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ABSTRACT 

The Bowing Parameter of Low Indium Content InGaN 

by 

 

Camille Y. Pivard 

 

The bandgap bowing parameter of indium gallium nitride (InGaN) semiconductor alloy is of 

great interest. Simulations of locally disordered InGaN material such as the ones used in an 

application of the Landscape theory of localization require a reliable bowing parameter value 

for low indium content InGaN. However, current scientific literature demonstrates a wide 

variation1-9 in the value of the InGaN bowing parameter.  

The current study aims to use well adapted experimental and data analysis techniques to obtain 

a sound result. High quality thin-film InGaN light emitting diode (LED) structures with 

varying indium content are grown by metal organic chemical vapor deposition (MOCVD). 

Their composition and the thicknesses of cap GaN and InGaN layers are determined via a 

Rigaku high-resolution X-ray diffractometer (HRXRD). The optical transmittance (OT) is 

obtained using a Shimadzu UV-Vis-NIR Spectroscopy.  

To ensure the dependability of the result, the experimental procedure uses a mask to expose 

the same small and localized area of the sample structures for both X-ray and optical 

measurements. The OT measurement technique avoids the Stoke shift induced error in the 

bandgap determination. Such error most likely occurs in emission-based measurement 

techniques.  
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The experimental data are then analyzed using the transfer matrix method (TMM) for the 

InGaN absorption coefficient. The latter allows for bandgap determination using Tauc plots. 

The resulting low indium content (8% ≤ 𝑥 ≤ 15%) fully strained InGaN bowing parameter 

is 2.55 𝑒𝑉. In the same composition range, the InGaN strain corrected bowing parameter is 

3.65 𝑒𝑉. 

An alternative InGaN absorption coefficient extraction method is also used for comparison. 

The single slab approximation method assumes that the multilayer structure can be considered 

as a single slab with infinite internal reflections and only the InGaN layer is effectively 

absorbing. This method yields the bowing parameters of 2.15𝑒𝑉 and 3.2𝑒𝑉 for fully strained 

and strain corrected InGaN structures respectively.  

The TMM is concluded to be the superior method for absorption coefficient extraction of the 

InGaN multilayer heterostructure. Ideas for future work are discussed.  
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I. Introduction and background 

The indium gallium nitride (InGaN) light-emitting diode (LED) is not only useful in solving 

the world’s energy crisis but is also an interesting semiconductor to study in theoretical terms. 

Possessing many special material properties, the 𝐼𝑛𝑥𝐺𝑎1−𝑥𝑁 alloy follows a deviation from 

the empirical Vegard’s law in terms of how its bandgap energy relates to its composition. 𝑥 

represents the indium composition. The bowing parameter describes how much this 

relationship deviates from linearity.  

The bowing parameter plays an important role in the design, engineering, and fabrication of 

InGaN based optoelectronic devices. It enables control over bandgap energy and improves 

device efficiency. It is also crucial in validating theoretical models and in predicting material 

properties. 

The bowing parameter is used in the application of the Localization landscape theory of 

disorder in semiconductors3 in the Simons Collaboration on Localization of Waves. It is used 

in modeling disordered quantum effects in the carrier transport and recombination of InGaN 

LEDs. The random alloy generator simulates data points with random variation in 

composition (10% ≤ 𝑥 ≤ 30%) hence bandgap value. The bowing parameter of 1.4𝑒𝑉 was 

used in Li et al.’s study3.  

The wide variation in the value of the InGaN bowing parameter and in the methods used to 

find it in literature present a challenge in selecting a trustworthy value. Some sources support 

that 𝑏𝐼𝑛𝐺𝑎𝑁 = 1.4 𝑒𝑉. For example, Kudrawiec et al.4 determined the values 1.4 ± 0.2 𝑒𝑉 and 

2.1 ± 0.3 𝑒𝑉 with and without strain correction using contactless electroreflectance (CER) 

and photoluminescence (PL). Wu et al. 5 obtained 1.4 𝑒𝑉 using photo-modulated transmission 

(PT) and optical absorption for indium rich InGaN alloy (𝑥 > 50%). Yet many more differ in 
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their findings. Sakalauskas et al.’s 6 ab initio and spectroscopic ellipsometry based study on 

GaN rich strain free InGaN yielded a bowing of 1.65 ± 0.07𝑒𝑉. A study based on the PL 

through the whole composition range by Moret7 concluded that 𝑏 = 2.8 𝑒𝑉.  

Some studies include variations in the strain profile of the InGaN heterostructure. Orsal et 

al.8used cathodoluminescence (CL) and a corresponding hyperspectral map on both relaxed 

and strained InGaN layers to determine that they had bowings of 2.70 ± 0.12 𝑒𝑉 and 1.32 ±

0.28 𝑒𝑉 respectively. On the other hand, Van de Walle et al. 9 stated that ab initio calculation 

based on pseudopotential-density functional theory showed strong composition-dependence 

and that for InGaN compositions of 𝑥 = 0.0625, 0.125, 0.25 the bowing parameter varied 

respectively as 4.8, 3.5, 3.0 𝑒𝑉. They also experimentally employed optical transmission (OT) 

spectroscopy and Rutherford backscattering spectrometry (RBS) to find a bowing value of 

3.8 𝑒𝑉 at 𝑥 = 0.1 for pseudomorphically strained samples. They claimed that for relaxed 

layers the estimate should be lower, but still greater than 3.0𝑒𝑉. 

The discrepancy in reported bowing parameter values from simulation and experiments 

originate from many factors. The present study seeks to experimentally determine the InGaN 

bowing parameter at low indium composition where 8% < 𝑥 < 15%.  

Moses et al.10 demonstrated that the bowing parameter depends on the indium composition 

through simulation: at low indium composition, the bowing is expected to be higher. Kazazis 

et al.11 provided insight into experimental techniques have varying degrees of effectiveness: 

the widely used emission techniques such as PL and CL are less adequate than OT or optical 

absorption (OA) measurements. The challenge of underestimating the bandgap energy using 

emission techniques originates from the Stoke shift that comes from the InGaN alloy’s 

compositional inhomogeneities12,13 and further inherent random alloy hole localization14,15.  
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The paper mentions two shortcomings of this better method however: the energy dependence 

of the refractive index is not accounted for; strain and relaxation effects would change the 

bowing parameter. The epitaxial strain induced biaxial compressive stress and layer thickness 

variation16 in the sample structure would produce a blueshift in the bandgap. 

 

 

Figure 1. Diagram (Courtesy of C. Lynsky) showing the structure of the InGaN 

samples used in this study. 𝒙 is the percentage of indium content. 

In this study, the more appropriate optical transmittance measurement technique is used. The 

high quality thin-film samples are epitaxially grown on metalorganic chemical vapor 

deposition (MOCVD) in the UCSB Materials Department MOCVD Laboratory by Dr. 

Cheyenne Lynsky. Their structure is shown in Fig.1. The GaN capped InGaN layer is grown 

on an unintentionally doped thick GaN layer on a DSP sapphire substrate. X-Ray diffraction 

rocking curve measurements and analyses are used for InGaN composition, cap GaN and 

InGaN layer thickness estimates. Reciprocal space mapping (RSM) analysis is used to confirm 

that the InGaN layers are fully strained on the GaN layers and to obtain strain information. 

Two techniques are used to obtain the InGaN bowing parameter at low indium composition 

range (8% < 𝑥 < 15%). In the transfer matrix method (TMM), the multilayer structure’s 
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layer thicknesses and energy dependent complex refractive indices including the InGaN 

energy dependent refractive index are accounted for in the analysis of the InGaN absorption 

coefficient extraction from experimental results. The bandgap energies are extracted using 

Tauc plots and fitted to the InGaN bandgap energy equation, a modified Vegard’s law to 

obtain the bowing parameter. The resulting bowing parameters for fully stained and strain 

corrected InGaN at low indium compositions (8% < 𝑥 < 15%) are respectively 2.55𝑒𝑉 and 

3.65 𝑒𝑉. These values align with the findings or Orsal et al.8and Van der Walle et al.9.   

In the single slab approximation method, the multilayer structure is considered as a single slab 

with infinite internal reflections. The InGaN layer is the seen as the only effectively absorbing 

layer. The Tauc plot bandgap extraction method and the strain adjustment are still applied in 

this analysis. The bowing parameters obtained are 2.15𝑒𝑉 for fully strained InGaN structures 

and 3.2𝑒𝑉 for the strain corrected InGaN structures. These values are significantly lower than 

the TMM findings. The TMM is concluded to be the superior method for extracting the InGaN 

absorption coefficient for reasons stated in the “results and discussion” section. 
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II. Experimental methods 

A. Measurement methods 

1. Optical absorption measurements 

The optical transmittance and reflectance of each sample are measured by the Shimadzu UV 

3600 UV-Vis-NIR Spectrometer which uses a BaSO4 coated integrating sphere. Fig. 2 shows 

schematic diagrams of the inside of the integrating sphere. The transmittance of a sample is 

measured relative to a reference as shown on the left of Fig. 2. The reference measurement 

achieving 100% transmittance is done with air instead of the sample. The reflectance 

measurement is illustrated on the right of Fig.2. The light bouncing off the sample is measured 

relative to the same measurement done with a BaSO4 white plate as the 100% reflectance 

reference. On Fig. 2, R is the reference light beam and S is the sample beam. Both are 

measured in the 300 nm-600 nm range using a photodiode detector which is installed on the 

top of the integrating sphere. The spectral resolution is within 20 𝑛𝑚. 

 

 

              

Figure 2. Diagrams of inside of the integrating sphere for transmittance measurement 

(left) and reflection measurement (right) adapted from the instrument’s User Guide1. 
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R is the reference light beam and S is the sample beam. The photodiode detector (not 

shown) is installed on top of the sphere.  

Due to the non-uniformity of layer thickness on the sample wafer, the ability to localize a 

small area at the center of the sample is desired. A custom-made mask (Fig.3) with a 

9 𝑚𝑚 × 6 𝑚𝑚 aperture and a sample holder was designed and fabricated by the machine shop 

for highly reproducible results. The mask is coated in black anodized aluminum so that it does 

not contribute to the optical measurements. The mask’s aperture was optimized through 

experimental trial and error. It is small enough to localize an area with uniform layer thickness, 

while also capturing enough light, around 60% of light source intensity, to achieve stable 

signal intensity. 

 

 

Figure 3. Labeled diagram of custom-made anodized aluminum optical measurement 

mask. 

 

2. High-Resolution X-Ray Diffraction (HRXRD) measurements 

The indium content and InGaN and GaN layer thicknesses are obtained by analyzing X-Ray 

Diffraction (XRD) data. The XRD measurements are triple-axis omega-two theta scans done 
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on the (002) reflection using a Rigaku HyPix 2000 XRD machine with a Ge (220) crystal 

monochromator. The sample is centered on the stage to expose target area which corresponds 

to the mask aperture of the optical measurement. It is exposed to a 12 𝑚𝑚 × 2.3 𝑚𝑚 X-Ray 

beam. (Fig. 4)  

 

 

 

Figure 4. Faint trace of beam on X-Ray burn paper showing an area of 12mm by 

2.3mm. 

B. Data analysis methods 

1. Estimation of thick GaN thickness using Fabry-Perot fringes  

Far away from the absorption edge, the Fabry-Perot fringes on the wavelength dependent 

transmittance intensity can in theory be used to estimate the thickness of the thick UID GaN 

layer. The Fabry-Perot cavity thickness 𝑙 is related to the nearest neighbor crest to crest 

wavelength difference between adjacent fringes Δ𝜆, the refractive index 𝑛𝑔, the reference 

wavelength 𝜆0, the incident beam angle 𝜃 by the following equation17: 
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𝒍 ≈
𝝀𝟎

𝟐

𝟐 𝒏𝒈 𝚫𝝀 𝑪𝒐𝒔(𝜽)
 

 

1 

 

2. Rigaku HRXRD plug-in peak fitting  

The thicknesses of the cap GaN layer and of the InGaN layer as well as the indium content of 

the sample can be obtained by analyzing the Rigaku High-Resolution XRD rocking-curve 

data in the Rigaku HRXRD plug-in simulation and fitting software18.  

Given the sample structure, the program would fit the Bragg peaks and satellite peaks on the 

rocking curve. First, it uses generic algorithm to perform a global search for the solution and 

grossly locates the neighborhood of the optimal solution. Then, the Quasi-Newton least 

squares method or the Nelder-Mead method is used to refine the solution. Elastic strain 

information is also considered. Additionally, the incident X-ray divergence is convoluted with 

the theoretical rocking-curve as the pseudo-Voigt function.  

This method is more accurate than estimating the InGaN layer thickness only using Bragg’s 

law 19 : 

 
𝝀 = 𝟐𝒅𝒉𝒌𝒍 𝐬𝐢𝐧 𝜽𝑩 Eq. 2 

 

where 𝜆 is the x-ray wavelength ( 𝜆𝐶𝑢𝐾𝛼1
= 1.5405974 Å ), 𝑑 is the spacing of the diffracting 

planes from the (hkl) reflection, and 𝜃𝐵 is the Bragg angle.  

Dr. Kelsey Jorgensen wrote a MATLAB Indium composition extraction code that follows 

these steps: Using the (002) reflection, 𝑑002
𝐺𝑎𝑁 =

1

2
𝑐𝐺𝑎𝑁 where 𝑐𝐺𝑎𝑁 = 5.1855Å is the reference 

GaN lattice parameter20. The GaN Bragg angle is 𝜃002
𝐺𝑎𝑁 = sin−1 𝜆

2𝑑002
𝐺𝑎𝑁 . The measured GaN-
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InGaN peak separation is 𝛥𝜃 = 𝜃002
𝐼𝑛𝐺𝑎𝑁 − 𝜃002

𝐺𝑎𝑁 and the measured 𝑑002
𝐼𝑛𝐺𝑎𝑁 =

𝜆

2 sin(𝜃002
𝐺𝑎𝑁+𝛥𝜃)

. 

Assuming that the InGaN layer is fully strained, its composition can be obtained as 

 𝑐𝑚𝑒𝑎𝑠
𝐼𝑛𝐺𝑎𝑁 = 2𝑑002

𝐼𝑛𝐺𝑎𝑁. 

 

3. Layer strain from Reciprocal Space Mapping (RSM)  

The lattice mismatch and the pseudomorphic strain present between the UID GaN layer and 

the epitaxial InGaN layer can be measured by analyzing the reciprocal space map (RSM). The 

in-plane and out-of-plane peak positions of GaN 𝑄𝑥,𝐺𝑎𝑁, 𝑄𝑧,𝐺𝑎𝑁 and of InGaN 𝑄𝑥,𝐼𝑛𝐺𝑎𝑁, 

𝑄𝑧,𝐼𝑛𝐺𝑎𝑁 are used to compute the sample InGaN lattice parameters: 

 
𝑎𝐼𝑛𝐺𝑎𝑁 =

𝑄𝑥,𝐺𝑎𝑁

𝑄𝑥,𝐼𝑛𝐺𝑎𝑁
×  𝑎𝐺𝑎𝑁 Eq. 3 

 
𝑐𝐼𝑛𝐺𝑎𝑁 =

𝑄𝑥,𝐺𝑎𝑁

𝑄𝑥,𝐼𝑛𝐺𝑎𝑁
×  𝑐𝐺𝑎𝑁 Eq. 4 

 

The raw data (cf. angle maps in Appendix C) is processed in Dr. Chris Zollner’s MATLAB 

peak finding code to produce values in unit of position instead of angles. The GaN lattice 

parameters20 are 𝑎𝐺𝑎𝑁 = 3.1896Å and 𝑐𝐺𝑎𝑁 = 5.1855Å and the InN lattice parameters21 are 

𝑎𝐼𝑛𝑁 = 3.5378Å and 𝑐𝐼𝑛𝑁 = 5.7033Å. 

The fully relaxed InGaN lattice parameters 𝑎𝐼𝑛𝐺𝑎𝑁
𝑓𝑢𝑙𝑙𝑦 𝑟𝑒𝑙𝑎𝑥𝑒𝑑

 and 𝑐𝐼𝑛𝐺𝑎𝑁
𝑓𝑢𝑙𝑙𝑦 𝑟𝑒𝑙𝑎𝑥𝑒𝑑

 with known 

indium composition 𝑥 can be obtained via the Vegard’s law: 

 𝑎𝐼𝑛𝐺𝑎𝑁
𝑓𝑢𝑙𝑙𝑦 𝑟𝑒𝑙𝑎𝑥𝑒𝑑

= 𝑥 𝑎𝐼𝑛𝑁 + (1 − 𝑥) 𝑎𝐺𝑎𝑁 Eq. 5 

 𝑐𝐼𝑛𝐺𝑎𝑁
𝑓𝑢𝑙𝑙𝑦 𝑟𝑒𝑙𝑎𝑥𝑒𝑑

= 𝑥 𝑐𝐼𝑛𝑁 + (1 − 𝑥) 𝑐𝐺𝑎𝑁 Eq. 6 
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Since the in-plane direction is within the surface plane, perpendicular to the growth direction, 

the degree of relaxation of the layer is: 

 % 𝑟𝑒𝑙𝑎𝑥𝑎𝑡𝑖𝑜𝑛 =
𝑎𝐼𝑛𝐺𝑎𝑁 − 𝑎𝐺𝑎𝑁

𝑎𝐼𝑛𝐺𝑎𝑁
𝑓𝑢𝑙𝑙𝑦 𝑟𝑒𝑙𝑎𝑥𝑒𝑑

− 𝑎𝐺𝑎𝑁

× 100 Eq. 7 

 

The InGaN layer’s in-plane strain22 is defined as: 

 
𝜖|| = 𝜖||

𝐼𝑛𝐺𝑎𝑁 =
𝑎𝐼𝑛𝐺𝑎𝑁 − 𝑎𝐼𝑛𝐺𝑎𝑁

𝑓𝑢𝑙𝑙𝑦 𝑟𝑒𝑙𝑎𝑥𝑒𝑑

𝑎𝐼𝑛𝐺𝑎𝑁
𝑓𝑢𝑙𝑙𝑦 𝑟𝑒𝑙𝑎𝑥𝑒𝑑

 
Eq. 8 

 

4. Extraction of the absorption coefficient via the single slab infinite internal reflection 

summation 

Let a single slab of material of thickness 𝑋 have reflectivity �̅�, reflectance 𝑅, absorption 

coefficient 𝛼, and transmittance 𝑇. Here, the term reflectivity refers to how much light is 

reflected off a surface upon the light’s first contact with a surface whereas reflectance is the 

total light bouncing back from both interfaces of a slab of material. Transmittivity and 

transmittance are defined similarly for light passing through an interface of a slab of material.  

Assume that the incident ray intensity 𝐼0 is unity, i.e., 𝐼0 = 1. Each time a ray of light crosses 

the boundary of the sample, its intensity picks up a 1 − �̅� term. Each time it is reflected at the 

boundary of the sample, it picks up a term �̅�. Each time a ray of light travels across the sample 

it picks up a decay term 𝑒−𝛼𝑙 according to the Beer-Lambert law23. Fig. 5 illustrates the 

trajectory of the light ray through the medium with multiple internal reflections. 
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Figure 5. Schematic diagram of energy flow in a material with internal reflections 

adapted from Pankove2, Chapter 4. The light ray trajectory as a series of transmissions 

and reflections across a single slab of material is shown. The normally incident ray has 

intensity 𝑰𝟎. The material has thickness 𝑿, absorption coefficient 𝜶, total transmittance 

𝑻 and simple reflectance �̅�.  

The total transmittance through the single slab is the sum 𝑇 = Σ𝑖𝜏𝑖  where 𝜏𝑖 is the coefficient 

of the light intensity of 𝑖th transmission. The first term in the sum is 𝜏1 = (1 − �̅�)2𝑒−𝛼𝑋. The 

second transmission term 𝜏2 is the result of two internal reflections �̅�2, the decay over length 

3𝑋 as the exponential term 𝑒−3𝛼𝑋, and the transmission across the sample boundaries 

(1 − �̅�)2. Therefore, 𝜏2 = �̅�2(1 − �̅�)2𝑒−3𝛼𝑋 = 𝜏1𝑟 where 𝑟 = �̅�2𝑒−2𝛼𝑋. Each subsequent 

transmission term would pick up an additional factor of 𝑟. 

Expanding the sum and using the geometric series formula,  

 
𝑇 = lim

𝑛→∞
Σ0

𝑛𝜏1𝑟𝑖 = lim
𝑛→∞

𝜏1Σ0
𝑛𝑟𝑖 = lim

𝑛→∞
𝜏1

1 − 𝑟𝑛+1

1 − 𝑟
 Eq. 9 
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Since −1 < r < 1, 

 
𝑇 =

(1 − �̅�)2𝑒−𝛼𝑋

1 − �̅�2𝑒−𝛼𝑋
 Eq. 10 

The absorption coefficient2 of a single slab sample of known length 𝑋 will be given by 

rearranging Eq. 10: 

 
𝛼 =

1

−𝑋
ln [

−(1 − �̅�)2 ± √(1 − �̅�)4 + 4𝑇2�̅�2

2𝑇�̅�2
] 

Eq. 11 

where �̅� =
𝑅

2−𝑅
 . 

This method of obtaining the absorption coefficient is effective when the material of interest 

is a single slab. In the case of the multilayer InGaN structure in this study, it can be assumed 

that far below the GaN bandgap energy (< 3.3𝑒𝑉), the InGaN bandgap energy is below that 

of GaN, the GaN absorption coefficient is negligeable below the GaN bandgap energy, and 

that the sapphire substrate is not at all absorptive. Under these assumptions, the stack of 

materials can be considered as effectively a single slab of InGaN. 

In the energy region far below the InGaN bandgap energy where the InGaN absorption is 

negligible (𝛼 ≈ 0), the absorptance 𝐴 or the fraction of the incident light that’s absorbed by 

the sample is zero. Since 𝐴 + 𝑇 + 𝑅 = 124, it can be assumed that 𝑅 = 1 − 𝑇. In terms of �̅�, 

𝑅 =
2�̅�

1+�̅�
. In this region, the transmittance can be linearly fitted and used to yield the 

reflectance. The reflectance over the entire energy range can be extrapolated by extending the 
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linear fit. The linear fit extrapolation has the advantage of being a good approximation and of 

avoiding the usage of experimental reflectance data which is too noisy for analysis. 

5. Extraction of the absorption coefficient via the Transfer Matrix Method (TMM)  

The structure of interest is a multilayer heterostructure, therefore the TMM is appropriate. The 

TMM combines the optical transmittance and reflectance information of multiple layers and 

produces the equivalent information of a stacked multilayer. The information in this section 

is based on Peumans et al.25 , Pettersson et al.26 and Katsidis et al.27. 

The TMM varies in treating optical transmittance and reflectance of systems with different 

types of coherence. The origins of the different coherences are explained in detail in Katsidis 

et al.’s work27. For simplicity, coherent layers are thin, homogeneous, optically isotropic, and 

have planar and parallel interfaces. Incoherence arises from thick films or ones with 

nonparallel surfaces.  

The coherence length28 indicates how a layer’s thickness correlates to the coherence. If a 

material layer is thicker than the coherence length, it is considered a thick film with 

incoherence. The coherence length for the InGaN multilayer stack is on the order of  
𝜆2

𝑛Δ𝜆
 where 

𝜆 is the source central wavelength, 𝑛 is the refractive index of the layer and Δ𝜆 is the source 

spectral width. The parameters 𝜆, 𝑛, and Δ𝜆 are on the orders of 10−7𝑚, 0 and 10−8𝑚 

respectively. Thus, the InGaN multilayer structure’s coherence length should be on the order 

of 10−6𝑚.  

Partial coherence is a third case which is usually due to surface or interface roughness. The 

reflected and transmitted beams are phase shifted with respect to each other. The irregularities 

can be modeled as a Gaussian distribution. The TMM for this case will not be considered here. 
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a. Coherent interference 

Consider the case of thin layers of material which allows for coherent interference or the 

addition of waves of the same frequency and waveform. The thickness of the material is within 

the coherence length, within which propagating waves maintain their level of coherence30.  

i. Propagation across a boundary 

 

Figure 6. Schematic diagram of the light ray trajectory as it crosses the boundary 

between two media at normal incidence in terms of transfer matrix collective waves. 

The media has refractive indices 𝒏𝟏 and 𝒏𝟐. 

 

The complex refractive index29 of the 𝑗𝑡ℎ layer of medium is �̅�𝑗 = 𝑛𝑗 + 𝑖𝜅𝑗 where 𝑛𝑗 is the 

refractive index and 𝜅𝑗 is the extinction coefficient. In the Beer-Lambert law, the intensity of 

the electromagnetic wave or light with wavelength 𝜆 propagating in the 𝑥 direction is 

expressed as 𝐼(𝑥) = 𝐼0𝑒−
4𝜋𝜅𝑥

𝜆 . The absorption coefficient30 𝛼 is defined such that 

𝐼(𝑥) = 𝐼0𝑒−𝛼𝑥. Therefore,  
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𝛼 =

4𝜋𝜅

𝜆
 Eq. 12 

Due to this relation, “extinction coefficient” and “absorption coefficient” are used 

interchangeable in the remainder of the text. 

When a light ray crosses, at normal incidence, from the 𝑗𝑡ℎ layer to the 𝑘𝑡ℎ layer of media 

(Fig. 6) with respective refractive indices �̅�𝑗 and �̅�𝑘, the transmission coefficient 𝑡𝑗,𝑘 and 

reflection coefficient 𝑟𝑗,𝑘 can be directly obtained by using Fresnel’s equations: 

 
𝑡𝑗,𝑘 =

2�̅�𝑗

�̅�𝑗 + �̅�𝑘
 Eq. 13 

and 

 
𝑟𝑗,𝑘 =

�̅�𝑗 − �̅�𝑘

�̅�𝑗 + �̅�𝑘
 Eq. 14 

The forward and backward traveling optical electric fields �̅�𝑗
+ and �̅�𝑗

− in layer 𝑗 are related to 

the corresponding 𝐸′̅𝑘
+ and 𝐸′̅𝑘

− in layer 𝑘 via the interface matrix 𝐼𝑗,𝑘. The ′ on the electric 

field denotes that it occurs right after an interface in the forward traveling direction. Its 

absence denotes that the electric field is found right before an interface in the forward traveling 

direction. The relation is therefore: 

 
(

�̅�𝑗
+

�̅�𝑗
−) = 𝐼𝑗,𝑘 (

𝐸′̅𝑘
+

�̅�′𝑘
−) Eq. 15 

where 

 
𝐼𝑗,𝑘 =

1

𝑡𝑗,𝑘
[

1 𝑟𝑗,𝑘

𝑟𝑗,𝑘 1
] Eq. 16 
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ii. Propagation through a homogeneous medium 

 

Figure 7. Schematic diagram of the optical electric field trajectory as it enters a single 

layer 𝒋 of homogeneous medium that both transmits and reflects at normal incidence in 

terms of transfer matrix collective waves. The propagation medium has refractive index 

�̅�𝒋 and thickness 𝒅𝒋. 

When light propagates through a single slab of homogeneous medium (Fig. 7) in layer 𝒋 that 

has complex refractive index �̅�𝒋 and thickness 𝒅𝒋, the traveling wave of wavelength 𝝀 picks 

up both a propagation phase factor 𝒆−𝒊𝝓𝒋𝒅𝒋 where 𝝓𝒋 
=

𝟐𝝅𝒏𝒋

𝝀
  is dimensionless and an 

attenuation factor 𝒆−𝜶𝒋𝒅𝒋 due to optical absorption where 𝜶𝒋 =
𝟒𝝅𝜿𝒋

𝝀
 .  

In the forward traveling direction, the forward and backward traveling optical electric fields 

have complex wave amplitudes 𝐸′̅𝑗
+ and �̅�′𝑗

− at the beginning of layer 𝑗 are related to the 

corresponding complex wave amplitudes �̅�𝑗
+ and �̅�𝑗

− at the end of layer 𝑗 via the layer matrix 

𝐿𝑗 s.t. 
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(

𝐸′̅𝑗
+

𝐸′̅𝑗
−

) = 𝐿𝑗 (
�̅�𝑗

+

�̅�𝑗
−) 

Eq. 17 

The layer matrix is a 2 × 2 matrix,  

 
𝐿𝑗 = [

𝑒−𝑖𝜉𝑗𝑑𝑗

0

0

𝑒𝑖𝜉𝑗𝑑𝑗
] Eq. 18 

where 𝜉𝑗 = (
2𝜋

𝜆
) �̅�𝑗 and �̅�𝑗 = 𝑛𝑗 + 𝜅𝑗.  

 

iii. General transfer matrix for coherent interference 

 

Figure 8. Schematic diagram of the wave trajectory as it enters a stack of 𝒎 coherent 

layers of materials that both transmits and reflects at normal incidence. Each layer of 

material has its corresponding complex refractive index �̅� and thickness 𝒅. The media 

on both ends of the stack are semi-infinite. The waves outside of the stack of materials 

are the collective transfer matrix waves.  

Suppose a light wave enters a stack 𝑚 layers of materials (Fig. 8). The initial semi-infinite 

medium of the material is indexed layer 0. The final semi-infinite medium of the material is 

indexed layer 𝑚 + 1. In the forward traveling direction, the forward and backward traveling 

optical electric fields �̅�0
+ and �̅�0

− immediately preceding the first material boundary in layer 0 
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are related to the corresponding 𝐸′̅𝑚+1
+  and 𝐸′̅𝑚+1

−  immediately following the last material 

boundary in layer 𝑚 + 1 via the transfer matrix 𝑀 of the whole stack of finite materials as 

follows: 

 
[
�̅�0

+

�̅�0
−] = 𝑀 [

𝐸′̅𝑚+1
+

𝐸′̅𝑚+1
−

] Eq. 19 

The transfer matrix 𝑀 captures all optical transmission, reflection, and absorption activities 

throughout the stack of material separating the two semi-infinite media in a single 2 × 2 

matrix.  

 
𝑀 = [

𝑀11 𝑀12

𝑀21 𝑀22
] = (∏ 𝐼𝑛−1,𝑛𝐿𝑛

𝑚

𝑛=1

) ⋅ 𝐼𝑚,𝑚+1 
Eq. 20 

Each layer 𝑛 of the stack has two interfaces (𝑛 − 1, 𝑛) and (𝑛, 𝑛 + 1) and a finite thickness 

𝑑𝑛. Each interface crossing is represented by an interface matrix 𝐼 and each layer propagation 

is represented by a layer matrix 𝐿. The 𝑀 matrix is the production of all the 𝑚 + 1 interface 

matrices and 𝑚 layer matrices in the order of forward wave propagation.  

Adding precision to the notation, the initial and final layers 𝑖 and 𝑓 of the stack can be 

indicated by indexing the transfer matrix 𝑀 as 𝑀𝑖/𝑓. Each of its components can be expressed 

in terms of the complex Fresnel’s transmission coefficient 𝑡𝑝,𝑞 and reflection coefficient 𝑟𝑝,𝑞  

at normal incidence where the indices 𝑝 and 𝑞 are either 0 and 𝑚 + 1 or vice versa depending 

on the direction of the wave propagation in question: 

  

𝑀 = 𝑀0/(𝑚+1) = [
𝑀11 𝑀12

𝑀21 𝑀22
]

=
1

𝑡0,𝑚+1
[

1 −𝑟𝑚+1,0

𝑟0,𝑚+1 𝑡0,𝑚+1𝑡𝑚+1,0 − 𝑟0,𝑚+1𝑟𝑚+1,0
] 

 

Eq. 21 
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The front transmission and reflection coefficients 𝑡 and 𝑟 and back transmission and reflection 

coefficients 𝑡′ and 𝑟′ can in turn be expressed in terms of the 𝑀 matrix elements or in terms 

of quotients of complex wave amplitudes as follows: 

 
𝑡 = 𝑡0,𝑚+1 =

�̅�𝑚+1
+

�̅�0
+ =

1

𝑀11
 Eq. 22 

 
𝑟 = 𝑟0,𝑚+1 =

�̅�0
−

�̅�0
+ =

𝑀21

𝑀11
 Eq. 23 

 
𝑡′ = 𝑡𝑚+1,0 =

�̅�0
−

�̅�𝑚+1
+ =

𝐷𝑒𝑡 𝑀

𝑀11
 Eq. 24 

 
𝑟′ = 𝑟𝑚+1,0 =

�̅�𝑚+1
−

�̅�𝑚−1
+ = −

𝑀12

𝑀11
 Eq. 25 

 

where 𝐷𝑒𝑡 𝑀 = 𝑀11𝑀22 − 𝑀12𝑀21. 

The front transmittance and reflectance 𝑇 and 𝑅 and back transmittance and reflectance 𝑇′ and 

𝑅′ in the direction of forward wave propagation are the square of the magnitude of the 

corresponding complex reflection and transmission coefficients: 

 𝑇 = |𝑡|2 
Eq. 26 

 𝑅 = |𝑟|2 
Eq. 27 

 𝑇′ = |𝑡′|2 
Eq. 28 

 𝑅′ = |𝑟′|2 
Eq. 29 
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b. Transfer matrix under fully incoherent interference 

 

Figure 9. Schematic diagram of the wave trajectory as it enters a stack of 𝒎 layers of 

materials that both transmits and reflects at normal incidence. All layers except layer 𝒍 

are coherent. Each layer of material has its corresponding complex refractive index �̅� 

and thickness 𝒅. The media on both ends of the stack are semi-infinite. The waves outside 

of the stack of materials are the collective transfer matrix waves. 

When a material layer, say layer 𝑙, largely exceeds the coherence length, then it becomes the 

case of fully incoherent interference. To treat this case as illustrated in Fig. 9, the general 

transfer matrix 𝑀0/𝑚+1
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡  will be comprised of the incoherent layer matrix 𝐿𝑙

𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡  for 

wave propagation through the incoherent layer and of the two transfer matrices 𝑀0/𝑙
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡  

and describing the wave through the stacks preceding and following the incoherent layer 

𝑀𝑙/𝑚+1
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 . 

 
𝑀0/𝑚+1

𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 = [
𝑀11

𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 𝑀12
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡

𝑀21
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 𝑀22

𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡
]

= 𝑀0/𝑙
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡𝐿𝑙

𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡𝑀𝑙/𝑚+1
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 

Eq. 30 
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The three component matrices are constructed following the same strategy as for the coherent 

case using Eq. 16, Eq. 18 and Eq. 20, but the elements of the matrices in Eq. 21 are replaced 

with the square of its magnitude or the sum of the square of its components in the following 

ways: 

  

𝑀0/𝑙
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 =

1

|𝑡0,𝑙|
2 [

1 −|𝑟𝑙,0|
2

|𝑟0,𝑙|
2

|𝑡0,𝑙𝑡𝑙,0|
2

− |𝑟0,𝑙𝑟𝑙,0|
2] 

 

Eq. 31 

 
𝐿𝑙

𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 = [
|𝑒−𝑖𝜉𝑙𝑑𝑙|

2

0

0

|𝑒𝑖𝜉𝑙𝑑𝑙|2
] 

 

Eq. 32 

  

𝑀𝑙/𝑚+1
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 =

1

|𝑡𝑙,𝑚+1|
2 [

1 −|𝑟𝑚+1,𝑙|
2

|𝑟𝑙,𝑚+1|
2

|𝑡𝑙,𝑚+1𝑡𝑚+1,𝑙|
2

− |𝑟𝑙,𝑚+1𝑟𝑚+1,𝑙|
2] 

 

Eq. 33 

 

The transmittance and reflectance of the whole stack including the incoherent layer are 

directly quotients of elements of 𝑀0/𝑚+1
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡: 

 
𝑇𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 =

1

𝑀11
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡

 Eq. 34 

 
𝑅𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡 =

𝑀21
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡

𝑀11
𝑖𝑛𝑐𝑜ℎ𝑒𝑟𝑒𝑛𝑡

 Eq. 35 
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6. Tauc plot  

The bandgap value can be extrapolated empirically using the Tauc plot31. The quantity 

(𝛼ℎ𝜈)
1

𝑚 is plotted against energy ℎν where 𝛼 is the absorption coefficient, ℎ Planck’s constant, 

𝜈 the photon frequency. The Tauc plot follows the relation  

 𝛼ℎ𝜈 = 𝐵(ℎ𝜈 − 𝐸𝑔)
𝑚

 Eq. 36 

where 𝐵 is the band tailing parameter and 𝐸𝑔 the bandgap energy. The value of 𝑚 depends on 

the type of bandgap. In the case of InGaN, a direct allowed transition occurs and therefore 

𝑚 =
1

2
. The linear part of the Tauc plot is extrapolated to the abscissa to yield the optical 

bandgap energy of InGaN.  

 

7. InGaN bandgap energy and the Vegard’s law 

The Vegard’s law32 is an empirical finding which applies to the bandgap energy of a binary 

semiconductor if its lattice parameter can be approximated by a linear interpolation of those 

of its constituents. In such case, the binary semiconductor’s bandgap energy would itself be a 

linear interpolation of the bandgap energies of its constituents based on its composition. In 

some cases, a deviation from linearity to achieve greater accuracy requires the addition of the 

bowing parameter 𝑏, a correction factor to the Vegard’s law that produces a curvature in the 

bandgap energies as a function of composition. Such is the case for 𝐼𝑛𝑥𝐺𝑎1−𝑥𝑁 where 𝑥 is 

the composition. The InGaN bandgap energy follows the modified Vegard’s law equation: 

  

𝐸𝑔,𝐼𝑛𝐺𝑎𝑁 = 𝑥𝐸𝑔,𝐼𝑛𝑁 + (1 − 𝑥)𝐸𝑔,𝐺𝑎𝑁 − 𝑏𝑥(1 − 𝑥) 

Eq. 37 
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This expression would just be the Vegard’s law for InGaN, if 𝒃 = 𝟎.  

The bandgap energies of InN and GaN are respectively 0.7 eV33–35 and 3.4 eV36. The bowing 

parameter is fitted to Eq. 37 using the literature values of InN and GaN bandgap energies and 

the InGaN bandgap energies for varying indium content obtained from Tauc plots.  

 

8. The effect of strain on bandgap 

The strain shifts the InGaN bandgap energy up. For small values of 𝑥, the InGaN bandgap 

energy change can be approximated by the same relation for GaN’s change in the lowest 

exitonic transition energy9,37 (𝑒𝑉) as a function of compressive in-plane strain 

(dimensionless): 

 Δ𝐸𝑔 = (−9.3 𝑒𝑉)𝜖|| 

 

Eq. 38 
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III. Results and discussion  

A. On the thickness and effect of the GaN layers 

1. Estimation of thick GaN layer thickness from Fabry-Pérot fringes 

 

Figure 10. Left: Measured GaN on DSP sapphire optical transmittance and reflectance 

spectra. Right: Plot of GaN layer thickness estimate using Fabry-Pérot fringes in the 

transmittance data from the left plot.  

The result of using Fabry-Pérot fringes for the thickness estimation (Eq.2) on a GaN on DSP 

sample varies with wavelength did not provide a consistent thickness as shown on Fig.10. The 

method provides an approximation to the material’s thickness, but it is not accurate enough. 

The fact that transmittance and reflectance do not add up to unity in regions far below the 

bandgap energy on the left plot of Fig.10 shows that there is potentially partially coherent 

interference. 
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2. UID GaN coherence in computed optical spectra   

 

Figure 11. Plots of the computed transmittance, reflectance, and their sum of an InGaN 

sample structure. The InGaN extinction coefficient is assumed to be zero. The GaN and 

DSP sapphire complex refractive indices are from literature 38,39. The sapphire layer is 

assumed to be semi-infinite. Left: Cap GaN/InGaN/GaN with all layers assumed to be 

coherent. Right: InGaN/GaN with and without cap GaN layer with the UID GaN layer 

assumed to be incoherent and the other layers coherent. 

The transmittance and reflectance of a complete InGaN sample structure are computed via the 

TMM. The important thickness of the DSP sapphire substrate allows the assumption that it is 

effectively a semi-infinite medium. The material layers are in the order of forward wave 

propagation: 𝐴𝑙2𝑂3, UID GaN, InGaN, cap GaN and air. On the left plot of Fig. 11, all layers 

are assumed to be coherent and their thicknesses match those present in the 11.5% indium 

content InGaN sample. The InGaN extinction coefficient is assumed to be zero and its 

refractive index is from the UCSB SSLEEC Material database40. The GaN and DSP sapphire 

extinction coefficients and refractive indices are from literature 38,39. Accordingly, the 

absorption edge for GaN is 3.3 𝑒𝑉 and its absorption coefficient below the bandgap is 0. The 

Fabry-Pérot fringes have very pronounced amplitudes at energies lower than that of the 
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absorption edge. Above the bandgap energy, most of the light is absorbed so the sum of the 

transmittance and reflectance remains close to zero. 

The right plot of Fig.11 shows TMM calculated optical transmittance and reflectance spectra 

and their sum for the same InGaN structure as above with and without the cap GaN layer. In 

this case, the UID GaN layer is treated as an incoherent transfer matrix layer. The Fabry-Pérot 

fringes seen on the left plot of Fig.10 have completely disappeared. The cap GaN layer 

contributes to slightly lower transmittance and higher reflectance levels of the overall structure 

due to the GaN refractive indices in the absence of absorption below bandgap energy.     

In comparison with the measured data of the same InGaN sample structure (Fig.12), the right 

plot in Fig.11 of the computed spectra proves to be a better correspondence than the left plot 

in Fig. 11. The main features that are different in the measured spectra include the small 

amplitude Fabry-Pérot fringes due to the UID GaN layer, the non-zero InGaN absorption and 

the less steep and abrupt GaN absorption edge. The lower level of transmittance and higher 

level of reflectance in the measured data are due to the absence of the InGaN absorption 

coefficient. The extinction coefficient of GaN used in the computations would also influence 

the resulting spectra.  
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Figure 12. Plots of measured 𝟏𝟏. 𝟓% In InGaN optical transmittance and reflectance 

spectra and their sum. Fabry-Pérot fringes due to the UID GaN layer are visible in all 

three curves at energies below 𝟐. 𝟕𝟓𝒆𝑽. 

From these observations, it can be concluded that the UID GaN layer should be treated as a 

thick layer using incoherent TMM. This is consistent with the remark on coherence length in 

section II-B-5. The UID GaN thickness is on the order of 𝜇𝑚 which is on the same order as 

the coherence length (10−6𝑚) of the InGaN multilayer structure. From this comparison, the 

UID GaN should be treated as an incoherent layer. 

 

3. GaN absorption coefficient 

 

Figure 13. Plot of the TMM extracted GaN absorption coefficient (𝒄𝒎−𝟏) as a function 

of energy (𝒆𝑽).  
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The GaN absorption coefficient is extrapolated using the TMM from the measured optical 

transmittance data of a GaN on DSP sapphire sample and shown on Fig.13. The GaN layer is 

treated as incoherent, and the substrate is treated as a semi-infinite medium. The measured 

values are equated to the TMM calculated expression that has the GaN extinction coefficient 

as the sole unknown variable. The nonlinear equation is solved in Julia programming language 

using the function “nlsolve”, a non-linear solver. Due to the multitudes of data points, the 

absorption edge from the results is smoother than that from Adachi41. The small but nonzero 

values in the 𝟐. 𝟏𝒆𝑽 to 𝟐. 𝟒𝒆𝑽 range, far below the bandgap energy, have considerable impact 

on the InGaN absorption coefficient since the UID GaN layer has an important thickness. 

In fact, using GaN extinction coefficients from Adachi41, the resulting InGaN extinction 

coefficients in the lower energy range became negative. It was therefore necessary to obtain 

more accurate GaN extinction coefficients directly using measured data. The phase shift in 

the transmittance and reflectance measurements of the GaN on DSP sample in the left plot of 

Fig.10 suggests that there might be partial coherence due to surface or interface roughness. 

 

4. GaN layer thickness and the InGaN extinction coefficient 𝜅 

 

Figure 14. Computed InGaN extinction coefficient 𝜿 as a function of energy (𝒆𝑽) on 

𝟏𝟏. 𝟓% indium content InGaN sample. Left: plots for different test values for the UID 
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GaN layer thickness. Right: plots for different test values of the for the cap GaN layer 

thickness. 

The TMM is used on the 11.5% indium content InGaN sample to compute the InGaN 

extinction coefficient 𝜅. The UID GaN layer was intended to be 4 𝜇𝑚 thick. However, the 

actual thickness is variable. The computed InGaN extinction coefficient with multiple 

“guessed” values of UID GaN layer thickness varying from 3 𝜇𝑚 to 4.95 𝜇𝑚, whereas the 

intended layer thickness is around. From the left plot on Fig. 14, the thickness induces only 

small variations in the amplitudes of the Fabry-Pérot fringes far away from the GaN 

absorption edge. Generally, the amplitudes of the Fabry-Pérot fringes decrease close to the 

InGaN absorption edge at around 2.8 𝑒𝑉. More importantly, the InGaN 𝜅 is very sensitive to 

the UID GaN layer thickness GaN absorption edge (~3.4 𝑒𝑉).  

Relying on the logic that InGaN 𝜅 should not be divergent around the GaN absorption edge, 

the “guessed” thickness that yields stable InGaN 𝜅 at that region is retained. Despite this, its 

accuracy does not seem to affect the amplitudes or the shape of the InGaN energy dependent 

𝜅 curve. Hence, the bandgap extrapolation from the resulting Tauc plot would not be affected 

by this parameter. It would not affect the magnitude of the InGaN absorption coefficient 

either. 

The same simulation is done to same sample to see the effect of varying cap GaN layer 

thickness on the InGaN 𝜅 as shown on the right plot of Fig. 14. The Rigaku HRXRD fitted 

cap GaN layer thickness is 10.82 𝑛𝑚 for reference. The tested values for the cap GaN layer 

thickness range from 0 𝑛𝑚 to 14.82 𝑛𝑚. The amplitudes of the InGaN 𝜅 are rather sensitive 

to the variation in the cap GaN layer thickness, which would affect the slope at the InGaN 



 

 

30 

absorption edge hence the value of the InGaN bandgap. The InGaN absorption coefficient 

would also suffer considerable variations from the cap GaN layer thickness inaccuracy. 

 

B. InGaN absorption coefficient and bowing parameter values 

1. Results from TMM 

From four InGaN samples of 8.1%, 9.6%, 11.5% and 14.3% indium contents, the absorption 

coefficients and a bowing parameter value for this composition range were produced. The 

tabulated sample information, the HRXRD peak fitting for the material composition and the 

Tauc plots are found in Appendix A, B and D respectively. The InGaN layers on all samples 

are coherently grown on the GaN based on RSM analysis (angle maps in Appendix C). 

 

 

Figure 15. Plot of TMM extracted InGaN absorption coefficient (𝒄𝒎−𝟏) as a function of 

energy (𝒆𝑽).  

The extrapolation of the InGaN extinction coefficients using the TMM (cf. Section II-B-5) 

follows the same procedure as delineated before for the extrapolation of the GaN absorption 

coefficients. The following assumptions still apply: the GaN layer is treated as incoherent, and 

the substrate is treated as a semi-infinite medium. The stack of materials in the order of 

forward wave propagation is: 𝑨𝒍𝟐𝑶𝟑, UID GaN, InGaN, cap GaN, air. The measured InGaN 
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transmittance are equated to the TMM calculated expression, a function of the InGaN 

extinction coefficient. The nonlinear equation is then solved in with Julia’s “nlsolve” function. 

The extrapolated GaN extinction coefficient is used instead of values from Adachi41 . The 

extinction coefficients of GaN and Sapphire are shown in Appendix E. The energy dependent 

refractive index used is shown in Appendix F. 

The InGaN absorption coefficients are obtained using the extracted InGaN extinction 

coefficients and Eq.12. The oscillations in the curves on Fig 15. are likely due to the thick 

UID GaN layer. It is possible that it causes a partial coherence as observed previously, since 

there is a phase shift between the measured reflected and transmitted beams as shown on Fig. 

12. The order of magnitude in the InGaN 𝜶 seems coherent with existing literature11,42.  

 

  

Figure 16. TMM extracted InGaN bandgap energy curves. Left: Plot of the non-strain 

adjusted InGaN bandgap energy (𝒆𝑽) as a function of indium content (%). Three values 

of bowing parameter are used the InGaN bandgap energy equation (Eq. 37) to produce 

the curves. Right:  Plot of the strain corrected InGaN bandgap energy with the bowing 

parameter 𝟑. 𝟔𝟓𝒆𝑽.  

The Tauc plots for each measured sample are generated from the absorption coefficients. The 

bandgap energies are extracted from the Tauc plots (cf. Section II-B-6), and strain adjusted 
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(cf. Section II-B-8). They are plotted as a function of their corresponding percent indium 

content along with the plot of the InGaN bandgap energy equation (Eq. 37) in the low indium 

content range between 7% and 16% as shown on the right plot of Fig.16. The non-strain 

adjusted version of this plot is shown on the left plot of Fig. 16 with curves representing the 

InGaN bandgap energy equation with three values (1.4𝑒𝑉, 2.0𝑒𝑉 and 2.55𝑒𝑉) for the bowing 

parameter plugged into it. The best-fit non-strain adjusted bowing parameter is 2.55 𝑒𝑉. One 

the other hand, the curve that best fits the strain adjusted bandgap energies is the one for a 

bowing parameter of 3.65 𝑒𝑉.  

 

2. Comparison with results from the single slab approximation 

The TMM obtained InGaN bowing parameter value can be compared to results using the 

single slab infinite internal reflection summation method (cf. Section II-B-4) which treats the 

multilayer InGaN structure as a single slab of material in which the InGaN layer is the only 

absorptive layer. This approximation is valid for energies below the GaN absorption edge (<

3.3 𝑒𝑉 is a safe assumption). Fig. 17 shows the resulting InGaN bandgap energies of the same 

four samples plotted as a function of their respective percent indium content. 

 

Figure 17. InGaN bowing parameter (𝒆𝑽) fitted bandgap energy (𝒆𝑽) as a function of 

indium content (%) in the low indium composition range (𝟕% ≤ 𝒙 ≤ 𝟏𝟔%) from the 
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single slab approximation. Left: Plot of the InGaN bandgap energy equation (Eq. 37) 

using bowing parameter 𝟐. 𝟏𝟓𝒆𝑽 with non-strain adjusted bandgap energies. Right: Plot 

of the same equation using bowing parameter 𝟑. 𝟐𝒆𝑽 with strain adjusted bandgap 

energies. 

 

The InGaN bowing parameter for the low indium composition range (7% ≤ 𝑥 ≤ 16%) is 

2.15𝑒𝑉 for fully strained InGaN structures as shown on the left plot of Fig.17 and 3.2𝑒𝑉 for 

fully relaxed InGaN structures as shown on the right plot of Fig.17. 

These values are both lower than the ones from the TMM analysis. The data points also do 

not align well with the best fit curve. This inconsistency comes from the fact that the GaN 

contribution to the absorption coefficients were not subtracted in the previous method. 

Additionally, the InGaN energy dependent refractive index was not accounted for. These 

prove to have a significant effect. Therefore, the TMM is the superior method for analyzing 

optical transmittance data to extract the absorption coefficient of just the InGaN layer. 

As an aside, the sample indium content was alternatively obtained using K. Jorgensen’s code 

(cf. Section II-B-2). Since the cap GaN layer turned out to have non negligeable effects to 

shifting the position of the Bragg peaks, the estimated InGaN thicknesses were inaccurate 

compared to results produced using Rigaku’s HRXRD plug-in. Only the results from the latter 

technique were retained. 

 

C. Shortcomings and suggestions for future work 

In the future, the samples could be grown under identical conditions to compensate for the 

layer thickness variation and any strain discrepancy. The partial coherent interference from 
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the UID GaN layer could be corrected. Experiments could be repeated for series of different 

compositional ranges to get composition dependent bowing parameter values. 

Further, alternative fabrication methods could be employed to produce stand-alone InGaN 

membranes. Pulsed-excimer laser lift-off43 could be an option to consider for instance.  

The extraction of the bandgap from the Tauc plot also presents a challenge since identifying 

the linear part of the plot implies the subjectivity of the human data analyst. Highly reliable 

automated algorithms could be used instead. One such bandgap extraction method44 for 

instance uses the best weighted linear segment after applying a multivariate adaptive 

regression splines (MARS) regression analysis and a Savitzky-Golay noise filter. 

Nonetheless, it is known that this method still yields inconsistent results when compared with 

human expert estimated bandgap values from identical data. Further development on this front 

could be explored. 
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IV. Conclusion 

The present study successfully measured and analyzed four MOCVD grown InGaN samples 

with low indium content (8% ≤ 𝑥 ≤ 15%) to obtain the bowing parameter value in this 

composition range. Using the TMM, the fully strained InGaN samples yielded a bowing 

parameter value of 2.55 𝑒𝑉. The strain corrected bowing parameter values is 3.65 𝑒𝑉. These 

results are consistent with some experimental and theoretical results from current literature8,9. 

The TMM is a better method to extract InGaN absorption coefficient from the multilayer 

heterostructure optical transmittance measurements compared to the single slab 

approximation method which gave the bowing parameters of 2.15𝑒𝑉 and 3.2𝑒𝑉 for fully 

strained and strain corrected InGaN structures respectively.  

The TMM is the superior method of the two in that it accounts for all constituent layer’s 

energy dependent complex refractive indices and layer thicknesses without neglecting the 

contributions of the other material layers to the InGaN absorption coefficient.  

Several characteristics of the present work help address sources of inaccuracies9 both 

experimentally and analytically. The experimental optical transmittance measurement in this 

work prevents the misevaluation of the bandgap energies due to the Stoke shift present in 

InGaN LEDs. The use of the RSM and Rigaku HRXRD plug-in provide an adequate 

estimation of the structure, strain and composition of the localized sample area being tested. 

The sample area is localized via a custom-made anodized aluminum mask and the X-ray beam 

size is reduced to size match the exposed area. The data analysis in the present work is based 

on coherence sensitive TMM and considers the elimination of the GaN contribution to the 

InGaN absorption coefficients and the energy dependent refractive index of different layers. 
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The results then produce high quality InGaN Tauc plots for bandgap energy extraction. The 

derived bowing parameter is then strain corrected. 

Further works include perfecting the similarity in the structure of the samples used and explore 

larger composition ranges. The partial coherence from the UID GaN layer could be corrected. 

Isolating the pure InGaN layer for experimentation and finding a more reliable Tauc plot 

bandgap extraction technique or alternative bandgap extraction methods could be considered. 
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Appendix 

A. Sample information 

Sample ID Rigaku fitted Cap 
GaN (nm) 

InGaN 
thicknesses 
(nm) 

Indium % 
Rigaku 
fitting 

200812DS 12.75 46.22 8.1 

181213EH 9 58.91 9.6 

210621DH 10.82 24.95 11.5 

200814BS 10.22 49 14.3 
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B. HRXRD indium content and layer thickness rocking curve fitting 

 

8.1% In InGaN sample: 

 

 

9.6% In InGaN sample: 
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11.5% In InGaN sample: 

 

 

 

14.3% In InGaN sample: 
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C. Angle maps 

 

Top left: Angle map of the 8.1% In InGaN sample 

Top right: Angle map of the 9.6% In InGaN sample 

Bottom left: Angle map of the 11.5% In InGaN sample 

Bottom right: Angle map of the 14.3% In InGaN sample 
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D. Tauc plot 

 

E. Sapphire and GaN extinction coefficient from literature 
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F. InGaN energy dependent refractive index 
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