a lretteance of selecting a group of
teachers who held different beliefs regarding theegalization of students’ learning and
how it could be supported instructionally.

Recruitment source. The sources for locating potential participatiegchers
were my personal contacts through courses | to&D&U, contacts with teachers who
had previously established a research relationshipfaculty working at the Center for
Research in Mathematics and Science Education (gM#hd contacts with former
students (who are also practicing teachers) of emagtics education professors at SDSU.
Additionally, one teacher who was contacted in ohiese three ways suggested names
of other teachers who met the criteria for parttipn. Specifically, the first teacher |

discussed possible participation with was a studdht me in the MathEd 604 class at
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SDSU. She was a full-time teacher at a chartevaah San Diego, met the criteria for
participation, and was very interested in being pmy study. She recommended two
other teachers from her school. The remainingteacwere identified by SDSU
mathematics education professors who recommend@etigpng teachers from their
graduate seminars and CRMSE researchers (or tillgagues) who suggested teachers
they had either worked with on research projectsetieved would be willing to
participate in my dissertation study.

Recruitment method. Once | had a list of potential teacher partictpan
identified through the process described in theiptes section, | contacted the teachers
by email or by phone, described the study to thech@ammunicated the selection
criteria, double-checked that they were practiciregh teachers, and made sure they had
opportunities to teach the topic of slope in oné&heir classes. If they met these two
criteria (practicing teachers and had opportunitieteach slope) and were interested in
participating, | arranged a site visit to their aghto watch them teach a lesson so that |
could get an idea of the pedagogical actions timagteduring instruction. | also arranged
a brief time to talk either before or after theskas in which | inquired about their years of
teaching experience as well as the types of trgiaimd professional development they
had received. After observing all of the potentgaicher participants, taking field notes
on the actions they displayed while teaching, dstdiaing the background information
noted above, | selected a group of 8 teachers asha,set, demonstrated the most
variation.

The teacher participants. The teachers selected for participation in thisly

are listed in Table 3.1 along with some specifezgarding selection criteria. In
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particular, the table shows the content areasvaeleto the present study) each
participant was in charge of teaching during th£120012 and/or 2012-2013 school
year, the number of years of teaching experienck participant had, the topic of some
of each participant’s professional development aepees, and a list of some of the
teaching actions that were observed during recantmGender-preserving pseudonyms

are used for all teacher participants.
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Table 3.1:The teacher participants.

Teacher Relevant Number Topic of
- of Years Professional Teaching Actions
Participants | Classes :
Teaching Development
Lecturing
e Technology * . .
Geometry « Gradual Release gf Demonstrating Solution
Anne 7 . Strategies
Algebra 2 Information . .
. ¢ Accepting Calculational
e Purpose Setting ;
Explanations
¢ Mentoring Student e Lecturing
Teachers ¢ Demonstrating Solution
Donna Algebra 1 18 e Coaching New Strategies
Teachers ¢ Facilitating Group Work
e Teacher ¢ Demonstrating Solution
Leadership Strategies
Blake élgebra L 11 e Pacing ¢ Facilitating Group Work
eometry .
e Supplementary e Accepting Answers
Materials without Explanation
e Implementing the | e Facilitating Group Work
Richard Algebra 1 33 Core-Plus e Summarizing What Was
Curriculum Learned
e Implementing the | ¢ Demonstrating Strategies
: Interactive e Facilitating Group Work
Patrick | Algebra 1 26 : :
I g Mathematics e Asking Students to
Program Present Their Solutions
¢ Facilitating Group Work
e Curriculum & Student-Student
Kay Algebra 1 3 Development and| Dialogue
Implementation | e Pressing for Student
Explanations
Emma& Pre- 1 N/A N/A
Algebra
¢ English Language| e Facilitating Group Work
Learners e Asking Students to
Sam Geometry 15 o Assessment Present Their Solutions
Calculus :
e Supplementary ¢ Restating Student
Resources Solutions

Data Collection
The eight recruited teachers were asked to engaghase | of the study which,

as noted above, involved two 2-hour clinical intews (Clement, 2000; Ginsburg,

2 As Emma was a first-year teacher during the 200232chool year, she had yet to engage in profesisio
development and had yet begin teaching during iteoemnt.
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1997). During the first interview and a small pamtof the second interview, which
informed all three research questions, teachers agted questions and posed tasks
designed to elicit their beliefs about the geneadion of students’ learning and how to
support the generalization of students’ learnirag (fiterview #1 and Interview #2 in
Figure 3.2). The same major tasks and questions pased to each teacher, but the
follow-up probes were tailored to individuals (Gasg, 1997). During the remaining
portion of the second interview, which informed th&d research question, teachers
were given tasks, with individual follow-ups, taope their MKT (see Interview #2 in
Figure 3.2).

As discussed in Chapter 2, individual clinical mtews can provide researchers
access to teachers’ interpretations of intervieskgand the meanings they associate with
various aspects of their responses (Ginsburg, 198%gh is critical in the process of
inferring teachers’ beliefs regarding the geneaion of students’ learning and how it
can be supported. Also noted in Chapter 2 washenanhportant feature of clinical
interviews, namelyypothesis testin@Clement 2000; Ginsburg, 1997). In other words,
clinical interviews provide a means by which infezes of teachers’ beliefs can be tested
in the moment This occurred, for example, in interviews wheteacher provided
statements | found ambiguous. During the relepantions of both interviews, |
formulated hypotheses about a teacher’s beliefagrthpted to generate data that would
either support or refute my hypotheses by posirestions or tasks that further probed
the teacher’s thinking. Thus, I tried to anticgpabme of the follow-up probes but others

were generated in the moment to test emergent hgpes.
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The first interview was conducted as soon as taehiag item a teacher had
selected had been checked for fit in relation &itistructions and goals stated in The
Teaching Item Activity as described in the nexti®ee; and as soon as the teacher’s
schedule permitted. The second interview was ccteduaccording to the availability of
each teacher. My rationale for separating theseviews and conducting them on
different days was that doing so would help guayairsst interview fatigue. Further
rationale will be presented later. Each clinicaérview was recorded with a video
camera and a table microphone to obtain a richrdeabteachers’ responses that could
be viewed over and over again. The video camesaaivaed to capture teachers’ verbal
reports, gestures, and written inscriptions. Alitten work and materials were collected.
Instruments

The major questions and tasks designed to geaelees’ beliefs about the
generalization of students’ learning and how it barsupported are separated into three
main sets, Question Set 1 (questions that arescktiitectly to The Teaching Item
Activity), Question Set 2 (major tasks and questicglated to teacherespousedbeliefs
about the generalization of students’ learning laoa to support it and major tasks and
guestions designed to generate data that will att@rtoinfer teachers’ beliefs), and
Question Set 3 (questions that are related diréatljhe Lesson Plan Activity). | discuss
each set of questions below.

Question Set 1: The Teaching Item Activity and asstated questions. Prior to
engaging in the first of two 2-hour clinical integws (see Figure 3.2), teacher
participants were asked to select an item fromitthey had used to teach the topic of

slope and linear functions that they believed sthibareinstance in which they thought
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about supporting their students in being able teegdize or apply their understanding of
slope to a new task, activity, or situation (8ggendix Afor a copy of the instructions
that will be given to teachers regarding The Teaglitem Activity). Once an item had
been chosen, teacher participants were asked tonseran email describing (a) how they
had interpreted the prompt; (b) the item they getscand (c) why they chose the item.
These emails served one primary purpose, namélglpensure teachers’ interpretation
of The Teaching Item Activity were consistent witie intentions of the activity. In
particular, | checked for teachers’ interpretatodrithe generalization of students’
learning” so that if, for example, a teacher intetpdgeneralizationn terms of students’
creation of a formula for the" case, | could provide further clarification regargithe
phenomenon of interest prior to the first interview

During the first 2-hour clinical interview, teachgarticipants were asked to
engage in discussion surrounding their teachinggtésee Figure 3.2). The Teaching
Item Activity and the associated set of questi@ashers answered and discussed (see
Appendix Aor the associated set of questions) were desitmgdt at teachers’ espoused
and inferred beliefs regarding the generalizatibstwdents’ learning and how the
generalization of student’ learning could be supgmbmstructionally. Specifically,
guestions 1-4 of Question Set 1 were designedttatgeacherséspousedbeliefs. For
example, question 1 asks teachers to talk aboutléfsson and to describe how they
believe “it shows [they] were thinking about helpistudents to make future use of their
learning.”

Questions 5-7 were designed to generate data frieichwoinfer teachers’

beliefs. In particular, teachers were asked whétiey believed that as a consequence of
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students’ engagement with their teaching item,esttslwould be able to successfully
engage with: The Water Pump Task (adapted from tioo#taal., in press), The Burning
Candle Task (adapted from a transfer task usedobgto et al., in press), and The Ice
Cream Task (adapted from Lobato, personal commtiaiga These tasks were chosen
for various reasons. First, they all involve realrld contexts. Such contexts were
included to gain insight regarding teachers’ bslreigarding the role of the real world in
the generalization of students’ learning. Secdi Water Pump Task asks about “rate”
rather than “slope” and was thus intended to p@wdight regardingvhatteachers’
believe generalizes from an initial, learning tocvel, transfer situation (e.g., a formula
for slope, one of the conceptualizations of slopdiacussed in Chapter 2). In addition,
The Water Pump Task involves a tabular represemtathich was included to provide
insight regarding whether and how teachers focusti@tegies and procedures affiliated
with such representations (e.g., find the diffeezhetween successive rows in the
“Amount of Water” column and divide the resultingmber by the difference between
corresponding rows in the “Time” column).

Third, The Burning Candle Task asks explicitly abslope and involves another
tabular representation. Thus, The Burning CandkkTike The Water Pump Task was
selected to support teachers in thinking about whatents generalize from an initial,
learning situation to a novel, transfer situatidrhe fact that The Water Pump Task
involves positive slope and The Burning Candle Tiasklves negative slope was also
important in that it was meant to highlight teacheho focused on the generalization of
procedures or formulas since a teacher could semsks as involving distinct

procedures and skill sets.
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Finally, I included The Ice Cream Task to furtheskge teachers’ beliefs about
transfer. The Ice Cream Task is uniqgue amongehaghat it does not involve
conventional representations of tables, graphsguoations. Rather, it involves a real-
world situation and the attributes of slant andetag-urther, “slope” is nowhere in the
problem statement. Thus, like The Water Pump Tabg,lce Cream Task provides
insight regarding what teachers believe generafioes a learning situation to a transfer
situation and how the generalization of that leagréould be supported.

Question Set 2: Teachers’ beliefs about the geneizdtion of students’
learning and how to support the generalization oftsidents’ learning. Question Set 2
(see Figure 3.2) was designed to get at teachelief® about the generalization of
students’ learning as well as their beliefs regagdiow the generalization of students’
learning can be supported instructionally. Thisodeuestions is not associated with The
Teaching Item Activity or The Lesson Plan ActivitQQuestion Set 2 involves additional
guestions designed to reveal teachesgousedeliefs about the generalization of their
students’ learning and how to support it. QuesBen2 also involves additional
guestions that are intended to generate data froichwoinfer teachers’ beliefs. The
guestions in Question Set 2 were posed duringitbigriterview after Question Set 1.

The rationale for posing most of the teacher bglgfestions during the first
interview was that all three of my research questieely on analyses of data regarding
teachers’ beliefs about the generalization of sttgléearning. Thus, posing the
guestions in Question Sets 1 and 2 during theifitstview provided me with a small
window of time in which | could generate hypothessgarding teachers’ beliefs as well

as clarification questions regarding their belietfhiese hypotheses and clarification
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guestions were noted and attended to during tloeiskson of Question Set 3 (i.e., The
Lesson Plan Activity) in Interview #2.

Question Set 2 includes questions involving hypidthestudents’ responses to a
slope task (adapted from a task used during theerorg interview mentioned in Lobato
et al., in press; se&ppendix Bfor a copy of the hypothetical students’ work adhas
the initial prompt that was presented to teachdrsparticular, teachers were presented
with Molly’s and Lucy’s work on The Leaky Bucket Jladiscussed in Chapter 1. In this
version, both Molly and Lucy provide correct anssveHowever, Molly’s explanation
demonstrates an understandinglobe as ratiqsee Chapter 2 for details) and Lucy’s
explanation demonstrates an understandirgijopfe as a formulésee Chapter 2 for
details). Teachers were shown one student’s vasiked to make predictions about the
kinds of tasks that the student would be able tecessfully engage with as well as the
kinds of tasks that may prove too difficult for thieident, and asked about teacher actions
that could be used to support the student so teatvill be able to successfully engage
with both kinds of tasks. This process was th@eagd with the other student’s work.
Teachers’ answers to questions like “What would gowvith Molly during The Leaky
Bucket Task to support her engagement with the mifiieult tasks?” were taken as
evidence of teachers’ espoused beliefs.

After the teachers had discussed Molly’s and Lugyosk, made predictions, and
offered supportive teacher actions, they were piteskea set of three tasks and asked a
similar series of questions as the questions meati@bove. (Se&ppendix Bfor a copy
of the interviewer questions for this task.) Theanale for presenting teachers with a set

of three specific tasks is that it gave the teaxBemething tangible to base their



141

predictions regarding the generalization of stustdetirning and associated teacher
actions on. Moreover, because the tasks were chnsemanner similar to the way in
which the tasks were chosen for The Teaching Itetividy, they provided contexts and
situations from which teachers’ beliefs were indelr

In addition, Question Set 2 contains a set of thrgmthetical teachers’ activities.
Teacher A’s activity focuses on angles and steepn&sacher B’s activity focuses on
making connections between the conventional reptasens tables, equations, and
graphs. Teacher C’s activity focuses on the ideate by asking students to reason
about a runner’s speed during a marathon. Teawherespresented with these activities
and asked whether and how they would use eacleddtivities if their primary goal
were to support students in generalizing their ustdading of slope (se®ppendix Bor
the activities and associated questions).

Question Set 3: The Lesson Plan Activity and ass@ated questions. During
the first 2-hour interview, teacher participantgevasked if they thought they could
create a lesson (or adapt an existing lesson)thatithe lesson implements some of their
ideas regarding the generalization of studentshiag and how to support it (see
guestion 8 in Question Set 1Appendix A All teachers responded in the affirmative
and were therefore asked to do so and to bringgis®n to the second 2-hour interview
(seeAppendix Cfor a copy of the instructions that were giveneachers regarding The
Lesson Plan Activity). The Lesson Plan Activitydathe associated set of questions
teachers answered and discussed Appendix Cfor the associated set of interviewer
guestions) were designed to get at teachers’ bakegfarding the generalization of

students’ learning and how it could be supportatrirctionally. Moreover, as this
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activity was called Theesson PlarActivity and the teachers were told that they rhay
asked to participate in Phase Il of the dissemadtody (in addition to participating in the
Phase | interviews) wherein they would be obsepadying out this lesson, the activity
was designed to generate data regarding the acgankers might carry out in their
current classrooms with their current studentstaadhers’ beliefs surrounding those
actions. It was also intended to highlight cantiddor participation in Phase II.
Data Analysis

One goal in analyzing the data collected duringitiberviews is to identify
teachers’ beliefs about the generalization of sttaléearning and how to support it.
Interview #1 data were thus analyzed using a mmethods approach, or what Miles
and Huberman (1994) describe as “partway betwgmiod and inductive coding” (p.
61). Categorizing teachers’ beliefs involved dragvupon the transfer literature
discussed in Chapter 2. For example, some oktheher participants expressed the
belief that teachers should make use of multipeEngplars as a way of supporting the
generalization of learning—a belief found in theaarch literature from the mainstream
cognitive perspective on transfer (e.g., Gentnat.eR003; Markman & Gentner, 2000).
Other categories of teachers’ beliefs were indusgdgopen codingrom grounded
theory (Strauss, 1987). Strauss and Corbin (188Kknowledge the use of literature as
legitimate within a grounded theory approach, ag las one is not overly constrained by
existing categories.

Open coding involves fracturing the data or breghkhrem apart into discrete
segments. Segments that share similarities arggtbtogether and each group is

labeled or given a category name so that it magopeeived of and discussed as a belief.
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One reason for labeling or naming groups of sinsEgments is to reduce the data from a
fractured set containing many individual segmeota set containing related segments
and thus much fewer categories.

A key feature of grounded theorytige constant comparative meth@8laser &
Strauss, 1967; Strauss, 1987; Strauss & CorbirQ,18894). The constant comparative
method refers to a process of revisiting segmamdsgaoups of data in an effort to refine
and revise their possible meanings as well as thsw which they might be similar
and/or different (Corbin & Strauss, 1990; Merrié&2809). It is not the case, for example,
that once a segment of data has been analyzedefmming and categorized that the
results of those analyses remain unchanged. Rathenore and more data get analyzed
and categorized, previous analyses are reexamimeceaised as necessary in light of
new data and emerging categorization schemes.

Research Question 2

Research Question 2 asks the following questionatié the relationship
between teachers’ beliefs regarding the generalizaff students’ learning and teachers’
MKT, as defined by Silverman & Thompson (2008).r e purposes of this
dissertation, examining teachers’ MKT involved istigating three different types of
understanding: (a) teachers’ personal understarafislppe, (b) teachers’ understanding
of how students’ might come to develop an undedstanof slope that is similar to their
own, and (c) teachers’ understandings of the agtibay can take to help support
students in developing an understanding of slogeishsimilar to their own. In this

section, | discuss data collection, instrumentd, @data analysis.
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Data Collection

The second interview was conducted after the tastording to teachers’
availability. As noted above, the time betweeeniews provided me with a period of
time in which to generate clarification questionthwespect to teachers’ beliefs about
the generalization of students’ learning. Thesestjans were posed at the beginning of
the second interview and prior to the tasks frone€ion Set 4. To obtain a rich record of
the data related to teachers’ MKT, the secondviger was recorded with a video
camera and a table microphone. As was the cabehwtfirst interview, the video
camera was aimed to capture teachers’ verbal iegy@stures, and written inscriptions.
All written work was collected.
Instruments

Teachers’ MKT was examined during the second imgerof Phase | of the
research design (see Figure 3.2). The secondietefollowed the clinical interview
format discussed earlier. In particular, teachese posed the same major set of tasks
and questions, but the follow-up probes were taddpo individual teachers (Ginsburg,
1997). Follow-up probes were constructed so thedd afforded further opportunities to
investigate teachers’ interpretations and meaniegs,so that | could test emergent
hypotheses regarding various aspects of teachd(3’ (€lement 2000; Ginsburg, 1997).

In what follows, | describe the major tasks andsfjoas that were posed to
teachers in order to gather data on teachers’ MB@&cause | investigated three types of
knowledge associated with MKT, this section is sefeal into three main parts such that

each part is associated with a particular typenofidedge. The organization here is not
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intended to be reflective of the order in which tfuestions were posed during the
interview.

Teachers’ personal understanding of slopeTeachers’ personal understanding
of slope was investigated during the second ing@rvising Question Set 4 (see Figure
3.2). The questions in Question Set 4 that wesggded to get at teachers’ personal of
slope are indicated with a single asterisk (i.parfd involve questions about the meaning
of slope and various values for slope (8@pendix Dfor this set of questions). These
guestions tended to avoid instructional situatiamg situations involving hypothetical
students. Rather, they were designed to be djuexttions that required teachers to
provide responses indicating their own understandirthe mathematical topic of slope.
This was so that this set of questions could be&iord of as being about a particular
kind of understanding—teachers’ personal understgsdf slope. For example,
Question Set 4 contains questions like: What dmgsesnean; what does slope represent;
what is one measuring when measuring slope; wheg danean to have a slope of ¥,
and what does it mean to have a slope of -17?

Question Set 4 also includes a task wherein teachere asked to graphically
represent a linear function and to create an as®atstory. Teachers were then asked to
respond to several questions about the meaningradus quantities, operations, and
terms in relation to the context provided by tleary. For example, what does “4-2”
mean in the context of your story? What does thisidn in the slope formula

accomplish in relation to your story? What doepslmean in the context of your story?
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Question Set 4 additionally asks teachers to densi situation involving a
hypothetical teacher. In The Hypothetical Teadiaratior?, a hypothetical teacher
expresses concern about the definition of sloper afticing that a graphically
represented function looks steeper on one setesf #yan it does on another. The teacher
participants were asked to provide a responsectbypothetical teacher. This activity
was included to generate data regarding the wayshich teachers interpret the meaning
of slope.

Lastly, Question Set 4 asks teachers to considadditional measure of the
steepness of a ramp (in addition to the ratio gjtiteo length). In particular, it asks
teachers to consider whether the ratio of “slamjitté (i.e., the length of the hypotenuse
of a right triangle) to length could be used asemsure of steepness of a ramp. This
task was included to probe teachers’ understandingtig.r

Teachers’ understanding of how students’ come to @elop an understanding
of slope that is similar to their own. Teachers’ understanding of how students come to
develop an understanding of slope that is simdaheir own was investigated during the
second interview using Question Set 4 (see Figite Ihe questions in Question Set 4
that were designed to get at this type of undedstgnare indicated with a double
asterisk (i.e., **) and involve a focus on studéntsderstanding of slope and how those
understandings develop (s&ppendix Dfor this set of questions). For instance, after

providing descriptions for the ways in which teashgersonally interpret the meanings

% The Hypothetical Teacher Situation was adaptenh factask developed for the NSF-funded project,
Coordinating Social and Individual Aspects of Getliging Activity(DRL 0529502), Joanne Lobato, PI.
* The Slant Height Task was developed for the NSfeia projectCoordinating Social and Individual
Aspects of Generalizing ActivifiPRL 0529502), Joanne Lobato, PI.
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of various aspects of the slope formula (e.g.edéhces of thg-y; and the + in}’%)
by drawing upon the contexts provided by theiris®(as described in the previous
section), they were asked questions like: How msginlentscome to develop that
meaning for division? In addition, teachers wereviged with tasks involving linear
functions and asked questions like: What must destuunderstand to answer the
guestion in the task; What difficulties or souroégonfusion might students have in
responding to the task? Moreover, teachers wenaged with hypothetical student
responses to tasks and asked questions like: Widarstandings underlie such a
response; What might the student have been thifiking

These questions were meant to differentiate teadli@r Bonnie in Chapter 1
who appeared to have developed mathematically sogditied understandings of slope
but not to have developed associated understandfrtgsy students come to hold those
understandings from teachers like Joanne who se&nte/e developed both kinds of
understandings. Recall that in Chapter 1 | preskavidence suggesting Bonnie
understood slope as a ratio measuring the ratkasfge of a function but that she did not
talk about this understanding when discussing itfieulties students might face or when
giving examples of what students might say to iathdchey had developed an
understanding of slope. Rather Bonnie spoke ditdifies associated with remembering
the order of the “rise over run” formula and studetatements involving the terms
“slant” and “steepness.” In contrast, Joanne thlidgout difficulties associated with
forming a ratio and with conceiving of the slopenfiala in terms of a ratio.

Lastly, Question Set 4 includes instructional gitues. For example, teachers

were asked whether a given task involving a truakégion through space could be used
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to develop students’ understanding of sfopke was included as a means of highlighting
the ideas teachers view as important when devedagiidents’ understanding of slope.
For example, did teachers think the task is usagmuch as it can be represented
graphically and discussed in terms of steepnedg&deachers find this task useful
because students can use unit ratios to solvertidgn? Again this question was meant
to differentiate teachers who have yet to developraderstanding of how students come
to have conceptually meaningful understandingsapfesfrom those who have.

Teachers’ understandings of the actions they camle to help support
students in developing an understanding of slope &t is similar to their own.
Teachers’ understandings of actions that suppodesits in developing an understanding
of slope that is similar to their own was investeghduring the second interview using
Question Set 4 (see Figure 3.2). The questio@uistion Set 4 that were designed to
get at this type of understanding are indicatet &itriple asterisk (i.e., ***) and involve
a focus on teacher actions (gggpendix Dfor this set of questions). For example,
Question Set 4 contains questions like: What candgto help students develop an
understanding of what the division used in the slfgpmula accomplishes; What can you
do to help students develop an understanding pe8loAs was the case in the previous
section, these questions involve hypothetical sttedend hypothetical student responses,
but this time they ask about teaching actionsek@mple, What would you do or say
with this student to support the development ofureterstanding? As before, these

guestions were posed to differentiate teachersHikenie and Joanne. Remember that

® This task was adapted from a task developed &N®BF-funded projec€oordinating Social and
Individual Aspects of Generalizing ActiviipRL 0529502), Joanne Lobato, PI.
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Bonnie suggested teacher moves (e.g., creating mmesbased on experiences that
would be realizable and familiar for students) thatuld help students remember the
order in which to carry out the slope formula whiteanne suggested teacher moves (e.g.,
using the same attribute task) that would helpesitglconceive of and focus on
guantitative relationships.
Data Analysis

Another goal in analyzing the data collected dytime interviews is to identify
the relationship between teachers’ beliefs abaugtdneralization of students’ learning
and teachers’ MKT. As noted above, teachers’ feeliere analyzed using a mixed
methods approach (Miles & Huberman, 1994) wheremescategories were derived
from the transfer literature and some were induggdg open coding from grounded
theory (Strauss, 1987). Similarly, teachers’ MK&@snanalyzed using a mixed methods
approach. Specifically, categorizing teachersspeal understandings of slope involved
drawing upon understandings highlighted in the mau#tics education literature like the
understandings outlined in Chapter 2 (estppe as the angle of inclinati@andslope as
a ratio) and inducing codes from data obtained durings#e®nd interview (see Figure
3.2). Categorizing the other two kinds of underdtags—teachers’ understanding of
how students come to develop an understandingppéghat resembles their own and
teachers’ understanding of the actions they cam itakrder to support students in
developing understandings of slope that resemlgie tvn—relied more heavily on
open coding although relevant literature was drapon when appropriate.

Establishing relationships between teachers’ fetiad teachers’ MKT involved

axial coding(Strauss & Corbin, 1990). Axial coding followsespcoding wherein data
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are fractured or split apart into smaller segmants$ categorized according to the
phenomenon of interest (here, some data were aated@according to teachers’ beliefs
and other data were categorized according to tesidid&T). During axial coding, the
fractured data are put back together again by ksl relationships or connections
between categories. Here, | was seeking to estaf#iationships between categories of
a teacher’s beliefs and categories of a teacheiK$ Mn seeking to establish such
relationships, axial coding involved scrutinizifgetdata to determine the following
features: the conditions that gave rise to theheat beliefs and MKT, the multiple
contexts in which such data were collected, theakhteractions through which
teachers’ beliefs and MKT were discussed and asdeand its consequences. These
features are typically identified during open capbut now become associated with the
phenomena of interest—relationships between teacheliefs about the generalization
of students’ learning and teachers’ MKT. Muchhe same way open coding involves
labeling or naming segments of data, axial codmwglves making statements about the
relationships between categories and then veriftnoge statements within the data
(Corbin & Strauss, 1990). Thus, the constant coatpe@ method described earlier
continues to play a large role in axial coding.
Research Question 3

Research Question 3 asks the following questionatis the relationship
between teachers’ beliefs regarding the generalizaff students’ learning and teachers’
classroom practices? More specifically, this goestxamines the ways in which

teachers’ classroom practices illustrate, elabaatior extend teachers’ beliefs about
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the generalization of students’ learning. In gestion, | present the data collection and
analysis methods that were used to carry out taséation.
Data Collection

Because the purpose here was to examine teachacsices in order to further
understand their beliefs about the generalizatfdaarning, examination of teachers’
practices were tailored to individual teachersugtlthere were three steps to the data
collection process: (a) specifying the dimensioineachers’ practices that were initially
attended to during classroom observations; (b) oty classroom observations; and
(c) conducting post-observation debriefings. Estelp of the data collection is discussed
in turn. Moreover, | illustrate each step by dragvupon data collected during Bonnie’s
interview wherein her belief about the general@awf learning was inferred (see
Chapter 1) as well as data yielding from videotapleservations of Bonnie’s classroom
instruction. As there is no data from post-indircinterviews with Bonnie, | illustrate
the third step of the data collection process ycdbing the kinds of questions | would
have asked and the kinds of data that might hastdtesl.

Specifying dimensions of teachers’ practicesPrior to conducting Phase Il of
the research design wherein | observed teachessSidom practices and engaged
teachers in a subsequent debriefing (see Figujel3@tched the videotaped records of
teachers’ clinical interviews (see Figure 3.2). i®lwvatching a recording of a particular
teacher’s interviews, | identified the teacher’fidie regarding the generalization of
learning by making preliminary inferences from thgcussion of Question Sets 1, 2, and
3. Then | used these preliminary inferences ternme to particular aspects of the

teacher’s practice during the classroom observatahon of Phase Il. In other words, |
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watched the interviews for the explicit purposedaintifying themes that seemed to be of
central importance to a teacher’s beliefs abougtreeralization of students’ learning (a
la Bowen, 2006). The identification of themes Haeleffect of reducing the set of
possible teacher actions that coatdively be attended to during Phase Il.

For each theme that was identified, | watched teeipractices for four specific
purposes. First, | watched for tfeem in which the theme appeared. In other words,
how did the theme get instantiated during the le¢eq., a verbal statement, a
mathematical activity, a drawing)? Second, | wattformeaning In other words,
based on the form in which the theme appeared, ethdd be said about how the teacher
seemed to be interpreting the theme? Third, | Reatdor thefunctior? that the theme
seemed to serve in supporting the generalizati@uafents’ learning. In particular, what
role did the theme seem to play in helping studentaake future use of their learning
(e.g., to tell students that a mathematical idealessant outside of the classroom; to
necessitate sense making; to make a mathemateabekm familiar; to help students
memorize)? Finally, | attempted to infer via olvsdions of a teacher’s pedagogical
actionswhatthe teacher believed she was helping her studegsneralize (e.g., a
procedure, an idea, an experience, a heuristic)?

To illustrate this step of the data collection @m®&, consider Bonnie’s beliefs
regarding the generalization of learning that weesented in Chapter 1. Specifically,
an individual interview with Bonnie revealed thepontance of the real world in

Bonnie’s beliefs regarding the generalization afteng. In Chapter 1, | presented data

® Form, meaning andfunctionare terms Lakoff (1990) used to describe propedfdanguage. | am using
them here to describe properties of themes that sede of central importance to teachers’ bekdsfsut
how to support the generalization of students’rawy.
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that showed Bonnie’s inclination to connect thehmatatical topic of slope with familiar
aspects of students’ real world experiences antbdleaf that mnemonics, analogies, and
images emerging out of these real world experienmesd help guide students’ future
mathematical performance. Thus, teal world seemed to be a theme of central
importance in Bonnie’s belief about the generaiaof students’ learning.

If I were to observe Bonnie’s teaching practice/ould begin by looking for the
forms in which the identified theme appears. Spmtly, how does the real world
appear in Bonnie’s lesson? Secondly, | would olesBonnie’s lesson for indications of
how she seems to be interpreting the meaning atithsified theme. For instance, does
Bonnie seem to be interpreting the real world a®#dd that is separate from the
mathematical or classroom world? Third, | woul@®xne the functionthe theme
seems to serve with respect to helping studentsrgkre their learning. Is the real world
used merely as a source for the creation of mnersaniis it used in some other way
that helps to facilitate the generalization of feag? Lastlywhatdid Bonnie’s
pedagogical actions seem to support her studemtanaferring (e.g., procedures,
meaningful understandings, heuristics)? As | dohawe access to Bonnie’s current
teaching practice, | will draw upon recordingsegdons she has previously taught in
continuing to illustrate the methods of data cditecthat were used to answer Research
Question 3.

Conducting classroom observations.Teachers’ practices were observed during
the execution of the lesson that teachers plannadgiPhase | of the study. By asking
teachers to demonstrate a lesson explicitly crefatetthe purposes of supporting transfer,

| aimed to foreground the issue of teaching forgaeeralization of students’ learning
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and background other constraints that may heavilyence teachers’ everyday practices
like pacing guides and state tests. Teachers @lmerved during the 2012-2013 school
year during normal school hours. Moreover, with &xception of one teacher, teachers
were observed teaching their lessons on slopeguesee, that is, during the slope and
linear functions unit of their normal curricula.

During classroom observations, | set up a videoerarso that it recorded the
majority of teachers’ actions during instructidrsolicited help from the teachers
regarding where to place the camera. For exani@dgeacher planned to lecture at the
board, | set the camera up so that it capturedrtme of the classroom; if a teacher
planned to have students work in small groups|d tiee camera and followed the
teacher from group to group while keeping the canfiecused on the teacher.
Furthermore, | equipped teachers with a wirelessaphone to ensure that all of the
comments teachers made to their students weredextor

| also took fieldnotes organized by the list ofittes identified from the Phase |
interviews and by the four criteria of form, meamifunction, and what the theme
seemed to support the transfer of. To illustragertature of the fieldnotes using Bonnie
from Chapter 1, | watched one of her 10 one-hassdas (recorded for the purposes of
the larger NSF funded study mentioned in Chaptantl)took notes on the theme
identified above (i.e., the real world). It shoblel noted that Bonnie was not explicitly
told to teach for transfer. Thus, it is impossitdé&now what would have happened if
her explicit purpose had been to prepare studentsutccessful engagement in novel
situations. Nonetheless, | chose to revisit tkeda referenced in Chapter 1 wherein

Bonnie talked about points, or coordinate pairdgerms of house addresses. |
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specifically watched this lesson for the themehefiteal world and took notes on the
formin which the theme appeared, theaningthe theme seemed to have for Bonnie, the
functionthe theme seemed to serve with respect to supgdhe generalization of her
students’ learning, and tlvéhatthat Bonnie’s actions seemed to be helping heresiisd
transfer.

In the events leading up to the first time the waild appeared in Bonnie’s
lesson, students explored patterns in the confextvsually growing pattern (see Figure
3.4a) and created associated tables of data (gaecR3.4b). Bonnie then asked students
to go up to the overhead and graph the data redandéeir tables. After several points
had been plotted, a line had been drawn connetttengoints, and the class had
discussed their observations of the line (e.ge fihe is slanted”), Bonnie highlighted the

point (0, 1) and labeled it “the intercept.”
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Figure 3.4:(a) A visually growing pattern used during Bonniksson; (b) The table
associated with the visually growing pattern shamnv(a).
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The real world first appeared in response to aesttisl question regarding the
assigned label of “intercept.” Specifically, ads#at asked, “Isn’t it called a point?” The
student went on to explain that his science teagften says “go to the point” and that
when his science teacher says this, he could kerirgd to any of the points not just the
intercept. Bonnie responded by exclaiming, “Ole, ¢bordinate point!” She then asked
the students if they had seen coordinate pointsréeind wrote “(0,1)” and “(1,4)” on
the overhead. She said “this is how they writ@iatanstead of using a table; sometimes
they do write it as a coordinate like this [pointed(0,1)” and “(1,4)"written on the
overhead] to represent your point.” She then lnyhited the fact that “the points all look
the same” and explained that in order to distingtie points from one another
mathematicians “had to give [the points] some nantiesalmost like araddresslike
how to get to your house

Here, the theme of the real world, identified whilatching Bonnie’s interview,
took theform of a verbal reference about home “addresses” getjting] to your
house.” Bonnie explained the coordinate pair regmeation—x,y)—in terms of an
address rather than in terms of its relationshigotme reference point called the origin.
In this way, it seemed that Bonnie drew on realldsituations that students would be
familiar with; thus, Bonnie may view threeaningof real-world situations as situations
that are easily relatable for students. Further form in which the real world appeared
seemed to serve a particutanction Specifically, Bonnie acknowledged that
“coordinate point[s]” could be used to label dotstbe graph and seemed to liken
coordinate points to addressesthatstudents would be more likely to remember why

and how they were useful. This could also be $sen in the lesson when Bonnie
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explained that coordinates are “a way of helpingpte with directions” and that they are
actually called “ordered pairs” because the ordevhich the pair is listed matters. She
asked her students, “If | switch this and go 4 dreh 1, am | in the same place? ... No!
I’'m nowhere near [the point (1,4)]!” Thus, Bonsieemed to link or make connections
between ordered pairs and addresses so that fatthre students would remember that
an ordered pair provides detailed information alzolaication on a graph.

In a similar turn of events, the real world appdaesecond time when Bonnie
used “the variablen” to rename the growth between successive figuréisa visually
growing pattern shown in Figure 3.4a. In particuBonnie pointed to the number “3”
which had been used to represent the successivgigbetween figures, explained that it
was called thelope and said that mathematicians ost represent slope. One student
asked why they used the lettarand another student asked if it was their way yfirig
to confuse us.” Bonnie responded by asking thescfavhere have you heard of the
word slope?” The students said “mountains.” Bemepeated, “mountains, like skiing
down the slopes, so they [mathematicians] thoaght

In this situation, the real world took them of a verbal reference made by the
students in response to a question posed by thkdeanamely “where have you heard of
the word slope.” In this situation Bonnie appeareahtentionally pose a question that
would prompt her students to access their ownweald experiences. Thus, it seemed
again that Bonnie viewed tmeeaningof real-world situations as situations that woudd b
familiar to her students. She further elaboratedhe form introduced by the students

saying, “mountains, like skiing down the slope3His elaboration seemed to serve a
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particularfunction,namely to connect a specific real-world experiefee, skiing down
mountain slopes) with the mathematical term “sloged the attribute of steepness.

In both instances discussed above, the form, mgaamd function of the real
world seemed to facilitate the transfer of a patticwhat,namely meanings for
standardized terms and representations. In tsiesftuation, Bonnie linked ordered pairs
of the form §,y) to addresses and finding houses for the purpblselping students to
remember what information was being delivered tghothis mathematical
representation—information about location. Ins$keond situation, Bonnie linked the
mathematical terrslopeand the lettem used to represent slope to skiing down real-
world mountain slopes for the purpose of helpinglehts remember that both the term
slope and the letter used to represent it prowvittarnation about steepness. Both of the
real-world situations arose in response to studgoestions—"Isn’t it called a
[coordinate] point?” and is1 mathematicians’ way of “trying to confuse us?” nBe’s
subsequent actions, thus, seemed to imply thatvah&ed her students to generalize their
knowledge of the meanings or definitions of variousthematical terms and
representations. The forms in which identifiedhtles seemed to manifest during
teachers’ lessons as well as associated infereagasding meaning, function, and what
would therefore be a focus of the subsequent defgie

As a consequence of watching Bonnie’s lesson,gossible that certain features
of her belief about transfer became elaborateda.ekample, Bonnie may believe that the
formsof the real world mentioned aboftenctionedto link mathematical terms and
representations to aspects of specific real-wotfteaences. Thus, Bonnie may believe

that her students now are primed to, for exampl®ember mountain slopes when they
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seemor read “slope” in a problem statement. Bonnig ipieve that such images of
mountain slopes facilitate the generalization atiehts’ learning by helping them to
remembemwhata particular question is asking about—it is aslkabgut steepness. Thus,
the real-world experience may serve as a bridgsttatents’ future mathematical
performance. Such inferences would therefore loghan focus of the debriefing that
would follow the observation of Bonnie’s lessons.

Conducting post-observation debriefings.Debriefings lasted about 30 minutes
and closely followed observations of teachers’sriasm lessons. They were either
conducted during one of the teacher’s “free” pesiodafter school. Debriefings were
videotaped and took place in teachers’ classroohhe video camera was placed on a
tripod and aimed to capture teachers’ verbal repgestures, and written inscriptions.

During the debriefing, | asked teachers to reftectheir lessons specifically with
respect to the goal of supporting students to gagizertheir learning of slope and asked
them how they saw their lessons as serving thdt dadso asked teachers if anything
new or different came up and whether their belobiznged in any way. | asked them
again how they thought about the generalizatiostwdents’ learning and supporting the
generalization of students’ learning. Then, | refeed some of the explicit statements
teachers made during Phase | interviews regartimgéneralization of students’
learning and asked how teachers saw such statemaetation to their lessons.
Similarly, | described the themes | identified bgtahing the Phase | interviews and
asked how teachers viewed those themes in relttitreir lesson. Lastly, | identified

particular teacher actions from the lesson andchkker teachers saw those actions in
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relation to how they think about the generalizatéistudents’ learning and how to
support it.

If my observations of Bonnie’s classroom lessonenerbe followed by a
debriefing in which | could further probe Bonnidsliefs regarding the generalization of
her students’ learning, | would ask her the finsee questions in the paragraph above.
Then, | would explain to her that as a result ofclang the initial interview with her, it
seemed that the real-world played a big role indediefs about the generalization of
students’ learning. | would then ask her whetmat laow she saw the real world in
relation to her lesson, her reasons for bringirecde experiences into the lesson, and
the role she saw the real world playing in helghglents to generalize their learning. If
she did not mention the instance in which she kkkeordered pairs to addresses or the
instance in which she linked the mathematical telope (andn) to skiing down real-
world slopes, | would reference these instancesaakder about her motivations and
whether and how she saw those moves in relatitimetgeneralization of students’
learning.

In sum, there were three steps to the data callegiiocess. In the first step, |
specified the themes that seemed to be of centgaitance in a teacher’s beliefs about
the generalization of students’ learning and hogotld be supported instructionally. In
the second step, | watched a teacher’s lessohddiotm, meaning, and function of the
themes identified in the first step, as well asvitiat teachers seemed to be supporting
the transfer of. In the last step, | engageddhetier in a 30-minute debriefing wherein
she contemplated what occurred during her classtesson in relation to how she

thought about the generalization of students’ iegrand how to support it.
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Data Analysis

My goal in analyzing data yielding from Phasefltlee research design (see
Figure 3.3) was to further flesh out each teachwselgefs about the generalization of
students’ learning. Thus, data collected duringgehl were analyzed using the constant
comparative method from grounded theory (Straud87;1Strauss and Corbin, 1990).
As data were analyzed and categorized, they wergpared to the analyses of the
Research Question 1 data. Such comparisons résultee elaboration of meanings
given to a previously established category anddéstification of additional beliefs for
particular teachers.

Reliability, Validity, and Disconfirming Evidence

To make a case for the quality of the findingg thexive from this study, |
address three issues here. The first issue ieliadility of the categories of teachers’
beliefs about the generalization of learning (aad o support it) that emerge as a result
of inducing codes from the data using open codiamfgrounded theory. The second
issue is the validity of inferences that are matidenanalyzing data. The third issue is
the way in which disconfirming evidence is dealthwi

One way to ensure reliability of the categoriest #merge during coding and
analysis of data is peer review (Confrey & Lacha2@®0). Graduate students enrolled
in MSE 830: Research SemingtrSDSU during the Fall semester of the 2012-2013
school year served as peers in the reliability kledsome of the categories that emerged
from the data that were collected. In particulgmepared and presented PowerPoint
slides for Research Question 1 describing emerggagories of beliefs. | drew upon the

data that were collected to present evidence df eategory. | asked for feedback
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regarding whether my peers saw the same regufanitithe data that | did. In other
words, | asked whether they agreed that groupetiaets of data belonged together.
Moreover, | asked for feedback regarding whetherdbels given to each category
captured the regularities. | repeated the prodessribed here for all research questions
and all categories for the chair of my dissertatommittee.

The second issue of validity corresponds to theaffit in grounded theory. Fit
refers to how faithful categories and relationsl@psng categories are to the phenomena
they represent (Glaser & Strauss, 1967; Straussi&i@, 1994). Assessing “fithess”
requires expertise in the area of study (Confrdyaghance, 2000). Thus, one way to
ensure validity or fitness of induced categoriegval as inferences regarding
relationships among categories would be to maksgntations (similar to the
presentations described in the previous paragitapdr) expert at different times during
the analytic process. For this dissertation stadgh presentations were made
periodically to Dr. Joanne Lobato during the oped axial coding processes. The focus
of these presentations was how closely inferentaains represented the associated data.
Therefore, Dr. Lobato was asked to provide critfealdback regarding the strength of
each claim.

As noted earlier, grounded theory approachestm alzalysis make use of the
constant comparison method wherein segments ofadateonstantly compared against
each other for similarities and differences andlamsegments of data grouped to form
categories (Corbin & Strauss, 1990; Strauss & @ori®94). Furthermore, grounded
theory involves constantly comparing segments td tlainferences regarding relations

between categories. This method allows the rekeato uncover disconfirming
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evidence. Disconfirming evidence is used to hie¢presearcher further refine, modify,
and develop categories, subcategories, and resiiios between (sub)categories (Corbin
& Strauss, 1990). This process results in categand inferences regarding the
relationships that exist among categories thaiep#yf fit the data set from which they
emerge (Borgatti, 1996). Any disconfirming evidenkat could not be reconciled by

categories (of beliefs or MKT) are reported dirgatl the results.



CHAPTER 4.
Results on Teachers’ Beliefs Regarding the Generaétion of Students’ Learning
and How to Support It

In this chapter, | present the findings from mylgsia of the interview data,
which address the first research question:

What are teachers’ beliefs about (a) the geneatizaf students’

learning and (b) how to support the generalizatibstudents’

learning?
Specifically, | offer evidence to support the claimat there are five categories of
participating teachers’ beliefs about the geneadilin of students’ learning. These
categories fit within the three super-categoriesitent, disposition, and students’ affect
(as shown in Figure 4.1). Content refers to théheraatical knowledge that students
generalize; disposition refers to the general d¢aiggon towards or outlook on problem
solving that students generalize; and studentstcafefers to student-held beliefs that
function to facilitate the generalization of thigiarning (details to be provided in this
chapter). The number of teachers holding eacletislalso shown in Figure 4.1.
Because teachers seemed to hold more than onédimdigt the generalization of
students’ learning, the total number of teachersssccategories exceeds 8 (i.e., the
number of teachers in the study). For each cayegfdoelief about the generalization of

students’ learning, | also present evidence ofti@lgfs regarding how to support the

generalization of students’ learning.
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Content Disposition Students’ Affect

Cateqgory 1:

Associations,

Procedures,
Formulas

©)

Cateqgory 4:

Students’ View of
Self

Cateqgory 3: (©6)

Orientation
towards

Problem Solving
(©)) Category 5:

Students’ View of
Mathematics

©)

Cateqgory 2:
Meaning

(4)

(7) 3) (7)

Figure 4.1: Three super-categories of teachers’ beliefs altmugéneralization of
students’ learning with the number of participaméding each belief in parentheses.

This evidence, along with a reflection on the ergstransfer literature, will
support the following conclusions:

e Half of the teachers in this study emphasized tbaning of mathematical topics
like slope and just under half emphasized assoastiprocedures, or formulas in
their beliefs regarding how specific mathematicaitent generalizes.

e Equal numbers of teachers (7 of 8) had specifiefsehbout how mathematical
content facilitates the generalization of learramgl less specified, global ideas
about how students’ affect supports the generadizaif learning.

e The role affect plays has been absent from thefieatiterature; yet it was
present in the espoused beliefs of all but onaqyaating teacher.

e While less than half of the teachers expressedief begarding the role that

disposition plays in the generalization of learnitigeir ideas contribute to the
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transfer literature by extending the writings ospdisitional approaches to

transfer into the domain of mathematics education.

e The teachers identified a number of instructiomdions aimed at supporting the
generalization of learning, which had not been jmesly reported in the transfer
literature. Furthermore, those pedagogical actibasdid share some elements
with what is reported in the transfer literaturel lsggnificant practice-based
differences from what is recommended by transfeeaechers.

Taken together, these conclusions will help denmratesthe importance of asking
teachersabout their beliefs regarding the generalizatibstodents’ learning and how to
support it instructionally.

Finally, the chapter is organized into three magxgtions as defined by the super-
categories illustrated in Figure 4.1 (content, dssfon, and students’ affect).
Discussions will follow at the end of each of thésee sections. Moreover, the three
sections of this chapter are separated into subsscccording to the five categories of
teacher beliefs shown in Figure 4.1. In other wotHe first section (content) includes
the two major subsections corresponding to thé dingl second categories of teacher
beliefs about the generalization of students’ legyassociations, procedures, formulas
andmeaning; the second section (disposition) includes onpngibsection
corresponding to the third category of teacherebétrientation towards problem
solving; the third section (students’ affect) include®tmajor subsections corresponding
to the fourth and fifth categories of teacher bgl{students’ view of sendstudents’
view of mathematiggsee Figure 4.1). Within each of these five sghens, | (a)

provide an elaborated statement of the particidiebregarding the generalization of
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students’ learning, (b) illustrate the belief watidence from one of the participating
teachers in the category, (c) present evidence thenother participating teachers in the
category to show that they also seemed to holtbehief, and (d) present the participating
teachers’ corresponding beliefs about how to sughergeneralization of students’
learning.
Content

Categories 1 and 2 involve beliefs regarding theneaof the mathematical
content that will generalize for students. TeasherCategory 1 appeared to believe that
students will be able to generalize their learrimg novel situation if the novel situation
prompts students to make use of a learned assotigtiocedure, or formula. Teachers
in Category 2 seemed to believe that studentsoeilible to productively generalize their
learning to a novel situation if they develop matlagically valid interpretations of the
meaning of mathematical topics (e.g., slope idia describing the multiplicative
relationship between two quantities (i.e., meaderatiributes of an object or event
(Smith & Thompson, 2008))). In other words, thédds about the generalization of
learning presented in this section, as well asa#isaciated teaching actions, focus on the
generalization of particular types of student krenige—procedural knowledge in
Category 1 and conceptual knowledge in Category 2.
Category 1: Associations, Procedures, or Formulasransfer

Statement of the belief. Teachers in this category (Anne, Blake, and Dpnna
appeared to believe that students will be ableadyrctively generalize their learning to a
novel situation if the novel situation prompts ot to make use of a learned

association, procedure, or formulAssociations used to refer to the idea that a student
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links a specific word, phrase, or image with aipatar mathematical response. For
example, when confronted with a set of three grapiusasked which one represents
“positive slope,” the student might circle the draghowing a line slanted “up” (as one
looks from left to right), because of class acigtin which he learned to associate the
mathematical term “positive slope” with the imaden “uphill” journey. Procedure
refers to the use of a pre-determined set of dtepslve a given problem. For example,
upon being presented with a linear function offthren y=mx+b and asked to create a
graph representing the function, a student migtdati® “b” on they-axis (i.e., (0, b)),

place a point, then go “up” m units on §raxis and to the right one unit, place a second

point, and then draw a line through the two ploftedhts. Formularefers to the

employment of a conventional rule (e ggpe = orslope = —) to solve a

Y2=Y1
X3—
problem. Additionally, teachers in this categony dot appear to prioritize the
conceptual underpinnings of such associations goiares, or formulas. In other words,
teachers did not explicitly focus on the meanimgsicept images, or interpretations
students develop while engaging in mathematicaiies involving topics like slope.
lllustration of the belief. I illustrate this category with evidence from Ann
The evidence includes Anne’s discussions of theetlactivitie5 that she brought to the
interviews: The Wall Activity (a teaching activityyhe Museum Activity (an activity
that allowed Anne to assess what was learned ditheg/Vall Activity), and The

Comparing Values Activity (an activity aimed at tipeneralization of students’ learning).

Anne brought The Wall Activity and The Museum Adtyo both interviews—to

" The three activities Anne selected and broughtiédnterviews (The Wall Activity, The Museum
Activity, and The Comparing Values Activity) wereagivn from the reform-oriented book calladvisual
Approach to Functionévan Dyke, 2002).
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Interview 1 as her “teaching artifact” to illusteahe way in which she thought about

supporting students “so that they would be ablgetoeralize their understanding of slope
to a new task, activity, or situation,” and to imiew 2 as activities included as part of
her “Lesson Plan Activity” in which teachers crehgelesson to illustrate how they

would “help students generalize their understandinglope.” The Comparing Values

Activity was the “new task or activity” Anne chogeinclude for the Lesson Plan
Activity in Interview 2.

In The Wall Activity, Anne explained that her goeds to support students in
creating graphs representing a boy’s motion thrapgte, labeling each of the graphs

with the appropriate sentence (i.e., “Bobby watkgdrds the wall,” “Bobby walks away

from the wall,” or “Bobby stands in the middle dktroom”), and recording the graph-

label associations in their notes. See Figurdat.8pecific graph-label associations.

“ “Bobby walksaway
1 ' '

from the wall.”

“ “Bobby walks

towardsthe wall.”

“Bobby standsin the

| I middle of the room.”

Figure 4.2: Author’s reproduction of Anne’s graph-label asstoizs.
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As a consequence of having engaged in The WallviagtiAnne explained that
she believed her students would be able to proeelgtengage with The Museum
Activity (see Figure 4.3 for a portion of the adtyy because specific words in The
Museum Activity like “towards” and “away” should@npt students’ selection of the
appropriate graphical image. For example, Anndagx@d that her students would be
successful in answering the first question in Thes®um Activity which reads, “We
walked at a steady pace toward the museum,” be¢hegeavould think “which [graph] is
‘towardthe museum’ and which one is not?” She believerdstudents would “choose
graph B because that’s [points to Graphd@®yards it's the same as this iewards
[points to the second graph-label association cembm her notes and reproduced in
Figure 4.2].” In other words, Anne stated that &wvthey do is they have tatch
[emphasis added] the sentence to the picture.”s,TAone appeared to believe her
students would be able to productively engage With Museum Activity by making use

of the graph-label associations learned duringWiadl Activity.
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Graph A

Distance

Graph A

Distance

Time

i

Distance

Distance

- Moving Around the Museum

1. We walked at a steady pace toward the museum.

Graph B

Time

Graph B

Time

Each sentence tells how far a person is from an object. Decide which graph
matches the sentence. In Questions 1, 2, and 4 the “object” is a museum.
In Question 3 it is a painting.

Graph C
¥
=
E
|
Time

Distance

4, Afterward, we raced down the hill away from the museum. (Be careful here.)

Graph C

.

Time

Distance

Graph D

Distance

Graph D

Time

Figure 4.3: A portion of Anne’s Museum Activity.

Interestingly, Anne explained that the fourth gigestn The Museum Activity

would serve as a test of whether her students ‘igtated” The Wall Activity. The fourth

guestion reads, “Afterwards, we raced down theawlay from the museum” (see Figure

4.3). Anne seemed to wonder whether her studemtisdidocus on the phrase “down the

hill” rather than the word “away.” Anne stated thi& ‘down the hill means this [points

to Graph B], then they don’t understand the lessoNegative slope iaot down the

hill.” Thus, it appeared that Anne believed heidsints would not be able to generalize

their learning to the fourth question if they diot make use of the particular association

learned during The Wall Activity. In other wordsstudents focused on “down the hill”

rather than “away” when confronted with the fougitkestion, they would not be
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prompted to make use of the learned associatiowandt therefore be unsupported in
choosing the correct graph, Graph A.

To further illustrate the way in which Anne appehte believe the associations
shown in Figure 4.2 (rather than, for example,ghentitative meanings individual
students develop) served to mediate the genelalizat students’ learning, | now
present and discuss Anne’s Comparing Values Agt{gite Figure 4.4 for a portion of
this activity). Anne brought this activity to Imteew 2 as an example of a novel task that
she thought her students could solve as a conseguémngaging in The Wall and

Museum Activities of her lesson (i.e., a task tiesearchers could call a “transfer task”).

— :
Comparing Values

1. The value of Lynn’s house first decreased, then remained the same. Finally,
the value began to increase.

a. Decide which of these graphs best shows the value of Lynn’s house.

Graph A Graph B Graph C
4
g g g \_/
Time Time Time

Figure 4.4: A portion of Anne’s Comparing Values Activity.

Anne chose The Comparing Values Activity becatgse/olved a new quantity
(home value), thus, making it “totally differentoim The Wall and Museum Activities
(with their focus on distance). As Anne explaingdidents would have to “apply” their
understanding “to a situation where we’re talkilhgat positive and negative [slope] but

now its value, not distance.” When asked how Bbeaght her lesson prepared students
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for their subsequent engagement with The Compafaiges Activity, Anne explained
that as part of her Wall Activity she often asksaas students to create “journeys” (i.e.,
piecewise-linear graphs) for other students to vaalit that the journeys are enacted by a
student who looks at “each section of the grapld’ @ses his or her notes (reproduced in
Figure 4.2) to answer the question “what doesghrs mean?” Anne seemed to believe
that students’ engagement with the journeys exemguld prepare them for the novel
Comparing Values Activity because they could mapabsociation “walking away™>
“positive slope” onto the association “positivesd < “the value is going up” to derive
an association of “walking away” with “the valuegsing up.” In particular, Anne said:

I've had students in the past where they actualiyenon the graph

like this means ‘going away’ or this means ... ‘ttedue is going up or

down’ or whatever. And so they can do the samegtlaind interpret
the graph, each piece of the graph.

The fact that Anne seemed to approve of her staderiting “walking away” on a graph
that represented monetary home value over timbdréhan distance over time) suggests
that her focus was on the formation of associatimeta/een graphical shapes and written
phrases that resulted in “correct” responses buhecessarily on the underlying meaning
of graphs.

Anne’s prioritization of associations over concgptunderpinnings is further
indicated by her discussion of the fourth task e Museum Activity. One could argue
that the generalization of students’ learning dyfiine Wall Activity is mediated by an
interpretation of the distance decreasing as the increases (Figure 4.2), which is
similar to a possible interpretation for the fougiestion in The Museum Activity

(Figure 4.3). After all, the vertical axes in TMeiseum Activity are labeled “Distance.”
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However, it is unclear whether distance refersdigstance from the bottom of the hill,”
“distance to the museum,” or “total distance tradel In fact, Graph Bouldbe the
correct answer to the fourth question if a studestinterpreted the vertical axis to be
distance from the bottom of the hill, since thataince would decrease as one raced
down the hill. Anne’s statement that “negativepglasnot down the hill” suggests that
she has prioritized associations like “negativgstovith phrases such as “getting
closer” (rather than “down the hill”) over the pidse quantitative meanings of different
graphs.

Furthermore, when Anne was asked how she thouglstheents would do on
The Burning Candle Task (see Figure 4.5), as aetpuesice of their engagement with
her planned lesson, she indicated that many stsigemild be able to find the slope of
the graph (Part A of the task) but not interpreiiieaning in the context (Part B).
Specifically, Anne said, “They can't tell you what means in this context because the
candle burning is very strange.” She apparentlyndit think her students would be able
to interpret the slope in terms of a decreaseerctndle’s height over time, which is
another indication that her teaching of the assiociaf “walking toward a wall” with
“negative slope” in The Wall Activity (Figure 4.2)as unlikely grounded in a
guantitative interpretation that the distance betwihe walker and the wall decreased

over time.
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Burning Candle Task

The height of a candle is measured over time asahdle burns. The
information is recorded in a table and in a grapbr example, after 3
hours the candle is 32.5 centimeters high. A) Edslope of the
function represented below. B) Explain what tlepslmeans in this
situation. C) Predict when the candle will burri.ou

50_“_
Time Height E jg:(_o,m)
(in hours) | (in cm) 2
0 40 £ 357
8 30—- (5.5 26.25
3 32.5 P 25| —
4 30 S 20—
o 15
55 26.25 =
£ 101
‘© 5 1
T L rr e

Time (hours)

Figure 4.5: The Burning Candle Task.

The other teachers. The other two teachers in this category—Blake and
Donna—provided similar evidence which seemed t@ssthat they believed students
would be supported in generalizing their learnim@ inovel situation if the novel
situation prompts them to utilize a learned asgsimriaprocedure, or formula. Blake, for
example, explained that his teaching artifact (gection of six activities) focused on

introducing students to the following slope formidalines represented graphically:
slope = % After describing his teaching artifact, Blakesnasked how (as a

consequence of their engagement with his teachiifga) his students would do on two
tasks that the researcher conceived of as tratasfies—The Burning Candle Task (see

Figure 4.5) and The Water Pump Task (see Figuie &Bkke explained that his students
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would be better supported in productively geneiadjzheir learning from his lesson to
The Burning Candle Task than to The Water Pump baskuse The Burning Candle
Task contains a graphical representation; thudgsiis would be prompted to employ the
learned formula (i.e., they would choose two poarighe line, count the corresponding
rise and run, and place the rise over the run).th@mther hand, Blake did not think his
students would be able to productively generalisg learning to The Water Pump Task
because the task does not contain a graphicalsemaion and does not explicitly tell
students to find “slope;” thus, he did not beliéve students would know how to
proceed. In this way, Blake appeared to belieaé students’ generalize their learning to
novel tasks when such novel tasks prompt themedasned formulas.

Furthermore, Blake did not appear to attend tarteanings and interpretations
thatstudentslevelop for formulas likelope = % but rather to whether they use the

pre-determined formula. As evidence for this clasonsider that Blake wanted his
students to select specific points on the gramn{fthe graph shown in Figure 4.5) to
plug into the slope formula, as indicated by tHe%ing statement: “I would hope that
they would figure out that the easiest way to getdlope is to rise here and run that way
[points to the two coordinate pairs which have whielmber components].” Because he
was not sure they would do this, he described hewduld provide guidance:

If you ask the right question, they will be thingim the right

direction. | can’t expect them to just automatigdldone in on what it

is that I want. You have to ask the right question | might say

‘which two points do you think would be the besims; there’s two

points that are good points to pick; there’s omyp of them; there are

four points on there, but which two do you thinkula be the best to
figure out what the slope it?’
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Blake’s focus on one best way to employ the fornsgl@emed to suggest that he did not
explicitly attend to the ways in which students tigonceive of the slope formula or its
implementation. For example, he did not appeaceored with the pointheywould
choose or why they would choose them (which maghadicated deeper conceptual
understanding), but rather with guiding studentgaals the “only two” good points on

the graph.

Water Pump Task

Water is being pumped through a hose into a langesing pool.
The table below shows the total amount of watéhé&pool to begin
with as well as the total amount of water in thelgdter 3, 5, and 9
minutes. The amount of water is measured in gallorhe time is
measured in minutes.

Time Amount of Water
(minutes) (gallons)
0 0
3 4
5 2
°3
9 12

Does the data above represent a water pump thamgping equally fast over time? |If
so, find the rate at which the pump is pumpingnadf, explain what is happening (i.q.,
the pump is speeding up; the pump is slowing dal@pump is speeding up and then
slowing down).

Figure 4.6: The Water Pump Task.

Similarly, Donna explained that she believed hacleng artifact helped students
learn how to use a particular procedure as wdahaslope formula. Specifically, it

supported students in finding the slope of a lipe(h) creating a line from a tabular set

of data (and if necessary, using the slope fornsiteme = % to fill in missing
2

—-Xq

entries in the table); (b) identifying the risewseén consecutive points on the graph
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(students do not have to look for the run becalseun will be 1 when the table is
completely filled in); and (c) writing a rule oféformy=mx+b (wherein m takes the
value obtained during the previous step). LikekBleDonna was then asked how she
thought her students would do with The Burning Garédsk and The Water Pump Task
as a consequence of their engagement with hemle€3onna explained that her students
would be able to productively engage with part Bbé Burning Candle Task as well as
The Water Pump Task because both tasks contaifatalepresentations which should
prompt students to make use of the previously Ehprocedure and formula. For
instance, students could begin their responsentdpaf The Burning Candle Task by
explaining that slope means you start by fillinghe table (a step included in part (a) of
the procedure demonstrated in class). Like BlBkana did not explicitly discuss the
ways in which students might come to interpretgtexedures and formulas she
presented but rather discussed the importanceesfdahg to whether students could
correctly implement the pre-determined proceduefarmula.

Associated instructional moves.There were two instructional moves that
teachers in this category apparently believed wesufgport the generalization of learned
associations, procedures, or formulas: (a) tetlestts the association, procedure, and/or
formula you want them to use; and (b) use multgpiamples. | present evidence of each
pedagogical belief related to the generalizatioleafning in turn.

Tell students the desired association, procedumefoomula. The teachers in
this category appeared to believe that teachersl sopport students in generalizing their

learning by explicitly showing or telling them thssociations, procedures, and/or
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formulas that could be used to solve particulaesypf problems. For example, when
discussing his teaching artifact (a collectionigfagtivities), Blake explained:
| start with two points on a graph and I'll definewyill give them an
equation, you know, thg, minusy;, but, | really want them to be able

to find the slope of a line by identifying two pésnand counting rise
and run.

In this excerpt, Blake stated that he starts lmpeshctivity by explicitly giving his
students the formula he wants them to use whemfijrglope. Moreover, as noted
above, Blake made decisions regarding studentgiyatove engagement with The
Burning Candle and Water Pump Tasks based on whieghieelieved his students would
be prompted to utilize the learned formula.

Similarly, when explaining their teaching artifagdt®th Anne and Donna
explicitly stated that they tell their studentsqsely which association, procedure, or
formula to use when engaging in problems invohstgpe. As Anne said, students “are
not going to make the connection[s] unless [théyeselicit.” Thus, as noted above,
Anne told her students precisely what they shoetdrd in their notes during The Wall
Activity (see Figure 4.7 for an example from Annetges). Both Anne and Donna
subsequently made decisions regarding studentduptive engagement with subsequent
tasks based on whether they believed their studemitd make use of the recorded
associations (in Anne’s case) or the demonstrateckpure and formula (in Donna’s

case).
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Figure 4.7: An excerpt from Anne’s notes for The Wall Activity.

Use multiple examplesTwo teachers (Donna and Blake) in this category
appeared to believe that students would be supportgeneralizing associations,
procedures, and/or formulas if multiple examplesenesed during initial learning.
Donna seemed to believe that the use of multipdengtes would support her students in
knowingwhento use a learned procedure or formula and Blakmed to believe that
the use of multiple examples would support studernggeingthe pre-determined
formula. For instance, Donna’s teaching artifamisisted of a lesson on arithmetic
sequences and their connection to slope. Therdssgan with multiple examples (see
Figure 4.8) of arithmetic sequences and the quehet students, “What do they all have
in common?” Specifically, Donna said:

| just give them “55, 49, 43,” [and tell them tadrdinue the pattern.
Ok. And most kids will go, “Oh, it’s going down 8" So then we
do a couple of those (see examples in Figure 4t7dan be decimals.
It can be fractions. It can be—and | want it toduakeled or subtracted.
It doesn’t matter. Ok. And we do a couple of thasd | say, ‘OK,
what do they all have in common? They all haveammon that this

difference, whether it be subtracting 6 from eastmt or adding 5 to
each termthat [the difference] is constant.



181

Thus, Donna’s lesson began with arithmetic sequeetic varied in terms of number
type (e.g., whole numbers, decimals, or fractidng)that all shared a constant difference
in consecutive terms. Donna explained that aftetents identify the constant difference
as the feature shared by all of the sequencesmudither spontaneously or via a
sequence of guided prompts link arithmetic sequetwslope, at which point Donna
demonstrates the slope formula discussed eaffieus, it appeared that Donna used
multiple examples to illustrate to studentisenit is appropriate to use the slope formula,

namely when there is a constant difference betweeoessive terms of a sequéhce

X S5 Y9 4B
ZX-' -—-/-(a/ —0.7, ©.2 = --

Ex: 2] 2 25 14
/ ¥ i

"

Figure 4.8: A sample of Donna’s multiple examples.

Blake seemed to make use of multiple examples hiferent purpose. Rather
than helping students to determine whether a pdatisituation necessitated a
demonstrated formula, Blake seemed to believe pileléxemplars helped studentsé&e
the formula itself. Blake’s teaching artifact waasollection of six activities wherein the
contexts varied but the formatting of the actiatyd wording of various questions
remained the same (see Figure 4.9 for two of theteities). As Blake explained, “this

[pointed to his collection of activities] is tryirtg create, | am trying to show them a

8 The independent variable, with respect to Donasthmetic sequences, is taken to be the ordinal
placement of a term in the sequence; thus, the' ‘Buthe “x,-X;” in the slope formula is 1, which means
that the slope in this case, calculationally, ss$hme as the constant difference between congeteitms
of an arithmetic sequence.
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pattern” and as noted previously, Blake said “llyeaant them to be able to find the
slope of a line by identifying two points and caangtrise and run.” In this excerpt,
Blake seemed to express his belief that by makssgall multiple examples problems he
was actually helping his students learn to recagaizd then reinforce the particular

rise

“pattern” (i.e., formula) for finding slope, nameljope = —, he had shown them

previously. In particular, students are to take twordinate pairs from part (d), plot
them on the graph in part (e), and recognize tlogess the “rise” between the plotted

points over the “run” between the plotted points.
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Problem 23 Meal Deal

Algebra I - Chapter 5 Application Problems

Name

Date

Period

Fastfood meal deals are $3.00 each. Kyrawants to purchase one for each of her friends.

8) Identify a varishle to represent
tha numbar of maal deals Kyra
purchasas.

b) Identify s varisble to rapresant
Kyra's total cost of buying
meal daals for her friends.

c) Write an aquation to reprasent
Kyn's expansas for
purchasing meal deals for her
friends.

d) Complatathe table with at least 5 entries,

) aquation.

C .

g) Labal and scale your geaph. Then, graph vour

A

Algedra ] - Chaptar 5 Application Problems
Problem #4: Car Depreciation

The value of a new car is $21,000. Thevalue decreases $2,000per year.

Name

Dats

Period

g

Identify a varisble to represent
the pumber of yesrs the car is
ownad.

b) Identify a varisble toreprasent | <)
the value of the car.

Write an aquation to represant
the value of the car over time.

d) Completethe table with at least 5 entriss.

) agquation.

3

@) Labal and scale your graph. Then graph vour

»~

v

Figure 4.9: Two of Blake’s six activities.

Category 2: Meanings Transfer

Statement of the belief. Teachers in this category (Richard, Emma, Pateaok

Kay) seemed to believe that the generalizationufents’ learning is based on how

students interpret their mathematical activity #melmeanings they develop for

mathematical topics like slope. Moreover, theseliers appeared to believe that the
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productivegeneralization of students’ learning was suppoechathematically valid
interpretations of the meanings of topics like sldjpr exampleslope is a ratio which
provides a description of the multiplicative retatship between two quantitie¥hus,
teachers in this category tended to make predgtiegarding the generalization of
students’ learning based on the meanings they tiiaugtudent might develop for a
particular topic rather than on whether they thdwgparticular task would prompt a
student to make use of a pre-determined assocjgtionedure, or formula.

lllustration of the belief. [ illustrate this category with evidence from fia.
The teaching artifact Patrick brought to the finserview was The Previous Travelers
Activity (see Figure 4.10), an activity from “Thev€land Trail” unit of the reform-
oriented and National Science Foundation fundeer&ative Mathematics Program
(IMP) curriculum. In the activity, Patrick explad that students are provided with data
regarding the number of pounds of beans, sugargangdowder families of various sizes
needed in order to successfully complete the tajmfmodern day Kansas City to
Sutter’'s Fort in California. Students are theneaisto plot the data, construct a line of
best fit, create a table using points from thaie Jiwrite an algebraic rule representing the
relationship between number of people and poundéeanhs (or sugar or gunpowder), and
then figure out how many pounds of each item theyld/need given they are traveling
with a family of a particular size (see Figure 4f@d Patrick’s notes on the “beans

compared to people” portion of the activity).
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oW trip. Several of the familles on our wagnm triin k|'|'ll track of the

qunntities of varions goeods they actually needed on the journey. The

and vour friends decide how the amounts viary [rom Sroup to TR

Dear riends,

We've arrived In Fort Hall after many adventures, both good wnd
bad. It would take me forever to describe all that happened. Wie can

talk about all of that when we meet By A in California

I know' that vou're anxlons for some practical informatien for yeur

families were of different sizes, g0 this informition should helpy you

I kncow this wom't answer all vour guestions, bt i0s o start

]’rc\-’ious rl‘l"ﬂ'\,-’(_-?l(-'rﬁ Number of | Pounds of | Pounds of | Pounds of
people beans SLgar gunpowder
The first settlers had to make the long journey west without advice ] &l Xl 3
from previous travelers, However, later wagon trains used information g e <4 I
from the early travelers to decide on the supplies to buy for their
journey. G 36 i La
While in Fort Laramie, Wyoming, you get a letter from friends I 7 23 4.1
describing the supplies they and others used on the leg of the trip from 11 18 Rl 5
Fort Laramie to Fort Hall, Idaho. Use the information in the letter to 10 = a0 £8
answer these questions. i ! d
1. Make a graph displaying all the data relating the number of people & w0 -~ a
and the amount of beans they used. Use appropriate scales for ! LY = AR
the axes. Then make a similar graph for sugar and another for 10 1A £q i
gunpowder.
b 75 1
2. Do these steps for each graph in Question 1.
a. Sketch what you consider to be the line of best fit for the graph: ’ =~ 4 o
that is, find the straight line that you think best fits the data. 15 36 k1
b. Make an In-Out table from your line. Determine a rule that fits g 125 45 4.7
your table or that comes reasonably close. _
2 > 12 150 i i
¢, Use either the In-Out table or your graph to find the quantity of
each item needed for each of your group’s four family units. 10 L2 3 Al

Well, good hick to yous all!

The Helmicks

Figure 4.10:Patrick’s Previous Travelers Activity.

Patrick explained that he hoped students’ engagewitnThe Previous

Travelers Activity would support them in developiag interpretation of slope as a ratio,

or a multiplicative comparison, of two quantitiéSpecifically, he reported that he hoped

his students would come to interpret slope as timeber of pounds of beans per person,

by comparing how many times greater the quampiitynds of beanis than the quantity

number of people

The number of people in our family times 12 is atpr good predictor
of how many beans we need because those are tpéepgbat survived
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and lived. And that’s kind of a decent rule foravihey did. So,
yeah, the slope is 12; and we talk about well, witas that mean?
Well, for every person, you need 12 pounds [of Isgan

By noting that there are 12 times as many poundi®ahs as there are people, students
are forming a ratio as a multiplicative compariéatween two quantities. This
multiplicative relationship between the two quaasitcan also be expressed as 12 pounds
of beans per person, which is the slope of thetfonc Patrick went on to extend this
meaning of slope to a ratio of theangein the pounds of beans to tbleangein the
number of people. Referring to the graph showRigure 4.11, Patrick stated that he
wants his students to (a) look at two points ongitagh, (b) think “We’re at this many
pounds of beans and we’re going to this many poohbdgans,” (c) form a difference in
the amount of beans by asking “How many poundseahb is that an increase of,” and
(d) form an associated difference in the numbegremiple by asking “How many people
is that™? As a result, students will have stilirfeed a “ratio of pounds of beans for so

many people.”
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Figure 4.11: Patrlck S notes for the beans compared to peopdn!flon of his teaching
artifact.

e,

Patrick appeared to believe that his studentsdvbelable to generalize this
interpretation of slope as a ratio of two quarditie other situations. When asked if his
students would be able to productively engage Wit Burning Candle Task (Figure
4.5) as a consequence of participating with TheiBus Travelers Activity, Patrick
described a similar interpretation for the graphiepresentation shown in Figure 4.11.
Specifically, Patrick wanted his students to lobkha two points (0,40) and (3,32.5), and

think “Now I'm at 40; now I'm at 32.5; how much [tgit] did | lose? And that took me
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3 hours.” This excerpt seemed to again emph#&sanéck’s focus on students’
interpretation of slope as necessitating the coatthn of two quantities in such a way
that one forms, in this case, a ratio of elapseghtée.g., 40cm-32.5cm = 7.5 cm) to
elapsed time (e.g., “3 hours”).

Despite the fact that Patrick saw this connedfi@n, slope as a ratio of two
guantities) between his Previous Travelers Actiaityl The Burning Candle Task, he
wondered whether his students would recognizedheesconnection. For instance,
Patrick stated that “to explain what it [slope] mean this situation would be a
challenge” for students. He predicted that hislstiis “would be able to say ‘the candle
is shrinking’ or the ‘candle isn’t as tall’,” butaded “I don’t know if they would get at
‘oh, let’s see, what'’s our time frame and if itsrgomething;’ that would be a challenge,
| think, to know that it's per hour.” In this walatrick was unsure whether his students
would have fully developed an interpretation ofp®@s a ratio of two quantities and
whether they could explain slope in terms of a tatib (as a loss in the height of the
candle per hour). Consequently, Patrick suggdbtdce implement particular teaching
actions (which will be discussed later) during Hrevious Travelers Activity that he
believed would better support students in develppie desired interpretation of slope
and thus better support students’ subsequent emgargevith The Burning Candle Task.

In sum, it appeared Patrick believed studentsitghit productivelygeneralize
their learning to The Burning Candle Task deperatedhether they had developed a
mathematically valid interpretation of slope astorof two quantities. This is different
than, for example, Blake from Category 1 who appean believe his students would be

able to productively engage with The Burning Canidisk because the task contains a
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graphical representation which would prompt higletus to make use of a learned

rise
formula, namelylope = —

The other teachers. The other three teachers in this category—Emrehard,
and Kay—provided similar evidence, which appeacesuiggest that they believed
students’ ability tgroductivelygeneralize their learning to novel situations was
dependent upon mathematically valid interpretatmithie meaning of topics like slope.
For example, Emma explained that she believedgashing artifact(see Figure 4.12)
would serve to support students in conceiving gpslin terms of the coordination of the
change in two quantities (e.g., the amount of ditaraveled and the amount of time
passed). For example, she hoped students would tmmterpret zero slope, in the
context of a person’s motion through space, astliWie horizontal line, they are
standing still; they are having the same distamcktiene is going by.” When
subsequently presented with The Burning Candle TRigkire 4.5), Emma believed her
students would be able to productively engage thightask by similarly interpreting
slope in the new situation as a coordination indifferences of two quantities:

With the distance versus time thing, for this sufrslope, it's asking

the same question just like “What does the slopamehen it’s

straight across?” And so I'm hoping they could lggpat and say

“What’'s happening from here to here [points to fwants on the

graphical representation of zero slope in her tearhrtifact]? Well

the distance stayed the same but the time is doyrig So then “What

happened from here to here [points to two pointshengraphical

representation in The Burning Candle Task]? Wedl height of the
candle is going down and the time went by.”

° The axes in Emma’s teaching artifact are not pbelled with distance and time. Emma’s hope is that
such quantities come up during the class’s disonssi the activity. In particular, the followingte was
attached to her artifact: “Students could produdéstance versus time graph and highlight the tfzert if
thex-axis is time and thg-axis is distance, then a vertical line cannot mskese — it would portray the
scenario of changing distances within a single nmdroétime. If this argument did not come up, luie
introduce it and discuss why a horizontal line nsagense in this scenario and a vertical line cahnot
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In this excerpt, Emma seemed to express recogrofianconnection between students’
prior engagement with her teaching artifact and ti#hsequent engagement with the
novel Burning Candle Task, namely that both netatesstudents’ coordination of two
guantities—distance and time (with respect to bBacling artifact) and height and time
(with respect to The Burning Candle Task).

However, like Patrick, Emma was uncertain her sttelezould conceive of the
connection that she saw. For instance, when meterg Part B of The Burning Candle
Task, Emma predicted, like Patrick, that her sttslemight focus on a single quantity and
say “the slope means the height of the candledsedsing.” She, therefore, suggested
teacher actions (to be discussed later) that wioedter support the desired interpretation
of slope as a coordination of two quantities.

Both Richard and Kay also believed that their teaghrtifacts would support
students in developing a mathematically valid iptetation of the meaning of slope.
Richard predicted that his students would be abf@dductively generalize their learning
to The Burning Candle Task if they had developethterpretation of slope as the rate at
which two quantities change in relation to one bhant In particular, Richard noted that
The Burning Candle Task was “teametype of situation” as the one used in his teaching
artifact (i.e., The Stretching Things Out ActiVitywherein students reasoned about the
length of a rubber band in relation to the numbeveights attached to the end of the
rubber band. Richard went on to elaborate whahéant by “the same,” stating that

both situations involve “something changing,” caté of change.” Thus, Richard

9 The Stretching Things Out Activity was drawn frome reform-oriented and National Science
Foundation funded Core-Plus curriculum.
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seemed to recognize a particular connection betweetwo situations in terms of the
interpretation of slope he hoped his students wdeltlop during The Stretching Things
Out Activity, and believe that students would bé&db productively generalize their
learning if they had developed a rate-of-changerpretation of slope.

Similarly, Kay predicted that her students wouldabée to productively
generalize their learning to The Water Pump Task {Sgure 4.6) if they had developed
a meaning for slope in a linear situation as thestant rate at which two quantities
change in relation to one another. Kay startedxptaining her teaching artifact, an
activity about a girl removing an unknown, but dam$ amount, from her piggy bank
every day. During this activity, students are pided information regarding the total
amount of money in the piggy bank on day 17 andan37 and are asked to figure out
how much money is being removed every day. Kayaeed that she hoped her
students would come to interpret slope in a lirs#taiation as “a constant rate of change,
that something is changing at a constant rate.Thia Piggy Bank Task, Kay explained
that the slope is the consistent amount of monaylemoved from the bank every day
and that no matter which two consecutive days ymose, the amount of money
removed from the piggy bank will be the same. Kppeared to believe that her students
would be able to generalize this interpretatioslope to other situations, for instance, to
The Water Pump Task by reasoning that the ratédhathwihe water is being pumped into
the pool is consistent if the amount of water gaimtg the pool every minute remains the

same across the set of data provided.
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Task: Explain why the line in graph #1 has anefiméd slope and why the
line in graph #2 has zero slope. =

3

-254

o

-35F

Your explanation can range from the formulas omilgdn of slope, or you
may use a real world example to create your argtimégou think of some
other argument to form, great! | want your argunteriie creative and
convincing!

Figure 4.12:Emma’s teaching artifact.
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Kay provided some evidence during her intervieves tine could argue is
consistent with the Category 1 belief about theegalization of students’ learning.
Specifically, when discussing the generalizatiostafients’ learning in relation to the
topics of slope and linear functions, Kay explaitieat she would repeatedly remind her

students that “slope is the changg over the change im” One could interpret Kay’s

Y2—)1

X2—X1

statement as a verbalization of the formsilape = i—i’ orslope = . Thus, one

might argue that Kay is more like Blake from Catggbwho seemed to believe that
students would be able to productively generaliegr iearning to a novel task if the task
prompted students to make use of a learned forntitavever, further evidence
suggested that the statement was used as shoghdndtended to remind students that
slope should be interpreted in terms of its meaamtherate at whichtwo quantities
changen relation to one anotherSpecifically, Kay explained that The Piggy Bardsk
would serve to help ground students’ interpretatibslope and its associated formula:

OK, well now, you know, slope is the changeyiaver the change is

and ... I said, “So, if we were to graph, what wobkilon they-axis?

What would be on thg-axis?” and then we’re always going back to

what these numbers represented. So, they had atheady felt

comfortable with this problem, so they had someailiontextual that

they could tie these really abstract ideas to, koow, “What isy,

minusy:? What does thahear?” Well, that's not a big deal. That's

just, you know, the number of, the amount of moraag then “What’s
X2 minusx;?” Well that’s just the difference in days.

Kay, therefore, seemed to want her students t& iifithe quantitative meanings
underlying the phrases “changeyinand “change irx,” namely changes in the amount of
money in the piggy bank and in the number of degspectively. Thus, it did not appear
Kay hoped her students would generalize a forntulathe meanings associated with the

formula.
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Associated instructional moves.There were three instructional moves that
teachers in this category apparently believed wsufgport the generalization of
mathematically valid interpretations of slope: ¢apose tasks and pose questions that
emphasize students’ quantitative reasoning; (baus@riculum that progresses from
contextualized problem situations to more decon@ikted problems and formulas; and
(c) provide students with opportunities to expldueir reasoning. Each instructional
move will be discussed in turn.

Choose tasks and pose questions that emphasizetifative reasoning.

Patrick, Emma, Richard, and Kay appeared to beliegeteachers could support
students in generalizing their learning by choosasks and posing questions that
provide students with opportunities to reason gtetitely (in the spirit of Smith &
Thompson, 2008). This pedagogical action is rdl&tehese teachers’ belief that their
students would be able to productively generaliegr iearning if they developed a
mathematically valid interpretation of slope astorof two coordinated quantities.
Specifically, these teachers appeared to belieatethieir teaching artifacts would support
students in conceiving of slope in termawb relevant quantitiege.g.,the number of
pounds of supplgndthe number of people in a fanjilgs well as the multiplicative
relationshipthat exists between those quantities (e.g., wd fi@dimes as much supply
as there are number of people in our family).

For example, Patrick explained that he tends tedawsing more “traditional,”
decontextualized problems and instead selects s&tka real-world contexts and poses
accompanying questions to get students thinkingitaive measurable attributes of

objects in those situations. In his words:
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Instead of collecting data in a traditional senseme it'sx andy

tables and it's we’re graphingandy, we are graphingdistanceversus
timeor we are graphingow much coffethey haveasdays passand

it's going down; they are using up supplies. Ow much water do

they have in storagand why does the graph go up and then go down?

Patrick seemed to believe that by posing quesadiosit the quantities in real-world
situations (e.g., “How much water do they havetarage?”), students would begin to
focus on measurable attributes sucthasamount of waterOnce students are able to
identify relevant quantities in various contextatrik explained that he would support
students in conceiving of the relationships thastdxetween those quantities by asking
guestions like “How much coffee are they using gwy?” and “How many miles have
they traveled each day?” As a result, students eoaye to interpret slope as “how much
change is happening” over time, in a particularation.

In fact, Patrick explained that to support thedutive generalization of students’
learning, next time he used the Previous Travdletwity (Figure 4.10), he planned to
be more explicit about supporting students in comaeg of the numerical value of slope
in terms of the quantities in a specific situati@pecifically, when students produced 12
as the slope of the function, he planned to askaidoes the 12 mean?” Furthermore,
he relayed that he would give his students “timthink about ‘well, 12 what? It's 12
what? And why is it 12 of something?™” MoreovPBatrick reported that he would ask
his studentsvherethey see the slope of 12 in the graph shown inreig.11, as a way to
help students conceive of and coordinate both giesin the ratio (12 pounds of beans
for each 1 person).

Similarly, Emma believed that by asking her studeatconceive of vertical and

horizontal lines in terms of a person’s motion tigo space, her activity would support
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students in conceiving of slope in terms of a retethip between the quantitidstance
andtime. Furthermore, she suggested that to supportstside conceiving of both
guantities as well as the relationship betweenelpgmntities, she would point out
particular points on a line and ask “What doeseamwhen you are at (0,0)? What if
you're at (2,0)? What dod¢kat mean?” and “What does the slope mean when [tle¢ lin
is straight across?” Richard believed asking sitgl® engage with his activity would
support them in conceiving of slope in terms ofriationship between the quantities
the length of a rubber barehdthe amount of weight attached to the rubber baHe

also suggested that asking questions like “Whghéesslope] telling us?” and “What does
the slope mean?” would help students think abagesjuantitatively. Similarly, Kay
believed posing the question “What does the slopan®” to students while they engage
with her teaching artifact would support studentsanceiving of slope in terms of the
relationship betweethhe amount of money being withdrawn from a piggyki@adthe
number of days that have passdd this way, these teachers appeared to beliate
choosing tasks and posing questions that emphasiaddnts’ quantitative reasoning
would support students in productively generalizingjr learning because such actions
can be used to support students in developing mettieally valid interpretations of
slope.

Progress from the contextualized to the deconteXized. According to Patrick
and Kay, curricula that progress from contextualipeoblem situations to
decontextualized tasks and symbolic formulas wiimort the generalization of students’
learning. Patrick seemed to believe that suclogrpssion would be particularly helpful

in supporting students to make use of the mearthgthey developed while engaging in
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contextualized problem situations when they areadly confronted with
decontextualized tasks. That is, students woulsuipported in generalizing their
understanding of slope because they could leveregemeaningful interpretations of
slope to make sense of decontextualized problaratsns (as “transfer” tasks). In
particular, Patrick explained how such a progressmuld be powerful for students:
The first problems they do are all conceptual. [8w,example] they
do one and it says “You need four inches of shoe far every child”
and they’re graphing number of children and amairghoe lace ...
So those are the variables and then we go into scadéional
examples where it’s purebyandy and it's an algebraic rule; it’s just
the typical Cartesian coordinate grid. But thail bave to identify
where you start at and what is the change? Sortadize “Oh, it's
the same; it's either in a word problem, a context’'s not.” So,

that’s what | hope they would be able to do lasestill be able to, we
call that [slope], but “Oh, no, it's the same thihg

Thus, by beginning a unit with a problem which sang students in thinking about slope
in terms of quantities likehe amount of shoela@ndthe number of childreand, in
particular, as the unit ratio 4 inches of shoefacevery 1 child, students are first
supported in developing a mathematically validrpitetation of slope as a ratio of two
guantities. Students can then make use of suchk efagasoning when presented with
“traditional examples where it's purekandy,” eventually realizing thabothkinds of
situations involve slope, or a ratio of two quaasit In this way, it appeared that Patrick
believed a progression from contextualized to demdnalized problem situations would
support students in being able to recognize bgibgyf problem situations as
necessitating the interpretation of slope studdet®lop during initial learning activities.
Similarly, Kay discussed starting each unit biiag students to engage with a

contextualized problem situation and then leverggie meaning students develop
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during their engagement to make sense of decoratkzed tasks as well as formulas. In
particular, Kay explained that she starts every lopiasking her students to work in
groups to engage with a contextualized problenasdn. With respect to supporting
students in generalizing their understanding gbs)dkay explained that The Piggy Bank
Activity was a great way to start a unit on slopeduse students could make sense of the
relevant quantities in the context as well as #gtationships that exist between those

guantities and then later refer back to those qgtiesind relationships when asked to

Y2—)1

Xp—_X1

make sense of and use the conventional slope faygiape = . As discussed

previously, Kay expected that students would mamilmber of elapsed days in the
piggy bank situation (Day 37 — Day 17 = 20 days}te x in the slope formula and the
corresponding change in amount of money in theypigmk ($150.50 — $325.50 = -
$175.00) toy, — y1 (which would follow the contextual problem). Usitigs example,
Kay expressed her belief that she could suppodesiis in seeing the decontextualized
slope formula as a representatiorthadir reasoning in a contextually-rich situation.

Provide students with opportunities to explain theeasoning Richard and
Emma spoke explicitly about their belief that supipg students in explaining (verbally
or in writing) their interpretation of a particulproblem or mathematical topic would be
useful when aiming to support the generalizatiostoflents’ learning. As Richard
stated, “If they never can explain it [i.e., slopgesomething that they do know, | think
they are going to have a really hard time latetrgimg to take it to something that is new
to them.”

Similarly, Emma expressed her belief that “havihglents explain their answers”

(“right or wrong”) supports students in being atdenake future use of their learning.
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Apparently, she believed such explanations woulgd im&ke students’ ways of reasoning
more explicit to themselves: “I think it's nice teally talk through what went through
their mind [be]cause it may make [their thinkingdma obvious for them.” Once ways of
reasoning are made more obvious to students, Erefievéd they would be available for
future use. For instance, Emma stated that ifesttedare supported in reasoning about
and verbally explaining the meaning of a particslape value, then they should be able
to make use of those same ways of reasoning taiexjple meaning of additional slope
values.

Discussion of Categories 1 and 2

In this section, | discuss points of contact anactdjence between teachers’
beliefs about the generalization of students’ lgwyrand transfer researchers’ beliefs
about the generalization of students’ learningnireHiort to highlight the added value in
investigatingeeachers’beliefs. The first category of belief about tlengralization of
learning (as well as the corresponding beliefs ahow to support the generalization of
learning) has points of contact with both Thorntikéeory of identical elements and
mainstream cognitive approaches to transfer.

Similarly to Thorndike’s associationist view of tider (i.e., a desired response
spreads from learning to transfer situations toetktent that both situations share
observable stimuli), Anne (from Category 1) appédoebelieve that the generalization
of learning was mediated by learned associatiamnsh(as the word-graph association of
“towards” and “line with negative slope”). Similgito a mainstream cognitive approach
to transfer Blake and Donna (also from CategorgeBmed to believe that transfer is

supported instructionally through the use of midtggxamples during initial learning (cf.,
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Anderson, Kline, & Beasley 1979; Brown, Kane, & Bls) 1986; Carbonell, 1983;
Michalski, 1983; Singley & Anderson, 1989).

However, there were four significant differencesasen the views of these
teachers and the transfer researchers. Firstn@ik@ emphasized extensive practice
when learning associations; Anne did not. For gdanto promote the transfer of the
ability to estimate the area of any rectangle, mbie and Woodworth (1901) used 1200
practice items with students. In contrast, Anrfiganing” process only asked students
to record three different graph-label combinationgheir notes (and then to use these
notes to answer novel “transfer” tasks). Secomayriidike and colleagues utilized the
drill and practice approach that became centrdieédraditional mathematics
instructional approach inspired by associationisih laehaviorism. In contrast, Anne’s
teaching artifacts were drawn from a reform-oridrteok called A Visual Approach to
Functions (Van Dyke, 2002), which emphasizes tleeaigjlobal properties of graphical
representations of functions to interpret their ne@ in context (Kieran & Yerushalmy,
2004; Leinhardt, Zaslavsky, & Stein, 1990; NatioGaluncil of Teachers of
Mathematics, 2000, 2006). Thus, Anne’s apparelfaa the Thorndikean idea of
transfer being mediated by common associations famdunusual home in the
constructivist-inspired activities chosen by Anaestipplement her school’'s mathematics
curriculum. This suggests practice-based decisiaking that transcends the use of a
curricular approach aligned with Thorndikean ideas.

Third, researchers from a mainstream cognitivepgestsve on transfer tend to
create systematic variation in the superficial detz# the use of multiple examples in

instruction, to encourage the encoding of the sinstructure across the examples (e.qg.,
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Cantrambone & Holyoak, 1989; Reeves & Weisberg019994). In contrast, Blake
apparently believed that sameness in the surfaedslacross multiple examples (in
terms of formatting and wording) was essentiakfansfer and instead sometimes varied
the structure (in this case the solution method—tise¢wo examples shown in Figure
4.9, where solving part e of each problem requardgferent procedure). Finally, Donna
appeared to believe, like some researchers opgrfatim a mainstream cognitive
approach to transfer (e.g., Gentner et al., 200&@kian & Gentner, 2000; Reeves &
Weisberg, 1990), that teachers should provide gtadents with opportunities to identify
and discuss similarities across the multiple exanppbblems. However, for the transfer
researchers, the purpose of talking about sucHasities is to help students attend to
important relationships that will be useful to tearner when later constructing mappings
between initial learning and future transfer situas. The purpose for Donna seemed to
be to help studenthoosenvhento use a learned procedure or formula—somethiag th
according to Engle (2006), mainstream approach&amsfer do not tend to concern
themselves with.

The second category of belief about the generaizatf students’ learning has
some points of contact with Lobato’s (2006, 201@paoriented perspective on transfer.
In particular, teachers in Category 2 seemed taraoeba basic tenet of the approach by
being sensitive to the different interpretatiorst ftudents can form of mathematical
topics during learning situations and acknowleddimgconsequences of such for their
reasoning in novel situations. For example, Platenjectured that some of his students
may interpret slope in terms of a single quanti&her than two quantities) during initial

learning and thus reason about slope in the nowaliBg Candle Task in terms of the
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guantity height (rather than heiglmdtime). However, there is insufficient evidence to
claim Patrick, or the other teachers in this catggeould have considered such
mathematically incorrect reasoning as evidencestuatentdadtransferred or
generalized their learning, as is the case in therariented transfer perspective. In
other words, the teachers in Category 2 appearethtwace an actor-oriented
perspective but not necessarily an actor-oriengedgective otransfer.

However, the teachers in Category 2 significantigtabuted to the pedagogical
actions previously reported in the literature asdeelated to instances of productive
generalizing from an actor-oriented perspectiveb@ito, Hohensee, & Rhodehamel, in
press; Lobato et al., in press). Specificallyythdiculated the importance of
guantitative reasoning to the generalization offgey and illustrated this idea using a
variety of curricular materials that practicingdkars currently use. Furthermore, they
elaborated potentially important roles for the sauing of activities and students’
explanations in the transfer of learning. In saerpss both Categories 1 and 2, there
appeared to be added value in investigating teacheliefs about the generalization of
students’ learning and how to support it.

Disposition
Category 3: Dispositions Transfer

Statement of the belief. While teachers in the previous two categorielsabief
emphasized particular mathematical content (éng.irterpretation of the meaning of
slope as the rate at which two quantities changel@tion to one another) when
conceiving of the generalization of students’ l&agnteachers in this category (Emma,

Kay, and Donna) seemed to emphasize students’siigptws toward problem solving in
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general. In the spirit of Gainsburg (2007), | tlse termdispositionto refer to a personal
orientation towards or outlook on problem solvindpich includes what problem solving
is about. Here, disposition does not refer towrisac, or a general set of steps one uses
to solve mathematical problems (e.g., draw a dragrdentify special cases, and then
solve a simpler problem). Two contrasting disposg toward problem solving,
identified in previous research, are a sense-makiiggtation (Schoenfeld, 1991) versus
a “matching game” orientation (in which one matctiestext in a problem statement
with mathematical symbols and operations, oftertiveause of key words; Sowder,
1989). Teachers in this category seemed to belleatestudents will be able to
productively generalize their learning to a novelation if they develop and make use of
particular dispositions. Moreover, these teackeesned to believe that one’s disposition
carries over to novel situations and functionsatlitate the generalization of learning.
lllustration of the belief. I illustrate this category with evidence from Eam
Remember from the previous category of belief BEratna believed the productive
generalization of students’ learning depended erddvelopment of mathematically
valid interpretations of the meanings of mathenadhtiapics like slope. Here, | present
evidence to show Emma appeared hold a second bbleft the generalization of
students’ learning, namely that students will begpswted in generalizing their learning if
they develop and make use of a specific dispositlarparticular, Emma seemed to
believe that the productive generalization of stusidearning was facilitated by a
visualization and sense-making orientatiomwards problem solving wherein students
imagine themselves in a problem scenario in oreedason about what is happening in

the problem. Here, it is the disposition (rathert specific mathematical content) that
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generalizes to novel situations and functions fapsut students’ productive engagement
with such situations.

Remember that, at the end of the first intervieachers were asked to create a
lesson plan “to help students generalize their tstdeding of slope.” The lesson plan
was subsequently discussed during the second iewenEmma’s lesson plan included a
class activity about Andy’s trip to the gas statjsee Figure 4.13). When asked how she
thought her activity served to support studentseimg able to generalize their
understanding of slope, Emma said that her actallows students to “actually place
themselves into the problem.” Emma elaboratedhgggretending to perform the actions
of the people in the situation “allows them [herdg&nts] to reason a little better.”
Specifically, the excerpt below suggests Emma betlener activity, specifically
guestion 3 (see Figure 4.13), would prompt studentssualize themselves in a car on
the way to the gas station and as a consequeng®gining their own trips to the gas
station students would be supported in “reasonfiagput what was happing in the
situation:

That part [points to question 3] was more to hdwent really visualize

what’s going on and put themselves into the probleriaving them

place themselves into the problem and visualizet\stectually, like

think through [the problem] as if they were actydlking their car to

the gas station and going back home ... it's likestjuretend we are

doing this” and then it allows for them to reasolittée better, so then
they can step into it.

Emma, thus, emphasized a general approach towalkdsgproblems wherein students
pretend they are performing the actions describelde problem so that they can reason
through the problem and consequently figure outtwdndo. In this way, Emma went on

to express her belief that such visualizing oceutkin a sense-making orientation
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towards problem solving in which students ask qasestlike “What is actually going on
here?” as opposed to “What equation do | use wegbis—what is the formula?”
Emma believed that when students make use of alization and sense-making

orientation, they are better able to “assess wtoege” and “find the solution.”

My e v

(mi)

e}

“Splia Time [mins)
The graph above shows Andy’s car ride to go put gas in his

brand new car.

1) Using the graph, explain Andy’s trip in as much detail@sgan. You can be
creative and use your imagination to explain any peculiar poitiie graph. But
remember, the graph is about Andy filling up his gas taokiou must include filling
up his tank in your story.

2) Andy heard on the news that driving less than 55 milesquardan help conserve
gas. Andy loves to drive fast, but also can’t afford figé lyas prices so he tries to
drive less than 55 miles per hour on the way home. $sibeessful? Explain.

3) Let's say | take a GPS and attach it to Andy’s car and acfpialiyis distance and
time during his trip to a gas station. What would Bedint on this more realistic
graph? What would be the same?

Figure 4.13:Emma’s activity about Andy’s trip to the gas statio

To see how the visualization and sense-making tatiem towards problem
solving functioned to support students’ producevgagement with novel tasks, consider

the new task that Emma brought to the second iet@rwhich she thought her students
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would be able to successfully engage with as aemprence of her lesson on slope. As
shown in Figure 4.14, The Vase Task presents agarofa triangular flower vase and
asks students to create a graph showing the ne&ijp between the height of the water
in the vase and the volume of the water in the v&ama explained that students would
be able to successfully engage with the task bedapsovides them with an opportunity
to make use of the disposition developed durindestts’ engagement with the task
involving Andy’s trip to the gas station:

What | would want them to take from this [pointsth@ task shown in

Figure 4.13] initially is to take that initial fitstep of “I am going to

picture filling up this triangular vase and | amimg to imagine the

water rising versus how much | am actually, like ttolume of the
water that I've poured in there.” ... I'm hoping theyll make a curve.

Evidently Emma wanted her students to orient tow#neé new task in the same way as
they oriented towards the task about Andy’s triph® gas station, namely by projecting
themselves into the situation and visualizing,neagining, what is happening to the
water level in the vase in order to make senshehew situation. In other words, it
seemed Emma hoped her students would generaliagieupar disposition—the
visualization and sense-making disposition. Itesgppd that Emma believed by
visualizing the water as it is being poured inte tlower vase, students would be
supported in making sense of the relationship betvike height of the water and the
amount of water that had been poured into the vAsea consequence of using this

disposition, Emma hoped her students would “mag&erae.”
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Lacey just bought a brand new vase to hold all the flonarsilisband buys her. Her
husband recently brought home Blue Siberian Irises, flon@sious for needing lots of
water. To make sure her flowers last, Lacey wants to filhbervase with water all the
way to the top. Assuming Lacey pours water into the vageanstant rate, create a
graph showing the water height versus the volume of watheidase.

Figure 4.14:Emma’s “new” task: The Vase Task.

It is interesting to note that the activity usedhe initial lesson involved several
linear relationships between distance and time gdsethe new task involved a nonlinear
relationship between height and volume. Emma nthtisdfact, stating “the curve is the
biggest thing that makes it novel, that it won'tdbknear graph.” It, therefore, appeared
Emma believed the use of a particular dispositi@mely a visualization and sense-
making approach towards problem solving, transcémelspecific mathematical content
of tasks thus supporting students in generalizieg tearning from, for example,
situations involving linearly related quantitiessituations involving nonlinearly related
guantities.

The other teachers. Like Emma, Kay seemed to believe that studentdavie
able to productively generalize their learninghiéy developed and made use of a sense-
making orientation towards problem solving. Intwalar, Kay explained that she
believed students would be able to generalize tharning “if they are able to reason
about the problem ... for me it's whether they caplyagheir reasoning that they learned

from going through this problem to other situatiomst necessarily what they learned
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about slope.” Here, Kay seemed to emphasize thel@@nent and subsequent use of a
particular orientation towards or outlook on prablsolving, namely problem solving
involves reasoning about a problem as opposediemdering something specific about
slope. Kay went on to elaborate what she meaftdasoning,” saying:

Reasoning skills in general; just taking a probkemad breaking it

down ... So, again | think it is more about buildirgasoning skills

and if they can build them, | would hope it woulelfrthem to solve
future problems.

The above excerpt seemed to illustrate Kay’'s bétiaf a disposition that involves
breaking a problem down to reason about what ipdiaipg in it will help enable
students to “solve future problems.” Kay, thugdicted that as a consequence of
developing a sense-making orientation towards praldolving, students would be
supported in productively generalizing their leaghof slope and linear functions to a
novel, quadratic-motion situation because studentdd “have to think about” and
“reason” through the quadratic-motion situatiorstdve it (i.e., they would make use of
the same sense-making disposition).

Unlike Emma and Kay who emphasized a sense-makspgsition, Donna
seemed emphasize a group-brainstorming dispositionther words, Donna appeared to
believe that a student will be supported in protety generalizing her learning if her
orientation towards problem solving involves workin a collaborative setting wherein
people exchange ideas about how to get startethggdvoblems. Specifically, Donna
explained that to problem solve, students simpbdre get started in the problem

solving process by putting forward “any kind of zyadeas” about how to proceed.
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Donna went on to provide an example of how thipakgion might look in a problem-
solving situation involving linear functions:
Like I could say “gosh, we should do this with lardunctions” and

you would say “oh, but why not use the formula” ahdn somebody
else might say “gosh, why don’t we graph it andlyesee.”

Thus, it appeared that Donna believed such a disposvould provide students with
multipleideas regarding what to do to solve a problemetineicreasing their chances of
successfully solving the problem. As Donna statieel,'goal is to come together and get
through that problem.” Moreover, as a consequencdeveloping such a disposition,
Donna believed her students would be able prodeigtengage with a novel Cell-Phone
Task wherein students are asked to work in groogsther and graphically represent
data regarding the cost of different cell-phonepland to subsequently decide if the
plans are linear. Because the task requires dsittemwork in groups, Donna believed
students would be supported in making use of teinp-brainstorming disposition and
thus generalizing their learning.

Associated instructional moves.Each of the three teachers in this category
(Emma, Kay, and Donna) seemed to emphasize adtitf@rstructional move. These
three instructional moves will be discussed in Hastion: (a) apply a real-world context
to a problem if one is not already provided; (byidvyroblem statements that tell
students what they need to do to solve the probdew;(c) model the desired orientation
towards problem solving.

Apply real-world contexts to problems that do ndtesdy have them.Emma
suggested that to support the generalization ofestis’ learning, teachers should

encourage students to apply real-world situationgdblems that are not already set
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within such contexts. Emma seemed to believelthapplying real-world situations to
decontextualized problems, students would be eddblgisualize themselves in the
problems and thus be supported in making use afitsialization and sense-making
disposition. To illustrate, recall that Emma’sdieiag artifact (see Figure 4.12) was
originally void of a real-world context. She hopgddents would apply such a context to
the artifact in order to solve it, but if they didt do so, Emma explained tistewould
introduce the possibility and help them to apptlistance versus time scenario to both
graphical representations in order to make senfigeai. Emma went on to say that
applying a real-world context to a decontextualigidation “could also be something
students could use [in the future], like if theg grappling with something, put itin a
real-world context to explain it more.” Emma there reported that students who learn
to approach decontextualized problems by askingseéses “What if | just attach some
sort of real-world situation to this? How wouldthhelp me? Would that reveal more
about this slope?” will be supported in making aktheir visualization and sense-
making disposition and consequently solving novebfems.

Avoid giving problems that outline what studentsatketo do to solve thenkKay
suggested teachers provide students with probleatsate open-ended and that avoid
step-by-step instructions regarding what to dooteesthem (e.g.graph the pointand
thencalculate the slope of the resulting jJneShe seemed to believe that open-ended
problems would support students’ sense-making dipa because they encourage
students to figure out what to do on their own. K&y explained, problems that
explicitly tell students to, for example, “calcidatlope” may actually “create a roadblock

for [students]” since they call for specific stepat students may not know how to carry
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out. Moreover, Kay provided evidence suggestirag she believed such problems might
actually prevent students from making use of aes@naking disposition. Specifically,
Kay said:

If you look at a lot of textbooks [...] a lot of th@oblems are broken

down into steps. ‘Step 1, find slope. Step 2ppra. Step 3-,” you
know, OK great, where is the thinking?

Thus, it appeared Kay believed that problems wsteps” to follow deny students
opportunities to utilize a sense-making dispositiesause they directly tell students
what they need to do rather than allowing studenfgure it out for themselves. In this
way, Kay explained the key to the problems shegmssi

They don't tell you, they don’t have any stepsyou to do. You have

to figure what steps you need to, whatever it & gou think you need
to do, you need to figure it out.

This excerpt seemed to highlight Kay's belief tiiatudents are to be supported in
utilizing a sense-making disposition, and thusdsbpported in generalizing their
learning to novel situations, teachers should gl@gtudents with opportunities to
engage with problem situations that are open emdedture meaning that they avoid
directive statements likiend the slopavhich deny students opportunities to make use of
their sense-making disposition.

Model the disposition.Donna suggested that teachers model or enact the
disposition they want their students to develogeims she noted, productive group
brainstorming “is not going to happen on Day 1.0 lelp students develop a productive
or effective group-brainstorming disposition, Dorexglained that she enacts its various
components, for example, demonstrating to studemisto share ideas in a group

setting. For instance, when confronted with a [@obksolving situation in the classroom,
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Donna explained that she tells students what tblel@m reminds her of, what she
attends to, and how she comes up with ideas regahdiw to solve the problem:
We do a lot of teacher modeling — “This is how Emnking; look |
saw this; oh, this reminds me of this,” you know,Iglo a lot of

modeling of how I just kind of reach out and grabge things. ... So
really once you get that going, then they starbpgm solving.

Donna seemed to believe that if students are egposgroductive aspects of a
disposition, they will be enabled to re-enact thamtheir own, thus, making such
productive elements part of their own dispositidémthis excerpt, Donna also seemed to
express her belief that once students develop @wisposition, they will Start problem
solving.”
Discussion of Category 3

This category of belief is similar to Bereiter9@b)dispositionalapproach
towards problem solving wherein, as discussed iap@r 2, Bereiter argued that when
teaching for the transfer of learning, studentsaivof approaching things” is of primary
concern (p. 23). In the spirit of Bereiter, teashia this category of belief emphasized
the particular ways in which students orient tovggotbblem solving and the ramification
of their dispositions for the generalization ofdsuats’ learning. However, Bereiter did
not focus on the mathematical domain; insteadllingtiated his ideas with examples
from reading, moral education, and science edutafithus, the particular dispositions
that the teachers in this category articulatedssaalization and sense-making
disposition, asense-makingdisposition, and group-brainstorminglisposition—are new

to the transfer literature. In other words, bkitad to teachers of mathematics, | was



213

able to get specific ideas about dispositional apghes to transfer that are related to the
field of mathematics education.
Students’ Affect

Categories 4 and 5 involve the affective domaiecHally teachers’ beliefs
about students’ beliefs. To avoid confusion agdnom use of the word “belief” twice, |
use the term “view” instead of belief in referencehe students. Thus, this section
addresses teachers’ beliefs about students’ vi€esegory 4 involves the role that
studentsView of selplays in the generalization of learning (accordimghe teacher
participants in this study) and Category 5 involseglentsview of mathematics
Following McLeod (1992), who conceived of both veeof self and views of
mathematics under the affective domain in mathasakigroup Categories 4 and 5
together as involving students’ affect (versus reathtical content or a mathematical
disposition). Despite the fact that the role déeff has been absent from the transfer
literature, the results presented in this sectlicate that 7 of the 8 teachers subscribed
to a belief about the role of students’ affect iarpoting the generalization of learning.
Category 4: Students’ View of Self Facilitates Trasfer

Statement of the belief. Teachers in Category 4 seemed to believe thdéestsa
will be supported in generalizing their learningiwvel situations if students’ develop
confidence in their abilities to engage in mathecaafctivity. Confidence here refers to
a person’s view of his or her “competence in matitges” (McLeod, 1992, p. 583) or the
“belief that one can learn to do that which is estpd of one” (Broekmann, 1998, p. 18).
As will be demonstrated below, the teachers’ laggu&flected a conception of

confidence as an internalized and individual psiadioal construct (i.e., confidence is a
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view about one’s own mathematical capabilitiesheathan as a normative practice-
oriented construct (i.e., confidence is an intensaed and mutually defining process
and product of engagement within a particular comitgy(cf., Graven, 2004)). This is
another reason why the Category 4 belief is astmtiaith affect rather than a construct
such as identity (which is often conceptualizea @soduct of one’s socially-situated
engagement in and negotiation with a communityh&ps 2012; Nasir, 2002). The
choice to characterize confidence at the indivighsgichological level reflects an attempt
to remain consistent with the language used bydhehers in this study.

All but two teachers (Anne, Donna, Blake, EmmayriBlatand Sam) seemed to
believe that the generalization of students’ leagns contingent upon how confident
students are that they can engage in mathematitaity. In other words, students who
view themselves as capable and therefore thimafido this” when confronted with a
mathematical problem-solving situation will be sagpd in generalizing their learning
while students who do not will shut down and thegpbevented from generalizing their
learning. This belief about the generalizatiostoidents’ learning seemed vague or
imprecise in the sense that as a mechanism foiostipg the generalization of students’
learning, it was not well specified. In other wertkachers appeared to believe that if
students are confident in their ability to engagenathematical activity, then their
learning would simply generalize to new situatioftscould be that teachers believed
students’ confidence acted like a key to unlockdber to students’ engagement with
novel problems thereby allowing them the opportutatapply mathematically-specific
understandings like those discussed in Categorasl2. Alternately, it could be that

students’ confidence acted at the more general &h\sving students to productively
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engage with novel situations that transcended teaining of a particular mathematical
topic like slope. In this way, the limits of tthelief about the generalization of students’
learning are unclear.

lllustration of the belief. [ illustrate this category with evidence from Dan
Donna seemed to believe that the generalizatiauafents’ learning was dependent on
how confident students are that they can engagethematical activity. For example,
Donna said, “It's hard to get kids to generalizee|t learning] ... because you have to
break down their beliefs of ‘I just suck at thigldn’t know anything.” Moreover,
Donna went on to say:

For me, it is making that “Ah-ha” like “Oh,dando this; Ido know

how to do this.” So, that’s what I'm going for.wiant them to realize

that yes they can really do this ... You have to dsielf-esteem into
those learners like “No, you're not stupid.”

Thus, Donna seemed to believe that for studergsnieralize their learning, they need to
cast away or break free of the notion that theyiramapable of engaging in mathematical
activity and, instead, take on the view that thegable to productively engage in
mathematical activity.

When asked how she thought her students wouldgengah parts A and C of
The Burning Candle Task (i.éind the slope of the function represented bedow
predict when the candle will burn guDonna appeared to emphasize students’
confidence in their mathematical abilities (rattrexn mathematical content or
disposition). In responding to the question, Dotalleed about her students in terms of
grade levels (i.e., ninth, tenth, and eleventh grs)d compared their relative levels of

confidence, and decided that because eleventhrgrategenerally more confident or
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“comfortable” with their own mathematical abilitiésey would simplypbe more
successful whereas ninth and tenth graders, whoearerally less confident, would shut
down at the sight of the “scary” problem. Speailig, Donna said that when confronted
with The Burning Candle Task her eleventh gradérs fare more comfortable” would
jump in and “just find the slope.” Donna contraisteis with how she thought her
younger students would approach the same taskgéayion’t think ninth and tenth
graders are comfortable here yet; this whole prab&ejust scary looking ... and we talk
about that, | don’t want them shutting down becaukmmks scary.” In these excerpts,
Donna seemed to express her belief that her niditenth graders would be unable to
engage with the novel Burning Candle Task becewsgedo not have confidence in their
abilities to engage with such a problem (i.e., tHeynot view themselves as capable)
whereas her eleventh graders, who do have conkdenteir mathematical abilities,
would be supported in productively engaging wité task. In this way, Donna appeared
to believe that lower levels of confidence woulldibit the generalization of students’
learning whereas higher levels of confidence waalchehow function to facilitate the
generalization of students’ learning.

The other teachers. The other five teachers in this category alsceapgd to
believe that students’ confidence in their mathérahabilities supports the
generalization of their learning. For example, Stra only teacher in Category 4 but
none of the other categories, explained that laishi@g artifact (an activity involving
slope) supported the generalization of studengshieg because it helped them develop
confidence in their ability to find slope. In pattlar, he said that the activity would help

students realize that “figur[ing] out the slope™m®t a hard thing to do.” He went on to
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say, “l don’'t know how much | focused on the megrn this [slope], but, you know,
just getting them to feel confident.” Thus, fom&at is not particular meanings for slope
or even a procedure for finding slope that genegalto novel situations, but confidence
in one’s mathematical abilities that provides asdesone’s engagement with novel
situations.

Emma also seemed to believe that confidence irsanathematical abilities
supports the generalization of one’s learning. E\av, unlike Sam, she also provided
evidence consistent with beliefs that studentshmaiatical meaning generalizes, as do
their dispositions regarding problem solving. Hyrbe the case that Emma (and the
other teachers in this category) believed seveffardnt factors functioned together to
support the generalization of students’ learniRgrhaps students’ confidence allows
students to engage with novel tasks while the disipos and mathematically valid
meanings students develop for mathematical togesslope allow students to
productivelyengage with novel tasks.

Associated instructional moves.There were several ways in which teachers in
this category appeared to believe they could sumbtoedents in feeling confident about
their ability to engage in mathematical activitgdeathus to support the generalization of
students’ learning. | present the three most peevanstructional moves: (a) use
language of “understanding/not understanding” @rtipipating/not participating” versus
“easy/hard” or “good/bad”, (b) let students figunat problems on their own and use their
own strategies, and (c) and use contextually-megumlitasks.

Use language of “understanding/not understandingt &participating/not

participating” versus “easy/hard” or “good/bad.”"When considering ways in which
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teachers’ could support their students in feeliogficlent about their ability to engage in
mathematical activity, and thus support the gemstibn of students’ learning, Donna
and Blake focused on the nature of the language inshe classroom. In particular,
they suggested teachers attend to the ways in wi@ohle in the classroom verbalize the
relative ease or difficulty they experience whitggaging in mathematical activity. As
Donna explained, she and the students in her olassare “very very careful of words.”
Donna provided the following example:

In my classes, we don’t say “It's easy.” | dorét them say that. We

say “l understand that” or “I don’t understand thafAnd if someone

says, “Oh, that’s so easy,” I'm like “Excuse me?Ptahen they’re all
like, “You can’t say that; you can’t say that.”

In this excerpt, Donna seemed to distinguish betvageroblembeing an “easy” problem
and the relative ease or difficuly individualexperiences when confronted with that
problem. In the former, the relative ease or difiiy of a problem is an inherent
characteristic of the problem itself and in theédatthe relative ease or difficulty of a
problem depends on the individual. It seemed D@med to support students in
reflecting on and articulating the latter ratharthhe former. For if one student in the
class categorizes problemas “easy,” then other students in the class melystepid for
not understanding the “easy” problem. Howevea, student sayd ‘Understand this,”
then the other students may be less affected bgtdtement as it does not imply that
another studerghouldalso be able to understand it. Moreover, Donmdagxed that she
does not perpetuate the view that courses likaiedare “hard” but rather tells her

students éverybodycan take calculus.” In other words, Donna wamteslipport her
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students in viewing themselves as competent like 'oando that” regardless of the
topic or content area and used language as a gabisupport such a view.

Similarly, Blake made use of personal anecdotésttstudents know that the
relative ease or difficulty they experience, foaeple, on tests does not dictate who they
are mathematically but is simply a part of whahéans to participate in life:

I'm just letting them know that this grade that yget on one

particular test isn’t the end all and be all anid ibn’t who you are.

You are not, in my mind, a person who is “bad aththar a person

who is “good at math.” You are just somebody w@articipating in
life.

Blake seemed to want students to reject the notiahgrades defineho people are
(e.g., an F means | am bad at math whereas an Asti@an good at math). Rather, he
wanted students to view being evaluated as a nquartbf participating life and as
providing one with an opportunity to choose to ggvate differently. Thus, Blake
shared personal stories of starting out variousesésns in his career as a student with Ds
or Fs in his math classes, subsequently decidichbdange the way he participated,
eventually receiving As and Bs in said classes,faradly becoming a math teacher. In
this way, Blake used language as a vehicle to gotheemessage that studerdas2
capable of engaging in mathematical activity retgmslof the grades they receive.

Let students figure out problems on their own andautheir own strategies.
Sam and Emma suggested that teachers reorganimgébeand obligations of the
teacher and students in a classroom so that ssidenthe ones responsible for figuring
out how to solve problems. They apparently beliethat taking on such roles and
obligations would develop students’ confidencehigit mathematical abilities. For

example, Sam suggested teachers provide studahtepyportunities to answer their own
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questions. To illustrate, consider the two-pativég Sam brought to the first interview.
Sam explained that the first part, which consi$ts questions, is to be completed as a
class while the second part, which consists of tiues 7-12 is to be completed by
students in small groups. In each of the firsuégtions, students are provided with (a)
two coordinate points(,y:) and &.,y>), whereinxs, X, y1, andy, are all known values,

(b) space in which to plug those values into te@ealiformula, and (c) a Cartesian plane
on which to graph the associated line. Howeveguestions 7-12, students are provided
with a different set of information. For instangeguestion 7, (ay: is an unknown, (b)
the slope is given, and (c) a line has already lgeaphed.

When asked how he thought the first part of thevéigisupported students in
productively engaging with the second part of tbivay, Sam did not focus on
relationships between mathematical details of weegarts of the activity, but rather on
providing students with opportunities to figure the second part on their own. For
example, he said:

Kids would be like “What do we do about number &Rd I'm like “I

don’t know; figure it out, you know this number fpted to the

missingy-value in question 7] could be anything,” and Itjuslk off,

you know, and then | come back 5 minutes latertheg’re like

“Yeah, we figured it out,” like | didn’t have to@eh anything, you

know, and just try to like change the problem iclsa way where they

have to like take some process that they thought tinderstood pretty

well here [pointed to the first part of the actyliend into some new

situation and it’s not that much different [pointedthe second part of
the activity].

In this excerpt, Sam seemed to express his baktfllowing students the time and
opportunity to answer their own questions (e.g.wajking away after hearing a

students’ question rather than answering the queslirectly) would support the
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generalization of their learning. Sam went onxplain that he hoped such a move
would support students in feeling “confident” abtheir ability to engage in
mathematical activity and, in particular, novel heaxhatical tasks.

Similarly Emma suggested that teachers suppadests in developing their own
strategies for solving problems. In the followikgnma explained how she believed
encouraging students to use their own methods waupgort students’ confidence:

Allowing them to use their own way of thinking ahdving that

reasoning, or whatever it is, if you can, haveoitt ®f come up

organically from the student .because now they see sort of the steps

it takes to get to the solution and they did itntlselves. So you have

that added sort of confidence in it like “I cankbecthis; | can do this;

| got it.”

In this excerpt, Emma appeared to express thefblelieencouraging students to come
up with their own strategies, as opposed to sirppbyiding students with procedures or
formulas to use, would serve to build studentsficemce because they would actually
see themselves as capable of successfully solvatg problems on their own. As a
consequence of having increased levels of confelentheir mathematical problem-
solving abilities, Emma seemed to believe thatesttglwould be more willing to engage
with novel problem situations.

Use contextually-meaningful tasksPatrick suggested the use of rich real-world
problem situations as a way to support studentsaling confident about engaging in
mathematical activity, and in particular, in answgmathematical questions. Patrick
explained that the contexts used in real-world |gnobsituations can be used as tools to

convince students who are “marginally successhdt they do understand what is going

on and that they are therefore capable of engagintathematical activity. Specifically,
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he said, “I think the context, the contexts deéhjithelps me help students understand
what we are doing. So, | can give them that camité because | can convince them they
understand what is going on.” Patrick further elalbed that he believed such problems
were particularly powerful in developing confidermecause they make it easier for
students to answer questions when they are stipkcifically, Patrick said, “If they're
really stuck, in a context, they can answer yowesfjons because it is a fairly simple
context and they can find success in that.” Thesxplained that real-world problems
can be used as a tool “to use to get everybodyesstid doing something with slope.” In
other words, Patrick seemed to believe that con#dizied problem situations make it
easier for students to answer mathematical questwnich in turn provides students
with opportunities to feel successful and confidertheir overall ability to engage in
mathematical activity.

Category 5: Students’ View of Mathematics Facilita¢s Transfer

Statement of the belief. Teachers in this category (Richard, Patrick, Bladke)
seemed to believe that the generalization of stistdkrarning was mediated by students’
views about mathematics. In particular, teachppeared to believe that students would
be supported in generalizing their learning to meuteations if they view mathematics as
relevant to and useful outside of the mathematesscoom.

As with the Category 4 belief, the specific detaildiow this belief functions
remain unclear as teachers tended to speak in tagus regarding the particular ways
in which students’ views about the relevance aredulisess of mathematics promoted the
generalization of learning. It may be the case tiwchers in this category believed

students’ views of mathematics would support theegalization of learning because they
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would frame students’ current activity inside tih@ssroom as relevant to future activity
both in and out of the classroom. For exampla,sfudent views mathematics as
relevant and useful to what a person does in sealenorld situation outside of the
mathematics classroom, then that student will beertikely to engage successfully when
confronted with a novel situation involving saitusition. In this way, the Category 5
belief may function along with teachers’ other bfdi On the other hand, it may be that
viewing mathematics as relevant and useful outsidiee classroom functions at a more
general level, allowing students to productivelgage with novel situations that
transcend the learning of particular procedurescepts, or dispositions. In short, the
particular ways in which beliefs involving studeraffect (both Categories 4 and 5)
functioned to promote the generalization of leagnirere underspecified by the teachers.

lllustration of the belief. I illustrate this category with evidence from Racd.
Richard appeared to believe that students wouklpgorted in generalizing their
learning if they develop the view that the matheasdearned in the classroom is
relevant and useful outside of the classroom. ik&dd stated, students would be
supported in generalizing their learning if theg able “to see how math is used in the
real world.” As he explained, students who viewtmeanatics as useful in the real world
are supported in making future use of their leagh@causehey are able to make
connections between current and future situations:

If a kid can get a grasp of “How am | going to tikis?” “What does

it mean in everyday life?” it's sure going to hehem ... to make a
connection later on when you’re delving into thgher mathematics.

In this excerpt, Richard seemed to express higfablat students who have recognized

everyday uses for the mathematical interpretatibeg develop in the classroom will be
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supported in making connections between that inéégipon and the interpretations they
will be expected to develop in later, higher-leredthematics classes. However, it is
important to note that he didn’t specify the parégec connection that he expects students
to make. Thus, this belief seems to function mioae global level to promote the
generalization of learning than the beliefs invotyspecific mathematical content or
dispositions (Categories 1-3).

The teaching artifatt Richard brought to the first interview was an ticalled
“Stretching Things Out” (See Appendix A). The ait}i asked students to consider how
the approximately linear relationship between #regth of a rubber band (and
subsequently a coil spring) and the amount of wesghthe end of a rubber band would
manifest in various mathematical representatiorgs,(graphical, tabular, symbolic).
When asked how he believed The Stretching ThingsAotivity served to support the
generalization of students’ learning, Richard paihto the fact that the activity is set in a
“real life” context. In particular, he noted thrather than it being a traditional,
decontextualized activity, it actually makes us@lsénomena one could reasonably
expect to encounter in the real world: “It's raéd; rather than just ‘here is a line; let’s
give it the equatiog=mx+b,’ it was ‘what’s happening with the weight? Whka
happening with the length?”” Thus, as Richard akp@d, “the kid sees ‘Oh, somebody is
going to have to do this [in real life]; | mearisisomething that is done.”” Moreover,
Richard reflected on a time in which he did useat#vity in his teaching:

You never had kids asking “When am | going to uge” | mean it
was fun not to have to answer that question evagywhere in a

M This activity is from the reform-oriented curricmh Core Plus (Coxford et al., 1998).
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traditional class, | think, you get asked that evéay: “Why do | need
this?”

In these excerpts, Richard seemed to express Ine$ that his teaching artifact supported
students in viewing mathematics as relevant anflilisethe real world.

Interestingly, Richard said he thought his studerdald be able to productively
engage with a quadratic-motion situation as a aunesece of their engagement in The
Stretching Things Out Activity. When providing lmsasoning for this, Richard appeared
to emphasize students’ view of the usefulness dhemaatics in the real world (rather
than mathematical content or a mathematical disipo$i In particular, Richard said that
after having engaged in The Stretching Things Gativily wherein two different
mediums are examined (i.e., a rubber band and amang) and various real-world
problems arise (e.g., a rubber band breaks), sts@eme to realize the world is full of
different situations. In his words: “It [The Stthtng Things Out Activity] helps them
realize that there’s not just one type of thinghgoon ... there are other things that
happen ... look at house prices, look at differeintgh.” Here, Richard seemed to
express his belief that students would be enablgadductively engage with a novel
problem involving quadratic motion because of awikey had developed during The
Stretching Things Out Activity, namely that thatthematics is relevant and useful in
many differenteal-world contexts.

The other teachers. Patrick also seemed to believe that the genatadiz of
students’ learning would be facilitated by a vidnattmathematics is relevant and useful
outside of the mathematics classroom. Patriclecegd on the evolution of his own

teaching when discussing the generalization ofesited learning. Because of a
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conversation with the economics teachers at hisdcPRatrick realized that the
curriculum he was using was organized into disjmpics with “no purpose.” In this
conversation, the economics teacher contendedhé@aieniors in his class were unable to
recognize linear relationships unless they wereesged in thg = mx + b form, and this
was despite the students having “taken quite afiiath.” Patrick was surprised that his
students were unable to generalize their learmom their prior mathematics classes to
their economics class. Patrick began to realiaetdachers are “missing something if
[they] are not supporting their [students in] usingth elsewhere” and that he, as a
teacher, “should be supporting math being usedhysips and in chemistry and in
economics and all the rest of the disciplines.'isdeemed to be the impetus for
Patrick’s belief that to generalize their learnofgnathematics, kids need to “feel
purposeful in learning math,” sethat’'s why we are doing this math,” and realize that
they can “actuallyise iton something.” After that conversation with tle®eomics
teacher, Patrick decided that he would “still teattithe math but [it] would have this
purpose behind it as opposed to ‘we’re just doopds.”

Blake also seemed to believe that students witlvighe that mathematics is
useful outside of the classroom would be able tapctively generalize learned
associations, procedures, and formulas to nowatsiins. For instance, he said that in
order for students to “generalize slope to othierasions,” they need to realize “the fact
that it's everywhere” and “learn to see” slope.(i‘a certain amount horizontally, a
certain amount vertically”) in the world around tfhe He went on to say:

I'm hoping that when they walk away with it thatyddnat they can
have some understanding of it as a certain amoomzdntally, a
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certain amount vertically, ... [and] be able to lcatkthe world and say
“oh, | see different angles everywhere that | cocddl slope.”

In the above excerpts, Blake seemed to expredsehef that students will be able to
make future use of their learning of slope if thegome aware that it can be seen in the
world around them and learn how to identify itémrhs of a vertical rise and a horizontal
run. Thus, Blake seemed to believe that the gémnatian of students’ learning is
facilitated by a particular view of mathematicsimey that it is relevant outside of the
classroom. Interestingly, Blake acknowledged thate were some students who would
be able to productively generalize their learningovel situations even if they did not
develop such a view of mathematics. These arékttie who just love the puzzle of
it...who just love the rules;” for them, “it doesinaive to connect to anything.” But for
the “other ones who just hate the rules,” Blaketfat it was crucial to help see the
usefulness of mathematics in the real world.

Associated instructional moves.There were two ways in which the teachers in
this category appeared to believe they could sumpodents in developing a view of
mathematics as useful and relevant outside of tihematics classroom: (a) make use
of real-world situations, and (b) ask studentsaime up with real-world situations
involving a particular mathematical topic. Eachktimctional move is discussed in turn.

Make use of real-world situationsEach of the three teachers in this category
spoke about making use of real-world situationa &y to support students in viewing
mathematics as useful and relevant outside oflissi@om. Patrick appeared to believe
that students would be supported in generalizieg tearning if they are asked to engage

with real-world problem situations that spark stugécuriosity and that students find
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personally “interesting” and “relevant.” In padlar, when explaining how he developed
his lesson plan so that it helped to enable stsdenmnake future use of their learning,
Patrick said that he was not inclined to choosditicanal “practice” problems or to use
worksheets, but rather to choose problems thatdvewpport students in thinking about
whythey would want téearn about slope and how it could be useful @irtlives outside
of the classroom. Specifically, Patrick said:

| wanted it to be interesting. | wanted it to lmenething they would

be curious to figure out. And kind of relevant ..yMclination

wasn't to say “Well, let’s do a worksheet” or “lstlo more practice.”

It was “Alright, so when would you ever come acreispe; when

would you ever want to even have a thought abontesbing that’'s

steep or there’s changing amounts?” So, that'smiitbought about
cars, working so much, making money, so much perkwe

This excerpt appeared to highlight Patrick’s beteft selecting particular kinds of
problems would support students in viewing mathé&sats relevant, namely problems
that are interesting to students and that helpestisddentify instances in their lives that
involve mathematical topics like slope.

Similarly, Richard and Blake stressed the impar¢aof making students aware of
how mathematics can be seen and used in theiridhudivlives. Richard drew upon
students’ real-life interests, such as footbalnoisic, to help students see connections
between the mathematics discussed in the classaodrphenomena that exist outside of
the classroom. Blake said that he provides stgdeith several examples of real-world
situations involving the specified mathematicalteon, for instance using home-buying
and purchasing situations, to illustrate linearctions.

Ask students to come up with real-world situatiotit involve particular

mathematical topics.Patrick and Richard appeared to believe thatippasrt students in
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seeing mathematics as relevant and useful out$ithe anathematics classroom, and thus
support students in generalizing their learningchers should askudentso come up
with real-world examples that involve mathemattoglics. When explaining how the
goal of supporting students to make future uséeif tearning contributed to the way in
which he thought about his lesson plan on slop&idRaaid it led him to ask questions
like: “Are there any other instances where you seanething that is stated like this rate
of pounds of beans per person; what else have weuheard or seen that is so much of
an amount per something?” Patrick went on to gleveasoning for employing such a
move, namely that when students share that they heard “miles per hour” or seen a
commercial advertising a car’'s mileage per galtbay often realize, “Wow, there is a lot
of rates that | hear or | know about, but | nevenk about them as itthis muchper
something.” Similarly, Richard said that he beséid\asking students to identify jobs
wherein employees make regular use of mathematat$cawrite reports responding to
the question “How do you use mathematics in ydaffiwould help students view
mathematics as relevant and useful in the realdvorhus, Patrick and Blake appeared
to believe that their students would come to viesthmmatics as relevant and useful
outside of the classroom, and therefore be supgartgeneralizing their learning, as a
consequence of being asked to provide examplesabfvorld instantiations of
mathematical topics.
Discussion of Categories 4 and 5

These categories about the generalization of stesdearning and the
corresponding beliefs how to support it do not a@ppe the literature base on transfer.

The absence of an emphasis on students’ confidegeeding their mathematical
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abilities as well as students’ views of mathematiosild indicate that transfer
researchers have not identified such views as beipgrtant factors with respect to the
generalization of students’ learning. However, fiet that 7 out of the 8 teachers who
participated in the present study provided evidemgieh appeared to indicate that they
believe students who (a) feel confident in theitigtto engage in mathematical activity
and/or (b) view mathematical as relevant and usmitdide of the classroom, are more
likely to generalize their learning to novel siioas seems to show that for teachers,
these student views are crucial factors in the iggization of students’ learning. Thus, it
seems that by investigating the beliefs of those imkeract with student learners on a
daily basis in the context of a mathematics clagsraas opposed to, for example, those
who interact with student learners intermittentiythe context of a laboratory setting, we
are afforded the opportunity to gain access to hiogkefs about the generalization of
students’ learning and how to support it.
Chapter Conclusion

In this chapter, | identified 5 categories (fittimgo 3 supercategories) of

teachers’ beliefs regarding the generalizationtwdents’ learning and 13 associated

beliefs regarding how to support the generalizatibstudents’ learning (see Table 4.1).
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Table 4.1: Summary of findings regarding teachers’ beliefswalfa) the generalization
of students’ learning and (b) how to support theegalization of students’ learning.

Categories of Teachers’ Beliefs About the Generalition of Learning

-

nat

m

[0

d

Statement of Belief Teachers Associated Instructional Moves
Students will productively
generalize their learning to ja : o
novel situation if the novell  Anne Tell students the desired associatiof
1 | situation prompts students to Blake procedure, or formula
make use of a learned Donna Use multiple examples
association, procedure, of]
5 formula.
‘g‘ Choose tasks and pose questions t
O Students will productively emphasize quantitative reasoning
generalize their learning to @ Richard Use a curriculum that progresses frg
2 novel situation if they Emma contextualized to decontextualized
develop mathematically Patrick situations
valid interpretations of the|  Kay Provide students with opportunities
meaning of topics like slope. explain their reasoning
Apply a real-world context to a
5 Students will productively problem if one is not already provide
2 generalize their learningto@ Emma Avoid giving problems that outline
gl 3 novel situation if they Kay what students need to do to solve
0 develop and make use off Donna them
= particular dispositions. Model the desired disposition
Use language of “understanding/not
Students will productively | Anne understanding” or “participating/not
generalize their learning to@ Donna participating” rather than “easy/hard
4 novel situation if they Blake or “good/bad”
5 develop confidence in theit  Emma Let students figure out problems on
o abilities to engage in Patrick their own and use their own strategi
% mathematical activity. Sam Use contextually-meaningful tasks
é Students will productively
Z generalize their learning to @ Make use of real world situations
novel situation if they Blake Ask students to come up with real-
5 develop the view that Patrick world situations involving a particular
mathematics is relevant and Richard mathematical topic
useful outside of the
mathematics classroom.

By looking at the summary provided in Table 4.1¢ @an see that all but one of

the participating teachers in this study emphasiiedole of mathematical content in

their beliefs regarding the generalization of shudelearning. Specifically, half of the
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teachers emphasized the importance of a matherhatieid meaningfor mathematical
topics and just under half of the teachers emphddize importance @fssociations,
procedures, and/or formulas their beliefs regarding the generalizationezrhing.

These beliefs regarding the role of content seespedific in nature in the sense that as a
mechanism for supporting the generalization of estts! learning, content (e.g., a
meaning or an association) appeared to functi@nparticular way for each teacher; for
example, one teacher believed that if a novel grmolpprompted a student to make use of
a learned association (e.g., a link between a ggabimage of positive slope and the
word “away”) then that student would generalize learning by making use of said
association.

Similarly, Table 4.1 shows that all but one of gaeticipating teachers
emphasized the role of students’ affect in theliegfieregarding the generalization of
students’ learning. In particular, three-quar{ers6 out of 8) of the teachers stressed the
importance of students’ confidence in their abitdyengage in mathematical activity and
3 out of 8 of the teachers stressed the importahstidents’ view that mathematics is
relevant and useful outside of the mathematicsabasn in their beliefs regarding the
generalization of learning. Such beliefs regardimgrole of students’ affect appeared
less specific than the content beliefs in the sémseas a mechanism for the
generalization of students’ learning, the way inalihfor example, students’ confidence
functioned to support the generalization of stusideairning was vague. Moreover, as a
mechanism for the generalization of students’ le@;rstudents’ affect seemed to
function at a more global level than content allagvstudents to generalize their learning

to novel situations that transcended the learnfrgadicular mathematical topic.
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The fact that the role of students’ affect in tieagralization of students’ learning
is absent from the transfer literature makes tlowalfinding significant despite the
underspecified nature of these beliefs. Likewitise finding that 3 out of the 8 teachers
emphasized the importance of disposition in thelielis adds to the transfer literature by
extending the writings on dispositional approadioesansfer into the domain of
mathematics education. These findings point tartiportance of talking tteachers
about their beliefs regarding the generalizatiostatlents’ learning.

Similarly, the findings regarding teachers’ beliafsout how to support the
generalization of students’ learning point to timportance of talking to teachers as
several of the instructional beliefs forwarded égahers in this study had not been
identified by transfer researchers. For example téachers in this study used a variety
of curricular materials that many other teacherseruly use to suggest (from an actor-
oriented perspective) that to support the prodeageneralization of learning, teachers
focus on students’ quantitative reasoning as wetha sequencing of activities, using a
curriculum that progresses from contextualizedegicothtextualized problems. Moreover,
the pedagogical actions that did share some elamétit what is reported in the transfer
literature seemed to entail practice-based difieen For instance, Anne, who seemed to
believe in the Thorndikean idea of transfer beiregliated by common associations,
believed that drawing upon multiple reform-orienteal constructivist-inspired activities
would support the generalization of students’ leayn Her instructional belief therefore
suggests practice-based decision-making that teansca Thorndikean approach to
curricula. Thus, the findings presented in thigatlkr highlight the significance of

talking to teachers about their beliefs regardimgdeneralization of learning.
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In the next chapter, | follow up on the finding tladout half of the teachers
emphasized the meaning of mathematical topics vilideother half focused on
associations, formulas or procedures when discggsarole of mathematical content in
the generalization of learning, by exploring thes® research question:

What is the relationship between teachers’ beliegmarding the

generalization of students’ learning and their reathtical knowledge
for teaching (MKT)?

In the second interview of this study, teachersavasked a set of questions designed to
explore their mathematical knowledge for teachié(T). Following, Silverman and
Thompson (2008), | investigated teachers’ persondérstandings of slope and explored
how those understandings might be transformedantawareness of (a) the ways in
which othersmight come to develop those understandings anthé®@ctions they might
take to support the development of those understgad In particular, | now ask, Will
there be an alignment between teachers’ membeirshiglief Categories 1 or 2 and the
teachers’ personal knowledge of slope. That i8,thne three teachers who appeared to
hold beliefs consistent with Category 1 about theagalization of learning be restricted
to procedural knowledge of slope while the teaciref3ategory 2 have developed deeper
meanings for slope? Additionally, has either $e¢eachers transformed their personal

understandings into MKT? Such questions will beveared in the next chapter.



CHAPTER 5:
Results on the Relationship between Teachers’ BefiieRegarding the Generalization
of Students’ Learning and Teachers’ MKT
In this chapter, | address the second researchignes
What is the relationship between teachers’ belie§marding the

generalization of students’ learning and their reathtical knowledge
for teaching (MKT)?

This study utilizes Silverman and Thompson’s (20€¥&racterization of MKT as having
multiple components. Stated in terms of the mattaral focus in this study (i.e., slope),
three components of MKT are: (a) teachers’ persondérstanding of slope, (b)
teachers’ understanding of how students’ come terstand slope, and (c) teachers’
understanding of the actions they can take to supipe development of students’
understanding of slope. Consequently, my resptmte second research question
addresses each of these components of MKT fordhepating teachers, as exhibited in
their work on the mathematics-focused tasks froenstcond interview. Then | relate
each component of the teachers’ MKT to their bslafout the generalization of
students’ learning (as presented in Chapter 4).

Specifically, in the first half of this chaptempiesent evidence for the following
three categories of the first component of MKT—tesxs’ personal understanding of
slope: (a) no evidence of ratio reasoning, alortt #ie conception of slope as steepness;
(b) limited evidence of ratio reasoning that iscdisnected from slope, along with the
conception of slope as steepness; and (c) stradgmse of ratio reasoning connected to
slope, along with steepness emphasized only sedbndanot at all (see Figure 5.1).

Additionally, | show that the teachers who providigtte or no evidence of understanding

235
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slope as a ratio also appeared to believe thajeheralization of learning is mediated by
associations, procedures, or formulas (Categorgrh Chapter 4). Furthermore, the
teachers who showed strong evidence of understaustbipe in terms of ratio (and who
provided evidence of a content belief about theegaization of learning) also appeared
to believe that productive generalizing is suppbiig mathematically valid
interpretations of the meanings of topics like sl¢@ategory 2 from Chapter 4), except
for one teacher (Blake), as shown in Table 5.1.aAssult of these findings, | argue that
developing a personal understanding of slope ati@ with a de-emphasis on slope as
steepness, is a necessary but not sufficient gondtr belonging to the Category 2
belief about the generalization of students’ laagni

Table 5.1:Relationships between teachers’ beliefs regardirgyeneralization of
students’ learning and teachers’ personal undedstgrof slope.

Teachers’ Personal Understanding_] of Slope
Donna No evidence of ratio reasoning | .
Category m— . . m—— Slope is
1 Anne Limited evidence of ratio reasoning bl:Jt steepness
Teachers ratio is not linked to slope i
Blake ' Slope is not
Cat Richard i steepness
a ezgory Patrick | Strong evidence of ratio reasoning aridSIOIoe may alsc
ratio is linked to slope | ;
Teachers E‘Lnar;a P i be considered
Other Sam | steepness

In the second half of the chapter, | draw uponséteond and third components of
MKT to illuminate the findings regarding Blake, nalythat he did not fit the alignment.
In particular, | show that while the teachers frGategory 2 in Chapterebnsistently
emphasized the development of students’ quantatiterpretations of the meaning of
slope and its associated formula, Blake did noareédver, | show that the teachers from

Category 2 in Chapter 4 offered a richer and maréed set of actions than Blake to
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support the development of students’ quantitatiterpretations and that in contrast to
the teachers from Category 2 in Chapter 4, Blakgssted teaching actions that
supported the development of a numeric interpatatdf slope. These findings taken
together suggest, for example, Blake may be unathatean emphasis on numbers and
numerical patterns contradict an emphasis on giaéimg reasoning.

Teachers’ Personal Understanding of Slope

In this section | present the three categorieg@thers’ personal understanding of

slope articulated above. As noted, there wereparts to teachers’ understanding of
slope—ratio and steepness—wherein there appeatedaontinuum for each. With
respect to steepness: two teachers seemed to tartkstope as the steepness of a line or
other physical object; four teachers appeared tierstand how oneould interpret slope
as the steepness of a line; and two teachersedjdoe notion that one interpret slope as
the steepness of a line. With respect to ratie:teacher exhibited no evidence of ratio
reasoning; one teacher showed limited evidencataf reasoning; and six teachers
showed strong evidence of ratio reasoning. Eviddacratio reasoning was considered
strong if teachers provided evidence of each ofdlewing:

e coordinating two quantities (or the changes in guantities) to form a unit
composed of two quantities (e.g., joining 10 cmhvidts s to form a speed);

e iterating or partitioning a unit composed of twagqtities (e.g., cutting the
composed unit of 10 cm in 2.5 s in half to argws thoth pairs of values—10
cmin 2.5sand 5 cm in 1.25 s—represent the spewds;

e reasoning with an equivalent set of ratios (e.@.¢crh in 2.5 s is the same

speedas4cminlsandas6cminl.5s); and
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e interpreting the meaning of ratio in a variety mfigtions (e.g., in situations
with and without an inherent steepness—the relakigmbetween the height
and length of a ramp represents the steepness odtfip and the relationship
between the amount of distance traveled and thesmonding amount of
time represents speed).

Researchers point to the above criteria as evidehaio reasonintj (e.g., Lamon,
1995; Lobato & Ellis, 2010; Simon & Blume, 1994 vidence for ratio reasoning was
considered limited if teachers did not provide evice of all four criteria.
No Evidence of Ratio Reasoning; Slope is Steepness

Donna, from Category 1 in Chapter 4, was the agdygher who did not exhibit
any evidence of ratio reasoning. She, therefadendt appear to interpret slope as a
ratio. Rather, she seemed to interpret slopermd®f the steepness of a line or other
physical object. To illustrate, | present datarfrtwo tasks: The Slant Height Task (see
Figure 5.1) and The Slope of One-Half Task. In$kent Height Task, teachers were
provided with a diagram of a ramp with all thredes labeled: height, length and slant
height. Teachers were then asked to consider whéth ratio of the slant height to the
length of a ramp (called thamp numbein this task), could be used as a good measure
of the steepness of the ramp (in additioslape or the ratio of height to length). The
goal of this task was to ask teachers to reasdmtwibd quantities not typically associated

with steepness, thus putting them in an unfamsiaration, to examine the ways in

2 There are other researchers who would considerst a subset of the criteria as evidencerefratio
reasoning(e.g., Lesh, Post, & Behr, 1988).
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which they reasoned about the relationship betwwerguantities. The specific focus
was on teachers’ ratio reasoning.

In the Slope of One-Half Task (which was statedaby without a task sheet),
teachers were asked to provide an explanatiorhé®onteaning of a slope of 2. The goals
of this task were to examine the quantities teactwauld draw upon to interpret the
meaning of a slope of ¥2 and to examine whethehamdteachers conceive of the
relationship between two quantities (e.g., a ks 1 foot vertically for every 2 feet it
runs horizontally or a mixture contains ¥2 as muahas sugar). Solely using quantities
with inherent steepness qualities to interpretntieaning of slope could indicate a teacher
who understands slope as the steepness of a phyisjeat. Interpreting a slope of %2 as
a relative description of some quantity (e.g.,verty salty) could indicate a teacher with
limited or no ratio reasoning whereas joining thentl the 2 to form a unit of % could

indicate a teacher with limited or strong ratios@ang.
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Can the ratio of “slant height” to length also Ised as a measure of the steepness of a
ramp (in addition to the ratio of height to lengthich is called slope)?

{Slant Height”
Height

Length

Let’s give the new ratio a name (i.eamp numberso as to avoid confusing it with
slopewhich is the ratio of height to length.

Examine severabbmp numberge.g., 4:3; 5:4; 6:9). Test whether or noamp
numberis a good measure of steepness. This will invttugking about what makes
something a good measure. How can you test thésuane to see if it's actually a
measure of the steepness of the ramp? Think @fyaand then test it.

\°&4

DON'T USE ALGEBRAIC FORMULAS and DON'T USE YOUR KN@LEDGE
OF SLOPE!!

Use only the kinds of tools (e.g., paper, pentigight edge) that students would have
easy access to.

Figure 5.1: The Slant Height Task.

When responding to The Slant Height Task, Donn&exyented with several
different ramp numbers (see Figure 5.2) to figurevehether they would tell her
anything about the relative steepness of a ranme b®&gan by “doing ones,” meaning
that she explored ramp numbers with a ratio ovgul less than 2) (see Figure 5.2a).

Donna appeared curious about the relative steemfi@ssamp with number of, for
example% as compared to a ramp with a ramp numbéraﬁ‘ evidenced by her utterance

“will these [the steepnesses] change if you keep yaproper fraction with a 1.”
However, she did not coordinate the quantsiesit heightandlengthto reason about the

steepness of a ramp. For instance, by coordindtmguantities of slant height and
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length, one could reason that a ramp numb%n's)Bteeper than a ramp with a ramp
number ofg, because the former ramp ha;camits of slant height for every 1 unit of

length while the latter ramp haé anits of slant height for every 1 unit of length.

Instead, Donna converted all the improper fracttonsixed numbers (as shown in

Figure 5.2) and reasoned with the “whole numbert pathe mixed numbers to

conclude that ramps with ramp numb%s%, and % indicate onelassof steepness

(because they all have a whole number part of lpvehramp with a ramp number 03 2

indicate a different class of steepness (becausesia whole number part of 2). In her
own words, Donna explained:

The whole number is showing me that ... as soon as[points to the
underlined whole numbers in Figure 5.2] goes ufhtonext integer, 2,
it got steeper. So, right here [points at the rammpFigure 5.2a], |
know these are all close ... these are all so similaloesn’t look like
they’'re changing that much, but when we got to @rjfs at the ramp
in figure 5.2b], that bumped it up steeper

Hence, when reasoning about steepness, Donna tdsthow evidence of coordinating
two quantities but rather of attending to a patéicmumerical value, specifically the

whole number portion of a mixed number.
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Figure 5.2: (a) Ramp numbes with whole numbers of 1; (b)agp numbers with whol
numbers of 2.

Furthermore, when asked during The Slope of-Half Task what a slope of -
might mean, Donna’s response ststed that she interpreted the meaning of sloy
steepness and the value associated with slopeiadiaation of the relative steepness
a line. In particular, Donna sa

| think it's [a slope of % notsteep ... | just think of it as a fraction
The smaller the fraction is to me, the less stéepstope is; th
greater, it would be very steep ... | automaticalyppt into a
coordinate graph ... So, if we have 1, however ydikd, y=x, this is
like, I cal it a reference graph. As soon as you start chmanthis
number, that's going to affect where it goes. i&d;s below 1, it's
going to fall. If it's above 1, it's going to geteepe!l

This excerpt highlights the fact that when conaegvof slope Donna thinks of a sing|
guantity, steepness, rather than a relationshipdst two quantities. In the context
steepness, a slope of %2 could represent a relhtphstween the quantities of height ¢

length (e.g., a hill increases in height ¥or each one foot of length or the height of
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is ¥2 the length of its base). In contrast, Doreenged to conceive of particular values
for slope as an indication of relative steepnegstsrespect to a line on a coordinate
graph with a slope of 1 (i.e/7x).

Interestingly, Donna did not seem to understantlibmg given the value of ¥z as
the slope of a physical object with steepness (sscdiramp) determines the steepness of
that object. Specifically, Donna concluded thab@m full of carpenters, each instructed
to build ramps with slopes of ¥2, would not buildwzs with the same steepness. Her
misunderstanding seemed linked to her associafisteepness with the angle of
inclination of a ramp (i.e., the angle betweendlamt height and the base of a ramp)
rather than to the coordination of two quantiti&he explained that the angle of
inclination would depend on the units each carpestiese to use. Specifically, when
asked whether the steepness of the carpenterssramd be the same, Donna said:

No because half is, is it half a centimeter? Isailf an inch? Is it half

a foot? What's half represent?..I just can’t imagine what they would

do with ¥2[emphasis added], well because I'm thinking, | ddaiow,
because the angle would be different.

The fact that Donna attached units to the slopgé etich as %2 cm or % ft is consistent
with conceiving of slope as an extensive quantity direct measure rather than as an
intensive quantity or ratio (Lobato & Thanheiséd02; Schwartz, 1988). Furthermore,
Donna’s conclusion that a shorter direct measuié o versus a longer measure of Y2 ft
would affect the angle is reminiscent of the mismption that angle measure is related
to the length of the line segments that form itlesi(Clements, Battistia, Sarama, &
Swaminathan, 1996). In sum, the evidence takeetheg indicates that Donna

conceived of slope as a single quantity, namelgystess.
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Limited Evidence of Ratio Reasoning that is Discorected from Slope; Slope is
Steepness

Anne, from Category 1 in Chapter 4, showed someéezme of ratio reasoning.
The strongest evidence for such reasoning emenggagdl he Slant Height Task shown
in Figure 5.1. Initially, Anne was unsure whethe ratio of slant height to length could

be used as a measure of the steepness of a raowever, when asked about the relative

steepness of a ramp with a ramp numbe;éd‘i.e., a slant height of 7.5 and a length of

7.4) and a ramp with a ramp numberz—'éfAnne concluded that the second ramp would

be steeper. She first noticed that the slant héngéach case was 0.1 units longer than
the length of the corresponding base. Then sheaapg to consider this difference
relative to the length of both bases:

0.1 in each of these [ramps] is a different amoorganing that the

ratio between 0.1 and, like if | were to divide tihe¢hat 0.1 is divided

by more [points to “7.5 to 7.4” written on a pieakpaper in front of

her]. So, it’s, within this context, it’s less th&.1 here [points to “3.5

to 3.4” written on a piece of paper in front of heBo, 3.5 over 3.4,
that0.1 is a different amount.

This transcript excerpt suggests that Anne condedfehe relationship between 0.1 and
7.4 and the relationship between 0.1 and 3.4. s8amed to understand that sharing or

separating 0.1 units across a larger amount wagldltrin a smaller amount, thus

concluding that a ramp with a ramp numbeizif’?fs less steep than a ramp with a ramp

.5
number ofz—4.

One could alternately argue that Anne was not doatthg quantities or

reasoning about the relationship between themwbatsimply dividing two numbers,
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knowing that% < % if b > c. However, there was an additional piece of evidehat

suggested Anne might be reasoning via ratio. Wdsied to produce additional

measurements for a ramp that would have the sampratss as a ramp with a ramp
number of;'—4, Anne produce%I%, thus, exhibiting evidence of iterating, or reregta

unit composed of 3.5 units of slant height anduhés of length to get a ramp with an
equivalent steepness (i.e., 7 units of slant ha@bt8 units of length).

Additional evidence that Anne does not belong enfghevious category with
Donna emerged during The Slope of One-Half TaskelVasked to describe how she
thought about the meaning of a slope of %2, Anng ‘Sdiat means that whatever tke
value is)y is %2 of it.” Here, Anne appeared to conceive efoge of %2 in terms of a
multiplicative comparison between two quantities gaposed to a singular quantity as
was the case with Donna). However, she was unalgeovide a real-world situation in
which there might be a slope of %2, when asked.

Despite some evidence of ratio reasoning, Anneaglasnant that slope and ratios
were unrelated, making comments like “It's a rat@sk and not a slope task.” For
example, Anne was asked about the meaning of shojhe following two situations:

1. A mountain increases 10 feet in height for evemyzomtal increase of

4 feet.
2. A mixture of lemonade is 7 teaspoons of lemon jfiiceevery 2 cups
of water.
She responded, “Number 1 is more about slope; Nuthizmore about a ratio.” Anne

elaborated the meaning of her statement, saying:
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Part of it is visual where | actually think of a ordain [drewimage
shown in Figure 5.3] ... For ewy, you know, this is 4 [gestur along
the horizontal axis] and th | need to go up 10 [gesturatbng the

verticaldotted line segment] ... | think of it like, it lookike aline to
me ... The feet, the horizontal and the verticalraoge related [tc
slope].

Anne’s verbal and written responses suggestedftiraAnne, he topic ofslopeis related
to the steepness of some physical object like antadruor a line on a coordinate gre

wherein steepness is determined by the lengthertital and horizontal segmet

Figure 5.Z: Anne’s picture for Situation 1.

Anne wenton to contrast Situation 1 with Situation 2, sayi

Whereas with the lemonade, it'sratio, so what if | only have
[wrote “———— — (see Figure 5.4)], then | need to thirko me,

it's more like equivalent fractions. ¢I'm thinking, okay, | need t
maintain this ratio 2 to 7, so m going to multiply this [pointe to the
“2”in “2 cups”] times 1.5 wrote“1.5” above the “~” (see Figure 5.4
... I'm looking at this one [pointe back and forth between “2 cu
H,O” and “3"] and what’s the multiplication factor? | neednaltiply
by 1.5. So this mean need to multiply by 1.5 [pointet “7 tsp
lemon” andwrote “1.5” below the “~"], so thredralves is 21 over
teaspoonsvrote “21/2 tsp” under “3"].

Here, Anne did notrdw a line or an image of an object. Rather sheéa ratio” anc

asked herself questions about what she would haNtpihg 2 by to get 3 and therefo
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what she would have to multiply 7 by to obtain Goraquivalent tej—. The fact that Anne

made distinctions between slope and ratio on skwecasions throughout her interviews
and related the slope to objects with physicaltslansteepness and ratio to situations in

which there were no slanty or steep objects sugdkat slopés steepness for Anne.

7 (('..‘,’C HZL ”/
Colmen ¢ Y

Figure 5.4: Anne’s picture for Situation 2.

Strong Evidence of Ratio Reasoning Connected to $le; Steepness Downplayed

The remaining six teachers demonstrated strongeeeglof ratio reasoning and
appeared to conceive of slope as a ratio. Thlades all of the teachers who appeared
to hold beliefs about the generalization of leagrfitom Category 2 in Chapter 4, one of
the teachers from Category 1 in Chapter 4 (Bladked, Sam (whose belief about the
generalization of learning was not categorized esraient belief). In what follows, |
first illustrate the four components of ratio reaisg identified above using evidence
from Patrick. Then, | present evidence that, intast to Anne, slope and ratio were
connected for these teachers. Finally, | providdence that these six teachers

downplayed steepness in their conceptions of ratiber by (a) acknowledging that
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slope can be conceived in terms of steepness banhdarily to thinking of slope as a
ratio, or (b) rejecting slope as being the sam&espness.

Ratio reasoning. In his response to The Slant Height Task, Pasiaked out
similarly to Donna, by investigating whether a op@m ramp number would indicate a

change in the steepness of a ramp. In contrd3vtma (who grouped ramp numbers
into classes of steepness), Patrick reasoned tlegjual ramp numbers (e.é.andg)

would result in unequal steepnesses saying, “Ifgetua larger value for your ramp
number, then the ramp should be steeper and aesmaallie, the ramp should be not as

steep.” He then set out to investigate whethepraombers representing equivalent
ratios (e.g.%, g, and%) would represent ramps with equivalent steepnedsesexample,

Patrick said:

Okay, so we have a ramp number of 3; so we can @reamps [drew
two ramps] and 3 can be figured out in many wags;ysu could do 3
over 1 or we could do 6 over 2 [labeled the slaights and lengths of
the ramps 3 and 1 and then 6 and 2, respectively Fggure 5.5a)].

Here, Patrick interpreted a ramp number of 3 imgeof two quantities—slant height and
length. Patrick then went on to visually duplictite ramp on the left of Figure 5.5a (see
Figure 5.5b) to show that the two ramps joined tlogiein Figure 5.5a (and others) have
the same steepness. In particular, Patrick stated:

If we extended [extended the slant height with #tetbline (see Figure
5.5b)] and this was a distance of 2 [gestured atbegength of the
ramp], so if we went 1 more [gestured along thaetbtine extending
from the length of the ramp], then we would go wice [gestured
along the entire length of the new slant heightAs.long as you have
this ramp number of 3, if this [pointed to the glapight] has to be
bigger by some value and that means this [poimetie length] has to
be bigger by some value, like this [pointed to tamp with a slant
height of 3 and a length of 1] is doubling ... thagans you have a
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bunch of baby ramps [drew a third ramp with a slaight of 9 and a
length of 3 (see Figure 5.5c¢), then pointed to ezfdine 3 ramps with
slant heights of 3 and lengths of 1].

In the above excerpt, Patrick appeared to conaditlee original ramp of slant height 3
and length 1 as a composed unit that could be@@maultiple times, resulting in ramps
of different sizes but with the same steepnessPatsck concluded, “[If] we all had to
build a ramp with a ramp number of 3, we wouldoalild a ramp with the same
steepness, different size ramps, but the samersgsep) Thus, Patrick appeared to
understand, unlike Donna, that it was not the steep of the ramp relative to some
benchmark that mattered but rather the multipMeatelationship between the slant

height and the length.

\

Figure 5.5: (a) Ramps with a ramp number of 3; (b) Patrickaities a ramp with a slant
height of 3 and a length of 1 once to show thatdmeps in (a) are the same steepness;
(c) Patrick iterates a ramp with a slant heigh® aind a length of 1 twice to find
additional ramps with the same steepness as thasram(a).

In the above situation, Patrick reasoned with atetjuivalent ratios (i.e%, g

andg) to conclude that if multiple people were toldotaild ramps with a ramp number of
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3, those people would build ramps with equivaléeegnesses. Furthermore, as is
characteristic of the teachers in this categoryriékanot only demonstrated the ability to
interpret ratio in this situation but in many stioas. Whereas Anne only associated
ratio with situations without a slanty or steepeutj the teachers in the present category
were able to interpret the meaning of ratio appedely across a variety of contexts. For
example, Patrick interpreted the meaning of ratisdveral situations including the
steepness of a line on a coordinate grid (e.ggaising so much vertically at the
expense of so much horizontally”), the rate at Wigapplies are being consumed (e.qg.,
as “using up 1 pound per day”), the speed at whrehtravels (e.g., as “you’ve covered a
mile in a day”), and the size of a investment pgekge.g., as “every person would give
$5,0007"). In sum, Patrick, like the other 5 teashia this category, was considered to
have demonstrated strong evidence of ratio reagdrenause he: (a) coordinated and
joined two quantities to form a unit composed ob tyuantities, (b) iterated a unit
composed of two quantities to form an equivalerit, (o) reasoned with a set of
equivalent ratios, and (d) interpreted the meapoingtio in a variety of situations.

Slope connected to ratio reasoningln contrast to Anne who exhibited some
evidence of ratio reasoning but was explicit abwitconnecting slope with ratio
reasoning, all of the teachers in the present oayesppeared to interpret the slope of a
linear function in terms of ratio. For examplethe investment package example
mentioned above, Patrick responded to a questiontdbe meaning of the mathematical
topic ofslopeby providing an example in which he coordinated tyuantities (e.g.,
amount of money and number of people), partiticmedit composed of two quantities

to form an equivalent ratio (e.g., if 2 investaads to a gain of $10,000, that means each
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$5,000  $10,000
person’ 2 people’

person gave $5,000), and reasoned with a set ofadgat ratios (e.g: 5

$15,000 $20,000)
3 people’ 4 people

. In other words, when asked explicitly aboupsioPatrick
demonstrated the types of reasoning presenteciprévious section.

Slope may be interpreted as the steepness of a liné/hile all of the teachers in
this category exhibited strong evidence of ratesmning, they differed in the way they
thought about the relationship between slope amepsiess. Four of the teachers in this
category (Patrick, Emma, Kay, and Sam) appeargd/éoprimacy to an interpretation of
slope as ratio, but also accepted an interpretafisfope as the steepness of a line
contrast, Blake and Richard rejected the notiohdha interpret slope as the steepness of
aline.

Teachers were presented with The Hypothetical TexaShuation shown in
Figure 5.6, wherein a hypothetical teacher notibasa graphically represented function
looks steeper on one set of axes than it does ah@nand thus expresses confusion
about the definition of slope typically presentedaxtbooks—slope is the steepness of a
line. The four teachers in this subcategory painitethe fact that the scaling of the axes
on which a function is represented affects thepstess of the line used to represent that
function and that one cannot compare the relateepmesses of graphically represented
functions unless the scaling is uniform. For exnPpatrick explained that slope
manifests as the steepness of a line when a fumigtigraphically represented and said
that he would tell the teacher “If you alter thalscof the grid, you can represent data
differently, so it [slope] will appear different btlne value is the same.” He elaborated

with an example:
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Let’s say you make $10 an hour and let’s try toriegs your friends
by how much money you are going to have. How aau ghange the
scale to make the amount of money you've made stwék really
steepor [like] “Are you kidding?! That's all the money ycwave?” If
you make $10 an hour and you make your verticad agunt $50 each,
your line of how much money you are earning is likee you

kidding, you are barely making anything” ... So, justhave them
realize that “Oh, it’s the same amount of money lpaur; it's just
pictured differently.”

By acknowledging that the slope of a function mesii§ as steepness when graphically
represented and using the watdepin relation to the amount of money a person makes
per hour, Patrick seemed to accglppe as the steepness if a lagea legitimate
interpretation of slope. He apparently understibad one could use the axes of a
graphical representation to alter the visual apgpeae of slope. However, he continued
to emphasize the relationship between two quastftie., amount of money and time)
when discussing steepness, thus, simultaneoussgriiting his understanding of slope as

ratio.
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I'm confused. The textbook says: ‘Slop%\q
the slant or the steepness of a line.” According t
this definition the lines shown below do not have
the same slope. But when | use the slope fornaulf t
calculate slope, | get the same answer. | don't
understand how slope can refer to the steepness|of
line if, according to the slope formula, the lines

elow have the same slope. /
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Figure 5.6: The Hypothetical Teacher Situation.

Slope is not steepnesdn contrastywhen presented with The Hypothetical
Teacher Situation, Blake and Richard explicitlycdisraged the teacher from thinking
about slope in terms of the steepness of a linstead, they encouraged the teacher to
conceive of slope in terms of the rate at whichrecfion changes. As Blake explained,
he would have the teacher focus on the fact thia (x@phs represent a function with a
slope, or a rate of change, of 1. In his words:

| would want to emphasize that it's [slope] a dgstoon of the rate of

change ... they [the graphically represented fundii@amne still

growing at the same rate. Thagpearto be different steepnesses, but

the rates aréhe same So, with respect to the rates, they are the same

With respect to theicture, they're not. Buthe numbemwe use to
measure that rate is the same.
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Thus, Blake rejected the idea that the teachergrgeslope as the steepness of a line
since the appearance of a graphically representedién can be altered without
affecting the rate of change of the function. Janhy, Richard said:

We are not changing the slope but we are chandgiatpok of it, the

steepness of it ... | think that’s where “rate of mba” is a better word

than “steepness of a line” ... because “rate of ckamgcomparing

both yourys and youixs where | can change the “steepness” of a line
by just changing the scale [of the axes].

Here, Richard was explicit in saying he preferreate of change” to the “steepness of a
line.” In sum, these teachers explicitly discow@ghe hypothetical teacher from
interpreting slope as the steepness of a line.
Discussion: Relationships between Teachers’ Persdriidnderstanding of Slope and
Their Beliefs Regarding the Generalization of Studets’ Learning

With respect to the seven teachers in Categoraasi2 in Chapter 4, there was
alignment (with the exception of one teacher) betwieachers’ personal understanding
of slope and their beliefs about the generalizatibstudents’ learning. Teachers who
exhibited little or no ratio reasoning and appedoednderstand slope in terms of
steepness were the teachers who appeared to bélay@oductive generalizing is
supported by learned associations, proceduresymufas (Category 1 in Chapter 4).
Teachers who exhibited strong ratio reasoning arttiér seemed to have that reasoning
connected to the mathematical topic of slope weedd¢achers who appeared to believe
that productive generalizing is supported by mathgally valid interpretations of the
meanings of topics like slope (Category 2 in Chapje The exception was Blake who
demonstrated strong evidence of ratio reasoningeimsuch reasoning appeared linked

to slope but was in Category 1 in Chapter 4. Thasing a personal understanding of
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slope as ratio, with a de-emphasis on slope aprstss seems to be a necessary but not
sufficient condition for membership in CategorynZ3hapter 4.

With respect to the mathematical topic of slopenmand Anne (from Category
1 in Chapter 4) emphasized the generalization fd@ations, procedures, or formulas
which involved graphical representations. Thigreeeonsistent with their personal
understanding of slope as the steepness of afioeexample, Donna’s focus (in
Chapter 4) on students’ being able to find a vétueslope via a procedure that involved
graphing rather than on the development of theileustanding of the relationship
between, for example, values located on the axasggohph seems to correspond with her
personal understanding of the numerical values tsegpresent slope, namely they are
indicative of therelative steepness of a line in relation to some referenagelg(e.qg.,
y=x). Anne’s emphasis on the generalization of as$iocis involving images of
graphical representations of positive, negative, zero slope (and not the meanings
underlying those representations) may correspometgersonal understanding of slope
as the steepness of a line and her insistencslts and ratio are unrelated.

All of the teachers from Category 2 in Chapter $basized the generalization of
mathematically valid interpretations of the measinfjtopics like slope which may
correspond to having a strong understanding o &atd linking that understanding to the
mathematical topic of slope. These teachers lyggtdd (in Chapter 4) students’
interpretation of the meaning of slope as involangelationship between two quantities
which seems consistent with the their showing ewideof interpreting the meaning of

ratio via the coordination of two quantities.
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What is surprising is that Blake (from CategorynXhapter 4) emphasized
students’ generalization of the formulape = % in conjunction with a graphical

representation, but showed strong evidence of ratisoning and, in The Hypothetical
Teacher Situation, explicitly rejected an interptietn of slope as the steepness of a
graphically represented line in favor of an intetption of slope as the rate of change of
a function. Perhaps, he thought if students lehthe formula, they would
spontaneously develop and subsequently generalizgexpretation of slope as the rate
at which the two quantities change in relationne another. A possible explanation for
why Blake would emphasize a formula when he appe@ar@ersonally interpret slope in
terms of a mathematically valid meaning comes flooking at his understanding of
how students come to develop an understandingppésind his understanding of the
actions he could take to support students in deuadoan understanding of slope.
Teachers’ Understanding of Two Other Components oMKT

As | argued in Part 1 of this chapter, all of thadhers from Category 2 in
Chapter 4 and Blake, from Category 1 in Chaptexjbited strong evidence for a
personal understanding of slope as a ratio. Howy&ween discussing how students
come to develop an understanding of slope, thénezadn Category 2onsistently
emphasized the development of a quantitative inééaion of the meaning of slope
while Blake did not. Moreover, when discussing élsgons teachers could take to
support the development of a quantitative integiret of the meaning of slope, the
teachers in Category 2 described a richer and weoted set of actions than Blake. In
other words, as discussed in the previous sedsilatke exhibited a personal

understanding of the slope as ratio. However, whecussing what he would expect
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from students, Blake began to reveal another intéspon of slope he found important
(i.e., a numeric interpretation) and, unlike thacteers in Category 2, did not appear
consistent with respect to expecting and suppottiegievelopment of quantitative
meanings from students.

In this section, | present evidence from The Lir@#émation Task wherein
teachers were asked to graphically represent arliin@ction of their choosing and to
“create a story” to accompany their graph. Teaskhare subsequently asked to provide
explanations for ways in which students come teetigvmeaning for various

Y2—Y1

components of the slope formula (such as the eiffegs/,-y: andx,-x; in=—— and the

Xp—X1
meaning of + in this formula). They were also askdat they could do to support the
development of such meanings. | present evidence & Category 2 teacher’s responses
to this task to illustrate that teachers in Catgg@bconsistently emphasized the
development of a quantitative interpretation opslthat involved slope as a description
of the relationship between two quantities. Furtime, these teachers suggested a rich
and varied set of actions to support the developmiesaid interpretation. | then present
evidence from Blake to show he did not consistemthphasize the development of a
guantitative interpretation of slope but also engted a numeric interpretatiohend

this section with a brief discussion of Donna amhd, the other teachers in Category 1.
It should be noted that teachers seemed to hafBaaltitime either conceptualizing or
discussing the ways in which students come to dgvah understanding of slope (i.e.,

the second component of MKT); thus, the majority data collected and presented here

involved supportive teacher actions (i.e., thedtlwomponent of MKT).
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Category 2 Teachers

When asked, in The Linear Situation Task, to gregihy represent a linear
function and to create an accompanying story, Emirea the function shown in Figure
5.7a and provided the following story:

Someone went out to get the mail, so they walketthéar mailbox,

which is ... 4 feet away. They got there in 4 sesndhen they

stopped to get the mail, which took them 4 seconbsen they walked
back to their house.

She then expressed several ideas about what ssudeuald have to understand in order
to develop meaning for the slope formula. For edanmshe said students would have to
interpret numerical differences of the foymy; (e.g., 4-2)andx,-x; (e.g., 10-8) in terms
of the elapsed quantities distance and time, réispdc and make use of those meanings
when interpreting graphical representations. Sjgadly, when explaining how students
might come to understand the meaning of a diffexeng-values (i.e. 4-2) Emma
highlighted where she saw 4-2 on her graph (seartiogv she drew in Figure 5.7a) and
said students should come to interpret 4-2 as:

That means he’s going back home. ... | think thatrewthey would

know that that’s [4-2] a change in distance ... hthjust having a

gener.al idea of what is going on in this graph \welp them have that

meaning.
Emma seemed to emphasize students’ abilities ¢opret graphical representations
guantitatively as an important step towards inttipg the meaning of the slope formula
(as aratio). As Emma explained, if a student wstdads that “th&-axis is time, [then]

if you are subtracting twr-values, you are finding a difference of time.” releEmma

again emphasized the importance of students’ egdsilib reason quantitatively.
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Figure 5.7: (a) Emma’s graphidly represented linear functiofly) Various ratios; (c
Emma’s picture of the meaning— —

Furthermore, Emma explained that students shouttedo interpret tr division
used in the slope formula as an operation thastékeo changing quantities and sort
reconcile[s] them and sort of tr[ies] to descrilesvithey’reboth changing usinone
value.” She elaborated on this statement bothallgrbnd in writing, saying tha
students should view the division in the slope folaras:

Almost like a rate, like think of it aper, like what this division it
saying isyou go «0 feet over 128 [seconds] ... do you mind if | mal

it just like that {vrote “=—" to the right of “—" (see Figure 5b)]?

So, it's like we're going 4 feet for 4 seconds, &mery 4 seconds .
It's describing a rate ... This [pointedto the “1” in Figure 5.7t tells
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us his speed ... | mean, it tells us how he is goiHg.is going 1 foot
for every 1 second [Wrotesij—i” to the right of the “1” in Figure 5.7Db].

Emma also drew the picture shown in Figure 5.7@reim 4 ft in 4 s were separated into
four 1 ftin 1 s sections, to illustrate how onewld interpret the meaning of division in
the context of her story. That is, she emphasizgdrtitive meaning for division (cf.,
Carpenter, Fennema, Franke, Levi, & Empson, 1989% sharing 4 ft equally over 4 s
to arrive at 1 ft every 1 s. The evidence als@ssts that Emma wanted her students to
see division as an operation that produces a sqgatity (in this case, 1 ft/s) to
describe how two quantities change in relationrte another. Finally, Emma explained
that students should come to interpret a numeviglaie forslopein the context of her
story as providing a measure of a new third quantiamely the personspeedi.e., a
slope of “1 tells us his speed ... one foot for evamng second”).

There were several teaching actions Emma offersdpport of the development
of these meanings. First, to support studentinking about the quantities represented
in a graphical representation, she suggested Kajgastudents to draw upon an
accompanying real-world context to interpret theameg of various portions of the
graphical representation and (b) reminding studtratisthe axes of the graphical
representation have quantities associated with {leegm, remind students thaimeis
here [on the-axis]”). Second, to help ensure students conaefitke various quantities
represented in a graphical representation, sheestegattending to student explanations
to make sure they involve quantities and “not [jtis¢ numbers.” Third, to support
students in conceiving of the necessity and meawiimtision in the slope formula, she

suggested giving students distance-time inform&totwo different characters and
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posing questions involving a new quantity like “Hoan you compare the characters’
movemeritto figure out “who is goindaster’ or whether “they [are] going the same
speed’ Fourth, to help students interpret the meamhglope as a description of a new
third quantity, Emma suggested asking studentgptam “what are we finding when we
find the slope; [for example] we find a change istahce over a change in time, like
whatis that?” Fifth, to support students in interpretthg meaning of a numerical value
representing slope (e.g., a slope of 2) as degmmipf the relationship between two
guantities, Emma suggested supporting a focus amaias, for example, by asking
students to explain why comparing unit rates makeasier to figure out who is going
faster (e.g., “if we talk about this in terms o¥égy second’ ... like the same amount of
time, they become easier to compare because waelkireg about the same block of
time”). These moves show Emma’s consistent emplmasactions that support students
in developing an interpretation of the quantitatiweaning of slope and its associated
formula.

The teaching actions offered by the other teadne@ategory 2 included: (a)
using contextualized problem situations; (b) aslahglents to draw pictures showing the
meaning of slope given a real-world context; (d) acepting explanations for the
meaning of slope that invoke formulas; (d) askiuglents to provide explanations for
the meaning of various graphical features givesa&world context (e.g., a coordinate
point); (e) labeling all numerical values with appriate units; and (f) connecting aspects
of other conventional representations (e.g., tifer@gince between certain entries in a
table) to their meanings in a given real-world esmtit Such actions are consistent with

supporting the development of a quantitative irmetiggion of the meaning of slope.
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In sum, when explaining how students might comeaeteelop meaning for slope
and its associated formula, the teachers in thegoay continuously emphasized the
development of quantitative interpretations of eliéint elements of the slope formula
(e.g., differences of the form-x; and division). Moreover, the teachers in thiggaty
offered rich and varied set of teaching actionsupport of said development.

Blake

When asked, in The Linear Situation Task, to gregihj represent a linear
function and to create an accompanying story, Bthkev the picture shown in Figure
5.8 and provided the following story: “A manufadtigy company, every day they
produce 1,000 cups.” When talking about what sttsle/ould have to understand in
order to develop meaning for the slope formulakBlavas not consistent in his focus on
students’ quantitative reasoning. For example,nndlaining one way in which
students could come to interpret the meaning oskhyee formula, Blake did not
emphasize (a) quantities from the manufacturingasion, nor did he emphasize (b) a
measurement or partitive interpretation of the nmeaof division as Emma had. Rather,
Blake said students should “start by looking at/esal numerator-denominator
combinations, for example, “2,000 over 2 versu®96 06ver 5,” “reduce” them,” and
notice that “every time, you get 1,000 over 1.”u$hBlake provided an explanation of
students developing an interpretation of the meapairslope wherein students identify
multiple number combinations, interpret divisiontlas physical placement of one
number “over” another number wherein the resulfragtion is reduced (presumably via
calculation), and interpret slope as the reducen faf the fraction. In another

explanation of how students could come to interfiretmeaning of slope in the
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manufacturing situation, Blake emphasized studeatsignition of a particular

numerical pattern, namely that the numerator aadlédnominator of the fractions

. 5,000 2,000 1,000
referenced above (|.<:.,5 5 and - ) are the same except that the numerator has

“three zeros after [it].” In this way, Blake’s dapations did not consistently emphasize
the development of students’ quantitative inteigtrehs of slope but also emphasized the

development of numeric interpretations of slope.

e

| |
I [
‘2 3

Figure 5.8: Blake’s graphically represented linear function.

There were two instances in which Blake pointesttmlents’ quantitative
reasoning as being an important step in the dewetop of students’ interpretation of the
meaning of slope. First, Blake reported that stiglevould have to interpret the meaning
of differences of the forng-y: (e.g., 8,000-5,000) and-x; (e.g., 8-5) in terms of the
guantities units of production and number of dagspectively. Moreover, he said
students would have to coordinate these quanbgiglinking, for example, “What does

that [units of production] mean in terms of daystivaf production?” However, Blake
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did not explain, as Emma did, how students couldecto interpret the relationship
between these quantities quantitatively, for examipbw one goes from coordinating
one pair of quantities (e.g., 5,000 cups in 5 day$inding another pair of quantities
representing the same relationship (e.g., 1,008 ouf day). Secondly, in a third
description of how students should interpret thammgg of slope in the manufacturing
situation, Blake said “as the rate at which units@oduced on a daily basis.” However,
his description ohow students could come to interpret the meaningagfesin this way
was vague and involved students’ use of the woed.”p

There were four teaching actions Blake offereduipp®rt of the development of
students’ interpretation of the meaning of slope s associated formula only two of
which seemed to have a quantitative componenst, o support students in interpreting
the quantitative meaning of numerical differencethe slope formula, he suggested
asking students to provide descriptions of the nmegpof those differences (e.g., “Asking
them ‘what does 5,000-3,000ear?’”). Second, to support students in coordinating
numerical differences, he suggested using a graptapresentation as a tool to support
students in finding the value that correspondsdovean numerical difference. For
instance, he said, “I might just be able to sa§08;3,000’ and then say ‘What does that
mean in terms of yowtheraxis?™” It is unclear whether this move suppatigdents in
reasoning quantitatively as students could follberlines of a coordinate grid from a
number on one axis (e.g., 5,000 or 3,000) to eesponding number on the other axis.
Third, to support students in developing an intetgtion of the meaning of slope as rate

at which two quantities change in relation to onether, Blake suggested posing a series
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of questions to students. For example, in relatioiine manufacturing situation, Blake
suggested the following questions:

How many units do you see being produced for 4 dap®w many

units do you see being produced over 10 days? Mawy units do

you see being produced over 15 days? fmhcan you tell me how
many units are being producpdr day?

The problem with this series of questions in teaihsupporting the development of an
interpretation of slope as rate is that they doreqtiire students to conceive of how the
guantities number of units produced and numberag§dare changing together as
students can answer each question with a singletitgianamely number of units
produced. Finally, to support students in findihg numerical value associated with
slope, Blake suggested supporting students in reziog numerical patterns like the one
above wherein students notice that to find theev&bu slope in the manufacturing
situation one can put the same number in the nuoresia the denominator and then add
three Os to the number in the numerator. As tiresauctional supports show, Blake was
inconsistent with respect to supporting the devalept of a quantitative interpretation of
slope for as is evident from the list presente@hBfake also suggested moves in support
of the development of students’ abilities to idgntiumbers and numerical patterns.

The Other Category 1 Teachers (Donna and Anne)

Unsurprisingly, neither Donna nor Anne were ablarewer questions about how
students come to develop quantitative meaningi@istope formula or what they would
do to support their students in developing suchmmggfor the slope formula. This is
unsurprising because they did not exhibit evidehaethey personally interpreted slope

as a ratio describing the relationship betweendquantities; thus, it was unlikely that
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they would expect such an interpretation from stisler know what to do to support the
development of such an interpretation. Rather,wdsked specific questions about how
students could develop meaning for slope or what tlould do to support students in
developing meaning for slope, Donna and Anne dicanswer the questions directly but
rather seemed to speak at length in generalitiéswathout specificity. For example,
when asked what she would do to support studertsveloping meaning for the slope
of the linear situation she created during The amf&tuation Task (i.e., a dog eats %2 of a
shirt every day), Anne spoke for 3 min and 3 s &bouactivity she uses in her classroom
wherein students are presented with graphs, askedte stories that could be
represented by the graphs, told to give their ssaio another student who subsequently
draws a graph from the story, and then asked t@eoathe original graphs with student-
created graphs. Anne never explained how thisiactwould help students derive
meaning for slope nor did she ever talk specifycabout what she could do to help
students understand the meaning the slope ofrearlfunction.
Discussion: Relationship between Teachers’ Understding of Two Other
Components of MKT and Their Beliefs Regarding the @neralization of Students’
Learning

When examining the way in which the seven teactoens Categories 1 and 2 in
Chapter 4 seemed to personally understand slopes tias almost perfect alignment
between (a) the teachers who emphasized the gemag¢icat of meaning (i.e., Category 2
teachers) and the teachers who understood slopeadi® and (b) the teachers who
emphasized the generalization of an associatiateplure, or formula (i.e., Category 1

teachers) and the teachers who appeared to hawedior no understanding of ratio but
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rather interpreted slope as the steepness of.aBleke was the only teacher who
emphasized the generalization of a formula whilmalestrating a personal understanding
of slope as ratio.

Examination of the second two components of MK#&. (teachers’ understanding
of the ways in which students come to develop nrgpfor slope and teachers’
understanding of the actions that could be takesupport of the development of
students’ slope understanding) revealed some sttegedifferences between the teachers
from Category 2 in Chapter 4 and Blake. When t¢ipéctof conversation shifted from
teachers’ personal understandings of slope to stadenderstandings of slope, all of the
teachers from Categoryc@nsistentlyemphasized the development of quantitative
interpretations of the meaning of slope while Bldienot. Rather, it seemed the shift in
conversation served to illuminate another integiren of slope that Blake found
important forstudentsnamely a numeric interpretation of slope.

Moreover, the teachers from Category 2 seemedue aaicher understanding of
ways in which they might support students in depiglg a quantitative interpretation of
slope. These actions ranged from providing stugdesth distance-time information for
two characters and asking them to figure out hoeotopare the characters’ relative
speeds to labeling all numerical values with appat@ units to requiring students
explanations be quantitative in nature. Blaketh@nother hand, seemed to have a limited
understanding of how he could support studenteueldping a quantitative
interpretation of slope. The pedagogical actionéscribed that most clearly supported
students’ quantitative reasoning was to ask stedehtt each difference in the slope

formula §2-y; andx,-x;) means in a particular context. However, in casttto the
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teachers from Category 2, Blake also describedguegieal actions that could be seen as
sending a contradictory message to students, fonpbe, accepting their identifications
of numerical patterns, without asking for a quatitie explanation, and accepting the
calculation of division without asking for an expédion that demonstrated some
meaning for division (such as the partitive or nueasient meanings for division).
These differences between teachers from Categang Blake from Category 1
suggest possible reasons for why a teacher whosseepersonally interpret slope as a
ratio would seem to have a belief about the geizatadn of students’ learning that
involved a formula for slope. It could be that Bdabelieves the generalization of
guantitative interpretations of the meaning of reathtical topics like slope is important,
but is unaware that an emphasis on numbers andriuaingatterns could contradict and
work against an emphasis on quantitative interpogta since, as was shown in Part 1 of
this chapter, Blake is more than capable of reagpabout numbers quantitatively.
Alternately, it could be that Blake believes inteffing the meaning of slope
guantitatively is an easy thing for students tsohee they encounter multiple examples
of slope in their daily lives. As Blake said, Himk they all have a preliminary
understanding of rate; anyone can conceptualizkimgaht different rates or arriving at
the same place at different times, [for exampleratay races.” In this way, Blake may
believe it is more important to focus on the gehzation of methods for finding or
calculating slope than on a quantitative intergreteof the meaning of slope. Thus,
Blake’s beliefs regarding the generalization oflstuts’ learning will be examined more

closely in Chapter 6.



CHAPTER 6:
Results on the Relationship between Teachers’ BefiieRegarding the Generalization
of Students’ Learning and Teachers’ Classroom Praates
In this chapter, | present findings to answer thedtresearch question:

What is the relationship between teachers’ beliegmarding the
generalization of students’ learning and their stasm practices?

Recall that answering the question above involvedyais of data collected during Phase
Il of the research design (i.e., the classroom @hak the classroom phase, teachers
were observed as they taught the lesson they draat®rding to the instructions listed in
The Lesson Plan Activity. The Lesson Plan Actiagsked teachers to develop (or adapt
an existing) lesson on slope that implemented swintige ideas they had discussed
during their Phase | interviews regarding the gealmeation of their students’ learning.
After the lesson was observed, teachers engagederiefing in which they discussed
the various teaching actions they enacted duriadebson and the ways in which those
teaching actions related to their beliefs regardimeggeneralization of students’ learning.
In this chapter, | present findings from analydi8ake’s observation and
subsequent debriefing. He was selected for stodiwo reasons. First, as discussed in
Chapter 4, Blake (unlike Sam, for example) was uitiple categories of belief. In fact,
Blake appeared to hold three beliefs regardingytmeralization of students’ learning:
students will productively generalize their leagio a novel situation (a) if the novel
situation prompts them to make use of a learneacagson, procedure, or formula
(Category 1); (b) if they develop confidence inittabilities to engage in mathematical

activity (Category 4); and (c) if they develop thew thatmathematics is relevant and
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useful outside of the mathematics classroom (Cayegjo Thus, it seemed likely there
would be evidence of at least one of his beliefsisnesson. Second, Blake was the only
teacher who did not fit the alignment illustratedliable 5.1 and discussed in Chapter 5.
This led me to wonder whether his beliefs regardmeggeneralization of learning as
espoused in and inferred from the Phase | interdata could be clarified or elaborated
via analysis of his classroom practices.

Due to pacing and sequencing issues, Blake coulteaoh his lesson on slope to
either of his Algebra 1 classes. Thus, Blake’sdason slope took place in his Geometry
classes. Because the students engaging in Bledsssn had already received instruction
on slope in their previous math class (i.e., Algeby, students were already aware of the
slope formula. Thus, the Category 1 belief invayassociations, procedures, and
formulas was not an emphasis of Blake’s lessomil&ily, as Blake’s Geometry classes
were dubbed “honors” classes, the Category 4 biehelving confidence in one’s ability
to engage in mathematical activity was not an emighat his lesson. Instead, the
Category 5 belief of viewing mathematics as reléana useful outside of the classroom
was the emphasis of Blake’s lesson.

Interestingly, another belief regarding the geneasibn of students’ learning
appeared during Blake’s lesson that was not caghtoyehe Phase | interview data
analyzed and presented in Chapter 4. This beksfindeed a content belief, but it was
not the Category 1 content belief. Rather, thee@aty 2 content belief regarding
mathematically valid interpretations of the mearmvgnathematical topics surfaced
during Blake’s lesson. In particular, Blake apedio believe students would be able to

generalize their learning to novel situations étldevelop an interpretation of the
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meaning of slope as rate. Thus, | draw upon BRlesson to present findings regarding
Blake’s Category 2 and 5 beliefs.

| provide evidence to show that Blake’s lesson sutasequent debriefing seemed
to further elaborate the particular meanings thee@ay 2 and 5 beliefs held for Blake.
The Category 2 belief appeared to mean (with régpebe topic of slope): students will
be able to productively generalize their learnifiglope if they develop an interpretation
of slope as rate, and even more specifically saxpthe rate at which two quantities
change in relation to one another. The Categdrglief appeared to mean: students will
be able to productively generalize their learnindpey view the use of a mathematical
lens through which one sees the real world as itapband/or necessary.

| show that in his lesson, Blake was able to sugfadg implement his Category 5
belief that students will be able to generalizertlgarning if they view the use of a
mathematical lens through which one sees the redthvas important and/or necessary.
He selected a wide variety of contexts and dematestrhow mathematics could be
found in everyday, real-world situations. Blake®rreated a group activity to engage
students in mathematizing a specific real-worldaibn. His verbalizations and
pedagogical actions communicated his meaning thads important to use a
mathematical lens to see mathematics in real-wstlcitions. Students’ verbalizations
seemed to confirm that they were indeed able toenugle of a mathematical lens to see
mathematics in various real-world contexts.

| also show that Blake was less successful in implging his Category 2 belief
that students will be able to generalize theirdeay if they develop a mathematically

valid interpretation of slope as the rate at whieb quantities change in relation to one
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another. While Blake selected a particular seeaf-world contexts that implicitly
involved rate and communicated to students thatdréged them to interpret that
meaning of slope as the rate at which two quastdienge in relation to one another,
many of his pedagogical actions did not focus ahsan interpretation of slope.
Moreover, students’ verbalizations seemed to leqgbasrt to the claim that students were
not necessarily supported in generalizing the pnegation of slope that Blake had
intended.

This chapter is separated into two sections mingpthe format of Blake’s lesson,
which involved a PowerPoint presentation and amatine activity. In each section, |
present findings from 4 different analyses. Firgtiesent findings regarding tifi@m(s)
or ways in which the Category 2 and 5 beliefs sektoenanifest in Blake’s lesson.
Second, | present findings regarding the speni@aningghe Category 2 and 5 beliefs
appeared to take on for Blake. Third, | presamdifigs regardingvhatBlake’s
pedagogical actions appeared to support the geregrah of. Fourth, | draw upon
student data to present findings regardingftinetionthe Category 2 and 5 beliefs
seemed to serve with respect to the generalizafistudents’ learning. In other words, |
present evidence in an attempt to how these béliefgioned for students.

Part 1 of Blake’s Lesson: The PowerPoint Presentain

Blake’s lesson on slope began with a PowerPoirggmtation. Since Blake’s
students had already received formal instructioslope, the presentation (along with
the accompanying lecture) did not involve an intrctebn to the topic of slope but rather

a lecture about slope and various real-world cdsteXhe presentation contained 17
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slides, the first 13 of which were accompanied by talk about the reieesof slope in
the real world.
Form

There were four different forms or ways in whicle tbategory 5 belief (i.e., a
view that mathematics is relevant and useful oatsitthe classroom) seemed to
manifest during Blake’s PowerPoint presentatiohe Torms were: (a) multiple real-
world contexts and visual images in Blake’'s PowarPglides; (b) supplementary real-
world contexts referenced verbally; (c) verbaliaas regarding what can be seen in
various real-world contexts; and (d) verbalizatiomgarding the relevance and/or
importance of the topic of slope given a particual-world context. Interestingly and
unexpectedly, the Category 2 belief (i.e., the galimation of students’ learning is
supported by mathematically valid interpretatiohthe meanings of topics like slope)
also seemed to manifest during Blake’s PowerPagdggntation. This belief seemed to
manifest in the form of (a) particular real-worldntexts Blake chose to present to
students; (b) verbal statements telling studentsitik about slope as a rate; and (c)
verbalizations regarding seeing rate in variousweald contexts. It should be noted
that there were times during the PowerPoint presemt that forms of both beliefs
manifested together. For example, a verbal stateregarding seeing rate in a real-
world context was taken as a Category 5 form bexdusdicated that students should be
able to see and identify mathematics outside otkgsroom in a real-world situation
and as a Category 2 form because it indicatedtarpiretation of slope as rate. Here, |

draw upon the PowerPoint presentation to provigergtes of each form.

13 The remaining 4 slides related to The Cell PhootvAy.
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Blake opened the presentation by asking his sted®vihat do you think of when
| sayslope?” On the board, Blake wrote down several studespponses and then said: “I
want us to be thinking about it as a [pointséate of changevritten on the board]; what

is this? ... A rate of change.” Here, Blake selectt#d of change from a list that

Y2—=YVin
X2—X1

included two slope formulas (i.e., “rise over ranid ‘m = ) and explicitly told

students that he wanted them to think about slsperate of change. Thus, the Category
2 belief seemed to manifest in Blake’ lesson infdren of a verbal statement telling
students to think of slope as a rate of change.

Blake then illustrated (via an image on a PowerPslide) or verbally referenced
10 different real-world contexts during the Powen®presentation. The contexts, in the
order in which they appeared during the lessonewsgeed, mountain ranges, a rolling
ball, hiking, El Capitan in Yosemite, cityscapesftops, business models, salaries, and
bungee jumping. During Blake’s debriefing, he exped that he wanted “to shower
them [his students] with rates” so they would “iealthat rates are everywhere.” This
seemed to indicate Blake believed that by makirgafsnultiple real-world contexts
(each of which implicitly involves rate) he was ity enabling students to see
mathematics (and rate in particular) in the world avas thus supporting them in coming
to view mathematics (and an interpretation of slapeate in particular) as relevant and
useful in the real world. In this way, the userafltiple real-world contexts was taken as
a form of the Category 5 belief and the particuéal-world contexts were taken as a
form of the Category 2 belief.

When images of these contexts were projected ohdhed, Blake made explicit

statements regarding what could be seen in thagexts. These statements were
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generally of the form “When | lookata ____ , I see .” For example, when projecti
the image of a matain range (see Figure 6.1a), Blake said, “WHeok at a mountair
| see slope. | see different steepnesses.” Similhen projecting the image ol
cityscape (see Figure 6.1b), Blake said, “Wheroklat a city, | see math ... | see slog
| seerates of change; that's what I'm looking at andrgwéere in the world, that's wh.
| see.” Moreover, after telling his students thatsees slope when looking at vari
objects or situations in the real world, Blake @skes students to try to set (i.e., slope)
too. For example, immediately following the exdeapove wherein Blake told h
students that he seslope (i.e., “different steepnesses”) when looking at mtain
ranges, Blake asked, “How many different slopeyousee on here?” Tls, the
Category 5 theme seemed to manifest in the foraedfalizations regarding seei
mathematics in reakorld contexts and the Category 2 theme appearadstsemer

involving an interpretation of slope as a rate rdirege

| — = | __ " _——
You will see slope in nature as the ...slope is also present in what man has
changing steepness of a mountain. designed, created, and constructed.

Figure 6.1: (a) A mountain range; (b) A cityscape.
Finally, when discussing various contexts, Blakemimade comments about"
relative importance of considering mathematics wlbeking at the real world. Fc

instance, after showing his students the imagerob#iop aid telling them that th
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mathematical topic of slope could be seen whenihgpét the rooftop, Blake asked his
students to compare “the steepness” of rooftopdaces where it snows (e.g., the
mountains) with the steepness of rooftops in pladesre it does not snow (e.g., the
valley). He then reiterated to his students timahe valley, “you can have a flat roof
because it's not going to snow and your roof isganhg to cave in, but you can’t have it
[a flat roof] in the mountains.” Blake then sdill,seems kind of important, right, maybe
have some set of standards so when it snows, gofidoesn’t cave in?” Likewise,
Blake described a situation in which a bungee bootte after a 250 Ib man bungee
jumped using the same bungee cord as a 100 Ib wmeneby stretching the cord past
its limit as established by the spring constantaterof force and mass—of the cord and
the length of the unstretched cord). Blake thed, $&o0, it might be good to have these
numbers accurate.” Such statements were takefoasiaf the Category 5 belief,
specifically the “relevant and useful” portion adkttheme (i.e., a view that mathematics
is relevantandusefuloutside of the classroom).
Meaning

Above | presented three forms or ways in whichGlagegory 2 belief (namely
that the generalization of learning depends on emaétically-valid interpretations of the
meaning of mathematical topics) appeared in BlaRewerPoint presentation.
Additionally, | presented four forms or ways in whithe Category 5 belief (namely that
the generalization of learning is mediated by stisleview that mathematics is relevant
and useful outside of the mathematics classroommjfesded in Blake’s lesson. | now
draw upon the PowerPoint presentation and subsédebnefing to present findings to

further flesh out the meaning these beliefs hetdBtake.
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After telling students he wanted them to thinlslofpe as a rate of change (as
described above), Blake went on to elaborate trenimg of rate of change for his
students. He said: “A rate of change—it’'s a relaship between a couple quantities that
describes change that’'s happening.” Thus, it ajgoethat Blake not only wanted his
students to think about slope as a rate of changthht he wanted them to interpret the
meaning of rate of change in a particular way, dgrag providing a description of how
two quantities change in relation to one anoti\oreover, in his debrief, Blake pointed
to the fact that the particular real-world conteéx¢schose involvethte and that this
would support the generalization of students’ leagn Specifically, he explained that he
wanted to “shower them [his students] withes... and themmaybe they caapply it
[slope] to another conteemphasis added].” In other words, it seemed 8lad¢lieved
that if students come to interpret the meanindagesas rate and see rate in multiple
contexts, then they will be enabled to generaleer learning to novel situations.
Together this suggests that the Category 2 bdlig@fralates to the topic of slope seemed
to hold the following meaning for Blakéhe generalization of slope depends on the
mathematically valid interpretation of the meanofgslope as a description of the rate at
which two quantities change in relation to one deot

As described in the previous section, the first farons in which the Category 5
belief appeared in Blake’s lesson involved multigal-world contexts (illustrated in a
PowerPoint slide or with a verbal description). &itthoosing which real-world
contexts to visually or verbally present to studeBlake did not merely select any
contexts. Rather Blake chose contexts from thiewedd that he believed his students

would have experience with. For instance, whenaimg that one could see slope
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when looking at a rooftop, Blake said “I'm trying telate it [slope] to something you've
seen in thevorld [emphasis added], which is, you've seen housesxr®&f Such careful
selection of real-world contexts coupled with thied form in which the Category 5
belief appeared (verbalizations regarding whatlmgeeen in real-world contexts
wherein, for example, Blake repeatedly made statésrabout the fact thatopecould
be seen in those contexts) seemed to suggestahBlake, the Category 5 belief more
specifically meant a view that mathematics is rafe\and useful ithe real world
Furthermore, it seemed Blake drew upon such realevomntexts in order to make
students aware ofraathematical lenghrough which said contexts could be viewed. In
fact, Blake explained during the debrief that he wging to show his students “that
there is a different point of view” and, in partigy that one “can view it [the world]
from amathematicapoint of view.” Blake went on to explain that beuld have
contrasted such a point of view with others:

| could have contrasted that [mathematical pointietv] with an

artistic point of view or an architectural point\aew or a mason’s

point of view or an engineer’s point of view. | arethere’s a lot of
different ways you could look at anything, really.

These excerpts from Blake’s debrief seem to sugpertlaim that, for Blake, the
Category 5 belief meant: students should be aviateéhere is a mathematical lens
through which one can see the real world

The fourth form in which the Category 5 belief apyasl (verbalizations regarding
the relevance and/or importance of considering eratttical when looking at the real
world) wherein Blake made comments about, for mstathe importance of building

codes for rooftops (to prevent their caving in) a&melimportance of correctly choosing
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an appropriate bungee cord (to avoid breakage)egéonindicate that, for Blake, the
Category 5 belief additionally meant: students &thtwe aware othe importance and/or
necessity of using a mathematical lens to seegfileworld Taken together, the
Category 5 belief seemed to hold a particular negafor Blake:students should view the
use of a mathematical lens through which one deessal world as important and/or
necessary
What

With respect to the Category 5 belief, Blake’s preation appeared successful.
As discussed above, Blake presented (both visaalliyverbally) a wide variety of real-
world contexts to his students to demonstrateHent that a mathematical lens can be
used to see mathematics outside of the classro@onimon, everyday real-world
situations. However, with respect to the Categbbglief, Blake’s presentation did not
appear successful. While Blake stated Wizthe wanted students to see in the real
world and subsequently generalize was an interpoataf the meaning of slope as the
rate at which two quantities change in relationte another, what Blake focused on
through his pedagogical actions was unclear aaried throughout the presentation. In
other words, the analysis whatBlake seemed to want his students to generalide ha
two levels. At a general level, Blake seemed tatws students to apply a mathematical
lens to the real world in order to see mathematidals At a more fine-grained level,
Blake seemed to want his students to “see” padraulathematics in the real world,
namely slope as a rate of change. However, irtifigarg the nature of the mathematics
Blake wanted his students to see, different andesdrat problematic interpretations of

rate began to appear. As the evidence below erti@hstrate, Blake focused on a
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multitude of ideas (likely unintentionally) as whaas to be seen and generalize
future situations. Thesacluded work, mechanical advantage, the steepofess object
acceleration, and either the steepness of an ddifjecpoint or the average steepness (
object.

In one realworld example, Blake asked his students which™filey would
“rather hikeup,” showed them the lines illustrated in Figur2, &nd then said “depen
on how much of a challenge you like.” The possdaafusion with such a statemen
that it is not clear which attribute Blake wantesl $students to see or conceive of.
instance, if he wanted his students to see or comodithe amount cwork (i.e., the total
amount of energy associated with the position antilan of an object) it requires
move up inclined planes with different steepnestbes) there is no differce (given the

vertical rises of the inclined planes are the sasim&e

Increasing.

* Increasing more.

Figure 6.2: Using a mathematical lens to see the amount of wexgkired to hike up tw
inclined planes with different steepnes

If, however, Blake wanted his students to see ocawa of themechanica
advantagdi.e., the ratio of the slant height to the veitizaight of an inclined plane; s

Figure 6.3) of using one inclined plane versus la@gtthen it is optimal to use ess
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steep incline because there is more of a mechamv@ntage. However, one must
careful here. While mechanical advantage doesth@eovide a legitimate measure
the steepness of an inclined plane, greater stespa@re associated with Imechanical
advantage. Thus, there is an inverse relationdmivwhe steepness of a physical ok
and mechanical advantage. This means that wheveang Blake’s question regardi
which hill one would rather hike up, one would cke@ steeper ince if one want:
more of a challenge (since the mechanical advansdgss) and a less steep inclin

one wants less of a challenge (since the mechaaiv@ntage is greate

Vertical height

Horizontal length

Slant Height
Vertical height

Figure 6.3: Using a mathematical lens to see the mechanicarsage ofusing an
inclined plane.

Mechanical Advantage =

In another example, Blake showed his studentsibdibhes shown in Figure 6
and asked his students to compare the speedsdt aiball (placed at the top of ee
line and then released) would roll down the lin8pecificaly, Blake asked his studer
to think about what would happen if he wi

To take a ball up to the top of this line [pointedthe first line showt

in Figure 6.4] and let go of it; how would that 8iéferent than if | did
it for this line [pointed to thsecond line shown in Figure 6.4]
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In this scenario, it is important to note that tiadl is being placed at the top of the lit
and then let go; in other words, there are no auit forces acting on the ball. Bla
provided the following answer his students: “The first one would go fer ...

[because] it's steeper.”

* Sloping down (from left to right) shows a decrease.

* Decreasing less.

Figure 6.4: Using a mathematical lens to see the speed at vehioetil would roll dowr
inclined planes with different steepnes

In the subsequent debrief, Blake provided hiconale for inserting this examg
into the PowerPoint presentation. He ¢

| tried to give them the example of the ball andvHast the ball woulc

move because | figure that would help tie in ragdeduse the ball i

going to roll at a different rateThe steeper the line the fastbe rate

is.
While using the example of a ball moving down acliire is a creative way to suppt
students in linking “rate” with visual images typily associated with graphical imac
of linear functions, it could cre: confusion mathematically. If one focuses on thage
of the lines, and considers Blake’s example oflarbbing down inclined planes wit

two different steepnesses, the lines seem to depitdces (e.g., ramps, hills, or roofto

whosesteepnessasan be modeled with linear functions relating thargitiesheightand
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lengthof the respective surfaces. Here, slope can beetaed of (and seen in the
images) as a measure of gteepnessf each surface, or the constant “rate” at whingh t
height and the length of each surface change atioel to one another. The slope, or
steepness, of each of the lines is constant. Merethe slope (i.e., steepness) of the first
surface is indeed greater than the slope (i.eepstess) of the second surface since it has
a greater increase in height per unit of length.

If, instead, one conceives of the speed of a bdihg down the two inclined
planes, the “rate” at which “the ball would movehen rolling down each incline
increases over time and could be modeled with tffiéanctions relating theall’s speed
and theamount of time since the ball starting rollingn each case, the speed of the ball
does not necessarily depend on the steepness ioictiie but rather on how long the
ball has been rolling down the incline. Thus,neaneasures the ball’'s speed towards the
top of the steeper incline (where the amount oétgimce the ball started rolling is
small), the speed could be less than if one meashecball’s speed towards the bottom
of the less steep incline (where the amount of smee the ball started rolling is large).
Moreover, slope in this case does not measureadeprsess of the incline but rather the
accelerationof the ball, or the rate at which the ball’'s spekdnges over time. In this
way, Blake’s attempt to support his students inrnggthe rate or the speed at which a ball
rolls down an incline as a real-world manifestatodrslope by making a statement

regarding the relationship between the rate athvhiball moves and the steepness of the

1 The speed of the ball can be measured wiitear function in each case since the speed of the ball
would increase at eonstantrate over time given the shape of the incline tliedacceleration of the ball
due to gravity.
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incline it moves down is misleading as the speeth®tall increases over time, th
steeper does not (as Blake said) necessarily naster

In yet another example, when discussing the idatslbpe can be seen in thal
world as the steepness of a mountain, Blake plliees at the edges of various surfa
of the mountain range shown in Figure 6.1a (searEig.5). In the image, the slope (i
steepness) of the mountain is not constant anlinte shown in Figre 6.5 therefor:
measure steepnesses at particular instants ordosdbr average steepnesses) or
surface of the mountain. In other words, the stesp of the mountain range depend:
precisely where one is on the mountain’s surfack anlike he steepnesses of t
inclined planes referenced and shown in Figuredifiers at various locations. Hel
slope (i.e., steepness) is a measure ginstantaneougor averagé rate at which thi
vertical height and the horizontal length of theumi@an range change in relation to ¢
another as opposed to a measure oconstantrate at which the vertical height a

horizontal length change in relation to one anotl

. — _‘_,,/f"
“You will see slope in nature as the
' changing steepness of a mountain.

Figure 6.5: Using a mathematical lens to see steepness in ataiouange
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In sum, Blake referenced multiple real-world comteand attempted to support
his students in using a mathematical lens to sébamatics in those real-world contexts.
In this way, it seemed Blake’s actions seemed teesiie generalization of a
mathematical lens. However, Blake focused onalewing range of attributes in the
real-world contexts he referenced: work, mecharadahntage, the steepness of an
inclined plane, acceleration, and either the stegpif an object at a point or the average
steepness of an object. Thus, the specific intégion Blake’s pedagogical actions
supported his students in seeing and subsequeatiBralizing is unclear as he focused
on attributes both related and unrelated to slopkom constant and instantaneous (or
average) rates of change.

Function

In this section, | present my findings for functiolm particular, | draw upon
student data from the PowerPoint presentatiorustibte the role that the Category 2
and Category 5 beliefs seemed to play in the génatian of students’ learning. In
particular, | show that the Category 5 belief segmoesupport students in using a
mathematical lens to see the world so that whekihgoat a novel real-world context,
students were supported in seeing mathematicatrctntext. It was, however, unclear
how the Category 2 belief supported students imgespecific mathematics, namely rate
of change, in the world. It should be noted thate were limited opportunities for
students to participate verbally during the prest@on. Thus, the data available from
which to infer function was limited.

Throughout Blake’s lesson, he posed questionsstiigtorted his students in

looking at and conceiving of real-world situatiarsng a mathematical lens (as opposed
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to an artistic lens, for instance). For examplerahowing his students the image of the
mountain range shown in Figure 6.1a and tellingtiigat he sees slope (i.e., different
steepnesses) when he looks at mountains, he pagedal lines on the mountain range
(see Figure 6.5). Blake then asked his studemntsrhany different slopetheycould see.
Two student responses to this question were “adot “too many.” Blake then asked,
“Are they the same?” to which several studentsardpd, “No.” Later in the
presentation when students were shown a diffeeattworld context (i.e., rooftops) and
asked to compare tisbopes(i.e., the steepness) of rooftops in places whesngows with
the slopes of rooftops in places where it doesanstudent said, “Their roofs are like this
[gestured with an arm indicating a very steep ufbecause when it snows, so it
doesn't collapse in.” Thus, it seemed student®wsapported in using a mathematical
lens to see mathematics when looking at a mounaaige. At least one student was then
enabled to compare the relative steepnesses iw aoodtop context. In this way, it
seemed the Category 5 belief functioned duringPineerPoint presentation to support
students in using a mathematical lens to see maiiesnn the real world.

As there were so many different real-world contesgsd during the PowerPoint
presentation and so few opportunities for studantalk, it was unclear how Blake’s
Category 2 belief functioned for students during BrowerPoint presentation to support
them in generalizing a mathematically valid intetption of slope as the rate at which
two quantities change in relation to one anothiére limited data that did emerge did not
point to a particular interpretation of slope. Eaample, in a real-world example that
Blake introduced by saying “lI want you to be thimiof slope as a rate of change,”

Blake verbally described the context of salariagijrgy “the more time you work, the
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more money you make even if you're on salary ..slsetly you make 50,000 a year.”
After describing the context in this way, Blake edkthe class, “What's the rate?” to
which one student replied “50,000” and anotheriegd150,000 per year.” As students
were not asked to provide explanations for thapoases, it is unclear how students
interpreted the meaning of rate as responses %@@00” could indicate a student who
responded by identifying the numerical value indlescription of the context. In another
instance, Blake asked students to provide exangbleges. Several students responded
with “miles per hour.” Again, it was unclear hotudents interpreted the meaning of
rate in this instance since no further elaboratvas given or asked for and responses like
“miles per hour” could merely be labels for student
Part 2 of Blake’s Lesson: The Cell-Phone Activity

After the PowerPoint presentation, Blake introduaedther real-world context—
cell-phone charges—with a sentence of text on agP@eint slide. He then asked his
students general questions regarding their celhphgans, played an audio file in which
a customer argued with his cell-phone carrier about much he was being charged
based on the amount of data he had used, askstulents how much they trusted their
cell-phone carriers, and then asked his studergsttonto small groups to engage in an
activity involving the context of cell-phone chasgeln the activity, students were shown

the table in Figure 6.6, asked to fill in the mngsentries and to find the unit rate.
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Number of | Cell phone
international | charges
minutes (dollars)
0

10 51

50 55

100 60

150 65

200
95

Figure 6.6: Table used in the group activity involving the aaxitof cel-phone charges.
Form

There were fouforms or ways in which the Category 5 be(i.e., students will
be able to generalize their learning if they dep@ view that mathematics is relev:
and useful outside of the classrocseemed to manifest during the geflene activity:
(a) the realworld context of ce-phone charges (illustrated via text on a PowerF
slide, an audio file, and a group activit(b) inquiriesregarding students’ c-phone
plans;(c) verbalizations regarding amount of trust in élceuracy of ce-phone bills; and
(d) verbalizations regarding what can be seenerré¢lal world and heard in the audio fi
Interestingly, as was the case in Blake’s PowertRo®sentation, the Category 2 be
(i.e., the generalization of students’ learningupported by mathenically valid
interpretations of the meanings of topics like slopeemed to manifest in Blake’s les:
despite the fact it did not come up during Blakefese | interviews. The forms in whi
the Category 2 belief appeared were: (a) verbabzatregeding listening for or hearin
“unit rate” in the audio file; (b) verbalizationa@written inscriptions regarding wr

rate looks like; (c) verbalizations instructingdgats that their goal is to find “unit rat
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in the group activity; (d) the table in which thegp activity is represented; and (e)
verbalizations involving the numerical patterns tten be seen in the table. As was the
case in the previous section forms of both bebdisn manifested together. For
example, a verbal statement instructing studenlistem for a unit rate in the audio file
was taken as a Category 5 form because it indicdhtgdstudents should be able to hear
and identify mathematics given an audio file fromeal-world interaction and as a
Category 2 form because it indicated an interpiataif the meaning of slope as rate.
Here, | draw upon the cell-phone activity to pravekamples of each form.

This portion of Blake’s lesson began where BlalkgsverPoint presentation
ended. As noted above, Blake’s PowerPoint pregentevolved a lecture about slope
and many different real-world contexts. The célbpe activity was introduced at the
end of the presentation on a PowerPoint slidehedallowing text: “There are other
ways to think about slope ... [for example,] monttiharges for cell phone usage.” In
this way, a real-world context that was not disedssuring the PowerPoint presentation
was introduced via text on a slide and linked pagicular mathematical topic, namely
slope. It was therefore taken as a form of the@aty 5 belief since it indicated a view
that mathematics is relevant and useful outsideetlassroom. Moreover, Blake
followed the introduction of this real-world instation of a mathematical topic by
inquiring aboutstudents'cell-phone plans with questions like “You don’t gaarged for
minutes do you? You have a flat rate; it's rolliddt’'s unlimited? But if you leave the
country, is that true?” Despite the fact thesestjoas did not lead to a discussion but
rather to a peppering of “Yes” and “No” respongesf various students in the

classroom, they were taken as a form of the Cayegbelief since they seemed to
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indicate a view that mathematics is relevant aredul®utside of the classroom, namely
in situations involvingheir cell-phone plans.

Blake then played an audio file wherein a custoangued with his cell-phone
carrier about being charged $71.79 for data usdgmwe had been quoted 0.@@nts
per kilobyte as opposed to 0.00@llars per kilobyte. Before playing the file, Blake said
“I want you to pay attention to the unit rate; Iwgou to listen for the unit rate.” The
audio file and accompanying instructions were tak®iforms of the Category 5 belief
(i.e., the real-world context of cell-phone chargad verbalizations regarding what can
be heard in the audio file) because they indicatedents should be able to identify
mathematics in real-world interactions as well &sren of the Category 2 belief (i.e.,
verbalizations regarding listening for “the unite’ain the audio file) since they
emphasized a particular interpretation of the nrattesal topic of slope, namely slope as
rate.

After the audio file was played, Blake polled thha&ss to see how many of the
students used the same cell-phone carrier as #teroar in the audio file and asked,
“How comfortable are you with your cell phone billThese verbalizations were taken
as forms of the Category 5 belief (i.e., inquitiegarding students’ cell-phone plans and
verbalizations regarding amount of trust in theuaacy of cell-phone bills) because they
seemed to suggest that considering mathematice whikide the classroom, for example
when thinking about their cell-phone bills, is redat and useful (since cell-phone
carriers can and do make mistakes).

Blake then asked the class if they “picked up omatthe unit rate [in the audio

file] was.” Several students began to answer wBlake said, “It was .002 cents per
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what” to which the class responded “Kilobyte!” Béarepeated, “Per kilobyte; per 1

kilobyte of usage” and wrote’f%” on the board saying,Thatis a rate.” In this

exchange we see a form of the Category 5 belef (ierbalizations regarding what can
be heard in the audio file) because as before Balarbalizations seemed to indicate
that mathematics could be heard in the recordeddantion. We also see forms of the
Category 2 belief (i.e., verbalizations regardieguting unit rate in the audio file and
verbalizations/inscriptions regarding what ratek®bke) since Blake’s interactions
seemed to emphasize a particular interpretatichople while simultaneously illustrating
for students what rate looks like.

Blake went on to provide a second way of writing thit rate from the audio file
and to compare the rates seen in the real world thé rates seen in the mathematics
classroom:

You can write it like this .002 cents per kilobyterote “.002 cents per

kb” on the board]. We're used to seeing, when eaklat the world,

we're used to seeing things like this [circled “20€ents per kb” on the
board]. We're not used to seeing them like thisifiped to %
on the board] and in math, in your algebra clasges,learn it more
like this [pointed to % on the board] and you usually don’t
even have any units attached to it. You just hmweimber and it's a

fraction.

Here, Blake seemed to draw a connection betweeetbang that is typically referred to
as a “rate” in math class (i.e., a unit-less nunasdraction) and the way in which one
would typically read, write, or hear that rate lne real world (e.g., as a statement of the
form*  per ). This excerpt was thereforeetaas a form of the Category 5 belief

(i.e., verbalizations regarding what can be sedharreal world and heard in the audio
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file) and form of the Category 2 belief (i.e., valiaations/inscriptions regarding what
rate looks like both in and out of the classroom).

Finally, Blake told his students to get into greupresented the table shown in
Figure 6.6 via a PowerPoint slide, and told stuslémfill in the missing entries of the
table and to find the unit rate. Blake’s instran8 “to find a unit rate” during the group
activity was taken as a form of the Category 2dfedince it indicated a particular
interpretation of slope. Blake then supported atslin finding the missing entries of
the table by focusing their attention on the nuoapatterns in each column of the table
(as will be discussed in further detail later)miarly, he supported students in finding
the unit rate by detailing how they could use go$eqmentary table to complete the
activity (as will be discussed in further detateld. In the debrief that followed Blake’s
lesson, Blake explicitly highlighted the table aalivas the patterns contained in the
original and supplementary tables as being cruaidhl respect to the generalization of
students’ learning because, as Blake stated, &rp#itern [of the table] lies the answers
to their problems.” Given the fact that one of $tisdents’ “problems” during the group
activity was to find unit rate and the fact thahlB emphasized (on multiple occasions
both during and after the group activity) the imtpace of the table in which data for the
group activity were represented as well as theciestsal patterns therein in the
generalization of students’ interpretation of raibey were taken as forms of the
Category 2 belief.
Meaning

Above | presented five forms or ways in which treégory 2 belief (namely that

the generalization of learning depends on matheadativalid interpretations of the
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meaning of mathematical topics like slope) appedrtethg the cell-phone activity. |

also presented four forms or manifestations ofGhtegory 5 belief (namely that the
generalization of learning is facilitated by stugeriew that mathematics is relevant and
useful outside of the mathematics classroom).w daw upon the cell-phone activity
and subsequent debriefing to present findings ddéggthe meaning these beliefs seemed
to hold for Blake. The findings presented herecamsistent with those presented and
discussed in the previous meaning section.

With respect to the Category 2 belief, examinatbthe cell-phone activity and
the portion of the debriefing relating to this aitti seemed to provide further elaboration
of the mathematically valid interpretation of sldplake hoped his students would
generalize from the activity and, thus, furthebelation of the Category 2 belief as it
relates to the topic of slope. As noted aboveinduhe debrief following Blake’s lesson,
Blake identified the way in which he chose to predke cell-phone data (i.e., via a
table) as being critical with respect to supportimgstudents in generalizing an
interpretation of slope as rate. He explained iedtreally wanted them [students] to
look at it [the table] and get it down to a unitthe unit rate.” Then, Blake provided
further elaboration regarding this interpretatidrslope (as it relates to the table used in
the cell-phone activity):

There is a relationship happening between the taloes [pointed to

corresponding entries in each column of the tahig] | think that’s

whatthey’re seeing; it's contextualized; they can ges there is an

input value and an output value and I think thatytban find the

pattern and the relationship between those twloam hoping they

would extend this table out and find the relatiapdtetween these two

values, like there has to be some fixed amount éetwthem that

exists and if they can find that fixed amount, tltay subdivide it
probably by 5s or even by 1s.
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In this explanation, Blake provided rationale refyag why the table was so important in
the generalization of students’ learning—becausapported students in “seeing” slope
in a particular way, namely as a relationship betwthe values of the quantities
represented in the table (e.g., a person is bdiagged $5 for every 50 international
minutes). In addition, it seemed Blake viewedttige as important because it assists
students in seeing another relationship, namelyelagionship between a rate and a unit
rate (i.e., a rate can be subdivided to find a raté of, in this case, $0.10 for every 1
minute). Thus, it appeared that for Blake the Garte 2 belief held the following
meaningthe generalization of slope in a linear situatiogpgnds on the mathematically-
valid interpretation of the meaning of slope asesaiption of the constant rate at which
two quantities change in relation to one another.

With respect to the Category 5 belief, Blake pded little elaboration on the
meaning of this belief as it manifested during¢k#-phone activity. The only
explanation he gave was that in using the cell-phmontext, his goal for students was
“for them to realize that they might not be thinkiabout it [slope], but it's there.” Thus,
the meaning of the Category 5 belief for Blake se@mo bethe generalization of
students’ learning is facilitated by students’ vihat a mathematical lens can be used to
see mathematics in the real warighich is consistent with findings regarding meani
that were presented in the previous meaning section
What

As illustrated in the previous sections, Blake segno want his students to
generalize a mathematical leansd an interpretation of slope as rate. During the

PowerPoint presentation, Blake hoped his studeatgdibe supported in using a
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mathematical lens to see mathematics in many diffeneal-world situations. Then, it
seemed he wanted his students to make use of #treematical lens during the cell-
phone activity to mathematize a particular realdldveontext. To support students in
using a mathematical lens to mathematize the coofecell-phone charges, Blake went
to great lengths choosing an audio file, playinigithis students, asking his students to
attend to the mathematics in the file, inquiringatostudents’ personal cell-phone plans,
creating a group activity around the context, aglstudents to identify mathematics in
the group activity, and supporting students in fdging mathematics in the group
activity. Thus, the cell-phone activity seemedé¢ove the generalization of a
mathematical lens.

At a more specific level, Blake wanted his studeéatsee particular mathematics
in the cell-phone activity, namely rate and unieraMoreover, Blake hoped his group
activity involving the context of cell-phone chasgsould support students in
generalizing the interpretation of slope in a lingiguation as the constant rate at which
two quantities change in relation to one anothéowever, as will be demonstrated
below, he was unable to manifest such an interppoetaf slope during the group
activity. Rather, the actions Blake took seemesiaport his students in seeing two
separate patterns or uncoordinated sequences faltee(i.e., 50, 100, 150, 200 and 55,
60, 65) as well as associated (and also sepate)ms of differences (i.e., a constant
difference of 50 and a constant difference of 5).

Recall that in the group activity, students weravpied with a table in which
there was unequal spacing betweenxtkialues (or the values representmgnber of

international minutessee Figure 6.6). The table provided to studesgeesented a
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linear relation between the number of minutes sparnhternational calls and cell-phone
charges. The students were asked to fill in mgseintries of the table and, subsequently,
to find the amount being charged per minute ofrmagonal-talk time.

As the students worked to complete the table, Biakeated the same set of
actions for several individual students, small ggyuand finally for the class as a whole.
In this set of actions, Blake focused studentgrdibn on the four rows of the table in
which therewasequal spacing between thealues (see Figure 6.7). To do this, Blake
either physically covered everything but those fiamws or made verbal statements to his
students instructing them to “ignore everythingt tithese 4 rows.” Then, while looking
at this subsection of the table, Blake focusedi@anges between consecutive entries in
each column of the table. He did this by pointioghe highlighted portion of the
“number of international minutes” column and askifithis is going by what?” After a
student provided an answer (e.g., by saying “by)>@&ake pointed to entries in the
“cell phone charges” column and asked, “And thesegaing by?” After a student
provided an answer (e.g., by saying “by 5s”), Blakked what the missing entry in the

highlighted portion of the table was (i.e., 70).
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Number of | Cell phone
international | charges

minutes (dollars)
0
10 51

95
Figure 6.7: Focusing on a portion of the table to find a migsentry

Blake’s instruction to look at a subsection of thlele coupled with his gestur
and questions about inddual columns of the table focused on two sepasatgiences (
values (i.e., 50, 100, 150, 200 and 55, 60, 65)._Moreover, gestures highlightinc
single column of the table coupled with questiongud what each column or set
entries was “goin@py” seemed to support students in seeing the congdiffierence of 5(
pattern in the “number of international minutesfuron of the table and the consti
difference of 5 pattern in the “cell phone chargesfUmn of the table

Blake’s focus on two serate and uncoordinated sequences of values was
again during Blake’s instruction regarding howitbif the other two entries (i.e., tt
entries outside of the box shown in Figure 6.7). stipport his class in filling in the fir
entry in the “cellphone charges” column (i. the missing entry locateabove the box
shown in Figure 6.7), Blake drew a supplementabietavherein additional rows of de
were added between the first four rows from thgioal table (see Figure 6.8a for 1
author’s rereation of this supplementary table and how #tes to the original table).

this supplementary table, Blake added entriesamtiginal ‘number of internatione
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minutes column so that in the supplementary table it aored entrieat evenly spced
intervals of 10 He then asked his class, “Any of these we knoavfsl subsequent
filled in three entries of the “d” colun(see Figure 6.8h)yhile saying, for exarnle, “10
is 51.” When a student shouted, “oh, it's just by 1s,” Rlakent down thed” column
and filled in the remaining entries. Blake enacesmilar set of steps to support
students in filling in the last entry in the “nunmlzd international minutes” column (i.¢

the missing entry locatebelowthe box shown in Figure 6.7).

-~ m d m d
Number of | Cell phone | (a) . (b) 0
international | charges
minutes (dollars) il £ 5!
20 20
0
10 51 £ 3°
50 55 30 .
100 60 20 > 22
150 65 \‘ 6o bo
200 ] 79 &
95 \ | 8o .
\ Qo g0
A
\| 100 100 60

Figure 6.8:(a) A supplementary tabfe @ted from the original table;) Filling in 3
missing entries.

In this episode, Blake capitalized on a studentroent that the “d” column goe
down by 1s (see Figure 6.9a) and filled in theiestby going don the column (se
Figure 6.9b). Such a move focused on using thel¥jypattern to fill in the secor
column of the table. Furthermore, due to Blaké&sice to use equal spacing for the “
column, students did not necessarily have to laddoth colimns to complete the tabls

Rather, students could focus on a single sequeitbelventries (i.e., _, 51,
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55, , , _, ,60)and simply fill in the tartby 1s” making sure the knov
numbers fit the pattern. As there was no furtliscussion of the table or the relations
between the values of the quantities in each colohthe table, it is possible that Blake
actions supported the seeing of only one sequeniteitable and the pattern of cons:

differences (i.e., going k1s) therein.

m d m d
@[ o ®)| o [

10 51 10 51
20 20 52
30 30 53
40 40 54
50 55 50

60 60 56
70 70 57
8o 8o 58
9o 90 59
100 60 100

Figure 6.9: (a) The column goes down by 1s; (b) Using the “b¥ydattern to fill in
missing entries of the table.

Moreover, Blake’s actions did not appear to supfietpartitioning o
subdivision of a relationship between the two qilkes represented in the table as he
intended. Recall that Blake stated during the ieéhg that he believed the table wot
support his students in seeing a relationship batwalues of the quantities represer
in the table (e.g., $1 for every international minutes) that could subsequentl
subdivided by 1s, for example, to find a unit r@e., $1 for every 10 minutes can
split into ten groups of $0.10 for every 1 minutéjowever during the time studen
worked in groups to find thenit rate, Blake never asked a student to explasl

reasoning nor did Blake ever offer an explanati@t tvent beyond the statement ¢
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particular (non-unit) ratio. Moreover, the wholess discussion surrounding this unit
rate consisted of a query to the class: “What did gome up with for the rate,” a
restatement of the answer: “10 cents per minuted’apoll regarding how many people
got the aforementioned answer. When a studenegubstly asked Blake for further
clarification regarding how to find the unit raBlake’s response was “Do you agree that
for every 10 minutes, it's a dollar? That's hogolt it [10 cents per minute].” Thus,
Blake’s actions did not specify how he wanted kuslents to see or conceive of a unit
rate in the situation. It is possible that thearts observed and reported here rendered
unit rate a simple calculation for students wheoair divides one number (e.g., 1) by
another number (e.g., 10).

In sum, Blake said that he wanted his studentedcagelationship between two
guantities, specifically, a rate at which the qutaes change in relation to one another.
However, his actions during the group activity feed on two separate and
uncoordinated sequences of numbers, which prevesearch has demonstrated does not
constitute a ratio or rate for students (Lobatalet2003). Furthermore, as no
explanation or justification was offered regardumgt rates, Blake’s actions left it unclear
as to how he wanted students to think about utet r&hus, there was an apparent
mismatch between what Blake said wanted his stsdergee and what his actions
focused on. Consequently, it seems more likelyBteke’s actions served the
generalization of an interpretation of slope as $@parate and uncoordinated sequences

(and the differences contained therein) than arpnétation of slope as rate.
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Function

In this section, | draw upon student data fromdék-phone activity to illustrate
the way in which Blake’s Category 2 and 5 beliefisctioned to support students in
generalizing their learning. As this portion oétlesson involved students’
verbalizations regarding the mathematics associaiitda group activity involving the
real-world context of cell-phone charges (e.ggdine up with $50 for O minutes,”
“50.10,” and “It goes up by 5”), it appeared thdal’'s Category 5 belief functioned to
support students in making use of mathematicaltesgee mathematics (e.g., numbers
and patterns of differences) in real-world situas$io

Student data suggested that Blake’s Category 2flvedis unsuccessful in
supporting the generalization of a mathematicadlydvinterpretation of the meaning of
slope. Rather, student verbalizations lend sugpdtte claim that rather than seeing rate
in the tables shown in Figure 6.6 and Figure 6s8ajents came to see patterns of
numerical differences. For instance, student contsiée “it's going by 5s,” “it's going
by 50s,” and “it's going by 1s” suggested studesate individual patterns of differences
in the table. These verbalizations coupled witlisht questions like “I'm confused; |
don’t like 51; why did you put 51?” and “How did y@et 10 cents per minute?” further
indicated that students did not interpret the msgof slope as the rate at which the two
guantities represented in the table change together

Discussion

Two beliefs regarding the generalization of studeletarning manifested in

Blake’s lesson, only one of which was identifieddmalysis of the Phase | interview data

presented in Chapter 4 (i.e., Blake’s Categoryleb#hat students generalize their
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learning if they develop the view that mathemaiscelevant and useful outside of the
mathematics classroom). Analysis of Blake’s lessmmth subsequent debriefing showed
that for Blake, the Category 5 belief seemed tomssanething in particular, namely that
students will be able to generalize their learrimgovel situations if they view the use of
a mathematical lens through which one sees thev@#d as important and/or necessary.
Interestingly, a new content belief manifestedBtake during his lesson, namely the
Category 2 belief that students will generalizertfearning if they develop
mathematically valid interpretations of the meamfignathematical topics like slope.
Specifically, Blake appeared to believe that stislenll be able to generalize their
learning of slope if they interpret slope as thte &t which two quantities change in
relation to one another.

In this chapter, | showed that while Blake was dblsuccessfully implement his
Category 5 belief, he was unable to successfulptement his Category 2 belief. Blake
selected and illustrated a wide variety of contéxias PowerPoint slides, verbal
descriptions, and an audio file) to his studen@deimonstrate that a mathematical lens
can be used to see mathematics in the real wettdeven designed and implemented an
activity centered around a particular context deled students to engage in the
mathematization of that context. However, wherkBldove into the particulars of those
contexts and into the solving of the activity, h@swinable to manifest the particular
mathematics he intended. During the PowerPoirggmiation, Blake apparently
intended to emphasize attributes of real-worldagituns associated with constant rates of
change (such as the steepness of a rooftop) bittcaddly (and likely unintentionally)

focused on a variety of attributes including warlechanical advantage, acceleration,
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and average steepness or steepness as a pointdbjeat whose steepness changes.
During the cell-phone activity, Blake apparentl{eimded to emphasize unit rate, but
instead focused on two uncoordinated sequencegnobers in the table of data (and
corresponding patterns of differences), which redeendicates does not support the
development of an interpretation of slope as ratesfudents (Lobato et al., 2003).

By drawing upon the evidence presented in Chaptembestigate possible
relationships between Blake’s mathematical knowdefdg teaching and the mismatches
between his intent to emphasize slope as a ratbiamdagogical actions. In Chapter 5,
| claimed Blake demonstrated strong evidence @ raasoning. This meant Blake
appeared able to (a) coordinate and join two gtiastio form a unit composed of two
quantities, (b) iterate or partition a unit compbsétwo quantities to form an equivalent
unit, (c) reason with a set of equivalent ratiog] &) interpret the meaning of ratio in a
variety of situations. Furthermore, | showed tBkzke rejected the notion that slope be
defined in terms of the steepness of a line an@aakpreferred a definition of slope that
involved the rate at which two quantities changeeiation to one another. These
analyses of Blake’s interview (presented in Chapjesuggested Blake had some
understanding of slope as ratio. However, theoleggesented in this chapter suggests
that either he was unable to implement his persamaérstanding of slope as a ratio in
the lesson or that there are some problematic esp€his personal understanding of
slope, which came to light in the lesson (but nahee interview tasks), namely his
understanding of ratio-as-measure (Simon & Blund&4).

Moreover, Blake’s limited understandings of (a) hstwdentscome to develop an

understanding of slope and (b) the actions he ciakiel to support students’ development
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of an understanding of slope, provided insight thi® pedagogical actions he took during
the cell-phone activity. Recall from Chapter 5Stth@spite the fact Blake seemed to
interpret slope as a ratio, he did not consistestiphasize the development of students’
guantitative meanings and suggested teacher a¢hahsould support a numerical
interpretation of slope (e.g., accepting studedentifications of numerical patterns,
without asking for a quantitative explanationshelevidence presented in Chapter 5 thus
point to a possible reason for Blake’s pedagogctbns during the cell-phone activity.

In particular, Blake’s lack of awareness of thegnbial roadblocks students
encounter when developing an understanding of (aievidenced during his interviews
and presented in Chapter 5) is consistent witlpédagogical actions during the cell-
phone activity. Research has indicated thatdiffgcult for students to look at a table of
data and coordinate the values of the two quastigpresented in the table in a way that
preserves a multiplicative relationship and th& tommon for students to instead
engage in univariate (recursive) reasoning or asdreasoning (Lobato et al., 2003).
Blake played into this by pointing, in turn, to goins of data in a table and asking
questions like “What is this going by?” In thisyy#lake did not focus on the
coordination of the values represented both coluofise table. Rather he treated the
columns as two separate and uncoordinated sequehiambers and focused on the
pattern of differences contained therein (Lobatal £2003).

Similarly, Blake’s other goal was to support stugen finding a unit rate (e.qg.,
$0.10 per minute). To accomplish this, Blake tbie students to work in groups and
then took a poll regarding the number of studerite arrived at a particular answer. He

did not ask for explanations or justifications dad he provide any. Accepting a
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numerical answer alone has been linked with theldgwment of procedural skills rather
than conceptual understanding (e.g., Kazemi & &ti@g601). Furthermore, studies have
shown how asking students to explain why two paiirguantities represent the same
attribute (e.g., why $5 for 50 minutes is the saelephone rate as $0.10 for 1 min) can
promote the formation of ratio (Lobato & Ellis, 21 obato et al., in press; Lobato &
Siebert, 2002). In this way, Blake’s unawarendgsedagogical actions to support
students in the formation of slope as a ratio (@sgking them to explain why two pairs of
guantities form equivalent ratios), as demonstratdus interview and presented in
Chapter 5, manifested in the pedagogical actiorenlaeted during in his lesson. In other
words, Blake’'s mathematical knowledge for teach{ié(T) seemed to have affect on
the way in which his Category 2 belief regarding ¢feneralization of students’ learning

was enacted in his classroom.



CHAPTER 7:
Conclusion

In this chapter, | present a summary of the findingthis dissertation study. The
findings are organized around the 3 research guesthis study sought to answer and
are presented in turn. Then | discuss the sigmfte of this study, methodological
considerations, and constraints, challenges, andefuesearch directions.

Summary of Findings
Research Question 1

One goal of this dissertation study was to anstwerfallowing two-part research
guestion: What are teachers’ beliefs regardingh@)generalization of students’ learning
and (b) how to support the generalization of sttgldearning? In answering this
guestion, 5 categories (fitting into 3 supercatexp)rof teachers’ beliefs regarding the
generalization of students’ learning were idendifieA summary of these 5 categories of
beliefs is provided below. In addition, 2-3 bedieégarding how to support the
generalization of students’ learning were idendifier each of these 5 categories of
beliefs. (A summary of the 13 corresponding categaof beliefs regarding how to
support the generalization of students’ learningloa found in Table 4.1.)

The first two categories of teachers’ beliefs regay the generalization of
students’ learning involved the role of mathematoxentent. In particular, 3 of the 8
practicing teachers who participated in this steegmed to believe that students
productively generalize their learning to noveliations if those novel situations prompt
students to make use of a learned associationeguoe, or formula (Category 1).

Another 4 participants seemed to believe that stisdgroductively generalize their

306
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learning to novel situations if they develop mathépally valid interpretations of the
meaning of mathematical topics like slope, for egkanslope is a ratio which provides a
description of the multiplicative relationship betwn two quantities (Category 2). These
content beliefs seemed specific in nature in timsas¢hat as a mechanism for supporting
the generalization of students’ learning, mathecaatontent (e.g., a mathematically
valid meaning or a particular association) appe&wddnction in a particular way in
teachers’ beliefs. For example, one teacher se¢oiaelieve that if a novel problem
prompted a learned association (e.g., a link batveegraphical image of positive slope
and the word “away”) then a student would geneedtier learning by making use of that
specific association.

Two other categories of teachers’ beliefs regartirggeneralization of students’
learning involved the role of students’ affect. plarticular, 6 of the 8 practicing teachers
who participated in this study appeared to belibnat the productive generalization of
students’ learning is dependent upon students’iden€e in their ability to engage in
mathematical activity (Category 4). Two of thesgaBticipants plus one other
participant also believed that the productive gelwation of students’ learning is
dependent upon a view of mathematics as relevahtiseful outside of the mathematics
classroom (Category 5). These beliefs involvingient affect seemed less specific in
nature than the content beliefs in the sense thatraechanism for supporting the
generalization of students’ learning, the way inclirstudents’ affect appeared to
function in each teacher’s belief was vague. Kkangple, it could have been that
students’ confidence, for instance, acted as aukéycking a door to students’

engagement with novel tasks thereby allowing sttelém make use of topic-specific
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learning or it could have been that students’ cefce acted at a more general level
allowing students to engage with novel situatidreg transcend students’ learning of a
particular topic.

Finally, 3 of the 8 practicing-teacher participaatsphasized the role of
disposition in their beliefs regarding the genetlion of students’ learning (Category 3).
In other words, they seemed to believe that theigdization of students’ learning is
dependent upon students’ personal orientation tsvar outlook on problem solving.
Research Question 2

A second goal of this dissertation study was tav@nshe following research
guestionWhat is the relationship between teachers’ betiegrding the generalization
of students’ learning and teachers’ mathematicaltedge for teaching (MKT; as
defined by Silverman and Thompson (206%)) In answering the second research
guestion, 3 categories of the first component ofT¥kteachers’ personal understanding
of the topic of slope—were identified: (a) no ewde of ratio reasoning, along with the
conception of slope as steepness; (b) limited eae®f ratio reasoning that is
disconnected from slope, along with the concepdiosiope as steepness; and (c) strong
evidence of ratio reasoning connected to slopagalath steepness emphasized only
secondarily or not at all. With respect to theeseteachers in Categories 1 and 2 in the
previous section, there was alignment (with theepiion of one teacher) between
teachers’ personal understanding of slope and liediiefs about the generalization of
students’ learning. Teachers who exhibited litleno ratio reasoning and appeared to

understand slope in terms of steepness were thedesawho appeared to believe that

15 A summary of the findings related to this researeistion can be found in Table 5.1.
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productive generalizing is supported by learned@asions, procedures, or formulas
(Category 1). Teachers who exhibited strong neasoning and further seemed to have
that reasoning connected to the mathematical witope were the teachers who
appeared to believe that productive generalizirsypgported by mathematically valid
interpretations of the meanings of topics like sl¢Gategory 2). The exception was
Blake who demonstrated strong evidence of ratisaeiag and further seemed to have
that reasoning connected to slope but held thegGatel belief regarding the
generalization of students’ learning. Thus, haargersonal understanding of slope as
ratio, with a de-emphasis on slope as steepnestese® be a necessary but not
sufficient condition for membership in Categorye®arding the generalization of
students’ learning.

Examination of the second two components of MKT-elegis’ understanding of
the ways in which students come to develop medinglope and teachers’
understanding of the actions that could be takesupport of the development of
students’ slope understanding—revealed some irtilegedifferences between the
teachers from Category 2 regarding the generadzatf students’ learning and Blake.
When the topic of conversation shifted from teashpersonal understandings of slope to
students’ understandings of slope, all of the teexcirom Category 2onsistently
emphasized the development of quantitative intéaioans of the meaning of slope while
Blake did not; rather, it seemed the shift in cosaéon served to illuminate another
interpretation of slope that Blake found importiotstudentsnamely a numeric
interpretation. Moreover, the teachers from Catgg@aseemed to have a richer

understanding of ways in which they might supptutients in developing a quantitative
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interpretation of slope as they offered a long aaded list of instructional actions in
support of such development. Blake, on the othedhseemed to have a limited
understanding of how he could support studentgwelkbping a quantitative
interpretation of the meaning of slope as he offfigred one pedagogical action in clear
support of students’ quantitative reasoning anérodctions that could be seen as
supporting students’ numerical reasoning (e.g.epiieg students’ identification of
numerical patterns and accepting students’ caiomat answers).

Thus, examining the second two components of MKiTtéepossible explanations
for why a teacher who seemed to personally intétheemeaning of slope as a ratio
would hold a belief about the generalization ofistuts’ learning that involved a formula
for slope. It could have been that Blake belietreddgeneralization of quantitative
interpretations of the meaning of mathematicaldsike slope is important, but was
unaware that an emphasis on numbers and numeaittatqs could work against an
emphasis on quantitative interpretations since &las himself more than capable of
reasoning about numbers quantitatively. Alternatiélcould have been that Blake
viewed the quantitative interpretation of the megrof slope as a given since students
encounter multiple examples of slope as rate im taly lives; as Blake said, “I think
they [students] all have a preliminary understagaifirate; anyone can conceptualize
walking at different rates or arriving at the saptece at different times, [for example, in]
relay races;” in this way, Blake may have belieitadore important to focus on the
generalization of methods for finding or calculgtsiope than on a quantitative

interpretation of the meaning of slope.
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Research Question 3

The third goal of this dissertation study was tevegr the following research
guestion: What is the relationship between teachetsefs regarding the generalization
of students’ learning and teachers’ classroom [@m@&€? In answering this question, |
observed three teachers as they taught lessonsheigpecific intention of supporting
students in generalizing their learning of sloprethis dissertation, | presented findings
from analysis of the observation of Blake’s lesaad subsequent debriefing (rationale
for the selection of this teacher is given in Cleas).

Analysis of the first research question indicateat Blake held three beliefs
regarding the generalization of students’ learnstgdents will productively generalize
their learning to a novel situation (a) if the nbs#uation prompts them to make use of a
learned association, procedure, or formula (Catetypr(b) if they develop confidence in
their abilities to engage in mathematical actiyfategory 4); and (c) if they develop the
view thatmathematics is relevant and useful outside of ththematics classroom
(Category 5). Only one of these beliefs, nametyG@ategory 5 belief, manifested in
Blake’s lesson. Interestingly and surprisinglyotier belief regarding the generalization
of students’ learning appeared during Blake’s laghat was not captured by the Phase |
interview data analyzed and presented in Chaptditdls belief was indeed a content
belief, but it was not the Category 1 content lielRather, it was the Category 2 content
belief regarding mathematically valid interpretasof the meaning of mathematical
topics. In particular, analysis of Blake’s lessmd subsequent debriefing indicated that
he believed students would be able to generalizie ldarning to novel situations if they

developed an interpretation of the meaning of skpeate.
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Analysis of Blake’s lesson and subsequent debggihovided further elaboration
of the meanings the Category 2 and 5 beliefs lwl@8fake. The Category 2 belief
involving mathematically valid interpretations dktmeanings of mathematical topics
seemed to mean (with respect to the topic of slggajlents will be able to productively
generalize their learning of slope if they devedopinterpretation of slope as rate, and
even more specifically an interpretation of slopelee rate at which two quantities
change in relation to one another. The Categdrglif involving a view of mathematics
as relevant and useful outside of the mathemalssimom seemed to mean: students
will be able to productively generalize their legagif they view the use of a
mathematical lens through which one sees the redthas important and/or necessary.

| also showed that while Blake was able to sucagsmplement his Category 5
belief, he was unable to successfully implemenQategory 2 belief. Blake selected and
illustrated a wide variety of real-world contextsa(PowerPoint slides, verbal
descriptions, and an audio file) and demonstrated tnathematics could be found in
those contexts. Blake even created a group activiéngage students in mathematizing
a specific real-world context. His verbalizatiarsl pedagogical actions communicated
the meaning that it was important to use a mathiealdéns to see mathematics in real-
world situations. Students’ verbalizations seemeecbnfirm that they were indeed able
to make use of a mathematical lens to see mathesnatvarious real-world contexts.

However, when Blake dove into the particulars ef thal-world contexts he
chose and into the solving of the activity, he waable to manifest the particular
mathematics he intended. During the PowerPoirggmation, Blake apparently

intended to emphasize attributes of real-worldagituins associated with constant rates of



313

change (such as the steepness of a rooftop) buiceddly (and likely unintentionally)
focused on a variety of attributes including warlechanical advantage, acceleration,
and average steepness or steepness as a pointdbjeat whose steepness changes.
During the cell-phone activity, Blake apparentl{eimded to emphasize unit rate, but
instead focused on two uncoordinated sequencesnobers in the table of data (and
associated patterns of differences), which reseadibates does not support the
development of an interpretation of slope as ratesfudents (Lobato et al., 2003).
Moreover, students’ verbalizations seemed to leqgbasrt to the claim that students were
not necessarily supported in generalizing the @adr interpretation of slope that Blake
had intended.
Significance

The findings reported in this study show that teasttan and do engage in
thinking about transfer. In fact, this dissertatgiudy highlighted the importance of
bringing practicing teachers into the ongoing cesa&gon about transfer. By engaging
teachers in conversations using artifacts fronr then teaching and asking questions
about transfer using the terminology of “generadi@aof students’ learning,” new beliefs
regarding the generalization of students’ learmirege identified. In other words, talking
to teachers led to the identification of belief$ found in the transfer literature. As noted
above, the role of students’ affect was preseatlibut one of the practicing-teacher
participants’ beliefs regarding the generalizatibistudents’ learning despite the fact that
it is absent in the transfer literature. This firglindicates that while transfer researchers
have not identified affect as playing an importani¢ in the transfer of students’ learning

experiences, teachers have. Moreover, the pragtieiacher participants offered new



314

ideas regardingow to supporthe generalization of students’ learning that were
consistent with extant beliefs regarding the gdirataon of students’ learning offered by
transfer researchers (e.g., the actor-orientedoagprto transfer). That is, in talking to
teachers, researchers operating within, for exanapl@ctor-oriented approach to transfer
were imparted with new ideas regarding how to suppansfer. In addition, in talking

to teachers, an extant belief regarding the geizatain of students’ learning (i.e., the
dispositional approach to transfer) was extendtathre domain of mathematics.

This is not to say that there was no overlap betwteachers’ beliefs and transfer-
researchers’ beliefs regarding the generalizatf@tumlents’ learning. For example, one
teacher seemed to believe in the Thorndikean iflamsfer being mediated by common
associations. However, the pedagogical actiosstéaicher offered in support of the
generalization of students’ learning seemed toilgmtactice-based differences. For
instance, this teacher believed that drawing upaltiphe reform-oriented and
constructivist-inspired activities would suppore tipeneralization of students’ learning.
In this way, her instructional beliefs suggesteacpce-based decision-making that
transcends a Thorndikean approach to curricula.

Interestingly, the fact that all of the teachersdme were in multiple categories
of beliefs suggests that practicemultiple beliefs regarding the generalization of
students’ learning may function together. Togettterse findings suggest that research
on transfer could benefit from a new approach—itigatng the phenomenon through
the eyes of practicing teachers.

Findings for the second and third research ques@mt to the importance of

teachers’ understanding lobw students come to develognceptually meaningful
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interpretations of mathematical topics (i.e., ttead component of MKT) as this
understanding may support teachers in being alpeductively implement their content
beliefs regarding the generalization of studergaiing. Such findings could provide
insight regarding teachers’ professional develogmés was shown in this dissertation
study, a personal interpretation of the meaningi@be as rate without a strong
understanding of how students come to developinitetpretation or the roadblocks
students typically encounter in that developmentléred a teacher from being able to
implement his belief that the productive generdiiaof students’ learning is dependent
upon the mathematically valid interpretation ofpe@s rate. This suggests that
professional development that does not focus onl¢welopment of teachers’
understanding of developmental trajectories assetiaith the learning of various
mathematical topics may fail to support teachethénclassroom even if they are
successful in developing productive teacher bebef$ teachers’ personal understandings
of the mathematics.
Methodological Considerations

The teaching artifacts and inferred tasks wereialut generating data regarding
how aspects of a teacher’s beliefs regarding themgdization of students’ learning
functioned as a mechanism to support transfer.ekample, some teachers brought
teaching artifacts that included, what transfeeaeshers would call, learning tasks. In
discussing the ways in which teachers believed saglts (and accompanying
instruction) supported the generalization of stustdearning, it started to become clear
whatmathematics teachers believed facilitated prodadeneralization from learning

tasks to novel, future situations (e.g., the Catggaeachers focused on particular
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interpretations of the meaning of slope such agia describing the relationship between
two quantities). The subsequent inferred tasks tetped to explore those beliefs in
greater detail. For instance, when the reseamiostded teachers with a novel, transfer
task involving slope and asked them if they belktresir learning task (and
accompanying instruction) would support studentsaimg able to generalize their
learning tothat transfer task, certain features of teachers’ tselere highlighted (e.g.,
the Category 2 teachers seemed to believe thabsimppthe generalization of learning
involves an examination of ways in whistudentome to interpret the meaning of
slope during initial learning). In this way, teact’ artifacts combined with the inferred
tasks led to interesting conclusions regardinghtees: beliefs. For example, the
Category 2 teachers seemed to be actor (i.e., d9avriented; however, | was unable to
attribute an actor-oriented transfer perspectiildése teachers. To do so, it would have
been helpful to include a hypothetical student taskhich a student generalizes their
learning but has an element of mathematical inctmess in the solution and ask
teachers if they count this as generalization wdiets’ learning or not.

Moreover, | was not expecting students’ affectgpear in teachers’ beliefs about
the generalization of students’ learning. Thusséhcategories of belief relied heavily on
tasks designed to get at teachers’ espoused beliefss, therefore, unclear how aspects
of these beliefs functioned to support the geneatibn of students’ learning. Future
studies would benefit from tasks designed to geaetata that would allow more
detailed inferences to be made about these belieds example, in addition to including
hypothetical student solutions in the inferred saskwould have been helpful to see

whether and how information regarding the hypottastudents themselves (e.g., their
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confidence in their mathematical abilities, viewnehthematics, and view of learning)
would have contributed to teachers’ predictions exglanations regarding the nature of
the tasks these students would be able to genetler learning to.
Constraints, Challenges, and Future Research

This dissertation study brought together thregedlthemes: teachers’ beliefs
about the generalization of students’ learning laom to support it, teachers’
mathematical knowledge for teaching, and teachmesitices related to the
generalization of students’ learning. As a traflemthis breadth, | was unable to go in
depth with any one teacher to examine how his pbakefs about the generalization of
students’ learning might evolve over time. Thufytare study could examine the
evolution of a small group (e.g., 5-8) of teachdéaliefs about the generalization of
students’ learning and how to support it instruzaiby. Participants in this study could
be practicing teachers with access to classroonm@maents where their beliefs could be
implemented and examined both by the teacher {iarakclinical interviews spread out
over a significant period of time) and by the grafipeacher participants (in several
focus-group discussions spread out over the sanadpa time). Focus-group
discussions about teachers’ ideas regarding thefepasks, discussion topics, small-
group activities, and so on that contribute togheeralization of their students’ learning
could provide a means by which teachers’ beliet®b® elaborated and reshaped.

Furthermore, to support the level of detail of sddtussions, participants for this
study could be selected on the basis of the matteshsopics they teach. As the present
study was constrained to the generalization ofesitsl learning experiences with a

particular topic (i.e., slope), selecting teachein® have opportunities to teach a different
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topic could serve as a way to validate the categtan of beliefs about the
generalization of students’ learning presented hehapter 4.

In this dissertation study, | observed 3 teachsithay implemented a lesson that
was created or adapted to support their studergerieralizing their learning. A
limitation of my research design was that datam#igg how these teachers’ lessons
actually supported their students in generaliziregrtlearning were limited. Thus, it
would have been difficult to establish strong ligka between the ways in which
teachers’ lessons and associated pedagogical astipported their students’ in
generalizing their learning. A future study coiurdestigate the relationship between
teachers’ beliefs about the generalization of legras they manifest in the teaching of
several lessons and the nature of their studawatsster of learning experiences. Such a
study could involve pre-instruction clinical integws wherein teachers discuss their
goals (with respect to the generalization of stisldaarning) for a 10-15 hour unit on a
particular mathematical topic as well as classrotservations of the unit coupled with
short follow-up stimulated-recall interviews to gathow teachers view particular actions
taken during instruction in relation to the geneatlon of students’ learning. Analysis
of these data would then be coordinated with dalfaated from post-instruction semi-
structured transfer interviews with the teachetnstlents who were present for and
engaged in the 10-15 hour instructional unit. Bhasident interviews would be designed
to get at the ways in which students actually tiemned their learning experiences. In
other words, this study could speak to the relatigmamong teachers’ beliefs about how
to support the generalization of students’ learraagenacted in their classroom practices

and their students’ subsequent reasoning durimgfeeatasks.
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Lastly, as the present study involved a two-phasggth (an interview phase
followed by a classroom observation phase), | wesble to investigate the ways in
which the two phases might interact over time. shittwould be interesting to bring the
two studies outlined above together to see whatdvaappen to the evolution of
teachers’ beliefs about the generalization of sttgléearning and how to support it (first
study) when they are shown data collected durindestt interviews (second study). If,
for a moment, we assume that the teacher partits@ae the same across the two
studies, what would happen to these teachers’fbelgea result of seeing how their
students actually ended up generalizing their iagraxperiences (after the 10-15 hour

instructional unit).
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The Teaching Item Activity: Helping Students to Gerralize Their Understanding of
Slope to Future Situations

| am interested in studying the ways in which temshhink about supporting their
students in being able generalizeor apply their learning to new problems or situasio
Throughout the school year you teach many matheaiatpics where you might expect
your students to be able to generalize their kndggen order to successfully engage
with new and novel problems. But in the subseqaetitities and discussions I'd like to
narrow the focus to the topic of slope and lineauctions so that we can talk about
specific examples instead of hypothetical situatidn the context of slope and linear
functions, | am interested in finding out how ybink about the activities of teaching
(e.g., structuring a lesson, sequencing a sequEriessons, assigning homework,
creating tests, or organizing discussions) in i@fato the idea that students should be
able to generalize their learning to successfullyage in new tasks and/or activities as a
consequence of the learning that emerges and gmsvelging the unit on slope and linear
functions.

| know that there are many considerations to beewatken designing and carrying out a
lesson (e.g., timing, standards, testing, or studwtivation). Thus, the idea of
structuring class activities so that students aebked to successfully engage in novel
situations may not always be an explicit goal stinction. This is OK. | am interested
in the times in teachers’ teaching lives when ttieyhink about helping students to be
able to generalize their learning to new tasks@malttivities.

Therefore, | am asking you to do the following:

1) Reflect on the last time you taught a unit on slapeé linear functions.

2) Go through your teaching materials for this unitstope and linear functions.

3) Choose something (e.g., a lesson plan, a homevgsigranent, a test, notes about
how to run a discussion) that you think shows ateimce in which you were
thinking aboutsupportingyour students so that they would able to genexaheir
understanding of slope to a new task, activitysituration.

4) Bring the artifact that you chose to the first mtew. We will discuss it.
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Question Set 1: Questionassociated with The Teachindtem Activity

1.

Tell me a little bit about the artifact you choseldow you think it shows that y«
were thinking about helping students to make futise of theilearning. (...helping
students to generalize their learning to new sina)

What in particular were you doing to help your €mi$ so that they would |
enabled to successfully engage with new tasksyitiesi, or situations

What else do you do cing your unit on slope and linear functions thdpbesnable
students to successfully engage with new tasksjitaes, or situations

Of all the actions you identified above, which ano8 do you think are the mc
important in helping students to gralize or make future use of their learni

Do you think that as a consequenc your students’ engagement with your teact

item and all that happens during that engagement @iscussions, actioithat the

teacher named in #2, 3, and your stuents would be enabled to successf

engage with The Water Pump T*®? Why or why not? How do you think th

would approach the task and why (i.e., how doesttien of __ prepare them 1

this task)?

a. If ateacher says no, ask the teacher what I could do to support studen
engagement with that ta

b. If a teacher says yes, ask the teacher to exwhat in particular about tr
teaching item and the teaching actions taken iacsson with that iter he/she
thinks preparedtudents for The Wear Pump Task.

Water Pump Task

Water is being pumped through a hose into a large swimming pool.
The table below shows the total amount of water in the pool to begin
with as well as the total amount of water in the pool after 3, 5, and 9
minutes. The amount of water is measured in gallons. The time is
measured in minutes.

Time Amount of Water
(minutes) (gallons)

0 0
3 4

5 2

6 i,

3

9 12

Does the data above represent a water pump that is pumping equally fast over time? If
so, find the rate at which the pump is pumping. If not, explain what is happening (i.e.,
the pump is speeding up; the pump is slowing down; the pump is speeding up and then
slowing down).

' The Water Pump Taskas developed for the N-funded projectCoordinating Social and Individu:
Aspects of Generalizing ActiviiDRL 0529502), Joanne Lobato, PI.
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6. Do you think that as a consequenceyour students’ engagement with your teact
item and all that happens during that engagement @scussions, actioithat the
teacher named in #2, 3, and your students would be enabled to success
engage with Th8urning Candl Task™? Why or why not? How do you think th
would approach the task and why (i.e., how doesthien of _ prepare them 1
this task)?

a. If ateacher says no, ask the tea what he/she could do to support stude
engagement with that ta

b. If ateacher says yeask the teacher to explaivhat in particular about tr
teaching item and the teaching actions taken ioc&son with that iter he/she
thinks preparedtudent for The Burning Candle Task.

Burning Candle Task

The height of a candle is measured over time as the candle burns. The
information is recorded in a table and in a graph. For example, after 3
hours the candle is 32.5 centimeters high. A) Find the slope of the
function represented below. B) Explain what the slope means in this
situation. C) Predict when the candle will bum out.

Time | Height | §
(in hours) (in cm) %
0 40 g
3 32.5 o
&
4 30 =
By
55 26.25 i
=
[=T 4
R

Ly I S I (N N O I |

|
1
1 2 3 4 x & )

Time (hours)

7. Do you think that as a consequenceyour students’ engagement with your teact
item and all that happens during that engagement @scussions, actioithat the
teacher named in #2, 3, and your students woulddbenabled to successfu
engage with Théce Crear Task®? Why or why not? How do you think they wol
approach the task and why (i.e., how does theractfio __ prepare them for tr
task)?

a. If ateacher says no, ask the teacher what hegshd do tosupport student:
engagement with that ta

b. If ateacher says yeask the teacher to explaivhat in particular about tr
teaching item and the teaching actions taken iocson with that iter he/she
thinks preparedtudents foThe Ice Cream Task.

Y The Burning Candle Taskas developed for the N-funded projectCoordinating Social an
Individual Aspects of Generalizing Activ(DRL 0529502), Joanne Lobato, PI.

18 The IceCream Task was adapted from a tdeveloped for the NSF-funded proje€gordinating Socia
and Individual Aspects of Generalizing Acti(DRL 0529502), Joanne Lobato, PI.



Ice Cream Task

The ratio g provides a measure of the steepness or slantiness of the hill below,

6 fi

10 ft

What does z provide a measure of in the following situation:

Chocolate ice cream is made in the ratio of 2 parts chocolate to 5 parts cream.
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8. Could you create a lesson that implements somieedifieas you have discussed f

about supporting students to generalize their wstdeding of slope? Could y«

create a lesson that includes a task in it thatestis haven’t been taught directlyw

to do?



Appendix B

Hypothetical Students’ Work™®
Molly’'s Work on a Slope Task

Suppose you gave one of your students, Molly, dlewing problem on slope. What do
you find noteworthy about Molly’s answer and asatenl explanation (Molly created the
graph below as part of her explanation)?

Slope ProblemA leaky bucket drips water into a measuring cupe Water level in the
measuring cup is recorded every minute. The thblew shows the water level in the
cup over time. The cup started out with some watérbefore the dripping began. Plot
these points on a graph and then find the sloghefine.

Elapsed Time Amount of Water in
(minutes) the Cup (ounces)
0 4
3 6
6 8
12 12

Molly’s Answer: The slope is 2/3.

Molly’s Explanation (and Graph)First you graph the points and then connect tteem
make a line. Now | pick two points (3,6) and (6,Bhjree minutes passed between 3
minutes and 6 minutes. During that time, the wedse in the cup 2 oz. Two 0z in 3
minutes is the same as 2/3 oz in 1 minute. Soltpe $s 2/3, which is how much the
water rises every minute.

1% The Hypothetical Students’ Work Activity was adegpfrom a task developed for the NSF-funded
project,Coordinating Social and Individual Aspects of Gettizging Activity(DRL 0529502), Joanne
Lobato, PI.
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Lucy’'s Work on a Slope Task

Suppose you gave Lucy, another one of your studdrgsame slope problem. What do
you find noteworthy about Lucy’s answer and asdedigxplanation (Lucy created the
graph below as part of her explanation)?

Slope ProblemA leaky bucket drips water into a measuring cupe Water level in the
measuring cup is recorded every minute. The thblew shows the water level in the
cup over time. The cup started out with some watérbefore the dripping began. Plot
these points on a graph and then find the slopghefine.

Elapsed Time Amount of Water in
(minutes) the Cup (ounces)
0 4
3 6
6 8
12 12

Lucy’'s Answer: The slope is 2/3.

Lucy’'s Explanation (and Graph):plotted the points and drew a line. Then chose
points and drew a triangle. | need to find the asd run. | found the rise by subtracting
8 - 6. Then | found the run by subtracting 6 - 8, Be rise is 2 and the run is 3. That
makes the slope 2 over 3.

A

12 —

PNWKAOOTO NOO

1234 567 89 101112
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Question Set 2: Questions associated with hypothedil students’ work

The teacher will be shown two students’ work ofope task — Molly and Lucy. Molly
provided a correct answer for the slope questlaraddition, her explanation
demonstrated an understanding of slope as raticy hlso provided a correct answer for
the slope question; however, her explanation didllustrate an understanding of slope
as ratio. Rather her explanation focused on agoha@ and was not connected to the
context of the leaky bucket. Give the teacher anentt to look over Molly’s work and
then ask questions 1-4 below. When finished, refbeaprocess with Lucy’s work:

1. What do you find noteworthy about Molly’s answedassociated explanation?
Why?

Given Molly’s response, what kinds of activities ytm think Molly will be able
to successfully engage with? Why? Ask teachdratthey think Molly is
generalizing from the Leaky Bucket Task to whatewasks they bring up.

2.

If the teacher only mentions tasks that involvédsaland graphs or the
students’ ability to translate given informatiomara table or a graph, ask the
teacher whether he or she thinks the student waiilldbe successful if she
was not able to (e.g., via time constraints) cartstan associated graph or
table or ask the teacher if there are other kiridasks that the students would
be able to successfully engage with.

Given Molly’s response, what kinds of activities ytmu think will be too difficult
for Molly? Why?

If the teachers only mention tasks involving negaslope, ask whether and
how their answers would change if | could provigeilar work from Molly
and Lucy showing their successful engagement wghkg involving negative
slope.

If the teacher thinks that Molly will be successhtkeracting with all 3 tasks,
as the teacher what he or she thinks Molly’s teadlteto help support her in
being able to generalize her learning?

What could you do with Molly during The Leaky ButKeask to support her
engagement with the more difficult tasks? Be dmecWhat specific activities,
examples, etc. would you use?

Now present the teacher with the three tasks {itee,Line Task, The Fish T&#Skand
The Orange Juice TaSk below and ask the following questions:

5. Which task(s) do you think Molly will be able toroplete successfully? Why?
What about Lucy?
6. Which task(s) do you think will be more difficutbrf Molly? Why? What about
Lucy?

2 The Fish Task was adapted from a task developetiéoNSF-funded projecEoordinating Social and
Individual Aspects of Generalizing ActiviiyRL 0529502), Joanne Lobato, PI.

% The Orange Juice Task was adapted from a taskageefor the NSF-funded proje@pordinating
Social and Individual Aspects of Generalizing Atti{ODRL 0529502), Joanne Lobato, PI.
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7. What could you do as a teacher to support Mollygagiement with the more
difficult tasks? What about to support Lucy?
8. Suppose that Molly and Lucy had different teach&#hat do you think each

teacher did to support Molly and Lucy in being alolgeneralize their
understanding of slope?

After the above set of questions have been askiédraspect to each student’s work, ask
the following question:

1. Which student’s work do you prefer? Why?
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The Line Task
Find the slope of the line that goes through thim{s0(0, 1) and (2, 5).

The Fish Task

The fish is swimming away from home. The table shibevdistance she is from
home every second. How fast is the fish swimming?

Time Distance from Home
(in seconds) (in feet)
1 2
3 6
8 16
10 20
12 24

The Orange Juice Task

To mix orange juice, you mix cans of orange juroenfconcentrate with glasses
of water. You made two different batches. BatthrAade from two cans of
orange juice and five glasses of water. Batch Basle from six cans of orange
juice and fifteen glasses of water. Which batdhtaste more “orangey” or will
they taste equally “orangey”? Explain your reasogi

| 1]
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Hypothetical Teachers’ Activities

Teacher A's Activity

Instructions Examine 1, 2, and 3 below. Discuss any simitgiand differences you
notice.

1. The pitch of a roof is its slope. The roobsi below increases 6 feet vertically for
every 10 feet it spans horizontally; thus, the toa$ a pitch of 3/5.

L
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2. The grade of a road is its slope written per@ent. The road shown below increases
2 meters vertically for every 16 meters it spanszomtally; thus, its grade is 12.5%.

3. The rate at which the number of cell phonesisereased per year is the slope. In
2007, there were 20 million more cell phone useithé U.S. than in 2003. Thus, the
rate at which the number of cell phone users irsg@avas 5 million per year.
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Teacher B's Activity

Instructions:The slopam of the line through(x,, y;) and(x,, y,) is given by the
equationm = 22221 For example, the slope of the line through joar®d (5, 4) is

X2—X1

= % = % Use this equation to complete the problems &i8vin.

I I I N N [N (N A IS
T rrrTrrr1T1T1T1T"1T1T%

1. Plot each pair of points below and find trepsl of the line that goes through them.
a) (0,0)and (7, 8)
b) (-1, 5) and (6, -2)
c) (1,4)and (5, 3)
d) (-4, 3) and (-2, 3)

2. Parallel lines have the same slope. Findgliyge of the line parallel to the line
through the following pairs of pints.
a) (-3,-3)and (0, 0)
b) (6, -2) and (1, 4)
c) (-8,-4)and (3,5)

3. The graph below shows the total gogh dollars) of owning and operating a
compact car whereis the number of miles driven. Find the slopehefline shown
in the graph.
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Teacher C's Activity??

Cassandra decided to see how fast her brothernging a marathon. To do this, she
watches the marathon on TV and periodically mas Far her brother is from where
he started the race. The times and total distafroes the starting line are recorded in
the table below.

Total Distance
Time from

Starting Line
7:00 a.m. 0 miles
7:15a.m. 2 miles
7:45 a.m. 6 miles
8:15 a.m. 10 miles
9:00 a.m. 16 miles
9:30 a.m. 20 miles
9:45 a.m. 22 miles

1. Is Cassandra’s brother running steadily thnowg the race or is he speeding up and
slowing down? Explain your reasoning?

2. How fast is Cassandra’s brother running?

3. How far from the starting line do you thinkgsandra’s brother will be at 10: 15
a.m.?

% Teacher C’s Activity was developed for the NSFded projectCoordinating Social and Individual
Aspects of Generalizing ActiviiPRL 0529502), Joanne Lobato, PI.
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Teacher C's Activity (Alternate Version)

Cassandra decided to see how fast her brothernging a marathon. To do this, she
watches the marathon on TV and periodically mas Far her brother is from where
he started the race. The times and total distafroes the starting line are recorded in
the table below.

Total Distance
Time from
Starting Line

]

£

_gl’ 7 A, L 7:00 a.m. 0 miles

£ 24 - - . :

Sl /, 7:15 a.m. 2 miles

£ }2 f/ 7:45 a.m. 6 miles

g 12 i {,f'/ i - 8:15 a.m. 10 miles

E 9 1 1 ,.#f’ 1 : 1 4 T — .

2 4 9:00 a.m. 16 miles

g 1/ .| 9:30am. 20 miles
700 800 900 LOA0 9:45 am 22 miles

Time

1. Is Cassandra’s brother running steadily thnowg the race or is he speeding up and
slowing down? Explain your reasoning?

2. How fast is Cassandra’s brother running?

3. How far from the starting line do you thinkgSandra’s brother will be at 10: 15
a.m.?
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Question Set 2: Questions associated with hypothedil teachers’ activities

1. Present the three hypothetical activitiestxhers. Tell the teachers that these are
activities developed by other teachers and ask thémy would use any of the
activities for the explicit purpose of helping theiudents to generalize their
understanding of slope.

If the teacher identifies an activity as one thewoulduse, ask the teachehat
she hopes the students would get out of the le@sgn An understanding of
where the idea of slope might be useful? An unideding of the meaning of
slope?) Ask the teachethenshe would use the task in order to help suppert th
generalization of students learning (e.g., Woultbihe at the beginning of the
unit? The end?) Ask the teaclm@wshe would use the lesson (e.g., Group
activity? Individual activity?) Ask whdunctionthe activity would serve in
helping students to generalize their understandfrajope.

If the teacher identifies an activity as one shelloot use to support the
generalization of her students’ learning, ask wbt?nAsk how it inhibits the
generalization of students’ understanding of slofsk if there is anything the
teacher could change about the task to make fiegaticouldbe used to help
support the generalization of students’ learning.

If a teacher says that Teacher A’s activity cowddused because there are so
many real world contexts being used, ask if it wicgtill be helpful in supporting
the generalization of learning if only one contexis used.



Appendix C

The Lesson Plan Activity: A Lesson to Help Student&eneralize their
Understanding of Slope

Please create a lesson on slope for an Algebras$ that implements some of the ideas
you discussed today regarding how to support thergdization of your students’
learning. Feel free to adapt an existing lessdiw areate something completely new.
Whatever you choose, think of this as an opponunitcreate a lesson explicitly geared
towards helping your students to be able to gelzer#their understanding of slope to
future situations. The lesson you create can hatesductory lesson or it can be a
lesson that would take place after students haeady been exposed to the concept of
slope. The lesson can be a single-period or metltied lesson.

Please include the following three components ur yesson plan:

1. Mathematical Goals Describe what you want students to be able douanerstand
about slope as a result of your lesson. Includespecific mathematical ideas you
would expect students to comprehend and the types&s you would expect them to
perform. For example, if your lesson had been tboordinates and/or graphs, one
of your goals might be for students to underst&edneaning of the origin as a
reference and be able to locate other coordinatesation to the origin. Your list of
goals for the lesson will be a very helpful reseuiar me to understand the
mathematical ideas and procedures that you conisigbertant.

2. Lesson Outline Write a lesson plan that someone could useaithtgour lesson.
Include specific examples that will be used andgjpeproblems for students to
solve. If you are using any published materiaéagke attach these to your lesson and
describe which parts you will use and why and wigpahts you will not use and why.
Be sure to mention the intended teaching methads (ecture, worked examples,
students solving problems in small groups, etBlgase provide sufficient detail for
me to visualize what you would say and how you wWaxpect your students to
respond.

3. A New Task or ActivityAfter you have created your lesson, think of a t@as#ctivity
that you think students will be able to generalfmsr learning to. In other words,
think of a task that you think students will beeatdd successfully engage with as a
consequence of your lesson and include it on argeppiece of paper. Then write a
paragraph or two describing why you think your stuig would be able to
successfully engage with the task despite thetf@ttthey were not taught directly
how to do so. The only constraint is that the tgsk include cannot be something
that was taught directly during the lesson.
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Question Set 3: Questions associated with The LessBlan Activity:

1.

Describing théesson outline (a) Tell me a little bit about your lesson. Yhat is
the most important part of the lesson? (c) Wh#tesmost important part of the
lesson with respect the intended goal that you @uppe generalization of students’
learning?

. Preparing the lesson. (a) When designing lgason, how did you think about the

overall goal of preparing students to generalisértlearning to novel tasks (i.e., tasks
they have not been taught explicitly how to solvé)®ther words, how did this goal
shape your lesson, (for example, in a way that trbghdifferent than if you were just
thinking about helping students to develop a setiderstanding of slope without
being concerned that they would be able to solvevaproblem as a consequence of
the lesson)?

. Mathematical goals.(a) Tell me a little bit about tHdathematical Goalyou

described in your lesson plan? (b) If you wereattk these goals in order of
importance with respect to supporting the genextibn of students’ learning, which
one would be first on the list? Why?

. Preparing students(a) How do you think your lesson prepares sttglengeneralize

their learning (i.e., to tackle problems they haweg explicitly been taught how to
do)? (b) Can you identify specifically what yow aloing during the lesson that is
helping students to be able to generalize theinieg?

. The task.(a) Tell me a little bit about the task you iradd. (b) How do you see it as

new or novel? (c) What in particular about yowssken prepares students to
generalize their learning to this task? (In otlwerds, can you identify what in
particular you would be doing during the lessort thauld be supporting students so
that they are able to successfully engage withgarsicular novel task?) (d) What
function or role do you see those actions playmmthe generalization of your
students’ learning? (e) WHAT is it that you thipdur students would be
generalizing from the lesson to the task?



Appendix D

Question Set 4: Questions about teachers’ MKT

Teachers’ Personal Understandings of Slope/Ratio: *

Teachers’ Understanding of How Students Might Develp an Understanding of
Slope: **

Teachers’ Understanding of the Actions that Might Sipport Students in Developing
an Understanding of Slope: ***

1*. (a) What is your personal understanding of elbp/Nhat does slope mean to you?
(This is not asking how you normally teach slope.)
(b) Show me/draw me a picture that illustrates wioat mean.

2*. What context or situation comes to mind whean ffnk of slope?

3*. What does it mean to have a slope of 2? -1?
e If a teacher talks about going up or down for ewarif walked horizontally, ask
the teacher if there is anything she or he cowdasmut slope of 2 or -1 given a
flat surface?

4. Ask teachers to graphically represent a lilgaction and then to create a story that
accompanies their representation. The pose qusgi&) — (h) below.

(a*) Explain the meaning of (pick two y-values regented by the graph the teacher
draws) in the context of your story.
e |If a teacher refers to the vertical distance behwe® points, ask if there is
any other way thatyyy; could be interpreted. Ask if the teacher canteela
y»-y1 to anything in his or her story.
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e |If a teacher refers to the “rise” in the “rise oven” formula (or the yy; in
the slope formul%Lzl), ask if there is any other way-y; could be
27411

interpreted. Ask if the teacher can relate/yto anything in his or her story.
e |If the teacher has difficulty with this, point toet specific points on the line
and ask if the teacher what it means.
(b)
(i**) How might students come to develop that mearfor y-y;?
(i***) What would you do or say to help developishmeaning? Why?
(c*) Explain the meaning of (pick two x-values repented by the graph the teacher
draws) in the context of your story.
e If a teacher refers to the horizontal distance betwtwo points, ask if there
is any other way thatxx; could be interpreted. Ask if the teacher canteela
X2-X1 to anything in his or her story.
e If a teacher refers to the “run” in the “rise oven” formula (or the xx; in
the slope formul%z:—:), ask if there is any other way-x; could be

interpreted. Ask if the teacher can relatexxto anything in his or her story.
(d)
(i**) How might students come to develop that mearfor x-x;?
(i***) What would you do or say to help developishmeaning? Why?

(e*) Explain what thalivisionin the slope formula accomplishes in the contéxt o
your story. Draw a picture (not a graph) to gaglavith your explanation.
e If the teacher speaks purely in terms of computatiask why one would
divide rather than multiply, for example.
e Ask the teacher how he or she knows what to dikide
(f)
(**) How might students come to develop this mewnior division?
(i***) What would you do or say to help developishmeaning? Why?

(g*) Explain whatsloperepresents in the context of your story.

e If the teacher mentions rise and run, ask whatrlshe would say to a
student who was puzzled by the fact that that ngtinas actually rising or
running in the story the teacher relayed.

¢ If the teacher only mentions slant, steepnessptilbome other aspect of a
line, ask the teacher again what the slope reptegethe context of his or
her story. This may mean that you have to renmtiedeacher of the story he
or she relayed.

(h)
(i**) How might students come to develop this meanfor slope?
(i***) What would you do or say to help developishmeaning? Why?
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5. [Problem adapted from Coe (2007)]

You provide both a table and a graph and ask astud find how fast the function is
changing between x=1.5 and x=4.

5 T O g e
X Jx) % h
0 9 18 :
1.5 15 7 15 - t
25 19 S 12 i i
4 25 9 i !
s T
3
: i‘

[

o L
I
Ln

(@a**)  What must a student understand to answisrghestion?

(b**)  What difficulties or sources of confusionight students have with this
guestion?

(c**) A student responds “10.” What might thisident have been thinking?

(d*/**)  What shouldthe student have done?

(e***) How would you initially respond to the slent?

(f***)  What would you do or say to help guide teudent? Why?
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[Problem adapted from Coe (2007)]

Five students are discussing the meaning of siopdinear context. One student
says that slope xﬁ_—zl Another student says that slope is the angtheofine. A
2741

third student says that slope is rise over rurfoukth student says that slope is the
rate of change of the line. A fifth student sayet tslope is the number.

(a*/**) Which of the students is correct? [Expldin

(b**)  What student understandings underlie thespoases?

(c**) What would you like students to understanaaislope in a linear context?

(d**)  What might students say to indicate that tiveye developed an
understanding of slope (as whatever was identifi€d))

e Other teachers have said that forming an understgmd ratio is an
important part of developing an understanding opsl What might kids
say to indicate that they had developed an undeistg of slope as ratio?

(e**) What difficulties or sources of confusion rhigarise for students when they

are developing an understanding of slope as (wkateas identified in (c))?

e What about that idea that some teachers raiseddiagahe formation of
a ratio understanding? What sources of difficalight arise for students
when developing an understanding of ratio?

(f**) What would you say or do with each of theseidents to support them in

developing a desirable understanding of slope? Wuhyld you say or so
those things?
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7%%_ A new teacher comes to you and explains thas lesperiencing some confusion
regarding slope (as noted below). What would yapute him?

I'm confused. The textbook says: ‘Slop%tfrs
to the slant or the steepness of a line.” Accardin

to this definition the lines shown below do not
have the same slope. But when | use the slop
formula to calculate slope, | get the same answer.
| don’t understand how slope can refer to the
steepness of a line if, according to the slope
grmula, the lines below have the same slopg/
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% The Hypothetical Teacher Situation was adaptegh fatask developed for the NSF-funded project,
Coordinating Social and Individual Aspects of Geatlieing Activity(DRL 0529502), Joanne Lobato, PI.



343

8?*_ Consider the following challeng

Can theratio of “slant height” to length also be used asemasure of the steepness
ramp (in addition to the ratio of height to lengthich is called slope

‘Slant Height”
Height

Length

Let’s give the new ratio a name (i.ramp numberso as to avoid confusing it wi
slopewhich is the ratio of height to lengtl

Examine severabbmp numbei (e.g., 4:3; 5:4; 6:9). Test whether or naramp
numberis a good measure of steepness. This will invtitugking about what make
somethig a good measure. How can you test this measseetd it's actually
measure of the steepness of the ramp? Think afyaanwd then test

DON'T USE ALGEBRAIC FORMULAS and DON'T USE YOUR KN@WLEDGE
OF SLOPE!!

Use only the kinds of tools (e.g.,per, pencil, straight edge) that students wouldel
easy access to.

9. [Problem adapted from Coe (20C

Two students are having a debate about a functiese/graph looks like the figu
below. One student says that the function is “el@sing at a decreasing rate” wt
the other sgs it is “decreasing at an increasing rate

f §

(a*/**) What, do you believe, is mathematically relevaninderstand abol
language like “decreasing at a decreasing r

(b**)  Which student, do you think, is corre

(c**) What makes understandilanguage like this complex?

% The Slant Height Taskas developed for the N-funded projectCoordinating Social and Individu:
Aspects of Generalizing ActiviDRL 0529502), Joanne Lobato, PI.
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(d***) What would you have the students focus orstpport the development of
their mathematical understandings? Why that?

(e*/**)What is the meaning of the use of “decre@giin the given situation? What
is the meaning of the first usage?

10. Here is an activity (Truck on a Traok

(@*) What must students understand to answergbestion?

(b**/***) What understanding of slope might studserdevelop out of their
engagement with this activity?

(c**) What understanding or way of reasoning do yloink comes before and
what understanding or way of reasoning do you tkimkes after (the
understanding the teacher identified in the previguestiorf) In other
words what understanding do you think precedesitigerstanding you
identified and where do you think the understandiog identified leads?

(d*) How did you think through this problem?

(e*/**)  What is hard about this question?

(f**)  What would you say or do with students topgort their understanding?
Why?

Truck on a Track

A small battery operated truck travels on a trads journey consists of two legs.
In the first leg of the journey, the truck travétsm in 4 seconds (at a constant
speed). After the end of the second leg, the tnadktraveled a total of 15 cm
over 9 sec. Did the truck travel at the same spkethg both legs of the journey
or did it travel faster during one leg? Explain yaeasoning.

15cn
7 cr #8
| | |
| | |
4 sec 9 sec

11.
(@*) What do we mean when we speak of ‘rate of geafor ‘ratio’) in
mathematics? [Use whatever language the teackdydemn using]
(b**) What does it mean for a kid to have formeduwemlerstanding of slope as rate
of change (or ratio)?
(c**) What would be evidence of this understanding?
(d**) How might they develop that understanding?

% Truck on a Track was developed for the NSF-funpieject,Coordinating Social and Individual Aspects
of Generalizing ActivityDRL 0529502), Joanne Lobato, PI.
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(e***) What could you do to support students in d®ping that understanding?
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