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Many-isocenter Optimization for Robotic Radiotherapy

Qihui Lyu1, Ryan Neph1, Victoria Y Yu1, Dan Ruan1, Salime Boucher2, Ke Sheng1

1Department of Radiation Oncology, University of California Los Angeles, Los Angeles, CA, 
90095, USA

2RadiaBeam Technologies, Santa Monica, CA 90404

Abstract

Despite significant dosimetric gains, clinical implementation of the 4π non-coplanar radiotherapy 

on the widely available C-arm gantry system is hindered by limited clearance, and the need to 

perform complex coordinated gantry and couch motion. A robotic radiotherapy platform would be 

conducive to such treatment but a new conflict between field size and MLC modulation resolution 

needs to be managed for versatile applications. This study investigates the dosimetry and delivery 

efficiency of purposefully creating many isocenters to achieve simultaneously high MLC 

modulation resolution and large tumor coverage. An integrated optimization framework was 

proposed for simultaneous beam orientation optimization (BOO), isocenter selection, and fluence 

map optimization (FMO). The framework includes a least-square dose fidelity objective, a total 

variation term for regularizing the fluence smoothness, and a group sparsity term for beam 

selection. A minimal number of isocenters were identified for efficient target coverage. Colliding 

beams excluded, high-resolution small-field 4π intensity-modulated radiotherapy (IMRT) 

treatment plans with 50cm source-to-isocenter distance (SID-50) on 10 Head and Neck (H&N) 

cancer patients were compared with low-resolution large-field plans with 100cm SID (SID-100). 

With the same or better target coverage, the average reduction of [Dmean,Dmax] of 20-beam 

SID-50 plans from 20-beam SID-100 plans were [2.09 Gy,1.19 Gy] for organs at risk (OARs) 

overall, [3.05 Gy,0.04 Gy] for parotid gland, [3.62 Gy,5.19 Gy] for larynx, and [3.27 Gy,1.10 Gy] 

for mandible. R50 and integral dose were reduced by 5.3% and 9.6% respectively. Wilcoxon 

signedrank test showed significant difference (p<0.05) in planning target volume (PTV) 

homogeneity, PTV Dmax, R50, Integral dose, and OAR Dmean and Dmax. The estimated delivery 

time of 20-beam [SID-50, SID-100] plans were [19,18] minutes and [14,9] minutes, assuming 5 

fractions and 30 fractions, respectively. With clinically acceptable delivery efficiency, many-

isocenter optimization is dosimetrically desirable for treating large targets with high modulation 

resolution on the robotic platform.

1. Introduction

Since its initial introduction in 1982 (Brahme et al 1982), intensity-modulated radiotherapy 

(IMRT) has been compared favorably to the 3-dimensional (3D) conformal radiation therapy 

due to enhanced target coverage and improved organs at risk (OAR) sparing. Subsequently, 
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the technologies involving inverse treatment optimization and multileaf collimators (MLC) 

for intensity modulation have been rapidly developed and adopted in the clinic. More recent 

technological advances such as helical tomotherapy and volumetric modulated arc therapy 

(VMAT) further streamlined IMRT delivery while maintaining comparable plan quality (Rao 

et al 2010, Teoh et al 2011, Vanetti et al 2009). Since further plan quality improvement is 

hampered by the limited beam geometry in the coplanar IMRT and VMAT mode, planning 

methods using optimized non-coplanar beam angles, termed 4π radiation therapy (Dong et 
al 2013a, 2013b, Smyth et al 2019a, Meedt et al 2003, Laing et al 1993, Chapet et al 2006, 

Smyth et al 2013, Murzin et al 2018, Dong et al 2014b, Pugachev et al 2001, Voet et al 2012, 

Krayenbuehl et al 2006) have been developed. Compared with state-of-the-art coplanar 

IMRT methods, 4π significantly reduced high dose spillage to the normal tissue. The 

improved dose compactness is desirable for stereotactic radiotherapy where the normal 

tissue toxicities are manifested in the high dose region (Yang et al 2010).

Despite the demonstrated dosimetric benefits, 4π radiotherapy clinical adoption is not 

straightforward. Studies have shown the feasibility of delivering 4π IMRT (Yu et al 2018) 

and 4π VMAT (Smyth et al 2019b, Wilson et al 2017) plans on the C-arm gantry platform, 

where the non-coplanar beam orientations require the combination of couch and gantry 

rotation to achieve. However, the combined motion increases treatment delivery time, risk of 

collision and unwanted patient secondary motion. Couch rotations also create challenges to 

maintain constant monitoring of the patient position. The more complex dry run and QA 

before treatment delivery is yet another obstacle.

Alternatively, a robotic linac platform is more conducive for the non-coplanar and non-

isocentric treatment. For instance, the CyberKnife Robotic Radiosurgery System (Accuray, 

Sunnyvale, CA, USA) mounts a 6-MV linac to an articulated robotic arm that allows both 

non-coplanar and non-isocentric treatments without moving the patient. Currently, 

CyberKnife does not have access to all non-coplanar angles (Pollom et al 2019) but this 

engineering challenge may be overcome with a more compact linac design, modification to 

the robotic arm or the treatment room. Celestial Oncology (Santa Monica, CA, USA) is 

currently developing a more compact linac with the complete access to the 4π Steradian 

angles around the patient. However, to make the linac head smaller for the robotic platform, 

a more stringent requirement is placed on the MLC form factor. Both the number and the 

travel of the leaves are limited for the compact linac head size, creating a significant 

challenge in attaining both large field-of-view (FOV) and high modulation resolution. A 

method to achieve both goals would significantly increase the versatility of robotic linacs.

Thus far, 4π radiotherapy is mainly performed with the assumption of isocentric geometry 

and 100 cm source-to-isocenter distance (SID) (Yu et al 2018, Dong et al 2014a), which is 

the native geometry of the ubiquitous C-arm gantry linacs with one degree of rotational 

freedom during treatment. Multiple isocenter treatment on a conventional C-arm linac is 

cumbersome and potentially hazardous due to the increased chance of geometric error and 

collision. It has been performed for large targets when the isocentric geometry cannot 

provide a sufficiently large FOV to cover the entire target, such as breast (Kim et al 2019, 

Amoush et al 2015), supraclavicular fossa (Amoush et al 2015), craniospinal radiotherapy 

(Wang et al 2013), and etc (Hong et al 2002, Zeng et al 2007).
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From robotic linacs, varying the SID and adding the number and locations of isocenters as a 

new degree of freedom appears to be a logical extension of the 4π research due to the 

following considerations. 1. Using a smaller SID would allow a higher MLC modulation 

resolution that is dosimetrically beneficial in highly complex cases. 2. Using a smaller SID 

results in more rapid dose fall-off in the beam direction due to the more prominent inverse 

square effect. 3. The small single FOV can be compensated by using more than one 

isocenters to cover the entire tumor. 4. The treatment efficiency of using more isocenters is 

compensated by the increase in the dose rate at the shorter distance. On the other hand, most 

beam angles with substantially shorter distances, i.e., 50cm SID, are geometrically 

prohibited on the C-arm gantry.

In this study, we strategically divide a large target into many smaller targets each with its 

own isocenter, to achieve small FOV beam high-resolution delivery at a shorter distance. A 

many-isocenter planning problem was solved to simultaneously optimize the beams and 

fluence maps. In this study, to determine the dosimetric benefit of many-isocenter planning, 

we adopt the geometry of the new robotic linac that is currently under development at 

Celestial Oncology. However, methods used in this study are generalizable to any radiation 

delivery platforms that have access to large non-coplanar angles, non-isocentric beams, and 

substantially different source-to-tumor distances.

2. Materials and methods

2.1. Robotic platform model

Figure 1(A) shows the robotic radiotherapy platform under development by Celestial 

Oncology, which reduced the linac head size by using a compact x-band 6MV source and 

reducing the distance between the X-ray source and the MLC. To study the dosimetry and 

delivery efficiency, the two SIDs are considered: 100 cm and 50 cm. At SID-100, the 

projected MLC leaf width is 1 cm, and the FOV is 20cm by 20cm with a total of 20 leaves 

per bank. The physical size and the number of the leaves were determined based on the 

fabrication practicality and size of the robotic linac head. At SID-50, the projected MLC leaf 

width is 0.5cm, and the FOV is 10cm by 10cm. For Head and Neck (H&N) cancer with the 

planning target volume (PTV) up to 20 cm, the target can be fully covered by a SID-100 

beam (Figure 1(B)). For SID-50, beams of many isocenters are required to efficiently cover 

the entire target (Figure 1(C)).

2.2. Determine isocenter locations

We use the following method to determine the position of isocenters when the FOV is not 

large enough to cover the entire target. Figure 2 shows an illustration of the PTV, bounding 

box, and isocenters. The bounding box of a target is defined as the smallest cuboid that fully 

covers the entire PTV in the scanner coordinate system. The dimension of the bounding box 

is denoted by [Bx, By, Bz], and the beam FOV is denoted by [Fx, Fy, Fz]. We first divide the 

bounding box to Nx, Ny, Nz number of identically sized boxes in the x, y, z directions 

respectively, where Nw = ⌈Bw/Fw⌉, w = {x, y, z}. (⌈·⌉ represents the ceiling operation). For 

each divided box, the isocenter position is set at the center of mass (CoM) of the partial PTV 

within the box. The rationale behind the method is that each isocenter will be ‘in charge’ of 
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a partial PTV for which the x, y, and z dimensions are smaller than the nominal beam FOV. 

Note that this method locates a set of isocenters that are adequate to cover the entire PTV, 

but it does not necessarily demand all identified isocenters to be used in the final plan. The 

BOO algorithm, which is discussed in the next section, determines whether the candidate 

beams and the isocenters are utilized in the final plan.

2.3. Integrated Fluence Map Optimization, Beam Orientation Optimization, and isocenter 
selection.

The integrated framework for fluence map optimization (FMO), beam orientation 

optimization (BOO), and isocenter selection is formulated as

minimize
x

1
2‖W Ax − d ‖2

2 + λ‖Dx‖1 + γ∑
b, i

W b, i‖xb, i‖2

1
2

subject to x ≥ 0,
(1)

where x is the vectorized fluence map, A is the fluence to dose transformation matrix, d is 

the vectorized ideal dose distribution, with prescription dose at the PTV and 0 elsewhere. W 

is the diagonal structure weighting matrix. The matrix D is the derivative matrix, and λ is 

the corresponding weighting coefficient. xb,i is the vectorized fluence map of beam b and 

isocenter i, and wb,i is the beam weighting coefficient.

In this formulation, the data fidelity term attempts to find the optimal fluence map x such 

that the calculated dose is as close as possible to the ideal dose. The priorities for the 

structures of interest are controlled by the diagonal weighting matrix W. The second term is 

the total variation (TV) regularization which encourages piecewise continuity of the fluence 

map (Zhu et al 2008). The amount of smoothness is controlled by λ.

The third term is the group sparsity term in the form of l2,1/2 norm penalty, which 

encourages most candidate beams to be inactive. The individual beam weights wb serve as a 

normalization to correct for the intrinsic norm differences among candidate beams, which 

has been widely used in compressed sensing (Blumensath and Davies 2010). The individual 

beam weights are calculated by wb, i =
mean APTV

b, i 1
nb, i

1/2

, where nb,i is the number of 

beamlets in beam b for isocenter i, and APTV
b, i  is the fluence to dose transformation matrix 

within the PTV, for beam b directed at isocenter i. The parameter γ controls the global 

sparsity level, which is tuned automatically to achieve the desired number of beams. At 

every 1000 iterations, the current number of selected beams is checked and compared with 

the desired number of beams. The value of γ is increased by a factor of 1.5 if there are more 

beams selected than required, and decreased by a factor of 1.5 if there are not enough beams 

selected. The optimization problem was solved with the Fast Iterative Shrinkage-

Thresholding Algorithm (FISTA) (Beck & Teboulle 2009). To apply FISTA on the 

optimization problem (1), smooth approximation was made to the total variation term and 

the problem was formulated in the canonical form of FISTA. Details on the solver can be 

found in the Appendix A1.
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2.4. Evaluation

The efficacy of the optimization algorithm was tested on 10 consecutive H&N patients who 

have been diagnosed with oropharyngeal cancer. The patients were CT-simed with 

immobilization mask. The contours and prescription follow 2018 American Society of 

Therapeutic Radiation Oncology (ASTRO) head and neck treatment guideline.

Table 1 summarizes the PTV volumes, PTV bounding box dimensions, number of 

isocenters, number of sampled beams, and number of candidate beams (non-colliding 

beams) for all patients. For cases with fewer than or equal to four isocenters, for each 

isocenter, 1162 beams were uniformly sampled in the 4π space with 6° of separation. For 

cases with more than 4 isocenters, to reduce the computation cost of both dose calculation 

and optimization, for each isocenter 290 beams were uniformly sampled with 12° of 

separation, and the angular sampling of adjacent isocenters differ by 6° to compensate the 

coarse sampling. For example, if the angular sampling of one isocenter is {0°, 12°, 24°, … }, 

then the angular sampling of the adjacent isocenter is {6°, 18°, 30°, … }. A computer-aided-

design (CAD) model of a robotic arm platform and a 3D optically reconstructed surface of a 

human subject were utilized to determine the patient-specific collision-free space (Yu et al 
2015). After excluding the colliding beams, the number of candidate-beams for each case 

can be found in Table 1.

The beamlet dose calculation used a convolution/superposition code with a 6 MV x-ray 

polyenergetic kernel, as described in our previous publication (Neph et al 2019). The 

beamlet resolution at the isocenter was 0.5×0.5 cm2 for SID at 50 cm and 1×1 cm2 for SID 

at 100 cm, adjusting for the beam divergence effect. The dose array resolution was 

0.25×0.25×0.25 cm3. As a sensitivity analysis, we compared the SID-50 plan quality against 

the SID-100 with the number of selected beams ranging from 15 to 50, based on the 

corresponding data fidelity values. The plans with 20 beams were used for further evaluation 

on plan efficiency and plan quality. The delivery time was estimated for both a 

hypofractionation scenario (assuming 5 fractions), and a conventional fractionation scenario 

(assuming 30 fractions), for all 20-beam plans. The estimation includes the times for MLC 

leaf travel, x-ray delivery, and Linac head travel. To estimate the MLC leaf travel time, the 

fluence map was first stratified into a finite number of discrete levels, and then sequenced 

using a reducing level method (Xia and Verhey 1998). Each sequenced segment was further 

divided into a few deliverable segments, and all segments within one beam were reordered to 

reduce MLC leaf motion by solving a travelling salesman problem (TSP) (Reinelt 1991). 

The same algorithm was used to reorder the beams and minimize the amount of Linac head 

travel. Note that the stratification was performed only for evaluating delivery efficiency, and 

all dosimetric evaluations were based on the theoretical dose from optimization. The effects 

of stratification on the dosimetry are minimal, as demonstrated by the DVH comparison of 

the plans before and after the sequencing step for patient #1, presented in the supplementary 

materials.

In the efficiency estimation, the following assumptions on the mechanical specifications 

were used:
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1. The MLC travel speed is at 2.5cm/s at 100cm from the source, and 1.25cm/s at 

50cm.

2. The Linac head rotation speed is 1 rpm with respect to the isocenter according to 

the International Electrotechnical Commission (IEC) safety standard.

3. The effective dose rate is 500MU/min1 at 100cm from the source accounting for 

small field output factor and flattening-filter-free dose heterogeneity, and 

2000MU/min at 50cm from the source.

PTV statistics including PTV D95, D98, D99, maximum dose (Dmax), and PTV 

homogeneity (defined as D95
D5 ) were evaluated. Maximum dose is defined as D2 (the dose at 

2% of the structure volume), following the ICRU-83 report (Grégoire and Mackie 2011). 

The dose conformity, R50, and integral dose were also assessed, to quantify the dose 

conformity, compactness, and total spillage respectively. The dose conformity is defined as 

the ratio between the patient volume receiving 100% or more of the prescription dose and 

the PTV volume. The R50 is defined as the 50% isodose volume divided by the target 

volume. For OAR, the Dmax and mean dose (Dmean) were obtained. Wilcoxon signed rank 

test was conducted to determine whether a significant difference exists between the SID-50 

and the SID-100 for all PTV and OAR statistics.

3. Results

Figure 3 shows the final dose fidelity values of SID-100 and SID-50 plans, varying the 

number of selected beams between 15 and 50. The average optimization runtime is 25 

minutes for 15-beam plans, and 22 minutes for 50-beam plans, on an intel Xeon E5–2670 

CPU with 8 physical cores and a base clock speed of 2.6 GHz. For each patient, the dose 

fidelity values were normalized by the average dose fidelity values of all plans associated 

with that patient. The plot with error bar shows a summary of all patients. Overall, SID-50 

plans resulted in lower dose fidelity value compared with the SID-100 plans using the same 

number of beams, showing superior plan quality to the SID-100 plans. The gap between 

SID-50 and SID-100 widens with an increasing number of beams.

Each patient plot is titled with the patient number, the number of isocenters for the SID-50 

plan, and the number of isocenters for the SID-100 plan. For example, the first patient plot is 

entitled: ‘#1: 4(50), 1(100)’, showing that the patient #1 has four isocenters for the SID-50 

plan, and one isocenter for the SID-100 plan. For small tumors with only two isocenters (#7, 

#9) or four isocenters (#1, #8) in the SID-50 plans, SID-50 achieves an unquestionable 

advantage among all plans. For medium-sized tumors that require 8 isocenters in the SID-50 

plans (#2, #4, #5, #6, #10), SID-50 shows clear advantage with 20 or more beams. For the 

large tumor that requires 12 isocenters (#3) in SID-50 and two isocenters in SID-100, the 

SID-50 is comparable to SID-100 with fewer than 20 beams but the SID-50 plan is 

increasingly better with more than 20 beams.

1The maximum dose rate of robotic linac is 1000MU/min at 100cm from the source in the flattening filter free mode.
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Figure 4 shows the estimated delivery time for all 20-beam plans assuming (A) 5 fractions 

and (B) 30 fractions for all patients. The delivery time includes three modules: MLC travel 

time, MU delivery time, and linac head travel time, among which the latter takes the least 

amount of time, with only around 4s per beam. On average, for a conventional fractionated 

treatment plan (30 fractions), it takes 14 minutes to deliver a SID-50 plan, and 9 minutes to 

deliver a SID-100 plan. The longer delivery time of SID-50 is attributed to a longer MLC 

travel time, which is the most time-consuming module in a 30-fraction treatment. Due to the 

higher modulation capability of SID-50, the corresponding fluence map is more 

complicated, requiring more MLC segments in each beam and a longer MLC leaf travel 

time. For hypofractionation (or Stereotactic Body Radiation Therapy (SBRT)), SID-50 

delivery takes 19 minutes, and SID-100 delivery takes 18 minutes. In SBRT, each fraction 

delivers a greater dose, and the beam-on time is more dominant. The dose rate of SID-50 is 

four times that of SID-100 due to the inverse square effect. Therefore the ‘beam-on’ time of 

SID-50 is substantially shorter. The total delivery time of SID-50 and SID-100 are 

comparable for SBRT. Video demonstration of the 20-beam SID-50 plan for patient #1 can 

be found in the supplementary materials.

Figure 5 shows the selected beams in the 20-beam plans of all patients. Note that not all 

isocenters were utilized in the final plan. For example, for patient #5, the isocenter on the 

upper, right, and posterior side of the tumor is not utilized. This is partly due to that there are 

enough beams coming from the left side of the patient, and that the partial PTV of the 

isocenter has a relatively lower prescription dose. The omission of certain isocenters for 

efficient delivery is one of the advantages of the integrated optimization framework. Such a 

decision would be unattainable by a human planner or a greedy algorithm based on only the 

patient anatomy.

Figure 6 shows the isodose colorwash of SID-100 and SID-50 for two patients (#1 and #2, 

having 4 and 8 isocenters in the SID-50 plan respectively). Overall, SID-50 achieved a more 

compact dose distribution. For patient #1, as indicated by the red arrows on the transverse 

view and coronal view, the SID-50 plan formed a more pronounced dose valley between the 

two separate PTVs, demonstrating the advantage of higher modulation resolution. In 

addition, the dose to the spinal cord and mandible was substantially reduced compared with 

SID-100. For patient #2, the isodose shows reduced low dose spillage in the brain and 

reduced high dose spillage to the nearby critical organs such as spinal cord and trachea.

Figure 7 shows the DVH comparison of the 20-beam SID-100 plans (solid) and SID-50 

plans (dotted) for selected two patients (#1 and #2, having 4 and 8 isocenters in the SID-50 

plan respectively). In both cases, SID-50 improved PTV coverage, reduced hot spots within 

PTV, and reduced mean and max dose for most OARs. For patient #1, the dose to the left 

parotid, mandible, and spinal cord was substantially reduced in the SID-50 plan. For patient 

#2, SID-50 markedly improved sparing of the dose-limiting organs, such as the left 

submandibular gland, right parotid gland, left parotid gland, and trachea. The DVH 

comparison of the 20-beam plans for all patients can be found in the supplementary 

materials. To demonstrate the benefits of using non-coplanar beams, we also compared the 

4π plans with the coplanar plans for patient #1 and #2. The DVH comparison is presented in 

the supplementary materials.
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Figure 8 shows the PTV statistics, including homogeneity, D99, D98, D95, and D2, for all 

PTVs (29 PTVs in total). The same PTV in the SID-50 plan (orange) and the SID-100 plan 

(blue) are connected with lines. Overall, SID-50 achieved comparable PTV D95, D98, D99, 

improved PTV homogeneity, and reduced hot spot within the target, indicated by the lower 

D2 (maximum dose) values.

Figure 9 shows the dose conformity, R50, and integral dose of all plans using 20 beams. The 

dose conformity was comparable between SID-50 and SID-100, but SID-50 reduced R50 by 

5.3% and integral dose by 9.6%, indicating a remarkable improvement in dose compactness 

and overall low dose spillage. Figure 10 Mean and maximum dose for OAR overall and 

selected critical OARs including parotid gland, larynx, and mandible, for all patients (#1-

#10). All plans have 20 beams in total. The SID-100 plan (blue) and the SID-50 plan 

(orange) of the same patient are connected with lines.

Figure 10 shows the mean and maximum dose for OAR overall and selected critical OARs 

including parotid gland, larynx, and mandible, for all plans using 20 beams. On average, the 

SID-50 plan reduced the [Dmean, Dmax] by [2.09 Gy, 1.19 Gy] for OAR overall, [3.05 Gy, 

0.04 Gy] for parotid gland, [3.62 Gy, 5.19 Gy] for larynx, [3.27 Gy, 1.10 Gy] for mandible.

Table 2 reports the Wilcoxon signed rank test of SID-100 and SID-50 for all PTV and OAR 

statistics. SID-100 and SID-50 are significantly different (p<0.05) in PTV homogeneity, 

PTV maximum dose (D2), R50, Integral dose, OAR max and mean dose. For example, the 

Wilcoxon signed rank test indicated that the R50 of SID-50 (M=2.254; SD=0.256) was 

statistically significantly lower than the R50 of SID-100 (M=2.381; SD=0.236), p < 0.05.

4. Discussion

Recent progress in non-coplanar radiotherapy reveals significant dosimetric improvement 

from the coplanar IMRT and VMAT (Dong et al 2013b, Nguyen et al 2014, Lyu et al 2018b, 

Breedveld et al 2012, Murzin et al 2018, Smyth et al 2013, 2016, Chapet et al 2006, Laing et 
al 1993, Meedt et al 2003). But the clinical translation is hindered by the difficulty of 

delivering non-coplanar beams on the conventional C-arm platform. CyberKnife, which 

mounts the linac head on an articulated robotic arm, was expected to improve the dosimetry 

substantially with extensive usage of the non-coplanar space. However, besides the unclear 

dosimetric benefit and low treatment delivery efficiency due to the lack of posterior beams 

and the limitation from its heuristic optimization algorithm (Lin et al 2014), CyberKnife is 

limited in its versatility to treat large tumors. Therefore, the new robotic linac platform 

currently under development must overcome the following three inter-correlated challenges: 

1. A more effective inverse optimization algorithm to create a superior quality treatment plan 

that can be efficiently delivered. 2. More compact linac head and modified robotic arm to 

access all 4π steradian angles. 3. The ability to treat large tumors without sacrificing 

efficiency and modulation resolution. Our previously developed optimization algorithm for 

4π IMRT on the C-arm platform paved the foundation to solve the first challenge (O’Connor 

et al 2017). The second challenge can be overcome by the development of a more compact 

6MV linac and using flexible distances between the source and the MLC. Here, we describe 

a solution to the third problem, which is to solve an integrated many-isocenter planning 
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problem. The term “many-isocenter” is used based on two considerations. First, it provides 

the necessary differentiation from conventional “multiple-isocenter” treatment planning 

without integrated isocenter selection, beam orientation, and fluence map optimization. 

Second, the platform affords a significant increase in the isocenter number. Twelve 

isocenters were used in one case but more is possible, adding a new degree of freedom to 

static beam IMRT and non-coplanar modulated arc therapy (Lyu et al 2018b) optimization. 

In the current implementation, the new degree of freedom affords both the large tumor 

coverage and high intensity modulation resolution. With the same number of beams, the 

many-isocenter plans significantly improved the dose compactness as indicated by R50, and 

reduced both OAR and integral doses, thereby achieving overall superior plan quality to the 

single isocenter plans delivered at twice the distance. The plan efficiency comparison 

depends on the type of treatment. For regular fractionated radiotherapy, 20-beam SID-50 

plans are on average 36% more time-consuming than the SID-100 plans with the same 

number of beams. For SBRT patients, assuming both plans have the same number of beams, 

the delivery time of SID-50 and SID-100 plan is comparable, and SID-50 has evident 

dosimetric advantages. As shown by Figure 3, there is space for further dosimetric 

improvement by allowing more beams if the dosimetry is prioritized over the delivery 

efficiency. Therefore, our method offers a solution to a basic conflict between the field-of-

view and the intensity modulation resolution in robotic radiotherapy, and to an extent, C-arm 

gantry radiotherapy. By resolving this conflict, both high MLC resolution and large FOV can 

be achieved without sacrificing delivery efficiency.

In the past, numerous studies have reported stochastic and heuristic algorithms for BOO in 

IMRT, such as genetic algorithms (Li et al 2004, 2005), simulated annealing (Pugachev and 

Xing 2002), and column generation (Romeijn et al 2005). Among them, the column 

generation algorithm has been extensively used for recent 4π radiotherapy research (Dong et 
al 2014a, Tran et al 2017, Woods et al 2018, Murzin et al 2018, Woods et al 2016). Column 

generation is a greedy method that iteratively adds new beams to the beam pool based on 

previously selected beams. A practical limitation is that the runtimes do not scale well with 

the number of beams to be selected, because it requires solving a larger optimization 

subproblem as more beams are added to the selected beam pool (O’Connor et al 2017). 

Although coplanar IMRT only requires 7 to 9 beams, it has been shown that use of more 

beams is desirable for non-coplanar delivery (Dong et al., 2013), and possibly even more 

should be used for non-coplanar treatment with many isocenters. In this study, we used a 

group-sparsity regularized beam selection algorithm, which starts with all candidate beams 

and gradually reduces the number of active beams until the desired number is reached. This 

non-greedy approach is insensitive to the desired number of beams.

First-order algorithms are well-suited for solving large-scaled optimization problem. The 

primal-dual hybrid gradient (PDHG) algorithm (Chambolle and Pock 2011) is one first-

order method that has been investigated in our previous studies on FMO (Nguyen et al 2015, 

2016, 2017). The PDHG algorithm has been compared favorably to the alternating direction 

method of multipliers (ADMM) (Boyd 2011) due to its reduced computation cost within 

each iteration. The former only needs matrix multiplication, and the latter requires solving a 

linear system of equation involving the large dose contribution matrix. In this study, the 

optimization problem (1) was solved using FISTA (Beck and Teboulle 2009), which not only 
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has simple iterations but also achieves a convergence rate of O 1
k2 , substantially faster than 

the O 1
k  convergence rate of ADMM and PDHG. Subsequently, FISTA is well-suited for 

large-scaled treatment planning problems with a large number of candidate beams, such as 

in beam angle selection (O’Connor et al 2018, 2017) and VMAT optimization (Lyu et al 
2019, 2018a). The most computationally expensive step in FISTA is the matrix 

multiplication. Further acceleration of the optimization can be achieved by using graphic 

processing units (GPUs) for parallel computing (Owens et al 2008).

Due to the computation challenge of dose calculation/optimization of the vast combination 

of all possible beams, this study is restricted to SID of 50cm and 100cm, and the number of 

isocenter candidates is heuristically determined. In a more general many-isocenter 

optimization scenario, both SID and location of the isocenters could be optimized for greater 

dosimetric and delivery efficiency versatility. New mathematical paradigms may be needed 

to solve the optimization problem that is orders of magnitude larger.

5. Conclusion

This study investigates the feasibility of 4π radiotherapy using many isocenters on a robotic 

platform to treat large targets with high intensity modulation resolution. Without sacrificing 

delivery efficiency, the many-isocenter plans delivered at shorter SID significantly improved 

dose compactness and OAR sparing compared with large FOV plans delivered at a longer 

SID.
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Appendix A1: The Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)

FISTA solves an optimization problem that can be formulated as

minimize F (x) + G(x),

where F is a differentiable convex function with a Lipschitz continuous gradient, and G is a 

convex function which has a proximal operator that can be evaluated efficiently (Beck & 

Teboulle 2009). Algorithm 3 presents the pseudocode of FISTA with line search algorithm, 

where the key steps are the evaluation of the gradient of F and the proximal operator of G. 

The proximal operator (Parikh and Boyd 2013) of a function G with step size t is defined by

ProxtG(x) = argmin
Z

G(z) + 1
2t‖z − x‖2

2 .

Lyu et al. Page 10

Phys Med Biol. Author manuscript; available in PMC 2021 February 10.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



To facilitate the application of FISTA, we replaced the l1 norm in the TV regularization term 

by the Huber penalty (Noe 1930) defined as

H(x) = ‖x‖1(μ) = ∑
i

xi
(μ), where xi

(μ) =

1
2μxi2, xi ≤ μ

xi − μ
2 , xi > μ .

The Huber penalty provides a convex, differentiable approximation to the l1 norm, with a 1
μ

–Lipschitz continuous gradient.

To apply FISTA on the BOO problem, the objective function in Equation (1) is written in the 

canonical FISTA form by defining F and G as

F (x) = 1
2‖W (Ax − d)‖2

2 + λ‖Dx‖1
(μ)

G(x) = ∑
b, i

wb, i xb, i 2

1
2 + I+(x), where I+(x) = 0 if x ≥ 0

∞ otherwise,

The gradient of F can be evaluated efficiently through the chain rule

∇F (x) = ATW 2(Ax − d) + λ
μDTP[ − μ, μ](Dx),

where P[−μ,μ] is the projection onto the hypercube {x| − μ ≤ xi ≤ μ, ∀i}. The proximal 

operator of G is

ProxtG(x) b, i = Proxtwb, i ⋅ 2
1/2 max xb, i, 0

The proximal operator of ℎ(x) = x 2

1
2  has an explicit solution (Möllenhoff et al 2015). Let 

α = t/ y 2
3/2, then

Proxtℎ(y) = s2y,  where 
2
3sin 1

3arccos 3 3
4 α + π

2  if α ≤ 2 6
9

0 otherwise
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Figure 1. 
(A) Demonstration of the robotic arm platform, (B) an isocentric SID-100 beam that covers 

the entire target, (C) beams of different isocenters are required to efficiently cover the entire 

target.
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Figure 2. 
Illustration of the PTV, bounding box, and four isocenters.
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Figure 3. 
Final data fidelity value vs the number of beams. The plot with shaded error bar shows a 

summary of all patients. Each patient plot is titled with the patient number, the number of 

isocenters for the SID-50 plan, and the number of isocenters for the SID-100 plan. For 

example, the first patient plot is entitled: ‘#1: 4(50), 1(100)’, showing that the patient #1 has 

four isocenters for the SID-50 plan, and one isocenter for the SID-100 plan.
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Figure 4. 
Delivery time estimation assuming (A) 5 fractions and (B) 30 fractions for all 20-beam 

plans.
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Figure 5. 
Selected beams in the 20-beam plans of all patients
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Figure 6. 
Isodose colorwash of 20-beam SID-100 and SID-50 plans for two patients (#1 and #2, 

having 4 and 8 isocenters in the SID-50 plan respectively).
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Figure 7. 
DVH comparison of the 20-beam plans using SID-100 (solid) and SID-50 (dotted) for 

selected two patients (#1 and #2, having 4 and 8 isocenters in the SID-50 plan respectively). 

D95 of the PTV with highest prescription dose is normalized to the prescription dose.
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Figure 8. 
PTV statistics comparison of the 20-beam SID-100 (blue) and SID-50 (orange), for all PTVs 

(29 PTVs in total). The same PTV of the two plans are connected with lines. D2, D95, D98, 

and D99 are normalized by the prescription dose.
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Figure 9. 
Dose conformity, R50, and integral dose for all patients (#1-#10). All plans have 20 beams 

in total. The SID-100 plan (blue) and the SID-50 plan (orange) of the same patient are 

connected with lines.
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Figure 10. 
Mean and maximum dose for OAR overall and selected critical OARs including parotid 

gland, larynx, and mandible, for all patients (#1-#10). All plans have 20 beams in total. The 

SID-100 plan (blue) and the SID-50 plan (orange) of the same patient are connected with 

lines.
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Table 1

PTV volumes, PTV bounding box dimensions, number of isocenters, number of sampled beams, and number 

of candidate beams (non-colliding beams) for all patients.

Patient PTV volume (cm3) Bounding Box (cm) Isocenter # Sampled beam # Candidate beam #

x y z SID-100 SID-50 SID-100 SID-50 SID-100 SID-50

H&N#1 610.5 9.3 14.3 15.8 1 4 1162 4648 776 2785

H&N#2 724.6 10.8 16.0 18.3 1 8 1162 2320 826 1440

H&N#3 947.0 10.0 17.0 22.3 2 12 2324 3480 1579 2117

H&N#4 785.0 10.3 15.5 19.0 1 8 1162 2320 891 1452

H&N#5 686.4 10.5 14.5 18.3 1 8 1162 2320 824 1422

H&N#6 787.0 10.5 16.5 17.5 1 8 1162 2320 842 1443

H&N#7 352.7 8.5 8.5 18.5 1 2 1162 2324 758 1315

H&N#8 555.7 9.8 13.3 14.8 1 4 1162 4648 906 2904

H&N#9 271.3 8.8 6.8 17.0 1 2 1162 2324 781 1385

H&N#10 620.5 10.3 15.0 14.0 1 8 1162 2320 685 1278
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Table 2

Wilcoxon signed rank test of SID-100 and SID-50 for the PTV and OAR statistics in the 20-beam plans.

Statistics P-value Signed rank Number of samples
SID-100 SID-50 (SID-50)-(SID-100)

Mean STD Mean STD Mean STD

PTV Homogeneity 0.003 85 29 0.901 0.045 0.906 0.045 0.005 0.009

PTV D99 0.062 131 29 0.958 0.022 0.96 0.021 0.002 0.006

PTV D98 0.749 202 29 0.974 0.019 0.975 0.016 0.001 0.007

PTVD2 <.001 380 29 1.127 0.062 1.118 0.061 −0.009 0.01

Dose Conformity 0.625 33 10 1.194 0.062 1.19 0.069 −0.003 0.017

R50 0.006 53 10 2.381 0.236 2.254 0.256 −0.127 0.083

Integral Dose 0.002 55 10 139.377 38.481 126.02 36.139 −13.357 3.911

OAR Dmean 0.002 55 10 17.822 3.727 15.729 3.273 −2.094 0.894

OAR Dmax 0.002 55 10 34.515 6.317 33.325 6.173 −1.19 0.874
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