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ABSTRACT 

Equilibrium configurations of an idealized charged rotating drop have 

been studied by using an electronic computer. The symmetric families of 

saddle-point shapes, and two families of stable equilibrium shapes (flat 

shapes and cylinders) have been traced as functions of the fissionability 

parameter x, and of the amount of rotational energy for all nuclei in the 

periodic table with any angular momentum. It was found that in the case of 

heavy nuclei (x ;;:;:,0.7), rotation distorts the spherical nucleus into a flat 

shape (rotating about its axis of symmetry) and that further rotation results 

in instability against fission. For x ~ 0.7, as rotation increases, the flat 

shape first undergoes a transition to a cylinder-like shape before becoming 

unstable against fission. The results are illustrated by means of impact 

parameter versus bombarding energy diagrams for the case of Ne20 ions react-

. 'th Al27 Pr141 d u238 E t d . f f t· f t bl 1ng Wl , , an . xpec e reg1ons o orma 1on o s a e 

cylindrical shapes and of breakup due to large angular momentum are shown. 

It was found that relatively favorable conditions for forming a stable 
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cylindrical shape exist for very light targets, and that breakup reactions 

caused by large angular momentum become important for heavy targets. Varia

tions of the fission threshold with the amount of rotational energy for 

different values of x is given. The fission threshold is found to decrease 

rapidly with increasing rotation. 
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I. INTRODUCTION 

The study ·Of collisions betwe.en complex nuclei, made possible by the 

introduction of heavy-ion accelerators, necessitates the discussion of nuclear 

. systems possessing very la~ge angular momenta. In some situations, already 

accessible with presently avai~able accelerators, the amount of rotational 

energy in the system may become sufficiently large compared to the nuclear 

binding energy that a spontaneous disruption of the system would take place. 

In cbther il.ess extreme situations, the centrifugal force, even though not 

sufficiently large to cause disruption, may alter QUalitatively the shape of 

the most stable nuclear configuration. 

Several of the more important effects of large angular momenta have 

been pointed out in the past. Various approximate treatments of the problems 

have been disc-qssed, among others, by Pik-Pichak, 1 Beringer and Knox, 2 

Hiskes,3 Sperber, 4 and Carlson and Pao Lu.5 The model used in many of these 

investigations has been that of a .charged, rotating liQuid drop; various 

approximations, restricting the range of validity of the results, had to be 

introduced. Our object in the pre,sent work is to provide a comprehensive 
! 
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survey of the qualita~ive and quantitative features of the configurations of 

equilibrium of idea.lized rotating charged liquid drops, for conditions that 

may be ,met .. ::int : bombardments of any target in the periodic tabl~, with a 

projectile of arbitrary mass and energy. In this report we present only the 

principal qualitative features of the results. A detailed quantitative 

presentation of the equilibrium cor).figurations and their prOpe-rt.ie:s; will be 

described in a later paper. 

The formulation of the mathematical problem in its most general way, 

as an investigation of idealized equilibrium shapes for any amount of 

rotation and any amount of charge, has led to one not unexpected consequence; 

namely, that certain of the results extend beyond the domain of nuclear physics 

·into the domain of astronomy. This is so by virtue of the circumstance that 

the mathematical expressiort for the electrostatic energy, if taken with a 

negative sign, becomes identical with the Newtonian gravitational energy. 

In this way the ·rotating nuclear charged drop may be made to go over into a 

gravitating liquid mass corresponding (in the limit of ~anishing surface 

tension) to the classical model of planets or stars in uniform rotation, 

familiar from the investigations of Jacobi, Poincar~, Jeans, and others 

(see for example, reference 6). 

The study of the astronomical and nuclear problems as special cases 

of a more general formalism has proved_useful in interpreting the nuclear 

situation in terms of concepts familiar in astronomical investigations, and 

vice versa. 

The techniques used in the present work are a straight-forward generali

zation of those used i~ reference 7 (see Appendix). 

·The principal results of the mathematical analysis are described in 

Sec. II. They lead to a certain classification of collisions between complex 
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nuclei into several groups. This classification is· illustrated in Sec. III 

with the 'aid of exaJ:nples involving neon-induced reactions. 

II. -RESULTS 

The idealization of a charged liquid drop in uniform rotation implies 

that in searching for ~he equilibrium configurations there are just three 

energies to consider; the electrostatic (or gravitational ) energy, the 

surface energy, and the rotational energy. As a result there are in the 

problem two dimensionless ratios in terms of which all results may be dis

cussed. We shall take the conventional fissionability parameter x as a 

measure of the charge on the drop; it may be defined as t·M~natio •of half: the 

electrostatic (or gravitational) energy of the sphere to the surface energy 

of the sphere. As a measure of the angular momentum we shall take the param· 

eyer Y-1 defined as the ratio of the rotational energy that a rigid sphere 

with the given angular momentum would have to the surface energy. The pro

blem now is to describe the sequence of equilibrium shapes that one would 

observe if, starting with a given positive or negative x (a given charge or 

intensity of gravitation), the value of y (the amount of angular momentum) 

were gradually increased from zero. The results we:::found are as follows: 

For small rotation the originally spherical drop is flattened by the 

centrifugal force, at first into an oblate spheroid value of x (i.e., indepen

dently of whether we discuss a planet or a nucleus). 

The flattening increases gradually with increasing rotation up to a 

certain critical value of y (a flinction of x). At this critical value of y 

the flat pseudospheroids become unstable and a qualitative change takes place 

in the configuration. The nature of the change depends on whether x is below 
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or above a ce.rtain critical value of x , which we estimate to be about 0. 7, 
c 

corresponding to fairly heavy nuclei in the general neighborhood of thorium. 

If x > xc' the flat pseudospheroid becomes unstable against spontaneous 

disintegrat:it0n; the drop becomes unable to support any more :botation, and no 

further configurations of equilibrium exist. 

If x < x , and this includes the rest of the periodic table as well 
c 

as the astronomical cases with negative x, the flat pseudospheroid, on be-

coming unstable, goes over into a non-axially-symmetric shape. This new 

configuration has the symmetry~of an ellipsoid with three unequal axes. The 

axis of rotation is along the shortest axis of the figure. In the astronomi-

cal case of large negative x these shapes are exact ellipsoidsj in the nuclear 

case they are only approximately so, being somewhere between an ellipsoid 

and a cylinder (or even a dumb-bell) with rounded ends and an elliptical 

cross section. We shall refer to these shapes as pseudoellipsoids. They 

exist only if y exceeds a certain critical amount and if x is less than x . 
c 

As the angular momentum is increased b~yond the critical value, the 

' . c., 
pseudoellipsoids become more and more elongated under the influence of the 

centrifugal force until a second critical value of y is reached. At this 

point the pseudoellipsoids become unstable against spontaneous disintegration 

and no further configurations of stable equilibrium exist. In the astronomi-

cal case, the instability is toward an asymmetric necking-in of the pseudoel-

lipsoidJ_ .±n the nuclear case into a symmetric necking-in. 

The various possibilities are; summarized in Fig. l. The upper solid 

line in the plot of y vs x corresponds to the absolute upper limit of the 

amount of rotation that can be supported by a drop. The lower solid line 

corresponds to the value of y at which the transition from pseudospheroids 

to pseudoellipsoids takes place. The two lines coalesce beyond x . 
c 

. . 
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In the astronomical case) the transition from spheroidal shapes 

(the Maclaurin spheroids) to ellipsoidal .configurations (the Jacobi ellipsoids) 

is well known. In the nuclear case we would like to suggest the name 

Hiskes3 configurations for the pseudospheroidal shapes of equilibrium of a 

charged rotating drop with surface tension) and Beringer-Knox2 configurations 

for the pseudoellipsoids. 

To summarize our survey of the sh~pes of stable equilibrium regarded 

as functions of angular momentum) we may say that) looking apart from the 

heaviest nuclei with x > x J the "normal" sequence of equilibrium shapes is 
c 

pseudospheroids---· ;> :p~e;cidoellip~oid.~---:;) 5.1sin:tegration. 

For the heavy nuclei the pseudoellipsoids are absent. 

I.n addition to the above stable equilibrium configurations) there 

exist shapes of unstable equilibrium representing saddle-point configurations 

associated with the barrier for the disintegration of the system. In the 
I 

astronomical case) the saddles are the famous pear-shaped figures of 

/ 
Poincare. In the nuclear case) the saddle shapes have an appearance similar 

to the pseudoellipsoids) but are more elongated and have a deeper waist. We 

would like to call these shapes the Pik~Pichak1 configurations. These shapes 

exist in the sanie part of the x-y diagram as the stable (pseudospheroidal 

or pseudoellipsoidal) configurations. On the critical curve which defines 

the maximum amount of rotation (upper solid curve in Fig. 1) the Pik-Pichak 

shapes and the shapes of stable equilibrium become identical and the threshold 

energy vanishes. 

The quantitative tabulation of the thresholds as functions of x and 

y will be given in a later paper. The general features are that the barrier 

decreases rapidly as the amount of rotation is increased. This is in 
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qualitative agreement with the relative ease of inducing fission with heavy 

ions. 

III. APPLICATIONS 

Any nuclear reaction, with a specified angular momentum, may be 

classified into one of three groups, depending on whether the angular momentum 

is such as could lead to a pseudospheroid, a pseudoellipsoid, or to disinte-

gration. We shall call such collisions Hiskes collisions, Beringer-Knox 

collisions, and escape collisions, respectively. We shall combine this 

classification with the usual classification.of collisions according to the 

closest distance of approach. If this distance is greater than the sum of 

the radii of the two complex nuclei, we shall refer to distant collisions; 

if it is comparable, we shall speak of peripheral collisions; and if less, 

we shall speak of close collisions. The significance of these two cl'assifi-

cations according to angular momentum and distance of closest approach is 

illustrated in Fig. 2, which refers to the collision of a Ne
20 

ion with an 

Al27 target. Each point in the diagram specifies a set of conditions for 

such a collision by defining a lab. energy Elab and the square of the impact 

parameter b. (The reason for taking b2 rather than b is that the ordinate 

in Fig. 2 is then related to relative cross sections.) 

There are two sets of curves dividing the diagram into several areas 

corresponding to different combinations of angular momenta and distances of 

closest approach. The unshaded portion corresponds to collisions where the 

distance of closest approach exceeds (1.5)lo-13 (A
1

1/ 3+ A
2

1/ 3 )cm. Only 

Coulomb scattering and Coulomb excitation would take place here. The boundary 

of this region is specified by the Coulomb barrier, V , which makes b2 on 
v c 

th d t · t ( c ) , where E e boun ary propor lonal o 1 - E c.m. c.m. 
energy. 

is the center-of-mass 

•. 
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The other ·Similarly shaped curve corresponds to taking the distance 

of closest approach to be (1.2)10-:l3(A
1

1/3+ A
2
l/3)cm. In the band between 

the two lines, nuclear forces begin to come into play we have here peri-

pheral collisions. For still smaller impact parameters, the collisions be-

come more nearly head-on and we have close collisions. Except for the effects 

of angular momentum, such collisions would lead to compound nucleus formation. 

(The choice of the definite values (l.2)10-l3cm and (1.5)10-13cm for the 

radius constant to illustrate approximately the region of peripheral calli-

sions is not to be understood as implying sharp boundaries for this xegion.) 

The effect of angular momentum is indicated by the other set of 

2 
curves. The loci of constant angular momentum in a plot of b vs E are 

rectangular hyperbolae with the coordinate axes as asymptotes. The two 

curves shown correspond, in the case of Ne 20 + Al27, to thle two critical 

values of angular momentum that separate the Eiskes from the Beringer-Knox 

collisions, and the latter from escape collisions. Thus, in the part of the 

diagram closest to the coordinate axesi the angular momentum is sufficiently 

low so that a compound n~cleus, if formed, would rotate as a pseudospheroid 

(Hiskes shape). In the band between the two hyperbolae, the equilibrium 

shape would be a pseudoellipsoid. In the last region the angular momentum 

is so high that even for close collisions no stable equilibrium configuration 

exists and the system must break up at once. 

The above example shows how the combination of the angular momentum 

and distance classifications leads to several qua1itatively different regions 

2 in a b vs E plot, indicated by different shadings in Fig. 2. The intensity 

of the shadings corresponds roughly to the relative stability of the config-

urations. The cross-hatched areas correspond, approximately, to compound 

nucleus formation. We note that for energies up to about 180 MeV, compound 
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nucleus formation is limited on the upper side by the requirement that the 

collision be sufficiently ciliose; but for energies greater than 180 MeV, it 

is limited by the requirement that the angular momentum be sufficiently low. 

Thus the boundary of the compound nucleus region changes, in its dependence 
v l 

onE, .from a 1- E c law at low energies, to a E law at high energies. 
c.m. c.m. 

The parallel hatched and the dotted portions, of Fig. 2 correspond to various 

ty:pes of peripheral collisions in which the nuclear forces come into play 

only to a moderate extent. The small region with crosses corresponds to 

violent collisions where nuclear forces are fully in evidence; but the 

system is, nevertheless, forced to break up under the influence of the 

centrifugal force. 

In the particular case of Ne 20 + Al27, the size of the Beringer-Knox 

region is especially noteworthy. Thus, at 180 MeV, more than half of the 

close collisions are likely to result in elongated pseudoellipsoidal shapes. 

illhese shapes, having abnormally large moments of inertia, would be of great 

interest if detected experimentally and would be a valuable check on the 

theory. 

Figures 3 and 4 are similar to Fig. 2, but correspond to the colli

sions of Ne20 with heavier target nuclei. In the case .of P:r141 , Fig. ·3, 

the region of pseudoellipsoids has almost disappeared, and little breakup 

is expected. Nearly all close collisions (in the energy range up to 210 MeV) 

should result in a flat compound nucleus .(Hiskes shape). In the case of 

1.1238 (Fig. 4), the region of pseudoellipsoids has disap~a~ed entirely, but 

the brealqj.p reactions have reappeared and have become relatively important. 

Considertl:ng -;only close collisions, about one third of the impact parameters 

at 210 MeV bombarding energy bring in too much angular momentum for compound 

nucleus formation to be possible. -Some evidence for the presence of an 
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appreciable number of breakup reactions in the bombardment of u238 with 210 

MeV Ne20 ions is provided py the experiments of Sikkeland and Viola.
8 

Using 

a careful angular correlation technique, they found that about 4o% of the 

.measured cross section involves .~ mechanism of incomplete momentum transfer; 

i.e., .a compound nucleus is not produced. This is; in fact, of the order of 

magnitude expectedbn the basis of F:i,g. 4, but we would like to stress that, 

in view of the arbitrary definition of peripheral collisions, undue weight 

should not be attached to the precise quantitative features of Fig. 2 to 4. 

Figure 5 shows for different types of reactions, the relative cross 

sections as functions of the fissionability parameter x for 210 MeV Ne20 

ions. The cross sections are expressed as fractions of the number of close 

collisions. At low x values, breakup reactions are present, though not to 

a large extent, and tn~y soon disappear entirely with increasing x. The 

most prominent feature in this region is the large relative cross section 

for the formation of pseudoellipsoids (which, for low x values, are actually 

somewhat dumb-bell shaped). As x increases, the pseudoellipsoids disappear 

(at about x ~ 0.7). On the other hand, breakup reactions reappear and their 

relative importance increases rapidly. 

A more complete account of these calculations is in preparation. 
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'APPENDIX 

.The method used .in calculating the equilibrium shapes was identical 

with that described in the irwestigation of t_he equilibrium configurations 

of a nonrotating drop (reference 7). The principal difficulty in treating 

the rotating case is·not so much the presence of the rotational energy 

(which is a relatively.f;limple expression proportional to the square of the 

angular momentum divided by the appropriate moment of inertia), but the 

necessity of considering, in the case of the Beringer-Knox and Pik~Pichak 

configurations, .shapes without axial symmetry. Fortunately, except for 

certain x values in the neighborhood of the transition from the Hiskes to 

the Beringer-Knox configurations, two of the three axes of the pseudoelli-

psoids are nearly equal, which made it possible to use the computer code 

from reference 7 essentially unchanged. In the critical regions where none 

of·the three·axes are even approximately equal, the shapes appear to be 

close to ellipsoids, and we have found it possible to supplement our cal

culations with available studies of exactly ellipsoidal shapes (Mollenauery9 ~ 

and Carlson and Pao ·Lu5) .in which no assumptions are made about the relative 

size of the three axes. 
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Fig. 1. Illustration of equilibrium shapes of a rotating charged or 
gravitating liquid mass for different values of the fissionability 
parameter x and of the rotational parameter y. The lower part 
of the figure illustrates how, with increasing angular momentum, 
stars and the lighter nuclei go over from a pseudospheroidal to a 
pseudoellipsoidal shape before disintegrating. The x-y diagram 
shows the critical values of y corresponding to the limiting 
amount of rotation for any given x (upper solid curve) and the 
critical values of y marking the transition from pseudospheroids 
to pseudoellipsoids (lower solid curve). The dashed curve refers 
to the stability of the saddle point configurations. To the 
right of the line, the Pik-Pichak shapes are stable against small 
asymmetric distortions; to the left they are unstable. 
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Fig. 2. Classification of different types of collisions in a plot 
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Possible consequences of close collisions 
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Fig. 5. The variation of relative cross sections for different types 
of collisions of a 210 MeV Ne20 ion with various targets. 
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